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1. - Introduction.
The usual molecular-dynamics and Monte Carlo simulations yield statistical
information about the e mechanical » properties of the system under consideration. The term mechanical property is reserved for explicit functions of the
phase-space co-ordinates of a system. Examples are the potential energy of
a given configuration, br(qN), where qN stands for all (generalized) co-ordinates,
If

or the virial V(e) =IriFi, where Y., is the centre-of-mass co-ordinate of
Jl.
the i-th particle and Fi the force on molecule i due to all other molecules.
Knowledge of the ensemble or time average of such mechanical properties
enables us to compute a number of important thermodynamic properties such

as the internal energy E of a system, its pressure P and its heat capacity C
(or Ce). In contrast, it is not possible to obtain from a computer simulation
direct information about « thermal » properties. Here the expression thermal
properties is used to designate all properties whose value depends on the total
volume of phase space that is accessible to the system under consideration.
Typical examples are the entropy S of a system, its free energy F (here, and
in what follows, I reserve the term free energy for the Helmholtz free energy;

the Gibbs free energy, or free enthalpy, is denoted by G) and the chemical
potential pc, of component a in a mixture. The rest of this lecture will be concerned with computational techniques that enable us to compute thermal
quantities. First, however, we have to answer two questions. The first question
is: why can thermal properties not be obtained in the same way as mechanical
properties? The second is: under what circumstances should one take the trouble
of computing, say, the free energy of a system?
To answer the first question, let us consider a typical Monte Carlo (MC)
simulation of a canonical ensemble. The present argument can be extended to
other ensembles with minor modifications. In the canonical ensemble the
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probability of finding a system of N particles, volume V and temperature T
in a (hyper) volume de around a point qN in configuration space is given by

P(e)de = exp [fl u(e)] deNNvr

(1)

111cT and QNVT is the configurational part of the partition function.

Here /3

Qlvvr is related to the free energy of the system by

Purr=

(2)

kTln (QNvIlin A3N)

with A = (h212nmkT)i. In a Monte Carlo simulation with Metropolis (importance) sampling [1] the system performs a random walk through configuration
space such that the probability of visiting a point qN is proportional to P(qN)
but (unless one performs astronomically long runs) the constant of proportionality is unknown. To visualize this problem, it is helpful to think of the
equivalent of the Monte Carlo method to measure the average depth <d> of
a river, a « mechanical s property, and its surface area A, a « thermal » property. Metropolis sampling in this case corresponds to taking a random step
in the water and rejecting it if it takes you on to the riverbank but accepting
it otherwise (see fig. 1). After every attempted step the depth di is recorded.
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Fig. 1. - Measurement of the average depth of a river by the equivalents of importance
sampling (a)) and molecular-dynamics simulation (b)). Note that neither method
provides direct information about the area of the river. However, the frequency with
which any known area of water is visited can be used to compute the total area [2].
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The average depth of the river is obtained from
(3)

<d>

= N--.0
lim

1

N

di .

In practice the condition .117-± oo is replaced by the condition that N be sufficiently large that a representative (even if infinitesimal) fraction of all points
in the river is visited. In contrast, no such procedure can be used to measure
the surface area of the river, because A is not a < local * quantity like d. And

the probability distribution does not help much either because, to take an
extreme example, if only one point of area dA is sampled, one obtains a nor-

malized probability 1 to be at that point; this result is indeed proportional
to the correct probability dA/A, but that does not help much.
The only way to measure the area in this kind of Monte Carlo experiment
is to determine the mean recurrence time, i.e. the number of steps that separate,

on average, two visits to the same area dA. In statistical mechanical model
systems this time, the Monte Carlo equivalent of the Poincaré time, is truly
astronomical for all but the smallest systems. In fact, in a molecular-dynamics
(MD) determination of the accessible volume of phase space the relevant time
would indeed be the Poincaré time (see, however, subsect. 22 and ref. [2]).
Having indicated that the computation of thermal properties must involve
additional effort, it is useful to consider the second question formulated above:
under what circumstances should one bother to compute thermal properties.
Apart from the obvious possibility that one may be interested in thermal
properties for their own sake, e.g. to compare predictions of perturbation theories

with computer experiments, there are situations where one has little choice
but to compute thermal properties. The most important examples are phase
equilibria and chemical equilibria. We recall that the condition for the coexistence of n phases at constant temperature and pressure is that the chemical
potential pa of each molecular species has the same value in all phases, while
the condition for chemical equilibrium at constant T and P is of the form
vqs,,, = 0, where the va are the stoichiometric coefficients [3].
Of course, the fact that such equilibria put certain restrictions on the chemical potentials does not necessarily imply that one should explicitly calculate

these quantities. After all, the great charm of computer simulation is that,
given a sufficiently large system and a sufficiently long run, the system will
find out for itself which phase and/or which chemical composition it prefers.
The problem is that for most systems (though not all; see subsect 3'1) sufficiently large is too large and sufficiently long is too long for the average computing budget. More importantly, techniques exist which do the job at a lower
price.
In the remainder of this lecture we will discuss a number of such techniques.

For general background information the reader is referred to [4-8] and,
of course, to other lectures in the present volume.
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Methods to compute free energies.

2.

21. Preliminary remarks. In this section we discuss a number of computational techniques to compute absolute free energies and free-energy differences. Actually, there is no sharp distinction between the two because in the
end almost all free-energy computations reduce to the evaluation of the freeenergy difference between two states. Therefore, we reserve the term « absolute
free-energy calculation * for cases where one of the two states under consideration is sufficiently simple that its absolute free energy can be evaluated analytically. In the examples to be discussed below we shall switch back and forth
between free-energy computations and determinations of the chemical potential.

For a one-compound system these computations are equivalent because all

TS, G = F+PV,

relevant thermal quantities are simply related (F= E

= GIN). However, for a multicomponent system it is really ,u, the chemical

potential of the a-th species, that we are interested in.
22. Direct methods.

The free energy F of a system is related to its par-

tition function Z by

F = kT ln Z ,

(4)

which for a classical system reduces to

F=

(2)

kT ln (Q IN! A3N) .

Hence in order to compute F we need to determine 0

:

Q = fdqN exp F--,8U(e)] ,

(5)

where the notation is as in eq. (1).
The first point to note is that a direct numerical integration of eq. (5) is
out of the question for all but the smallest systems. Consider, for instance,
a <<fluid * of N= 4 hard spheres at a density of 3, where co is the density
of regular close packing. If we use Simpson's method to evaluato the integral
in eq. (5) with 10 points in all 3(7-1) independent co-ordinates, then of the
109 evaluations of the integrand only 5 will yield a nonvanishing result.
The situation gets much worse as one goes to larger systems.
Very close to the direct sampling method is the importance sampling
technique devised by SALSBURG et al. [9] to determine the configurational
integral of a 2D lattice gas. The method is based on the observation that
VNIQ can be written as
(6a)

VNIQ =fexp [fi U] exp [ 9 U]

jexp [ if) U] de ,
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or
VNIQ = <exp

(6b)

U]> ,

where the angular brackets stand for a canonical average. Note that Q has
now been related to the average of a mechanical quantity and can, therefore,
in principle, be obtained by importance sampling. The problem with this
method, at least when applied to typical fluids and solids, is that large contributions to the average of exp [flU] come from regions in configuration space

where the sampling probability (i.e. exp [ fiu]) is vanishingly small. Hence,
unless all states including those with high energy are adequately sampled
during a run, the method will give incorrect results. But such sampling involves
at least as much work as sampling the whole of configuration space uniformly.

Hence this method is of no practical use for classical fluids. For hard-core
fluids the method even fails in principle. For further details see [6, 10-13].
A method that may be of some use for hard-core systems was devised
by COLDWELL [14, 15]. This technique is based on the observation that the
configurational integral of a system of N hard-core particles may be written as
(7)

QN

=

V <V 2> 1. <V3>1,2. ...

<

N> 1,2,.,,N-1 1

where <VN> 1,..,N-1 stands for the average volume available to particle N in the

presence of particles 1 through N 1. This approach is very similar in spirit
to the early work of Byckling [16] (although apparently developed independently), but, because of the sophisticated bookkeeping of the volume available
to the next particle to be added, it is more efficient. Coldwell's method was
tried on 16 hard discs [14] and 25 (2 + D-dimensional spherocylinders [15],

and it appears to work satisfactorily up to rather high densities.
The main drawback of the method is that errors are introduced because
all co-ordinates are discretized. In addition, the sheer complexity of the programming may discourage others from applying it to anything but the simplest
systems.

