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General introduction

The objective of this thesis is to contribute to the mathematical analysis of
certain classes of models describing the evolution of populations. Charac-
teristic for the investigated models is that dependencies of individual behav-
iour, by which we mostly mean (physiological) development, reproduction
and mortality, on a certain physiological characteristic are assumed to be
population dynamically relevant and therefore incorporated into the model.
First examples for such a physiological characteristic or structuring variable
are an individuals age, its size (weight, volume, ...) or a combination of these.
The population state then gives information about the population size and
the composition of the population with respect to the structuring variable
and such models are called physiologically structured population models. The
classification as structured should help to distinguish the models from models
where, often mainly to achieve mathematical simplicity, the behaviour of all
individuals is assumed to be equal and the population state is described by
the size (total number of individuals, biomass, ...) of the population. There
are of course many cases where a description of a population evolution by an
unstructured model is sufficient. The restriction to physiological structuring
variables can be explained by the aim to bring the modelling to a mathe-
matical theory that is either directly applicable or can be elaborated to be
applicable without too much effort.
Before coming to the mathematical description we briefly touch on how struc-
tured population models are applied in demography, epidemiology, medicine
and ecology. First we mention that in all of these applications the structuring
variable should be chosen, such that
- one has full information about the variables deterministic or stochastic evo-
lution in time,
- knowledge of this evolution leads to knowledge about the relevant individual
behaviour.
We may also speak of the structuring variable as an individuals characteristic.

The simplest example of such a characteristic is the age of an individual,
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since the evolution of age in the course of time proceeds (deterministically)
with speed one. In the case of humans on the other hand, the age of the
individual provides a lot of information on what to expect in terms of repro-
duction and mortality. Hence for humans age in many cases is a reasonable
structuring variable. For many results on age structured population dynam-
ics, see the monographs [17], [13], or [12].

When investigating the spread of an epidemic one can consider several
subpopulations, e.g., susceptibles and infecteds. Here one often takes the
time elapsed since the infection of an individual as its characteristic: the
evolution of this time of course also proceeds with speed one and moreover
its knowledge often leads to knowledge about the infectivity, i.e., the “re-
production potential” of the infected individual. For structured population
models in epidemiology, see e.g. [9].

In the case of animal populations, e.g., some sea fish species that plays a
role in our “feeding”, an individuals reproduction may depend rather on size
than on age and so does in a certain way its chance to survive. The evolution
of individual size, i.e., individual growth, does in general not proceed with
speed one, but may depend on the individuals current size and/or, on the
current population state and its description may be deterministic or stochas-
tic. The possible dependence of, say, deterministic growth on the current
population state may arise, e.g., via competition for a resource or via canni-
balistic ingestion and is a key motivation for much of the formalism used in
this thesis since, as we will see, it results in so-called quasilinear models. See
e.g. [4], but also Chapter 2 for a biologically quite specified model featuring
size structure.

When considering a population of cells, e.g. a tumor, the chance that an
individual cell divides may also be better described by the cells size rather
than by its age, see [13].

Other examples for structuring variables may be an individuals position
in space or, in predator prey models, its degree of satiation that may be
measured by its gut content or by the time elapsed since the last meal, see
again [13].

Let us come to mathematical descriptions of structured population mod-
els. A consistent model of the evolution of a population in time is a special
case of what mathematicians call a dynamical system. Since our modelling
focusses on every point in time rather than merely on certain points in time,
we speak of continuous time dynamical systems. Such systems are often de-
scribed by differential equations: In the case of unstructured models, one
can describe the state of the population by its size and the dynamics by
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an ordinary differential equation (ODE). For structured population models
we first discuss the mathematical description of models where individual be-
haviour is deterministic in such a way that development, reproduction and
mortality can be described by rates, more precisely, by a rate of develop-
ment, or growth rate for short, a birth rate and a death rate. If these rates
are smoothly individual-state (i-state) dependent, the dynamics can be de-
scribed by a partial differential equation (PDE) where the variable is a time
dependent population density over the possible i-states and the equation fea-
tures derivatives with respect to time and i-state. As will become apparent
when describing the dynamics of a deterministically structured population
model in a PDE, see e.g. the introduction in Chapter 1, the model can be
called
- linear, if individual growth, birth and death are independent of the popu-
lation density and
- nonlinear, if at least one of the rates features a density dependence.
In nonlinear models we distinguish
- semilinear models, i.e., models where the growth rate is density indepen-
dent and
- quasilinear models, i.e., models where all rates (may) feature density de-
pendencies.

