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2 Cohomology of R -R bimodules

It is typical, that tangent spaces and obstruction spaces to moduli functors are cer-
tain cohomology groups. For example, the tangent space to the deformation space
of a regular variety X=k is H1(X; �X) and the obstruction lies in H2(X; �X), where
�X is the tangent sheaf. Deforming a morphism f :X!Y of (say, regular) vari-
eties gives H0(X; f ��Y ) and H1(X; f ��Y ) respectively. Mazur's deformation theory of
a Galois representation � :G!Aut(V ) gives H1(G;End(V )) as the tangent space and
H2(G;End(V )) as an obstruction space, cf. [22], x1.2, x1.6. Illusie [12] has shown that
in general the tangent space of a functor can be identi�ed with a certain Ext1 and the
obstructions lie in Ext2.

Our primary interest lies in deformations of p-divisible group with an O-action as
well as those of ring representations and R-stable �ltrations on an R-module. In all three
cases the corresponding tangent and obstruction spaces turn out to be the Hochschild
cohomology groups.

In Section 2.1 we recall the basic properties of these cohomology groups and prove
that H1(R -R ;EndA(R))= 0 if the ring R is a �nite free A-module (2.1.12). The corol-
laries (2.1.13, 2.1.14) are used later to show that the deformation functor of a projective
module has a trivial tangent space (2.2.5).

Section 2.2 is devoted to the deformation functor Def(��) of a ring representation
�� :R!End(V ) on the category Art�. This basically follows the work of Mazur on de-
formations of group representations [22]. The deformation functor is pro-representable
under the appropriate �niteness condition on R and the tangent space (respectively
an obstruction space) is the Hochschild cohomology group H1(R -R ;End(V )) (respec-
tively H2(R -R ;End(V ))). In case R = �[G], the group algebra of a group G, we
recover Mazur's results. In fact it is easy to see that the Hochschild cohomology groups
are isomorphic with the usual group cohomology in this case.

In Section 2.3 we study the case of �ltrations. The pro-representability result 2.3.2
serves for us primarily as a tool to study the deformations of p-divisible groups later
(Chapter 4).

As in the previous chapter, k is an arbitrary �eld and � is a complete Noetherian
local ring given with an augmentation � : �=m�

�= k. Throughout this chapter R
denotes a �-algebra which is not necessarily commutative.

2.1 Hochschild cohomology

Throughout this section A is a commutative ring and R a not necessarily commutative
A-algebra which is �nite and free as an A-module. In particular A�R . Note that
ar= ra for all a2A�R and r2R (by de�nition of an A-algebra, see [14], p.44). We
recall some basic results on the Hochschild cohomology of R -R bimodules. See [14],
Section 6.11 for details. We also prove that H1(R -R ;EndA(R))= 0 and deduce some
corollaries, which are going to be used later on.
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De�nition 2.1.1. An R -R bimodule is an abelian group M together with left and
right actions of R (denoted r � m and m � r) such that for all r1; r2 2R , m2M and
a2A,

r1 � (m � r2) = (r1 �m) � r2 (actions commute) ;
a �m = m � a (and coincide on A) :

Example 2.1.2. An R-algebra homomorphism R!S gives an R -R bimodule struc-
ture on S via the left and the right multiplication (r � s= rs; s � r= sr). In particular,
R itself can be considered an R -R bimodule.

Example 2.1.3. If M is a left R-module and N a right R-module, then M 
AN is in
a natural way an R -R bimodule.

Example 2.1.4. If M;N are left R-modules, then HomA(M;N) is an R -R bimodule:
let r � f and f � r to be (r � f)(x)= r � f(x) and (f � r)(x)= f(r � x). This applies notably
to the endomorphism ring of a left R-module.

De�nition 2.1.5. A homomorphism of R -R bimodules is a homomorphism as abelian
groups commuting with both actions. An exact sequence is a chain of R -R bimodule
homomorphisms which is exact as a sequence of abelian groups (or A-modules).