A completely different method designed to evaluate the configurational
integral of dense solids was developed by KRATKY [17]. In this approach the
uniform sampling of configuration space used in a brute-force evaluation of Q
is replaced by a nonuniform sampling. The weighting function is concentrated
around the lattice positions of the individual particles and this restricts Kratky's
method to systems with perfect translational order. The form of the weighting
functions is optimized in an iterative fashion. Results were obtained in ref. [17]
for hard-sphere crystals near close packing.
A final example of a direct method to compute a thermal average directly
is the technique used by EDHOLM et al. [18] to evaluate the conformational
entropy of a chain molecule. The approach is based on the expression for the

156

D. FRENKEL

configurational entropy 8:
S0 =

(8)

- kf P(e) In P(e)

,

where P(qN) is defined as in eq. (1).
In ref. [18] a discretized version of eq. (8) is used to obtain an estimate
for conformational entropy of a chain molecule. The success of the method

depends on the fact that at least a number of conformations are sampled
sufficiently frequently to yield a reliable estimate of the probability of their
occurrence. A very similar method was proposed earlier by MA [2].

23. Particle insertion and related methods. - We now turn to a number
of more general and, on the whole, more powerful techniques to compute the
chemical potential of a fluid. First among these is the so-called s particle
insertion method s, usually associated with the name of Widom, who formulated
the general principles upon which this method is based [19], although actually
a similar technique had first been employed by BYCKLING several years
earlier [16]. The idea behind the particle insertion method is the following.
Consider the expression for the chemical potential:

=

(9)

811\

= urn

QN I
- kT ln (QN_II

,

N-1

rrm

where we have used eq. (2). In the limit .1171V.- 0 the ratio 0 /0-N-1---"V and
ti reduces to the ideal-gas chemical potential:
/Id = kT ln (eA3) ,

(10)

where we have introduced the number density e =
In (10) we have
assumed the gas to be monatomic. Generalization to molecular systems is
straightforward. Upon inserting (10) in (9) we obtain
fez

(11)

=1u

,u,,

kT ln (Q,/VQ,_,)

.

Hence the computation of the excess chemical potential its" is equivalent to
the calculation of QN/Q,,_i V .

The latter quantity can be cast in a form that

can be evaluated by Monte Carlo sampling:
(12)

exp [ f317(gri; (1N-lndqg
QIQ,V = 1V fexp [ U(qN-1)]
fexp [ U(qN-1)] de-1

In eq. (12)

U(qN--31)

is the potential-energy function of the N 1 particles,
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while V(qN; qN-1) represents the interaction of the .N-th particle with all the

others. Equation (12) can be written as the canonical average of a mechanical
quantity:
(13)

QN/QN-1 V

=-17,f dqN<exp[ 13V1>iv-1.

Note that eq. (13) contains an average over qN-1 co-ordinates which can be
evaluated by importance sampling, and an integral over the N-th co-ordinate
qN which must be sampled uniformly. In words: exp [ px.] is equal to the
ensemble average of exp [ fi VA], where VA is the interaction energy of the
N-1 particles with an extra particle added at a random position in the system.
In a hard-core fluid eq. (13) just gives the probability of acceptance of a
Monte Carlo move consisting of the addition of an N-th particle at a random
position in a system of N-1 particles. Note that the particle insertion method
is in no way limited to one-component systems. The particle insertion method
as formulated by WIDOM has been used by several authors to study the thermal
properties of atomic [20] and molecular [21, 22] fluids. An example is shown
in fig. 2. An advantage of this technique is that it is very simple to insert in
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Fig. 2. Chemical potential p of infinitely thin hard platelets of diameter a [23]
(pluses and triangles) determined by Widom's particle insertion method. The drawn
curve through the data points was computed using the first five virial coefficients of
hard platelets. The dashed curve was obtained by integration of the equation of state
(squares and crosses) from low densities, using the Gibbs-Duhem relation. All quan-

tities in reduced units, a = 1, kT = I.
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existing Monte Carlo programs (including isobaric MC); with microcanonical

simulations the situation is slightly more complicated (see appendix A).
A problem with the Widom method is that the statistics become very poor
as the density of the fluid under consideration is increased to the solidification
point (for crystalline solids the method fails completely).
Several authors have developed techniques to extend the range of applicability of the particle insertion method. In a number of cases this was achieved
by carrying out biased sampling, in the sense that the test particle is no longer

inserted at random, but preferentially at « cavities * where it is most likely
to be accepted [23-25]. As all these authors use either consciously or unconsciously ((umbrella sampling *, we will defer discussion to subsect. 26.
One rather different technique to compute tiex in a dense 2D hard-disk
fluid was developed by ZOLLWEG [26]. This author actually explicitly computes

the fraction of the total area available for an additional disk in a fluid of N
disks. This fraction is, of course, equal to the probability of acceptance of the
insertion of the additional particle for a particular configuration.
This method works well even in the solid phase. However, the programming
effort appears appreciable and no one has, as yet, found the courage (or the time)

to extend Zollweg's method to continuous potentials or three-dimensional
fluids.

Another extension of the particle insertion method is due to SITING and

Their approach is based upon the observation that Fe.
could, in principle, also be obtained by considering the random removal of
one particle from an N-particle system. In a way completely analogous the
GUBBINS [27, 28].

eqs. (11)-(13) above one may then derive that
(14)

/3/k. = lu <exP [

PTR]>N

,

where 1TR is the interaction energy of the particle to be removed with the

N 1 others. Actually, eq. (14) itself is not used by SEEING and GUBBINS,
as it leads to systematic underestimates of pe.. This point has been investigated
in some detail by POWLES and coworkers [29, 30]. The reason why eq. (14)

taken at face value is misleading stems from the same cause that makes the
Salsburg method unreliable. For example, for a hard-core fluid eq. (14) would
always yield pa. = 0, unlike the Widom method. The method that SEING
and GUBBINS use to obtain a reliable estimate of pe. does not use <exp [fiVR]>

or <exp [ #V.A]> but rather the probability distributions of VR and VA. As
this method turns out to be identical to Bennett's overlapping-distribution
method [31], we postpone the discussion to subsect. 25.
A method closely related to the particle insertion method is the cavity
distribution method described in the same paper of Widom [19]. It was first
formulated by HOOVER and POIRIER [32] and later extended by MEERON
.

and SIEGERT [33].
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The gist of the method is that one may show that the cavity function y(r)
is related to the correlation function of exp [- 13VA]:
(15)

y(r)

exp [9g9(r)]g(r) = exp [2/3/2..] <exp [- flV,(0)] exp [ fl VA(r)]>

,

where q(r) is the intermolecular potential, g(r) the radial distribution function
and VA(r), as before, the interaction of a test particle at r with the molecules
already present. For hard-core particles, in the limit r
0, eq. (15) reduces to
(16)

y(0) = exP I flp.11

This indicates that pe. can be determined by measuring the cavity distribution
function down to r = 0. An example of such a computation can be found in

ref. [34]. The cavity method runs into the same problems at high densities
as the particle insertion method. Moreover, it is less simple to program. It
seems unlikely that the cavity method will prove a powerful computational
tool to measure free energies of simple fluids.
24. Grand canonical ensemble. - Rather similar in implementation, though
different in spirit than the particle insertion and extraction methods of the

previous subsection is the grand canonical (GC) ensemble method. This method,
first introduced by NORMAN and FILINov [35], was later extended and improved

by a number of workers [20, 36-43]. Here we shall sketch the approach suggested by ADAMS [20, 36-38], but modified for didactical reasons.

In the grand canonical ensemble T, V and u are held fixed, while B, P
and N may fluctuate. The basic idea behind grand canonical Monte Carlo
(GCMC) is that u is known a priori, because it is imposed, and the simulation
then yields values for <N) etc. It is convenient to consider the GC ensemble
as a system of volume V which can exchange heat and particles with a very
large reservoir which contains an ideal gas of the same particles. The volume
of the reservoir is V' >> V. The total number of particles is M. The partition
function for this joint system is given by
(17)

Qiii(V, V1'; 1')

if!

where it is understood that 111--> 00, V'

Q(V) Qm-N(

N!
00,

(11I

-

My' ->A-3 exp [ti] (remember,

in V' we have an ideal gas). Now we could follow the usual procedure, i.e.
to divide (17) by Q.(V')IM! and obtain the GC partition function for the small
system V, but this is not what we shall do. We just ask ourselves: what is
the probability of finding N particles in a volume of dqN around qN in V and
- N particles in a volume de-N around qm-N in V'? Clearly, this probability
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is given by
(18a)

M!

p(e)de = Q;1(V, V' ; T) exp [ 13U(qN)]de dqm-N N!(M

N)!

