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Pourquoi donc, reprit le Sirien, citez-vous un certain Aristote en grec 7 —
C’est, répliqua le savant, qu’il faut bien citer ce qu’on ne comprend point
du tout dans la langue qu’on entend le moins.

Voltaire, Micromegas

Schiiler: Kann Euch nicht eben ganz verstehen.
Mephistopheles: Das wird nachstens schon besser gehen,
Wenn Thr lernt alles reduzieren
Und gehorig klassifizieren.
Goethe, Faust



Preface

Sets in the middle

Conflict sets are sets where two wavefronts coming from different objects meet. To see a
conflict set throw not one, but two stones in a pond. The interference pattern you get is a
conflict set.

We will study how these are sets are curved, if they are smooth at all. When they are not
smooth we will study their singularities. The main theme is that conflict sets are very much
like wavefronts themselves.

The study of conflict sets was motivated by some very tangible geometric notions. The
first of these is the notion of a Voronoi diagram. A Voronoi diagram is a division of the
plane in different regions {V;}i=1,... ;, such that for z € V; the closest of a number of points
{pi}i=1,... 1 is p;. Voronoi diagrams arise in many sciences, for instance the p; can be roots
of plants and the V; the regions that each of the plants can take their water from.

The second of these is the idea of a skeletal set describing the form of an object in n-space. If
we have a closed compact hypersurface M in R™, for instance the surface of a dog bone, the
distance from some interior point to M can have non-unique absolute minima: the minimal
distance is dy and there are at least two points on M for which it is attained. Normally,
there is just one absolute minimum and thus the locus of points where there are two minima
forms a codimension one subset in the interior of M. The set so obtained is commonly
called, the medial axis or the central set. The two concepts are related as we can see from
figure 1.

For the definition of the conflict set we will replace the points p; in the definition of the

FIGURE .1. The medial axis of a dog bone approximated by a Voronoi diagram

Voronoi diagram by compact manifolds M; and the critical values of the distance function
are no longer required to be absolute minima. In this way we will obtain a set in the middle:
the conflict set.

Generic differential geometry

Let M be an embedded manifold in an Riemannian manifold X. In differential geometry
one studies the properties of such an embedding that are invariant under isometries of the
ambient manifold X.
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In this way a lot of results can be obtained. Even more can be said when one restricts atten-
tion to certain embeddings that we call “generic”. As the name suggests most embeddings
are generic. Genericity is defined using transversality conditions. For instance, a generic
line in R3, intersects the XY-plane in a single point. A line contained in the XY-plane can
be rotated slightly in space. The rotated line intersects the XY -plane in just one point.
Another example: most quadruples of points span a positive volume. Again, if the points
do not span up a positive volume we can move one just a little bit and obtain four points
that do span a positive volume.

What the transversality condition actually is varies from problem to problem but it is a
method by which strong results can be obtained under mild conditions.

Here is one such result, concerning the envelope of the normal lines from a curve in the plane.
Let 7: S — R? be an embedding of the circle in the plane. We may think of an ellipse. At
every point sy the curvature k(sg) and the normal v(sg) are defined. The focal set or evolute,
or caustic, is defined as the set of points in the plane traced out by v(s) + £~ (s)v(s). It is
the envelope of the normals to the curve . Let us mention a well-known theorem.

THEOREM .1. For a generic embedding v the focal set F' has the following property: ev-
ery point p € F has a neighborhood in p € U C R? such that the intersection U N F is
diffeomorphic to one of the following algebraic varieties x5 = 0, x129 = 0 or 23 — 22 = 0.
In this theorem we have characterized all generic local forms of the focal set. Locally only
a few singular situations can arise. In chapter four we obtain a similar characterization of
conflict sets in low dimensions.

Cut locus, Maxwell strata, central set, medial axis, symmetry set

In generic differential geometry one often studies singular sets which are associated to a
distance function from a submanifold and which measure some sort of symmetry.
The most well-known of these sets is probably the cut-locus associated to a Riemannian
manifold X and a point p. In a neighborhood U of 0 € T}, X the exponential map

exp: T, X — X

is a diffeomorphism: small vectors are mapped to geodesics that are globally minimizing.
However, what is locally the shortest path need not be the shortest path globally.
For each v € T,X with ||v|| = 1 let ¢ = ¢(v) be the largest number such that for all
0 < sg < t(v) the path

{s €10, s0] | exp(p, sv)}
is the shortest path from p to exp(p, sov). Clearly t(v) might be infinite. If ¢(v) is finite the
point exp(p, t(v)v) is called the cut point of p,v.
All cut points together form the cut-locus of X wrt. p. At points of the cut-locus the expo-
nential map exp(p,-) is no longer injective or its differential is no longer injective. If X is
compact the cut-locus is a deformation retract of X \ {p}.
Another such set is related to an embedded manifold M C X, where X is supplied with
a Riemannian metric. For (p,v) € NM, where |[v| is small, that a neighborhood of p,v
is mapped diffeomorphically to X. Where the exponential map is no longer a injective or
immersive we have a locus called the central set or medial axis. It is what Thom called the
“cut-locus d’une variété plongée”, see [Tho72]. If M is a parabola and X is the plane it
lies in we can see that the central set measures symmetry.
The central set of an ellipse in the plane consists of just one line segment. But the ellipse
has two symmetry axes. So how do we incorporate the other axis?
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The other axis is contained in the symmetry set. The symmetry set is the closure of those
points p € X where the distance function M > ¢ — d(p, ¢) has two non-degenerate critical
points with the same critical value. When we consider the symmetry set of the ellipse in
the plane we will get the desired two line segments.
There is a drawback here. The definitions of cut-locus and central set presuppose that we
work in an ambient manifold X where the unit speed geodesics are defined for all times ¢.
We ask that X is geodesically complete.
Examples of geodesically complete spaces are compact Riemannian manifolds, say an ellip-
soid C R3, with three different axes. A geodesic on an ellipsoid can be non-periodic. In
fact most geodesics on ellipsoids are non-periodic. Hence, symmetry sets of curves on the
ellipsoid might become quite awkward, because not just the absolute minimum but every
critical value is considered. Completeness of X is not enough for the definition of symmetry
set set to give reasonable results.
To avoid unwanted behavior rather strict conditions have to be imposed on the ambient
spaces that we consider. In this thesis these conditions are stated in section II1.1.9. Ba-
sically X is assumed to be complete and all points in X are assumed to have an empty
cut-locus.

It is not only in this respect that the symmetry set is different from the central set. Lo-

\ /
Nl

FIGURE .2. Two symmetry sets and the graph of a distance function having
two critical points with the same critical value

cally the two can exhibit quite different behaviour. Consider a compact manifold without
boundary in R2. Suppose the surface is the surface of a generic smooth dog bone. At one of
the sides we will find a point where the central set looks like we can see at the left hand side
of figure 3. There are (g) = 6 planes intersecting in 4 lines meeting at a point. Centered at
that point of the central set there is a sphere completely contained inside the dog bone that
touches the surface of the dog bone in four points. Such a singularity happens generically.
It cannot be removed by deforming the dog bone. However the symmetry set looks quite
different at such a point. On the symmetry set the six planes continue: there are still critical
values but they are no longer absolute minima.

Both the symmetry set and the central set can have what we call endpoints. Endpoints are
points where the axes of symmetry of the ellipse stop. Such endpoints are really singular
points of a focal set. Though interesting, we will not consider these endpoints here. Instead
we will measure symmetry between several manifolds. We take [ manifolds M; in our am-
bient manifold X and define the conflict set as the closure of those points p € X for which
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FIGURE .3. Left: singularity of the central set or medial axis, right: what
the symmetry set looks like at such a point

there exist g; € M; such that the distance functions
dip: M; — R ¢ — di(p, qi)

all have a non-degenerate critical point and at the same level, that is, with the same critical
value. Such points ¢ form the conflict set. Pictures of the conflict set are in the figures 1.1,
I1.2 and a singular one in figure IIL.5.

To develop some intuition for the differences between the conflict set and the symmetry set
consider again the example of figure 3. The sphere that touches four patches of surface can
come up in three different types of conflict sets. First of all there is the conflict set of four
( compact ) surfaces in R3. Such a conflict set generically contains only isolated points.
Hence when [ = 4 and dim X = 3 figure 3 reduces to the intersection point of six planes.
In the setting of three surfaces in 3-space their conflict set is a line. Figure 3 will happen
when two of the four points lie on one surface M; and the other two lie each on a different
surface: My and M3. The symmetry set of M; and the conflict set of My, Ms and M;y
intersect. Figure 3 reduces to two intersecting curves.

In the setting of two surfaces in 3-space we can get a sphere touching four pieces of surface
when two symmetry sets meet on a conflict set. From the six planes in figure 3 four remain.
Hence, there is a correspondence between singularities of central sets, symmetry sets and
conflict sets, but there are also differences.

Symplectic and contact geometry

The focal set we introduced above is an instance of a much studied class of manifolds:
Lagrangian submanifolds of a symplectic manifold. We will use Lagrangian manifolds to
study the singularities of conflict sets.

Lagrangian submanifolds arise as one tries to solve first order partial differential equations.
The standard example of such a PDE is one that describes equidistants to a submanifold.
If u: X — R is the function that describes the distance from a point z to a submanifold
M C X then at each point z € X we will have that the % are unit length normal vectors.

Thus we would need that

ou
() ool =1
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Equation (1) describes a PDE, with initial condition wu ; = 0.
The solutions of the PDE are well-defined except at points of the caustic or the symmetry
set. Hence the function that describes the distance to a submanifold is not really a function:
we consider not the function but What would be the graph of 8“ , this is a Lagrangian
submanifold of T* X, or the graph of u, 8 , this is a Legendrian 5ubman1f01d in JLX,R). If
we project these graphs to X the singular points of the projection form the focal set.
Lagrangian and Legendrian manifolds are usually constructed in a down to earth way. Let
d: X x X — R be a metric on X. If v: M — X is an embedding of M then the distance
from s € M to x € X is F(x,s) = d(y(s),z). The distance function has a critical point
where
2 OF _ 9d(3(s),2)
' Os Os
Then where (2) holds the derivative of the distance “function” w above is ‘ZF
In general if we have a family of functions F'(z,s) such that the set aF = 0 still behaves
reasonably - i.e. it is a manifold - then the “graph” over X of 81; i
oF  OF
This “graph” is called a Lagrangian manifold. In chapter three we will elaborate on these
remarks. It turns out that for conflict sets such a family of functions exists as well and
generically it behaves well.

=0

S

Outline of the results

The contents and results of this thesis are as follows.

e In chapter one we will define the conflict set of [ oriented hypersurfaces in R". A remark
concerning the smoothness of the conflict set is made. In chapters one and two we will
study curvature and torsion properties of conflict sets, in terms of the properties of the
base manifolds M;. We will prove a formula for the curvature in the case where | = 2,
and where [ = n = 3. We will indicate how to proceed in the case [ = n > 3. Chapter two
concludes with a long computation that through an example proves the curvature formula
for I = n = 3 in another way.

e The torsion of a conflict set is calculated in chapter two. The fact that in the case of
spheres it is generically zero is the subject of a theorem in chapter 1.

e In chapter three we will prove that the singularities of conflict sets generically are of the
same nature as the singularities of wave fronts. We also discuss what happens when the
singularity of the conflict set is non-generic. The chapter starts with a review of the results
from symplectic and contact geometry that we need. Part of the review is a slightly novel
treatment of the Gauss map. We also use the language of symplectic geometry to rephrase
some of the results of chapter one.

e In chapter four we discuss some notions similar to the conflict set. We introduce the
center set, and show that it generically has the structure of a wavefront as well. We also
discuss its relation to the center symmetry set introduced by Janeczko. In the last section
we relate the notions of conflict set and center set to existing notions such as orthomtic,
billiard transformation and pedal curve.

e In chapter five we classify singularities of conflict sets. In low dimensions local models for
the conflict set are fabricated using non-versal deformations of sums of the well-known
ADFE-singularities. We determine explicitly in which dimensions there is a finite list
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of singularities. The methods employed here are very similar to ones used to classify
singularities of caustics and wavefronts. We thus try to put our results in that perspective,
reviewing some of these things. It turns out that our analysis still gives rise to some
surprises. For instance from the generic point of view the singularities of the conflict set
of n surfaces in R™ are the same as those of 3 surfaces in R3.
The reader is notified that a shorter version of chapters one and two is in [vMO03]. Chapters
three, four and five are an extension and improvement of [vM]. Chapter 3 was the subject
of talks of the author at conferences in the second half of 2000 in Cambridge and Liverpool.



I Curvature for two surfaces

I.1. Introduction

Let M, --- , M; be [ manifolds in R", all of smoothness C/ with j > 1 and of dimension n—1.
Suppose the M; are orientable. The orientations supply us with ny,...,n;, unit sections of
the conormal bundle N*(M;) of the M, in R™. We can speak of wavefronts that emanate
from the ! manifolds in distinct directions as “time” increases or decreases.

The conflict set M, of (My,n1),(Ma,na), ..., (M;,n;) is defined as the set of points where
these wavefronts meet. The conflict set of My, My, ..., M; is defined as the union of all the
conflict sets associated to particular configurations of orientations. The symmetry set of
(M;,n;) is defined as the set of points traced out by the self intersections of the wavefronts
of Mi-

Given the second fundamental forms of M; and Ms, can we determine the second funda-
mental form I, of M_.?

In the next few theorems and their proofs we will assume that the distance function for each
of the k£ manifolds has only regular points on the conflict set and that - again on the conflict
set - the wavefronts travel in different directions, or if they travel in the same direction, they
should do so at different speeds. This is to say that the sphere with center ¢ on the conflict
set and touching one of the M;, touches at one point p only and c is not one of the centers
of curvature of p. A more precise notion is provided in paragraph 1.3. The regular part of
the conflict set makes up what one might call the A} stratum. It consists of those points
that do not correspond to ones on the symmetry and/or focal set of the M;.

THEOREM L.1. Let M;, i = 1,--- ,1 < n, be hypersurfaces in R™ of smoothness C7, j > 1.
Let wavefronts at constant speeds A\; emanate from M;. The conflict set M. is at least CI at
regular points.

THEOREM 1.2. If My and Ms have second fundamental forms 1 and Iy then M, has second
fundamental form (2cos ) 'PT (I — I5)P, where 2¢ is the angle that the tangent spaces
encompass, I denotes the second fundamental form at the point where the wavefronts meet,
and P: T,R™ — T, M, is the projection - restricted to the tangent space of the wavefronts of
the M;. The two manifolds are required to have smoothness C2.

THEOREM 1.3. Let wavefronts emanate from M;, i = 1,--- 1, spheres with different radii
i R™, [ < n. Let the convex hull of the centers of these scaled spheres be at least | — 1
dimensional. The A% stratum of M. is a conic section in an (n — | + 2)-dimensional affine
subspace of R™.

ExaMPLE 1.4. Consider two circles o; and as in the plane, with centers (0, ;) and (0, —bs)
and radii rq, ro, such that 0 < by < by and by + by # +r; + ro. For each configuration of
normals a separate conflict set arises. In concordance with theorem 1.3 the conflict set is
with all configurations a conic section. See the next chapter for a more meaningful example.

In the papers [Sie99] and [SSG99] similar results concerning curves in R? and convex hy-
persurfaces in R3 are proved. Our results however are more general and our method of proof
is completely different. Similar calculations are in [Ber95] and [BW59]. In section IV.4 we
will explain their relevance and discuss some applications of the curvature formula.

The main lemmas we use to prove theorem 1.2 are reexamined at the end of chapter three.
The proofs here are lengthy but elementary and thus may provide some more insight.

1



2 I. CURVATURE FOR TWO SURFACES

FI1GURE I.1. The conflict set from example 1.4

I.2. Preliminaries on contact between submanifolds

Let M and N be two manifolds in R™ both of dimension m. If M N N is not empty we can
study the contact between M and N at points p in M N N. Let oy be locally a submersion
for N and tp; be an immersion for M near p. The contact map for M and N at p is
kM =onoiy. If d%MM is zero for ¢ < k then we say that M and N have k-contact at
.

The k-class of k), n is the equivalence class of functions f: R™ — R"~"™ that are contact
equivalent to kpr,n. If K and L are also m-manifolds in R” and they have such a function
as contact map at ¢ then there is a diffeomorphism ¢ carrying a neighborhood of p to a
neighborhood of ¢ and such that ¢(M) = K and ¢(N) = L.

It is also possible to consider contacts between anequidimensional manifolds. Let M; have
dimension my and Ms> dimension ms, and m; < mso. Put

. m n—m
KM, , My = OM, © Ly, - R — R !

To compare two contacts one considers the x-class of kas, a,. A result of Montaldi says
that s, 18 a trivial unfolding of ks, ar, , see [Mon83].

If My and M,, with dim M; < dim Ms, have at least 2-contact, then the tangent space of
M, at p will be contained in T},(Mz). In this case we also employ the notion of k + 1-contact
in a certain direction V' of T},(M7). V will in general be a subspace of the tangent space.

DEFINITION L5. M, and M, have (k+ 1)-contact, with k£ > 0 in the direction V C (T,M71 N
T,M,) if
(1) M; and M5 have k-contact at the point p and,
(2) there is a third manifold Ly with T,L, =V # (T,M; UT,M>) and such that L,
has (k + 1)-contact with both M; and M.

Our main interest will be in two manifolds that have 3-contact at p in a certain direction.
Here the second derivative of the contact map d*k, v, and its pushforward along ¢py, is
a bilinear form - possibly vector valued - on the tangent space of R™ at p with values in a
euclidean space. We say that a vector v € T,R" is in the kernel of v* d° ks, ar, if

v 1 d* ki, v = 0.
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EXAMPLE L.6. Let a hypersurface M in R"*! be given by an immersion ¢y = (¢, f(t)),
with f: R",0 — R,0. Let N be another hypersurface with immersion (x = (¢, g(t)) and
g: R" 0 — R,0. The hypersurfaces have k-contact iff. the first k — 1 derivatives of f and g
agree in 0.

LEMMA 1.7. Two manifolds My and My have 3-contact at the point p in the directions
W C (T,M; N T, My) iff. vTe*d? fiv =0, Yo € W and for all components fi of the contact
map Ii]\/[l,I\/[2

PROOF. =" Let L be the manifold that has 3-contact with both M; and M>. Let
dimL =1 < m; = dim M; and m; < my = dim Ms. We can assume that L = R’ x {0}.
Because, at p = 0 the tangent space of L is contained in the tangent space of M; we can
write the immersions of M; and Ms as

Ly, = (517... ’5m17fm1+1(517... ,Sml)"" 7fn(51,... ,Sml))
and
LMy = (31’... 7Sm279m2+1(317"' ,sz)’... 791’7,(81"" 75m2))
Because
dQKL7M2 =0
and

dQH M, L = 0
are zero by hypothesis it follows that

2
dl KMy My = 0

in the point p = 0. Here d; denotes the derivative with respect to (x1,---,x;). This is
exactly what we needed to prove.
”«=" Choose an orthonormal basis for T,,M; so that W is spanned by ey,..., e, the first

k basis vectors. L is then the manifold that is the image of

L]y[l(ml,...,xk,07...,0).

From the proof it is clear that a similar statement holds for higher order contacts.

1.3. Proof of theorem I.1

If the speeds of the wavefronts are all equal we can think of spheres centered at the conflict
set having at least 2-contact with each of the M;. Note that there may be more than one
sphere with center on the conflict set, i.e. the conflict set of oriented hypersurfaces may have
self-intersections.

When the speeds of the wavefronts are different, that is \;, each of the spheres centered on
the conflict set decomposes into [ different spheres. The ratio of the radii of these spheres
will be )\1 : ...Z)\l.

The spheres in both cases will be called the kissing spheres, the terminology coming from
the two-dimensional case. The points where the kissing spheres (a;); of a point p on the
conflict set M, and M; touches M; will be called the basepoints p;. At each basepoint we
have a singularity type of the contact between the kissing sphere and the corresponding M;.
This is the same as the singularity type of the distance function d(p, -) on M;. The following
definition ensures that we are away from focal sets and also away from selfintersections.

DEFINITION 1.8. A point p on the conflict set M, is called regular if
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e For each i the distance function s — d(p, s) d: M; — R is smooth and has a non-degenerate
critical point at the basepoint s = p;,

e The vectors
ny = A od
i v ox |z=p

Even in the generic case - we won’t specify what that means until chapter 3 - we expect
other than regular points on the conflict set.

The definition of regularity assures that the conflict set is an immersed submanifold at p. It
does not assure that the conflict set is an embedded submanifold.

A weaker version of the theorem I.1 is in fact a known result, see [JB85]. A short version
of this argument goes as follows.

The distance functions induce a mapping of

are linearly independent.

1 l
(1.1) R" x [[ M — [ 7 (M, R)
i=1 i=1
The projection of the A} stratum on to the first factor is an immersed C/~! manifold. This
stratum represents exactly those points g that are the center of a sphere having 2-contact
with all manifolds M;.

However, this proves only that the conflict set is C/~1.
We have conormal bundles N*(M;). Denote by *; a map N*(M;) — R"*! defined by

*i1 (p, &) = (p+E7(p), Aif)

The images of these maps in R™t! are n-manifolds, possibly singular. In the literature one
sometimes uses the term big wavefront for the image of N*(M;) by *;. To check whether
the image is a manifold around a point *;(p, &) we have to check two things. Firstly the map
should be injective and secondly the derivative should have rank n. The first condition fails
when there is more than one basepoint. Hence we have to be away from the symmetry set
of M;. The second condition fails when the first n coordinates represent the point on the
focal surface corresponding to the basepoint or one of the basepoints, see [Mil63]. This is
exactly the definition of a regular point.

Now the intersection of the k images in R"*! is a transversal intersection at all but the above
mentioned points, because 7;\; # 7;A;. Furthermore it is C?~!. The projection onto the
first n coordinates has no critical points because the vector that is the direction of projection

(07 7071) 6Rn+l

never lies in the tangent space of the big wavefront. The projection is also the conflict set
and thus we have established that the conflict set is C?~!. But in fact we shall see that the
big wavefront is a C’ manifold. And thus the conflict set is C7.

A nice proof of the fact that the big wave front of a hypersurface M; at points where the
distance function has regular values has the same smoothness as M; was supplied by J. J.
Duistermaat.

Let p be a point on the original hypersurface M. Let ¢ be a point on the wavefront W at
distance d. If ¢ is a regular point of the distance function on W with p being the basepoint
of ¢ then the conormal bundle N*W has the same smoothness as N*M around these points.
They both have smoothness C7~1.

But the conormal bundle of a manifold W has smoothness C7~! iff. the the manifold itself has
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smoothness C7. Thus the wavefronts have equal smoothness at regular points of the distance
function. As the big wavefront is a union of these wavefronts, smoothly parameterized, the
big wave front is also C7.

I.4. Proof of theorem 1.2

The proof of the theorem will depend on some lemmas. Basically we will construct for
each basepoint a Meusnier sphere to the M; it lies on. The Meusnier spheres N; will have
3-contacts in appropriate directions V;. As a consequence the intersections of the images of
N*(N;) and those of N*(M;) in R"*! will also have a 3-contact in some direction V.. With
this we can find the second fundamental form of the conflict set.

LEMMA 1.9. Let M and N have 3-contacts in the direction V. C T,M. Then M* = %y (M)
and N* = xn(N) have 3 contact in the directions of the linear span of (n,1),n € N,M and
{(v,0) |veV}

PROOF. It is enough to consider the Monge forms - that is : the second order Taylor
approximations of the immersions and submersions of M and N. Thus choose coordinates
such that

LM(tlv cee atnfl) = (tla cee atnflv (tlv s 7tn71)TA(t1; cee atnfl))
where A is a symmetric matrix.
In the same fashion presume that
ON(T1, .. ) =X — (21, 1) T B(T1, .., Ty 1)

The contact map between the manifolds is then
(.’El, v 7$n,1)T(A — B)(.’El, e ,l'n,l)

For vectors in v € V we will have vT (A — B)v = 0. We shall write (t1,...,t,) = (t,t,) =
(', ¢") and (s1,...,8n) = (¢, 8) = (8',8"”). The normal ny; to M in a neighbourhood of 0

1S:
ny = (=Y Agits, = Y Apnoate1,1) = (AL, 1)
K k

Although this normal does not have unit length we can use it to write *3; in coordinates:
k0 = (tar + tanar, tn).
We make a transformation on the first n coordinates of R"*! by
e si=(xp); t=1,...,n—1
Sp = 1ln

This transformation is not singular in some neighborhood of 0 for %—f(O) = I. Its inverse
can be calculated when t is small:

2
t = <I+s,LA+52”A2+...> s

It is also convenient that the transformation H is the identity map on the tangent space of
M, N, M* and N*.

We are interested in the Monge form of *,; and *x in these new coordinates. The map s
has the following particularly simple form:

M= (Sla sy Sn—1, (817 . -78n71)TA(817 . ~7Sn71) + Sn73n)7
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We will compute a Monge form for N*. The first n — 1 components of *, are

(I—-t,B)t' =5 +s,(A—-B)s +o(t?)
The other components are simply s'ZBs’ + s,, and s,,. The submersion for M* is

OM* = Tp — Tnp+4+l — (ZZ?1, ‘e ,xn_l)TA(arl, ‘e ,xn_l)

and as a consequence

KMx Nx = OM* O %N = s "Bs — T As'
whereby the lemma is proved. (]
At p = 0 we have 2 pairs of hypersurfaces: M;p, Ny and My, No. Each element of a pair
intersects transversally with elements of the other pair and the elements in one pair have

identical tangent spaces. We have a third pair of manifolds: M, = M; N My and N, =
N1 N Ns.

LEmMMA 1.10. If My and N1 have 8-contact in the directions V, and Ms and No have 3-
contact in the directions Vi, then M. and N, have 3-contact in the directions V., =V, NV}.

PROOF. As in the proof of the previous lemma we will only consider Monge forms. Of
course we want to calculate the contact map. The submersion for M., is quickly found:

oM, = (JMI ; JMQ)

To find an immersion for N, first notice that the immersion for N; and N5 can be written
in the form:

(1.2) iny = (tiye o tn_o, R(O)(tn_1,t'T AL))
(1.3) iny, = (tiyoytnoo, R(Y) (a1, 'TBt))
Here we wrote R(¢) for a rotation by an angle ¢. The points of N, are the points where
in, (F) = iy, (8)
from which we conclude that
si=t;, 1=1,...,n—2

We have s,—1 = $p—1(81,...,8n—2) and t,—1 = t,_1(t1,...,tn—2). With these relations
we obtain two different immersions for ¢js , number one is derived from ¢y, and t,_1 =
tn-1(t1,...,tn—2), number two from ¢y, and s,—1 = $p—1(81,...,8n—2). We combine this
with the above obtained to obtain a contact map.

KMq,N. = (J]\/Il OUNy |ty _1=tn_1(t1,eertn_2)s TM> © LN2|tn_1:sn_1(t1,...,t,,,_2))

Now we want to calculate the second derivative of this map. We will start with the first
component.

