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Thermodynamic criteria are derived for the occurrence of surface-induced melting and freezing in a semi-infinite system. Use is 

made of a mean-field theory of the Landau-type. The parameters which enter the Landau free energy functional are expressed in 

terms of known interfacial free energies. Expressions are obtained for the order parameter profile in the surface region and for the 

temperature-dependent thickness of the molten (frozen) surface layer. The results explain recent observations of surface melting (or 

nonmelting) at differently oriented crystal faces of Pb and account for the general absence of surface-induced freezing effects in 

liquids. 

1. Introduction 

The phenomenon of surface-induced melting 
can be regarded as a wetting transition of the solid 
by its own melt. At temperatures well below the 
triple point T, a ~croscopic~ly thin ii~~id-Zike 

layer appears at the solid-vapor interface. As the 
temperature T approaches T, the layer thickness 
increases continuously and, in the case of com- 
plete wetting, eventually diverges. Infinitesimally 
close to r, the melt front has penetrated deeply 
into the crystal, resulting in coexistence between 
essentially bulk solid, liquid and vapor phases. 
Conversely, a surfa~-induced freezing tr~sition 
may occur for a liquid. In that case, as the temper- 
ature of the liquid is lowered toward &, an 
ordered solid-like layer forms on the free liquid 
surface and increases in thickness as T, is ap- 
proached. 

While surface melting has been observed on a 
variety of crystal faces [l] and is believed to be a 
commonly occurring phenomenon, the opposite 
effect of surface-induced freezing is rarely seen. 
This asymmetric behavior of the surface with re- 
spect to melting and freezing is, very likely, the 
reason why a solid in general cannot be super- 
heated, while a liquid can easily be undercooled. 

In this paper a thermodynamic argument is 
presented which explains why surface-induced 
melting should indeed occur much more fre- 
quently than surface-induced freezing. It is shown 
under which circumstances these phenomena are 
expected to occur. Explicit expressions are ob- 
tained for the temperature dependence of the 
surface order parameter and the thickness of the 
melted (frozen) layer. In our model the Landau 
free-energy functional for set-infinite bulk is 
taken as a starting point. The bulk and surface 
free energies entering the functional are assumed 
to be known functions of some scalar ordel’ 
parameter M, for which we take the Fourier com- 
ponent of the density which corresponds to the 
smallest nonzero reciprocal lattice vector. 

Applying Landau theory to a semi-infinite sys- 
tem, Lipowsky and Speth [2] have shown that a 
first-order phase transition which in the bulk is 
characterized by a discontinuous jump in the order 
parameter may at the surface exhibit a continuous 
change in the order parameter. Hence, the surface 
may induce critical phenomena at a first-order 
bulk transition. For example, in the case of melt- 
ing the bulk order parameter Ma jumps abruptly 
from a finite value to zero at the triple point T,, 
whereas at the surface the same parameter may 
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continuously go to zero as T + T,. The vanishing 
of the order parameter is accompanied by a diver- 
gence of the disordered layer thickness. The diver- 
gence has been predicted to be of logarithmic, 
ln[T,/(T, - T)], or of power-law form, (T, - 

T)-‘, depending on the range of atomic interac- 
tions (short or long range, respectively) [3,4]. Re- 
cent observations of surface melting on crystals of 
Pb [5-91, Ar [lo], Ne [ll] and Al [12] have con- 
firmed these predictions. 

However, a major obstacle in any comparison 
with experimental data is the global way in which 
the existing Landau-type theories are formulated. 
The various parameters entering the Landau free- 
energy functional usually are not specified, render- 
ing a quantitative calculation of order parameter 
profiles versus temperature impossible. In the pre- 
sent work these parameters are correlated with the 
specific solid-vapor (sv), liquid-vapor (Iv) and 
solid-liquid (sl) interface free energies ys,, ylv and 
y,i, which are known for the respective two-phase 
equilibria and can be extrapolated to the tempera- 
ture regime of interest. For the correlation length 
within the liquid phase, which enters the order 
parameter profile, an estimate is made through 
application of the Hansen-Verlet melting rule. A 
clear-cut criterion for the occurrence of a surface- 
induced melting transition is derived, which solely 
depends on the relative magnitudes of y,,, ylv and 
y,i. The results of the calculations are found to be 
in good agreement with the experimental data on 
surface melting. 

This paper is organized as follows. Section 2 
gives the fundamental equations of the Landau 
theory for a semi-infinite system governed by 
short-range atomic interactions. From these equa- 
tions, expressions for the surface order parameter, 
the equilibrium order parameter profile and the 
melted (frozen) layer thickness are derived in sec- 
tion 3. The expressions for the corresponding equi- 
librium Landau free energies are given in section 
4, where also the relationships are established 
between the interfacial free energies, y,,, ylv and 
ysl on the one hand, and the parameters entering 
the expressions in sections 2 and 3 on the other 
hand. Section 5 summarizes the calculations in a 
phase diagram in which the surface-induced melt- 
ing and freezing regimes are indicated. In section 

6 we discuss which elements of the periodic sys- 
tem are expected to exhibit surface-initiated melt- 
ing and freezing and compare the predictions of 
the Landau model with various experimental ob- 
servations. The role of long-range atomic interac- 
tions in surface melting is briefly discussed as 
well. In appendix A a semi-empirical expression 
for the correlation length within the liquid phase 
is given. Its value is estimated and compared with 
experimentally determined values. Finally, the 
possible influence of thermally induced interface 
fluctuations on the melted layer thickness is as- 
sessed in appendix B. 

2. Landau theory 

Consider a three-dimensional semi-infinite sys- 
tem of particles with short-range atomic interac- 
tions. The system is described by a scalar order 
parameter M = M(z) which varies with the coor- 
dinate z perpendicular to the surface. The surface 
is at z = 0. The Landau free energy per unit area 
for such a system is given by the following func- 
tional of the order parameter [2,13]: 

0) 

Here, the term fi(Ms) is the free energy contribu- 
tion from the surface, with Ms = M(z = 0) the 
order parameter at the surface. The function f(M) 
represents the free energy per unit volume for 
homogeneous bulk material. The second term in 
the integral takes into account the energy increase 
due to gradients in the order parameter, with J a 
constant. The functional dependence of the bulk 
term f(M) on M is chosen to have the form of 
two parabolas of equal curvature [14]: 

f(M) = $?M2+n, MsM*, (2a) 

and 

f(M) = SC+% - M)2, M2M*, (2b) 
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with (Y > 0 and M’ the intersection point of the 

two parabolas, given by 

M*=fMc,---&. 
LT 

Here, A represents the difference in free energy 
per unit volume between the solid and liquid 

phase. For temperatures T close to T,, A is ap- 
proximately given by A = L,(l - T/T,), with L, 
the latent heat of melting per unit volume. The 

temperature dependence of f(M), as given by eq. 
(2a), is depicted in fig. 1. For T < T,, f(M) has 
its minimum at M = M,, > 0, with M,, being the 
order parameter of the bulk in its crystalline state. 
For T > T,,, f(M) is minimal for M = 0, which 

corresponds to the bulk being liquid. At T = T,,, 
f(M) has two minima and there is coexistence 
between the two bulk phases. This functional form 
of f(M) correctly models the first-order character 
of the bulk transition; as T approaches T, from 
below, the order parameter jumps discontinuously 

from M,, to zero at T = T,. 
The surface term f,(M,) in eq. (1) is modeled 

as PI 

f,(4)= tol,M,2+ C, (4) 

T < T, 

Fig. 1. The bulk term f(M) in the Landau free energy for a 
first-order bulk transition at T,,, for temperatures T-C T,, 

T=T,, and TzT,,. 

f,M) T 

C 

Fig. 2. The surface contribution fI( Ms) to the Landau free 
energy functional. 

where (Y, and C are constants which to a first 
approximation are assumed to be temperature-in- 
dependent. For (it > 0, eq. (4) describes the tend- 
ency of a surface to become disordered (see fig. 2) 
while for a, < 0 the surface would like to be in an 
ordered state. 