When the structuring variable is age, the growth rate is the rate of ageing,
which is, as we mentioned, equal to one and hence the resulting model is for
sure semilinear. On the other hand, the PDE of a general semilinear model,
can in the generic case be transformed to a PDE with growth rate one, so
in fact a PDE describing age structured population dynamics, see e.g. [13].
For linear age dependent population dynamics, a qualitative theory, using
semigroup methods and spectral analysis, is established, see e.g., [13] and
[5]. Also for the case of nonlinear age dependence, “i.e”, the semilinear case
in general, there exists an existence and uniqueness theory and qualitative
results, see e.g. [17] and [14]. For size dependence and quasilinear popula-
tion models there are a few interesting publications, see [2], [3] and [15], but
a general approach only originated in [7] and [8] using the introduction of
the so-called individual environmental condition and its implementation as a
so-called interaction variable as a further modelling ingredient. A detailed
description of this method is also given in the introductions of Chapters 1 and
2. But in the two papers [7] and [8] more is achieved than a constructive ex-
istence and uniqueness results for quasilinear models: A theory of structured
populations is initiated that can be called general in several ways. Firstly,
differentiability conditions are at first instance unnecessary, because a dy-
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namical system is defined constructively, rather than as a solution of a PDE.
As a consequence, one can allow for population states that are describable
by a measure, which is relevant, e.g., when modelling populations where all
individuals have the same state. Finally one can include the case of stochas-
tic descriptions of individual behaviour at low cost.
In [7] a linear theory is established including growth bounds, transition prop-
erties, a steady state analysis and examples. The follow up [8] is devoted to
a construction of a nonlinear system via the mentioned interaction variables
that has so far proved to be fruitful, which hopefully this thesis contributes to
document. This construction firstly involves generalising the linear theory in
[7] from time parametrized maps to maps parametrised by functions of time,
so-called inputs. Whereas in terms of notation and consistency relations this
generalisation is performed in [8], the generalisation of the growth bound,
later used to establish a growth bound for the nonlinear system, is done in
Chapter 1 of this thesis. The construction of the nonlinear system is then
given as the linear system with a special input: A function, which is given
(as the fixed point of a contraction), such that
- it depends on the initial population state (which shows the nonlinearity of
the system) and
- the length of the time interval for which it is defined also depends on the
initial population state .

A result of the second point is then that the nonlinear system is also
only defined for a possibly small time interval and one should extend the
construction forward in time. This extension is done in Chapter 1, where
like in the case of ODE, we go via defining maximal solutions and estab-
lishing exponential boundedness, the latter resulting from the generalisation
of exponential boundedness from time parametrised linear systems to input
parametrised linear systems. Further aspects of a qualitative theory are con-
tinuous dependence with respect to time, state and modelling ingredients.
Whereas the last is left for future work, in Chapter 1 we show by simple
counterexamples that, since our state space is a space of measures, we can
not expect continuous dependence neither on time nor on state in the topol-
ogy induced on the space of measures by looking at it as the dual space of the
space of continuous functions. We show however continuous dependence on
time and state in a weaker sense, more precisely in the weak* topology. This
involves, as we will see, generalising the wellknown fact, that the adjoint of
a strongly continuous linear semigroup is weak* continuous, from time para-
metrised semigroups to input parametrised semigroups, see e.g. [10] . Like
[8], Chapter 1 is organised in several levels, becoming mathematically less
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and less general and biologically more and more specific. In such a way a
conclusion one obtains is that certain properties at the individual level (i-
level), like smoothness and boundedness, result in corresponding properties
at the population level. Even though to biologists this might admittedly not
be surprising, the results can from the biological side at least be seen as an
exposition of the mechanism that carries such properties from the individual
to the population level. For instance, individual reproduction starting with
a delay after birth leads to exponential boundedness of the population.