(1.4) OB M,y Nyt — 1=t 1 (10t —2) _ 0K, N, Ok, Ny M1
At1, .. tn_s) t1, .. tn_z)  Otp_y O(t1,... tn_2)
and
O RMy Nt s =tn s (trstn—a)  O*Kar N, 0K, N, D?t1
Oty,... th_o)? SOty tn9)?  Otpq O(t1,...,tn_2)?
n aQHMl,Nl Otn_1

o2 1 O(t1,... tn—2)

n
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Because M7 and Nj have 3-contact in some direction we will surely have

aH/Mlle -0
8tn—l
and thus we are to evaluate the derivative
atnfl
1.5 _—
(L5) Ot1, -y tpn_2)

in p=0. As the surface z,_; = x,, = 0 is the tangent space of M, in 0 we can see that the
derivative (I.5) evaluates to 0 in p = 0. If we write for a n — 1 x n — 1 matrix C

C = C(n—2,n—2) C(n—l)
C(n—l) Cnfl,nfl

then the second derivative of the contact map of M, and IV, in 0 equals

2
(d2I€M1,N1 (n—2,n—2)’d K]W2’N2(n—2,n—2))
This proves the lemma. O

LEMMA L.11. Let M and N be manifolds R"* with a 3-contact in the direction V. C T,R"+k.
Let pr: R*t% - R™ such that T,M does not lie in the direction of the projection: dimV =
dim pr(V') then pr(M) and pr(N) have 3 contact in the direction pr(V') at pr(p).

PROOF. The proof consist of a simple verification with the contact map. O

After these lemmas we are ready to complete the proof 1.2. Suppose we are at a point p in
M..

There are two base points p, and p, on M; and M; respectively. Propagate the wave fronts
until the three points p,, pp and p. fall together, say p. Now take an arbitrary direction in
the tangent space of M., say v.. The direction v, projects to directions v; and vy in T, M;
and T, M respectively.

We will proceed to construct the big wavefront of M; and My : M} and M}. Because p is
a regular point for the distance function at (p,0) € R™*! they intersect transversally in a
manifold M. The manifold M” projects down to M, in R".

There are Meusnier spheres to M; and Ms in the directions v and vy : Ny and No. Their
big wavefronts can also be constructed : N} and NJ.

We apply lemma 1.9 to obtain that N/ and M} have 3-contacts in the direction

o U1 ny
= ((5)(7))
In a similar vein we define V5.

We define N as the transversal intersection of NJ* and N} at (p,0). By lemma .10 M}
and Nf have 3-contact in the direction V. = V3 N V5. The directions in V. can be projected
down to R™ by a projection pr.

We claim that

(1.6) pr(Vi N Vo) = v..

To prove equation 1.6 we first try to solve the equation

() () =) ()



8 I. CURVATURE FOR TWO SURFACES

If n; = ny then also vy = vy. In this case A = Ay = 0 and equation 1.6 will hold. Thus we
will assume A2 = Ay # 0 and we can write (with different A;)

<”> n(5) = () = (5)+(7)

Because ny # ngy we can write n. = n; — no. Now v; and vy are projections of v. onto the
tangent planes of T),M.. The tangent planes of M; and M> make an equal angle with M..
Therefore we can solve 1.7 if we put A\; = Ao. The line that is thus in V, is of the form

h_ (V1 ny\ _ (V2 n2
= () () = () ()
) makes an equal angle with v; and v so that we will have

ot = (vl + UQ)
U

Projecting N; down to N. we see that this projection is regular around p and that, by
lemma I.11, the manifold N, will have 3-contact with M, at p in the direction v.. Thus the
curvature of M, in the direction v, is that of N.. Indeed, intuitively, this is the direction in
which a minimal change in chord length is achieved.

We now see that it is enough to calculate the curvature of the spheres N; and Ny in the
directions v; and v and then to compute the curvature of the conflict set of the spheres
in the direction v.. In particular, for two wavefronts starting from a plane curve, it will be
enough to calculate the curvature of the conflict set of two curvature circles. Example 1.4 is
characteristic. The conflict line is parameterized by (v/b1ba sinh¢,271(by — b2)(1 — cosht)).
Its curvature is

1/1 1
(I.8) 5 <T1 Tg) cos ¢
where T7 and T are the distances from the conflict set to the curvature centers, and ¢ is
half on the angle that n; and ng thus their inverses are the curvatures of the circles at the
point where the wavefronts meet.
REMARK 1.12. For a further discussion of (I.8) and its applications see section IV.4.
REMARK 1.13. Sometimes it is more convenient to choose ny and ns so that n, = ny + ns.
In this case the minus sign in equation 1.8 becomes a plus sign. Thus, in equation 1.8 the
distances T7 and T are measured with respect to the direction of the normals n; and nsy. If
one chooses the normals to the wavefronts as in the setup then the formula holds but when
one chooses the distances differently the mentioned sign change occurs. In the sequel we
will stick to the original setup where the sign change does not occur.

Equation 1.6 is proved.

We also know that pr(v?

c

EXAMPLE 1.14. In figure 1.2 one sees two circles with their conflict set. The conflict set is
an ellipse. The normals at the left side are the normals that give this ellipse as conflict set.
But, chosen thus 77 and T5 will have different signs.

The normals as chosen in the picture on the right do not correspond to the conflict set as
shown. However if we use these normals to compute the curvature of the conflict set as
shown in the picture we need to change the minus sign in equation 1.8 into a plus sign.

With two spheres in R™ the conflict set is a hyperboloid or ellipsoid. v, vs, v, and n. all

lie in one 2-dimensional plane. Thus the above formula also applies to each direction in
TpyM.. When v, € T,M; N'T,,Ms the angle v will be 0. In that case we can simply add the
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Np )

FI1GURE 1.2. Two ways of choosing the normals

curvatures of the circles we obtain. The spheres have radius 77 and T5. The corresponding
circles have radius Tj cos ¢ and 75 cos ¢ where ¢ is the angle between n; and n.. In the
other case v, ¢ T, M1 NT,M> and we choose v, to lie orthogonally to this intersection. Then
v1, v and v, lie in the plane spanned by ni, ns and n.. The angle v. and v; make in this
case is also ¢. Thus we have formulas for the curvature, in the two cases an illustration of
which is in figure 1.3.

(1.9) re =4 (25 - 25)
(I.10) Ke = % (k1 — K2) cos @

The final step in the proof consists of linking these two formulas to the elegant matrix repre-

F1GURE 1.3. Two orthogonal directions in 7, M. account for two different
curvature formulas

sentation. Choose an orthonormal basis {e1, ..., e,—2} for T, My NT,Ms and choose vectors
€a; €q and e, that complete to orthonormal bases for T,,My, T,,M> and T, M, respectively.
eq, €p and e, correspond with each other.

The projection of T,R™ onto 1), M, restricted to T,,M; is an isomorphism. It is the identity
on sp{ei,...,ep—1 and e, is mapped to e, cos ¢. Call the matrix representation of this P.
The function that assigns a curvature to each direction of the tangent space of a C? hyper-
surface is in fact a symmetric bilinear form on the tangent space. It is the inverse of the
first fundamental form multiplied by the second fundamental form. Thus the representation
for this function is a matrix. One such matrix for 7}, M. that gives the correct curvatures in
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the directions eq,...,e,_2 and e, would be
1
2 cos ¢

where A and B are the matrices of the curvature functions on the tangent spaces 7,,M; and
T,M>. To prove that this is in fact the curvature function for 7, M, all we need to do is
write the equations for the curvature in other directions than eq,...,e,_2 and e.. We will
omit this calculation.

We now want to pass on from the curvature functions to second fundamental forms. For
M; and M> we can take immersions as the ones in equations 1.2, replacing ¥ by —¢. We
now see that their first fundamental forms in intrinsic coordinates at 0 are simply identity
matrices. The first fundamental form of the conflict set is the identity matrix. We have
proven that at 0 the second fundamental form of the conflict set II.. is:

1
o=
2 cos ¢

P (A-B)P

PY (I, - 1,)P

1.5. Proof of theorem 1.3

The special case of [ spheres in R™ the conflict set has an appealing property: each of its
components is a conic section.

So let us have [ spheres in R™, each having center p;, i = 1,...[. Denote their radii by ;.
Each component is given by [ — 1 equations:

(L11) o =pill = lle =pil[ +di,  1=2,...,1
The equations (I.11) describe conic sections.
Each d; will be written
dii=d; =a;—a
where a; = ;. Thus we have in total a maximum of 2! components of the complete conflict

set. We will consider a fixed component, that is we will fix a; for the rest of the proof. Other
equations are

|z = pill = llz — pill + di,;
Wlth dz,j = dl,j — dl,i~
Now we square both sides of these equations.

<£L’,(E> _2<pj7x> + <pjapj> = <.’E,(E> _2<pi71'> + <piapi> +2di,j|‘$_pi” +d22,j ihj=1,...,1

and we obtain

When d; ; = %||p; — p;|| the solution to the equation I.11 is a line. So the component of the
conflict set we consider lies in a line and the theorem is trivially true. We can safely exclude
this case and all the others where

dij = *[|pi — psl|

If they exist choose mutually disjoint subsets Jy,-- -, Ji of {1,--- ,n} so that
e a;, =a;, forall i1,70 € J;

e the cardinalities j; =| J; | are ordered j; > jo > -+ > jp.

® ji>2
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The complement of the union of these subsets will be denoted by Jy:
Uk o Ji ={1,---,1}

The number of elements jg in Jy is possibly 0. If all a; are different then jo = n, and & = 0.
It is now convenient to put

P(i,j) = 2di;llz—pi
= 2z, pi —pj) + s> = llpsl* — &
We finally relabel the points such that
JO = {17 7j0}a‘]1 = {J0+17 7j0 +]1}

and so on. Let us first assume that £ > 1 and j, > 3.
From each of the J,,, we have j,, — 1 linear equations

(I1.12) P(jo+ -+ jm,i) =0 1€ I \{Jo+ - +Im}
We also have jp — 2 linear equations

P1,2)  PQ,i
(1.13) (L2) _ PLD g
di 2 di i

There is a third set of m linear equations that read

P(1,2)  P(1,i S L .
(114) c(l - c(i : i=Jo+Jji,Jot+ 1t e Jot it Fm
1,2 1,4

In total we have [ — 2 linear equations. These equations all have the form
(I.15) (vi, ) = w;

From 1.12, 1.13 and I.14 there are three sets of v;. The first set is

(L16) Pjotsittin —Pi 1€ Im\{Jo+ -+ +im}

The second set is

Pr—Pp2 P1—Pi
d1,2 dy;

(1.17) i=3,....%

The third set is
P1—PpP2 P1—Pi

1.18
( ) dy2 dy;

t=jo+Jji,Jo+Jj1+J2, L Jo+Ji+ o+ im

Each of the equations determines an affine hyperplane in R™ The hypersurfaces will inter-
sect transversally if the vectors v; are linearly independent. The [ — 2 vectors are linearly
independent iff. there are 2 more vectors such that these [ will be independent. Two vectors
that will do are p; and ps because by hypothesis the p; span up a [ —1 dimensional simplex.
If £ = 0 then all the a; are different and the vectors are given by equations as in 1.13 and
L.17. If £ > 0 and jy = 2 the v; are given by equations [.12, .14 and 1.16, 1.18. If £ > 0 and
Jjo =1 71 will equal 2. The case jo = 1 is similar. When [ = 2 the theorem is trivial.
Saying that the conflict set is a conic section is equivalent to saying that the conflict set is
the zero-set of some quadratic equations. The quadratic equations are given by the P(, j).
This completes the proof of theorem 1.3.
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REMARK 1.15. Theorem 1.3 should also hold with other conditions. There are examples of
3 spheres in R", with their centers lying on a line, such that a component of the conflict set
lies in a hyperplane and that it is a conic section in this plane. Caution is needed though
because there are also examples of four spheres in R” - i. e. two concentric spheres mirrored
through some hyperplane - where the theorem is not true.

REMARK 1.16. If | = n = 3 we have a special case, that was studied a lot classically. The
1 parameter family of spheres with center on the conflict set that touch the three given
spheres has a special surface , called a Dupin cyclide, as an envelope. By an appropriate
inversion the conflict set - which is on the symmetry set of the cyclide - is mapped onto a
circle. Under this inversion the cyclide is mapped to a torus. Thus the conflict set itself is
a conic section in a hyperplane in R?, see [Cox52]. For cyclides one might consult several
works of T.E. Cecil.



IT Three and more surfaces

I1.1. Introduction

In this chapter we will elaborate on the results of the previous chapter. We will obtain a
formula for the curvature and the torsion of the conflict set of three surfaces. The relevant
formulas are in theorems I1.6 and I1.10. The last section of this chapter - which can be safely
skipped - contains an illustration of the formulas for curvature and torsion and of theorem
L.3.

I1.2. The tangent space to the conflict set

We would like to give a description of the tangent space of the conflict set of (My,nq),
(M3, ns), ..., (M;,n;) at regular points, where the M; are hypersurfaces in R™.
So at regular points we have - as in the previous chapter - a set of basepoints p; on each
of the M;. The tangent spaces T, M; define | affine hyperplanes W; in R™ that intersect
transversally. The conflict set of the W; has the same tangent space as the conflict set of
the M;. So we might as well assume that the M; are affine hyperplanes, with a point p in
their intersection.
Here the tangent space will be n — [ 4+ 1 dimensional. We will split it into two components.
First of all a part of it will correspond to the intersection of the M;. Let V. = ﬂi:l T,M;,
then V. C T, M.. This part of the tangent space is readily calculated and so we can study
the projection

m: TyR™ — T,R"/ V..
The m(n;) form a basis for T,R"/V, and we also have that 7(n;) L 7(T,M;). Denote M7
the conflict set of the w(M;). This will be just a line. And this line corresponds to the
second part of the tangent space. We thus have

Ve ® “line” =T, M,
ProprosITION IL1. 7(T,M.) =T,MT and V. @ T,MT =T, M,
PrOOF. Consider a vector z that is in 7, M,. It has a lift to R"™! where it has to be in the

intersection of the tangent spaces to the big fronts. Thus the vectors x that are in T, M, all
have

(@, ni) = (x,n5)
From here it follows that
(m(x), m(ni)) = (m(2), 7(n;))
On the other hand if w(z) € T, M7 then either x € V. or we may assume that x L V., in

which case the above two equations are equivalent. ([l

For this second part of the tangent space it is thus enough to look at the case where [ = n
and V. = {0}. In this case we have a formula. In order to write this formula we introduce
the following notations. If ¢, j, k are integers then we write

q(i,j, k) =1+ ((i4+75—1) mod k)

This function is a “circulator” over a finite index set {1,---,k}. Also, if we have n — 1
vectors in R™ we define a cross product, that generalizes the cross product of 2 vectors in

13
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R3. The cross-product of n — 1 vectors v; in R™ is defined by the requirement that for each
vector w € R™ we have
(x" o, w) = det(vy, -, vp_1, W)
ProrosiTiON I1.2. If Il = n then the vector
1

Z (ZH (- X Tq(i,5,1)

defines the tangent space to the conﬂzct set.
PrOOF. All we need to verify is that (t.,n;) = (t¢,nj). O

‘We summarize our discussion in a theorem:

THEOREM I1.3. The tangent space to the conflict set of (My,ny), (Ma,na),..., (M;,n;), all
hypersurfaces in R™ is spanned by

l
V. ® <Z( )(1+1)(l+1) x! ﬁﬁ(nq(i’j’l))>

i=1
provided that we are at reqular points of the conflict set.

I1.3. A curvature formula

We next want to calculate the curvature of the conflict set of (M7, ny), (Ma,n2), ..., (M;,n;)
at regular points in terms of the curvature at the basepoints. We calculate the curvature
for the case [ = n = 3. The result is in theorem II.6.

The curvature formula will be obtained by differentiation. As before we write:

(II.l) te =n1 X Ng+no Xng+ng Xng
We will also write y
_ (&
12|l

We will denote ¢; the unit vector of the projection of ¢. to T, M;. For the curvature of the
conflict set we need to calculate, according to the Frenet-Serret equation, the derivative V. e:

te _ Ntel*Vete — (te, Vete )t
[t It

By V, we mean the directional derivative

" 0
v :;UZI

Vee =V,

It is clear that

(Vee,te) =0
We can choose coordinates so that e is (0,0,1). In particular this means that V.e has a
zero component in the last coordinate, the “2” coordinate. The vector t. has only non-zero
components in all but this last coordinate. Now denote (.); the i-th component of a vector.
We have just concluded that:

(vee)g =0
and that thus:
2 _ (Vete)i + (Vete)3
‘ e[
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FiGURE II.1. The geometry of the three tangent planes

REMARK I1.4. We will calculate the square of the curvature. In this way we avoid “sign”
problems. There seems to be no natural choice of frame for the conflict set. For instance
when we interchange nq and ns in (II.1) ¢, changes sign. For the first normal to the conflict
set things get even more complicated.

We compute V.t. through a further choice of coordinates namely:

0 sin ar sin (3; — cos asin 3;
(I1.2) e=|0 n; = | sinacos f; t; = | —cosacosf;
1 cos « sin «
Furthermore
(I1.3) Ven; = Kkit;sina

where k; is the normal curvature of the wavefront of M; at the point of the conflict set that
we are considering.

REMARK IL5. Suppose a curve v is contained in a hypersurface M C R3. This curve has a
so-called normal curvature x,, and a so-called geodesic curvature k4. The geodesic curvature
depends only on the interior geometry of M and the normal curvature depends only on the
exterior geometry of M. The curvature of « as a space curve is k. Between xk and the
aforementioned curvatures we have the following relation:

2 _ .2 2
K™ = Ky + Ky,

Thus equation (II.3) merely says that the derivative only depends on the exterior geometry.
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With these choices

[t sin® a (sin(B1 — Ba) + sin(Bs — Bs) + sin(Bz — 61))”
9,081 — ﬁz -252—53 B3 — B
ysin2(2 =LY

(I1.4) = 16sin* asin?(m——"2 ) sin?(

and
(Vete)1 = sin® a (11 (cos B3 — cos Bz) + ko (cos B — cos B3) + kz(cos Bz — cos (1))
Similarly
(Vete)a = sin® o (k1 (sin B3 — sin Bz) 4 ko (sin B — sin #3) + k3 (sin fa — sin 1))
This is because
Vete = (Veni) X (n2 —n3) + (Venz) X (n3g —n1) + (Vens) X (ng — n2)
= fKysinat; X (ng —ng) + ke sinate X (n3 —ny) + K3 sinats X (ng — na)
Now we have
(Vete)? + (Vete)s = sin® a (k1 — k2)* + (k2 — k3)® + (k3 — k1)
+ 2(cos (1 cos B2 + sin By sin B2) (ke — k3) (k3 — K1)
+ 2(cos By cos B3 + sin fBa sin B3) (k3 — k1) (K1 — K2)
+ 2(cos B3 cos B + sin B sin By ) (k1 — Kka) (k2 — K3))
=sina (k1 — K2)? 4 (ko — K3)? + (k3 — K1)?
+ 2cos(B1 — B2)(ka — K3) (k3 — K1)
+ 2cos(B2 — B3) (k3 — K1) (K1 — K2)
+ 2cos(f3 — (1)(k1 — Kk2) (ke — K3))
This is finally equal to

ﬁ i, ﬁ 1,2,
(IL.5) = —4sin® aZsm ( a(i,1,3) 5 a(4,2,3) (Kq(i,2,3) = Ki) (Fi — Kq(i,1,3))

We have proven the followmg theorem.

THEOREM I1.6. The squared curvature of the conflict set of 3 hypersurfaces is at regular
points given by the formula:

. 3
(IL6) ,_ sin’a 5 (Ki = Kq(i,1,3)) (Kq(i,1,3) — Kq(i,2,3))

Ke = 4 P Sin2(ﬂi—ﬁ%(i,1,3)) 2(54;(1',1,3)5@;(1',2,3))

sin

We can also find a more coordinate free form of formula (I1.6). We reformulate theorem
I1.6:

1,1,3))( q(i,1,3) — Kq(z‘,z,a))
TL“ Ng(i1 3)>)(<nq(i,1,3)v nq(i,2,3)> - 1)

(I1.7) K2 = sin®

s
I\Mw
I

We used that:
. .92 ﬂz ﬂj
1 — (n;,n;) = 2sin’(a) sin* 5 ,
an identity that follows from (I1.2). We also have the following:
ProproSITION IL7. It holds k. = 0 iff. k; = r; for 1 <14,5 < 3.
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PRrOOF. In view of a theorem on contact, see theorem II1.33 or [vMO03], it will be enough
to prove the theorem in the case where the base manifolds are spheres. The theorem then
follows from the long calculation below or from the proof of theorem I1.3. O

I1.4. Higher derivatives: Torsion

Theorem 1.3 says that the conflict set with the three spheres has zero torsion. We are
interested in computing in general the torsion of the conflict set when | = n = 3. To
compute the torsion we need the Frenet-Serret equations, see [Spi], vol. 2. The Frenet-
Serret equations can be applied once we know the first and second normal to the conflict
set.

We contend that the first normal to the conflict set is

(IL.8) ne = k1€ X (ng — n3) + kae X (ng — n1) + kge X (ng — na)

This is proven by using the polar coordinates and comparing each term in the cyclic sum to
the corresponding terms in

22
“Iltel
We can also use a lemma:
LEMMA I1.8. If (u,v) =0 then
pr (w X v) = <|1|U’|u2>u x v and u x (ux v) = —||ul|*v
u
PROOF. Set u = (0,0,1). O

We can apply this lemma to verify the assertion of equation (II.8). Let v = ny — ns, u = ¢
and w = t1. Then

pr.(k1t1 X (n2 —ng)) = Krsina e X (ng — n3)

which in view of (II.1) proves (I1.8).
To find the third vector in the Frenet frame - up to sign - we take the outer product:

b.=n. xe
Using e x (e X (n; — Ng(i,1,3))) = Ng(,1,3) — N We can write:

be = k1(n2 — ng) + ka(ng — n1) + k3 (N1 — ne)

This further entails that ||b.|| = ||n.||. Recalling the Frenet-Serret equations ( see [Spi] )
the derivative we are interested in is
be Ne
=—
“[loc] “[lnel

We can now compute this derivative and the torsion

bc bc 2 ebc - bca ebc bc c
v, e _ IlPTebe = e Vebidpe _
[[be |l [[c|l (el
This leads to
o= <Veb07nc>

162
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As a first step we will derive some expression for ||b.[|%.

3
el =Y (ki = Fagi1,3)* + 20088 = By(i1,8)) (Ka(i,1,8) = Ka(i,28)) (Fa(i.2,3) = K1)
=1
) > ) ﬁl _ﬁq(i,l,B)
= —4sin aZsm f (K‘q(i,l,3) — qu(i’zg))(ﬁq(i’zg) - KZ')
=1
A
~ sinta

The derivative of interest is thus
Vebe = sin Oz(lil(;‘igtg — I€3t3) + Hg(ﬁgtg — Iﬁltl) + Iﬁg(liltl — ligtg)
+ Veﬁl(ng — ’I’L3) + velig(ng, — ’I’Ll) + veH3(n1 — ng))

Now in this derivative we encounter terms of the form V.k;. Such terms embody two
variations. One is the change of curvature on the wavefront. The other one is the distancing
between the point on the conflict set and the corresponding basepoint. Heuristically we feel
that the last influence should have no effect on the conflict set. The curvature of the conflict
set should only depend on the relative position of the base manifolds.
Note that by only taking into account the distance variation we have:

1 V.T;
T ~— e = —k2V.T; = —K? cos

Here we have used the notation 7T; for the distance between the point under consideration
on the conflict set and the center of the Meusnier sphere of the surface M; at the basepoint
on M;. Because we are at regular points this distance is never zero. Taking both variations
into account we thus have:

Vem- = Ve

2

. /
Veki = —Kj cos a + sinaVy, k;

Here k! is the normal curvature of the traced out curve on the wavefront. There seems to
be no obvious expression for its derivative.
REMARK I1.9. The meaning of the term Dy, ) is as follows. It is the derivative of the normal
curvature along the basecurve on the equidistant at p. The relation between normal curva-
ture and normal curvature on an equidistant is clear. At distance d the normal curvature
is
K

1+ dk
Where their derivatives are concerned this is much less the case. Let us start by clarifying
how the 3-jet of a hypersurface determines the derivative of the normal curvature.
In case of an immersion that up to a quadratic form looks like

1
(s,t) — (s,t, E(As?’ + 3Bs*t + 3Cst? + Dt?))
and a curve with tangent (cos p, sin pt) the derivative is
Acos® u+ 3B cos? psin pn 4+ 3C cos psin® o + D sin® .

This means that - as was to be expected - if two surfaces have 2 contact and 4 contact in
the direction ¢ curves in that direction on the surfaces have equal derivative of the normal
curvature.

The relation between the derivative of the normal curvature at the base manifold and at its
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equidistant is most conveniently found by just using curves in R2. If we want a curve with
prescribed derivative of the curvature a at 0 we can take

vt (o2 + S48

2 6
At distance d its derivative of the normal curvature is
o
(1+dr)®

We write the derivative of b, as a sum of three components:

Vebe = sinaky (kata — Kat3) + ka(ksts — k1t1) + k3(k1t1 — Kata))
—cosa(ki(ng —n3) + ka(n3 —ny) + K3(n1 —na))
+sina(Vy, k) (n2 —ng) + Vi, ka(ng —n1) + Vi ks (ng — na))
L+L+1T

With some perseverance we obtain (I7 + Iz, n.) = 0. We thus have
(Vebe,ne) = (IT,ne) = sinal|te]| (k1 (Viyky — Vi k) +
ko(Vigkis — Vi k1) + k3(Vi K] — Vigks))

Consequently
THEOREM I1.10. With notations as above the torsion of the conflict set is given by:
S1n5 « ! ! ! ! / I
Te = W(’%l(vb’kh - vt3fi3) + HQ(Vts'%B - th"il) + K?’(vtlﬁl - vt2’$2))

REMARK II.11. Compare this formula to a classical formula for the torsion of a space curve
with nonzero curvature k and a unit parameterization c(t) ( see [Spi] )
1 <dc d?c &3 c>
dt © d2’de
We see that the term é is natural in thls respect.

I1.5. Higher dimensional analogues

The same differentiation techniques can be used to determine the curvature of [ surfaces in
R!. The trouble is that it is less clear what angles and geometrical data other than just the
normals we should take in order to get useful formulae.
The tangent to the conflict set is
l
D(I+1) -1

Z DEFDERL j=1 Ta(i.j,0)

=1
If we differentiate t. wrt. arclength we obtain

l
i+1)(1 -
Vete = Z(_l)(lJrl)( +1)(Veni) Xj=1 (”q(z gl — q(i,j-&-l:l))
i=1

Here we have written again:
22

el

and we have used the formula
Veni; = Kk;t; sin o
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We know that the first normal in the Frenet frame ( up to sign and length ) to the conflict

curve is
l

Ne = Z(_l)(i+1)(l+1),€ie XE—ZQI (Rgtigit) — Mqlis1.40))

i=1
This means that we might also calculate the curvature in the following way:
K = <vet07nc>
el Il

It is also remarked that proposition I1.7 generalizes to higher [ = n.

I1.6. An example: three disjoint spheres

Conflict sets are very difficult to calculate, both algebraically and numerically. Here we
will present an example with three surfaces in R? in order to have a non-trivial example
of the situation encountered in theorem II.6, in which we can actually compute explicitly a
parameterization of the conflict set. Our example is so typical that the calculations we do
to compute the curvature almost provide a new proof of (IL.6).

