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We report a molecular dynamics study of homogeneous nucleation in a fluid of parallel hard 

spherocylinders. It is found that the rate of nucleation of the crystal depends strongly on the 

presence of a nearby metastable smectic phase. 

1. Introduction 

In 1897 Ostwald [l] observed that homogeneous nucleation proceeds accord- 

ing to the following rule: When a transition from one phase to a more stable 
phase occurs, the latter phase will not be the one that is most stable under the 
given circumstances, but the phase that is closest in free energy to the initial one. 

In 1978, Alexander and McTague [2] argued on basis of Landau theory that 

for systems of particles with a spherically symmetric potential, the initial 

crystalline nucleus should preferentially have a bee structure, even if other 

structures are thermodynamically more stable. Although homogeneous nuclea- 

tion in atomic fluids has been studied extensively by computer simulation by a 

number of authors [3, 41, the numerical evidence to support the Alexander- 

McTague conjecture is less than conclusive. 

To our knowledge, no numerical studies of homogeneous nucleation on 

systems of non-spherically symmetric particles have been performed so far. In 

the present article we present the results of a Molecular Dynamics (MD) study 

on homogeneous nucleation on a system of parallel hard spherocylinders. A 

spherocylinder consists of a cylindrical segment of length L and diameter D 

capped at each end by a hemisphere of the same diameter. The phase diagram 

of this model for various values of L/D has been reported by Stroobants et al. 

[5] (fig. 1). For L/D ~0.5 the low-density “nematic” phase exhibits a first 

order freezing transition. For 0.5 < LID < 3 the translational ordering pro- 

ceeds in steps: as the fluid is compressed to a density pNS the low density 
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Fig. 1 (ref. [5]). Phase diagram of hard parallel spherocylinders as a function of the length-to- 

width ratio L/D. The shaded areas correspond to two-phase regions. Black circles, densities of the 

coexisting phases; open circles, densities corresponding to the continuous nematic-smectic and 

smectic-columnar transitions. The arrows denote the LID-values at which the nucleation studies 

were performed. 

nematic phase transforms into a smectic-A phase. The latter undergoes a 

first-order freezing transition at a higher density psc. For all L/D values the 

freezing transition is strongly first order: on freezing there is a discontinuity in 

the density of some 10%. 

The reason why it is interesting to study nucleation in this system is that it 

offers the possibility to study the competition between nucleation into a 

thermodynamically stable crystal phase and the formation of a (metastable) 

smectic phase. 

The remainder of this paper is organized as follows: in section 2 we describe 

the simulation techniques used to prepare the system in a non-equilibrium 

phase and study its time evolution. In section 3 we discuss the quantities used 

to monitor the nucleation process, while in section 4 the results of the 

calculations are presented. In section 5 we discuss some of the implications of 

our results. 

2. Simulation technique 

Before discussing our simulation procedure, a general remark is in place. 

The present paper discusses nucleation in a rather small (N = 6(10’)) model 

system with periodic boundary conditions. It is well known that the rate of 

“homogeneous” nucleation of such a model system may depend strongly on 

the system size. The work of Honeycutt and Andersen [6] showed that, due to 
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periodic boundary conditions, nucleation occurs much faster when the system 
size is small. The obvious method to eliminate this problem is to carry out 
simulations in a larger system. Of course, the price that must be paid when 
studying nucleation in a system that is sufficiently large to suppress finite-size 
effects is a larger expenditure of computer time. In the present simulations we 
considered it preferable to spend the available computer time on a comparative 
numerical study of a set of different model systems of only a few hundred 
particles, rather than on one or two runs on a very large system. As a 
consequence, not too much significance should be attached to the absolute 
nucleation rates found in the present work. However, the present study should 
yield a meaningful comparison of relative nucleation rates in different model 
systems. 

A simulation on the spherocylinder system was performed as follows: an 
equilibrium fluid of 288 or 270 particles at a density just below the coexistence 
region was compressed by means of a constant pressure Monte Carlo (MC) 
program to a density within the coexistence region. Subsequently, the system 
was allowed to evolve by means of the conventional constant-volume “hard 
core” MD method [7]. Typically a MC compression from a reduced density 
(i.e. the density relative to the closest packing density) p* = 0.60 to p* = 0.66 
took about 1800 MC cycles, which proved to be fast enough to leave the system 
in an essentially disordered state (i.e. a state with no long-range translational 
order (viz. fig. 4)). The MD run lasted 300 time-units, where one time-unit is 
given by the quantity Dm, with D the particle diameter and m the mass 
of the particle. During a run each particle experienced about 6000 collisions. 

