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Chapter 1 
 

 

Introduction 
 

Colloidal suspensions that form periodic self-assembling structures on sub-

micrometer scales are of interest from both the fundamental scientific [1,2] and 

potential technological point of view [3]. Upon raising the concentration in a colloidal 

suspension of sufficiently monodisperse spheres the volume restrictions force 

particles to arrange themselves into close-packed structures. The face-centered cubic 

(fcc), hexagonal close-packed (hcp) and random stacking hexagonal close-packed 

(rhcp) phases lead to the most condensed way of packing, characterized by the same 

excluded volume. The fcc packing of non-interacting hard-ball spheres provides 

slightly larger phase space for fluctuations of the particle positions, leading to a very 

little preference of this structure due to the entropy contribution. However, dynamic 

effects or the presence of any weak interaction between the particles may dominate 

the final crystal structure. One of possible ways to modify the latter is to add non-

interacting polymer molecules, which by osmotic compression introduce an additional 

depletion attraction between the colloidal particles.  

Self-organisation of submicrometer colloidal hard spheres into crystalline 

structures provides an important and convenient model of crystal growth and glass 

formation. It also recently attracted significant attention as a technique of a cheap, 

large-scale fabrication of photonic materials. For the latter application the emphasis 

has been on the preparation of large single crystals with significant dielectric contrast 

between the spheres and the solvent, a low density of defects and small positional 

fluctuations of colloidal particles. Photonic crystals are regular three-dimensional 

(3D) dielectric structures with feature sizes on the order of the wavelength of interest. 

If the refraction index contrast is large enough the propagation and spontaneous 

emission of photons can be manipulated in new and exciting ways [3-5]. There are 

roughly two classes of methods to make 3D photonic crystals: on the one hand 

methods are employed that are also used in the fabrication of micro chips, or are 
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related to such methods (lithography, etching, etc.), on the other hand methods rely on 

the self-organization of colloids [4,5].  

 

Optical and electron microscopy has provided essential information on the local 

order in colloidal crystals, while the long-range order is hardly ever addressed. In a 

perfect 3D crystal one can define a mathematically-ideal periodic average lattice, 

which 'locks' the averaged atomic positions. Small excursions of atoms around these 

lattice points due to their thermal motion does not destroy the very precise relation of 

the atomic positions on two opposite sides of one crystal. However, most real crystals 

are imperfect and their average lattice can only be defined over relatively small parts 

of the whole crystal. The long-range order can be easily destroyed by extended 

defects, external or internal (e.g., induced by various defects) strain field, etc. In 

addition, the colloidal spheres are never identical to each other but possess an inherent 

size polydispersity, which can also affect the long-range order. One of the very few 

earlier attempts to exploit small-angle X-ray diffraction has been applied to 

characterise the structure of charge-stabilised colloidal crystals [6]. The results 

obtained suggest that those crystals have a mosaic structure, i.e., the single crystal in 

fact consists of many positionally-independent fragments.  

 

Small-angle x-ray scattering (SAXS) is essentially an elastic scattering technique. 

Hence the photon energy of the scattered waves and the length of the scattered wave 

vectors are preserved. In that case, it is often convenient to consider the 

scattering/diffraction in reciprocal space by constructing the sphere of diffraction, the 

so called Ewald sphere [7]. As can be seen in Fig. 1.1 the wave vector k0 of the 

incident X-ray beam points to the origin O of the reciprocal scattering space of the 

sample (i.e. the Fourier transform of the spatial distribution of the sample’s scattering 

power), ks is along the scattered beam. Both wave vectors have the same length, 2π/λ, 

and therefore lie on a sphere in reciprocal space (the Ewald sphere). The difference 

vector q=ks-k0 is called the scattering vector (or momentum transfer) and the angle 

between k0 and ks, 2θ, the scattering angle. In the case of diffraction from a three-

dimensionally periodic crystal, the reciprocal scattering space is build up of localized 

spots forming the reciprocal lattice of the crystal.  
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Figure 1.1. The schematics of the diffraction/scattering geometry in reciprocal space, 
the Ewald sphere construction. O is the origin of reciprocal space, k0 is the incident 
wave vector, ks is the scattered  wave vector and q is the scattering vector/momentum 
transfer.  
 

The principles of x-ray diffraction of colloids are similar to the traditional 

crystallography of atomic systems. The diffraction pattern is determined by a two-

dimensional cut of the Ewald sphere through the reciprocal lattice of a single crystal. 

By measuring the diffraction patterns at different sample orientations, one can 

reconstruct the three-dimensional reciprocal lattice, which yields information on the 

arrangement of neighbors in the crystal. In addition, one can measure the width of the 

reflections δq, which reflects the long-range positional order. There is, however, an 

essential difference between the crystallography of atomic and colloidal crystals, 

which originates from the drastic difference in the typical scales involved. While in 

atomic crystals typical spatial periods are of the order of the x-ray wavelength c.a. ~1 

Å, in colloidal systems it is of the order of the wavelength of visible light, i.e. 3 to 4 
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orders of magnitude larger than the x-ray wavelength. The trivial consequence of this 

enormous difference in scales is that the reciprocal lattice vectors of colloidal crystals 

are very much smaller than the wave vector k0 =2π/λ of the x-ray wave and 

diffraction can only be observed at small angles, 2θ~10-3 rad.  

 

 It turns out that small-angle x-ray diffraction is a very powerful and suitable 

technique to study various order/disorder parameters in colloidal crystals. The present 

work reports a first unambiguous prove that hard sphere colloidal crystals can possess 

perfect periodic order over distances comparable to the crystal size despite the size 

polydispersity of colloidal spheres. This conclusion is drawn from a profound 

evaluation of the size of the reciprocal lattice reflections using a specially-designed 

high-resolution X-ray diffraction technique with a resolution of one millionth of the 

incoming wave vector.  

The key issue addressed in the present study was the characterization of various 

order parameters of the crystals such as positional, orientational and stacking orders. 

Although it is a general belief that the building blocks to obtain a high-quality crystal 

should be very monodisperse, the effect the colloid's inherent size polydispersity has 

on its crystalline order was unclear. By using the high-resolution synchrotron small-

angle X-ray diffraction technique, the measurements of the orientational, positional 

and stacking order in crystals of 4 % polydisperse hard-sphere colloidal silica spheres 

grown in sediments of colloid-polymer mixtures have been performed on the Dutch-

Belgian beamline (DUBBLE) BM26B [8] at the European Synchrotron Radiation 

Facility (ESRF) in Grenoble, France.  

DUBBLE is an initiative and a project funded by the Dutch and Flemish Research 

Councils, Nederlandse Organisatie voor Wetenschappelijk Onderzoek (NWO) and 

Fonds voor Wetenschappelijk Onderzoek (FWO). The primary aim of this project is 

to satisfy the needs of the target groups of researchers as indicated by the funding 

organizations and to let new potential users from the Netherlands and Flanders get 

acquainted with synchrotron radiation experiments. The secondary aim, although in 

science terms equally important, is to provide beam time for general users of the 

ESRF. Under the terms of the agreement between DUBBLE and the ESRF 70% of the 

available beam time can be allocated to Dutch and Flemish user groups while the 

remaining 30% are made available to general ESRF users. 
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The design of the DUBBLE beam lines is based upon the report of E. Vlieg and 

Y.K. Levine [9]. The actual design phase of the beam lines started in January 1995. 

The design team was based at the Institute for Atomic and Molecular Physics 

(AMOLF) and at the NIKHEF (Nationaal Instituut voor Kern en Hoge Energie 

Fysica) in Amsterdam. In fact the design and construction of the beam lines was 

subcontracted to AMOLF. The construction phase began in 1996.  

 Regular experiments at the SAXS/WAXS station of the DUBBLE BM26B 

beamline started in around February 2000. More than ~300 experiments addressing a 

widely diverse range of topics, that can be found in such research areas as soft 

condensed matter, colloids, photonic materials, polymers, lipids and other materials 

and biological science subjects, have been performed in the years 2000-2003.  

 

 The present thesis is organized in the following manner.  

Chapter 2 gives a general introduction to the principles of synchrotron radiation 

generation and a detailed description of the DUBBLE SAXS/WAXS apparatus. 