The equilibrium order parameter profile M(z) 
is obtained by minimizing eq. (1) using the varia- 
tional principle. This leads to the Euler equation 

[I51 

af(M) Jd2M ___= ~ 
aM dz= ’ 

together with the boundary condition 

(5) 

afi(Ms) =pJ 
a& dz _zO’ (6) 

Eq. (5) is analogous to the classical equation of 
motion of a particle with “coordinate” M and 
“mass” J, moving in a “potential” -f(M). The 
parameter z represents “ time”. Conservation of 
“energy”, which the additional requirement that 
(dM/dz) ] z~Io = 0, leads to [2] 

( + {[V(M) - 2f(&)]/‘J}“2. 
dM Ms<M,, -= 
dz 

- { [2f(M) - 2f(M,)1/J}“21 
(7) 

L MS’ MB, 
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where Ma = M(t + 00) is the order parameter in 

the bulk.The surface free energy F, is obtained 
from the Landau free energy functional f(M) by 
subtracting from the terms in the integral of eq. 
(1) the homogeneous bulk term f(MB) and using 

eq. (7): 

F, =f,(%) + /owJ( g)2 dz, 

where F, has its minimum value for the equi- 
librium order parameter profile. 

3. Order parameter profiles 

The order parameter profiles at equilibrium are 
obtained by integration of eq. (7), with the initial 

value Ms as determined by eq. (6). The profiles 
are most easily classified by the temperature de- 
pendence of the surface order parameter Ms. 
Therefore, we first derive analytical expressions 
for the equilibrium values of Ms and then calcu- 
late and discuss the corresponding order parame- 
ter profiles M(z). 

3.1. Surface melting 

The surface order parameter MS at equilibrium 
is obtained by substituting eqs. (4) and (7) for 
fi(Ms) and (dM/dz) 1 z=. in the left- and right- 
hand side of eq. (6), respectively, and then solving 
for Ms. For T-CT, (A>O) and OrMs~M* 

one finds 

on condition that 

(pi > ( JcY)~” and 

AsA,,,= 
c&,2, [ a1 - ( Jc$‘~] 

2 CQ + ( JLY)“~] ’ 

(9) (lib) 

(10) 

Note that the surface order parameter Ms depends 
on the temperature through the parameter A = 
L,(l - T/T,). As T-+ T, (A + O+), MS de- 
creases continuously to zero. By contrast, the bulk 

order parameter MB jumps abruptly from M,, to 

/?--- 

--- (d) 

Ob 5 10 15 

Z/K-l - 
Fig. 3. Order parameter profiles M(z) in reduced units of K-’ 

for a surface melting transition. The profiles are evaluated 

from eq. (11) for al/( JcI)‘/~ = 2.0 and (a) A/A,,, = 1.0, (b) 

A/A,,, =10-2, (c) A/A,,, =10-4, and (d) A/A,,, =lO-‘. 

The diverging position of the solid-quasi-liquid interface is 

indicated by i. 

zero at the transition temperature. The equi- 
librium order parameter profile is found by in- 
tegration of eq. (7) with Ms in eq. (9) as the 
boundary value: 

M(z) = +M,, eKczmi) - --& e -a(r-I) 
3 z I i, 

CT 

(114 

M(z)=M,,- +M,,+ --& 
i 1 e -td2-i), z 2 i, 

CT 

with K = (a/J) ‘I2 Here, i is defined as the depth . 
at which M(z = 1) = M *. It is the depth at which 
the order parameter reaches about half of its value 
MC, in the bulk. As such, i is a good measure of 
the equilibrium thickness of the disordered layer. 
It is given by 

i= -&-’ ln(A,,,/A). (12) 

The temperature dependence of the order 
parameter profile is shown in figs. 3a-3d. The 
profiles were evaluated from eq. (11) with use of 
eq. (10) by taking a constant value for (pi/ 
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(5~)“~ = 2.0, but different values for A, namely 
A/A,,, = loo, 10e2, 10e4 and 10-a. As A de- 

creases, i.e. T increases, the surface order parame- 
ter decreases continuously from M * at A = A max 
(fig. 3a) to zero as A + O+, at which point T 
approaches T, (fig. 3d). At all temperatures, ex- 
cept T, itself, the surface order parameter has a 

nonzero value. Hence, the surface region should 
be regarded as a quasi-liquid with properties inter- 

mediate between those of the solid and the liquid. 
The smooth decrease of the surface order parame- 
ter is accompanied by a continuous increase of the 
quasi-liquid layer thickens i. As the temperature 
increases the quasi-liquid layer thickness continu- 
ously from the surface inwards (see fig. 3). The 
layer thickness diverges logarithmically as the 
temperature approaches the melting point T, (eq. 
(12)). This transition is therefore classified as a 
surface-induced melting transition. It can be re- 
garded as a special case of complete wetting [16]. 

An important parameter is k-i, which is the 
distance over which M(z) in the disordered phase 
changes by a factor e (see eq. (lla)). We identify 

K -1 = (J/“)‘/l as the correlation length Ee within 
the liquid phase. 

3.2. Surface nonmelting 

For temperatures T < T,, and Ms 2 M * the 

order parameter at the surface is given by 

MS = (Ja)“2 
q + ( Jay2 

M,,: (13) 

on condition that 

- ( JoL)“~ < a, 5 ( Jcx)“~ and A > 0, (14a) 

or 

(Y, 2 ( JcI)“~ and 

A >A,,,= 
(rA4,5 [ a, - ( Jcx)~“] 

2[ a1 + ( JLU)“~] . 
(lab) 

According to eq. (13) Ms does not depend on the 
temperature. 

The order parameter profile is given by 

M(z) = MC, - MC, ( Ja)l;2 + (yl CKZ. (15) 

0 1 / T 

0 5 10 15 

z/c1 d 

Fig. 4. Order parameter profiles M(z) in reduced units of K- ’ 
for a surface nonmelting transition. The profiles are obtained 

from eq. (15) for (a) (Y, /( JcI)“~ = ~ 0.1 and (b) (Y, /( .!a)“* 

= 0.5. 

The profile is shown in figs. 4a and 4b for (Y,/ 

(Jar> 1/2 = -0.1 and ~yi/ ( Ja)‘j2 = 0.5, respec- 
tively. The order parameter decreases or increases 
monotonically from the value Ms at z = 0, to the 
value M,, in the bulk. The surface region is solid- 

like. Furthermore, the profile is independent of 
temperature and the surface exhibits no critical 
melting behavior. Hence, we call this transition a 
surface nonmelting transition. It represents a case 
of nonwetting [16]. 

3.3. Surface freezing 

For temperatures T > T,, (A < 0) the bulk is 
liquid. Consider Ms 2 M *, then MS has two solu- 

tions 

M’ = -JaM,,Ifr [a~JaM,f,-2JA(a:-Ja)]1’2 
S 

4 - Ja 

(16) 

under the restrictive 

- ( JcY)“~ -c cq -=c 0 

with 

For small values of ( A ( the solutions of eq. (16) 

conditions that 

and A,,<A ~0, 

(17) 
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for the order parameter Ms at the surface are to a 
first approximation given by 

j+f + J* 
CT 

a1 
( Ja)1/2al$,f, + o(A2) 

08) 
and 

JA 

(Ja)“’ + a1 MC, - ( Ja)1’2alMc, + o(A2)’ 

(1% 
It will be shown in section 4 that Mz is the 
relevant solution since it corresponds to the state 
of lowest surface free energy. 