Now it is convenient to switch to reduced co-ordinates T, such that both in
V and in V' all components of r range from 0 to 1: TN = qNIVN and Tm-N =
= qm-N IV'W-N). This constitutes a one-to-one mapping of reduced co-ordinates

in V and V'. In terms of vac,
VN

(18b)

P(.rm)VN V M-N) &cm = (2;(V, V' ; T)

OfN) Mt

N)!

N!(M

exp [ U( rN)] d.rm .

Now we can ask for the ratio R of probability (18b) to the probability where
one particle has been moved from V' to the same reduced position in V.

It is easy to see that this ratio must be
(19)

= N V+1

R

M
V'

N exp

/fern)]

mer+1)

or, keeping in mind that M >if and MIIP= A-3 exp [Ni],
(20)

N

RN+1,N

V

+

1

A-3 exp [13(ii

where we have written A U for U(TN+1)

U)]

U(rN). Similarly, the corresponding

ratio of probabilities where one particle is moved from V to V' is given by
(21)

RN-1,N =-;

A3 exp [ /3(p

MTN) +

(W1-1))]

.

Hence, we can sample a GC as long as the relative probability with which particles are added or removed obeys eqs. (20) and (21). One method to achieve
this is to use the conventional Metropolis sampling for the probability of acceptance of particle insertions and removals:

I P(N + 1, N) = min [1, RN+1,N]
(22)
I

IP. (N

9

1, N) = min [1, RN_lav] .

In eq. (22) it is assumed that the numbers of attempts to add or remove a particle are equal. In addition to particle-number-changing moves one performs
normal MC sampling at constant N. One final remark on eqs. (20), (21). Note
that, if we denote the, a priori unknown, average density in V by e = <N> IV,
then i3p1,(e) = ln (<N>A3IV). Inserting this in (20), (21) results in the slightly
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simpler expressions
I14,1,,, = exP [1(//0. + 13-i In <N>

A U)]1(27" +1)

,

(23)
1

BN-1,N = exp [-16(tie. + 19-1 In <H> + A' U)]Y .

In a simulation the quantity B = flize. + ln <N) is the control variable.
At the end of the run Fe. is computed using the value of <N> obtained during
the simulation. The GCMC method has the attractive feature that it is possible
to carry out simulation at a particularly interesting value of ,u, e.g. at a phase

transition. GCMC is easy to extend to multicomponent systems, and has
been generalized to ionic systems [42, 43] where particles can only be inserted
.
or removed in neutral groups.
.4. .-'
There are several problems with the GCMC method that should be mentioned.
The first is easily eliminated if one is aware of it. It was noted [36] that
the results of the GCMC are very sensitive to the quality of the random-number
.

.

.

generator used. The second is actually the same problem that limited the
applicability of particle insertion methods at high densities (see subsect. 23).
At typical liquid densities the acceptance of particle-number-changing moves'
becomes very low. As a consequence it may be impossible to reach the correct
equilibrium density in a reasonable time. NNZEI [41] has succeeded in improving

the efficiency of the GCMC at high densities by preferentially inserting particles in « cavities *. It is, however, not obvious that this method really results
in a dramatic saving of computing time.
,
The final point to note is that the results for tze. obtained by the GCMC
show a pronounced system size dependence [20]. This may well be due to the
fact that, for most systems, the thermal properties exhibit a ln NIN dependence.
Usually one can eliminate this problem by computing excess properties (e.g. N.)
with respect to a reference system with the same number of particles.

However, in the conventional GCMC method the reference system is the
infinite ideal gas. (The same holds, by the way, for the Widom method.)
Hints that this is indeed at the root of the problem came from the work of
Yao et al. [40] who carried out the GCMC on a system with an upper limit
on the total number of particles that could be inserted. These authors found
no evidence for system size dependence of /..i.
To my knowledge no one has tried to perform a truly finite-size GCMC,
starting from eq. (18b), with 31 chosen such that <N> Ps M <N>.
25. Overlapping distributions and related methods. - Suppose we have, in
one way or another, obtained the free energy Fo of a system with potential,
energy function U0 at temperature T= (10)-1 and volume V.
We wish to know the free energy of a closely related system with potential-

energy function Ui = U, + A U, or of the same system but at a different
temperature T'. Let us, for simplicity, concentrate on the first case. The
11 - Rendiconti S.I.F. - XCVII
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free-energy difference between systems 1 and 0 is given by

F1 F. =

(24)

kT ln (Q1/(20)

.

But 911(20 can be written as an expectation value of exp [-13 i U] :

QiNo. fexp [ fl( Uo + U)] dqN = <exP [/3A
fexp [ U.] dqN

(25)

I>.

and hence

_Pi =

(26)

kT ln <exp [SA U]>0 .

It is convenient to discuss eq. (26) in terms of the potential-energy density
function yo(U), first introduced by MCDONALD and SINGER [44-46].

y(U) is defined as
yo(X) = V-N f O(X

(27)

U.(e)) de .

The probability of finding the system 0 at inverse temperature fl in a range
dU around U is given by

a(U)dU =

(28)

y0( U) I7N exp [fl U] d U
Qo(T)

Now whereas yo(U) is a very rapidly increasing function of U, g(U) is sharply
peaked around a value U' , such that (a In yo/a U)u, --= S. Now suppose we
wish to use eq. (25) to determine the free-energy difference between two state

points of the same system at temperatures T and T'.
- Then, from eqs. (25) and (28) we have
QunpQ(T)

(29)

=

fy.(U) exp[ /3' U dU
fro( U) exp [ /3U] d

From eq. (29) it follows that, if one knows the (unnormalized) yo( U) over a
wide range of U's, one can compute free-energy differences over a wide range
of temperatures. This is precisely what MCDONALD and SINGER did. Unfortunately, computing yo( U) is not easy, and the way it was obtained in ref. [45]
resembles later multistage and umbrella sampling methods (see below). It is
much easier to obtain fo( U). In terms of g(u), the ratio Q(T')/Q(T) is given by
(30)

Q(T')/Q(T) = f Mu) exp [--#6,1J] du .
1

Equation (30) follows directly from eq. (28), with A U = U(13713 1). Note
that the (normalized) distribution fo( U) can be obtained directly in a normal
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(Metropolis) MC run. The applicability of eq. (30) is limited by the fact that,
as the difference between

and /3 increases, the maximum of fo(U) exp [ /3A U]

shifts to values of U where fo(U) itself is very small and hence inadequately
sampled during a normal Monte Carlo run. When this occurs eq. (30) and
hence eqs. (25), (26) cease to be useful. Examples of the direct application of
eq. (26) can be found in ref. [47, 48]. Several methods have been devised to
extend the applicability of eqs. (25), (26). The most straightforward of these
is the so-called multistage sampling technique [6, 11, 49, 50]. This method is
basically aimed at obtaining information about yo( U) over a wide range of
U's by sampling g(U) over a range of temperatures. The idea is that, as yo(
exp [i 1U]foT(U), yo( U) can be obtained over a range of energies by computing

U) for several different temperatures. These temperatures should be chosen
sufficiently differently that they all probe a different range of U's, yet sufficiently close that there is a substantial range of U's where the successive for( U)
overlap. This latter requirement guarantees that the unnormalized function

exp [3U]g(U) can be joined smoothly to exp

U] ft( U); in this way one

obtains an unnormalized function Cyo(U) from which free-energy differences
can be computed using eq. (29).
BENNETT [31] has presented a more general framework in which to discuss
the relation between free-energy differences and potential-energy distributions.
Consider two N-particle systems 0 and 1 with potential-energy function Uo(qN)
and rr,(e). During a simulation on system 0 one may accumulate a histogram
of po(AU) which measures the probability density of observing a potentialenergy difference AU = U, Uo. Conversely, during a simulation on system 1
one may obtain the corresponding probability density p1(A U). Both po and pi
are normalized to 1, which equals the probability to observe any potential-

energy difference. po and pi can be written as normal canonical averages:
(31)

/(A U) = Q1fexp [ /3( Uo + A U)] 8(C11 U. i mdcr =
= (Q0/(21) exP [-13 A Uil),(AU)

9

or
(32)

P1(A U)/P0(A U) = exP [MA-F

AU)]

,
.1

.

where AF =
F. is the free-energy difference between 1 and 0. What
eq. (30) says is that, wherever Po and p, overlap, the ratio of the two can be
used to compute the free-energy difference AF. For hard-core systems one need
only keep track of the values of p. and p, at AU= 0. The ratio p,(0)/p0(0)

then measures the fraction of the configuration space of 1 that is accessible
to 0, divided by the fraction of configuration space of 0 that is accessible to 1.
In this case eq. (32) can be given a simple geometric interpretation (see fig. 3).
It should be added that, although eq. (33) expresses a relation between the free
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A

Fig. 3. - Consider two subvolumes of phase space, volume A (4 roads $) and volume B
(« railroads *). The intersection of A and B is 0 (4 level crossings ). If the level crossings

account for 1% of the area of all railroads and for 0.1 % for the total road area, then
the area of all roads is ten times the area of all railroads.

energy of two N-particle systems, one or more of the particles in either system
may be s fictitious » in the sense that they do not interact with any of the other
particles. In particular, one may use eqs. (30)-(32) to derive the Shing-Gubbins
expression for the chemical potential (see subsect. 23).