Particular attention has been devoted to the instrumental resolution issue.  

Chapter 3 is an overview of existing theories relevant for the results presented later. 

Some extension has been made to describe the case of different degrees of stacking 

disorder in a system.  

Chapter 4 discusses the results of measurements of the positional, orientational and 

stacking order in crystals of colloidal silica spheres. The results obtained show that 

the polydispersity does not prevent the formation of large single crystals with long-

range positional order, but may lead to an inherent stacking disorder.  

In Chapter 5, direct evidence of a dynamic regime of X-ray diffraction in long-

range ordered colloidal crystal is demonstrated. It reveals itself in the diffraction 

patterns as an appearance of secondary Bragg rods. Simple estimates show that, in 

contrast to common belief, the dynamic character of x-ray diffraction can be rather 

typical for crystals consisting of highly ordered (sub)micrometer colloidal spheres and 

has to be taken into account.  

Chapter 6 reports the in-situ observation of the crystal structure modification 

during drying. It is important to know how the structure and quality of the crystal is 

changing upon drying, as the drying process might be needed, for example, for 

photonic applications where a colloidal crystal is used as a template to fabricate a 
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band-gap photonic material. Particular efforts have been made to improve the 

instrumental resolution of the SAXS setup. We observed that at later stages of drying 

the diffraction peaks are seen to split into many separate reflections indicating that the 

crystal is not able to withstand anymore a too strong stress, caused by capillary forces, 

and it breaks up into smaller crystallites. We also see another manifestation of the 

dynamical regime of x-ray diffraction in the long-range ordered colloidal crystal. The 

diffraction switches to the (nearly) kinematic regime when the long-range positional 

order is destroyed. Our results indicate that the strength of the diffraction and its 

transition to the dynamic regime can be used as an alternative approach to probe the 

extent of the positional order in photonic colloidal crystals. 
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The DUBBLE BM26 SAXS/WAXS beamline at ESRF 
 

2.1 General introduction  
 

Synchrotron radiation was originally produced as parasitic radiation from 

so-called first generation synchrotrons, which were designed to be powerful particle 

accelerators (1970's). Second generation machines were purpose-designed to produce 

radiation in the x-ray region. The world's first dedicated x-ray synchrotron was the 

Synchrotron Radiation Source (SRS) at the Daresbury Laboratory (ca. 1980), near to 

Warrington in the UK and this has been followed by a number of installations in other 

countries. Third generation synchrotron sources are now in operation and these have 

been designed for optimal performance from `insertion devices' rather than bending 

magnets. The European Synchrotron Radiation Facility (ESRF) in Grenoble, France 

was the first of these third generation sources and became available for user 

experiments in 1994 [http://www.esrf.fr]. The high brilliance of synchrotron radiation 

(SR) has had a dramatic effect on the potential for high quality experiments in many 

areas of research.  

 

SR is the electromagnetic field emitted when relativistic charged particles are 

accelerated. In synchrotrons electrons, or positrons, are maintained in a quasi-circular 

orbit in a high-vacuum storage ring by the use of either electro- or permanent magnet 

arrays - the magnet lattice. As the particle bunch passes through the poles of a 

bending magnet its path becomes curved and a fan of synchrotron radiation is emitted 

tangentially in the forward direction. A series of bending magnets interspaced with 

straight sections are used to produce a closed particle orbit. Insertion devices can be 

fitted into the straight sections between bending magnets and these produce much 

more intense radiation. The energy of the beam, which is lost through radiative 

processes, is replenished via radiofrequency cavities in the beam path. Quadrupole 

and sextupole focusing magnets control the beam diameter and stability. Other 
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devices are beam steering magnets, beam position monitors and beam diagnostic 

devices.  

 

Synchrotrons are complex machines and it is outside of the scope of this work 

to attempt to describe the physics involved in detail here. However, some of the 

fundamental aspects of synchrotron radiation which have had a direct importance for 

the experiments conducted during the course of this study will be discussed.  

The principal components of a synchrotron radiation source are a linear 

accelerator, a booster synchrotron and a storage ring. The linear accelerator, or linac 

provides a source of electrons, which are injected into the booster synchrotron, where 

they are circulated and accelerated to the required energy, until they are injected into 

the main storage ring. The booster synchrotron may, or may not, operate at the same 

energy as the storage ring. At the ESRF the booster synchrotron increases the electron 

energy up to 6 GeV, the same as that of the storage ring before injection.  

Useful radiation is produced from both bending magnets and insertion devices 

such as undulators and wigglers [1]. But characteristics of these types of radiation are 

fundamentally different. These characteristics are illustrated in Figure 2.1.  

 

 
Figure 2.1. Comparison of the output angular radiation fans of three types of 
insertion  devices. [ESRF publicity material]. Here γ is electron energy/mec2 (me = 
electron mass, c = velocity of light), and N is the number of magnet periods.  
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Bending magnets  
The radiation from bending magnets is in the form of a smooth continuum of 

energies which is defined by a single parameter, called the critical energy, ec. The 

critical energy (in keV) is given by ec = 0.665BEe
2 , where B is the magnetic field in 

Tesla and Ee is the electron energy in GeV. Half of the emitted total power is radiated 

above the critical energy and half below. The photon flux radiated from bending 

magnets is significantly lower than that from insertion devices, for reasons described 

below.  

 

Insertion devices  
First and second generation synchrotrons use the radiation emitted from 

bending magnets as their prime source of x-rays. In third generation sources, the 

primary devices (those to which the machine is optimized) are those fitted into the 

straight sections, so called insertion devices. There are two types of insertion device in 

common use, multi-pole wigglers and undulators. Although similar in some respects, 

they vary significantly in the properties of the radiation which they produce. 

Therefore, they are described separately.  

Both wigglers and undulators utilize a series of small magnets of alternating polarity 

causing the electrons to oscillate perpendicularly around their direction of motion. 

Each `wiggle' causes radiation to be emitted. In the simplest case a three-pole device 

produces a single wiggle, in practice a series of magnetic poles is often used to 

produce a multi-pole device.  

 

1. In the wiggler regime transverse excursions of electrons are of such a magnitude 

that the related angular deviations are greater than the natural SR angular 

'opening'/divergence. Pulses of radiation from subsequent magnetic poles interfere 

therefore incoherently. Spectrally hard x-rays are radiated along the emission axis and 

softer ones at increasing angles from the axis. Successive alternating magnetic periods 

produce circularly polarized radiation of opposite senses so that linearly polarized 
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radiation is produced. Wigglers radiate an intense flux over a large angular range with 

a brightness 1 greater than that obtained from a bending magnet.  

 

2. In the undulator regime transverse oscillations of electrons are smaller in magnitude 

than for a wiggler and the related angular deviations are smaller than the natural 

angular divergence of SR. The amplitudes of electromagnetic fields emitted by each 

period are constrained to interfere coherently, resulting in a periodic spectral field. 

Although the total flux is generally no higher than that produced by a wiggler, the 

peak brilliance is orders of magnitude greater than that from both bending magnets 

and wigglers. Tuning of the harmonics produced from undulators is possible by 

varying the strength of the magnetic field, i.e. by varying the gap between magnetic 

poles.  

 

There are several characteristics of synchrotron radiation that are of particular interest 

to potential users:  

• Critical wavelength - the approximate wavelength of the most intense emission,  

λ (in Å)=12.38/ec (ec – critical energy, in keV).  

• Flux (at the sample, at a particular wavelength and in a particular spectral 

bandwidth ∆λ/λ) - the number of photons produced by the beamline optics per second 

per unit area available in the sample plane. Units are photons/s/mm2/mA.  

• Emittance - the product of the beam size by its divergence. It is specified in both 

the horizontal and vertical directions for the source. Units are metre⋅radians.  

• Electron beam lifetime - the time-dependent decrease of the stored current such 

that I(t) = I0e-t/τ , where I0 is the original current, τ is the lifetime. Generally expressed 

in hours.  

 

The Dutch-Belgian beamlines (DUBBLE) at the ESRF receive its radiation from 

dipole magnet D26 of the ESRF. The available total 9 mrad horizontal radiation fan is 

split into two beamlines. Each beamline intercepts 2 mrad of radiation. The central 5 

mrad are blocked out. ESRF bending magnets do not have a uniform magnetic field. 