The order parameter profile, with Ms = Ml as 
boundary value (valid in the limit of small 1 A I), 
is given by 

-_A 112 
M+(z) =A&,+ x ( ) e-K(r-r') 

-A 1’2 
-- ( 1 2a e 

K(Z-L’) 

A -- 
awr 

(Jd” - (~1 e-Kr 
2% 

OIZIZ’, 

-* 112 
M+(z) =A4,,+ z ( 1 e-r(r-z’) 

-A 1/Z 
-- ( 1 K(z--z’) 

2ci e ’ 

z’ I z IS, 

M+(z) = :M,, - -$) e-r(r-s), 
i CT 

z 25, 

with 

Z’= K-l In [ [(y1 +T$,21 (S)‘“] 3 

(204 

(2W 

(204 

(21) 

being the depth for which M+(z = z’) = MC, and 

S=Ll+K-l ln[M,,(+J2], (22) 

(a> 
s 
I 

::[ 

b) 
s 

-f 

\.- 
0 5 10 15 

Z/K-’ - 

Fig. 5. Order parameter profiles M(r) in reduced units of K-I 
for a surface freezing transition. The profiles, given by eq. (20), 

are evaluated with I+/( Ja) ‘I2 fixed to the value of -0.4 and 
for different temperatures (a) A/A,, = 1.0, (b) A/A,, = 

lo-‘, and (c) A/Amin = 10e4. The position of the quasi- 
solid-liquid interface, indicated by I, diverges for A /A min + 0. 

being the depth at which M+( z = S) = M *. Here, 
S represents the equilibrium thickness of the 
quasi-solid layer. Note that the order parameter 
profile has a discontinuity at z = z’ which is pro- 
portional to 1 A 1 e- “’ - 0( I A I 3/2) (see eqs. (20a) 
and (20b)). This is caused by the fact that in the 
derivation of eq. (20a) the approximation for Ms 
= iW,+ is used which only includes the leading 
order term in I A I (eq. (19)). 

The temperature dependence of the order 
parameter profile M+(z) is shown in figs. 5a-5c. 
The order parameter profiles were calculated from 
eq. (20) and with use of eq. (17) by taking a 
constant value for al/( Ja)l/’ = - 0.4, but differ- 
ent values for A, namelyA/A,, = loo, lo-‘, and 
10P4. As the temperature decreases the surface 
order parameter increases continuously from Ms 
= JaM,,/( JCY - LX:) at A = A,, (see eq. (16) and 
fig. 5a), to MC = ( Ja)‘/2Mc,/[( Ja)l/’ + al] in the 
limit A + O- (see eq. (19) and fig. 5~). Simulta- 
neously, the position of the quasi-solid-liquid in- 
terface progresses continuously from the surface 
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inwards and a frozen layer is formed at the liquid 
surface. The thickness S of this layer increases 
logarithmically with decreasing temperature and 

diverges as T, is approached. This transition is 

therefore classified as surface-induced freezing. It 
can be regarded as a special case of complete 

drying [17]. The parameter KC’ = (J/cI)“~ enter- 
ing eqs. (20b) and (22) is the length over which 
M(z) decays from a value of M,, in the surface 
region to a value l/e smaller at greater depth. 

Hence, we identify K- ’ as the correlation length 5, 

within the solid phase. (We note that the equality 
EF= 5, arises from our choice of two parabolas of 

equal curvature (Y for the bulk free energy f(M), 
see eqs. (2a) and (2b) and fig. 1. If we were to have 
taken unequal curvatures CQ and (Y, for the 
parabolas centered around M = 0 and M = M,.,, 
respectively, then we would have obtained &= 

( J/c#~ and 5, = (J/q)‘/‘, and the expressions 

for the order parameter profiles would be slightly 

different.) 

3.4. Surface nonfreezing 

If T>T,(A<O)and M,lM* thentheorder 
parameter MS at the surface must be zero, pro- 
vided (Y, # -( Ja) . I/* The corresponding order 
parameter profile is given by 

M(z) = M, epKz = 0 (23) 

and is independent of temperature. Consequently, 
the surface region remains liquid and there are no 
critical surface effects as the temperature ap- 
proaches T,. We classify this transition therefore 
as a surface nonfreezing transition. It represents a 
special case of nondrying [17]. 

4. Surface free energy 

The surface free energy is evaluated for the 
various surface transitions by inserting the corre- 
sponding equilibrium order parameter profiles, as 
found in section 3, in eq. (8) and performing the 
integration over depth z. Explicit relations are 
derived between the parameters (pi, ( Ja)l12 and 
MC, on the one side, and the semi-experimentally 
known interfacial free energies per unit area, ySV, 

xl and xv3 on the other side. In addition, expres- 
sions for the surface free energy and the equi- 
librium thickness are given as functions of the 

latter parameters. 

4.1. Surface melting and nonmelting 

The minimum surface free energy for the case 
of surface-initiated melting is obtained by insert- 
ing in eq. (8) the equilibrium order parameter 
profile as given by eq. (11): 

F,=c+ $M,~,(J~)'/~+~A 

+ +M,2,( Jcx)“~ ’ a - ( Jo,)"~ e-2Ki 

a, + ( JcI)~'~ ’ (24) 

with i the equilibrium thickness of the quasi-liquid 
layer (eq. (12)). As the temperature T approaches 
T,,, A-+0+ and the equilibrium thickness di- 
verges logarithmically as i - 1 In A I. In this limit 
the third and fourth terms of eq. (24) vanish. 

Hence, we find 

F,= c+ :M;(J~)'/* for T+ T,. (25) 

The corresponding equilibrium order parameter 
profile, with MS = 0, is that of an infinitely thick 
liquid layer in contact with the solid. There are 
two interfaces, namely the liquid-vapor interface 
at the surface and the solid-liquid interface in the 
bulk. The equilibrium free energy at T = T, can 
therefore be expressed as 

E,=Y,,+Y,, for T-T,, (26) 

with y,, and yS, the free energies of the liquid- 
vapor and solid-liquid interface, respectively. 
Comparing expressions (25) and (26) and consid- 
ering the fact that the parameter C in eq. (25) 
represents the surface term f,(M, = 0) in the 
Landau free energy (eq. (4)) one obtains 

C = YIV 

and 

$M,‘,( Jo)‘/* = ys,. 

