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ABSTRACT: A recently developed method is applied to calculate the depletion interaction between a
sphere and a flat plate due to nonadsorbing ideal polymers for arbitrary polymer-sphere ratios. The
interaction potential is calculated from the polymer concentration profiles surrounding the sphere and
plate based on the adsorption around the particles. The polymer concentration profile in the space near
the two particles is the product of the polymer concentration profile due to the single plate and its profile
around the single sphere. The product function profile is in good agreement with profiles calculated by
computer simulations. The interaction potential derived from the adsorption using the product function
agrees with analytical results for infinitely small and large spheres. It is shown that the force between
a flat plate and a sphere goes to a minimum for large polymer-colloid ratios. These results show that a
product function applies to the sphere-plate geometry and facilitates the calculation the depletion
interaction between colloidal particles in complex cases.

1. Introduction

Asakura and Oosawa,1 based on statistical mechan-
ical results, showed that adding nonadsorbing ideal
polymers to a colloidal dispersion induces attractions
between the particles. A popular simplification of the
depletion due to polymers is to replace the polymer
concentration profiles around the particles by a step
function, which is denoted as the penetrable hard-
sphere (PHS) approach,2-4 where the diameter of the
PHS has to be taken as 4Rg/xπ. Here Rg is the radius
of gyration of an ideal polymer chain (for long chains
6Rg

2 ≡ b2s, where b is the segment length and s is the
number of segments per chain). The PHS approach is,
however, only successful in the limit R . Rg,5,6 where
R is the sphere radius. For sphere/polymer size ratios
where R/Rg < 3, the polymer concentration profile
changes in both shape and range as a function of
R/Rg.7-9 These effects can only be accounted for in a
description of the interaction between particles if the
polymer concentration profiles in the space surrounding
the colloidal particles are known. For ideal chains the
diffusion equation has to be elucidated. For simple
geometries the diffusion equation may be calculated
using Laplace transformations10 but become increas-
ingly more difficult for more complex geometrical sys-
tems. To the authors’ knowledge, exact solutions for two
spheres in an ideal polymer solution have been found
in the limit of R/Rgf ∞11 and R/Rg f 012 but have not
been found for arbitrary R/Rg values.

Recently, we have developed an approach to calculate
the polymer concentration profiles between two particles
by using the product function of the individual profiles.9
This Ansatz gives a good description of the profiles
between two parallel plates and two spheres. In this
paper the focus is on the interaction between a sphere
and a plate immersed in an ideal polymer solution for
arbitrary polymer-colloid size ratios. As a tool, we use
the adsorption method13,14 which utilizes the polymer

concentration profiles to calculate the (negative) adsorp-
tion and hence the interaction between colloidal par-
ticles.

The significance of this study of the interaction
between a sphere and a plate is twofold. First, it is a
situation that can be validated experimentally. An
example is atomic force microscopy (AFM), as performed
by Milling and Biggs15 for studying polymer-induced
depletion between a sphere and a surface. In this
method one mounts a sphere onto the AFM cantilever
which is then brought to the surface. The other method
that allows a measurement accurate to 0.1kT is total
internal reflection microscopy (TIRM).16 In this tech-
nique the particle-surface distance can be derived from
the intensity of an evanescent wave that is formed when
a photon beam is reflected from a surface at a suf-
ficiently large incident angle. TIRM has been used by
Walz and co-workers17-19 to study depletion interaction.

This study is also significant in that it facilitates the
calculation of the interaction between a sphere and a
plate, compared to the exact work that has been
performed by Bringer et al.,20 who derived various exact
expressions under different conditions by solving the
diffusion equation. We will summarize these results in
section 2.2, which provide a good test for the applicabil-
ity of our method to the interaction between a sphere
and a plate and which could then be used to calculate
the interaction potential curve for arbitrary polymer-
colloid ratios. This would reduce the effort one has to
put in by performing the quite complex numerical
calculations.20

