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1 Finite-time instability - an introduction

Optimal perturbations are used in weather forecasting models as indicators for severe cyclogenesis
events. Nevertheless, fundamental understanding of the optimal perturbation in terms of underlying
dynamics is lacking. This thesis tries to fill in the gap, by investigating the physical mechanisms
behind optimal perturbation evolution for a model hierarchy. Starting with a survey of early ideas
and an introduction to finite-time instability theory, the path continues via the f -plane semi-infinite
Eady model, an introduction of β, the addition of the tropopause, toward a ’full’ β-plane troposphere-
stratosphere model.

1 Cyclogenesis - an everlasting problem

The persistent asymmetric solar heating of the rotating layer of fluid around and
above us, and the release of the built-up potential energy by means of developing
instabilities, has fascinated people all over the world for a long time. Responsible for
this everlasting fascination is the fact that the release of available potential energy
often manifests itself by means of an outburst of severe weather with sometimes
devastating consequences. Although severe weather events may have had more
impact in ancient times, their causes were thought to be much simpler than they are
today. For centuries the deity served as the explanation of everything, reigning the
world with an unpredictable mood. As a consequence of the natural tendency of a
few individuals to distrust the common believe (and they should be praised), science
developed. This has resulted in many answers and many more questions. Among
them are the questions that finally settled down in this thesis.

Given a particular state of the atmosphere, what kind of atmospheric disturbances
precede the most extreme cases of synoptic-scale surface cyclogenesis∗? Is it possible
to construct such atmospheric disturbances (which will subsequently be called optimal
perturbations) in a model and are they uniquely defined? Do the different optimal
perturbations and their subsequent evolutions have characteristics in common? Can
we understand the evolution of optimal perturbations by means of a conceptually
simple theory? Are there implications and consequences of optimal perturbations
and their evolution, for rapid surface cyclogenesis in the real atmosphere? In other

∗Cyclonic depressions, or cyclones, develop in the atmosphere on a variety of scales. The initiation or
strengthening of cyclonic circulation is described by the term cyclogenesis, while the broader evolution of
the cyclone (its formation, deepening, occluding and filling up) is collectively referred to as its life cycle.
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2 Finite-time instability - an introduction

words, what can we learn from the optimal perturbations? What lies ahead is a
discussion of these questions.

1.1 Classification of cyclogenesis and its forecasters

Precursor disturbances have been recognized to be important for the problem of
explosive cyclogenesis for many years, dating back at least to the work of the Nor-
wegian school in the previous century. Petterssen (1955) and Petterssen and Smebye
(1971) categorized the atmospheric precursor disturbances, leading to significant
low-level baroclinic development, in two groups. The first type, later referred to as
Petterssen type-A cyclogenesis, involves the simultaneous development of a surface
and a tropopause anomaly due to low-level baroclinicity. The second type of pre-
cursors (Petterssen type-B) involves surface development as a result of a pre-existing
upper-level trough. More recent attempts to further classify the different types of
cyclogenesis, identify seven conceptually different routes to cyclogenesis (for a re-
view of conceptual models, see Semple 2003), which have been developed mainly to
help the forecaster.

The research community devoted to cyclogenesis can be divided roughly into
two groups. Of course, this separation is not rigorous in any sense and only reflects
the wide range of approaches used in todays cyclogenesis research. The first group
focuses on an accurate description (and prediction) of observed cases of cyclogenesis.
The second group is interested in the fundamentals on which the conceptual models
are based and addresses questions such as ’What is the reason that Pettersson Type-
B is particularly efficient in triggering surface cyclogenesis?’ and ’Can there be
thought of even more efficient ways to trigger surface cyclogenesis?’. The second
group makes use of relatively simple models, which leave out as many ’disturbing’
factors as possible. The aim of the researchers belonging to group one is different.
They want to keep as many features as possible included in the model to be able
to investigate in detail differences between synoptically interesting cases. In this
sense the first group works from a top-down perspective, with the observations as a
guide, whereas the second group uses a bottom-up perspective, with (admitted) the
dynamical equations as a guide.

This thesis focuses on questions posed by the second group. Hopefully the
insights obtained in the following chapters will prove to be not only interesting for
the second group but to some extent also relevant to the first.



3

2 Descriptions of atmospheric flow

The widely acknowledged 1963 paper by Edward N. Lorenz entitled Deterministic
non-periodic flow turned out to be both a landmark and a turning point for the atmo-
spheric science community. Thanks to that paper, it is now generally accepted that the
atmosphere should be considered as a highly chaotic, non-linear dynamical system,
displaying variability over a wide range of time and spatial scales (Lorenz 1963). The
chaotic character of the atmosphere limits the value of a single deterministic weather
forecast. The predictive time-scale is associated with the life time of the disturbance.
So a convective system can be predicted a few hours to a day in advance, whereas
synoptic-scale baroclinic systems can be predicted typically a few days to a week at
most. After this period, it is very likely that high-frequency, small scale structures,
which are either not fully resolved by the model or not well-captured by the initial
conditions, have grown to significant amplitude and cannot be ignored.

The present thesis describes the linear initial development of extratropical weather
systems and ignores the subsequent nonlinear evolution. The weather system is
associated with a small-amplitude disturbance which evolves on, and extracts energy
from a preexisting (undisturbed) mean state of the atmosphere. This brings us to the
next question. What determines the mean state of the atmosphere?

The observed large-scale atmospheric flow is mainly horizontal and directed to
a large extent along the lines of constant pressure (except at low latitudes). This
observation indicates that the horizontal pressure gradient force, resulting from the
asymmetric heating, is to a large extent in so-called geostrophic balance with the
Coriolis force (the centrifugal force should be added only if the isobars are strongly
curved). In the vertical direction, on the other hand, the dominating balance is
between the gravity force and the vertical pressure gradient, the hydrostatic balance.
If the flow is both in hydrostatic and in geostrophic balance, it can be deduced that
the flow is also in thermal wind balance (Holton 1992; Dutton 1995). This is the
well-known reason underlying the rule-of-thumb that ”the westerly winds increase
their speeds with height, because it is colder in the North”. In the stratosphere, the
North-South temperature gradient is of opposite sign during most time of the year,
which causes the westerlies to have a local maximum near the tropopause (Peixoto
and Oort 1992).

It has long been recognized - for instance through the work of V. Bjerknes (1902) -
that the concepts ’circulation’ and ’vorticity’ play an important role both in meteor-
ology and oceanography. However, without further approximations, it is difficult to
extract useful information from the full three-dimensional vorticity equation. Rossby
(1939) showed that the vertical component of the absolute vorticity ζa dominates the
evolution of the large-scale atmospheric flow and that many features can be ex-
plained from the material conservation of ζa in the now familiar barotropic model for
two-dimensional flow. Via inversion of the Laplacian operator which links stream-
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function to vorticity, the complete flow can be reconstructed at any time, given the
spatial distribution of vorticity. This is the first example of the invertibility principle.
A similar invertibility principle holds for baroclinic flows.

2.1 Quasi-geostrophy and potential vorticity

The observational evidence for the importance of geostrophic balance stimulated
attempts to derive a (closed) set of dynamical equations for the evolution of geos-
trophic flow. Above all, these equations should be obtained from the basic equa-
tions for mass, momentum and energy conservation, formulated for an ideal gas
on a rotating sphere, by a systematic expansion in a small parameter. The cor-
rect expansion parameter turned out to be the (non-dimensional) Rossby number
Ro, defined as Ro = U/( f0L), where L is the length scale associated with the char-
acteristic dynamics, U is the characteristic velocity scale and f0 a reference value
of the Coriolis parameter. At moderate latitudes (40o-60o North or South) the
Rossby number attains values between 0.1 − 0.3 for the flow we are typically in-
terested in, with a length scale of the order of 1000 km and wind-speeds of 10 m
s−1. At these latitudes the quasi-geostrophic approximation can therefore be justi-
fied. A perhaps interesting historical remark is that in the forties of the previous
century Jule G. Charney was rigorously deriving (for his PhD thesis) the quasi-
geostrophic (QG) theory while he was simultaneously trying to solve the baroclinic
instability problem for an unbounded shear flow on the β-plane (Charney 1947;
Charney 1948). The QG-theory, whose final equations are discussed in Appendix
A (page 153 of this thesis), is a theory in which the fast modes, the gravity waves,
have been filtered out. In reality, gravity waves are important to restore the observed
balances of forces. In a QG model the destruction of thermal wind balance is in-
stantaneously restored by the stretching and adiabatic warming effects of an induced
vertical circulation.

The QG equations can be cast into a form in which all dynamically important
fields are obtained from one single quantity called the QG potential vorticity. In this
thesis the QG potential vorticity will also be called potential vorticity or just PV, an
abbreviation widely used in the literature, despite the fact that QG PV is not equal to
the true potential vorticity as defined by Ertel (1942). In this thesis, we will always
refer to the true potential vorticity in terms of Ertel potential vorticity. The advantage
of using PV is that it is materially conserved in the absence of dissipative or diabatic
processes. Moreover, just as in the case of the barotropic vorticity equation, in QG
the relation between the streamfunction and the PV involves a simple, second order
differential operator, which resembles the Laplacian. This second order differential
operator relating PV and streamfunction can be rendered invertible by imposition of
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Figure 1.1: Schematic representation of the (instantaneous) potential temperature structure
and the wind (superposed on a zonal jet with infinite meridional width and a constant shear
Λ = 3 m s−1km−1) associated with a localized PV anomaly of constant positive amplitude
(within the region bounded by the dashed circle, amplitude of PV is 3 × 10−4s−1) in absence of
boundary effects. Positive values have light colors.

the boundary conditions, again an example of the invertibility principle∗. These two
properties make PV an ideal candidate for the analysis of initial-value experiments
and therefore possibly for the analysis of cyclogenesis.

Gradually the idea of using PV at the basis of the analysis of weather maps was
getting more interest (not only from the theoreticians). The land-marking, lucidly
written review by Hoskins et al. (1985) paved the way for the concept that is known
nowadays as PV-thinking. PV-thinking states that a (localized) positive PV anomaly
in absence of boundaries is associated with a three-dimensional cyclonic, counter-
clockwise wind field, and a negative PV anomaly with an anti-cyclonic wind field).
An example is shown in Fig. 1.1. In this example, which is based on Bishop and
Thorpe (1994), the disturbance is formed by a ball-shaped structure of constant,
positive PV (within the dashed circle). Fig. 1.1a shows that the PV anomaly locally
pulls at the isentropes. For stably stratified flow the potential temperature (PT)
increases with height. The PT structure around the PV anomaly is therefore one of
anomalously warm PT above and cold PT below. The meridional wind in Fig. 1.1b
shows that a cyclonic wind field is associated with the PV. Maximum meridional
wind-speeds are attained at the edges of the PV anomaly. In Fig. 1.1c, the zonal wind
associated with the PV anomaly (which has the same structure as the meridional
wind in panel b) has been linearly superposed on a zonal jet with constant positive
shear.

Positive and negative PT anomalies at the surface induce a three-dimensional
cyclonic and anti-cyclonic wind field respectively (for positive vertical shear of the

∗In electrodynamics a similar invertibility principle occurs between the charge and the electric field.
The analogy between electrostatics and potential vorticity is made transparent in Bishop and Thorpe (1994)
and Thorpe and Bishop (1995). A further extension based on analogies has been presented in Schneider
et al. (2001).
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zonal wind) in a similar way as the PV anomaly. In fact, Bretherton (1966a) showed
that the boundary PT anomalies can also be interpreted in terms of PV, by imagining
that the surface acts to counteract the -in case of a positive PV anomaly- cold PT
anomaly below the PV (by letting the static stability approach infinity at the surface).

PV-thinking has been applied to numerous cases, from highly simplified circularly
symmetric disturbances to observed cyclogenesis events (see e.g. Thorpe 1986;
Robinson 1987; Hoskins and Berrisford 1988; Hakim et al. 1995; Hakim et al. 1996;
Rossa et al. 2000; Wernli et al. 2002). A very readable introduction to the subject is
Hoskins (1997).

2.2 Potential vorticity building blocks

The two main advantages of PV (the conservation along with the flow and the
invertibility principle) lead naturally to the wish to use PV not only for the analysis
of, but also as a basis for initial-value experiments (’not only PV-thinking, but also
PV-doing’). In short, we want to devise PV building blocks which can be used to
construct any initial condition. Each PV building block (PVB) in isolation should have
an easy to understand evolution. The subsequent evolution of the initial disturbance
could then be understood in terms of interactions between the PVBs.

In this thesis, a framework is presented for the analysis of initial-value experi-
ments in terms of such PVBs. In this framework, the PVBs are zonally and meridi-
onally wavelike, but vertically confined sheets of PV (the PVBs can be represented
graphically as vertically squeezed, horizontally wavelike versions of Fig. 1.1):

q(x, y, z, t) = Qeikx sin(ly)δ(z − h), (1.1)

where Q = Q̂(t) exp[−ikc(t)] is the time-dependent complex amplitude of the PVB
(c being its propagation speed), and (x, y, z) are the zonal, meridional and vertical
direction respectively. Furthermore, (k, l) are the zonal and meridional wavenumber
and δ(z − h) is the Dirac delta function. The structure in the zonal and meridional
direction should respect the boundary conditions. In QG, the PVB evolves as:

∂q
∂t
= −ik

[
ūq + ψ

∂q̄
∂y

]
− J(ψ, q), (1.2)

where ū is the mean∗ zonal wind,ψ is the streamfunction, ∂q̄/∂y the mean PV gradient
and J(ψ, q) ≡ ∂xψ∂yq − ∂xq∂yψ is the Jacobian. The Jacobian is zero for one isolated
PVB: The PVB itself is a linear object and the ’only’ effects of non-linearity occur
when different PVBs interact. If the mean PV gradient is zero, the PVB is passively

∗The ’mean’ state of a variable should be defined as the average state of the variable after averaging
over a time much longer than the time-scale of interest.
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advected by the mean flow at level z = h. If ∂q̄/∂y is nonzero, the propagation
speed is modified by the Rossby wave propagation mechanism: the PVB propagates
westward compared to the mean flow at level h if∂q̄/∂y > 0 and eastward if∂q̄/∂y < 0.
Bretherton (1966a) showed that boundary PT anomalies may be interpreted as thin
sheets of PV, and that they evolve in the same way as Eq. (1.2). If the equations are
linearized and the Jacobian is set to zero, the PVBs still interact with each other by
advecting the mean PV gradient at all levels. Before we discuss how to use the PVBs
in the theory of cyclogenesis, let us first discuss the original approach to cyclogenesis
in terms of growing normal modes.

3 The tradition of normal modes

Early attempts to understand cyclogenesis were based on the theory of baroclinic
instability of normal modes (NMs). The rationale behind a description in terms
of NMs is simple and assumes that a given atmospheric flow configuration can be
viewed as a sum of two components. The first component is the flow associated with
the mean, time-average state of the atmosphere. The actual state of the atmosphere
will contain perturbations on the mean state. The theory of the NMs investigates
the linear stability of the basic state to small wave-like perturbations with a given
horizontal and vertical structure∗ and a given propagation speed. When added
to the mean flow, such a perturbation will exponentially amplify (growing normal
mode, GNM), decay (decaying normal mode, DNM), or remain neutral. Usually
there also exists an infinite number of neutral NMs, the so-called continuum modes
(CMs). Until recently, the CMs have been almost completely ignored because of their
neutrality. We will come to this later. The assumption is now that a sufficiently
complex initial condition will always project on some of the GNMs of the system.
The fastest GNM will inevitably dominate the complete disturbance structure, simply
because its growth rate is the largest. Tacitly assumed in the above reasoning, is that
there is always enough time for the system to develop into this GNM configuration.

3.1 Prototype models

One of the most studied prototype atmospheric models, and the one this thesis will
be concerned with for a large part, is the Eady (1949) model. Eady managed, by
retaining only the essential ingredients (a linearly sheared zonal wind and a rough
representation of the tropopause in terms of a rigid lid), to construct an analytically
tractable set of equations supporting extra-tropical baroclinic instability. Eady’s

∗The normal mode is usually defined as a zonally wavelike solution to the dynamical equations of the
form f (y, z) exp[ik(x − ct)].
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Figure 1.2: a) The dispersion relation for the discrete NMs in the classic Eady model. A pair
of growing and decaying NMs exists for waves longer than the short-wave cutoff. For larger
wave numbers, the two NMs are neutral and they resemble the boundary edge waves as k
increases. b) Growth rates for two other prototype models: the Charney (1947) model (semi-
infinite domain and an inclusion of the β-effect), and the Green (1960) model which is the Eady
(1949) model on the β-plane. In both β-plane models the short-wave cutoff is absent.

results (see Fig. 1.2) show that such a simple basic state can sustain exponentially
growing solutions for a range of wavenumbers bounded by a short-wave cutoff
and that the GNMs could explain both the vertical structure and the growth rate of
observed cases qualitatively well.

Another famous prototype model is the Charney (1947) model. Charney invest-
igated the stability of the NMs for an unbounded linear shear flow. In contrast to
Eady (1949), Charney removed the upper rigid lid but retained the β-effect. Fig. 1.2b
displays the results. Unlike the Eady model, GNMs are found at any wavenumber,
which is a sign for the vertical scale of the instability for large wavenumbers to be
determined intrinsically and not by the geometry as in the case of the f -plane Eady
model. Finally, Green (1960) extended the Eady model to include the β-effect. Fig.
1.2b shows that the Green (1960) model has properties of both the Eady and the
Charney model. Short-waves (which are shallow and confined to the surface) do not
notice the tropopause (upper rigid lid). Growing NMs of longer wavelength have
more in common with GNMs in the Eady model. Absent in both the Charney and
Eady model is that ultra-long waves are stabilized in the Green (1960) model.

3.2 Extensions: variations on a theme

Researchers have proved to be good in varying on a theme. After the pioneering work
of Eady (1949), Charney (1947) -possibly also the two-layer Phillips (1951) model
should be counted to the pioneering studies- innumerable extensions have been
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undertaken. Regarding NM studies of extensions of the Eady (1949) and Green (1960)
model∗ we note the work of Blumsack and Gierasch (1972) and Mechoso (1980) who
included bottom topography and a slanting tropopause height (notably in connection
to the planet Mars). Lindzen (1994) introduced β but retained a zero interior mean
PV gradient. This approach was extended to include more realistic profiles by
Snyder and Lindzen (1988) and Harnik and Lindzen (1998), who interpreted the
results in terms of the wave-overreflection perspective (Lindzen and Tung 1978;
Lindzen et al. 1980). An approach to include moist in the Eady model is reported
in Tippett (1999). Meanwhile, papers had appeared on two-layer extensions of
the Eady model (Weng and Barcilon 1987; Müller 1991; Rivest et al. 1992;
Juckes 1994) and on attempts to include meridional structure of the zonal jet (e.g.
Barcilon and Blumen 1995). However, at least since the work of McIntyre (1970) it
was known that a full inclusion of both vertical and meridional structures makes the
problem non-separable. Therefore, Song and Nakamura (2000) numerically extended
the stability results and computed the NM stability for realistically confined zonal
jets.

Finally, we should mention a series of important papers by the group of Ripa
and co-workers on the formal (nonlinear) stability of Eady-like† and two-layer fluids
(Beron-Vera and Ripa 1997; Olascoaga and Ripa 1999; Ripa 2000; Ripa 2001). Finite
amplitude equations have been derived by Pedlosky (1971), Pedlosky (1972), Romea
(1977) and Pedlosky (1983). Today, research into the stability of (zonal) flows is
becoming more and more focused on the bifurcation structure and the non-linear
regime (e.g. Mitsudera 1994; Lovegrove et al. 2001; Lovegrove et al. 2002). A well-
known review on the subject of baroclinic instability is Pierrehumbert and Swanson
(1995).

All studies mentioned have provided ample evidence for the importance of Eady’s
1949 paper on ’Long waves and cyclone waves’. Instead of deriving and dealing with
new and undoubtedly very delicate relations or conditions that extend the normal-
mode instability theory to finite amplitudes, the forthcoming main chapters are to a
large extent the result of taking a different direction. The motivation for this direction
is best explained by an example.

3.3 Initial-value experiments

To investigate in which way the GNM emerges from an initial condition in the Eady
model, we take a realistic upper-level precursor (c.f. Petterssen type-B), as described

∗A similar chronological list of important contributions to and extensions of the Charney (1947) model
can be generated (e.g. Burger 1962; Miles 1964; Garcia and Norscini 1970; Geisler and Garcia 1977;
Kuo 1979; Branscome 1983; Branscome and et al. 1989; Zurita and Lindzen 2001). Because the present
thesis is most closely connected to the Eady (1949) model, we focus on extensions thereof.

†Before, Mu and Shepherd (1994) and Liu and Mu (1996) had already obtained conditions for the
non-linear stability of the pure Eady model. See also Liu and Mu (2001).
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in Hakim (2000b). The upper-level disturbance often takes the form of a localized
vortex with a core-radius of 500-800 km. Its structure manifests itself as a cold
anomaly at the level of the tropopause and a downward decaying near-barotropic
PV tower (Hakim 2000a; Hakim 2000b). Fig. 1.3 shows the linearized evolution
of the meridional velocity (in zonal to vertical cross sections). Within two days a
strong surface cyclone emerges out of the initial condition. During the development,
the disturbance propagates eastward and changes its vertical structure significantly.
Also the horizontal scale of the disturbance changes. After two days, it is seen that
the region with the largest amplitudes qualitatively resembles the GNM of the Eady
(1949) model: The structure tilts up shear with height and the amplitude distribution
is maximized near the surface and the tropopause. In front and behind the core of
the disturbance smaller disturbances are being generated.

4 Finite-time instability

The example in the previous section of the linear evolution of an initial condition
into the most rapidly GNM configuration showed that it takes a number of days
before the GNM is reached. This is most clearly expressed by the growth rates of
kinetic energy, which fail to produce the NM growth rates up to two days, and by the
structure which significantly changes both horizontally and vertically. The question
arises whether it is possible to turn the effect of the transients into an advantage by
a careful design of the initial disturbance. In other words, we want to investigate
whether we can create the optimal perturbation, i.e. a perturbation that amplifies
maximally in a certain time-interval and according to a certain norm.

There is a very practical reason to expect that it must be possible to get growth
rates which, at least temporarily, exceed the GNM values. This reason is that expo-
nential growth is rather slow initially. Linear growth mechanisms, if they exist in
the flow, will be much faster for an initial period. However, if we want to system-
atically incorporate and understand the effect of the linear growth mechanisms, we
necessarily have to give up the structural stability on which the theory of the normal
modes is based. Let us investigate what kind of growth mechanisms we expect.

4.1 Growth mechanisms

One of the growth mechanisms that can play a role in addition to normal-mode
baroclinic instability has already been known since the work of Orr (1907). Suppose
one starts with a number of the previously introduced PVBs, which for simplicity are
assumed to exist in a flow with zero mean PV gradient. According to linear theory, all
PVBs are therefore passively advected by the mean flow at the level of their PV, and
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Figure 1.3: Evolution into the growing normal mode. Petterssen type-B cyclogenesis as
modeled by the linearized evolution of the meridional wind for an initially localized tropo-
pause PT anomaly (with a core amplitude of -10 K) above a vertically downward decaying
PV tower in the f -plane Eady model as in Hakim (2000b). The zero wind line is indicated
by the thick line, negative values (southward winds) are dashed. The big and small discs at
the surface and tropopause indicate the position of the maximum and minimum of the PV
anomaly. Filled discs denote positive PV, open discs negative PV.

no interaction takes place. If one then computes the streamfunction (which in linear
theory can be viewed as a sum of the contributions from all PVBs individually), one
will notice that nearby PVBs have a very similar structure. This structural similarity
makes the PVBs potentially very powerful to create kinetic energy. Because each
PVB propagates at its own speed, an initial condition composed of many out-of-
phase positioned but structurally similar PVBs, will disperse as time progresses
(if the mean flow is sheared) and rapid development in terms of streamfunction
amplification (or decay) will be the result. In the literature, this growth of kinetic
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energy due to a pure kinematic effect, is called PV unshielding. It is also referred
to as the Orr-mechanism, thereby acknowledging the original work of Orr (1907).
More recently, Boyd (1983) extended the idea by including the β-effect. An important
aspect of the Orr-mechanism is that it may lead to explosive amplification in terms
of kinetic energy, although the growth is zero in terms of PV.

A second growth mechanism which may lead to vigorous initial amplification
is linear resonance. In terms of the PVBs, suppose that we have two PVBs but that
only one of them resides at a level with nonzero mean PV gradient. As an example,
one may imagine an initial PVB at the surface (the surface edge wave) and a second
PVB somewhere in the interior. According to linear theory, a resonance occurs if the
interior PVB travels exactly at the same speed as the surface edge wave. Positioned
at that height (which is in the literature also called the ’steering’ level of the surface
PVB), the interior PVB will continuously excite the surface PVB (the edge wave) by
advecting the mean surface temperature gradient.

Neither of the above mentioned growth mechanisms will be captured if only a
single GNM is used. The Orr-mechanism does not occur because it is intrinsically
connected to structural changes of the perturbation and because the amplification
takes place only in certain norms (the NMs amplify at the same (exponential) rate in
all norms). The linear resonance effect will not be taken into account, simply because
its growth rate is linear in time and not exponential. How should we proceed? Is
there a possibility to leave the idea of structural stability and compute in a systematic
way perturbations which produce optimal growth and which take into account the
other growth mechanisms? In fact, there is, and Brian F. Farrell (1982) taught us how
to construct such optimal perturbations.

4.2 Singular value decomposition

Farrell was motivated to relax the constraint of structural stability - which was es-
sential in the theory baroclinic instability of the NMs - by another result from QG
theory. If a realistic vertical turbulent viscosity coefficient is introduced in the Eady
(1949) model, for instance by introducing Ekman damping at the lower boundary,
exponential instability of the baroclinic waves at the synoptic scale is either in-
significant or even non-existent. Nevertheless, robust surface cyclogenesis occurs
temporarily if the system is initiated with a suitable initial condition, which can be
as simple as a plane-wave (Farrell 1985). In the years after his pioneering paper of
1982, Farrell showed that the ultimate way to investigate transient growth systemat-
ically, is to use a mathematical tool known as singular value decomposition (SVD).
Using SVD it is possible to construct initial perturbations which exhibit optimal
growth according to some metric for finite time∗. Farrell performed the SVD analysis

∗From the mathematical point of view, the growth results from the non-normality of the linear evol-
ution operator P(t, t0) which forwards in time initial conditions x(t) = P(t, t0)x(t0). In its most elementary
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for many atmospheric problems, including baroclinic and barotropic instability of
time-dependent basic-states (Farrell 1984; Farrell 1985; Farrell 1988; Farrell 1989;
Farrell and Ioannou 1993). In Farrell and Ioannou (1996a) and Farrell and Ioannou
(1996b) all previously introduced ideas have been summarized into a single theory
known as ’Generalized Stability Theory’ () and is afterwards extended in Farrell
and Ioannou (2000) and Farrell and Ioannou (2002).

4.3 Use and limits of singular value decomposition

In the present state-of-the-art weather prediction models, SVD analysis is usually
incorporated as a procedure for creating ensembles very efficiently. These ensembles
are then used to investigate error-growth and limits of predictability. Unlike the
NMs, the singular vectors [in the context of error-growth, the optimal perturbations
are usually called singular vectors (SVs)] do form an orthogonal basis with respect to
the metric they have been computed with and they reflect directly in which directions
of state-space initial disturbances may amplify the most.

A possible weak point of using SVD is related to the norm-dependence of the
optimal perturbations. As mentioned before, the growth of the optimal perturbation
will be different in different norms, contrary to the GNMs which amplify at the same
rate in all norms. Especially for the application of error-growth, it is not a priori
clear which norm should be chosen (at least, it appears that nature does not have any
preference). Recently, Kuang (2004) has made some progress in the norm-dependence
problem.

Another point of concern is that linearization of the theory lies at the heart of
the SVD analysis as it is presently formulated. The highly chaotic behavior of the
present state of the atmosphere therefore limits the application to short time scales
and (formally) to small amplitudes. A recent promising generalization of the concept
of the optimal perturbation to the non-linear regime is the so-called  (conditional
non-linear optimal perturbation) introduced by Mu et al. (2003). The present thesis,
however, is not targeted in further developing the concept of optimal perturbations
into the non-linear regime. The principle reason for this is that we think that an un-
derstanding of the ’ordinary’ optimal perturbation in terms of its structural evolution,
propagation and its growth is presently still largely lacking.

form, SVD analysis produces the largest eigenvalue of PHP (PH is the adjoint of P) and the corresponding
eigenvector. Because PHP is normal, its eigenvectors form an orthogonal basis.
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5 Understanding optimal perturbation evolution

The statement, made at the end of the previous section -that we have a limited
understanding of optimal perturbation evolution- requires further specification. It
is for instance perfectly clear how to interpret the optimal perturbation evolution in
terms of the NMs: The optimal perturbation is composed of all NMs which each
have a certain projection coefficient. Since the NMs usually propagate with different
propagation speeds, the initial structure of the optimal perturbation changes. The
GNM eventually pops up because it is the only one that amplifies.

Can we also interpret the optimal perturbation evolution in terms of the previ-
ously introduced PVBs and thereby understand the role of the other growth mech-
anisms? This is clearly a much more delicate task.

A requisite for interpreting the optimal perturbation evolution is that there is at
least a clear understanding of the conventional NM in terms of interacting PVBs.
Such an interpretation of the NM is worthwhile especially since the NM is a special
structure for several reasons. First, its growth rate is independent of time, height
and norm. Second, its structure is time-independent. The interpretation of the NM
in terms of the underlying PVBs is therefore not at all obvious. As we have seen,
the NMs come in two groups. On the one hand we have the GNM and DNM pair
(or a pair of neutral modes), together referred to as the ’discrete’ NMs. On the other
hand, we have the baroclinically neutral CMs (continuum modes) which are infinite
in number.

Let us start with the interpretation of the discrete NMs. Davies and Bishop (1994)
interpreted the GNMs in the Eady model in terms of two interacting boundary PVBs,
called edge waves. The PVBs propagate on the mean meridional PT gradients at the
surface and the tropopause and influence each others phase-speed and amplitude
by advecting the mean PT gradients. The interpretation in terms of PVBs is closely
related to the counter-propagating Rossby wave (CRW) view on baroclinic instability
as introduced in Bretherton (1966a), Bretherton (1966b) and Hoskins et al. (1985). The
GNM of the Charney (1947) model has been explained in terms of interior potential
vorticity and boundary potential temperature by Robinson (1989) and also in terms of
counter-propagating Rossby waves by Heifetz et al. (2004) and Heifetz et al. (2004).
In a series of papers, the CRW view on baroclinic instability has been extended and
applied to nonlinear life-cycles (Methven et al, 2005a,b).

The second group of NMs is formed by the CMs. How can they be understood
in terms of PVBs? The CMs have not gained much attention in the literature, mainly
because they are neutral. For instance, Pedlosky (1987) only mentions them, but does
not discuss its properties. The principal need for the inclusion of the CMs is that
they are the only way to introduce PV in the interior of the Eady (1949) model. They
are therefore closely related to the interior PVBs and may play an important role
in the optimal perturbation evolution by being involved in the alternative growth
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mechanisms of resonance and PV unshielding. In the Eady model, the CM is formed
by exactly one interior PVB and two boundary PVBs in a specific amplitude ratio. The
phase-speed, which on the f -plane is determined by the speed of the interior PVB, can
only be maintained (as required for a NM) by a specific combination (amplitude and
sign) of the boundary PVBs. This constraint on the phase-speed of the CMs turns out
to lead to rather unphysical, hard to interpret structures in particular situations. For
instance, the PT structure of the CM which propagates at a speed close to the steering
level of one of the discrete NMs, becomes singular. Such an unphysical situation
will clearly not occur in nature. The singular behavior should therefore in some way
be compensated by other NMs. However, it is a priori not clear which NMs should
perform this ’regularization’. A physical explanation of the near-singular structure
of particular CMs in terms of PVBs, invokes the previously introduced concept of
resonance. If an interior PVB is positioned near (but not at) the steering level of
one of the discrete NMs, this NM will be almost resonantly excited. The growth
will be linear in time. Linear growth cannot occur under the constraint of a NM
(algebraic growth is neither exponential growth nor zero growth). To satisfy the
constraint of the NM (correct phase-speed and neutrality of the NM) the amplitude
of the boundary PVBs increase without bound.

The above discussion of the NMs shows that, although they can be interpreted
in terms of PVBs, they do not necessarily have a structure that will be seen in reality
(notably the CMs), despite the fact that they are true solutions of the linear equations∗.
The final step then is, to use the PVB as the basic constituents to construct optimal
perturbations and to understand the optimal perturbation evolution in terms of the
interaction between PVBs . The following major research goal is formulated:

The aim is to get a comprehensive, physically intuitive understanding of optimal
perturbation evolution, which could help to interpret incipient rapid (surface)
cyclogenesis at mid-latitudes. Thereto, we have to devise methods which make it
possible to construct optimal perturbations in a physically transparent way, i.e in
a way which is based on the PVBs (PV building blocks). Such a PVB based de-
composition should be able to reveal the role of the different growth mechanisms
(resonance, Orr-mechanism, normal-mode baroclinic instability) that play a role
in the optimal perturbation evolution.

In the literature attempts have been undertaken to get a better understanding
of optimal perturbation evolution. One group focuses on an analytical description
of the optimal perturbation dynamics and usually leaves out the CMs. Important
articles that have appeared are Rotunno and Fantini (1989) (Petterssen type B cyc-
logenesis), Fischer (1998) (optimal positioning of the edge waves), O’Brien (1992)

∗If dissipation is added, the CMs cannot remain their neutrality and will slowly decay.



16 Finite-time instability - an introduction

(optimal instantaneous growth) Barcilon and Bishop (1998) (extensions to include
meridional structure), Riviere et al. (2001) (non-modal∗ development in the Phillips
(1951) model), and the recent paper by Heifetz and Methven (2005). Another group
takes the CMs into account but relies mainly on numerical methods (e.g. Mukou-
gawa and Ikeda 1994; Badger and Hoskins 2001; Hodyss and Grotjahn 2001;
Morgan 2001; Morgan and Chen 2002; Kim and Morgan 2002; Hodyss and Grot-
jahn 2003). Since the original work of Hoskins (1975), Hoskins (1976) and Hoskins
and West (1979) also semi-geostrophic variants of the Eady (1949) model exist and
some studies have investigated the amplification of baroclinic disturbances grow-
ing on fronts (Joly 1995; Snyder and Joly 1998; Juckes 1998a; Juckes 1998b;
Fantini and Davolio 2001). Just another group focuses on the feasibility of non-
modal or optimal growth in realistic cases (Vukicevic 1998; Hoskins et al. 2000;
Rossa et al. 2000; Frederiksen 2000; Hakim 2000b; Snyder and Hakim 2005;
Stevens and Hakim 2005). All above-mentioned papers have enriched our view on
non-modal development of disturbances living and growing on shear flows. Never-
theless, the above posed main questions have not been answered to full satisfaction.
This thesis tries to fill in the gap. We will postpone a more complete discussion of
the (recent) literature to the main chapters.

6 What lies ahead

The following chapters represent the results of a gradually developed (and still devel-
oping) view on the evolution of optimal perturbations. Chapter two and three of this
thesis have been published as articles in the Journal of the Atmospheric Sciences. They
describe the early attempts to understand optimal perturbation evolution in two very
simple, atmosphere resembling, basic states, being the semi-infinite extension of the
Eady (1949) model (Thorncroft and Hoskins 1990; Chang 1992) and its generalization
by Lindzen (1994) to include the meridional dependence of the Coriolis parameter,
while retaining zero mean PV gradient in the interior. The main insight we gradually
became aware of, was the potential power of potential vorticity as the fundamental
quantity to follow in order to understand the evolution of (optimized) initial-value
experiments in QG theory.

The second major insight obtained from ’the early papers’ was the observation
that perturbation kinetic energy can be very effectively created at the surface by
positioning interior PV-anomalies near the position of the steering level of the surface
edge wave. For the inviscid dynamics, this is a resonant configuration, in which the
perturbation streamfunction associated with the edge wave amplifies linearly in time.
This linear amplification is initially faster than exponential growth associated with

∗A nonmodal disturbance is defined simply as a disturbance composed of at least two normal modes
(perhaps multi-modal would be a less-confusing name).
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plain normal-mode growth.
Up to then, the basic states considered did not sustain exponentially growing

normal modes, because there was neither a β-effect nor a tropopause to guarantee that
the Charney and Stern (1962) criterion for instability, being a sign-change of the mean
PV gradient within the flow, was satisfied. To validate the classic approximation of
the tropopause by a rigid lid, we extended the Eady (1949) model by including a
second, stratospheric layer of air (with a larger stability and reversed shear) on top
of the troposphere. Chapter four describes the NM stability of such a two-layer Eady
model as well as an interpretation of the NMs in terms of the PV building blocks.

The results of chapter four were submitted to Journal of the Atmospheric Sciences,
while we were unfortunately unaware of the fact that some of the results were already
published by Müller (1991). Nevertheless, this chapter paved the road towards a de-
tailed investigation of the optimal perturbation and the effect of resonance (and
especially its relative importance compared to the normal-mode baroclinic instabil-
ity) in the more complicated setting of a two-layer fluid. Chapter five, which is the
result of this study, should be considered as our presently most ’grown-up’ version
of the view of atmospheric development in terms of PV building blocks. Insights in
this matter have been obtained partly in close collaboration with Eyal Heifetz of Tel
Aviv University. In this chapter, which has been submitted (together with chapter
six) for publication in the Journal of the Atmospheric Sciences, a number of quite gen-
erally applicable techniques are introduced that make a detailed understanding of
any initial-value experiment unambiguously possible. These techniques have been
applied to the coupled troposphere-stratosphere model. Finally, chapter six is a
generalization of chapter five and includes the β-effect (which makes the mean PV
gradient non-zero everywhere). To emphasize the wide range of applicability of the
techniques introduced mainly in chapter five and six, we have added two appen-
dices, by the use of which initial-value experiments can be dynamically understood
for much more general basic states, including time-dependent and meridionally or
zonally varying zonal wind and mean PV gradient profiles.

Finally, please note that substantial overlap between the individual chapters oc-
curs and that each chapter can be read (at least in principle) as a stand alone paper.





2 The semi-infinite Eady model

Using a non-modal decomposition technique based on the potential vorticity (PV) perspective, the
optimal perturbation or singular vector (SV) of the Eady model without upper rigid lid is studied for a
kinetic energy norm. Special emphasis is put on the role of the continuum modes (CM) in the structure
of the SV and on the importance of resonance to the SV evolution. The basis for the SV is formed by
a number of non-modal structures, each consisting of a superposition of one CM and one edge wave,
such that the initial surface potential temperature (PT) is zero. These non-modal structures are used
as PV building blocks to construct the SV. The motivation for using a non-modal approach is that no
attempt has been made sofar to include the CM residing at the steering level of the surface edge wave in
the perturbation, although it is known that this CM is in linear resonance with the surface edge wave.

Experiments with one PV building block in the initial disturbance show that the SV growth is
dominated by the resonance effect except for small optimization times (less than one day), in which
case unshielding of PV and surface PT dominates the growth of the SV. PV-PT unshielding provides
additional growth to the SV and this explains the observation that the PV resides above the resonant
level. More PV building blocks are added to include PV unshielding as a third growth mechanism.
Which of the three mechanisms dominates during the SV evolution depends on the region of interest
(interior or surface) as well as on the optimization time and on the number of building blocks used. At
the surface, resonance plays a dominant role even when a large number of building blocks is used and
relatively small optimization times are used. For the interior of the domain, PV unshielding becomes
the dominant growth mechanism when more than two PV building blocks are used. With increasing
optimization times the PV distribution of the SV becomes increasingly more concentrated near the
steering level of the edge wave. This concentration of PV is explained by the enhanced importance of
resonance for long optimization times as compared to short optimization times.∗

1 Introduction

For more than a century there has been interest in extra-tropical surface cyclogenesis
and its underlying dynamics. Eady (1949) examined the stability of a basic state
corresponding approximately with the observed mean flow at mid-latitudes. The
basic state is formed by an inviscid shear flow between two horizontal rigid lids
representing the earth surface and the tropopause. Eady solved the linear stability
problem for this basic state and obtained the dispersion relation for the two discrete
normal modes which are characterized by non-zero perturbation potential temper-
ature (PT) and zero interior perturbation quasi-geostrophic potential vorticity (PV).
These normal modes are unstable if their horizontal wave number is smaller than

∗This chapter has been published as De Vries and Opsteegh (2005).
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a critical value. The unstable normal mode solutions have a number of remarkable
similarities with observed growing extra-tropical cyclones.

Ever since the pioneering work of Eady, researchers have looked for different
growth mechanisms to explain the observed behavior of developing cyclones. Ped-
losky (1964) solved the initial value problem for the Eady model in complete gen-
erality and showed that there is another class of disturbance structures supported
by the background flow. These so-called continuum modes (CMs) are characterized
by both a singular perturbation of PV at some interior level and a non-zero poten-
tial temperature structure at the boundaries. It is only with the help of this infinite
number of CMs that the finite-time dynamics of an arbitrary initial disturbance is
represented correctly in the Eady model. The observation that transient effects of
superposition can result in remarkable perturbation growth is not new and dates
back to the work of Orr (1907). Farrell (e.g. Farrell 1982; Farrell 1984; Farrell 1988;
Farrell 1989) has been among the first to explicitly show that the CMs can play an
important role in the cyclogenesis problem. The basic question Farrell addressed is
the following: what is the structure of the initial perturbation, such that for a given
basic state the perturbation linearly amplifies most rapidly for a given norm over a
prescribed time interval? Such an optimal perturbation is called a singular vector
(SV). Farrell showed that the finite-time rapid baroclinic amplification of a favorably
configured initial disturbance can exceed the growth due to normal-mode instability.
While eventually the growing normal mode becomes important, the initial growth of
the SV is dominated by what is called non-modal wave growth. Here, a non-modal
disturbance is defined as any disturbance structure that comprises more than one
single normal mode (Farrell 1984). On a weather map the SV appears as a localized
structure. The SV gives an indication of the location where future development can
be expected, and where forecast errors may grow rapidly. Because of this signaling
function, it is worthwhile to understand the SV in terms of the underlying dynamics.