To this end consider an N-particle system 1, and system 0 consisting of
N 1 interacting particles and one fictitious particle. In that case it is easy
to show that

,

(33)

..L, f

P,'Yfr

,i

p, (A

4-x

= exp [#(;/..

AU)].
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This is the expression used in ref. [27-29] to compute N.. BENNETT [31] argues

that in order to obtain AF it is often not even necessary to have p, and po
overlap at all, as long as both are reasonably smooth functions of AU and the
gap between them is not too wide. The procedure suggested by BENNETT

is to plot
MAU)

In /MA U)

+

and

-0 A U

to(A U)

J3AU

ln po(A U)

vs. AU. From eq. (32) it follows that
(34)

U) = MAU) + PAP

.

Hence one can obtain AF by fitting to to a polynomial P(AU) and fitting f,
to the same polynomial plus a constant offset I; the value of I that yields
the best fit is the best estimate for /3AF. If the gap between po and p, is
so wide that straightforward interpolation is not sufficiently accurate, eq. (32)
may be combined with multistage sampling in which one carries out a number
of simulations on systems with potential-energy function intermediate between

U. and U1, e.g. U(A) = AU, + (1 A)U.. By choosing a sufficient number of
intermediate 2-values one can always guarantee that the successive distributions
will indeed overlap (see fig. 4). Examples of applications of the overlappingdistribution method can be found in ref. [51-53], while the extension to quantum

systems is discussed in ref. [54]. A second method to compute free-energy
differences is also due to BENNETT [31]. This method is usually referred to as

the acceptance ratio method. The starting point here is the identity

.

exp [ M U0 + U1)] dqN
QoiQi= (Q01Q1)fW(qN)
W(e) exp [ /3( Uo + U)]dqN'

(35)

,

.

_

.

.

where W(qN) is an, as yet unspecified, weight function. Equation (35) can be
rewritten as
(36)

exp AF1 Fon = <W exP [fi V.0]>1/<W exp [--13111]>0 .

-

;

BENNETT then proceeds to show that the choice of W that leads to the best

estimate of AF = F1 Fo is of the form

^zlyt

r.;;

.t I

,

(37)

W(e) = e(Q0/11,0 exP

Uil + QIN exP

.

In eq. (37) no (n,) stands for the number of statistically independent samples
in system 0 (1) on which the expectation values of <W exp [fl U1]>0 and
f/U0l>1 are based. Of course, Q0 and Q, are not known a priori and
<W exp

[

it might seem, therefore, that eq. (37) is of little use. However, inserting eq. (37.)
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Fig. 4. - Multistage overlapping-distribution method to determine the free-energy
difference between f.c.c. *helium * crystal (see ref. [55]) and a corresponding Einstein
crystal. The plot shows ln(pA(AU))+ # AU, where AU is the potential-energy difference
The sum of
between a system with potential energy U(A) and a system with A =
.

the discontinuities between successive curves yields (Ff.. Ezinstetn)INkT = 0.8640,
which is within the estimated error of the thermodynamic-integration value Ai =
= 0.8638 (see subsect. 33).

in (36) we obtain

J

[1 = <0(

exp 0.6,1

(38)
)

<AM Us

U1) + 0>1
U0)

C>0

exp [01

,

4

where f(X) is the Fermi function 1/(1 + exp [X])

and. C = ln (Q097,11Q1n0).

Note that, as eq. (36) is valid for any W, eq. (38) is valid for any C. The value
of C given below eq. (38) is, however, the one consistent with the optimal choice
for W (eq. (37)). In practical calculations the value of C is determined graphically.

Writing

'
I

I

(39)

.

-

-

,Itr
<f(13( U.

," .1,

1

U,) + C)>, = n,"1

f(/3( Uo

u1)

+
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and the corresponding expression for <f(fl( U1 U.)

C) >., we obtain from (38)

= In Lii(fi(UO Ui) ± C)
ligni/no) ,
Zgi3grl U0) C)
while the condition for the optimal choice of C can be written as
(40a)

16AF

=C

(40b)

,

ln (nano) .

The best estimate for AF is obtained by choosing C such that (40a) and (40b)
are satisfied simultaneously, which occurs for a value of C, and that
(41)

EN( Uo U1) + C) = LOW( U1 U,,)

C)

.

Because the optimum value of C is not known a priori, it is useful either to
compute Ei and E0 for a range of C values during the simulation, or, more conveniently, to store a histogram of potential-energy differences, i.e. the functions
po(A U) and p,(A U) mentioned above, and carry out the solution for the optimal
value of C afterwards. For more details the reader is strongly urged to consult

Bennett's very lucid paper [31]. In appendix B we show how the acceptance
ratio and overlapping-distribution methods can be generalized to microcanonical
simulations.
The acceptance ratio method has been applied by a number of
authors [51, 53, 56, 57] and its extension to quantum systems has been discussed by JACUCCI [54].

.

.

A few general remarks on the acceptance ratio and overlapping-distribution

methods are in place. First of all, both methods can be used simultaneously
using the accumulated histrograms MAU) and pi(AU). RAHMAN and JACUM [53] have observed that the acceptance ratio method tends to be the
more accurate method of the two. Secondly, both methods become less efficient

as the number of particles in the system is increased. Large systems must
be studied by multistage sampling techniques. The feature that larger is not
necessarily better is typical of all techniques discussed in this subsection.
In subsect. 27 we shall argue that, for large systems and a fixed number
of stages in the multistage sampling, the overlapping-distribution method
becomes equivalent to thermodynamic integration.
Finally it is worth pointing out that the acceptance ratio method should
,

provide a better estimate of the chemical potential than Widom's method
(subsect. 23).

To my knowledge Bennett's acceptance ratio method has not yet been
applied to the computation of chemical potentials.
26. Umbrella sampling.

We mentioned in the previous subsection that,

although free-energy differences can in principle be evaluated using an expression
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of the form
(25)

Q,

= Q. <exP

[

/3(

U1 U0)]>0

7

the applicability of this approach is limited by the fact that, whenever Uo
and U, are not very similar, the probability fo( U) of sampling a point in the
configuration space of system 0 for which exp [ fl( U, U0)] is appreciable
tends to be very small. TORRIE and VALLEAU [6, 58-61] have devised a method

to improve the sampling of part of configuration space where the product
/:( U) exp [P A U] is large by carrying out a biased (non-Boltzmann) sampling.
The basic idea behind this Monte Carlo scheme is that the relative probability
to sample a point q" in configuration space is no longer proportional to

exp [t3U0(qN)], but to w(qN) exp [ Uo(qN)], where the weighting function
w is chosen such that both the region where g( is large and the region where
exp [ 4/.1 U] for( U) has its maximum are adequately sampled. The relation
between the desired average (eq. (25)) and the average obtained by using the
biased sampling is given by
(42a)
(42b)

<exp [ /3A U]>0 =

fdqN (exp [ U.] w) w-1 exp [ U]
f dqN (exp [I3Udw)w-'
<exp [ flAU]lw> .
alto>w

where the angular brackets with subscript w indicate an average over the biased
random walk. Equation (42b) can be written in a slightly different form, namely
(42c)

<exp [fi A 1:/]>0 = <exp [P taw>. <w>0 .

The latter equation shows most clearly that in order to get reliable results
w should be chosen such that w exp [ flU0] is reasonably large in the region of
configuration space accessible to system 1 (otherwise the first term on the righthand side of eq. (42c) vanishes), but w should also have an appreciable value
wherever exp [ flU,] is large (otherwise the second right-hand term in (42c)

vanishes). The fact that w exp [ /3U.] is designed to cover both for( U) and
ff( U) explains the name « umbrella sampling ». This introduction to umbrella
sampling is, of course, incomplete without giving the recipe for the weighting
function w. Unfortunately, no general prescription can be given.
Sometimes w is determined by trial and error, in other cases the function
w exp [ j9 U0] corresponds to some intermediate value of the potential-energy
function (e.g., w exp [ PU0] = exp [-- /3( Uo + U1)/2]) and in other cases still
physical intuition about yo(U) (eq. (27)), the density of states in configuration
space as a function of U0, is used to choose a form for w which guarantees as
uniform a sampling of the relevant part of configuration space as possible.
As the system size becomes larger, it becomes increasingly difficult to find a
.