Remark 2.1.6. To give an R -R bimodule M is equivalent to giving an A-module
M together with left R and R op actions. This is equivalent to giving a left R
AR

op

action on M . Hence there is an equivalence of categories

fR -R bimodulesg � fleft R
A R
op-modulesg :

De�nition 2.1.7. Given an R -R bimodule M , let

H0(R -R ;M) = fm 2M j r �m = m � r; all r 2 Rg

Note that this an A-submodule of M , although not in general an R-module.

Remark 2.1.8. If we let R to be an R -R bimodule via the left and the right multipli-
cation, then for any R -R bimodule M we have a canonical isomorphism of A-modules

H0(R -R ;M) = Hom
R -R (R;M)

In particular (use Remark 2.1.6), the functor H0(R -R ;�) is left exact.

De�nition 2.1.9. The right derived functors of H0(R -R ;�), denoted Hn(R -R ;�),
are called Hochschild cohomology groups of R with values in M .
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Example 2.1.10. A=Z, R=Z[G] with a �nite group G. If M is a G-module, de�ne
an R -R bimodule structure onM by letting G to act naturally on the left and trivially
on the right,

g �m = gm
m � g = m

and extending by Z-linearity. Then H0(R -R ;M) becomes the usual 0-th cohomology
group,

H0(R -R ;M) = fm 2M j gm = m; all g 2 Gg =MG = H0(G;M) :

Consequently Hn(R -R ;M)=Hn(G;M).

Example 2.1.11. One can show that H1(R -R ;M)�=Z1(R -R ;M)=B1(R -R ;M) with

Z1 (R -R ;M) = f� 2 HomA(R;M) j �(r1r2) = r1 ��(r2) + �(r1)�r2g
B1(R -R ;M) = f�m 2 HomA(R;M) j �m(r) = r�m�m�r; for some m 2Mg :

Proposition 2.1.12. Consider R as a left module over itself and de�ne the R -R -
bimodule structure on EndA(R) as in 2.1.4. Then

H1(R -R ;EndA(R)) = 0 :

Proof. An element r 2 R acts on R via left multiplication. Thus it de�nes an element
in EndA(R) which we denote by rl. Let � 2 Z1 (R -R ;EndA(R)), so

� : R �! EndA(R)

is an A-module homomorphism, such that

�(rs) = rl�(s) + �(r)sl :

We claim that � 2 B1 (R -R ;EndA(R)), so �=�� , the coboundary de�ned by an ele-
ment � 2 EndA(R). Here � can be explictly given by

�(r) = �(�(r))(1) ;

the value of the endomorphism �(r) 2 EndA(R) on 1 2 R. Indeed, for all r; s 2 R,
��(r)(s) = (rl� � �rl)(s)

= rl(�(s))� �(rl(s))
= �rl(�(s)(1)) + �(rs)(1)
= �rl(�(s)(1)) + (rl�(s))(1) + (�(r)sl)(1)
= �(r)(s) :

Hence H1(R -R ;EndA(R))= 0.
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Corollary 2.1.13. If M is a projective left R 
A R
op-module considered as an R -R

bimodule, then H1(R -R ;M)= 0.

Proof. Since R
AR
op�=EndA(R) as an R -R bimodule, this statement is a reformu-

lation of the above proposition in case M is free of rank 1. For an arbitrary projective
M , it follows from the fact that M is a direct summand of a direct sum of free rank 1
modules and the fact that cohomology commutes with direct sums.

Corollary 2.1.14. If M is a projective left R-module and N a projective right R-
module, then H1(R -R ;M 
AN)= 0.

2.2 Deforming ring representations

De�nition 2.2.1. Let A2Art� and let V be a �nite free A-module. A representation
of R on V is a �-algebra homomorphism

} : R �! EndA(V) :

If � :A!B is a homomorphism in Art�, then }
AB is a representation of R on
the B-module V 
AB .

De�nition 2.2.2. A representation � of R on a �nite-dimensional k-vector space V
(i.e. in case A= k ) is called residual. De�ne a deformation of � to A2Art� to be a
representation } on an A-module V given together with an isomorphism i :}
A k�= �.