Most analytical studies on singular vectors for the Eady model concentrate on
the growing normal modes and leave the CMs out of consideration. Rotunno and
Fantini (1989) studied optimal perturbations created by superposition of growing
normal modes of one fixed wavelength. Their analytical work has been extended to
include variable wavenumbers by Fischer (1998).

Much less is known about the fact that the CM can generate sustained perturbation
growth as well. If the PV of a CM is located exactly at the steering level of one of the
edge waves, an edge wave is resonantly excited and the perturbation streamfunction
grows linearly in time. The existence of a linear resonance has been found before in
analytical studies of the Eady (1949) model where the upper rigid lid was removed
(Thorncroft and Hoskins 1990; Chang 1992; Davies and Bishop 1994; Bishop and
Heifetz 2000) but no serious attempt has been made sofar to include the impact of the
linear resonance in an analytical approach to the SV. To fill the gap we will concentrate
on the role of the CMs in the SV structure and especially on the importance of
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resonance in the SV evolution. This is done using an analytical treatment of the
semi-infinite Eady model. The results will be compared with the existing literature
on short-wave numerical SV analyses, to be summarized below.

Although the CM is ignored in the analytical studies, the CMs have been included
in most numerical approaches. Farrell (1988) has been the first to calculate the SV for
simplified atmospheric models using streamfunction variance (L2) and total kinetic
energy as a norm. He finds optimal perturbations having a PV distribution which
initially tilt extremely upshear with height. These results are confirmed and worked
out for the Eady model in more detail by Mukougawa and Ikeda (1994). Hakim
(2000b) studied the evolution of an upper-level PV anomaly and found that the
growth due to unstable normal modes is more important than SV growth. Similarly,
Badger and Hoskins (2001) studied the dynamics of a spatially localized vortex but
they noticed that so-called PV-unshielding plays an important role in the initial stage
of the development. The effect of growth due to linear resonance is not explicitly
considered in these numerical studies. The CM can only yield linear resonance in the
Eady model, if the wavenumber of the perturbation is large enough to guarantee a
steering level within the flow domain. Let us therefore focus on the short-wave SVs
in the numerical approaches to the SV in the Eady model.

Morgan (2001) and Morgan and Chen (2002) have analyzed the Eady model SV
(calculated with modal analysis) for the L2-norm using two different numerical par-
titionings of the SV. First they use a modal partitioning. The SV streamfunction ψsv

is divided into an Eady edge wave part, ψnm and a continuum mode part ψcm. The
advantage of such a partitioning is clear. Modal solutions do not change their struc-
ture with time. However, there is also a disadvantage. As a result of the necessary
constraints at horizontal rigid surfaces, the streamfunction of the CM becomes nearly
singular if the potential vorticity is located near the steering level of the neutral edge
wave, which makes it difficult to address the optimization problem numerically. This
may be a motivation to choose for a PV partitioning to determine the SV. Morgan and
Chen (2002) have chosen this PV partitioning to get a better understanding of the SV.
In the PV-based partitioning one decomposes the streamfunction into an interior PV
part ψpv with zero boundary PT, and a part ψθ associated with PT at the boundaries
but zero interior PV. The advantage of this approach is that it is physically transpar-
ent. However, the individual parts now evolve in a non-modal way, which may be a
disadvantage for a clear understanding.

Morgan (2001) analyzed the short-wave SV evolution and this resulted in the
following schematic three-stage development: 1) a superposition of interior PV
anomalies, 2) a subsequent intensification of the boundary potential temperature
anomalies due to the advection of background potential temperature gradient by the
winds associated with interior PV, 3) finally a transient interaction between the upper
and lower boundary potential temperature anomalies. The observations of Morgan
(2001) have been analyzed and confirmed by Morgan and Chen (2002). They confirm
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the important role of initial masking and subsequent unshielding of the Eady edge
modes by the CMs in the evolution of the SV. They observe that for the short-wave
perturbations, only a small number of CMs is required to mask the edge modes.

The work of Morgan (2001) and Morgan and Chen (2002) has been generalized
and reconsidered by Kim and Morgan (2002) using both a total quasi-geostrophic
energy norm and a potential enstrophy norm. From their work it is concluded
that the choice of norm may influence the result substantially. It depends on the
specific choice whether 1), 2), or 3) of the above mentioned three-stage SV evolution
dominates. Furthermore, in Morgan and Chen (2002) and Kim and Morgan (2002)
the length of the optimization time is varied and it is found that for increasing
optimization time, the importance of the PV near the steering levels of the edge
waves becomes more important for short-wave perturbations. The explanation they
give for this PV-concentration is that it allows for a longer near-resonant interaction
between the PV and the edge wave.

In the present paper we will analytically investigate the structure of the SV of
the Eady model with an emphasis on the importance of the effects of resonance and
PV unshielding. In order to extend the existing literature on analytically constructed
optimal perturbations (Rotunno and Fantini 1989; Fischer 1998), we will keep the
CMs included. To quantify the importance of resonance for the surface dynamics,
we use the semi-infinite version of the Eady model as formulated by Thorncroft
and Hoskins (1990). The surface dynamics of this model resembles the surface
dynamics of the conventional Eady model above the instability cutoff. Section 2
introduces the semi-infinite version of the Eady model with special emphasis on
the continuous spectrum. In section 3 a PV-basis is constructed with the help of
non-modal structures. These non-modal structures consist of a superposition of one
CM and one edge wave such that initially the surface potential temperature is zero.
The non-modal structures are used as PV building blocks to construct the SV. In
section 4 we start with the optimal position for one PV building block. In section 5
the generalization toward a general distribution of potential vorticity is considered.
Section 6 consists of a summary of the main conclusions and finally two appendices
are added to clarify some points concerning numerical techniques.

2 Equations and normal-mode solutions

The basic equation that governs the dynamics of the Eady model without upper rigid
lid is the conservation of quasi-geostrophic potential vorticity (PV) q(

∂
∂t
+ ū

∂
∂x

)
q(x, y, z, t) = 0, (2.1)
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where ū = Λz is the basic zonal flow, y the meridional direction, x the zonal direction,
z the vertical direction and t time. The basic state is assumed to have zero interior
PV and Λ has a typical value of 3 m s−1 per km height, which is characteristic for the
mid-latitudes. The perturbation PV is related to the perturbation streamfunction ψ
by:

q(x, y, z, t) =
(
∂2

∂x
+
∂2

∂y
+

1
S2

∂2

∂z2

)
ψ(x, y, z, t), (2.2)

where S2 := (N0D)2( f0L)−2 is the stratification parameter or Burger number which in
the present study is kept at unity, S2 = 1. Variables have been made dimensionless∗

using combinations of the length scales L (1000km), H (10 km) and the velocity scale
U (30 m s−1). Wavenumbers of the perturbations have been non-dimensionalized
in a similar way. A non-dimensional zonal wavenumber k = 1 corresponds with a
physical wavelength of 6280 km.

At the earth surface the condition that the vertical velocity equals zero leads to(
∂
∂t
+ ū

∂
∂x

)
∂ψ

∂z
−
∂ū
∂z
∂ψ

∂x
= 0 (z = 0), (2.3)

where ∂ψ/∂z ≡ θ defines the non-dimensional potential temperature (PT ) which is
scaled using (UL f0g−1H−1)Θ00 = 9.18 K, for a given reference potential temperature
Θ00 = 300 K and g = 9.81 m s−2 the gravity constant. For consistency, it is required
that the perturbation streamfunction vanishes at infinite height. Because ū = 0 at
the earth surface, Eq. (2.3) implies an exact balance between the tendency of the
local perturbation potential temperature ∂θ/∂t and the horizontal advection of mean
temperature by the perturbation meridional velocityΛ∂ψ/∂x. This balance will have
a important effect in the structure of the CM to be discussed below.

At the channel walls the meridional velocity v = ∂ψ/∂x vanishes. For simplicity
we have chosen to study perturbations which are homogeneous in the meridional
direction. If the meridional wavenumber is non-zero, the numerical growth values
obtained in the experiments to be carried out below will change. However, it is to be
expected that the results do not change qualitatively, because the growth mechanisms
available to the system remain the same.

2.1 Edge waves

Modal solutions for the Eady model without upper rigid lid appear in two classes,
with and without interior PV. We treat them separately because of the differences in

∗The horizontal coordinates x and y are scaled by L = NH/ f0 ∼ 106 m, the vertical coordinate z by
H ∼ 104 m. Furthermore, L/U ∼ 9.26 h is the characteristic time-scale, and LU ∼ 3 · 107m2s−1 scales the
geostrophic streamfunction. Finally a constant Coriolis parameter f0 ∼ 10−4s−1 is assumed as well as a
constant Brunt-Väisälä (or buoyancy) frequency N2

0 ∼ 10−4s−2.
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vertical structure. Solving Eqs. (2.1) and (2.3) for q = 0 one obtains the streamfunction
of the Eady edge wave

ψnm(x, z, t) = e−µz sin[k(x −
Λ

µ
t)], (2.4)

where µ = S(k2 + l2)1/2 = 1/HR defines the inverse Rossby height. Due to the absence
of the upper rigid boundary, the Charney and Stern (1962) condition for instability
is not satisfied and the solution is a baroclinically stable oscillation that propagates
zonally with the speed of the basic state flow at one Rossby height above the surface.

2.2 Continuum modes

The semi-infinite Eady model contains an infinite number of neutral normal modes,
called continuum modes (CMs). These modes have non-zero PV only at one partic-
ular level h,

q(x, z, t) = Qδ(z − h) sin[k(x −Λht)], (2.5)

with Q the amplitude of PV. Notice that q(x, z, t) = q(x − Λht, z, 0) due to PV conser-
vation. For h , µ−1, we obtain the following expression for the streamfunction of the
CM∗

ψcm(x, z, t) =
Q
µ

{
H(z − h) sinh[µ(z − h)] − e−µh coshµz

}
sin[k(x −Λht)]︸                                                                     ︷︷                                                                     ︸

ψcm
pv (x,z,t)

+
Q
µ

( e−µh

1 − µh

)
e−µz sin[k(x −Λht)]︸                                 ︷︷                                 ︸
ψcm
θ (x,z,t)

, (2.6)

where H(z−h) is the Heaviside stepfunction. We have partitioned the streamfunction
ψcm into a potential temperature (PT) part ψcm

θ and a potential vorticity (PV) part ψcm
pv

such that ψcm = ψcm
θ +ψ

cm
pv . In this PV-partitioning, ψcm

θ is associated with anomalous
surface PT only and not with interior PV. To the contrary, ψcm

pv has zero surface PT,

∗Precise readers may convince themselves of the difference with the continuum mode found in the
existing literature on resonant modes. In Thorncroft and Hoskins (1990) as well as in Chang (1992) a factor
exp(−µh) has been omitted erroneously.
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Figure 2.1: PT structure of the continuum mode as a function of height z for different values
of h and a positive value of the PV.

but non-zero interior PV:(
∂2

∂z2 − µ
2
)
ψpv = q,

(
∂ψpv

∂z

) ∣∣∣∣∣
z=0
= 0 (2.7)(

∂2

∂z2 − µ
2
)
ψθ = 0,

(
∂ψθ
∂z

) ∣∣∣∣∣
z=0
= θ|z=0. (2.8)

The above notation is based on Morgan and Chen (2002). It is immediately clear that
the temperature part ψcm

θ in Eq. (2.6) has the same vertical structure as the edge wave
Eq. (2.4) although it propagates with a different speed. Furthermore, the amplitude
of ψcm

θ becomes arbitrarily large when h approaches the steering level of the neutral
edge wave. Fig. 2.1 shows the PT-structure of a CM for various values of the height
h of the (positive amplitude) PV. This figure shows that a CM located above µ−1 has a
warm surface PT. Contrast this with the CM below h = µ−1 which has a cold surface
PT. Sign and amplitude ofψcm

θ at the surface depend on the height of the PV anomaly.
This follows directly from the thermodynamic equation, Eq. (2.3). In terms of the
PV-partitioning Eq. (2.3) reads(

∂2

∂t∂z
−
∂ū
∂z

∂
∂x

)
ψcm
θ =

(
∂ū
∂z

∂
∂x

)
ψcm

pv , (at z = 0). (2.9)

Equation (2.9) states that there is a balance between processes related to surface PT
and processes related to interior PV. It is easily verified that for h < µ−1, the advection
of mean PT exceeds the tendency of the local perturbation PT due to ψθ. The forced
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balance of the three processes therefore gives a relation between the signs of interior
PV and surface PT. More specifically, the sign of the PT must be of the opposite
(same) sign of Q when h < µ−1 (h > µ−1). From the PV-partitioning, it is clear that the
amplitude ofψcm

θ (and hence ofψcm itself) will get arbitrarily large when h approaches
µ−1, the steering level of the Eady edge wave. In this situation, the lhs of Eq. (2.9)
becomes arbitrarily small, and the amplitude of ψcm

θ increases to satisfy Eq. (2.9).
At h = µ−1 exactly, a linear resonance occurs because the PV anomaly and the

edge wave move at the same speed and the lhs of Eq. (2.9) would vanish for a
constant amplitude ψcm

θ . Straightforwardly solving the equations leads to the result
of Thorncroft and Hoskins (1990):

ψcm(x, z, t) = ψcm
pv (x, z, t) +Q

(
Λk
µ2

)
te−µ(z+h) cos[k(x −

Λ

µ
t)]︸                                 ︷︷                                 ︸

ψcm
θ,res(x,z,t)

, (2.10)

with initial condition θ(z = 0, t = 0) = 0 and where ψcm
pv is the same as in Eq. (2.6).

The amplitude of ψcm
θ,res increases linearly in time and is a quarter of a wavelength out

of phase with ψcm
pv , in agreement with calculations by Davies and Bishop (1994). This

resonance exists for all values of the wavenumber k because the steering level of the
Eady edge wave always lies in the physical domain.

3 Constructing a non-modal PV-basis

The discussion of the different modal solutions to the system of equations illustrates
the importance of boundary conditions in PV dynamics. Although the dynamics of
the CM itself is rather trivial (it is advected by the basic flow), the wind fields in
the vicinity of the PV anomaly of the CM do not necessarily agree with standard
PV thinking (Hoskins et al. 1985), especially for the near-resonant CM. The question
rises whether or not in an analytical approach to the singular vector (SV) of the Eady
model we can include the CMs without having to deal with the very large surface
potential temperatures of the near-resonant CMs.

Equation (2.6) shows that the singular behavior of the CM near the steering level
is caused by ψcm

θ only. This part of the CM exhibits the same exponential decay with
height as an edge wave with the same wavelength. So it makes sense to build up the
initial PV-distribution of the SV with couplets consisting of one CM and one edge
wave, which is superposed in such a way that the initial surface PT is zero (see Fig.
2.2 for a schematic representation). Due to the differences in propagation speed of
edge wave and CM, a non-zero PT-wave is generated as time increases. It is easily
verified that as a result of this superposition, the problem with the singularity is
automatically postponed to t = ∞.
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C

Figure 2.2: Basis function in the PV-basis. ψcm
θ of a CM below the resonant level is masked by

an edge wave with opposite amplitude. The PV anomalies are indicated by the encircled plus
and minus signs. The wind fields due to the PV anomalies are represented by an encircled
cross (northward) and dot (southward). Finally, the PT structure of the CM-edge wave couplet
is indicated with the w and c signs just above / below the surface.

It is known that the complete QG-flow is determined by the distribution of interior
PV and boundary PT (Hoskins et al. 1985). This implies that the CM-edge wave
couplets together with the edge waves can be used as building blocks to form a
PV-basis for perturbations with any initial distribution of interior PV and surface PT.
Two advantages of this approach are clear immediately. First, the resonant mode
is retained and second, the singular behavior of the near-resonant modes has been
removed in a simple way. Additionally the non-modal approach allows a step-by-
step construction of the SV. Instead of dealing with a general PV-distribution in the
SV, one may start with one PV building block in the initial perturbation and search
for its optimal position, i.e the height that generates the largest surface cyclogenesis
at the relevant time-scale.

3.1 Definition of the singular vector

Singular vectors are constructed to produce optimal growth in some specified (vector)
norm. In this paper we concentrate on surface cyclogenesis and then a suitable choice
seems to be the zonally integrated surface kinetic energy E(t) (from here called the
L-norm). This L-norm is not a proper vector norm but rather a vector semi-norm
which allows configurations with non-zeroψsv(z) to have zero surface kinetic energy∗.
Given the meridional velocity v = ∂ψ/∂x, E(t) is computed as:

E(t) =
∫ 2π/k

0

v2

2
dx

∣∣∣∣∣
z=0
≡ 〈ψ(t), ψ(t)〉L

∣∣∣∣∣
z=0
, (2.11)

∗For a vector semi-norm ||u||s = ||A · u|| ≥ 0 (with || · || denoting the vector norm). In contrast with a
proper vector norm, ||u||s = 0 does not imply that u = 0
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where the surface kinetic energy is written in terms of the correlation 〈ψ(t), ψ(t)〉L of
the streamfunction with respect to the L-norm. The ratio between the surface kinetic
energy at initial and final time defines the finite time growth-factor:

Γ(t) :=
E(t)
E(0)

∣∣∣∣∣
z=0
. (2.12)

The next step is to vary the perturbation structure to optimize Γ(t) for a given optim-
ization time t. The perturbation structure that maximizes Γ(t) is called the optimal
perturbation or singular vector (SV). In the next section we will calculate Γ(t) for the
streamfunction of one PV building block. As said before, at initial time this building
block has PV at one particular level and zero PT at the surface. We will determine
the position at which this initial PV anomaly generates the largest growth-factor Eq.
(2.12) for a given optimization time.

4 Optimal position of one PV anomaly

One obtains the streamfunction of one PV building block by adding an edge wave Eq.
(2.4) to the CM [c.f. Eq. (2.6)] in such a way that the surface PT of the perturbation is
zero at initial time. This yields

ψ(x, z, t) = ψcm
pv (x, z, t) +

Q
µ

e−µ(z+h)

1 − µh

{
sin[k(x −Λht)] − sin[k(x −

Λ

µ
t)]

}
. (2.13)

A straightforward calculation gives the growth-factor for this problem:

Γ(t) =
{

1 + µ2h2
− 2µh cos[kΛ(h − 1/µ)t]

(1 − µh)2

}
. (2.14)

The growth-factor is independent of the amplitude of the PV-anomaly. Unfortunately,
it is not possible to obtain the optimal height as a function of the optimization time
analytically. Therefore Eq. (2.14) has been plotted in Fig. 2.3 for optimization
times varying between 30 and 67 hours. This figure shows that the maximum
growth-factor is obtained if the initial PV anomaly resides above the resonant level.
For short optimization times the exact location of the CM is less important and
maximal growth-factors are obtained in a relatively broad regime above the resonant
level. For larger optimization times this maximum moves asymptotically toward
the resonant level and the band of optimal growth-factors narrows. In the limit of
infinite optimization time the maximum growth-factor is obtained with an initial PV
anomaly at the resonant level h = µ−1. The fact that it is for all times better to locate the
initial PV anomaly not exactly at the resonant level, shows that both resonance and
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Figure 2.3: Surface kinetic energy growth-factor as a function of the height of the PV anomaly
for different optimization times topt = 3.16 (30 hours) (dash-dot), topt = 5.16 (two days) (dashed)
and topt = 7.16 (67 hours) (full). The other parameters are Λ = 1.0, k = 2.0, S = 1.0.

unshielding play an important role in the finite time optimization problem. In the
next section we examine the importance of the various growth mechanisms during
the development.

4.1 Projections of the SV streamfunction

Which of the possible growth mechanisms dominates the evolution of the SV? To
answer this question we have calculated the different projections of the SV stream-
function. Morgan and Chen (2002) calculated projection coefficients for their modal
decomposed SV as well as for their PV-PT decomposed SV. A similar analysis is
presented below. The SV streamfunction ψsv is written as a sum of a PV and a
PT part, ψsv = ψpv + ψθ. The different growth mechanisms that play a role during
the SV evolution are then just the different correlations appearing in the following
expression:

〈ψpv, ψpv〉L

||ψsv||
2 + 2

〈ψpv, ψθ〉L

||ψsv||
2 +

〈ψθ, ψθ〉L
||ψsv||

2 = 1. (2.15)

The subscript L indicates that we look at the different contributions to the surface
kinetic energy Eq. (2.11), although the norm according to which the SV is calcu-
lated may be different. In (2.15) the first term on the left hand side represents the
contribution of the PV to the surface kinetic energy of the SV. PV-unshielding does
not occur and this gives 〈ψpv, ψpv〉L a constant, time independent value. The second
process is the unshielding of PV and PT. The last term on the left hand side of Eq.
(2.15) is the contribution of the resonance to the surface kinetic energy of the SV. Fig.
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Figure 2.4: The time-evolution of the projection coefficients for the (a) topt = 3.16 (30 hours) and
(b) topt = 5.16 (2 days) optimal building block. 〈ψpv, ψpv〉L/||ψsv||

2 (dash-dot), 2〈ψpv, ψθ〉L/||ψsv||
2

(dotted) and 〈ψθ, ψθ〉L/||ψsv||
2 (dash-dot-dot).

2.4 displays the evolution of the various projection coefficients for the topt = 3.16 (30
hours) and topt = 5.16 (2 days) optimal building block. Initially, the SV completely
projects on the PV part because there is zero surface PT. The surface winds due to
the PV anomaly at optimal position then trigger a surface PT-wave. This surface
PT-wave propagates with a slightly different propagation speed and we see that both
resonance (dash-dot-dot) and PV-PT unshielding (full) contribute positively to the
growth. Furthermore, we notice that for both optimization times the largest growth
of the SV-amplitude is caused by the resonance and that unshielding of PV and PT
plays a secondary role. This PV-PT unshielding mechanism becomes important only
if the optimization time is decreased. For optimization times smaller than about 13
hours, PV-PT unshielding becomes the dominant growth mechanism.

In the next section we will elucidate that PV-PT unshielding explains the location
(i.e. above and not right at or below the resonant level) of the optimal PV building
block.

4.2 The effect of PV-PT unshielding

The optimal position of the PV anomaly is found to be above the resonant level.
One can show from Eq. (2.13) that the maximum of the surface PT-wave (generated
a quarter wavelength downwind of the PV maximum after t = 0) propagates with
the mean speed of PV anomaly and Eady edge wave. Therefore, if the PV resides
above the steering level of the edge wave, this surface PT wave propagates toward
the positive PV anomaly. On the other hand, the PT wave will propagate toward the
negative PV anomaly if the PV lies below the steering level. In terms of PV thinking,
this implies that in the former case the winds generated by the warm anomaly tend
to add up with the winds due to PV, whereas the winds partially cancel in the latter
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Figure 2.5: Schematic evolution of a CM-edge wave couplet (a) below and (b) above the
resonant level. The large W indicates the location of the net surface warm anomaly (the lower
encircled cross and dot are the wind fields around this net warm anomaly). Other symbols are
the same as in Fig. 2.2.

case. This is illustrated schematically in Fig. 2.5.
For a given optimization time the situation with maximal possible surface kinetic

energy is the one in which the net surface warm anomaly resides completely below
the PV anomaly. This provides a theoretical upper limit for the height of the PV
anomaly at

h =
1
µ
+

π
kΛtopt

. (2.16)

It turns out (see Fig. 2.3) that hopt lies below the upper limit for all optimization times.
This implies that at optimization time the SV has not yet reached maximal amplitude.
For given hopt, the maximal amplitude will be obtained at time t = kΛ/[π(hopt − µ−1)].
The fact that actual optimal height is below the upper limit for all optimization times
illustrates the dominance of the resonance. Unshielding of ψpv and ψθ occurs more
rapidly if the PV is far away from the steering level. On the contrary, the resonance
effect of a growing ψθ is stronger if the PV is located closer to the steering level. The
optimal position is somewhere in between and depends on the optimization time.

4.3 Summary

To conclude this section, we present a short summary of the results. It has been shown
that resonance is the most important growth mechanism for one optimal building
block. Unshielding of PV and PT has a secondary effect and generates significant
additional growth only for small optimization times. For large optimization times
virtually all growth is explained by the resonance.

In the present study the optimization procedure maximizes surface kinetic energy
at optimization time given the constraint that the initial surface kinetic energy is
unity. A different approach would be to study the sensitivity of the system to a
PV-anomaly of a given (unit say) initial amplitude. Optimizing the surface kinetic
energy under this different constraint will obviously produce different results. In this
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Figure 2.6: Height dependence of Γ for topt = 5.16. h1 is fixed at its optimal level (indicated
by the thin line) and h2 is varied to show the height dependence of the optimal solution. The
isolated minimum for h2 just above the resonant level is the situation where both PV anomalies
reside at the same height and PV-unshielding does not occur.

case it is more favorable to locate the PV in the lower atmosphere (to produce a larger
surface kinetic energy in the initial perturbation). For small optimization times this
alternative optimization procedure produces PV located near the surface, whereas
for larger optimization time the PV approaches the steering level from below. In
terms of the growth factor Eq. (2.12), however, these low-level PV anomalies are not
optimal.

Although the baroclinic development of one PV building block has some realistic
features, the singular character of the PV anomaly must be considered as highly
unrealistic. It is known that a more realistically shaped initial PV distribution will
be affected by smoothing effects. For the semi-infinite Eady model, Chang (1992)
mentions that non-resonance effects will dominate the dynamics in any finite-size
continuous sample. Chang’s study does not answer the question whether this ’finite-
size’ effect will enhance or diminish the perturbation growth. This will be discussed
in the next section. By adding more PV building blocks to the initial perturbation,
we will study the impact of PV-unshielding on the growth of the SV.

5 Toward a general PV distribution

What happens when more PV building blocks are allowed in the initial perturbation
and one optimizes the initial structure to produce a maximal growth-factor? It is
easy to verify that a growth-factor based on the surface kinetic energy runs into
problems because the streamfunction of two (or more) PV anomalies may cancel at
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one particular level. As a consequence, any optimization algorithm generates zero
initial surface kinetic energy in the search for an optimal growth-factor Γ(t). Any
non-zero final surface kinetic energy will produce an (almost) infinite growth-factor.

The problem is even worse. By looking at the structure of the initial PV anomaly
and its mathematical representation ψcm

pv in Eq. (2.6), it is clear that for a suitable
choice of amplitudes and initial phase-difference, the total streamfunction associated
with two PV anomalies may vanish completely below the lower PV anomaly. To
solve the problem one needs to integrate over a domain that includes at least the
levels where the PV anomalies reside. This may well be the reason that a total kinetic
energy norm (which is a proper vector norm unlike the surface kinetic energy) is used
in most numerical simulations (Farrell 1989; Morgan 2001; Morgan and Chen 2002;
Kim and Morgan 2002). In this study an integration height of four times the Rossby
height has been chosen. We have experimentally verified that the PV perturbations
at the top levels have a negligible contribution to structure and the evolution of the
SV at the surface.

The results for the one-couplet problem carry over when changing to a total kin-
etic energy norm. In this norm the optimal height of the PV anomaly is located
closer to the resonant level for all optimization times (as compared with Fig. 2.3).
When the number of PV anomalies in the initial perturbation increases, the math-
ematical expression for the growth factor gets cumbersome. Fortunately, there exists
a straightforward technique to solve the optimization problem numerically. This
method is normally used in combination with a modal analysis, but is easily modi-
fied to the non-modal case we adopt here. This technique is discussed in Appendix
A. Let us make one remark. When determining the total kinetic energy numerically
one needs to choose representative levels to calculate the energy. A suitable choice
followed here is to calculate the energy at the same levels as where the PV anomalies
reside. In Appendix B, we briefly comment on another reasonable possibility (in
between the PV anomalies) yielding unphysical results.

5.1 Results for two PV anomalies

When we have two PV anomalies residing at two of the M possible interior levels,
say h1 and h2, the eigenfunction matrix X(t) defined in Eq. (2.17) becomes 2 × M
dimensional. For given h1 and h2, the optimal structure is calculated using Eq. (2.20)
and a total kinetic energy norm. h1 and h2 are varied in height, to obtain the global
maximum in parameter space (h1, h2). In Fig. 2.6 we have plotted the growth-factor
for non-dimensional optimization time topt = 5.16 (2 days) as a function of the height
h2 retaining h1 at its global optimum. Again we see a rather sharp peak above the
resonant level. It may be verified that both PV anomalies lie above the resonant
level and below the maximum level as defined by Eq. (2.16) again, similar to the SV
constructed with one PV anomaly.
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Figure 2.7: Evolution of the streamfunction of the 2-couplets SV for topt = 5.16 and k = 2.0.
Displayed are: (a-f) the total SV streamfunction, (g-l) the part of ψ that is associated with
the PV only, and (m-r) the part of ψ that is associated with the boundary PT only. At the
optimization time, the growth-factor has reached a value of 83.5. Range of contours (-1,1).

Fig. 2.7 displays the evolution of the SV streamfunction. The PV anomalies reside
at optimal positions (z = 0.566 and at z = 0.642) and are almost completely out of
phase initially. Therefore, the total streamfunction vanishes except in a narrow region
around the positions of the anomalies (Fig. 2.7a). Comparing Fig. 2.7a and c, we
see that the SV initially completely projects on the PV part. As time increases, the
PV anomalies disperse, and the streamfunction reaches the surface (Fig. 2.7h-i). The
surface winds then start to advect the background gradient in potential temperature
and a surface PT-wave is generated (Fig. 2.7n-r). The surface PT wave quickly
amplifies because of the resonance between the PV anomalies and the edge waves.
At the optimization time t = 5.16, the surface PT-wave has obtained a large amplitude
and most of the surface winds in this stage are attributable to the surface temperature
perturbation (compare Fig. 2.7l and r). The growth-factor, now defined with respect
to the total kinetic energy, reaches the value of 83.5 at the optimization time. Notice
that the 2 PV anomaly problem has not evolved completely into a vertical PV-tower
at t = topt.

To get a more quantitative insight into the surface development, we have plotted
the evolution of the projection coefficients Eq. (2.15) of the topt = 5.16 SV in Fig. 2.8.
In this case PV-PT unshielding contributes negatively to the surface growth of the
SV in the initial stages. Contrast this with Fig. 2.4 where PV-PT unshielding was
positive during the complete evolution. The resonance still dominates the surface
development at final time.
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Figure 2.8: The time-evolution of the projection coefficients for the topt = 5.16 SV with two
PV anomalies in the initial perturbation. Displayed are: (〈ψpv, ψpv〉L/||ψsv||

−2)|z=0 (dash-dot),
(2〈ψpv, ψθ〉L||ψsv||

−2)|z=0 (dotted) and (〈ψθ, ψθ〉L/||ψsv||
−2)|z=0 (dash-dot-dot). Remind that the SV

itself is calculated with respect to the total kinetic energy norm.

5.2 Results for M PV anomalies

To be complete, we present here the result for M = 40 which is a simulation of
the continuous problem. Again topt = 5.16 and the SV is constructed for the total
kinetic energy norm. The evolution of the SV toward t = topt and its underlying PV
and PT part are displayed in Fig. 2.9. For the interior, PV-unshielding has become
the dominant mechanism in the complete evolution of the SV toward t = 5.16. We
start offwith a streamfunction structure that is tilted rather upshear with height and
that is concentrated in a narrow region just above the resonant level (see Fig. 2.9a
and Fig. 2.10a). Once the streamfunction has reached the surface (Fig. 2.9c) a PT-
wave is rapidly developing (Fig. 2.9p-r). At optimization time the streamfunction
attributable to the PV anomalies is almost barotropic (Fig. 2.9l).

In contrast with the two couplets SV, the SV with M couplets form an almost
vertical PV structure at optimization time. Fig. 2.10b shows this towering of PV.
Only the few top levels are out of phase. This is because these top levels take into
account the average influence of all levels above and they therefore may be positioned
(slightly) out of phase.

Let us now turn to the surface dynamics. Fig. 2.11 shows the evolution of
the different projection coefficients Eq. (2.15) for two different optimization times.
Something unexpected seems to be happening at the surface in the initial stages of
the development (Fig. 2.11a). However, a close inspection shows that the projection
coefficients explode because ψsv at z = 0 almost vanishes at this point in time. That
is, the rapid surface cyclogenesis occurring roughly after t = 1 is preceded by an
initial surface cyclolysis. This is perfectly possible because we have chosen total
kinetic energy as an optimization norm. After this initial weakening of the surface
winds, the resonance clearly takes over the surface development at t ∼ 4.2 leading to
a total kinetic energy growth-factor of 622.0 at optimization time. Prior to t ∼ 4.2, PV
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Figure 2.9: Evolution of the streamfunction of the (M = 40)-couplets SV for topt = 5.16 and
k = 2.0. Displayed are: (a-f) the total SV streamfunction, (g-l) the part of ψ that is associated
with the PV only, (m-r) and the part of ψ that is associated with the surface PT only. At
optimization time, the growth-factor has reached the value 622.0. Range of contours (-2,2).

unshielding dominates the evolution. PV-PT unshielding contributes negatively to
to the surface development during almost the complete time-evolution. Increasing
the optimization time (Fig. 2.11b) to four days leads to similar results for the surface
development as we saw before in the case with one or two PV anomalies (Fig. 2.8);
resonance becomes increasingly more important.

Yet another way to illustrate the importance of resonance in the general problem
is to consider the distribution of PV in the vertical. In Fig. 2.12, we displayed the
amplitudes of the PV at specific levels for the topt = 5.16 (2 days) and topt = 10.32 (4
days) SV. These figures share similarities with Fig. 2.3 although in Fig. 2.3 we have
plotted the growth-factor as function of the height of one PV anomaly. We see that for
topt = 5.16 the largest amplitudes of PV are typically observed in a rather wide domain
above the resonant level. This is in line with the observation that during the complete
time evolution the interior SV is dominated by growth due to PV-superposition and
not due to resonance. The resonance effect is already more important for a doubled
optimization time. In this case there is a rather sharp peak in a small region above the
resonant level, and we expect that an even more significant part of the development
will be due to resonance. This is confirmed by looking at Fig. 2.11b.
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Figure 2.10: (a) Initial and (b) final PV configuration for the topt = 5.16 SV.
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Figure 2.11: The time-evolution of the projection coefficients for (a) the topt = 5.16 and
(b) topt = 10.32 (right) SV with M = 40 PV anomalies. (〈ψpv, ψpv〉L/||ψsv||

−2)|z=0 (dash-dot),
(2〈ψpv, ψθ〉L||ψsv||

−2)|z=0 (dotted) and (〈ψθ, ψθ〉L/||ψsv||
−2)|z=0 (dash-dot-dot).

6 Summary and concluding remarks

In this paper we have discussed in what way resonance and potential vorticity (PV)
unshielding dominate the evolution of the SV of the Eady model without upper rigid
lid. The normal modes of this model are baroclinically stable. However, one member
of the set of continuum modes (CM) produces a linear resonance. This resonating
CM is left out in many existing studies on optimal perturbations. We have used the
PV perspective to construct a set of non-modal basisfunctions. These basisfunctions
initially have PV at some specific level and zero surface potential temperature (PT).
By meridionally advecting PT of the basic state a surface PT-wave is generated as
time increases. The surface PT-wave and the interior PV-wave will interact through
the mean flow.
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Figure 2.12: Amplitudes of the PV-maxima for (a) the topt = 5.16 SV and (b) topt = 10.32 SV. The
anomalous large amplitude of the PV at the two topmost levels is the effect of truncating the
vertical domain at z = 4/µ, and in some sense summarized the mean effect of all modes above
that level.

The non-modal basis allowed a number of initial value experiments, in which the
number of interior PV anomalies (PV building blocks) in the initial perturbation is
gradually increased. Gradually increasing the complexity of the initial perturbation
structure has the advantage that different growth-mechanisms can be more easily
distinguished than would be the case in a completely general analysis. These mech-
anisms are PV-unshielding, PV-PT unshielding and resonance (a growing surface
PT-wave). Frequently encountered problems with the near singular behavior of the
continuum modes (CM) near one Rossby height are avoided in this approach.

Results of the experiments indicate that when there is only one PV anomaly in
the interior, the optimal position of this PV anomaly is found in a region above
the steering level of the Eady edge wave. The largest part of the baroclinic growth
is caused by the resonance between the PV anomaly and the surface edge wave.
This resonance produces a rapidly growing surface PT-wave. We have showed that
above the steering level of the surface edge wave, PV-PT unshielding contributes
additionally to the growth due to the resonance but that this effect is only important
for small optimization times.

PV-unshielding does not occur for a SV constructed from one PV anomaly. There-
fore, to include PV-unshielding as a third growth mechanism, more PV-anomalies
were added in the initial perturbation. When the number of PV anomalies gets larger
than two, PV-unshielding becomes the dominant growth mechanism for the interior.
This is to be contrasted with the surface development for which resonance remains
the dominant growth mechanism. The PV distribution of the SV approaches the
steering level of the edge wave from above when optimization time is increased.
This illustrates the enhanced importance of resonance for long optimization times as
compared with short optimization times.

The surface edge wave can grow as a result of interaction with PV modes close to
the resonant level and also as a result of interaction with the upper-boundary edge
mode. In this study the upper edge mode is not present. To estimate its contribution,
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we have computed the growth factor due to baroclinically interacting edge modes
(by adding a rigid lid at 10 km) for the k = 2 case considered in this study. We
find growth factors which are substantially smaller than the growth-factor due to
the resonance effect studied in the previous sections∗. So the resonance effect seems
to be a more efficient form of baroclinic instability if short optimization times are
considered.

A possible generalization of the present study is related to the choice of norm.
We have chosen equal norms at initial and final time. Another interesting possibility
is to optimize for a total kinetic or total quasi-geostrophic energy norm at initial
time and a surface kinetic energy norm at final time. We are currently investigating
the consequences of this different choice of norm for the resonance described in the
paper.

A Numerical determination of the SV

The standard numerical approach to the optimization problem divides the atmo-
sphere in M horizontal levels. The discretized, linearized dynamical operator yields
M eigenvectors, which describe the modal structures supported by the basic flow.
The problem with the large amplitude of the CM near the resonant level is removed
by re-scaling the CM to unit amplitude in some physical norm (Morgan and Chen
2002). In this way the resonant mode is systematically excluded from the continuous
spectrum and only near resonant modes are retained. Instead of using the conven-
tional normalized modal basis, we use the more physically oriented PV-basis. For
each level hi ≥ 0, Eq. (2.13) describing the time-evolution of a PV anomaly at height
hi defines an eigenfunction ψ(x, z, t; hi) in the space of all possible perturbation struc-
tures. This eigenfunction is represented by an M-dimensional vectorψ(x, z, t; hi) with
coefficients [ψ(x, z, t; hi)] j = ψ(x, z j, t; hi). With these eigenfunctions one constructs the
M ×M matrix X(t) with coefficients:

[X]i j(t) := ψ(x, zi, t; h j) (2.17)

Any perturbation streamfunction ψarb is represented by an M-dimensional state vec-
tor. This state vector can be decomposed in the complete set of basisfunctions with
appropriate projection coeffients ai:

ψarb(x, z, t) =
M∑
j=1

a jψ j(x, z, t; h j) = X(t) · a. (2.18)

∗A standard normal mode analysis for k = 2 and a rigid lid at z = 10km gives a growth rate of the
unstable normal mode kci = 0.43. For the non-dimensional time topt = 5.16 this gives a growth factor due
to normal mode instability only Γ = exp(2kcitopt) = 83.4.
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With the matrix of basisfunctions and the choice of the norm the numerical determ-
ination of the SV is straightforward. The functional to be maximized is known since
the work of Borges and Hartmann (1992). In the present PV-basis it reads

θ(a) = aH
·

[
X(t)H

· X(t)
]
· a − λ2

[
aH
· X(0)H

· X(0) · a − 1
]
, (2.19)

with AH meaning the conjugate transpose of the object A. Here the streamfunction
variance norm (L2-norm) is used. Setting the first variation of θ(a) with respect to
a equal to zero, one may verify that the optimal perturbation structure is given by
the eigenfunction corresponding to the largest eigenvalue λ2 = λ2

max of the following
eigenvalue problem [

X(0)H
· X(0)

]−1
·

[
X(t)H

· X(t)
]
· a = λ2a, (2.20)

and ψ(0) is given by X(0)a. For fixed horizontal wavenumber, the L2-norm and the
total kinetic energy norm are closely related. The growth-factor defined in Eq. (2.12)
is equivalent with λ2

max above if instead of surface kinetic energy, the total kinetic
energy is used. Here we have approximated the integral of kinetic energy in the
vertical by a sum over the kinetic energies at the levels. Alternatively, one may wish
to compute the entries in X(t)HX(t) analytically similar to the approach of Fischer
(1998). In this way the SV is determined completely analytically.

The above eigenvalue problem can be easily generalized to optimize for different
norms, such as total quasi-geostrophic energy norm or potential enstrophy norm
(Kim and Morgan 2002). The solution to the eigenvalue problem determines the
complex valued projection vector a, and hence the amplitude and phases of the PV
anomalies (CM-edge wave couplets) and the surface PT of the initial perturbation.

B Spurious modes for different discretizations

In section 5 we used a particular discretization for the calculation of the total kinetic
energy. The energy is calculated at the same levels as where the PV is specified.
Although this is a standard approach and is done in most numerical studies, there is
no a priori reason, why one should use this discretization. In this appendix, the energy
is calculated at levels in between the levels at which the PV is specified. We study the
M-couplet problem, with all further specifications and assumptions equal to the ones
of section 5, Fig. 2.13 displays the results for the phases of the initial PV distribution.
The initial and final phases show a rather dramatic difference as compared to the
initial and final phases of Fig. 2.10. Instead of being upshear tilted, we now get a
phase distribution, where all subsequent couplets lie one half of a wavelength out
of phase. That is, they competely mask each other, similar to the result of the two
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Figure 2.13: Initial and final position of the PV-maxima for the topt = 5.16 SV calculated with a
different method.

couplet problem in section 5. Why did the SV choose this particularly ’unphysical’
structure? The reason is that the streamfunction in between two PV anomalies is
almost zero, when those modes are one half of a wavelength out of phase. Therefore,
by choosing the structure of Fig. 2.13, the system minimized the initial kinetic energy
very effectively. To ensure unit initial kinetic energy, the amplitudes of PV at the
levels increase enormously. This emphasizes the fact that one has to be careful in
calculating the kinetic energy at levels hi which are representative for the whole layer
|hi − δh|, where δh = 1

2 |hi − hi+1|.