.
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weighting function that does the job. In such cases umbrella sampling is
combined with multistage sampling. Umbrella sampling (US), or very similar

techniques, has been used by a number of authors [24, 25, 44, 45, 58-65].
Umbrella sampling has some advantages and some disadvantages as well.
To begin with the latter: US is usually carried out with a « nonphysical »
weighting function, as a consequence setting up a US run implies modifying
a normal Monte Carlo program. As humans are fallible, this always entails
more risks than just gathering some extra statistics in the course of a normal
simulation. A second disadvantage, certainly for the less experienced, is the
fact the success of the method depends on the choice of w.
In some cases the choice may be obvious, but often it requires some groping-

around in configuration space. On the other hand, there are several advantages associated with the use of umbrella sampling. First of all, given a reason-

able choice for w, free-energy differences (or, for that matter, mechanical
quantities) can be obtained for a range of different Hamiltonians and/or temperatures. This was the incentive behind the early work of McDonald and
Singer [44-46].

A second advantage is that the US method is actually far more general
than suggested by eq. (42). Instead of exp [/34U] any other function A(qN)
may be probed [58]. Let us, for instance, consider the case that we are interested

in the probability that the quantity A(qN) has its value in an interval dX
around X. We assume that this value of A is very unlikely in the original
ensemble, it could, for instance, correspond to an improbable molecular conformation or a large fluctuation of some order parameter. In that case, simple
Boltzmann sampling will yield very poor statistics on the desired probability.
However, with umbrella sampling the weighting function w can be chosen
such that the relevant region of configuration space is adequately sampled.
The probability density to observe A around X is then given by
.

(43)

PAX)

X)Ito>,.
<1/w>.

<MA

I

In this way umbrella sampling can be used to estimate the probability of rare
events, or to construct the Landau free energy associated with a particular
type of order parameter fluctuations (see sect. 4).
Ati
r,

t

r

Thermodynamic integration (TI) is undoubtedly the method most widely used to compute absolute free energies
and free-energy differences. The reason is that, although it may be more time
27. Thermodynamic integration.

consuming than some of the sophisticated methods described above, it is
straightforward, accurate and does not run into special problems at high densities or for large system sizes. Moreover, it is closest to the way free-energy
differences are measured in the real world. The simplest TI methods rely on
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the fact that the system under study can be expanded, compressed, heated
or cooled to a system of known free energy, henceforth referred to as the refer-

ence system. The thermodynamic relations used in simple thermodynamic
integrations are

(aFlan,,T = -

(44a)

P

and
(e(F/T)/aT-9.0,r

(44b)

= B.

For example, if one wishes to compute the free energy of a dense fluid, the ideal

gas is often taken as the reference state. Using eq. (44a), the free energy of
the fluid at a volume V is written as

F(V) = F(V0) f P(V')dV' ,

(45)

v.

where v0 is a volume sufficiently large that F(V,,) may be replaced by 71d( Vo),

the free energy of an ideal gas at the same density. Equation (45) can be cast
T e2 de
in a form that is computationally more convenient. Using dV=
and the ideal-gas law P,,,= ekT, eq. (45) becomes
Q

(46)

F(e)

FH(e)

k

NkT

f ((PI e' kT

1)1 e') de' .

0

The advantage of eq. (46) over eq. (45) is that the former contains two logarithmically diverging contributions which cancel, while the latter contains
only well-behaved terms. Note that at low densities the integrand in eq. (46)
can be expanded:
(47)

(Ple' kT 1)1e' = B,

Bo' +

,

where B is the n-th virial coefficient.
In order to obtain reliable estimates of .F(e) from eq. (46), knowledge of
B, is essential. Knowledge of higher virial coefficients is useful if they happen
to be available. (The literature abounds with applications of eq. (46).)
Thermodynamic integration using eq. (44b) is employed in two rather different cases. The first is when the system approaches the reference system
as T oo. Examples are a hard-core fluid with bounded continuous interaction such as hard spheres with an added soft interaction, or the Lennard-Jones
fluid which approaches the soft-sphere (r-12) fluid as T > co. In either case
the free energy at temperature T of the system under consideration can be
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expressed as

F(T)
T

(48)

112,

Fre,(T)

T

.

f (Eret(T') E(T'))dl/T'

.

0

Examples of applications of eq. (48) can be found in [49, 66].

The second application of eq. (45b) takes the reference state at T= 0.
This method is often employed to compute the free energy of crystalline solids.
The reference state is the harmonic solid. The free-energy integration pro-

ceeds as in eq. (48) but for the fact that it is convenient to use T' instead of
1/T' as integration variable over the range 0 < T' < T. The harmonic-lattice
method was first introduced in this context by HOOVER et al. [67, 68]. Other
examples of applications can be found in [69-71].
The thermodynamic-integration methods mentioned thus far are all
(( natural » techniques, in the sense that they can also be carried out in the real
world.

In addition to these natural TI methods there is a wide class of « artificial*
TI techniques. For the latter the integration variable is a quantity such as the
strength of intermolecular interaction that is not normally under the control
of the experimentalist. Let us denote this control parameter by A.
The Hamiltonian of the system under study is now a function H(A) of A.
As a consequence the free energy also depends on A:

F(A) = kT ln ( A.Y!
1
fexp
3N

(49)

[

/3U(2)]dq1).

In eq. (49) we have limited ourselves to the case that only the potential energy
depends on A. Parametrizations of the kinetic energy can be handled analyt-

ically and are anyway of little interest. The usual procedure is to choose a
form for U(A) such that F(A = 0) is known, while F(A =1) is the free energy
we wish to determine. Then, using the fact that
(50)

8F(2)

f MARA) exp [ 1317(2)] dqN

82

fexp [,6U(.1.)]dqN

/8 U(2)\

\

82 IA'

we may obtain F(A =1) from
(51a)

F(A

1) = F(A = 0) + fdA' (a17(A'))
82'

.
A,

0

Note that <PUMA>, the canonical average of a mechanical quantity aulaA
for a system with Hamiltonian H(A), can be obtained by computer simulation.
A typical example of eqs. (50), (51) is the situation where F is known for
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a system with potential-energy function U. (e.g., a hard-sphere fluid), while
we wish to know F for a potential-energy function U. + Ul. A possible
parametrization in this case would be U(A) = U0 + AU and eq. (51) would
simplify to
(51b)

F(A =1) = F(A = 0) H-f

.

In practice the thermodynamic integration in eqs. (51a) and (51b) is best
performed using an n-point Gauss-Legendre quadrature [72], with n typically
5 to 10.
The parametrization of U(A) will be chosen such that the integrand is a
reasonably smooth function of A. Typical examples of such free-energy calculations can be found in ref. [12, 73-75]. Most other applications will be discussed
in the next section on phase transitions. It is interesting to compare thermodynamic integration with Bennett's method of multistage sampling of the potential-energy difference. Suppose that at each quadrature point Ai of our thermodynamic integration (eq. (51b)) we also compute the distribution function pAi(U1).

Then we can see that the Bennett distribution contains information not just
about <U1>2 , but also about < /7:>A <U1>2, and higher moments, i.e. of higher
derivatives 8"F(A)/eAn. It might, therefore, seem that Bennett's method is

always preferable. This is, however, not necessarily true.
First of all, during a TI run these higher moments could also be computed
at no extra cost. But more importantly, as the system size grows, the distribution p2t(U1) tends to become rather narrow. In that case it is to a good
approximation a Gaussian which is completely specified by <U1>2 and < Ur:XI

<II1>1. Still it might seem that this contains more information than is used
in the integration of eq. (51b). After all, if n points and n derivatives of 8F/8A
are given, we can construct a polynomial of degree 2n 1 which fits these data
exactly. In contrast, the straightforward thermodynamic integration uses
only n function values. Nevertheless the two methods are equivalent in this
limit as long as the A, are chosen according to the Gauss-Legendre prescription
because an n-point Gauss-Legendre quadrature integrates any polynomial of
degree 2n 1 or less exactly. It should be added that almost all other procedures
mentioned in the previous subsections do worse than TI for large N. A notable
exception is Widom's particle insertion method and the related GCMC method.
However, these techniques tend to become less efficient at high densities. As

mentioned at the beginning of this subsection, thermodynamic integration
suffers from neither of these drawbacks. Finally it should be added that thermodynamic integration is not limited to the canonical ensemble. It has been applied to the NPT-ensemble (see next section) in which case one obtains (atileA),.