The example we are talking about is the example of three disjoint spheres in R? with
outward pointing normals. Their conflict set can be explicitly calculated if we make one
further assumption: we will demand that the convex hull of their centers is a triangle with
acute angles only.

LEMMA IL.12. Let p1,pa, p3 be three points in R3, such that their convex hull is a triangle with
acute angles. These points are in general position wrt. to linear subspaces of R3. Coordinates
can be so chosen that mutual distances are preserved and p1 = (b1,0,0), pa = (0,b3,0),

b3 = (07 07 b3)

PrRoOOF. Through each pair of points there passes a sphere, so that the two points are poles
of the sphere. The three spheres have one point of intersection because the three points
are in general position. This point of intersection is chosen to be the origin O. The lines
through O and p; will be the three coordinate axes. O

If the centers of the spheres do not span up a triangle with acute angles such a coordinate
representation is not possible. In that case one could revert to the following more general
representation. If we have n points in R™ that lie in general position this is a w

dimensional space. Coordinates for it can be written

bin b2 1
ba1  bao 1 0
botn 1 - 0 0
1 o - 0 O

Proof is by induction. For n = 2 the statement is clear.

I11.6.1. A parameterization for the conflict set. We will continue with the diagonal
representation of 3 points. We choose the three points as centers of mutually disjoint spheres
with radii 7;. The mutual disjointness can be achieved with a condition on the radii:

’f‘i—‘r’l’j<1/b?+b?
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We know that the conflict set of these spheres with outward normals lies in a plane. For the
sake of brevity we will write this conflict set as M, . The equations for the lift of M, , to
R* are
zo = ||z —pil| — i 1<i<3

They can be rewritten in algebraic form:

(zo +7i)* = ||l — pil®
It seems that these equations will add another algebraic component to the conflict set. They
do but this component will be just another conflict set, namely the one with the orientations
reversed.
We will frequently use Z = (zg,z) for a point in R**! whose projection to R™ is z. In this
section n = 3. It is also useful to introduce a quadratic form of sign (1, 3) on R* namely

2 2

[z, x| -1 = a5 — [|]|

and the corresponding form

((zo,2), (Yo, ¥)) =1 = ToYo — (,y)

The unique plane through the points p1, ps2, p3 is given by
3

(IL9) 3 “bi =1

i=1
LeEmMA I1.13. If g lies on My, then its reflection through the above plane also lies on the
conflict set.

PrOOF. The reflection through the plane (I1.9) is an isometry that maps spheres centered
at p; to themselves. The reflection thus leaves the conflict set M, , also invariant. O

The intersection of this plane with the conflict set is a point . The point lifts to a point
a = (ag, ) in R*. Here o is the “time” at which this component of starts appearing. So
we have for & that

. - Qi
(g + 715,00 —pi)||l-1 =0i=1,---,3 and ;b—ifl

From the equations we can find two solutions for &. The solutions take the form

fitgVD

a; = b; i=1,-

3
2Nz ’ )
Here D is a discriminant.

D = (B30 + bi03+ 0363) (3 + 83 — (11 — 72)°)
X (b% + bg - (7”1 - 7‘3)2) (b% + b% - (7‘2 — 7‘3)2>

The equation D = 0 corresponds exactly to the degeneracy condition in the previous chapter,
in the last section. If D = 0 then we will have for instance that

b 4+ b5 = |lp1 — pa®> = (r1 — r2)?
so that
Elp1 — pall =711 — 72
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In this case the conflict set is reduced to a line, but by our previous demand this is impossible.
The condition corresponds exactly to the two cones in 4-space having 2-contact. For i =
1,---,3 the nominator V; is

(6363 + b2b3 + b3b3) (b%bg + b7b3 + b3b3 — b3 (r1 — 12) — b3(r1 —13)* — b3 (ra — r3)2)
The most obvious geometrical significance of the term
F = b3b3 + bb3 + b3b3
is that the surface of the triangle spanned by the p; is

1
5\/b%bg + 6262 + b2b2

This can be proven using Archimedes formula.
The other term is

E = b3b3 4 b3b3 + b3b; — b3 (r1 — 1r2)? — b3(r1 —1r3)® — b3 (ra — 13)%.
In fact this term introduces no new geometry, it is in the ideal generated by
(b7 + b5 — (r1 —72)%,b3 + b3 — (r2 = 73)%, 05 + b — (r3 — 11)?)

This can be checked by computing a standard basis. Or - a little less obvious - one can
remark that if we write d; ; = b? + b? — (r; —rj)? that

dio+d3s+d3,  diodog+dasdsy +dsidig
- +
4 2
The f; are
fi = b1 (0703 + b763 + b3b3) (b3 + b3 — (r2 — 73)*) (0] + (r1 — 72) (r5 — 71))
fa = ba(b305 4 763 + b3b3) (b5 + b7 — (r3 — 1)) (b] + (r2 — 73) (11 — 72))
f3 = bg(b7b3 + b7b3 + b3b3) (b7 + b5 — (11 — r2)%) (03 + (r2 — 73)(rs — 71))
The g; are
g1 = Tl(bg + bg) — ’I“ng — Tgbg
g = ’I"Q(b% + b%) — Tgbi — leg
gs = 7"3(1)% -+ b%) — T'lbg — sz%
We remark that all f; and g; are in the ideal generated by (di2,d23,d31 and that also

b3b3 + b3b3 + b3b? is in this ideal. In fact f; can be expressed in terms of the generators of
the ideal. We have

_dioda g+ daadsy — d3

fi 9

dasdsy +dsidi o —di o
fa= 9

d31dy2 + di2da 3 — d§,3
f3= 9

The g; can be expressed as multiples of the differences r; — ry(; 1,3) and the d; ;.

_ Fdiadyzdsn + Sy (i + Tq(i,1,3))(b§(i,2,3)(7"i —Tq(i,1,3))° — b?bg(i,l,g))
N 2F

Qo
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If again, d; ; # 0 then each of the two components calculated can be parameterized with a
parameterization

a(t) = (00,0) = (a0, @) + (Bo, B)(cosh(t) — 1) + (70, ) sinh(t)

The v vector will be orthogonal to the 3 vector, and the 3 vector will lie in the plane defined
by the points p1, p2, p3s. We thus have the relations:

(B;7) = 0
(11.10) Zf— =0
i=1 '

Furthermore as at ¢t = 0 the spheres will be disjoint we will have to assume that 79 = 0. Once
we have found the solutions for & we can use these to find the parameterization. Namely,
writing u for cosh(t) — 1 and v for sinh(t),

[[(cto + Bou + vov + i, o + Bu+ v — pi)|[ -1 — [[(0 + 73, 0 = pi) -1 =0
and we get using the (-,-)_; inner product.
(I1.11) ((2a + 27; + Bou + Yov, @ — p; + Pu + yv), (Bou + Yov, fu+yv))—1 =0
Now instead of v we can also use —v in this equation. Adding the two we get
2((ao + iy = pi) + (Bow, Bu), (Bou, fu)) -1 + || (vov, 7v) [ -1

What we now do is to insert several values of u,v in order to obtain a simpler system of
equations, one that separates the questions of finding 3 and . We can use the values:

uzl,v:\/§ u:2,v:\/§
The
(I1.12) 2u((ag + i, a = pi), (Bo, B)) 1 + u||Bll -1 + 0?||F[|-1 = 0

This is only a rank 2 system of equations, because v? = u? 4+ 2u. We thus conclude a set of
equations:

(1113) <(OL0 + i, 7pl)7 (ﬂ07ﬁ)>—1 - ||(505/8)H—1 =0 1= 1a e 73
We now take the identity (I1.10) and the first of these sets to find the 3 vector. From the
same source we obtain the

180, B) -1 + 1(v0, M) -1 = 0

This does not determine v but we have that v is a multiple of (bl_l, by t by l) and that from
(IT.11 ) we can also conclude - now by subtracting the equation for v from the one for —v:

(o + 13 + Bou, a — p; + Bu), (v0,7))-1 =0
This gives rise to

(70,7)5 (B0, B))=1 =0

So that v9 = 0 - which was to be expected.

One might remark that a solution for /3 is constructed from @, of which there are two. Also
the equations for 3 are quadratic so that you would expect four solutions for 5. In fact this
is not a problem. For each solution & we have only one non-zero 3 and the solutions for the
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two @ differ only by a sign change. This agrees with the geometry.
Our results are that

di,2da 3d3 1 (b3b3 + b3b3 + b3b3 — E)

(H.14) ||ﬁ||2 = 1B
and that
. di.2do 3d
115) Bl = atastos
Furthermore
Bo = Fdy oda 3ds
o~ 2F
3, = 7b1(7"1(b§ + b3) — b3ra — b3r3)/d1,2d23d3 1 _ _ bigiy/di2da 3ds
' 2B/ (0202 + b302 + b3b?) 2EVF
By — ~ ba(ra(b3 + b7) — b3r1 — birs)\/di2da3d3
2E+/(b2b% + b2b2 + b2b7)
3y = bs(r3(bf 4 b3) — biry — b3r1)\/d1 2d2 3ds 1
g = —

2E/(b3b3 + b3b3 + b3b3)

Note that the directions of the § and « vectors can also be found from the proof of theorem
1.3 . It seems useful to check whether the two results obtained from different reasonings do
indeed coincide, as they should.

According to the proof of theorem 1.3 the normal vector to the plane in which the conflict
set lies in is - if defined:

P1—pP2 P1—P3

(H.16)
o —T1 s —T1

All cyclic permutations of (I1.16) are also allowed, but these are just collinear. Taking the
outer product of the vector (II.16) and the vector (%, é, i) we obtain the direction of the
(3 vector.

In figure I1.2 the two components of the conflict set of three spheres are depicted.

11.6.2. The curvature. We can compute the curvature of the conflict set of the three
spheres by using the parameterization. Once this has been done we compare the outcome
with the outcome of (I1.6). These should be the same.

The curvature of this curve will only depend on the  and the v coefficients. In fact it will
only depend on their euclidean norms. If a curve in R? has parameterization (B(cosh(t) —
1), C'sinh(t)) its curvature is

BC
(B2sinh?(t) + C2 cosh’(t))

k(t) =

(S

Here we will have that
B=8l C=|nl

because the conflict set is in fact a plane curve.
As before it is more convenient to consider the square of the curvature.

(1) = 112112 _ 1BI2IP
(182 (1) + |2 cosh?()” o I°
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FiGURE II.2. The conflict set of three spheres

So that for the curvature we only need to determine the euclidean lengths of the g and ~
vectors in R3. However this expression can still be considerably simplified. In the above we
have seen that

(IL.17) 180, B) -1 + 1(v0, M) -1 = 0

and that we have for geometrical reasons:
Y% =0
(This is because time will only increase or decrease on one component.)
We have obtained the formula for the curvature in terms of the b; and the r; but for the
formula to be useful we would like to obtain this formula with other parameters. The first
of these are the T;, the distances from the point on the conflict set to the three centers of
curvatures.
T? = |la+uB +vy —pil|* = (a0 + i + ufo)?
Now we note that we also have T; — T; = r; —r;.
We strive for a representation in terms of these distances and some angles. Denote t. the
tangent to the conflict set and for further simplicity the parametrization of the conflict set
in R3 will be written:
o(t) =a+ fu+~yv
We also denote n; the normal from the “center of curvature” to the conflict set, thus:
n; = o(t) —pi
T;
It is clear that
(IT.18) o'(t)=pv+yu+ry

Both vectors ¢, and o' (¢) lie along the conflict set.
We now calculate the inner product (o’ (t), n;)
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LEMMA IL14. (¢/(t),n;) = ||o’(t)]| cosa = v

PRrROOF.
(o'(t),ni) = [lo’(t)]| cos

= (2=

PL Bo+yu+7)

T;
1
= f<a+ﬁu+7v_piaﬂv+7u+’7>
1
=T (o = ps, Bv) 4+ wv|| B> + wol|y]* + vl|ly[1?)

Now we use the identity (I1.17) which is in fact:
B = 1817 + IIvI1*

Consequently:

- ((a = pi, Bv) + w35 + v|[?)
((ao + 7)) Bov + uvﬂo)

(040 + ufo + 15)vBo = v

5~5\~5\~

In this last calculation we used that
(o =i, vB) + vlly|I* = (a0 + ri, vfo)
which is a straight consequence of (I1.13) and (IL.17). O
We try to find the sine of the angle o. We note that
o' 12 = 18170* + IV1* (w + 1)* = B5v* + [|7]]?
We combine the above with the lemma to find
lo” (#)1* sin® & = |||

We can use this to further simplify the expression for k..

181>
llo"(@®)]1*
We now want to check whether formula (I1.19) agrees with the previous calculations. First

of all we check our description of the tangent spaces.
The lines from the p; to ¢ meet the spheres around the p; in points g;.

(I1.19) K2 =sin® a

ri
f(U —pi) +pi =0 — (o + Boun;
K3

They span up a simplex with the point o.

qi =

LEMMA I1.15. The median starting from the vertex o is the tangent line to the conflict set.

PROOF. From an analysis of the tangent space to the conflict set in R™ of k hypersurfaces we
know that o’ (¢) lies along ny X ng +ng X n3 +nz x ny. This last vector should be orthogonal
to ¢; — q; = (o + Pou)(n; — n;). Indeed, the outer product is zero. O
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This median is in itself again a conflict set of the tangent planes to the spheres at the points
qi- The center of the circumradius of the points (q1, g2, ¢3) is the intersection of this median
with the plane through (g1, g2, ¢3). We would like to calculate this radius. The conflict set
projects on each sphere. The projection is in each case a circle. For a fixed o the tangent
line is

o'(t) = (o’ (), ni)n

One can easily prove ( using a cosine formula ) that the distance from g; to ¢; is

d?d; ;
T,T,
where d = ag + Bou.

Somewhat more work is involved in comparing (I1.19) and (II.6). We recall that for four
vectors in R? we have the following identity

(a x b,ecx d) = {a,c)b,d) — (a,d)(b,c)

With this we can calculate the cosine of the angles 8; — 3; that are the angles between the
planes spanned by o’(t),n; and o’(t),n,.

o—pi 0D
(o' () x ni, o' () x my) = HU’(t)HQ(T, TU —[lo’(®)]]? cos? a
i J

On the other hand using (II.2) we have:
(' (t) x g, o' (t) x ny) = |0’ (1)]|* sin® avcos(B; — ;)

‘We combine the two to obtain

ng,m;) — cos® o
cos(: — ;) = Rma) — o a
sin“ a
And 1 — cos(By(i,1,3) — Bq(i,2,3)) 18
1—(ng; N
(11.20) ( q(;f;)a q(i,2,3))
We also write
— 1— —
2B =Py Lzcos(Bi= By)
2 2
1= (m,ng)
2sin? o
_ Ty — (0 —p1,0 —p2)
2T, Ty sin® o
_ 20T — o —pall? — |lo — pa|* + b7 + b3
AT, Ty sin? o
_ dy2
AT Ty sin® «

Now we switch back to the formulas in paragraph I1.3

1 dy2dosdsa
4sin®a TET3T?

Ite]|* =
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And we also recalculate

- _ bQ(’/’Q—’/‘g)Q—FbQ(T‘g —T1)2+b2(7‘1 —’/‘2)2
4 1 2 3
(Vete): + (Vete)s = sin* ToToT?

Using the previous identities for ||3]|?> and ||y||? in equations (II.14) and (II.15) it follows
that the curvature formula (I1.19) agrees with the result obtained in (I1.6).




IIT The conflict set as a wavefront

IT1.1. Some symplectic and contact geometry

The equidistants and focal sets we have encountered in the previous chapter can be studied
from a slightly more abstract point of view, that of symplectic geometry. It turns out
that this is a very fruitful approach. In this chapter we start to apply this theory to the
geometry of conflict sets. A standard introduction to symplectic geometry is [Arn86]. See
also [Dui96].

II1.1.1. Lagrangian manifolds and symplectic manifolds. A symplectic manifold
is a manifold with a closed non-degenerate 2-form w on it. Cotangent bundles T*X are
symplectic manifolds. On them there is defined a canonical 1-form ¢ such that w =do. If
X = R" the canonical 1-form is 0 = > & da; and w =5 d& Adx;.

DEerINITION II1.1. A submanifold L of T*X is called Lagrangian if the restriction of w to
TL is 0 and dim L = n. If in addition the restriction of o = > &; da; to T'L is zero then L
is a conic Lagrangian manifold.

From a conic Lagrangian manifold we can always remove the zero section of T*X — X, the
resulting manifold will still be a conic Lagrangian manifold.

For local considerations we can put X = R™. There are several ways to construct Lagrangian
submanifolds of T*R".

e Generating functions: Divide the index set {1,---,n} into two disjoint parts I and J.
Let S: R™ — R be a real-valued function: S = S(xr,£s). Then {(z,§) € T*R" | x5 =
05/0¢; & = —08/0xr} is lagrange.

e Phase functions: Let F(x,s): R""* — R be such that a d, F' has a regular value at
0. Then (d, F)~1(0) is an n-dimensional submanifold of R"** whose image under the
mapping (x,d, F') is an immersed Lagrangian submanifold of T*R".

All Lagrangian submanifolds of T*R"™ can be constructed in both ways, at least locally. The

two representations are connected by the following. If L is represented around (zg,&y) €

T*R™ by S(zr,&s) then there is a phase function F(z,s) = S(z1,s) + (s,zs) that also

represents L.

I11.1.2. Legendrian manifolds and contact manifolds. A contact manifold is a
manifold M with a contact structure. The contact structure is defined using a 1-form o,
appropriately called the contact form.

The contact form o is to satisfy two demands. The derivative d ¢ is not degenerated on
the hypersurfaces in the tangent space of M that result from ¢ = 0. From this condition
it already follows that the manifold has to be odd-dimensional. Indeed, non-degenerate 2-
forms only exist on even-dimensional spaces. So the tangent space to the contact-manifold
has odd dimension, say 2n + 1.

The second condition is that the 1-form is maximally non-integrable. In earthly terms this
is equivalent to saying that o A (d o)™ is a volume form.

It will also be equivalent to an integral manifold of ¢ having maximal dimension n — 1.
The contact structure on M is the hyperplane subbundle kerc of T'M.

DEFINITION II1.2. Submanifolds of contact manifolds that are integral manifolds of maximal
dimension of kero are called Legendrian submanifolds.

Let the contact manifold be fibered such that each fiber is a Legendrian submanifold of the
contact manifold. We will only consider such fibered contact manifolds.

29
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The most important example of such a contact manifold is the following. Let N be any
manifold. At a point g of IV consider the set of all hyperplanes through the origin in the
tangent space T,N. This is a projective space IP’TZN . To construct a field of hyperplanes
on the manifold PT*N consider a point (z1,...,%n,&1;...;&,) on it. This point defines a
hyperplane in the tangent space of the base manifold N. This plane lifts to an n — 1
dimensional plane in the 2n — 1 dimensional tangent space to the total space PT*N in
(1, .y Tpny &1; 3 &n). Join this plane with the vertical directions and one obtains a field of
hyperplanes in T(PT*N). This field of hyperplanes defines a contact structure.

It is verified that each fiber of the fibration PT*N +— N is an integral manifold of the contact
structure. Indeed, all tangent directions to fibers are vertical directions. They always lie in
the hyperplanes of the contact structure.

We have thus made PT*N into a fibered contact manifold. Two other examples of contact
manifolds are important.

e J(N): Every germ is defined by its function value z and derivative y in a point x. The
I-form ¢ = d z — y d = defines a 1-form on J!(N). This 1-form defines a contact structure
because o A (d o)™ defines a volume form.

e ST*N: If we coorient each contact element in PT*N we obtain a double covering of that
space. This is ST*N.

We have the following generalization of the Darboux lemma
LEMMA IIL.3. Every contact manifold is locally contactomorphic to JL(R™), for some n.

As an example we take PT*R”. Around a point in PT*R" coordinates can be written

(g1 s @n>p15 s Pn—131).

Thus there is a local contactomorphism to J!(R™~1). In these coordinates the contact form
. n—1

will be dg, — ., pidg.

As with Lagrangian manifolds Legendrian manifolds can also be constructed using both

generating functions and phase functions. Before getting to this point we have to explain

both symplectization and contactization.

II1.1.3. Symplectization. Symplectization is a canonical construction that associates
to a contact manifold V' a symplectic manifold and to a Legendrian submanifold L a La-
grangian submanifold A.

The contact form that determines the field of hyperplanes in the tangent space is determined
up to a multiple. Instead of d z — pd g we might as well write Ad z — Apd q. Here A is some
independent variable # 0.

The form (d(Apdq))™*! is indeed a volume form so that R x V is a symplectic manifold. If
L is a Legendrian submanifold of V' then A = R x L is lagrange in R x V. Infact, A will not
just be lagrange, A will be conic lagrange.

ExAMPLE II1.4. Let L be a Legendrian submanifold of PT*R"™. The symplectization of
PT*R"™ will be T*R™. The n — 1 dimensional Legendrian manifold is send to a conic La-
grangian manifold.

IT1.1.4. Contactization. Contactization is a canonical way of constructing a contact
manifold out of a symplectic one. First we notice that on the symplectic manifold there is
defined the canonical 1-form o. We take the direct product of R with the contact manifold.
This is an additional coordinate z. Lagrangian submanifolds A carry over to Legendrian
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Fi1GURE III.1. Field of hyperplanes that makes a cusp smooth.

ones by an integration
z=[o=[&dx
This is how we go from T*R™ to J'(R",R).

I11.1.5. Constructions with phase functions. In section III.1.1 we have seen how
to use phase functions to construct Lagrangian submanifolds of T*R"™. There are essentially
two ways of constructing Legendrian submanifolds from phase functions.

The first construction is connected with contactization. Take a Lagrangian A submanifold
of T*R™. Let A be given by a phase function F(x,s). If ds F has a regular value at 0 then
(dsF)~(0) > (x,8) = (x,d, F(x,s)) has a Lagrangian manifold in T*R" as an image Ap.
The contactization process now gives a Legendrian submanifold in the contactization of
T*R", that is J'(R™). This submanifold is given by the image of:

(ds F)7H0) > (2,5) = (2, F(z,5),ds F(2,5))
In this way we have constructed a Legendrian submanifold starting from what is a phase
function in the Lagrangian sense.
The second construction is connected with symplectization.
DEerINITION IIL5. If we have a phase function such that F,ds F'(z, s) has a regular value in
0 then it is called non-degenerate.
REMARK II1.6. Except in isolated cases ( e. g. in subsection IV.2.3 ) this is what we will

mean by a non-degenerate phase function.
The image Ly C PT*R" of

(I1L1) (F(z,5),ds F)™H(0) 3 (2,5) — (. F(x,5))
is n — 1 dimensional and isotropic. We map

(I11.2) R—-{0} x Lp — T*"R"

or

R>0 X LF — T*R"™
by
(7,9,p) — (q,7p)
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the image of which is a conic Lagrangian manifold and can be interpreted in the first case
as a submanifold of PT*R"™ and in the second case as a submanifold of ST*R™.

There is another way of looking at this. We can regard F'(z, s) as a family of (oriented) hyper-
surfaces in TR™**: for each (zg, sg) € R"* we have the hyperplane d s F(zo, so)(dz,ds) =
0 in the tangent space T(ZO’SO)R"*"“. The ones that project as hyperplanes in TR™ are those
that have %—f(xo, s9) = 0. From the requirement that (F,d, F') has a regular value at 0 it
follows that we can always write locally

F(z,s) :xn—ﬁ(x1,~-~ s Tn—1,8)

so that indeed a Legendrian submanifold is constructed, either in PT*R" or in ST*R™.

I11.1.6. Note on terminology. Now that the notions “conic Lagrange”, “Legendre”
and “Lagrange” have been clearly established we will for the sake of readability start using
phrases such as: “... hence C is conic lagrange in X ... 7 | when we mean to say that
there exists a conic Lagrangian manifold L C T* X such that the projection of L to X is C:
mx L = C In this sort of phrases it does not matter very much whether C' is conic Lagrange
or Legendre, hence we will use both terminologies. What is meant will always be clear from
the context.

II1.1.7. Canonical relations. From one conic Lagrangian manifold one constructs a
new one by means of “a section and a projection”. This idea is made precise by the notion
of a canonical relation. For canonical relations we refer to the book [HOr85] , pages 289 et
seq., in particular theorem 21.2.14.

DEFINITION IIL.7. A canonical relation between two symplectic manifolds (S7,w;) and
(S2,ws) is a Lagrangian submanifold of (S x Sz, mjw; — miws).

By m; and 7wy we mean the projections 71 : S7 X So — S7 and my: S7 X Sy — Ss.

Here are a few ways to construct canonical relations:

e A Lagrangian submanifold NV of (S1 X S2, w1 +ws) gives rise to a canonical relation between
S1 and Sy by the accent mapping '

(N) ={z1,&,22,60 € S1 x S | (w1,61, @2, —&2) € N}

e If S5 is a point a canonical relation between S; and S5 is any Lagrangian manifold of S7.

o If f: S1 — S5 is a symplectomorphism, then the graph of f is a canonical relation between
Sl and SQ.

The composition of two maps can be done via their graph. If we have f: S; — S and

g: Sy — S3 symplectomorphisms then the graph of their composition is

s, x5 (8r(f) X gr(g) NSy x A(Sy x S3) x S3) C S1 x S5

This is also how canonical relations are composed.

THEOREM III.8. Let S;,i = 1---3 be three symplectic manifolds. Let Gy be a canonical
relation between S1 and Sy and G one between Sy and S3. If G1 X Gy intersects S1 X
A(S2) x S5 transversally then the image G under the projection Sy x Sg X Sy x S3 +— 51 X S3
is a canonical relation between S1 and S3. We call this the composition G, o Gy of G and

Go.

In our applications we will usually apply this theorem there where Ss is a point. So we use
the next proposition, that rephrases the demand in the theorem of Hérmander.
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ProprosiTION II1.9. Let Gy be a canonical relation between Sy and Sy whose projection
to Sy is an immersion and let Go be a canonical relation between Sy and a point. Then
the composition G1 o G is a canonical relation , and thus a Lagrangian manifold in S1, if

7T2(G1) m GQ.

ProOOF. We need that
(1113) G1 X G2 m Sl X A(SQ)
This intersection is contained in the graph of the projection mo: G; — G2. We have that
(IT1.3) holds iff.
gI‘(’ITQ) M G1 X GQ
this in turn is true iff.
7T2(G1) rh G2
O

I11.1.8. The Gauss map. The space of oriented lines in R™ can be realized as the
symplectic manifold T%S™~!. Namely if £ is a directed line in R™ then this line has a
direction v € S"~ 1.

The direction v determines a hyperplane through the origin:

Hy={zeR"|(v,z) =0} CR"

The hyperplane H, can be identified with the tangent plane T, 5", to be identified with
TS~ ! through the Legendre mapping. The intersection point of H, and ¢ determines thus
a point in 7*S™~!. The normal to an oriented (M, 7) hypersurface in R is a directed line.