3 Adding β but retaining zero mean PV gradient

A non-modal approach based on the potential vorticity (PV) perspective is used to compute the singular
vector (SV) that optimizes the growth of kinetic energy at the surface for the β-plane Eady model without
upper rigid lid. The basic-state buoyancy frequency and zonal wind profile are chosen such that the
basic-state PV gradient is zero. If the f -plane approximation is made, the SV growth at the surface is
dominated by resonance, resulting from the advection of basic-state potential temperature (PT) by the
interior PV anomalies. This resonance generates a PT anomaly at the surface. PV unshielding and
PV-PT unshielding contribute less to the final kinetic energy at the surface.

The general conclusion of the present paper is that surface cyclogenesis (of the 48hr SV) is stronger
if β is included. Three cases have been considered. In the first case, the vertical shear of the basic state
is modified in order to retain zero basic-state PV gradient. The increased shear enhances SV growth
significantly first because of a lowering of the resonant level (enhanced resonance), and second because
of a more rapid PV unshielding process. Resonance is the most important contribution at optimization
time. In the second case, the buoyancy frequency of the basic state is modified. The surface cyclogenesis
is stronger than in the absence of β but less strong than if the shear is modified. It is shown that the
effect of the modified buoyancy frequency profile is that PV unshielding occurs more efficiently. The
contribution from resonance to the SV growth remains almost the same. Finally the SV is calculated
for a more realistic buoyancy frequency profile based on observations. In this experiment the increased
value of the surface buoyancy frequency reduces the SV growth significantly as compared to the case in
which the surface buoyancy frequency takes a standard value. All growth mechanisms are affected by
this change in surface buoyancy frequency.∗

1 Introduction

Originating in the work of Orr (1907), there is long-standing believe that transient
interactions may temporarily lead to significant amplification of otherwise neutral
or even decaying disturbances. Farrell (1982) realized that this transient growth
mechanism can be important for incipient cyclogenesis (Farrell 1984; Farrell 1989). If
initial disturbances are configured properly, finite-time growth rates will in general
be several times larger than growth rates obtained from standard normal-mode
instability theory. It is for this reason that researchers started to compute so-called
optimal perturbations or singular vectors (SVs). The optimal perturbation constitutes
that initial perturbation of unit amplitude (in some norm) that linearly amplifies most
rapidly for a given time interval and according to a second norm, which may differ
from the norm used at initial time. The norm can be for instance total energy (TE),

∗This chapter is published as De Vries and Opsteegh (2006a).
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kinetic energy (KE) or potential enstrophy. At optimization time, also limited-area,
regional norms can be considered in order to localize the SV. One of these regional
norms is the surface contribution to the kinetic energy (SKE). The various choices of
the norm lead to as many different initial structures and subsequent life-cycles of the
optimal perturbation.

One potential difficulty in SV dynamics is that the SV significantly changes its
vertical structure during the time-evolution. In terms of the traditional normal-
mode view the cause for these structural changes is that the SV is composed of a
large number of normal modes. The normal modes, which may be growing, neutral,
or even decaying, propagate with different propagation speeds. The non-modal
perturbation which is a complex superposition of the normal modes will therefore
be structurally unstable. As a result of both exponential instability, linear resonance
(if present in the system) and unshielding of the individual normal modes, the SV
attains a large amplitude at optimization time.

To reveal and understand the mechanisms underlying the rapid finite-time baro-
clinic growth of the SV, it is useful to study optimal perturbation evolution in models
containing ’just enough’ complexity for the problem of interest. For incipient mid-
latitude surface cyclogenesis studied in this paper, the models introduced by Eady
(1949) and Charney (1947) have proven to be valuable tools. Eady (1949) and Char-
ney (1947) focussed mainly on the growth of the discrete normal modes. Davies and
Bishop (1994) subsequently showed that the discrete normal modes can be viewed
as a pair of interacting boundary PT anomalies, called edge waves (Gill 1982).

After the pioneering normal-mode studies by Eady and Charney, Pedlosky (1964)
realized that the discrete normal modes are not the complete story. Only by including
an in general infinite number of so-called continuum modes (CM) the inviscid linear
dynamics of an arbitrary initial perturbation is correctly described (Pedlosky 1964).
The CM of the Eady model is associated with potential vorticity (PV) at one specific
interior level and a certain potential temperature (PT) at the boundaries. To maintain
a time-independent vertical structure, sign and amplitude of the interior PV and
boundary PT have a fixed relation. As a result of this relation, CMs with nonzero
PV near the steering level of one of the edge waves have a very large PT at the
boundaries. Whenever the phase speed of the CM coalesces with the phase speed of
one of the neutral edge waves a linear resonance occurs and the streamfunction of
this edge wave grows linearly in time (Thorncroft and Hoskins 1990; Chang 1992).
Linear (as opposed to exponential) growth occurs because the interior PV cannot
amplify in the Eady model.

Without the upper rigid lid and without a gradient of the basic state PV, this
resonant CM is the only unstable (although not exponentially) normal mode struc-
ture. Despite this possibility to generate sustained perturbation growth, the resonant
CM has not received much attention in the existing literature on SVs and explosive
surface cyclogenesis. Analytical SV studies mostly concentrate on the discrete nor-
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mal modes, and ignore the contribution from the CM (Rotunno and Fantini 1989;
Fischer 1998). In numerical studies, implementation of the resonant CM has not been
considered (Mukougawa and Ikeda 1994; Farrell 1989; Morgan and Chen 2002;
Morgan 2001; Kim and Morgan 2002).

It is possible however, to both remove the aforementioned singular behavior of the
near resonant CMs and stay much closer to the PV-perspective introduced by Hoskins
et al. (1985). De Vries and Opsteegh (2005) (DO5 from here∗) discussed an approach
to calculate the SV which differs from the standard approach followed in the literature
(Farrell 1984; Farrell 1989; Borges and Hartmann 1992; Mukougawa and Ikeda 1994;
Morgan 2001; Morgan and Chen 2002; Kim and Morgan 2002). Instead of a basis of
normal modes, a basis of non-modal functions (called PV building blocks, PVB from
here) is used to compute the SV. Each PVB is formed initially by a delta-function
spike of PV at one interior level and zero PT at the surface. As a result of the existing
meridional gradient in the basic state PT, perturbation PT is created at the surface as
time increases.

The use of PVBs has three main advantages. First it is easy to include the resonant
CM. This is done by including the PVB with PV at the resonant level. The second
advantage is that the singular behavior of the near-resonant CMs is removed in a
way which is both simple and physically transparent. Finally, the nonmodal basis
allows the SV problem to be attacked in a ’bottom-up’ way. One may start with a
basis formed by one PVB and consider the surface cyclogenesis event resulting from
optimally positioning this PVB. A second PVB is introduced to study the impact
from PV unshielding and finally a continuous distribution of PVBs can be used to
get insight in the dynamics of the most general SV perturbation.

In DO5, the SV analysis has been presented for the f -plane Eady model without
the upper rigid lid. The results in DO5 confirm results of existing studies of the
short-wave SVs in the Eady model with upper rigid lid (Morgan 2001; Morgan and
Chen 2002). Initially PV unshielding is most important for the interior of the flow and
a vertically aligned tower of PV is formed at optimization time. PV-PT unshielding
is maximized beyond optimization time. Finally, the long-time amplitude of the SV
is dominated by the contribution from the boundary PT, thereby confirming Mor-
gan’s three-stage scenario for cyclogenesis (Morgan 2001). At the surface, however,
the contributions from the PT (caused by resonance) dominate the SKE already at
optimization time. PV-PT unshielding contributes negatively all the way toward the
optimization time. In a recent paper addressing a similar problem for the f -plane
Eady model with upper rigid lid, Dirren and Davies (2004) find that the short time (<
2 days) growth of the surface PT is favored by a low-level PVB, whereas the long time
(> 2 days) growth of the surface anomaly is significantly enhanced for a PVB residing
at mid-level (the steering level for the unstable normal modes). This sensitivity of
the growth of surface PT to the vertical position of the PVB increases with increas-

∗Chapter two of this thesis.
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ing wavenumber (Dirren and Davies 2004). In contrast, DO5 observe that the PVB
optimizing SKE in the Eady model without rigid lid approaches the steering level
from above for increasing optimization time. The main reason for the discrepancy is
the choice of initial and final optimization norm. Dirren and Davies (2004) consider
a PVB of unit PV, whereas DO5 consider a PVB with unit initial SKE. Furthermore,
Dirren and Davies (2004) optimize the amplitude of the PT anomaly whereas DO5
optimize the SKE. We refer to DO5 for a more complete comparison between other
existing studies.

In the present paper the same approach and techniques are used as in DO5 to
perform the SV analysis for a class of modified Eady models introduced by Lindzen
(1994). In Lindzen (1994) the standard f -plane Eady model is augmented with a
nonzero value of the planetary vorticity gradient (β-plane approximation). However,
the gradient of the basic-state PV is kept at zero by modifying the basic-state velocity
and buoyancy frequency profile. The argument for studying these adjusted basic
states is that the basic state meridional PV gradients in the troposphere are very
small, possibly indistinguishable from zero. Lindzen (1994) retained the upper rigid
lid and investigated the stability of the normal modes. In the present paper the
upper rigid lid has been removed. The resulting basic state should therefore be
considered as a prototype ’underworld’ only. This ’underworld’ is characterized
by zero gradients in basic-state PV and we examine the models instability to SV
perturbations. A next step would be to include a ’middleworld’ and an ’upperworld’.
In this view, the ’middleworld’ represents the tropopause region with concentrated
PV gradients of the order of several times β. The ’upperworld’ is a stratosphere-like
domain characterized by PV gradients which are typically of the order of β. These
characteristics roughly match with observations. Harnik and Lindzen (1998) have
performed the stability analysis for such a basic state. The SV analysis for such a more
complex basic state has not been performed and will be addressed in a forthcoming
paper.

The present paper is organized as follows. In section 2 the model and its basic
state are introduced. In section 3 we present non-modal solutions to the system and
section 4 discusses the non-modal basis to be used for the SV calculations. In section
5 we discuss the different growth mechanisms that occur in the evolution of the SV.
The sections 6-8 discuss, similar to DO5, the optimal perturbation evolution for an
increasing number of PVBs. Finally, section 9 summarizes the main points of the text
and two appendices outline mathematical details.
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2 Model and basic flow

2.1 Dynamics

Linear, inviscid quasi geostrophic dynamics of perturbations evolving on a basic state
[specified by a velocity profile ū(y, z) and the buoyancy frequency, N2(z)] is described
by the PV equation (

∂
∂t
+ ū

∂
∂x

)
q + v

∂q̄
∂y
= 0, (3.1)

where q = q(x, y, z, t) is the perturbation PV, v = ∂ψ/∂x is the meridional velocity and
q̄ the basic-state PV. Perturbation and basic-state PV are related to the streamfunction
ψ and the properties of the basic state by

q =

[
∂2

∂x
+
∂2

∂y
+

1
S2

∂
∂z

( 1
N2

∂
∂z

)]
ψ, (3.2)

∂q̄
∂y

= β −

[
∂2

∂y2 +
1
S2

∂
∂z

( 1
N2

∂
∂z

)]
ū. (3.3)

Variables have been nondimensionalized using scalings as in DO5 and (Pedlosky
1987). The Coriolis parameter fc is approximated by fc = f + βy where f = fc(d) and
β = ∂ fc/∂y(z = d) with d the reference latitude (d = 45o North). In the present study
the reference stratification parameter S2 = N2

∗H2/( f 2
∗ L2) is kept at unity. N2

∗ ∼ 10−4 s−2

is a reference value for the buoyancy frequency and f∗ ∼ 10−4 s−1 is the lowest
order approximation of the Coriolis parameter at mid-latitudes. At mid-latitudes
β (scaled using U/L2) takes the dimensional value of 1.6 · 10−11 m−1 s−1 (β = 0.5 in
non-dimensional units). To get more insight in the general effect of β we will take
β ∼ O(1).

Equation (3.2) requires boundary conditions at two levels in the vertical to determ-
ine the streamfunction. At the earth surface the condition that the vertical velocity
equals zero leads to (

∂
∂t
+ ū

∂
∂x

)
∂ψ

∂z
−
∂ū
∂z
∂ψ

∂x
= 0 (z = 0), (3.4)

where ∂ψ/∂z ≡ θ defines the PT∗. As an upper-level boundary condition it is required
that the perturbation streamfunction vanishes at infinite height. Furthermore, the
meridional velocity vanishes at the channel walls at y = ±Y. With a y-independent

∗A nondimensional PT perturbationθ = 1 corresponds with a dimensional value of (UL f∗g−1H−1)Θ∗ =
9.18 K, where Θ∗ = 300 K is a reference PT and g = 9.81 m s−2 the gravity constant.
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velocity profile of the basic state, the problem remains separable. We write

ψ(x, y, z, t) = ψ̃(x, z, t) cos ly,

where the meridional wavenumber l = (n + 1
2 )π/Y with n = (0, 1, 2, ...). A two-

dimensional problem results if the channel walls are located at infinity. The tilde in
ψ̃ is dropped from here.

2.2 Basic state

As discussed in Lindzen (1994) the basic state is modified as compared to the conven-
tional f -plane Eady model such that ∂q̄/∂y remains zero. Following Lindzen (1994)
we introduce a parameter 0 ≤ α ≤ 1 controlling the adjustment process:

N2

N2
0

=
1

1 + αbz
,

1
m0

∂ū
∂z
=

1 + bz
1 + αbz

, (3.5)

with b ≡ βN2
0/m0 and m0 ≡ ∂ū/∂z|z=0 = 1 a reference value corresponding to 3 m

s−1 km−1. N0 ≡ N(z = 0) = 1 is a convenient choice to compare the results with the
existing literature. For α = 0, all adjustment is in the basic state velocity, while for
α = 1 all adjustment is in the buoyancy frequency. For intermediate values, both U
and N2 are modified. We have varied α and β to get insight in the general effects the
adjustment process has on the structure and the evolution of SV perturbations. We
consider the following three cases:

• R-case: (β = 0). This is the reference experiment with the original semi-infinite
version of the Eady model. The value of α is arbitrary,

• U-case: (α = 0, β). Unless specified otherwise, we will take β = 0.5 (1.6 · 10−11

m−1 s−1),

• N-case: (α = 1, β). As in the U-case, we will take β = 0.5 (1.6 · 10−11 m−1 s−1)
unless specified otherwise.

In order to properly interpret the forthcoming results in terms of the differences of
the basic states for nonzero β, we have not considered in detail potential synergistic
effects of taking 0 < α < 1 in the present paper.

Note that in the present semi-infinite model, we have chosen the wind shear at
the surface, m0 = 1, to be independent of β. This differs from Lindzen (1994) who for
the bounded Eady model fixed the surface and tropopause zonal wind speed (and
thereby fixing the mean tropospheric zonal wind shear). For nonzero β and α , 0
(notably the U-case), it is clear that the surface shear will decrease for nonzero β in
Lindzen’s approach. The results to be obtained in the present paper can, therefore,
not directly be related to the results in Lindzen (1994).
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3 Initialization

The model is initialized with certain types of perturbations. In analogy with Morgan
and Chen (2002), the streamfunction ψ of a perturbation is decomposed as ψ =
ψθ + ψpv. In this decomposition, which will be called the PV perspective, the two
components ψθ and ψpv satisfy the relations[

∂
∂z

( 1
N2

∂
∂z

)
− µ2

]
ψθ = 0,

(
∂ψθ
∂z

) ∣∣∣∣∣
z=0
= θ|z=0, (3.6)[

∂
∂z

( 1
N2

∂
∂z

)
− µ2

]
ψpv = q,

(
∂ψpv

∂z

) ∣∣∣∣∣
z=0
= 0. (3.7)

where µ := S(k2+ l2)
1
2 = 1/HR defines the inverse Rossby height of the β = 0 problem.

Initial perturbations are grouped in two classes. Members of the first class have zero
interior PV and can be completely described in terms of boundary PT anomalies.
Such perturbations are the so-called edge waves [solutions to Eqs. (3.6)]. Elements
of the second group have non-zero PV at specific levels in the interior and zero
boundary PT [solutions to Eqs. (3.7)]. As in DO5, these are called the PV building
blocks (PVBs). Together, the edge waves and the PVBs can be used generate any
distribution of interior PV and boundary PT.

3.1 Boundary PT perturbations: edge waves

The edge wave is a zero-PV, pure PT perturbation with ∂ψ/∂z(x, z = 0, t = 0) ∼
T00 exp(ikx). Given the basic state [specified by (α, β) in Eq. (3.5)], the edge wave
contains modified Bessel functions K0[γ(z)] and K1[γ(z)] (Abramovitz and Stegun
1970; Lindzen 1994)

ψ(x, z, 0) = ψθ(x, z, 0)
(3.2)+(3.4)
−−−−−−−→ ψ(x, z, t) = φew(z)eik(x−cewt)︸           ︷︷           ︸

ψθ(x,z,t)

, (3.8)

where cew is the phase speed of the edge wave and φew(z) = −T00
µ

K0[γ(z)]
K1[γo] , with γ(z) =

γo
√

1 + αbz, γo = 2µN0/(αb). The phase speed of the edge wave is calculated from
the rigid lid condition Eq. (3.4) to be

cew = U0 +
m0

µN0

K0[γo]
K1[γo]

. (3.9)

If α is zero, both phase speed and structure of the edge wave are independent of
β, i.e. cew = U0 +

m0
µN0

and φ(z) ∼ exp(−µN0z). The structure of the edge wave only
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Figure 3.1: (left) streamfunction and (right) PT profiles of different edge waves with k = 2 and
θ = 1 at the surface. In full, the U-case (α = 0, identical with R-case); dotted line represents
the N-case (α = 1). For completeness we also show the case with α = .5 (dashed). We have
chosen β = 5 to properly show the effect of a different value of α.

depends on β ifα is nonzero, because for nonzeroα the buoyancy frequency decreases
slowly with height. As a result, surface PT perturbations penetrate to higher levels
as compared to the situation in which α is zero.

In Fig. 3.1 we have plotted the streamfunction and PT profiles of the edge waves
for the U- and N-case as well for the intermediate value α = .5. We have used the
excessively large value of β = 5 to properly show the differences with the β = 0
situation. Notice that the surface streamfunction attains different values for the
different cases. In terms of the wind field of the edge waves, this implies that the
same PT perturbation at the surface produces a different geostrophically balanced
wind field for different basic states. It can be seen in Fig. 3.1 that for the N-case, the
surface winds of the edge wave are smaller than for the R-case or U-case. It is clear
that the zonal propagation of the N-case edge wave will be slower as compared to
the R- or U-case.

3.2 Interior PV perturbations: PV building blocks

The second class of initial perturbations is characterized by zero PT at the surface
and a delta-function spike of PV at a stipulated level h > 0,

q(x, z, 0) = Qδ(z − h)eikx (3.1)
−−−→ q(x, z, t) = q(x − cpvt, z, 0), (3.10)

with Q the amplitude∗ of the PV and cpv = ū(z = h) because of PV conservation
Eq. (3.1). In agreement with Eq. (3.10) the initial streamfunction ψ(x, z, 0) can be
written entirely in terms of ψpv(x, z, 0). Mathematically it is clear, that the elliptic
Green’s function ψpv can not stand alone as a mode for t , 0, because ψpv does not

∗Q = 1 corresponds with a PV anomaly of amplitude 0.33 f∗ s−1.
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Figure 3.2: Initial streamfunction profile of (positive) amplitude PVBs (k = 2.0) of unit KE at
different heights (h = 0.5, 1.5, 2.5 corresponding with the maximum in the streamfunction). In
full, the U-case (identical with the R-case); dotted line represents the N-case. Also shown is
the case with α = 0.5 (dashed lines). As in Fig. 3.1, β = 5.

satisfy both the zero surface PT condition and the thermodynamic equation. From
the physical point of view this is also to be expected: any PV anomaly has a nonzero
wind field at the surface. Given the nonzero meridional PT gradient at the surface,
this PV wind field generates a PT anomaly and therefore leads to a nonzero ψθ at
later times. In other words, ψθ and ψpv are coupled.

The vertical structure of ψθ is identical to the edge wave in Eq. (3.8). The effect of
the PV wind field appears as a time-dependent amplitude A(t) in ψθ. We write

ψ(x, z, t) = φpv(z)eik(x−cpvt)︸           ︷︷           ︸
ψpv(x,z,t)

+A(t)φew(z)eik(x−cewt)︸                ︷︷                ︸
ψθ(x,z,t)

, (3.11)

where A(t) is given by:

A(t) = a0 +

[
∂ū
∂z
φpv(z)
θew(z)

] ∣∣∣∣∣
z=0

exp[ik(cew − cpv)t]
cew − cpv

, (3.12)

with θew ≡ ∂φew/∂z and the constant a0 is chosen∗ to satisfy the initial condition
∂ψ/∂z(z = 0, t = 0) = 0. The resulting streamfunction describes the time evolution of
one PVB with q = Qδ(z − h) exp(ikx):

ψ(x, z, t) = φpv(z)eik(x−cpvt)
−

[
∂ū
∂z
φpv(z)
θew(z)

] ∣∣∣∣∣
z=0
φew(z)

[
eik(x−cewt)

− eik(x−cpvt)

cew − cpv

]
, (3.13)

where the first and second term on the r.h.s of Eq. (3.13) define ψpv(x, z, t) and

∗The choice a0 = 0 leads to the pure CM, a single modal structure propagating with the speed of the
basic-state flow at height h (Thorncroft and Hoskins 1990). A linear resonance occurs if cpv = cew and the
streamfunction of the CM becomes singular for near-resonant situations (Chang 1992). The PVB (with a
different choice of a0) does not suffer from the singular behavior.
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ψθ(x, z, t) respectively. Notice that the PVBs show completely regular behavior for
cpv → cew and that the resonant and near-resonant CMs are included naturally in this
approach. This is different from the modal decomposition technique, in which the
near-resonant CMs become singular.

We have calculated φpv(z) in Appendix A [see Eq. (3.19)]. In Fig. 3.2 we show
φpv(z) of initial PVBs at various heights (normalized to have unit KE) for the U-case,
the N-case and the case with α = 0.5. Again β = 5 has been taken to exaggerate the
differences with the β = 0 case. In all cases, the streamfunction attains its maximum
at the position of the PV anomaly and decreases away from the position of the
PV. However, the height-dependence of the individual cases is different. What is
generally seen is that the larger the value of α, the less rapidly the decay of the
streamfunction away from the position of the PV anomaly. This is of course a direct
result of the fact that the buoyancy frequency decreases slowly with height if α , 0
(especially the N-case) leading to less stratification. This effect is strongest for PVBs
with PV at high levels.

4 Construction of singular vectors

Using PVBs together with edge waves, initial perturbations with any distribution of
interior PV and surface PT can be created. This implies that we have constructed a
non-modal basis that can be used for SV calculations. Each non-modal basisfunction
(PVB) consists of two modal components, a CM and an edge wave, superposed in
such a way that the initial PT vanishes at the surface∗. An extensive discussion of
the use of this nonmodal basis has been presented in DO5 and the advantages have
been summarized in the Introduction.

4.1 Optimization norm and growth factors

Singular vectors are constructed to produce optimal finite-time growth in some spe-
cified (vector)-norm. This norm may be specified differently for initial and final time.
In the present paper we will use total kinetic energy (KE) as the initial norm and the
surface contribution to the kinetic energy (SKE) as the norm at optimization time. The
physical motivation for using these norms is, to investigate the possible importance
of the SV as a precursor disturbance for rapid cyclogenesis at the surface. Another
possibility would be to use SKE at initial time as well. However, as shown in DO5,
this is not a good choice if more than one PVB is used†.

∗For details, see e.g. Fig. 2 in DO5.
†Mathematically, SKE is a semi-norm. This implies that the SKE may become zero for nontrivial

perturbations (perfect shielding), which would lead to an infinite growth-factor if SKE is used as as the
initial norm.
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Based on the two norms, the optimization measure Γ(0, t) is defined as

Γ(0, t) =
SKE(t)
KE(0)

=
ψ(0, t)∗ψ(0, t)∫ H

0 ψ(z, 0)∗ψ(z, 0)dz
. (3.14)

where H is the integration height and the bar means integrating over one horizontal
wavelength in the x and y direction and multiplying by (k2 + l2)/2. In the literature
Γ(0, t) is referred to as the growth factor or the finite-time growth rate if the initial and
final norms are equal. Note that with the present choice of norms, Γ (in a dimensional
form) would carry the units of an inverse length, whereas Γ is unit-less if the norms
are equal.

A non-dimensional optimization time topt = 5.16 (48 hr in real-time) has been
chosen as well as a fixed zonal wavenumber k = 2. In the present study we have not
included a meridional structure of the perturbations. An integration height H = 2 (20
km) is chosen because perturbations (with zonal wavenumber k = 2) at these heights
have a negligible contribution to the surface-development (DO5).

Given the analytical expression of the PVB in Eq. (3.13), a completely analytical
determination of the SV is possible (Fischer 1998). The SV optimizes the projection
coefficient for each PVB. If M PVBs are included, the optimization problem is (M×M)-
dimensional. More details are presented in Appendix B.

It should be noted that a recent paper by Dirren and Davies (2004) investigates a
very similar setup. For the f -plane Eady model with upper rigid lid, they introduce
a PVB in a similar way and (numerically) study the sensitivity of the height of the PV
to the finite-time PT amplitude at the surface. Upon removal of the upper rigid lid,
this would be identical to computing the amplitude θ(z = 0, t) from Eq. (3.13) for a
given range of heights h and a given value of the PV, Q = 1 say. In the present paper,
however, the PV is determined through the initial constraint of unit KE.

5 Kinetic energy growth in singular vectors

5.1 Diagnosing the singular vector evolution

When the initial structure (in terms of interior PV and boundary PT) of the SV has
been determined by the optimization procedure, it is important to understand which
are the key-mechanisms that cause the SKE growth. These key-mechanisms are
studied from the decomposition of |ψsv|

2:

|ψsv|
2 = |ψθ|

2 + |ψpv|
2 + ψ∗θψpv + ψ∗pvψθ, (3.15)
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where |ψ|2 = ψ∗(t)ψ(t), all functions are evaluated at z = 0 and the bar again indicates
that integration over one wavelength in the zonal and meridional direction has been
performed (and multiplied by a factor (k2 + l2)/2). Given the analytical solution of
the PVB, Eq. (3.13), this decomposition is straightforward.

5.2 Growth mechanisms

The contributions on the r.h.s. of Eq. (3.15) show that three mechanisms cause
SKE growth in this model. SKE may increase due to 1) a growing edge wave ψθ
(resonance), 2) PV unshielding and 3) PV-PT unshielding. For future reference we
investigate in which way each of these mechanisms is influenced by the specific
choice of the basic state.

5.2.1 Growing edge wave - resonance

From the modal theory on the CMs in the Eady model without the upper rigid lid it
is known that there is one level at which the PV is in exact resonance with the surface
edge wave (Chang 1992). This is the level at which the phase speed of the PV and the
surface edge wave coalesce. This resonant PV anomaly causes ψθ to grow linearly in
time.

However, not only PV residing exactly at the resonant level will generate a large
PT wave. Near-resonant PV anomalies generate a large PT wave ψθ as well. In
the present paper resonance is therefore defined as the (temporary) growth of the
edge wave ψθ resulting from advection of the basic-state PT field by the winds of
the PV perturbations. The time-scale for the resonant growth is determined from
the difference in phase-speed between the interior PV and the boundary PT. If this
difference in phase-speed is large, the growth will quickly stop. The existence of this
intrinsic time-scale implies that the long optimization time SVs (with topt → ∞) are
dominated by PV near the steering level of the surface edge wave.

The instantaneous growth of the edge wave (i.e. the growth rate) is influenced by
three factors [see also Eq. (3.13)]. First, the growth of the edge wave is a result of the
advection of basic-state PT by the winds due to the PV. Obviously, stronger surface
winds due to the PV produce a larger growth rate of the edge wave. We will call this
the PV-effect of the edge-wave growth. The surface winds of a PV anomaly with a
fixed amplitude of PV decrease with increasing height of the PV anomaly. This is the
reason that a SV optimizing SKE will favor PV in the lower parts of the troposphere.

Second, for fixed surface winds due to the interior PV, the growth rate of the edge
wave will be larger if the meridional gradient in the basic-state PT at the surface is
larger (larger vertical wind shear of the basic state at the surface). We will call this
the Θ̄-effect of the edge-wave growth.

Finally, the wind-field structure of the PT anomaly is important. Fig. 3.1 shows
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that the wind field of a PT anomaly with a given amplitude of PT is different for
the U- and N-case. For a fixed basic-state shear at the surface and fixed surface
wind-speeds due to the PV, the growth rate of the edge wave (in terms of kinetic
energy growth) is therefore smaller if the winds associated with a PT anomaly of unit
amplitude (θ = 1) are smaller. Because this decrease of the surface winds of the PT
anomaly with θ = 1 occurs for an increasing value of α (decrease of the buoyancy
frequency with height) this will be called the N-effect of the edge-wave growth.

5.2.2 PV unshielding

The second way to generate kinetic energy growth at the surface is by the mechanism
known as PV unshielding. The individual PV anomalies residing at the different
levels cannot amplify because of the absence of any basic-state PV gradient in the
interior. However, their wind-fields may initially partially shield each other. Due to
the existing shear of the basic state, the PV anomalies unshield and the wind-field
amplifies.

The kinetic energy growth rate due to PV unshielding is influenced as well by the
basic state properties. There is aΛ-effect and an N-effect of PV unshielding. TheΛ-effect
of PV unshielding is simply the effect that PV unshielding occurs more rapidly if the
shear is larger. For the basic states considered in the present paper, the U-cases have
a shear which is increasing with height. The PV unshielding will therefore be faster
in the upper layers. The N-effect of PV unshielding is related to the streamfunction
structure of the PV anomaly. If the streamfunction decays slowly away from the
height of the PV, PV unshielding of individual PV anomalies occurs more effectively
(for fixed shear) than would be the case if the streamfunction decays more rapidly.
Moreover, for a fixed height of the PV and nonzero β, the surface-to-total kinetic
energy ratio of this PV anomaly increases for increasing α. This ratio becomes larger
the higher the PV is located. It is clear that a larger ratio produces a much larger
contribution from the PV to the surface wind field.

5.2.3 PV-PT unshielding

Finally, the third mechanism that causes growth of kinetic energy is termed PV-PT
unshielding. As its name suggests, this is the unshielding that occurs when the
surface winds of the PV and PT anomalies which are initially out of phase, become
aligned due to the difference in propagation speed. Clearly PV-PT unshielding is
influenced by the difference in phase speed between the PT and the PV anomaly.
This will be called the Λ-effect of PV-PT unshielding. In general the kinetic energy
growth rate resulting from PV-PT unshielding is maximized if the difference in phase
speed is maximized, that is for a PV anomaly far away from the resonant level, at
which the phase speed of the PV and the edge wave coincide.
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Figure 3.3: The growth measure Γ(0, topt) at the optimization time as a function of the height of
the PVB for three values of β. full (β=0); dashes (β=0.5); dash-dot (β=1).

6 One PV building block

In the first experiment we have used only one PVB. The SV is determined by choosing
the height of the PVB such that Γ(0, topt) is maximized for the given time-interval. Two
definitions will be used. The optimal growth height is defined as the height of the PV
at which Γ(0, topt), Eq. (3.14), reaches its optimum. The optimal Γ is the value that
Γ(0, t) attains at t = topt = 5.16 (48 hr) if the PV is located at its optimal growth height.
Figure 3.3 displays Γ(0, topt) as a function of the height of the PVB. The thick lines
represent the R-case.

6.1 R-case

For the R-case (β = 0) the optimal growth height for the given optimization time is
obtained in a region below the resonance level (which for β = 0 is located at h = µ−1).
For smaller optimization times the optimal growth height is found near the lower
surface while the resonant level is approached from below if the optimization time
is increased. This is similar to what has been found by Dirren and Davies (2004)
who used a norm on PV rather than on KE at initial time. The reason that the
optimal position of the PV anomaly for small optimization times is close to the lower
boundary is the PV-effect of the edge-wave growth. Perturbations with high surface
winds already present at initial time are favored because they produce larger growth
of the edge wave and of the kinetic energy.

In Fig. 3.4 the relative contributions of the different processes to the SV time-
evolution are shown. PV unshielding does not occur and |ψpv(t)|2 is constant. Initially,
ψθ is zero and the SKE of the SV is entirely due to the PV. As time increases, the kinetic
energy of the SV increases and the relative contribution from PV becomes smaller.
The growth of the edge wave is most important for the SV development. PV-PT
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Figure 3.4: Time evolution of the relative contributions of the different growth mechanisms
to the SKE of the SV [〈ψi(t), ψ j(t)〉/|ψsv(t)|2 with (i, j) ∈ (θ, pv)] using the PVB at its optimal
height for β = 0.5. The thin vertical lines show the position of the optimization time. Thick
lines represent the R-case. The contribution from the growing edge wave (resonance) is drawn
in ’dash-dot-dot’ lines, the contribution from the PV in ’dash-dot’-lines and the contribution
from PV-PT unshielding is dotted.

unshielding contributes negatively. In DO5 (their Fig. 5) it is shown that this implies
that the PV resides below the resonant level.

6.2 U-case

For the U-case, the resonance level lowers because of the increased shear (see Bishop
and Heifetz (2000), especially their Appendix F). The buoyancy frequency profile
remains unmodified. From the PV-effect on the edge-wave growth (see also Fig. 3.2)
one therefore anticipates that the optimal Γwill increase for nonzero β. This is indeed
observed in Fig. 3.3. Furthermore, the time-evolution of the relative contributions to
the SKE, displayed in Fig. 3.4, shows that the optimal growth height for the U-case
is much closer to the resonance level (as compared to the R-case), as the contribution
from PV-PT unshielding is almost zero. For larger values of β (not shown) it has
been found that the optimal growth height is even above the resonance level, which
is a direct result of the Λ-effect of PV-PT unshielding (i.e. the shear which increases
with height). In this case of large β, the contribution from PV-PT unshielding can
even exceed the contribution from the growing edge wave. In general we have an
interplay between the kinetic energy growth due to a growing edge wave becoming
stronger for PV at low altitudes on the one hand and PV-PT unshielding becoming
stronger for PV at higher altitudes on the other hand (and only adding up with the
SKE if the PV resides above the resonance level).
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6.3 N-case

For the N-case the growth of the edge wave reduces slightly because of the different
structure of the edge mode (the N-effect of the edge-wave growth). On the other
hand, because of its reduced propagation speed, the height of the resonant level is
reduced which enhances the growth (the PV-effect of the edge-wave growth). The
net result of the opposing effects for the N-case is a slightly reduced optimal Γ (Fig.
3.3). It depends on the exact choice of α and β whether the optimal growth height
resides above or below the resonant level. For the N-case with β = 0.5 the optimal
growth height is slightly below the resonant level and PV-PT unshielding contributes
negatively (see the thick lines in Fig. 3.4).

7 Two PV building blocks

For the SV constructed with one PVB, the only growth mechanisms have been the
growing edge wave (resonance) and PV-PT unshielding. The contribution from
the PV was time-independent. To make the system more realistic, the effect of PV
unshielding is included in this section. The simplest way to do this, is to add one
additional PVB and vary the positions of both PV anomalies in order to optimize
Γ(0, t). In DO5 it has been shown that the optimal Γ obtained using a KE norm
at optimization time increases significantly when PV unshielding of only two PV
anomalies is included. The two PV anomalies are located at different positions above
the resonant level and are initially almost completely out of phase. It has been shown
in DO5 that resonance remains to be the dominant growth mechanism at the surface,
a result which is also valid for the problem in which a continuous PV distribution is
used.

In Fig. 3.5 the height dependence of Γ is shown for various values of β. In this
figure, one PV anomaly is positioned at its optimal position and the height of the
other is varied to examine the height dependence of Γ. In Fig. 3.5 the optimal position
of the first PVB (at the position of the line) coalesces with the absolute minimum of Γ
in Fig. 3.5. The reason for this minimum is that if both PVBs are located at the same
height, PV unshielding does not occur and Γ attains the same value as Γ of one single
PVB at that level (see Fig. 3.3).

An observation holding for all cases (also noted in DO5) is the increase of the
optimal Γ for the two-PVB problem (more than an order of magnitude) as compared
with the one-PVB problem (Fig. 3.3). The additional growth is caused by PV un-
shielding in the following way. If positioned sufficiently out of phase, the initial PV
anomalies will shield each others wind-field. This shielding occurs not only at the
surface but, more important, also in a large part of the interior domain. The op-
timization procedure therefore increases the amplitudes of both initial PV anomalies
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Figure 3.5: The growth measure Γ(0, topt) at the optimization time as a function of the height of
the second PVB for various values of β (β = 0, R; small value of β = 0.5, S; and large value of
β = 1, L). The first PVB is at its optimal position. If the second PVB is positioned at the same
height as the first PVB, a localized minimum occurs because PV-unshielding cannot occur.

to satisfy the initial norm. When time increases unshielding of the individual PV
anomalies generates a surface wind field which is larger than in the one-PVB case.
This larger wind field causes the edge wave to grow more rapidly.

To illustrate the above reasoning, we have displayed the time-evolution of the
2PVB SV streamfunction (and its components ψpv and ψθ) for the R-case in Fig. 3.6.
The time-evolution is similar to the evolution shown in DO5 (their Fig. 7) but the
initial structure is located somewhat lower in the atmosphere as compared to DO5.
Initially, the SV is completely described by ψpv. Unshielding of the two PVBs occurs
and the total streamfunction starts to propagate downward. After the surface has
been reached, a PT wave is rapidly excited (the resonance effect) and after two days
the perturbation streamfunction at the surface is dominated by the contribution from
ψθ. The time-evolution of the relative contributions to the SKE of the SV for the three
cases is shown in Fig. 3.7.

7.1 R-case

In DO5 the optimal positions of both PV anomalies were found to lie above the
resonance level. In the present paper, the different choice of norm at optimization
time, positions one PV anomaly below the resonance level, just as in the one-PVB
case. As a result of this lower position, PV-PT unshielding contributes negatively
to the growth of the SV, which is shown in Fig. 3.7. At optimization time the main
contribution to the SKE is due to the growing of the edge wave (resonance). The
contribution from PV unshielding is relatively small.
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Figure 3.6: Time evolution of the two-PVB SV streamfunction ψ(x, z, t) (R-case) and its com-
ponents ψpv (middle) and ψθ (lower) toward topt = 5.16. Contour interval 0.2, negative values
are dashed.

7.2 U-case

For the U-cases displayed in Fig. 3.5, the optimalΓ increases for increasing values of β,
similar to the one-PVB case. The optimalΓ increases because of two effects. The first is
again the PV-effect of the edge-wave growth, namely the lowering of the resonant level
for nonzero β, which gives a larger growth rate of the edge wave. The second effect
is that PV-PT unshielding contributes less negatively to the growth, which is again
due to the shear increasing with height favouring PV anomalies at higher altitudes
(the Λ-effect of PV-PT unshielding). In Fig. 3.7 it is shown that at optimization
time, the largest contribution to the SKE is due to resonance. The contribution from
PV unshielding is small and the contribution from PV-PT unshielding is negative
throughout the time evolution. As in the previous section increasing β would favor
PV-PT unshielding and show that for β > 1.5 PV-PT contributes positively to the
kinetic energy growth at the surface at topt.
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Figure 3.7: As in Fig. 3.4 but now for the optimal two-PVB problem.

7.3 N-case

For the N-case, Fig. 3.3 showed a decrease of the optimal Γ for increasing β in the
one-PVB problem. This decrease does not occur for the two-PVB problem and Fig.
3.5 shows that the optimal Γ increases for increasing values of β. The position of the
maximum in Fig. 3.5 occurs roughly at the same (or even a little higher) level for
different values of β. However, the height of the resonant level is reduced for nonzero
β. We conclude that PV unshielding becomes more effective for nonzero α. This is
the N-effect of PV unshielding explained in section 5 (see also Fig. 3.2). As compared
to the U-case the PV streamfunction structures of the N-case decay less rapidly with
height. This results in better shielding capacities of the PV anomalies at different
heights. On the other hand, the N-effect of the edge wave (lower wind speeds for a
given amplitude of PT at the surface) reduces the SV growth due to growth of the
edge wave. For the two-PVB case studied in this section, the larger growth due to
enhanced shielding properties of the initial PV anomalies (N-effect of PV unshielding)
is more important than the reducing effect of the different edge wave structure (N-
effect of the edge-wave growth), and the optimalΓ increases as compared to the R-case.
From Fig. 3.7 it is observed that resonance has produced the largest contribution.
The contribution from PV-PT unshielding is negative and the contribution from PV
unshielding is also small. Again, for increasing β, PV-PT unshielding contributes
positively to the growth because the unshielding mechanisms become more efficient
at higher altitudes (Λ-effect of PV-PT unshielding).

One final note concerns the evolution towards a vertical PV-tower at optimization
time. It can be shown that PV unshielding continues after the optimization time
has been reached. This implies that a vertical tower has not yet been reached at
optimization time.
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8 The continuous problem

In the previous section we have shown that the optimal Γ increased an order of
magnitude (as compared to the one-PVB case) by including PV unshielding of only
two PV anomalies. Moreover in all cases the optimal Γ increases for nonzero β.

