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1
General introduction
1.1. Hard spheres
Hard spheres under thermal excitation may be considered as the ‘fruit ﬂies’ of statistical mechanics, where the hard sphere potential is extensively used as a reference
potential [1]. Therefore, rigorous insight in the behavior of hard spheres is imperative
for understanding the wide class of systems where excluded volume interactions are
important. The hard sphere potential consists of an inﬁnitely high potential energy at
distances smaller than the diameter of a hard sphere and zero at larger distances. As
a consequence, the Boltzmann weight of a conﬁguration of hard spheres is either zero,
in the case of overlap, or unity otherwise. Thus, the hard sphere system is athermal
and the number density ρ is the only relevant control parameter. A commonly used
measure for the number density is the volume fraction of hard spheres φ ≡ ρv, with v
the volume of a particle.
Whether or not hard spheres exhibit a disorder-order transition has long been the
subject of a lively debate. Already in 1914 Bridgman argued that repulsive forces
alone could produce an ordered solid [2]. Later Kirkwood suggested the existence of a
freezing transition at suﬃciently high densities [3, 4]. Computer simulations of Wood
and Jacobson (Monte Carlo) and Alder and Wainwright (molecular dynamics) provided
the ﬁrst evidence for the ﬂuid-crystal transition of hard spheres [5, 6]. Due to the
small sizes of the simulated systems it lasted until 1968 before the phase boundaries
were accurately determined by Hoover and Ree [7]. They found that the freezing
and the melting transition of hard spheres are respectively located at φf = 0.494 and
φm = 0.545 [7]. The hard sphere phase diagram is shown in Fig. 1.1 A.
1
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Figure 1.1. (A) Phase diagram of hard spheres. The ﬂuid and crystal regions
are indicated (in between the ﬂuid and solid are coexisting). The (nonequilibrium) hard sphere glass is shown as well. The volume fractions corresponding
to the freezing, melting and glass transitions are indicated by respectively φf ,
φm and φg . (B) Equation of state of hard spheres. The upper line is the
Carnahan-Starling equation of state of the ﬂuid (Eq. (1.1) [8]) and the lower
line is the equation of state of the solid as given by Eq. (1.2) [9]. Dashed lines
indicate that the corresponding state is metastable. The coexistence region is
represented by the horizontal line.

Up to now there is no exact quantitative description of the equation of state of a
hard sphere ﬂuid and solid. However, several useful numerical expressions have been
proposed. The Carnahan-Starling equation of state describes the pressure of a hard
sphere ﬂuid, as obtained from simulations, accurately [8]:




Pf luid v
1 + φ + φ2 − φ3
=φ
,
kB T
(1 − φ)3

(1.1)

with kB Boltzmann’s constant and T the absolute temperature. A similar equation of
state of the hard sphere solid is given by [9]:




3
Psolid v
=φ
,
kB T
(1 − φ/φcp )

(1.2)

where φcp is the volume fraction at close packing being 0.74. Only recently it has
been proven that this is indeed the closest packing possible for hard spheres [10]. The
equations of state are shown in Fig. 1.1 B.
The hard sphere crystal consists of stacked planes in which the particles are hexagonally packed. The centers of particles constituting such a layer can adopt three possible
lateral positions, A, B or C. If we label the ﬁrst layer A, then the next layer is located
at position B, exactly above the cavities formed by the particles in layer A. The third
layer on top of layer B can either be positioned at A or C. Hence, there are two possible
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stacking sequences: either ABABAB or ABCABC, which respectively correspond to a
hexagonal close packed (HCP) and a face centered cubic (FCC) structure. A mix of
both stackings results in a random hexagonal close packed (RHCP) structure. Computer simulations demonstrated that the hard sphere FCC structure has the lowest free
energy [11], although it was recently reported that near close packing HCP has lowest
free energy. However, the diﬀerences between the free energies of the HCP, FCC and
RHCP structures are only very small: on the order of 10−3 kB T per particle [11–13].
Surprisingly, the elastic constants of HCP and FCC are markedly diﬀerent [14].
The phase diagram of hard spheres changes dramatically if the dimensionality of
the system is lowered. For instance, a crystalline phase possessing true long-range
translational order cannot exist in two-dimensional (2D) systems [15, 16]. In contrast
to the bulk situation, the 2D melting scenario of hard disks has still not fully been pinned
down. A general scenario for melting in 2D systems has been proposed by Kosterlitz,
Thouless, Halperin, Nelson and Young (KTHNY). In this scenario, a 2D crystal melts
via two successive continuous transitions into an isotropic ﬂuid. In between there is
the so-called hexatic phase. The ﬁrst transition from a crystal to a hexatic phase is
accompanied by the generation of thermally excited free dislocations, which destroy
the translational order. At the hexatic to ﬂuid transition, the dislocations dissociate
into free disclinations, thereby destroying the bond-orientational order as well. For an
extensive overview see [16].

1.2. Colloids as model hard spheres
Hard spheres do not only exist in computer simulations and theories. Colloidal
systems provide a wide variety of shapes and interparticle interactions including the
hard sphere system. Colloids are particles having at least one direction in the size
range of roughly 1 to 1000 nm. They are usually dispersed in a (molecular) solvent.
Although colloids may slowly sediment (depending on the solvent and the size and
shape of the particles), they are small enough to exhibit thermal or Brownian motion.
The resulting random walk is due to numerous collisions with the solvent molecules. As
a consequence, colloids sample phase space just as molecules and atoms do and exhibit
similar phase behavior as atomic and molecular systems [17–20].
From an experimental point of view the relevant time and length scales of colloidal
systems are conveniently accessible, in contrast to molecular and atomic systems. They
can be studied using a variety of experimental techniques such as light scattering and
optical microscopy. In addition, the properties of the colloids and/or the solvent can be
adjusted. For example, matching the refractive index of a colloidal particle minimizes
the attractive van der Waals forces. Furthermore, the interaction potential can be
tuned by, for instance, grafting the surface of the particles with (short) polymers. The
resulting steric stabilization may lead to a steep, repulsive potential. All these available

4
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Figure 1.2. Confocal microscopy images (11.5 × 11.5 µm2 of a colloidal hard
sphere (A) ﬂuid at φ = 0.44, (B) crystal at φ = 0.55 and (C) glass at φ = 0.64.
(D) Bragg reﬂections of a colloidal crystal.

manipulation tools make colloids an ideal model system for the investigation of phase
transitions [19].
Colloidal spheres interacting via a hard-sphere-like potential are widely accepted as
an experimental realization of hard spheres. The complete hard sphere phase diagram
(Fig. 1.1 A) has indeed been observed in a system of sterically stabilized polymethyl
methacrylate (PMMA) colloids in an apolar refractive index matching solvent [18]. In
addition, the existence of a disordered state above a volume fraction of 0.58 was reported
as well [18,21]. This state has been identiﬁed as a colloidal glass [21] and is also indicated
in Fig. 1.1 A. To illustrate the hard sphere character of colloids, Fig. 1.2 shows confocal
microscopy images of the three states (ﬂuid, crystal and glass) observed in a system of
PMMA colloids in a refractive index matching solvent. Other commonly used colloidal
hard sphere model systems are silica spheres covered with octadecyl alcohol dispersed
in cyclohexane [22] and silica spheres in refractive index matched solutions with high
ionic strength [23, 24].
The nonequilibrium colloidal glass state can for example be reached by rapid density
quenching as a result of centrifugation. This state is characterized by its disordered
structure as well as the absence of homogeneous nucleation and long-time self-diﬀusion
[20]. This is believed to be caused by the caging of the particles by their neighbors [20].
Using confocal microscopy it has been demonstrated that the dynamics in a colloidal
hard sphere glass is heterogeneous [25,26]. The very existence of a colloidal hard sphere
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glass was disputed by the observation that a colloidal glass of monodisperse hard spheres
crystallized under microgravity conditions [27].
An inherent property of colloidal systems is polydispersity. In other words, colloidal
particles always exhibit a certain distribution of sizes. Monodisperse colloidal spheres
typically have a polydispersity of about 2% to 6%. The phase behavior, structure and
dynamics of colloidal hard spheres and colloidal systems in general, are signiﬁcantly
aﬀected by polydispersity [28]. For example, hard spheres can only freeze by sizefractionation above a polydispersity of 5.7 % [29–31]. Also crystal nucleation and
growth are greatly aﬀected [32, 33]. Therefore, polydispersity might be important in
the formation of a colloidal hard sphere glass as well.
If the polydispersity is small enough colloids can readily crystallize. Inherent to the
lattice spacing on the order of the wavelength of visible light, colloidal crystals give
rise to beautiful Bragg reﬂections as illustrated in Fig. 1.2 D. The structure of colloidal
crystals has extensively been investigated using light scattering techniques [27, 34, 35].
Many of these studies reported RHCP stacking of crystals of hard spheres, despite FCC
having the lowest free energy. However, the very small free energy diﬀerence between
the diﬀerent stackings leads to long times required to rearrange a RHCP structure
into a FCC stacking [36]. The presence of shear forces due to, for instance, gravity
drives the structure to a more FCC-like character [37–39]. More recently, also realspace studies using confocal microscopy reported similar results for the structure of
hard sphere colloidal crystals [40, 41].

1.3. Scope of this thesis
Most of the great deal of work done on colloidal hard spheres has been performed
using various kinds of scattering techniques. Although the power and usefulness of
these scattering methods is beyond doubt, it cannot yield information on a local, not to
mention, single-particle level. About a decade ago, confocal microscopy has successfully
been employed to study the structure of quenched colloidal hard spheres in real-space
on a single-particle level in full 3D [24]. Since then, an increasing number of real-space
studies of colloidal hard spheres have been reported, see e.g. [25,26,40–48]. Nevertheless,
there are still quite some long-standing problems that can be studied using real-space
techniques. The aim of this thesis is to address various aspects concerning the structure
and dynamics of colloidal hard spheres in real-space.
This thesis is organized as follows. First of all, the confocal microscopy technique
is introduced in Chapter 2. In particular, the principles of confocal microscopy, its
advantages over conventional microscopy and the implications for the colloidal hard
sphere model system are discussed. Subsequently, Chapter 3 reveals how to deal with
the high demands that quantitative confocal microscopy on a single-particle level put
on the colloidal particles. In other words, the development and characterization of a
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new colloidal hard sphere model system suitable for quantitative confocal microscopy
is described. This model system consists of sterically stabilized crosslinked PMMA
particles consisting of a ﬂuorescent core and a relatively large nonﬂuorescent shell dispersed in a refractive index and (almost) mass density matching solvent mixture. In
contrast to earlier colloidal hard spheres systems, this system facilitates 3D real-space
studies of hard spheres on a single-particle level with negligible eﬀects of gravity. As
a result of the crosslinked structure of the PMMA particles, the particles do not fall
apart in good solvents, in contrast to commonly used noncrosslinked PMMA systems.
This property is utilized in Chapter 4, where the properties of the developed crosslinked
PMMA particles in various good solvents are explored.
In Chapter 5 we combine the developed PMMA core-shell colloids and high-speed
confocal microscopy to directly measure thermodynamic properties of colloidal hard
spheres. In particular, the chemical potential, pressure and free energy density of
colloidal hard spheres are determined from microscopy images only. Despite the fact
that the bulk thermodynamic properties of hard spheres have been well established
[7, 18], it is not straightforward to actually measure thermodynamic properties like the
pressure. Extrapolation of the static structure factor to zero wavevector and integration
of the sedimentation-diﬀusion proﬁle have been used to measure the equation of state
of colloidal hard spheres [49–54]. The method presented in Chapter 5 is a ﬁrst proof
of principle that studying thermodynamic properties of colloidal dispersions by optical
microscopy is feasible.
Another fundamental issue of hard spheres dealt with in Chapter 6, is the interface
between a crystal and a ﬂuid. Detailed knowledge of such an interface is relevant for issues like homogeneous nucleation and crystal growth [55]. Despite numerous computer
simulation studies [56–59], there are no experimental studies that address the interfacial
structure on a single-particle level. In Chapter 6 the developed PMMA core-shell particles are used to ﬁll the apparent lack of experimental data concerning the microscopic
structure of the hard-sphere crystal-ﬂuid interface. Moreover, the inﬂuence of gravity
on the interfacial properties is addressed as well.
Chapter 7 deals with the question as to how the structure and dynamics of slightly
polydisperse hard spheres is aﬀected by the presence of a ﬂat hard wall. In particular,
we study the behavior of the particles in the ﬁrst layer at the wall in a 3D system in
real-space. Walls will tend to dominate the behavior as systems become smaller [60,61].
The relevance of this issue is illustrated by the increasing interest in nanometer-sized
systems in science and technology. Whereas it is very hard to experimentally study
the inﬂuence of walls on local structure and dynamics using scattering techniques,
microscopy provides an excellent tool to carry out such a study.
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The connection between relaxation dynamics and structure in dense liquids and glass
forming systems is considered to be a great challenge [62, 63]. In Chapter 8, we establish a quantitative relation between local dynamics and structure in terms of topological
lifetimes. Although in Chapter 8 a two-dimensional analysis is carried out, it is straightforward to extend the concept of topological lifetimes to three dimensional systems.
In Chapter 9 the eﬀect of the particle shape and shape-polydispersity on the structure
of densely packed colloids is addressed. In particular, the used particles represent colloidal hard spheres that are monodisperse in size, but have a small random perturbation
in shape. Despite the fact that relevant systems like nanoparticles [64] and granular
matter [65] almost always exhibit a distribution of particle shapes, the inﬂuence of
shape-polydispersity on crystallization has hardly been investigated.
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2
Confocal microscopy of colloidal systems
Abstract
In this chapter the major experimental technique used in this thesis is discussed: confocal microscopy. Firstly, the principles of confocal microscopy and
its advantages over conventional microscopy are described. In particular, the
power of applying confocal microscopy to colloidal systems in terms of the
ability to study structural and dynamical properties on a single-particle level
is explained. Finally, the practical setup, as basically used in this thesis, will
brieﬂy be discussed.

9
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2. Confocal microscopy of colloidal systems

2.1. Introduction
Many optical techniques such as light scattering and optical microscopy can be used
to study colloidal systems experimentally. These two techniques provide complementary
information. Data inferred from scattering techniques are in Fourier space and averaged
over the whole scattering volume. In contrast, optical microscopy yields real-space data
of a small part of the sample. In this thesis, we extensively use confocal microscopy,
an advanced version of optical microscopy, to investigate the structure and dynamics
of colloidal hard spheres in real-space. In this chapter we brieﬂy review the principles
of confocal microscopy and its application to colloidal systems.

2.2. Principle of confocal microscopy
The principle of confocal microscopy was described by Minsky in 1957 [66]. A ray
diagram of the confocal optics is shown in Fig. 2.1. The incoming light beam is ﬁrst
passing through the source pinhole to create a point source. Then, the light is focussed
by the objective lens to a (diﬀraction limited) spot in the sample. The light originating
from the illuminated area of the sample is subsequently focussed by the collector lens
onto the second detector pinhole. The collector lens is identical to the objective lens.
The key point is that the detector pinhole is placed exactly at the conjugate focal
plane to the imaged spot (hence the name confocal microscopy). As a result, most of
the light originating from any point outside the focal point is blocked by the detector
pinhole. Therefore, mainly the signal corresponding to the in-focus spot in a threedimensional (3D) sample reaches the (point-)detector, usually a photo multiplier tube
(PMT). The detector is positioned directly behind the detector pinhole. To create
a whole image, many of such points have to be imaged. Thus, by lateral scanning
within the focal plane, a 2D cross-section image at that particular depth is constructed.
Changing the focal depth, that is, the height of the focal plane, facilitates acquiring
source pinhole

light
source

objective lens

sample

collector lens detector pinhole

PMT

Figure 2.1. Schematic illustration of the optics of a confocal microscope. The
solid line is in-focus light, the dashed line represents the out-of-focus light that
is blocked by the second pinhole in front of the detector.
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cross-section images at various heights in the sample and thus imaging in 3D. In practice,
the introduction of the laser as light source improved the ability of 3D imaging. Hence,
strong illumination is required to obtain a reasonable signal at large focal depths. The
use of laser illumination and the scanning principle explains the term confocal scanning
laser microscopy (CSLM).
An alternative confocal microscope, the spinning disk confocal, employs a rotating
Nipkow disc rather than scanning a single confocal point [67–69]. While the CSLM
uses only a single laser beam, the spinning disc confocal uses multiple beams at the
same time. These beams are simultaneously focussed on many points in the specimen
by an array of microlenses that are incorporated in the ﬁrst rotating disc. The confocal
principle is generated by a second rotating disk compromising the corresponding array
of pinholes. Finally, all the points are detected at the same time by the detector, usually
a CCD camera. As a result, the whole 2D image is instantly generated on the detector.
The simultaneous imaging of all these points requires a suﬃciently strong illumination
source such as a laser. The huge advantage of the spinning disc confocal over the CSLM
is the enormous increase in scanning speed. The typical speed of a CSLM is one frame
per second whereas the Nipkow spinning disc confocal easily reaches 30 frames per
second at 512 × 512 pixels. This relatively high scanning speed of the spinning disk
confocal is crucial for some 3D analyses. Reviews on confocal microscopy are found
in [67, 68, 70–72].

2.3. Confocal versus conventional microscopy
Confocal microscopy has several advantages over conventional microscopy. In a conventional microscope a relatively large part of the sample is illuminated. As a result,
a large portion of the detected light is coming from regions outside the focal plane. In
addition, light scattered within the focal plane, but outside the focussed spot also contributes to the out-of-focus blur in the image. Conversely, in a confocal microscope the
sample is imaged point-by-point and a much smaller part of the sample is illuminated.
Therefore, the amount of scattered and out-of-focus light is greatly reduced. Most important is however that the second pinhole prevents most of this out-of-focus light from
reaching the detector. Consequently, the in-depth discrimination and ﬁnal contrast of
the image are considerably increased. The use of ﬂuorescently labeled probes that are
optically matched, suppresses the scattering of illuminating light even further. In this
case, only the ﬂuorescent emission is detected as the incoming laser light is blocked by
a ﬂuorescence ﬁlter in front of the detector. Furthermore, the resolution of a confocal microscope is improved since the light has been focussed twice by the microscope
objectives.
These features are nicely illustrated by the point-spread-functions (PSF) of both systems. The PSF may be interpreted as the probability of a photon hitting the detector
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Figure 2.2. (A) Comparison of the point spread functions of conventional
(grey) and confocal microscopy (black). The inset is a zoom of the ﬁrst ring
maxima. (B) The Rayleigh criterion: The grey line shows the intensity proﬁle
of a conventional microscope for two point objects separated by the distance
corresponding to the Rayleigh criterion. The dashed black line illustrates the
increase in contrast if these two points (separated by the conventional Rayleigh
distance) are imaged by a confocal microscope. The black line shows the
intensity proﬁle of a confocal microscope for two points which are exactly the
confocal Rayleigh distance apart. The Rayleigh criterion is indicated by the
horizontal dotted line.

at the coordinate (ρ, ζ). Here, ρ and ζ are the dimensionless normalized optical coordinates respectively in the focal plane (ρ) and along the optical axis (ζ). The optical
coordinates are related to the real distances r and z by respectively ρ = r (2πNA/λ)
and ζ = z (2πNA2 /nλ), where n is the refractive index of the medium, λ the wavelength
of the light and NA the numerical aperture of the objective [73]. The NA is deﬁned
as NA = n sin(α), with α half the angle of the cone of light accepted by the objective.
The confocal PSF in the focal plane for a single point is given by [67, 71, 73]:


P SF (ρ, 0) =

2J1 (ρ)
ρ

4

,

(2.1)

with J1 the ﬁrst order Bessel function. The confocal PSF along the optical axis for a
single point is [67, 71, 73]:


P SF (0, ζ) =

sin(ζ/4)
ζ/4

4

.

(2.2)

Note that the confocal PSF is just the conventional PSF squared since the light is
focussed twice by the same objective. The conventional and confocal PSF’s in the focal
plane, Eq. (2.1), are shown in Fig. 2.2 A. The central spot is known as the Airy disk
and the distance to the ﬁrst minimum of the PSF is given by the radius of the Airy
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disk. Comparing the confocal and the conventional PSF’s indicates that the position of
the ﬁrst minimum does not change. However, the width of the confocal PSF decreases
signiﬁcantly compared to conventional PSF. In addition, the large diﬀerences in the
intensity of the ﬁrst ring maximum of the confocal and conventional PSF, a factor of
60 radially and 20 axially, illustrates the signiﬁcant increase of the contrast. Thus, in
confocal microscopy relatively much more light is contained in the central peak of the
PSF than is the case for conventional microscopy.
The resolution of a microscope generally deals with the capability of distinguishing
two objects. Such a measure for the resolution is given by the Rayleigh criterion. This
criterion states that two points are resolved if the drop in intensity between the maxima
is 26 % [72–74]. This ‘Rayleigh intensity’ is represented by the horizontal dotted line in
Fig. 2.2 B. Of course, this intensity criterion corresponds to a distance criterion, which
we here term the Rayleigh distance. The Rayleigh criterion is illustrated in Fig. 2.2 B,
which shows the intensity proﬁle of two point sources within the focal plane. Although
the numbers change, the situation along the optical axis is similar. For conventional
microscopy the Rayleigh distance is exactly the radius of the Airy disk (grey curve in
Fig. 2.2 B). However, in confocal microscopy this distance is smaller due to the increased
resolution. If two points separated by the conventional Rayleigh distance are imaged
in a confocal system, the intensity drop is much larger than 26 %. This is clearly
demonstrated by the dashed curve in Fig. 2.2 B showing a much smaller intensity
between the maxima than the grey curve (conventional microscopy). The black line
shows the confocal intensity proﬁle of two points separated by the confocal Rayleigh
distance. This distance is a factor of 1.4 smaller than for conventional microscopy,
which corresponds to the increase of the resolution [67, 72, 73].
Applying typical values for our confocal system, that is, NA = 1.4 and λ = 543 nm,
we obtain in the focal plane a Rayleigh distance of 170 nm. So, in the focal plane two
points separated by this distance can be resolved. The situation changes signiﬁcantly
along the optical axis of the microscope, where the resolution is signiﬁcantly lower
than in the focal plane. If we apply the Rayleigh criterion again using NA = 1.4
and λ = 543 nm, a distance of 630 nm is obtained, which is 3.7 times larger than
the Rayleigh distance in the focal plane. Thus, the resolution along the optical axis is
clearly determining the limits for 3D imaging in confocal microscopy.

2.4. Confocal microscopy of colloidal systems
Confocal microscopy has only relatively recently been introduced in colloid science.
Initially, the technique was mainly used to study biological systems [67, 68, 70]. The
introduction of confocal microscopy meant the beginning of detailed 3D analysis of
colloidal systems. In the early nineties, the structure of colloidal crystals was studied
by CSLM [75] as well as the fractal networks of ﬂuorescently labeled casein gels [76].
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A
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~ 0.8 mm

Figure 2.3. (A) Confocal microscopy image (11.5 × 11.5 µm2 ) of particles
consisting of a ﬂuorescent core and a nonﬂuorescent shell. (B) The ﬂuorescent
cores are separated by approximately 0.8 µm, which is comparable to the
resolution of a confocal microscope along the optical axis. Therefore, the
positions of the particles, even if they are touching, can be resolved.

The use of ﬂuorescently labeled colloids dispersed in refractive index matching solvents
greatly enhanced the possibilities of confocal microscopy in colloid science. Now, the
maximum focal depth is only limited by the working distance of the objective. For
an objective with NA = 1.4 this distance is typically a few hundred micrometers.
Especially, the development of colloids consisting of a ﬂuorescent core and a rather
large nonﬂuorescent shell dispersed in a refractive index matching solvent, facilitated
quantitative analysis in 3D on a single-particle level [23,24]. The core-shell morphology
of the particles ensures that the intensity proﬁles of the ﬂuorescent cores are always
separated by a distance at least on the order of the resolution along the optical axis
(Fig. 2.3). As a result, the 3D positions of all particles, even in very concentrated
colloidal dispersion of hard spheres, can be resolved [24].
In order to determine the coordinates in 3D, ﬁrst the centers of the features in all 2D
cross-section images are determined using image analysis methods as described in [77].
When centers in successive cross-sections have nearly the same (x, y)-coordinates, they
are identiﬁed to be part of the same particle. In practice this is achieved by applying
a distance threshold in the (x, y)-plane. As a result, a string of (x, y)-coordinates
associated with the successive cross-sections is obtained. From these coordinates the
average (x, y)-position is calculated. At the same time, the integrated intensities of the
features in the successive cross-sections form the intensity-proﬁle of the particle along
the z-coordinate. Using this proﬁle the z-position of the particle is determined [78, 79].
To accurately locate a particle in 3D, the time required to acquire all cross-sections
constituting the intensity proﬁle of a particle must be small compared to time associated
with the movement of that particle (given that the ﬂuorescence intensity is good). At
high volume fractions (> 40%), the scan speed of a CSLM of typically one frame per
second is usually suﬃcient. However, at lower volume fractions this speed is insuﬃcient
and the speed of e.g. a Nipkow scanning disk confocal is required. Besides studying the
(3D) static properties, confocal microscopy also allows to investigate the dynamics of
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Figure 2.4. Schematic illustration of the practical setup of an inverted confocal (scanning laser) microscope showing the in-focus (solid line) and out-offocus light (dotted line), the sample container and the focal plane.

colloidal systems on a single-particle level. While CSLM is usually fast enough to follow
the particle movements in only a small part of a concentrated sample, for instance a 2D
slice [25, 45], tracking the particle trajectories in 3D again requires the scanning speed
of e.g. a Nipkow confocal [26].
The practical setup for confocal microscopy is shown in Fig. 2.4. Rather than using
two separate objectives, dichroic mirrors are applied so that the incoming laser light as
well as the ﬂuorescence light pass through the same objective. The unit containing the
scanhead or the Nipkow mechanism is attached to an inverted microscope. The colloidal
samples are contained in homemade sample cells with a volume of typically one ml.
The containers are prepared by removing the bottom of a small vial and subsequently
sticking a thin microscope cover glass to the vial using an epoxy glue (Araldit AW2101
with hardener HW2951). Thus, the colloidal particles are usually imaged from below.
Hence, the focal plane is always perpendicular to the plane of gravity. It is also possible
to attach the confocal unit to a horizontally placed microscope so that the focal plane
is parallel to gravity [80].
Confocal microscopy and its resolution, scan speed and constraints for quantitative
analysis play a central role in this thesis. In the following chapters the diﬀerent aspects
of confocal microscopy will be employed in the development of the colloidal model
system, the imaging of the system using confocal microscopy and the quantitative (3D)
analysis on a single-particle level.
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3
Synthesis and characterization of core-shell
polymethyl methacrylate latex colloids
Abstract
Monodisperse crosslinked composite polymethyl methacrylate (PMMA) latex
particles have been developed. The chemical crosslinking of the PMMA facilitates the preparation of particles consisting of a ﬂuorescent core and a large
nonﬂuorescent shell. These core-shell spheres can be dispersed in a density
and refractive index matching solvent mixture. This results in an ideal colloidal hard sphere model system that can be used to study many fundamental
problems such as freezing, melting and the glass transition using quantitative
confocal microscopy. Furthermore, precise control of the size and the properties of the core and the shell(s) facilitates other applications of this model
system.
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3.1. Introduction
Over the past few decades, confocal microscopy has been established as a powerful
technique in a variety of research ﬁelds. In the early eighties confocal microscopy was
introduced in medical and life sciences [67, 68, 70, 81, 82]. More recently, the technique
was applied in material research [83] and colloid science as well [75,76]. Whereas atomic
systems are diﬃcult to study in real space and time because of the small sizes and the
fast time scales, colloidal systems are very suitable to be studied directly. Using confocal
microscopy, the dynamics and structure of colloidal dispersions can be investigated in
real space and fundamental issues such as freezing, melting, the glass transition and
interfacial phenomena can be scrutinized [24–26, 40, 42, 43, 45, 48, 78, 80, 84, 85].
Confocal microscopy places high demands on the colloidal model system. Therefore, ﬂuorescent particles were developed by incorporating ﬂuorescent dyes [23, 86–88].
Using sophisticated tracking algorithms similar to those described in [77], the (timedependent) particles coordinates can be obtained. However, for one of the simplest
interparticle interactions, the hard sphere potential, tracking in three dimensions (3D)
is seriously complicated if the particles are completely ﬂuorescent. Especially in dense
suspensions where the separation between the particles is smaller than the resolving
power of the microscope. Commonly used colloidal hard sphere model systems are
sterically stabilized silica spheres [22], silica spheres in refractive index matched solutions with high ionic strength [23, 24] and sterically stabilized polymethylmethacrylate
(PMMA) particles in apolar solvents [18, 25, 86, 89].
Van Blaaderen developed silica particles consisting of a ﬂuorescent core and a large
nonﬂuorescent shell [23]. As a result, the (time-dependent) particle coordinates can
be obtained in three dimensions (3D) with high accuracy [24, 42]. It is, however, hard
to match the high mass density of the silica particles. Thus, eﬀects of gravity in this
system are far from negligible. PMMA colloids, on the other hand, have a low mass
density so that it is, in principle, possible to match both the refractive index and
the mass density. This allows experiments which are hardly aﬀected by gravity [25].
However, the PMMA particles used so far are completely ﬂuorescent [86–88], which
quite complicates the accurate location of the particles in 3D.
Here, we develop monodisperse crosslinked composite PMMA latex particles, e.g.,
with a ﬂuorescent core and a nonﬂuorescent shell. First, the preparation and characterization of large (radius R > 100 nm) crosslinked PMMA particles is described.
Next, the particles are grown larger by seeded growth of the (ﬂuorescent) cores. The
resulting core-shell particles facilitate quantitative confocal microscopy studies in 3D
with negligible eﬀects of gravity.