De�nition 2.2.3. Let � :R!End(V ) be a residual representation. De�ne the defor-
mation functor of �,

Def(�) : Art� �! Sets
A 7�! fdeformations of � to Ag= �=

A representation } :R!EndA(V) gives an R -R bimodule structure on EndA(V) via
the left and the right multiplication (cf. 2.1.2). The associated Hochschild cohomology
groups are responsible for the behaviour of the deformation functor:

Theorem 2.2.4. Assume R is �nitely presented over �. Let � :R!End(V ) be a
residual representation. Then

1. H2(R -R ;End(V )) is an obstruction space for Def(�).

2. H1(R -R ;End(V )) is the tangent space of Def(�).

3. Def(�) has a hull.
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Proof. 1. Let A!!A0 be a surjection with kernel I, such that mAI =0 Take

}0 : R �! EndA0(V 0) ;
a deformation of � to A0. Choose a basis v01; : : : ; v

0
n of V 0=A0 and let

V = Av1 + : : :+ Avn

be a �nite free A-module (so V 
AA
0=V 0 ). We try to lift �0 to a �-homomorphism

� :R!End(V). Denote for every r 2 R,
�0r = �0(r) 2 End(V 0) = Matn�n(A

0) :

Choose a basis frig for R over � and lift each of the �0ri to an element �ri 2 End(V).
De�ning �r for all r 2 R by linearity results in the map of �-modules

R
��!End(V) :

To measure the extent to which � fails to be a ring homomorphism, let

�r;s = �rs � �r�s :
When all �r;s=0, then �(r)=�r is the required deformation. In general, however,

�r;s = ker(End(V)!! End(V 0)) :
By assumption, the kernel I of A!!A0 can be considered as a k-vector space, so

�r;s 2 End(V )
k I :

Also, from

�rs;t = �rst � �rs�t = �rst � (�r�s + �r;s)�t
�r;st = �rst � �r�st = �rst � �r(�s�t + �s;t)

it follows that

�rs;t � �r;st = �r�s;t � �r;s�t = (��(r)
 1)�s;t � �r;s(��(t)
 1) :

Hence � is an element of Z2(R -R ;End(V ))
k I . Replacing �ri by di�erent lifts ~�ri of
�0ri changes �r;s by an element in B2(R -R ;End(V ))
k I ,

~�r = �r +mr ) ~�r;s = �r;s +
�
mrs � (��(r)
 1)ms �mr(��(s)
 1)

�
:

Thus, the obstruction to deforming �0 to A lies in H2(R -R ;End(V ))
k I . Since our
construction is clearly functorial (De�nition 1.3.4), the vector space H2(R -R ;End(V ))
is an obstruction space for Def(�).
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2. Let A= k[I]! k=A0 for some k-vector space I. In this case there is a section
A0!A, so there is a canonical deformation } = �
k k[I]. It is given by �r=�0r . Any
other deformation is given by

~�r = �r + wr; wr 2 Mn(k)
k I

The condition ~�rs= ~�r ~�s yields (as in 2.)

mrs = �(r)ms +mr�(s) :

Hence m2Z1(R -R ;End(V ))
k I . Moreover, m(1) and m(2) give isomorphic deforma-
tions if and only if there is a basis transformation Q 2 Mn(I) which transforms one
into the other. This implies that

m(2)(r) = m(1)(r) + (�(r)Q�Q�(r));

i.e. m(2)�m(1) 2B1(R -R ;End(V ))
k I . It follows that H
1(R -R ;End(V )) is tangent

space of the functor Def(�).
3. We have already shown that Def(�) has a tangent space. The idea is that one can
rigidify Def(�) by �xing a basis of the module. This yields a pro-representable functor
R of which Def(�) is a quotient by a dGLn-action. Choose a basis f�v1; :::; �vng of V and
consider the �nite free �-module

V� = �v1 + : : :+ �vn

with an identi�cation V�
� k=V given by vi 7! �vi . For A2Art� let

R(A) = f' 2 Hom(R;End(V� 
� A) j '
A k = �g :

Here Hom denotes homomorphisms of (non-commutative) �-algebras. This gives a
functor R :Art�!Sets. Let

dGLn(A) = ker
�
GLn(A)! GLn(k)