To approach the continuous situation, this section finally addresses the problem
in which interior PV is allowed at all (60) levels. We have chosen to let β vary between
zero and 2.5. Although the latter value is rather large for the atmosphere at mid-
latitudes, it serves to explain the qualitative differences between the U- and N-case.
The growth of the kinetic energy of the SV and the contributions of the different
mechanisms have been displayed in Fig. 3.8. In all panels in Fig. 3.8 the thick lines
represent the R-case (β = 0), the thin lines show jumps of β = 0.5.

8.1 R-case

The thick lines in Fig. 3.8 display the time-evolution of the different contributions
to the SKE for the R-case. Although the norm at optimization time is different from
the one used in DO5, similar results are obtained. As compared to the two-PVB
problem Γ increases significantly (not shown). We do not show the initial period in
which the amplitudes are very small. It can be shown that initially (but not really
visible in the figure), cyclolysis occurs at the surface because the generated PT wave
is almost completely out of phase with the PV-wind field. After this initial period
of surface cyclolysis, the SV rapidly attains a large amplitude at the surface (and in
the interior, not shown). Similar to the one-PVB and two-PVB cases, resonance is
the most important process at the surface but the contribution of PV-PT unshielding
to the SKE of the SV is negative during the complete time-evolution towards topt.
Just after the optimization time has been reached the contribution from the PV is
maximized, implying that an almost vertically aligned tower of PV has been formed.
The SV continues to amplify after t = topt because the advection of basic-state PT has
not stopped.

8.2 U-case

For the U-case, the effect of increasing β is to enhance the growth significantly (see
top left panel in Fig. 3.8). This is similar to what is observed in the one-PVB and two-
PVB situations discussed before. The largest contribution to the SKE at optimization
time is from the resonance. The contribution from the PV is maximized just prior
to t = topt and increase for increasing values of β. The contribution from PV-PT
unshielding depends on the value of β. Contributing negatively in the R-case, the
effect of nonzero β is to make PV-PT unshielding contribute positively to the growth
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Figure 3.8: Time-evolution of the absolute contributions of the different growth mechanisms
to the SKE of the SV for the continuous problem (60 PVBs) for various values of β (β =
(0(thick), 0.5, 1.0, 1.5, 2.0, 2.5), numbered 1 to 6). The vertical lines denote the position of the
optimization time. Remark that the different panels have different scales.
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of the SKE. For β = 0.5, the contribution is almost zero, indicating that the net PV-
windfield propagates with almost the same speed as the PT wave. There are a couple
of reasons that the U-case has resulted in more growth than in the R-case. First
the increased shear of the basic state leads to stronger winds from PV (Λ-effect of PV
unshielding). Second the increase in shear with height favors PV above the resonance
level, and the contribution from PV-PT unshielding becomes positive (Λ-effect of PV-
PT unshielding). With a gradual increase of β this leads to a maximum of the SKE just
after topt. After topt the edge wave still amplifies and resonance completely dominates
the long-time value of the SKE.

8.3 N-case

Similar to the time-evolution of the U-case, the N-case shows enhanced growth of
SKE as compared to the R-case (see Fig. 3.8 right panels). On the other hand, the
additional growth is less than in the U-case. Furthermore, the growing edge wave
provides the main contribution to the SKE at optimization time and dominates the
long-time kinetic energy of the SV (as in the U and R-cases). The contribution from
the PV is maximized just before topt. PV-PT unshielding contributes positive at topt

only if β > 1.
Apart from these similarities with the U-case there are at least two differences

between the U and the N cases. First it can be seen that the contribution from the
growing edge wave at optimization time is almost independent of β. In section 5
we showed that the different structure of the edge wave reduces its kinetic energy
growth rate (the N-effect of the edge-wave growth). However, we have also discussed
that PV unshielding becomes more and more efficient for increasing β in the N-cases
(the N-effect of PV unshielding, see also the bottom right panel in Fig. 3.8). The result
of this more efficient PV unshielding are stronger surface winds due to the PV and the
edge-wave growth rate is increased (PV-effect of the edge-wave growth). Apparently
the result of these counteracting effects acts to produce a contribution to the kinetic
energy growth which is almost independent of β. A comparison between the U- and
N-cases furthermore shows the following at first sight remarkable fact. Although
we have argued before that PV unshielding becomes more and more effective in the
N-case due to the N-effect of PV unshielding, the total contribution from the PV is
smaller in the N-case than in the U-case. The Λ-effect of PV unshielding (see section
5) causes this apparent inconsistency. In the U-case the shear increases with height
whereas in the N-case this shear is constant. Two PV perturbations at a given height
difference unshield more rapidly in the U-case than in the N-case. On the other hand,
the N-effect of PV unshielding (more effective unshielding) possibly generates kinetic
energy more effectively in the N-case. For which of the two cases the contribution
from the PV to the growth is largest depends on the specific choice of α and β. In
the cases discussed here, the kinetic energy growth is larger in the U-case than in the
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Figure 3.9: Time-evolution of the absolute contributions of the different growth mechanisms
to the SKE of the SV for the continuous problem with (α = 0.7, β = 0.53) and various values of
N2

0 . (thick, numbered 1) N2
0 = 1; (thin) N2

0 = (1.64, 2.43, 3.40) (numbered 2-4 respectively). The
vertical lines denote the position of the optimization time. Remark that the different panels
have different scales.

N-case.

8.4 Matching with observations

After these general investigations, an additional calculation is performed using an
estimate for α based on observational data of N2-profiles. Charney and Drazin
(1961) have calculated summer and winter profiles of N2(z) for the 30o

− 60o N belt.
These profiles show a sharp decrease with height in the troposphere, which could be
simulated with a suitable choice of α. For the winter profile they get the dimensional
values N2 = 3.4 · 10−4 s−2 at the surface and N2 = 1.5 · 10−4 s−2 at the level of the
tropopause. Together with an average value of the surface shear in the basic state
zonal velocity of 3 m s−1 km−1, the value for α using the relation for N2 in Eq. (3.5)
would be α ∼ 0.7. Using the relation for ū in Eq. (3.5) this produces zonal wind
speeds of 34.5 m s−1 at the tropopause level.

In order to compare the results with the results of the previous sections, we have
performed a number of calculations with (α = 0.7, β = 0.53) in which the surface
buoyancy frequency increases from N2

0 = 1 to N2
0 = 3.4. The results are shown in
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Fig. 3.9. Increasing the surface value buoyancy frequency reduces the growth of the
SV considerably (top left panel in Fig. 3.9) and all processes are affected. As can
be seen from Eq. (3.9) the phase speed of the edge wave reduces significantly when
increasing the surface buoyancy frequency. This phase speed decreases because the
surface winds of an edge wave of a given PT decrease for increasing N0. Similarly,
the surface winds of interior PV perturbations decrease for increasing value of N0.
Therefore the growth rate of the edge wave will become less. As a result of the
reduced propagation speed of the edge wave, the maximum in the contribution from
the resonance shifts to larger time values (top right panel). The PV still attains its
maximum contribution around topt. PV-PT unshielding contributes negatively during
the complete time evolution toward topt for all chosen values of N0.

9 Summary and concluding remarks

In the preceding sections we have investigated in which way a nonzero value of
β influences the structure and time-evolution of SVs for the Eady model without
the upper rigid lid. The standard Eady basic state (with linear shear and constant
buoyancy frequency) has been modified in the presence of β such that the mean
PV-gradient remains zero (Lindzen 1994). The adjustment process is controlled by a
parameter α, which modifies either the basic-state velocity ū(z) (α = 0), or the buoy-
ancy frequency profile N2(z) (α = 1), or both (0 < α < 1). Based on earlier work on the
f -plane Eady model (DO5), the PV perspective is used to construct PVBs (PV build-
ing blocks), which in turn are used as an analytical, nonmodal basis to determine the
SV. In the present paper a KE norm has been used at initial time. To concentrate on
rapid surface cyclogenesis, the SKE norm has been chosen at optimization time. The
general conclusion of the present paper is that a nonzero value of β leads in almost
all cases to a larger optimal Γ than would be obtained in absence of β. Whether or
not this increase is significant, depends largely on the exact choice of the basic state.
However, the SV growth is strongly reduced for an observationally matched mean
profile of the buoyancy frequency. This reduction is mainly a consequence of the
large value of the buoyancy frequency at the surface. Some final remarks are added
to put the obtained results into perspective.
• The growth of the SV in the semi-infinite model depends significantly on the exact
value of the buoyancy frequency at the surface. In idealized SV studies in the lit-
erature, the buoyancy frequency usually is given the reference value N2 = 10−4 s−2.
Based on the present study, it is to be expected that the choice of buoyancy fre-
quency also plays a role in situations in which baroclinic instability occurs, for
instance in the case of the Eady model with the upper rigid lid (Morgan 2001;
Morgan and Chen 2002).
• The conventional way to calculate SVs numerically is based on a modal decompos-
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ition. Although the purely resonant mode is excluded in this approach, it is easy to
go from the modal perspective to the PV perspective. The strategy (which is nothing
more than a simple coordinate transformation) is the following. Given the projection
coefficients of the initial SV in the modal perspective, compute the PV at the different
interior levels. This gives the initial PV distribution (and hence the projection coef-
ficients of the PVBs). To compute the projection coefficients of the boundary edge
waves in the PV perspective, add up all the boundary PT contributions from the CMs
and the edge waves in the modal components. For given wavelength (k, l), this res-
ults in an upper and lower edge wave of different amplitude. The amplitude of these
edge waves are the projection coefficients of the edge waves in the PV perspective.
• In the present study it is found that the SV growth increases for nonzero β. In the
Eady problem in which the upper rigid lid is present as discussed in Lindzen (1994),
the stability properties of the discrete normal modes are affected by β as well. If the
basic-state PV gradient is zero (by adjusting the basic state velocity and buoyancy
frequency) a long-wave cutoff appears. In this sense, β acts to stabilize the ultra-long
modes. However, it can be shown that the growth rate of the most unstable mode
increases∗ for nonzero β. This increase can be understood by applying the results of
our analysis. The basic-state shear and buoyancy frequency at the upper rigid lid
influence the propagation of the upper-level edge wave. If the phase speed of the
lower-level and upper-level edge wave are sufficiently similar, phase-locking occurs
and instability sets in. In the U-case the basic-state meridional PT gradient (and hence
the shear) increases with height. For given winds from the lower edge wave, the
growth rate of the upper-level edge wave will be larger (one may call this the Θ̄-effect
of the upper-level edge-wave growth, see Section 5). At the same time phase-locking
occurs more easily because the phase speed of the upper-level edge mode is more
reduced than in the original R-case with β = 0. In the N-case, the main cause for the
larger growth rate is the buoyancy frequency which decays slowly with height. As
a result, the coupling between the modes becomes stronger. The phase speed of the
upper-level edge mode is reduced more effectively which facilitates phase-locking
with the lower edge wave. This can be compared with the PV-effect of the edge-wave
growth. The result is a larger growth rate. This should be contrasted with the N-effect
of the edge-wave growth in the absence of the rigid lid. In the latter case the height
dependence of the buoyancy frequency reduced the phase speed of the edge wave
as a result of which the edge wave with θ = 1 possesses much less kinetic energy. In
the case with rigid lid, this effect is compensated by the facilitation of phase-locking.
• The inclusion of the upper rigid lid provides the system with a new (exponential)
growth-mechanism, which will inevitably dominate the long-wave SV growth in the
long run. This implies that it is not unlikely that the initial long-wave SVs (especially

∗With a rigid lid at 10 km, the instantaneous growth rate σ = kci of the most unstable mode (with l = 0)
gives: σ = 0.31 (R-case), σ = 0.38 (U-case, β = .53) and σ = 0.34 (N-case, β = .53), again if m0 = 1 has been
chosen for the surface wind shear.
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for long optimization times) will be different∗ in the model in which the upper rigid
lid is retained [see e.g. the differences between short-wave and long-wave SVs con-
sidered in the literature for a KE norm (Mukougawa and Ikeda 1994; Morgan 2001;
Morgan and Chen 2002)]. If, as is done in the present paper, the focus is on the gener-
ation of SKE in a relatively short time, we expect that PV unshielding and resonance
remain the important mechanisms for SV growth at the surface.
• As already addressed shortly in Section 2.2, Lindzen (1994) considered a slightly
different modification of the basic-state zonal wind. His approach was to retain a
fixed mean tropospheric wind shear, rather than a fixed surface shear and surface
zonal wind, as we did for the semi-infinite model. The introduction of nonzero β
in Lindzen’s α , 1 cases, leads to a decreased surface wind shear. In the present
paper, the Θ̄-effect of the edge-wave growth (Section 5.2), was independent of β, but
this clearly changes if the wind shear at the surface is modified. This point once
more illustrates that, despite its mathematical simplicity, the finite-time instability of
strictly zonal flows remains a delicate issue, which depends sensitively on the choice
of the optimization norms and the basic state.

A Green’s function: inverting the PV

In this section, we invert the PV equation to obtain the streamfunction. Suppose one
is given the inhomogeneous problem

φ′′ + f (z)φ′ + g(z)φ = q(z), (3.16)

where the prime indicates differentiation with respect to the variable z. Let φ1(z) and
φ2(z) be two independent solutions of Eq. (3.16) with q(z) = 0. Solutions of Eq. (3.16)
with nonzero q(z) are given by (Kamke 1967)

φ(z) = C1φ1(z) + C2φ2(z) +
∫ z

0

[
φ1(ẑ)φ2(z) − φ1(z)φ2(ẑ)

W(ẑ)

]
q(ẑ)dẑ, (3.17)

where W(ẑ) = φ1(ẑ)φ′2(ẑ) − φ2(ẑ)φ′1(ẑ) is the Wronskian. The constants C1 and C2 are
determined by the boundary conditions.

Regularized solutions to the homogeneous PV-equation [Eq. (3.2) with q(z) = 0]
are

φ1(z) =
K0[γ(z)]
K1[γo]

, φ2(z) =
I0[γ(z)]
I1[γo]

, (3.18)

∗This is illustrated by the fact that an interior PVB in the model with the upper rigid lid induces
both a lower and an upper edge wave. Since the mean PV gradients at the surface and the tropopause
are of opposite sign, these PVB-generated edge waves are π out of phase initially, which is known to be
sub-optimal for the exponential growth (Heifetz et al. 2004; Dirren and Davies 2004).
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where γ(z) = γo
√

1 + αbz and γo = 2µN0/(αb) with b = βN2
0/m0. The functions In[γ(z)]

and Kn[γ(z)] are modified Bessel functions of the first and second kind of order n
respectively (Abramovitz and Stegun 1970). Using Eq. (3.17) the streamfunction
associated with a spike of PV at z = h, [Eq. (3.2) with q(z) = Qδ(z − h), satisfying
∂φpv/∂z(z = 0) = 0 and φpv(z→∞) = 0] becomes

φpv(z) =
QN2

0

W(h)

{
H(z − h)

[
φ1(h)φ2(z) − φ1(z)φ2(h)

]
− φ1(h)

[
φ1(z) + φ2(z)

]}
, (3.19)

where φ1 and φ2 are given by Eq. (3.18), H(z− h) is the Heavyside step-function. The
Wronskian is given by

W(h) =
2µ2N2

0

αbγ(h)

{
K0[γ(h)]I1[γ(h)] + K1[γ(h)]I0[γ(h)]

K1[γo]I1[γo]

}
, (3.20)

where γ(h) = γ(z = h). Eq. (3.19) is also called the Green’s function of the problem.
For α → 0 one obtains the well-known solution (Thorncroft and Hoskins 1990;
Chang 1992)

φpv(z) =
QN0

µ

{
H(z − h) sinh[µN0(z − h)] − e−µN0h cosh[µN0z]

}
. (3.21)

B Analytical determination of the SV

The analytical expression of the PVB, Equation (3.13) in the main text, makes it
possible to compute the SV completely analytically. We follow Fischer (1998), who
computed the SV for the discrete normal modes of the f -plane Eady model with upper
rigid lid. In the present paper an arbitrary number of PVBs is used and therefore the
contribution from the CMs (continuum modes) is automatically included.

Let M be the number of levels at which PVBs are positioned. The streamfunction
of the SV is written as

ψsv(x, z, t) =
M∑
j=1

a jψ j(x, z, t), (3.22)

where a j is the (complex) projection coefficient of SV on the jth PVB. Arranging the
projection coefficients ai in a vector a, the SKE and KE become

SKE(t) = aH
·ΨSKE(t) · a, KE(t) = aH

·ΨKE(t) · a (3.23)

where AH denotes the conjugate transpose of object A. The matrix elements are given
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by

[ΨSKE(t)]i j = ψ∗i (z0, t)ψ j(z0, t), [ΨKE(t)]i j =

∫ H

0
ψ∗i (z, t)ψ j(z, t)dz, (3.24)

where z0 = 0 is the earth surface. The computation of the integrals in the last expres-
sion is tedious but straightforward, involving multiple products of Bessel functions;
at this point, one may wish to approximate the integrals numerically. The SV optim-
izing Γ(0, t) defined in Eq. (3.14) is formed by the eigenvector a corresponding to the
largest eigenvalue of the eigenvalue problem

[ΨSKE(t) − λΨKE(0)] a = 0, (3.25)

whereΨKE(0) ≡ ΨKE(t = 0). In a similar way the SV optimizing total kinetic energy
at optimization time is computed by replacingΨSKE(t) withΨKE(t) in Eq. (3.25). The
method is easily generalized to different norms.



4 Adding the stratosphere

The upper rigid lid of the conventional Eady model for baroclinic instability is replaced by a more
realistic stratosphere with an increased buoyancy frequency and a different vertical shear of the zonal
wind. This stratospheric domain introduces a meridional gradient of potential vorticity (PV) of variable
amplitude at the level of the tropopause. The stability properties of the normal modes are investigated∗
and the results are interpreted in terms of interacting surface and tropopause PV anomalies, called PV
building blocks (PVB).

Three cases have been distinguished. If the tropopause PV gradient is zero or has the same sign as
the surface PV gradient, the normal modes are exponentially stable. The model resembles the extension
of the Eady model in which the upper rigid boundary is applied at infinity. A surface edge wave and
a tropopause continuum mode exist in this case. If the tropopause PV gradient has an opposite sign
but a smaller amplitude than the surface PV gradient, instability occurs for a range of wavenumbers
bounded by both a short-wave and a long-wave cutoff. The short-wave cutoff is similar to the classic
Eady model with the upper rigid lid. The long-wave cutoff appears because the ultra-long surface PVB
propagates too rapidly in the eastward direction to form a normal mode which is both phase locked and
growing. If the PV gradients are of equal and opposite amplitude, the long-wave cutoff is absent, similar
to the classic Eady model with the upper rigid lid. Finally, if the tropopause gradient has opposite sign
but a larger amplitude than the surface PV gradient, the long-wave cutoff reappears because the rapid
westward propagation of the ultra-long tropopause PVB prevents growing normal modes to form.

1 Introduction

It needs no introduction that the linear stability of the Eady (1949) model depends
completely on the formulation of the boundary conditions. In its original formulation
rigid lids are prescribed at two levels in the vertical which represent the earth surface
and the level of the tropopause. Potential temperature (PT) anomalies propagate
along these rigid lids. If the conditions are favorable, instability sets in as a sustained
interaction between the surface and the tropopause anomalies, a classic result to
be found in any textbook (e.g Pedlosky 1987). On the other hand, if the rigid lid
approximation is not made at the level of the tropopause, but one assumes that
the perturbation vanishes at infinite height, exponential instability does not occur
because there is no upper-level edge wave. For all wavelengths, the lower edge
wave is a stable buoyancy oscillation and the resonant continuum mode (CM) with
potential vorticity (PV) at the steering level of the lower edge wave is the only

∗After submission of this chapter to the Journal of the Atmospheric Sciences, it turned out that the main
results were already in the literature (Müller 1991).
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growing normal mode (linear growth) for this set of boundary conditions and for
uniform basic-state PV (Thorncroft and Hoskins 1990; Chang 1992).

In the present paper, we consider an alternative to both above mentioned de-
scriptions and replace the upper rigid lid by a stratosphere-like domain. For the
troposphere the effect of replacing the rigid lid by a stratosphere is to replace the ri-
gid top boundary by a top boundary which is essentially a free one. The troposphere
is specified by a constant buoyancy frequency N2 and a constant vertical shear Λ of
the zonal wind ū, such that the basic-state PV is uniform if we neglect the meridional
dependence of the Coriolis parameter. The shear and buoyancy frequency attain
different values in the stratosphere. We will see that the presence of the stratosphere
introduces new (de-)stabilizing mechanisms.

The approach of adding a second layer with uniform PV on top of an Eady-like
troposphere, is not new. Rivest et al. (1992) investigated the case in which the
stratosphere has zero vertical shear of the zonal wind. They observe that both the
growth rate and the wavenumber of the most rapidly growing wave decrease as
compared to the standard rigid lid case. Juckes (1994) analyzed the dynamics of PT
anomalies at the tropopause in more detail. He showed that PT anomalies at the
tropopause induce undulations of the tropopause height as a result of continuity
requirements. Prior to the work of Rivest et al. (1992), Weng and Barcilon (1987) had
already investigated a two-layer Eady model in the search for favorable environments
for explosive cyclogenesis. In contrast to Rivest et al. (1992), Weng and Barcilon (1987)
consider stratospheres which are bounded from above by a rigid lid and which have
a vertical shear, exceeding the tropospheric vertical shear. They observe that the
optimal environment for cyclogenesis depends on the horizontal scale of interest.

A recent paper by Bordi et al. (2002) discusses the two-layer Eady model in the
context of a possible neutralization theory of climate. The idea is simple. The meridi-
onal width of the zonal jet will always introduce a nonzero meridional wavenumber.
By varying the tropopause height and the properties of the troposphere and the
stratosphere, it becomes possible to completely neutralize the basic state. In a sens-
itivity study, they vary the stratospheric shear and study the consequences for the
marginal stability of the normal modes. Finally, Ripa (2001) (and references therein)
investigated the normal mode and the nonlinear (formal) stability of a number of
different Eady-like models with sloped, rigid, or free boundaries. Also Ripa (2001)
considers two layers of uniform PV. In contrast to the former authors, who had in
mind the application to the atmosphere, the lower layer of Ripa (2001) is motionless
and unbounded from below (and simulates the deep ocean) and the upper layer
has nonzero vertical shear. Moreover, Ripa (2001) does not include the jump of
the buoyancy frequency at the layer interface, which is an essential property of the
atmosphere.

Keeping in mind the observed structure of the atmosphere, we deliberately in-
clude the jump of the buoyancy frequency across the tropopause. To extend the
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literature mentioned above, we examine the normal-mode stability properties for
a range of values of the stratospheric buoyancy frequency and stratospheric shear.
The stability of the normal modes is interpreted in terms of the interactions between
surface PT and tropopause PV anomalies. The results serve to put the conventional
Eady model with the upper rigid lid into a wider perspective, reaffirming its rel-
evance as well as its potential weakness in explaining observed cases of baroclinic
instability in the atmosphere.

The present paper is organized as follows. The model is introduced in section
2. Normal-mode solutions are constructed in section 3. Subsequent sections present
and explain the main results along with a summary and some concluding remarks.

2 Model and basic flow

2.1 Dynamics

We consider the linear, quasi-geostrophic dynamics of perturbations on the f0 plane.
The domain is divided in two layers of uniform (but different) potential vorticity
(PV). The lower layer, which is in direct contact with the surface, is the troposphere.
The upper layer, which is unbounded from above, is the stratosphere. The interface
between the layer is the tropopause.

Throughout this paper the subscript i = (s, t) added to perturbation or basic-state
quantities indicates the stratospheric or tropospheric part of that quantity respect-
ively. Note that we will therefore not use the notation Ft to indicate the partial
derivative of F with respect to time. Furthermore, basic-state quantities will be de-
noted by an over bar [e.g. θ̄ (θ) indicates the basic-state (perturbation) potential
temperature].

In both parts of the domain, the dynamics of the perturbations evolving on the
basic state [specified by a zonal wind ūi(z) and buoyancy frequency N2

i (z)] is governed
by the conservation of potential vorticity (PV) q, expressed as:

Dqi

Dt
= 0, qi =

 ∂2

∂x
+
∂2

∂y
+
∂
∂z

( 1
N2

i

∂
∂z

)ψi (4.1)

where D/Dt = ∂/∂t + ūi∂/∂x, qi is expressed in terms of the streamfunction ψi and
the non-dimensional buoyancy frequency N2

i . The variables have been made nondi-
mensional using standard scalings (Pedlosky 1987). Given these scalings, the Burger
number B ≡ (N2

0H2 f−2
0 L−2) is unity and the Rossby number Ro ≡ f−1

0 UL−1 = 0.3.
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Figure 4.1: Meridional slope of the tropopause as reflected by the potential temperature
stratification in the meridional direction for (N2

t = 1,N2
s = 4,Λt = 1) and: (a) Λs = 1; (b)

Λs = −1 (Contours every 10 K).

2.2 Basic state

The streamfunction of the basic state is given by

Ψi(y, z) =
1

Ro
N2

i

2
(z − d)2

− [ūd + Λi(z − d)]y − Ro
Λi

2
σy2, (4.2)

whereΛi is the vertical shear in layer i, ūd = ū0+Λtd (with ū0 the zonal wind speed at
z = 0) and d is the height of the tropopause at the reference latitude y = 0. We will take
d = 1 (10 km) throughout the paper. The unusual meridional dependence of Ψ (the
term including σ) has been included to make sure that both the potential temperature
(θ̄i ∼ ∂Ψi/∂z) and the zonal wind (ūi ∼ −∂Ψi/∂y) of the basic state are continuous
at the tropopause (Rivest et al. 1992). In fact, these two continuity requirements
uniquely determine σ (which is proportional to the meridional shear of the zonal
wind) and the height ztp(y) of the tropopause in the absence of perturbations

ztp = d − (σRo)y, σ =
Λt −Λs

N2
s −N2

t

. (4.3)

For realistic basic states (N2
s ≥ N2

t and Λs ≤ Λt), the tropopause height decreases
with latitude. Both the tropopause slope (∼ σ) and the meridional tilt of ū vanish if
Λt = Λs. Equation (4.3) implies that a continuous basic state can not be obtained if
N2

s = N2
t but Λs , Λt. Phrased differently, if the zonal wind has its maximum at the

tropopause level, a change in basic-state buoyancy frequency is required to guarantee
a continuous basic state. To give an impression of the slope of the tropopause,
a meridional cross-section of the basic-state PT for two different cases has been
displayed in Fig. 4.1. Fig. 4.1a displays the case Λs = Λt frow which the tropopause
slope vanishes. If Λs = 0 (not shown) the PT contours in the stratosphere are level.
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Finally, if Λs < 0, the slope of the tropopause becomes larger (Fig. 4.1b). Keeping in
mind the observed time-mean state of the atmosphere at mid-latitudes, the case with
Λs < 0 is probably the most interesting.

2.3 Boundary and interface conditions

Boundary conditions at the surface and the top of the atmosphere as well as a proper
interface condition are required to determine the streamfunctionψs,t of perturbations
of the basic state. At the earth surface the condition that the vertical velocity w equals
zero (rigid lid condition) leads to

Dθ
Dt
+ v

∂θ̄
∂y
= −wN2 = 0 (z = 0) (4.4)

where θ ≡ ∂ψ/∂z defines the non-dimensional potential temperature (PT)and v =
∂ψ/∂x the meridional velocity. At the top of the atmosphere (z→∞), we require that
ψ becomes zero. Both the streamfunction and the velocity normal to the tropopause
are continuous across the tropopause. Using the smallness of the tropopause slope
in terms of the Rossby number Ro [Eq. (4.3)], the second requirement gives (Rivest
et al. 1992):

wt − ut · ∇ztp = ws − us · ∇ztp +O(Ro2), [z = ztp(y)] (4.5)

where ui = (ui, vi) the horizontal velocity field and wi the vertical velocity in layer
i. If the streamfunction is continuous at the tropopause the horizontal velocity field
will be continuous as well. As a result, the interface condition becomes wt = ws. In
this leading order analysis the evaluation height z = ztp(y) may be replaced by z = d
(Blumsack and Gierasch 1972). Therefore the slope of the tropopause does not affect
the stability properties of the model. The interface condition finally becomes

1
N2

t

[ (
∂
∂t
+ ū

∂
∂x

)
∂ψt

∂z
−Λt

∂ψt

∂x

]
=

1
N2

s

[ (
∂
∂t
+ ū

∂
∂x

)
∂ψs

∂z
−Λs

∂ψs

∂x

]
(z = d) (4.6)

The Eady problem with upper rigid lid is recovered by letting the static stability in
the stratosphere become infinite, Ns →∞ in Eq. (4.6).

The interface condition Eq. (4.6) is easily interpreted in terms of the PV equation
for Rossby waves similar to the Bretherton (1966a) approach. The discontinuities of
the vertical wind shear and the buoyancy frequency generate a meridional gradient
of the basic-state PV at the level of the tropopause. Perturbations with a continuous
streamfunction ψ at the tropopause will have a different vertical structure in the
upward and downward direction due to the different buoyancy frequency in both
domains. This implies that the perturbation PT is discontinuous at the tropopause.
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Such a discontinuity can be interpreted as a PV anomaly at the tropopause

Dq
Dt
+ v

∂q̄
∂y
= 0 (z = d), (4.7)

where q and q̄ are the integrated singular contributions to the perturbation and
basic-state PV. It is easy to show that Eqs. (4.6) and (4.7) are equivalent. Of course,
the PT discontinuity does not occur in reality. What actually happens is that the
tropopause becomes undulated. To ensure continuity of the total (basic-state and
perturbation) potential temperature across the tropopause, positive (negative) tro-
popause PV anomalies will result in a low (high) tropopause (Rivest et al. 1992;
Juckes 1994).

3 A physical basis for normal modes

Normal modes (NMs) have the following structure:

ψ = φ(z)eik(x−ct) cos ly, (4.8)

where c = cr+ ici is the (complex) phase-speed. The meridional wavenumber l attains
values of l = (n + 1

2 )π/Y with (n = 0, 1, ...) to satisfy the lateral boundary conditions
v = 0 at y = ±Y. A two dimensional problem results if we let Y → ∞. In this paper
we will only be considering NMs with zero perturbation PV in each interior layer
(the pure Eady waves).

3.1 PV building blocks

If the tropopause is represented by a rigid lid, the streamfunction is usually decom-
posed in terms of surface and top PT perturbations which have zero PT at the opposite
boundary (Davies and Bishop 1994). In the present setup, the PT is not a well-defined
quantity at the level of the (undisturbed) tropopause. The difference in basic-state
buoyancy frequency causes the PT to be discontinuous across the tropopause. It
makes more sense to decompose the streamfunction in terms of two so-called PV
building blocks (PVBs) which each have nonzero PV at either the surface (B) or the
tropopause (T). In this notation the surface PT anomaly is also interpreted as a PV
anomaly (Bretherton 1966a). We write:

φ(z) = BφB(z) + TφT(z), (4.9)

qB(z) = δ(z), qT(z) = δ(z − d), (4.10)
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Figure 4.2: a-b) Streamfunction structure of the PVBs with k = 1 (scaled to have unit stream-
function amplitude at the level of the PV) for two values of N2

s . The height of the tropopause
is at z = 1.

where B = B̂eiεB and T = T̂eiεT are complex amplitudes. Appendix A lists the actual
function representation of φB,T. The structure of the two PVBs (scaled to have unit
amplitude at the level of their PV) is displayed in Fig. 4.2a-b for two different
stratifications of the stratosphere. The tropospheric streamfunction of the tropopause
PVB is not influenced by the stratospheric buoyancy frequency N2

s . In contrast, the
tropospheric streamfunction of the surface PVB decreases less rapidly with height
for large values of N2

s to guarantee that the surface PVB has zero PV at the level of
the tropopause (in the limit N2

s →∞, the PT at the tropopause is zero).
Imposing the rigid lid condition Eq. (4.4) and the interface condition Eq. (4.7)

results in  c − cB fB

fT c − cT


 B

T

 = 0. (4.11)

The diagonal elements cB and cT in Eq. (4.11) (see also Appendix A) define the
’natural’ phase-speeds of the surface and tropopause PVB when the other PVB is
absent. Please note that the PVBs are only true solutions to the dynamical equations
(i.e NMs), if both couplings fB,T in Eq. (4.11) are zero. If only one of the coupling terms
is zero, the two NMs will still propagate with speeds cB and cT, i.e as if they were
a surface PVB or a tropopause PVB, respectively. Their vertical structure, however,
will not necessarily (in fact, sometimes not at all) be similar to the structure of the
pure PVBs. The dispersion relation for the NMs is found as the nontrivial solution
to Eq. (4.11)

c =
1
2

(cT + cB) ±
1
2

√
(cT − cB)2 − Γ f , Γ f = −4 fB fT, (4.12)
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where Γ f will be called the ’coupling-function’ of the PVBs. Each NM is a complex su-
perposition of the two PVBs. As long as ci , 0, the structure of the growing/decaying
NM pair is given by:

T̂2

B̂2
= −

fT
fB
=
Λ̃t − Λ̃s

Λ̃t
, cos(εT − εB) =

cB − cT√
Γ f

(4.13)

where Λ̃t = ΛtN−2
t and similar for Λ̃s. The above equations show that the growing and

decaying NM will be composed of PVBs with equal amplitudes only if the couplings
fT and fB are equal and opposite, i.e. when the stratospheric shear is zero. The
propagation speed and growth rate of the growing/decaying NM pair are given by:

cr =
1
2

(cB + cT), kci = ±
k
2

√
Γ f sin(εT − εB), (4.14)

which shows that cr equals the average of the ’natural’ phase speeds of the surface
and tropopause PVB. We will see that cr will be non-dispersive only if the shear in
the stratosphere is zero.

If the NMs are neutral (ci = 0), they have a streamfunction satisfying sin(εT−εB) =
0. These neutral NMs can to some extent be interpreted as modifications of the PVBs.
A detailed discussion of the neutral NMs is postponed to Section 6.

3.2 Resonant wavenumber

In Ripa (2001) the so-called ’resonant’ wavenumber is defined as the wavenumber
at which the phase-speeds of the PVBs coincide, i.e. cB = cT. By definition, this
’resonant’ wavenumber is independent of the couplings fB,T. NMs with a wavenum-
ber around this ’resonant’ wavenumber will be the first for which the basic state
becomes unstable but only if the coupling-function Γ f in Eq. (4.12) is positive. Ripa
(2001) showed that this resonant wavenumber does in general not produce the fastest
growing NM.

4 Growth rates

We investigate the dependence of the growth rate σ = k|ci| to variations of the per-
turbation wavelength (k, l) and to variations of the basic state of the stratosphere. As
a convention, we have taken ’reference’ values for the troposphere (Λt = 1, N2

t = 1)
as well as a reference height of the tropopause at d = 1. Fig. 4.3a shows the growth
rate σ as a function of the meridional wavenumber l (horizontal axis) and the zonal
wavenumber k (vertical axis) for one specific stratosphere case with N2

s = 4 and
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Figure 4.3: Growth rate k|ci| as a function of k and l for N2
t = 1, Λt = 1 and (a) stratosphere with

Λs = −1 and N2
s = 4 and (b) rigid lid approximation. Contours interval 0.033.

Λs = −1. The zonal wind attains a maximum at z = d and the buoyancy frequency
exhibits a realistic jump across the tropopause. The results are compared with the
familiar case in which the tropopause is approximated by a rigid lid (Fig. 4.3b).
Three differences can be noticed. First, ultra-long wavelengths are stable in the stra-
tosphere model. This stabilization of the ultra-long waves does not occur in the rigid
lid model. Second, the growth rate maximum increases slightly if the stratosphere is
replaced by a rigid lid. Finally, the short-wave cutoff is reached at a slightly smaller
zonal wave-number in the stratosphere model.

4.1 Varying the stratospheric shear and buoyancy frequency

Consider next variations of the stratosphere. The meridional wavenumber l is taken
to be l = 0.5. This is the least wiggly mode (n = 0) in Eq. (4.8) if Y = π is chosen.
For the same zonal jet structure as above (Λs = −1), we study the dependence of the
growth rate to variations of the stratospheric buoyancy frequency N2

s . The results are
shown in Fig. 4.4a. The most apparent feature is that for the present stratospheric
shear the short-wave cutoff is almost independent of the N2

s (as in Fig. 4.3). In
the previous section we saw the appearance of a long-wave cutoff. This long-wave
cutoff disappears gradually as N2

s is increased to values larger than eight. This is in
accordance with the rigid lid model in which the long-wave cutoff is absent (again
see Fig. 4.3). Notice that the long-wave cutoff becomes more important as N2

s is
decreased to tropospheric values (N2

t = 1).
The final parameter to vary is the stratospheric shear Λs. Again we take the
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Figure 4.4: Variations of the growth rate. l = 0.5, N2
t = 1, Λt = 1. (a) Λs = −1, N2

s and k are
varied. (b) N2

s = 4, Λ̃s = ΛsN−2
s and k are varied. Contours interval 0.033.

least-wiggly mode with l = 0.5, but now keep the stratospheric buoyancy frequency
fixed at N2

s = 4 and modify Λ̃s = ΛsN−2
s . The result of varying Λ̃s and k is shown in

Fig. 4.4b. Both the short-wave and the long-wave cutoff depend significantly on the
choice of stratospheric shear. For Λ̃s > 1 no unstable NMs exist. If Λ̃s < 1, instability
sets in and both a short-wave and long-wave cutoff exist. The long-wave cutoff
disappears if Λ̃s ∼ 0.5, but it reappears when Λ̃s becomes negative. If Λ̃s is negative,
both cutoffs are seen to be moving toward shorter waves (larger wavenumbers). The
range of wavenumbers for which the basic state is unstable, becomes smaller and
smaller if Λ̃s attains larger negative values.

5 Conditions for instability

5.1 Charney-Stern condition: a necessary condition

An examination of the potential vorticity sheds more light on the stability character-
istics. The shear of the zonal wind appears only in combination with the inverse of
the buoyancy frequency. This motivates the introduction of the ’effective’ shears:

Λ̃t :=
Λt

N2
t

, Λ̃s :=
Λs

N2
s
, (4.15)

which shows that the shear in a layer becomes less and less important with increasing
stability of that layer. For Eady-like domains, the basic-state PV gradient is zero in
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the complete domain except at the tropopause and at the lower boundary. We write
q̄d

y ≡ ∂q̄/∂y(z = d) for the PV gradient at the tropopause. Vertically integrating the
basic-state PV gradient determines q̄d

y:

q̄d
y = − lim

h→0

∫ d+h

d−h

∂
∂z

[
Λ(z)
N2(z)

]
dz = Λ̃t − Λ̃s, (4.16)

Similarly, we interpret the basic-state potential temperature gradient at the surface
in terms of a gradient of PV at z = 0 in the way of Bretherton (1966a):

q̄0
y =

(
1

N2

∂θ̄
∂y

)
z=0
= −Λ̃t, (4.17)

which will be assumed to be negative. The Charney-Stern condition for instability
requires a sign-change in the vertical distribution of PV gradient. Hence, marginal
stability occurs if

Λ̃s = Λ̃t ⇐⇒ q̄d
y = 0, (4.18)

while all NMs are stable for Λ̃s > Λ̃t (q̄d
y < 0).

5.2 Coupling the PVBs: toward a sufficient condition

If the necessary Charney-Stern condition for instability is fulfilled, two requirements
determine whether or not instability will actually occur for a given wavenumber. We
connect these conditions to the PVBs. First, both PVBs should be able to ’sufficiently
see’ each other. This includes the well-known Rossby-height effect. Mathematically,
the ’see’-criterion is expressed in the coupling-function Γ f = −4 fT fB in Eq. (4.12). In
Fig. 4.5a we have plotted the dependence of Γ f to variations of the zonal wavenumber
k for three different values of the effective stratospheric shear Λ̃s. In all cases, Γ f is a
monotonically decreasing function of k. The coupling between the PVBs is therefore
strongest for the longest waves and we can expect that a short-wave cutoffwill appear
at some value of k. If the meridional wavenumber l is nonzero, the coupling remains
finite as k → 0. Furthermore, the coupling Γ f is identically zero if Λ̃s = Λ̃t, in which
case the gradient of basic-state PV at the tropopause is zero. For larger (positive)
shears in the stratosphere, Γ f becomes negative and instability cannot occur.

The second requirement for instability is that the propagation speeds of the sur-
face and tropopause PVBs should be ’sufficiently’ equal. In Fig. 4.5b we have
displayed (cT − cB)2 of Eq. (4.12) for the same cases as Fig. 4.5a. All three lines
show a minimum at some finite value of k, which marks the previously introduced
’resonant’ wavenumber kres (Ripa 2001). For k > kres, the surface (tropopause) PVB
tends to propagate more and more along with the basic-state velocity at the sur-
face (tropopause). On the other hand, if k < kres, the phase-speeds are more and
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Figure 4.5: For Λ̃t = 1, N2
s = 4 and l = 0.5 and Λ̃s = −0.95 (full), Λ̃s = 0 (dashed), Λ̃s = 0.95

(dotted) we show as a function of the zonal wavenumber k (a) The couplingterm Γ f = −4 fT fB

of Eq. (4.12), (b) Square of the phase-speed difference of the PVBs (cT − cB)2, (c) The ratio
(cT − cB)2/(−4 fT fB). The results for the Eady model with upper rigid lid, are displayed by the
gray lines.

more dominated by the presence of the surface (tropopause) basic-state PV gradi-
ent. If these gradients have opposite sign, the phase-speed difference increases with
decreasing wavenumber.

Comparing Figs. 4.5a and 4.5b we are able to specify the quoted word ’sufficient’.
The ratio of the two terms (cT − cB)2 and Γ f , which is shown in Fig. 4.5c, determines
whether instability will set in. If this ratio is between zero and one, the NMs are
growing. Physically this means that if the phase-speed difference is small, Γ f can be
small as well (as long as it is of the correct sign). On the other hand, if the phase-speed
difference is large, a strong coupling is necessary to destabilize the flow. It is clear that
the short-wave cutoff indeed results from the weakness of the coupling at large zonal
wavenumbers. Less well known in the literature on the Eady model, but clear from
Fig. 4.5c is that at a sufficiently small wavenumber a long-wave cutoff may appear.
This happens if the phase-speed difference increases more rapidly (with decreasing
k) than the coupling-function. For Λ̃s = 0 (dashed lines) there is no long-wave cutoff
(which is thereby similar to the classic Eady model with upper rigid lid), but for the
other two cases both a short-wave and a long-wave cutoff exist.