3.2. Experimental section
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3.2.1. Materials
Methyl methacrylate (MM, BDH, > 99%) was distilled under nitrogen atmosphere
before use, methacrylic acid (MA, Fluka, 98%) was distilled at reduced pressure and
under nitrogen atmosphere prior to use. Exxsol D 100 (Exxon Chemical Europe Inc., a
high boiling hydrocarbon mixture), hexane (Baker, > 95%), octylmercaptane (Fluka),
ethylene glycol dimethacrylate (EGDM, Merck, 90%) and tetrahydrofurane (THF,
Acros organics, > 99%) were used as supplied. Poly(12-hydroxystearic acid) graft
copolymer (50% solution in a 2:1 (w/w) ethylacetate/butylacetate mixture) was obtained from ICI. This copolymer will be referred to as PHS. The preparation of PHS
is described in for example [90]. Azo-bis-isobutyronitrile (ADIB, Janssen Chimica)
was recrystallized from acetone before use. The ﬂuorescent monomers NBD-MAEM
(4-methylaminoethylmethacrylate-7-nitrobenzo-2-oxa-1,3-diazol) and RAS (rhodamine
B isothiocyanate aminostyrene) were prepared following the procedure described by
Bosma [86]. Prior to particle synthesis, the NBD-MAEM was dissolved in acetone
(Merck, p.a) [91]. The RAS was dissolved in a mixture of acetone (Merck, p.a.) and
the monomers, and then ﬁltered (1 µm diameter Fluoropore ﬁlter).
3.2.2. Synthesis and characterization
By modifying a well-known dispersion polymerization method to synthesize latex
particles [86,90,92], we obtained crosslinked particles in a single step [93] using EGDM
as crosslinking agent [90]. The particles were ﬂuorescent labeled by incorporation of
the ﬂuorescent monomers NBD-MAEM or RAS. The graft copolymer PHS sterically
stabilized the particles. The synthesis of the particles was performed using a standard
reﬂux setup expanded with a dropping funnel with a water jacket. A 50 ml two-necked
round-bottom ﬂask was evacuated and brought under a nitrogen atmosphere. The
dropping funnel was removed while an overpressure of nitrogen was present and the
initiator ADIB was poured into the reaction ﬂask.
To prepare ﬂuorescently labeled particles, the MM/MA (in the case of NBD-MAEM)
or the RAS/acetone/MM/MA (in the case of RAS) were poured in a separate beaker.
A small amount of this mixture was added to the reaction ﬂask to dissolve the ADIB
while stirring magnetically. To the remaining MM/MA or RAS/acetone/MM/MA (in
the beaker) the PHS-solution, hexane, Exxsol D 100, and, in the case of NBD-MAEM,
also the NBD-MAEM/acetone, were added. After mixing, this was poured into the
reaction ﬂask. Finally the chain-transfer agent octyl mercaptane (Fluka) was added
directly to the reaction mixture.
The dropping funnel was replaced on the ﬂask and was ﬁlled with a mixture of
hexane, exxsol D 100 and EGDM that had been mixed in a second beaker (in some
cases the dye was added to this mixture). The contents of the round-bottom ﬂask
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Table 3.1. Details of the single-step preparation of (ﬂuorescent) crosslinked
PMMA latex particles (amounts in g)a

Sample No.
Reaction flask
ADIB
MM
MA
PHS
Hexane
Exssol D 100
NBD/Acetoneb
RAS/Acetone/MM/MAc
Octyl mercaptanea
Dropping funnel
Hexane
Exxsol D 100
EGDMa
NBD/Acetone mixtureb
Dropping time (min)
RSLS (nm)
σSLS (%)

PX7

PX8

PX9

PNX4

PNX5

PNX6m

PNX17

PRX1

PRX3

0.108
10.00
0.202
1.06
7.24
3.77
0.061

0.105
10.05
0.202
1.03
5.78
2.91
0.061

0.104
10.05
0.23
1.07
6.06
3.1
0.061

0.11
10.00
0.22
1.05
5.98
2.94
0.061

0.101
10.00
0.207
1.065
6.54
3.34
0.061

0.107
10.05
0.205
1.005
6.74
3.26
0.005

0.102
10.00
0.202
1.125
8.38
4.38
0.72
0.063

0.106
0.97
6.13
3.11
8.87
0.055

0.101
1.05
6.06
2.95
8.54
0.055

8.02
4.08
0.24
40
192
12

8.06
4
0.297
50
540
5

4.02
2.03
0.148
24
435
6

7.94
4.01
0.6
0.71
55
955
8

8
4.02
0.61
0.72
45
357
10

7.94
4.04
0.063
1.5
45
285
6

3.98
2.01
0.138
23
175
12

3.99
2.0
0.142
18
197
10

4.0
2.0
0.14
28
215
9

-

a

For the determination of the amount of octylmercaptan and EGDM the desired masses were converted to
volumes via the densities: ρoctylmercaptan = 0.84 g/ml and ρEGDM = 1.05 g/ml.
b
The concentration of the NBD-MAEM in acetone: 11.5 mg/ml.
c
The weight ratio in the RAS-mixture: RAS/acetone/MM/MA = 0.20/3.77/94.15/1.88.

were subsequently heated to 80◦ C using an oil bath. A few minutes after the reaction
had started, the reaction mixture became turbid, indicating nucleation of the particles.
The addition of the mixture in the dropping funnel was started at the moment that
nucleation was observed. The dropping rate was typically one drop per 2-3 seconds.
After complete addition, the reaction mixture was reﬂuxed for one hour. Then, the
oil bath was removed and the contents of the ﬂask were cooled to room temperature.
The amounts of chemicals and the dropping times are summarized in Tab. 3.1. All
the chemicals were weighed unless stated otherwise. The samples are coded as follows:
PNX4 stands for PMMA NBD Crosslinked number 4 (R stand for RAS).
To prepare core-shell particles the cores were grown larger with PMMA that was
crosslinked during growth. It is straightforward to add a ﬂuorescent dye in this step [86].
The seeded growth steps were performed as described in [86], except that EGDM was
added to the mixture in the dropping funnel. The dropping rate was one drop every
2-3 seconds and the mass fraction of the cores was always approximately 50 %. The
amounts of chemicals are given in Tab. 3.2. Again all the chemicals were weighed unless
stated otherwise. The samples are coded as follows: 17P1 corresponds to particles that
are the result of the ﬁrst seeded growth step of the PNX17 cores (number 1). The
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Table 3.2. Details of seeded growth steps (amounts in g)a . The coding of the
sample numbers is explained in the text.
Sample No.
Reaction flask
ADIB
Cores
Exxsol D 100
Octyl mercaptanea
Dropping funnel
MM
MA
PHS
Hexane
Exxsol D 100
EGDMa
RSLS (nm)
σSLS (%)

CP1b

CPP1b

17P1

17PP1

1P1

1PP1

1PP2

3P1

3PP1

3PP2

0.029
5.00
0.010

0.101
5.12
0.065

0.102
5.10
0.065

0.10
4.54
0.48
0.065

0.11
5.10
0.061

0.106
4.66
0.37
0.061

0.10
5.15
0.062

0.102
5.14
0.063

0.404
18.60
1.51
0.252

0.107
5.16
0.062

1.02
0.024
0.68
0.714
0.39
0.063
445
5

9.98
0.21
0.84
7.02
3.52
710
4

10.00
0.20
2.75
7.02
3.58
0.103
315
7

10.00
0.211
2.74
7.08
3.48
0.095
555
6

10.03
0.207
2.75
7.01
3.48
0.104
375
7

9.98
0.21
2.78
7.09
3.49
0.108
660
6

10.05
0.211
2.93
7.02
4.12
0.1
610
6

10.05
0.204
2.79
7.4
3.50
0.1
405
7

40.00
0.84
11.10
23
19.05
0.4
635
6

10.00
0.22
3.10
7.22
4.16
0.107
665
6

a

For the determination of the amount of octylmercaptan and EGDM the desired masses were converted to
volumes via the densities: ρoctylmercaptan = 0.84 g/ml and ρEGDM = 1.05 g/ml.
b
C denotes ‘classical’ noncrosslinked ﬂuorescent PMMA cores [86], which are in this case 390 nm in radius
with a polydispersity of 7.5 %.

17PP1 particles are the 17P1 particles grown one step larger (number 1). Hence, 3PP2
are the PRX3 cores, grown twice (number 2).
The size and polydispersity of the particles were determined by performing angle
resolved static light scattering (SLS) measurements on highly diluted dispersions using
a homemade light scattering apparatus. The wavelength λ of the incident light was
632.8 nm. Prior to the measurements, the dispersions were ﬁltered through Mitex
ﬁlters. The used solvent was hexane and the background was not subtracted from the
data. A calculated form-factor [94], ﬁtted to the experimental scattering data, provided
the radius (RSLS ) and the polydispersity (σSLS ). Polydispersities inferred from SLS are
in general an upper limit [86].
Scanning electron microscopy (SEM) was performed on a Philips XLFEG30 microscope to obtain information about the shape and the surface-roughness of the particles.
The samples were prepared by dipping formfar-coated grids into dilute dispersions and
allowing the solvent to evaporate. Subsequently, the grids were coated with a 5 nm
thick layer of platinum/palladium to minimize particle damaging such as melting and
shrinking due to the electron beam. For confocal microscopy, the particles were dried
on a microscope cover glass or contained in homemade sample containers, which are
described in Chapter 2. To suppress the scattering during imaging, immersion oil was
added to the dried particles. The particles were imaged using a Leica DM IRB inverted
microscope in combination with an ArKr laser (488 nm) and a Ne laser (543 nm), a

22

3. Synthesis and characterization of core-shell polymethyl methacrylate latex colloids

Leica TCS NT scanhead and an oil-immersion lens: Leica 100 ×, NA 1.4 was used in
ﬂuorescence mode. The three-dimensional confocal data were obtained using a Perkin
Elmer Ultraview RS confocal imaging system in combination with a ArKr laser (568
nm, Melles Griot). UV-VIS absorption spectra were measured using a Cary 1E spectrophotometer. IR spectra were measured on Perkin Elmer 2000 FT-IR spectrometer
in combination with a Golden Gate Single Reﬂection Diamond ATR system. The IR
spectra were averaged over 16 scans.

3.3. Results and discussion
For the preparation of core-shell particles, crosslinking of the PMMA was essential to
prevent dye migration thoughout the particle [86]. Pathmamanoharan and co-workers
described the synthesis of crosslinked PMMA particles by a single-step procedure [90].
However, they were not able to prepare crosslinked PMMA particles with a radius
much larger than 100 nm, which is too small for quantitative confocal microscopy
studies. Therefore, the important step in the development of the core-shell particles,
is the preparation of monodisperse large (R > 100 nm) ﬂuorescent crosslinked PMMA
particles. These particles are the ﬂuorescent cores in the core-shell particles [91].
In our ﬁrst attempts, we tried to prepare crosslinked PMMA particles with a radius
larger than 100 nm following the method described in [90]. As the ﬁnal radius of
the particles is a function of the MM concentration [86, 92], we increased the MM
concentration while keeping the MM to EGDM ratio constant. Unfortunately, all the
attempts to increase the size by this approach failed. Within a few minutes after
nucleation was initially observed, the systems irreversibly aggregated. This is probably
due to presence of the full amount of EGDM in the reaction mixture. As a result,
the polymerization rate increases [95–97] and the particles grow faster than without
EGDM. Consequently, a larger amount of stabilizer was needed to prevent aggregation.
However, the size of the particles is basically determined by the ratio of the PHS and
MM concentrations present at the moment of nucleation [86, 90, 92]. Thus, if both
the MM and the PHS concentrations are increased with the same fraction, their ratio
remains the same and so will the resulting particle size. Furthermore, following [90] the
resulting distribution of the crosslinking agent (EGDM) throughout the particle was
inhomogeneous [98]. Due to its bifunctionality, the EGDM is probably consumed more
rapidly during the polymerization than the monofunctional monomers. As a result, the
EGDM is mainly present in the interior of the particle.
In our new approach we add the crosslinking agent during the polymerization reaction. As a result of the dropwise addition, started when nucleation was observed,
the concentration of EGDM in the reaction mixture is always low, thereby hardly inﬂuencing the polymerization speed. Moreover, the EGDM is absent at the moment
of nucleation, which has major implications for the accessible particle sizes. Since the
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Figure 3.1. (A) The radius of PNX5 as a function of the time (t = 0 is the
moment nucleation becomes visible): experimental data (dots) and a tangent
hyperbolic ﬁt to the data (solid line). (B) The relative volume V of the particle
(solid line) and of the added EGDM as a function of time. The dotted line and
the dashed line represent the dropping times of respectively 24 and 50 minutes.
The time interval of constant particle growth rate is indicated by 1 and 2.

size of the particles is only determined by the conditions at nucleation, the size of the
crosslinked particles can now be tuned in the same size range as in the preparation of
noncrosslinked PMMA [86–88, 92]. Therefore, the decoupling of the crosslinking and
the nucleation facilitates the preparation of large (R > 100 nm) crosslinked PMMA
particles in a single step. Furthermore, the distribution of the EGDM throughout the
particle is expected to be homogeneous, as the EGDM is added over the whole period
of particle growth. This is an important property of the particles since the degree of
crosslinking at the surface can be important for the interaction potential of the particles [99].
The addition of the EGDM (via the mixture in the dropping funnel) was started at the
moment that the nucleated particles became visible. Ideally, the interval of the addition
should coincide with the interval of particle growth. To optimize the dropping time, we
measured the time required for a particle to reach its ﬁnal size. During the synthesis
of PNX5, samples were taken from the reacting mixture, starting at the moment that
nucleation was observed. The samples were quenched in a relatively large volume of
hexane at ‘room temperature’ to prevent further growth of the particles. Subsequently,
static light scattering (SLS) was conducted to obtain the radii of the particles in the
diﬀerent quenched samples. In Fig. 3.1 A the radius of PNX5 is shown as a function of
the time. It is observed that already after 24 minutes, about 93% of the ﬁnal radius is
reached. After 50 minutes more than 99% of the ﬁnal radius is reached.
Using a tangent hyperbolic function that was ﬁtted to the experimental data in
Fig. 3.1 A, the relative particle volume V as a function of time was calculated. This
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Figure 3.2. Experimental (open circles) and theoretical (solid line) scattering
patterns of the system PX8. The theoretical curve was calculated using Mie
theory [94], with 540 nm as particle radius and 5% as polydispersity.

is shown in Fig. 3.1 B together with the relative volume of added EGDM for dropping
times of 24 and 50 minutes. From Fig. 3.1 B it is observed that the particle growth rate
initially increases before reaching a constant value (point 1 in Fig. 3.1 B). The largest
part of the particle growth takes places at a nearly constant growth rate, i.e. between
1 and 2 in Fig. 3.1 B. At the end (above 2), the growth rate reduces to zero when the
particles approach their ﬁnal size. A qualitatively similar result was reported in [100].
By comparing the relative particle volume to the relative volume of the added EGDM,
we observe that for a dropping time of 24 minutes the EGDM addition rate is approximately equal to the particle growth rate during the largest part of the particle growth.
This indicates that the particle is homogeneously crosslinked. Moreover, no secondary
nucleation is expected to occur for a dropping time of 24 minutes. Even if the EGDM
is not built in instantaneously, the generated excess amount of EGDM can be incorporated since the particle growth is not complete. Conversely, this is not the case for
a dropping time of 50 minutes, since the particles already reached their ﬁnal size by
then. So if there is an excess amount of EGDM, it cannot be incorporated anymore and
formation of secondary nuclei is expected. Furthermore, the EGDM addition rate for a
dropping time of 50 minutes, is smaller than the particle growth rate. As a consequence,
the main part of the particle is not homogeneously crosslinked. Thus, using a dropping
time of 24 minutes during the synthesis is expected to result in relatively homogeneously
crosslinked particles without signiﬁcant occurence of secondary nucleation.
In our experiments we both tried dropping times of about 25 and 50 minutes (Tab. 3.1).
The low dropping speed of typically one drop every two to three seconds suppresses
the formation of large amounts of secondary nuclei. Using above described procedure
large crosslinked PMMA particles (R > 100 nm) with a narrow size distribution were
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Figure 3.3. (A) SEM photograph of the system PX9 (dropping time = 24
min). (B) SEM micrograph of PX8 (dropping time = 50 min). The secondary
nucleated particles and the cracks herein are clearly observed (indicated by the
arrow). Note that the particles have been overexposed to the electron beam,
resulting in deformed and coalesced particles.

prepared. Fluorescent crosslinked particles were prepared as well. The radii and the
polydispersities of the prepared lattices are summarized in Tab. 3.1.
Figure 3.2 shows the scattering pattern of latex PX8. The deep minima indicate
a small polydispersity and number of minima illustrate that the particles are clearly
larger than 100 nm in radius. A convenient method to obtain direct information on
particle size and polydispersity is scanning electron microscopy. In addition, insight
in the particle shape and surface roughness is obtained. In Fig. 3.3 A a SEM image
of the system PX9 is shown. From this ﬁgure it can be seen that the particles are
spherical and monodisperse. The particles are partly ordered, also pointing towards
a small polydispersity. Furthermore, no signiﬁcant amounts of secondary nucleated
particles are observed. While using SEM, the latex particles tend to shrink because
of the vacuum in the SEM. Furthermore, the PMMA spheres show rapid melting and
deformation induced by the electron beam. The eﬀect of exposing a small part of the
sample for longer time (on the order of tens of seconds) to the electron beam is clearly
seen in Fig. 3.3 B. This ﬁgure shows a SEM photograph of the PX8 particles (Tab. 3.1).
It is clear that the particles are not spherical anymore and have a very rough surface.
Multiple particles actually coalesced into one PMMA block. Although the particles in
Fig. 3.3 B are highly deformed, the presence of a signiﬁcant amount of secondary nuclei
in PX8 is also clearly observed. In particular, the cracks are formed by the secondary
nucleated particles. In contrast, no secondary nuclei were observed in the PX9 system
(Fig. 3.3 A). For PX8 the dropping time was 50 minutes whereas for PX9 the EGDM
was added over a period of 24 minutes. This observation is in agreement with the
earlier mentioned argument that secondary nucleation is expected to occur especially
if the dropping time exceeds the time needed for a particle to reach its ﬁnal size.
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A

B

Figure 3.4. (A) Confocal micrograph (13 × 13 µm2 ) of latex PNX6m in
hexane. Although adsorbed on the glass wall, the particles are clearly seen
to be monodisperse and spherical. The diﬀuse background is due to nonadsorbed, moving particles. (B) Confocal image (16 × 16 µm2 ) of the volumemonodisperse, nonspherical system PNX4 dried on a microscope cover glass.

By incorporation of a ﬂuorescent dye, the particles are also suitable for use in real
space studies using confocal microscopy. Although the ﬂuorescence intensity of the
NBD-MAEM dye is clearly larger, it bleaches much more rapidly than the RAS dye
which is rather stable against photo-bleaching. The ﬂuorescence intensity and photostability may be improved by incorporating diﬀerent dyes [88]. In Fig. 3.4 A an example
a ﬂuorescent crosslinked system (PNX6m dispersed in hexane) is shown. Although the
particles are adsorbed on the glass wall of the sample container, the particles are clearly
ﬂuorescent, monodiperse and spherical. Surprisingly, in some occasions particles were
obtained that are clearly nonspherical. Still, most of the preparations yielded fairly
monodisperse and spherical particles as conﬁrmed by SEM and confocal microscopy.
An example of such a nonspherical system, latex PNX4, is shown in Fig. 3.4 B. The
same characteristic nonspherical shape was observed using SEM. At this time, we do
not understand what causes the irregular shape during the synthesis. We believe that
the increased rigidity, due to crosslinking [101], might cause irregularities in the shape of
the particles [102,103]. Nevertheless, the system itself is very interesting as the particles
are monodisperse in size, but nonspherical and polydisperse in shape (see Chapter 9).
The seeded growth of the cores with latex that is crosslinked during growth again
requires a low EGDM concentration in the reaction mixture. Moreover, a low concentration of the added monomers is required to prevent large amounts of secondary nucleated
particles also without EGDM. Already in the usual procedure to grow PMMA particles
the mixture of reactants is added to the host spheres in a dropwise fashion. Hence, it is
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Figure 3.5. (A-C) SEM images of diﬀerent stages in the preparation of RAS
labeled core-shell PMMA particles (3PP1): (A) PRX3, (B) 3P1 and (C) 3PP1.
(D) The SLS curves (circles) and theoretical ﬁts (lines) corresponding to the
images in A-C as indicated. The sizes and polydispersities are given in Tab. 3.2.

straightforward to just add the EGDM to this mixture to obtain a crosslinked PMMA
shell. Since all the monomers are added at the same rate, a homogeneously crosslinked
PMMA shell is guaranteed. Following the procedure as described in Sec. 3.2.2 several systems were grown to signiﬁcantly larger sizes with crosslinked PMMA. The radii
and polydispersities are summarized in Tab. 3.2. In Fig. 3.5 A-C SEM micrographs of
the three stages in the preparation of the RAS-labeled crosslinked core-shell particles
(3PP1) are shown. Fig. 3.5 D presents the corresponding SLS curves. It is evident from
the electron microscopy images that the particles are monodisperse and spherical at all
stages, which is conﬁrmed by the deep minima in the SLS patterns. The signiﬁcant increase of the particles size in each growth step is nicely demonstrated by the appearance
of additional minima in the SLS patterns (Fig. 3.5 D). Note that the polydispersity of
the particles decreases with each growth step (Tab. 3.2).
The thickness of the shell can be varied from tens of nanometers to a few hundred
nanometers. In particular, if the total mass of the cores mc and the total mass of the
added monomers ma is constant, the increase of the radius ∆R is only a function of the
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Figure 3.6. The increase of the radius ∆R as a function of the core radius
R0 for diﬀerent growth steps with ma ≈ 10 g and mc ≈ 2.5 g (see text). The
dots represent the experimental data and the straight line is a linear ﬁt to the
data: ∆R = 0.73R0 − 8.47.

size of the cores R0 . Using a very simple argument based on mass conservation, ∆R
can be predicted. If N is the total number of cores, the volume of a single particle after
growth V1 is given by




1 mc + ma
mc ma
ma
= V0 +
= V0 1 +
,
V1 =
ρ
N
Nρ mc
mc

(3.1)

with ρ the mass density and V0 = mc /(Nρ) the volume of a single core. As ∆R =
R1 − R0 one immediately obtains:
∆R = αR0

with

α = (1 + ma /mc )1/3 − 1,

(3.2)

implying a linear dependence of ∆R on R0 . Applying typical values used in the growth
steps, i.e. ma ≈ 10 g and mc ≈ 2.5 g (5 grams of 50% mass fraction dispersion of cores)
results in α  0.71. In Fig. 3.6 the increase of the radius for various growth steps with
ma ≈ 10 g and mc ≈ 2.5 g is shown. The linear increase of ∆R with R0 is evident. The
slope of the linear ﬁt is 0.73 which is remarkably close to the calculated value of 0.71.
Thus, this simple argument provides us with a fair estimate of the increase of the size.
Therefore, the thickness of the shell can be tuned quite accurately as is illustrated by
the similar sizes of the core-shell systems 1PP1, 1PP2, 3PP1 and 3PP2 (Tab. 3.2).
The properties of the core and each shell, i.e., size (core), thickness (shell), crosslink
density and ﬂuorescent dye can be tuned independently. This facilitates further applications of this model system. Firstly, the crosslinked particles can be dispersed in solvents
in which the particles swell, whereas noncrosslinked particles dissolve therein [93] (Chapter 4). Furthermore, particles with diﬀerent morphologies can be prepared. To illustrate
this, we prepared a composite PMMA particle consisting of a noncrosslinked core that
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Figure 3.7. (A) Confocal image of the CPP1 particles consisting of a ﬂuorescent NBD-MAEM labeled PMMA core, a thin crosslinked PMMA layer and
ﬁnally a thick PMMA layer, as illustrated in the cartoon in (B). (C) The SLS
curves (circles) and theoretical ﬁts (lines) corresponding to diﬀerent stages
(Core, CP1 and CPP1) in the preparation of the CPP1 core-shell particles.
The sizes and polydispersities are given in Tab. 3.2.

was labeled with NBD-MAEM, a thin shell of nonﬂuorescent crosslinked PMMA and
ﬁnally a thick shell of noncrosslinked, nonﬂuorescent PMMA (Fig. 3.7). Moreover, the
control over the particle morphology enables systematic variation of the glass temperature Tg throughout the particle, since Tg is diﬀerent for crosslinked and noncrosslinked
PMMA [104, 105].
As already mentioned, crosslinking of the PMMA was essential to prepare particles
with a ﬂuorescent core and a nonﬂuorescent shell. If the particles are not crosslinked,
migration of the dye was observed throughout the whole particle [86]. Several scenarios
leading to this migration were investigated. Firstly, it was ruled out that the migration is
due to impurities of the dye. Therefore, we characterized the ﬁnal ﬂuorescent monomer
(NBD-MAEM) and NBD-MAE, an intermediate product in the synthesis of NBDMAEM [86], using infrared spectroscopy (IR). Note that NBD-MAE is ﬂuorescent but
not a monomer(!) and is therefore not incorporated in the PMMA matrix during
polymerization. Thus, if NBD-MAE is present, it may be able to diﬀuse throughout
the particle. The characteristic diﬀerence between both molecules is the OH-group in
NBD-MAE which is absent in NBD-MAEM [86]. The presence of the hydroxyl group
is easily detected by IR spectroscopy [106]. In Fig. 3.8 A the IR spectra of NBD-MAE
and NBD-MAEM are shown. The wavenumber corresponding to the streching mode of
the hydroxyl group is also indicated [106]. The presence of the OH-group in NDB-MAE
is just as evident as its absence in the NBD-MAEM, which rules out the presence of
NBD-MAE in the ﬂuorescent monomer NBD-MAEM.
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Figure 3.8. (A) Infrared spectra of the ﬂuorescent dye NBD-MAEM (black)
and its ﬂuorescent precursor NBD-MAE (grey). The OH-group absorption
is indicated by the dashed line. (B) Absorption spectra of the supernatants
obtained during the ‘washing’ of crosslinked NBD-MAEM-labeled particles
using THF. The subsequent centrifugation steps are: ﬁrst (dash-dash), second
(dash-dot-dash), third (dot-dot) and fourth supernatant (solid).