F1cure II1.2. Construction of space of directed lines

We thus have a map N*M s T*S"~1. As a map i: M — S"~! it is known as the Gauss
map. The image of this map is Lagrangian in 7*S"~!, see [Arn90].
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THEOREM IIL1.10. There is a canonical relation G between T*S™~1 and T*R™ \ {0} such
that its composition with any conic Lagrangian manifold in T*R™ \ {0} yields a Lagrangian
submanifold of T*S™ 1. In particular, the composition of G with the conormal bundle N* M
of a submanifold M C R™ yields a Lagrangian submanifold of T*S™ ™! that coincides with
the image of the Gauss map.

ProoF. We write (v, u) for coordinates on T*S™~1. They are really coordinates on T*R"
but we will always have (v, u) = 0 and ||v]| = 1 so that they can be used as coordinates on
T*8"~1. The canonical symplectic form is dv A d p.

Consider the following subset G of T*S™"~1 x (T*R™ \ 0)

{(v,p,2,6) | v = § (2, )¢

el * 7" T
( Here C' > 0 is some constant. )
The subset G mimicks exactly the geometric construction that associates to a point on a
conormal N*M a directed line in 7*S™~!. Our proof will consist of two steps:
e that G is a canonical relation from T*R™ \ 0 to 7*S"~1
e that conic Lagrangian manifolds are exactly those that can be pulled back to T*S"~! by
G.

Step 1. Remark that instead of wy = Z?:l dx; A d& we can take any multiple Aws of ws
as a symplectic form, because wy = 0 on a tangent space iff. a nonzero multiple of it is zero.
Both forms give the same structure in the tangent space.

Accordingly if we prove that Aws = dv A dp on every 1,G we have shown that G is a
canonical relation, between T*S" =1 dv A dp and T*R™ \ {0}, ws.

We are to prove that for two tangent vectors (év,dp, 0z, d¢) and (6v',6u’, d2’,6¢") at p =
(v, i, , &) we have

1€l =€}

N bwi88] — 0xio& = dvidp; — dvjdp;
i=1 i=1
We first get rid of the v coordinates.

€

V= = 5’Uz'z

€]l

5
C
So that we are left with:

n

(I11.4) > Aém—i—éui 55':% )\63:’-—1—6—'% 8¢
. 7 C 3 7 C (2

i=1 i=1

The next candidates for removal are the p coordinates:

z, 7
S = 5xif<cf>5g,;fé > &0, + ;0
j=1
(I1L.5) = T+I1+1II

The terms coming from IIT inserted in each side of (II11.4) annul because they are multiples
of 3 &¢;. The terms from II are identical at both sides of (IIL.4). Finally choose A = .
Step 2: G is a canonical relation. Its projection to T*R™ is ||£]| = C. The projection is an
immersion. We can apply proposition II1.9: if L C T*R" intersects ||| = C transversely we
have that via G we can define in 7*S"~! an “image of the Gauss map”. But L th {||¢]| = C}
amounts to saying that L is conic lagrange. O
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REMARK III.11. Though probably known to experts we have not found this Gauss canonical
relation for arbitrary conic Lagrangian manifolds in the literature.

I11.1.9. Wavefront from a submanifold. In the sequel we will encounter a distance
function on a C* manifold X. If X = R™ and we use the standard euclidean metric it
is clear what is meant. In other cases where we define a distance function by means of a
Hamiltonian we need to impose rather strong conditions on X and the Hamiltonian H.

DEFINITION II1.12. A homogeneous Hamiltonian is a function on the slit cotangent bundle
T*X \ 0 that is homogeneous of degree 2 in the coordinates of the fiber of 7*X \ {0} — X.
In other words, it is the continuous assignment to each fiber of a function homogeneous of
degree 2.

ExAMPLE II1.13. e Any finsler metric on X gives rise to a homogeneous Hamiltonian.
e If g;;(x) is the matrix of a Riemannian metric on X a homogeneous Hamiltonian is

H: (2,8) = > g"&¢
0

Throughout this chapter and the next we will assume

e 1 that all our Hamiltonians are C*>°. In physics this will not always be the case. For
instance, on the border of two different media there is refraction. Here the Hamiltonian
will not be C*.

e 2 that the quadratic form

0’H
0¢?

is non-degenerated, for all x, &.

To contrast our approach with others we explicitly remark that our quadratic Hamiltonians
include pseudo-Riemannian metrics.

DEFINITION III.14. For any function K: T*X — R the Hamiltonian vectorfield vf(K) is
defined by

(IT1.6) wvi(K), )= —dK

The Hamiltonian vectorfield vf(K) has an induced exponential mapping
expg: T*"X xR —-T"X

The map expg(z,&,t) is called the Hamiltonian flow.

Take any conic Lagrangian submanifold L of 7*X \ 0. Because H is homogeneous in the
fiber coordinates the intersection L N H~1(1) is transversal. For a fixed ¢ = ty we can flow
out L N H~1(1) with the Hamiltonian vectorfield of H. The image is

expy (LN H™(1),t)

is isotropic and of dimension n — 1.

REMARK III.15. Note that it does not matter much whether we flow out an isotropic mani-
fold by the Hamiltonian vectorfield of H or by vf(H?). From equation (III.6) we can deduce
that the one vector vf(HP) is a multiple of the other vf(H) when restricted to H = 1.
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If we also “multiply the fibers” of expy (LN H~1(1),t0)
RoogxT*X - T"X Az, 8) — (z,A)

we obtain a map

L+ Ly = exp’y (L, t)
that sends conic Lagrangian submanifolds to conic Lagrangian submanifolds. In particular,
we may apply expl; to the fiber Ty X over xg of T X \ 0. Denote

S(zo,t) = exply (T, X, 1)

With the assumptions we make S(xg,t) is a C> manifold. Note that the manifold S(xg, ) is
not necessarily symmetric or connected. The manifolds S(xg,t) are smooth. Their projection
to X is not always smooth.

We will now make an additional assumptions about the pair X, H.

e 3 The integral curves of vfH are defined for all ¢t € R.

In case H is a Finsler metric the integral curves of vf(H) are geodesics. Thus, the assumption
amounts to saying that X is complete, see [BCS00]. This assertion is called the Hopf-Rinow
theorem.

Consider the integral

(I11.7) A= A(xg,z1) = / Eda
r

where I is a curve in T* X N{H = 1} that makes this action stationary and whose projection
to the X space goes from x( to x1. The solution curves to this problem are locally uniquely
defined due to the two assumptions above. Thus the integral A depends only on zg and x;
- and on the energy-level H = 1 chosen.

The manifolds S(z, t) are level sets of the function x — wx (A(zg, x)). This makes A(xg,z1)
the perfect candidate for a distance or time function, as will be shown in the next section.
The function A(zg,21) is C*° on X x X \ A. We will also call it the work function.

It is the analogue of ||zg — 21 in the euclidean case.

Our last and final assumption is:

e 4 For any pair xg and z; there is at most one curve I" as above.

Now we have assembled all we needed for our analysis. The S(zg,t) are defined for all x
and t by the third assumption and their projection to X is smooth by the fourth assumption.
Sadly there is a catch here: these demands are very strong. When X = R™ and we use the
standard Riemannian metric they are trivially satisfied. There is one other well-known case
where these assumptions are satisfied. We cite the Cartan-Hadamard theorem.

THEOREM II1.16. If X is a simply connected complete Riemannian manifold with all sec-
tional curvatures negative or O then any two points can be joined with a unique geodesic.
The exponential map exp: T, M — X is a diffeomorphism for every p € X.

The Cartan-Hadamard theorem also holds in the finsler setting. It singles out an exceptional
situation because already when X = S™ our assumptions are no longer satisfied because
closed geodesics abound there. This is clearly not what we want.

We are thus led to contemplating whether we can do a little more. For instance we could
impose our conditions in some open subset of X x R. So if X = S™ then we could leave out
say the north-pole {0} and consider for each x € S™ \ {0} only those times for which the
north pole is not attained. However S™ \ {0} can be spread out and in that case it will look
just like R™ and such additional time and space restrictions will certainly not ease notation.
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Instead we note that if we have on R™ a quadratic Hamiltonian independent of z then all our
demands are satisfied. Such quadratic Hamiltonians are often called translation invariant.
In the case where H = )" g"(x)&;¢; it is possible to choose local coordinates such that

g™
(95%

(IIL.8) 0)=0

Thus in some sense H does not depend on z here. For a proof of this assertion, see [Hor85],
part 111, appendix C. We conclude that nearly all quadratic Hamiltonians are near to trans-
lation invariant ones.

We will now turn our attention to wavefronts not just from a point, but from a submanifold
M of X with its accompanying Hamiltonian H the wavefront of M at time t.

DEFINITION III.17. For v € Emb(M, X) define

WF(t,M) = | J S(v(s),t) € M x T*X
seM
The singular values of the projection of WF (¢, M) to T*X are called the wavefront X(¢, M)
of M at time ¢.
The wavefront (¢, M) C T*X is thus defined as an envelope, and not as a flow-out. The
following lemma relates the flow-out and the envelope.
LEMMA II1.18 (Huygens principle).

N(t, M) = exp’ (N*M)

If M C X is cooriented and a hypersurface and H is positive definite the manifold N*M N
{H =1} has two components, each corresponding to one sign of the orientation. We could
so speak of X* (¢, M) and X~ (¢, M), assuming ¢ is positive.

EXAMPLE II1.19. Take X = R? and H = £? — ¢2 then the “distance” from py = (0, %0)
to p1 = (w1,31) is /|(w0 — 21)2 — (Yo — v1)?], if we choose energy levels 1. Indeed, some
points cannot even be connected, for instance the origin and (1,1). However, our four
assumptions are satisfied. In figures I11.3 and II1.4 we see the envelopes for different values

FIGURE I11.3. Fromts for £2 — £2 = —1

of the energy level. Below are all the wavefronts from different points. The envelopes are
above.
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FIGURE I11.4. Fronts for £2 — &3 =1

Several articles among which [IPS00] deal with pseudo-Riemannian metrics to investigate
questions in generic differential geometry. With our definition of distance we do not need to
distinguish between the case of pseudo-Riemannian geometry and the case of Riemannian
geometry.

We repeat that the combination of the work function A with an embedding v allows us to
produce a globally defined non-degenerate phase function F(x,s) = A(z,~(s)) for X(¢t, M).
This will be essential in the sequel.

In the literature one finds the assertion that the existence of a global non-degenerate phase
function implies some conditions on the cohomology of the ambient manifold, see for instance
[Zak84], p. 2733. In this way the conclusion of the Cartan-Hadamard theorem is not so
surprising.

I11.1.10. Quadratic Hamiltonians and the Legendre transform. We have al-
ready seen that the integral curves of the Hamiltonian vectorfield vi(H) correspond to
geodesics. We would like to explain in some detail the relation between the Hamiltonian
viewpoint and the more traditional geometric viewpoint. For the geometry we refer to
[BCS00]. The main change that we make is that we do not require that our “metrics” are
positive definite.

The Hamiltonian dynamics take place in the cotangent space and the differential geometry
in the tangent space. There is a pairing between the two:

X xTX—>R - (§v) —&(v)

For a fixed v € T,, X we can look for critical values of the function

§(v) — H(z,€)
These critical values are attained there where
oOH
(I11.9) v

3
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Because

0’H
we know that (IT1.9) defines a local diffeomorphism from T*X to TX. It is the Legendre
transform. When v is the Legendre transform of & we write v = £°.
The critical value is uniquely determined by the Legendre transform and we can introduce
the Lagrangian L.

L(z,v) = ggz;trx (€(v) — H(z,¢))

If v = & then with (IT1.9) we have:
L(z,v) = H(z,$)

If we have a finsler metric F on TX we can put
1
E(.T,U) = §f2($,1})

ExaMPLE II1.20. The case with Riemannian metrics permits more explicit comparisons
between H and L. As usual denote g;; a Riemannian metric. We have H = %(gij £,6). And
the Lagrangian is L(z,v) = %(gijvi, vj). The Legendre transform is

v=g"¢
The inverse of the Legendre transform can be used to obtain from the canonical 1-form on
T(T*X) a form on T(TX)
t¢dz = &da

When restricted to the surface £(xz,v) = 1 this form is sometimes known as the Hilbert
form. We denote it o”. Contrary to what is done in [BCS00] the form we introduce here
does not have the property that it is invariant under rescaling of the v coordinate, we do
not care because we fix the manifold over which we work.

o (x, \v) = Ao’

The Hilbert form can be used just as the integral [ ¢ dx to obtain extrema of path length.
With Riemannian metrics we carry out the following calculation.

/fdx:/ gijvidx
r T/

Here T is the curve from (II1.7) and T” is the image of T" under the Legendre transform.
Denote the length of a curve 7: [a,b] — X as

d; dy
G EVET gy
Y 3t "dt

whilst the energy is

b
dv; dv;
Eg:/ 9 3; ap

It follows that the extremum of the integral of £ dz is both equal to the length and the
energy of the curve, because 7x (I') is unit parameterized.
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I11.1.11. The big wavefront. There is one special kind of wave front that we still
need to investigate. This is the big wavefront, sometimes also called the graph of the time
function.

To define it take a submanifold M C X, where X satisfies all four assumptions stated in
section II1.1.9. The union of all wavefronts X(t, M) as a subset of R x T*X is Legendrian
submanifold of

JHX,R)=R xT*X

with contact form dzo — > €dz. We can view J'(X,R) as a coordinate patch of PT*(X x
R). We can apply the symplectization and obtain from the union of the X(¢, M) a conic
Lagrangian manifold in 7*(X x R). This is the big wavefront N*M".

Let us show another way to define the big wavefront. Denote Or the zero section of T*R.
We observe that Og x N*M C T*(X x R)\ 0 is a conic Lagrangian manifold in 7*(X x R).
Again, in particular Og x T, X is a conic Lagrangian manifold.

LEMMA TI1.21. Let H: T*X — R be a Hamiltonian, positively homogeneous of degree 1. Let
¢ T*X x R — T*X be the corresponding flow. The map ¥: T*(X x R) — T*(X x R)
given by
(I1.10) (2,6,t,7) — (¢ (z,€),t,7 — H(x,£))
preserves the symplectic form.
PROOF. The map ¥ is symplectic iff.
w(d.)d.’) = w(., .’)
We write p = (z,£), and thus
dp.t.- ¢'(0p, 6t,07) = d,, ¢"6p + vE(H )t
Writing this out we thus need to prove that
w((d, ¢'6p + vE(H)dt, 6t, 67 — VHEp), (d, ¢"5p’ + vE(H)St', 6t', 67" — VHSp'))
= w(d, ¢"dp + vi(H)St,d, ¢'6p’ + vE(H)St')
+w((0t, 61 — VHép)(6t', 67" — VHSp'))
=I+1I
equals w((dp, ot, 67), (6p', 6t',67")). We calculate part I.
I =w(d, ¢'dt, d; P'ot") + w(vEHSt, d; P'St)
+w(d, ¢'t, vE(H)6t',) + Stot'w(vE(H), vE(H))
= w(bp, 6p') + w(vf(H)st,d, ¢*6p’) — w(vi(H)t',d, $'0p)
= w(dp,op’)
Next we calculate part II. Because
IT = w((6t, 67) (8¢, 67"))
the proof is complete. O

REMARK III1.22. In our case we have a quadratic Hamiltonian but on the intersection

Or x T XNH=1
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we can take vH and apply ¥ from the lemma to get an isotropic manifold of dimension n in
T*(X x R). Its projection to X x R is already the big wavefront. To get a conic Lagrangian
manifold we multiply the fibers. As before this gives us the big wavefront.

When a fixed orientation 7 is given and H takes on only positive values - as in the case of
a Riemannian metric - the intersection {H = 1} N N*M contains two components. There
is the side corresponding to n in {H = 1} N N*M and a second side. We may decide to
flow out only one of these and in such a way obtain a big wavefront we’ll call N*M?®. The
projection of this to X x R is what was studied in chapter one.

However, for the local considerations that follow this distinction is not relevant.

IT1.2. The conflict set via a canonical relation

In this section we apply the notion of a canonical relation to conflict sets in order to prove
that the conflict set has a Legendre singularity if a certain transversality condition is satisfied.

II1.2.12. Definition of conflict set. As in the previous section we have the following
setup: Let M;, ¢ = 1,2 be two smooth manifolds of dimension n — 1, equipped with an
orientation n;. Suppose that by v;: M; — X , i = 1,2, the manifolds are smoothly embedded
in a smooth manifold X of dimension n. Also let H;: X — R, i = 1,2 be two homogeneous
Hamiltonians.

DEFINITION II1.23. The conflict set of two submanifolds M7, My C X relative to two qua-
dratic Hamiltonians Hy, Ho: T*X — R is the set

C={zeX|TFHeR zenx(B(t,My)) z € nx(Z(t, M2))}

The set C'is the projection of the intersection of big wavefronts, in the way we have encoun-
tered it in chapter 1.

Just as with the wavefronts there is a phase function defined on the whole of X for the
conflict set C' of two submanifolds of X. It is given by

F(x,81,82): X x My x My — R
F(z,s1,82) = A1(m1(s1),2) — A2(72(s2), 7)
Here A(7;(s;), ) is the work function for the Hamiltonian H,.

I11.2.13. A transversality condition. In the theorem below we will employ the no-
tation:

(ITL11) TA(XH\O0 = {(er,- - a0, 0, &) € T'(X)N\O | @y =2, i £ j)

THEOREM I11.24. If the flow out of (N* My x N* M) N((Hy—H2)~1(0) by Hy— Hy intersects
TX(X x X) transversally then the conflict set is a conical Lagrangian submanifold of T*X .

PRrROOF. In the setting of theorem (II.8) we choose S = T*A, Sy = T*(X x X) and S5 a
point. The canonical relation in S; x Sy we choose is
G1 = {(21,&1,22,23,62,83 |21 =22 =23 &1 =& + &3}

We will now choose an appropriate Legendrian submanifold in Sy so that we can apply
proposition ITI.9.
The manifolds N*M; and N* M, are two conical Lagrangian submanifolds in 7% X. Apply
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the accent mapping ’ to the product N*M; x N*My. The non-degeneracy of the Hamilto-
nians implies that {H1(x1,&1) = Ha(22,&2) # 0} is a hypersurface in T*(X x X). If we flow
out the intersection

(N*My x N*Ma) N {H(z1,&1) = Ha(z2,82) # 0}
by the Hamiltonian vectorfield of H; — Hy we stay inside the hypersurface
{H1(71,&1) = Ha(wa,&2) # 0}

Call the flow-out N. The conclusion of the theorem follows if we take the composition
G1 o N |:|

Thus we have a very general criterion under which the conflict set resulting from two homo-
geneous Hamiltonians is Legendrian.

I111.2.14. Examples, I. Stated as in theorem II1.24 the criterion is not very com-
putable. To obtain a computable criterion we first have to restrict our attention to a com-
putable situation. One of the few situations in which we can calculate wavefronts is in R".
To ( locally ) find equations for a wavefront we take as a phase function F' the squared
distance from z to y(s). A phase function for the conflict set is

I I

F(z,51,52) = [[x — 71 (s1)[|” — ||z — 72(s2)
= Fi(x,s1) — Fa(x, 52)

so that the equations for a conflict set are

F F:
F(z,s1,$2) = Fa(x, 82) — Fi(z,81) =0 27311 =0 g—sj =0
Now the demand that F' is non-degenerate phase function wrt. both s; and s, so that the
matrix

oF OFy _ 0F,
(291 3251 032
O“Fy 9°F,y
(IIL.12) gnor o2 0
_ R 0 _ %Ry
0s20x 88%

has maximal rank.
Because we can write

F(z,s1,82) = 2(x,72(s2) = 71.(51)) + [71(s1)[|* = [[n2(s2)?
the matrix (IT1.12) can be written at points of the conflict set:
V2(s2) — 711(s1) 0 0
K= —71(s1) (1(s1),71(s1)) — (@ =7 (s1),71) 0 )
—72(s2) 0 (72(s2),72(52)) — 2(z — 72(s2),72)

The rank rk K of K is bounded from below by
0*Fy 0% Fy
1+1k | — k| ——
i (%f)“ <a>
A few remarks are in order:

e The rank rk K has to be at least 1+ dim M7 +dim M5 for the conflict set to be Legendrian
at x.
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e The first n columns of the matrix are K linearly independent: if v1(s1) # 72(s2) the
vector 2(s2) — v1(s1) cannot lie in the tangent plane of M; at v1(s1). Suppose this were
the case. Then

(I11.13) (r —71(51),72(52) = 71(51)) =0
for some x on the conflict set. Because z lies on the conflict set we would also have
(II1.14) ( —m(s1),2 —71(s1)) = (T — 12(82), 7 — 72(s2))

Adding (II1.13) and (111.14) we get that

( —m(s1), 2 — 72(s2)) = (T — 12(82), 7 — 72(s2))

and thus, 71 (s1) = 72(s2) which is impossible. On the other hand 71 (s1) = 72(s2) can be
avoided because the conflict set does not change when we move both manifolds M; and
M by the same distance. We can use this argument only locally but then we are only
looking locally.

e The square matrices

de2 Fy = (Yi(s:),7i(s:)) — (& = 7i(si), 92)

have maximal rank if the wavefront of M; at x is smooth. Note that the wavefront might
well be C! at points where diFi does not have maximal rank. In fact the equation

det(d?i Fi(x,s;)) = 0 defines the focal surfaces of M;. The relationship between the
singularities of the map F;(z,s;) and the geometry of M; is investigated in [Por01].
In chapter V we will apply the singularity theory of Lagrangian and Legendrian mappings
to the problem of conflict sets. There it is always good to keep the matrix K in mind.

II1.2.15. Generalization to three surfaces and more. The previous construction
worked to obtain the conflict set of two submanifolds M7, My of an ambient manifold X. It
also generalizes to the case where we have [ < n submanifolds of X.

We will use the big wavefronts from section II1.1.11. Let

l
(ITL.15) P=][N*M}! c(T*(X x R))'
i=1
THEOREM I11.25. The conflict set of the M; is Legendrian when
PhTx (X xR)")

PROOF. We consider a canonical relation in 7*X x T*R x (T*X x T*R)".

l
Gl :{(gafhfhglf" 7i‘lagl) |§:jlz: 17 al 77:251}
=1

To check that G is a conic canonical relation we need to show that it is a conic Lagrangian
manifold wrt. to the form 7dy — 22:1 &@;. This is the case.
The manifold P can be pulled back to T*X x T*R if the conditions in theorem III.8 are
fulfilled. I.e. we are to have a transversal intersection

Gix PhT*X x T"R x A ((T*X x T*R)")
This intersection is transversal iff.

(I11.16) PhTx (X xR)Y
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Let L" be the conical Lagrangian manifold that is the pull back of P by G1.
We proceed to pull L back to 7*X. The canonical relation we use for this is

G2 = {(x7€7g’ﬁ) ‘ T = 7TX§ W;(g =nTmno = 0}
Again we have that upon applying proposition II1.9
(IT1.17) Gox L" N T*X x A(T*(X xR)) < W h L"
where

W ={(.n) | no =0}

The proof will be complete with the following lemma. O

LEMMA II1.26. Ph T (X xR)!) = W d L"

PROOF. Suppose that we did not have W rh L". Because W is a hypersurface that would
mean that at some point p in L" the tangent space TL" would be contained in TW. So it
would hold

(IT1.18) ((0,0,0,dm0),w) =0, Vit € TL"
Let J denote the usual complexification mapping. In local coordinates we can write:
w(v,w) = (v, J(w))
As J maps dyo to dng the equation (I11.18) becomes
w((0,0,8y0,0),w) =0, Yw e T,L"

with w being the canonical symplectic structure. But L is Lagrangian, so we would have
that this vector (0,0, 6yp,0) € TL". But that is clearly impossible. (I

It is verified that in the case k = 2 the above construct is the same as the one with the
accent mapping.

We have that Z;0 = ;0. The construction with W implies that we have a fixed energy
level, so that Z; ¢ is the “time traveled”, i.e. Z; 0 = Ai(z,7:(s;)). When k = 2 there is thus
just one equation:

A1(71(s1), ) — A2(72(s2),2) =0
Here we have the same phase function as the one we got with the accent mapping. As a
consequence the constructions are identical.

I11.2.16. Examples, II. Let F(z,s) be a non-degenerate phase function for a Leg-
endrian submanifold of PT*X. Suppose we want to construct the corresponding conical
Lagrangian manifold with a phase function. We can pick AF'(z,s). Indeed it holds - pro-
vided that A # 0 - that

F=0,d,F=0%d)(\F)=0.

With this in mind we can start composing any number [ < n of Legendrian submanifolds of
T*X. Let {F;(z,s;)}._, be their phase functions, we can consider the following

(II1.19) F=MF—FB)+XF—-F)+ -+ N 1(F1— F)

as a phase function. Here (Ay,---,\;_1) lies in a conical subset of R'=1\ {0}. Properly
speaking we are not composing Legendrian submanifolds, but phase functions. These phase
functions are determined - as we have seen in the above - by a Hamiltonian, a submanifold
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of the ambient manifold X and the fixed energy level H = 1 chosen.
For a phase function we could also have used the less symmetric

F=(F —F)+MF, —F3)+ -+ N_o(Fi—1 — F)
It is instructive to calculate the matrix of derivatives
(11120) dIJ\l"" JAL—1,81,""",51 (dx\l,"' JAL—1,81,"" ;51 F)

there where
d)\l,“' JAL—1,81, ,81 F=0

or equivalently

45

OF;
111.21 Fi=Fpy, =2 =0, i=1,---,1
( ) + 35,; ’
Thus the matrix (IT1.20) evaluated at the points of the conflict set defined by (II1.21) looks
like
Y2— N
: 0 0
RURIES
(I1.22) K= —A\71 M dZ Ry 0 0
~Ge—Ah 0 (A2 = A1) d3, P 0
Al—lf}}l 0 0 —)\l,1 diz Fl

If the matrix has maximal rank, that is [—1+>_ dim(;), then the conflict set is Legendrian.
We can see that the \; do not matter a great deal, we can simply eliminate them from the

matrix (I11.22).

Let us analyze this matrix again in the way such matrices are analyzed in [Por01].

e The first column block contains the derivatives wrt. the x variable. These are n indepen-
dent vectors, so that if the lower right block of the matrix II1.22 has rank I —1—n+I(n—1)
then the conflict set is Legendrian. In particular it is Legendrian when it is smooth.

e We can see that when there is one umbilic - i. e. dgl F =0 - and the other wavefronts

are smooth that we then have a Legendrian singularity at the conflict set. This is in
concordance with the remarks above about non-Legendrian singularities. The matrix K
looks like

Y2 — 71 0 0
-y 0 0
: 2

Y2 0 — d32 Fg

We might as well forget the middle column. Then it is clear from the lemma that the
rank of this K is n + rk ding, when ~5(s2) and v;1(s1) do not fall together - something
which can be avoided. Because the second wavefront was regular at the conflict set we
can conclude here that the conflict set is Legendrian.

e On the other hand if rk diz F5 < n—1 the conflict set will have a non-Legendrian singularity.
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e Another example is where [ = n = 3. This is the simplest case with three hypersurfaces.
Here the matrix K looks like:

Y2-7 0 0 0 0

B3—=72 0 0 0 0
— 0 dl R 0 0
~4 0 0 AR 0
Y3 0 0 0 diF

Disregarding the column with zeroes this is a 8 x 9 matrix. Let us first consider the first
three columns. They are independent. Now if two of the wavefronts are smooth at the
conflict set we can have the third one singular and obtain a singular space curve.

e The relation between caustics and wavefronts is that singular points of the wavefronts
lie on the caustic. For the conflict set and the caustics of the base manifolds we have
something similar. If a point on the conflict set is singular then not all the di F; can have
maximal rank. This means that singular points of the conflict set lie on the caustic of one
the manifolds. The singular points of the conflict sets lie on a codimension n — [ set on
each caustic.