6 Varying the tropopause PV gradient

The principle effect of the added stratospheric layer is to modify the mean PV gradient
at the tropopause [Eq. (4.16)]. We distinguish the following cases:
• The basic state satisfies Λ̃s ≥ Λ̃t. In this case, the tropopause PV gradient q̄d

y has
the same (negative) sign as the surface PV gradient. The system is stable to NM
perturbations of all wavelengths (Figs. 4.6 and 4.8).
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Figure 4.6: (a) Real (full) and imaginary (dashed) part of the NM phase-speed for the reference
case with q̄d

y = 0, as a function of the total horizontal wavenumber K =
√

k2 + l2. Tropospheric
shear Λ̃t = 1 and N2

s = 4. In the reference case, the two branches of the phase-speed meet at
the resonant wavenumber K = Kres. (b) Displays the amplitude ratio T̂/B̂ (full) and cos(εT − εB)
(dashed).

• If 0 ≤ Λ̃s < Λ̃t the tropopause PV gradient q̄d
y is smaller but of opposite sign to the

surface PV gradient q̄0
y (Fig. 4.10).

• Finally if Λ̃s < 0, the tropopause PV gradient q̄d
y is larger (and of opposite sign) than

the surface PV gradient q̄0
y (Fig. 4.11).

In this section we assume Λt = 1, N2
t = 1 and N2

s = 4. The stratospheric ’effective’
shear Λ̃s (and thereby q̄d

y) is varied.

6.1 Zero tropopause PV gradient: Marginal stability

The tropopause PV gradient q̄d
y is zero if the ’effective’ shears defined in Eq. (4.15) are

equal. The flow is marginally stable to NM perturbations. This situation, which is
displayed in Fig. 4.6a, will be our ’reference’ case. It has the same NM properties as
the semi-infinite extension of the Eady model in which the upper boundary condition
is applied at infinite height. Because q̄d

y is zero, the coupling Γ f is also zero, and
the NMs propagate as if they were two individual, uncoupled PVBs. The NM
propagating with c = cB is in fact identical to the surface PVB (surface edge wave
with T̂/B̂ = 0 and arbitrary phase, see Fig. 4.6b). Its phase-speed increases without
bound as K is decreased to zero. If we take the N2

s → N2
t or the d → ∞ limit, we get

cB = ū0 + Λt/µt, which is the classic result from the Eady model without the upper
rigid lid (Thorncroft and Hoskins 1990).

The second NM in Fig. 4.6a propagates with the same speed as the tropopause
PVB, c = cT = ū(z = d). This NM is identical to a continuum mode (CM) of the
semi-infinite Eady model (De Vries and Opsteegh 2005). To stand as a NM (with
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Figure 4.7: The effect of the tropopause PVB on the propagation speed of the surface PVB. The
long filled arrow indicates the natural phase-propagation of the surface PVB relative to the
mean flow. The small arrow represents the effect of the tropopause PVB on the propagation
speed of the surface PVB.

time-independent structure), the CM is formed by a particular combination of the
two PVBs. It depends on the wavenumber whether or not the CM structurally looks
like the pure tropopause PVB. For large K, the structures are similar (see full thin
lines, T̂/B̂ → ∞ as K increases). As K is decreased, the fraction T̂/B̂ decreases. We
can understand this quite easily. As long as T̂ , 0, the phase-speed must equal
ūd under the constraint of a NM. The surface winds attributable to the tropopause
PVB generate an surface edge wave, which in absence of the tropopause PVB would
propagate with a different speed. For K > Kres this speed is lower than that of the
tropopause PVB. Therefore, the CM can only stand as a NM if the tropopause PVB
helps the surface PVB to propagate zonally. This explains why there is zero phase-
difference between surface and tropopause anomaly for K > Kres (dashed line in Fig.
4.6b). Fig. 4.7 schematically illustrates [in the spirit of Hoskins et al. (1985)] the effect
of the tropopause PVB on the propagation speed of the surface PVB.

As K is decreased further, the surface PVB should be speeded up less and less
(T̂/B̂ decreases further), until at K = Kres the natural phase-speed of the surface PVB
is equal to that of the tropopause PVB. A clear case of a resonant situation which
cannot be structurally stable unless T̂/B̂ = 0. Although the flow is marginally stable
to exponentially growing NM perturbations, it is obvious that adding a tropopause
PVB with K ∼ Kres, would cause the surface edge wave to amplify in time (and
to render the structure to be non-barotropic). The growth would be linear in time
because there is no mutual interaction between the tropopause and the surface PVB.

For K < Kres, the surface PVB propagates faster in the eastward direction than the
tropopause PVB does and therefore has to be slowed down to get a CM. The only
way to achieve this is by giving the tropopause PVB the opposite phase of the surface
PVB∗ (Fig. 4.7) and then to increase the fraction T̂/B̂. A limit situation is reached
when K becomes zero. The uncoupled surface PVB would propagate eastward with
infinite speed. The CM can only be formed if the total meridional wind at the surface
is nearly zero. Using Eq. (4.23) in the Appendix, this leads to T̂ = B̂. Just enough
meridional wind has been left over to guarantee a propagation speed of cT = Ud.

∗A similar behavior of the CM is noted in De Vries and Opsteegh (2005) in which the height of the CM
is varied. In that case the surface PT anomaly changes sign if the CM is moved across the steering level.
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Figure 4.8: As in Fig. 4.6, but for a small negative value of q̄d
y = −0.05. Additional to Fig. 4.6,

panel (a) displays also the phase speeds of the PVBs, cB (dotted) and cT (dash-dot).

6.2 Negative tropopause PV gradient: NM stability

If Λ̃s > Λ̃t, the tropopause PV gradient has the same sign as the surface PV gradient
(Fig. 4.8). The flow is stable to NM perturbations of all wavelengths. The phase-
speeds differ only slightly from the reference case. However, it is interesting to see
that the NMs exchange ’identity’ near the resonant wavenumber: The NM resembling
the surface PVB becomes a CM and the NM resembling the tropopause PVB becomes
a surface edge wave.

This behavior is understood most easily using the idea of helping and hindering
the propagation (see Fig. 4.9a for a schematic illustration). On the short-wave side,
the NM with T̂/B̂ → 0 as K → ∞ resembles the surface PVB. To stand as a mode,
the phase-difference must be π for this NM (the eastward propagation speed of
the tropopause PVB has to be reduced). When K decreases, the fraction T̂/B̂ must
increase because the natural phase speed difference becomes smaller. At K = Kres,
the natural phase-speeds of the PVBs (the dash-dot and dotted lines in Fig. 4.8a)
are equal. For even smaller K the surface PVB propagates eastward more rapidly
than the tropopause PVB. To stand as a mode, the fraction T̂/B̂ has to increase if the
phase-difference is to be kept at π. When K decreases to zero, this NM more and
more resembles the CM.

The second NM is formed by consequently retaining zero phase-difference, all
the way down to K = 0. Using a similar reasoning its identity changes from a CM or
tropopause PVB at high K to a surface edge wave at small K.
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Figure 4.9: Similar to Fig. 4.7 but for nonzero mean PV gradient at the tropopause, in which
case both PVB influence each others phase speed. The long arrows indicate the natural phase-
propagation of the PVBs relative to the mean flow, the small arrows indicate the effect of the
PVB at the opposite boundary (filled arrows represent the effect of the surface PVB, open
arrows represent the effect of the tropopause PVB).

6.3 Small positive tropopause PV gradient

If Λ̃s is smaller than the tropospheric ’effective’ shear Λ̃t (but still positive), the
tropopause PV gradient becomes larger than zero [see Eq. (4.16)]. The Charney-Stern
condition then predicts that growing NMs exist for a certain range of wavenumbers.
The flow becomes unstable first for perturbations with a wavenumber equal to the
resonant wave K = Kres ∼ 1 (Fig. 4.10a). An explanation in terms of the arguments
presented in section 5.2 goes along the following lines. If the difference between the
’effective’ shears is small, the PV gradient at the tropopause is small. As a result,
the coupling-function Γ f is small and the basic state will be unstable only if the
propagation speeds of the PVBs match sufficiently (Fig. 4.10a), which is near the
resonant wavenumber.

Both at the ultralong- and the short-wave side, the neutral NMs propagate like the
CM and the surface edge wave of the reference case discussed in Section 6.1 above.
However, the phase-difference of the NM resembling the surface edge wave is no
longer arbitrary as in the reference case. For wavenumbers above the short-wave
cutoff, both NMs have zero phase-difference [thin dashed line, cos(εT − εB) = 1].
As the wavenumber is decreased and we enter the wedge of instability, the phase-
difference increases and a pair of growing and decaying NMs is formed∗. At the
resonant point, where cT = cB (meeting point of the dotted and dash-dotted lines in
Fig. 4.10a-d) it can be confirmed that the phase-difference (of both the GNM and the
DNM) is indeedπ/2. The phase-difference continues to increase until finally a phase-
difference of π is reached at the long-wave cutoff. Within the wedge of instability, the
amplitude ratio T̂2/B̂2 = −q̄d

y/q̄0
y necessarily remains constant and -for this particular

∗Note that if a growing-decaying pair of NMs has formed, the phase structure is such that 0 ≤ εB ≤

εT ≤ π for the GNM (the tropopause PVB lies westward of the surface PVB), and 0 ≤ εT ≤ εB ≤ π for the
DNM.
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choice of the basic state- smaller than one. For K below the long-wave cutoff, the
system can no longer satisfy both the condition that T̂2/B̂2 = −q̄d

y/q̄0
y (required for

uniform exponential amplification), and the condition of structural stability. Two
neutral NMs are formed (both with phase-difference π). The first NM is the analogue
of the surface edge wave (T̂/B̂ decreases as K → 0 and the phase-speed increases
without bound). The second NM is the analogue of the CM. This NM has a finite
propagation speed of approximately ūd and a structure which approaches T̂/B̂ → 1
as K→ 0. The NM can only propagate with a finite speed if the meridional winds at
the surface and the tropopause are almost zero (the opposing open and filled arrows
in Fig. 4.9b should nearly cancel).

Please note that the propagation speeds of the neutral NMs can also be predicted
directly from Eq. (4.12). The neutral NMs propagate with a speed c = 1

2 (cB + cT) ±
cx where cx is strictly positive for neutral NMs. The contribution to c from the
average phase-speed of the surface and tropopause PVB, 1

2 (cB + cT), will be infinitely
positive (eastward) or negative (westward) as K → 0, depending on the sign of the
stratospheric shear (and thereby on the ratio of the mean PV gradients at the surface
and tropopause). As K → 0, the factor cx also tends to infinity, and therefore at least
one of the NMs will have an infinite positive or negative propagation speed as K→ 0.
It turns out (and it could be ’proved’ mathematically by systematic expansion) that
the other NM retains a finite propagation speed as K→ 0.

When Λ̃s is decreased further (Fig. 4.10b-c), the domain of instability increases
both at the short and at the long-wave side (Fig. 4.10b). Ultra-long NMs are neutral
because the difference between the natural phase speeds of the PVBs is too large [c.f.
Eq. 4.12]. The ’see’-effect (the Rossby height increases as K → 0) cannot prohibit
this. Although the phase-speeds of the two neutral long-wave NMs are qualitatively
similar to those of the surface edge wave and the CM of Section 6.1, their structure
-in terms of the ratio T̂/B̂- starts to become more and more identical as Λ̃s approaches
zero. Although the structures are nearly identical - remember that both neutral
NMs also have the same phase-difference - their propagation speeds are completely
different. We postpone an explanation of this apparently inconsistent result to Section
6.5.

A limit case is reached for Λ̃s = 0 (Fig. 4.10d). The PV gradient at the tropopause is
of equal amplitude as and of opposite sign to the surface PV gradient and the GNM
has an amplitude ratio T̂2/B̂2 = −q̄d

y/q̄0
y ≡ 1. This case which is also investigated

by Rivest et al. (1992), can therefore be considered as the generalization of the Eady
model with upper rigid lid. The flow is unstable to perturbations of all wavenumbers
smaller than the cutoff. The increase of the coupling-function Γ f as K→ 0 (the ’see’-
effect) counteracts the formidable increase of the phase-speed difference as K → 0.
A noticeable difference with the classic Eady problem with upper rigid lid is that
the propagation speed cr =

1
2 (cB + cT) of the growing and decaying NMs becomes

dispersive and approaches cr = ū(d) as K→ 0. For the classic problem, cr is given by
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Figure 4.10: Similar to Fig. 4.6, but for small positive values of q̄d
y. Real (full thick) and

imaginary (dashed thick) part of the NM phase-speed as a function of the total horizontal
wavenumber K =

√

k2 + l2. Also shown are the phase speeds of the PVBs, cB (dotted) and cT

(dash-dot) as well as T̂/B̂ (thin full lines) and cos(εT − εB) (thin dashed line).

cr =
1
2 [ū(0) + ū(d)] for all growing and decaying NMs. In the present two-layer case,

cr always exceeds the value ūd/2.

6.4 Large positive tropopause PV gradient

If the stratospheric shear becomes negative, Eq. (4.16) implies that q̄d
y > −q̄0

y (re-
member that the gradients are of opposite sign). On the short-wave side, the in-
terpretations are as before (Fig. 4.11a-d) and both a surface edge wave and a CM
exist and they are nearly identical to the pure surface and tropopause PVB. At the
long-wave side of the wedge of instability, again two neutral NMs form with both
a phase-difference of π. As before, only one of the long-wave neutral NMs attains
a finite eastward propagation speed as K → 0. The other neutral NM propagates
rapidly westward as K is decreased. Its amplitude ratio T̂/B̂ exceeds unity for all
wavenumbers below the long-wave cutoff.
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Figure 4.11: Similar to Fig. 4.6, but for large positive values of q̄d
y. Real (full thick) and

imaginary (dashed thick) part of the NM phase-speed as a function of the total horizontal
wavenumber K =

√

k2 + l2. Also shown are the phase speeds of the PVBs, cB (dotted) and cT

(dash-dot) as well as T̂/B̂ (thin full lines) and cos(εT − εB) (thin dashed line).

Let us turn to the NM which has a finite propagation speed. To ’speed up’
the tropopause PVB in the eastward direction, the phase-difference is set to π and
the ratio T̂/B̂ is decreased. Easily seen from Fig. 4.9b is that the surface PVB is
simultaneously slowed down in its eastward propagation. The combination retains
a finite propagation speed and approaches the CM limit (T̂/B̂ → 1) as K decreases.
For small negative stratospheric shear, the difference with the westward propagating
NM is almost indiscernible (in terms of T̂/B̂) although the differences are huge in
terms of phase-speed. The situation is similar to the previous section for Λ̃s slightly
larger than zero. An explanation follows in the next section.

If the stratospheric shear attains larger negative values, the width of the domain
of instability decreases and moves toward higher wavenumbers. Eventually, the
cutoff propagates beyond the standard short-wave cutoff of the rigid lid Eady model
(Fig. 4.11c-d). This occurs because the propagation speeds of the pure PVBs are
almost equal for these short waves and the NM can grow even though the coupling-
function is relatively weak at large K. As Λ̃s � 0, the growth rate of the growing
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Figure 4.12: The difference φB(z) − φT(z) between the streamfunctions of PVBs (with equal
amplitude B̂ = T̂ = 1) as a function of K and z for two different stratifications.

NMs decreases to zero, although the Charney-Stern condition for instability remains
satisfied for all values Λ̃s < Λ̃t. Finally, note that the eastward propagation speed
cr =

1
2 (cB + cT) of the growing and decaying NM is reduced as Λ̃s becomes more

negative.

6.5 On the phase-speed of the long neutral NMs

In the previous sections we have seen that the neutral branches of the NMs, which
form for different choices of the tropopause mean PV gradient, can be understood
as modifications of section 6.1. At the short-wave side, the NMs are similar to the
surface edge wave and the tropopause CM, both in structure and in propagation
speed. At the long-wave side of the domain, one of the two NMs approaches the CM
limit of c = Ud = 1 and T̂/B̂ = 1, irrespective of the sign of the stratospheric shear.
This leads to the idea that phase-speed of this NM is not determined primarily by the
stratospheric shear, but by the structural differences between the PVBs instead. Fig.
4.12 shows the difference φB(z) − φT(z) of the PVB streamfunctions (with B̂ = T̂ = 1)
as a function of the total horizontal wavenumber and the height for two different
stratifications. The most important feature in Fig. 4.12a is the zero contour (thick
line), which approaches z = d as K decreases toward zero. Thus, if a NM forms with
T̂/B̂ = 1, it will propagate with speed ū(d) as K → 0, and is independent of the sign
of the shear in the stratosphere. This property is lost in the rigid lid approximation
(see Fig. 4.12b for the situation of a near-rigid lid).
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Figure 4.13: Typical structure of the long-wave neutral NMs (k = 0.1, Λ̃t = 1 and N2
s = 4).

(a-b) Small positive stratospheric shear. (c-d) Small negative stratospheric shear. The thick
line represents the zero contour, negative values have been dashed. Contourinterval: 0.2.

The second long-wave neutral NM has an K → 0 asymptotic propagation speed
that is entirely different. Its propagation speed becomes infinitely positive (eastward)
or negative (westward) as K → 0, depending on whether the stratospheric shear is
positive or negative, respectively. Although the propagation speed of this NM differs
greatly from that of the NM resembling the CM, its structure in terms of T̂/B̂ is not
necessarily very far from unity (in which case the propagation speed would remain
finite as K→ 0).

This apparent inconsistency is understood as follows. As K is decreased, the
streamfunction structures of the PVBs become less evanescent with height. A PVB
of a given amount of total kinetic energy will therefore be associated with a PV
anomaly of a smaller and smaller amplitude as K decreases. In the limit of K→ 0, the
structures will have negligible PV whereas the streamfunction remains finite. Such
small PV anomalies (in terms of amplitude) can be advected very fast on a mean
PV gradient of finite amplitude. A fraction T̂/B̂ deviating only slightly from unity,
will therefore be enough to give the NM a very high propagation speed. If T̂/B̂ > 1
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the NM is dominated by the tropopause PVB, and propagates westward if the mean
PV gradient at the tropopause exceeds the (absolute) value of the mean PV gradient
at the surface (which occurs only if Λ̃s < 0). If T̂/B̂ < 1 (which occurs for basic
states satisfying Λ̃s > 0) the opposite happens and an eastward propagating NM is
obtained. The above considerations can be verified graphically from Fig. 4.13.

7 Variations of the troposphere

Up to now we have assumed fixed conditions for the tropospheric basic state. We
need to examine what the effects are of tropospheric changes in the extended two-
layer model∗. The short-wave and long-wave cutoff respond differently on tropo-
spheric variations. Only if the stratospheric shear is identically zero and the long-
wave cutoff is absent, the modification of the troposphere has the same effects on the
stability of the NMs as in the rigid lid case (we already called this case the two-layer
analogue of the rigid lid model). If the upper rigid lid approximation is made, it
is well known that a reduction of the tropopause height or a decrease of the tro-
pospheric buoyancy frequency shifts the short-wave cutoff to higher wavenumbers.
Both effects are a direct result of a increasing Rossby-height. On the other hand,
the tropospheric shear does not influence the position of the short-wave cutoff in
the rigid lid model and only appears in the growth rate. To analyze the effects of
tropospheric variations in the presence of the stratosphere, notice that the contour
of marginal stability (MSC), defined by (cT − cB)2

− Γ f ≡ 0 in Eq. (4.12), depends on
three combinations of the model parameters. These combinations are

α ≡ ΛsΛ
−1
t , δ ≡ NtN−1

s , ζ ≡ NtKd. (4.19)

In Fig. 4.14 we show the MSC as a function of α and ζ, for three values of δ, which
correspond to a weak (δ = 0.75), normal (δ = 0.5) and strong (δ = 0.25) stratification-
difference between the troposphere and the stratosphere. It is useful to define two
regimes in Fig. 4.14, which will be called R1 and R2 and which are separated by
the isoline α = 0 (Λs = 0). In the left regime (R1), the PV gradient at the tropopause
is larger than and of opposite sign as the PV gradient at the surface (q̄d

y > −q̄0
y).

In R2 we have q̄d
y < −q̄0

y. For given basic states, the lower and upper branches of
the MSC are associated with the long-wave and short-wave cutoff respectively. If
α = 0 the long-wave cutoff is absent. In R2, both branches of each MSC meet for
certain values of (α, ζ) at which q̄d

y = 0 exactly (small squares in Fig. 4.14). Growing
NMs exist in the wedge between the lower and upper branch of the MSC. We can

∗ Weng and Barcilon (1987) did similar calculations for the two-layer Eady model which is bounded
from above by a second rigid lid (c.f. their Table 1). Due to the presence of the second (upper) rigid lid,
instability occurs in two (separate) wavenumber regimes. This does not occur in the present study.
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Figure 4.14: Curves of marginal stability (MSC) as a function of α and ζ, for three different
values of δ ≡ NtN−1

s [α and ζ have been defined in Eq. (4.19)]. From thick to thin lines, we
show δ = (0.75, 0.5, 0.25). The small squares indicate the approximate position of the meeting
point of the lower (long-wave) and upper (short-wave) branch of the MSC.

systematically explore what the effects are of changing the tropospheric basic state
and the tropopause height. We will assume that Λs and Ns are constant.

First, consider the situation in which both α and δ are kept constant, and ζ is
allowed to vary. In terms of the MSC in Fig. 4.14 this implies that we move along
(vertical) lines of constant α. Physically, varying ζ in Eq. (4.19) means that we vary d
(or in fact K · d), because Nt and Λt are constant. Lowering d destabilizes (stabilizes)
the marginally neutral NMs on the upper and lower branch of the MSC respectively.
This is an essential difference with the rigid lid model in which a lowering of the
tropopause always destabilizes the marginally neutral NMs.

Second, consider variations of α under the constraint that δ and ζ are constant.
We move along (horizontal) lines of constant ζ. Physically, this implies that we vary
Λt. Marginally neutral NMs on both branches are further stabilized in R2 if Λt is
decreased. On the other hand, in R1 a reduction of Λt destabilizes the marginally
neutral NMs on the upper (short-wave) branch but stabilizes the marginally neutral
NMs on the lower (long-wave) branch. Both effects have no analogue in the rigid lid
model (or for α = 0), in which the marginal stability criterion is independent of Λt

(except that Λt , 0 is required for instability to occur at all).
Finally, consider variations of Nt for constant Λt and d. In this case, α is constant,

but now both δ and ζ vary as Nt is varied. A decrease of Nt leads to lower values of δ
and ζ. Marginally neutral NMs in R2 now start growing. In R1 the effect of decreasing
Nt is to systematically shift the instability range to lower wavenumbers. However,



94 Adding the stratosphere

Branch of MSC d < Λt < Nt <

R1, lower S D D/S

R1, upper D S D/S

α = 0 (rigid), upper D - D

R2, lower S S D

R2, upper D S D

Table 4.1: Effect of varying the troposphere [D=destabilizing, S=stabilizing, -=no change].

whether marginally neutral NMs start growing depends on the exact value of α. The
previous considerations have been summarized in table 7. The short-wave (upper)
branch of the MSC responds in a similar way to tropospheric variations as the rigid lid
case does, except for large negative values of α in R1. The response of the long-wave
(lower) branch is opposite to the short-wave branch when considering tropopause
height variations and similar when considering variations of Nt. A decrease of Λt

acts to destabilize the long-wave branch in R1 and to stabilize all other branches of
the MSC, something which does not occur in the rigid lid model.

8 Summary and concluding remarks

In the previous sections we have examined the effects of replacing the upper rigid
lid by a stratospheric layer with a different shear and a different buoyancy frequency.
The differences between the two layers introduce a basic-state PV gradient at the
tropopause, q̄d

y, which is in general not equal to the PV gradient at the surface, q̄0
y

[see Eqs. (4.16) and (4.17)]. Whether the NMs are neutral or growing for a certain
wavenumber depends on the sign and the size of the PV gradients at the surface
and tropopause as well as on the Rossby-height. The results have been interpreted
in terms of a coupling between a surface and tropopause PVB, a perspective which
is analogous to the counter-propagating Rossby wave view on baroclinic instability
(Bretherton 1966a; Hoskins et al. 1985). We summarize the main results.
• If the tropopause PV gradient q̄d

y is zero, the basic state is marginally stable to
NM perturbations and the model resembles the Eady model with the upper rigid lid
removed. Two neutral NMs exist. One is a pure surface edge wave, the other is a
continuum mode (CM) with a particular distribution of PV at the tropopause and PT
at the surface. If the PV gradients at the surface and the tropopause have the same
sign, the Charney-Stern (1962) theorem predicts that all NMs are neutral.
• If the tropopause PV gradient q̄d

y is smaller than and of opposite sign as the surface
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PV gradient q̄0
y, the flow is unstable to NMs of wavenumbers between a short- and

a long-wave cutoff. The short-wave cutoff is analogous to the classic Eady model
with upper rigid lid and originates from a consideration of the Rossby height. The
long-wave cutoff appears because the difference between the natural propagation
speeds of the PVBs becomes too large (in this case because the ultra-long surface PVB
propagates too rapidly in the eastward direction). Therefore, the tropopause PVB
can not form a configuration with the surface PVB which is both phase-locked and
growing. Increasing the tropopause PV gradient q̄d

y (keeping 0 < q̄d
y < −q̄0

y), reduces
the phase-speed of the long-wave surface PVB and growing NMs are found for a
wider range of wavenumbers.
• A limit case is reached if the surface and the tropopause PV gradients have equal
(but opposite sign) amplitude, q̄d

y = −q̄0
y. The flow is now unstable to all NMs longer

than the short-wave cutoff. The short-wave cutoff depends on the exact value of N2
s

that is considered. In the limit N2
s → ∞ the classic Eady model with upper rigid lid

is recovered.
• If the q̄d

y becomes larger than −q̄0
y, the long-wave cutoff reappears. Ultra-long NMs

are neutral. In this case the long-wave tropopause PVB propagates too rapidly to
the west to be able to form a NM which is both phase-locked and growing. A pair
of neutral NMs exists, one resembling the tropopause PVB, the other a continuum
mode.
• Finally, also modifications of the troposphere have consequences for the stability.
The results of tropospheric variations have been summarized in Table 7.

We end this paper with a few remarks. At first sight, the simplistic description
of the troposphere stratosphere transition (the tropopause) can be questioned. In the
present paper the tropopause is simulated by both a discontinuity of the basic-state
buoyancy frequency N2 and a discontinuity in the vertical shear Λ of the zonal wind
ū. In reality the troposphere-stratosphere transition is smooth. To examine the effect
of this smoothing, we have adjusted N2 and ū in a region d−h < z < d+h (with h = 0.2
the half-width of the smoothing region) such that the N2 and ū-profiles are smooth
(continuous and differentiable) in the complete domain∗. The smoothing introduces
a nonzero PV gradient in the complete smoothing domain. This PV gradient has
been plotted in Fig. 4.15. The most important feature in Fig. 4.15 is that the over-all
sign of the PV gradient within the smoothing region varies in the same way with Λs

as the singular contribution q̄d
y [see Eq. (4.16)] did. If Λ̃s = 1 (Λs = 4), the PV gradient

vanishes in the complete smoothing region implying that the model resembles the
semi-infinite extension of the Eady model. If Λ̃s ≥ 1 (Λs ≥ 4), the PV gradient at the
tropopause has the same sign as the PV gradient at the surface, which implies that
the smoothed basic state is neutral. On the other hand, if Λ̃s < 1 (Λs < 4), the sign

∗The simplest possible smoothing approximates N2(z) by a third order polynomial and ū(z) by a fourth
order polynomial. This gives nine degrees of freedom to solve the nine constraints [dq̄/dy continuous (#2);
N2 smooth (#4); ū smooth but unbounded at infinity (#3)].
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Figure 4.15: a) Meridional PV gradient (in contours) within the smoothing region (d − h ≤ z ≤
d + h, with h = 0.2) as a function of Λs for N2

t = 1, N2
s = 4 and Λt = 1. The thick line indicates

the zero contour; dashed lines represent negative values. b) Growth rates kci obtained for
the smoothed basic state (computed using a simple 2nd order finite-difference scheme) with
l = 0.5. The results are similar to Fig. 4.4b.

of the PV gradient is different at the surface and at the tropopause region and we
expect the existence of a pair of growing and decaying NMs. Fig. 4.15b confirms that
growth rates obtained for the smoothed basic state are indeed similar to the results
obtained before (Fig. 4.4b).

Another remark is the following. We have seen that the meridional slope of the
tropopause does not appear explicitly in the derivation of the interface condition at
leading order [c.f. Eq. (4.6)]. If, on the other hand, the sloping boundary would have
been a rigid one, the slope would have entered in the boundary condition explicitly
[see for instance Blumsack and Gierasch (1972), Mechoso (1980) or Ripa (2001)]. We
have seen that increasing the stratospheric buoyancy frequency to infinity is equal
to approximating the stratosphere by a rigid lid. The two seemingly contradictory
descriptions are reconciled by Eq. (4.3) which shows that the slope of the tropopause
vanishes when N2

s becomes very large.
To conclude, NM instability theory is just a starting point for the understanding

of the (explosive) development of atmospheric disturbances. As an example of the
variations in non-modal development that may occur in the two-layer Eady model,
we have included Fig. 4.16 which is taken from De Vries (2005). These figures display
the amount of PV which is initially needed at a single level [in the form of an initial
condition q(t = 0) = Qδ(z−h) exp(ikx), as in De Vries and Opsteegh (2005)] to generate
surface winds of 30 m s−1 at a given target time. The panels show clearly that the
region near the tropospheric steering level is favored for surface development. At
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Figure 4.16: Amount of PV needed to generate surface winds of 30 m s−1 at a given time. For
each value of Λs we have taken the wavenumber producing the most rapidly growing NM.
The thick black line indicates the position of the steering level. The height of the tropopause
is at z = 1. The basic state is further specified by N2

s /N2
t = 4,Λt = 1 and Λs = −1.

high altitudes, more PV is required. However, some regions in the stratosphere are
also amenable to surface growth. Moreover, even in situations in which the NMs
are practically neutral (for instance near Λs = 4), the nonmodal development can be
strong. In a forthcoming paper we will consider the non-modal growth occurring in
this simple troposphere-stratosphere model in more detail.

A Properties of the PVBs

The PVBs can provide a physically transparent basis for the discrete NMs. The
PVBs have perturbation PV at only one level, i.e. either at the surface (B) or at the
tropopause (T). We write φ(z) = BφB(z) + TφT(z) for the total streamfunction of the
NM, where B and T are complex amplitudes. The PVB has a perturbation PV of unit
amplitude:

qB(z) = δ(z), qT(z) = δ(z − d). (4.20)
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The streamfunction of the PVBs is given by

φB(z) =
H(d − z)

α

{
µ̃s sinh[µt(z − d)] − µ̃t cosh[µt(z − d)]

}
−

H(z − d)
α

{
µ̃t exp[−µs(z − d)]

}
, (4.21)

φT(z) =
H(d − z)

α

[
−µ̃t cosh(µtz)

]
−

H(z − d)
α

{
µ̃t cosh(µtd) exp[−µs(z − d)]

}
, (4.22)

where µt = NtK, µs = NsK, µ̃T = K/Nt and µ̃s = K/Ns, with K =
√

k2 + l2 the total
horizontal wavenumber. Furthermore, α = µ̃t(µ̃tγ1+µ̃sγ2) where γ1 = sinh(µtd), γ2 =

cosh(µtd). The following relations are easily shown to hold:

φT(d)
φB(d)

= γ2,
φB(0)
φT(0)

= γ2 +
Nt

Ns
γ1, φT(0) = φB(d). (4.23)

The phase-speeds of the PVBs and their couplings are given by:

cB = ū0 +

(
∂θ̄
∂y
φB

θB

)
z=0
, fB = −

(
∂θ̄
∂y
φT

θB

)
z=0
, (4.24)

cT = ūd +

(
∂q̄
∂y
φT

qT

)
z=d
, fT = −

(
∂q̄
∂y
φB

qT

)
z=d
. (4.25)

Explicit expressions are obtained most easily by introducing the ’effective’ shears
Λ̃t = ΛtN−2

t and Λ̃s = ΛsN−2
s . We then get

cB = ū0 +
Λ̃t

µ̃t

(
µ̃tγ2 + µ̃sγ1

µ̃tγ1 + µ̃sγ2

)
→ ū0 +

Λ̃tγ2

µ̃tγ1
(N2

s →∞), (4.26)

cT = ūd −
Λ̃t − Λ̃s

µ̃t

(
µ̃tγ2

µ̃tγ1 + µ̃sγ2

)
→ ūd −

Λ̃tγ2

µ̃tγ1
(N2

s →∞), (4.27)

fB =
−Λ̃t

µ̃tγ1 + µ̃sγ2
→ −

Λ̃t

µ̃tγ1
(N2

s →∞), (4.28)

fT =
Λ̃t − Λ̃s

µ̃tγ1 + µ̃sγ2
→
Λ̃t

µ̃tγ1
(N2

s →∞). (4.29)

where ū0 = ū(z = 0) and ūd = ū(z = d).



5 Resonance in optimal perturbation evolution.
Part I: Two-layer Eady model

A detailed investigation has been performed of the role of the different growth mechanisms (resonance,
PV unshielding and normal-mode baroclinic instability) in the evolution of optimal perturbations
constructed for a two-layer Eady model and a kinetic energy norm. The two-layer Eady model is
obtained by replacing the conventional upper rigid lid by a simple but realistic stratosphere. In order
to make an unambiguous discussion possible, generally applicable techniques have been developed. At
the heart of these techniques lies a description of the linear dynamics in terms of a variable number
of potential vorticity building blocks (PVBs), which are zonally wavelike, vertically localized sheets of
potential vorticity.

If the optimal perturbation is composed of only one PVB, the rapid surface cyclogenesis can be
attributed to the growth of the surface PVB (the edge wave), which is excited by the tropospheric PVB
via a linear resonance effect. If the optimal perturbation is constructed using multiple PVBs, this simple
picture is modified only in the sense that PV unshielding dominates the surface amplification for a short
time after initialization. The unshielding mechanism rapidly creates large streamfunction values at the
surface, as a result of which the resonance effect is much stronger. A similar resonance effect between the
tropospheric PVBs and the tropopause PVB acts negatively on the surface streamfunction amplification.
The influence of the stratosphere to the surface development is negligible.

In all cases reported here, the growth due to traditional normal-mode baroclinic instability con-
tributes either negative or only little to the surface development up to the optimization time of two
days. It takes at least four days for the flow to become fully dominated by normal-mode growth, thereby
confirming that finite-time optimal perturbation growth differs in many aspects fundamentally from
asymptotic normal-mode baroclinic instability∗.

1 Introduction

It is well known that the stability properties of the inviscid Eady (1949) model depend
to a large extent on the formulation of the boundary conditions. In the original setup
proposed by Eady, rigid lids are prescribed at the earth surface and at the level of the
tropopause. Potential temperature (PT) anomalies propagate along such rigid lids
and are therefore called ’edge waves’ (Davies and Bishop 1994). If the conditions
are favorable, baroclinic instability sets in as a sustained interaction between the two
edge waves (e.g.Gill 1982; Pedlosky 1987).

The qualitative agreement of the growing Eady wave with observed structures of
growing extra-tropical cyclones has triggered numerous modifications of the original
model. The Eady model can be extended for instance by removing the upper rigid
lid (Thorncroft and Hoskins 1990; Chang 1992; Bishop and Heifetz 2000). In this

∗This chapter has been submitted for publication as De Vries and Opsteegh (2006b)
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case the upper-level edge wave is absent and there is only one growing normal mode
(exhibiting linear growth), formed by the resonance between the surface edge wave
and an interior potential vorticity (PV) anomaly residing at the steering-level of the
surface edge wave (Thorncroft and Hoskins 1990; Chang 1992). Another approach
is to replace the rigid lid by a more or less realistic stratosphere (Weng and Barcilon
1987; Müller 1991; Rivest et al. 1992; Juckes 1994; Ripa 2001). In this approach, the
troposphere is specified by a constant buoyancy frequency N2 and a constant vertical
shear Λ of the zonal wind ū. The shear and the buoyancy frequency have different
values in the stratosphere and a matching condition is invoked to satisfy continuity
requirements. The introduction of a second layer with different shear and buoyancy
frequency, replacing the rigid lid modifies the amplitude and possibly also the sign
of the mean PV gradient at the level of the tropopause. The Charney and Stern (1962)
condition requires a sign reversal in the mean PV gradient for baroclinic instability to
occur. It is therefore expected that the stability properties of the extended two-layer
Eady models will (slightly) differ from the conventional Eady model in which the
rigid lid is retained (Müller 1991).

The authors mentioned above have investigated the normal-mode stability prop-
erties of various extensions of the Eady model. What is presently lacking for the
two-layer Eady model, is a detailed investigation of the non-modal growth prop-
erties and the optimal perturbation evolution. Non-modal growth is defined as
temporal or sustained growth resulting from the superposition of more than one
normal mode. Optimal perturbations are defined as disturbances which amplify op-
timally for finite-time according to a chosen norm. The idea of non-modal growth is
old and goes back at least to the work of Orr (1907). Mainly since the work of Farrell
(1982), it has been realized that transient non-modal growth can play an important
role in the initial development of perturbations. This has resulted in a substantial lit-
erature on the subject in which authors have investigated non-modal, and finite-time
optimal growth using both numerical and analytical methods and with or without
taking into account the continuous spectrum∗ explicitly (Farrell 1982; Farrell 1984;
Farrell 1989; Rotunno and Fantini 1989; Warrenfeltz and Elsberry 1989; Joly 1995;
Barcilon and Bishop 1998; Snyder and Joly 1998; Fischer 1998; Hoskins et al. 2000;
Bishop and Heifetz 2000; Badger and Hoskins 2001; Heifetz and Methven 2005).
Studies specifically devoted to the Eady model have affirmed and emphasized the
importance of growth mechanisms other than traditional normal-mode baroclinic
instability (Mukougawa and Ikeda 1994; Morgan 2001; Morgan and Chen 2002;
Kim and Morgan 2002). A detailed investigation of the different growth mechan-
isms for the semi-infinite Eady model has been made by De Vries and Opsteegh
(2005) (DO5 from here). In DO5 it is found that the finite-time optimal growth at
the surface could be explained to a large extent by the occurrence of the simple

∗Apart from the discrete spectrum, the so-called continuous spectrum, existing for many (inviscid)
flows, is required to describe the evolution from an arbitrary initial condition correctly (Pedlosky 1964).
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resonance between interior PV and the boundary edge wave at the surface. The
extension to include nonzero β while keeping the mean PV gradient zero in the
interior as in Lindzen (1994), has been treated in De Vries and Opsteegh (2006a),
confirming the importance of resonance. The growth due to resonance is linear in
time. Therefore the resonance effect may be more rapid initially than exponential
growth from standard baroclinic instability. Nevertheless the resonance effect has
not received much attention in the literature (Chang 1992; Bishop and Heifetz 2000;
Jenkner and Ehrendorfer 2006).

The aim of the present study is therefore to investigate whether the resonance
mechanism as found in DO5 is also important for the surface development in the
presence of exponentially growing normal modes. We will investigate in which way
the optimal perturbation results, obtained for the Eady model with or without upper
rigid lid, are modified when replacing the rigid lid by an unbounded stratospheric
layer with reversed shear and higher buoyancy frequency. We use a Green’s function
approach which is entirely based on the well-known PV-perspective (Bretherton
1966a; Hoskins et al. 1985). This Green’s function approach can be generalized
easily to include the β-effect or even highly realistic vertical profiles with smoothly
varying buoyancy frequency and zonal wind.

Motivated by the aim mentioned above, we pay attention to the following ques-
tions. What are the differences in terms of kinetic energy growth between optimal
perturbations of the one-layer semi-infinite version of the Eady model and the present
more realistic two-layer model? Can we quantify the importance of normal-mode
growth and compare it to the other growth mechanisms, such as growth due to
resonance between interior PV and boundary edge waves, and growth due to PV-
unshielding? Is the tropopause PV wave amplified mostly by the tropospheric PV, by
the surface PT (exponential instability) or by the stratospheric PV? All that is known
presently for the two-layer Eady model is that the asymptotic long-time evolution will
be characterized by the phase-locked interaction of the surface PT and tropopause
PV wave forming a pair of counter-propagating Rossby waves (Hoskins et al. 1985;
Heifetz et al. 2004).

The paper is organized as follows. A general overview of the model and its normal
modes is presented in Section 2. The PV-perspective and the Green’s function and
propagator formalism are introduced in Sections 3 and 4. The way to construct and
analyze finite-time optimal perturbations is discussed in Section 5 and 6. Sections
7-9 discuss the results, followed by some concluding remarks in Section 10.

2 Mean flow and perturbation dynamics

The basic state is formed by a two-layer troposphere-stratosphere system as in Weng
and Barcilon (1987) and Müller (1991). The tropopause, defined as the material
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interface between the troposphere and the stratosphere, is represented by an infinitely
thin region, but the extension to a tropopause of finite-width is straightforward.
The zonal wind ū(z) is in thermal wind balance with the meridional temperature
gradient. The shear Λ of ū and the buoyancy frequency N2 are specified separately
(but constant) in both layers. A matching condition for the streamfunction and the
vertical velocity is applied at the interface. Continuity of the basic-state zonal wind
and potential temperature requires that the tropopause has a meridional tilt. This
tilt, however, does not play a role in the stability analysis at leading order (Rivest
et al. 1992; Juckes 1994). Finally, the Coriolis parameter has been approximated by
a constant.