Another possibility is that small polymer fragments are responsible for the dye migration. Although noncrosslinked PMMA dissolves in good solvents, e.g. tetrahydrofurane
(THF), crosslinked PMMA does not [93]. Therefore, we can dissolve the migrating noncrosslinked ﬂuorescent polymers by dispersing the particles in e.g. THF. Subsequent
centrifugation of the particles results in strongly ﬂuorescent supernatants containing
the mobile ﬂuorescent parts. Absorption spectra of the supernatants obtained during
the successive centrifugation steps conﬁrm the removal of noncrosslinked ﬂuorescent
PMMA, as shown in Fig. 3.8. The peak in the spectra corresponds to the excitation
wavelength of NBD-MAEM. When the particles are sedimented four times, the absorption is virtually zero, indicating that all the non-crosslinked polymer chains are removed
from the particle. As a result, particles consisting of only immobile crosslinked PMMA
chains were obtained. However, the stabilizer was removed by the good solvent as well.
To redisperse the ‘washed’ particles in an apolar solvent, the stabilizer had to be readsorbed on the particle surface. This procedure is very delicate, has a low success rate
and therefore is not satisfactory.
The crosslinking of the PMMA itself also suppresses the migration of noncrosslinked
polymers, although it does not completely prevent it [105, 107]. This may be reﬂected
by the confocal image shown in Fig. 3.7 A. Here, the thin crosslinked layer already
seems to keep the ﬂuorescent material in the core. It is observed that especially the
NBD-MAEM migrated, whereas the mobility of RAS is negligible on the time-scale of
a year. This is probably related to the relatively large size of the RAS molecule [86].
Higher crosslink densities might avoid the migration completely. However, aggregation
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Figure 3.9. (A). Confocal microscopy image of RAS core-shell particles dried
on a microscope cover glass (1PP1). The size of the image is 37.5 × 37.5 µm2 .
(B) The corresponding 2D radial distribution function g(r) as a function of
the distance r/2RSLS . The ﬁrst peak is located at 1.06.

was observed for crosslink densities typically larger than 1.5%(w/w). Nevertheless, performing two successive seeded growth steps of ﬂuorescent cores, completely crosslinked
particles consisting of a ﬂuorescent core and a nonﬂuorescent shell were obtained, which
remained core-shell for suﬃciently long times. The core-shell structure of the particles
is demonstrated in Fig. 3.9, which shows a confocal micrograph of RAS-labeled coreshell particles and the corresponding two-dimensional (2D) radial distribution function
g(r). Before imaging the particles were dried on a microscope cover glass which drives
the particles together due to the capillary forces [108, 109]. The ﬂuorescent cores are
clearly separated by the nonﬂuorescent shells, as observed in Fig. 3.9 A. Moreover, the
position of the ﬁrst peak of the g(r) is in good agreement with the diameter obtained
by SLS, conﬁrming that the particles are in contact, which proves that they indeed
consist of a ﬂuorescent core and a nonﬂuorescent shell.
Dispersing the prepared crosslinked core-shell PMMA particles in a refractive index
matching mixture of tetralin and cis-decalin results in an ideal hard sphere model
system for quantitative confocal microscopy [18, 86, 91]. In addition, the mass density
of the colloids can be matched as well by addition of carbon tetrachloride [25, 110].
Moreover, the inﬂuence of gravity can be systematically varied to some extent, which is
used in Chapter 6. An example of the application of this model system in quantitative
3D confocal microscopy is given in Fig. 3.10. Using a confocal microscope, a colloidal
crystal is imaged in 3D (Fig. 3.10 A shows a 2D xy-cross-section image). Again the
core-shell structure of the particles is evident from the confocal image. Using image
analysis software as described in [77] and Chapter 2, the three dimensional coordinates
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Figure 3.10. (A). Confocal microscopy image (16.5 × 16.5 µm2 ) of a colloidal crystal of RAS core-shell particles (1PP2). (B) 3D Reconstruction of
the colloidal crystal after all the particle positions have been located.

of all the particles were obtained. Using these positions, a computer reconstruction
of the colloidal crystal is generated, which is shown in Fig. 3.10 B. This shows the
feasibility of our model system for quantitative three-dimensional confocal microscopy.

3.4. Conclusions
We have developed monodisperse spherical core-shell PMMA colloids. Crosslinking
of the PMMA allows preparation of particles with a ﬂuorescent core and a large nonﬂuorescent shell. These particles can be dispersed in a density and refractive index
matching mixture, in which the colloids interact as hard spheres. This is an ideal hard
sphere model system to be studied with quantitative confocal microscopy, since particle
positions can be resolved in three dimensions. The size and the properties of the core
and the shell as well as the number of shells can be tuned accurately.
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4
Crosslinked polymethyl methacrylate latex
colloids in good solvents
Abstract
In contrast to commonly noncrosslinked polymethyl methacrylate (PMMA)
particles, crosslinked PMMA colloids are stable in good solvents. We study
their properties in the good solvents tetrahydrofurane, chloroform and toluene
using static light scattering and confocal scanning laser microscopy. We show
that the particles swell instantaneously and that their volume can increase
up to more than seven times their volume in poor solvents. Furthermore,
deviations from hard-sphere-like interactions are observed in the good solvents.
We ﬁnd that it is likely that the particles are charged in tetrahydrofurane,
whereas signs of attractions are observed in toluene.
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4.1. Introduction
Suspensions of sterically stabilized polymethyl methacrylate (PMMA) latex particles
in apolar solvents are extensively used as a colloidal hard sphere model system [18, 20,
25, 86, 89, 91]. Dispersing these particles in an apolar solvent or solvent mixture that
matches the refractive index of the particles, minimizes the attractive Van der Waals
forces. In addition, by changing the composition of the solvent the mass density of the
particles can be matched which minimizes gravitational eﬀects [25]. However, diﬀerent
solvents may cause diﬀerent particle interactions [85,111]. Even if particles are sterically
stabilized, long range repulsive interactions have been reported [85].
Colloidal particles consisting of polymers, e.g. PMMA colloids, dissolve (i.e. fall
apart) if they are dispersed in good solvents. This can be prevented by chemically
crosslinking the polymer chains. Hereby, an interconnected network of polymer chains
is created constituting the particle. Due to the internal crosslinked structure, these
particles are stable in good solvents, even in the absence of an additional stabilizer. Such
crosslinked spherical colloids are often referred to as microgel particles [99,112–119]. In
good solvents, microgel particles can swell signiﬁcantly while maintaining their spherical
shape. Microgel particles are widely used in technological applications such as controlled
drug release and artiﬁcial enzymes [120], the improvement of the endurance of coating
and paints [121] and as thickeners in pharmaceutical products [118]. The crosslink
density, i.e. the number of crosslinks per seperate polymer chain, can be used to control
the degree of swelling and the interparticle interactions [99, 118, 119]. Therefore, these
systems are also suitable as model particles for studying fundamental issues such as the
glass transition [122, 123].
In Chapter 3 it was found that chemical crosslinking of the polymer chains was essential to prepare PMMA particles consisting of a ﬂuorescent core and a nonﬂuorescent
shell. Hence, these crosslinked PMMA particles actually represent PMMA microgel
particles. In this Chapter, we explore the properties of these particles in the good solvents tetrahydrofurane (THF), chloroform and toluene. Previous light scattering studies on crosslinked PMMA particles prepared by emulsion polymerization and dispersed
in benzene already indicated deviations from hard-sphere-like interactions [112–114].
This illustrates the impact of a diﬀerent solvent. Here, we ﬁrstly characterize single
particle properties like the increase in volume due to swelling and the time required
to reach the swollen state using static light scattering (SLS) and confocal scanning
laser microscopy (CSLM). Furthermore, concentrated dispersions of swollen crosslinked
PMMA particles in good solvents are studied using CLSM. In particular, we focus on
the interparticle interactions, by determining the two-dimensional radial distribution
function g(r). Subsequently, the position of the ﬁrst peak of g(r) was monitored upon
dilution of the system.

4.2. Experimental section
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4.2. Experimental section
In this Chapter we mainly use the PNX6m system, being crosslinked and ﬂuorescent
PMMA particles [93]. The preparation of this system is described in detail in Chapter 3.
The radius of the particles is 285 nm and the polydispersity is 6% as inferred from static
light scattering. To study the eﬀect of the crosslink-density on the swelling behavior,
also other crosslinked latex systems, ﬂuorescent and nonﬂuorescent, were used. The
particles were dispersed in diﬀerent solvents: in hexane (Baker, > 95%) which is a
poor solvent for PMMA and in chloroform (Merck, 99-99.4%), THF (Acros organics, >
99%) and toluene (Baker, > 99.5%) which are good solvents. The radius of the PMMA
particles in good solvents was obtained using angle resolved static light scattering (SLS)
on highly diluted dispersions. A homemade light scattering apparatus was used with a
wavelength of the incident light of 632.8 nm. Prior to the measurements the dispersions
in hexane were ﬁltered through Mitex ﬁlters. The dispersions in the good solvents could
not be ﬁltered since the ﬁlters dissolved. The swelling of the particles was quantiﬁed
by determining the swelling ratio α which is deﬁned as:
α=

Rswollen
,
Runswollen

(4.1)

where the particle radius in hexane was taken to be Runswollen. A calculated formfactor [94], ﬁtted to the experimental scattering data, provided the radius. To account
for the penetration of solvent in the particle, an eﬀective refractive index nef f , which
is a function of swelling ratio α, was used in the calculations of the formfactors. The
eﬀective refractive index nef f was obtained by multiplying the refractive indices of the
particle, nparticle , and the solvent, nsolvent , with their volume fractions in the particle
while keeping the volume occupied by PMMA constant:
nef f =

1
[nparticle + nsolvent (α3 − 1)].
3
α

(4.2)

The time required for a particle to swell to its maximum size (in the diﬀerent solvents),
the swelling time, was determined using SLS as well. The samples were prepared by
adding a small amount of a dispersion in hexane to an excess quantity of the good
solvent. Then, within a few minutes the SLS measurements were started. A custom
made dynamic light scattering (DLS) setup, equipped with an Ar laser (514.5 nm) was
used as an SLS apparatus. It took approximately one hour to complete one scan from
20◦ − 120◦ because of the weak scattering intensity at large angles. After 5 weeks the
sample was measured again to also check the swelling behavior on a much larger time
scale.
Confocal scanning laser microscopy (CSLM) was used to study the dispersions of
swollen PMMA particles in real-space. In order to change the solvent the particles
were sedimented using a Beckman Coulter SpinchronT M centrifuge. Subsequently, the
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supernatant was removed and the particles were redispersed in the new solvent. When
this procedure had been repeated four times, the solvent was considered to be completely
replaced. Samples at diﬀerent mass fractions were prepared by centrifugating a stock
dispersion of known mass fraction. Then, the supernatant was removed and the samples
were diluted to the target mass fractions with a known amount of solvent. To calculate
the volume fraction of the samples, one must account for the swelling of the particles
in a similar way as was done for the determination of the eﬀective refractive index
f
(Eq. (4.2)). Therefore the eﬀective volume fraction, φef
v , is a function of the swelling
ratio and is calculated using the following expression [123]:
f
φef
= α3
v

φm ρs
,
φm (ρs − ρp ) + ρp

(4.3)

where
φm =

mp
.
mp + ms

(4.4)

Here ρs is the mass density of the solvent, ρp the mass density of the unswollen particle
(taken to be 1.17 g/ml [90]), φm the mass fraction, mp the mass of the particles and ms
the mass of the solvent.
The sample was contained in a small homemade vial (content ∼ 1 ml) which is
described in Chapter 2. A Leica DM IRB inverted microscope equipped with an ArKr
laser (488 nm), a Leica TCS NT scanhead and an oil-immersion lens (Leica 100 ×,
NA 1.4) was used in ﬂuorescence mode. Using image analysis software similar to those
described in [77] the coordinates of the particles present in the ﬁrst layer at the bottom
glass wall of the sample container were determined. These
were used to calculate
the


−2  
two-dimensional radial distribution function g(r) = ρ
i
j=i δ(ri )δ(rj − r) , with
ρ the average number density. The indices i and j run over all particles. The position
of the ﬁrst peak of g(r) yields information about the interparticle potential [124].

4.3. Results and discussion
Due to the spongelike network created by the crosslinked PMMA polymers the particles do not dissolve in good solvents. Using static light scattering and confocal scanning laser microscopy we explored the behavior of these particles in the good solvents
toluene, chloroform and THF. To accurately measure the swelling factor α, as deﬁned
by Eq. (4.1), the particles must have reached their ﬁnal size. Therefore, we ﬁrst determined the swelling time. In Fig. 4.1 A the scattering patterns of PNX6m obtained at
diﬀerent times after suspending the particles in chloroform are presented. It is obvious
that there is no diﬀerence between the ﬁrst measured scattering pattern and the later
measured curves. This implies that the size of the particles is not changing anymore
since the ﬁrst measurement was started. Hence, the time needed to reach the ﬁnal size
must be equal to or smaller than the time between the sample preparation and the
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Figure 4.1. (A) Scattering patterns of the system PNX6m in chloroform
measured at diﬀerent times after the sample preparation. The solid lines represent the experimental data taken every hour starting at t = 0, 1, 2, ..., 6 hours.
The open circles represent the scattering data of the same sample measured
again after ﬁve weeks. (B) Scattering patterns of PNX6m in hexane (),
THF () and chloroform (). The radii obtained by analyzing the data using
Mie theory [94] were: hexane: R = 282 nm; THF: R = 550 nm; chloroform:
R = 535 nm.

start of the ﬁrst measurement. This time is on the order of a minute. In addition, it is
observed that the curve measured after ﬁve weeks is similar to the ﬁrst measured scattering pattern right after preparation of the sample. This indicates that the crosslinked
particles are very stable in good solvents. The swelling time of the particles in THF is
similar to that in chloroform.
To demonstrate that the particles are indeed swelling, we show in Fig. 4.1 B the SLS
patterns for the PNX6m particles in hexane, THF and chloroform. It is obvious that
the particles swell signiﬁcantly in THF and chloroform when comparing the scattering
patterns obtained in the diﬀerent solvents. The position of the ﬁrst minimum in THF
and chloroform is shifted to much lower scattering vector (k) and two additional minima
appear, implying that the PNX6m particles are much larger in THF and chloroform
than in hexane. The radius of the particles increases from 282 nm in hexane to 550 nm
in THF and 535 nm in chloroform, which corresponds to swelling factors α of 1.95 and
1.90 respectively. Thus, the volume of the PNX6m particles in THF and chloroform
increases about a factor of 7. Similar swelling ratios have been reported for other
microgel particles in good solvents [99, 113]. The swelling time and ratio could not be
obtained in toluene using light scattering, since toluene matches the refractive index of
the PMMA particles too closely. As a consequence the intensity of the light scattered
by diluted suspensions was too low to be detected. However, since the PNX6m system
was ﬂuorescently labeled we could use confocal microscopy to study their behavior in
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Figure 4.2. Confocal images of the PNX6m particles in four diﬀerent solvents: (A) hexane, (B) toluene, (C) chloroform and (D) THF. The size of the
images is 10 × 10 µm2 .
Table 4.1. The radii of PNX6m in hexane (for comparison), toluene, chloroform and THF and the corresponding swelling factors.

Hexane
Toluenea
Chloroform
THF
a

R (nm)

α

282
475
535
550

1.68
1.90
1.95

For the determination of α in toluene the position of the ﬁrst peak of g(r) was used instead of SLS.

toluene. In Fig. 4.2 confocal microscopy images are shown of PNX6m in hexane (A) and
the three good solvents (B-D). Comparing these images, it is obvious that the particles
in chloroform and THF are signiﬁcantly swollen, consistent with the SLS measurements.
In addition, the particles in toluene are also clearly larger than in hexane, indicating
they swell in toluene as well. Since swelling of the particles in toluene was never observed
during imaging, even right after the sample preparation, the swelling-time in toluene
is also very short (on the order of a minute). The radius of the particles in toluene is
475 nm as obtained from the position of the ﬁrst peak of the two-dimensional radial
distribution function g(r) measured in more concentrated systems. This corresponds
to a swelling factor α = 1.68, which is somewhat smaller than in THF and chloroform.
The sizes of the PNX6m particles in the diﬀerent solvents are summarized in Tab. 4.1.
Apart from the quality of the solvent, also the crosslink density (i.e. the amount
of crosslinking agent relative to the total amount of monomers) aﬀects the degree of
swelling [99, 118, 119]. As the crosslink density increases, the rigidity of the network
increases as well, resulting in smaller swelling factors [99, 115–119]. This is indeed observed for our PMMA particles with diﬀerent crosslink densities, as shown in Fig. 4.3 for
THF and chloroform. The swelling factor α clearly decreases with increasing crosslink
density in both THF and chloroform, which show quite similar trends. A functional
dependence of the swelling factor on the crosslink density cannot be determined from
Fig. 4.3.
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Figure 4.3. Swelling factor α as function of the crosslink-density in w/w %
in THF () and chloroform (). The dashed lines are to guide the eye.

Using confocal microscopy we also studied concentrated suspensions of swollen crosslinked PMMA particles. In particular, we focussed on the interparticle interactions by
computing the two-dimensional radial distribution function g(r) of the particles present
in the ﬁrst layer at the glass wall. Subsequently, we monitored the position of the ﬁrst
peak of g(r) as a function of the volume fraction. Unfortunately, it appeared that chloroform dissolved the glue that was used in the sample cell and that in hexane some
particles were stuck to the glass wall. Therefore, only in THF and toluene reliable
distribution functions at diﬀerent volume fractions could be obtained.
In Fig. 4.4 A a confocal image of latex PNX6m in THF is presented. Local crystalline
order is observed, which is reﬂected by the sharp peaks of the corresponding g(r), shown
in Fig. 4.4 B. The ﬁrst peak, reﬂecting the average separation of nearest neighboring
particles, is located at 1.22 µm, which is about 10 % higher than the diameter obtained
with SLS. Since the system was ordered, this nearest neighbor separation corresponds
to the lattice spacing, which indeed can exceed the particle diameter [88]. Upon dilution
of the system, the ﬁrst peak of the g(r) shifts to signiﬁcantly larger distances. More
speciﬁc, at φ = 0.37 and φ = 0.17 the ﬁrst peak shifts to respectively 1.34 and 1.46 µm
being an additional shift of respectively 10% and 20%. This behavior is indicative for
the presence of charges on the particles. Moreover, the structure remains crystalline
even at volume fractions as low as φ = 0.17. The inset in Fig. 4.4 A clearly shows the
relatively large spacing between the particles, once more pointing towards the presence
of charges on the particles in THF. The positions of the ﬁrst peak of g(r) and the
structure of the system (e.g. crystal or glass) are summarized in Tab. 4.2.
Figure 4.5 A shows a confocal image of latex PNX6m at the wall in toluene at a
volume fraction φ = 0.59. The corresponding g(r) is presented in Fig. 4.5 B. Obviously,
a disordered structure is observed, which is reﬂected by the presence of only two peaks in
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Figure 4.4. (A) CSLM picture of the PNX6m particles at the glass wall in
THF, φ = 0.44. The ﬁeld of view is 37.5 × 37.5 µm2 . The inset (15 × 15 µm2 )
shows the system at a volume fraction of φ = 0.17. (B) The two-dimensional
radial distribution function g(r) corresponding to the system at φ = 0.44.
Table 4.2. The position of the ﬁrst peak of the radial distribution function
and the structure as a function of the volume fraction for THF and toluene.
Volume fraction

Position of ﬁrst peak of g(r) (µm)

Structure

0.44
0.37
0.17

1.22
1.34
1.46

crystal
crystal
crystal

0.59
0.52
0.42

0.95
1.01
1.01

glass/gel
crystal
crystal

THF

Toluene

the radial distribution function. The ﬁrst peak of g(r) is located at 0.95 µm. Since light
scattering was not possible, this number was taken to be the diameter of the PNX6m
particles in toluene, resulting in a swelling ratio α = 1.68 (Tab. 4.1). Despite the very
high volume fraction of φ = 0.59, the observed structure in Fig. 4.5 A is clearly not
reminiscent of a purely repulsive glass. Moreover, the observed structure points more
towards an attractive glass or a gel [125]. Upon diluting the system to φ = 0.52, the
system becomes ordered as shown in the inset in Fig. 4.5 B. Consequently, the position
of the ﬁrst peak of g(r) shifts to 1.01 µm, as the lattice spacing is slightly larger than
the particles diameter. Upon further dilution, the ﬁrst peak of g(r) did not shift to
larger distances. Although this indicates that there are no charges on the particles,
the particles do not seem to interact as hard spheres, especially not at high volume
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Figure 4.5. (A) CSLM picture of the PNX6m particles at the glass wall in
toluene, φ = 0.59. The ﬁeld of view is 37.5 × 37.5 µm2 . The inset shows the
same system at φ = 0.52. (B) The two-dimensional radial distribution function
g(r) for the system at φ = 0.59.

fractions. Thus, in both THF and toluene deviations of hard-sphere-like interactions are
found, which is consistent with earlier reports [112–114]. The interparticle interaction
is probably the result of complex interactions between the PMMA, the steric stabilizer
and the solvent. Which contribution is dominant and what actually causes the charges
on the particles in THF and the possible attractions in toluene is not clear.

4.4. Conclusions
We have demonstrated that the crosslinked PMMA particles are stable in good solvents such as THF, chloroform and toluene, due to their crosslinked structure. We
show that the particles swell instantaneously and that their volume can increase more
than a factor seven. Furthermore, the interparticle potential clearly deviates from hardsphere-like. In particular, the particles have a soft repulsive potential in THF, whereas
some attraction may be present in toluene. This may be employed to systematically
control the interparticle interactions.
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5
Direct measurement of thermodynamic
properties of colloidal hard spheres
Abstract
Three dimensional snapshots of a colloidal hard sphere suspension over a wide
range of densities have been acquired by means of confocal microscopy. From
these snapshots the available volume to insert an additional sphere and the
surface area of that volume are determined, which are directly related to key
thermodynamic quantities. This enables us to measure in a direct and noninterfering way –in principle– all thermodynamic properties, here demonstrated
for the pressure, the chemical potential and the free energy density of a hard
sphere suspension.
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5.1. Introduction
The intimate relation between colloids and statistical mechanics was pioneered by
Perrin in his determination of Boltzmann’s constant kB from microscopy images of
sedimenting colloids at low densities [126]. At these densities, the equation of state is
given by van ’t Hoﬀ’s law for the ideal (osmotic) pressure P = ρkB T , with ρ the colloid
number density and T the absolute temperature. The measurement of the equation of
state for interacting systems is somewhat more elaborate. In most interacting systems,
the structure is dominated by the repulsive part of the potential [127]. The simplest
model liquid with a purely repulsive potential is a ﬂuid consisting of hard spherical
particles. Since the properties of hard spheres are determined by excluded volume
eﬀects, geometry plays an important role [128, 129]. Moreover, the available volume to
insert an additional sphere and the surface area of that volume are geometric quantities
that are directly related to important thermodynamic quantities [128, 130, 131]. In
particular, geometry provides a microscopic and straightforward route to the equation
of state, the chemical potential and thus the free energy of the hard sphere system.
The equation of state of colloidal hard spheres, widely accepted as an experimental
realization of hard spheres [18], has been measured using several techniques. The static
structure factor can be extrapolated to zero wave vector in scattering methods [49–51].
In this limit the structure factor is proportional to the compressibility. Furthermore,
the pressure was also measured by integrating the sedimentation-diﬀusion proﬁle of
colloidal hard spheres [52–54]. To directly determine thermodynamic quantities of hard
spheres via the microscopic route, the accurate acquirement of experimental hard sphere
conﬁgurations in three dimensions is essential. Several in colloid science commonly used
experimental techniques, like light scattering, are unable to provide such microscopic
information. However, the colloidal length scale is also very suitable for direct microscopy as pioneered by Perrin [126]. In particular, the combination of model colloids
and confocal microscopy has proven to be very powerful in analyzing colloidal systems
in three dimensions and on a single-particle level. For example, issues like crystallization and glass formation in concentrated colloidal suspensions have been addressed in
great detail using confocal microscopy [24–26, 40, 42, 45]. Nevertheless, it is non-trivial
to measure accurate hard sphere conﬁgurations in more diluted suspensions.
Here, we combine fast confocal microscopy and model colloids to obtain three dimensional hard sphere conﬁgurations throughout almost the whole ﬂuid region of the hard
sphere phase diagram. From these snapshots the available volume to insert an additional sphere and the surface area of that volume are determined. Applying modern
statistical mechanics enables us to directly measure the pressure, the chemical potential
and the free energy density of a homogeneous colloidal hard sphere suspension.

5.2. Statistical geometry of hard spheres
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A0
V0

Figure 5.1. 2D illustration of V0 (grey area) and A0 (black lines). The white
spheres represent the excluded volume spheres of the dark grey hard spheres.

5.2. Statistical geometry of hard spheres
The available volume to insert an additional identical sphere into a ﬂuid of N hard
spheres, V0 , and the surface area of that volume, A0 , are the key geometric quantities to
consider. The geometrical interpretation of V0 and A0 is illustrated in Fig. 5.1. For hard
sphere ﬂuids, statistical geometry provides exact relations between V0 and A0 on the
one hand and the chemical potential µ and the pressure P on the other hand [130,131]:




V0
,
µ = µ − kB T ln
V
0



(5.1)



dA0
.
P = ρkB T 1 +
6V0

(5.2)

Here, d is the particle diameter, V is the total system volume and µ0 the ideal gas chemical potential. In this section we brieﬂy reproduce the derivation of Eqs. 5.1 and 5.2
within the framework of scaled particle theory following [128]. We start with an equilibrium conﬁguration of N hard spheres with diameter d. The radius r of the excluded
volume spheres is given by r = (d + d )/2, where d is the diameter of an additional
hard sphere we want to add to the system. To accommodate this additional sphere we
have to ﬁnd a cavity that is large enough. The probability of ﬁnding such a cavity is
given by
P0 (r) =

V0 (r)
.
V

(5.3)
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This probability can also be expressed in terms of the reversible work to create the
cavity W (r) as given by ﬂuctuation theory [132]:
P0 (r) = exp [−W (r)/kB T ] .

