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A new function is proposed for describing the rate of T cell proliferation in response to peptides
on antigen-presenting cells. The model improves an earlier model of ours by allowing for a true maximum
proliferation rate of the T cells. This is achieved by a simple change of variables that markedly relaxes
the conditions for a conventional quasi-steady-state assumption. The new model has the same
‘‘ecological’’ properties as the previous one. Thus the natural competition in the model allows
for regulation of T cell population size in the presence of continuous stimulation by antigen. An important
feature is the competitive exclusion of T cell clones recognizing the same peptide with different affinities
allowing for ‘‘affinity selection’’. Models for the population dynamics of experienced, naı̈ve and activated
T cells are also developed. These T cell subpopulations compete with one another for antigen. In models
with lymphokine production a ‘‘proliferation threshold’’ is obtained that allows for tolerance.
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Introduction

During a cellular immune reaction T cells proliferate
in response to antigen (typically peptides) presented
on antigen-presenting cells (APCs). Models for T
cell proliferation are most reasonable when they are
based upon a saturation function such that individual
T cells have a well-defined maximal rate of
proliferation. This is achieved when the proliferation
rate saturates as a function of the antigen concen-
tration. An attempted ‘‘rigorous’’ derivation of the
T cell proliferation rate, based upon a conventional
quasi-steady-state assumption, however yielded a
proliferation rate that saturated as a function of
the concentration of all T cells recognizing the antigen,
but which did not saturate as a function of the antigen
concentration (De Boer & Perelson, 1994). Thus this
function failed to define a maximal proliferation rate.

Problems arise with this function when the antigen
concentration is larger than that of the T cells. Since
this is typical during the initial phase of an immune
response we think it is important to improve upon our

earlier work (De Boer & Perelson, 1994). Borghans
et al. (1995) show that the problem is due to a violation
of the conditions of the quasi-steady-state assumption,
and that a solution of the problem can be obtained by
changing variables to ‘‘total T cells’’. This yields
a simple ‘‘competitive saturation’’ function with a
well-defined maximum proliferation rate. Here we
generalize the results in Borghans et al. (1995) to
account for case in which several T cell clones interact
with one antigen. We also show that this new model
can be applied to a system in which T cell clones are
decomposed into naı̈ve, experienced and activated T
cell sub-populations.

Our results lead to an ecological view of the immune
system. T lymphocyte populations compete for
resources, i.e., for antigens presented as peptides on
the surface of APCs. Thus the ecological principle
of competitive exclusion applies and indeed is
a consequence of the basic requirement of T cells
interacting with APCs in order to become activated
(De Boer & Perelson, 1994; Fishman & Perelson,
1995). In the immunological literature similar
ecological views are now being expressed. Cyster et al.
(1994) interpret their recent data on selective exclusionEmails: rdb.alive.biol.ruu.nl and asp.receptor.lanl.gov.
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of self-reactive B cells from the recirculating B
cell repertoire by cellular competition for niches in
lymphoid follicles. Freitas & Rocha (1993) discuss
how competition may regulate total lymphocyte
populations.

Previous Model

De Boer & Perelson (1994) modeled T cell growth on
the basis of schemes similar to

Ti+S as
kb
i

kd
i

Ci 04
kp
i

2Ti+S, (1)

where S is the concentration of sites on APCs, such as
dendritic cells, presenting a specific peptide from
an antigen, and Ti , i=1,..., n, is a set of T cell
populations all of which recognize the peptide but with
different affinities. The concept of a site on an APC is
discussed in De Boer & Perelson (1994) and how the
number of sites depends on the antigen concentration
is dealt with later in this paper [see eqns (29)–(31)].
Here kb

i , kd
i , and kp

i are rate constants for binding,
dissociation and activation/proliferation, respectively.
These constants may all be a function of the affinity of
T cell receptor i for the peptide presented on the MHC
of the APC. The differential equations describing the
model are

dTi

dt
=−kb

i TiS+(kd
i +2kp

i )Ci , (2)

dCi

dt
=kb

i TiS−(kd
i +kp

i )Ci , (3)

where the free site variable S is defined by the
conservation equation

S=S� −s
n

i=1

Ci , (4)

andwhereS� is the total concentration of available sites.
Making a quasi-steady-state assumption for Ci gives

Ci=KiTiS, where Ki0
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i +kp

i
. (5a,b)

Note that Ki is some function of the affinity between Ti

and the presented peptide (cf De Boer & Perelson,
1994). Substituting eqn (5a) into eqn (4) gives

S=
S�

1+s
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KjTj

. (6)

Since at quasi-steady state, dCi /dt=0, we can add the
right-hand side of eqn (3) to (2) to obtain
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Thus we ‘‘naturally’’ obtain a term indicating that
there is competition between T cells for antigen-
presenting sites.