�
This gives a pro-representable group functor dGLn, smooth on n2 parameters. If we letdGLn(A) act on End(V� 
� A) by conjugation, then clearly Def(�)=R=dGLn . So, by
theorem 1.7.2, it suÆces to show that R is pro-representable. Let fx1; :::; xmg be the
set of generators of R over �. Then '2R(A) is determined by '(xi)2Matn�n(A).
Here the isomorphism End(V�
�A)�=Matn�n(A) is �xed by the choice of the vi. In
other words ' is determined by the coeÆcients �ijk 2 mA of '(xi) in the basis fvj
v�kg
of End(V). It follows that

R �= Hom(�[[tijk]]=J;�)
where J is the ideal generated by the relations among the xi's in R. Hence R is
pro-representable and Def(�) has a hull.
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Corollary 2.2.5. Assume that R is �nite and free as a �-module. Let V� be a projec-
tive R-module and W� any R-module which is �nite and free over �. Then

V� �=W� () V� 
� k �=W� 
� k :

Proof. The implication from left to right is trivial. Conversely, assume that V�
� k�=
W�
� k . Then V� and W� are two deformations of the same residual representation.
Since V� is R-projective, Vk=V�
� k is projective over Rk=R
� k . By 2.1.13 we
have

H1(R -R ;End(Vk)) �= H1(Rk -Rk;End(Vk)) = 0 :

By the above theorem, the deformation functor Def(� :RA!End(Vk)) has trivial tan-
gent space. It follows that every two deformations of Vk to A 2 Art� are isomorphic.
Thus V��=W� .

2.3 Deforming �ltrations on R-modules

Let �!! k and R be as before. As the proof of Theorem 2.2.4 shows, one way to
rigidify the deformation functor of a ring representation � :R!End(V ) is to �x a
basis of liftings of V . As we will see in Section 4.4, in case R is a �nite free �-module,
another way is to represent � as a quotient representation of a \free representation of
R". In this section we study deformations of an R-stable �ltration, which are directly
related to quotient representations.

The following de�nes such a deformation functor in general.

Notation. Let } :R!End(M) be a �xed representation of R on a �nite free �-
moduleM. Denote M =M
� k; �=}
� k and let

V � M

be an R-stable submodule, i.e. a subrepresentation of �.

De�nition 2.3.1. For A2Art� denote MA=M
�A. Let

DefM(V �M;R)(A) = fVA �MA j VA 
A k = V g ;

the set of direct A-submodules VA deforming V inM, such that VA is R-stable. We call
DefM(V�M;R) the deformation functor of V in M. Note that this functor depends
on the R-module structure ofM, rather than just on V and M .

In the following theorem we consider the k-vector space Homk(V;M=V ) an R -R
bimodule via 2.1.8.

Theorem 2.3.2. Assume R is �nitely generated over �. Then

1. DefM(V�M;R) is pro-representable.
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2. The tangent space of DefM(V�M;R) is H0(R -R ;Homk(V;M=V )).

3. H1(R -R ;Homk(V;M=V )) is an obstruction space for DefM(V�M;R).

Proof. 1.
Let fe1; :::; en; f1; :::; fmg be a basis ofM over � which reduces to bases of V and

M=V . This also gives a basis feA1 ; :::; eAn; fA1 ; :::; fAmg ofMA for any A 2 Art�. It is easy
to see that any �ltration VA�MA which deforms V �M has a unique basis of the
form

eA1 + u11f
A
1 + � � �+ um1f

A
m

eA2 + u12f
A
1 + � � �+ um2f

A
m

...
eAn + u1nf

A
1 + � � �+ umnf

A
m

(9)

with uij 2 mA. Incidentally, this shows that the functor DefM(V�M) of all (not
necessary R-stable) deformations of V inM is pro-represented by �[[tij]] with 1� i�
n,1� j�m. Clearly DefM(V�M;R)�DefM(V�M) is a subfunctor. To show that it
is indeed pro-represented by a quotient of �[[tij]], we describe explicitly the equations.
This computation will be used in chapter 5.

Take A 2 Art� and a �ltration VA �MA, described by (9). We put the coeÆcients
uij into an n�m matrix U . Thus the basis elements (9) make columns of the block
matrix �

I
U

�
where I denotes the identity matrix (n�n in this case).