2. Theoretical Section
We consider the situation depicted in Figure 1. A hard

sphere with radius R is immersed in an ideal polymer
solution, containing nonadsorbing polymers with a
radius of gyration Rg. The (hard) sphere has a shortest
distance h to a (hard) flat plate. Because of cylindrical
symmetry, every point of the geometry is defined by x
and z, as indicated in the figure. In this section we
discuss two methods to calculate the interaction poten-
tial between a sphere and a plate as a function of h/Rg.
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2.1. Adsorption Method. To calculate the inter-
action between a sphere and a plate in a nonadsorbing
polymer solution, we use the extended Gibbs adsorption
equation. The starting point is to define the grand
potential Ω:

where F is the Helmholtz free energy, µi is the chemical
potential of component i, and Ni is the number of
particles of that component in the system. An infini-
tesimal variation of Ω leads to the expression

at constant temperature and volume. In eq 2 h is the
interparticle distance. For a system with nonadsorbing
polymers and a background solvent only the chemical
potential of the polymer molecules µp is significant. The
interaction potential W(h) is related to the force K by
the equation

so that the generalized Gibbs equation reads13,14

which is derived from the substitution of eq 3 in eq 2,
in which N(h) is the amount of adsorbed polymer
segments when the closest distance between the par-
ticles is h. The adsorption is the integral over the
polymer segment concentration n(r):

where Vp is the total volume of the polymer solution and
nb is the bulk polymer segment concentration.

For ideal chains eq 4 can be simplified to9

To determine the interaction potential between a sphere
and a plate, the polymer concentration profile around
a single sphere in the presence of the plate must be
calculated. This can be achieved by applying the
Ginzburg-Landau field theory.21-23 For ideal chains the
excluded-volume interaction between the segments
diminishes, meaning that the Edwards diffusion equa-
tion for polymers suffices:23,24

with a boundary condition G0(r,r′) ) δ(r-r′). In eq 7
GN(r,r′) is a Green function which describes the prob-
ability of finding the Nth segment of the polymer chain
at position r′ while its origin lies at r. It is rather difficult
to solve the differential equation (7) for a complex
geometry, while there are solutions for a single wall and
a single sphere, of which the significance will be shown
later.

Eisenriegler25 calculated the polymer concentration
near one flat plate for ideal chains using Laplace
transformations and found the following expression for
the relative polymer concentration near a single plate
fp(x) ) n(x)/nb:

where z is defined as x/(2Rg), and x is the distance from
the surface.

Taniguchi et al.7 (see also ref 9) found the profile of
ideal polymer chains around a single hard sphere fs(x)
by solving eq 7 in spherical geometry. The result was

The profile around a sphere goes to fp(x) for R f ∞. The
range of the profile fs(x) decreases as R/Rg decreases and
becomes independent of Rg for R f 0. Our approxima-
tion is to take the product of the profiles as the local
polymer segment concentrations, which follows from the
superposition approximation that one may add two
potentials that each generate a profile.9 In the situation
schematically depicted in Figure 1, it is assumed that
the local polymer concentration n(r) at a certain point
in the polymer solution, say P, defined by the vector r,
is given by a product function:

where fp(x1) and fs(x2) are the relative polymer concen-

Figure 1. Schematic representation of the geometry of a
sphere and plate in an ideal polymer solution separated by a
distance h.
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trations given by eq 8 (with x ) x1) and eq 9 (with x )
x2, being the nearest distance from the surface of the
sphere to position P), respectively. The combination of
eqs 5, 6, and 8-10 yields the interaction potential
between a sphere and a plate as a function of the closest
sphere plate distance h.

2.2. Limiting Functions from Diffusion Equa-
tion. Bringer et al.20 derived analytical expressions for
the interaction between a plate and a sphere by solving
the diffusion equation within specific limits. For ideal
chains they obtained the general expression

where the relative polymer concentration φp equals
4πnbRg

3/3s, and Y is a scaling function that depends on
h/Rg and R/Rg. The scaling function can be precisely
calculated in two limits. For spheres that are very small
relative to the polymer chains the s segments treat the
sphere as a pointlike object that gives a weak repulsive
potential.21 For a sphere that is very close to the wall
(h , Rg) this leads to20

while for spheres that are very large relative to the
polymer size one can apply the Derjaguin approxima-
tion26 to the result of two parallel plates.11 For h , Rg
this leads to the scaling function:11,20

For very large separations between the wall and the
sphere the scaling function becomes independent of R/Rg
and reads20

We will compare our method described in section 2.1
for the interaction potential with eq 11 using the exact
analytical expressions for the scaling function given by
eqs 12-14, This is an excellent test for the validity of
our approximation described in section 2.1.