Adding a source and decay term, we thus proposed
the following model of T cell growth

dTi
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=s+Ti2 kp

i KiS�

1+s
n
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KjTj

−d3, (8)

where s is the source of naive T cells from the thymus,
and d defines the T cell death rate. For a single T cell
population this gives

dT
dt

=s+T0 rS�
1/K+T

−d1, (9)

where r0kp
i is a proliferation parameter. The

properties of eqn (8) and (9) are discussed fully by De
Boer & Perelson (1994). The model is similar to
ecological models for populations exploiting a limited
resource. Thus, we demonstrated that eqn (8) accounts
for competitive exclusion, and that eqn (9) accounts for
a carrying capacity when S� has some fixed value. Both
results remain valid for our new model below.

The main problem with this model is that it has an
unbounded per capita rate of T cell growth, i.e. as
S� :a, cells grow at an infinite per capita rate.

New Model

Following Borghans et al. (1995) we resolve these
difficulties by changing variables to total T cells

T� 0Ti+Ci . (10)

The new equations are

dT� i

dt
=

dTi

dt
+

dCi

dt
=kp

i Ci , (11)

dCi
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=kb
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Cj1(T� i−Ci )−Ci /Ki%=0. (12)

Assuming kb
i $0 for all i, and making the quasi-steady

state assumption on all Ci yields a system of the n
dependent quadratic equations defined by eqn (12).
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Since it is not feasible to solve these equations exactly,
we approximate the solutions by assuming that the
concentrations of the complexes are sufficiently small
so that we can ignore all CiCj terms. The same result
can also be obtained by making more sophisticated
approximations (Cha & Cha, 1965; Borghans et al.,
1995). In the Appendix we show that these
approximations give

Ci2
KiT� iS�

1+KiS� +s
n

j=1

KjT� j
1+KiS�
1+KjS�

. (13)

Thus, we propose as a general T cell population
dynamic equation

dT� i

dt
=s+T� i2 kp

i KiS�

1+KiS� +s
n

j=1

KjT� j
1+KiS�
1+KjS�

−d3, (14)

where s and d are defined as above.
For a single T cell population eqn (14) reduces to

dT�
dt

=s+T� 0 rS�
1/K+S� +T�

−d1. (15)

Note that the proliferation rate is now defined by a
‘‘competitive saturation’’ term, and r defines a true
maximum proliferation rate per T cell. This is the main
result of this paper.

Ignoring the source term by setting s=0, we find the
carrying capacity of eqn (15) to be

T� =S� (r/d−1)−
1
K

. (16)

Thus, as in the previous model, in response to
continuous stimulation by a fixed antigen concen-
tration a T cell population attains an equilibrium
density wherein proliferation balances death. How-
ever, if S� Q[K(r/d−1)]−1, there is too little ‘‘resource’’
to sustain the T cell population: the only equilibrium
solution is T� =0.

The new model also accounts for competitive
exclusion. To see this, assume s=0, and consider an
antigen giving rise to a fixed concentration S� . Then we
may rewrite the non-trivial equilibrium of eqn (14)
for population i as

kp
i ai

(1+ai )(1+b)
=d, (17)

where

ai0KiS� , and b0s
n

j=1

KjT� j /(1+KjS� ).

Note that b is the same for all populations i; however,
ai and kp

i need not be. Assuming that kp
i and Ki are

monotonically increasing functions of the true affinity
of Ti for this antigen, and assuming that all clones have
a different affinity, we can order all clones with respect
to their affinity. Thus if clone 1 has the largest affinity,
and forms a non-trivial equilibrium by satisfying
eqn (17), all other clones fail to attain a non-zero
equilibrium. Since kp

i ai /(1+ai )(1+b) is maximal for
clone number 1 the other clones will have a rate of
proliferation that is smaller than d, as a consequence
they can only decrease. This argument implies that a
stable equilibrium will be reached with only the highest
affinity clone present. The model thus exhibits ‘‘affinity
selection’’, i.e. the clone with the highest affinity is
expected to outcompete all others during an immune
response (De Boer & Perelson, 1994; Fishman &
Perelson, 1995).