It could be applied to the grand canonical ensemble, but this is less useful
and has, to my knowledge, not been tried. Nor do I know of applications in
the microcanonical ensemble in which case the quantity of interest would be
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(63/82.),,.. Using the same reasoning as in appendix A, one can show that

88/8A is related to a microcanonical ensemble average:
(52)

=

<0 U leA)1r*>mo ,

where T* is (but for a term of 0(111f)) equal to the instantaneous temperature.

3.

- First-order phase transitions.

31. Preliminary remarks. - One of the most important applications of
free-energy calculations is the location of first-order phase transitions. Firstorder phase transitions are not easily observed directly in computer simulations
because, for the small system sizes concerned, the free energy required to form
an interface is nonnegligible. As a consequence it is often possible to overheat

or supercool a phase well beyond its point of thermodynamic stability. In
fact, to prepare two coexisting phases in a computer simulation requires a
considerable amount of time and effort [76-82]. Hence most computer simulations of first-order phasa transi dons are designed to obtain the temperature, pressure and chemical potential of the pure phases.
The coexistence point is then located by searching for the point where T, P
and is of the two phases are equal. In this section we shall briefly discuss the
liquid-vapour transition and then proceed to consider first-order transitions
involving solids.

32. Liquid-vapour transition. - To locate the liquid-vapour coexistence
point at a given temperature T, we want to know the pressure and chemical
potential along the corresponding liquid and vapour isotherms. The determination of the chemical potential or, equivalently, free energy of the vapour
is no problem because, once we know the vapour isotherm, we can use eq. (46)
to determine the excess free energy at a density e Computing the free energy
of the liquid is less straightforward. Equation (46) cannot be employed because

the integration path from e = 0 crosses the two-phase region. Because equilibration times are very long in a two-phase system, it is difficult to obtain
accurate values for the pressure. One method to circumvent this problem was
devised by HANSEN and VERLET [83]. These authors artificially constrain
density fluctuations in the two-phase region. As a consequence full-scale phase
separation is suppressed and equilibration is relatively rapid. It is then possible
to use eq. (46) to compute the free energy of the liquid phase. In this way the
liquid-vapour coexistence curve for a Lennard-Jones system was first mapped
out. Other methods have also been used to locate the liquid-vapour coexistence
curve. The vapour-liquid coexistence has been investigated using Widom's particle
insertion method for the LJ system [29] and for liquid Br, and Cl, [22]. Grand can-
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onical MC has been applied to the LJ system [36, 37, 39]. And umbrella sampling
was used to investigate both the LJ fluid [58] and a fluid of dipolar hard spheres [60].
In principle the free energy of the dense liquid could also have been determined

by performing thermodynamic integration around the critical point. To our
knowledge, this has not been done. However, for a different problem integration
around a critical point has been carried out, namely in the case of the transition
from isotropic fluid to nematic liquid crystal [84]. The isotropic-nematic tran-

sition which is normally first order can be suppressed in a strong magnetic
field. Hence the free energy of the nematic phase can be computed by performing

thermodynamic integration along a path which consists of compression from
the dilute gas in a strong field followed by slowly switching off the field at a
typical nematic density.

33. Free energy of solids. - The free energy of the fluid phase can always
be obtained by constructing a reversible path to the dilute-gas reference state.
In contrast, a dilute gas cannot be compressed or cooled reversibly to form a
crystalline solid because in computer simulation the crystalline phase nucleates
irreversibly, if at all, from the metastable fluid. Several methods have been
developed to link the solid phase by a reversible path to a reference state of
known free energy. The most natural method, already mentioned in the previous
section, is to take the low-temperature (or high-pressure) harmonic solid as the
reference state and use eq. (44b) (or (44a)) to obtain the free energy of the solid
at the desired temperature and density. This method was first applied by
HOOVER et al. [67, 68] to 3D fluids with a repulsive r-n potential (n = 12, 9, 6, 4).

Later authors applied the harmonic-lattice method to the 3D one-component
plasma [85], pseudopotential « sodium » [70] and the 2D one-component
plasma [86], Lennard-Jones system [69] and r-6 system [71]. There are several
factors limiting the applicability of the harmonic-lattice method. First of all,
its use is restricted to solid phases that can be cooled down or compressed to a
harmonic state. This rules out all solids of particles with hard-core interactions,
which are never harmonic. Moreover, it cannot be applied to solids that are
only stable under conditions where the harmonic description fails (e.g., plastic
crystals). It should be emphasized, however, that it is not necessary to prepare
the solid under consideration in a thermodynamically stable harmonic state;
mechanical stability suffices. A second factor limiting the use of the harmoniclattice method is of a more mundane nature. Although the amount of work
involved in computing the free energy of a harmonic lattice of atoms or ions
should not defer anyone from attempting the calculation, the same cannot be
said of an arbitrary molecular solid. A more generally applicable method to
compute the free energy of solids is the so-called single-occupancy-cell (SOC)
method of Hoover and Ree [87]. In the SOC method an artificial reversible
path is constructed from the solid phase to the dilute-gas phase. Tho reference
state is in this case not the ideal gas, but a lattice gas with every particle con-
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strained to one cell. The cells form a regular lattice with the same symmetry
as the solid under consideration. At high densities the centre of every cell
coincides with the lattice position of the particle it is designed to hold. In the
dense solid phase the presence of the artificial walls is unimportant because
the atoms are kept in their place through interaction with their neighbours.
But as the SOC solid is expanded, the walls take over and prevent the atoms
from diffusing. As a consequence, the SOC solid does not melt. It can be expanded reversibly to low densities where its partition function is known analytically. The SOC method was used by HOOVER and REE to compute the free
energy and hence the melting point of the hard-sphere and hard-disk solids [88].
The same method has also been used to find the melting point of 3D systems

with a repulsive r-n potential (n = 12) [67, 89, 90], (n = 9, 6, 4) [68], the
3D [83] and 2D [91] Lennard-Jones system. The free energy of the SOC hardsphere system has also been determined by umbrella sampling [59], but the
method does not appear to offer any advantages over straightforward thermodynamic integration.
Although the SOC method is quite flexible and easy to use, it does have
a few peculiarities which require some care. First of all, at low densities the

equation of state of the SOC gas is a nonanalytic function of density:
(53)

(P800eki)le2 = b, em +

...

with a = 1/D for a D-dimensional space-filling lattice of cells [87] and a =
= (1)+1)LD for a lattice of touching spherical cells [68]; b, plays the role
of an effective « second virial coefficient *. Its value depends on the intermolecular potential and the nature of the lattice of cells [83]. A second and
potentially more serious feature of the SOC method, at least in 3D, is that, at
the point where the hard-cell walls take over from the intermolecular forces
in stabilizing the lattice, the SOC pressure shows a change of slope [67, 88]
and possibly even a discontinuity [90]. In other words, the 3D SOC system
goes through a second-order or weakly first-order transition. This implies that
long simulation runs are needed to obtain reliable values for the pressure near
this point because close to an (almost) 2nd-order transition fluctuations in the
thermodynamic properties of the system decay slowly. Moreover, the presence
of a cusp in the SOC pressure makes it essential to compute the pressure at a

fairly large number of state points because the accuracy of most numerical
integration procedures deteriorates if the integrand is not smooth. Another
approach to compute the free energy of solid phases by thermodynamic integration along an artificial path was recently proposed by FRENKEL and LADD [92].