ExampLE II1.27 (Birth and death of a component). Conflict sets are hard to calculate,
both numerically and algebraically. Thus we have to restrict our attention to a very simple
situation. Already this simple situation leads to some interesting conclusions.

Take

6) = (552 a0 0) = A0) (00 - )

thus 72 is just an affine transform of «;. We know that non-Legendrian points occur when
the rank condition fails. The rank condition fails when the conflict set, the caustic of v, and
the caustic of 5 meet. These are three curves and for them to meet we see from the matrix
that we need a one parameter family. Different families can be fabricated: we could choose
variations in 71 or 2 , or we could vary H; and Hs, that is we vary the metrics associated
to v1 and y,. We will take

Fo=(0+2)lz =ms)ll = (1= 2)[lz — ()]
The quickest way to calculate the conflict set in this case is by repeated use of resultants.
For z = 0 we get figure II1.5. In the middle of figure III.5 we see a separate component.
We will show how it comes to existence through the non-Legendrian point, and why it has
exactly four cusps. When z = 8/10 the picture looks very different, see figure 111.6 Here the
component is not born yet. For the region inside the two caustics another four cusps need
to be born. But this is about to happen, just below and just above the cuspidal point of
the caustic of v; there are two curve segments of the conflict set. When they have shifted
through this cuspidal points the four cusps will be there. Just as with wavefronts cusps
are born in pairs. This is what has happened in figure III.7. One now sees the cusps on
the right side moving towards the intersection of the caustic of v; and 7. They will meet
there at the same time. At this point the separate component is born. Over there the two
Legendrian manifolds corresponding to the wavefronts of v; and -2 become tangent to each
other. It can be traced that it dies indeed at the other point where the caustics of v, and
~2 intersect.
The transition described here is not entirely new in the literature. As a purely local phe-
nomenon it is described in [BG86]. The A3 case on p. 195 is the same as we have here. We
will return to the A3 case in the next chapter, see figure V.4.
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FIGURE III.5. z = 0: The curves ; and 7, ( thick black line ), together
with their evolutes ( thin black line ) and the conflict set ( thick grey line

).

/

FIGURE II1.6. z = 8/10: The curves y; and vz, together with their evolutes

and the conflict set.

\

/

FIGURE II1.7. z = 5/10: The curves v; and 72, together with their evolutes

and the conflict set.

47
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FIGURE IIL.8. Left z = 2/10 and right side z = 35/100

REMARK III.28. In the calculations carried out in the previous example resultants were much
faster then elimination of the s-variables by Groebner bases. This has been our experience
with a lot of examples. With two surfaces in R we have not seen the end of Groebner
basis elimination or resultant methods even with fairly fast computers. The fastest of these
systems [GPS01] would run for days without ending.

II1.2.17. Further section and projection. All considerations in this subsection will
be purely local, hence take X = R"™ for simplicity. Consider a Legendrian submanifold L of
T*R™\ 0. At each (zg,&) € L we can consider the dimension of Ty, ¢, L N Ty~ (z0). This
fiber dimension is an upper semi continuous function on L. Because the fiber dimension is
integer valued there is some open neighborhood U of (x¢, &y) such that on a dense subset of
UN L the fiber dimension takes on a single value. This number is the type of the Legendrian
submanifold at (zg,&p). If the type is 1 the Legendrian submanifold we have is of general
type.

The Legendrian manifolds we encounter if [ > 2 are not of general type. Their fiber di-
mension is at regular points [ — 1. We wish to show how we can apply the section and
projection procedure to realize the conflict set as a Legendrian manifold of general type,
or more generally how to realize a Legendrian manifold of higher type, as a Legendrian
manifold of general type.

Thus let L be a Legendrian manifold of type I — 1 > 1 in T*R"™. For a vector v in TyR"™ we
consider in T*R"™ the hypersurface

Wy ={(z,§) e T"R" | &(v) =0}
By Sard’s theorem for almost all v we have
(I11.23) W, ML

We have seen in the above ( equation (I11.17) ) that (II1.23) implies that we can project
immersively L along the direction v. The projection of L along v to T*R"~! gives rise to a
Legendrian manifold in 7, (L), it will be of type I — 2. This process can be repeated until
we have a Legendrian manifold of general type. We summarize.

THEOREM II1.29. A conic Lagrangian manifold of type l —1 > 1 near (0,£) in T*R™ can

be sectioned and then projected immersively to a Legendrian manifold of general type in
T*Rn_l+2.
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IT1.3. Surjectivity of the jet mapping

In this section we will prove that the condition which assures that the conflict set has
a Legendre singularity is generically satisfied under perturbations of the base manifolds.
There are two ways of going about proving this. In this section we prove the genericity of
the maximal rank criterion (I11.22) for phase functions In the next chapter we prove the
genericity of the criterion (I11.16).

IT1.3.18. Maximal rank criterion. Recall from [Hir94] that a residual set in a topo-
logical space is a countable intersection of open and dense subsets. The space of C* mappings
from M; to X equipped with the Whitney topology is a Baire space, meaning that countable
intersections of open and dense sets are still dense. Hence residual sets lie dense.

For our purposes it is convenient to introduce the space Emb(M, X). It is the space of closed
embeddings of the hypersurface M in X. Again from [Hir94] we know that the space of
closed embeddings is open in the space C*= (M, X).

THEOREM II1.30. Let M; be | closed compact hypersurfaces X. For a residual subset of em-
beddings in ®._, Emb(M;, X) with the Whitney topology the conflict set only has Legendrian
singularities.

In the above we have made four assumptions on our Hamiltonian such that for each of the
0A;

I11.24 0
(111.24) e
Moreover, because the Hamiltonians are non-degenerate we will also have
0% A;
det( oy )#£0

Let each of the «; depend on an additional parameter e; € R™. So every embedding is
replaced by a family of embeddings: v; = vi(s;, €;).

In the euclidean case we take translations of the v;, there v; has the form ~;(s;, ¢) = v;(s;,0)+
e. In the general case we assume that near any point coordinates can be chosen such that
for s; near s; o and small e such that we can write in these coordinates:

Oy

(s e) = 7() + DL 1 O(el)
and
0v;
8776(51',070) =1,

Let us cite lemma 3.2. in [Mat70b].

LEmMA I11.31 (Lemma V.3.2.). Let U be a submanifold of a manifold W. Let § be a
topological space and j: § — C°(V,W) a mapping, where V is a manifold. Suppose that for
each f € § there exists a continuous mapping ¢: (E,eq) — (F, f), where E is a manifold
and eg € E, such that the mapping ®: E x V. — W (defined by ®(e,v) = jo(e)(v) ) is C=
and transversal to U. Then

{feF|i(f) is transversal to U}

is dense in §.
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We want to apply the lemma to our present situation, where we need to prove theorem
I11.30.
Take
3 =o', Emb(M;, X)
We need to prove that the matrix K from (II1.22) generically has maximal rank. Hence the
graph of
oFy OF;
I11.25 Fy—Fy--- JFj 1 —F,—, -, —
( ) T, 51, y 81— L' 2 sy -1 s 6517 ) aSl
is to intersect its zero-level transversally. We have to fill in that U is the zero-level. So U is
{xvslv"' 78170707"' 70}
in l
X x My x -+ x My x R x (R™1)
The simplest way to get amap ®: ExV — W transverse to U C W is to make ® submersive.
Let
V=M x---xM xX
and let E be (R")"
The map ® will be the graph of (II1.25), where the F; are the distance functions
Fy = Ai(z,7(si, €:))
If the map ® is submersive then for a dense subset of ®!_; Emb(M;, X) the maximal rank
criterion is fulfilled and the conflict set is generically Legendre.
To show that the map ® is submersive we need to show that the matrix of derivatives
dz@,s(Fl _F27"' ;Flfl _Fl7d31 Fl,"'dslﬂ)
has rank [ — 14 1(n — 1). ( We have written s = (s1,---,s;) and e = (e1, -+ ,€1) )
It will be enough to show that
(11126) dz,e (Fl - F27 e 7ﬂ—1 - Fla d51 (Fl)a T 7dsl(-Fl))
has the required rank [ —141I(n—1). Thus we are to calculate a number of partial derivatives
e, (Fj — Fjt1) and dy ¢, (ds; (F5))
because of these partial derivatives the matrix in (II1.26) is composed. We find:
0A; 0A;41
dp(Fj — Fjyq) = =2 — =251
Fs = Fm) =50 ~ "
Here
0A;
ox
is the normal to the front from M;.

Ao, (Fj — Fyp) = 04 0v5(sj e5)  OAj41 0vj41(5j+41,€j41)

oy de; Ay de;
Above we chose our families so that in local coordinates
0vi(si, €:)
8€i
is the identity matrix. Hence
de, (Fj — Fj1) = 04 _ dy A ey, (Fj — Fja) = S0 dy Aja

dy dy
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The next partial derivatives to calculate are

0A; Ovi(sjre5) _ 02A; 05(s),¢5)

(Fy)) = =
da(ds; (F})) = da( oy Ds; Oxdy  0Os;

and

04, 0v,(sj.¢5) _ 024, 05(s5,¢5) 015 (s5,¢5) | 04, 05(s5. ¢;)

de; (de (Fy)) = de, ( oy Ds; ) Oy? Oe; 0s; Oy Oe;0s;

We can further assume that the derivative

9%, (s5, €5)

II1.2
( 7) 8€j88j

are arbitrarily small. The rank of a matrix does not change if we add another arbitrarily
small matrix to it. Hence to determine whether the matrix (IT1.26) has maximal rank we can
assume (II1.27) is zero. It is noted that if (IT1.27) is zero then the perturbation of v;(s;, e;)
near v;(s;,0) is very nearly a translation along the geodesics.

Another simplification is that by adding columns the maximal rank criterion becomes that

dZ,E(Fl _E7 aFl—Q_Evﬂ—l_ﬂ7d81(Fl)7'.' ’dsl(Fl))

should have maximal rank. Filling in all the partial derivatives we get that
(111.28)

82Aj o j(S85,€5 8214]' 1¢] j(Sj,€5
dzAlfdmAl ............ dIAl_lfdzAl @%J) GT%%,)
dy Al 0 . 0 88;;1 3’)’1é5811,€1) . 0
0 d, A 0 0 0
T 2 ...... Se
—d, A —dy 4 - —dy, A4 0 %%ﬂ

should have rank [—14+I(n—1). In the matrix (II1.28) there are n+nl rows and [—1+I(n—1) =
nl — 1 columns. Hence there are more rows than columns.

The matrices df/ A;dg, v; all have rank n — 1, moreover with d, 4; they form a set of n
independent vectors in T’ (s, 0) X . Thus, the rows n+1 to n+(n—1)I, i.e. those corresponding
tode, ,j=1,---,0l —1 are independent and so are the n — 1 vectors

(92142 3’)/[ (Sl, el)
Oy> 0sy

Thus the lower nl rows of (II1.28) make that the columns of (II1.28) are independent. This
is what we needed to prove.

Now we have only proven the statement of theorem III.30 for basepoints v;(s;) with a point
2 on the conflict set. To make the statement global we need to cover X x M; X - - - x M; with
compact submanifolds, as is done in the proof of the Mather transversality theorem, propo-
sition 3.3 in [Mat70b]. The countable intersection of dense subsets of @®!_, Emb(M;, X)
will still be dense.

For the openness we can thus assume that the M; are compact and that we need only consider
that part of the conflict set that lies in a compactum X° C X. On these the perturbation of
the matrix (I11.28) can be made uniformly small over the compactum X° x (x!_, M;). The
proof of II1.30 is complete.
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I11.4. k-jets of base manifolds determine k-jets of conflict sets

In this section we establish some results that were already imminent in the theorems of
chapters one and two. We will apply the concepts introduced at the beginning of this chapter
to the subject of chapter 1. In chapter 1 we concluded that in R™ with the euclidean metric
away from caustics propagating waves retain their contact.

Let M and N be hypersurfaces in a manifold X. Suppose p € M NN . Let V be a linear
subspace of T, M. Recall the definition of k-contact from chapter 1 ( Definition 1.5 ). We
modify it a little bit to read:

DEFINITION II1.32. M and N have k-contact, with £ > 0 in the direction V' C (T, NNT,M)
if there is a third manifold L with T,L = V and such that L has (k)-contact with both M
and N.

Instead of V' we consider a sequence of subspaces {V;};=1,... m each strictly contained in the
other:

bevig SV M
with to each V; associated an integer
ki >ko>-->kp, >0

We call this a numbered flag V = {V;, k;}i=1.... ;m. Two submanifolds M and N of X have
contact along V if for each 1 <i < m M and N have k;-contact in the direction V;. Such a
definition encompasses the notions above.

Contact is retained under diffeomorphisms. If we have a diffeomorphism ¢ from X, p to Y, ¢
then ¢(M) and ¢(N) have k contact in the direction ¢.V iff. M and N have k-contact in
the direction V.

Let the conflict set be regular at a point p. At p we have [ wavefronts originating from
M;, q; that have arrived there after time ¢. For simplicity we assume ¢ = 0 and ¢; = p for

i=1,---,l. The conflict set is a manifold M. and there is a projection m;: T, M, — T, M;.
In this way a numbered flag V of T,M. projects to numbered flags (m;).V in each of the
T,M;.

The lemmata in the proof of theorem 1.2 can now be refined to read:
THEOREM 1I1.33. Let in addition to the above there be given

o N; with T,N,; = T, M, such that M; have at p contact along the numbered flag (m;).V and
e N., germ at p of the conflict set of the N;.

Then N. and M. have contact along V.

PRroOF. It is enough to prove this for k contact in a direction V' C T,M,. Denote, as in
chapter 1, M} for the big wave front. As before, there are three steps to take. Step 1,
corresponding to lemma 1.9. Near p M; x R and N; x R have, as submanifolds of X x R k-
contact in the direction W; = m;V x TyR. For small ¢ the map U;: t,z — 7x (exp(tvf(H;))),t
is a diffeomorphism. Thus their images M} and N have k contact in the directions W W; .
Step 2, corresponding to lemma 1.10. Choose submersions F; for the M at p. Then each
of the N} individually has a k-contact along Ni_, WW; with M, which we know to be a
transversal intersection because we were assuming to be at a regular point of the conflict
set. Now take for M” an immersion and for the N}* submersions. Then it follows that N/
has k contact along N!_, WsW; with M)

Step 3, corresponding to lemma [.11. Because the vectorspace ﬂézl\I/fWi lies in general
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position wrt. the projection to 7, X N, will have k-contact in the direction 7(Nl_,; W:W;) C
T,X. O






IV Canonical relations for other geometrical
constructions

IV.1. Introduction

In this chapter we will further exploit the concept of canonical relation and show how it can
be used to create

e center sets,
e pedals and orthomtics, and
e billiards.

We will start by treating a few concepts that are in some sense dual to conflict sets. To
understand the duality for the concept of center sets recall that in the construction of the
conflict set by means of a canonical relation we looked at the diagonal in the base of the
projection

(T*Rn+1)l _ (Rn-‘rl)l
When defining the center set below we will look at the diagonal in the fiber, i.e. we will look
where the coordinates £ in each of the fibers T*R"™ — R" are equal.
Kites, defined below, are in some sense dual to the conflict set because they describe tangents
to the lifted conflict set.
However, it is noted that neither center sets nor kites are really dual to the conflict set: one
cannot construct conflict sets directly from kites or center sets.
In the second section we will prove that the center set is generically Legendrian. We will
prove anew the same statement for conflict sets, but in another way as promised in the
previous chapter.
In the third section we recall the notion of orthomtic and pedal curve, as they are described
in the book [BG92]. The orthomtic is a hypersurface defined using a point - mostly the
origin - and another hypersurface conveniently called the mirror. The mirror is the conflict
set of the orthomtic and the origin. The orthomtic turns out to be a reversed conflict set.
We also briefly touch upon the subject of billiards as described in [Tab95]. Our main
objective is to show how a curvature formula used in the theory of billiards and in another
form found in [BW59] is really the formula we found in chapter 1.

IV.2. “Dual” curves: kites, centers and normal chords

In this section we define a few more sets measuring what is in the middle. Here we meet more
applications of the method where canonical relations represent a geometrical construction.
All our constructions are in R™. They can also be carried out in other spaces than R", for
instance in symmetric spaces.

IV.2.1. Centers and centroids. In R” all tangent planes can be identified with each
other. Hence the equations

(IV.1) TH RN\ 0= {(21,&1,29,82) € TR x T*R™ | & =& #0}
make sense on T*R?" \ 0. The intersection
(T{LURQ" \ o) N (N*M; x N*M,)

55
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describes those points z1 on M; and x5 on My so that M; and M, have parallel tangent
planes. Instead of considering the pair x1,x2 we can consider the midpoint of the line
segment connecting the two.

DEFINITION IV.1. The midpoints of the segments connecting two points, one on a manifold
M; C R™ and another on Ms C R"™, and having parallel tangent planes form the center
set.

THEOREM 1V.2. If

(IV.2) T(*1,1)(Rn X R™) M N*M; x N*My
then the center set is Legendrian.

PROOF. Let S; be T*R™. Equip S; with coordinates (y,n). Let So be T*(R™ x R™). Equip
Sy with coordinates (x1,x2, &1, &2).
Let G1 C 51 x S5 be

T+ T2
(IV3) Gl :{(yvnathl)anfQ) |y: ) 77:251 51 252750}
A straightforward calculation shows that G is a canonical relation. If we compose this
canonical relation with N*M; x N*My C So we will get the center set. Apply proposition
I11.9 to obtain the desired conclusion. O

REMARK IV.3. In contrast to conflict sets one can calculate center sets in many cases.
For instance, the graph of a function f whose derivative is invertible and any other curve
non-vertical curve v leads to a simple calculation of conflict sets. The tangents should be
parallel, so we have

(L), J()) = frru(t) = 7,(t) =0

From this we can solve z because f’ is invertible. Filling this in in

(300 30 + 700

we get a curve. In figure IV.2.1 we see such a center set. The function f is the parabola.
Its derivative is invertible.

N
N

FI1GURE IV.1. Two center sets.

As with conflict sets we can consider the centre set of more than two submanifolds. This
will be the centroid set.
In R! consider the enlarged simplex

l
Al: Ztizl
i=1
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The t; are the components of a weight vector. Fix such a weight vector.

DEFINITION IV .4. The weighted locus

l
Y= Z tix;
i=1

of I-tuples of points (z1,--- ,x;) where the tangent planes to the [ surfaces M; are parallel,
form the centroid set.

Criteria for when the centroid set is Legendrian are easily written down. Consider the
canonical relation

l
(IV.4) Gi={y=) tw; nt;=&} C T'R" x (T"R")’
=1

If we compose this with a product of the {N*M;};=1,... ; we get the centroid set with weights
t; # 0.

PRrROPOSITION IV.5. The centroid set is Legendrian when

Xi_ N*M; TG . R™
PRrOOF. Immediate from (IV.4) and proposition II1.9. O

In general the centroid set will have dimension n — 1.

FIGURE IV.2. A centroid set of three surfaces

IV.2.2. Centroids in certain symmetric spaces. Instead of y = Zi:
consider a more general relation.

(IV.5) y=Y(x1, - ,x1).

t;r; we can

where Y =Y (21, - , ;) is a function from X; x --- X X; to X such that the matrices g—;:_
are invertible. The relation y = Zi: t;x; is a special case of relations (IV.5).

From the relation (IV.5) we construct Gj.

oY
(IV6> Gl = {(y7/’6ax1a§1a"'ml7£l) | y= Y(‘Tlv"' ,Z‘[) gi = amu}
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The manifold G is a canonical relation between T*R™ and (T*R")!. Because this is a purely
local notion a canonical relation like G; can also be defined between the cotangent bundle
T* X, of an n-dimensional manifold X, and

T* X, x---xT*X;

where X; to X; are all n-dimensional manifolds. Clearly the condition under which the
more general centroid set is Legendrian is that

N*My x o x N*My h Ty (X1 % -+ x X))

where we denoted

oy \ ! oy \
Tiy (X1 x - x X)) ={z1,&, - 21,4 | (8:5) & = (&v) &}
i j

The previous considerations thus enable us to generalize the centroid set to other manifolds
than R™. Let X be a Lie group with a bi-invariant metric. Recall from [Mil63] §21, that
on a Lie group with a bi-invariant metric there exists for every point x € X an involutive
isometry o(z,-): X — X which in group notation reads y — zy~ ‘.

Such isometries make X into a symmetric space. Among the many examples of Lie groups
with a bi-invariant metric are the spheres S™ = SO(n 4+ 1)/SO(n).

We can now use the canonical relation (IV.6) with [ = 2 and Xy = X; = Xo = X. Two
choices for Y are interesting for our purposes:

o Y(x1,29) = o(x1,x2) i.e. zo is reflected on Y (z1,x2), this is the relation we will meet
further on when discussing the billiard transformation on the space of rays,
e x5 = o(y,x1), in R™ this relation is (IV.3).

IV.2.3. Normal chords. Instead of the midpoints of the segment joining two points
with parallel planes we can also consider the coinciding normals themselves.
For this construction we will make essential use of the Gauss map. Suppose we apply the
Gauss map vg componentwise to

N My x -+ x N*M,

We then obtain
(IV.7) va(N*My) x - x --vg(N*M;) € x'_,T*s"!
We defined the center set using parallel tangent planes. The tangent planes at p; € M; and
p2 € My coincide when we can find £ € N;(l)Ml that is also in N;(Q)Mg, that is when the
normals at p; and py coincide.
Coinciding normals can thus also be found using the “diagonal in the base” Tk (S"~!)! of
T (Sn—l)l .
DEFINITION IV.6. The normals at points x; of the centroid form the normal chord set.
For the centroid set we have the result analogous to theorem II1.25.
PROPOSITION IV.7. The normal chord set is Legendrian if
(IV.8) va(N*My) X - X vg(N*M;) h T4 (S™ 1)
Returning to the case [ = 2 note that the normals are not the chords connecting two points
on the center set. In fact we have three objects:

e the normals at the z;,
e the normal to the center set, and
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e the chords connecting the z; and 5.

One might ask whether the first and the second are the same and what these have to do
with the chords connecting x1 and 5. We will now only answer the first part of the question
and leave the answer to the second part of our question to the next subsection.

Suppose z1 € My and x5 € Mo, with normals & and & respectively.

If we first compute the normal chord set

& & )

&l &l

and then take the diagonal we get the same value as when we first take the center set and
then map to T*S™ 1. The same happens with [ surfaces, If we have (z;,£) € N*M; and

take the center set, we get
1
<l E zi)f)

in T*R™. When applying the Gauss map we get

<€ 1 , GZ%Q&)

(1,81, T2, &) " (

e T & 1€l

On the other hand if we first apply the product of Gauss maps vg X - -+ X vg to the product
of Legendrian submanifolds N*M;j x - - - x N*M; and afterwards take the centroid set we get

O IR e
(If I 2 €]l
which is up to a factor [ the same thing.

In other words the diagram

rhT(*l I)Rnl
T*R™ x -+ x T*R"™ — T*R"™
llIGX---XVG ll/c

(n—1)1
T*snfl N T*snfl hTaS T*Sn_l

commutes. Properly speaking the arrows do not really represent maps: in the diagram
the upper row is the pull-back from proposition IV.5. The lower row is the pull-back from
proposition IV.7.

Hence the first and the second items are the same. We summarize

ProprosITION IV.8. The normal to the center set is the normal singled out by the normal
chord set. If either of the transversality conditions (IV.2) or (IV.8) holds then the normal
chord set is Lagrangian and the center set is Legendrian.

REMARK IV.9. For the normal chord set we can write down maximal rank criteria as we
did for the conflict set in section I11.2.14. A phase function for the image of the Gauss map
is

Fi: S 1x M, - R

(IV.9) (v, 8) = (v,7(s))
The image of the Gauss map is described by

OF;
(Iv.10) =0

Os
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To get a maximal rank criterion under which the normal chord set is Lagrangian we use as
in I11.2.16 a special phase function:
Fi(v,s1) + Fa(v, 52)

And the maximal rank criterion that is equivalent to the transversality in (IV.8) is that the
matrix

dv;81752 (d81752 F)
has maximal rank where
ds, s, FF=0

If so, the normal chord set is Lagrangian. If one chooses local coordinates on S~ 1, as is
done in [BGMS82], this is a nicely computable criterion.

IV.2.4. Centers as wavefronts, chords as caustics. We still need to make sense
of the relationship between the normal chords and the lines from x; to x5. These lines form
an n — 1 dimensional family. They remind us of the normals to a hypersurface. Normals to
a hypersurface have the caustic as an envelope.

Consider the

R x (T*R” x T*R" N T} (R x R")) R xR"

(t,21,&, 22,€) — (t,txy + (1 — t)xs)
The points £(z1,x2) that are the image of
t—txy + (1 —t)xo

(IV.11)

form a line. The envelope of the lines ¢(x1, z2) are the singular points of the projection that
is the last arrow in

R x (T*]R” x T*R™ N T} 1) (R™ % R”)) ~RxR" - R"

(t,iﬂl,f,xg,f) — (t,t$1 + (1 — t)J?Q) — txr1 + (1 - t).’L‘Q

DEFINITION IV.10. The image of R x N*M; x N*Ms in R x R™ under (IV.11) is the big
center set. The projection of its singular points to R™ we will call the center caustic.
The center set is the intersection of the big center set with the plane t = % Trivially one
has:
PROPOSITION IV.11. If the intersection (IV.2) is transversal then the big center set is Leg-
endrian in (J'R",dt — " | & dax;) Hence in that case the center caustic is Lagrangian.

If we fix t we get a curve like the center set, some sort of relative center set. Thus we have
the following correspondences

big center set | big wavefront
center set wavefront
center caustic caustic

These concepts are illustrated in figure IV.3. At the right hand side of this figure we see a
zoomed in version of the caustic at the center point. It can be calculated that the center
caustic in the picture does not have any other singularity than ordinary cusps. The center
caustic of M; and itself is known as the center symmetry set. This center symmetry set has
been studied by many authors, two recent advances are [Jan96] and [GH99].
Generalizations of this construction to [ > 2 hypersurfaces are straightforward. Let us briefly
indicate how to proceed.
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FicUure IV.3. Left hand side: the projection of the big center set, right
hand side:zoom in to the singular point of the caustic

Take [ hypersurfaces in R™, the centroid set is n — 1-dimensional. Its cuspidal edges are
n — 2 dimensional. In R! consider once more the enlarged simplex

l
Al: Ztizl
i=1

and for every [-tuple (z1,---,2;) of points in R™ map A; to R™ by
by, sty = i + -+ i

In this way we have a map from

A; x (R")! — R™
Apply the map to the intersection in proposition IV.5. In this way for each point on the
corresponding centroid you get an [ — 1-plane. So we have an n — [ + 1-parameter family of
[ — 1-planes. Its envelope will be n — 1 dimensional. This envelope is the center caustic of [
hypersurfaces in R™. To generalize the notion of a big center set note that it will appear in
product of R™ and R!. As each I-tuple (¢1,--- ,t;) determines a point in P! by

tr,e st (Lt st

it is slightly more natural to consider the big center set as a subset of PT*P! x T*R" , with
canonical 1 form nja —75(>" & dx;).