A major difference between the two models is that
the T cell variable in the new model is total T cells,
whereas in the previous model the variable represented
only the T cells not bound to APCs.

T cell Subpopulations

A T cell population interacting with antigen
may be viewed as being composed of subpopulations
of naı̈ve (TN ), experienced (TE ), and activated
(TA ) T cells. Here we consider a simplified version
of a scheme proposed by De Boer & Perelson
(1994)

TN+S as
kb
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d
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CN 04
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N

TA+S, (18a)

TE+S as
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CE 04
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E

TA+S, (18b)

TA04
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With respect to the complexes this scheme is identical
to scheme (1). Thus if we define

T� N0TN+CN , and T� E0TE+CE , (19)

we obtain the equivalent of eqn (13), i.e.
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, (20b)
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where

KN0
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kd
N+ka

N
and KE0
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E
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E
. (21)

The proliferation of T cells is generally controlled
by lymphokines, e.g. IL-2, which are produced by
activated T cells. If we assume that lymphokines L are
produced at rate kS per activated T cell and destroyed
as a first process with rate constant dL , then

dL
dt

=kSTA−dLL. (22)

At quasi-steady-state

L=
kS

dL
TA . (23)

We assume that the proliferation rate is pf(L), where
f(L) is a simple saturation function of the lymphokine
concentration, i.e.

f(L)=
L

u
 +L
, (24)

and u
 is the lymphokine concentration at which
proliferation is half maximal. Using eqn (23),

f(L)=f(TA )=
TA

u+TA
, (25)

where u=dLu
 /kS .
Thus, after making quasi-steady-state assumptions

the differential equations become
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−dA (1−f(L))TA−pf(L)TA , (28)

where we assume that activated cells die or become
anergic at a rate dA if they do not see a sufficient
concentration of lymphokine. If they do see enough
lymphokine then they proliferate into two experienced
daughter cells. These assumptions are translated into
a model by assuming that a fraction of activated cells,
f(L), proliferate and the remaining fraction, 1−f(L)
become anergic or die.

Antigen

One can derive a simple expression for the
concentration of sites presenting a certain peptide, S� ,

as a function of the antigen concentration, say A, by
considering

A+SF as
k1

k−1
S� , (29)

where SF0ST−S� is the concentration of sites not
presenting this antigen andST is the total concentration
of sites available in the local environment. Writing

dS�
dt

=k1A(ST−S� )−k−1S� =0, (30)

we obtain

S� =ST
A

k+A
, (31)

where k0k−1/k1. This function can be substituted in
any of the above proliferation functions.

A simple differential equation for a growing antigen
is

dA
dt

=rA(1−cA)−A s
n

i=1

ke
i Ti , (32)

where r is the growth rate of the antigen, and ki
e is

the rate of antigen elimination byT cells.Here 1/c is the
maximum antigen concentration. In the subpopu-
lation model, Ti in eqn (12) is replaced by TA since we
assume only activated cells act as effectors or produce
the lymphokines needed by effectors. The equilibria are

A=0, and A=
1
cr $r−s

n

i=1

ke
i Ti%. (33)

For growing antigens, i.e. rq0, we can scale A such
that c=1 without loss of generality. We model
non-growing, i.e., decaying, antigens by setting rq0
and c=0. Note that when rq0 the only equilibrium is
A=0.

Parameter Values

We consider a local immune reaction in, for
instance, a T cell area of a lymph node. Our population
sizes are measured as number of cells in the
local region. Thus we assume that there are say 103

APCs available for antigen presentation. If each APC
can interact with ten lymphocytes at a time, i.e.
if each APC has ten sites, we obtain ST=104. Since
the antigen concentration is scaled between 0EAE1,
we choose the saturation constant of the presentation
process to be k=0.1. This means that maximally
91% of the locally available APCs can present
this antigen [see eqn (31)], 0ES� Q0.91×104. The
rate at which antigen grows or decays might vary
between say −0.01 day−1ErE1 day−1. Choosing
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ke=0.01 day−1, eqn (33) implies that a population of
about a hundred activated T cells is required for the
elimination of a growing antigen in the local region (for
r=1 day−1).