(27) 

(28) 

At T = T1, the interface free energies y,, and yS, 
refer to the respective two-phase equilibria and 
can be determined experimentally (see section 7.1) 
[l&22]. 
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In the case of surface nonmelting, with T < T, 

and the order parameter profile M(z) given by eq. 
(15), the equilibrium surface free energy is given 

by 

F, = c + gt4,2,( Jay (A$ + a1 ’ (2% 

independent of temperature. The corresponding 
order parameter profile represents an essentially 
solid-like surface region (see fig. 4). Therefore, the 
equilibrium free energy can be equated to the 
solid-vapor interface free energy y,,: 

c + twww2 ($T2 + (yl = YS”. (30) 

Combination of eqs. (27), (28) and (30) yields the 
following useful relations: 

a1 Yw - Ylv =- 
01 + ( Jay2 2Y,, ’ 

and 

a1 - ( Jay2 = YS" - Ysl - Yl" 

a1 + ( Jay2 Ysl * 

(314 

(W 

Consider again the case of surface melting. We 
can now rewrite the surface free energy, as given 
by eq. (24), in terms of interfacial free energies: 

F, = ys, + ylv + L,(l - T/T,)j + Ay e-2Ki, (32) 

where we have introduced again A = L,(l - T/ 
T,), with L, the latent heat of melting per unit 
volume. The parameter Ay = y,, - ysl - yl, is the 
interface free energy which the ordered solid 
surface has in excess of a surface completely wetted 
by an infinitely thick liquid layer. It is important 
to note that the interfacial free energies ys,, ysl 
and ylV in eqs. (31) and (32) are nor equilibrium 
quantities. At temperatures where the surface is 
wetted by a quasi-liquid layer of finite thickness 
the solid-vapor, solid-liquid and liquid-vapor in- 
terfaces to which the y values refer are unstable 
and do, in fact, not exist. However, ys, can be 
estimated by extrapolating the equilibrium y,, 
value which is known at lower temperatures, to 
the temperature regime of interest [23]. Likewise, 
the ylV and ysl values which are known at T = T, 
can be extrapolated to T-C T,, but, since surface 

F&II T (0) T (b) T Cc) 

0 0 0 I 
Fig. 6. The surface free energy F,(I) (eq. (34)) as a function of 
the thickness I of the quasi-liquid layer (not to scale). The 
straight solid line is the undercooling contribution to F,(I). 
The exponentially decaying curve represents the sum of yS, + ylv 
(dashed line) and Aye -“’ The equilibrium thickness of the . 
quasi-liquid layer I = i for which F,([) has its minimum in- 

creases with rising temperature (panels (a) to (c)). 

melting occurs relatively close to T,, the values at 
T, can be taken [21,22]. 

The equilibrium thickness i can also be ex- 
pressed in terms of the above interfacial free en- 
ergies. Substituting eqs. (28) and (31b) in eq. (12) 
we obtain 

(33) 

with &=K-’ the correlation length within the 
liquid phase (see section 3.1 and appendix A). It is 
readily verified that the surface free energy is 
minimal for the layer thickness given by eq. (33). 
Let Fs(I) be the free energy per unit area for a 
system with arbitrary quasi-liquid layer thickness 
1. 
1; 

F,(I) = ysl + ylv + /_,(l - T/T,)l+ Ay ee2”. 

(34) 

Then d F,( I)/dl = 0 for 1= i. The different energy 
terms in eq. (34) are sketched in fig. 6 as a 
function of 1. The third term represents the free 
energy cost associated with undercooling the liquid 
and increases linearly with 1. It leads to an effec- 
tive attractiue force per unit area between the 
solid-quasi-liquid and quasi-liquid-vapor inter- 
faces which is equal to - L,(l - T/T,). The 
fourth term represents the gain in interfacial en- 
ergy associated with the dry solid surface being 
wetted by a quasi-liquid. This term leads to an 
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exponentially decaying force of magnitude 
2~Ay e-*” between the two interfaces. For Ay > 0 
this force is repulsiue, driving the interfaces apart. 
The equilibrium thickness i is the thickness for 
which the net force dF,(l)/dl is zero. As the 
temperature T approaches T,, more closely, i in- 
creases continuously as shown in figs. 6b and 6c. 

If Ay I 0 then, according to eq. (32) and the 
above argument, it will only cost energy to have a 
quasi-liquid layer on the surface. Hence, the 
surface is nonmelting under these conditions. Note 
that our earlier criteria (pi > (Ja)‘/* and - (Ja()‘/* 

<cX, <(Jar) ‘I* for melting and nonmelting (eqs. 
(10) and (14a)) are equivalent to the conditions 
Ay > 0 and Ay I 0, respectively (see eq. (31b)). 

4.2. Surface freezing and nonfreezing 

For the case that - (Jo1)“* < (Y, < 0 and A min 
I A < 0 there are three possible solutions for the 
surface order parameter, namely MC, MC (eqs. 
(18), (19)) and Ms = 0, with the three correspond- 
ing order parameter profiles M-(z), M+(z) and 
M(z) = 0. The profiles M-(z) and M+(z) de- 
scribe a surface freezing transition, whereas the 
profile M(z) = 0 corresponds to a surface non- 

freezing transition. Substitution of these profiles 
into the general expression for the surface free 
energy (eq. (8)) yields for the profile M+(z) the 
lowest surface free energy, provided (Y, and A are 
in the range 

-(.J#’ < (Y, < - :( J&)“* 

and 

A,i, I A < 0, (35) 

with A,i, as defined in eq. (17). Under these 
conditions M+(z) is the equilibrium profile. For 
(Y, and A values outside this range the flat profile 
M(z) = 0 is energetically the most stable one. The 
order parameter profile M-(z) can therefore be 
discarded. 

For the case of surface freezing the equilibrium 
surface free energy is obtained by substituting the 
order parameter profile M+(z) into eq. (8): 

F, = c + iM,‘,( Ja[)i’* + &Vf,2,( JCX)“2 
(Ja)i?* + ai 

-ns-M,Z,(Jol)“* (y1 
CY, + (JCX)i’* 

e -“, (36) 

with S being the equilibrium thickness of the 
quasi-solid layer. As for the case of surface melt- 
ing the surface free energy can be rewritten in 
terms of interfacial free energies. Substituting eqs. 
(27) (28) and (30) into eq. (36) we obtain 

< = YSI + VW - L,(l - T/T,).? 

+ 2( ylV - y,,) e--K’. (37) 

As T approaches T, (A + O-) the layer thickness 
S diverges logarithmically (eqs. (21) and (22)) and 
the last two terms in eq. (37) vanish. In this limit 
the free energy of the system is simply given by 

F, = Y~I + Y,,; the surface is then covered by an 
infinitely thick crystalline film and the system 
consists of two interfaces, namely the solid-vapor 
interface at the surface and solid-liquid interface 
in the bulk. 

The equilibrium thickness of the quasi-solid 
layer, as given by eqs. (21) and (22) can also be 
expressed in terms of interfacial free energies. By 
substitution of eqs. (27) (28) and (30) into eqs. 
(21) and (22) one obtains 

(38) 

with 5, = K-’ representing the correlation length 
within the solid phase. It is readily checked that S 
is the thickness giving minimal surface free en- 
ergy. Let F,(s) be the surface free energy per unit 
area for a system with arbitrary quasi-solid layer 
thickness s: 

F,(s) = Y~I + Y,, - L,(l - T/T,>s 

+ 2(~,, - Y,,) eeKs, (39) 

then minimizing Fs(s) with respect to s yields 
s = S. The third term in eq. (39) is associated with 
superheating the solid above its melting point. 
This contribution favors small values of s. The 
fourth term represents the change in interfacial 
free energy associated with the liquid surface be- 
coming quasi-solid. In the case of surface freezing 
(Y, < - l/3( JCx)i’2 (see eq. (35)). Substitution of 
this condition into eq. (31) yields the surface freez- 
ing criterion Ay’ = ylV - ys, - y,, > 0. In that case 

Yl” ’ YW and the fourth term in eq. (39) favors 
large values of s because the system gains interfa- 
cial free energy if the liquid substrate is covered 
by a quasi-solid film. 
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surfacenon-melting 

surfacenon-freezing 

Fig. 7. Phase diagram in which the different types of surface 

phase transitions are indicated. The regions in which surface 

melting and surface freezing occur are shaded. For definition 
of symbols, see text. 