The field along the electron orbit is changing from 0.4 Tesla to 0.8 Tesla. As a 
                                                            
1 Brightness is the photon flux per unit phase space volume, often given in units  
of photons⋅s-1⋅mr-1⋅mm-2⋅(0.1%spectral bandwidth)-1.  
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consequence the electromagnetic spectrum emitted changes depending on which point 

is used as the source point. The spectrum emitted at 0.8 T is shifted to shorter 

wavelengths (‘harder’ radiation, critical energy of 19.15 keV). This beam line is 

referred to as the H(ard)-line and the other beam line as the S(oft)-line (‘softer’ 

radiation, critical energy of 9.58 keV). The H-line is closest to the shield wall of the 

ESRF storage ring. The radiation spectrum of the 0.8-T section of D26 bending 

magnet is presented in Fig. 2.2.  
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Figure 2.2. The calculated radiation spectrum of the ‘hard’ section of the D26 
bending magnet.  

 

The H-line is mainly dedicated to small- and wide-angle X-ray scattering (SAXS 

and WAXS) experiments. Also available is a '2+3' type diffractometer (combined 

'2+2' and 'z-axis') intended for surface and interface diffraction studies [2]. The latter 

instrument is not used in the present work.  

 

 

2.2 Beamline X-ray optics  
 

The schematic overall layout of DUBBLE optics is depicted in Figure 2.3.  
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Figure 2.3. Schematic layout of the optical components of BM26. The 9 mrad 
radiation fan accepted by the front end is split by the cooled ‘splitter mask’ in two 
beam lines (distances and dimensions of the optical elements are not to scale, 
drawing is the courtesy of I. Cerjak).  
 

The H-line X-ray optics consists of a double-crystal sagittally focusing Si(111) 

monochromator followed by a meridionally focusing  mirror. The first (flat) crystal of 

the monochromator is water-cooled. The second multi-rib crystal is mounted in a 

specially designed bending mechanism providing a range of bending radii from ~1 m 

to infinity [3]. So, the second crystal can be bent and therefore focus the radiation in 

the horizontal plane. This is called sagittal focusing. To avoid anticlastic bending, and 

thus allowing a larger radiation fan to be focused, a multi-rib crystal design has been 

approved. In the design phase finite element analysis was performed in order to 

determine the ideal shape of the crystal. It was found at that time that a crystal with 4 

ribs instead of the multi-rib crystal used in the original design could have a better 

performance. However, this has not been verified by experiments yet.  

The focal distance can be easily changed so that the beam can be focused 

along the optical bench in the experimental hutch. The monochromator energy range 

tested so far is 6-30 keV and it delivers a spectral bandwidth, ∆λ/λ, of about 5×10-4.  

 

The mirror is made of a highly polished single silicon crystal (overall 

dimensions: 1500 x 150 x 45 mm3) and has two coatings: bare Si and Pt to operate at 

two different spectral ranges of 5-12 and 12-30 keV, respectively. The measured 

surface roughness is about 1.5 Å (rms) and the mirror has a slope error which is in the 
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micro radian range. The mirrors have been manufactured by REOSC and a bender 

design from Irelec is used (www.irelec.com). See figure 2.4.  

By bending this mirror slightly the radiation is focused in the vertical plane. 

Depending on the focal distance required, bending radii are on the order of a few 

kilometers. The mirror receives the radiation under a glancing angle of ~2.6 mrad.  

The advantage of this arrangement is that a change of angle of incidence of the mirror 

translates in relatively large vertical displacements of the beam in the experiments 

hutch. By choosing this solution one can keep the size of the downstream vacuum 

components limited to a reasonable size and one avoids large realignments of slits, 

samples and detector when changing the energy. The optical surface of the mirror 

faces downwards. This was implemented in case that at a moment in future the desire 

might exist to be working on surfaces of liquids. 

The mirror is also used to suppress higher harmonics coming from the 

monochromator. The harmonics suppression coefficient achieved is about 10-3. There 

is the option to install a collimating mirror at a later stage in the case that one wants to 

specialize in anomalous scattering. The typical dimensions of the beam in the focal 

spot are around 300×300 µm2.  

 

 
Figure 2.4. The bender design of Irelec. The mirror is bent by applying a force to two 
rollers placed acentrically with respect to two static rollers. The gravity 
compensation mechanisms are not shown. The bending radii required for the different 
mirrors of DUBBLE range from 5 – 22 km. This is easily achievable with this design. 
 

Between all optical components slit sets are placed. There are also a few X-ray 

windows in the beamline. Most of them are made of beryllium. The total thickness of 

all the Be windows is 1.25 mm. The last exit window of the beamline vacuum pipe is 

covered with a 100 µm thick mica sheet. The vacuum design was done in such a way 

that the amount of Be windows in the beamline can be reduced. The primary reason 

for this was not only the absorption at lower energies, but also because Be windows 

may increase the parasitic scattering close to the direct beam. This is harmful for the 

mirror 
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quality of SAXS experiments regarding background and achievable low-angle 

resolution. The only two fixed Be windows on the beamline are the obligatory: front 

end window separating the machine vacuum from the beamline vacuum and the 

window directly behind the splitter vessel. Two Be windows on the mirror vessel, 

separating the mirror vacuum chamber from the rest of the beamline, are actually 

mounted on a modified vacuum valve which can be opened when the vacuum 

conditions allow this.  

Another inevitable consequence is that beamline windows shift the entire 

radiation spectrum towards higher energies as can be seen in Fig. 2.5.  
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Figure 2.5. The calculated radiation spectrum of H-line. The absorption in the Be 
windows (total thickness of 1.25 mm) and 100 µm thick mica window is taken into 
account.  
 

The experimentally measured number of photons in the focal spot is around 

5⋅1011 photons/sec at photon energy of 10 keV and 200 mA storage ring electron 

current. The H-line schematic layout is presented in Figure 2.6.  
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Sample position 

WAXS detector 

Flight tube 

Beam stop 

SAXS detector

2.3 The SAXS/WAXS Instrument  
 

The experimental hutch contains the SAXS/WAXS instrument, shown 

schematically in Figure 2.7 with variable sample-to-detector distance of 1.4-8.5 m, 

and interface diffractometer mentioned above.  

 

 
 

 

Figure 2.7. The SAXS/WAXS set-up. An evacuated flight tube is placed between the 
sample position and the SAXS and WAXS detectors. Heavy sample environments can 
be supported from the floor and a frame placed over the beam line exit.  
 

There are several slits in the beamline. The most important are the primary beamline 

slits (slits set H1) which shape the primary (unmonochromated) X-ray beam and the 

last two slits (sets H5 and H6) which serve as guard slits to cut out parasitic small-

angle scattering. Parasitic scattering is generated all through the beamline, whenever 

the X-ray beam touches anything, and has to be removed as much as possible. The 
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direct beam and the parasitic scatter cone are so intense that they damage detectors 

and therefore have to be taken out by a beamstop. Even if the intensity of the parasitic 

scatter cone falling on the detector is reduced by filters it is still orders of magnitude 

larger than the scattered intensity of any sample. This means that there is no serious 

information to be obtained in this region. Most of the parasitic scatter is found around 

the direct beam and thus the parasitic scatter cone is the main limiting factor in the 

low angle resolution that can be observed with a SAXS beamline. 

However, if a slit touches the direct beam it also creates an intense scattering pattern. 

This slit scattering is also close to the direct beam. So the last two slits sets should not 

touch the beam but be positioned very close to the direct beam. 

 

It was found so far that the maximum beam size that can be focused by the 

sagittal focusing system is ~44 mm as is determined by the width of the beamline’s 

primary slits. The footprint on the monochromator crystals is ~52 mm wide. This 

means that effectively ~1.6 mrad of the radiation horizontal fan can be focused at 

present.  

To measure the size of the focal beam spot (at different openings of the 

beamline’s primary slits) a tantalum blade was scanned across the beam in the 

horizontal and vertical directions. The recorded integral intensities have been then 

differentiated and first derivatives of intensity profiles were fit to Gaussian profiles. 