After existence and uniqueness was established, conditions for (nontrivial)
steady states were investigated in [6] for fairly general classes of structured
populations (though less general classes than in [7] and [8]). In this paper
steady state equations were deduced and conditions for the bifurcation of a
nontrivial steady state from the trivial were discussed for several examples. A
guiding example, the origin of which shall be explained in short, explicitly in
[8], [6] (to be discussed) and Chapter 2 and more implicitly in Chapters 1 and
3, is a size structured cannibalism model. The reason for the reappearance of
this model is that on the one hand it features the typical ecological interac-
tions, ingestion and predation, which lead to mathematical nonlinearities but
on the other hand it is, with merely one population involved, relatively sim-
ple. There is reasonable hope that once the model is understood to a certain
extent, also multispecies predator prey models as well as other applications
can be tackled with the formalism. Cannibalism is a widespread phenomenon
in the animal kingdom, but a striking observation, see e.g. [4], is that there
exist lakes where only one fish species occurs, the survival of which is guar-
anteed by the fact that small individuals feed on a resource inaccessible to
the large and the large individuals feed on the small. Hence cannibalism can
allow a population to persist under food conditions under which a noncan-
nibalistic population would go extinct. In [16] this phenomenon was called
the life boat mechanism of cannibalism and it is also in this paper that, in
a restricted setting, the possibility for the life boat mechanism to manifest
itself was first proved mathematically. The main tool in the proof was a
bifurcation analysis and theorem, proof and main tool are generalised in [6]
and Chapter 2 of this thesis. The latter features for the first time a steady
state analysis of a size structured population competing for two dynamic (un-
structured) resources, later to be specified as juvenile and adult food, and
for the populations small individuals. For the resources are (in the absence
of consumption by the population) assumed chemostat dynamics. We elab-
orate steady state equations and the direction of bifurcation of a nontrivial
steady state from the trivial is computed by means of a linearisation in an
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infinite dimensional setting. By interpreting the sign of the direction of bi-
furcation we give several biological conclusions, complementary to the ones
in the earlier works, about when and when not the lifeboat mechanism can
manifest itself. A further biological question that seemed natural was that if
cannibalism (and noncannibalism) is inherited genetically by an individuals
offspring, then under what conditions can a cannibalistic mutant invade, in
the sense that his expected offspring number exceeds one, a noncannibalis-
tic population. While in this thesis the invadability question is treated only
shortly at the end of Chapter 2, the results of the chapter were elaborated
in a restricted setting to a precise comparison between life boat mechanism
and invadability in [11].
When knowing about the existence of a steady state, the next question that
arises is whether the steady state is stable, i.e., whether initial values in a
neighborhood of the steady state will lead to solutions that are close to or
converge towards the steady state. Since the stability of a linear system
can be characterised much easier, it is a standard technique to establish a
relationship between the (in)stability of a linear system, more precisely the
linearisation of the given nonlinear system around the steady state, and the
(in)stability of the nonlinear system. Such a relationship is often called the
principle of linearised stability, see e.g. Theorem 15.6 in [1] and in Chap-
ter 3 we establish a version of this principle for a certain class of structured
population models. A major problem one encounters is when one wants to
differentiate since, as we mentioned, on the state space, a space of measures,
one does not even have continuity. One way to deal with this problem is, to
consider a restricted state space, which is done in Chapter 3 and has been
done in the past in different ways: We start with some cases from the litera-
ture where population states can be described by densities and the dynamics
can be modelled by PDE. In [17] the stable part of the principle is proved for
nonlinear age structured populations described by semilinear PDE. In [14]
stable and unstable part are proved, also for nonlinear age structured popula-
tions. In [5] the functional analytic so-called sun star formalism is elaborated
to build a unifying theory for age structured population dynamics as well as
large classes of delay equations. For further nonlinear results, see [15] and [3].
For the quasilinear cases again the literature became scarce. A recent insight
by Odo Diekmann, however, seems to help out, as we hope to document in
this thesis: On the one hand, if at some point in time, one knows a certain
history, more precisely the history of the population birth rate and the his-
tory of the so called environmental condition, one can equivalently describe
the population state by a density over the i-state axis or by the mentioned
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histories, which form a pair of densities over the (past) time axis. Modelling
the dynamics of the latter, on the other hand, leads to a semilinear PDE,
since, of course the past time evolves with speed one. Even though we did
not find the resulting PDE literally in the literature, in Chapter 3 we show
that it can be embedded in the mentioned sun star formalism and that ex-
isting stability results can be applied. The fact that the approach is very
young led us to first investigate a class of models that, in relation to some
classes in Chapter 1, is rather restricted: We consider a single species pop-
ulation with a fixed state at birth and deterministic i-state behaviour, but
are confident that in the future considerable generalisations can be made.
The remainder of Chapter 3 is devoted to computing a linearisation which is
needed to translate stability results via spectral conditions to conditions on
the modelling ingredients. Another task for the future is then to transform
the stability results from the space of histories to spaces of either measures
or densities over the i-state space.
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Chapter 1