For the case of surface nonfreezing M(z) is 
zero for all z. Substituting this profile into eq. (8) 
we find, as expected, for the equilibrium surface 
free energy 

F,= C=y,,. (40) 

Note that for the case of nonfreezing CQ 2 
- l/3( Ja)‘12, i.e., Ay’ = ylV - ysl - y,, I 0 (see eq. 
(31)). Thus it co.sf~ energy to have a solidified 
layer on top of the liquid substrate. 

5. Phase diagram 

To summarize the results we present a phase 
diagram in which the different types of phase 
transitions are indicated, together with their re- 
spective conditions of appearance. In fig. 7 we 
have plotted along the vertical and horizontal axes 
the parameters A and a1/(Ja)‘/2, respectively. 
The undercooling energy A = L,(l - T/r,) is a 
linear function of the temperature, while (pi/ 
( Jc#‘~ is assumed to be temperature-indepen- 
dent. 

First consider the upper half of the phase di- 
agram in which A > 0 (T < T,). There are two 
surface transitions, surface melting and surface 
nonmelting, which occur in two different regions 

separated by the curve A = A max. A,, becomes 
zero for (~i/( Ja)*12 = 1, which corresponds to the 
condition Ay = 0 (see eq. (31)). As T approaches 
T, from below the sign of Ay is of crucial impor- 
tance since it determines whether there is a surface 
melting transition or not. For, if Ay > 0 ((~i/ 
(Jc~)l’~ > l), the surface region starts to disorder 
when A becomes smaller than A,,. That is, the 
disordering sets in as soon as the temperature 
becomes larger than the onset temperature To, 
with To defined by A,, = L,(l - To/T,) and 
given by 

(41) 

Eq. (41) is readily derived from eqs. (lo), (28) and 
(31). Clearly, for Ay > 0, & is smaller than T, 
and a surface melting transition appears in the 
temperature range To -c T < T,. On the other hand, 
if Ay I 0 (Q( Ja)li2 I 1) the surface remains 
well-ordered up to T,. Therefore, a clear-cut crite- 
rion for the occurrence of surface melting or non- 
melting is given by the sign of the excess free 
energy Ay; surface melting will occur only for 
Ay > 0. 

Secondly, consider the lower half of the phase 
diagram in which A < 0 (or T > T,). For (pi/ 
( JcY)~‘~ < -l/3 there are two phase transitions, 
namely surface freezing and surface nonfreezing 
which occur in the regions separated by the curve 
A = A,,. The condition (~i/( Ja)1/2 < - l/3 (eq. 
(35)) corresponds to Ay’ = ylV - ysl - ys, > 0, with 
Ay’ representing the free energy which the liquid 
surface has in excess of a surface covered by an 
infinitely thick solid film. By analogy to the case 
of surface melting, Ay’ is the parameter that 
determines whether or not there is a surface freez- 
ing transition, as T, is approached. If Ay’ I 0, the 
surface remains liquid, whereas for By’ > 0 a 
frozen layer is formed at the surface. 

Finally, we note that in the phase region al/ 
( Ja)l12 i - 1 the Landau expressions yield un- 
physical results. The presence of this unphysical 
regime in the phase diagram is a consequence of 
our simple choice for the form of the surface term 
fi(M,) which enters the Landau free-energy func- 
tional of eq. (1). 
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Table 1 
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Table of specific interfacial free energies yi,. Y,, and y,, at T,, for a number of common elements [21-231 (the sign of the excess free 

energies Ay = y,, - ysI - yI, and Av’ = YI, - Y,I - Y,, determines whether or not there are surface melting and surface freezing 

transitions, respectively) 

Z YS” 

(mJ/m2) 
AY AY Melting( + ) Freezing( + ) 

(mJ/m2) (mJ/m2) NonmeIting( - ) Nonfreezing( - ) 

11 

12 

13 

14 

Na 

Mg 

223 

619 

1032 

1038 

31 200 -8 

Al 

Si 

115 510 -6 

154 865 13 

416 800 -118 

-54 C-J (-) 
~ 224 (-) (-) 
- 321 (+) (-) 
- 654 (-) C-J 

23 V 2280 315 1900 5 - 703 

24 Cr 2031 381 1100 -50 -712 

25 Mn 1291 183 1100 14 - 380 

26 Fe 2206 326 1830 50 - 102 

21 co 2191 345 1830 22 -112 

28 Ni 2104 356 1150 -2 -710 

29 CU 1592 263 1310 19 - 545 

30 Zn 895 119 110 6 -244 

31 Ga 194 58 115 21 -131 

32 Ge 810 213 640 -43 - 503 

41 Nb 2314 399 1960 -45 -753 

42 MO 2546 490 2130 -74 -816 

44 Ru 2591 443 2250 - 102 -784 

45 Rh 2392 384 1910 38 - 806 

46 Pd 1808 302 1480 26 - 630 

47 Ag 1065 184 910 -29 -339 

48 Cd 691 81 590 26 - 188 

49 In 638 48 560 30 -126 

50 Sn 654 66 510 18 - 150 

13 Ta 2595 411 

74 W 2753 590 

75 Re 3100 591 

16 OS 3055 566 

II Ir 2664 466 

78 Pt 2223 334 

79 Au 1363 200 

2180 

2650 

2500 

2250 

1860 

1130 

-62 - 892 

- 118 - 1003 

- 141 - 1041 

-12 -1121 

-52 - 880 

29 - 674 

33 -433 

81 Tl 541 66 465 16 -148 

82 Pb 544 62 460 22 -146 

83 Bi 501 14 380 41 -195 

+) C-J 
-) (-) 
+I (-) 
+) (-) 
+I C-J 
-1 (-) 
+I (-) 
+I (-) 
+) C-J 
-) (-) 

1; (-) 
C-J 

-1 (-) 
+I C-J 
+) (-) 
-) C-J 
+I C-J 
+) (-) 

(+) 

C-1 
C-J 
(-) 
C-1 
(-) 
(+) 
(+) 

(+I 
(+) 
(+I 

(-) 

(-) 
(-) 
(-) 
(-) 
(3 
(-) 
(-) 

(-) 
(-) 
(-) 

6. Discussion tiated melting (freezing) occurs. Prediction of the 
sign of Ay and Ay’ requires knowledge of the 
interface free energies y,,, ys, and y,,. The 
liquid-vapor interface free energy ylV is known 
for most elements through measurements of the 
surface tension [22,24]. The solid-liquid interface 
free energy ys, is much less accurately known. 
Several methods have been used to determine y,, 
[l&19]. The one most frequently employed is mea- 
suring the amount of undercooling before homo- 

6.1. Which elements exhibit surface-initiated melting 

or freezing? 

In order to predict which elements of the peri- 
odic system show surface melting or surface freez- 
ing one has to evaluate the criteria for which these 
two phenomena are expected to occur. The sign of 
Ay (Ay’) determines whether or not surface-ini- 
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geneous nucleation of the solid occurs [18,21]. The 
least accessible quantity is the solid-vapor inter- 
face free energy ys,. Semi-empirical estimates, for 
T = 0 and averaged over different surface orienta- 
tions, have been given by Miedema for a large 
number of elements, along with a prescription to 
calculate their temperature dependence [23]. Using 
these estimates we extrapolate the value for y,, at 
T = 0 to its value near T, [23]. 