The results for different openings of the primary slits are shown in Fig. 2.8.  

The measurements have been performed at an X-ray photon energy of 15 keV. The X-

ray beam has been focused (in both directions) at the sample position, located at a 

distance of 48.8 m from the bending magnet source. The fact that the focal beam spot 

is larger in the vertical direction can be attributed to vertical beam instabilities, most 

likely due to mechanical vibrations in the monochromator, which might effectively 

spread out the beam in that direction. Another possible reason can be the spherical 

aberrations induced by the mirror.  
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Fig. 2.8. The beam spot dimensions at the focal plane for different primary slits 
openings: 9×2.2 mm2 (H×V) - (a) and (b), and 0.2×0.2 mm2 - (c) and (d); (a) and (c) – 
horizontal profiles; (b) and (d) – vertical profiles.  
 

 

2.4 Detectors  
 

Detectors routinely utilized on the DUBBLE beamline at the moment are of the 

following types:  

(1) Ionization chambers, used to monitor the incoming and transmitted intensities.   

(2) Multiwire one-dimensional (quadrant type) and two-dimensional proportional gas 

chambers, and a CCD-camera (Photonic Science Xios-II, 1024×1024 pixels, 

resolution: ~23 µm) are used as SAXS-detectors [4]. The latter is optional where 

one needs to improve point-to-point resolution.  

(3) The linear array micro-strip gas chamber is used as WAXS-detector [5].  

 

The choice of detection system used for an x-ray diffraction experiment is of 

fundamental significance and will depend on factors such as the intensity of the 

source, the time resolution required and the type of information which is intended to 

be extracted during subsequent analysis. There is not a single system which is suitable 
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for all applications. It is clear that the choice of detector will always involve a degree 

of compromise, especially when one is performing experiments at the limits of the 

capabilities of the instrument.  

For example, for structural crystallography work, good spatial resolution is required 

but high time resolution in general is not. Good spatial resolution is achieved by the 

use of many small sensor elements. This can take a significant amount of time to read 

out. In contrast, for studies utilizing high time resolution the number of sensing 

elements can be reduced to improve, i.e. reduce, the read-out time.  

 

The characteristics of a detector system which are of interest to the experimentalist 

include:  

1. Number of dimensions. One dimensional detectors are high-sensitivity single-event 

counters which are widely used with powder diffractometers. Two-dimensional, or 

area, detectors are often used in a single-crystal diffraction studies.  

2. The dynamic range gives an indication of the numeric range of single ‘pixel’ 

photon events which may be detected before readout. For integrating devices this is 

often quoted in ‘bit’ terms; i.e. an 8-bit device will have a dynamic range of 28 = 256, 

etc.  

3. Detector efficiency. The effect of the detector on measurement accuracy is expressed 

by the detective quantum efficiency (DQE), defined as the square of the ratio of the 

output signal-to-noise ratio to the input signal-to-noise ratio: 

DQE = (So/σo)2/(Si/σi)2, 

where σo is the standard deviation of the output signal, with average value So, and σi 

is the standard deviation of the input signal, with average value Si. For a perfect 

detector the DQE would be 1, but in reality many solid-state detectors achieve values 

of ≥ 0.5.  

4. Spatial resolution is determined by the pixel size in solid-state detectors, by the 

wire separation in multiwire designs and by the scanner raster resolution for image 

plates and photographic film.  

5. The point spread function (PSF) describes the amplitude response of the detector as 

a function of distance from the centre of a point signal, and it is generally assumed to 

have a Gaussian profile. The PSF is usually quoted as the full width at half maximum 

(FWHM) of the Gaussian profile.  
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6. Linearity of response. Non-linearity of response can be caused by a fall off in DQE 

at high count rates due to “dead-time” counting losses in integrating detectors or in 

saturation effects in media based detectors. Serious errors in the interpretation of 

intensity measurements can be introduced if a detector is used outside its linear 

region.  

7. Spatial distortion is a function of irregularities in detection unit spatial arrangement 

and is present in measurable degrees in most detectors. For many studies, especially 

crystallographic studies, it has to be corrected for.  

8. The read out rate is the rate at which data can be retrieved from the detecting 

surface and is a function of the DQE, the incident flux and the nature of the electronic 

circuitry (or other means) by which the data are transferred to permanent media. The 

read out rate varies from microseconds for some types of electronic devices to tens of 

minutes for high resolution devices.  

 

These factors are considered in greater detail in [6,7].  

 

The choice of detector for any particular application will be made on the basis 

of factors mentioned above and on other, non-technical, considerations such as 

availability, cost, portability, etc. For diffraction experiments, several particular types 

of detectors have routinely been used and these are described briefly in the following 

section.  

 

1. X-ray photographic film has been used for many years. It has a reasonable dynamic 

range and spatial resolution but the processing is time consuming. Utilization of the 

data generally relies on a subsequent digitization process, which is often 8-12 bit, thus 

significantly reducing the useful dynamic range. Photographic film is excellent for 

high resolution static structural studies, but has limited application in time resolved 

studies as data collection times are of the order of hours on a conventional X-ray tube 

generator and minutes on a synchrotron.  

 

2. Image plates are a comparatively recent development and consist of an aluminum 

or polymer substrate [often A4 in size (297x210 mm2)] that has been coated on one 

side by a rare earth doped barium halide phosphor. This photo-stimulated phosphor 

can store a fraction of the absorbed x-ray energy and when later stimulated by visible 
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light, in the form of a scanning HeNe laser, it emits photo-stimulated luminescence, 

the intensity of which is proportional to the absorbed x-ray intensity. Image plates 

have excellent dynamic range, spatial resolution and DQE with significantly improved 

background noise levels over photographic films. However, although exposure times 

are improved in comparison with film, laser readouts generally take several minutes, 

which again results in a limited application in time-resolved experiments.  

 

3. Semiconductor-based detectors fall into the categories of Silicon Intensifier Target 

(SIT) and Charge Coupled Device (CCD) technologies. A popular generic name for 

SIT types of detector is TV detector, due to the original application in TV cameras. 

SIT technology has been largely replaced by CCD technology due to reduced costs, 

improved resolution, higher dynamic range and the capability of higher frame readout 

rates coupled with much simpler electronics.  

 

 

2.4.1 MWPC counters  
 

4. The detectors, which were chosen as routine SAXS and WAXS detectors, are gas-

filled Multi-wire proportional (MWPC) and micro-strip (MSGC) chambers. They 

have similar principle of operation, although differ in characteristics and technical 

design. Below we consider these two types of detectors in more detail.  

 

MWPC counters are formed of one- or two-dimensional arrays (often 512 × 512 

channels) of parallel wires held at high voltage in a mixed gas filled atmosphere. The 

principle of operation of gas detectors is based on the collection and amplification of 

photo-electrons, liberated in a suitable gas mixture by the photoelectric effect when 

the X-rays pass through the gas volume. Further to this, an Auger electron and/or X-

ray fluorescence photon releases the excess energy of the X-ray photon. Photon 

absorption events are electronically logged as a function of position along the wires. 

The typical operational energy range of these detectors is 2-25 keV.  

The photo- and Auger electrons are thermalized by ionization of the gas. The 

result is typically a few hundreds of secondary electrons. In the case of photon 

counting, the detector detects the charge of the secondary electrons and generates a 
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signal. The noble gas used as the main detecting agent is a defect-free and 

homogeneous medium, therefore electrons can drift over a long distance without 

losses. The presence of electronegative impurities like H2O, oxygen etc. can induce 

some losses in charge collection. The extent of the secondary-electron cloud is the 

limiting factor for spatial resolution of the detector. The (re)absorption of fluorescent 

photons by the gas contributes to the tail of the point-spread function of the detector. 

To obtain reasonable quantum efficiency for X-ray absorption, a certain gas depth is 

needed. This gas thickness will imply a parallax in the X-ray imaging if the photons 

do not impinge under right angles onto the detector. However, there are several ways 

to handle, reduce or even eliminate the parallax. 