(5.4)

Combining Eq. (5.3) and Eq. (5.4) yields an expression for the reversible work to create
the cavity, in other words, to insert the additional hard sphere of diameter d :




V0 (r)
.
W (r) = −kB T ln
V

(5.5)

If we set the diameter of the N hard spheres and of the additional sphere to zero, the
ideal gas chemical potential µ0 = kB T ln (Λ3 N/V ) is recovered, which represents the
work required to insert a point particle into a ﬂuid of point particles. Here, Λ is the
thermal de Broglie wavelength. If the diameter of the additional sphere is set equal to
the diameter of the other spheres, i.e. d = d, the work to insert this sphere, in addition
to µ0 is given by W (d), which is Eq. (5.5) with r = d. Thus, the total reversible work
µ = µ0 + W (d) involved in adding the extra sphere is :




V0
.
µ = µ − kB T ln
V
0

(5.6)

This is exactly Eq. (5.1) since V0 (r) ≡ V0 if d = d. To derive Eq. (5.2) we consider a
spherical cavity of radius r from which the centers of the hard spheres are excluded.
The local number density of spheres on the surface of the cavity is given by ρG(r, ρ).
G(r, ρ) is the conditional probability density for a center to be at r when it is known
that no spheres are within the cavity. It is straightforward that G(r, ρ) is nothing else
than the radial distribution function g(r, ρ) at contact (r = d):
G(d, ρ) = g(d, ρ).

(5.7)

As the momentum transfer between a hard cavity and a hard sphere is purely impulsive,
the equilibrium force per unit area on surface of the cavity is f (r) = kB T ρG(r, ρ) and
on the whole surface it is 4πr 2 f (r). Now, the reversible work to increase the radius of
the cavity by an amount dr is given by
dW = 4πr 2 f (r)dr = 4πr 2 kB T ρG(r, ρ)dr.

(5.8)

Combining Eq. (5.5) and Eq. (5.8) results in an expression for G(r, ρ) in terms of the
V0 (r):
G(r, ρ) = −

1
4πr 2 V

dV0 (r)
.
dr
0 (r)

(5.9)

From Fig. 5.1 and purely geometrical considerations it is clear that dV0 = −A0 (r)dr.
Using this and subsequently substituting Eq. (5.9) in Eq. (5.7) yields the following

5.3. Experimental section
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expression for the radial distribution function at contact (r = d):
g(d, ρ) =

1 A0 (d)
4πρd2 V0 (d)

(5.10)

Substituting Eq. (5.10) into the equation of state for a hard sphere ﬂuid [133] given by




2
P = ρkB T 1 + πd3 ρg(d, ρ) ,
3
leads to the pressure in terms of the V0 and A0 :


(5.11)



dA0
,
P = ρkB T 1 +
6V0

(5.12)

which is just Eq. (5.2). Once the pressure and the chemical potential are known, the
central thermodynamic quantity, the free energy density F/V is directly given by:
F/V = −P + µρ.

(5.13)

5.3. Experimental section
We used monodisperse polymethyl(methacrylate) spheres consisting of a ﬂuorescent
core and a non-ﬂuorescent shell [91, 93]. The preparation of these particles is described
in detail in Chapter 3. The particles were dispersed in a mixture of tetralin (Merck, for
synthesis), cis-decalin (Merck, for synthesis) and carbon tetrachloride (Merck, for spectroscopy) which matches the refractive index and the mass density of the colloids. The
volume ratios were 36 % tetralin, 31.5 % cis-decalin and 32.5 % carbon tetrachloride.
In this mixture the particles behave as hard spheres [110]. The particle diameter d is
1.3 µm.
A sequence of samples with target volume fractions φ ≡ ρv (with v the particle’s
volume) ranging from 0.05 to 0.45 were prepared and contained in small homemade
vials (see Chapter 2). For that purpose, a stock dispersion of φ ≈ 0.30 was centrifugated
in the sample cell until the particles were completely sedimented. The supernatant was
removed and the volume fraction at this point was taken to be 0.64, corresponding
to random close packing [134]. Subsequently, all the diﬀerent samples were diluted
to their target volume fraction. Before acquiring the microscopy data, the samples
were thoroughly homogenized and it was veriﬁed that there was no ﬂow in the system
while imaging. During the experiment the samples were carefully weighted to check
for possible evaporation of the solvent. Furthermore, the mass fractions of the samples
were determined afterwards. These were in good agreement with the volume fractions
measured directly obtained from the microscopy data.
The particles were imaged using a Leica DM IRBE inverted microscope equipped with
a Perkin Elmer Ultraview RS confocal imaging system in combination with a ArKr laser
(568 nm, Melles Griot) and an oil-immersion lens (100×, NA 1.4, Leica). The frame
rate of this Nipkow spinning disk confocal system was 19.6 images per second, which
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corresponds to imaging a volume of 25 × 25 × 25 µm3 by successive two-dimensional
(2D) slices in about 6 seconds. This time interval is about 4 times the Brownian time
of the particles. The resolution of the 2D images was 384 × 384 pixels and the stepsize
in z between the frames was 0.20 µm. For every sample, i.e. at every volume fraction,
typically series of 11 z-stacks were taken with a delay time of 12 seconds between the
sequential stacks. The delay time being on the order of the typical relaxation time of
the particles, ensured the statistical independence of the stacks. The data were acquired
at least 15 µm from the bottom wall to exclude possible eﬀects of the presence of the
container wall. The combination of the core-shell character of the colloids and the highspeed confocal microscope enabled us to obtain the particle coordinates in full 3D [77]
(Chapter 2). Hence, the number of particles in known volume directly gave the volume
fraction.
The experiment was mimicked by computer simulations. Hard sphere conﬁgurations
were generated using Monte Carlo simulations with periodic boundary conditions [135].
Firstly, the initial conﬁgurations consisting of 500 up to 5000 particles, were generated
in a random fashion. Subsequently, the step length during equilibration was adjusted
such that the Monte Carlo acceptance rate was at all volume fractions in the range
0.3 − 0.5. The obtained hard sphere conﬁgurations were analyzed in exactly the same
way as the experimental data.
The determination of V0 and A0 from the particle conﬁgurations is a purely geometrical problem. Although an exact method is reported in [127, 136], we rather use a
simple approximate, yet accurate and fast method to measure V0 and A0 . First of all,
the particle positions are mapped onto a ﬁne lattice. For convenience, here one lattice
site is called a pixel. Subsequently three types of lattice sites are distinguished, from
which V0 and A0 are directly determined. As illustrated in Fig. 5.2 A, V0 is given by
the number of pixels outside the excluded volume spheres (the white pixels). In principle, V0 can be determined by the random insertion of test particles as well [130, 135].
However, at higher densities this procedure is very time consuming. The surface area
A0 is given by the number of pixels at the edges of the excluded volume spheres (the
dark grey pixels in Fig. 5.2). For low densities A0 can also be obtained by taking the
numerical derivative of V0 with respect to diﬀerently sized excluded volume spheres.
The remaining pixels (light grey in Fig. 5.2) correspond to the interior of the excluded
volume spheres.
For the production of Fig. 5.2 A, the dark grey pixels corresponding to A0 were
assigned using a radial distance criterion. However, due to the ineﬃcient scanning of
the sample volume, this approach turned out to be extremely time consuming when
applied to the experimental data sets. The computing time was signiﬁcantly shortened
by sequential scanning the sample volume as illustrated in Fig. 5.2 B (in 2D). For each
successive pixel in the x-direction, the pixels in the y-direction were scanned. Only those
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Figure 5.2. (A) 2D illustration of an excluded volume sphere corresponding
to a hard sphere with a diameter of 19 pixels, mapped onto the lattice. The
white pixels contribute to V0 , the dark grey pixels are constituting A0 and
the light grey pixels represent the interior of the particles. The pixels have
been assigned using a radial distance criterion. (B) Determination of A0 by
sequential scanning the y-pixels for each successive x-pixel. Only the pixels
located at the outer y-edges, indicated by the white dot, contribute to A0 .

pixels located at the outer y-edges of the excluded volume sphere contributed to A0 .
These pixels are labeled by a white dot in Fig. 5.2 B. Note that A0 is underestimated
since not all pixels constituting A0 are taken into account (the dark grey pixels without
a white dot in Fig. 5.2 B). In addition, there is a fundamental conﬂict between the 3D
character of a pixel and the 2D character of A0 : the surface area of a cut through a unit
volume does not immediately correspond to a unit surface area. To correct for these
issues, we compared the exact surface area of a sphere to the surface area of an identical
sphere as measured in a simulation using the lattice method. The ratio between the
exact and measured surface areas provided a correction factor for A0 . Hence, this
correction factor can be evaluated for all sphere diameters. In this work, the hard
sphere diameter equals 19 pixels corresponding to a correction factor for A0 of 2.075.
In the case of V0 , we also compared the exact volume of a sphere to the volume of
an identical sphere as determined by the lattice method in a simulation. Evaluating
the ratio between the exact and measured volumes for a sphere diameter of 19 pixels,
yields a correction factor of 1.047 for V0 . Obviously, the determination of V0 and A0
becomes more accurate upon decreasing the size of a pixel with respect to the particle
size. In this work, the number of pixels per particle is more than 2.5 · 104 . We checked
that this ﬁnite number of pixels did not aﬀect the accuracy of the measurements. The
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A

B

Figure 5.3. (A) Typical 2D confocal microscopy slice (25 × 25 µm2 ) of the
colloidal system at a volume fraction φ = 0.25. (B) 3D computer reconstruction
of the system at φ = 0.25 (25 × 25 × 25 µm3 ).

lattice method to measure V0 and A0 has been veriﬁed by comparing the results of the
hard sphere Monte Carlo simulations, without further adjustment, to predictions that
follow from the Carnahan-Starling equation of state [8] (see Chapter 1).

5.4. Results and discussion
First of all, a representative 2D confocal image of the system at φ = 0.25 is shown in
Fig. 5.3 A. The distribution of particles is reminiscent of a homogeneous ﬂuid. The 3D
computer reconstruction of the system presented in Fig. 5.3 B conﬁrms the isotropic
structure in three dimensions. Although the mass density of the particles is almost
matched by the mass density of the solvent, we have to rule out that gravity induces a
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Figure 5.4. Number density proﬁles of the system at diﬀerent volume fractions: φ = 0.05 (), φ = 0.19 () and φ = 0.43 (). ∆zbin = 0.5 µm.
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Figure 5.5. (A) Radial distribution functions of the system at all volume
fractions (as indicated). (B) The experimental (circles) and Percus-Yevick
(solid line) radial distribution functions at φ = 0.43, 0.30, 0.19, 0.11, 0.05. The
curves in A and B have been shifted vertically for clarity.

gradient in the concentration within the imaged volume. Therefore, we calculated the
number density proﬁles along the z-direction ρ(z) = Nz /(Lx Ly ∆zbin ). Here, Nz is the
number of particles between z ± ∆zbin /2 with ∆zbin the binsize; Lx and Ly are the x
and y dimensions of the 2D cross-section images. The density proﬁles for the system
at φ = 0.05, 0.19, 0.43 are shown in Fig. 5.4. At all volume fractions, the density as a
function of the height is fairly constant indicating that the system is isotropic in the
plane of gravity.
The structure of the hard sphere ﬂuid at diﬀerent densities can
also be quantiﬁed by


−2  
the (three dimensional) radial distribution function: g(r) = ρ
δ(
r
)δ(
r
−
r)
.
i
j
i
j=i
The indices i and j run over all particles. Figure 5.5 A shows this correlation function
of the system at all volume fractions. The contributions to g(r) at distances smaller
than one particle diameter are due to errors in the particle tracking. Note that this effect becomes stronger upon diluting the system –hence– increasing particle movement.
At lower volume fractions the noise in the correlation function increases for statistical
reasons as well. The eﬀect of the increasing volume fraction is clearly reﬂected by the
enhancing structure in the g(r). The gradual increase of the peak heights exactly follows the volume fraction sequence. The fact that even at the highest volume fraction
the second peak shows no splitting, points towards the absence of local hexagonal order. Furthermore, the position of the ﬁrst peak of g(r) being at the same distance for
all volume fractions is a clear indication of the hard-sphere like interparticle potential.
In addition, the radial distribution functions are in agreement with g(r)’s calculated
using Percus-Yevick theory, which is known to be accurate for hard spheres [133] (see
Fig. 5.5 B). Thus all together, the confocal images, the density proﬁles and the radial
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Figure 5.6. V0 (black) and A0 (grey) in number of pixels as a function of
volume fraction. The solid lines follow from the Carnahan-Starling equation
of state [8]. Dots denote measurements and crosses represent Monte Carlo
simulations. The inset shows V0 and A0 on a log scale for 0.23 ≤ φ ≤ 0.43.

distribution functions show that the obtained snapshots represent an equilibrium hard
sphere ﬂuid at the various volume fractions.
From the hard sphere conﬁguration the available volume V0 and the accompanying
surface area A0 were measured as explained in Sec. 5.3. Figure 5.6 shows V0 and A0
as a function of the volume fraction measured from the experiment (dots), from the
simulations (crosses) and calculated from the Carnahan-Starling equation of state (solid
line) [8]. First of all, the agreement between the simulations and Carnahan-Starling for
V0 as well as A0 demonstrates the accuracy of the lattice approach, and thus eliminates
the possibility that discrepancies are due to the lattice method. In other words, it
veriﬁes the observed agreement between the experimentally obtained V0 and A0 and
those deduced from Carnahan-Starling. The available volume and the surface area show
completely diﬀerent trends. While V0 decreases rapidly upon increasing volume fraction,
A0 increases up to a maximum at φ = 0.10 before it starts to decrease. This is probably
correlated to a change in topography of the available volume [127]. At low densities
the excluded volume spheres are not overlapping and with every additional sphere, V0
decreases while A0 increases. At some density the excluded volume spheres start to
overlap and eventually the available volume becomes disconnected [127, 137, 138]. At
this point the surface area starts to decrease upon increasing density. Note that below
φ = 0.10, V0 is approximately one order of magnitude larger than A0 . Upon further
densiﬁcation, both V0 and A0 decrease rapidly. Moreover, at φ ≈ 0.30 both quantities
occupy less than 1% of all pixels.
Using Eqs. 5.1 and 5.2, the measured V0 and A0 directly yield the chemical potential
and the pressure. Figure 5.7 A and B respectively show, as a function of the volume
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Figure 5.7. (A) The chemical potential µ and (B) the pressure P as a function
of volume fraction φ. Dots denote the measurements, crosses the Monte Carlo
simulations and the full curves follow from the Carnahan-Starling equation of
state [8].

fraction, the experimentally measured chemical potential and pressure (dots) compared
to the Carnahan-Starling equation of state (solid lines) [8]. The simulation data points
are also shown (crosses). The observed agreement demonstrates that both the pressure
and chemical potential can be measured from pictures alone. In fact, it is the ﬁrst time
that the chemical potential is directly measured in an experimental system. At higher
volume fractions the chemical potential starts to deviate from the Carnahan-Starling
equation of state. The pressure shows similar behavior: at low volume fractions hardly
any deviation is observed, while upon increasing concentration the measured pressure
is slightly below the Carnahan-Starling equation of state.
Ideally, many more snapshots than 11 must be analyzed to assure proper statistical
averaging. Since the available volume and corresponding surface area become exceedingly small, they are very diﬃcult to determine accurately at high densities. Slight
deviations may have a relatively large eﬀect on the extremely small V0 and A0 and thus
also on the chemical potential and the pressure. In addition, the small polydispersity of
the particles (∼ 4%) could induce deviations in V0 and A0 at high densities. In fact, the
pressure of a polydisperse ﬂuid is always lower than the corresponding monodisperse
system at the same density, since polydispersity induces a more eﬃcient packing and
thereby increases the available volume [139].
Combining pressure and chemical potential yields the free energy density (Eq. (5.13))
of the system, which is presented in Fig. 5.8. The experimental free energy density
shows a reasonable agreement with the Carnahan-Starling equation of state. Note that
the errors in the pressure and chemical potential add up to induce larger errors in the
free energy density. This eﬀect is especially observed at larger volume fractions. At
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Figure 5.8. The free energy density F/V as a function of volume fraction φ.
Dots denote the measurements, crosses the Monte Carlo simulations and the
full curves follow from the Carnahan-Starling equation of state [8].

φ = 0.43 the experimental free energy density even shows a decrease due to fact that
the measured pressure and chemical potential are both too small. Nevertheless, it is
intriguing to see that the free energy can be measured directly from images alone. Since
real liquids are only a perturbation away from a hard sphere ﬂuid, it is now possible to
explore this and study V0 and A0 beyond hard spheres.

5.5. Conclusions
We have taken three-dimensional snapshots of a colloidal hard sphere suspension
throughout almost the whole ﬂuid region using confocal microscopy. From these particle conﬁgurations the available volume to insert an additional sphere and the surface
area of that volume were determined. Statistical geometry of hard spheres provides
direct relations between these quantities and thermodynamics. Using this concept, we
measured in a direct and non-interfering way –in principle– all thermodynamic properties, here demonstrated for the pressure, the chemical potential and the free energy
density of a homogeneous hard sphere suspension by optical microscopy.
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6
Kinetic broadening of the crystal-fluid
interface of colloidal hard spheres
Abstract
Confocal scanning laser microscopy has been used to quantitatively analyze
the structure of the hard-sphere crystal-ﬂuid interface on a single particle level
in real-space. The growth rate of the crystal was adjusted by varying the mass
density of the solvent relative to that of the particles. Number density proﬁles
and in-plane bond-order proﬁles normal to the interfacial plane are directly
determined from the experimental data. We ﬁnd that for the smallest mass
density diﬀerence, the typical interfacial width is about 8-9 particle diameters. Increasing this density diﬀerence induces a signiﬁcant broadening of the
interface up to 15 particle diameters. Accordingly, the structure of the crystalline and the ﬂuid regions change considerably as was elucidated by a local
bond-order analysis.
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6.1. Introduction
The longstanding interest in the properties of interfaces stems from its relevance in
many diﬀerent ﬁelds ranging from physics to biology [140]. Just a few examples are biological membranes, porous media, surfactant systems (soaps) and foams. Furthermore,
interfaces appear in unstable systems that phase separate in two (or more) coexisting phases. Important interfaces are those between the three basic states of matter:
solid, liquid and gas. Detailed knowledge of the interface between a solid and its melt
is particularly important to the understanding of phenomena like crystal growth and
homogeneous nucleation [55].
Many theoretical studies have been performed to study the crystal-melt interface in
great detail. A review of the progress in the development of these theories is given by
Woodruﬀ [55]. More recently, new approaches to describe the structural and thermodynamic properties of the interface have been made within the framework of density
functional theory [56,57,141–143]. In the literature one frequently encounters the statement that the apparent lack of experimental data concerning the microscopic structure
and dynamics of the crystal-ﬂuid interface increases the importance of computer simulation studies [57, 59, 143–147]. As a result, there is a wide abundance of molecular dynamics and Monte Carlo simulations that address this issue on a single-particle
level [57–59,143–148]. Both theoretical and simulation studies indicated that the width
of the interface extends over more than one layer, typically a few particle diameters. It
is remarkable that this width seems to be relatively independent of the orientation of the
crystal. Furthermore, analysis of two-dimensional (2D) in-plane density contours, parallel to the interface, revealed the coexistence of crystal- and ﬂuidlike domains, consistent
with an interfacial width larger than one particle diameter. Despite the tremendous
contribution of computer experiments to the understanding of crystal-ﬂuid interfaces,
an experimental study of such an interface is still lacking.
Colloidal systems may be a very good candidate for such an experiment. They
can be considered as giant atoms, exhibiting similar phase behavior as atoms and
molecules [17, 19]. At the same time, the relevant length and time scales in colloidal
systems are well accessible in an experiment. Therefore, colloids are an excellent tool
for studing interfacial properties in great detail. For instance, the dynamic roughness
of the colloidal liquid-gas interface has recently been studied almost down to the single
particle level in real-space using confocal scanning laser microscopy [84]. Even in very
concentrated systems this technique allows a detailed analysis of the local structure and
dynamics in three dimensions [24–26, 40].
Here, we experimentally study the interface between a hard-sphere crystal and its
ﬂuid on a single-particle level, using model colloidal hard spheres and quantitative
confocal microscopy. Moreover, the inﬂuence of gravity on the structure of the interface
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Table 6.1. The characteristics of the three solvent mixtures. The fractions
of the tetralin (C10 H12 ), cis-decalin (C10 H18 ) and carbon tetrachloride (CCl4 )
are indicated in v/v% ratios.

Solvent 1
Solvent 2
Solvent 3

C10 H12

C10 H18

CCl4

ρ (g/ml)

∆ρ (g/ml)

n

η (m·Pa·s)

Pe

36
37
31

31.5
47
69

32.5
16
0

1.146
1.033
0.914

0.024
0.137
0.256

1.4985
1.4997
1.4998

2.04
2.32
2.78

0.066
0.235
0.762

is addressed by tuning the mass density of the solvent with respect to the mass density of
the particles. From the experimental data sets we extract the number density proﬁles of
the colloids and the in-plane bond-orientational order proﬁles along the z-coordinate,
i.e. normal to the interfacial plane. Furthermore, we characterize the diﬀerences in
the ‘bulk’-crystal and -ﬂuid structures in the diﬀerent solvents by calculating radial
distribution functions and local bond-order parameters [149, 150].

6.2. Experimental section
We used monodisperse polymethyl methacrylate spheres consisting of a ﬂuorescent
core and a non-ﬂuorescent shell [91, 93]. The preparation of these particles is described
in detail in Chapter 3. The particles were dispersed in three refractive index matching
solvent mixtures of cis-decalin (C10 H18 , Merck, for synthesis), tetralin (C10 H12 , Merck,
for synthesis) and carbon tetrachloride (CCl4 , Merck, for spectroscopy), with each a
diﬀerent mass density with respect to the particle mass density of 1.17 g/ml [90]. In
these solvents the interparticle interactions are hard [18, 110] and the diameter d of the
particles is 1.45 µm. The composition and the mass density ρ of the solvents, the mass
density diﬀerence between solvents and particles ∆ρ, the refractive index n and the
viscosity η of the solvents are given in Tab. 6.1. Also given is the Peclet number, i.e.
the ratio between gravitational and thermal energy: P e = (4π∆ρR4 g)/(3kB T ), with kB
Boltzmann’s constant, T the absolute temperature, g the acceleration due to gravity
and R the particle radius.
To prepare the crystal-ﬂuid interfaces, colloidal dispersions with a volume fraction
φ ≈ 0.30 were prepared. The dispersions were contained in homemade sample containers which are described in Chapter 2. Due to sedimentation the number density of
particles at the bottom wall increased and crystallites nucleated at the wall [151–153].
Subsequently, the interface was driven upwards due to epitaxial crystal growth [152].
When the crystal extended about 30-35 µm in the z-direction from the container wall,
a rectangular xyz-box of typically 40×40×70 µm3 was imaged. Hence, the z-position
of the interface was always approximately in the center of the imaged volume. A Nikon
TE 2000U inverted microscope equipped with a Nikon C1 confocal scanning head in
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combination with an HeNe laser (5 mW, 543 nm, Melles Griot) and an oil-immersion
lens (100× CFI Plan Apochromat, NA 1.4, Nikon) was used to image the particles.
The 2D xy-cross-section images had a resolution of 256×256 pixels and the stepsize in
z between the frames was 0.15 µm. Thus, 70 µm in the z-direction corresponds to 467
frames. The scan-speed was about 0.8 second per frame so it took typically about 6
minutes to complete the z-stack. Using particle tracking routines as described in [77]
and Chapter 2, the centers of the particles were located.

6.3. Data analysis
From the retrieved particle positions we determined several properties. First of all,
we calculated the number-density proﬁle along the z-direction, ρ(z):
ρ(z) =

Nz
,
Lx Ly ∆zbin

(6.1)

where Nz is the number of particles between z ± ∆zbin /2 with ∆zbin the binsize; Lx
and Ly are the x and y dimensions of the 2D cross-section images. Volume-fraction
proﬁles φ(z) were obtained by multiplying the coarse-grained ρ(z) (∆zbin = 5µm) with
the particle volume v.
To compare the structures of the crystal-ﬂuid interfaces observed in the diﬀerent
solvents, we analyzed the local order with a local bond-order parameter that is based
on spherical harmonics [149,150]. These order parameters allow for the identiﬁcation of
individual crystalline particles and clusters. In this procedure, ﬁrst of all, the nearest
neighbors of each particle were determined using a cut-oﬀ distance, given by the position
of the minimum between
the ﬁrst and the second peak of the radial distribution function

−2  
g(r): g(r) = ρ
k
l=k δ(rk )δ(rl − r) (the indices k and l run over all particles).
Subsequently, the local structure around a particle i was measured by the local bondorder parameter
nc
1 
qlm (i) =
Ylm (r̂ij ),
nc j=1

(6.2)

where nc is the number of nearest neighbors of particle i, Ylm are the spherical harmonic
functions and r̂ij is the unit vector parallel to the bond of particle i with nearest neighbor
j. As qlm depend on the reference frame, it is convenient to use the rotationally invariant
forms


1/2

l
4π 
ql (i) = 
|qlm (i)|2 
2l + 1 m=−l

.

(6.3)

In this work we only considered the parameter ql for l = 6, which allows for the discrimination between simple lattices such as face centered cubic (FCC) and hexagonal
close packed (HCP). For perfect FCC and HCP under the absence of thermal motion,
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q6 equals respectively 0.575 and 0.485. To identify which particles are crystalline, ﬁrstly
the nature of a bond between two particles i and j was considered. A bond is considered
crystalline if the dot product of the normalized q6 vectors (such that q6 (i) · q6 (i) = 1)
exceeds a certain threshold, which we set at 0.5 [150]. Then, a particle is crystalline
if the number of crystalline bonds of that particle exceeds a second threshold that was
set at 6 in this work [150]. Once we identiﬁed the individual crystalline particles, we
carried out a cluster analysis to recognize the crystalline clusters. A particle belongs
to a crystalline cluster if the number of crystalline nearest neighbors is equal or larger
than two [150].
Since the crystals were grown from the bottom wall of the sample container, the
hexagonally close packed (111) planes were parallel to the wall [152]. This allowed a
layer-by-layer analysis of the local in-plane bond-orientational order using the quasi 2D
version of Eq. (6.2), ψ6 :

ψ6 (ri ) =

nc
1 
exp[6iθ(rij )].
nc j=1

(6.4)

Here, ψ6 is the local bond-orientational order parameter of particle i , where the summation j runs over all, in total nc , nearest neighbors of particle i . θ(rij ) is the angle
between the bond-vector connecting particles i and j and an arbitrary ﬁxed reference
axis. The index i in Eq. (6.4) runs over all particles. In this Chapter ψ6 represents the
absolute value of ψ6 averaged over all particles in a particular frame or layer: |ψ6 | .
The advantage of a layerwise analysis is that the (111) planes of FCC and HCP are
identical (only the stacking is diﬀerent). It is therefore convenient to use ψ6 rather than
q6 for the construction of a local bond-order proﬁle along the z-coordinate.
To determine the width of the crystal-ﬂuid interfacial region from the number density
and the ψ6 proﬁles we used the so-called 10-90 width W10−90 [59]. This width is deﬁned
as the distance over which a parameter changes from 10% to 90% of its value in the
crystal relative to its value in the ﬂuid, as one traverses through the interface. A tangent
hyperbolic function, usually employed for the description of gas-liquid interfaces [154],
was ﬁtted to proﬁles of the crystal-ﬂuid interface:
z − z0
P (z) = A + B tanh
dz



(6.5)

with dz the width of the proﬁle and z0 the z-position of the interface. The data
were described satisfactory by Eq. (6.5). The 10-90 width is directly related to dz:
W10−90 = (ln 9)dz. All distances are given in terms of the particle diameter d. The
z-coordinate is rescaled with respect to the position of the interface: z  = z − z0 .