Estimates of y,,, yS, and ylv, based on 
Miedema’s data [21-231, are listed in table 1 for 
several elements, together with the signs of Ay and 
Ay’. There is a large uncertainty in the sign of Ay 
if its value is close to zero. This is because Ay is 
the difference between nearly equal values of y,, 
and y,, + ylv and especially the former one is not 
accurately known. In addition, crystal faces with 
open packing of atoms will have higher ys, and ys, 
values than close-packed faces, see section 6.2. 
Hence, the table should only be used as a crude 
indicator for the melting ( + ) or nonmelting (- ) 
of a crystal face with average packing of atoms. 
On the other hand, the sign predicted for Ay’ is 
much more reliable. Of the elements listed in table 
1 several are expected to exhibit a surface melting 
transition, but none shows a surface freezing tran- 
sition. Experiments confirm the predictions of ta- 
ble 1. Surface-induced melting has been observed 
on crystals of Pb [5-9,25-281, Cu [29], Al [12,30], 
and Ga [31], while numerous undercooling experi- 
ments on a variety of elements indicate a general 
absence of surface freezing effects in liquids 
[18,20]. 

6.2. Crystal-face and temperature dependence of 
surface-initiated melting 

The excess free energy by for a given element 
will vary with the orientation { hkl} of the crystal 
face: 

AY (hk’) = yJv’W _ yJW _ y,v, 
(42) 

where both y$tk’) and ydhk’) are anisotropic. The 
variation in Aychkf) with orientation is mainly 
determined by the anisotropy in yJvhk’) because 
yChk’) >> yJ 
osfv y(W . 

hk’) [21,23]. For metals the anisotropy 

S” IS only a few percent at maximum, with 

the most open crystal face always having the 
highest yJvhk’) value [32-361. Yet, a small ani- 
sotropy in yJJk’) can lead to a large percentage 
variation in Aychki) and thus to a strong variation 
in melting behavior with surface orientation. For 
example, in the case of Pb the maximum ani- 
sotropy of yJtki) measured amounts to 6% [32]. 
This corresponds to a variation of - 33 mJ/m’ in 
y(hk’) (see table l), which is comparable to the 
trbulated value of 22 n-J/m2 for Ay itself. There- 
fore, a small anisotropy in yJtk’) may even cause 
a reversal in the sign of Ay, resulting in melting 
and nonmelting of the differently oriented surfaces 
on one and the same crystal. According to table 1 
there are many elements for which 1 Ay 1 is small. 
For these elements, the open-packed crystal faces 
having the largest y,thk’) are expected to melt 
readily, while the close-packed faces with the 
smallest yjvhk’) may not melt at all below T,. 

The melted layer thickness, as given by eq. (33), 
depends on the crystal face orientation through 
the anisotropic excess free energy Aychk’). This 
dependence has been seen in medium-energy ion 
scattering investigations of the melting of differ- 
ently oriented crystal faces of Pb, see part I of this 
investigation. For temperatures close to T, the 
open-packed faces show a pronounced surface 
melting transition with large quasi-liquid layer 
thickness, while the crystal faces with orientations 
close to the densely packed (111) and (100) 
planes are nonmelting. Other metals such as Al 
[12] and Cu [29] show a very similar orientation 
dependence of the melting behavior of the surface. 

The quasi-liquid layer thickness should increase 
logarithmically with temperature and diverge at 
T = T,. The logarithmic increase, as predicted by 
eq. (33), has indeed been observed for Pb [5-71 
and Al [12]. One of the parameters controlling the 
rate at which the quasi-liquid thickness grows 
logarithmically is the correlation length & within 
the liquid phase. For Pb{llO} the value of Ec has 
experimentally been determined to be 0.63 nm.This 
value is consistent with the estimated value of 
&= 0.9 f 0.4 nm which is obtained through appli- 
cation of the Hansen-Verlet melting rule (see 
appendix A). 

Recently, a cross-over from a logarithmic to a 
power-law growth was observed on Pb{llO} [6]. 
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The power law stems from long-range dispersion 
forces and will be discussed in section 6.4. 

6.3. Order parameter profile for surface-induced 

melting 

The order parameter profile for surface melting 
is given by eq. (11). By substituting eq. (28) into 
eq. (11) and using the relations A = L,(l - T/T,) 
and &= K-~ = (.f/a)‘12 we obtain the following 
expression for the profile: 

z 2 I, (43b) 
which i given by eq. (33). The order parameter 
profile can be calculated as a function of tempera- 
ture if L,, .&, yJhk’j and Ay(hkil are known. For 
example, in the case of Pb{llO} we take L, = 2.47 
x lo8 J/m3 [24], y~““l = 60 X lop3 J/m2 [20], 
te= 0.63 nm and Ay(““l = 21.2 X 10e3 J/m2 [6]. 
For these values the last term in eq. (43a) and 
(43b) can be neglected in the temperature regime 
T, - T I 20 K. Therefore, close to T, the profile 
solely depends on & and i. Fig. 8 shows the 
calculated order parameter profile, normalized to 
MC,, for T = 600.4 K (T, = 600.7 K). At this tem- 
perature the quasi-liquid film thickness equals i = 
2.0 nm (see eq. (33)). The width of the order 
parameter profile, as marked by the 16% and 84% 
levels of the normalized order parameter, equals 
- 1.4 nm. This value is consistent with the experi- 
mental value of - 1.75 nm (- 10 monolayers), as 
determined from a detailed shape analysis of mea- 
sured energy spectra of backscattered protons from 
Pb{llO} close to T, [9]. The 16!%-84% width of 
the order parameter profile, however, is larger 
than the upper limit for the 16%84% width of the 
solid-quasi-liquid profile of the average density 

rr 
O 05 1 

84% 

Pb(ll0) 

0 I II ’ I 
I ’ 

I 1 
I ’ 
I ’ 9 I ’ 

00 I, , I, / I I 

0 1 2 3 4 5 6 7 

DEPTH z inm‘i 

Fig. 8. The crystallinity profile for Pb{llO), normalized to the 
bulk crystallinity MC,. The profile, calculated using eq. (43), is 
given for .$[ = 0.63 nm, Ay {“‘I = 21.2 x 10W3 J/m* [6] and 
T = T, - 0.3 K. The quasi-liquid layer thickness is i = 2 nm 
(eq. (33)). The horizontal dash-dotted lines indicate the 16% 
and 84% levels of the normalized order parameter. The corre- 
sponding 16%84% width of the solid-quasi-liquid interface 

equals - 1.4 nm. 

(C 0.9 nm), as obtained from a recent X-ray re- 
flectivity study [37]. 

6.4. Role of long-range atomic interactions in 

surface-induced melting 

In the foregoing we discussed only the effect of 
short-range atomic interactions on the melting be- 
havior. However, in each system containing par- 
ticles, whether it is a metal, insulator or semi-con- 
ductor, there are also long-range atomic interac- 
tions, namely induced-dipole-induced-dipole or 
van der Waals interactions [4]. The long-range van 
der Waals interactions are attractive and fall off as 
-c(X/~)~, with E and X the energy and length 
scale of the pair potential and r the interparticle 
separation. The effect of the long-range interac- 
tions on the shape of the order parameter profiles 
can be neglected for 1 i - z ) i Et, because near to 
the quasi-liquid-solid interface the short-range in- 
teractions dominate. At large distances from the 
interface, i.e., for 1 I- z 1 B &, the van der Waals 
interactions become important and cause the tails 
in the order parameter profile to change from an 
exponential form eCar to a power-law form ze3 
[38-401. 
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The long-range atomic interactions, in the case 
of surface-induced melting, lead to an additional 
contribution to the surface free energy I;,(I) (eq. 
(34)). In the limit of large quasi-liquid layer thick- 
ness I the surface free energy becomes 

F,(I) = ysl + y,, + L,(l - T/T,)I + AySR e-“’ 

+ AyLRAI-*, (44 

where A is a positive constant and AySR and 
AyLR are the contributions from the short-range 
(SR) and long-range (LR) atomic interactions to 
the excess free energy Ay = AyT, with AyT = AySR 
+ AyLR. The last term in eq. (44) represents the 
additional contribution to F,(l) due to long-range 
atomic interactions [41], with AyLRA = W, which 
is assumed to be independent of the orientation 
{ hkl} of the surface. The parameter W is the 
Hamaker constant and is approximately given by 

[3,4Il 

w= +&% - P&C (45) 

with ps and pc the average particle number densi- 
ties in the solid and liquid phase, respectively. Eq. 
(45) is readily obtained by using a simple step- 
function model for the density profile [41]. 