Boundedness, Global
Existence and Continuous
Dependence

To appear under the title Boundedness, Global Existence and Continuous Depen-
dence for Nonlinear Dynamical Systems describing Physiologically Structured Pop-
ulations coauthored by O. Diekmann in the Journal of Differential Equations.

Abstract
The paper is aimed as a contribution to the general theory of nonlinear in-
finite dimensional dynamical systems describing interacting physiologically
structured populations. We carry out continuation of local solutions to max-
imal solutions in a functional analytic setting. For maximal solutions we
establish global existence via exponential boundedness and by a contraction
argument, adapted to derive uniform existence time. Moreover, within the
setting of dual Banach spaces, we derive results on continuous dependence
with respect to time and initial state.
To achieve generality the paper is organized top down, in the way that we first
treat abstract nonlinear dynamical systems under very few but rather strong
hypotheses and thereafter work our way down towards verifiable assumptions
in terms of more basic biological modeling ingredients that guarantee that
the high level hypotheses hold.

Keywords: structured population, boundedness, continuation, continuous
dependence, global existence, interaction variable, nonlinear dynamical sys-
tem, weak*.
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12 CHAPTER 1. BOUNDEDNESS, GLOBAL EXISTENCE...

1.1 Introduction

1.1.1 Aims

The main aim of this paper is to present several new results concerning
the general theory of nonlinear physiologically structured population mod-
els. Traditionally, see e.g. [30], [24] and the references in both, the dynamics
of such populations are described by partial differential equations (PDE), but
more recently, see [11] and [12] by constructing next state operators, which
define a nonlinear semigroup. Following the second approach, we here ex-
tend the local constructions of [12], give conditions for the existence of global
solutions in terms of exponential bounds and establish continuity properties.
For steady state analysis for structured populations, see [10] (general struc-
tured populations), [15] and [16] (application to a cannibalism model) and
for numerical approaches see [2], [3], [4], [8] and [20].
An essential tool for constructing local next state operators is the so called
method of interaction variables, which consists basically in splitting a qua-
silinear problem into a linear problem and (coupled to that) a fixed point
problem. After having outlined this method, we start by establishing a lin-
ear theory, which has a biological interpretation by itself: it describes the
population dynamics, when conditions are such that interactions can be ig-
nored. In particular, we illustrate how the mathematical theory of adjoint
semigroups provides a natural framework for the investigation of continuity
properties. More generally, the motivation for the use of duality is the com-
bination of a general and natural population state space and a convenient
space, the space of continuous functions vanishing at infinity, to work with.
We present examples of semigroups representing a population evolution that
are the “not strongly continuous adjoint” of a strongly continuous semigroup.
In view of the coupling to a fixed point problem, the central object in our
linear theory is a linear semigroup, which is not parametrized by time, but
more generally by functions of time, which we call inputs. In this setting,
we generalize the well known fact, that the adjoint semigroup of a strongly
continuous semigroup is continuous in the weak* topology, see [14] or [6], to
semigroups with infinite dimensional parameters. In the classic [19], Section
10.10 treats aspects of n-parameter semigroups, but does not contain duality
results.
Coming to the nonlinear problem, we find that continuous dependence can
quickly be deduced from the corresponding properties of the linear problem.
Moreover we demonstrate how, at an abstract level, under very few assump-
tions a fairly general local construction can be extended to maximal time
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intervals, such that one gets a nonlinear semiflow. Once established, the
semiflow properties provide a framework for investigating global existence
and qualitative behaviour.
From a mathematical point of view, the closest kin to the dynamical systems
considered here are generated by differential equations with state-dependent
delay. In fact we are dealing with “translation along orbits of ordinary dif-
ferential equation” semigroups provided with non-local boundary conditions.
The special feature is that both, the direction of the orbits and the speed
of translation incorporate nonlinearities (it is this property that prevents us
from applying the theory developed by [23]). Our hope is that in the long run
the kind of tools and results developed for equations with state-dependent
delay (see [22], [29], [5] and the references given there) can be extended to the
present more general class of dynamical systems (a side-aim of the present
paper is to draw the attention of the “delay” community to this class of mod-
els and the mathematical problems they pose).
Our notion of “input” yields a linear skew-product flow when inputs are de-
fined for all time (see e.g. [27] and the references given there). So one might
say that we construct a nonlinear dynamical system by providing a linear
skew-product flow with a constraint that specifies the “parameter” part of
the flow in terms of the dynamics on the state space. We are not aware of
any other examples of such a situation but are curious whether there are any!