60

6. Kinetic broadening of the crystal-fluid interface of colloidal hard spheres

A

B

C

Figure 6.1. Typical confocal microscopy images at diﬀerent heights in the
sample: (A) the crystalline (z  /d = −18), (B) the interfacial (z  /d = 0) and
(C) the ﬂuid region (z  /d = 15) . The size of the images is 40×40 µm2 .

6.4. Results and discussion
First of all, it must be stressed that we study the structure of crystal-ﬂuid interfaces
of systems that are not in a true sedimentation-diﬀusion equilibrium. Due to the mass
density diﬀerence between the particles and the solvent, from here on referred to as
the density diﬀerence, the particles sediment and the position of the interface changes.
However, if the density diﬀerence is small enough, the local structure of the interface
may still reﬂect the structure of the equilibrium interface. Therefore, the density diﬀerence quantiﬁes the proximity to the equilibrium situation where the density diﬀerence
is zero. In other words, in solvent 1 (minimal density diﬀerence) the system is closest
to equilibrium and the system in solvent 3 (maximal density diﬀerence) is most out of
equilibrium.
Figure 6.1 presents typical confocal microscopy images showing 2D xy-cross-sections
at diﬀerent heights in the system corresponding to the crystalline, the interfacial and
the ﬂuid region. In Fig. 6.1 A the hexagonal symmetry characteristic of the close packed
(111) crystal plane parallel to the container bottom wall is recognized [152]. Higher up
in the sample the hexagonal order is lost and more disorder comes in (Fig. 6.1 B),
illustrative for the interfacial region between the crystal and the ﬂuid. Note that within
one 2D cross-section clearly ordered and disordered regions are observed as was reported
in [59, 148]. This implies that the crystal-ﬂuid interface extends over more than one
crystal plane and points towards a rough inhomogeneous interface. At larger z-position,
the system is ﬂuid-like and a completely disordered structure is observed (Fig. 6.1 C).
An important property of any interface is the interfacial width. To study this width
in more detail it is convenient to study z-dependent proﬁles of xy-averaged quantities.
First of all, we show in Fig. 6.2 A-C the number density proﬁles as deﬁned by Eq. (6.1)
for the three diﬀerent solvents (Tab. 6.1). In all solvents large periodic density oscillations at small heights reminiscent of the crystal are observed. The periodic density
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Figure 6.2. Number density proﬁles (A-C) and ψ6 proﬁles (D-E): (A and D)
solvent 1, (B and E) solvent 2, (C and F) solvent 3. The binsize for the density
proﬁles is 0.1 µm. The solid lines are the ﬁts (Eq. (6.5)) to the experimental
data.

oscillations gradually decrease traveling from the crystal, through the interface, towards
the ﬂuid. Finally, the structure in the density proﬁles disappears in the ﬂuid region.
The density proﬁles clearly show that the whole transition from a crystal to a ﬂuid is
monitored for all three solvents.
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Figure 6.3. The averaged 10-90 widths W10−90 as a function of the mass
density diﬀerence between the particles and the solvent ∆ρ. Both the widths
as obtained from the density proﬁles (black) and the ψ6 proﬁles (grey) are
shown.

Performing a layer-by-layer analysis, facilitates the calculation of the in-plane bondorder proﬁles, which are shown in Fig. 6.2 D-F for the three solvents. Note that the
absence of periodic density oscillations at the ﬂuid side of the interface makes the binning in the z-direction for the computation of the ψ6 proﬁles rather arbitrary. However,
we found that ψ6 in the ﬂuid region is relatively insensitive to the choice of the bin position and always a value of ψ6 ∼
= 0.4 was obtained. Consistent with the density proﬁles,
the bond-order proﬁles also demonstrate that the complete structural transition from a
crystal to a ﬂuid is captured. Upon traveling from the ﬂuid to the crystal, ψ6 gradually
increases to 0.8. The fact that ψ6 does not reach higher values is probably due to the
presence of defects as can be seen in Fig. 6.1 A. Upon increasing density diﬀerence (i.e.
turning on gravity), the ψ6 of the crystal slightly increases, illustrating an increase of
the crystallinity [152].
Closer inspection of both the density and the ψ6 proﬁles reveals obvious diﬀerences
between the interfaces in the three solvents. In particular, the interfacial width increases
signiﬁcantly upon increasing density diﬀerence. This interfacial broadening is shown
more clearly in Fig. 6.3, which shows the averaged 10-90 widths as obtained from the
density and ψ6 proﬁles as a function of the density diﬀerence (Tab. 6.1). The width
increases from 8-9 particle diameters in solvent 1 to roughly 15 diameters in solvent 3.
Extrapolation to ∆ρ = 0 reveals an width of 7-8 particle diameters, which is in fair
agreement with earlier reports [56–59].
Furthermore, the diﬀerence between the widths obtained from the density and ψ6
proﬁles clearly gets larger upon increasing density diﬀerence. In the limit that ∆ρ → 0
both widths go to the same value [59]. In solvent 3, the largest ∆ρ, the density proﬁles
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Figure 6.4. (A) Confocal image in xz-plane of the crystal-ﬂuid interface.
The size of the image is 70×70 µm2 . (B) ψ6 as a function of time in solvent 1,
illustrating the growth of the crystal in the z-direction. The circles show the
experimental data points and the solid line is the linear ﬁt to the data.

yield an interfacial width of 17 particle diameters, whereas the ψ6 proﬁles give a width
of 13 diameters. This diﬀerence may be related to the tendency of the particles to
order in the z-direction at the ﬂuid side of the interface before any signiﬁcant in-plane
hexagonal ordering comes in. Similarly, a dense ﬂuid shows layering parallel to a wall
which becomes more pronounced at higher ﬂuid densities [155]. Here, the increasing
density diﬀerence enlarges the sedimentation velocity of the particles and thus increases
the volume fraction of the ﬂuid as is evident from the volume fraction proﬁles shown
in Fig. 6.5. At the other side of the interface, the crystal density peaks begin to widen
while there still is in-plane orientational order, which also contributes to the diﬀerence
between the density and the ψ6 widths.
The broadening of the crystal-ﬂuid interface is observed in evolving systems. In other
words, the crystal is still growing and consequently the interface is moving upwards,
while imaging the system. Since the crystal growth process is driven by sedimentation,
the growth rate is the largest in solvent 3, where also the largest interfacial width is
observed. As the scanning speed is equal in all solvents, we have to rule out that the
observed broadening is an artifact due to the limited scanning speed of the microscope.
In other words, the change in the z-position of the interface while imaging must be small
with respect to the interfacial width. Therefore, we studied the growth of the crystalfront in the plane of gravity in solvent 1 using the experimental setup as described
in [80]. As a result, a 2D xz-cross-section through the interface can be imaged in
less than a second (Fig. 6.4 A). Hence, the crystal growth process can be followed by
imaging the system at a ﬁxed z-position as a function of time. Subsequently, locating
the particle positions allows computing the ψ6 (Eq. (6.4) averaged over all particles in
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the xz-cross-section image). Figure 6.4 B shows the ψ6 as a function of time. The
increase of ψ6 is a measure for the increased crystallinity and therefore represents the
growth of the crystal in the positive z-direction. Hence, the slope of the curve in
Fig. 6.4 B, dψ6 /dt, gives us an estimate of the crystal growth rate. In solvent 1 a rate
of 2.15 · 10−5 s−1 is obtained. Because the crystal growth is driven by sedimentation,
the growth rate is proportional to ∆ρ/η. Thus, the growth rates in solvent 2 and 3
can be estimated using the rate obtained for solvent 1. The limited scanning speed of
the microscope interferes with the measured widths if the crystal grows signiﬁcantly
while imaging the interfacial region. To test if this is the case, the worst case scenario
is considered: the largest interfacial width and largest growth rate, i.e., a 25 µm thick
interface in solvent 3. Multiplying the growth rate by the time interval needed to
image this volume by successive 2D xy-cross-sections, yields a ψ6 -increase of 0.02. The
change in ψ6 can be converted to a change in interfacial thickness using the derivative
of the ψ6 -proﬁle at z  = 0 (Fig. 6.2 D-F). In this way, an estimate for the limited scanspeed induced broadening is obtained. In the worst case scenario (solvent 3: largest
width, largest growth rate) the scan-speed induced broadening is less than a particle
diameter corresponding to roughly 5% of interfacial width. This number reduces to an
instrument-broadening of less than 1% of the interfacial width in the best case scenario
(solvent 1: smallest width, smallest growth rate). All these estimates are clearly within
the accuracy of the measured interfacial width. Therefore, the observed broadening of
the interface as observed in Fig. 6.3 cannot be ascribed to the limited scanning speed
and is a physical property of the system.
As the system is driven away from equilibrium by increasing the mass density mismatch between the particles and the solvent, the interfacial width increases. Therefore,
the broadening clearly has a kinetic nature. Due to the increased sedimentation velocity, the ﬂux of particles arriving at the crystal surface increases. Consequently, the
local density of the ﬂuid above the crystal surface rises. Since both crystal nucleation
and growth are sensitive to the local density and ﬂuctuations therein [156–159], some
parts of the crystal surface grow faster. This leads to an increase of the crystal surface
roughness and thus a broadening of the crystal-ﬂuid interface upon increasing density
diﬀerence. The observed kinetic broadening is similar to kinetic roughening of a growing interface [160]. In this case, a surface that is below the equilibrium roughening
transition, becomes rough due to an increasing external drive which takes the crystal
growth process away from equilibrium. In our case, the increasing sedimentation velocity clearly is this external drive. To determine whether our system is above or below
the equilibrium roughening transition, one has to compute the height-height correlation
function of the crystal-ﬂuid interface. The associated correlation length diverges above
the equilibrium roughening transition. Unfortunately our data do not allow such an
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Figure 6.5. The volume fraction proﬁles as a function of the height: solvent
1 (), solvent 2 () and solvent 3 (). The dotted lines show the freezing
(φ = 0.494) and melting (φ = 0.545) transition for hard spheres [7, 18].

analysis as the lateral dimensions are less than 30 particle diameters, which is far from
suﬃcient.
Although the kinetic broadening is a non-equilibrium phenomenon, the structure
of the crystal-ﬂuid interface in solvent 1 still closely resembles the structure of the
equilibrium interface. This is based on the interfacial width in solvent 1 being close to
the estimated width at ∆ρ → 0 of 7-8 diameters, which is in fair agreement with earlier
reports [56–59]. In addition, the volume fractions of the crystal and the ﬂuid in solvent
1 are fairly consistent with the freezing (φ = 0.494) and melting (φ = 0.545) transition
of hard spheres [7, 18] as inferred from the volume fraction proﬁle shown in Fig. 6.5.
Also shown are the volume fraction proﬁles for solvents 2 and 3 as well as the freezing
and melting transition of hard spheres [7, 18]. Increasing the density diﬀerence leads
to a higher density in the crystalline region. The volume fraction proﬁles also exhibit
clear diﬀerences in the ﬂuid region. First, the density of the ﬂuid region in solvent 2
continuously decreases with increasing height, whereas the density in solvent 1 is more
constant. Furthermore, the density of the ﬂuid in solvent 3 is signiﬁcantly higher than
in the other two cases. Note that the density of the ﬂuid in solvent 3 is clearly within
the coexistence region, which implies that the ﬂuid is metastable.
The diﬀerences between the volume fraction proﬁles in the three solvents manifest
themselves in the structures of the crystalline and ﬂuid regions. In the crystalline region, the slight variation of ψ6 (Fig. 6.2) was already a ﬁrst indication. To further
characterize the crystal and ﬂuid structures, we computed the radial distribution function g(r) in a sub-volume of 20×20×20 µm3 away from the interfacial region. The
correlation functions for the crystalline and ﬂuid regions in the diﬀerent solvents are
shown in Fig. 6.6 A and B respectively. Although the imaged subvolume cannot be
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Figure 6.6. Radial distribution functions for the (A) the crystalline regions
and (B) the ﬂuid regions: solvent 1 (black), solvent 2 (grey) and solvent 3
(light gray).

considered as a snapshot due the limited scanning speed of the microscope, the g(r)
still is a useful reﬂection of the structure. The contributions at distances smaller than
one particle diameter are ascribed to errors in the particle tracking. The diﬀerent densities of the crystalline and ﬂuid regions are clearly reﬂected by the correlation functions.
In the crystalline region the peaks in the g(r) get more pronounced and are slightly
shifted towards smaller distances (e.g. the peak at 2d) upon increasing density diﬀerence, i.e. increasing density of the crystal. In other words, the crystal lattice becomes
better deﬁned upon increasing density diﬀerence. Apparently, the crystallization is not
frustrated by the increased sedimentation velocity, which is consistent with P e < 1
in all solvents. In the ﬂuid regions exactly the same trend is observed in the radial
distribution functions. Again the peaks become more pronounced and are shifted to
smaller distances upon increasing density diﬀerence. Especially, the shift in the second
peak from solvent 2 to solvent 3, where the ﬂuid is in the metastable region, may be a
precursor to freezing as suggested in [161].
The subtle eﬀects of the variations in density on the presence of crystallites in the
ﬂuid can be elucidated by analyzing the structures on a local scale using a local bondorder parameter as deﬁned by Eqs. 6.2 and 6.3 [149, 150]. This allows for the detection
of crystalline particles and crystalline clusters as well as the determination of the nature
of the crystal [40, 149, 150, 157]. Firstly, we plot in Fig. 6.7 A-C q6 (Eq. (6.3)) versus
the z-position of only the crystalline particles for the three solvents. At small heights
the periodic density oscillations due to the layered structure of the crystal are again
clearly observed. Within the crystal q6 seems to adopt two values corresponding to HCP
and FCC stacking (see Sec. 6.3). The number of successive layers with equal stacking is
small for all solvents, typically just a few layers. The distinction between HCP and FCC
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Figure 6.7. The crystalline particles in the q6 − z  -plane: (A) solvent 1, (B)
solvent 2 and (C) solvent 3. (D) The corresponding histograms of q6 (Eq. (6.3)):
solvent 1 (black - ), solvent 2 (grey - ) and solvent 3 (light grey - ). The
inset in (D) shows a confocal image in the xz-plane illustrating the RHCP
stacking of the crystals.

becomes more pronounced upon increasing density diﬀerence, i.e. increasing volume
fraction of the crystal. Again this points to a better deﬁned lattice upon increasing
density diﬀerence, consistent with the radial distribution functions. The enhanced
distinction between HCP and FCC is more evident from the histograms of q6 presented
in Fig. 6.7 D. While in solvent 1 the distinction between FCC and HCP is not clear as
one broad peak is observed, in solvent 2 already two peaks are visible. Finally, the HCP
and FCC peaks are most pronounced in solvent 3, where the crystal has the highest
density and thus the best deﬁned lattice. The height-ratio of the peaks indicates a
more or less 50-50 distribution of HCP and FCC stacked layers. The fact that the
crystals have a random hexagonal close packed (RHCP) structure is well-known for
hard spheres [27, 35, 38, 39, 41, 159], because of the very small free energy diﬀerence
between HCP and FCC: on the order of 10−3 kB T per particle [11–13]. The RHCP
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Figure 6.8. Computer reconstructions of the crystal-ﬂuid interfaces showing
the particles belonging to a crystalline cluster: (A) solvent 1, (B) solvent 2
and (C) solvent 3. The xyz-dimensions of the box are 40 × 40 × 70 µm3 .

stacking is also directly observed in the xz-plane corresponding to the (110) plane as
illustrated in the inset in Fig. 6.7 D.
Also at the ﬂuid side of the interfacial region interesting diﬀerences in the presence
of local order are observed (Fig. 6.7). In particular, the concentration of crystalline
particles in the ﬂuid region increases signiﬁcantly upon increasing density diﬀerence.
In solvent 1 hardly any crystalline particles are identiﬁed and in solvent 2 this amount
has been roughly doubled. However, in solvent 3 a dramatic increase in the number of
crystalline particles in the ﬂuid region is observed, consistent with the g(r)’s and the
increasing volume fraction.
Obviously, in a dense ﬂuid particles with a local crystalline environment are always
present. Therefore, it is instructive to carry out a cluster analysis as explained in
Sec. 6.3, that is, to decide whether a particle is part of a crystalline cluster. In Fig. 6.8
A-C computer reconstructions of the ‘crystalline-cluster-particles’ are shown for the
three solvents. Comparison of Fig. 6.7 A and Fig. 6.8 A (solvent 1) indicates that none
of the crystalline particles in the ﬂuid region are part of a crystalline cluster. Hence, in
solvent 1 crystal nucleation is absent in the ﬂuid, in agreement with the density of the
ﬂuid being below the freezing transition. While in the ﬂuid region in solvent 2 already
a few crystalline clusters are present, a dramatic increase in the number of clusters in
the ﬂuid region is observed in solvent 3. Thus, especially in solvent 3 crystallites have
already nucleated before they reach the crystal surface. Note that this does not directly
imply a broadening of the density and ψ6 proﬁles as the (111)-plane of the crystallites
is not necessarily parallel to the xy-plane. Since this is the case in the bulk crystal,
the orientation of the crystallites arriving at the crystal surface must be adapted to the
symmetry of the bulk crystal, which is consistent with P e < 1.
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The computer reconstructions presented in Fig. 6.8 also directly visualize the structure of the crystal-ﬂuid interface in the three solvents. Even if we discard the crystallites
in the ﬂuid, the increasing roughness of the interface upon increasing density diﬀerence
(i.e. away from equilibrium) is evident. In particular, the crystal-ﬂuid interface changes
dramatically: from being quite ﬂat in solvent 1 to exhibiting large height-variations in
solvent 3. The typical size of a height-variation in Fig. 6.8 is in good agreement with
the interfacial widths as obtained from the density and the ψ6 proﬁles (Fig. 6.3). Unfortunately, the full lateral dimension of less than 30 particle diameters is insuﬃcient
to determine a reliable height-height correlation function of the interface. However,
such an analysis of growing and sedimentation-diﬀusion equilibrium interfaces might
be feasible in the xz-geometry (Fig. 6.4) [80, 84]. Using a microscope objective with
a higher ﬁeld of view, results in a signiﬁcant increase of the lateral length scale that
can be imaged. In addition, one could study the dynamic properties of the hard-sphere
crystal-ﬂuid interface in sedimentation-diﬀusion equilibrium.

6.5. Conclusions
We have quantitatively analyzed the structure of the crystal-ﬂuid interface of colloidal
hard spheres on a single particle level. By increasing the mass density diﬀerence between
the solvent and the colloids, the crystal-ﬂuid interface becomes signiﬁcantly broader as
is evident from the density and the in-plane bond-order proﬁles. The typical interfacial
width at the smallest density diﬀerence is 8-9 particle diameters and increases up to 15
particle diameters for the highest density diﬀerence. A local bond-order analysis reveals
that also the structure of the crystalline and the ﬂuid region signiﬁcantly change.
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7
Reentrant surface melting of polydisperse
colloidal hard spheres
Abstract
Concentrated suspensions of model colloidal hard spheres at a wall have been
studied in real space by means of time-resolved ﬂuorescence confocal scanning
microscopy. Both structure and dynamics of these systems diﬀer dramatically
from their bulk analogues (i.e., far away from a wall). In particular, systems
that are a glass in the bulk, show signiﬁcant hexagonal order at a wall. Upon
increasing the volume fraction of the colloids, a reentrant melting transition
involving a hexatic structure is observed.
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7.1. Introduction
In nature all systems are bounded, either by walls or surfaces. The presence of walls
will tend to dominate the behavior as systems become smaller [60,61,162,163]. Also in
colloid physics, the inﬂuence of walls has gained growing interest during the last decades
[61]. In particular, the crystallization of colloids in conﬁnement and at a single wall
have been a continuous matter of interest [45, 151–153, 155, 163–169]. For example, the
existence of a prefreezing transition of hard spheres [151,153,168,169] and the enormous
increase of the crystal nucleation rate in the vicinity of walls [151, 170] illustrate the
remarkable impact of conﬁnement. Prefreezing has also been reported in binary hard
spheres systems and colloid-polymer mixtures at a wall [171–174]. The perturbation of
bulk behavior is even more pronounced if the bounding surface is patterned [42,152,175].
Furthermore, in completely conﬁned two-dimensional (2D) systems a hexatic phase
may appear as proposed in the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY)
theory for 2D crystal melting [176–178]. In this scenario, three diﬀerent phases are
distinguished each exhibiting a characteristic behavior of the translational and bondorientational order. The crystalline phase is characterized by long-range bond-orientational order and quasi-long-range translational order. In the isotropic ﬂuid phase
both the orientational and translational order are short-ranged. Due to the presence of free dislocations, the intermediate hexatic phase is characterized by short-range
translational order and quasi-long-range orientational order. Although several experiments [166,179–182] have validated the KTHNY melting scenario, the scenario has not
fully been pinned down, in particular for hard disks.
Although the role of polydispersity is still being debated, most of the bulk behavior
of hard spheres has been well established [18,19]. In contrast, much less is known about
the inﬂuence of a single wall on the local structure and dynamics of hard spheres. Earlier
work revealed that the ﬁrst layer at the wall in a 3D system exhibits diﬀerent behavior
from a purely 2D system of charged particles [165]. Furthermore, crystallization of
sedimenting colloids at a ﬂat bottom wall has been studied in real-space [152]. In this
Chapter, we use density matched colloidal model particles to address the question as
to how the behavior of hard spheres is aﬀected by the presence of a ﬂat hard wall.
In particular, we analyze the structure and dynamics of the particles present in the
ﬁrst layer at a wall of a 3D system on a single-particle level using confocal scanning
laser microscopy. As the particles are slightly polydisperse, crystallization in bulk is
suppressed [25].

7.2. Experimental section
We used colloidal model hard spheres that could be imaged using confocal scanning
laser microscopy. The particles consist of a core of silica, 450 nm in diameter, labeled
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focal plane

glass wall
Figure 7.1. Indication of the position of the focal plane and the bottom glass
wall of the sample container.

with the ﬂuorescent dye ﬂuorescein isothiocyanate [23]. The cores are covered with a
shell of nonﬂuorescent polymethyl methacrylate (PMMA) [183]. The system is sterically
stabilized by a layer of 12-poly-hydroxystearic acid (PHS) that is covalently linked to
the PMMA [92]. The resulting silica-core-PMMA-shell particles were dispersed in a
mixture of tetralin (Merck, for synthesis), cis-decalin (Merck, for synthesis) and carbon
tetrachloride (Merck, for spectroscopy) which (nearly) matches the refractive index and
the mass density of the colloids. The volume ratios were 30 % tetralin, 30 % cis-decalin
and 40 % carbon tetrachloride. In this mixture the particles behave as hard spheres [25].
The particle diameter d is 1.4 µm and the size polydispersity is 6% as estimated from
scanning electron microscopy (static light scattering yields 8%).
A Leica DM IRB confocal scanning laser microscope in combination with an ArKr
laser (488 nm), a Leica TCS NT scanhead, and an oil-immersion lens (Leica 100 ×, NA
1.4) was used in ﬂuorescence mode. The colloidal suspension was contained in a small
vial (contents ∼ 1 ml) as described in Chapter 2. In this work, we imaged the particles
present in the ﬁrst layer, parallel to the ﬂat glass bottom of the container. Hence, the
z-position of the focal plane coincides with the particles present in the ﬁrst layer at the
glass wall (see Fig. 7.1). No signs of attractions between the particles and the glass
wall were found. This is expected since the refractive index of the glass is matched by
the solvent mixture.
The volume fraction φ of the samples was deﬁned relative to the volume fraction
at random close packing of 6% polydisperse hard spheres. This fraction was set at
0.66 [134]. By subsequently diluting the dispersion in the sample cell, the volume fraction was decreased from φ = 0.64 to φ = 0.44 in steps of typically 0.03. During the
experiments the sample cell containing the dispersion was carefully weighed to correct for possible evaporation of the solvent. After each dilution step, the sample was
thoroughly tumbled until the dispersion was fully homogenized (checked by confocal microscopy). At every volume fraction, time series of typically 100 images of the particles
present in the ﬁrst layer at the bottom wall were taken.

7.3. Data analysis
Since the particles have a ﬂuorescent core and a nonﬂuorescent shell, the particle
centers could be easily retrieved with high accuracy from the raw microscopy images
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using image analysis software similar to that described in [77]. Several order parameters
were computed to characterize the observed structures. The radial distribution function
g(r) (being proportional to the probability of observing a particle at distance r away
from a given particle) is given by:




1 
δ(ri )δ(rj − r) ,
g(r) = 2
ρ
i j=i

(7.1)

with ρ the average number density. The indices i and j run over all particles. The
accompanying translational correlation length ξT was obtained by ﬁtting the envelope
of the
correlation function to an exponentially decaying function: envelope of g(r) ∝
 
−r
exp ξT .
The nearest neighbors of every particle were identiﬁed by correlating the particle
positions within single frames using a Delaunay triangulation. Using the number of
nearest neighbors (i.e. the coordination number nc ), the fraction of nc -coordinated
particles is easily calculated:
Nnc
,
(7.2)
N
where Nnc is the number of particles with coordination number nc and N is the total
number of particles. Using the corresponding Voronoi polygon construction (a Voronoi
cell for each particle is deﬁned as the region of space closer to that particle than it is
to any other particle) the surface fraction φA was determined. The surface fraction is
deﬁned as Ap /Av , where Ap is the projected particle area and Av is the area of the
corresponding Voronoi cell.
The bond-orientational order was studied by computing the bond-orientational correlation function g6 (r) [16, 166], which is deﬁned as

Xn c =

g6 (r) = ψ6∗ (0)ψ6 (r)

(7.3)

with
ψ6 (ri ) =

nc
1 
exp[6iθ(rij )].
nc j=1

(7.4)

Here, ψ6 is the local bond-orientational order parameter, where the summation j runs
over all, in total nc , nearest neighbors of particle i . θ(rij ) is the angle between the
bond-vector connecting particles i and j and an arbitrary ﬁxed reference axis. The 
in Eq. (7.3) denote averaging over all pairs of particles and the index i in Eq. (7.4)
runs over all particles. The orientational correlation length ξO was determined by
ﬁtting
an exponential decaying function to the envelope of g6 (r): envelope of g6 (r) ∝
 
−r
exp ξO . The power-law exponent η6 was obtained by ﬁtting an algebraic decaying
function to the envelope of g6 : envelope of g6 (r) ∝ r −η6 . Note that the exponential and
algebraic functions are in principle not compatible. An exponential decay corresponds
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to short-range orientational order, whereas an algebraic decay indicates (quasi)-longrange orientational order. Nevertheless, it is still useful to determine both ξO and η6 as
they give complementary information.
Tracking the particles in time allows the analysis of the single-particle dynamics.
First of all, we calculated the self-part of the van Hove correlation function Gs , being
the probability distribution that a particle has traveled a distance r in a time interval
t:
1
Gs (r, t) =
N

N




δ[r + ri (0) − ri (t)] .

(7.5)

i=1

Subsequently, the mobility of the particles was measured in terms of the mean squared
displacement r 2 , which is deﬁned as the second moment of Gs :




r 2 (t) =

N


r 2 (t)Gs (r, t).

(7.6)

i=1

Here and below, all distances are given in units of the particle diameter and time is
represented in units of the Brownian time τb , being the required time for a particle to
d2
diﬀuse over its own diameter at inﬁnite dilution. Here, τb = 6D
= 1.61s, where D0 is
0
the diﬀusion constant at inﬁnite dilution.