3. Results and Discussion
Representative results for the local polymer concen-

tration profiles for R ) Rg are presented in Figure 2 for
h/Rg ) 0 (a), h/Rg ) 0.25 (b), and h/Rg ) 2.45 (c).
Equation 10 is plotted in the figures as the curves as a
function of z for various values of x as indicated. The
symbols represent computer simulations that were
obtained by placing random walks of 100 segments in
a box containing a sphere and a flat plate. Those random
walks that crossed an interface or are inside the sphere
are assigned a zero weight. All other configurations are
weighted with equal probability. As shown, results from
eq 10 are is close agreement with the data derived from
computer simulations. At this level eq 10 leads to a good
description of the local polymer concentration profiles.

Since the product function (eq 10) describes the local
polymer concentration profiles quite well, the profiles

were inserted into eq 5, and the interaction potential
between a sphere and a plate was calculated using eq
6. In Figure 3 the interaction potential is plotted as a
function of h/Rg for four values of q (≡R/Rg): 10, 1, 0.1,
and 0.01. The potentials W(h) (dashed curves) are
normalized by qφpkT. Since -W(h)/qφpkT ) Y(h/Rg),
effectively the scaling function Y(h/Rg) was plotted as a
function of h/Rg (see eq 11). Where h/Rg > 2, it was found
that the scaling function is independent of q. This
corresponds to eq 14, the scaling function of Bringer et

Figure 2. (a) Polymer concentration profiles in the region
around a sphere close to a plate for R/Rg ) 1, h ) 0, and x/Rg
) 0.06, 0.24, 0.36, and 1.1. The symbols are the computer
simulation results. The curves correspond to the product
function Ansatz. (b) As in (a) for h/Rg ) 0.25 and x/Rg ) 0.06,
0.17, 0.36, 0.48, and 1.1. (c) As in (a) for h/Rg ) 2.45 and x/Rg
) 0.06, 0.36, 0.48, and 1.08.
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al.,20 which is independent of q for very large h.
Equation 14 is plotted as the solid curve in Figure 3.
For small h/Rg values differences in the shape of the
scaling functions as a function of q were found. The
absolute value of the minimum of the potential de-
creases with decreasing q, and for q ) 0.1 and 0.01 an
inflection point is observed which is not present for q )
1 and 10.

In Figure 4a-c we check whether the interaction
potentials calculated from the product function agree
with the exact results for very small h/Rg. In Figure 4a,
where q ) 10, it is observed that the exact result for
the limiting scaling function (solid curve) for small h,
calculated from eq 13, is consistent with the results that
are derived from eqs 10, 5, and 6 and also seems to scale
analogously for small h/Rg. Where q ) 1 (Figure 4b) the
scaling function of eq 13 also gives a good description
of the interaction potential for small h, although it is
definitely not in the infinitely large radius regime at
this stage. The scaling function for small spheres (eq
12) differs much more from our result for q ) 1. For q
) 0.1 (Figure 4c) and 0.01 (not shown) the scaling
function for the small spheres (eq 12) is well described
by the adsorption method using eq 10.

By applying eq 3, the force was calculated from the
interaction potential. Exact results for the force are also
available as is shown below. A comparison of the exact
result for the force with the data derived from eq 10 is
a sensitive test for the product function with exact
results since small quantitative differences are enlarged
by differentiation (see eq 3). Results for the force
between sphere and plate are plotted in Figure 5. The
results from the product function are given by the
dashed curves. Surprisingly, there appears to be a
minimum in the force as a function of h for q ) 0.01
and 0.10. The minimum lies near h/Rg ) 0.8 and can
be understood qualitatively by replacing the depletion
layers with a step function (see also the schematic
picture of Figure 6). The depletion layer due to a single
hard plate has a width of approximately Rg, denoted by
êp in Figure 6. Around a very small sphere the depletion
layer is close to 3R, as indicated by ês. So, for relatively
large polymer chains the depletion layer around the
sphere (ês) is negligible compared to that near the single
wall (êp). When the small sphere, including a depletion

layer ês(,êp), is located inside the depletion layer (êp)
of the wall, the overlap volume of depletion layers does
not increase further when the sphere is moved toward
the wall. Just replacing the profiles by effective deple-
tion layers would mean that the interaction potential
(osmotic pressure times overlap volume) has a minimum
value if h is smaller than approximately (êp - 5R) and
does not decrease when the sphere is pushed further

Figure 3. Normalized interaction potential between a sphere
and a plate immersed in an ideal polymer solution for R/Rg )
10,1,0.1, and 0.01. The dashed curves are the result from the
adsorption method using the product function. The solid curve
is the exact result for h . Rg (eq 14).