3. Analysis of time evolution 

During a run we studied the time evolution of a number of thermal, 
dynamical and structural properties of the system. For these purposes we used 
the following quantities: 

1. Thermal 

- The compressibility factor 

II* = PVINkT - 1. (1) 

When the system is in equilibrium II* will perform small fluctuations about its 
equilibrium value. When nucleation occurs, n* will decrease until it reaches a 
value that corresponds to a (possibly defect-rich) crystalline solid. 
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2. Dynamical 

- Mean square displacement ( R2(t)). W e used this quantity to measure the 

diffusion in the system. In order to discern between diffusion parallel and 

perpendicular to the alignment of the cylinders we made a division into 

CRiCt)) = N-’ C trlljCt> - r/1j(0))2 i 

and 

(R:(t)) = N-l C (rl,(t> - r,j(“))2 . 

i 

(2) 

(3) 

Here (R;(t)) and (R:(t)) are the mean square displacements parallel and 

perpendicular to the alignment of the spherocylinders. By studying these 

quantities we can also draw some conclusions about the structure of the 

system: in a nematic phase (which is the most disordered phase of the present 

model system) both (R;(t)) and (R:(t)) wi increase linearly in time. In a ‘11 

smectic phase (R;(t)) will only increase very slowly, while in a solid phase 

both (R;(l)) and (R:(t)) ‘11 wi remain constant (apart from small fluctuations). 

3. Structural 

- Structure factors S(k). We considered the structure factors at two values of 

the wavevector k, namely the maximum structure factor in the z-direction, 

2 

S,(k,,) = max N-’ C exp ik,, - rj 
kll 

, 
I 

and the maximum structure factor in the xy-plane, 

2 

S,(k,) = max N-’ 
k, 

c expik, *r, . 
i 

(4) 

(5) 

Here, and in the following equations, the z-axis is chosen parallel to the 

alignment of the cylinders, which is also the orientation of one of the box axes. 

The X- and y-axes are chosen parallel to the other two box axes. The k-vectors 

for which the maxima were obtained were also recorded. Thus we obtained a 

measure for the periodicity in the system both in the z-direction and perpen- 

dicular to the z-direction. 

Using the “parallel” structure factor (eq. (4)) a nematic phase can easily be 

discerned from a smectic phase. In order to discern a smectic phase from an 

anharmonic solid phase we can use the transverse structure factor (eq. (5)). 
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However, it is often more convenient to monitor the onset of in-plane 

crystalline order by looking at the in-plane bond order. We therefore intro- 

duced the following order parameters: 

- Bond order parameters &, xi. We define $2 by 

2 

c’ exp 6iei, 

*: = I<] 
2 . 

c’ exp 6iO:y 
I<j 

(6) 

Here 0, is the angle between the projection of rij on the xy-plane and the 

x-axis, and the sum is taken over all pairs of particles for which 

rllij < 0’7rllnn 3 riij < 1.35r,,, . (7) 

Here r,,“,, and rlnn are the parallel and perpendicular distances between nearest 

neighbours in a perfect (“stretched fee”) lattice at the same density as the 

system under consideration. The factor 1.35 is chosen in such a way that the 

cutoff is about halfway between the nearest and next-nearest neighbours within 

one layer. The sum in the denominator is the same as the sum in the 

numerator, but evaluated for a perfect lattice. For a system of N particles it is 

given by 

2 

c exp 6iO:y = 9N2 . 

iij 

By construction I,$ = 1 for a perfect lattice, while for a completely disordered 

(e.g. nematic) fluid I,$ = 6(1 lN). It is also useful to measure bond order in a 

smectic phase within each layer separately. We therefore introduced a bond 

order parameter for smectic layers: 

2 

,yi = (3N,)-2 c” exp 6iOij . 

iij 

Here the sum is taken over all 

number of particles of the layer. 

order within a smectic layer by 

(9) 

pairs within a smectic layer, and N[ is the 

We also introduced the mean angle of bond 

Im 

0, = i arctan 

c” exp 6iOij 

ii \ (10) 
Re( c” exp 6iOij) 

ii 
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Knowledge of this quantity for all smectic layers allows us to detect possible 

correlations in bond order between the smectic layers. 

Beside the study of the above-mentioned parameters, we found it extremely 

useful to gain an indication of the state of the system by studying snapshots of 

the molecular configuration at regular intervals during a run. 