7.4. Results and discussion
Confocal microscopy images of the system at ﬁve diﬀerent volume fractions are shown
in Fig. 7.2 A-F. Also shown are the corresponding 2D Voronoi polyhedron constructions.
Each Voronoi cell of a non-sixfold coordinated particle (disclination) is labeled (see
caption Fig. 7.2). It is observed that the system is isotropic for φ ≤ 0.50, which is also
reﬂected by the large concentration of disclinations. The defect statistics is quantiﬁed
by the fraction of nc -coordinated particles (Eq. (7.2)), which is shown in Fig. 7.3 A.
The system becomes ordered as φ increases and consistently, the number of disclinations
decreases signiﬁcantly. The surface fraction of particles in the ﬁrst layer at the wall
increases from 0.64 to 0.74 as φ increases from 0.50 to 0.52 (see Fig. 7.3 B). The surface
fraction jump of ∼ 14%, may indicate that this disorder-order transition has a ﬁrstorder character. Upon further densiﬁcation (φ > 0.57) the order disappears again. This
is accompanied by an increase of the number of disclinations, while the surface fraction
remains constant (0.74). Thus, we clearly observe a structural disorder-order-disorder
sequence upon increasing density. However, whether the system at the wall enters a
glassy state or is really re-melting above φ = 0.57, cannot be inferred from the structure
alone. Therefore, we investigate the dynamics of the system as well.
Figure 7.4 A shows the mean squared displacement r 2 as a function of time interval
t. For volume fractions below the disorder to order transition, the system shows nondiffusive behavior at (relatively) short times (t < 10 Brownian times). Here, the particles
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A

D

B

E

C

F

Figure 7.2. Representative confocal micrographs of the particles in the ﬁrst
layer at the wall at diﬀerent volume fractions. The volume fractions are (A)
φ = 0.48, (B) φ = 0.52, (C) φ = 0.55, (D) φ = 0.57, (E) φ = 0.60, (F)
φ = 0.64. The corresponding Voronoi constructions are shown next to the
confocal images. The Voronoi cells are colored as a function of the coordination
number of the particle. The color code is as follows: four-fold: blue, ﬁve-fold:
green, six-fold: no color, seven-fold: red, and eight-fold: purple. See ‘Color
ﬁgures’ for color version.

experience the presence of their nearest neighbors. At larger times (t > 10 Brownian
times) the mean squared displacement becomes diﬀusive, as the slope approaches unity
(indicated by the dashed line in Fig. 7.4 A). Increasing the volume fraction leads to
nondiﬀusive behavior for all times studied. Focussing on the displacements as a function
of volume fraction shows that the mobility continuously decreases as φ increases from
0.44 to 0.55. However, for 0.57 ≤ φ ≤ 0.60, the mobility clearly gets larger. Moreover,
the slope of r 2 versus t at φ = 0.60 seems to increase as well. The peculiar increase of
the mobility upon increasing volume fraction is observed for all time intervals studied
and is shown more clearly in Fig. 7.4 B. Here, the mean squared displacement is shown
as a function of volume fraction for one time interval t. Note that the displacements are
small, as one would expect at such high concentrations, but signiﬁcant. At even higher
concentrations the mean squared displacement strongly decreases again, because the
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Figure 7.3. (A) Fraction of nc -coordinated particles as a function of volume
fraction. Symbols: nc = 4 (), 5 ( ), 6 (), 7 (), 8 (), 9 (). (B) The
surface fraction of particles in the ﬁrst layer at the wall as a function of the
bulk volume fraction. The disorder-order transition is accompanied by a jump
in φA , whereas the reentrant order-disorder transition takes place at constant
φA . The line is to guide the eye.

system approaches random close packing. It is striking that the increase of the mobility
is observed at the same density as the order-disorder transition. Hence, the dynamics
of the system rules out that the system becomes a glass at the wall. Moreover, the combination of the structure and dynamics pins down that the system shows a reentrant
melting phase transition from an ordered to a disordered phase. Inherent to reentrant
melting is the small density range where the ordered phase melts [29, 184].
The observation of a reentrant melting transition illustrates the remarkable features
of the ﬁrst layer at the wall in a three-dimensional (3D) system. As far as we are aware,
there are no reports on reentrant melting of hard spheres at a single wall or in twodimensional systems (2D) [185,186], although Nelson showed that quenched random impurities in 2D solid ﬁlms can lead to reentrant melting [187]. Reentrant melting of hard
spheres in bulk is still being disputed [29, 31, 184]. If reentrant melting in hard spheres
exists in bulk, it may still be impossible to be observed, as the role of polydispersity
is very subtle. On the one hand, polydispersity is a prerequisite for reentrant melting
as suﬃcient polydispersity is required for breaking down the crystalline structure. On
the other hand, polydisperse hard spheres may take months to crystallize [33]. In our
case, the presence of a wall signiﬁcantly reduces the nucleation barrier and enhances
the nucleation rate enormously [151], thereby facilitating the observation of crystallization and reentrant melting in slightly polydisperse hard spheres. Furthermore, size
fractionation has been suggested to suppress the local degree of polydispersity, which
could enhance crystallization as well [188].
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Figure 7.4. (A) Mean squared displacement r 2 as a function of time t for
diﬀerent volume fractions (indicated in the plot). Note that the increase in
the mean squared displacement for φ = 0.57 and φ = 0.60 as a function of φ
(grey) is present for all studied times t. (B) Mean squared displacement as a
function of φ for time t = 31.07 Brownian times. This plot is a vertical cut
through the graph in A. The reentrant melting induced mobility-increase is
clearly observed for 0.55 ≤ φ ≤ 0.60. The line is to guide the eye.

Since there are no reports on the phase behavior of slightly polydisperse hard spheres
at a single wall, it is natural to ask the question as to what is actually re-melting. To
elucidate the nature of the ordered phase, we analyze the translational and the orientational order of the system by computing the pair correlation function g(r) and
the bond-orientational correlation function g6 (r) as deﬁned by Eqs. 7.1 and 7.3. Subsequently, we use the KTHNY formalism [176–178] to structurally characterize the
diﬀerent phases we observe in our system.
Figure 7.5 A shows the g(r) of the system at diﬀerent volume fractions. The peaks in
the g(r) become more pronounced in the range of 0.52 ≤ φ ≤ 0.57, pointing towards a
small enhancement of the translational order. If the concentration is increased further,
the translational order drops again. This behavior is also reﬂected by the translational
correlation length ξT as shown in Fig. 7.6 A. However, ξT hardly exceeds three particle
diameters indicating that the translational order is short-ranged for all volume fractions.
So, reentrant melting is only weakly reﬂected by the behavior of the translational order.
The situation is completely diﬀerent for the orientational order. As observed in
Fig. 7.5 B, the g6 (r) decays very rapidly at low volume fractions (φ ≤ 0.50). At higher
volume fractions the decay of the g6 (r) is much slower, indicating that the orientational
order increases signiﬁcantly. Again, this is illustrated by the accompanying orientational
correlation length ξO as shown in Fig. 7.6 A. In particular, ξO increases one order of
magnitude up to more than ten particle diameters. Upon further densiﬁcation ξO
decreases again to a few particle diameters, which is consistent with the observed faster
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Figure 7.5. Static correlation functions as a function of φ (indicated in the
plot). (A) The pair correlation function g(r) and (B) The bond-orientational
correlation function g6 (r). Note that the g6 (r) at φ = 0.55 goes through
a minimum due to the presence of a grain boundary. All curves have been
averaged over 100 frames and have been shifted vertically for clarity.

decay of g6 (r). Thus, the reentrant melting transition is nicely demonstrated by the
behavior of ξO . Note that the g6 (r) at φ = 0.55 goes through a minimum, which
is caused by the presence of a grain boundary, a more-or-less closed loop of defects,
as observed in Fig. 7.2 C. The lattice orientation within diﬀers signiﬁcantly from the
orientation outside the grain boundary, destroying the orientational order. Therefore
we were not able to ﬁt the envelope of the g6 (r) at this volume fraction.
In the hexatic phase the orientational order is quasi-long-ranged and g6 (r) is predicted
to decay algebraically with an exponent 0 < η6 ≤ 14 [177]. Fig. 7.6 B shows η6 as a
function of the volume fraction. Immediately, the reentrant character is recognized as
η6 goes through a minimum upon densiﬁcation of the system. Moreover, in the ordered
region (0.52 ≤ φ ≤ 0.57), we were indeed able to ﬁt the envelope of g6 (r) by an algebraic
decaying function, pointing to quasi-long-range orientational order. Furthermore, the
η6 approaches the value of 14 very closely. Bearing in mind that in the ordered phase only
the orientational order is quasi-long-ranged and that the translational order is shortranged, we believe that the observed ordered structure resembles a hexatic structure.
The defect structure corroborates this. In the hexatic region we indeed observe free
dislocations (5-7 disclination pairs). The fact that X5  X7 in this region, as observed
in Fig. 7.3 B, illustrates that the disclinations are indeed bound in pairs (dislocations).
In addition, somewhat larger compact defect clusters are observed. These clusters have
a typical size of three to four particle diameters consistent with earlier reports [166].
At a volume fraction of 0.55 clearly a grain boundary is observed. However, away from
the grain boundary, the defect structure is similar to the one observed at φ = 0.55 and
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Figure 7.6. Correlation lengths and exponents for translational and orientational order. (A) The translational ξT (black dots) and orientational ξO (grey
dots) correlation lengths as a function of a function of volume fraction. (B) The
power-law exponent η6 as a function of volume fraction. The black horizontal
line indicates η6 = 14 , which corresponds to the hexatic-ﬂuid transition [177].
Note that the error bars reﬂect the nature of the decay: The large error bars
for ξO in the left plot and the small error-bars for η6 for 0.52 ≤ φ ≤ 0.57
indicate that the order does not decay exponentially, but algebraically and the
translational order decays exponentially as predicted by the KTHNY-theory
for a hexatic phase.

0.57. Above and below the hexatic region, the defects percolate through the system.
In addition, X5 = X7 , pointing towards the generation of free disclinations.
The observation of a hexatic structure in the ﬁrst layer of 3D system is rather surprising. Hoogenboom and co-workers looked for an intermediate hexatic phase during
crystallization at ﬂat bottom wall in a gravitational ﬁeld, although its existence could
not be veriﬁed due to polycrystallinity [152]. The presence of a hexatic structure might
reﬂect the two-dimensional character of the ﬁrst layer at the wall, as hexatic phases
mainly have been observed in monodisperse [166, 180–182, 189, 190] as well as polydisperse 2D colloidal systems [185, 186, 191, 192]. Moreover, Fig. 7.5 A shows that the
system behaves more and more 2D-like as the width of the ﬁrst peak of g(r), reﬂecting
the out-of-focus particle centers, becomes sharper upon densiﬁcation, consistent with
strong layering at the wall [155]. However, structural and dynamical diﬀerences between 2D systems and the ﬁrst layer in a 3D system have been reported [164, 165].
In addition, in monodisperse 3D systems at a wall hexatic structures have not been
reported [151–153, 155, 168, 169, 193]. Therefore, the particle polydispersity might play
a crucial role in the formation of the hexatic structure in the ﬁrst layer in our 3D
system as geometrical frustration is known to promote the formation of a hexatic-like
structure [16, 194, 195].
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7.5. Conclusions
We have shown that slightly polydisperse colloidal model hard spheres exhibit a reentrant melting transition at a wall. Upon densiﬁcation the system goes from an isotropic
ﬂuid to a hexatic structure and ﬁnally back to an isotropic ﬂuid. The dynamics of
the system, showing a mobility-increase at the order-disorder transition, conﬁrms the
reentrant melting scenario. The presence of a hexatic rather than crystalline structure,
may imply that systems at a wall exhibit 2D characteristics, although the geometric
frustration inherent to the small polydispersity might be important as well. As crystallization was absent in the bulk, our results demonstrate that the ﬁrst layer at a wall
behaves qualitatively diﬀerent from the bulk.
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8
Topological lifetimes of polydisperse
colloidal hard spheres at a wall
Abstract
Confocal scanning laser microscopy has been used to analyze the correlation
between structure and dynamics on a single-particle level. In particular, the
topological lifetime, being the average time that a particle spends having the
same coordination number, is determined for all coordination numbers and as
a function of volume fraction. The defective (non-sixfold coordinated) particles exhibit shorter lifetimes than sixfold coordinated particles, indicating that
the mobility is increased near defects. The lifetime itself is a strong function
of volume fraction. In particular, the global behavior of the mean squared
displacement is proportional to the hopping-frequency (the inverse of the lifetime), showing that particles changing their coordination number contribute
the most to the local mobility.
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8.1. Introduction
The presence of defects strongly inﬂuences mechanical properties of solid materials,
such as elasticity and fatigue. The dynamics of these defects in such crystalline materials
is an important issue and has been addressed in several recent studies [47, 196–198].
Also in the understanding of liquids and glass forming systems the connection between
relaxation dynamics and local structure is considered to be a major challenge [62, 63].
However, to date no satisfactory description exists for dense liquids and glass forming
systems. In such systems dynamical heterogeneities arise. Consequently, the probability
distribution of displacements shows strong deviations from a Gaussian distribution [62].
As a result, particles in given regions exhibit larger mobility than in other regions. These
particles typically exhibit cooperative string-like motion [62].
Colloidal system provide excellent model systems for detailed investigations of dense
liquids and the glass transition [19]. The presence of dynamical heterogeneities in colloidal systems has been demonstrated in three dimensions using confocal microscopy
[25, 26]. Also the dynamical properties of conﬁned (quasi) 2D colloidal systems have
been investigated in many previous studies [63, 166, 196, 199–206]. They also showed
the presence of dynamical heterogeneities. It has even been suggested that multiple
dynamical subsets of particles are present in dynamical heterogeneous systems [25].
Furthermore, the existence of dynamical subsets might be related to structural diﬀerences between the subsets as there are clear indications that mobile particles tend to
be in regions of higher disorder [43, 152, 166, 199, 203–206].
Although the coupling between the structure and dynamics has been observed in
several studies, there is hardly any direct quantitative measure of the relation between
structure and mobility. Weeks and Weitz showed that particles with larger displacement
have fewer ordered neighbors [43]. Recently, it was proposed to examine dynamical heterogeneities in terms of ﬂuctuations in the topological defect density [204]. These results
point towards the importance of the defect structure with respect to the dynamics of
the system. Here, we analyze on a single-particle level the correlation between local
structure and dynamics of slightly polydisperse hard spheres at a wall. Rather than
considering (metastable) ﬂuids, we also inspect this coupling throughout the whole
range of structures observed in our system at the wall [45] (Chapter 7). First of all, we
characterize the defect-structure as a function of the volume fraction φ quantitatively.
Then, we correlate defect statistics to dynamics by analyzing the single-particle topology as a function of time for diﬀerent coordination numbers. Subsequently, we deﬁne
a topological lifetime, which characterizes correlation between the local structure and
dynamics. Finally, we discuss the behavior of the mean squared displacement in terms
of lifetimes and defects.

8.3. Topological lifetimes
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Figure 8.1. A typical example of single-particle coordination track: nc as
a function of time (in black). Examples of time intervals for coordination
numbers 6 and 7 are indicated as t6 and t7 . The grey lines illustrates the
looping of the tracks to properly take into account the initial and ﬁnal time
intervals (respectively indicated as tinitial and tf inal ), as described in the text.

8.2. Experimental section and data analysis
The experimental details and parts of the data analysis are described in Chapter 7.

8.3. Topological lifetimes
As a measure for the timescale corresponding to local structural relaxation, we introduce the so-called topological lifetime. This topological lifetime of a given coordination
number, τnc , is deﬁned as the average time that a particle keeps the same coordination
number between two nc changes. Here, nc is the number of nearest neighbors or the
coordination number of a particle. To calculate the lifetime, we followed the behavior
of nc as a function of time for the single particles. Figure 8.1 shows a typical example
of such a single-particle coordination track. These coordination tracks allow measuring
the time-intervals tnc that a particle retains the same coordination number. An example of such a time-interval tnc for nc = 6 and 7 is indicated in Fig. 8.1. Thus, all the
single-particle coordination tracks (from all the tracked particles) provide a whole set of
time intervals tnc for each coordination number nc . The lifetime of a given coordination
number is then deﬁned as the average over that whole set of time intervals:
τnc

nc

1 M
=
t(i) ,
Mnc i=1 nc

(8.1)

where Mnc is thus the total number of time intervals tnc in all single-particle coordination
tracks.
Due to the ﬁnite length of a coordination track, the initial and ﬁnal time intervals
initial
and tf inal in Fig. 8.1) are not properly bounded by two nc -changes. To correct
(t
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Figure 8.2. (A) Mean squared displacement as a function of φ for time t =
31.07 Brownian times. The reentrant melting induced mobility-increase is
clearly observed between 0.55 ≤ φ ≤ 0.60. The line is to guide the eye. (B)
Fraction of nc -coordinated as a function of volume fraction. Symbols: nc = 4
(), 5 ( ), 6 (), 7 (), 8 (), 9 ().

this, we loop the coordination tracks as illustrated in Fig. 8.1. Now, there are three
diﬀerent cases possible. Firstly, if the initial coordination number is equal to the ﬁnal
coordination number (as in Fig. 8.1), a time interval equal to the sum of tinitial and
tf inal is taken into account. Secondly, if the initial coordination number is not equal
the ﬁnal coordination number, tinitial and tf inal are taken into account as two separate
time intervals. And ﬁnally, if nc is constant throughout the whole coordination track,
a time-interval equal to the length of the coordination track is taken into account.
To improve statistics, we demand the minimum coordination track-length (i.e. the
minimum number of frames that a particle is tracked) to be 20 % of the total time series.
Increasing this length mainly aﬀect the statistics of the defective particles, as they move
faster and are more diﬃcult to track. On the other hand, a smaller minimum tracklength enhances eﬀects of the ﬁnite track-length. The maximum track-length is per
deﬁnition equal to the full time series. This limits the maximum lifetime to the length
of the time series, thereby underestimating very large lifetimes. Although the obtained
lifetimes are slightly inﬂuenced by values of the minimum and maximum track-length,
the results do not change signiﬁcantly.
Here and below, all distances are given in units of the particle diameter and time is
represented in units of the Brownian time τb , being the required time for a particle to
d2
diﬀuse over its own diameter at inﬁnite dilution. Here, τb = 6D
= 1.61s, where D0 is
0
the diﬀusion constant at inﬁnite dilution.
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Figure 8.3. Delaunay triangulations of the system at diﬀerent volume fractions. (A) φ = 0.55 (hexatic), (B) φ = 0.57 (hexatic) and (C) φ = 0.60
(re-melting). At φ = 0.55 the grain boundary is indicated by the black circle.
The color code for the defects is as follows: four-fold: blue, ﬁve-fold: green,
six-fold: no color, seven-fold: red, eight-fold: purple. See ‘Color ﬁgures’ for
color version.

8.4. Results and discussion
Due to the slight polydispersity, crystallization was virtually absent in the bulk which
allowed detailed study of glassy dynamics [25]. The situation is completely diﬀerent
at the bottom glass wall of the sample container. Here the system shows signiﬁcant
ordering [45] and upon increasing volume fraction even a reentrant melting transition
involving a hexatic structure [45] (Chapter 7). The reentrant melting transition is
accompanied by an increase in the mean squared displacement r 2 (Fig. 8.2 A), ruling
out a glass. The defect structure is consistent with a hexatic structure and is illustrated
by the Delaunay triangulations of the system at volume fractions φ = 0.55 (hexatic),
0.57 (hexatic) and 0.60 (remelting), shown in Fig. 8.3. The grain-boundary at φ = 0.55
is obvious. In addition, the fraction of nc -coordinated particles Xnc as a function of
volume fraction is shown in Fig. 8.2 B. Note that at all volume fractions particles
having a coordination number diﬀerent from ﬁve, six or seven are hardly observed. As
a consequence, the defect properties of the system are fairly well described taking into
account only the particles having nc ∈ [5, 7].
The behavior of the mobility is expected to be correlated to the presence of defects.
To look into this, we show the positions of the centers of the particles over 100 time
steps for several volume fractions (Fig. 8.4). In the isotropic ﬂuid at φ = 0.45 the
particles exhibit homogeneous dynamics as expected for a ﬂuid. At freezing, φ = 0.50,
we clearly observe ordered and disordered regions, as well as more and less mobile
particles. The more mobile particles exhibit typical stringlike, cooperative motion.
Furthermore, the mobile particles tend to be located in the more disordered, defective
regions. Both observations are consistent with earlier reports [43, 62, 152, 166, 199, 203–
206]. At a volume fraction of 0.55 (hexatic-like structure), the system seems to be
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Figure 8.4. Particle positions over 100 images (time steps) for several volume
fractions: (A) φ = 0.45 (ﬂuid), (B) φ = 0.50 (at freezing), (C) φ = 0.55
(hexatic) and (D) φ = 0.60 (remelting).

dynamically homogeneous. Even the particles in the defective regions, for example
in the grain boundary as shown in Fig. 8.3, do not show signiﬁcant higher mobility.
As the system starts to remelt at φ = 0.60, the ordered hexatic structure starts to
break up illustrated by the increasing number of defects (Fig. 8.3). Similar to the
situation at φ = 0.50, more mobile particles are typically located in more defective
regions. Furthermore, the stringlike, cooperative motion, characteristic for the presence
of dynamical heterogeneities is observed again. These dynamical heterogeneities also
manifest themselves as non-Gaussian contributions to the self-part of the van Hove
correlation function (Eq. (7.5)). If the system is dynamical homogeneous, Gs is expected
to have a Gaussian shape [133]. To illustrate that this is indeed the case, we show in
Fig. 8.5 the self-part of the van Hove correlation function for the isotropic ﬂuid at
φ = 0.45 and for the dynamical heterogeneous re-melting system at φ = 0.60. The Gs
for the ﬂuid is well described by a Gaussian distribution, whereas the Gs at φ = 0.60
shows signiﬁcant deviations from a Gaussian distribution. Moreover, it can be fairly
well described by a sum of a two Gaussians, pointing towards the existence of a slow
(the wide Gaussian) and a fast (the narrow Gaussian) subset of particles.
Although the correlation between structure and dynamics seems to be well-accepted
on a qualitative level, it is not always obvious. For example, our system at φ = 0.55
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Figure 8.5. Self-part of the Van Hove correlation function Gs . (A) In the
isotropic ﬂuid (φ = 0.45) the Gs is a Gaussian function, which indicates diﬀusive motion. (B) At φ = 0.60, Gs strongly deviates from a Gaussian function,
indicating the presence of dynamical heterogeneities. Moreover, the Gs is fairly
well described by a sum of two Gaussians: a wide one (dashed line) for the
fast subset (circles) and a narrow one (black line) for the slow subset (black
dots).

is dynamically fairly homogeneous, while structurally not, as there are clearly ordered
and disordered regions (recall the presence of a grain boundary) present. Furthermore,
in bulk, our system is structurally homogeneous (disordered), but still exhibits dynamical heterogeneities [25]. In addition, the present tools are unable to quantitatively
link statics and dynamics. To gain more quantitative insight in the relation between
structure and dynamics, we studied the ﬂuctuations in the particle topology in terms
of topological lifetimes as deﬁned by Eq. (8.1). The lifetime is a measure for the stability of a local structure characterized by nc and directly correlates local structure and
dynamics.
As a start, we show that the topological lifetimes are deﬁned so that ergodicity is
obeyed, proving the meaningfulness of our deﬁnition of lifetimes. In other words, the
defect statistics as deﬁned by the ensemble average must be equal to the time average:
Xn c

Nnc (ens av)
τnc Mnc (time av)
=
=
.
N
nc τnc Mnc

(8.2)

In Fig. 8.6 the results of Eq. (8.2) are presented for nc ∈ [5, 7]. It is observed that
the defect statistics obtained via the time average very accurately reproduces the result
from the ensemble average, thereby demonstrating the ergodicity of our system and the
meaningfulness of the lifetimes.
Next, we investigate the coordination number dependence of the lifetimes for diﬀerent
volume fractions. This is shown in Fig. 8.7. It is clearly observed that for all volume
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Figure 8.6. Fraction of defects as a function of volume fraction: ensemble
average (black) and time average (grey) (Eq. (8.2)). Symbols: nc = 5 ( ), 6
(), 7 ().

fractions the lifetime for nc = 6 is always the largest. Five- and sevenfold coordinated
particles have comparable lifetimes, but much smaller than the sixfold coordinated
particles. This implies that local structures involving sixfold coordination, are always
the most stable. This is a direct consequence of the average coordination number in
2D liquids being six [166]. As a result, at all volume fractions the defective particles
have the tendency to return to a six-fold coordinated state. This is reﬂected by the
defect statistics (Fig. 8.2 B), but can be shown more directly by deﬁning a ‘hopping
probability’, that is, the probability that a particle with a given coordination number
nc hops to nc ± 1:
P(nc →nc ±1) =

X(nc ±1)
,
X(nc −1) + X(nc +1)

(8.3)

where we assume that ∆nc ≡ ±1. Here, the hopping probability is expressed in terms
of defect fractions. Hence, it can also be expressed in terms of lifetimes, as the system is
ergodic (i.e. Eq. (8.2) is valid). The hopping probability as a function of volume fraction
is presented in Fig. 8.8. The probability that a particle goes back to nc = 6 is indeed
observed to be close to one for all volume fractions, i.e. regardless of the structure
of the system. Consistently, the probability that a ﬁve- or seven-coordinated particle
becomes respectively four- or eight-coordinated, is negligible. Note that for volume
fractions outside the ordered (hexatic-like) region (0.52 ≤ φ ≤ 0.57) a sixfold particle
is more likely to become ﬁvefold coordinated than to become sevenfold coordinated
(P(6→5) > P(6→7) ), whereas within the hexatic region, these probabilities are almost
equal.
Furthermore, the lifetimes also exhibit strong volume fraction dependence for each
distinct coordination number (Fig. 8.7). For all nc the lifetimes at φ = 0.64 (close
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Figure 8.7. The lifetime τ in units of τb as a function of the coordination
number nc for diﬀerent volume fractions (indicated in the plot).

to random close packing) are the largest. If we go down along the lifetime-axis in
Fig. 8.7, we successively encounter the three branches that correspond to the hexaticlike region (0.52 ≤ φ ≤ 0.57), the reentrant ﬂuid branch at φ = 0.60 and ﬁnally the
ﬂuid regime (φ ≤ 0.50). We should mention that the lifetimes for the rare coordination
numbers, i.e. nc = 4, 8 and 9, are not very reliable because of very poor statistics as
the corresponding X4 , X8 , X9 are just very small. The φ-dependence of the lifetimes
for nc ∈ [5, 7] is shown more clearly in Fig. 8.9. Here, the diﬀerent structural regimes
(ﬂuid, hexatic, re-melting ﬂuid and close to random close packing) as already identiﬁed
from Fig. 8.7 are observed even better. This enables us to estimate a characteristic
lifetime for nc = 6 in each structural region (as a function of φ). In the ﬂuid region
τ6  3τb , in the hexatic region τ6  55τb , in the reentrant ﬂuid τ6  15τb and close to
random close packing τ6  80τb . Our values for the ﬂuid and the hexatic region are
in reasonable agreement with the orientational correlation time as deﬁned by Murray

et al . [−d ln g6 (0, t)/dt]−1 [164, 166, 200], which is a measure of the decay of the bondorientational order in time [166]. This agreement is expected as the bond-orientational
order is highly sensitive to the coordination number, and in particular, to the bond
angles of the nearest neighbors. As long as a particle stays sixfold coordinated, the
sixfold bond-orientational order is preserved to some extent (there might be ﬂuctuations
in bond angles). If the nc changes, the bond-orientational order is destroyed, indicating
that our τ6 is similar to the orientational correlation time deﬁned by Murray [166].
In addition, we can also determine these timescales for diﬀerent local structures, i.e.
diﬀerent coordination numbers, at all volume fractions. For example, for nc = 5 these
characteristic lifetimes are respectively, in the ﬂuid τ5  τb , in the hexatic τ5  7τb ,
in the reentrant ﬂuid τ5  3τb and close to random close packing τ5  35τb . Note
that the τ7 is almost equal to τ5 . We further observe in Fig. 8.9 that τ5 (τ7 ) exhibits
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Figure 8.8. Hopping probabilities as obtained from Eq. (8.3).
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Figure 8.9. (A) Lifetime as a function of volume fraction for diﬀerent coordination number. Symbols: nc = 5 ( ), 6 (), 7 (). (B) The ratio
τ6 /(0.5[τ5 + τ7 ]) as a function of the volume fraction.

similar volume fraction dependence as τ6 . Again, the distinct structural regions are
identiﬁed. However, the magnitude of τ5 (τ7 ) does not scale with φ as τ6 does, which
is evident from Fig. 8.9 B. Figure 8.9 B shows the ratio between τ6 and the average of
τ5 and τ7 (τ6 /(0.5[τ5 + τ7 ])) as a function of volume fraction. In the ﬂuid phase and
close to random close packing, this ratio is roughly two, in the hexatic region about
eight and in the reentrant ﬂuid approximately 5. Thus, upon ordering at φ 0.50,
the diﬀerence between the lifetimes corresponding to respectively sixfold coordinated
(ordered) and non-sixfold coordinated (disordered) particles increases. Therefore, the
ratio τ6 /(0.5[τ5 + τ7 ]) as well as τ5 , τ6 , τ7 identify the diﬀerent structural regions, and
might therefore be identiﬁed as a dynamical order parameters for ordering [200, 202].
Besides the characteristic lifetimes for each structural region, we clearly recognize
in Fig. 8.9 A the global behavior of the mean squared displacement as function of φ
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as shown in Fig. 8.2 A. Interestingly, this suggests that there is a quantitative correlation between topological lifetimes and mobility. Hence, the lifetimes are more or
less determined by the local mobility of the particles. If a given particle, and/or (one
of) its neighbors is moving signiﬁcantly, the coordination number of the given particle
changes, thereby setting the lifetime. Therefore, a very large lifetime indicates that the
local structure of a particle does not change, corresponding to a low mobility in that
particular region. In other words, if the lifetime is large, the mobility is small. Thus,
the mean squared displacement is expected to scale with the inverse of the lifetime
(which can be interpreted as a hopping frequency). The weight of the contribution of
τnc to the mobility (mean squared displacement) is given by the concentration of particles being nc -coordinated, Xnc . Finally, we have to sum over all coordination numbers
to take into account all the particles. Now, the lifetimes are taken into account as
a single-particle property. However, if the coordination number of a given particle in
dense system changes (setting the lifetime), the coordination number of a neighboring
particle changes as well. Therefore, correlations could be important and the lifetime
may have a larger inﬂuence on the mean squared displacement. To account for this
and improve the quantitative agreement one might introduce an additional parameter
α such that rather than r 2 ∝ 1/τnc , the mean squared displacement may scale as:




r 2 (φ) ∝



1

nc

τnαc (φ)

Xnc (φ).