IV.2.5. Kites. For a moment let us refocus attention to the simple case of two curves
in R? equipped with the euclidean metric. In figure IV.4 we see the image of two circles and
their conflict set augmented with a number of kites. The kites consist of the normals from
the basepoints to the conflict set as well as the tangent lines to the base points. The curve
traced out by the intersection of the tangent lines is a straight line. In figure IV.5 we see the
same construction, though now carried out with two circles contained in each other. There
also a straight line is obtained.

DEFINITION IV.12. Let p be a regular point on the conflict set of two curves. The locus of
the intersection points of the two tangent lines to the basepoints form the kite curve.
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FIGURE IV.4. Oriented conflict sets and some kites

FIGURE IV.5. Kite curve of two circles contained in eachother

REMARK IV.13. The kite curve can have very bad singularities: think of the kite curve of
two lines. This will be a curve not at all: it is a point, namely the intersection of the two
lines.

ExAMPLE IV.14. The kite curve of any curve and a line will be contained in the line.

We will now describe a generalization of the kite curve to the case of n hypersurfaces in R"™.
In that case with a regular point on the conflict set there are n tangent planes intersecting
in a single point. Thus there is also a kite curve.

In figure IV.6 another way of obtaining the kite curve in this case is pictured. Here we have
constructed big wavefronts, and thus constructed a lifted conflict set m, 4 L" in R"*!. The
developable surface of tangents to 7,1 (L") intersects the plane xo = 0. The intersection
coincides with the kite curve.

ProOPOSITION IV.15. The kite curve is a section of a developable surface.

It is possible to extend the kite curve over the singularities of 7, ;L" where there are at
each point of 7,41 L" n linearly independent normals. The extension is most conveniently
done with the help of the big wavefronts N *Mih (or N *Mib ) though we have to take care
to use the distance and not its square. Denote ¢ a coordinate in R**1. If ¢ is on a tangent
line to m,41L" we have the following relations

(IV.12) (§—2:,6) =0  i=1,---,1
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To-axis

FIGURE IV.6. The construction of the kite curve.

The section of the developable surface we are interested in is yo = 0. The relations (IV.12)
become

(IV.13) (y —2,&§) = 2060 =1, ,1

This construction shows that with n spheres in sufficiently general position the kite curve is
a line, because the intersection of the big wavefronts will lie in a plane.

The definition of the kite curve as a section of a developable surface has several disadvantages.
From chapter 2 we know that the curvature of the conflict of n surfaces in R™ vanishes iff.
all the curvatures at the basepoints are equal. If the curvature of the conflict set is zero
then so is ( see chapter 1 ) the curvature of the lifted conflict set. Thus in that case the
lifted conflict set is a space curve in R? with zero curvature. The kite curve is a section of
its tangent developable.

Let us now see what happens to the kite curve if the curvature of the conflict set is zero,
when n = [ = 2. The lifted conflict set is a space curve in R3. A space curve in R3 looks like

2

3
As) = (s, 5 +ars® 400, T

According to [Shc84] the singularities of the dual start where 7 = 0. If x = 0 then the
singularities of the dual fall outside of the classification presented in [Shc84].

For the lifted conflict set 7 = 0 happens for instance when the derivative of the curvature
on one base manifold equals the derivative of the curvature of the other base manifold. In

+byst £ bys® )
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that case the kite curve is not singular, as the example of two circles shows.

The kite curve is singular when x = 0, this happens when the curvatures at the basepoints
are equal. But in that case the singularities of the dual immediatly no longer form part of
the list of [Shc84].

IV.3. Genericity of the transversality condition

Once again we have M;, i = 1,--- , [ in an ambient manifold X. Let there also be [ quadratic
Hamiltonians on T*X, satisfying the demands from I11.1.9. The images ¥;(N*M; x Og)
are the big wavefronts, see section II1.1.11. The transversality condition under which the
conflict set of My, -, M, is Legendrian is (ITI.16). The transversality is a generic property,
according to theorem II1.30. Here we will prove the genericity directly, i. e. we will not use
the maximal rank criterion, we will prove the genericity of (I11.16) directly. We will however
assume that our Hamiltonians come from pseudo-Riemannian metrics.

THEOREM IV.16. Under perturbations of | — 1 of the basepoints the transversality condition
is satisfied for a residual subset of @izl Emb(M;, X).

PRrROOF. The perturbations are as in the proof of I11.30

Yi(8:) = 7i(8:,0) = vi(si, €5), i=1,---,1

where ) ,
———=I,and ————= =0
Oe an Oe;0s;
Thus we can look at the family
x1a§17' o axlaglatthv' o atlvflvé'xlf o ,(Sl'l_l —

Ut (21 + 61, &1, t1,71)s -, Wh (g + 02y, &, 10, 71)
This should be transversal to TX (X x R)!. Tt will be enough to show that
xlizlwx\llf
is transversal to A C X!. This in turn makes it clear that is enough to show that
ax Wi (y(s,e), & t,7)

is a submersion. Locally mx o ¥! looks like

(5.€) + taH
s,e —
YIS, o€
in R™. The derivative wrt. e is

OH
V.14 I, +t—r
(IV.14) BT

We work locally and can choose normal coordinates, as in equation III.8 in which it will
hold that at (xq,&).

8gij’l 8Hl

ox o or
So the derivative in (IV.14) is simply the unit matrix I. The rest of the proof is identical to
the proof of II1.30. O

Now we return to the centre set and the centroid set. The criterion for these to be Legendre
is in proposition IV.5.
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THEOREM IV.17. For a countable intersection of open and dense subsets of

l
D Emb (M, R™)
=1

the center set is Legendrian ( and the normal chord set therefore Lagrangian )

PROOF. We need a covering {U,} of My X --- x M; and in each {U,} perturb the tangent
space a little, as indicated in figure IV.7. It is enough to prove that, if 7i; is the map that
assigns the normal to M;, that the map (7, -+ ,7;) is transverse to the diagonal. We will
first show that locally families exist that are indeed transverse to the diagonal. Denote by

FIGURE IV.7. The map ¢, 4 p—v(s) © 7(5)

Orap, TER, AeSOMNR), peR"”

a diffeomorphism, which is the identity on R™ where we are outside the sphere of radius
2r round p and equal to ¢ — A(z — q), inside a circle of radius r round q. Now compose
an embedding v: M — R" with the map ¢, 4 ) and we will get a map that in some
environment U, of of p(a) € M is submersive. Looking at a product ¢, 4,4(a)°V1, @r/, 47 p(a)©
~2 we see that in a neighborhood U,, the transversality condition is satisfied. Indeed, at p(«)
the normal looks like Afi.

One can pick a countable number of points p(«) so that the U, cover My x --- x M;. O

IV.4. “Reversed” sets: billiards and orthomtics

Several authors, notably Bruce & Giblin & Gibson [BG92] and [BGG83], Tabachnikov
[Tab95] have studied geometrical constructions that can be generalized by means of canon-
ical relations. In this section we want to show how close these constructions are to some
form of “reversed conflict set”. Most of the material here is sketchy and serves mainly to
illustrate that the conflict set is far from an isolated problem.

IV.4.6. Some constructions of curves in the plane. We will start with the sim-
plest context: a curve 7 in the plane R2. Fix a point in the plane and call it the origin O.
The curve v will be the mirror for rays coming from O. Denote 7 a unit normal to ~.

DEFINITION IV.18 (Orthomtic). The orthomtic of v and O is the curve defined by
O+ 2(y(t) — O, i)n.
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DEFINITION IV.19 (Pedal curve). The pedal curve of v and O is the curve defined by
O+ (y(t) — O,m)7.
Conflict and center sets are related to orthomtics and pedal by the following proposition.

PROPOSITION IV.20. The curve v is contained in the conflict set of the orthomtic of v and
the origin O. The pedal curve is the center set of the origin and the orthomtic.

PRrOOF. Clear from the definitions. O

We can define wrt. to the mirror v and the origin O a kite curve. We provide a definition of
the kite curve with the drawing IV.8. A practical formula for drawing the kite curve starting
from the pedal is

(J(y = 0),7)\?
M) (pedal(y) — )

In the above formula J is the usual complexification mapping.

Two other curves can also be defined, see figure IV.8 for a drawing of the billiard curve and
the contrapedal curve wrt. to a parabola. Where in the definition of the pedal curve one
lets down the segment v — O onto the normal 7 to =, in the definition of the contrapedal we
let down the same segment 7 — O to the tangent vector = /||

kite(y) = pedal(y) + (

DEFINITION IV.21 (Billiard curve). The billiard curve of v and O is the curve defined by
O +2(y(t) - O, )t.

DEFINITION IV.22 (Contrapedal curve). The contrapedal curve of v and O is the curve
defined by

O+ (y(t) — O, ).

Billiard
- Contrapedal
I , /
/
/ \ e |
Pedal 4//;
/- “ \\ I
Orthomtic \
N

FiGure IV.8. Pedal, Orthomtic, Kite, Contrapedal, Billiard

Let us now turn to a comparison between some existing results and results on the conflict
set.
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e The origins of the curvature formula. The curvature formula (I1.8) is in fact a very old
formula. We can trace it back to a classic book in geometrical optics: the book [BW59].
There on p. 173 we find the formula we find in chapter 1, and more. Also, the formulas
1.9 and 1.10 are already written there. To establish the connection between conflict sets
and ray systems in optics consider figure IV.9. On the left side rays from a circular arc
hit a curved mirror. On the right side we see the same rays from a circular arc but now
in the setting of conflict sets.

FIGURE IV.9. Left: incoming rays ( dashed lines ) reflected to outgoing
rays. Right: the mirror is a conflict set.

e Singular points of pedal and orthomtics. All these curves and the relations between them
form a rich object of study. For instance it is well-known that the pedal curve has a
singularity where the curvature of the mirror 7 is zero, hence where v has an inflection.
Thus the orthomtic also has a singular point where v has an inflection, and vice versa.
It can be derived also from the curvature formula that the orthomtic has a singularity
when the mirror v has an inflection. We proceed as follows: suppose that the mirror v has
an inflection kK = 0 at p € . The curvature formula says that that if this is the case, the
wavefront coming from the orthomtic has the same curvature ||p — O||~! as the wavefront
coming from the origin O. This means that at distance ||p — O] the orthomtic meets its
own caustic, which is what we needed to show.

o The billiard is a symplectic transformation. In the drawing IV.8 we have introduced
a billiard curve. The billiard curve defined here is not exactly the billiard studied in
[Tab95]. In [Tab95] the author studies the transformation on the space of rays induced
by the reflection. The billiard in that sense is a map

(IV.15) Billiard : T*S* — T*S*.

It turns out that the graph of the billiard is a canonical relation between T*S' and
T*S*. Tabachnikov proves this directly using coordinates. We can prove the assertion
in the general case where the mirror is embedded in R™ in at least two ways. Firstly,
the billiard transformation on the space of rays is an instance of the construction with
symmetric spaces indicated in section IV.5. Secondly, if we can prove that the orthomtic
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is Legendrian we have also proven in view of theorem II1.10 that the transformation on the
space of rays preserves the symplectic form. In the next section we will derive a maximal
rank criterion, (IV.19) under which the orthomtic is Legendrian.
Contrapedal. The following are immediate, though they can also be obtained by a lenghty
explicit calculation.

PROPOSITION 1V.23. The contrapedal curve is the center set of the origin and the
billiard.

ProposiTION 1V.24. The billiard curve and the contrapedal are singular where the
evolute of the mirror contains the origin.

We will include another picture. Figure IV.10 beautifully illustrates the wavefront
nature of the billiard: when the origin is the cuspidal point of the caustic the billiard and
the contrapedal have a 4/3 Lipschitz smoothness point. When the origin lies on a smooth

Ficure IV.10. Billiard and contrapedal ( both grey ) , rays ( finely dashed
) , caustic ( roughly dashed ), and the mirror ( solid, black )

part of the caustic the the contrapedal has a cusp.

The pictures here were made with a minor modification of the software available with the
book [Gra93].

IV.4.7. Higher dimensional analogues and generalizations. With the exception
of the kite curve the pedal, the contrapedal and the billiard and the orthomtic have straight-
forward generalizations to the n-dimensional case, where the mirror is a hypersurface in R™.
It is not hard to see that the corresponding statements remain true:

e the mirror is contained in the conflict set of the origin O and the orthomtic,

e the pedal is the center set of the orthomtic and the origin,

e the contrapedal is the center set of the billiard surface and the origin,

e the pedal surface is singular where the mirror has zero Gaussian curvature

e the contra pedal surface is singular at the origin when the origin lies on a focal surface of
the mirror,

Our main interest lies in the obvious generalization: replace the origin by some Legendrian

submanifold Lo, cut Lo with {H = 1}, follow the rays up to the mirror, and follow the

reflected ray ( billiard ) or its opposite ( orthomtic ), during the same amount of time.

The rays from the origin form a beam. If we replace the origin by some suitable Lo we can

get a parallel beam. This clearly has some optical significance.

With rays from the origin O replaced by rays from Lo do the statements above still hold? In

particular, under which conditions is the transformation on the space of rays, induced by the
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reflection symplectic, or in other words, when is the “reversed” conflict set, the orthomtic,
Legendrian?

Let us first deduce a maximal rank criterion. A practical criterion is easily established.
Under the condition that

F(z,s) = |lz = y(s)II” = Iy (s)II?
defines a non-degenerate phase function, the orthomtic of the mirror v and the origin O is
Legendrian. Replace the origin with the rays that are normals from a submanifold p(t). For
a parallel bundle u(t) is linear and for a point source u(t) is constant.
A phase function for the orthomtic is:

1 1
F(z,s,t) = llw = y()lI* = 5llv(s) — p@)II*
For the orthomtic to be Legendrian we need that the matrix
(IV.16) K(F) =dg s (F,ds F)

has maximal rank where (z,s,t) € £(F) , ie. when FF =0, d,FF =0, d;F = 0. The
singularities of the orthomtic are inspected with the matrix

(IV.17) a2, F.

If u(t) is an embedded hypersurface, (IV.17) is a (2n — 2) x (2n — 2) matrix.
The matrix K (F') becomes

d, F 0 0
K=|d,d,F dF d,dF
d,d; F d;d,F dIF

To evaluate it note that if we write
1 1
Fi(z,s) =5l - v(s)||* and Fy(z,t) = Sllz = pu(t)|?

that it follows
F(z,s,t) = Fi(z,s) — Fa(v(s), u(t))
but also

(IV.18) F(xz,s,t) = Fi(x,s) — F1(u(t), s)

We will now calculate d?(F). To this end we write a Monge form for the mirror ~(s), i.e.

1) = (5. 5 (M5, 5))

We also use that the vector from p(t) — v(s) is mirrored through the tangent plane to the
mirror to  —(s). Denote ¢ the angle between 2 —y(s) and the tangent plane to the mirror
7. The derivative d? F then evaluates to

2sin(@)||z — v(s)|IL,.

The derivative d,d; F = 471 and df F becomes the second fundamental form of the wave-
front at v(s) coming from the source surface u(t).

T —y 0 0
V19 K=[doy 2sin()z—ys)L, 5T
0 YA Ly = llu(t) =
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Equation (IV.19) is important when dealing with the singularities of the orthomtic. As said
a parallel bundle is one with df © = 0 whilst d; i also written as [ is a constant n by n — 1
matrix. Hence the matrix K for a parallel bundle becomes:
T —y 0 0
(1V.20) K= dv 2sin@)z—(s)IL, 57
0 AT 0



V Classification of singularities

V.1. Introduction

Throughout the previous chapters we have often encountered the view that the conflict set
of | hypersurfaces is the projection of the intersection of their big wavefronts. In chapter
one we used this view to prove C7-smoothness at regular points. In chapter three we used it
to formulate a criterion (III.16) under which the conflict set is Legendrian. In this chapter
we will apply the same technique to classifying singularities of conflict sets.

We will first of all have to study the big wavefront somewhat more closely. Secondly we look
at the intersection, and lastly at the projection.

Our object is to first show that the big wavefront can be stratified in some suitable way.
The stratification will contain bad strata and good ones. The good strata will have low
codimension, and the bad strata will have high codimension.

As before, we have an embedding of a hypersurface into an ambient space: v: M — X. As
a subset of X x R the big wavefront is given by

oF
ds
We will stick with the four assumptions on X and H of subsection III.1.9, so that F'is a
globally defined non-degenerate phase function.

Below we will define the notion of codimension for a germ. Doing so allows us to define for
every T = (xg,x) and s.

(V.1) F(z,s) = A(x,v(s)) =20 =0 0

codim(Z, s) = codim(F(z,-))
The codimension might well be infinite. For our purposes it will be enough to consider small
codimensions < 6. Germs of finite codimension are finitely determined. So we can fix some
N for which the germs of codimension N are V-equivalent iff. there N-jets are V-equivalent.
Also for the codimension < 6 orbits we know that these are “simple”, their orbits in the jet
space are submanifolds and finitely many. Now suppose that the map

(Z,5) — ™ (xg — F(z,s)) € JN(M)

is transverse to the structure of simple orbits .A. The pullback of the structure A exists in
X X R x M and inherits the nice structure.

This structure projects with injective differential to the big wavefront in X x R. To ensure a
transversal intersection of the projection of the pulled back orbits of A. we will also impose
a multi-transversality condition.

(7,51, sy — (p)jN(xo — F(x,5)) € () IN(M)

A set of codimension > 7 on the big wavefront is not included in this structure.

Now suppose that we have [ of these big wavefronts. It is necessary that the structures of
orbits < 6 intersect transversely, and that the intersection does not include any bad strata.
The maximal codimension of simple strata is 6. If we want only those in the intersection
we have to impose n — [ < 4. Thus the range of nice dimensions is n — [ < 4. In these
dimensions the conflict set only has combinations of the well-known ADFE singularities.
From our reasoning it is also clear that outside this nice range there is going to be trouble.
Indeed, suppose we extended our stratified structure to codimensions > 6. Here moduli
arise and the constant codimension stratum is no longer a union of finitely many orbits in
the jet-space.

In this chapter we first present some generalities on stability of Legendrian embeddings and

71
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then we apply these to the big wavefronts and the conflict set. We take some time to explain
these generalities, in order to arrive at a practical criterion for Legendrian stability stated
in theorem V.15.

In the last section of this chapter we carry out some calculations that exhibit the singularities
of conflict sets with n — [ < 4 as certain singularities of wavefronts in R"~!+2, We analyse
the combinations of ADFE singularities there and exhibit the singularities of the conflict set
as non-versal unfoldings of singularities of higher codimension.

Thus if we start with stable big fronts in general position the singularities of the conflict set
are not necessarily V-stable. This is due to the fact that we allow only perturbations of the
base-manifolds and not of the conflict set itself. We always keep a separation between the
variables s;.

Let us mention one more rather surprising consequence of our results, already pointed out
in the introduction. The generic singularities of the conflict set of n hypersurfaces in X,
with dim X = n, are A% and A,. Locally we always have the picture:

FIGURE V.1. Generic local forms of conflict sets of n surfaces in X.

V.2. Stability of Legendrian immersions.

V.2.1. V-equivalence. Let S be some non-empty finite subset of R¥. We can speak
of germs of C* functions at S. Such germs form a ring C>°(.5). If S consists of a single point
so this ring is local. If S is a finite set we have

C>(8) = ®sesC™(s)
DEFINITION V.1. Two germs of maps f; and fo in C*°((R¥, S), R?) are called V-equivalent if
there are germs of diffeomorphisms i and H that make the following diagram commutative:

RF,§ — S kRt g x PRE) P B— T

Jh JH lh
P er(f2) . ¢ proj P
RF,§ ———— = R* xR, S x fo(S) ——— = RF S
REMARK V.2. Some authors do not use the term V-equivalence , but instead speak of

contact-equivalence or K-equivalence. The same notion was discussed in chapter 1 of this
thesis.
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We specialize further to where ¢ = 1.
Attached to a germ f € C™(sg) is its tangent space Tf to the orbit of f under the action
of V-equivalence. The tangent space Tf is an ideal in the ring C*°(sp):

(v.2) =0+ (5,

where “+” is a summation of ideals. The codimension of a germ is the codimension of the
ideal Tf, that is it is the dimension of the quotient space Q¢

(V.3 e

codim f = dim Q¢

The codimension of a germ f might well be infinite. For instance if f(s1,s2) = s2s5 is the
germ at zero of a function on R? then the ideal Tf does not contain s§ for all k > 1. So
all of the monomials s§ are required as a basis for the quotientring Q. However if the
codimension of f is finite then Qf ~ Q4 as C*(s¢) algebras is equivalent to f X g-

Our definition of “codimension” has the property that a quadratic form in the “s” variables
has codimension one. This is a little unusual but natural in our case.

Denote M (sg) the unique maximal ideal in C*°(sg). We can define the ring J"(sg) of jets
of order r by setting:

C>(s0)
J" =
(s0) MrH+L(sg)
The projection maps the ideal Tf to J"(sg). As an image we obtain T" f. We set
J"(s)

d, = dim Trf

The sequence d,. is non-decreasing with upper bound codim(f). Consequently there is some
minimal number r¢ for which r > ro = d,, = d,. We'll call it p(f).

DEFINITION V.3. A map germ f is called finitely V-determined if there exists a ry € N such
that for every other germ g:

. . Vv
r>ro, jf=ji"9= f~gyg

We have - [Mat70a], theorem 3.7 - that f is finitely determined iff. codim(f) < co.
Functions that do not have a critical point are locally V-equivalent to a linear form. This is
codimension 0. If there are critical points we find quadratic forms in codimension 1. After
that we look at ternary forms, and so on. Up to codimension 6 there are only finitely many
orbits in C*°(s), those are the ADE singularities. From codimension 7 there are infinitely
many orbits with the same codimension.

Germs of codimension < 7 are determined by their 7-jet as a look at the ADE list shows.
So a closed part of J%(sy) can be Whitney stratified by the simple orbits.

V.2.2. Unfoldings wrt. V-equivalence.

DEFINITION V.4. An unfolding of a germ f € C*®((R¥, S), (R, T)) consists of a ( germ of a
) parameter manifold R”,0 and a function F': R¥ x R", S x {0} — R x R", f(S) x {0} such
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that gigey oy = f and

RF x R™, S x {0} 2245 Rt  Rn

proj
proj
R"™

Next, we will consider ¢ = 1. Morphisms between two unfoldings I to F’ are germs of maps
that make the following diagram commutative:

comimutes.

R™ +k idxgr(F’) , proj R™*F proj R™
) ) n'+k+1 ’ ’
(V-4) {0} x S R =" gy s 7 0
k k
15 ’ h Rs+1 H ]5 ’ h n
Rn+k, idxgr(F) L1 % ]Rn—i-k) p1f04j> R™,
0x {S} R {0} x S 0

If h is the unfolding of a diffeomorphism on (R"** {0} x S) then the two unfoldings are
said to be isomorphic. If A’ is a diffeomorphism then the two unfoldings are equivalent. If
we have a map h': R™ — R™ then we can form the induced unfolding h* F":

W*F:RY xR¥ - R h*F = Fo(h,id)
The unfolding is called trivial if it is isomorphic to the unfolding (x,s) — (x, f(s)). If the
codimension of the germ f is < oo there is a universal object. A versal unfolding F' has
the property that every other unfolding F” of f is isomorphic to an induced unfolding of F.
If F' has the minimal number of parameters among those unfoldings having this universal

property then it is called miniversal.
The above diagram is unnecessarily complicated. If we write

. RY Rt grtktt H = (H,, Hy,, Hy)
hi RV SRV h= (hy, hy)
we can derive relations betweens these maps.
ha(@) = W) Hi(@s) = hlalys)  Ho= (@)
So that the diagram (V.4) reduces to a relation between F' and F’, nl.
H(x' s, F'(2',8)) = (W (), hi(2,8), F(W (2'), hi (2, 8)))

In particular, this shows that F'(z',s) and F(h(z'),s) are V-equivalent and that we conse-
quently have an identity ( see [Mat70a] )

A2’ s)F (W (2), hi(2',8)) = F'(2', 8)

’ .
where A: R" ¥ — R is some smooth map.
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V.2.3. Legendrian embeddings and V-equivalence. A Legendrian embedding is
an embedding of an n-dimensional manifold in a contact manifold of dimension 2n + 1, such
the image is an integral manifold of the contact structure. As such we can speak of germs of
Legendrian manifolds at some point in a fibered contact manifold. The singularities of their
projections can be classified up to maps from the contact manifold to itself that preserve
the fibering and the contact form.

For these germs we have the following,

LEMMA V.5. If U: PT*X — PT*X is a diffeomorphism that preserves the fibering and the
contact form then U = g* for some diffeomorphism g: X — X.

Such germs of Legendrian manifolds are conveniently constructed with non-degenerate phase
functions, as we saw in the previous chapter. Non-degenerate phase functions are special
cases of unfoldings. If two non-degenerate phase functions are V-equivalent as unfoldings
then they determine equivalent Legendrian manifolds. We want to show that the converse
holds.

Let F(x,s): R""* — R be a non-degenerate phase function for a Legendrian manifold. If

0’F
rk ﬁ =1
then we can apply the parametric Morse lemma to write F' in the form
62F/
F'(z,s)+Q(s")  #s"' =1 rk 5T = 0

where Q(s”) is a non-degenerate quadratic form. We will find that the corresponding Legen-
drian manifolds Ly and Lg: are the same. The new phase function has a minimum number
of variables.

REMARK V.6. The operation of adding an auxiliary s variables as opposed to the reduction
carried out above is called a “doubling” of the hypersurface F' = 0. The terminology stems
from the fact that in the complex domain {u? = F(z, s)} is a double cover of {F = 0} under
the projection x, s, u +— x, s.

Having minimized the number of s variables by elimination of successive doublings of the
hypersurface F' = 0 we also have to touch upon the subject of suspension. Namely if

L—-T'X - X
is the germ of a Legendrian immersion and | — a, a[ is some open interval then also
Lx]—a,a]— T"(XX]| —a,a]) = Xx] —a,q|

is for any a > 0 the germ of a Legendrian immersion. As for the image in X, an example
would be a cusp in X becoming a cuspidal edge in X x| — a, al.

This occurs when A’ in (V.4) is a submersion, i.e. when some parameters are trivial in the
unfolding. Submersions can be written locally in the form (z,z’) — x. The restriction
of (z',8) — (2/,dy F) to {a',s | F(z',s) = ds F/ = 0} is then a suspension of the map
(z,8) — (x,d, F) restricted to {x,s | F(z,s) = ds F(x,s) = 0}.