4. Simulation results 

We performed a total of 10 simulations on three different systems. The first 

(L/D = 0) corresponds to the well-known hard sphere system which has no 

smectic phase. The second (LID = 0.25) has no thermodynamically stable 
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Fig. 2. Measured quantities for L/D = 0 (hard spheres). PlpT - 1 is the compressibility factor 

(the Boltzmann constant k = 1 in this figure), $: is the bond order parameter defined by eq. (6), 

S,(k,,) and S,(k,) are the maximum structure factors defined by eqs. (4) and (5), and (R;i) and 

(R:) are the mean square displacements defined by eqs. (2) and (3), measured in units D’, where 
D is the diameter of the cylinder. 
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smectic phase, but it may have a metastable smectic phase at a density above 
the freezing point [8]. The third (LID = 1) has a stable smectic-A phase [5]. As 
independent simulations of the same state points showed essentially identical 
behaviour we only present the results of one run per state point. 

Below we briefly summarize the main results of our numerical study: 

1. L/D = 0 (hard spheres) (288 particles, liquid-solid coexistence region: 
p* = 0.67-0.74 [9]) 

- p* = 0.70 (fig. 2). This is a density well inside the coexistence region 
between solid and liquid. The results are given in fig. 2. The fluctuations in II* 
are small and the diffusion coefficients (which directly follow from the time 
derivative of the mean square displacements) are approximately constant, and 
show isotropy in the diffusion. All structural order parameters remain small. 
We can conclude that the system remains in its metastable fluid phase. 
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Fig. 3. Same as in fig. 2, but for L/D = 0.25, p* = 0.63. Note that this density corresponds to a 

point in the solid-liquid coexistence region, close to the liquid branch. 
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2. LID = 0.25 (288 particles, nematic-solid coexistence region: p* = 

0.610-0.685 [5]) 
_ p* = 0.63. (figs. 3, 4). This is a density at the lower end of the coexistence 

region. We see strong fluctuations in II* and I+$, with $i small when II* is 

large, and vice versa. We can also observe some correlation between the 

behaviour of S,(k,,) and II* (see e.g. the “dip” at t = 100). The behaviour of 

(R;(t)) shows that the diffusion parallel to the spherocylinder alignment slows 

down when I7* is small, while no significant change in behaviour of (R:(t)) 

can be observed. Snapshots show that smectic-like ordering coincides with low 

values of II*. Fig. 4 shows that the system is fluctuating between a nematic and 

a smectic phase. Measurements of xi indicate that local solidlike ordering 

occurs occasionally (once in a run of t = 300). 
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Fig. 4. Particle configurations for L/D = 0.25, p* = 0.63 at t = 0 (i.e. immediately after compres- 

sion) (left) and t = 300 (right). The upper pictures show a projection in the plane perpendicular to 

the molecular axis; the lower pictures show a projection in the plane parallel to the direction of 

alignment. The spherocylinders are: indicated by a line segment of length L. Note that there are 
already smectic fluctuations present in the initial configuration. These are however not larger than 

the smectic precursor fluctuations, which appear in the nematic fluid at a density just below the 

coexistence region [ 111. 
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- p* = 0.66 (table I, fi gs. 5, 6). This is a density at the upper end of the 
coexistence region. Here we see a sharp drop in n* until t = 20, after which it 
remains constant. I,!J~ increases rapidly and remains constant also after t = 20. 
The structure factors S,(k,,) and S,(k,) also become large. Both (R:(t)) and 
(R;(t)) remain small, and show no increase after t = 20. xi is large after 
t = 20, and snapshots show a clear solid structure. It is clear that a rapid 
nucleation to a solid-state structure has occurred. 

3. LID = 1 (270 particles, smectic-solid coexistence region: p* = 0.624-0.650 

[51) 
_ p* = 0.63 (table II, fi gs. 7, 8). We see L7* decreasing continually, while I$‘, 

and S,(k,) remain small all the time. S,(k,,) is large all the time, except for a 
dip at t-260. (R;(t)) and (R:(t)) increase slowly until t = 260. At t - 260 
(R:(t)) shows a rapid increase coinciding with the dip in S,(k,,). The 
behaviour of &, shows an increase in sixfold symmetry with increasing time. 
Snapshots of the smectic layers confirm this. From 60, it can be seen that there 

Table I 

Bond order results for LID = 0.25. p* is the re- 

duced density, t is the time at which xi is de- 

termined. zmean is the mean coordinate of the 

particles within a smectic layer, x’, is the structural 

order parameter determined by eq. (9), A’, is the 

number of particles in a smectic layer and 0, is the 

mean bond order angle determined by eq. (10). 