(8.4)

Fitting Eq. (8.4) to the experimental data a value of α = 1.8 was obtained. In
Fig. 8.10 the result of Eq. (8.4) with α = 1.8 as well as the experimental data of Fig. 8.2
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A are shown. Although it remains unclear what exactly determines the value of α, we
clearly observe that the trend of the data is described fairly well by Eq. (8.4). This
implies that particles undergoing a coordination-number change dominate the behavior
of the mean squared displacement, which conﬁrms that defective particles (nc = 6) are
the most mobile particles.

8.5. Conclusions
We have quantitively analyzed the correlation between structure and dynamics on
a single-particle level in terms of topological lifetime τ , being the average time that
a particle spends having the same coordination number. The defective (non-sixfold
coordinated) particles exhibit shorter lifetimes than sixfold coordinated particles, indicating that the mobility of the system is larger in defective regions. The lifetime
itself shows strong volume fraction dependence. In particular, the global behavior of
the mean squared displacement is proportional to the inverse of the lifetime (hoppingfrequency), showing that particles changing its coordination number contribute most
to the mobility.
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9
Real-space analysis of the structure of
densely packed polyhedral colloids
Abstract
The eﬀect of a nonspherical particle shape and shape-polydispersity on the
structure of densely packed hard colloidal particles has been studied in realspace by confocal scanning laser microscopy. We show that dense arrays of
size-monodisperse, but shape-polydisperse polyhedral colloids at a wall, exhibit
signiﬁcant deviations from an ideal hexagonal lattice. The polyhedral particles
signiﬁcantly increase the degree of polycrystallinity compared to spherical particles. Also within single domains the hexagonal structure is strongly aﬀected.
These deviations are identiﬁed as orientational ﬂuctuations which lead to percolating ‘mismatch lines’. While the shape-induced geometrical frustration
of the hexagonal symmetry suppresses translational order, bond-orientational
order is clearly retained, indicating a hexatic-like structure of the polyhedral
colloids.
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9.1. Introduction
Polydispersity is an intrinsic property of colloidal systems. For hard spheres it is well
known that size-polydispersity has a tremendous eﬀect on the structure and dynamics
[28, 29, 33, 45, 184, 194]. For example, the crystallization behavior is greatly aﬀected by
size-polydispersity [19,207]. Above a certain polydispersity hard spheres can only freeze
by size-fractionation [29–31]. However, if the polydispersity exceeds a value of about
12%, hard spheres do not seem to crystallize at all [29, 30]. Also, the crystallization
kinetics is signiﬁcantly aﬀected by polydispersity [33]. Furthermore, size-polydispersity
geometrically frustrates the formation of hexagonally stacked crystals and even leads to
reentrant melting behavior [45]. In polydisperse 2D systems, the terminal polydispersity
is higher and hexatic phases are reported. In particular, dense arrays of binary ballbearings exhibit hexatic-like structure due to the inherent geometrical frustration [16,
194].
While size-polydispersity is always present in colloidal systems, the eﬀect of the
particle shape is a more general issue as molecular systems are ‘monodisperse’ in size
but usually not spherical. Systems with large aspect ratios are known to exhibit very
rich phase behavior including a variety of liquid crystalline phases [208, 209]. Plastic
phases are reported at smaller aspect ratios [210]. Even in rotationally symmetric
systems, the nonspherical character induces new features. The impact of a nonspherical,
but rotationally symmetric shape is for example demonstrated in simulations of hard
hexamers, pentamers and pentagons [211–215]. Hexamers (pentamers) consist of six
(ﬁve) touching spheres exactly positioned at the vertices of a perfect regular hexagon
(pentagon) [211–214]. The simulation studies show the existence of a so-called rotator
phase, being absent in hard spheres. This phase is characterized by rotational freedom
of the particles, while the centers of the particles are forming a hexagonal structure. At
higher densities, the nonspherical shape becomes important and the rotations are frozen
leading to a crystalline phase where the centers form a slightly deformed hexagonal
crystal.
In these simulations all the particles were identical. What happens if the shape
of the particles is more randomized, is not known. In other words, the inﬂuence of
shape-polydispersity on crystallization has hardly been addressed, despite the fact that
relevant systems like nanoparticles [64] and granular matter [65] almost always exhibit a
distribution of particle shapes. Here, we use a colloidal model system to study the inﬂuence of the particle shape and shape-polydispersity on the structure of densely packed
particles. In particular, the particles represent hard spheres that are monodisperse
in size, but have a small random perturbation in shape. We compared this system to
spherical colloids with a comparable size-polydispersity. The structures of both systems
were analyzed on a single-particle level using confocal scanning laser microscopy.
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Figure 9.1. Confocal microscopy images of (A) the nonspherical particles
and (B) the spherical particles (9 × 9 µm2 ). The polyhedral character of the
nonspherical particles is evident from the micrograph.

9.2. Experimental section
The model colloids are crosslinked and ﬂuorescently labeled polymethyl methacrylate
(PMMA) particles. The synthesis and characterization of these particles is described
in Chapter 3 and [93]. As shown in the inset in Fig. 9.1 A, these particles clearly have
a nonspherical, polyhedral shape. Note, that ‘polyhedral’ refers to the two-dimensional
(2D) cross-section through the center of the three-dimensional particle. The particle
shape can be characterized by a shape factor SF :
SF =

4πAp
,
Pp2

(9.1)

with Ap the projected particle area and Pp the projected perimeter. The nonspherical
shape is illustrated by the average SF for the polyhedrals being 0.76 ± 0.09 compared
to one for a perfect sphere (see Tab. 9.1). To get some grip on the shape of the
polyhedral particles, we compared their shape to regular polygons (as a polygonal
shape is quite obvious from Fig. 9.1 A). Using the shape factor SF and the particle
area Ap , we determined the average perimeter Pp of the particles. With this perimeter,
we calculated the area Ai , of a regular polygon with i vertices. Now, comparing the
measured Ap to the calculated Ai directly quantiﬁes the match between the shapes. In
particular, we computed the mean squared diﬀerence averaged over all particles:




∆i = (Ap − Ai )2 .

(9.2)

In Fig. 9.2 A we show ∆−1
i , which is maximal at closest matching, as a function of the
number of vertices i of the regular polygon. We note that ∆−1
goes to inﬁnity for some
i
i if all particles are identical to this particular polygon. However, this is clearly not the
case here. The peak at i = 5 shows that the polyhedral particles are on average best
described by regular pentagons. Moreover, if we calculate the fraction of particles best
described by an i-vertices polygon, more than 95% of the particles shows the best match
with pentagons (Fig. 9.2 B). The insets in Fig. 9.2 A and B show the same analysis
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Figure 9.2. (A) The inverse of the mean squared deviation (Eq. (9.2)) and
(B) the fraction of particles best described by a i-vertices polygon as obtained
for the polyhedral particles. The insets show the same analysis for the spherical
particles. The dashed lines are to guide the eye.
Table 9.1. Size and shape characteristics of the polyhedrals and the spheres.

Diameter (µm)
Shape factor

Polyhedrals

Spheres

2.23 ± 0.05
0.76 ± 0.09

2.33 ± 0.04
0.96 ± 0.02

for the spheres. In this case, ∆−1
as well as the fraction of particles both exhibit
i
maxima at i = 0 and i = 8, which is consistent with a spherical shape. Of course,
this analysis does not mean that the polyhedrals are equivalent to regular pentagons,
since there are numerous of other shapes that are not included in this simple analysis.
For instance, irregular polygons will certainly be present. In addition, the absence of
a single overwhelmingly dominant peak in Fig. 9.2 A already indicates the presence
of other shapes such as hexagonal, heptagonal etc. in the polyhedral system. The
relatively random character of the shape, or, the distribution of shapes is reﬂected by
the polydispersity in shape of 11.8 % (Tab. 9.1). Nevertheless, the shape-analysis clearly
demonstrates the striking diﬀerence in shape between the polyhedrals and the spheres.
Remarkably, analyzing the distributions of Ap reveals that the size-polydispersity
of the polyhedrals is comparable to that of rather monodisperse colloidal spheres (i.e.
a polydispersity of ∼ 5%). Therefore, these polyhedrals provide an excellent model
system to investigate the eﬀect of shape and shape-polydispersity. In our experiment,
we compare dense packings formed by the polyhedrals to those formed by reference
PMMA particles, that are spherical and monodisperse in size (inset Fig. 9.2 B) [86].
The diameters d and shape factors as well as the associated polydispersities for both
systems are summarized in Tab. 9.1.
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The polyhedral and spherical particles were dispersed in a mixture of cis-decalin
(Merck, for synthesis), tetralin (Merck, for synthesis) and carbontetrachloride (Merck,
for spectroscopy) (31.5-36-32.5 v/v%), which simultaneously matches the refractive
index and almost the mass density of the particles [110]. The Peclet number, being
the ratio between gravitational and thermal energy, is of the order of 10−1 for both
systems, indicating that the thermal motion is more important than gravity. The
Peclet number is deﬁned as (4π∆ρR4 g) / (3kB T ), with kB Boltzmann’s constant, T the
absolute temperature, g the acceleration due to gravity, R the particle radius and ∆ρ
the density diﬀerence between the solvent and the particles. In this solvent the particles
interact via a hard-sphere-like potential [110].
For both systems a sample with a volume fraction φ ≈ 0.40 was prepared. The dispersions were contained in small homemade vials, which are described in more detail in
Chapter 2. During slow sedimentation, the particles start to order at the bottom wall
of the sample container. Since the inﬂuence of the particle shape is most pronounced
at highest compression, we analyzed the structures after sedimentation had fully completed. The particles were imaged using a Nikon TE 2000U inverted microscope with a
Nikon C1 confocal scanning head in combination with an Ar ion laser (40 mW, λ = 488
nm, Spectra Physics) and an oil-immersion lens (100× CFI Plan Apochromat, NA 1.4,
oil immersion, Nikon). The layering of the particles at the wall allowed a quantitative
2D analysis of the structures present in the ﬁrst layer at the ﬂat glass bottom wall of
the container [45, 166]. No signs of attractions between the particles and the glass wall
were found. The centers of the particles were located using image-analysis software
similar to that described in [77]. We veriﬁed that the polyhedral particle shape did not
signiﬁcantly aﬀect the accuracy of the particle tracking. Although certainly interesting,
the question as to how the structure of the polyhedrals evolves in the third dimension
lies outside the topic of this work. The surface fractions (= NT Ap /L2 , with NT the
total number of particles in the image and L2 the area of the image) were virtually
equal: 0.846 and 0.852 for respectively the polyhedrals and the spheres.

9.3. Data analysis
Several order parameters that may reﬂect the diﬀerences between the structures of
the polyhedrals and the spheres were computed. The radial distribution function g(r)
(being proportional to the probability of observing a particle a distance r away from a
given particle) is given by:




1 
δ(ri )δ(rj − r) ,
g(r) = 2
ρ
i j=i

(9.3)

with ρ the average number density. The indices i and j run over all particles. The
accompanying translational correlation length ξT was obtained by ﬁtting the envelope
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Figure 9.3. Example of a nearest neighbor angle distribution of a hexagonal
crystal. The six peaks correspond to the averaged bond angles of the nearest
neighbors. One lattice orientation is reﬂected by two peaks, 180◦ apart. The
highest peak corresponds to the dominant orientation, indicated by the arrow.

of the
correlation function to an exponentially decaying function: envelope of g(r) ∝
 
−r
exp ξT . Actually, we used 1−g(r) to restrict the envelope between zero and one. It was
checked that this did not aﬀect the range of translational order. The bond-orientational
order was studied by computing the bond-orientational correlation function g6 (r) [16,
166], which is deﬁned as
g6 (r) = ψ6∗ (0)ψ6 (r)

(9.4)

with
nc
1 
ψ6 (ri ) =
exp[6iθ(rij )].
nc j=1

(9.5)

Here, ψ6 is the local bond-orientational order parameter, where the summation j runs
over all, in total nc , nearest neighbors of particle i . θ(rij ) is the angle between the
bond-vector connecting particles i and j and an arbitrary ﬁxed reference axis. The 
in Eq. (9.4) denote averaging over all pairs of particles and the index i in Eq. (9.5)
runs over all particles. The orientational correlation length ξO was determined by
ﬁtting
an exponential decaying function to the envelope of g6 (r): envelope of g6 (r) ∝
 
−r
exp ξO . The power-law exponent η6 was obtained by ﬁtting an algebraic decaying
function to the envelope of g6 : envelope of g6 (r) ∝ r −η6 . Note that the exponential and
algebraic functions are in principle not compatible. An exponential decay corresponds
to short-range orientational order, whereas an algebraic decay indicates (quasi)-longrange orientational order. Nevertheless, it is still useful to determine both ξO and η6 as
they give complementary information.

9.3. Data analysis
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Figure 9.4. Example a ‘lattice-line’ of a hexagonal crystal. The particle
constituting the lattice-line are indicated by ♦.

The nearest neighbors of the particles were determined using a Delaunay triangulation. The orientations of the nearest neighbor bond angles of a given particle allowed us to construct the distribution of these nearest neighbor angles (in addition to
Eqs. 9.4 and 9.5). In the case of a single (hexagonal) crystal, there are exactly six
(delta) peaks at every 60 degrees. Obviously, peaks exhibiting an angle diﬀerence of
180◦ correspond to the same lattice orientation. An example of such a nearest neighbor
angle distribution is shown in Fig. 9.3. The highest peak corresponds to the dominant bond-order orientation, as indicated by the arrow in Fig. 9.3. In a polycrystalline
structure every crystallite has a diﬀerent orientation of the lattice. Hence, this results
in broadening and eventually in a whole range of peaks in the nearest neighbor angle
distribution. Thus, the nearest neighbor angle distribution directly yields information
about the polycrystallinity of a structure.
To quantify the structural diﬀerences within single crystallites some additional order
parameters were employed. In particular, particles along a line corresponding to one of
the three lattice orientations in a hexagonal structure were selected. We term this set
of particles a ‘lattice-line’. An example of such a lattice-line is indicated in Fig. 9.4.
To decide if a particle belongs to a lattice-line, we set a threshold of ± 20 degrees
for the maximum orientation diﬀerence between successive particles in a lattice-line.
Hence, we avoid kinks in the lattice-lines due to defects (> 20◦ ) without neglecting the
ﬂuctuations (< 20◦ ). A lattice-line was deﬁned to count at least three particles. All
the order parameters determined using these lattice-lines were averaged over all three
lattice orientations of the hexagonal lattice.
Firstly, we calculated the mean orientation θi of every lattice-line i just being the
average over the orientations of all particles constituting lattice-line i. The orientation
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A

B

a=1

a<1

Figure 9.5. Interpretation of Eq. (9.6). (A) In the case of a perfectly straight
lattice-line α = 1. (B) Deformation of the lattice-line, for example by curvature, leads to the case that α < 1.

of a particle θ is given by the average orientation of the bond vectors to its nearest
neighbors in a lattice-line. All orientations are relative to an arbitrary reference axis.
Subsequently, for all particles, the diﬀerence ∆θ = θ − θi was determined. The angle
distribution P (∆θ) denotes the histogram of the whole set of ∆θ’s. Furthermore, we
quantiﬁed the deformation of a lattice-line relative to a perfect straight line by the
ratio of the length of a lattice-line l and the number of particles n minus one, times the
particle diameter d:


α=



l
,
(n − 1)d

(9.6)

where the length l of lattice-line is given
 by the distance between the ﬁrst particle
(x0 , y0) and the last particle (xn , yn ): l = (x0 − xn )2 + (y0 − yn )2 . The averaging over
all lattice-lines is denoted by  . The interpretation of Eq. (9.6) is illustrated in Fig. 9.5.
In a perfect, close packed hard sphere lattice the particle centers form a straight line,
implying that α = 1 (Fig. 9.5 A). Similarly, the situation that α gets smaller than one
corresponds to a deformed lattice-line, as shown in Fig. 9.5 B.
In addition, the bond-orientational correlation within a lattice-line was investigated
in a equivalent fashion as Eq. (9.4) for two-dimensional structures. The one-dimensional
analog of Eq. (9.4) is deﬁned as


g61D (r)

=



1 
cos[6∆θ(rkl )] ,
Np k l=k

(9.7)

where Np is the number of pairs of particles in a lattice line, ∆θ(rkl ) the angle diﬀerence
between the orientations of particles k and l in a lattice-line and  the averaging over
all lattice-lines.
Besides the lattice-line analysis, the deviations from a hexagonal lattice were examined by comparison of the sets of particle positions for the polyhedrals and the spheres
to perfect hexagonal grids with a lattice constant equal to the position of the ﬁrst
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B

Figure 9.6. Representative confocal images of the ﬁrst layer at the wall of
(A) the polyhedrals and (B) the spheres. The ﬁeld of view is 75 × 75 µm2 .

peak of g(r). The bond-order (initially along the x-axis) was aligned with the dominant orientation of the coordinate set, as given by the maximum peak of the nearest
neighbor angle distribution (Fig. 9.3). Next, the gridpoints were mapped onto the particle positions, thereby obtaining a set of connected grid-coordinate
pairs [79]. From

these combinations, the root mean squared deviation ∆r = |rcoord − rgrid |2 was calculated. Subsequently, minimizing ∆r by small rotations and translations resulted in
the ﬁnal mapping. In more detail, this ﬁnal optimization implies successively: (1) rotating the grid by steps of 0.02◦ , with a maximum ∆θ of 1◦ , (2) varying the lattice
constant of the grid within ±0.01d by steps of 0.003d, and (3) translating the grid until
(|∆x | + |∆y |) ≤ 0.02d. Plotting the displacement vectors connecting the gridpoints
to the corresponding particle positions directly provides information about the location
and the origin of the mismatches and the correlation with the presence of defects.

9.4. Results and discussion
9.4.1. Structure of densely packed polyhedral colloids
Representative confocal micrographs of the structures for the spheres and the polyhedrals after complete sedimentation are shown in Fig. 9.6. First of all, we observe that
the polyhedral colloids clearly exhibit hexagonal ordering. Apparently the polyhedral
colloids are ‘spherical’ enough to form hexagonal structures. However, the structure
of the polyhedrals seems to exhibit a much higher degree of polycrystallinity. The
structural diﬀerences can be quantiﬁed by the radial distribution function g(r) which
is shown in Fig. 9.7 A for the polyhedrals and the spheres. The peaks in the g(r) of the
polyhedrals are markedly broadened and the structure in the g(r) decays much faster
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Figure 9.7. (A) Radial distribution functions for the polyhedrals (grey) and
the spheres (black). The latter has been vertically shifted for clarity. The insets
show an enlargement of the ﬁrst peaks to emphasize the diﬀerences between
the polyhedrals and the spheres. (B) Bond-orientational correlation function
for the polyhedrals (grey) and the spheres (black).

in comparison to the g(r) of the spheres. Moreover, only the second peak is weakly
split indicating local translational order. The range of translational order is quantiﬁed
by the translational correlation length ξT . For the polyhedrals ξT is only a few particle
diameters, consistent with short-range translational order (Tab. 9.2). Conversely, translational order is present in the structure of the spheres as illustrated by ξT being about
10 particle diameters (Tab. 9.2). This relatively small ξT is probably due to frozen-in
defects during crystallization [199, 216].
The diﬀerence between the structures of both systems is more pronounced in the
bond-orientational correlation functions which are shown in Fig. 9.7 B. In the case of
spheres, the oﬀset of g6 (r) is somewhat lowered by the frozen-in defects, but the decay
is very slow. This indicates that bond-orientational order is retained at large distances.
As a result, the orientational correlation length ξO is more than 100 particle diameters
and the power-law exponent η6 is small (Tab. 9.2). Both numbers demonstrate the presence of long-range orientational order in the structure of the spheres. The situation is
Table 9.2. Correlation lengths, power-law exponents and local hexagonal order parameter for spheres and polyhedrals.

Translational correlation length ξT (d)
Orientational correlation length ξO (d)
Power-law exponent η6
Local hexagonal order parameter |ψ6 |

Polyhedrals

Spheres

3.1
14
...
0.81

10.0
136
0.06
0.91
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Figure 9.8. (A) Nearest neighbor angle distributions for the polyhedrals
(grey) and the spheres (black). The highest peak of the distribution has been
translated to an angle of 0◦ for clarity. (B) The nearest neighbor angle distribution peak at 0◦ for the polyhedrals (grey) and the spheres (black). The
ratio between the widths of both central peaks is 3.3.

completely diﬀerent for the polyhedrals. Here, the g6 (r) decays much faster, indicating
that the bond-orientational correlation is gradually lost. Nevertheless, the accompanying orientational correlation length being approximately 14 diameters suggests that
the bond-orientational order is not short-ranged. The orientational correlation length
roughly corresponds to the size of single domains as can be inferred from the confocal
image (Fig. 9.6 A). Therefore, it is likely that bond-orientational order is disrupted by
the polycrystalline structure of the polyhedrals system.
The diﬀerence in polycrystallinity of the polyhedrals and the spheres is directly illustrated by the nearest neighbor angle distributions presented in Fig. 9.8 A. Clearly,
six peaks at multiples of 60◦ are observed, indicating the presence of a dominant lattice
orientation in both systems. However, the peaks for the polyhedrals are considerably
broadened and less pronounced in comparison to the peaks for the spheres. Moreover,
the distribution does not reach the zero baseline while the spheres do. These diﬀerences
are shown more clearly in Fig. 9.8 B, which shows the peak of the nearest neighbor angle
distributions at zero degrees for both systems. The contrast is a direct consequence of
the polycrystalline nature of the structure of the polyhedrals. Due to the presence of
diﬀerently oriented domains, the minima between the peaks are ﬁlled up and the peaks
are broadened. The nearest neighbor angle distribution for the spheres point towards
a much lower degree of polycrystallinity (on the length scale of the confocal images).
Now, the question is how the polyhedral shape and the shape-polydispersity lead
to a polycrystalline structure. To address this question, we studied the formation of
the ordered domains of the polyhedrals colloids as a function of time. In Fig. 9.9 A-E
Delaunay triangulations corresponding to ﬁve diﬀerent times steps during crystallization
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Figure 9.9. (A-E) Delaunay triangulations corresponding to diﬀerent stages
during crystallization of the polyhedral colloids: A-E respectively correspond
to 0, 6.17, 12.33, 18.5, 24.67 minutes. The color code for the coordination
number of the particles is as follows: four-fold: blue, ﬁve-fold: green, six-fold:
no color, seven-fold: red, and eight-fold: purple. (F) The surface-fraction of
particles as a function of time. The black dots correspond to the Delaunay
triangulations A-E as indicated. See ‘Color ﬁgures’ for color version.

are presented. The color of the triangles corresponds to the coordination number of
the particles (see caption Fig. 9.9). Figure 9.9 F shows the surface fraction of particles
as a function of time. The triangulations clearly demonstrate that (heterogeneous)
nucleation starts at diﬀerent spots in the sample. At some stage the growing crystallites,
each having a diﬀerent orientation, meet each other. Hence, to form a single-crystal
the crystallites have to reorient. Apparently, the polyhedral shape complicates this
reorientation signiﬁcantly, leading to a much more polycrystalline structure, as the
reference spheres form much larger single crystalline domains. The scenario that a
single growing crystallite suddenly changes its orientation due to the polyhedral particle
shape has not been observed.
Does polycrystallinity explain all the diﬀerences between the crystals of spheres and
polyhedrals? The local bond-orientational order parameter averaged over all particles,
|ψ6 | , is a measure for hexagonal symmetry at a local, nearest neighbor scale. Hence,
the eﬀect of grain boundaries and diﬀerent oriented domains on |ψ6 | is rather small.
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Figure 9.10. (A) Nearest neighbor angle distributions for the single domains
of the polyhedrals (grey) and the spheres (black). The highest peak of the
distribution has been translated to an angle of 0◦ for clarity. (B) The nearest neighbor angle distribution peak at 0◦ for the polyhedrals (grey) and the
spheres (black). The ratio between the widths of both central peaks 3.1.