We have made the above approximations primarily to be able to keep the sub-
sequent analysis analytically tractable. However, the majority of the techniques to
be developed below do not require this simple setup. They can be (and will be)
formulated for more general basic states. This is the reason that we keep β included
in the derivations below. The linearized, two-dimensional perturbation evolution is
determined by quasi-geostrophic potential vorticity (PV) dynamics:(

∂
∂t
+ ū

∂
∂x

)
q = −v

∂q̄
∂y
, (5.1)

where q (q̄) is the perturbation (basic-state) PV and v = ∂ψ/∂x the meridional velocity,
where ψ is the perturbation streamfunction. Variables have been made nondimen-
sional using conventional scalings [DO5, Pedlosky (1987)]. The boundary and inter-
face conditions are included in Eq. (5.1) adopting the Bretherton (1966a) formalism.
In Brethertons view, q and ∂q̄/∂y contain the singular contributions from the surface
at z = 0 and the tropopause at z = d

q = δ(z − d)

 θS

N2
S

−
θT

N2
T

 + δ(z)
(
θT

N2
T

)
+

∫
qc(z′)δ(z − z′)dz′, (5.2)

∂q̄
∂y

= δ(z − d)

ΛT

N2
T

−
ΛS

N2
S

 − δ(z)
(
ΛT

N2
T

)
+

∫
∂qc

∂y
(z′)δ(z − z′)dz′, (5.3)

where θ = ∂ψ/∂z defines the potential temperature (PT) and the subscripts (S,T)
indicate stratosphere and troposphere respectively. The continuous parts of the PV
are related to the streamfunction and to the basic state by:

qc(x, z) =
∂2ψ

∂x2 +
∂
∂z

( 1
N2

∂ψ

∂z

)
,

∂qc

∂y
(z) = β −

∂
∂z

(
1

N2

∂ū
∂z

)
. (5.4)

In a description with realistic, smooth profiles of ū(z) and N2(z), the surface and
tropopause regions attain a finite width, specified by relatively large values of mean
PV gradient compared to the ambient mean PV gradients of the interior troposphere.



103

1 2 3
K

0

1

dq�dy=0. L�s=1.

(a)

1 2 3
K

0

1

dq�dy=1.25 L�s=-0.25

(b)

Figure 5.1: Real and imaginary part of the phase speed of the normal modes as a function
of the total horizontal wavenumber K =

√

k2 + l2 on the f -plane for two cases. Thick lines
show cr (full) and ci (dashed) of the case with stratosphere. Thin lines represent cr (full) and
ci (dashed) of the GNM and DNM in the conventional Eady model with the upper rigid lid
at z = d = 1. Displayed are: (a) N2

T = 1, N2
S = 4, ΛT = 1 and Λ̃S = ΛS/N2

S = 1 (resembling the
semi-infinite Eady model with zero mean PV gradient at the level of the tropopause) and (b)
N2

T = 1, N2
S = 4, Λ̃T = ΛT/N2

T = 1 and Λ̃S = ΛS/N2
S = −0.25 (realistic case).

The model is formally unbounded from above, and it is required that the amplitude of
the perturbations approach zero as z→∞. Clearly, the f -plane Eady model with the
upper rigid lid is a special case (i.e. the limit where N2

S →∞) of the general two-layer
Eady model described above. In this particular limit, the surface and tropopause
mean PV gradients have the same amplitude but opposite sign. In the more general
situation the mean PV gradient at the tropopause may attain any amplitude [see Eq.
(5.3)]. It can then be expected that the normal-mode stability properties (as well as the
vertical structure of the normal modes) are modified (Müller 1991; Rivest et al. 1992;
Ripa 2001).

2.1 Modal solutions: discrete and continuous spectrum

Fig. 5.1 shows the real and imaginary part of the phase speed of the discrete normal
modes of the two-layer Eady model for two different basic states. In Fig. 5.1a
the shear and the buoyancy frequency ratios have been chosen in such a way that
the mean PV gradient at the tropopause is zero. Therefore, this case resembles the
semi-infinite Eady model and the discrete normal modes are neutral. The second
case is a realistic setup (to be used in the remaining part of the paper) in which the
zonal wind attains a maximum at the tropopause. This maximum is accompanied
by a jump in the buoyancy frequency. The sign change of the shear and the jump
of the buoyancy frequency across the tropopause, create a mean PV gradient at the
tropopause whose absolute value is larger than the mean PV gradient at the surface.
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For a range of wavenumbers the flow is unstable and a growing normal mode (GNM)
and a decaying normal mode (DNM) exist. A short-wave cutoff appears naturally
from a consideration of the Rossby height. Absent in the conventional Eady model
with the upper rigid lid, also a long-wave cutoff is found in Fig. 5.1b (Müller 1991).
An intuitive explanation for the origin of the long-wave cutoff is the following. The
difference of the surface and tropopause mean PV gradient causes the phase speeds
of the Rossby edge waves (which can propagate zonally along the two discrete PV
gradients) to be modified differently as the wavenumber decreases. At a certain low
wavenumber the counter-propagation rate due to the opposite Rossby edge wave can
no longer produce a configuration which is both phase-locked and growing (Heifetz
et al. 2004). The two-layer Eady model with equal but opposite mean PV gradient
[obtained by setting ΛS = 0 in the stratosphere, see Eq. (5.3)] is the analogue of the
rigid lid Eady model. The long-wave cutoff does not occur in this limit (Müller 1991;
Rivest et al. 1992).

Apart from the discrete normal modes, there exists (for inviscid flows) an infinite
number of so-called continuum modes (CM), which are specified by a delta-function
distribution of PV at one interior level and a specific combination of boundary PT
at the surface and PV at the tropopause [see e.g. the recent work of Jenkner and
Ehrendorfer (2006) for an application to the conventional Eady model with upper
rigid lid]. It is only by including the continuous spectrum that the evolution of
arbitrary initial perturbations is correctly described. By using PV as the fundamental
quantity to formulate initial-value experiments, the CMs are incorporated in a natural
way.

3 Using PV in initial-value experiments

3.1 PV building blocks

In quasi-geostrophic theory, the complete balanced flow can be obtained from an
inversion of the PV distribution. The PV distribution is approximated by a finite
number of so-called PV building blocks∗ (PVBs), defined as zonally wavelike PV ano-
malies which reside at a stipulated level h ≥ 0:

q(x, z, t) =
N∑

j=1

Q j(t)eikx+iη j(t)δ(z − h j), (5.5)

∗In DO5 the PVB was introduced as the time-evolution of the perturbation streamfunction induced
by a localized PV anomaly. This explicitly includes the excitation of the discrete normal modes for t , 0.
The definitions used in the present paper are equivalent to those used in DO5 only at initial time.
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Figure 5.2: Green’s function G(z, h) with k = 1.55 for the semi-infinite (a) one-layer Eady model
and the (b) two-layer Eady model. N2

T = 1 and N2
S = 4. The horizontal axis represents h, the

height of the PVBs, the vertical axis represents the height z. Contour interval 0.1.

where N is the total number of PVBs, h j is the vertical position of the PV, η j(t) is the
(real) phase of the PVB at level j and Q j(t) its amplitude. In the limit where N → ∞,
a continuous PV distribution is obtained. In principle all PVBs in Eq. (5.5) have
time-dependent amplitudes Q j(t). In practice however, Q j(t) will be time-dependent
only, if the mean PV gradient is nonzero at level j. This motivates us to distinguish
between ’active’ and ’passive’ PVBs, depending on whether or not they may amplify
in time, respectively. In the present f -plane study, the ’active’ PVBs reside at the
surface and the tropopause [see Eq. (5.3)] and we label them with subscripts B and T
respectively. A generalization in which β is included renders all PVBs to be ’active’,
because the mean PV gradient is nonzero everywhere in that case.

3.2 Green’s functions

To obtain solutions for a given set of initial conditions, one can proceed by substituting
Eq. (5.5) into Eq. (5.1) and derive equations for the amplitude and phase coupling
between the surface and tropopause PVBs in the presence of ’passive’ interior PVBs
(Appendix A). An elegant generalization to this approach is to follow Heifetz and
Methven (2005) and write the vertically discretized system Eqs. (5.1) for perturbations
of a given wavenumber k as

q̇(t) = A · q(t), A = −ik
(
U + ∆ ·Qy ·G

)
(5.6)
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where q j(t) = q(z j, t) is the PV at level j, [U]i j = ū(zi)δi j represents the mean flow, δi j

is the Kronecker symbol and [Qy]i j = q̄y(zi)δi j the mean PV gradient. The matrix ∆ is
necessary to properly weight the discrete versus the continuous contributions to the
mean PV gradient for a given discretization∗. It is defined as a diagonal matrix with
entries

[∆]iBiB = [∆]iT iT = 1, [∆]i j = [δz]δi j (i, j , iB, iT), (5.7)

where iB, iT are the levels of the surface and tropopause respectively and δz is the
distance between the levels used to approximate the interior. Finally [G]i j = G(zi, z j)
in Eq. (5.6) is the Green’s function defined through

ψ(z) =
∫

G(z, z′)q(z′)dz′ → ψ = G · q. (5.8)

The Green’s function G(z, h) represents the streamfunction ψ(z) attributable to a PVB
with unit PV amplitude at height h. The computation of the Green’s function is
analytically tractable for the two-layer system (Appendix B). In general, the inversion
of the PV in Eq. (5.4) will depend in a non-trivial way on the buoyancy frequency
N2(z). Fig. 5.2 displays G(z, h) as a function of the height h of the PV (horizontal
axis) and z (vertical axis) for the semi-infinite one-layer Eady model (M1 from here)
with N2

t = 1, and for the two-layer Eady model (M2 from here) with a tropopause
at d = 1 (10 km) and N2

S = 4N2
T. We have chosen a zonal wavenumber k = 1.55

which corresponds to the most unstable wave in M2 with ΛS = −1 (ΛT = 1, N2
T = 1

and N2
S = 4). The Green’s function is symmetric, G(z, h) = G(h, z), which results

from making the Boussinesq approximation† (Robinson 1989). In M1, G(z, h) attains,
for given h, its maximum amplitude at z = h and decays exponentially away from
the PV. It is also seen that the PVB of unit amplitude is associated with a stronger
maximum wind speed than PVB of the same amplitude at higher altitudes. In M2,
the exponential decay is much faster in the stratosphere than in the troposphere, due
to the larger value of N2.

Note that the approach of viewing the PV distribution as a sum of individual
PVBs with a delta-function sheet of PV at different levels requires a modification
to obtain the physical PV distribution when treating the continuous problem. The
physical PV distribution and the streamfunction are obtained from:

qphys = ∆
−1
· q, ψphys = G · ∆ · qphys ≡ ψ. (5.9)

Eq. (5.9) reflects that the surface and interface PVBs are true singular contributions,
but all the other (i.e. interior) PVBs are part of the continuous distribution.

∗Including the weighting matrix ∆ is essential to obtain the correct dispersion relations for cases with
non-zero β, such as the Charney (1947) or the Green (1960) problem.

†In the compressible case, ρ(z)G(z, z′) = ρ(z′)G(z′, z) holds, where ρ(z) = exp(−z/H) is the density.
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4 Propagator dynamics

The solution of the linear system Eq. (5.6) is given by

q(t) = eAt
· q(0) ≡ P(t) · q(0), (5.10)

which defines the matrix P(t) which we will call the P-propagator. What is the
information contained in a component [P(t)]i j? It is the contribution from the PVB
at level j at t = 0 [i.e. an initial condition q(0) with all components zero except for
component j which is unity] to the PVB at level i at time t. Clearly, [P(t)]i j contains
information about the excitation of all the other PVBs (initially by the PVB at position
j and later by all other ’active’ PVBs which are excited). A more interesting type of
propagator (from the point of view of cyclogenesis) can be constructed by making
use of the identity ψ = G · q in Eq. (5.10) above. One then obtains

ψ(t) = G · P(t) · q(0) ≡W(t) · q(0). (5.11)

A component [W(t)]i j (which we will call the W-propagator) gives the contribution
of the PVB at time t = 0 at level j to the streamfunction at level i at time t. In other
words, the components [W(t)]i j are associated with the time-evolution initiated by
individual PVBs. This does involve the subsequent excitation of the ’active’ PVBs
after t = 0.

4.1 Propagator maps and the structure of PVB interactions

In Figs. 5.3 and 5.4 we show the time-dependence of the W-propagator by cre-
ating contour maps of |W(t)|. To interpret these figures, remember that a vertical
cross-section at h = i (on the horizontal axis) produces the absolute value of the
streamfunction (in contours) as a function of height z (vertical axis). At initial time
|W(t)| is equivalent to the Green’s function, because no advection of the mean PV
gradients has occurred yet. The figures gradually lose symmetry as time progresses.
In M1 (Fig. 5.3), it is seen that the maximum propagates gradually along the bottom,
from the left corner to the right, asymptotically approaching the steering-level of
the surface edge wave (zs = ΛT/k = 0.65). Physically, what this means is that the
strongest wind maxima can be found initially by putting a PVB (of unit PV) near the
surface. If we wait longer it is more favorable (in the sense of obtaining a stronger
wind maximum) to locate the PVB near the steering-level of the surface PVB. For the
PVB positioned near the steering level, the wind maximum propagates rapidly from
its initial position at the level of the PVB down toward the surface at time t = 2.5
(see Figs. 5.2a and 5.3a). The nonzero mean PV gradient at the surface has allowed
the interior PVB to excite the ’active’ surface PVB, which is a manifestation of the
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Figure 5.3: |W| at various instants of time (up to four days in dimensional units) in the one-layer
semi-infinite Eady model. The horizontal axis represents h, the height of the PVBs, the vertical
axis represents the height z. Lines of constant h = hi therefore give the absolute value of the
streamfunction generated at time t due to an initial PVB at position z = hi. Contour-interval
0.125.

resonance effect (DO5). Upper-level PVBs hardly excite any surface PVB. This is seen
from the fact, that at t = 10, the bottom-right part in Fig. 5.3c is almost identical to
the same part in Fig. 5.3a. A similar investigation can be performed for M2 (Fig. 5.4).
The mean PV gradient is now nonzero not only at the surface but also at the tropo-
pause. The figures start to diverge from the M1 results after some time because of the
inevitable excitation of the ’active’ tropopause PVB. For short times (up to t = 2.5, i.e.
one day in dimensional units) and with the purpose of getting the strongest winds at
the surface, it is seen that the PVB is best positioned just above the surface (similar to
M1). For longer times the best position of the initial PVB is again the mid-troposphere
(in fact the steering-level of the GNM is approached from below). In a similar way it
can be seen that the strongest winds at the tropopause-level are obtained by letting
the PVB approach the steering-level from above. The wind maxima obtained in M2
after two and four days are significantly stronger than in M1.
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Figure 5.4: As in Fig. 5.3 but for |W| in the two-layer Eady model. Contour-interval 0.25 (note
that this interval has been doubled compared to Fig. 5.3).

4.2 Summary and the range of applicability

The main importance of the W-propagator contour maps at different instants of
time is, that they can give an answer to the question of where in the atmosphere
a vertically localized amount of PV, being the initial PVB, will produce in time the
strongest winds (or PVB amplitude for the P-propagator) at a specific level (choose
z in the figures). In this way the propagator thus relates directly to the subject of
optimal perturbations to be discussed in more detail in the next sections.

We illustrate the range of applicability by another example which is relevant to the
problem of cyclogenesis. The surface development occurring in the models initiated
with a single PVB of unit amplitude can be compactly summarized by computing
|W1 j(t)| as a function of time and the height h of the PVB. The results are shown in
Fig. 5.5. For M1 the optimal position of the PVB gradually approaches the steering-
level from below. Although PVBs near the surface are optimal for short times, their
phase speed differs too much from the surface edge wave and from t ≥ 4 destructive
interference occurs. For M2 the same story holds for small times. Low-level PVBs
generate the strongest surface winds. The steering-level becomes more and more the
favorable height for longer times. In the long-time run, the GNM dominates, and the
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Figure 5.5: Surface component |W1 j(t)| of the W-propagator, as a function of time and height
of the PVB of unit amplitude. a) One-layer Eady model. b) Two-layer Eady model.

initial position of the PVB is less important. Single PVBs in the upper-stratosphere
are not very efficient in generating strong surface winds in short time. It takes at
least four days (t = 10) for a single PVB located at h = 2 to produce surface winds
comparable to the winds associated with an initial PVB of the same amplitude near
the surface (follow the 0.4 contour).

5 Finite-time optimal growth

5.1 Construction of optimal perturbations

In the previous section we have investigated the dynamics of the W-propagator,
summarizing within a number of contour plots the evolution of all possible one-PVB
initial-value experiments. Given the PVB-decomposed set of dynamical equations
(5.6), and its solution in terms of either q(t) or ψ(t), it is straightforward to construct
a perturbation that produces optimal growth for finite time in a certain norm. Such
a norm-dependent optimal perturbation is called a singular vector (SV). Commonly
investigated norms are potential enstrophy (PE), kinetic energy (KE) and total quasi-
geostrophic energy (TE) and they can be different at initial and final time. SVs
optimizing PE, for instance, are found from the eigenanalysis of [P†(t) · P(t)] (the
dagger symbol means taking the conjugate transpose).

The discussion of the propagator and its dynamics in the previous section, is
closely related to the optimal perturbations. The level j at which W1 j(t) attains its
maximum at a given time, is a clear example. An initial PVB of unit amplitude at that
particular level is in fact also the result of computing the SV constructed with one
PVB in the initial PV distribution and a PE norm at initial time and a surface kinetic
energy norm (SKE norm) at time t. Keeping in mind the application to rapid surface
cyclogenesis, we compute the SVs in the KE norm which, for fixed wavelength, is



111

proportional to the streamfunction variance or L2-norm. These are found from the
generalized eigenvalue problem[

W†

t Wt − λW†

0W0

]
q(0) = 0, ΓKE = max[λ], (5.12)

where Wτ := W(t = τ). The SV is given by the eigenvector of the above equation
with the largest eigenvalue λ. The largest eigenvalue represents the dimensionless
growth-factor of the KE, ΓKE = KE(t)/KE(0). For the basic state M2 we use ΛT =

1, N2
T = 1, ΛS = −1 and N2

S = 4 as in Section 4 In M1 we take ΛT = 1, N2
T = 1. PVBs

up to z = 3 (30 km) are taken into account and we use 61 levels. The optimization
time t = 5 (47 hr) is chosen as well as k = 1.55. This is the wavenumber producing
the fastest GNM for basic state M2.

5.2 Diagnosing the optimal perturbation evolution

To analyze the time-evolution of the SV streamfunction ψ(t), we decompose ψ(t) into
four parts. From bottom to top we have ψB associated with the ’active’ surface PVB,
ψtrop associated with the tropospheric ’passive’ PVBs, ψT associated with the ’active’
tropopause PVB, and finally ψstra representing all PVBs above the tropopause:

ψ(t) = ψB(t) + ψT(t)︸         ︷︷         ︸
ψnm(t)

+ψtrop(t) + ψstra(t)︸              ︷︷              ︸
ψpv(t)

, (5.13)

where we adopted the notation ψpv for the streamfunction associated with all PVBs
which are part of the continuous distribution (in the present paper, the PVBs contrib-
uting to ψpv are all ’passive’), and ψnm as a notation for the streamfunction associated
with the discrete normal modes (the GNM and DNM). The surface dynamics is dia-
gnosed from the projections of the different components of the streamfunction on the
SKE (surface kinetic energy):

SKE(t) ∼ Re
∑
α

[ψ∗α(t)ψ(t)]z=0, α = (B,T, trop, strat) (5.14)

where Re stands for taking the real part and the asterisk indicates complex conjuga-
tion.

6 Isolating growth mechanisms

The major goal of the present study is to investigate which growth-mechanisms play
a key-role in the SV surface dynamics. The Green’s function approach allows an
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unambiguous investigation of the growth-mechanisms. For the semi-infinite Eady
problem reported in DO5 it is found that a resonance between the surface edge wave
(the ’active’ PVB at the surface) and interior, ’passive’ PVBs near the steering-level
of the edge wave is crucial for the surface development, even if a large number of
interior PVBs is included. In the present study, exponential instability (the sustained
interaction between the two ’active’ PVBs) is an additional growth mechanism. We
will investigate in which way the results of DO5 are modified by the presence of the
exponential growth mechanism.

6.1 Growth rate and phase speed of the PVB

We substitute the decomposition Eq. (5.5) into Eq. (5.6) and separate real and
imaginary parts as in Heifetz and Methven (2005). This results in a set of equations
for the instantaneous growth-rate γq

i (t) and the phase speed ci(t) of the PVB at level i:

γq
i (t) :=

[
Q̇i(t)
Qi(t)

]
= −k

M∑
j=1

Si j
[
∆ ·Qy ·G

]
i j

(
Q j

Qi

)
, (5.15)

ci(t) :=
[
−η̇i(t)

k

]
= Ui +

M∑
j=1

Ci j
[
∆ ·Qy ·G

]
i j

(
Q j

Qi

)
, (5.16)

where Ui = ū(z = i), Si j = sin[ηi(t) − η j(t)] and Ci j = cos[ηi(t) − η j(t)]. These equations
generalize the results of Appendix A. Mathematically, the antisymmetry of Si j pro-
hibits any PVB, whether it is ’passive’ or ’active’, to contribute to its own growth rate.
Physically this result is due to the fact that the PV and its associated wind-field are
π/2 out of phase for a single PVB. The instantaneous growth rate of the surface PVB
is formed by contributions from: 1) the tropospheric PVBs, 2) the ’active’ tropopause
PVB, and 3) the stratospheric PVBs. Using a similar notation for the tropopause PVB
we get:

γq
B(t) := AB,T(t) + AB,trop(t) + AB,stra(t), (5.17)

γq
T(t) := AT,B(t) + AT,trop(t) + AT,stra(t). (5.18)

We can follow each of the components in time and study which group of PVBs
contributes mostly to the growth rate of the ’active’ PVBs.

From Eq. (5.16) it can be confirmed that the ’passive’ PVBs are indeed passively
advected by the mean zonal wind. The instantaneous phase speed of an ’active’ PVB
is a result of the contributions from all (i.e. ’passive’ and ’active’) PVBs, including
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itself, with nonzero amplitude. In obvious notation we write

cB(t) := ū(0) + CB,B + CB,T(t) + CB,trop(t) + CB,stra(t), (5.19)

cT(t) := ū(d) + CT,T + CT,B(t) + CT,trop(t) + CT,stra(t). (5.20)

In the GNM configuration both cB and cT are equal and time-independent (on the
f -plane the contributions involving the interior of the troposphere and stratosphere
are zero).

6.2 Growth rate of the streamfunction

To reveal the growth-mechanisms and determine which of the PVBs are crucial in
maintaining the growth rate of optimal perturbation streamfunction or SKE, we use
ψ(z, t) = Ψ(z, t) exp[iε(z, t)] and repeat the steps that led to Eq. (5.15) to obtain

γ
ψ
i (t) :=

[
Ψ̇i(t)
Ψi(t)

]
=

M∑
j=1

FTot
i j

(
Q j

Ψi

)
, FTot

i j = −kS̃i j
[
G · (U + ∆ ·Qy ·G)

]
i j

(5.21)

where S̃i j = sin[εi(t)−η j(t)] is related to the phase-difference between the PVB at level
j and the streamfunction at level i. It seems plain logical to subdivide Eq. (5.21) into
contributions associated with the different PVBs similar to Eqs. (5.17-5.18). However,
such a partitioning produces misleading results because Galilean invariance is broken
for the individual components of the form FTot

i j Q j/Ψi. To circumvent the problem,
we have to separate off from Eq. (5.21) the contribution from the Orr-effect. The Orr-
effect is defined here as the streamfunction growth rate resulting from the differences
between the instantaneous phase-speeds of the PVBs:

γOrr
i (t) :=

M∑
j=1

FOrr
i j

(
Q j

Ψi

)
, FOrr

i j = −kS̃i j[G]i jc j(t), (5.22)

where c j(t) is the instantaneous phase-speed of the PVB at level j [Eq. (5.16)]. The
Orr-term is identically zero for a normal mode. Subtracting the Orr-term Eq. (5.22)
from Eq. (5.21) we get:

γRem
i (t) :=

M∑
j=1

FRem
ij

(
Q j

Ψi

)
, FRem

ij = FTot
i j − FOrr

i j , (5.23)
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The various terms in Eq. (5.23) are cast into certain combinations. Using the vector
notation to suppress the level index, we write

γRem(t) :=
∑
α

∑
α′

fα,α′ , (5.24)

where α, α′ = (B, trop,T, stra). Each term [ fα,α′ ] represents only a portion of the
streamfunction growth rate. In fact [ fα,α′ ] is that portion of the streamfunction
growth rate which stems from the amplification of PVB α by PVB α′ (note that α and
α′ can also be a group of PVBs). The contributions f B,B and f T,T are zero because
they contribute to the phase-propagation only and have been included already in the
Orr-term. The components f trop,α and f stra,α are zero if the mean PV gradient is zero
in the interior troposphere and stratosphere. Certain combinations of the remaining
terms fα,α′ are interpreted easily in terms of the growth mechanisms:

• Orr-mechanism. This is the complete term γOrr
i (t) defined in Eq. (5.22). The Orr-

mechanism generalizes PV-unshielding by incorporating also the unshielding
between the ’passive’ and ’active’ PVBs, which was called PV-PT unshielding
in DO5.

• B-resonance. This is the contribution from the ’passive’ PVBs to the growth of
the ’active’ surface PVB. B-resonance is computed as f B,trop + f B,stra.

• T-resonance. Similar as B-resonance but for the tropopause PVB. T-resonance is
computed as f T,trop + f T,stra.

• B-T interaction. This term involves the interaction between the ’active’ PVBs at
the surface and the tropopause and is computed as f B,T + f T,B.

Instead of identifying the mechanisms, one can also study the effect of the different
(groups of) PVBs. The sum

∑
α fα,B for instance produces the growth attributable to

the surface PVB. This gives an indication of the importance of the different (groups
of) PVBs for the streamfunction development. Finally, we want to emphasize that the
present choice of separating the domain into four different regions, is not required.
Using the above techniques one can follow each PVB individually and see in which
way it contributes to the growth.

7 Results: One single PVB

In Fig. 5.6a-b we show how ΓKE computed using Eq. (5.12) depends on the height
of one single PVB for M1 and M2 respectively. In M1 the height at which ΓKE attains
its optimum (called the optimal growth level) for short optimization times is found to
be above the steering-level of the surface edge wave (zs = ΛT/k = 0.65). The optimal
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Figure 5.6: Finite-time growth rate ΓKE(topt) at optimization time as a function of the height of
the PVB (vertical axis) for different optimization times. a) One-layer Eady model. b) Two-layer
Eady model.

growth level approaches the steering-level from above if the optimization time is
increased. The results differ from Fig. 5.5 because we optimize the growth factor ΓKE

rather than looking at the height at which a PVB of unit initial amplitude attains the
largest surface streamfunction. For more details on M1 we refer to DO5. For M2,
Fig. 5.6b shows that the optimal growth level is found close to the mid-troposphere,
almost coinciding with the steering-level. For stratospheric PVBs in M2, ΓKE(t) is
much smaller than for tropospheric PVBs for all optimization times. From Figs. 5.6a-
b, we conclude two things. First it is seen that M2 produces larger growth factors
than M1 for this value of k (to remind, this is the value of k producing the largest
normal-mode growth rate for the given basic state), even for small optimization times.
Second, for all optimization times a single PVB positioned at one of the ’active’ levels
leads to lower values of ΓKE.

The time evolution of the two-layer SV streamfunction ψ and its various com-
ponents is shown in Fig. 5.7. Also shown is the sum ψnm ≡ ψB + ψT in the panels
at the bottom. Initially the streamfunction is given entirely by ψpv of the optimally
positioned PVB. Both a surface edge wave and a tropopause Rossby wave are gen-
erated after t = 0 by advection of the mean PV gradients ∂q̄/∂y at the surface and
tropopause. Due to the opposite sign of ∂q̄/∂y at the surface and at the tropopause,
the surface and tropopause PVB, excited by the wind field of the interior PV, are π
out of phase initially. At optimization time the surface and the tropopause PVB seem
to have reached the phase-locked GNM configuration.

7.1 Surface development of the streamfunction and kinetic energy

In Fig. 5.8 we compare the surface development occurring in M1 and M2. This
is done by following in time the relative contributions to the SKE [components of
Eq. (5.14) divided by the instantaneous SKE]. At optimization time, the optimal
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Figure 5.7: Vertical cross sections (zonal to height) of the evolution of the t = 5 optimal one-
PVB problem in the KE norm. Negative values have been dashed. From top to bottom, ψ, ψpv,
ψB and ψT and the sum ψB + ψT are shown. Measures of the perturbation |ψ| = (

∫
ψψ∗dz)1/2

and |ψ(0)| = (
∫
δ(z)ψψ∗dz)1/2 are indicated.

perturbation has produced more SKE in M2 than in M1. In both models the SKE is
dominated initially by the contribution from the passive PVB. After t = 0, the ’active’
surface PVB is rapidly excited in both models, and becomes the largest contribution
to the SKE after t = 1. In M2 its contribution even exceeds unity as time increases
beyond t = 3. In M2, the tropopause PVB is excited as well (dashed line), but its
contribution to the instantaneous SKE remains negative throughout the evolution,
confirming that the surface and tropopause PVB are in the hindering configuration
(Heifetz et al. 2004). In M2, the contribution from the discrete normal-mode pair
(GNM+DNM) dominates the long-time evolution.

Two basic questions rise. The first is, which physical mechanism is responsible for
the rapid growth of the SKE? The second question is, which PVBs are important in the
propagation and the growth of the ’active’ PVBs? To return to the first question, we
have computed the contributions from the different growth mechanisms using the
methods developed in Section 6 The results are shown in Fig. 5.9. For the barotropic
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Figure 5.8: Evolution of the relative contributions to the SKE for the one-PVB optimal per-
turbation evolution in (a) M1 and (b) M2. Also shown is 10 log(1 + SKE) (denoted by the label
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Figure 5.9: The contributions to the instantaneous SKE growth rate in terms of the different
growth mechanisms that play a role are shown in panels for (a) M1 and (b) M2. These
mechanisms have been defined in the main text.

initial condition of the one-PVB experiment, the growth rate is identically zero at
t = 0. As time increases and the structure develops a vertical tilt, the SKE growth
rate becomes nonzero. Both in M1 and M2 the SKE growth rate rapidly increases
in the first hours of the development and attains a maximum around t ∼ 1.5. In
M2 the growth rate then gradually decreases toward the asymptotic GNM value. In
M1, B-resonance completely determines the SKE growth rate. The Orr-mechanism,
in this case the unshielding between the interior PVB and the surface PVB, is rather
weak. For a surprisingly long time, B-resonance also is the most important growth
mechanism in M2, in fact almost completely up to the optimization time t = 5.
Although the contribution from the discrete normal modes in M2 could explain the
largest part of the instantaneous SKE (and even the streamfunction structure) after
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Figure 5.10: Evolution in M2 of the different contributions to the instantaneous growth rate
and phase speed of the surface PVB (panels a-b) and the tropopause PVB (panels c-d).

t = 1.5, it is seen here that the growth is in fact not resulting from normal-mode
baroclinic instability! The contribution from the traditional baroclinic B-T interaction
is zero initially and increases only slowly. While B-resonance works productive it
is seen that the T-resonance in M2 works destructive for the SKE throughout the
time-evolution toward t = 2topt. The Orr-mechanism remains unimportant, similar
to M1. The remaining issue is, to determine what causes the propagation and the
rapid growth of the surface and tropopause PVB. We will focus on M2.

7.2 Growth of the surface and tropopause PVB

We have computed the different contributions to the growth rate and the phase speed
of the surface and tropopause PVB in M2, using Eqs. (5.17-5.20). The results are dis-
played in Figs. 5.10a-d. The instantaneous growth rate of the surface PVB decreases
in time toward the asymptotic GNM value (Fig. 5.10a). The large value at initial
time is caused by the small amplitude of the surface PVB at that time. The contri-
bution from the optimally positioned interior PVB, AB,trop(t) (it is positioned in the
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troposphere) decreases with time. The contribution from the tropopause PVB, AB,T(t)
determines the asymptotic growth rate. The contribution from the stratosphere is
zero. It is noteworthy to mention that the contributions from the tropopause and the
troposphere become equal just prior to t = topt although the surface streamfunction
contribution of the tropopause PVB becomes of equal amplitude as the surface con-
tribution from the tropospheric PVB around t = 2.6 (not shown). Fig. 5.10a shows
that it takes more time for the tropopause PVB to actually amplify the surface PVB. It
is confirmed that the surface PVB mainly grows from B-resonance with the interior
PVB up to t = 5 (the first two days). For the tropopause PVB, a similar story holds
(Fig. 5.10c).

We now turn to the different contributions to the phase speed of the surface PVB,
shown in Fig. 5.10b. The total phase speed remains nearly constant approaching the
GNM phase speed. In absence of the interior tropospheric PVB and the tropopause
PVB, the phase speed would have equaled U(0) + CB,B ∼ ΛT/k = 0.65. The presence
of the tropopause (and the excitation of the tropopause PVB) is crucial as it causes the
surface PVB to propagate with a lower phase speed. A tropopause PVB in isolation
would propagate at a phase speed U(d)+CT,T, which is much slower than the surface
PVB in isolation. For the tropopause PVB the surface PVB is crucial in speeding up
the tropopause PVB (thick full line in Fig. 5.10d). The interior, tropospheric PVB
(dotted lines) does not influence the phase speeds of the surface and tropopause PVBs
much, which confirms that its task is mainly to amplify the surface and tropopause
PVB.

8 Three PVBs and the effect of PV unshielding

The analysis of the Green’s function in Fig. 5.2 showed that nearby PVBs have
similar vertical streamfunction structure. As a result nearby PVBs can mask each
others winds field very efficiently if they are positioned out of phase. As time
increases, the ’passive’ PVBs are advected by the basic state, and the existing shear
un-shields the wind fields associated with the individual ’passive’ PVBs. This so-
called PV unshielding is known to be important in the SV evolution. By computing
the SV with three PVBs in the initial structure, we are able to investigate the influence
of PV unshielding (coming to expression in the Orr-mechanism) for the basic state
of the present paper. The position of the three initial PVBs is varied, and for each
configuration the finite-time growth is computed. The configuration leading to
optimal growth is subsequently analyzed (DO5). Note that the initial PVBs are
allowed at all positions, including the surface and tropopause.

The time-evolution of the three-PVB SV is shown in Fig. 5.11. The total stream-
function is maximized in a narrow region around the midtroposphere and is tilted
against the shear. As time progresses, the total streamfunction loses some of its ini-
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Figure 5.11: Similar as Fig. 5.7 but for the evolution of the t = 5 optimal three-PVB problem in
the KE norm. Measures of the perturbation |ψ| = (

∫
ψψ∗dz)1/2 and |ψ(0)| = (

∫
δ(z)ψψ∗dz)1/2 are

indicated.

tial tilt, and rapidly attains a large amplitude in the entire troposphere. The largest
growth occurs at the surface. The three PVBs with nonzero amplitude are all posi-
tioned in the interior of the troposphere (near the steering-level of the GNM to be
excited) and therefore of the ’passive’ type and none of them resides at one of the
’active’ levels. Furthermore, the PVBs are positioned sufficiently out of phase and
against the shear of the tropospheric basic-state wind. PV unshielding dominates the
growth in the interior initially (Morgan 2001; Morgan and Chen 2002). It serves to
rapidly generate strong winds at the surface and the tropopause. These strong winds
are then used primarily to excite the ’active’ PVBs at the surface and tropopause.
Although the structure of the total SV streamfunction at optimization resembles the
GNM configuration, it is important to emphasize that the surface and tropopause
wave have not at all reached the phase-locked GNM configuration at optimization
time (see bottom panels). This result, which differs from the previous section, in-
dicates that the interior PVBs play an important role in the amplification of the SV
streamfunction.
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Figure 5.12: As in Fig. 5.8 but for the three-PVB optimal perturbation evolution. Also shown
is 10 log(1 + SKE) (denoted by the label ’SKE’).
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Figure 5.13: As in Fig. 5.9 but for the three-PVB optimal perturbation evolution.

8.1 Surface development of the streamfunction and kinetic energy

The SKE evolution of M1 and M2 is compared in Fig. 5.12. In contrast to the one-
PVB results, M1 exhibits (up to the optimization time) slightly more surface growth
than M2. As before, the SKE can be attributed initially completely to the interior
’passive’ PVBs. The contribution from the surface PVB to the SKE becomes the
largest somewhat later than in the one-PVB problem. In M2 the contribution from
the tropopause PVB to the SKE again is negative throughout the evolution.

The growth mechanisms involved in the evolution are shown in Fig. 5.13. In con-
trast to the one-PVB results, the Orr-mechanism is the largest contribution to the SKE
growth rate up to t = 1.5. Due to the Orr-mechanism, large streamfunction values are
rapidly generated at the surface and the tropopause. These large streamfunction val-
ues will in turn lead to rapid growth due to resonance. In M1, the contribution from
the Orr-mechanism attains a maximum around t = 1. After that period, B-resonance
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Figure 5.14: As in Fig. 5.10 but now for the three-PVB optimal perturbation evolution in M2.

takes over and determines the asymptotic growth. In M2, the Orr-mechanism also
dominates initially and B-resonance afterward. The contribution from T-resonance
on the surface is negative throughout the evolution (except the first few hours), which
confirms the results of the previous section. The most important difference with the
one-PVB evolution in M2 is that the contribution from the B-T-interaction (growth
of the GNM plus decay of the DNM) remains negative even long after optimization
time has been reached. The fact that T-resonance and the B-T interaction contribute
negatively for such a long time explains the more vigorous surface development in
M1.

8.2 Growth of the surface and tropopause PVB

The instantaneous growth rates and phase speeds of the surface and the tropopause
PVB confirm the observations of the previous section (Figs. 5.14a-d). The instant-
aneous growth rate of the surface PVB is reduced by the presence of the tropopause
PVB during the complete time-evolution toward t = topt except in the first few hours
of the development. The contribution from the tropospheric ’passive’ PVBs is the
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dominant term in producing growth of the surface and tropopause PVB. Due to the
upshear tilt of the initial PVBs, the phase speed evolution differs from the one-PVB
problem. The effect of the tropospheric PVBs is to reduce the phase speed of the
surface PVB and to increase the phase speed of the tropopause PVB. The contri-
bution from the tropopause PVB to the phase speed of the surface PVB (and vice
versa) is consistent with Heifetz et al. (2004). The ’active’ PVBs start to hinder phase
propagation roughly after one day (from t = 2.6 onward). All contributions from the
stratospheric PVBs are still zero (none of the three PVBs reside in the stratosphere).

9 The continuous problem

The natural question to ask is in which way the three-PVB problem resembles the
continuous problem. For the same basic state as before the SV is determined using
N = 61 PVBs (including the two ’active’ PVBs). The evolution of the t = 5 SV
resembles the time-evolution of the three-PVB problem qualitatively well (Fig. 5.15).
Absent in the three-PVB problem, the streamfunction in the stratosphere is tilted
eastward with height initially (i.e. against the stratospheric shear). The total growth
of the SV is larger than in the three-PVB problem. The surface and tropopause PVB
do not reach the GNM configuration at optimization time, despite the fact that the
structure of the total SV streamfunction resembles the GNM qualitatively (top panels).
In contrast to the one- and three-PVB cases, the ’active’ surface and tropopause PVB
have nonzero amplitude at initial time. The streamfunction associated with the
’active’ PVBs (bottom panel) is shielded by the streamfunction from the interior PVBs
which is almost barotropic and π out of phase. As time increases, PV unshielding
occurs and starts generating large streamfunction values near the surface and the
tropopause. During the initial stage (t < 2) both the surface and the tropopause
PVB retain almost identical amplitude, but propagate at a different phase speed.
As a result the total contribution from the ’active’ PVBs decreases (compare bottom
panels at t = 0 and t = 1.6). After t = 2 both the surface and tropopause PVB rapidly
increase in amplitude.

9.1 Surface development of the streamfunction and kinetic energy

The surface development is further analyzed in Fig. 5.16. Compared to the computa-
tions performed using a limited number of PVBs, the initial SKE becomes very small
both in M1 and M2. This is the result of the very effective canceling of individually
large contributions. Similar to the three-PVB problem, the SKE at optimization time
in M1 is slightly larger than in M2, a result which holds even if the optimization
time is increased toward three days (not shown). As in DO5, the SKE decreases
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Figure 5.15: Similar as Fig. 5.7 but for the evolution of the t = 5 optimal N-PVB problem (N=61)
in the KE norm. Measures of the perturbation |ψ| = (

∫
ψψ∗dz)1/2 and |ψ(0)| = (

∫
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are indicated.

in the first hours of the development before strong surface cyclogenesis occurs (not
shown). The relative contributions to the SKE reflect this initial decrease of the SKE
as they strongly fluctuate which has been the reason for omitting the initial period
for t < 1.5 from the graphics. After t < 1.5 we get results which are similar to
the three-PVB problem. Initially the largest contribution is from the ’passive’ PVBs,
followed by the contribution from the surface PVB. In contrast to the one- and the
three-PVB problem, the tropopause PVB contributes positively for a short period,
whereas the surface PVB contributes negatively up to t = 3. The sum of GNM and
DNM (ψB + ψT = ψNM) contributes negatively almost the complete first day of the
development (up to t = 2.5). In M2 we have subdivided the contribution from the
’passive’ PVBs into a part from the tropospheric PVBs and a part from the strato-
spheric PVBs. The contribution from the stratospheric PVBs to the SKE is completely
negligible (even though most of the PVBs reside at those high levels).

To complete the analysis of the surface development Fig. 5.17 shows that (again
we have omitted times t < 1.5) the Orr-mechanism explains the SKE growth initially
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Figure 5.16: As in Fig. 5.8 but for the N-PVB optimal perturbation evolution. Also shown is
10 log(1 + SKE) (denoted by the label ’SKE’).
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Figure 5.17: As in Fig. 5.9 but for the N-PVB optimal perturbation evolution.

in M1 and M2. A barotropic tropospheric PV tower is formed only at optimization
time (not shown). As in the previous cases, B-resonance takes over, in M2 finally fol-
lowed by the B-T interaction (after nearly two optimization times). The contribution
from T-resonance remains small.