If F' and G are isomorphic as unfoldings then they are linked by a fibered equivalence.
(V.5) F(z,s) = Az, s)G(Z(x), 5(x, s))

where A, § and z are to satisfy the usual requirements, namely 5(0, s) = s, Z is a diffeomor-
phism and the smooth map §(s,zp) is for every z¢ a diffeomorphism. If also F' defines a

germ of a Legendrian submanifold then G also defines a germ of a Legendrian submanifold
which is equivalent to Lg.



76 V. CLASSIFICATION OF SINGULARITIES

THEOREM V.7. Let F' € C*(xo, s0) unfold some f € C*>®(sg) and let G be another unfolding
of f such that F, G are non-degenerate phase functions and Lp and Lg are equivalent
Legendrian manifolds, then F and G are isomorphic as V-unfoldings after possibly carrying
out a number of doublings of the hypersurfaces F =0, G = 0.

This is a purely local theorem. We can speak of R instead of M and of R" of X.

Two expositions of the proof of this theorem, in [Zak76] and [AGZV85] reduce the theorem
to the corresponding one for Lagrangian submanifolds of T*X: any two non-degenerate
phase functions near (z¢,sg) € R"** defining the same Lagrangian manifold and having the
same signature %231; are R+-equivalent as unfoldings.

We will proceed as in the proof of the Lagrangian version of V.7. First of all, we may assume

that

0*F

0s2
Secondly, we may also assume that the number of “s”-variables in F is equal to the number
of “s”-variables for G.
Thirdly, we may assume that Ly = Lg: they are equivalent via a diffeomorphism z: R™, 0 —
R™, 0, instead of G we can consider G(Z, s).
Let us start by proving a lemma, mimicked from [H6r71]. As before denote L(F) =
(F.ds F)~(0).
LEMMA V.8. There is diffeomorphism from R™** (zq,sq) to itself that maps %(F) to %(G)
and that preserves the fibering R"* — R™.

ProOOF. For this consider the map R*+F — RnH1+k 5 pr—1.
(V.6) R™"* 5 (z,5) — z, F,d, F,[d, F]

We claim that when restricted to X(F) this is a diffeomorphism onto its image Ly C PT*R™.
Call the map in (V.6) jr. It holds that (jr)«ds = 0 implies s = 0, because F is a non-
degenerate phase function.

Hence there exists a map

Up: (z,u,w,[£]) — s € RF

such that (Vg o jp)(z,s) = s. For the non-degenerate phase function G we have similar
maps jo and V.
Mingling the two maps we claim that a diffeomorphism from R"* to R*** is

(V.7) x,s— 2, Va(jr(z,s))
That (V.7) is a diffeomorphism follows when we calculate
ds(U6(jr(z,5))) = du(Vg 0 jr) ds F + du(¥g 0 jr) di F + dig (Vg 0 jr) ds do F
which in (zg, sg) € 2(F) reduces to
ds(Va(jr(,8))) = dig(VYgojr)dsd, F
Thus (V.7) is a diffeomorphism. We have
(20, Y (jr(zo, s0))) € B(G) iff. (xo, [dr(zo,s0)]) € L,

which is equivalent to (xg, sg) € Z(F). O
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We are now in a position where we can assume near (xg, so) 2(F) = £(G), and Ly = Lg.
Besides F and G also Fi(x,s) =tF(z,s)+ (1 —t)G(z,s). is an unfolding. It should also be
a non-degenerate phase function for L. This need not be the case for if F(x1, 22,51, $2) =
x1 + 87 + 83 + 55 and G(w1, 22, 81, 82) = 71 + 87 — s3. Then X(F) is X(G) and Lp, Lg are
also identical but still F}; will not be a non-degenerate phase function for ¢ = %

We will show that this is the only complication that can occur.

a"‘F_O

LEMMA V.9. Assume that there are a minimum number of variables, i. e. that 55 =

Then %1? =0 and Fi(x,s) is a non-degenerate phase function for every t.

PROOF. Because Lrp = Lg, possibly after multiplying G with some non-zero function, we
have on ¥ that d, F = d, G. Thus on X the function F' — G vanishes to second order. The
fact that F' is a non-degenerate phase function means that we can use F and ds F as k+ 1
of the n + k coordinate functions in R™t#*. It follows that we can write F — G as

(V.8) G(z,s) — F(z,s) = Z %aij (x,8)pi(z, s)p;(x, s)
0<i,j<k

where
oF

aSi

A= (aijh<ij<re  do(z,s) =F(z,s)  ¢i(x,s) =
Differentiating twice one obtains on X
EPG=F+AEFAEF
Thus di F(z0,s0) = 0 implies dg G(z9,80) = 0. In the same way we have d, ds F(xg, s9) =

d, ds G(x0, 80). Thus for every fixed ¢ the function Fi(x,s) = tF(z,s) + (1 —t)G(z,s) is a
non-degenerate phase function. O

We have assembled the ingredients for a proof of theorem (V.7).

PrRoOOF OoF THEOREM V.7 . We will use what normally is called the homotopy method.
For an exposition of this see the “lemme de réduction” in [Mar76].
Consider the equation
AiFy(, 5¢(s,w)) = F(x,s)
Differentiation wrt. to t yields
0A(t, s, x)

(v.9) A(F = G) + ==

Ft + 5(1'7 Sﬂf)Ft =0

where Z(z, s,t) is a vectorfield

k
- 0s;(t,s,x) 0
Sz, s, t) =Yy —2 —
ey =3 2ln) 3
We have already seen in the above that F' — G annuls to second order on ¥, but ¥ = 3(F})
as well. Thus we have an expression as in (V.8). This means that we can solve (V.9) and
find the vector field = and the function d; A.
Hence F' and G are contact equivalent as unfoldings. O

Henceforth we will study the stability of the unfolding F'. It is the same as stability of the
diagram L — PT*X — X.

The theory of stability of unfoldings wrt. V-equivalence and stability of Legendrian immer-
sions proceeds as the theory of stability of unfoldings wrt. to R+ equivalence and stability of
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Lagrangian immersions. Proofs of these statements can be obtained by doing exactly what
is described in [Dui74]. We will not do this completely but will concentrate on giving a
criterion for global stability of a V-unfolding. It is our aim to show that in dimensions < 6,
i. e. dim X < 6, generic embeddings of compact manifolds give rise to wavefronts that are
Legendre-stable.

DEFINITION V.10. If an unfolding F of a function f is such that there exists a neighborhood
U of F in C*®(X x M,R) so that G € U implies F V-equivalent as unfolding to G, then we
say that F' is stable.

With S € M we denote some finite subset of M, in other words a point (3(1), e 7s(p)) of
M@,

ProPOSITION V.11. If the unfolding F is stable then the graph of

X x M@ g R)

is transversal to every X x M®) x O for every orbit O of the action of V-equivalence on
functions in () J"(M,R)

PrOOF. This is proposition 2.1.2 in [Dui74]. Take an arbitrary orbit O C (,)J"(M).
Unfoldings whose graphs are transversal to an orbit lie dense. Let F' be stable then a nearby
unfolding G is V-equivalent to F' and G can be chosen to lie transverse to O.
We have

F(z,s%) = Az, sD)G((x), 5(z, sD))
near ro, S. The mappings #, 5 and A define near o, () j" (20, S) a diffeomorphism jz 5 4
from X x (,y J"(M) to itself that preserves the manifolds X x O.
The diffeomorphism also maps the graph of (,) j" G to the graph of (,y j" F'. Hence the graph
of ()j" F lies transverse to the manifolds X x O. O

The orbits have a tangent space and the graph of (,)j" I has a tangent space. That the
orbits lie transverse to the graph of (,)j" ' can near x,5 be expressed as an algebraic
criterion: the tangent space to the orbit at xg, pj(T) F(zp,S) can be determined if we look
at f(s) = F(xo,s). If we multiply this by something close to the identity, say 1+ eg(s), we
get

0
(V.10) 7 (A +eg(8)f(5)) 10 = 9(5) £ (5)
If we allow diffeomorphisms close to the identity we get
0 of
(V.11) &(f(sqLes))‘e:O =55
so that the tangent space to the orbit in (,) J"(S) is
oF
C> (@, S)(F) + M(S) 5= + M(S)™
The tangent space to the graph of (,)j" F
F r
C>(x, S)a Lo M(S)"H!

s Ox
Thus stability of an unfolding implies the algebraic criterion that at z, S:

(V.12) v exs)=exs) (RGE) 4R () + M)
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The proof that the converse holds is a standard argument, which we will not repeat in detail.
The first step is to call an unfolding inf-stable if

(V.13) C¥(M x X)=C>*(M x X) (F,aF) +C™(X) <8F>
s ox

Equation (V.13) implies (V.12). If (V.12) holds for sufficiently large r and z,.S the inverse
application can also be established. This needs an application of the Malgrange-Mather
preparation theorem in the way we use it in the next paragraph to determine how large r
needs to be.

The second step is to recover stability from (V.13) . This inverse statement is the one known
as “infinitesimal stability implies stability”.

V.2.4. Local stability of the unfoldings. We indicate how the Malgrange-Mather
theorem is usually used to eliminate tails.
Let (z9,50) € R""*. Local stability of an unfolding F': R"** — R at (z0, s9) is defined as
follows.

L oF " OF
(V-14) €% (s0) = Y 5—(w0,) - C(s) +C>(50) - F(wo,") + > R- 5o (70:7) + M(so)" 1
o U5 j=1 Lj
holds as an identity between ideals for some r > n.
THEOREM V.12. The identity (V.14) is satisfied iff. the identity
(V.15) C> (0, 50) = C* (0, 50) - TF(w0,7) + »_ C*(x0) - o
j=1 i
holds.

REMARK V.13. Let f: (X,p) — (Y,q) be some C* map between two manifolds. This in-
duces amap f*: C*((Y, q),R) — C((X,p),R). Both these rings are local by the Hadamard
lemma, see [Mat70a] lemma (1.4). The map f* makes every C*°((X,p),R) module into an
C>*((Y,q),R) module. The Malgrange Mather preparation theorem answers the following
question: “When is a module A that is finitely generated over C*((X,p), R) finitely gener-
ated over C*°((Y,¢),R)?”. This is the case if

A
f*M((Y.q)A
is a finite-dimensional vectorspace over R. Again, see [Mat70a], theorem (1.10). An appli-

cation which shows the multiple usages of this theorem can be found in [GGT73], example
(B) to theorem (3.6).

PROOF OF THEOREM (V.12). Let B be the R-“module”.
n
SR
j=1 J
and let A be the module
C>(so) - TF(xo, ).
Let C = C*>(sp). Saying that A+ B = C' is saying that (V.15) holds. We consider D = C/A.

This is a finitely generated C*°(sg) module. We want it to be finitely generated as an R-
“module”, where the generators should be the ones we have for B. We will use theorem
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(3.10) from [GGT73] , which states that this is the case iff. the projections of these generators

m

D = #
M+l (s9)D
generate the module D’. This is an equivalent statement to (V.14). (]

V.2.5. Equisingularity manifolds. We set forth to translate (V.12) into a geometric
criterion.
Let us pose for sufficiently large 7.

E(xo,80) = {(x,8) | jiF(z,s) e O} C X x M

where O is the orbit of 57 F under the action of V-equivalence. This orbit is a manifold near
Zg, Sg- Also the graph of

OF O'F
V.16 F— - = i" (M
( ) x7s'_>(7as’ 785T>€J( )
is of course a smooth manifold.
If the graph of (V.16) intersects the orbit O transversely the equisingularity manifolds are
indeed submanifolds of dimension n + k — codim©. For sufficiently large r the intersection

no longer depends on 7.
The tangent space to the orbit is

k
. OF

(V.17) 7 (€ rGan )+ MG 5 )
To determine codim O in J"(sg) for sufficiently large r we need to calculate

C>(s0)
M(s0)™+1 4 € (50) F (o, -) + 35—y M(s0) 5= (o, )

C>(s0)
M(s0)7+t +Co(s0)F (a0, ) + 325, € (s0) §E (0, )
M(s0)" ! +C(s0)F(z0, ) + 3251 C(s0) §E (w0, )

M(s0)"*1 +C(s0)F (w0, ) + 325y M(s0) 55 (w0, )

= codim(f) + k

codim O = dimp

= dimR

+ dimg

PROPOSITION V.14. If the graph of (V.16) hits the orbit O of f in J" (M) transversally then

e the equisingularity manifolds are smooth and of codimension codim(f) + k in R* T+ |
e the equisingularity manifolds project immersively to R™.

PROOF. In view of the above, only the last statement remains to be proved.
We will show that if the vector (0, ds) lies in the tangent space to £(zo, so) then it is zero.
The vector (0, ds) lifts to J" (k) by the graph of (V.16). So the lift of the vector is

k

L (OF
ZJ (as,(%")) ds;
j=1

J
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This vector should lie along the tangent space of the orbit . Taking into account the
equation for the tangent space (V.17) we ask that:

k

L oF OF
> o (0,)ds; € C(s0)F(z0,-) + Y _ M(50) 75— (w0, ) + M(s0)" ™
. 8,9]- . aSj
j=1 j=1
Here r can be made large, say r > codim(f) and this will imply that the Js; are all zero.
We conclude that the projection of the £(xg, sg) to X is immersive. O

The equisingularity manifolds corresponding to codimension 1 are defined in R*** by d, F =
0 and F' = 0. This is just 3(F). Regular points on the wavefront are thus always of
codimension 1. The wavefront is at regular points Ex = wx(E(zg, s0)) - where wx is the
projection from X x M — X. The codimension of £x in X is exactly the codimension of f
if the orbit of f is hit transversally by the unfolding F'.

This situation is different to what happens in the Lagrangian case with the RT-equivalence.
There the definition of codimension is such that the points with codimension one form the
caustic. Most points of the Lagrangian manifold have codimension 0.

We come to the theorem which relates the equisingularity manifolds and the local stability
to global stability. This theorem provides the practical criteria by which one decides whether
stability holds.

THEOREM V.15. Let F' € C*(X x M) be such that the map X(F) — X is proper ( and
hence finite to one ) F is a stable iff.

o F is locally stable at every (x,s) € X x M
e For a fiber (x,s), ... 5(P)) of B(F) — X the projections of equisingularity manifolds to
X at each (x,s") intersect transversally at x € X.

Let us indicate the differences between this theorem and the theorem on Lagrangian stability
that is stated in [Dui74], proposition 2.2.4.

These are the usual criteria for global stability. For instance in the result on generic mappings
from the plane to the plane one asks that the curves along which folds occur intersect
transversally.

The Lagrangian version of the theorem on global stability contains a third demand, namely
that

e AFFINE INDEPENDENCE. The d, F(xz,s®) for i = 1,---,p are affinely independent, as
linear operators on the tangent space to intersection of the equisingularity manifolds.

This demand though a little technical has a geometric interpretation. The vector d, F' may
be tangent to the caustic. This will happen for instance on the regular part of a focal sheet
from a surface in R”. Hence two sheets of the caustic may come to lie as in figure V.2: the
equisingularity manifolds ( here the regular part of focal sheets ) intersect transversally.
Intuitively we see that this is not a stable situation. From the proof of proposition 2.2.4 in
[Dui74] we can also conclude that it is not globally stable.

However in the Legendrian case it is not necessary to impose a similar demand. By definition
equisingularity manifolds in X cannot have codimension 0 in the Legendrian case. As vectors
d, F(z,59) it follows from the non-degeneracy condition on F that they are normals to the
wavefronts and hence to the equisingularity manifolds. So if the equisingularity manifolds
in the Legendrian case intersect transversally then as vectors the d, F(z,.) are linearly
independent.
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d, F(zo, sél)) = —d, F(=o, 382))

p

FIGURE V.2. Two sheets of caustic

PROOF OF THEOREM V.15. We have seen that stability is equal to (V.12) at all x,S. Thus
we have to check that the conditions in the theorem imply (V.12) and vice-versa.

The tangent vectors dz in V; = TEx (xo, séi)) are those that
OF

[ee] l) i r+1
D g, (20013 € OO+ ClsE)) o) + ML)
Thus
(V.18) dxr — Z aF )ox;
=1

is a map from R” to Coo(séi)), and also to

C=(s)
COO( ())F+C( ())8F(1,0, D4 M(s l))r—&-l
These maps are surjective due to the local stability.

In this way the tangent space V; to each equisingularity manifold is the kernel of a map
R™ — W;. The V; intersect transversally iff.

(V.20) R"30x =W @---dW,

is surjective. Indeed if the map in (V.20) is surjective the dimension of its kernel is n
minus the sum of the dimensions of W;. Thus the codimension of the kernel is the sum of
the dimensions of the W; , hence the sum of the codimensions of the F'(xo,-) at the s((f).
This is exactly the dimension that the intersection of the V; should have in order to have a
transversal intersection of the equisingularity manifolds.

On the other hand, if (V.20) is surjective then the criterion (V.12) holds. O

(V.19)

V.3. Statement and proof of the main theorem

In this section we will assume some knowledge of stratifications. A standard reference is
[GWdJPL76|.

Consider J"(sg) the space of r-th order jets of functions at sy € M. The action of V-
equivalence divides J"(sg) into orbits. Denote W7 (sg,m) the set of jets whose codimension
is > m. For N < min(6,n) the complement J"(sg) \ W (s, V) has only finitely many strata.
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The set W (sg, V) is an algebraic set and this algebraic set has some Whitney stratification
also that can be refined to fit together nicely with the stratification of the complement.
Strata with codimension < N correspond to finitely many orbits of the V-action. These
are called the good strata, denote them B. Together with the algebraic stratification CB of
W (sg, N) that fits with B we have thus stratified J"(sg).

PRrROPOSITION V.16. For a generic embedding of a compact manifold the big wavefront
MP = 7,1 (N*M]") has a Whitney stratified subset that consists of of equisingularity sub-
manifolds of codimension at most N = min(n,6). The strata correspond to singularity types
of indiwidual fronts. In particular, if n < 6 the strata miss only isolated points on the big

wavefront.

PROOF. Again write F'(z,s) = A(x,7(s)). The phase function for the big front is G(z, s) =
xo — F(x,s). Consider

(V.21) XXM~ X xJ(MR), (z,8) — z,j"(GQ)

At each (Zo, sp) the map is generically transverse to the stratification, because of the de-
mands we put on our distance function in section III.1.9.

As before with the equisingularity manifolds the strata project immersively to X x R. To
get the strata to project in general position we would need that all strata that are above xg
together intersect the diagonal stratification transversally. That is if

(Zo,8$)) € Tpia (LM),  i=1,---,p
then we want
(V.22) (75D, s®) > (7 Gz, sV, - i Gz, sP)))

to be transverse to the diagonal stratification D(,J™(M)). That this all works is again due
to the fact that our distance functions have a nowhere zero first derivative.

Now, because M is compact, there are only a finite number of points above one Zy. Thus if
we prove the multitransversality for p = n+ 1 we have proven the multi transversality for all
p. In that case the stratification of the part determined by the good jets can be refined. [

REMARK V.17. Note that our transversality requirements come in two steps corresponding
to the maps (V.21) and (V.22).

REMARK V.18. The distance functions F(x,s) = A(z,7(s)) are for compact manifolds M
in CpY(M x X). The function space Cpp (M x X) consists of those functions for which the
projection of the surface

Z(F):{FzO,%—ZzO}CMxX

to X is a proper map. It is in this space that we have the genericity results for Legendrian
and Lagrangian mappings, cf. theorem V.15.

V.3.6. Generic intersection of [ big fronts. Let us now consider [ conic Lagrangian
manifolds N*M; in T*X. These can be mapped to give [ big wavefronts manifolds N* M}
in T*(X x R). Returning to conflict sets our object of interest is the intersection:

(V.23) N*MP x -« x N*M! h TA(X x R)!

The partial stratification of each of the big wavefronts is dependent on some integer N. We
can arrange this N to be such that in the intersection (V.23) there are only good strata.
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THEOREM V.19. Suppose n — 1 < 4. For a residual set of embeddings in @i:l Emb(M, X)
the intersection V.23 and hence the conflict set only has combinations of simple singularities.
If # A, is the number of smooth big fronts in the intersection.

o singularities of conflict sets appear in generic n—1 parameter families of fronts in R~ #41
ifl —#A; =2 and

e in generic o(n — 1)- parameter families of fronts in R"~12 4f | — #A; > 2.

It holds 0(2) =2, 0(3) = 6 and 0(4) = 12. The list of singularities of conflict sets is finite

forn—1<4. If n — 1 > 4 we expect moduli.

PROOF. For the same reasons as in the proof of proposition V.16 the stratifications of the
bigfronts can be made to intersect transversally. This is the third transversality criterion we
impose.
Suppose the big fronts meet at some point (g, ). To find the highest codimension singu-
larity we can encounter we assume that [ — 1 of the N* M/ project to X x R as a smooth
hypersurface. Suppose the remaining one has at (xg,x) a codimension p singularity. Then
the stratum on which it lies will have codimension p. Adding codimensions we should have
in the generic case that

(- +p<n+1
Rewriting this, we obtain

nw<n—1+2

For ;1 < 6 we have only simple stable singularities. Thus if n—14+2 < 6, that isn—1 <4, is
in the domain of the nice dimensions. On the other hand if n—1[ > 4 we will encounter strata
of codimension higher then 5. It follows that n — [ < 4 is the domain of nice dimensions.
The fourth and last criterion we require for the proof of our main theorem, has to do with
projection of the intersection (V.23) to X. We want this projection to be a map with regular
intersections.
We ask that the p-fold projection

7r(p): (Rn+1)(1’) _ (Rn)p

is transverse to the diagonal stratification when restricted to the intersection of the big
fronts. This is also achieved with first order perturbations.

Once we know that the stratified big wavefronts intersect transversally we want to determine
what sort of singularities occur in the finite list we have. We need to prove our claim that
estimates the number of parameters needed to produce the fronts from the finite list in
R"~!*+2 | The estimate will follow from a codimension and modality count, to be carried out
in the next section. O

V.4. Geometrical description of different cases

A “local model” for a singularity is a universal unfolding for it. Local models for all the
simple singularities are well-known. A front with an As singularity can for instance be made
with s} + 2152 + x951 + x3. The fronts that we consider are big wavefronts. The singular
points on them that we are considering have a tangent space to the stratum on which they
lie of dimension at least one. This means, see the list of examples 6.4 in [Arn76], that
the time function is a trivial parameter in the unfolding for the big wavefront. Locally the
non-degenerate phase function for the big fronts that we are considering can be written:

xo = Fl(x,s)
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where F'(z,s) is a versal unfolding from the ADFE list.

However there is more than one big wavefront. What we know of the big wavefronts is that
their equisingularity strata intersect transversally. Hence we can use these equisingularity
strata to define coordinates.

For the description of these singularities the main distinction is the difference n—1[. Indeed, if
(1, p2, -+ p7) is the list of codimensions then we seek p; with 1 < p; and 22:1 wi <n+1.
Those p; that are 1 correspond to smooth hypersurfaces. This is because the A; singularity
is just a Morse function and the unfolding is

2
G12$0281+.’E1

The equations G; = 0 and dg G; = 0 imply zg = x1. Because of the transversal intersection
of the equisingularity manifolds x; can be discarded as a coordinate. Every A; singularity
presents a reduction of n and [ by 1.

If n — [ is fixed then for arbitrary n a certain number of parts in the partition have to be 1.
Let k be the number that is > 1, thus at least 2 . It follows that 2k 4+ (I — k) < n +1 so
that a maximum of n — [ 4+ 1 codimensions is > 1. The others are 1. In the following list of
codimensions we have already eliminated the A; possibilities.

If n = [ then at most 1 of the p; is > 1. So the only case to consider is [ = 1.

We can have only two cases: (1), (2).

At most 2 of the codimensions are > 1. So it is enough to consider n = 3, [ = 2.
In addition to the above combinations we will have: (2,2) and (3).

The relevant dimensions are: n = 5, [ = 3. The new cases are: (4), (3,2) and
(2,2,2).

Dimensions: n =7, 1 = 4. New cases: (5), (4,2), (3,3), (3,2,2), (2,2,2,2)

Dimensions: n = 9, [ = 5. New cases: (6), (5,2), (4,3), (4,2,2), (3,3,2),
(3,2,2,2) and (2,2,2,2,2).

For each of the strata there are only a limited number of singularities, from the ADE list.

The conflict set has dimension n — [+ 1. The codimension of a singularity on a generic front

of dimension n — [+ 1 is maximally n — [ + 2. If we look at the above list we see that on the

conflict set the codimension can add up to 2(n — 1 + 1).

V4.7. n—1 = 0. If n — 1 = 0 the singularities of the conflict set are the generic

singularities of 2-dimensional fronts. Those are A;, A? and A,. Note the marked difference
with the case of symmetry sets. Their list - see p. 168 of [JB85] - contains two more normal
forms, namely Az and A3.
The As is an “endpoint”. One can imagine conflict sets where this happens. One could
take M; = My, but this is surely no generic situation. The singularity A3 happens when a
symmetry set on the big wavefront of a curve M; in R? gets cut by a smooth big wavefront.
In the case of symmetry sets the big wavefronts all come from one curve and there are thus
three branches meeting. On the conflict set A3 is the sum of A% and Ay, thus there will only
be two branches meeting.

V.4.8. n—I1=1. If n —[ =1 the codimension can add up to 4. The cases to consider
are As Ay, A2A,, A2A2. All other singularities are just those of generic 2-dimensional fronts.
Pictures are partly in [JB85]

The A As singularity is a generic projection of two transversely intersecting cuspidal edges
in R%. These cuspidal edges can intersect in two ways. This is indicated in figure V.3. One
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way is that only a point remains, another way is where the adjacent A; strata intersect. To

F1GURE V.3. Scheme of the two ways in which As; and A, can intersect

obtain a picture we will take two copies of our previous example
Gi: 29 = s‘;’—|—m151 +x9 Go:xo= s§’+x332 — X9

We take tangent spaces to the strata at 2 = 0. For F' = s34+ As+ B the variety determined by
(F,ds F) =01is ;‘—; + BT2 = 0. Thus the A; stratum of G is determined by B = x5 — ¢ = 0.
The As-stratum is A = B = 0, thus zo — g = 1 = 0. For G we have the A;-stratum
o + 9 = 0 and the Ay stratum x3 = 0. At zero these intersect transversally. We project
the intersection along the time axis zg to R3. The surface we get is in figure V.4. This

FIGURE V.4. The Ay A, surface

surface is also known as D if we view it as a metamorphosis of a wavefront in R®. Recall
that a metamorphosis is a one dimensional family of fronts, see[Arn90]. The name DZ’ is
chosen because the surface is also obtained with an unfolding

(V24) G — Gy = 8:"12) — Sg + x181 — T382 + 219
The unfolding G; — Gy is not a versal unfolding. If we want to unfold the D} germ s3 + s3

with a V-versal unfolding we need 4 parameters. In the unfolding G; — G2 the term s1s9
misses.

The picture D is in [AGZV85], §22. In [JB85] it is on p. 174.
We proceed to discuss the differences between the list of singularities of symmetry sets in
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[JB85] and our list. Again for symmetry sets the list is larger. There are the endpoints
DF. As mentioned in the introduction they do not occur on conflict sets. We do have A%
because we have to consider 1 parameter metamorphoses. On the symmetry set A} appears
as the intersection of (g) planes. On the conflict set two planes are not present. Confirm
also the picture 3 in the introduction.