1.1.2 Background and motivation

To motivate the treatment of nonlinearities with interaction variables, we
consider the PDE

∂

∂t
n(t, x) +

∂

∂x
g(x, n(t, ·))n(t, x) = −µ(x, n(t, ·))n(t, x),

g(xb, n(t, ·))n(t, xb) =
∫ xm

xb

β(x, n(t, ·))n(t, x)dx,

n(0, x) = n0(x),

which describes the development of a population structured by individual
body size. Here, x denotes the size of the individual and n(t, x) the density
of individuals having size x at time t. By g, µ and β we denote the individual
rates of growth, death and reproduction, respectively, which are allowed to
depend on individual size and population density. Finally, xb and xm denote
size at birth and maximum size and n0(x) an initial population density.
In the one species case, the dependence on n(t, ·) may reflect cannibalistic
interactions, see [7] and [12], but the PDE can via vector notation easily be
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extended to multispecies models, see e.g. [25].
Note, that if the structuring variable x models an individuals age instead of
its size, growth means ageing, hence g equals one and the PDE is semilinear,
when viewed in the framework of dual semigroups and perturbation theory
[9]. In the case of size structure, however, the growth rate g is in general
density dependent and the PDE is no longer semilinear but quasilinear. For
such problems, it seems hard to derive perturbation results, since generators
can not be defined in a manner analogous to the semilinear case.

We now outline how the system can be treated with the help of interac-
tion variables. The proper definitions will be given in Section 1.2 when we
follow the “constructive” approach. Let us denote by I(t) a so called input
at time t. Think of an input as a variable that has a certain influence on the
individuals: a first example is the food concentration that is experienced by
an individual, because it influences its growth, maintenance and reproduc-
tion. A second example is the predation pressure an individual experiences,
because it influences its mortality. When taking both into account, I(t) be-
comes a two component function. The crucial modeling task is, as we will
now illustrate, to define inputs in such a way that if they are known, individ-
uals are independent from one another and the resulting population system
is linear. So one should define inputs such that the density dependences in-
corporated in g, µ and β can be replaced by inputs. In the often encountered
case where a density dependence i occurs via a dependence on∫

γi(x)n(t, x)dx,

i.e., via some function γi weighing the influence of individuals on the basis
of their state, one defines

Ii(t) :=
∫
γi(x)n(t, x)dx.