9.2 Growth of the surface and tropopause PVB

The contributions of the different PVBs to the growth rate and phase speed of the
surface and tropopause PVBs are shown in Figs. 5.18a-d. The evolution of the
growth rates of the surface and tropopause PVBs (Fig. 5.18) shows rapid growth
after initial decay. After this initial period (say the first day, t = 2.5), the growth rates
smoothly decay toward GNM values, but, in agreement with the previous sections,
the asymptotic GNM values are not reached, not even after two optimization times.
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Generally, it can be said that both the surface and tropopause PVB amplify mostly
due to resonance with the tropospheric PVBs, which have produced strong surface
and tropopause winds through the Orr-mechanism. The surface PVB propagates
westward during the first day (roughly upto t = 2.8, Fig. 5.18b), whereas the tropo-
pause PVB is ’accelerated’ to propagate with a speed larger than the maximum zonal
wind speed of the basic state up to t = 3.5. The contribution from the tropopause PVB
to the growth rate of the surface PVB (and vice versa) oscillates between positive and
negative values, before settling in the asymptotic GNM configuration Finally, even
though there are many stratospheric PVBs their contribution to both the growth rate
and phase speed of the tropopause PVB (let alone the surface PVB) remains the by
far the smallest contribution.

10 Summary and concluding remarks

The existing normal-mode studies of the two-layer Eady model have been extended
by a detailed investigation of the finite-time and optimal growth properties. A num-
ber of quite generally applicable tools have been developed (in Sections 4-6), which
make an unambiguous investigation possible of the growth mechanisms that play
a role in initial-value experiments (not necessarily optimal perturbations). The ba-
sic constituent which makes this investigation possible, is the so-called PV building
block (PVB) which takes the form of a zonally wavelike, vertically localized PV an-
omaly. A distinction has been made between ’passive’ and ’active’ PVBs, depending
on whether the mean PV gradient at their level is zero or not, respectively. The tools
have been formulated in such a way that they can be used to understand initial-value
experiments for much more general basic states than the one described in the present
paper (such as β-plane models with a more complex zonal wind profile or, after a
straightforward generalization of the equations and methods, with a time-dependent
basic state). The present paper can therefore also be seen as a concrete example of
the use of the tools. Direct generalizations of the tools presented here can be found
in many directions. The companion paper discusses the incorporation of β in the
theory. After introducing β, all PVBs are of the ’active’ type and all PVBs can interact
with each other by advecting the mean PV gradient.

Regarding the optimal perturbation evolution, it is concluded that the optimal
surface evolution differs fundamentally from the standard view on baroclinic de-
velopment due to normal-mode baroclinic instability in Eady-like models (i.e. the
interaction between the two edge waves at the surface and the tropopause). The
main point we want to underline is that the surface and tropopause PVBs which are
excited rapidly after the initialization, owe their existence almost exclusively to the
existence of interior tropospheric PVBs, which by a linear resonance mechanism give
them a large amplitude. The Orr-mechanism provides a very efficient mechanism to
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Figure 5.18: As in Fig. 5.10 but now for the N-PVB optimal perturbation evolution in M2.

rapidly generate large streamfunction values near the surface and the tropopause,
which in turn give rise to a strong resonance effect. The effect of the stratospheric
PVBs on the surface is found to be almost negligible for the optimal perturbations.
The traditional normal-mode growth starts to exceed the growth due to resonance
only after a very long time (say four or five days).

As a final remark to the present study of optimal perturbation dynamics, we note
that recent work of Snyder and Hakim (2005) [see also Hakim (2000b)] has revealed a
potential weakness of optimal perturbation, or singular vector (SV) analysis applied
to cyclogenesis. As we have seen generally constructed SVs usually exhibit a sig-
nificant amount of fine structure in the vertical. The question arises to what extent
initial realistic precursor disturbances possess that degree of complexity. Snyder and
Hakim (2005) argue for instance that a large number of SVs needs to be included
to get a realistic initial structure such as a tropopause PV anomaly. This has been
one of the reasons to include a discussion of the construction of SVs using a lim-
ited amount of PVBs (for instance one, or three) in the initial SV. Even for the SVs
constructed in these simple cases, we have seen that the growth of the surface and
tropopause PV anomalies are to a large extent caused by the linear resonance with the
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interior tropospheric PV, rather than by the classical view of normal-mode baroclinic
instability.

A Dynamical equations

The total perturbation streamfunction is decomposed in terms of a surface edge wave
(B), a tropopause Rossby wave (T) and the interior PVBs. Following Davies and
Bishop (1994) and Dirren and Davies (2004) the following time-evolution equations
can be derived
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(5.25)

where θ̄0
,y = −ΛT and q̄d

,y = ΛT/N2
T − ΛS/N2

S. In these equations, the superscripts
indicate the height at which the Green’s function is evaluated, e.g. φ0

B = φB(z = 0).
The subscripts indicate the position of the PVB. The above equations (5.25), generalize
Eqs. (6) of Dirren and Davies (2004) to include the influence of the stratosphere and
an arbitrary number of interior PV anomalies [they are also the discretized analogue
of Eqs. A8 and A9 in Heifetz and Methven (2005)]. They can be used to study the
linearized dynamics for arbitrary initial conditions.

B Green’s function

The Green’s function G(z, h) is different for tropospheric and stratospheric PVBs. We
adopt the notation Gtrop(z, h) for tropospheric PVBs and Gstra(z, h) for the stratospheric
PVB. Note that Gtrop(z, h) and Gstra(z, h) are defined in the entire domain; the suffix
only denotes the position of the PVB. The PVB at the interface is can be computed
from both, as we require that Gtrop(z, d) = Gstra(z, d), where d is the tropopause height.
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A straightforward calculation gives the Green’s function Gtrop(z, h) for a tropospheric
PVB

Gtrop(z, h) =
NT

µ
H(d − z)

{
H(z − h) sinh[µT(z − h)] + a1 cosh(µTz)

}
+

NT

µ
H(z − d)a2e−µS(z−d), (5.26)

where H(x) is the Heaviside step function and µT,S = NT,S
√

k2 + l2. Furthermore
we have a1 = −

αγ3+γ4

γ1+αγ2
, a2 = −

cosh(µTh)
γ1+αγ2

, α = NT/NS, γ1 = sinh(µTd), γ2 = cosh(µTd),
γ3 = sinh[µT(d − h)] and γ4 = cosh[µT(d − h)]. For a stratospheric PVB we get
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with a3 = −
αeµS (d−h)

γ1+αγ2
, a4 = −

αγ2γ3−γ1γ4

γ1+αγ2
. Using Eqs. (5.26)-(5.27), one can obtain the

coefficients appearing in Eq. (5.25). For basic states, which have a complex profile of
the buoyancy frequency or include the effects of compressibility, one might need to
compute the Green’s function numerically. To the contrary, complex profiles of the
zonal wind are in general not a problem as ū does not appear in the Green’s function.





6 Resonance in optimal perturbation evolution.
Part II: The effect of non-zero β

Optimal perturbations are constructed for a two-layer β-plane extension of the Eady model. The surface
and interior dynamics is interpreted using the concept of potential vorticity building blocks (PVBs),
which are zonally wavelike, vertically confined sheets of quasi-geostrophic potential vorticity. The
results are compared with the Charney model and with the two-layer Eady model without β. We focus
particularly on the role of the different growth mechanisms in the optimal perturbation evolution.

The optimal perturbations are constructed allowing only one PVB, three PVBs and finally a discrete
equivalent of a continuum of PVBs to be present initially. On the f -plane only the PVB at the surface
and at the tropopause can be amplified. In the presence of β, however, PVBs influence each others
growth and propagation at all levels. Compared to the two-layer f -plane model, the inclusion of β
slightly reduces the surface growth and propagation speed of all optimal perturbations. Responsible for
the reduction are the interior PVBs which are excited by the initial PVB after initialization. Their joint
effect is almost as strong as the effect from the excited tropopause PVB, which is also negative at the
surface.

If the optimal perturbation is composed of more than one PVB, the Orr-mechanism dominates the
initial amplification in the entire troposphere. At low levels, the interaction between the surface PVB
and the interior tropospheric PVBs (in particular those near the steering level) takes over after about
half a day, whereas the interaction between the tropopause PVB and the interior PVBs is responsible for
the main amplification in the upper-troposphere. Finally, it takes more time, compared to the f -plane
model, for the optimal perturbation to settle into the growing normal-mode configuration∗.

1 Introduction

The work of Eady (1949) and Charney (1947) has convincingly shown that it is possible
to get realistic growth rates and vertical disturbance structures by retaining only the
most essential atmospheric ingredients. While Eady retained the tropopause but
neglected the meridional dependence of the Coriolis parameter (theβ-effect), Charney
retained the β-effect but ignored the tropopause and the effect of the stratosphere.
Green (1960) extended the Eady model by studying the effect of nonzero β. Afterward,
many authors replaced the rigid lid by a stratosphere, and some retained the effects
of compressibility and β (Müller 1991; Rivest et al. 1992; Juckes 1994; Harnik and
Lindzen 1998).

The transient growth properties of baroclinic shear flows have been investigated
extensively after Farrell (1982) showed that initial-value experiments often tempor-
arily exhibit growth rates much larger than the fastest growing normal mode. This
observation led to the theory of optimal perturbations, which are atmospheric initial

∗This chapter has been submitted for publication as De Vries and Opsteegh (2006c).
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disturbances which amplify maximally for finite time and according to a certain norm
(Farrell 1984; Farrell and Ioannou 1996a). The normal modes, on the other hand, amp-
lify exponentially in all norms. Previous studies carried out on the f -plane have em-
phasized that a (linear) resonance between interior potential vorticity (PV) perturba-
tions and the surface edge wave plays a key-role in the surface dynamics [e.g. De Vries
and Opsteegh (2005), hereafter referred to as DO5], even if exponentially growing nor-
mal modes are present [De Vries and Opsteegh (2006b), DO6 from here]. The inclu-
sion of β in Eady-like models is known to change the stability properties (Green 1960).
Not much is known of the effect of β to the optimal perturbation evolution, which may
be related to the fact that even the discrete normal modes have a very complex struc-
ture in terms of boundary potential temperature (PT) and interior PV (Robinson 1989;
Heifetz et al. 2004).

The present study investigates to what extent the results, obtained previously
in DO5 and DO6, are modified when β is included and, accordingly, the mean PV
gradient becomes nonzero throughout the domain. We closely follow the setup of
DO6 and many of the techniques presented in that paper will be used. With the
possible application of explosive surface cyclogenesis, we will focus in detail on the
surface dynamics but also study the role of the different growth mechanisms for the
amplification in the interior.

The order of the paper is as follows. Section 2 contains a qualitative discussion
of the model and the methods used. The role of the growth mechanisms in the
growing normal mode is addressed in Section 3. Sections 4 and 5 contain the core
information regarding the optimal perturbation evolution at the surface and in the
interior respectively. Concluding remarks are presented in Section 6.

2 Theory

2.1 Basic state and equations

Two model configurations are investigated. The first is the incompressible Charney
(1947) model, hereafter referred to as M1. If β is set to zero, M1 is equivalent to
the semi-infinite extension of the Eady model [e.g. Thorncroft and Hoskins (1990);
Chang (1992) and DO5]. Its basic state has a uniform shearΛ of the zonal wind ū, and
a constant buoyancy frequency N2. On the β-plane, exponentially growing normal
modes (GNM) exist, which are extensively discussed in the standard textbooks (Gill
1982; Pedlosky 1987). The second model (referred to as M2) is the two-layer Eady
model with nonzero β. For β = 0, the M2 model is equivalent to the model discussed
in DO6. The basic state of M2 is formed by a two-layer, troposphere-stratosphere
system, in which the buoyancy frequency N2(z) and the shear Λ of the zonal wind
ū(z) are different in both layers. A matching condition is applied at the interface
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(tropopause). We have used the non-dimensional values N2
T = 1 (in dimensional

quantities 10−2 s−2), N2
S = 4, ΛT = 1 (3 m s−1 km−1), ΛS = −1 and a tropopause at

z = d = 1 (10 km). The normal-mode properties of M2 with β = 0 have been discussed
in Müller (1991).

Given the specification of the basic states, we consider the linearized quasigeos-
trophic dynamics on the β-plane(

∂
∂t
+ ū

∂
∂x

)
q = −v

∂q̄
∂y
, (6.1)

where q (q̄) is the perturbation (basic-state) PV and v = ∂ψ/∂x the meridional velocity,
where ψ is the perturbation streamfunction. Variables have been made nondimen-
sional as in DO6. The Bretherton (1966a) formalism is used to interpret the surface
boundary condition (rigid lid) and the interface condition (matching vertical velocit-
ies) in terms of PV. In this perspective q and ∂q̄/∂y contain the singular contributions
from the interfaces at z = 0 (surface) and z = d (a possible tropopause):

q = δ(z − d)

 θS

N2
S

−
θT

N2
T

 + δ(z)
(
θT

N2
T

)
+

∫
qc(z′)δ(z − z′)dz′ (6.2)

∂q̄
∂y

= δ(z − d)

ΛT

N2
T

−
ΛS

N2
S

 − δ(z)
(
ΛT

N2
T

)
+

∫
∂qc(z′)
∂y

δ(z − z′)dz′ (6.3)

where θ = ∂ψ/∂z defines the potential temperature (PT) and the subscripts (S,T)
indicate stratosphere and troposphere respectively. The continuous parts of the PV
are related to the streamfunction and to the basic state by:
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( 1
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,
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)
. (6.4)

2.2 PV building blocks and propagator dynamics

DO6 introduced PV building blocks (PVBs) as zonally wavelike, vertically confined
layers of PV. One can formulate the complete (vertically discretized) dynamics in
terms of interactions between individual PVBs [c.f. Eq. (6) in DO6], by making use
of the Green’s function, which is defined via ψ =

∫
G(z, z′)q(z′)dz′ or via its vertically

discretized analogue
ψ = G · q. (6.5)

The PVBs are labeled ’passive’ and ’active’ depending on whether or not the mean
PV gradient is zero at the level of the PVB. If β is nonzero, as is the case in the present
paper, all PVBs are ’active’. We will further make the distinction between the PVBs
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Figure 6.1: Schematic illustration of the effect of a PVB on the PV tendencies everywhere in
the domain. The thick horizontal line denotes the surface.

residing at the singular levels (surface and tropopause, if present) and all other PVBs
which are part of the continuous PV distribution. The last mentioned PVBs will also
be called ’interior’ PVBs, which makes a detailed comparison with the β = 0 case
possible.

In M2, the domain is divided in the four regions ’surface’, ’troposphere’, ’tropo-
pause’ and ’stratosphere’, which are indicated by the subscripts (B,trop,T,stra). The
PVBs are also labeled into these four groups. In M1, we distinguish only between the
surface PVB (denoted by B) and all remaining PVBs (denoted by PV). Fig. 6.1 shows
schematically in which way a positive PVB (denoted by the encircled plus-symbol)
gives rise to PV tendencies at all other levels on the β-plane. Although everyone
may be familiar with this figure at least since Hoskins et al. (1985), we have included
it mainly to stress that an existing PVB amplifies the surface PVB lying at most π
eastward, but destroys the existing interior PVBs lying eastward. If β is taken to be
zero, PVBs cannot be created except at singular interfaces such as the surface and the
tropopause.

Following DO6, we introduce the matrix P(t), called the P-propagator, defined
by:

q(t) = P(t) · q(0). (6.6)

The propagator P(t) forwards in time arbitrary initial conditions [expressed in terms
of the complex-valued initial PVB amplitudes q(0)]. By multiplying Eq. (6.6) from
the left with the Green’s function G of Eq. (6.5), we arrive at

ψ =W(t) · q(0), (6.7)

where W(t) = G · P(t) is called the W-propagator. The W-propagator translates an
initial condition to streamfunction values at finite time. By plotting the absolute
value of the W-propagator at various instants in time, we get insight in the dynamics
of initial-value experiments in which one single PVB of unit amplitude is used (DO6).
This has been done in Fig. 6.2 for M1 and M2 at four instants in time (t = 5 corresponds
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Figure 6.2: (a-d) |W| at various instants in time (up to four days in dimensional units) in M1
(the Charney model). The horizontal axis represents h, the height of the PVBs, the vertical
axis represents the height z. Lines of constant h = hi therefore give the absolute value of the
streamfunction generated at time t due to an initial PVB at position z = hi. (e-h) Similar but
for M2. Contour-interval 0.25.

to roughly two dimensional days). The figures are interpreted as follows. For a given
time t and a particular choice of the height of the initial PVB (i.e. a value h on the
horizontal axis), the contours above h give the streamfunction amplitude at time t. At
initial time (not shown), the results are symmetric around the line z = h and identical
to the absolute value of the Green’s function. Due to the advection processes taking
place after t = 0, the figures start to develop asymmetrically. It is for instance seen that
already at t = 2.5 (one dimensional day) the maximum streamfunction amplitudes
are found near the surface, even if the initial PVB is positioned in the middle or upper
troposphere. The results are similar to the β = 0 results reported in DO6 although
slightly more growth occurs with β (both in M1 and M2) and maximal amplitudes
are obtained for PVBs at lower altitudes. This relates directly to the lower position
of the steering level of the GNM in the presence of β. More discussion can be found
in DO6.

2.3 Isolating growth mechanisms

The propagator formalism allows for an identification of the different growth mech-
anisms which contribute to the instantaneous growth rate and the phase-speed of
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the disturbances. Each PVB has a time-dependent amplitude and phase:

qi(t) = Qi(t)eiηi(t), (6.8)

We discern two important growth rates: the growth rate of the PVBs at a particular
level, and the growth rate of the streamfunction at a particular level. The streamfunc-
tion growth rate contains information of all PVBs in an integral sense. Returning to
the growth rate of the PVBs, it is clear that a PVB can not cause itself to grow. How-
ever, if the mean PV gradient is nonzero at the level where the PVB resides, it may
be amplified or damped by other PVBs. The instantaneous phase-speed of a PVB at
level i, ci(t), is composed of similar terms, but contains an additional term stemming
from the basic-state zonal wind at level i. This term leads to passive advection of the
PVB at level i if the mean PV gradient is zero at level i. In short, the evolution of a
PVB at level i is described by∗:

γq
i (t) =

[
Q̇i(t)
Qi(t)

]
=

∑
α

Ai,α(t), (6.9)

ci(t) =

[
−η̇i(t)

k

]
= Ui +

∑
α

Ci,α(t), (6.10)

where α = (B, trop,T, stra) and Ui = ū(z = i). Note that all coefficients Ai,α and Ci,α

defined above are zero if the mean PV gradient is zero at level i. The first subscript
indicates the level, the second its origin (e.g. Ai,B is the contribution to the growth
rate of the PVB at level i due to the surface PVB).

For the streamfunction at level i, we writeψi(t) = Ψi(t) exp[iεi(t)]. The growth rate
of the streamfunction should be partitioned in a different way than the growth rate
of the PVBs (DO6). The main reason is that the Orr-effect is an additional growth-
mechanism, and relates to the differences between the instantaneous phase-speeds of
all the PVBs. Trying to sub-divide the Orr-term in multiple terms breaks the Galilean
invariance of the results. By separating off the Orr-part explicitly, we both maintain
Galilean invariant results and are able to relate the remaining terms to the different
growth mechanisms. Using vector notation to suppress an additional subscript, we
write

γψ(t) := γOrr(t) +
∑
α

∑
α′

fα,α′ , (6.11)

where α, α′ = (B, trop,T, stra). Each term [ fα,α′ ] represents only a portion of the
streamfunction growth rate. In fact [ fα,α′ ] is that portion of the streamfunction
growth rate which stems from the amplification of PVB α by PVB α′ (note that α and
α′ can also be a group of PVBs). Certain combinations of fα,α′ can be interpreted

∗The explicit expressions for the different terms are presented in DO6.
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easily in terms of the growth mechanisms:

• Orr-mechanism. This is the term γOrr
i (t) related to the growth due to the instant-

aneous phase-speed difference between the individual PVBs.

• B-PV-interaction. This is the interaction between the surface PVB and the PVBs
belonging to the continuous PV distribution. It is computed as f trop,B + f B,trop +

f stra,B + f B,stra. A further distinction can be made by subdividing the interior
PVBs into tropospheric and stratospheric PVBs. If β = 0, this process is identical
to B-resonance discussed in DO6.

• T-PV-interaction. Similar as B-PV-interaction but for the tropopause PVB, com-
puted as f trop,T + f T,trop + f stra,T + f T,stra. If β = 0, this process is identical to
T-resonance discussed in DO6.

• B-T-interaction. This term involves the interaction between the PVBs at the
surface and the tropopause and is computed as f B,T + f T,B. If β = 0, this
interaction represents the complete normal-mode growth.

• PV-interaction. Absent if the mean PV gradient is zero in the interior of the tro-
posphere and stratosphere. It is computed here as f trop,trop+ f stra,stra+ f trop,stra+

f stra,trop and therefore includes two self-interaction terms.

3 Normal modes in M2

If the f -plane approximation is made in M2, the mean PV gradient is zero everywhere
except at the surface and the tropopause. A normal-mode (NM) stability analysis
can be carried out. Müller (1991) showed that growing normal modes (GNM) ex-
ist for a range of wavenumbers bounded by a long-wave and a short-wave cutoff
wavenumber, as long as the surface and the tropopause mean PV gradients have
opposite sign. If, on the other hand, the β-plane approximation is made, the Charney
and Stern (1962) condition for instability is satisfied for all basic states with positive
tropospheric shear. We have computed the NM growth rates for variable k and β for
the basic state with N2

T = 1, N2
S = 4, ΛT = 1, ΛS = −1 and a tropopause at z = d = 1

(10 km). The results are shown in Fig. 6.3. Similar to the β-plane extension of the
Eady model with upper rigid lid by Green (1960), it is seen that β destabilizes the
basic-state and the short-wave cutoff is absent. In the present paper it is seen that
the long-wave cutoff also disappears, similar to calculations performed by Harnik
and Lindzen (1998) for more realistic vertical profiles of zonal wind and buoyancy
frequency.
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Figure 6.3: Growth rate of the GNM in M2 as a function of zonal wavenumber k and β.

3.1 Structure of the GNM

Fig. 6.3 shows that both the wavenumber and the growth rate of the fastest growing
NM are almost independent of β, at least as long as β is not large (β = 0.5 is a typical
non-dimensional value for the atmosphere at mid-latitudes). This suggests that
the dominant mechanism producing growth of the fastest growing NM may still be
qualitatively similar to the Eady edge-wave interaction. To elaborate on this idea, Fig.
6.4a-b shows the vertical structure of the streamfunction and PV of the fastest growing
NM for three different values of β, all scaled to have unit streamfunction amplitude
at the surface. The phase of the surface PVB is fixed at −π. The streamfunction
structures are indeed qualitatively similar to the familiar Eady wave. The maxima
of the streamfunction amplitude are found at the surface and at the tropopause.
Unlike the f -plane Eady model with upper rigid lid, the streamfunction for β = 0
is larger at the surface than at the tropopause. If β is increased, the position of the
tropospheric minimum in the streamfunction decreases. The minimum is found to be
just above the steering level of the GNM, which also decreases for increasing β. For
all three cases, the phase of the streamfunction increases with height, producing the
characteristic westward (up-shear) tilt of amplifying disturbances. Note that because
of the reversed shear, the streamfunction is tilted down-shear in the stratosphere. The
phase is constant with height in the stratosphere for β = 0, because all stratospheric
PVBs of the GNM have zero amplitude.

Fig. 6.4b displays the amplitude and the phase of the PV at each level, which is,
up to a rescaling factor (DO6), equal to the amplitude and phase of the PVB at that
level. If β = 0 all amplitudes of the PVBs not residing at the surface and tropopause
are zero. Therefore their phases are meaningless and are indicated in Fig. 6.4b only to
mark the phase of the tropopause PVB. For nonzero β the amplitudes of all PVBs are
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Figure 6.4: (a) Streamfunction of the fastest GNM in M2 for three values of β. Dotted line β = 0
(k = 1.55, cs = .54, kci = .26), dashed line β = .5 (k = 1.65, cs = .42, kci = .26), full line β = 1
(k = 1.83, cs = .33, kci = .26). Thin lines indicate the phase, thick lines the absolute values.
Steering levels are also indicated. b) PV of the GNM for the three cases. Note that for β = 0
the amplitudes of all interior PVBs (which are of the ’passive’ type in that case) are zero. Their
phase is therefore meaningless. The phase-difference between surface and tropopause PVB is
almost constant in the three models.

nonzero and the phases are non-trivial. The PV amplitude distribution for nonzero
β attains a local maximum near the steering level and decays upward. For nonzero
β the position of the steering level is lowered. The surface PVB is π out of phase
with the first interior PVB above the surface∗. The phase rapidly decreases across the
steering level, then becomes roughly constant in the upper parts of the troposphere.
Remarkably, the phase-difference between the surface and tropopause PVB is almost
equal for the three cases. In the stratosphere, the phase rapidly decreases across the
stratospheric steering level and approaches a constant value at high altitudes.

3.2 Uniformity of the growth rate

Before we continue with the more complex situation of disturbance structures which
are changing in time such as the optimal perturbations, it is interesting to see in
which way each PVB contributes to the growth of the other PVBs and to the growth
of the streamfunction for the case of the GNM (Robinson 1989).

∗Both the interior PV equation and the thermodynamic equation are approximately satisfied at z = 0+,
leading to q = −βΛ−1

T θT .
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Figure 6.5: Contributions to the streamfunction growth rates γψi for the GNM with β = 0.

3.2.1 Zero β

If β = 0, we know exactly what is happening regarding the PVB growth rates. The
surface PVB amplifies the tropopause PVB and vice versa. In terms of the previously
introduced growth mechanisms this is the pure B-T interaction. All other PVBs have
zero amplitude and are not involved in the GNM. It is less trivial to decide which
of the two PVBs causes the growth rate of the streamfunction at a particular level.
Fig. 6.5 shows the contribution from the PVB at the surface and the tropopause
to the GNM streamfunction growth rate at each level. Each PVB contributes most
positively at the level of the other PVB and slightly negative at its own level∗. At the
position of the steering level, the contributions are equal.

3.2.2 Non-zero β

For nonzero β the situation is more complex because all PVBs interact. It is therefore
even less trivial to maintain a growth rate which is equal at all levels. By using
Fig. 6.1 we can directly relate the growth of the individual PVBs in the GNM to
the vertical distribution of the phase. It is then clear from Fig. 6.4b that the surface
PVB (with a phase fixed at −π) amplifies (and is amplified by) the PVBs roughly
up to z = 1.45 (the point where the PVB phases cross the zero phase line). The
tropopause PVB is amplified by the surface PVB and by all interior PVBs lying at
most π eastward, which include the mid- and upper-tropospheric PVBs. While these
mid- and upper-tropospheric PVBs amplify the tropopause PVB, they are themselves
destroyed by the tropopause PVB (see again Fig. 6.1). The lower-tropospheric and all
stratospheric PVBs up to z = 2 for β = 0.5 and z = 1.75 for β = 1 contribute negative
to the tropopause PVB amplification. The PVB phase distribution attains a minimum
in the upper-parts of the troposphere, and monotonically increases above. Therefore
from this point upward each PVB contributes to the growth of the PVB above, and to

∗Note that if the phase-difference between the PVB and the streamfunction at a given level were π
exactly, the contribution from the PVB to its own level would be zero.
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Figure 6.6: Different contributions to the PVB growth rates at a particular level for the most
rapidly growing GNM with β = 0.5. The lower and upper asterisks indicate AB,T and AT,B for
the β = 0 case, respectively.

the decay of the PVB below (see Fig. 6.1). Because the PV decreases monotonically
with height (the tropopause PV being the exception), there can still be net growth.

The partitioning of the β = 0.5 PVB growth rate into its components is displayed
in Fig. 6.6 (the stars indicate the two nonzero components if β = 0). Both the surface
and tropopause PVB have zero contribution at their own level. Fig. 6.6 confirms that
the surface PVB amplifies PVBs up to z = 1.45, damping all PVBs aloft. In a region
below the tropopause it’s contribution to the growth rate is maximized and exceeds
the GNM growth rate, which shows that other PVBs should contribute negatively.
The contribution from the tropopause PVB to the growth rates in the troposphere is
different. Upper-tropospheric PVBs are almost in phase with the tropopause PVB (see
Fig. 6.4b) and are therefore not amplified. Near the steering level the PV distribution
shows a rapid phase-change. As a result, surface and low-level PVBs are mostly
amplified by the tropopause PVB. The integrated contribution from the tropospheric
PVBs to the PVB growth rate is positive at the surface and negative at the tropopause.
The effect of the stratospheric PVBs to the tropospheric PVB growth rates is small.
However, in the upper parts of the stratosphere (above z = 1.5), the PVB growth rate
is completely determined by the ’self-interaction’, whereas the contributions from the
surface and tropopause PVB become negative. Note that, due to the rapid upward
decay of the PVB amplitude distribution, the individual contributions to the growth
rate become large at higher altitudes.

Fig. 6.7a shows the contributions from the different groups of PVBs to the GNM
streamfunction growth rate as a function of height. The contributions from the
surface and tropopause PVB resemble their β = 0 counterparts qualitatively in the
troposphere. On the other hand, the contribution from the surface PVB becomes
increasingly positive in the stratosphere, which also holds for the effect of the tropo-
pause PVB. The summed effect of the tropospheric PVBs to the streamfunction growth
rate is positive in the lower half of the troposphere, and negative everywhere aloft.
The stratospheric PVBs contribute only very little to the streamfunction amplification
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Figure 6.7: As in Fig. 6.5 but for the GNM with β = 0.5.

in the troposphere, but they contribute increasingly negative in the stratosphere it
self (upward propagation). Fig. 6.7b shows the growth mechanisms involved in the
GNM. We see that B-T interaction (the pure ’Eady’ interaction) is the largest positive
contribution well into the stratosphere. Runner up is the contribution from the B-PV
interaction (important in the ’Charney’ problem) which becomes the largest contri-
bution at high altitudes. The T-PV interaction contributes negatively up to z = 2. All
remaining interactions (collectively denoted by PV in the figures) contribute slightly
negative in the troposphere and increasingly negative in the stratosphere.

3.3 Summary

We have seen thatβmodifies the GNM streamfunction structure but leaves the growth
rate of the GNM roughly unchanged. The up-shear, westward tilt (and, because of the
reversed shear, down-shear tilt in the stratosphere) is slightly increased for nonzero
β and the tilt is largest near the tropospheric and the stratospheric steering level. To
produce the same growth rate at all levels (and in all norms), a delicate balance can be
reached only by introducing a particular PV distribution with local maxima near the
surface, tropopause and the steering levels. At the surface, the largest contribution
to both the streamfunction and the PVB growth rate is from the tropopause PVB. The
dominating growth mechanism in the troposphere is the familiar B-T interaction of
the pure Eady wave, but the coupling with the continuous PV distribution cannot
be neglected especially in the stratosphere (and would be more important still if β is
increased).

4 Optimal perturbation evolution

We proceed by computing the optimal perturbations for the kinetic energy norm for
the two different model configurations M1 and M2. As in DO6, an optimization time
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Figure 6.8: Streamfunction evolution of the one PVB problem in M2 with β = 0.5. From top
to bottom the rows display the evolution of the streamfunction associated with the: (a) total
streamfunction; (b) all PVBs except the surface and the tropopause PVB; (c) the surface PVB; (d)
tropopause PVB; (e) the Eady wave (surface + tropopause PVB). Negative values are dashed.
Measures of the perturbation |ψ| = (

∫
ψψ∗dz)1/2 and |ψ(0)| = (

∫
δ(z)ψψ∗dz)1/2 are indicated.

t = 5 (two days) has been chosen. To be able to compare the forthcoming results with
the β = 0 results in DO6, we use k = 1.55 which produces the fastest GNM in M2 for
β = 0 (see Fig. 6.3). This choice produces a GNM with a non-dimensional growth
rate of 0.26 in M2. In M1, however, the GNM for this wavenumber has a growth rate
of only 0.12. On the base of the GNM growth rate, we thus expect that the growth in
M2 will exceed the growth in M1.

4.1 One PVB

The evolutions of the one-PVB optimal perturbation streamfunction (in M2) and its
different components are shown in Fig. 6.8. The total streamfunction gradually
transits from a barotropic initial condition toward the westwardly tilted structure
qualitatively resembling the GNM. In many aspects the evolution is similar to the
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Figure 6.9: Relative contributions to the instantaneous SKE for the one-PVB optimal perturb-
ation evolution with β = 0.5 and topt = 5. Also shown is 10 log(1 + SKE) denoted in the graphs
by ’SKE’.

β = 0 case reported in DO6 (their Fig. 8). The β-effect reduces the average zonal
propagation rate of the optimal perturbation. The steering level of the GNM is found
at lower altitudes if β is nonzero. This is reflected in the position of the optimally
positioned initial PVB, which is slightly below its β = 0 optimal position. Absent
if β = 0, the interior PVBs amplify in time due to the presence of a nonzero mean
PV gradient. At optimization time their KE has roughly doubled. The surface and
tropopause PVB amplify less than in absence of β.

4.1.1 Growth of SKE

As noticed above the β-effect does not have dramatic effects on the optimal perturb-
ation evolution in the interior. Regarding the surface evolution, we zoom in on the
major differences between the cases in which β is zero and nonzero.

In DO6, it is shown for β = 0 that M2 produces more SKE at optimization time
than M1. Fig. 6.9 shows that M1 and M2 for nonzero β have almost identical SKE at
optimization time t = 5, even though the GNM growth rate in M2 is almost twice the
GNM growth rate in M1. This already emphasizes the limited importance of ’pure’
normal-mode growth. However, the most significant difference with the β = 0 case is
that the contribution from the interior PVBs to the SKE becomes negative after some
time (roughly after t = 2.2 in M1 and after t = 3 in M2), whereas the contribution from
the interior PVBs became zero for β = 0. One particular feature which was absent
in the β = 0 case, is the possible effect of the excitation of the stratospheric PVBs
in M2. It is seen, however, that they have a negligible contribution at the surface.
Finally, the contribution from the tropopause PVB remains negative throughout the
time evolution, similar to the β = 0 results.

Which growth mechanisms are most important for the surface development? Are
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Figure 6.10: Contributions to the instantaneous SKE growth rate for the one-PVB optimal
perturbation evolution with β = 0.5 and topt = 5.

they similar to the GNM results of Fig. 6.7b? Let us first discuss M1 and compare
the results with DO6. Fig. 6.10a shows that the B-PV interaction is most important
throughout the time-evolution. The contribution from the Orr-mechanism is larger
than in absence of β but still small. Zero in the β = 0 case, the contribution from
PV-interaction is frustrating the surface growth due to the B-PV interaction. We now
continue with M2. Also in M2, the B-PV interaction is the largest positive contribution
to the growth rate. Similar to the β = 0 case, the T-PV interaction reduces the growth
rate at the surface. The PV-interaction also reduces the growth rate (c.f M1 in Fig.
6.10a). Finally, the B-T interaction starts to become the dominating mechanism long
after optimization time has been reached, which is much later than in absence of β.
So compared to the β = 0 case it takes more time for the SV to settle down into the
GNM configuration. This is reflected clearly by comparing the results above with the
long-time GNM values in Fig. 6.7b, in which the contribution from B-T interaction is
almost twice as large as the contribution from B-PV interaction.

4.1.2 Growth of the surface and tropopause PVB in M2

Fig. 6.11 displays the contributions to the growth rate of the surface and tropopause
PVB. Qualitatively similar to the β = 0 situation, it is seen that the growth rates of
both the surface and the tropopause PVB are dominated initially by the term from
the interior PVBs. Gradually the influence of the PVB residing at the tropopause
(in case of the surface PVB) or the surface (in case of the tropopause PVB) increases.
Focusing on the differences with respect to the β = 0 case reported in DO6, we
notice that it takes more time before the tropopause PVB dominates the surface PVB
amplification. At the level of the tropopause, the self-amplification has rather the
opposite effect. The surface PVB starts to be the largest contribution to the growth
rate of the tropopause PVB after t = 3.5, which is earlier than in the β = 0 case.
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Figure 6.11: Evolution of the different contributions to the instantaneous growth rate and
phase speed of the surface PVB (panels a-b) and the tropopause PVB (panels c-d) for the
one-PVB optimal perturbation. Thick lines indicate the sum of all contributions. The different
component are shown separately in the panels and further defined in the main text.

The asymmetric development can be anticipated from Fig. 6.6, which shows that the
interior tropospheric PVBs contribute negatively to the growth rate of the tropopause
PVB but positively to the growth rate of the PVB at the surface.

We now verify the statement, made in the previous section, that the phase-speed
is decreased due to the β-effect. In the case with β = 0, the interior PVB did not
contribute to the phase-speed of the surface and the tropopause PVB. During the
complete evolution the PVB was π/2 out of phase with the PVBs generated at the
surface and the tropopause.

On the β-plane a more complex situation develops. We see in Fig. 6.11b that
the interior PVBs lead to a reduction of the phase-speed of the surface PVB. Their
negative contribution is almost as strong as the contribution from the tropopause
PVB. Apparently, the joint effect from the excited interior tropospheric PVBs, which
are generated approximatelyπ out of phase with the excited surface PVB, contributes
in a similar way as the excited tropopause PVB, with which they are in phase, to the
phase-speed of the surface PVB. The term remains negative in the long-time SV
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Figure 6.12: As in Fig. 6.9 but for the three-PVB optimal perturbation evolution with β = 0.5.
Also shown is 10 log(1 + SKE) denoted in the graphs by ’SKE’.

evolution (i.e. when the GNM configuration has been reached), whereas for β = 0
the contribution vanished in the long-time limit (c.f. Fig. 10b and 10d in DO6). In
this way, the interior PVBs are responsible for the reduction of the phase-speed. A
similar reasoning holds for the tropopause PVB (Fig. 6.11d).

4.2 Three and more PVBs

The optimal perturbations with three and N PVBs in the initial SV have been com-
puted as well and the results are surprisingly similar to the results of DO6. Both
in M1 and M2, the SKE attained at optimization time is found to be less if β is in-
cluded (Fig. 6.12). The main reason for the reduction is that the PV-interaction works
rather destructive on the growth rate (Fig. 6.13). Further differences occur mainly
because the structure of the asymptotically approached GNM is different for β zero
or non-zero. As before the contribution from the stratospheric PVBs to the SKE re-
mains completely negligible. It is interesting to note that, as in the β = 0 situation,
M1 attains a larger SKE at optimization time than M2, although the GNM growth
rate in M2 is twice that in M1. This once more is a clear illustration of the relative
unimportance of the GNM in the initial non-modal development.

5 Role of the growth mechanisms in the interior

Up to now, we have been investigating mainly the surface dynamics of the optimal
perturbation evolution and aspects of the two dimensional growth of the perturbation
have been addressed only qualitatively. The methods developed in DO6 can be used
as well to investigate the role played by the growth mechanisms in the interior. We
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Figure 6.13: As in Fig. 6.10 but for the three-PVB optimal perturbation evolution with β = 0.5.

take the one- and three-PVB optimal perturbation evolution in M2 and create contour
maps of the contribution of the different growth mechanisms. The results have been
displayed in Figs. 6.14 and 6.15.

In the one-PVB optimal perturbation in Fig. 6.14, the growth rate of ψ, which
is zero at initial time, rapidly increases at all levels. The largest growth rates are
attained in the stratosphere a few hours after initialization. This is due to the initially
small streamfunction amplitude at those levels. At the surface and the lower tropo-
sphere, however, maximal growth rates are found roughly after one day. Afterward,
the growth rate gradually decreases toward the asymptotic GNM value. Near the
position of the initial PVB (near the steering level just below the mid-troposphere),
the growth rates are lowest. The Orr-mechanism is not important and gradually
decays to zero at all levels as the GNM is formed. In line with the previous sec-
tions, the dominant positive contribution at low levels is due to B-PV interaction. At
higher levels, however, this interaction works destructive, which clearly shows that
the GNM configuration is reached only slowly (c.f Fig. 6.7 of the GNM). The T-PV
interaction previously was seen to frustrate the growth at the surface. This is now
seen to hold up to the mid-troposphere. However, above the mid-troposphere and
well into the stratosphere, the T-PV interaction is the dominating process that ampli-
fies the streamfunction. The B-T interaction is almost negligible at all levels initially
and becomes important only after the optimization time. Finally, the PV-interaction,
which measures the effect of the amplification of the continuous PV integral (the
self-interaction of all interior tropospheric and stratospheric PVBs), is important in
the early stages at higher altitudes. A comparison between the SV results shown here
and the GNM results presented in Fig. 6.7b shows that even after two optimization
times, the SV has not settled completely into the GNM structure, although the growth
rate of the total streamfunction has become roughly equal to the GNM value at all
levels after two optimization times.
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Figure 6.14: The role of the different growth mechanisms in the one-PVB optimal perturbation
evolution with β = 0.5.

The three-PVB evolution in terms of the growth mechanisms (Fig. 6.15) differs
from the one-PVB results only in one important aspect (note that the contour-interval
has been doubled). Absent in the one-PVB problem the Orr-mechanism has a strong
positive effect on the streamfunction growth rate in the entire troposphere, but es-
pecially in the vicinity of the steering level where the PVBs reside. High up in
the stratosphere, the Orr-mechanism still contributes negatively as in the one-PVB
results. The B-PV interaction is again important at low levels (it is a little delayed
compared to the one-PVB results), but also strongly limits the growth higher up
in the troposphere. For the T-PV interaction the situation is just the opposite, and
strong positive interaction occurs in the upper-troposphere and aloft. Finally, the B-T
interaction is a small positive contribution in the troposphere and the effect of the
PV-interaction is similar to the one-PVB results.

The results of the optimal perturbation computed with N PVBs in the initial dis-
tribution agree well with the three-PVB problem in the troposphere (overwhelming
positive contribution from the Orr-mechanism initially). In the stratosphere, the res-
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Figure 6.15: The role of the different growth mechanisms in the three-PVB optimal perturbation
evolution with β = 0.5.

ults become messier because of the small amplitudes of all PVBs which initially lead
to very small streamfunction values, and thereby to large contributions to the growth
rates.