The number of secondary electrons created in the gas is rather small  

(~Ex-ray/30eV) and it is convenient to multiply them in the gas in order to have a 

detectable signal. For electron multiplication one needs to create a region in the gas 

with a sufficiently high electric field, where electrons can gain energy between the 

collision of the gas atoms. If the energy gain exceeds the ionization energy of the gas 

atoms, an avalanche multiplication will take place. The multiplication is an 

exponential process, but can be controlled. The extreme limit is gas discharge. 

Depending on the gas composition, the typical drift speed of the electrons in the gas is 

in the order of few cm/µsecond. The signal rise time is essentially limited by the 

multiplication length divided by the drift speed. Positive ions created at the 

multiplication have considerably lower drift speed and in the case of high local count 

rate can reduce the electric field by screening (space charge effect). In such a case, the 

multiplication factor is locally reduced.  

The ion neutralization takes place on the cathode. The result of this process is 

a neutral and excited gas atom (noble gas). In the pure noble gas, there are two main 

de-excitation processes: UV light emission and direct energy transfer to the cathode 

metal by collision. In the last case, it is very likely that an electron is emitted from the 

cathode. Similarly, an electron emission can take place from the cathode metal surface 

by the photoelectric effect caused by UV absorption. Electrons liberated in these 

processes create a positive feedback in the amplification process and can lead to a 

breakdown in the gas. To limit the photon feedback, a polyatomic gas is added to the 

detector. These so-called quencher molecules (methane, ethane, carbon dioxide etc.) 

de-excite the noble gas atoms by absorbing the UV photons and collision. They emit 
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the excess energy by infrared emission, hence the photoelectric effect on the cathode 

is no longer possible.  

 

In MWPCs the high electric field, necessary for electron multiplication, is 

created by applying a high voltage potential on fine wire(s) mounted in a gas 

chamber. The electric field strength close to the wire surface can reach the necessary 

value for electron multiplication. The main advantage of this construction is that the 

electric field is radial and its strength is rapidly decreasing with the distance from the 

wire. Hence, the avalanche multiplication is confined to the region near to the wire 

surface and thus the build up of a spark discharge is naturally limited. The signal rise 

time is in the order of few nanoseconds, as a result of the short multiplication 

distance. 

 

In MWPCs hundreds of such wires are fixed on the anode frame. Typically, 

they are of 5-10 µm in diameter, made of tungsten and fixed on a suitable frame. The 

anode frame is then sandwiched between two cathode frames made from thicker 

wires. Wires run perpendicularly to latter two frames and serve as signal pick up 

electrodes to determine the X and Y coordinates of the photon absorption. The critical 

parameter is the wire spacing on the anode frame. The anode wire pitch and the 

anode-to-cathode spacing have to be roughly identical. This creates a serious technical 

difficulty for large frames with an anode wire pitch below 1 mm.  

Positive ions have to drift over the anode-cathode distance, which limits the local rate 

capability of the detector close to 105 cps/mm2. 

 

A detector has to withstand a high-accumulated dose during an experiment. 

Noble gases, used to detect X-rays, are inherently radiation hard and are not altered by 

radiation. However, the added organic (quenching) molecules are readily cracked by 

radiation and different types of radicals are created. The result is an isolating deposit 

in the detector, which initially appears as a ‘dead’ (non-counting) spot in the detector. 

The method used on DUBBLE to suppress the radiation damage of the detector is to 

flow the gas continuously through the detector.  The applied mixture is Ar (Q.S.), 

ethane (10%), CF4 (0.5%). The pressure and the flow rate (6l/hour) are maintained by 

a special gas handling system developed during the course of this work. The 
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advantage of such a system is that possible (for example radiation induced) 

emanations from the detector construction materials are also eliminated.  

 

The limitations of this system are principally concerned with the inability of 

the associated electronics to adequately discriminate between individual events at 

high photon fluxes. This has direct implications for both the local and global count 

rates, if the detector is to be maintained in the linear response region. The MWPC 

detectors used at DUBBLE are count rate limited, mainly due to the relatively slow 

readout used (delay line based data acquisition system). However, the possible time 

resolution is excellent (down to 10 µsec), noise is almost zero, the dynamic range is 

high (and is limited only by the electronic ‘memory depth’). The inherent limitations 

of earlier generations of MWPCs have been largely addressed in the latest generation 

of devices, such as the RAPID detector developed at the Daresbury SRS, which has at 

least a twenty-fold increase in throughput over earlier designs [8].  

 

 

2.4.2 The MSGC counter  
 

5. For small-angle X-ray scattering (SAXS) experiments one can use a variety of 

different types of 2D and 1D position sensitive detectors. For wide-angle X-ray 

scattering (WAXS) a fast, angular sensitive detector with high count rate capabilities 

was required with sufficient angular resolution and a large opening angle. The WAXS 

detector used at DUBBLE SAXS/WAXS instrument is a one-dimensional linear array 

curved microstrip gas chamber (MSGC). The MSGC detector was specifically 

designed to simultaneously record wide-angle scattering/diffraction patterns, in 

combination with an independent SAXS detector, in time resolved combined 

SAXS/WAXS experiments with a time resolution down to a few msecs per time 

frame. The special requirement is to be able to sustain high local count rates since the 

wide-angle diffraction peaks from crystalline materials are often quite sharp and fairly 

intense.  

MSGCs are produced with thin metal anode and cathode microstrips 

lithographically printed on insulating or semiconducting glass substrates. The small 

spacing between anode and cathode electrodes allows for a small drift distance for 
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collection of positive ions, produced in electron multiplication avalanches, leading to 

sub-µs ion transit times, and thereby decreasing the space charge effect. Hence the 

count rate capability is increased by about two orders of magnitude as compared to 

standard multi-wire gas proportional counters [9,10].  

 

The developed MSGC detector is a "curved" detector thus avoiding parallax 

problems, due to the large X-ray absorption length in a gas chamber, when X-rays are 

not impinging at right angles onto the detection surface. The special feature is that the  

X-ray photons propagate through the drift space parallel to the anode strips and over 

the glass substrates instead of onto it. This also allows to avoid problems with escape 

electrons when the X-ray photon would be absorbed in the glass.  

The strip pattern consists of 1024 10-µm wide aluminium anode and 90-µm wide 

cathode strips of 1 µm thickness printed on 0.4-mm thick D263 glass plates. The 

spatial period of the strip pattern is 400 µm. All the anode strip electrodes point to the 

sample position, placed at a radius of 360 mm from the inside edge of the 40-mm long 

anode strips. The distance between the drift electrode and the glass plates is 10 mm. 

The 8-mm wide detector entrance window is covered with aluminized Mylar film. 

The detector has a total acceptance angle of 60° with an ultimate angular resolution of 

nearly 0.03°. Depending on the X-ray photon energy used, the detector may be filled 

with different gas mixtures such as Ar/DiMethylEther (DME) or Xe/DME.  

In the detector, a negative potential is applied to the drift electrode. The anode 

strips are grounded via the DC connection to the preamplifier. Each anode strip is 

individually equipped with a charge sensitive preamplifier-shaper, discriminator and 

scaler. The rear edge of the strips is wire bonded to the electronics. Figure 2.9 shows 

the schematics of the operational principle of the detector electronics.  

There is also an electronic circuit for the detection of 2-strip coincidence events. 

Such a coincidence event is indicative of a photon that impinges on a position 

between two strips. The addition of the coincidence circuit doubles the number of 

channels to 2048, thus improving the angular resolution by a factor two. The readouts 

of real (physical) channels can be corrected for coincidences by subtracting the 

number of counts of corresponding coincidence (virtual) channels from the number of 

counts of its neighbouring real channels.  
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Fig. 2.9. Schematic arrangement of the one-dimensional, parallel readout WAXS-
detector. 
 