In this method the Hamiltonian of the solid under consideration is changed
reversibly to that of an Einstein crystal with the same structure. The advantage

of this particular reference system is that, as it has the same structure and
density as the original solid, there is no reason to expect a phase transition
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along the integration path. For hard-core systems the parametrization of the
Hamiltonian takes the .form
H(A) = HhC + Akmr.x

(54)

(ri r:). ,

where 11,... is the Hamiltonian of the unperturbed hard-core system, ri 4
is the displacement of particle i from its lattice site 4, and k1 is the spring
constant tying the particles to their lattice sites in the Einstein crystal. km. must

be chosen sufficiently large that for A = 1 the free energy of the system approaches that of a true Einstein crystal. The advantage of the method is that
it is simple to use and that, with moderate expenditure of computer time,
the estimated error in the excess free energy of the solid can be reduced to
0.002 NkT. In ref. [92] the method is applied to the h.c.p. and f.c.c. phases
of hard spheres. The Einstein crystal method has been extended to molecular
hard-core systems [84]. The only difference is that in addition to the spring
constants fixing the molecular centre-of-mass positions there are now also
springs fixing the molecular orientation. Using this approach it has proved
possible to determine the melting point of hard ellipsoids of revolution over
a wide range of length-to-breadth ratios [84] (see fig. 5). The generalization
to systems with a continuous intermolecular potential is straightforward. The
VT
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parametrized potential-energy function now becomes
(55)

V(A) = V + (1 2)(V(qN)

V °)

+ Ak..E(ri 4)2 ,

where Vo is the static lattice energy of the solid and 171(e) the potential energy

of a given lattice configuration. It is advisable to choose 7ç such that the
mean square displacement of the particles varies little as A is changed. As an
example we apply this method to the relative stability of the f.c.c. and b.c.c.
phases of a model for helium [55, 93]. In fig. 6 we show the value of <811(2)182> a
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Fig. 6. Integrand in the free-energy integration from f.c.c. « helium * (see text) to
the corresponding Einstein crystal, as a function of the coupling parameter A. The
integrand was evaluated at values of A corresponding to a 10-point Gauss-Legendre
quadrature.
r"

i. ...:a

for a number of A values, for both f.c.c. and b.c.c. « helium » at a reduced
temperature of T* = 32 (in units e = 10.22 k) and a reduced density e* = 2.41.
At this density and temperature the f.c.c. phase is still marginally more stable
than the b.c.c. phase (IF = (Fb...c. Ef.c...)/NT = 0.0087 ± 0.0018). For
more details on the Einstein crystal method we refer the reader to [94]. We
wish to remind the reader that thermodynamic integration and multistage
12
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sampling are closely related. An example of the application of multistage
sampling to compute the free-energy difference of the f.c.c. and b.c.c. phases
for a number of model potentials can be found in [53].
4. 7 Free energy of fluctuations.

Thus far we have been concerned with the computation of the free energy
of bulk phases. Now we wish to make a few remarks about the free energy
associated with fluctuations. Consider a mechanical quantity S(q) which in
principle may be anything, but in cases of practical interest usually is some
kind of order parameter. The probability of observing an equilibrium fluctuation such that 0 is in a range AO around 0 is

fexp [

(56)

P(S)AS

dqN

"fexp [ATI]dqN = exp [ 13F(S)]M ,

where the subscript AS in the integral in the numerator restricts the integral
to that part of phase space were 0 is within the specified range.
The second expression on the right in eq. (56) defines the free-energy density
F(S). From eq. (56) we see that the free-energy density associated with a particular fluctuation of S can be obtained from the probability density of finding

a certain value for 8:
(57)

F(8) = kT ln (P(8)) .

A classical example of the relation between F(S) and P(8) can be found in the
work of Wood [95] on density fluctuations in the isobaric ensemble.

In this case the probability density of finding a particular value of V, if
the applied prefigure is Po, is given by
(58)

P(V) = c exp[ 18(AV + F(V))] ,

where c is a normalizing constant. The term PoV + F(V) plays the role of
the free enthalphy G( V) associated with a given fluctuation of V. We see
that G has its minimum if
(8F/aV) = P0.
(59)
.

;

Equation (59) expresses just the condition for mechanical equilibrium. WOOD
observed that eq. (58) offers the possibility of probing the equation of state
at densities around the equilibrium density given by eq. (59). A similar relation
exists between the probability density of potential-energy fluctuations in the
canonical ensemble and the dependence of U on T.
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PARRINELLO [96] has recently pointed out that the probability density of

the scaling parameter s in Nose's canonical MD [97] contains comparable
information. An interesting feature of eq. (58) is the fact that, in principle,
at a first-order phase transition P(V) becomes double peaked.
The pressure for which the two peaks of P(V) have equal height is the coexistence pressure because at that point two different volumes V, and V,
satisfy the relation @Fie V= Po and G(Vi) = G(Vo). Unfortunately, this
property of P(V) can only be exploited for very small systems. For larger
systems configuration space is not adequately sampled on the time scale of a
simulation and hence we do not obtain the correct P(V). However, in other
situations, in particular near weakly first-order or higher-order phase transitions
eq. (57) may be extremely useful to study precursor effects of the transition.

One way of analysing such precursor effects is in terms of the Landau free
energy, the expansion of the free-energy density in integer powers of the order
12

10

- :

%.1

2

I

-0.50

.

e

0

iiiiiiiiiiiiiiiiiii
0.50

S

1.00

Fig. 7. - The Landau free energy (in units kT) associated with fluctuations of the
nematic order parameter S in a system of 100 hard platelets of diameter a (ref. [23]).
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density, just beyond the isotropic nematic transition; note that the most probable
value of 8 has moved to a nonzero value. Dash-dotted curve: high density, well
inside the nematic phase; only small fluctuations around a nonzero order parameter
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parameter :

F(S) = Fo + aS2 ± b22 +

(60)

cS4

+

.

Of course, an expansion of this type need not be correct and indeed, close to
phase transitions, the simple Landau picture often fails. The important point
we wish to stress here is that the Landau free energy is not just an abstract
concept that may or may not be useful. Using eq. (57) the Landau free energy
can be measured # in a computer simulation. As an example, fig. 7 shows the
Landau free energy associated with fluctuations of the orientational order
parameter S close to the (weakly first-order) transition from isotropic liquid
to nematic liquid crystal. The fact that P(S) in fig. 7 develops a double-peaked
structure confirms the first-order nature of the transition. Actually, in this
particular case the Landau expansion eq. (60) appears to run into trouble.
For further details see ref. [23].
One basic problem with the use of eq. (57) is that P(S) becomes very narrow
for larger system sizes, until eventually the only information one obtains is
the average value of 0 and its variance. However, as already indicated in
subsect. 25 (eq. (43)), one could still probe the wings of the distribution, and
thereby higher-order terms in the Landau expansion, by using umbrella sampling. To my knowledge this has not been attempted.

5.

Conclusions.

After this fairly exhaustive review of free-energy computation techniques
I wish to end by given specific recommendations to the newcomer who is considering carrying out such calculations. This section has inevitably a personal
bias and I apologize to all those who feel I am giving bad advice.
First of all a general point: always look for the simplest method available
even if you feel that other methods are more sophisticated. In general a problem
can be tackled with several methods of which at least one is « simple ». Other
methods may appear cheaper, but in the end, after all the hours spent programming, debugging and discovering hidden subtleties you may wish you had
started with the « more time consuming » simple method. Of course, once
you are more skilled, you may go for the « smart » methods.
What are the simple methods, First of all the « natural * thermodynamicintegration methods, compression, expansion, heating or cooling, Remember,
if you have a working MD or MC program, you can do it. Of these the methods
that have the harmonic lattice as their reference point are less favoured unless
ihe harmonic-crystal free energy can easily be calculated. For solids, the
Einstein crystal method (personal bias!) is simplest, directly followed by the
single-occupancy-cell method. Note that the free-energy difference between
two solids can be computed by thermodynamic integration or by Bennett's
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acceptance ratio or overlapping-distribution method. All three are easy. The
best is to accumulate a histogram of potential-energy differences during the
simulations, and use it to try out all three methods. Note that for thermodynamic integration it is advisable to choose values of the coupling parameter
A according to a Gauss-Legendre or similar quadrature. For Bennett's method
there is no need to choose the number of points in advance. Start with simulations for A = 0 and A =1 and keep on doing simulations at intermediate values
of A until you find you have reached the desired accuracy.
If you are studying multicomponent mixtures at low densities use Bennett's modification of the Widom/Shing-Gubbins method or grand canonical
MC (but watch your random-number generator!). At higher densities multicomponent systems become difficult and you will probably need one of the
« smart » methods. Of the smart methods umbrella sampling seems the most
powerful. This method requires some skill, so use it only where the simpler
methods will not do. It turns out that there remains a large class of problems
where such biased sampling is the only tool available.
.
-
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APPENDIX A

It has been suggested in the literature [29] that the particle insertion
method may also be used in microcanonical simulation using
(A.1)

Aus.

=

In <exp [ Alkr]> ,

where V, is, as before, the interaction of a randomly placed test particle
with the other molecules, and T' is the running average of the temperature
during microcanonical simulation. We argue that, although this recipe may
work satisfactorily in practice, it is not correct in principle. Moreover, the
correct recipe is simple to implement. We start from the relation
(A.2)

dS = dEIT

(PIT)dV

r (ulT)dN
;

from which is follows that
(A.3)

=V-valz,v .
(PM
.
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The classical expression for S(E, V, N) = k ln w(E) is

f

1
1

S=k

(A.4)

(H,

E)dpN dq11),

+ If(pN) is the Hamiltonian of the system. For

where HN(pN, qN) = V(qN)

simplicity we have assumed that we are dealing with atoms. Generalization
to molecules is straightforward. We now write (8A9/817),,,, as
(A.5)

(8s/e/f)z,v = k In (coN(E)/wiv-l(E)) .