6 Discussion

In DO5 and DO6 it has been shown that resonance between the surface PVB and
interior tropospheric PVBs is important for the growth of optimal perturbations at
the surface. If the initial optimal perturbation is composed of more than one PVB,
the Orr-mechanism (PV unshielding) is essential for the initial development. It
serves to rapidly generate large surface winds. These surface winds advect the mean
temperature gradient at the surface, and lead to the excitation of the surface PVB (the
edge wave). If a tropopause is present, a tropopause PVB (interfacial wave) is also
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excited. If the optimal perturbation is composed of more than one PVB, the initial
structure exhibits a significant up-shear tilt. In that case the tropopause PVB is seen
to frustrate the development at the surface (up to optimization time). Eventually (but
well beyond the optimization time) the normal-mode growth starts to dominate.

In the present paper, we have included the β-effect and we have studied in which
way the optimal perturbation evolution is modified. With the introduction of the β-
effect, PVBs at all levels start to influence each others growth and phase propagation.

The effects of β are the largest, if the initial optimal perturbation is composed of
one PVB. Because the mean PV gradient is nonzero at all levels if β is nonzero, PVBs
(at the surface, tropopause, and the interior) are continuously being generated π/2
out of phase with the initial PVB. The contribution from the excited interior PVBs
to the surface development is found to be negative. Their negative contribution is
roughly equal to the negative contribution from the tropopause PVB and thereby
lead to a small reduction of the total growth at the surface. The β-effect is further
seen to reduce the average propagation speed of the optimal perturbation.

If the initial optimal perturbation is composed of more than one PVB, the results
are strikingly similar to the β = 0 results in DO6. The Orr-mechanism is hardly
influenced by β (see also the Appendix). The main effect of β is to slightly reduce
the average phase-speed of the optimal perturbation. Similar to the β = 0 resuls, the
stratosphere remains completely unimportant for the surface development.

A subsequent investigation has been made of the role of the growth mechanisms
in the interior. This has revealed that the Orr-mechanism is initially important mainly
in the troposphere, but only if the initial optimal perturbation is composed of more
than one PVB, confirming the f -plane results in Morgan (2001). Linear resonance
between the interior tropospheric PVBs and the surface PVB is responsible for the
low-level development in the second stage of the perturbation evolution well beyond
the optimization time. In a similar way, the resonance between the tropopause PVB
and interior tropospheric PVBs is most important for the explosive growth at higher
altitudes and in the stratosphere. The surface-tropopause interaction (the ’pure’ Eady
wave) as well as the self-amplification of the interior PVBs only slightly modify this
picture.

A PV unshielding in the presence of β

We assume for the moment an unbounded shear flow (even no surface) on the β-plane
(with constant shear and buoyancy frequency) and investigate what is the effect of
β on PV unshielding for the simplest nontrivial case, namely an infinite number of
equal-amplitude PVBs tilted uniformly with height. The instantaneous phase speed
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of a given PVB is determined as (DO6):

ci = Ui + β
∑

j

ĝi j

(
Q j

Qi

)
, ĝi j = Gi j cos(ηi − η j), (6.12)

where Gi j denotes a Green’s function entry and ηi denotes the phase of the PVB at
level i. Taking the difference of two nearby PVBs (labeled by i and j ≡ i + 1) gives:

c j − ci = (U j −Ui) + β(ĝ j j − ĝii) + β(ĝ j, j+1 − ĝi,i−1) + β(ĝ j, j+2 − ĝi,i−2) + · · · (6.13)

For an unbounded flow Gii = G j j and the first term with β vanishes. Because the
vertical tilt is assumed to be uniform with height, all subsequent terms are also
zero, as long as the amplitudes remain equal. To determine whether this is the case,
we compute the growth rate of each PVB given an initial configuration of equal
amplitude PVBs. Because the flow is assumed to be unbounded in the vertical, we
can, without loss of generality, consider the PVB at height z = 0. Using the notation
g̃i j = Gi j sin(ηi − η j), we arrive at (DO6)

γ0 = β(g̃0,−1 + g̃0,1) + β(g̃0,−2 + g̃0,2) + · · · = 0. (6.14)

For uniform tilt and no boundaries g̃0,−i = −g̃0,i (because Gi j = G ji) and all contri-
butions are zero. The growth rate of each PVB remains identically zero. Thus, an
unbounded PV structure with initially constant vertical tilt and amplitude remains
of constant amplitude and un-tilts in a way which is completely independent of β.
The presence of β acts solely to add a constant term to the the phase propagation
of the PVB at level i, namely βĝii, which is the same for all PVBs in the unbounded
domain. It is therefore comparable to a Galilean transformation.

This simple reasoning is no longer valid if at least one of the following three
disturbing factors occurs: 1. The existence of a tilt which is non-uniform with height.
2. The existence of PVBs with different amplitudes. 3. The existence of a boundary,
interface, vertical density gradient or height variations of the buoyancy frequency. In
these cases, the Green’s function will no longer be symmetric and PVBs will interact
differently with PVBs aloft than with PVBs below.

As an example, let us assume that the PVBs have initially equal amplitudes but
that the tilt increases with height. In this case we will get |g̃ j, j+1| < |g̃i,i−1| and c j − ci

will increase and PV unshielding will occur more rapidly. What happens with the
amplitudes? We know for configurations which tilt westward with height, that
each PVB will be amplified from below and damped by the PVBs above. If the tilt
increases with height we will have that g̃0,−1+ g̃0,1 will become negative and therefore
leads to decay of the PVB at level 0. So PV unshielding occurs more rapidly but the
amplitudes of the PVBs decrease. For a tilt decreasing with height the opposite may
occur. For more complex situations it is difficult to give definite answers.



A Quasi-geostrophic equations

The quasi-geostrophic equations are restated, along with their non-dimensionalization. Although this
is a straightforward matter which can be found in almost any textbook (Gill 1982; Pedlosky 1987),
we have included it in this thesis mainly because of the wide variety in notations used throughout the
literature.

1 Dimensional equations

Renowned because of their analytical tractability and conceptual simplicity, the quasi-
geostrophic equations are used as a starting point in numerous papers and textbooks
(e.g. Gill 1982; Pedlosky 1987). The main advantage of the quasi-geostrophic
system is that all dynamically important information can be obtained from one single
quantity, the quasi-geostrophic potential vorticity, which in this thesis is termed
potential vorticity, or simply PV. PV used in the present thesis should therefore not
be interpreted as the full Ertel (1942) potential vorticity, although Ertel PV and quasi-
geostrophic PV can be related if certain approximations are made (Hoskins et al.
1985). The attractivity of using PV lies in the fact that it is materially conserved for
inviscid flows. Therefore PV can be used as a dynamical tracer. Because the PV and
the streamfunction are related, under the constraint of quasi-geostrophy, by means
of the Laplacian operator, the complete (balanced) flow field can be determined from
inversion of the PV, and the application of the correct boundary conditions. This
constitutes the so-called invertibility principle for balanced flow (Hoskins et al. 1985).

The quasi-geostrophic system is often formulated using the log-pressure vertical
coordinate z∗ defined by p = pr exp(−z∗/Hs), where pr is a reference surface pressure
and Hs the scale height for the density. Using the log-pressure coordinate, the
equation for PV conservation becomes:

Dg

Dt

[
f0 + βy +

1
f0

(
∂2Φ

∂x2 +
∂2Φ

∂y2

)
+

f0
ρ∗

∂
∂z∗

( ρ∗
N2
∗

∂Φ
∂z∗

)]
= 0, (A.1)

where Dg/Dt = ∂/∂t + U · ∇ is the geostrophic advection operator and N∗/N =

pr/(ρrgHs), with N the buoyancy frequency and Φ = p/ρr the geopotential. The ∗
indicate the dimensional log-pressure quantities. Note that Φ is the total geopoten-
tial field and that the equations are non-linear. The geopotential field Φ and the
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streamfunctionΨ are related to the horizontal components of the wind by:

U = −
1

f0ρr

∂p
∂y
= −

1
f0
∂Φ
∂y
= −

∂Ψ
∂y
, (A.2)

V =
1

f0ρr

∂p
∂x
=

1
f0
∂Φ
∂x
=

∂Ψ
∂x
. (A.3)

The vertical velocity can be extracted from the thermodynamic equation, which is
cast into the form:

Dg

Dt

(
∂Φ
∂z∗

)
= −N2

∗w∗. (A.4)

We introduce the notation Φ = φ̄ + φ′ where φ̄ is the mean geopotential and φ′ is
the perturbation geopotential field. In a similar way we write U = ū + u′, V = v̄ + v′

and Ψ = ψ̄ + ψ′. By neglecting products of perturbation quantities we arrive at the
following linear system: (

∂
∂t
+ ū

∂
∂x

)
q′ + v′

∂q̄
∂y

= 0, (A.5)(
∂
∂t
+ ū

∂
∂x

)
∂φ′

∂z∗
− v′

∂ū
∂z∗

= −N2
∗w∗. (A.6)

where q′ and q̄y are given by:

q′ =
1
f0

(∂2φ′

∂x2 +
∂2φ′

∂y2

)
+

f0
ρ∗

∂
∂z∗

( ρ∗
N2
∗

∂φ′

∂z∗

)
(A.7)

∂q̄
∂y

= β −
∂2ū
∂y2 −

f 2
0

ρ∗

∂
∂z∗

( ρ∗
N2
∗

∂ū
∂z∗

)
(A.8)

These equations are equivalent to Gills Eqs. (12.9.1-12.9.6) and describe the perturb-
ation dynamics in log-pressure coordinates.

2 Non-dimensional linearized equations

The next step is to make the equations non-dimensional. In Table A.1 conventional
scalings are shown for quasi-geostrophic theory. We use the following definition for
the potential temperature

θ∗ :=
∂ψ′

∂z∗
=

1
f0

∂φ′

∂z∗



155

Table A.1: Quasi-geostrophic scalings and dimensional values

Variable Scaling Dimensional value

(x, y) L ∼
(

N0
f0

)
H 1000 km

z H 10 km

(u, v) U 30 m s−1

t T = L/U 9.26 h

w W =
( f0U

HN0
2

)
U 0.09 m s−1

ψ UL 3 × 107 m2 s−1

φ f0UL 3 × 103m2 s−2

q U/L 3 × 10−5 s−1

θ
( f0Θ00

g

)
UL/H 9.18 K

p ρrφ 30 hPa

β U/L2 3 × 10−11 m−1 s−1

N2 N2
0 10−4 s−2

Constant

f0 10−4 s−1

N2
0 10−4 s−2

g 9.81 m s−2

Θ00 300 K

ρr 1 kg m−3

Note that following this definition, θ∗ does not have the dimension of temperature,
but of a velocity, UL/H. The real, physical, perturbation potential temperature θphys

is related to the geopotential φ′ and to our definition of the potential temperature θ∗
by

θphys =

(
Θ00

g

)
∂φ′

∂z∗
=

(
f0Θ00

g

)
∂ψ′

∂z∗
=

(
f0Θ00

g

)
θ∗. (A.9)
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Given the scalings in Table A.1, the non-dimensional quasi-geostrophic equations of
motion become: (

∂
∂t
+ ū

∂
∂x

)
q + v

∂q̄
∂y

= 0, (A.10)(
∂
∂t
+ ū

∂
∂x

)
θ + v

∂θ̄
∂y

= −wS2N2. (A.11)

The quasi-geostrophic potential vorticity is related to the streamfunction by:

q =
1
S2

[
S2

(∂2ψ

∂x2 +
∂2ψ

∂y2

)
+

1
ρ
∂
∂z

(
ρ

N2

∂ψ

∂z

) ]
, (A.12)

∂q̄
∂y

=
1
S2

[
βS2
−
∂2ū
∂y2 −

1
ρ
∂
∂z

( ρ
N2

∂ū
∂z

)]
. (A.13)

where S2 = N2
0H2/( f 2

0 L2) which is usually taken to be of order unity because then the
vertical scale becomes of the order of the Rossby radius of deformation, H = ( f0/N0)L.
The non-dimensional zonal and meridional wind follow from u = −∂yψ and v = ∂xψ
respectively. The non-dimensional potential temperature is given by θ = ∂zψ.

2.1 Extension: Topography

Bottom topography is easily included (e.g. Blumsack and Gierasch 1972; Pedlosky
1987). To first order, this does not affect the linearized PV conservation equation,
but only the lower boundary condition. If the lower boundary is sloped by a small
topography z = h(x, y) [of the order of the Rossby number Ro = U/( foL)], one replaces
the lower boundary condition w = 0 by

w = u · ∇h at z = h(x, y) (A.14)

At first order the vertical velocity may be evaluated plainly at z = 0. To give an
example, if the topography is given by h = yδ/(S2N2), the lower boundary condition
becomes: (

∂
∂t
+ ū

∂
∂x

)
θ + v

(
∂θ̄
∂y
+ δ

)
, at z = 0. (A.15)

A constant slope in the y direction has the same effect as an increased mean PT
gradient at the surface (or, equivalently, an increased shear of the zonal wind). If
δ = −θ̄y the surface edge wave cannot grow despite the available potential energy
of the nonzero mean PT gradient. The linear normal-mode stability for these gently
sloped conditions is easily investigated (e.g. Blumsack and Gierasch 1972).
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2.2 Extension: non-linearity

The non-linear QG equations follow simply by adding the Jacobian J(ψ, q) and J(ψ, θ)
on the lhs of the conservation relations Eqs. (A.10-A.11) above, where J(a, b) =
∂xa∂yb − ∂xb∂ya is the Jacobian (e.g. Hakim 2000b).





B Basic states with a complex structure

In the preceding chapters, considerable attention has been payed to the development of Green’s function
techniques to be used for the analysis of the normal-mode and optimal perturbation evolution. In all
these situations, we have neglected the, inevitably present, effect of non-trivial meridional structure of
the basic state. In reality, the width of the jet will for instance be finite. In this appendix we comment
on how to include meridional variations of the basic state in the Green’s function formalism.

1 Meridional structure

We extend the Green’s function approach to be able to include meridional structure
of the mean zonal flow and the mean PV gradient. This work is inspired by Hakim
(2000b), who makes use of the work of Hoskins and West (1979). We extend the
work of Hakim by including not only the zero PV flow (Eady waves), but also the
contribution from the interior PVBs.

We Fourier decompose all quantities as follows:

q(y, z) =
N∑

l=−N

ql(z)eiαly; U(y, z) =
N∑

l=−N

Ul(z)eiαly ; q̄y(y, z) =
N∑

l=−N

q̄y,l(z)eiαly, (B.1)

where α = π/L and L is the meridional domain half-width. The Fourier expansion
coefficients are determined from

f (y) =
∞∑

n=−∞

cneiαny cn =
1

2L

∫ L

−L
f (y)e−iαny. (B.2)

The streamfunction is obtained using the Green’s function approach:

ψ(y, z) =
N∑

l=−N

ψl(z)eiαly =

N∑
l=−N

[
∫

Gl(z, z′)ql(z′)dz′]eiαly (B.3)

The next step is to put all these things into the dynamical equations, multiply by
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exp(−iαpy) and integrate over y. This yields a number of equations:

q̇p(z, t) = −ik
N∑

j=−N

∫ [
Up− j(z)δ(z − z′) + q̄y,p− j(z)G j(z, z′)

]
q j(z′, t)dz′. (B.4)

Upon discretization in the vertical, the above equations provide a generalization of
Hakim’s paper to include the interior PVBs. It can be used to do the normal-mode
analysis of otherwise non-separable problems like the Hoskins-West jet on the beta
plane. The dimension of the mode problem for a vertical resolution with Nz layers
(including the surface and top) is obviously Nz(2N + 1). The above theory simplifies
to Hakim’s approach when only boundary PV is allowed. Another note is that if
rigid lids are present, a suitable weighting of discrete versus continuous PV should
be included (similar to the weightings introduced in the main chapters of this thesis).

2 Zonal structure

Although the final expressions look more clumsily, it is a straightforward matter to
include also variations of the basic state in the zonal (x) direction. We extend the
work of Snyder and Joly (1998) by including not only the zero PV flow but also the
contribution from the interior PVBs. Using a doubly-periodic grid, we decompose
the PV as follows:

q(x, y, z) =
Nk∑

k=−Nk

Nl∑
l=−Nl

qkl(z)eiγkxeiαly. (B.5)

where α = π/Ly, γ = π/Lx where Lx,y is the domain width in the particular direction.
A similar Fourier decomposition is used for the other basic-state and perturbation
fields. The streamfunction is obtained using the Green function approach:

ψ(x, y, z) =
Nk∑

k=−Nk

Nl∑
l=−Nl

[
∫

Gkl(z, z′)qkl(z′)dz′]︸                      ︷︷                      ︸
ψkl(z′)

eiγkxeiαly. (B.6)

where always the first subscript index denotes the zonal Fourier number, the second
the meridional wavenumber.

As in the previous section, we substitute all Fourier sums into the dynamical
equations, multiply by e−iγkxe−iαly but now integrate over both x and y. This yields a
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number of equations:

q̇kl(z, t) = −i
Nk∑

p=−Nk

Nl∑
q=−Nl

(k − p)
∫

dz′
[
Upq(z)δ(z − z′)

+q̄y
pq(z)Gk−p,l−q(z, z′)

]
qk−p,l−q(z′), (B.7)

In order to be used in practical computations, these equations should be written in
matrix form, using a finite number of PVBs included). This results in an Nz × Nz

matrix for each Fourier component. The dimension of the complete resolvent matrix
is thus Nz(2Nl + 1)(2Nk + 1).





C Time-dependent basic states

In the preceding chapters we have, mostly for reasons of conceptual clarity and mathematical simplicity,
considered time-independent basic states with simple vertical and meridional structure. In this appendix
we provide a generalization of the techniques which have been developed in the main chapters, to include
a time-varying basic state. The work is based on Farrell and Ioannou (1999).

The starting point for the discussion is the (vertically discretized) evolution equation
for the PV building blocks:

∂q
∂t
= A · q, A = −ik(U + ∆ ·Qy ·G), (C.1)

where G is the Green’s function, U represents the profile of the basic-state zonal wind
and Qy the profile of the mean PV gradient and ∆ is needed to properly weight the
discrete versus the continuous contributions to the mean PV gradient. Up to this
appendix all basic-state quantities have been assumed to be time-independent. Let
us then assume that these basic-state quantities vary (slowly) in time. The matrix
A becomes time-dependent and we write A(t). The solution of the linear system is
now given by (see for an application to the barotropic vorticity equation Farrell and
Ioannou 1999):

q(t) = lim
τ→0

m∏
ν=1

eA(ντ)τ
· q(0) ≡ P(t) · q(0), (C.2)

which generalizes the propagator P to time-dependent flows. The solution is thus
obtained by m advances of the state of the system in time with the infinitesimal
propagator exp[A(ντ)τ], where m and τ satisfy the relation t = mτ, for more details see
Farrell and Ioannou (1999). By multiplying q(t) = P(t)·q(0) from the left by the Green’s
function G, get the resultψ(t) =W(t)·q(0), with W(t) = G·P(t). Optimal perturbations
for these varying basic states are easily constructed using the generalized propagators
P and W and one can analyze the optimal perturbation evolution in entirely the same
way as we have done for the time-independent basic states.
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Het weer op de gematigde breedten (ruwweg tussen 40 en 60 graden noorderbreedte of
zuiderbreedte) kenmerkt zich door grote afwisseling. Niet voor niets wordt kennis omtrent
het weer al eeuwen verzameld, kennen de volkeren levend rond deze gematigde breedten de
meeste ’weerspreuken’ en is de weerman of weervrouw op  zowel geliefd als vervloekt. Dit
proefschrift gaat over depressies en meer in het bijzonder over de snelle ontwikkeling van
computer-depressies. Wat bedoel ik hiermee?

In het verleden zijn wiskundige vergelijkingen geformuleerd, die de bewegingen van
vloeistoffen en gassen beschrijven. Deze vergelijkingen zijn gebaseerd op het behoud van
massa, energie en impuls. Het blijkt dat deze vergelijkingen, al dan niet geformuleerd op
een draaiende aardbol, in staat zijn een enorme diversiteit aan fenomenen te beschrijven.
Een van deze fenomenen is de uitdiepende depressie die samenhangt met een instabiliteit
van de atmosferische luchtcirculatie. Wat veroorzaakt deze instabiliteit? De door de zon
en de aardrotatie opgewekte westenwinden van de gematigde breedten blijken zo sterk dat
voortdurend grootschalige wervels moeten ontstaan, die ervoor zorgen dat de gordel van
westenwinden niet onbeperkt in kracht kan toenemen. Deze wervels, depressies genaamd,
transporteren warmte - en dus energie - van de tropen naar de polen. Tegelijkertijd kunnen
ze een deel van die warmte omzetten in de kinetische energie van hun eigen beweging.
Dit manifesteert zich als een uitdiepend lage-drukgebied met een krachtig tot zeer krachtig
windveld eromheen. Het proces van ontwikkeling en uitdieping van het lage-drukgebied (de
cycloon) wordt cyclogenese genoemd. Cyclogenese in depressies begint meestal aan de oostkant
van het Amerikaanse en Euraziatische continent. Terwijl de depressie zich ontwikkelt wordt
zij over de oceaan meegevoerd in oostelijke richting en is dan op maximale sterkte als hij de
westkust van de continenten bereikt. De horizontale schaal van de depressies ligt typisch in
de orde van de 1000 tot 3000 km, de verticale schaal in de orde van 10 km. De wind waait
cyclonaal (tegen de wijzers van de klok in) om het centrum van de depressie.

Decor

In deze studie hebben we depressies opgevat als verstoringen op een westenwind gordel die
toeneemt met de hoogte maar constant is in lengte en breedte richting. Dit is een verregaande
versimpeling. Uit figuur S.1 blijkt bijvoorbeeld dat de westenwinden ook sterk afhangen van
de geografische breedte. Tevens blijken ze af te hangen van de geografische lengte. Niettemin
hebben we op deze manier een simpel raamwerk tot ons ter beschikking, waarmee we kunnen
bestuderen hoe depressies zich in zo’n eenvoudige westenwind gordel kunnen ontwikkelen.
We noemen deze westenwind verdeling de basis-toestand. Als de depressie, die in de basis-
toestand is ingebed, de neiging heeft te versterken, wordt de stroming gewoonlijk baroklien
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Figuur S.1: Gemiddelde zonale wind als functie van de breedtegraad (horizontaal) en de druk
(vertikaal). Bron: ECMWF ERA-40 Atlas.

instabiel genoemd. In de meest klassieke aanpak wordt hierbij gekeken naar depressies met
een vaste, tijdsonafhankelijke structuur, waarbij alleen de amplitude exponentieel toeneemt
in de tijd∗. We zullen dit klassieke barokliene instabiliteit noemen. In de loop der jaren is een
enorme hoeveelheid literatuur verschenen over klassieke barokliene instabiliteit. Niet alleen
de basis-toestand is eindeloos gevarieerd, ook de evolutie van de initieel kleine depressie
tot grote amplitude is bestudeerd, waarbij de niet-lineaire effecten een belangrijke rol spelen.
Een vrij recente uitbreiding op de klassieke barokliene instabiliteit staat toe dat de depressies
structurele veranderingen ondergaan tijdens hun ontwikkeling. We zullen dit gegeneraliseerde
barokliene instabiliteit noemen. Dit vrij nieuwe gebied van de gegeneraliseerde barokliene
vormt het decor voor dit proefschrift.

Centrale vragen

Het onderzoek heeft zich gecentreerd rond twee basis vragen. De eerste vraag is de volgende.
Kunnen we een storing / depressie creëren die in korte tijd (twee dagen) zo snel mogelijk
intensiveert? Hoe ziet zo’n optimale verstoring eruit (in termen van horizontale en vertikale
structuur van de depressie)? Hoe evolueren deze optimale depressie?

De tweede vraag volgt direct uit de eerste. Wat maakt dat de optimale verstoring zo
snel groeit? Welke fysische mechanismen liggen ten grondslag aan de explosieve groei van de
optimale storing? Meer specifieke vragen sturen ons direct het gebied van de gegeneraliseerde
barokliene instabiliteit in. Is die extreme groei van de optimale depressie uitsluitend het gevolg
van klassieke barokliene instabiliteit van de basis-toestand of zijn er ook andere mechanismen
in het geding? Wat bijvoorbeeld is de rol van structurele veranderingen die plaatsvinden
tijdens de evolutie van de depressie?

∗Voor de lezer die bekend is met stabiliteits-analyse, bedoeld worden de ‘normal-modes’.
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Aanpak

Bovenstaande vragen kunnen op een aantal manieren beantwoord worden, waarbij smaak en
voorkeur van de wetenschapper bepalend zijn voor het te volgen pad. Men kan er bijvoorbeeld
voor kiezen een database te maken van geobserveerde, extreme gevallen van explosieve
cyclogenese - een roemrucht voorbeeld is de kerststorm ’Lothar’ van 25-26 december 1999
- en deze gevallen in detail te analyseren en wellicht te simuleren. Het ingewikkelde en
uitdagende aan een dergelijke studie is om de relevante mechanismen die aan de groei en
evolutie van de depressie ten grondslag liggen, bloot te leggen. Ongetwijfeld speelt barokliene
instabiliteit een rol in de extreme gevallen. Echter wat is de rol van andere elementen zoals
topografie in het landschap of het vrijkomen van condensatie warmte bij wolkvorming? Voor
bovengenoemde case ’Lothar’ bijvoorbeeld, was de condensatie warmte van cruciaal belang
voor de ontwikkeling (Wernli et al. 2002).

Een ander pad is bewandeld in dit proefschrift. Ik heb ervoor gekozen om zoveel mogelijk
elementen die de analyse van een depressie ingewikkeld kunnen maken, niet mee te nemen
in mijn beschouwingen. Zo heeft het model dat ik gebruik geen vocht, en dus is er wolk
noch regen. Verder is de bodem in mijn model vlak, en is er geen zee dichtbij. Het enige
dat ik overhoud zijn de rotatie van de aarde - die geeft me de Coriolis kracht - en een noord-
zuid temperatuurgradiënt, alsmede een atmosfeer in hydrostatisch en geostroof evenwicht.
Hydrostatisch evenwicht is de balans tussen de zwaartekracht - die aan de luchtdeeltjes
trekt - en de verticale druk-gradiëntkracht van de luchtdeeltjes die zich verzetten tegen het
samenpersen. Bij het geostroof evenwicht is de Coriolis kracht in balans is met de horizontale
druk-gradiëntkracht, die uiteindelijk het gevolg is van het noord-zuid temperatuurverschil
tussen evenaar en pool. Om het nog simpeler te maken heb ik alleen gekeken naar het initiële
stadium van de snelle cyclogenese. Het zal nu duidelijk zijn dat ik veroordeeld ben tot
theorievorming met hulp van de computer.

Maar er gloort hoop in de wolkeloze hemel op mijn computer. Deze hoop is dat de essen-
tiële elementen in de snelle ontwikkeling niet perse ingewikkeld zijn! Als ik alle bovenstaande
aannames doe, en kijk naar grootschalige processen zoals cyclogenese, is het geoorloofd om
een aantal benaderingen in de oorspronkelijke set van vergelijkingen te maken. We houden
dan precies één vergelijking over, waaruit we alle belangrijke gegevens (zoals druk, wind en
temperatuur) kunnen destilleren. Dit is de vergelijking voor materieel behoud van potentiële
vorticiteit (afgekort als PV en in dit proefschrift aangeduid met de letter q). PV kunnen we als
volgt begrijpen. Stel we beschouwen de beweging van een luchtpakketje in zijn omgeving.
Naast temperatuur, snelheid en vorticiteit - een maat voor de draaiing van het luchtpakketje
-, heeft het luchtpakketje ook een zogenaamde potentiële temperatuur. Dit is de temperatuur
die het luchtpakketje krijgt als het adiabatisch - zonder warmteverlies - naar een standaard
druk-niveau verplaatst wordt. Het kan nu afgeleid worden dat luchtpakketjes langs vlakken
van constante potentiële temperatuur bewegen (onder aanname van adiabatische condities).
De PV (potentiële vorticiteit) geeft nu ruwweg aan hoeveel de draaiing (de vorticiteit) van
het luchtpakketje zal veranderen wanneer het adiabatisch verplaatst wordt naar een andere
breedtegraad of een omgeving met een andere verticale verdeling van potentiële temperatuur.

De theorie vertelt ons dus dat de PV behouden is voor het lucht-pakketje. Omdat, zoals
al eerder gezegd, alle relevante informatie (over de grootschalige, gebalanceerde stroming)
bepaald kan worden uit de instantane verdeling van PV, kan een consequente analyse van
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cyclogenese in termen van PV veel inzicht opleveren. Prof. M. E. McIntyre - de ‘guru’ van de
PV - sprak onlangs op de EGU conferentie in Wenen uit dat ‘once you know the basics, every
child can understand PV dynamics’. Als het allemaal zo simpel is, hoe zit het dan?

De basis voor het zogenaamde PV-denken (PV-thinking) wordt gevormd door het zoge-
naamde invertibiliteits principe - het principe dat zegt dat we uit de PV-verdeling het windveld
kunnen reconstrueren. De vuistregel is hierbij dat een positieve PV verstoring of anomalie
(die we zullen aanduiden met het symbool +) geassocieerd is met een cyclonaal windveld
met maximale amplitude ter hoogte van de PV anomalie en exponentieel uitdempend met
de afstand tot de PV anomalie. Op dezelfde manier is een negatieve PV anomalie (symbool
-) geassocieerd met een anti-cyclonaal windveld (zie ook hoofdstuk 1). PV anomalieën op
verschillende hoogten∗ kunnen met elkaar interactie hebben door middel van hun al eerder
genoemde windveld. Daarbij kunnen ze al naar gelang hun positie (insiders lees: als de
noord-zuid PV gradiënt van de basis-toestand ongelijk nul is) elkaars windveld versterken of
uitdoven, en elkaar helpen of hinderen in de propagatie.

Resultaten

Kunnen we nu met behulp van dit concept van PV de vragen beantwoorden die we ons
eerder gesteld hebben? In dit proefschrift is het effect bestudeerd van het plaatsen van één
enkele en meerdere PV anomalieën in de atmosfeer op de evolutie van het systeem†. Zoals
al gezegd kan een PV anomalie op bepaalde plaatsen andere PV anomalieën genereren. Op
gematigde breedten vindt deze generatie van PV met name plaats aan het aardoppervlak en
aan de tropopause. Wat is nu de meest efficiënte positie voor de PV anomalie (of wat is de
meest efficiënte PV distributie) voor het genereren van een intense cyclonale circulatie aan
het aardoppervlak? Welke mechanismen - in termen van interacties tussen verschillende PV
anomalieën - spelen een rol bij de evolutie?

Het blijkt dat als er slechts één PV anomalie aanwezig is initieel, dat het dan het meest
efficiënt is om deze in de buurt van het midden van de troposfeer te positioneren. Een sche-
matische weergave van het groei-mechanisme dat verantwoordelijk is voor de ontwikkeling
is geschetst in figuur S.2a. De mid-troposferische PV anomalie (’A’) genereert ten gevolge
van zijn windveld va zeer efficiënt een PV anomalie aan het aardoppervlak (’B’) dat op zijn
beurt weer een windveld vb heeft. Het mechanisme noemen we een resonantie omdat de mid-
troposferische PV anomalie ongeveer met dezelfde snelheid beweegt als de PV anomalied̈ie
wordt gecreerd aan het aardoppervlak (en aan de tropopauze, niet geschetst). Hoofdstuk twee
en drie beschrijven overigens modellen die nog een stapje simpeler zijn en zelfs geen tropo-
pauze hebben. Als we meerdere PV anomalieën toestaan dan blijkt het zeer efficiënt om de
PV anomalieën initieel opnieuw in de buurt van het midden van de troposfeer te leggen, maar
tevens uit fase tegen de schering van de westenwind in (zie figuur S.2b). In zo’n geval treedt
niet alleen bovengenoemd resonantie-effect op maar kunnen de PV anomalieën tevens in fase

∗Aan het aardoppervlak neemt de PV anomalie de vorm aan van een potentiële temperatuur anomalie.
†Preciezer, gekeken is naar het effect van een hele reeks PV anomalieën op een vaste hoogte. De

PV anomalieën zijn geordend +-+-+-+- in de zonale (west-oost) richting. Één zo’n reeks wordt een PV
bouwsteen (’PV building block’) genoemd. Gekeken is naar het effect van het plaatsen van één of meerdere
PV bouwstenen in de atmosfeer.
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Figuur S.2: Schematische weergave (horizontaal is de west-oost richting, vertikaal is de hoogte)
van twee mechanismen die leiden tot versterking van de cyclonale circulatie. De omcirkelde
plus en min-tekens stellen PV anomaliën voor. De omcirkelde kruis- en stip-symbolen stellen
respectievelijk de noord- en zuidenwind voor behorende bij de PV anomalie. De pijlen geven
de voortplantingssnelheid van de PV anomalie weer (hoe langer, hoe sneller). Voor het gemak
is de tropopauze weg gelaten. Voor de verdere verklaring, zie de tekst.

komen met elkaar en zo elkaars windveld versterken. Dit mechanisme (het ontmasker-effect
noemen we het maar even voor het gemak) kan met name de eerste uren van de evolutie
heel efficiënt zijn. Het laatste mechanisme dat een rol speelt is het effect van wederzijdse
versterking∗. Dit is het mechanisme dat gewoonlijk barokliene instabiliteit genoemd wordt en
dat wij eerder hebben aangeduid met klassieke barokliene instabiliteit. De resultaten in dit
proefschrift laten zien dat de andere mechanismen over korte tijd (twee dagen) veel efficiënter
kinetische energie in de vorm van wind kunnen genereren dan de klassieke barokliene insta-
biliteit. In de evolutie van complexe optimale verstoringen is het ontmasker-effect met name
van belang gedurende de eerste uren van de ontwikkeling. Daarna neemt de resonantie de
ontwikkeling over. Als laatste komt de traditionele, klassieke barokliene instabiliteit van de
wederzijdse versterking.

Puur theorie?

Wat leren we nu van deze theoretische exercitie? Hebben de weermannen er iets aan? Laten
we het voorbeeld van storm ‘Lothar’ erbij halen. Deze storm (of eigenlijk een serie stormen)
die plaatsvond rond de kerstdagen van 1999 was erg slecht voorspeld door bijna alle state-
of-the-art modellen. De totale schade alleen al in Frankrijk bedroeg ruim 6 miljard euro. Na
afloop kwam een enorme discussie op gang en ‘Lothar’ en zijn opvolger ‘Martin’ werden
intensief onderzocht. Een belangrijke conclusie uit het werk van Wernli et al. (2002) is dat
de diabatische effecten (vrijkomen van condensatie warmte door wolkvorming) cruciaal waren
voor de evolutie van ‘Lothar’. Model runs met en zonder ’vocht’ lieten dit overtuigend
zien. Er werd een nieuw begrip ingevoerd, de zogenaamde ‘diabatic Rossby wave’. Wat is
de analogie met de ontwikkeling van optimale verstoringen in ons eenvoudige model? Daar
vonden we dat een mid-troposferische PV anomalie een aanwijzing is voor snelle ontwikkeling
(resonantie-effect) eventueel gecombineerd met PV anomalieën elders (ontmasker-effect). Nu,

∗In de modellen beschreven in hoofdstuk drie tot en met vijf treedt klassieke barokliene instabiliteit
alleen op tussen PV anomalieën aan het aardoppervlak en de tropopauze. In hoofdstuk zes wordt een
generalisatie bestudeerd waarbij PV anomalieën elkaar op alle niveaus kunnen versterken en verzwakken.
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de diabatic Rossby wave is (qualitatief) niets anders dan een mid-troposferische PV anomalie.
Figuur S.3 laat zien hoe de evolutie van ‘Lothar’ er uit zag zowel in de waterdamp beelden als
in verticale doorsneden∗. In de waterdamp-beelden - hoe witter het plaatje, hoe meer vocht
/ wolken er in de lucht zit - zien we een lange, zonaal georiënteerde band met bewolking,
die vooraf gegaan wordt door een zogenaamde ’cloud-head’ (’A’). Als meteorologen deze
situatie waarnemen, gecombineerd met de zogenaamde ’dark stripe’ (’B’) die zich ontwikkelt
net achter, meer westwaarts van de ’cloud-head’, dan gaan de alarmbellen rinkelen: snelle
ontwikkeling is nabij. En inderdaad, tussen 0000 UTC en 0600 UTC vindt de explosieve
cyclogenese plaats (vliegveld Charles de Gaule rapporteerde een drukdaling van rond de 40
millibar in nog geen zes uur, windvlagen met snelheden oplopend tot 100 knopen en een
tien-minuten gemiddelde wind ruim boven windkracht 10).

Laten we nu de verticale doorsneden bekijken, genomen op de plaats van de witte lijn in
de waterdamp-beelden. De overgang tussen de troposfeer en de stratosfeer is zichtbaar als
de overgang waar de dikke lijnen (die de PV weergeven) veel dichter bij elkaar liggen. De
evolutie in termen van PV laat goed zien dat er eerst een tropopauze uitzakking (’D’) was.
De stratosferische lucht is naar beneden gezakt en zorgt daar voor anomaal hoge waarden
van PV. Daarna werd er (door de diabatische effecten) een mid-troposferische PV anomalie
(’C’) gegenereerd. De explosieve ontwikkeling vindt vervolgens plaats zodra de tropopauze
anomalie over de mid-troposferische PV anomalie heen schuift (ontmasker-effect), terwijl de
circulatie aan het aardoppervlak ook significant versterkt is door het resonantie-effect. Dit
laatste is helaas slecht te zien omdat alleen de zuid-noord doorsneden gemaakt zijn (en geen
west-oost doorsneden zoals in figuur S.2). Opmerkelijk is verder dat ‘Lothar’ vrijwel zonaal
(langs een breedtegraad) propageert, net als in mijn eenvoudige model.

In goede benadering kunnen aspecten van het explosieve karakter van ’Lothar’ dus be-
grepen worden vanuit de resultaten uit dit proefschrift. Hoewel mijn model geen ’vocht’
heeft, sta ik wel PV anomalieën toe in de troposfeer. Hoe deze PV anomaliën gegenereerd
zijn, daar geeft mijn studie geen antwoord op. Wel op het effect dat PV anomalieën kunnen
hebben zodra ze gegenereerd zijn. En daarbij lijkt het erop dat de verschillen tussen echte
stormen en computer-depressies kleiner zijn dan verwacht kan worden op basis van het aantal
benaderingen dat aan de computer-depressie ten grondslag heeft gelegen.

∗De storing die uiteindelijk de naam ‘Lothar’ zou krijgen, was reeds eerder in het waterdamp-beeld
te zien dan de hier gekozen tijd van 1800 UTC.
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Figuur S.3: Waterdamp-beelden en verticale doorsneden door het centrum van ’Lothar’ op
verschillende momenten in de tijdsevolutie. In de verticale doorsneden geven de dikke lijnen
de PV weer, de dunne lijnen de potentiële temperatuur en de gekartelde dikke lijn waterdamp
pixels. Bron: www.zamg.ac.at.
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dik en dun. Jos, Hanka, Marieke, Suzan, Nike, Bastiaan, Freek ... Waar eindigt de lijst? Bij
Sander, Anne, Tristan, Marij of Reinier? Sorry voor iedereen die ik nu vergeet. Timber - het
sprokkelhout van 2x5 blazers, nodig om het vuur de doen ontbranden. Vele jaren van plezier.
Gijs - dank voor de kans om Messiaen’s Abı̂me te mogen spelen - Jurgen, Hans, Martin, Sander
en Jos, Katinka en de anderen bedankt. Het was goed. Pentaeoli - de complexe stroom vanuit
vijf wind-richtingen. We hebben plezier gemaakt, geruzied, en zalen betoverd. Rood was
onze kleur. Blaasmuziek vormde de basis, en hangende knoflookjes of roze hoeden en lintjes
de details. Wat een mooie momenten, en wat een genieten! Marieke, ik heb genoten van onze
gesprekken en los-laat-momenten, of die nou tijdens de crea-weekenden, de NS-wandelingen
of op weg van crea naar huis plaats vonden. Jos, bedankt voor de relaxte, geest-verruimende
weken naar de bergen, waarin we samen van de kruidentheetjes - sindsdien ‘uilensijk’ -
genoten met een verbrande kop en vermoeide benen.

181



182 Nawoord

De werkomgeving. Het bleef af en toe irritant dat ik niet in Utrecht woonde. Het biertje
op vrijdag duurde bij mij tot half zeven, de promotie-feestjes op zijn hoogst tot twaalf uur. En
toch is dat geen afspiegeling van mijn gevoel op het IMAU. Ik voelde me er prima thuis, bleef
jullie vervelen met praatjes over osci’s en explodi’s, en ging alle dagen met plezier richting
Utrecht. Kamergenoten bedankt. Keith - voor de lol van Drosera en Sarracenia - en Simon voor
het laatste jaar waarin ik leerde dat je best om vier uur ’s ochtends kunt beginnen met werken.
Arjan, Dirk, Michiel en Faeze, dank voor de vele uurtjes plezier op het instituut, tijdens de
theepauzes, in Nice, Wenen en Cambridge. Badmintonners voor het wakker maken op woens-
dag. Overige imau-ers en knmi-ers, bedankt! Thanks, Eyal, for inspiring and highly energetic
discussions and for your hospitality during my visit to Tel-Aviv, especially the round-trips in
your light-blue ‘look how pretty she is!’ darling.

Om te besluiten, Jan Jaap, Christien en Anne Martien en Marc, bedankt voor de support in
de vorm van een heerlijke familie. Tycho, een andere setter zal nooit zijn zoals jij was. Lieve
oma, Tity en opa - u bent vast ergens in de buurt -, bedankt voor Friesland. Door jullie voel
ik echt: ‘mei in blier herte, ken men it libben oan’. Andere familie en vrienden, bedankt. En dan
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