The detector electronics consist of two sets of 2048 12-bits scalers which are 

being read out every 0.5 msec. While one set of scalers is counting  the data contained 

in the other set is transferred to a 32-bits incrementing memory thus leading to a dead 

time free read-out mechanism. There is also a facility to read sixteen general-purpose 

input channels. These channels can be used to record parameters associated with the 

experiments like for instance read-out signals of an X-ray intensity monitor or the 

sample temperature. These readings are converted into frequency signals and passed 

over to the same type of counters as used for the other channels. Special data 

acquisition software has been developed to control both the SAXS and WAXS 

detectors operation [11].  
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2.4.3 Performance of MSGC 
 

Figure 2.10 shows the characteristic count load curve of the MSGC. Shown is the 

integrated intensity over the Si(111) Bragg reflection, normalized to the calculated 

peak width, as a function of the monitor ion chamber signal, after the peaks were 

fitted to a Gaussian profile. As seen from the figure, at the point where the detector 

begins to saturate the achieved local count rate is ~450 kHz per detector channel. This 

falls short of the restrictions on time resolution, by a factor of ~20, imposed by the 

response time of the detector gas chamber and the signal shaping time of 

preamplifiers used (~100 ns). This is most likely due to the effect of surface charging 

of the glass substrates and subsequent drop in the gas gain.  
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Fig. 2.10. Integrated intensity over the Si(111) reflection, normalized to the calculated 
peak width. Arrows in the plot indicate the fitting range. Detector settings: Ar:DME - 
0.7:0.3, pressure - 1.3 bar, HV applied on drift gap was -2100 V, HV applied between 
anode and cathode strips was -610 V.  
 

The time frame rate performance of the detector was also tested out by measuring 

the powder diffraction pattern of high density polyethylene. Figure 2.11 shows the 

time behaviour of the detector at an extreme data collection rate of 1.5 ms per time 

frame.  
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Fig. 2.11. Time evolution of the integrated intensity of the (110)-reflection of HDPE 
(high density polyethylene) shows good agreement with Poisson's photon counting 
statistics. The dashed line is a linear fit to the data points. The time framing rate was 
1.5 msec/frame.  
 

The technical characteristics of position-sensitive detectors used at the DUBBLE 

SAXS/WAXS beamline are summarized in Table 1.  
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2.5 Instrumental resolution  
 

 

2.5.1 Transverse resolution  
 

In this thesis the transverse resolution is defined as the resolution with which a 

scattering (or diffraction) pattern I(q) can be measured at the DUBBLE SAXS/WAXS 

beamline. Here I denotes the scattering intensity and q is the scattering vector. At 

small angles q is practically orthogonal to the wavevector of the incident x-ray wave, 

which explains the use of the word “transverse” here. It is also introduced in order to 

distinguish it from the longitudinal resolution of a single-crystal diffraction scheme, 

which is discussed in Section 2.5.2. In fact, the transverse resolution is the only 

relevant resolution of the setup for most experiments at DUBBLE (for example, in 

small-angle scattering, powder or fiber diffraction, etc.).  

Apart from the resolution of the detector itself, which is discussed above, the 

transverse resolution is also determined by the quality and coherence of the x-ray 

beam. A scattering or diffraction pattern appears as a result of coherent interference. 

The beam coherence lengths define the coherently irradiated volume on a sample and 

also contribute to the achievable instrumental resolution. Thereby, this implies certain 

requirements on the beam coherence length.  

In the transverse direction, the coherence length is basically determined by the 

angular source size [2] as it is seen from the sample plane. For a freely-propagating 

beam it can be written as  

ltr= λRs/ds, 

where Rs is the distance between the radiation source and the sample, and ds is the 

source size. The inverse of this value 2π/ltr mainly determines the maximum 

resolution δq⊥ that can be achieved in the transverse direction.  
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Fig. 2.12. The beamline optical geometry.  
 

Assuming a source size of ~100 µm (rms), at 48 m distance from the source and 

a wavelength of 1 Å, one may estimate the transverse coherence length of the beam at 

the sample position to be ltr ≅ 50 µm. This is valid under conditions that there are no 

optics and defining/collimating apertures in the beam.  

Fig. 2.12 depicts the beam line optical geometry. For many experiments the 

beam has to be focused at the sample to minimize the beam size, as it is shown in the 

figure. Below we will consider the transverse coherence of the beam in this case.  

The second, focusing, crystal of the monochromator and the mirror can be 

considered as thin lenses since they are placed at large distances from the source and 

because of the small angular divergence of the beam. With a lens one needs to use the 

projected source size at the position of lens in order to estimate the transverse 

coherence length in the sample plane. In the vertical plane the angular beam 

divergence is determined by the natural divergence of the SR bending magnet beam, 

unless the primary beamline aperture does collimate it further. Synchrotron radiation 
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occurs in a narrow cone with nominal angular width ~1/γ, where γ is the ratio of the 

electron energy to the energy of the rest electron mass. In case of the 6-GeV ESRF 

machine it equals to 0.511[MeV]/6000 ≅ 85 µrad.  

In the horizontal plane (i.e. electron orbit plane) it is ultimately determined by 

the width of the primary beamline aperture located at 27.6 m from the source. In case 

of aperture sizes corresponding to the above mentioned natural divergence of 85 µrad 

(2.35mm×2.35mm), the projected source size (~100 µm) at the monochromator 

second crystal, dp, would be 100+32.74*85 [µm]=2883 µm, and at the mirror 

100+35.6*85 [µm]=3130 µm. Hence, at the sample position, using 1 Å X-rays, one 

finds a horizontal transverse length ltr,h= λRmono-sample/dp ≅ 0.53 µm, and a vertical 

transverse length ltr,v= λRmirror-sample/dp ≅ 0.43 µm.  

By collimating the beam down by means of primary slits, one can improve this 

situation. For instance, with apertures of ~0.1mm×0.1mm the horizontal length 

becomes ltr,h ~7.4 µm, and the vertical one ltr,v ~5.8 µm. The inverse of that length, 

2π/ltr, will define the ultimate limit of the resolution δq⊥ in reciprocal space in the 

transverse direction. 

 

 

2.5.2 Longitudinal resolution in single-crystal diffraction  
 

Coherent properties of an x-ray beam are different in the transverse and 

longitudinal directions. As will be shown here, in the longitudinal direction the 

conditions for coherent interference can be fulfilled on much larger distances than 

those in the transverse direction. As will be further demonstrated in Chapter 4, this 

can be exploited for a high-resolution diffraction study in a single-crystal diffraction 

mode.  

In the longitudinal direction (along the incoming wave vector) the coherence 

length is determined by the spectral bandwidth of the incoming beam and is given by 

[12,13]:  

llong = λ2/∆λ. 

To fulfill the conditions of coherent diffraction, this length should be compared with 

the optical path length difference between waves diffracted at the rear and front sides 
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of the sample with respect to the incoming beam as is schematically shown in Fig. 

2.13.  

 

 
 

Fig.2.13. Sketch illustrating the optical path length difference between two waves 
diffracted at front and back sides of the sample.  
 

This is equal to  

∆path=t-t1=t(1-cos2θ)=2t⋅sin2θ,  

where 2θ is the scattering/diffracting angle and t is the sample thickness. For coherent 

interference, ∆path should be either less or equal to llong . Using this simple relation, 

one may then obtain an estimate of the optimum thickness of the sample, topt, which is 

equal to  

topt=λ2/(∆λ⋅2sin2θ).  

The beamline produces monochromatic light with ∆λ/λ of, typically, ~5⋅10-4. In the 

case of small-angle X-ray diffraction/scattering, depending on the sample-to-detector 

distance, the scattering angles vary from ~0.01° to ~5°. Thus, for wavelengths 

typically used in SAXS (0.7-2 Å), the finite spectral bandwidth of the radiation does 

not destroy coherent summation of the waves scattered by objects separated in the 

longitudinal direction by the distance topt, which ranges from ~40 µm up to a 

maximum value of 26 m (!). In fact, the latter is just an extreme upper limit.  
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This effect can be also seen from the Ewald sphere [14] construction in Fig. 

2.14. The wavelength bandwidth, ∆λ, leads to the spread of the radii of the Ewald 

sphere for the case of small divergences of incoming and scattered beams. Therefore, 

the Ewald sphere degenerates into a spherical shell of variable thickness. The 

thickness/width of that shell, δq||, at scattering angle, 2θ, determines the resolution in 

reciprocal space along the scattered vector. Consequently, the value 2π/δq|| determines 

the characteristic distance along the beam over which the scattered waves can 

interfere with each other in the diffraction pattern at the plane/point of observation.  