When all ST=104 sites on the APCs are presenting
the same peptide, we assume that a T cell with
high affinity for this peptide will bind to one of
these sites on a time scale of ten minutes, i.e.,
kb=144×10−4 day−1 site−1. Note that we have made a
mistake in our previous paper (De Boer & Perelson,
1994), where kb had units day−1. Since the corrected
value of kb remains large, the model behavior is not
sensitive to this error.

We also assume that the time scale at which a highly
specific T-cell–MHC complex breaks apart by
activation or dissociation is of the order of 1 hour. We
estimatekd=4 day−1 andka=20 day−1, i.e. aT cell with
high affinity is most likely to become activated before
dissociating. Thus we consider Ki=6×10−4 site−1 to be
a high affinity interaction. A typical rate of T cell
proliferation is on the order of one doubling per day.
We thus assume that activated cells either become
anergic, die or proliferate at a time scale of one day, i.e.
dA=1 day−1 and p=1 day−1. We assume naive cells to
have a intermediate life, i.e. dN=0.1 day−1 and assume
experienced cells to be long-lived, i.e. dE=0.01 day−1.
Choosing u=10 we assume that the lymphokine
production of ten activated cells suffices for half
maximal proliferation. Assuming that all T cells
specific for the antigen localize in the compartment
under consideration, the source term s is the rate at
which each specificity is produced in the thymus.
Hence, a typical value is s=1 cell day−1.

In the simple model of eqn (14) in which we have not
considered T cell subpopulations we have lumped
proliferation and activation into one step, and ka

is replaced by kp , which is a maximum proliferation
rate. We here choose kp=r=2 day−1 and d=1 day−1,
i.e. a doubling time and a lifetime of 1 day. The
immune response generated by the two models can be
made equivalent by again choosing Ki=6×10−4 site−1

as a high affinity interaction.

Numerical Results

Our models have been derived by making a
Michaelis–Menten type quasi-steady-state assump-
tions for the biochemical processes. Thus we assume
that the time scale of T cell activation by binding APCs
is much faster than that of proliferation and death. The
standard Michaelis–Menten quasi-steady-state as-
sumption is however invalid when the reaction rate is
limited by the substrate (here T) rather than the
enzyme (here S) (Segel, 1988; Segel & Slemrod, 1989).

In our old model, which used the standard
Michaelis–Menten quasi-steady-state analysis, this
gave rise to unrealistically high rates of T cell division
when SwT. By making the change of variables to total
substrate (here T� ) this problem is avoided (Borghans
et al., 1995). Indeed, we see that after our change of
variables the proliferation function has a true
maximum.

We illustrate these results numerically by comparing
the immune response of the old quasi-steady-
state model [eqn (8)], the exact model [eqns (2–3)
or (11–12)], and the new quasi-steady-state
model [eqn (14)], all coupled to antigen dynamics given
by eqns (31) and (32). For low and high antigen
concentrations, the new model and the exact model
behave similarly. The old model deviates by exhibiting
oscillations for growing antigens, and by showing a
huge peak of proliferation during the initial phase of
the response to a large dose of antigen (see Fig. 1).

M

All of the immume responses in Fig. 1 have a time
scale of about a week, which is biologically realistic.
The immune responses to the growing antigen all
attain an equilibrium in which the antigen and the T
cells persist at T� 291 and A20.09. Thus a small
amount of antigen persists maintaining the stimulation
of the T cell population. This may account for immune
memory (Gray & Matzinger, 1991). Since the
concentration of the persisting antigen is low, the
antigen-specific T cell clone will remain small, despite
its continuous activation. This is unlike some previous
models for T cell memory, which relied on direct
regulation of T cell numbers by T cells (McLean, 1992;
Schweitzer et al., 1992). Additionally, the competitive
exclusion principle indicates that for each persisting
peptide only one T cell specificity can be maintained in
the repertoire (De Boer & Perelson, 1994).