Since the diﬀerence between the |ψ6 | of the spheres and the polyhedrals (Tab. 9.2) is
relatively large, it must be that also signiﬁcant diﬀerences between the polyhedrals and
the spheres within single domains are expected.
9.4.2. Shape-induced frustration of hexagonal order in single domains of
polyhedral colloids
In this section, we focus on the structure of single crystalline domains. To this end,
we selected domains free of grain boundaries. Despite the absence of polycrystallinity,
the local hexagonal order parameter only slightly increases with respect to the case
where grain boundaries were present: for the polyhedrals |ψ6 | = 0.85 and for the
spheres |ψ6 | = 0.95 (Tab. 9.3). Thus, the diﬀerence in local hexagonal order between
the polyhedrals and the spheres is retained, conﬁrming that polycrystallinity is not the
only source of the diﬀerences between both systems. The same holds for the nearest
neighbor angle distributions, which are shown in Fig. 9.10 A. Whereas the distribution
for the spheres hardly changes, the distribution for the polyhedrals shows much sharper
peaks: the widths of the peak at zero degrees shown in Fig. 9.10 B has decreased 14
% relative to the polycrystalline case (Fig. 9.8 B). In addition, the minima between
the peaks do now approach the zero baseline. However, the diﬀerence between the
polyhedrals and the spheres is still striking. Apparently, even within single domains,
signiﬁcant structural diﬀerences are present between the polyhedrals and the spheres.
To quantify these diﬀerences, we again start with the radial distribution function g(r),
shown in Fig. 9.11 A. Comparison to Fig. 9.7 A reveals that the g(r)’s are nearly the
same as in the polycrystalline case. Although the peaks in the g(r) of the polyhedrals
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Figure 9.11. (A) Radial distribution functions for single domains of the polyhedrals (grey) and the spheres (black). The latter has been vertically shifted
for clarity. The insets show an enlargement of the ﬁrst peaks to emphasize the
diﬀerences between the polyhedrals and the spheres. (B) Bond-orientational
correlation functions for the polyhedrals (grey) and the spheres (black).
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Figure 9.12. The lattice-line angle distribution for the polyhedrals (grey)
and the spheres (black). The solid lines are Gaussian ﬁts to the data.

are slightly sharper, they are still signiﬁcantly broadened compared to the g(r) of the
spheres. In addition, the similar weak splitting of the second peak and decay of the
structure in the g(r) again point towards local translational order only. In contrast, the
bond-orientational correlation function for the polyhedrals, shown in Fig. 9.11 B, has
changed signiﬁcantly. Compared to the polycrystalline case (Fig. 9.7 B), the decay of
the g6 (r) for the polyhedrals is much slower. This conﬁrms that the presence of grain
boundaries disturbs the bond-orientational order, as argued before. Although the bondorientational correlation now extents over much larger distances, the bond-orientational
order in the polyhedral system is still lost faster than in the crystal of the spheres.
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Figure 9.13. (A) Histogram of the α-parameter (Eq. (9.6)) for the polyhedrals and the spheres. The mean values are respectively: αspheres = 1.011
and αpolyhedrals = 1.009. (B) The α-parameter as a function of the number
of particles n constituting the lattice-line for the polyhedrals (grey) and the
spheres (black). The average number of particles per lattice-line are respectively: npolyhedrals = 18 and nspheres = 23.

It is straightforward to see that a randomly perturbed sphere locally disturbs hexagonal packing. However, it is not directly clear how this non-commensurate shape aﬀects
the bond-orientational correlation at larger distances. To elucidate this, we studied the
structure within separate lattice-lines (Fig. 9.4) and determined the lattice-line angle
distribution P (∆θ) as deﬁned in Sec. 9.3. The lattice-line angle distributions for both
systems are distinctively diﬀerent as shown in Fig. 9.12. The polyhedral distribution
is much broader than the relatively sharp distribution of the spheres, pointing to signiﬁcant orientational ﬂuctuations in the polyhedral lattice-lines compared to those of
the spheres. In both cases, the lattice-lines are straight on average, which is illustrated
by the Gaussian shapes of the lattice-line angle distributions around zero. Note, that
the lattice-line angle distributions in Fig. 9.12 are very similar to the central peaks of
the nearest neighbor angle distribution in Fig. 9.10 B. The similarity is illustrated by
the small diﬀerences in the peakwidths of the distributions: respectively 2.3% for the
polyhedrals and 2.6% for the spheres. Actually, the similarity conﬁrms the single crystallinity of the selected domains since the algorithm to track the particles constituting
a lattice-line does not take into account eﬀects of grain boundaries and defects.
The orientational ﬂuctuations can also be quantiﬁed by the so-called α-parameter
as deﬁned by Eq. (9.6) and illustrated in Fig. 9.5. The histograms of the α-parameter
for both systems are shown in Fig. 9.13 A. Despite the diﬀerences in the lattice-line
angle distributions, the α-parameters for the polyhedrals and the spheres are virtually
equal. Also the dependence of the α-parameter on the number of particles in a latticeline n is very similar as shown in Fig. 9.13 B. Actually, this is consistent with the
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Figure 9.14. One-dimensional bond-order correlation function g61D (r) for
spheres and polyhedrals. The dotted curves are 1D bond-orientational correlation functions (as deﬁned in the text), which are vertically shifted for an
easy comparison to the decay of the corresponding 2D bond-orientational correlation function.

observed orientational ﬂuctuations. In fact, an orientational ﬂuctuation of 10◦ results in
α = 0.985, which is indeed very close to one. Thus, the α-parameter is not appropriate
to quantify the ﬂuctuations in our systems.
Still, the orientational ﬂuctuations will disturb the bond-orientational order in a
lattice-line. To test if these ﬂuctuations cause the diﬀerence in the decays of g6 (r)
for the polyhedrals and the spheres, we calculated the one-dimensional analog of the
bond-orientational correlation function, g61D , as deﬁned by Eq. (9.7). The g61D (r) for
the spheres and the polyhedrals are shown as dotted lines in Fig. 9.14 as well as the 2D
bond-orientational correlation functions g6 (r). It is obvious that the decay of g61D (r)
is completely similar to that of the envelope of g6 (r). This directly conﬁrms that the
shape-induced orientational ﬂuctuations disturb the bond-orientational correlations in
the structure of the polyhedrals structure.
To examine how these orientational ﬂuctuations aﬀect the hexagonal structure, we
compared the sets of particle positions for the polyhedrals and the spheres to perfect
hexagonal grids as explained in Sec. 9.3. We observe signiﬁcant diﬀerences between
the polyhedrals and the spheres in Fig. 9.15 A and B, which show the displacement
vectors between the gridpoints and the corresponding particle positions [79]. First of
all, the areas following the hexagonal grid are much smaller for the polyhedrals than
for the spheres, even despite the single crystalline nature of the considered domains.
In other words, the structure of the polyhedrals consists of small translationally ordered domains separated by ‘mismatch-lines’ that percolate through the system. The
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Figure 9.15. Vector graph showing the displacement vectors of the particles
compared to their corresponding lattice sites for (A) the polyhedrals (∆r =
0.31d) and (B) the spheres (∆r = 0.21d). The length of the vectors has been
increased by a factor of 2.5 for clarity. The ﬁeld of view is 100 × 100 µm2 .
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Figure 9.16. The x- and y-component of the displacement vectors for (A)
the polyhedrals and (B) the spheres.

completely randomized orientations of the displacement vectors for the polyhedrals illustrate this ‘translational polycrystallinity’. This is directly visualized by the x- and
y-components of the displacement vectors, as shown in Fig. 9.16 A. The hexagonal shape
of the Fig. 9.16 A is a direct consequence of the hexagonal structure of the polyhedrals.
The ‘translational polycrystallinity’ directly points towards the absence of translational
order. In contrast, the spheres only show some regions where all the particles exhibit
similar small deviations from the hexagonal grid and no ‘mismatch-lines’. Therefore,
the orientations of the displacement vectors are not fully randomized as demonstrated
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A

B

Figure 9.17. Delaunay triangulations of single domains of (A) the polyhedrals and (B) the spheres. The defective particles are indicated by a color.
The color code is as follows: four-fold: blue, ﬁve-fold: green, six-fold: no color,
seven-fold: red, and eight-fold: purple. See ‘Color ﬁgures’ for color version.

by the anisotropic distribution of the x- and y-components of the displacement vectors
for the spheres (Fig. 9.16 B).
The location of the deviations from a hexagonal grid might be correlated to the
presence of defects, which are identiﬁed using a Delaunay triangulation (see Fig. 9.17).
Comparing to the vector graphs (Fig. 9.15) reveals that some defects induce a small
mismatch for the spheres. However, for the polyhedrals no obvious correlation is found.
Although defects will cause mismatches, we argue that the orientational ﬂuctuations in
the polyhedral system are predominantly responsible for the deviation from a hexagonal
grid. Furthermore, we observe a diﬀerent nature of the defects in both systems. In
the sphere crystal mainly dislocation-pairs (typically vacancies) and hardly any free
dislocations are observed, whereas in the polyhedral case much more free dislocations
are identiﬁed.
The combination of the nature of the defects, the absence of translational order and
the presence of bond-orientational order (g6 (r)) point towards a hexatic nature of the
polyhedral packing. To conﬁrm this we determined the translational correlation length
ξT , the orientational correlation length ξO and the power-law exponent η6 for both systems (Tab. 9.3). Applying the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY)
formalism for two-dimensional melting [176–178], indeed conﬁrms the crystalline nature
of the spheres and the hexatic-like nature of the polyhedrals: the short-range translational order is reﬂected by ξT being only a few particle diameters, the (quasi) long-range
orientational order by ξO being more than 90 diameters and η6 equaling 0.12, which is
clearly within the hexatic region 0 < η6 ≤ 14 [177].
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Table 9.3. Correlation lengths, power-law exponents and local hexagonal order parameter for single domains of polyhedrals and spheres.

Translational correlation length ξT (d)
Orientational correlation length ξO (d)
Power-law exponent η6
Local hexagonal order parameter |ψ6 |

Polyhedrals

Spheres

3.1
91
0.12
0.85

12.0
423
0.02
0.95

Clearly the random polyhedral particle shape geometrically precludes the formation
of a hexagonal crystal and leads to a hexatic-like structure. Apart from the nonsphericity, the random character of the polyhedral shape –the shape-polydispersity– is a crucial property of the system. While identical hexamers for instance exhibit translational
order at high densities [211, 212], the translational order in our system is disturbed by
the shape-polydispersity geometrically frustrating hexagonal ordering. Similarly, it has
been reported that the inherent geometrical frustration for hexagonal ordering in twodimensional arrays of bidisperse ball-bearings can suppress translational order, leading
to a hexatic structure [16, 194] and even reentrant melting [45].

9.5. Conclusions
We have demonstrated that next to size-polydispersity, shape and shape-polydispersity
also signiﬁcantly aﬀect the hexagonal ordering of particles. First, the resulting structures of hard spheres that have a small random perturbation in shape are signiﬁcantly
more polycrystalline than the corresponding structures of spheres. Also in single domains, dense packings of polyhedral colloids exhibit clear deviations from a perfect hexagonal lattice in terms of orientational ﬂuctuations. As a result, the translational order
is short-ranged while the bond-orientational order is retained, resulting in a hexatic-like
structure of the polyhedral colloids.
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M. Schmidt and H. Löwen. Phys. Rev. Lett., 76:4552, 1996.
C. A. Murray, W. O. Sprenger, and R. A. Wenk. Phys. Rev. B, 42:688, 1990.
C. A. Murray, W. O. Sprenger, and R. A. Wenk. J. Phys.: Condens. Matter, 2:A385, 1990.
C. A. Murray. Experimental studies of melting and hexatic order in two-dimensional colloidal
suspensions. In K. J. Strandburg, editor, Bond-orientational order in condensed matter systems,
page 137. Springer-Verlag, New York, 1992.
D. G. Grier and C. A. Murray. J. Chem. Phys., 100:9088, 1994.
D. J. Courtemanche and F. van Swol. Phys. Rev. Lett., 69:2078, 1992.
D. J. Courtemanche, T. A. Pasmore, and F. van Swol. Mol. Phys., 80:861, 1993.
A. Cacciuto, S. Auer, and D. Frenkel. Nature, 428:404, 2004.
A. Kose and S. Hachisu. J. Colloid Interface Sci., 55:487, 1976.
A. Gast, W. Russel, and C. Hall. J. Colloid Interface Sci., 55:161, 1986.
P. D. Kaplan, J. L. Rouke, A. G. Yodh, and D. J. Pine. Phys. Rev. Lett., 72:582, 1994.
A. Dinsmore, P. Warren, W. Poon, and A. Yodh. Europhys. Lett., 40:337, 1997.
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Summary
This thesis deals with various aspects of the structure and dynamics of colloidal hard
spheres. A general introduction on colloids as experimental realization of hard spheres is
presented in Chapter 1. The properties of the colloidal systems are mainly examined in
real-space using confocal microscopy. The basic principles of this powerful technique as
well as its advantages over conventional microscopy are discussed in Chapter 2. Furthermore, the use of confocal microscopy for the quantitative analysis of colloidal systems
on a single-particle level in three dimensions (3D) and the accompanying constraints
on the colloidal hard sphere model system are described.
Chapter 3 describes the development of a colloidal hard sphere model system suitable
for quantitative confocal microscopy on a single-particle level in three dimensions. In
other words, we present the synthesis and characterization of monodisperse crosslinked
polymethyl methacrylate (PMMA) latex particles consisting of a ﬂuorescent core and
a large nonﬂuorescent shell. In addition, we demonstrate that the properties of the
core and the shell(s) can be controlled independently, which allows the preparation of
diﬀerent composite PMMA particles.
Contrary to noncrosslinked PMMA particles, crosslinked PMMA colloids do not fall
apart in good solvents. In Chapter 4 we use this property and explore the behavior
of crosslinked PMMA particles in the good solvents tetrahydrofurane, chloroform and
toluene using light scattering and confocal microscopy. We ﬁnd that the particles swell
signiﬁcantly, up to more than 7 times their volume in a poor solvent like hexane. The
time required to reach the swollen state is on the order of a minute or less. Furthermore,
studying the structure of concentrated dispersions reveals that the particles are charged
in tetrahydrofurane, whereas signs of attractions are found in toluene.
The developed core-shell PMMA particles (Chapter 3) can also be dispersed in a
mixture of solvents that simultaneously matches the refractive index and the mass density of the particles. Since only the ﬂuorescent cores are visible, quantitative confocal
microscopy studies in three dimensions (3D) are feasible. Such 3D experiments are
described in Chapters 5 and 6. Firstly, we present in Chapter 5 the direct measurement
of the pressure, the chemical potential and the free energy density of colloidal hard
spheres by optical microscopy. A fast (spinning disc) confocal microscope is used to
acquire 3D snapshots of an equilibrium hard sphere ﬂuid at various densities. After
locating the particle positions in 3D, the available volume to insert another sphere and
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the surface area of that volume are determined. The procedure was veriﬁed by mimicking the experiment by Monte Carlo simulations. Applying exact relations between
geometry and thermodynamics, we directly obtain the pressure, the chemical and the
free energy density from microscopy images only.
Chapter 6 deals with the 3D real-space analysis of the crystal-ﬂuid interface of colloidal hard spheres. We vary the growth rate of the crystal by adjusting the mass density
of the solvent with respect to the mass density of the particles. Locating the particles in
3D allows us to construct the number density proﬁles and in-plane bond-order proﬁles
normal to the interfacial plane. The interfacial width is directly determined from these
proﬁles. We ﬁnd that this width increases from about 8 particle diameters close to
mass density matching, to 15 diameters for the largest mass density diﬀerence studied.
The changes in the structures of the crystalline and ﬂuid regions upon increasing mass
density diﬀerence are identiﬁed using a 3D local bond-order parameter.
Confocal microscopy is also ideally suited to study local as well as time dependent
processes in great detail. This is utilized in Chapters 7 and 8 where structural and
dynamical properties of the ﬁrst layer of colloids at a ﬂat hard wall are studied. In
Chapter 7 we show that both structure and dynamics are signiﬁcantly aﬀected by the
presence of a wall. Whereas in bulk (i.e. far away from a wall) the system forms a
glass, hexagonal order is clearly observed at a wall. Moreover, we show that the system
at the wall exhibits a reentrant melting transition upon increasing volume fraction.
The reentrant melting transition is accompanied by an increase in the mean squared
displacement. Surprisingly, the ordered phase at a wall has a hexatic character rather
than crystalline.
In Chapter 8 the correlation between local structure and mobility is addressed quantitatively and on a single-particle level. We introduce the topological lifetime, being
the average time that a particle spends having the same coordination number. Subsequently, we shown that defective particles exhibit shorter lifetimes than sixfold coordinated particles, which directly implies that the mobility generally increases near
defects. In addition, we argue that particles changing their coordination number contribute mostly to the local mobility.
Nonspherical but size-monodisperse particles are used in Chapter 9 to address the
eﬀect of a nonspherical shape and shape-polydispersity on the local structure of densely
packed colloids. By comparing the structures of ‘polyhedral colloids’ and equivalent
spherical particles, we show that the polyhedral shape signiﬁcantly increases the degree
of polycrystallinity. Furthermore, even within single domains of the polyhedral colloids
signiﬁcant deviations from a hexagonal lattice are observed. We demonstrate that the
inherent shape-induced geometrical frustration of the hexagonal symmetry leads to a
hexatic-like structure of the polyhedral colloids.

Samenvatting voor iedereen
Het onderzoek beschreven in dit proefschrift is fundamenteel van aard en daarom lastig
toegankelijk voor niet-vakgenoten. In deze ‘samenvatting voor iedereen’ is een poging
gedaan om uit te leggen wat ‘structuur en dynamica van colloı̈dale harde bollen in de
reële ruimte’ inhoudt.
Colloı̈den zijn deeltjes met een grootte tussen een miljoenste millimeter (één nanometer) en een duizendste millimeter (één micrometer). Alleen de afmeting van een deeltje
bepaalt of het een colloı̈d genoemd mag worden. Om een idee te geven van de grootte
van een colloı̈d: moleculen en atomen zijn typisch een factor 100 tot 1000 kleiner, terwijl
zandkorrels ongeveer 100 tot 1000 keer zo groot zijn. Colloı̈den komen vaak voor terwijl
ze gesuspendeerd zijn in een vloeistof, het oplosmiddel; dit wordt een colloı̈dale suspensie genoemd. Dit betekent dat de colloı̈den rondzwemmen in een zee van veel kleinere
oplosmiddel-moleculen, net zoals rode bloedlichaampjes (ook colloı̈den) rondzwemmen
in bloedplasma. Andere bekende voorbeelden van colloı̈dale suspensies zijn melk (vetbolletjes in water) en verf (pigmentdeeltjes in een oplosmiddel).
In een colloı̈dale suspensie bewegen de deeltjes compleet willekeurig door elkaar heen.
Daardoor gaan ze vanzelf op zoek naar hun meest stabiele verschijningstoestand of fase.
Welke fase stabiel is wordt bepaald door de wetten van de thermodynamica. Het leuke
is dat colloı̈den thermodynamisch gezien hetzelfde gedrag vertonen als moleculen. Net
als moleculaire systemen kunnen colloı̈dale systemen voorkomen in vaste, vloeibare en
gasvormige fasen zoals ijs (vast), water (vloeibaar) en waterdamp (gasvormig). Wat
precies de stabiele fase van een colloı̈daal systeem is, hangt af van allerlei zaken. Drie
belangrijke aspecten hierin zijn de concentratie aan deeltjes, oftewel het aantal deeltjes
in een bepaald volume, de manier waarop de colloı̈den met elkaar interacteren en de
vorm van de deeltjes.
In dit onderzoek zijn alleen maar bolvormige colloı̈den bekeken, die interacteren via
een zogenaamde harde bol interactie. Dit houdt in dat de colloı̈den elkaar pas voelen als
ze ook daadwerkelijk botsen. Bovendien zijn de bolletjes niet samendrukbaar en kunnen
ze niet in elkaar doordringen, wat inhoudt dat we ze eigenlijk kunnen voorstellen als een
stel micro-biljartballen. Voor zulke harde en bolvormige deeltjes is het alleen maar de
concentratie aan deeltjes die bepaalt wat de stabiele fase is. Bij lage concentraties, dus
weinig bollen in een bepaald volume, vormen harde bollen een wanordelijke vloeistof
fase. Bij hogere concentraties vormen de bollen een regelmatig rooster: een vaste stof.
Deze toestand wordt ook wel een colloı̈daal kristal genoemd.
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Aangezien colloı̈den hetzelfde fasegedrag vertonen als moleculen, kun je je afvragen wat nou precies de pluspunten van het bestuderen van colloı̈den zijn. Allereerst
zijn colloı̈den een stuk groter. Daardoor kunnen colloı̈dale systemen redelijk gemakkelijk bekeken worden met een microscoop, iets wat veel moeilijker is voor moleculaire
systemen. Bovendien bewegen colloı̈den een stuk langzamer. Daardoor zijn sommige
processen in colloı̈dale systemen veel beter te volgen dan in moleculaire systemen. Ter
illustratie, een proces dat in een moleculair systeem slechts een paar seconden duurt,
kan gemakkelijk tientallen minuten kan duren in een colloı̈daal systeem. Kortom, het
bestuderen van colloı̈den levert belangrijke informatie op over fundamentele moleculaire
processen zoals het bevriezen van vloeistoﬀen.
Om de colloı̈den te bestuderen hebben we voornamelijk gebruik gemaakt van een
geavanceerde vorm van microscopie. In hoofdstuk 2 worden de principes van deze
zogenoemde confocale microscoop beschreven. Simpel gezegd is de confocale microscoop
niets anders dan een normale microscoop voorzien van een extra diafragma. Hierdoor
is het mogelijk om twee-dimensionale (2D) plakjes van een 3D monster te bekijken.
Door nu een hele serie van die plakjes te maken op verschillende hoogtes, kunnen we
een 3D beeld van het monster opbouwen. Dit betekent dus dat we met een confocale
microscoop colloı̈dale systemen in 3D kunnen bestuderen.
Door gebruik te maken van speciale bollen die bestaan uit een ﬂuorescente kern en
een niet-ﬂuorescente schil, kunnen we ook de 3D coördinaten van de deeltjes bepalen.
In hoofdstuk 3 is beschreven hoe we deze kern-schil deeltjes hebben gemaakt. De
deeltjes zijn voor te stellen als een bolvormige klomp van spaghetti-ketens. De kernschil structuur is vervaardigd door eerst een kleine bol van ﬂuorescente ketens te maken.
Vervolgens hebben we die bol bedekt met een dikke schil niet-ﬂuorescente ketens. Door
de afzonderlijke ketens onderling te verknopen, wordt voorkomen dat losse ketens door
het deeltje heen kunnen wandelen. Dit zorgt ervoor dat de ﬂuorescente ketens netjes in
de kern blijven en de niet-ﬂuorescente ketens in de schil.
Het oplosmiddel heeft een belangrijke invloed op het gedrag van colloı̈dale deeltjes.
In hoofdstuk 4 variëren we het oplosmiddel en bestuderen we hoe colloı̈den hierop
reageren. We zien dat in sommige oplosmiddelen de colloı̈den snel en sterk opzwellen.
Dit heeft ook gevolgen voor de interactie tussen de deeltjes. Deze vertoont duidelijk
afwijkingen van de harde-bollen-interactie. Voor het ene oplosmiddel vinden we dat
de bollen elkaar al afstoten voordat ze elkaar raken, terwijl in een andere oplosmiddel
ze elkaar juist weer aan lijken te trekken. Wat deze afstoting en aantrekking precies
veroorzaakt is nog niet duidelijk.
In het vervolg van dit proefschrift zitten de deeltjes in een mengsel van verschillende
oplosmiddelen. In dit mengsel gedragen de colloı̈den zich weer als de bekende harde
‘biljartbollen’. In hoofdstuk 5 is beschreven hoe we de druk, de chemische potentiaal en
de vrije energie van een colloı̈dale harde bollen vloeistof hebben gemeten. De druk, de
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chemische potentiaal en de vrije energie zijn belangrijke thermodynamische grootheden.
Dit hebben we gedaan door bij verschillende concentraties de coördinaten van de kernschil deeltjes te bepalen in 3D. Vervolgens hebben we gemeten hoeveel ruimte er nog
beschikbaar is om er een extra deeltje bij te stoppen. De geometrische eigenschappen
van deze ruimte zijn direct gerelateerd aan de gemeten grootheden.
In hoofdstuk 6 gebruiken we dezelfde kern-schil deeltjes om de structuur van het
grensvlak tussen de kristal- en vloeistoﬀase van colloı̈dale harde bollen te bestuderen.
Door de zwaartekracht zakken de bolletjes langzaam naar de bodem van het systeem.
Daardoor neemt de concentratie aan deeltjes onder in het systeem toe en vormt zich
een colloı̈daal kristal. Hogerop is de concentratie aan deeltjes lager en vormen de
deeltjes een vloeistof. Tussen beide fases bevindt zich de overgang van een kristal naar
een vloeistof. Met confocale microscopie hebben we dit grensvlak letterlijk in beeld
gebracht. De microscopie foto’s leveren zeer gedetailleerde informatie over bijvoorbeeld
de ruwheid van het grensvlak. Zo blijkt het dat het oppervlak van het kristal steeds
ruwer wordt naarmate het kristal sneller groeit.
Confocale microscopie is ook ideaal voor het bestuderen van lokale processen. In
hoofdstuk 7 bekijken we wat de invloed is van een vlakke wand op het gedrag van
colloı̈dale harde bollen. Belangrijk is dat in dit hoofdstuk de bolletjes niet allemaal
even groot zijn. Hierdoor passen ze minder goed in een rooster en ontstaat er dus
veel moeilijker een kristal. De aanwezigheid van een wand maakt het voor de bolletjes
veel gemakkelijker om een kristal te vormen. Daarom zien we aan de wand duidelijk
kristallisatie, terwijl dit ver weg van de wand niet het geval is. De invloed van de grootte
verdeling wordt steeds belangrijker naarmate de deeltjes dichter bij elkaar komen. Opmerkelijk is dat bij hoge concentraties het systeem zelfs aan de wand geen kristal meer
vormt en zich weer als een vloeistof gedraagt.
In hoofdstuk 8 leggen we verband tussen structuur en mobiliteit. We laten zien dat
het aantal deeltjes waardoor een bolletje omgeven wordt belangrijk is voor de mobiliteit
van het centrale deeltje. Het aantal buren van een deeltje verandert na een bepaalde
periode. In dit hoofdstuk hebben we dit tijdsinterval onderzocht. Het blijkt dat een
deeltje omringd door zes buurdeeltjes de meest stabiele en langdurige combinatie is. Dit
betekent dat de mobiliteit sterk toeneemt in de buurt van deeltjes met meer of minder
dan zes buurdeeltjes.
De invloed van de vorm van de bolletjes op het ontstaan en de structuur van colloı̈dale
kristallen is beschreven in hoofdstuk 9. In dit hoofdstuk vergelijken we ronde deeltjes
met hoekige deeltjes. Het blijkt dat zelfs een kleine afwijking van een perfecte bol al een
grote invloed heeft op de structuur van de kristallen. We laten zien dat hoekige deeltjes
veel kleinere kristallen vormen dan ronde deeltjes. Ook tussen de kristallen bestaan
duidelijke verschillen. De ronde deeltjes vormen een kristal met zesvoudige symmetrie,
terwijl de hoekige deeltjes slechts een gefrustreerde versie hiervan vormen.
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