Then the PDE can be rewritten as a combination of a linear system

∂

∂t
n(t, x) +

∂

∂x
g(x, I1(t))n(t, x) = −µ(x, I2(t))n(t, x),

g(xb, I1(t))n(t, xb) =
∫ xm

xb

β(x, I1(t))n(t, x)dx,

n(0, x) = n0(x)

and a feedback law (in vector notation)

I(t) =
∫
γ(x)n(t, x)dx. (1.1)
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Suppose for now, that we have solved the linear system by constructing a
linear operator TI (e.g. acting on L1) with the interpretation that

Tρ(t)In (1.2)

represents the population state which has evolved from an initial state n
under an input I after t time units (here by ρ(t) we denote the restriction
operator which will be properly defined later). Next, replace n in (1.1) by
(1.2) to obtain the equation

I(t) :=
∫
γ(y)(Tρ(t)In)(y)dy, (1.3)

which, after dropping the assumption that I is given, we interpret as a fixed
point equation for I. Suppose that (1.3) has a unique solution In, depending
on the initial state n, then In(t) is the input value, the population produces
for its individuals at time t if it is left to its own devices. Hence, by substi-
tuting In into (1.2) we obtain a nonlinear operator

Tρ(t)Inn, (1.4)

representing the population state after time t.
One of the objectives of this paper is to study boundedness and continuity
properties of (1.4). The construction suggests to first derive such properties
for (1.2) and so we shall do so.

1.1.3 Structure

The paper employs three levels of (decreasing) generality. At each level, we
first work on a linear theory and then draw conclusions for the nonlinear
problem, which makes up for the 3× 2 = 6 sections 1.2 to 1.7.
In Section 1.2 we state the hypotheses concerning the existence of a family of
linear operators with input having the semigroup property and subsequently
show boundedness in the operator norm. The fact that, for fixed finite time,
this boundedness is for a large class of models uniform with respect to the in-
put, allows to transfer boundedness very quickly to the nonlinear system, see
Section 1.3.7. Next, we establish for the linear system continuous dependence
on the initial value and, via duality, on the input, both of which are used for
proving for the nonlinear system continuous dependence on the initial value.
Again via duality, we finally give conditions for continuous dependence of the
linear system on time, a property that can also be transferred quickly to the
nonlinear system, see Section 1.3.9.
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In Section 1.3 we start by explaining how via a fixed point assumption a local
nonlinear solution is constructed. With this construction we proceed as is
usual in dynamical systems in that we establish the existence and uniqueness
of a global solution via local and maximal unique extension and exponential
boundedness (“no blow up”). Once we have a global solution, we conclude
Section 1.3 by showing the earlier mentioned continuity properties for the
nonlinear system.
In Sections 1.4 and 1.5 we let the abstract systems of Sections 1.2 and 1.3
represent the state evolution of a structured population. The individuals are
characterised by two so-called kernels that specify survival probabilities and
offspring production. Subsequently we work out conditions for these kernels
such that the assumptions made in Sections 1.2 and 1.3 hold.
In Sections 1.6 and 1.7 we verify these conditions for the case of deterministic
individual development and to do so construct the kernels in terms of vital
functions.
In our presentation we employ a theory orientated top down approach, but
in Section 1.8 we summarize the results in a more user friendly manner by
applying them to a size structured population with deterministic individual
growth.
We distinguish explicitly between hypotheses and assumptions. The assump-
tions are assumed to hold throughout the remaining part of the exposition,
whereas the hypotheses are operative throughout the treatment of the level
and will be further elaborated in the subsequent level.
The idea for this top down approach is taken from [12]. In spite of this, we
try to stay as complementary to [12] as possible, in the way that we establish
new results for existing models and with only as much overlap as is necessary
to keep the exposition self-contained. We therefore aim for and hope that
the presentation is comprehensive and fruitful also for readers not familiar
with the earlier paper.

1.2 Linear dynamical systems with input

1.2.1 Existence and semigroup property

Take a set Y , of which we will think as the population state space. Acting on
Y is a family of operators {TI} that, unlike “ordinary” semigroups see e.g.
[14], is not parametrized by time, but more generally by functions of time,
which we call inputs and shall mostly denote by I.
Let E be some Banach space and let Z ⊂ E, then the inputs are assumed to
be elements of Cs := C([0, s], Z) for some s > 0, where C([0, s], E) denotes
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the Banach space of continuous functions equipped with the sup-norm.

Remark 2.1. In this paper we assume inputs to be continuous functions
of time (defined on closed intervals). This has some advantages relative to
the slightly different setting of [12]. The price we pay is that some models,
in which behavioural responses of individuals have jump discontinuities as a
function of i-state, are not covered literally by the results that follow.