P* t 
* 

ZIIIM” X6 N, 0, 

0.66 0 -2.91 0.126 49 -6.78” 

-1.64 0.153 48 -12.39” 

-0.45 0.042 46 -12.85” 

0.76 0.031 49 12.81” 

1.96 0.086 44 -1.43” 

3.18 0.061 52 -9.44” 

30 -2.78 0.48 48 -0.06” 

-1.55 0.29 49 -0.65” 

-0.33 0.50 48 0.12” 

0.86 0.40 47 0.49” 

2.11 0.54 48 -0.00” 

3.33 0.64 48 0.09” 

300 -2.79 0.57 48 -0.08” 
-1.56 0.58 48 0.07 

-0.36 0.59 48 -0.04” 

0.85 0.41 48 0.63” 

2.09 0.57 48 -0.03” 

3.34 0.59 48 0.16” 
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Fig. 5. Same as in fig. 2, but for L/D = 0.25, p * = 0.66. Note that this is a density close to the solid 

branch. 

is no clear correlation in bond order between the various smectic layers, which 

explains why I,!J~ remains small. The behaviour of S,(k,,), and (R:(t)) at 

t = 260 may caused by the motion of a defect in the layer structure. 

- p* = 0.64. Here we see essentially the same behaviour as for p* = 0.63, 

with however somewhat more solid ordering at the end of the run. 

5. Discussion and conclusions 

Comparing the L/D = 0 run with the LID = 0.25 runs, we see that a small 

change in particle shape brings about an enormous change in the nucleation 

rate. While the hard-sphere system shows no nucleation at all anywhere within 

the coexistence region (nucleation appears to be possible, but only at a density 
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Fig. 6. Same as in fig. 4, but for L/D = 0.25, p* = 0.66 

well above the coexistence region [lo]), nucleation occurs easily within the 

coexistence region for the LID = 0.25 system. The p* = 0.63 run showed that 

in this process a smectic phase is involved. The computations of ref. [5] showed 

that this smectic phase can only be metastable. The behaviour of the LID = 

0.25 system is thus in accordance with Ostwald’s rule. The latter rule 

“explains” why nucleation occurs more easily than for the hard-sphere system: 

the presence of a metastable smectic phase lowers the free energy barrier 

between nematic and solid state (fig. 9). In a hard sphere system such a 

metastable state is not present. 

It should be noted that the behaviour observed in the present simulations is, 

in fact, slightly different from that exhibited by the experimental systems to 

which Ostwald’s rule was applied originally. In the latter systems the phase 

transformation occurs through nucleation, whereas the nematic-smectic transi- 
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Table II 
Same as in table I, but for L/D = 1. 

0.63 0 -8.41 0.098 29 4.27” 
-6.37 0.154 30 14.45” 
-4.30 0.076 29 11.38” 
-2.20 0.076 31 - 12.94” 
-0.07 0.094 29 10.20” 

2.00 0.091 29 -10.23” 
4.08 0.066 31 6.52” 
6.17 0.059 31 3.81” 
8.25 0.039 31 2.95” 

216 -8.43 0.283 30 0.58” 
-6.36 0.096 30 -1.58 
-4.31 0.118 30 0.26” 
-2.26 0.023 30 5.74” 
-0.15 0.195 30 8.19” 

1.93 0.066 30 -6.35” 
4.09 0.020 30 -13.79” 
6.14 0.155 31 -13.56” 
8.21 0.064 29 -13.54 

300 -8.44 0.333 30 0.60” 
-6.34 0.062 30 -8.78” 
-4.26 0.016 29 -3.72” 
-2.13 0.204 30 0.93” 
-0.05 0.162 30 5.50” 

1.97 0.264 30 -2.52” 
4.02 0.311 30 -0.51” 
6.10 0.252 31 -4.59” 
8.21 0.165 30 0.64” 

tions in hard parallel spherocylinders appears to be continuous or weakly first 

order. Hence the phase transformation to the metastable smectic phase 

proceeds with little if any nucleation barrier. This is also the reason why some 

smectic order is already present in the LID = 0.25 system immediately after 

compression (figs. 4, 6): it takes a finite amount of time to compress a system 

of hard particles to the desired “metastable” density. Due to the absence of a 

nucleation barrier the onset of smectic ordering starts already during the 

compression. 

For the L/D = 1 system the nucleation process proceeds much more 

slowly than for the LID = 0.25 system but, in contrast to the hard sphere 

system, order is developing. Apparently crystallisation from a metastable 

smectic phase is easier for Ll D = 0.25 than for LID = 1. Why this should be so 

is not clear at present. 
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Fig. 9. Schematic drawing of the free energy of a system of hard parallel spherocylinders as a 

function of a characteristic crystalline order parameter S at a density where the crystalline phase is 

the more stable. I is the nematic branch, II the smectic branch and III the solid branch. The 

presence of the smectic branch lowers the nucleation barrier. 
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