The size of the T cell population in this equilibrium
is determined by our parameter choice ke=0.01: about
a hundred T cells are required to constrain the growth
of the antigen. We further investigate this equilibrium
in the phase plane of A and T� depicted in Fig. 2. The
nullclines of A and T� intersect in a stable equilibrium
in which the (growing) antigen is controlled by an
increased T cell population. The stability of the
equilibrium can be checked graphically by the
direction of the vector field in the local neighborhood
of the equilibrium. Thus, the qualitative Jacobian is

J=

1(dA/dt)
1A

1(dT� /dt)
1A

1(dA/dt)
1T�

1(dT� /dt)
1T�

=0−+ −
−1. (34)G

G
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F

f
G
G
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F. 1. Immune responses to small and large doses of antigen. From top to bottom we depict the old quasi-steady-state, the exact, and
the new quasi-steady-state model, respectively. See the text for further explanation. Parameters: d=1 day−1, ke=0.01 day−1, K=6×10−4

site−1, kp=2 day−1, k=0.1, s=1 day−1, and ST=104. In panels (a)–(c) a small dose of a growing antigen (i.e., A0=10−3, r=1 day−1, c=1)
evokes a similar immune response in all three models. In panels (d)–(f ) a large dose of a decaying antigen (i.e., A0=1, r=−0.01 day−1, c=0)
evokes an unrealistic immune response in the old quasi-steady-state model, and a similar immune response in the exact and new
quasi-steady-state model.

The equilibrium is always stable because trace
JQ0 and determinant Jq0. The other equilibrium
T� =s/d=1, A=0 is the naı̈ve/virgin state of the
system. It is unstable against the introduction of
antigen.

Note that the memory results only apply to growing
antigens. Decaying antigens cannot persist in a stable

equilibrium. They may transiently however stimulate
the T cells and thus maintain a short-term memory.

T  

In Fig. 3 we depict the immune response of the
subpopulation model to a small growing and a large
decaying antigen (for s=2 and s=1, respectively).
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F. 2. Nullclines of the simple model. Parameters as in Fig. 1
with r=1 day−1, c=1, i.e. a growing antigen with a carrying capacity
of 1. The heavy line is the A-nullcline, the light line is the T� -nullcline.
The horizontal part of the A-nullcline shows that it takes about a
hundred T cells to control the antigen. The vertical part corresponds
to the carrying capacity.

u as a bifurcation parameter we continue both the
memory equilibrium and the non-responsive equi-
librium. The latter is involved in a saddle-node
equilibrium at s21.7 [u=10, Fig. 4(a)] and u25.8
[s=1, Fig. 4(b)]. Thus immune responses are only
possible when sq1.8 [Fig. 4(a)] or uQ5.8 [Fig. 4(b)],
otherwise the system gets trapped in the non-
responsive equilibrium due to a lack of lymphokine
production. The total T cell density in the saddle
equilibrium that is born at the bifurcation point in fact
defines the proliferation threshold: it is this density that
has to be exceeded for proliferation to initiate.

Following s and u as bifurcation parameters we
studied a two parameter continuation of the saddle-
node bifurcation (not shown). The continuation
formed a straight line. Thus decreasing s has the same
effect on the proliferation threshold as increasing u.

Discussion

Using quasi-steady-state analysis we have derived a
new saturation function to describe the per capita rate
of T cell proliferation [see eqns (14) and (15)]. For a
single T cell clone this leads to the following T cell
population dynamic equation:

dT�
dt

=s+T� 0 rS�
1/K+S� +T�

−d1, (15)

where T� is the total T cell population, s is the rate of
creation of new T cells, r is the maximum proliferation
rate, d is the per capitaT cell death rate,S� is an ‘‘antigen
concentration’’ here measured as the concentration of
‘‘antigen presenting sites’’ onAPCs, andK is an affinity
like parameter measuring the tendency of the T cell to
bind and become activated by the antigen presenting
site. Note that the per capita rate of proliferation is
given by

f(T� , S� )=
rS�

1/K+S� +T�
. (35)

The function has two important properties: (i) at
high antigen concentration the function saturates, so
that the rate of T cell division remains bounded, and
(ii) the function decreaseswith increasing numbers of T
cells owing to competition among T cells for antigen.
Further, if we examine the net per capita rate of T cell
proliferation by subtracting the per capita rate of cell
death, then we observe a third important property; (iii)
net expansion only occurs if the antigen concentration
is above a threshold level (here given by K(r/d−1)−1).

The function (35) is monotonically increasing in
antigen presenting sites, S� . Thus we expect that as
the antigen concentration or the number of APCs

The typical time scale of the immune response in panels
(b) and (c) is again a week, which seems realistic. We
observe that once the antigen concentration drops
most of the T cells revert to the long-lived stage of
experienced T cells. When antigen concentrations are
high the naı̈ve T cells disappear due to depletion by
activation. The response to the growing antigen again
attains a ‘‘memory equilibrium’’ with TA2100.
However, because most of the T cells are in the
experienced stage, the total T cell population is much
larger. In the case of the non-growing antigen the
activated cells disappear as the antigen is eliminated.