In the derivation of the long-range contribution 
to F,(I) (eq. (44)) nonretarded interactions were 
assumed. However, retardation effects become im- 
portant if the quasi-liquid layer thickness becomes 
sufficiently large (typically 12 5 nm) [4]. In that 
case the time taken by the electric field to cross 
the layer becomes comparable to the period of the 
fluctuating dipole itself. This makes the induced- 
dipole-induced-dipole interactions less attractive. 
As a result, the I-* dependence of the last term of 
eq. (44) changes into a IA3 dependence, as I in- 
creases further. 

The condition for surface-induced melting is 
given by AysR > 0. Then the short-range contribu- 
tion to F,(I) leads to an effective force between 
the solid-quasi-liquid and quasi-liquid-vapor in- 
terfaces which is repulsive in that it favors large 
values of 1 (see section 4.1). For ps > p!, W > 0 
and the long-range contribution leads to a repul- 
sive force as well. Minimizing F,(I) with respect 
to 1 yields the equilibrium thickness I = i. Let us 
define the cross-over thickness I, as the thickness 

for which the long-range contribution to dF,(l)/dl 
is equal to the short-range contribution. For larger 
thicknesses I > I, the short-range contribution be- 
comes negligible and the equilibrium thickness is 
then given by 

(46) 

A cross-over from a logarithmic growth to power- 
law growth has indeed been observed for Pb{llO} 
[6], biphenyl [42], and for thin Ne films [ll]. 
Retardation effects in the fluctuating dipole inter- 
actions ultimately cause the exponent of the power 
law to change from -l/3 to -l/4, as T, is 
approached [4]. 

So far we only discussed the case AySR > 0 and 
W > 0, i.e., AyT = AySR + AyLR > 0. In principle 
there are three other possibilities, namely (a) AySR 
>O and W<O, (b) AySR<O and W>O and(c) 
AySR < 0 and W c 0. These three situations will 
now be discussed. First case (a), which may apply 
to the open-packed Bi crystal faces. The long-range 
atomic interactions now lead to an effective at- 
tractive force between the interfaces. The growth 
of disordered film thickness with increasing tem- 
perature is first logarithmic, but then stops be- 
yond the cross-over thickness I,. The equilibrium 
thickness i does not diverge as T, is approached. 
Instead there is a discontinuous transition at T = 
T,, resulting in a first-order or incomplete melting 
(wetting) transition. 

Secondly consider case (b), AySR < 0 and W > 
0. The long-range contribution is repulsive whereas 
the short-range and undercooling terms are attrac- 
tive. The subtle interplay between the long-range 
and short-range atomic interactions can give rise 
to a prewetting transition [16,43] if ) AySR 1 -c 
AyLR and Ay LR > 0, so that Ayr = Ay SR + Ay LR 
> 0. The quasi-liquid layer thickness first jumps at 
a certain temperature to a finite thickness and 
then diverges as T, is approached. The layer 
thickness dependence of the surface free energy 
F,(I) is schematically shown in fig. 9. For temper- 
atures well below T, the undercooling term 
dominates and increases linearly with increasing I 
(fig. 9a). As a result, at equilibrium, the surface is 
well-ordered and the surface free energy is given 
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Fig. 9. Generic shape of the free energy F,(I) for increasing 

temperatures (a) to (c). The /-dependence of F,(l) is character- 

istic for a prewetting transition as described in the text. 

by F,(I = i = 0) = y,,. Note that y,, consists of a 
short and long-range contribution, with y,, = y,tR 

+ Y,t;“. As the temperature increases, the under- 
cooling term becomes smaller and, at a certain 
temperature, F,(I) exhibits two minima of equal 
depth at zero and nonzero value f (see fig. 9b). A 
further increase of the temperature results first in 
a discontinuous change in equilibrium film thick- 
ness from i = 0 to i > 0. From then onwards the 

layer thickens continuously according to a power 
law and diverges as T, is approached (fig. SC). For 
Pb such a prewetting transition is possible for 

crystal face orientations near (111) and (100) 
because Ay SR < 0 for these orientations. But it is 
difficult to find surface orientations for which 
1 AySR 1 < Ay LR. An obvious choice would be 

Pb{ hkl} surfaces with an orientation deviating by 
- 8.5’ from (111) or by - 5” from (100) be- 
cause for these crystal faces ) AySR 1 is very small 
(see Part I of this investigation). A prewetting 
transition for Pb{lOO} has also been predicted by 
Chernov and Mikheev [44]. 

Thirdly we discuss situation (c): AySR < 0 and 
W c 0, i.e., AyT = AySR + AyLR < 0. We expect 
that this applies to the pure semiconductors such 
as Ge and Si, and to the close-packed Bi surfaces. 
Then both the short-range as the long-range con- 
tributions to F,(l) are against quasi-liquid layer 
formation and the surface will not melt. We note 
that recent electron diffraction [45], X-ray diffrac- 
tion [46] and medium-energy ion scattering experi- 
ments [47] on Ge{lll} revealed a loss of crystal- 
line order in the outermost atomic layers at tem- 

peratures - 150 K below T,. This result appears 
to be in conflict with the above prediction. How- 
ever, the disordered layer thickness was found not 

to diverge but to level off upon approaching T, 
[45,47]. The disordering of this surface is probably 
caused by an atomic-scale structural rearrange- 
ment not related to surface-induced melting. 

7. Conclusions 

By expressing the various parameters entering 
the Landau free energy in terms of known interfa- 
cial free energies we have derived clear-cut ther- 
modynamic criteria for the appearance of surface 
melting and freezing. These criteria indicate a very 
different behavior of the surface with regard to 
melting and freezing and account for the general 
absence of superheating effects in solids. Explicit 
expressions for the crystal-face and temperature 
dependence of the melted (frozen) layer thickness 
are obtained and the calculations are in quantita- 
tive agreement with recent observations of melting 
at differently oriented Pb surfaces. 
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Appendix A. Correlation length within the liquid 
phase 

Within the framework of the Landau theory the 
correlation length within the liquid phase is given 

by &= (J/a) ‘I2 Using eq. (28) we express te as . 