Or, introducing eN, the kinetic energy of the test particle, and VA, its interaction

with the rest of the system,

f 15(HN_l + V A + eN

1

coN(E)

(A.6)

coN_1(E) h3 N

E)dpN dqN

f (3(Hy_, E)dpN-, dqN-1

Using the fact that
(A.7)

dpN = {(2am,)312(N-1)

(3/2(N 1))) g8/8w-1)-1dg

(for a systen that does not conserve linear momentum, all N 1 should be
replaced by N), we can readily perform the integrations over the momenta
in eq. (A.6):
(A.8) CON(E)IcoN_1(E)=

Noting that E
we obtain
(A.8')

1

V 4)81'1' (2grin)i (3/2(N

(.13

f(E

163 N

V,_, = -KAr_l, the kinetic energy in the N

coN(16)/cobr-lk- El)

=

2 ))-1 dqN

T ig_03120r-2)-1 de-1

1 particle system,

rmy
h3

1(1 V AIKN....1)312(')-1(KR-11312(1C-2))1 .113/12'-1 dqN

f(EEquation (A.8') can be expressed as a microcanonical expectation value:
(A.9)

CON(E)

coN_,(E)

12yrnAl V 1
I.

<(1VA/Kk_

NVfdqN

For sufficiently large N we can write

(1

exp [ V

(HN_,1312(N-2))#>., .

VALKN_03/2(N-1)-1 as
.

2) + 0)] .

With the conventional definition of the instantaneous temperature T,
(A.10)

T,

= EN_11(312(N

2) k)
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and neglecting corrections of order N-1 to T we obtain
.

1

(A.1-1)

(017(.13)1(0N_1(E)= (QA')-1 <T>-'1 V

and finally
(A.12)

1314. =

dqN <exp [ VA/kTi]itnio
..

.4

,

ln {<T>.4 <exp [ VA/kT,] Tt>} .

The angular brackets now stand for microcanonical averaging over the phase

space co-ordinates of the N 1 particles in the original system for random
positions of the test particle. Note that eq. (A.11) can easily be implemented
in a molecular-dynamics program because the instantaneous temperature
is always well defined. Note also that, because of the convexity of

exp [ V AITM, eq. (A.11) must lead to a lower estimate of pe. than is obtained
by the method of ref. [29]. This may be serious for small systems or for systems
with a large heat capacity (large T fluctuations). Note that the ti's in ref. [29]

tend to be marginally higher than earlier data. For molecular systems the
(T1I<T>)1 is replaced by some other power of TAT>, e.g. 5/2 for linear
molecules.

.
APPENDIX B
Bennett's acceptance ratio method and the method of overlapping distribu-

tions can be generalized to the microcanonical ensemble. In the literature
it has thus far been assumed [53] that Bennett's canonical expressions can
be used without modification in microcanonical simulations. Here we argue
that, although such an approach may yield reasonable answers for large
systems, it is not correct. This is important because free-energy difference
calculations are often carried out on rather small systems where the choice
of the ensemble does make a difference.

As in appendix A, the central quantity to be computed in a mierocanonical
simulation is the entropy difference between two systems. The expression
for the entropy of a classical N-particle system with total energy E is
.

.

S = k ln (co(E)) = k ln f(h3N N!)-1 5,3(giv

(B.1)

E)dpN del .

Performing the integration over momenta, we obtain

w(E) =e f(E 7

(B.2)
.

U(e))(3N-5112 dqN

.

.

with e = {(27m)(aN-01211V3N

3)/2)}/h3B N!.

As in appendix A we have

assumed that we are dealing with an atomic system and that linear momentum
is conserved. The entropy difference between two N-particle systems 0 and 1

is given by
(B.3)

AS = k ln (col(E,)/(o0(.80))

= k ln

(Ei

Ul(qN))(3N-5)/2 the

(E0

Uo(qN))(3N-5)/2agN

.

-
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Starting from eq. (B.3), we can easily derive the microcanonical equivalent
of the overlapping-distribution and acceptance ratio methods.

I) Overlapping-distribution method. Let us denote the kinetic energy
of systems 0 and 1 by Ko = Bo Uo(qN) and K1= B1 Ui(qN). Note that

Ko and K, are explicit functions of the particle co-ordinates qN. Consider the
probability of observing the quantity x = ((311T 5)/2) ln (K1IK0) in a range dx
around x. If microcanonical sampling is carried out in system 0, the expression for the probability density po(x) of x is
(B.4)

Pa(x)=,_

.fb{((3-AT

(K11K0) x} K(031-01/2 de
- 5)12)1n
fKr-5)/2 de

Using eq. (B.3), (B.4) can be rewritten as
(B.5)

pa(x)= exp [ASIk] f6{((3N

5)/2) ln (K1IK0) x} exp [ x]Kl3N--5)/2dqN

fKr-6)/2 de

or

po(x) = exp [ASIk] exp [ oc]pi(x) .

(B.6)

Note that eq. (B.6) is of the same form as eq. (32). For 1K1
can write
(B.7)

((3N

- 5)12) ln (K11K0)

(AB

Kol < Ko we

AU)ficT: ,

where T: is the instantaneous temperature of system 0. In the special case
that the average temperatures of 0 and 1 are equal we can combine (B.6) and
(B.7) to yield
(B.8)

MAE

U)11cT: = x) =

= exp

exp [ x]p1((AB

U)IkTt = x),

.

or, with x' = x
(B.9)

- ABIkT, where T is the average of Tf and T:,

p0({A.E(1/kT: 1IkT) A UlkT} = x') =

= exp [ ZIFIkT] exp [ xlpi({A.E(11kTf lIkT)

= x') .

Note that eq. (B.9) is similar, but not identical, to eq. (32). The difference
is due to the effect of temperature fluctuations in the microcanonical ensemble.
Of course, in the thermodynamic limit this effect disappears, but in that same

limit the overlapping-distribution method loses its advantage over thermodynamic integration.
II) Acceptance ratio method. To arrive at the microcanonical equivalent
of Bennett's acceptance ratio method we start, once more, from eq. (B.3).
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We begin with the identity
(B.10)

W(qN)(K,K0)(3N-5)12 de
co0(E0) ah,(Eo) W(qN)(if1g0)(3N-5)I2de
co

ah(E1)

where W(e) is an as yet still arbitrary function. Proceeding exactly as in
ref. [31] it is easy to show that the estimated error in AS is minimized for the
following choice of W(qN):
(B.11)

W(e) = const X {(0)0(B0)/no) K132,-5)/2

+ (wi(Ei)Ini).K,33-5)12}-1 .

Here no and n, are the numbers of independent configurations sampled in a
microcanonical simulation of systems 0 and 1, respectively. Defining, as in

eq. (B.4), a quantity x by

x = {(3N

(B.12)

5)12) In (1111110) ,

we can combine eqs. (B.10) and (B.11) to yield
wi

(B.13)

coo

= <f( x + CD0 exp [C] ,
x

C)>1

where the angular brackets stand for a microcanonical average in system 0
or 1, f(y)

=(1+ exp [y])-1 is the Fermi function, and C is a constant. Although

eq. (B.13) is in principle valid for any value of C, the best estimate for AS

results for the choice
(B.14)
If 11f1

C = 111{(codni)(no/c00)}

-

/Id <Kt, we can, as in eq. (B.7), replace x by (AB

A U)IkT*, with T*

the instantaneous temperature. In the special case that <Tt> = <n> = T,
we can rewrite eq. (B.13) as
(B.15)

exp [ AFIA,T]

=0 &EMU: 1IkT) + A UlIcT: + 01>o
<10- A.E(1IkTio 1IkT) A MU:

C' ) >1

r

[c]

with C'= C ABIkT. Note that eq. (B.15) is similar to the canonical expression
(eq. (38)), but, as with the overlapping-distribution case, the microcanonical
term is changed due to temperature fluctuations.
It should be stressed that the microcanonical methods described above
are just as easily implemented in a normal MD program as the less appropriate

canonical expressions. The best approach is to accumulate a histogram of
ln {(E, U1)1(E0 U0)} during simulations of systems 0 and 1. The analysis
required to solve eq. (B.6) or eqs. (B.13) and (B.14) then proceeds exactly as
with the original Bennett methods and can be carried out afterwards. Extension of the microcanonical methods to multistage sampling is straightforward.
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