Figure 4. (a) Interaction potential for R/Rg ) 10 calculated
from the adsorption method using the product function (dashed
curve) compared with the exact results of eq 11 (solid curve),
with eqs 13 and 14 in the limit of h f 0 for large spheres and
h . Rg, respectively. (b) As in (a) but for R/Rg ) 1, compared
with the exact results of eq 11 with eqs 13, 12, and 14 in the
limit of h f 0 (for large and small spheres) and h . Rg,
respectively. (c) As in (a) but for R/Rg ) 0.1 compared with
the exact results of eq 11 with eqs 13, 12, and 14 in the limit
of h f 0 (for large and small spheres) and h . Rg, respectively.
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toward the plate. This would lead to a diminishing force
at contact, which is only found for infinitely small
spheres. In the product function Ansatz this effect is
accounted for since it is observed that the normalized
force increases with decreasing relative sphere size. It
would be very interesting to observe this phenomenon
experimentally.

Our results can be compared with analytical results
in two limits, given by the solid curves. By applying eq
3, eq 11 becomes

In eq 15 the scaling function Q follows from differentia-
tion of the scaling function Y: Q ) -∂Y/∂(h/Rg). From
eq 12 it then follows that Q ) 0 at h ) 0 for infinitely
small spheres, corroborating the concept outlined above.
For infinitely small spheres the scaling function Y in

eq 11 reads20

where fp(h) is given by eq 8 with x replaced by h. Upon
differentiation the following expression for Q is ob-
tained:

which has a minimum value hmin at 16 erf(hmin/ Rg) - 8
erf(hmin/2Rg) ) 8, so hmin ≈ 0.72Rg. This is in reasonable
agreement with our finding using the product function,
hmin ≈ 0.8Rg. The minimum value of Q of eq 17 is close
to -0.97, whereas our result gives a value of -0.58. This
shows that there is a significant difference in the limit
of extremely small spheres. The product function is
obviously less accurate in that limit. From eq 13 we
obtain the following limit for very large (R . Rg) spheres
for h , Rg:

which is plotted in Figure 5 as the solid curve. Where
R/Rg ) 10, the data agree very well with this expression.
The force at contact determined in the current study is
-1.61qφpkT, which is in close agreement with the
contact force as determined from eq 18: -3qφpkT/xπ ≈
-1.69qφpkT. For very large h/Rg values we find from
eq 14

which is also plotted in Figure 5. The curves calculated
with our Ansatz correspond well with eq 19 for large
h/Rg. Both for the force and for the potential the results
collapse onto a single curve for h . Rg.

4. Conclusions
Using a product function Ansatz, the polymer con-

centration profiles between a sphere and a plate were
determined. The values obtained agree with the results
for the local polymer segment concentration from our
method, as compared with a random walk computer
simulation. By integrating the profiles, the negative
adsorption as a function of the distance between the
plate and the sphere was calculated. For both small and
large h/Rg, where h is the closest sphere-plate distance
and Rg is the radius of gyration, the results agree
reasonably well with exact analytical expressions de-
rived from the diffusion equation. These analytical
expressions are available both in the limit of R . Rg,
where R is the sphere radius, as well as for Rg . R. By
differentiation, we calculate the force between the two
objects, which shows that the force goes through a
minimum as a function of h. Thus, except for spheres
that are much smaller than the polymer chains, the

Figure 5. Force between a wall and a sphere for R/Rg ) 0.01,
0.1, 1, and 10, calculated from the adsorption method using
the product function (dashed curves). The curves are compared
with the exact results of eq 15 (solid curves), using expressions
18 and 19 in the limit of h f 0 for large spheres and for h .
Rg, respectively.

Figure 6. Schematic picture of the situation that a small
sphere enters the depletion layer near a plate. The depletion
layer due to the plate is indicated by êp. The depletion layer
around the single sphere is given by ês.
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product function gives good quantitative results for the
interaction potential and for the force between a plate
and a sphere in an ideal polymer solution.
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