(A.1) 
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In this appendix we calculate & from eq. (A.l) by 
estimating the values for the parameters MC,, a 

and Y,I. 
First consider MC, which is the order parameter 

in the bulk of the crystal lattice. For MC, we take 
the Fourier component of the density which corre- 
sponds to the smallest nonzero reciprocal lattice 
vector G, of the crystal. The density of the crystal 
can be expanded in the Fourier series 

p(r) = $ CMj eiGJer, (A4 
i 

with N the number of atoms, T/ the volume of the 
crystal, and {G,} the set of reciprocal lattice vec- 
tors. The Fourier coefficients 

Mj = $lvp(r) ewiG~” d3r (A-3) 

form a set of order parameters {M,}, with Mi = 
MC,. For a lattice of iV discrete points, p(r) is 
given by 

(A4 
i=l 

with Ri a lattice vector given by Ri = xia + y,b + 
zic, with xi, yi and zi integers and (I, b and c the 
primitive lattice vectors. By substituting eq. (A.4) 
into eq. (A.3) we obtain 

(A4 

Secondly we consider the parameter a entering 
eq. (A.l). Its value can be estimated by using the 
Hansen-Verlet melting rule. This rule states that 
the height of the first peak S(Q1) of the liquid 
structure factor S(Q) near melting equals S(Qi) 
= 2.85 [48]. The structure factor at Q = Qi is 
given by [49] 

S(Q1) = $( E lepiQ1*c12) =N(IMt12), (A.6) 
1. 

i=l 

with r; the position of the particle labelled i. Here 
1 M, 1 is the order parameter in the liquid phase at 
the reciprocal vector Q, for which S(Q) has its 
maximum. The length of Qi is given by 1 Qi 1 = 
2r/Ar = I G, 1, with Ar being the location of the 
first peak in the pair distribution function [49]. 

Note that the definition of I it& 1, as given by eq. 
(A.6) is consistent with the definition of the order 
parameter MC, in the crystal lattice. That is, in the 
limit of perfect crystalline order, 1 M, I + 1 (eq. 
(A.5)). The ensemble-average ( I M, I ‘) is given by 

XIM,12, (A-7) 
with P( I i&f, I) the probability to find the liquid in 
the state with order parameter I M, I. At T = T,, 
I’( I M, I) is given by the Boltzmann distribution 

P(I”t’I)=A exP 
fWcW 

k T . 
BIII 

64.8) 

The parameter A is a constant which follows from 
the normalization condition 

/2n dpJCrnlWd dlWf’(lWl) = 1. (A-9) 
0 0 

We now assume that it is I M, I which enters eq. 
(2a) for the Landau free energy. Inserting the 
Landau expression f ( I M, I ) = a I Mt I 2/ 2 (eq. 
(2a) with A = 0) in eq. (A.8) we obtain for 
P( ) M, I) the normalized distribution 

‘(I”d) = &” exp( -$~~(:yi. (A.lO) 

Substitution of eq. (A.lO) into (A.7) gives 

(I M, 12) = 2k,T,/aV. (A.ll) 

The expression for the structure factor at Q = Qi 
is obtained by substitution of eq. (A.ll) into eq. 

(A-6) 

I = 2P&&,/a9 (A.12) 

where pc= N/V is the average particle number 
density in the liquid phase. By using the Hansen- 
Verlet melting rule, S(Qi) = 2.85, we obtain from 
eq. (A.12) 

a = 2p,k,T,/2.85. (A.13) 

The correlation length .$ within the liquid phase 
can now be estimated. By substituting MC, = 1 (eq. 
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(A.5)) and the expression for (Y (eq. (A.13)) into 

eq. (A.l) we obtain 

5e= 5.7y.,,/p&&. (A.14) 

This equation expresses ce in terms of known 
thermodynamic quantities. For Pb, y,, is given by 
the value 0.04 _t 0.02 J/m*, which is the average 
over different experimental values [18,20,21]. Tak- 
ing p!= 3.11 x lo** mm3 and T, = 600.7 K we 
calculate for & the value Ee= 0.9 t- 0.4 nm. This 
value is, to within the error of measurement, in 
agreement with the value of Ee= 0.63 nm [6] mea- 
sured on Pb{ llO} and with the values of &= 0.47 
k 0.09 nm and &= 0.61 k 0.09 nm which repre- 
sent averages over different Pb crystal planes lying 
in the (110) and (100) crystallographic zones, 
respectively (see part I of this investigation). We 
note that, according to eq. (A.14), the value for Ee 
is crystal-face dependent through the anisotropic 
solid-liquid interface free energy ydhk’). Such a 
trend has indeed been observed in the medium-en- 
ergy ion scattering measurements reported in part 
I of this investigation (ref. [40] therein). 

Appendix B. Effect of thermal fluctuations on the 
melt thickness 

The mean-field theory presented here does not 
account for the possible effect of thermal fluctua- 
tions. The surface free energy F,(I), given by eq. 
(34), describes the interaction between two inter- 
faces which are assumed to be planar. However, 
the solid-liquid interfaces of many materials, 
especially of metals, are predicted to be rough [50] 
and the presence of thermally excited capillary 
waves on free liquid surfaces is well-established 
[51,52]. Thermally induced fluctuations in semi-in- 
finite systems have been studied theoretically [53- 
581. Below we give an estimate for the magnitude 
of the thermally induced interface roughness for a 
system governed by short-range atomic interac- 
tions. We also estimate the amount by which the 
mean-field result for the quasi-liquid layer thick- 
ness changes if fluctuations are taken into account. 

Consider a surface melting transition in a sys- 
tem with a rough solid-quasi-liquid interface. For 
small melt thickness the thermal fluctuations of 

this interface are damped by the presence of the 
quasi-liquid-vapor interface [59]. As the melt 
thickness increases the fluctuations become less 
constraint. This leads to a reduction in free en- 

ergy, which can be associated with a fluctuation- 
induced repulsive interaction between the two re- 
spective interfaces. It has been shown that this 

repulsion is short-ranged; it falls off as 

exp( - 47r5: .E/k,T), with {, representing the 
roughness perpendicular to the average quasi- 
liquid-solid interface [54,55]. The parameter 2 
represents the stiffness of the solid-liquid inter- 
face, with y,, < 1~ cc [55,58]. Whether or not the 

thermal fluctuations can be ignored depends on 
the importance of the fluctuation-induced interac- 
tion relative to the repulsive interaction term in 
F,(I), which falls off with distance I as exp( - 21tl) 
(see eq. (34)). The fluctuation-induced repulsion 
should be taken into account if 47rl:Z/kaT is no 
longer large with respect to 2~1. The equilibrium 
melt thickness i then changes to [3,53,60] 

i* = (I + 72/2a)i, (B.1) 

with i the mean-field thickness (eq. (33)) and i* 
the corrected thickness corresponding to the aver- 
age equilibrium position of the rough quasi- 
liquid-solid interface. The interfacial roughness 
{, [3] is given by 

{: = ( &J2a) i (B.2) 

and the dimensionless parameter r is given by 

03.3) 

provided 7 < (2m) 1/2 For a smooth interface the . 
stiffness 2 is infinite so that r ---f 0 and the mean- 
field results are recovered. For finite 2 the inter- 
face is rough. We note that the thermal fluctua- 
tions only modify the factor in front of the loga- 
rithmic growth law (eqs. (33) and (B.l)), not the 
growth law itself. 

Let us now consider the Pb{llO} surface. We 
take for .Z the minimum value 2 = ys, = 0.05 J/m2 
and for the correlation length the value Ee= 0.63 
nm [6]. From eq. (B.3) we obtain for r a value of 
0.6, which is indeed smaller than (27r)ii2. By sub- 
stituting this value of T into eq. (B.l) we find that 
the maximum correction to the melted layer thick- 
ness i is only 7%. For a typical film thickness of 
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i = 2 nm we obtain from eq. (B.2) an interfacial 
roughness of 3, = 0.3 nm. This value is small and 
comparable to the atomic diameter of Pb (0.35 
nm). For most other elements listed in table 1 the 
corrections to the mean-field results are expected 
to be even smaller than for Pb. This is caused by 
the larger solid-liquid interfacial free energies for 
the other elements. see table 1. 

equilibrium thickness of quasi-solid 
layer 
Hamaker constant 
set of reciprocal lattice vectors 
local particle density 
average particle density in the liquid 
structure factor of the liquid 
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