From geometrical considerations one may deduce the value of the thickness of 

the Ewald shell, δq||, at a given scattering angle 2θ, shown in Fig. 2.14 as a solid black 

segment (right panel), by:  

||,1 0 1 0( ) cos(2( )) cos(2 )q k k k kδ θ θ θ= + ⋅ − − − ⋅ ,  

which, in an approximation of small scattering/diffracting angles and narrow 

wavelength spreads, is equal to  
2 2 2(1 cos2 ) 2 sin (4 / )k kθ θ π λ λ θ− = .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. 14. The influence of wavelength spread on the smearing of the Ewald sphere. A 
series of nodes of the reciprocal lattice of a crystal is also shown (left panel).  
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Fig. 2.15. The influence of the finite angular divergence of the beam on the smearing 
of the Ewald sphere.  
 

 Another contribution to the resolving power in the longitudinal direction 

comes from the fact that the incoming beam has a finite angular divergence, ε. As is 

schematically shown in Fig. 2.15 (right panel), in this case the starting points of the 

incoming wave vectors, P, would be distributed along a disk-shaped area in reciprocal 

space. Each point at that disk corresponds to an individually oriented Ewald sphere. 

For a given direction of scattered/diffracted waves, scattered vectors ks, drawn from 

points P of that disk would form the cross-section of the Ewald “envelope”, which is 

also disk shaped. The finite (point-to-point) angular resolution of the detector would 

also smear that “scattering disk” further out. As can be seen in Fig. 2.15, the described 

effect also influences the resolution in reciprocal space in the direction along the 

scattered wave vector δq||. In the case of small diffraction angles this is equal to  

||,2 0 2q q kδ ε θ ε= ⋅ = ⋅ ⋅ .  

 

In real space, it would manifest itself in some characteristic distance along the 

scattered wave vector, ||,22 / /( 2 ) / 2tr trq lπ δ λ ε θ θΛ = = ⋅ = , over which the waves, 

scattered at different points in a sample within the distance (in a transverse direction) 

defined by the transverse coherence length ltr, diffract coherently as is sketched in Fig. 

2.16.  
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Fig. 2.16. A sketch illustrating how the finite transverse coherence length (in other 
words, the angular spread of the plane-wave components of the incoming wave field 
as it actually defines this length) may influence the longitudinal resolution.  
 

As will be shown in Chapter 4, the typical angular range used in this work was about 

10-3 ÷ 10-2 radians. Thus, taking into account only the natural angular divergence of 

the beam of 85 µrad one obtains an estimate of Λtr ~0.15 ÷ 1.5 mm (for 1.24 Å X-

rays, beam energy of 10 keV), which was sufficient for the present study as will be 

discussed in Chapter 4.  

 

 

2.5.3 Low-angle resolution 
 

The achievable low-angle resolution defines the smallest scattering angle at 

which meaningful scattering data can be collected. It greatly depends on such an 

important factor as the amount of the parasitic scattering background relative to the 

typical strength of the sample scattering or diffraction. The background scattering is 

typically most harmful at the smallest scattering angles, where tails of the strong 
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direct beam could significantly contribute to the measured intensity, and at the largest 

scattering angles, where the sample scattering is usually weak. The parasitic scattering 

background can be reduced by careful alignment of the protective H5 and H6 guard 

slits. Note that one has to avoid the intense x-ray beam from touching the slits since 

that may result in a strong scattering originating from the slit edge. For weakly-

scattering samples the scattering of the x-ray beam in air can become an important 

factor as well so that all air gaps have to be minimized in order to reduce the 

background unless the sample is not placed in a vacuum.  

At a sample-detector distance of ~8 meter a Bragg spacing of ~4000 Å can 

typically be resolved with 10-12 keV X-rays at DUBBLE. By using an X-ray detector 

with sufficient spatial resolution and optimizing the whole setup, this can be 

improved. To illustrate the latter, Figure 2.17(b) shows the diffraction pattern of a 

body-centred tetragonal (bct) silica colloidal crystal. This unusual crystal structure is 

prepared by colloidal crystallization in an external electric field, and subsequent 

fixation in a polymer gel [15]. The nearest-neighbour distance is about 1.6 µm.  

The results presented are obtained with a 12.38 keV (wavelength 0.1 nm) X-ray beam. 

X-ray diffraction is recorded by a CCD camera with a spatial resolution of ~55 µm 

(Sensicam, 1024×1024 pixels). The beam has been collimated and carefully focused 

onto the detector plane. The sample-detector distance was ~8.5 m. The lead beamstop 

used had a size of 5mm×5mm. To demonstrate the scale in the reciprocal space, Fig. 

2.17(a) displays the fibre diffraction pattern of the dry rat tail collagen (d-spacings 

calibration sample). The white arrows point to the first-order diffraction peaks 

originating from the 65 nm long period of the collagen. The white arrow in Fig. 

2.17(b) points to the lowest-order diffraction (110) peak corresponding to an 

interplanar spacing of d = 1.33 µm (as estimated from the diffraction pattern) in real 

space. This value compares well with the confocal microscopy result of d = 1.35 µm.  

 



Chapter 2 
 

 38

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.17. (a): Diffraction pattern of dry rat tail collagen (the calibration sample 
ordinarily used in SAXS technique); (b): magnified (5 times relative to panel a) 
diffraction pattern of the bct colloidal crystal. Data weremeasured at DUBBLE by 
Jacob Hoogenboom, Arnout Imhof, Alfons van Blaaderen (soft condensed matter, 
University of Utrecht), Igor Dolbnya (DUBBLE) and Andrei Petukhov (van ‘t Hoff 
laboratory for physical and colloid chemistry, UU); the sample was provided by Job 
Thijssen (scm, UU).  
 

 

 

a) b)
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Chapter 3 
 

 

Theoretical aspects of small-angle diffraction for the 

study of colloids and colloidal crystals 
 

3.1 Small-angle X-ray scattering and diffraction 
 

Our starting point is the equation of electron motion in the external field of an 

incoming plane electromagnetic wave of frequency ω [1]:  

0v E E i tm ' e e e ω−= = ⋅ ,                                                                                    (3.1) 

where v' is the additional velocity acquired by electron in the wave field.  

Hence, ' ie mω=v E/  and 2e mω= −r E/ . 

Let us define the electron number density function in a medium as ρ(r).  

The corresponding density of the current induced is 2 ( ) /j v r E' e ' ie mρ ρ ω= = .  

The microscopic/local Maxwell equations can be then written as follows:  

E Hrot i
c
ω= ,                                                                                                (3.2) 

2

2

4 ( )4 [1 )]j rH E E D= E' erot i i i i
c c c m c c
ω ω π ρ ω ωπ ε

ω
= − + = − − = − − , (3.3) 

where ε is the dielectric constant which is now a function of coordinates within the 

medium. Note that all equations are given in Gaussian units.  

At this point one needs to mention that electric field E describes now the local field 

inside the medium and can be represented as a vector sum of two parts: the field of the 

incident wave and a part due to scattering E=E0+∆Esc.  

Eliminating H from equations 3.2 and 3.3 one obtains:  
2

2E Erotrot
c
ω ε=  

Using vector identity for a triple cross product 
2( ) ( )E × ×E E Erotrot = ∇ ∇ = ∇ ∇ ⋅ − ∇ ,  
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and taking into account that divD=0 as it follows from Eq. 3.3 (this is also consistent 

with the assumed high-frequency behavior), we obtain the classical wave equation in 

a medium:  
2

2
2 0E E

c
ω ε∇ + =  ,        (3.4) 

which can be rewritten as:  
2 2 2

2 0
2 2

4 ( ) ( )( ) ( )0 sc 0 sc
r rE E E E E Ee r o

c m
ω π ρ λ ρ

ω π
∇ + = + ∆ = + ∆  ,   (3.5) 

where r0=e2/mc2 is the Thompson radius and λ the wavelength.  

Here, the second term can be neglected as it is the product of a quite small quantity 
2

0 ( )rr λ ρ
π

 (typically of the order of 10-5-10-6 in the X-ray wavelength range) and ∆Esc 

assumed to be small too as is required in a first approximation of perturbation theory. 

So, it is essential here that the the right-hand side of Eq. 3.5 under E0 we can use the 

given field of the incoming wave.  