The quadratic dependence of proliferation on
the number of activated cells, which is due to the
lymphokine production [see eqn (27)], may lead to a
critical density of total T cells below which
proliferation fails to get started (De Boer & Hogeweg,
1987; Kevrekidis & Perelson, 1988). We have called
this the ‘‘proliferation threshold’’. This is shown in
Fig. 3(a) in which s=1. Stimulating the system
with a growing antigen in the naı̈ve state
T� N=10, T� E=TA=0 we attain a stable ‘‘non-respon-
sive’’ equilibrium A21, TA21 and T� N2T� E20.
During the immune response the naı̈ve T cells are
slowly activated and die, or become anergic, without
much proliferation. Introducing a similar antigen at
high concentration [Fig. 3(c)] we obtain a strong
immune response. Panels (a) and (c) together show low
zone tolerance (see also De Boer & Hogeweg, 1987).

The proliferation threshold is illustrated by the
bifurcation analysis depicted in Fig. 4. Changing s or
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F. 3. Immune responses of the subpopulation model to small and large doses of antigen. Parameters dA=1 day−1, dE=0.01 day−1,
dN=0.1 day−1, ke=0.01 day−1, KN=KE=6×10−4 site−1, ka

N=ka
E=20 day−1, u=10, k=0.1, s=1 day−1, and ST=104. In panel (a) we set

s=1 day−1 and introduce a small dose of a growing antigen (i.e., A0=10−3, r=1 day−1, c=1). This leads to tolerance. In panel (b) we set
s=2 day−1 and introduce a small dose of a growing antigen (i.e. A0=10−3, r=1 day−1, c=1). This leads to immunity by persistence of antigen.
In panel (c) we set s=1 day−1 and introduce a large dose of a decaying antigen (i.e., A0=1, r=−0.01 day−1, c=0). Antigen is removed in
about 10 days. In all cases antigen is introduced into the naı̈ve state of the system, i.e. T� N=s/dN , T� E=TA=0.

increase, the T cell proliferation rate should increase.
While some experimental data shows this pattern
(Taylor et al., 1987; Go & Miller, 1992; Croft et al.,
1992), other data suggest that the rate of T cell
proliferation may decrease when antigen concen-
trations become very high. This high dose inhibition
gives rise to bell or ‘‘hump-shaped’’ dose-response
functions when response is plotted against the
logarithm of the antigen concentration (cf. Matis,
1983; Knight, 1987; Suzuki et al., 1988; Sebzda et al.,
1994). This decrease in proliferation may be an
effect of excess cytokine or may involve other
processes of anergy or tolerance induction that we
have not yet considered in our model. Thus, while our
model has a number of biologically reasonable
properties, e.g. (i)–(iii) above, further work may be
needed to describe T cell behavior at high antigen
concentrations.

Recent findings on cytotoxic T cells cast doubt
on the hypothesis of T cell memory by antigen
persistence (Lau et al., 1994; Hou et al., 1994). These
investigations indicate life-long memory of cytotoxic T

cell clones to virus infection in the absence of retained
antigen. In these experiments memory appears to be
determined by the ‘‘clonal burst size’’ attained during
the immune response. In our model this would
correspond to parameter conditions in which either the
memory equilibrium has a negligible amount of
antigen, or in which the antigen is removed during the
initial transient of the immune response. In our
subpopulationmodel the long-lived experiencedT cells
would then still account for a long-lived (non-equi-
librium) memory.

Due to algebraic complexity we have been unable to
derive via quasi-steady-state analysis a simple model
for the case in which many T cell clones interact with
many antigens. This is the situation considered in our
earlier paper (De Boer & Perelson, 1994). Thus, with
the more realistic competitive saturation proliferation
function derived here one can only study the response
of many T cell clones to one antigen, or the response
of oneT cell clone tomany antigens. Thus, it seems best
to use the present model whenever possible, and to use
the earlier model when needed.