On both the conflict set and the symmetry set we have A7A4,. The A?A? singularity is on
the level of big fronts an intersection of a segment of a symmetry set with a cuspidal edge
of a big front. On the conflict set it looks as the right hand side of V.3.

The picture the authors of [JB85] mention as A; A3 we do not have because in our case only
a suspension of A can occur on one big wave front. The other big wavefront is a hyperplane
that cuts the suspension of Aj transversely. Such an intersection is a normal swallowtail,
which Bruce et. al. mention as Ajy.

V.4.9. n—1=2. If n—1 =2 we need at least n = 4 and [ = 2 to obtain an interesting
new local model. Indeed the case (4) has A4 and fo and suspensions of the cases that occur
with n—1 = 1. So the first really new case is (3,2). On this stratum we have amongst others
AsA,. This is a metamorphosis of a 3-dimensional front. Some sections of this surface are
in figure V.5. In one them we actually see a swallowtail meeting a cuspidal edge. For AzA,

FIGURE V.5. Sections of A3As
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we have the same illustration of our main theorem as with As As. The A3As singularity can
happen when n — [ = 2 thus n = 4 for the first time.

Suppose we make an Az with xg = s] + 2157 + 7251 + x3. The tangent space to the A;
stratum of the front is xp = x3. For the As-stratum and A% add x5 = 0 and for A3 add
T = 0.

We need an A, that transversally intersects these. We can choose it to be xg = 33 +1x480—x3
. The unfolding which we obtain is again not versal. It occurs in a 2-parameter family. We
see this from the unfolding:

(V.25) sT+ x152 4 1951 + 203 — 55 — 2459

A two dimensional family in which this unfolding exists is made by augmenting x5s%sy and
765182, Adding w55%s9 and w5182 to (V.25) we get an unfolding of an Eg-germ.

The remaining interesting case if n — [ = 2 is Ay A A;. Here n = 5 and the surface itself is
three dimensional. To get a universal unfolding we have to find three A; unfoldings that lie
in general position.

We could take Gy: g = 83 + w151 + 24 and Ga: 19 = 53 + 2982 + x5 and G3: g =
s3 + 2383 — x5. We have to verify that at 0 the big wavefronts G; lie transverse to each
other. This is done in the same way as above.

The intersection can be projected along the x( axis at first. In the above we have proven
that in addition to the time axis there must exist some other direction in which we can
project. To determine it we will use the fact that the conflict set in the nice dimensions is
locally Whitney stratified. Hence at the singular point we consider we can try to compute
the tangent space.

The conflict surface can be parameterized in the following way: x7 = —3s?, 2o = —3s3,
r3 = —3s3 and x4 — 29 = 253, 5 — 29 = 283, —x5 — o = 253. The projection along the
xo surface results in x5 = s3 — s§ and x4 = 253 — 53 — s3. In 0 the limit of tangent spaces
to the A1 A1 A7 stratum is thus dxq, dxo and dxz. Thus we could take any direction except
those to project along.

Let us determine an unfolding. In R® = R® the unfolding is still an unfolding of a multigerm,
that is two copies of the A3 As. Two parameters will be missing in this unfolding. We can
project still further down to R*. A generic section and projection is dxs, in the 1, z2, 3, 24
space this unfolding is

F=2G, -Gy —G3= 23{’ —sg —s§+2x131 — XSy — I383 — 2X4

The germ 2s3 — s3 — s3 is a T333 germ. Thus we have some sort of answer to a question posed

by T. C. Wall in [Wal77]. He asked for “some geometrical discussion of the higher order
singularities”. In a way such a geometrical discussion is already present in [AGZV85]. Here
we obtained an interpretation of T333 as a falling together of three cuspidal edges.

All pictures here were obtained with the help of the software [GPS01]. Sections of the
A Ay Ay surface apperently are too singular to be depicted. In the next subsection we will
also no longer be able to obtain the right pictures.

The T333 germ we get is contained in the list of wavefronts listed in [AGZV85], §21.8. The
case we have is mentioned as oP?. As a wavefront it occurs generically in R”. Here we
encounter it in R*. We summarize as follows:

ProrPOSITION V.20. If n — 1 = 2 then the Legendrian singularities occur in at most 2
parameter families in R*.
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V.4.10. n — [ > 2. After the previous longer treatments of examples we will now be
brief. If the singularities on the individual wavefronts correspond to germs f; then the sin-

gularity of the conflict set is the germ Y f;. ( In the A3 A3 Ay case the f; were s3, s3 and
3

s3. )

Our definition of codimension was not the usual one. What most authors call the codimen-

sion we will call the multiplicity. It is
C>(50)
c>=(s0) (%)
All the germs we consider are quasi-homogeneous, hence we have:
LEMMA V.21.

dimR

l 1
codim(z fi) = Hcodim(fi)
i=1 i=1
PROOF. As the f; can be given a normal form where they are quasi-homogeneous. If their

weights are (a1, -+, Qeorank(f;)) then their multiplicity is

corank( f;)
1
I ()
. (07}
i=1

The germ ) f; associated to the conflict set thus has as multiplicity the product of the
multiplicities of f;. But in the case of quasi-homogeneous germs the multiplicity equals the
codimension ( i. e. Milnor and Tjurina number coincide. ) (]

The general picture sketched above for the examples As Ay, As A3 and As Az A, is that the
big wavefronts can be assumed to have | — 1 equations

To = fl(Sl) +x1 + Rl(l‘,sl)

ro = fio1(s1-1) +x21-1 + Ra(w, s2)
(V.26) zo = fi(s)) — x1 + Ri(w, s1)

Here the R; have no z-variables in common. The s;-variables look like

S = <Si717 T asi,corank(fi))

In R; we will meet at least corank(f;) different z-variables.
The R; split up in terms linear and non-linear in s;. We have for instance:

Ry = w1511 + -+ + Tijcorank(f1)—151,corank(f1) T 91(Z, 51)

The terms linear in s; assure that the rank condition is not violated. The term S; has none
of the x coordinates that appear in the linear terms. The total s; degree of the S; term is
strictly higher than 1, i. e. S1(z, s1) contains no terms linear in the s;. For the other R; we
have a similar normal form. No two of the R; have any x-variables in common.

A normal form as in (V.26) assures that all the equisingularity manifolds intersect trans-
versely.

The non-versal unfoldings we obtain always contain for all s variables the terms x;s;. Also
they contain the constant term. When studying the versal unfolding one distinguishes be-
tween the basis elements e; and the elements J;. The J; are those monomials that do not
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affect the multiplicity, their weighted degree is > 1. In our non-versal unfolding the mono-
mials J; do not occur. The number of monomials #.J is called the inner modality.

If we then carry out n — [ + 1 section and projection steps - as described in section I11.2.17
- we get a non-degenerate phase function with germ Y f; at @ = 0.

Let us compare the versal unfolding of the germs Y f; to the non-versal unfolding we get.
We will take the liberty of speaking of “the basis” for a versal unfolding even though there
is no unique or canonical basis.

Following §13.2 in [AGZV85] the number #J of monomials J is equal to the modality,
for the quasi-homogeneous germs that we have. Hence an upper estimate for the number
of parameters necessary for a wavefront to occur in a family is the codimension minus #J.
Hence if we know that a conflict set is a front in R”~!*2, the number of parameters to obtain
such a front is less or equal to

codim(z fi)—#J—(n—101+2)

V.4.11. n—1 = 3. With [ = 2 and thus n = 5 we have as a first case the (4, 2) stratum.
This leads to at least three cases: (Di, As) and (A4, Ay). We have to study the D7 versal
unfolding. Unfoldings for the umbilics Df are:

Di : 0=s‘i’+sg+A8182+le+CSQ+D

and
Dy : 0=3s%—3s152+ A(s? +52) + Bsy +Cso + D

The limit of the tangent planes at 0 € R* to the wavefronts is D = 0. Big wavefronts we
could choose in order to have transversal intersections of strata are

- 3 2 2., 2
Dy ' xo=s]—3s185 +x1(s] +53) + 2281 + w352 + x4

3
As ¢ mo=85+T553 — x4

The germ s3 — 35153 — s3 has codimension 8. The corresponding conflict set is a hypersurface
in R®.

The number of J-polynomials is in (DfAjy)-cases 1. We see that the (DiAs) arise in
2-parameter families of fronts in R®. Note that though Dj A, results in the same germ
as As As Ay they have non-isomorphic unfoldings and thus according to theorem V.7 their
wavefronts are not diffeomorphic.

On the (4, 2)-stratum we also have (A4A4s). The germ we get is s7 — s3. This is still a simple
singularity, namely Eg. Its codimension is 8. Here there are no J polynomials. We need 3
parameters.

The following case is (3,3). It also occurs in R®. The germ becomes s} + s3. Its codimension
is 9. This is the singularity Xg as the modality is 1 it will first occur generically as a 7-
dimensional front in R®. Hence we need a 3 parameter family in R®.

In R® we will meet (3,2,2) for the first time. The germ is s} + s3 + s3. It has codimension
12. Tts modality is 1. Hence this singularity happens in 12 — 1 — (3 + 2) = 6 parameter
families in R°.

In R” we find a corank 4 singularity (2,2,2,2). It has codimension 16. Hence there are
five elements of the basis of a versal unfolding whose weight is equal to or exceeds 1. The
monomials J; to Js are

518283, 825354, 515354, 515254, 51525354
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Hence the modality is 5 and this singularity happens in 16 — 5 — 5 = 6 parameter families
of fronts in R5.

ProprosITION V.22. If n — [ = 3 then singularities of the conflict set happen in at most 6
parameter families of fronts in RS,

V.4.12. n—I = 4. The first new case is (5,2). Here we have a corank 3 germ for D5A,.
We also have corank 2 with A5A5. In both cases the modality is 1 and the codimension 10.
Hence these occur in 3 parameter families of fronts in R®. The germ we call D5A, is also
known as Q¢ in the list of Arnold.
Then comes n = 7 with (4,2,2). We can have three different triples of strata: AsAAs
and foAgAQ. The codimension here is 16. The germ A4A3As has modality 2. The germ
DijgAg has modality 5. Hence we expect A;A3A5 in 8 parameter families of fronts in RS
and for DngAg we need 5 parameters in RS.
A different corank 4 case comes with n = 8 and (3,2,2,2). This has codimension 24. It
is of weighted degree 1 with weights (o, -+ ,4) = (1/4,1/3,1/3,1/3). The basis of the
local algebra contains 6 monomials that are of weighted degree > 1. Hence we see that this
singularity happens in 12 parameter families of fronts in RS.
Finally, there is the most singular one, which has codimension 32 withn =9 and [ -2=5
We calculate the stratum for which the multiplicity remains constant. This consist of 16
basis vectors in the local algebra. In this case n — 1 =4 and n — [ + 2 = 6 so that another 6
parameters are missing.

ProproOSITION V.23. If n — 1 = 4 then the singularity of the conflict set appear in at most
12-parameter families in RS.



List of notations

H Homogeneous Hamiltonian, page 35

J Complexification mapping, page 44

L Lifted conflict set, see equation (II1.16), page 44
My, -, M; | hypersurfaces in an ambient manifold, page 1

M. Conflict set in R™, page 1
M} Big wavefront in ]R" x R, page 7
N*Mh Big wavefront in T*(X x R)., page 40
Qy Local algebra, page 73
TA (X)! Diagonal in the fiber., page 41

T3, 1)]R2 \ 0 Diagonal in the base see equation (IV.1), page 55

Ambient manifold of dimension n in which the hypersurfaces M; reside, page 35

C>°(S) Ring of germs of functions at finite set S C M, page 72
C>(sp) Ring of germs of functions at sg € M, page 72
3(t, M) Wavefront at time ¢ emanating from M, page 37

z Coordinates (g, ) in ambient space xR, page 21
I Fundamental two-form, page 1
I, n X n identity matrix., page 49

K Rank matrix, page 45

Tf Extended tangent space, page 73

vi(K) Hamiltonian vectorfield, page 35

d; ; Signed distance between curvature ( kissing ) spheres, page 10
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Samenvatting in het nederlands

Wat voorkennis

Stel dat van een oppervlak in de ruimte een golffront komt - het kan om licht gaan, of
om geluid. Is het oppervlak een ellipsoide en breidt de golf zich uit naar buiten dan blijft
het golffront steeds glad. Volgt de golf zijn weg naar binnen dan ontstaan er interferentie
patronen. Het golffront krijgt vanaf een zeker tijdstip zelfdoorsnijdingen en scherpe kanten.
Beschouw alle golffronten op alle tijden tezamen. De scherpe kanten van al die golffronten
vormen de caustiek of de fokale verzameling van de ellipsoide. De zelfdoorsnijdingen
vormen de symmetrieverzameling.

Het is gemakkelijk in te zien dat de symmetrieverzameling van een parabool een halve lijn
is. De caustiek van een parabool is al een gecompliceerder verzameling. Een golffront dat
van een parabool vertrekt en naar binnen beweegt is in eerste instantie nog glad. Echter na
korte tijd al ontstaat er een knik in het golffront. Die knik gaat over in een zelfdoorsnijding
en twee scherpe kanten. De ontwikkeling van het naar binnen bewegende golffront is dus:

NN X . De scherpe kanten laten een spoor na dat zelf ook weer een scherpe kant
heeft.

Een scherpe kant van een oppervlak of een kromme heet ook wel een singulier punt of een
singulariteit. Zelfdoorsnijdingen heten ook wel multi-singulariteiten. De singulariteit
op de caustiek en die op het golffront komende van een parabool heet een cusp, of spits. Al
deze cuspen kunnen glad afgebeeld worden op de kromme y3 = x2.

Neem een willekeurig oppervlak en beschouw een golffront dat zich uitbreidt: hoe kunnen
de singuliere punten eruit gaan zien? Het antwoord op deze vraag is eenvoudig: hoe je maar
wilt. Dat is als volgt in te zien.

Neem een willekeurig vreemd oppervlak met allerhande zelfdoorsnijdingen en scherpe kan-
ten. Plaats op ieder punt van dat oppervlak een bol met straal 1. De gezamenlijke rand,
of omhullende van al die bollen, is ook weer een oppervlak. Laat nu van de omhullende
een golffront vertrekken. Dan is de golf na tijd 1 weer terug op het willekeurig gekozen
oppervlak, met de willekeurige scherpe kanten.

Met wat meer moeite kan min of meer hetzelfde aangetoond worden voor de symmetriever-
zameling en de focale verzameling. leder willekeurig gekozen oppervlak met ingewikkelde
scherpe kanten en zelfdoorsnijdingen kan optreden als symmetrieverzameling of caustiek. Er
lijkt geen enkele beperking te zijn. Het is des te verbazingwekkender dat, mits de dimensie
van de ruimte waarin de golf zich voortplant kleiner dan 7 is, er in redelijk sterke zin slechts
een stuk of tien soorten singulariteiten op golffronten bestaan.

Voor dit sterke resultaat over golffronten is het nodig een precies begrip te hebben van wat
een golffront is. leder gollfront beweegt zich voort. Op ieder punt van een golffront is er
dus een goed gedefinieerde richting, die niet aan het gollffront mag raken. Aan de andere
kant is er de ruimte waarin het golffront zich voortplant, uitbreidt. Voeg nu aan ieder punt
van deze ruimte alle richtingen toe waarin een golffront zich kan voortplanten. De nieuwe
ruimte is de eenheidslengte coraakbundel. Een golffront kan gekarakteriseerd worden als de
projectie van een bepaald type glad oppervlak in die eenheidslengte coraakbundel. Deze
speciale gladde oppervlakken in de eenheidslengte coraakbundel heten Legendre variéteiten.
Op de omslag van dit proefschrift staat een Legendre-variéteit voor de spits.
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Conflictverzamelingen

Een conflictverzameling is de verzameling van punten die op gelijke afstand liggen van een
aantal gegeven oppervlakken. Conflictverzamelingen in het vlak zijn het gemakkelijkst voor
te stellen. De conflictverzameling van twee lijnen bestaat uit weer twee lijnen. De conflict-
verzameling van een cirkel en een lijn is een parabool, de conflictverzameling van twee cirkels
is een aantal hyperbolen en/of ellipsen. Bekijk figuur I.1 voor wat voorbeelden.

Laat nu n de dimensie zijn van de ruimte X waarin gladde hyperoppervlakken M; tot M;
liggen. Neem tevens voor het gemak aan dat de ruimte waarin de oppervlakken liggen niet
gekromd is. Noem de conflictverzameling van M; tot M; in X M..

In het algemeen bestaan conflictverzamelingen uit een aantal oppervlakken. Voor ieder punt
¢ van de conflictverzameling ligt er een aantal punten op M; die basispunten heten. De nor-
maal vanuit een basispunt op M; loopt door het punt ¢ op de conflictverzameling. Voor
ieder basispunt op ieder van de M; is die afstand gelijk.

Het is ook mogelijk algemener afstandsfuncties toe te laten. Dan staat bijvoorbeeld de af-
stand tot g vanaf basispunten op M; als i‘\—l tot de afstand vanaf basispunten op M;. In
formules uitgedrukt:

;—Jiafst(pi, q) = afst(pj, q)

waar p; een basispunt op M; is en p; een basispunt op M;. Door deze verhoudingen te
varieren ontstaat er een hele familie conflictverzamelingen.

Het voornaamste resultaat van dit proefschrift beschrijft de aard van een conflictverzameling
van niet al te speciale oppervlakken. Het blijkt dat gegeven afstandsfuncties en “generieke”
basis oppervlakken M; conflictverzamelingen de bovengenoemde “Legendre”-eigenschap, ka-
rarakteristiek voor golffronten, hebben en dat als het verschil n — [ tussen de dimensie n
van de omhullende ruimte X en het aantal oppervlakken [ niet meer dan 4 is er op zulke
generieke conflictverzameling op gladde equivalentie na slechts eindig veel verschillende sin-
gulariteiten bestaan. We bewijzen dus een analogon van de bekende classificatiestellingen
voor golffronten, brandpuntverzamelingen en symmetrieverzamelingen.

In het vlak komt in bovenstaande familie van conflictverzamelingen slechts in geisoleerde
gevallen een niet Legendre punt voor.

Naast dit grotere resultaat worden er in dit proefschrift tal van kleinere en eenvoudiger
dingen bewezen. In hoofdstuk 4 komen allerlei generalisaties en variaties op het begrip con-
flictverzameling aan bod. In de hoofdstukken 1 en 2 worden een aantal krommingsformules
bewezen.

Twee meetkundige constructies m.b.t. tot conflictverzamelingen

Om na het tohu-bohu van de vorige paragraaf de niet-ingewijden toch nog een beetje een
idee te geven van de zaken die in dit proefschrift aan de orde komen noem ik nu hier nog
twee constructies, die beide iets zeggen over de krommingsformules van de eerste twee hoofd-
stukken.

Uit de geometrische optica is een formule bekend die beschrijft waar het brandpunt van een
in een spiegel gereflecteerde stralenbundel komt te liggen, indien gegeven zijn de hoek van
inval van de stralenbundel en de kromming van de spiegel.

De transformatie van een stralenbundel in zijn gereflecteerde is iets wat vaker bestudeerd
wordt in de wiskunde. Meetkundig gezien is er weinig verschil tussen een lichtstraal die
een spiegel raakt en een biljartbal die de rand van de biljarttafel raakt. Zo bestaat er een
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uitgebreide hoeveelheid wiskundige theorie over kaatsende biljartballen en de baan die ze
afleggen op een biljarttafel.

Om de baan van de gereflecteerde lichtstraal te bepalen construeert men het virtuele beeld
van de lichtbron achter de spiegel. Dit virtuele beeld geniet in de wiskunde enige bekendheid
als de “orthomtic”. In een omgekeerde wereld is de spiegel de conflictverzameling van de
lichtbron en het virtuele beeld. De formule uit de geometrisch optica blijkt dus iets te zeggen
over de kromming van conflictverzamelingen.

Een maat voor de kromming van een kromme is één gedeeld door de straal van de best
rakende cirkel. Een cirkel met straal 2 heeft bijvoorbeeld een constante kromming van een
half. We gaan nu uitgaande van de lichtbron en het virtuele beeld de best rakende cirkel
aan de spiegel ofwel de conflictverzameling construeren, m.a.w. uitgaande van twee objecten
gaan we de best rakende cirkel aan de conflictverzameling construeren.

Dat blijkt te kunnen met een klassieke constructie, die van de harmonische dubbelverhou-
ding. Hoe dat werkt is te zien in de figuur op de achterkant van dit boekje. Het punt O’
ligt op de conflictverzameling van de twee gestippelde cirkels want er is een cirkel met mid-
delpunt O’ die raakt aan beide gestippelde cirkels. De normaal aan de conflictverzameling
is de lijn die de hoek tussen de twee normalen vanuit A en B naar O’ in tweeén deelt.
Laat nu de punten A en B neer op de normaal aan de conflictverzameling als in de figuur
aangegeven. Dan ontstaan er op de normaal aan de conflictverzameling drie punten. Het
vierde punt C' is nu het unieke punt zodanig dat de paren (A’, B’) en (O’,C) de harmoni-
sche dubbelverhouding hebben, i.e. A’/C/A’0O’ = —B'C/B’O’. De cirkel met middelpunt C
door O’ blijkt de best rakende cirkel aan de conflictverzameling te zijn, zoals gegeven door
genoemde formule uit de geometrische optica. In het eerste hoofdstuk van dit proefschrift
staan formules die het algemene n-dimensionale geval behandelen.

Het punt C kan ook geconstrueerd worden met behulp van inversie. Neem de cirkel ¢ door
A’ en B’ met middelpunt op de lijn A’B’. Inversie door een cirkel of door een bolschil is
de afbeelding die alles binnenstebuiten keert: het middelpunt gaat naar oneindig, de cirkel
of bolschil zelf blijft op zijn plaats en andere punten worden afgebeeld als in onderstaande

figuur.
Ay,
» o
De definitie van in-
‘ versie:  het beeld
Y,

onder inversie van
O is C en vice-
versa

De tweede constructie die aan bod komt gaat meer over het behandelde in hoofdstuk 2.
In dat hoofstuk staan formules die de best rakende bol vinden in het geval dat er drie ba-
sis oppervlakken in R3 zijn. In de figuur .1 zien we de eenvoudigste constellatie met drie
basisoppervlakken. In dit geval blijkt het mogelijk om met inversie in te zien wat de conflict-
verzameling is. Laat de drie bollen uitdijen tot een punt waar twee van de drie bollen raken.
In dat punt waar twee van de drie bollen raken plaatsen we een vierde bolschil waardoor
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FI1GUUR .1. Drie bollen: wat is de conflictverzameling?

we de drie bollen inverteren. Als we dat doen ontstaat figuur .2. De inversie afbeelding is

L“ﬁ DAV,
Y]
.Q~

\

F1GUUR .2. Dezelfde drie bollen, nu geinverteerd

een gladde één-op-één afbeelding buiten het centrum van de bolschil waardoor de inversie
plaatsvindt. Dat betekent in het bijzonder dat de beelden van elkaar rakende objecten elkaar
raken. Een vijfde bolschil die raakt aan de drie bolschillen van figuur .1 heeft als beeld dus
een bolschil die raakt aan de twee vlakken en de bol in figuur .2. Maar het middelpunt van
de vijfde bolschil is een punt van de conflictverzameling. Dus is het beeld onder inversie van
de conflictverzameling een cirkel die zweeft tussen de twee vlakken en draait om de bolschil
van figuur .2. De conflict verzameling zelf is dus ook een kromme die in een vlak ligt, voor
een plaatje zie figuur I1.2.



Dankwoord

Ten eerste wil ik mijn promotor D. Siersma bedanken voor de gelegenheid die hij mij heeft
geboden dit proefschrift te schrijven. Dit proefschrift was er alsnog nooit gekomen, ofwel de
inhoud was een stuk magerder geweest als ik niet zo af en toe een duwtje had gekregen van
Hans Duistermaat. Hij wist mijn misschien te wilde ideeén vaster vorm te geven.

I also wish to thank the other members of the reading committee: O. Diekmann, S. Jan-
eczko, G. Vegter and C.T.C. Wall. T hope they see that their comments have been important
in the step from draft to final version.

Avec ceci je voudrais remercier les gens qui ont écrit les lettres de recommendation qui ont
convaincu Dirk qu’il devait m’embaucher: Jan Wiegerinck , A.M. Chollet - j’éspere que vous
avez quand meme mis le fromage au frigo - et J. Bochnak.

From all the people I met during the last years at conferences I remember maybe with most
fondness Ian Porteous. I hear he is still going strong and I hope he will keep doing so for a
lot of years. Let me also not forget to thank the people in Moscow for their hospitality.

Bij deze bedank ik ook Duco van Straten die mij het toverwoord Grobner basis leerde en A.
Goddijn die mij wees op de inversie door een bol.

The past few years would have been a lot less fun without students and staff at the faculty.
In particular those who shared my fate have been very pleasant collegues: Abadi, Arno, Bar-
bara, Bob, Christian, Ellen, Franziska, Hil, Jordan, Luis, Lennaert, Lorna, Menno, Mischja,
Pepijn, Pieter, Quintijn, Roderik, Taoufik, Tobias and all the others too. I also thank my
roommates Greg, Marco, Theo and Yaroslav.

Van mijn vrienden hebben velen een enthousiast verhaal over onbegrijpelijke wiskunde
danwel geweeklaag over iets begrijpelijks aangehoord. Hun bijdrage werd zeer op prijs
gesteld. Laat dit boekje tevens een waarschuwing zijn aan alle ouders over de ernstige ge-
volgen als men de boeken van zijn kinderen steeds maar vergoedt.

Michiel, kijk! Je staat in een boekje, daar waar je vader had moeten staan.

Souki, entre les lignes t’as ajouté beaucoup.

99



Curriculum vitae

Martijn van Manen werd op 23 juli 1969 geboren in Groningen. Vanaf 1981 volgde hij VWO,
eerst op de Marianum scholengemeenschap in Groenlo en vanaf 1983 op het Hervormd Ly-
ceum Zuid in Amsterdam. In 1987 verkreeg hij zijn VWO diploma van deze laatste instelling.
In datzelfde jaar ging hij natuurkunde studeren aan de Universiteit van Amsterdam. In 1988
behaalde hij zijn propaedeuse natuurkunde. Na wat vakken wijsbegeerte en nog wat docto-
raal vakken natuurkunde behaalde hij uiteindelijk in september 1995 zijn doctoraaldiploma
wiskunde.

Gedurende zijn studietijd was hij lid van verscheidene besturen en commissies. Hij was
onder andere voorzitter van de studievereniging WEIS en lid van het faculteitsbestuur. In
het studiejaar 1993-1994 volgde hij een aantal vakken maitrise en behaalde hij het diplome
d’études approfondies mathématiques pures aan de USTL te Lille, Frankrijk.

Na zijn afstuderen werkte hij bij verscheidene IT bedrijven, waaronder PAC Greenware in
Den Haag. In oktober 1997 werd hij AIO bij het Mathematisch instituut aan de Univer-
siteit Utrecht. Het onderzoek sinds die tijd uitgevoerd resulteerde in dit proefschrift. De
resultaten van dit onderzoek werden tevens gepresenteerd op verscheidene conferenties in
Cambridge, Liverpool, Moskou en Warschau.

100