The action of an element r 2 R onM can be described by a block matrix

r 7!
�
Ar Br

Cr Dr

�
2 End�(M)

in the basis fe1; :::; en; f1; :::; fmg. The condition that r maps the �ltration V into itself
is given by �

Ar Br

Cr Dr

��
I
U

�
=
�
I
U

�
N; for some N 2 Matn�n(A)

This gives two matrix equations, from which we eliminate N and get

UAr + UBrU �DrU � Cr = 0; 1 � i � k : (10)

Note that this equation can be also written in a matrix form,

(U �I)
�
Ar Br

Cr Dr

��
I
U

�
= 0 : (11)
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Let fr1; :::; rkg be a set of generators of R as a �-algebra. Then the conditions (10)
for r= r1; :::; rk are necessary and suÆcient for the R-stability of V. Replacing uij
by indeterminants tij yields exactly the equations (nmk of them) which determine
DefM(V�M;R). Hence this functor is pro-representable. The pro-representing ring is
�[[tij]]=J where J is the ideal generated by the above equations.
2. Let A= k[�]. Following the above reasoning, an R-stable �ltration VA �MA which
deforms V is given by a matrix U for which the equations (10) hold. Since the entries
of U lie in mA and m2

A=0, the term UBiU vanishes. Also the fact that the original
�ltration V is R-stable implies Ci=0. So the equations read

UAr �DrU = 0; r 2 R :

Write U = � �U with �U 2Matn�m(k). Then this equation can be re-written as

�U � r � r � �U = 0; r 2 R :

Here �U is considered as an element in Homk(V;M=V ) and r� and �r denote the left
and the right action of r on this vector space. This identi�es the tangent space of
DefM(V�M;R) with H0(R -R ;Homk(V;M=V )).
3. To simplify the notation, we let � :A!!A0 be a small extension, i.e. assume ker ��= k
as a �-module. Let V 0 2DefM(V�M;R)(A0) be an R-stable �ltration ofMA0 . We try
to deform it to an R-stable �ltration of MA .

Let V be any �ltration ofM which deforms V 0. Denote by U and U 0 the matrices
de�ning V and V 0. To measure the failure of V being R-stable, consider

UAr + UBrU �DrU � Cr = �Er 2 ��Matn�m(k) :

Here (�) is the kernel of A!!A0 . Consider again Matn�m(k)=Homk(V;M=V ) an an
R -R bimodule. Then a direct computation shows

�Ers = (U �I)
�
Ar Br

Cr Dr

��
As Bs

Cs Ds

��
I
U

�
= (U �I)

�
Ar Br

Cr Dr

��
I 0
0 I

��
As Bs

Cs Ds

��
I
U

�
= (U �I)

�
Ar Br

Cr Dr

� ��
I
U

�
(I 0) +

�
0
�I
�
(U �I)

� �
As Bs

Cs Ds

��
I
U

�
= �Er(As+BsU) + (�UBr+Dr)�Es

= �ErAs +Dr�Es

= �Er � s+ r � �Es :

(12)

The last but one equality uses the fact that the maximal ideal of A is annihilated by
�, thus �U =0. So E : r 7!Er is a 1-cocycle for the R -R bimodule cohomology with
coeÆcients in Homk(V;M=V ). Also note that Er =0 for all r 2 R if and only if the
chosen �ltration V is R-stable.
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If we change the �ltration V by a di�erent lifting ~V of V 0, then we can write

~U = U +N; N 2 �Matn�m(k) :

Then the relation between the cocycles ~E and E is given by

~Er = Er + (r �N �N � r) :

Hence a di�erent choice of V changes the cocycle E by a 1-coboundary. Thus the
obstruction to the existence of an R-stable �ltration V lies in the cohomology group
H1(R -R ;Hom(V;M=V )), as asserted.

If A!!A0 is an arbitrary small surjection with kernel I, an identical argument
(everything has to be tensored with I) shows that the corresponding obstruction lies in
H1(R -R ;Hom(V;M=V ))
k I . Moreover, our construction is clearly functorial in the
sense of De�nition 1.3.4. Hence H1(R -R ;Hom(V;M=V )) is an obstruction space for
DefM(V�M;R), as asserted.