      575

F. 4. Bifurcation diagrams of the subpopulation model. Parameters as in Fig. 3 with r=1 day−1, c=1, i.e. a growing antigen with a
carrying capacity of one. Following either (a) s (with u fixed at 10), or (b) u (with s fixed at 1) as bifurcation parameters, we observe that
the virgin state is involved in a saddle-node bifurcation around s21.7 (u=10) and u25.5 (s=1), respectively. The saddle point defines the
proliferation threshold of themodel.When it exists thememory equilibriummaybe unattainable. The diagram in panel (b) ismore complicated
because large values of u require large T cell clones. Due to the competition for antigens such large clones cannot be maintained. We observe
the memory equilibrium is involved in a Hopf bifurcation and a saddle-node bifurcation around u=101. This not investigated further because
it is not realistic.

Wehave borrowed anumber of concepts fromecology.
Our T cell clones competing for antigen can indeed be
viewed as an ‘‘ecosystem’’ of populations competing
for some resource. In ecology the interaction between
a predator and its prey is described by a functional
response. Our competitive saturation function defines
the functional response of a predator Y feeding on a
prey X as:

f(X, Y)=
aXY

k+X+iY
(36)

where a is the maximum number of X that Y can eat
per time unit, i=1 is an interference parameter, and k
is a saturation constant. Functions like this, i.e.
eqn (36) with i$1, have been proposed and derived
before (Beddington, 1975; DeAngelis et al., 1975;
Ruxton et al., 1992). Because of the interference term,
these functions have been called ‘‘predator-depen-
dent’’ functional responses (Abrams, 1994). We have
shown that eqn (36) can formally be derived if
one adopts the conventional scheme in which the
predator and prey form a transient complex that leads
to death of the prey and the growth of the predator.
Additionally, our work suggests a generalization of
eqn (36) for the case in which the prey is eaten by
several predators.

The simple equation that we derive for antigen
presentation, i.e. eqn (31), says that the concentration
of sites presenting some antigen (i.e. S� ) is proportional
to the concentration of APCs, and saturates as a
function of antigen. If the antigen concentration is low,

i.e. if AWk, this means that S� is proportional to the
product of the concentration of antigen and APCs.
This in agreement with the experimental data of Matis
et al. (1983).

The proliferation threshold defined here and before
(De Boer & Hogeweg, 1987; Kevrekidis & Perelson,
1988) provides a formal model for a recent hypothesis
put forward by Brunner et al. (1994). They argue that
the number of T cells clustered around an APC has to
exceed some critical value to initiate proliferation.
They suggest that if self-reactive cells are rare that this
may be relevant for self tolerance. This is a ‘‘recessive’’
form of tolerance by which populations become
anergic. Indeed,wehave shownbefore that such a form
of self tolerance can be accounted for by a proliferation
threshold and ‘‘precursor depletion’’ (De Boer &
Hogeweg, 1987). If during early development naı̈ve
cells appear in the presence of a self antigen that they
recognize, they become activated, short-lived cells and
hence fail to accumulate. Because their numbers are
small the population remains below the proliferation
threshold and they remain unresponsive. Conversely,
clones not recognizing any self antigen will accumulate
a population of naı̈ve cells, and become responsive as
soon as this population exceeds the proliferation
threshold.
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APPENDIX

Approximating eqn (12), in the main text, by
ignoring all CiCj terms we obtain a system of n linear
equations of the form

Ci=0S� −s
j

Cj1 T� i

S� +ki
, for i=1, 2,... n (A.1)

where ki01/Ki . The sum over all Ci is

s
i

Ci=0S� −s
j

Cj1 s
i

T�
S� +ki

, (A.2)

where

s
i

T� i

S� +ki
=

T� 1

S� +k1
+

T� 2

S� +k2
+· · ·+

T� n

S� +kn

=

s
j

T� j t
l$j

(S� +kl )

t
l

(S� +kl )
. (A3)

Hence (A.2) becomes

s
i

Ci=S�

s
j

T� j t
l$j

(S� +kl )

t
l

(S� +kl )+s
j

T� j t
l$j

(S� +kl )
. (A.4)

Substituting (A.4) into (A.1) we write

Ci=
S� T� i

S� +ki

t
l

(S� +kl )

t
l

(S� +kl )+s
j

T� j t
l$j

(S� +kl )
, (A.5)

or

Ci=
S� T� i

S� +ki

1

1+s
j

T� j
1

S� +kj

, (A.6)

or

Ci=
S� T� i

ki+S� +s
j

T� j
S� +ki

S� +kj

. (A.7)

Substituting Ki01/ki we obtain eqn (13) in the text.