One may find the solution of Eq. 3.5 in a space outside the scattering medium at a 

large distance from it [1]:  
02

2
0

[ [ ]] ( )
ikR

ie e e dV
m R

ρ
ω

−= × × ∫' ' qr
0E k k E r ,      (3.6) 

where R0 is the distance from the origin of coordinates inside the medium to the 

observation point, q is the scattering vector (momentum transfer) q=k'-k, k and k' are 

incoming and scattered wave vectors, respectively, and k=k'=ω/c (elastic scattering).  

From (3.6) the differential scattering cross-section can be written as:  
2

2 2
0 sin ( ) id r e dV dσ ψ ρ −= Ω∫ qrr ,       (3.7) 

where dΩ  is the solid angle, and ψ is the angle between the E0 and k' vectors.  

It is clear that the intensity scattered in a certain direction is mainly determined by the 

square modulus of the integral ( ) qrr ie dVρ −∫ , i.e. by the spatial Fourier transform 

component of the electron density. At q→0 the integral simply gives the volume 

averaged electron density ρ  and this would be in fact the case of ordinary 

refraction of X-rays in a medium with refraction index n ε= . Thus, the 

scattering/diffraction at very small angles can be considered as refraction.  
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As known, atoms, molecules and even larger macroscopic formations (i.e. 

colloidal particles) may form ideal crystal structures in which they have definite 

positions in an extended regular array (lattice). So, let us assume now that the electron 

density in a medium is a spatial periodic function of coordinates. In that case, the 

electron density at any point can be expressed as a Fourier sum over the reciprocal 

lattice:  

( ) i
b

b

A eρ =∑ brr ,         (3.8) 

where the sum runs over all periods, b, of the reciprocal lattice given by 

bhkl=hb1+kb2+lb3 where b1, b2, b3 are reciprocal lattice vectors defining the unit cell in 

reciprocal space (or in other notations a*, b* and c*, respectively). h, k, l are the 

Miller indices of the reflection described by the reciprocal lattice point and Ab may be 

identified as the structure amplitude for the particular hkl-reflection. Conversely:  

( ) i
b

v

A e dvρ −= ∫ brr , where integration is performed over the volume of the unit cell, v.  

By substituting (3.8) into (3.7) one may realize that a notably non-zero result is only 

obtained at values of q close to some b. Hence, we can consider each diffraction 

maximum individually and independently and assume that i
bA eρ = br  with a fixed 

value of b. By substituting this expression into Eq. (3.7) we end up with 
222 2 (

0 sin i
bd r A e dV dσ ψ −= Ω∫ k'-k-b)r .  

As seen, the most intensive maxima appear in directions where the exact equality 

holds: k'-k=b.  

Since |k'-k|=2ksin(θ), where 2θ  is the scattering angle (between the k and k' wave 

vectors), this then leads to the famous Bragg equation  

2ksin(θ)=b,  

which determines the diffraction angle of the main maximum.  

 

 

3.2 Static lattice disorder 
 

 In this section we are guided by the theory developed by Guinier [2] and 

Wilson [3]. Partial extension has been made to include the case of different degrees of 

stacking disorder.  
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For a perfect crystal, a periodic three-dimensional (3D) lattice in object space has 

nodes which are defined by vectors nr , where n stands for the group of three integral 

numbers na, nb, nc. The corresponding reciprocal lattice has nodes at the extremities of 

vectors hklb , h,k,l being Miller indices. Each lattice node corresponds to a unit cell 

which, by definition, repeats itself identically from node to node. This unit cell 

appears in the diffracted intensity calculations through its crystal structure amplitude 

(the square root of its structure factor):  

 

( ) ( )exp( )i i
i

A f i= −∑q q qu , 

for diffraction vector hkl=q b ,  fi is the “atomic” scattering factor (particle form-

factor) and iu  is the vector connecting the lattice node to the ith particle. The 

summation runs over all particle positions in the unit cell.  

For an imperfect crystal based upon a similar (average) lattice, the position and 

content of the unit cell corresponding to a given node depend on the node considered. 

Therefore, the structure amplitude is now different for each unit cell:  

( ) ( )exp( )n ni ni
i

A f i= −∑q q qu . 

Now, particles might have different sizes (fni≠fn’i) or they can be displaced ( 'ni n i≠u u ). 

So, in one case the difference is the modulus of the terms of the above sum and in the 

other it is the argument. If the particles are all identical (monodisperse) and only 

simply displaced, An has a constant modulus and its phase alone varies:  

( )exp( )n nA f i= − ∆q q u , 

where n∆u  is the displacement of the nth particle from the corresponding node of the 

average lattice, chosen such that 0n
n

∆ =∑ u  for all the particles (=”atoms”) of the 

crystal. Once the structure amplitudes for each unit cell are defined, the scattering 

intensity for a crystal of volume V containing N unit cells can be calculated:  

*
' '

'

( ) exp[ ( )]N n n n n
n n

I A A i= − −∑∑q q r r      (3.9) 

Introducing the notation 'm n n= −r r r  where m=n’-n, or ma=na’-na, mb=nb’-nb,  

mc=nc’-nc, the equation can then be rewritten as  
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*( ) exp( )N n n m m
m n

I A A i+=∑∑q qr .     (3.9a) 

For a sufficiently large number, p, of unit cells the sum *
n n m

n

A A +∑  is nearly constant 

independent of which particular node is considered. Let us set 

* *1
n n m n n m m

p unit cells

A A A A y
p+ += =∑ . 

To calculate the number of terms involved in the summation over n, let us now 

displace the original volume V by a distance rm. The volume common to two solids is 

then <V⋅V(rm)>, which basically represents the auto-correlation function of the shape 

of the object, V(rm). The number of terms required is then equal to VV(rm)/vc, where vc 

is the volume of the unit cell of the average lattice. So, equation 3.9a can be rewritten 

as  

V( ) ( ) exp( )N m m m
mc

I V y i
v

= ∑q r qr . 

The scattering power per unit cell is in fact 

( ) ( ) exp( )c m m m
m

I V y i=∑q r qr .      (3.10) 

Let us now consider in more detail the situation where stacking faults appear in a 

close-packed structure. As is well known, the most compact arrangement of spheres is 

obtained by stacking hexagonal lattice planes in such a way that each sphere in a 

certain layer is in contact with three spheres in the neighboring layer, so that it is 

situated above the center of the equilateral triangle formed by the centers of these 

three spheres. There are two ways in which the second layer can be placed on the first 

one. As is depicted in Figure 3.1, the projection of a layer on the reference plane can 

take three different possible lateral positions A, B and C. The crystallographic 

hexagonal axes a and b (in the base layer/plane A), together with projections of the 

positions of C and B particles onto them, are also shown.  

The two simplest arrangements which are periodic, and which can therefore 

give a crystal lattice, are the hexagonal close-packed arrangement ABAB…, and the 

face-centered cubic arrangement ABCABC… for which the hexagonal planes are the 

(111) planes. Since it is usually only the weak interaction between second neighbors 

which distinguish the hcp lattice from fcc, because the second layers are identical in 
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the first case (ABA) and different in the other (ABC), it is possible that such a 

compact lattice may contain stacking faults, a layer A being substituted for a layer B 

or C [2,3]. This displacement disorder is essentially a particular case of planar 

disorder.  

 

 
 

Figure 3.1. Close-packed arrangement of spherical particles. Shown: A, B and C – 
different possible positions of particles in three consecutive layers; a and b – two in-
plane crystallographic hexagonal axes.  
 

 We define the crystal axes in such a way that the axis c is normal to the 

hexagonal planes. For planar disorder, the displacement ∆un depends only on the 

plane where the nth unit cell is located, and therefore only on the parameter nc (n 

along the c-axis). Thus  
2 2 2* exp[ ( )]

c c c c cm n m m n n m n m ny A y A y A A f i+ += = = = ∆ − ∆q u u  

For simplicity, the vector rm can be written in a manner to show its component along 

c:  

a b c a b c ab cm m m m m 0 00m m m= + = +r r r r r  

The volume common to the two solids V⋅V(rm) is then equal to the product of the 

intersection surface area 
abm( )S r  and the length 

cm| |cN c− r , or (Nc-|mc|)c, where Nc is 