We define
C :=

⋃
s≥0

Cs,

and l(I) as the length of an input I, i.e., l(I) = s, s ≥ 0 if and only if I ∈ Cs.
If l(I) = 0 we shall speak of the empty input, which as an individual object
will be denoted by . We interpret TIy as the state that has evolved from an
initial state y under an input I after l(I) time units. To generalize the usual
semigroup property

T (s1)T (s2) = T (s1 + s2) (1.1)

to maps parametrized by inputs, we define two operations on C.

Definition 2.2. For I ∈ C and s ∈ [0, l(I)], we denote by ρ(s)I the restriction
of I to the interval [0, s], i.e.,

(ρ(s)I)(t) = I(t), t ∈ [0, s].

The (left) shift θ(−s)I is, for s ∈ [0, l(I)], defined by

(θ(−s)I)(t) = I(t+ s), t ∈ [0, l(I)− s].

Note, that ρ(s)(Ct) = Cs and θ(−s)(Ct) = Ct−s for all s ∈ (0, t].
Now we are ready to formulate the analogue of (1.1) for inputs as

Hypothesis 2.3. For every I ∈ C there exists a map TI : Y −→ Y , such
that

T = idY , (1.2)

TI = Tθ(−σ)I Tρ(σ)I , 0 ≤ σ ≤ `(I). (1.3)

For constant inputs we obtain semigroups of maps parametrized by pos-
itive real numbers:

Lemma 1. Suppose that I is time independent, then with T (s) := Tρ(s)I ,
one has T (s1)T (s2) = T (s1 + s2).
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Proof. First note that, for arbitrary inputs one has

ρ(s2)ρ(s1 + s2)I = ρ(s2)I

and for constant I also

ρ(s1)I = θ(−s2)ρ(s1 + s2)I.

Therefore,

T (s1)T (s2) = Tρ(s1)ITρ(s2)I = Tθ(−s2)ρ(s1+s2)ITρ(s2)ρ(s1+s2)I

= Tρ(s1+s2)I = T (s1 + s2).

We will discuss Hypothesis 2.3 further in Section 1.4.1.

1.2.2 Exponentially bounded linear systems

We shall assume exponential boundedness of the linear system with input.
The motivation for this assumption is the following: For any “realistic” pop-
ulation model, individuals have a bounded rate of offspring production, uni-
formly for all conceivable inputs, see for instance [21]. Accordingly the pop-
ulation can grow at most exponentially in time or, in other words, there is
an exponential a priori bound.
The boundedness will be used to prove the existence of a global solution for
the nonlinear system as well as to prove continuous dependence with respect
to state and input in the linear theory. Let from now on Y be a Banach space
and suppose the TI are linear operators on Y . Then we can state exponential
boundedness as

Hypothesis 2.4. There exist constants c ≥ 1 and k ≥ 0, such that for all
y ∈ Y and all I ∈ C the estimate ‖TIy‖ ≤ cekl(I)‖y‖ holds.

We shall verify the hypothesis in Section 1.4.2.

1.2.3 Continuous dependence on the initial value

Continuous dependence on the initial population state follows immediately
from the linearity of the TI and the boundedness in Hypothesis 2.4.

Theorem 2.5. Let s ≥ 0, then TIyn −→ TIy in norm for n→∞ if yn −→ y
in Y in norm for n→∞, uniformly for I ∈ Cs.
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1.2.4 Adjoint semigroups

We present the concept of duality, which in the more concrete setting of
Section 1.4.3 will allow the combination of a general population state space,
which will be a space of measures, and a convenient space to work with,
namely the continuous functions.
Suppose that there exists some Banach space X, such that X∗ = Y , i.e., the
population state space Y is the dual space of X. With the pairing

〈·, ·〉 : Y ×X −→ R

we make the identification y = 〈y, ·〉. We assume that the norm on Y is the
dual space norm induced by X, i.e.,

‖y‖ = sup
x∈X, ‖x‖≤1

|〈y, x〉|. (1.4)

Now we postulate existence of the preadjoint as

Hypothesis 2.6. Suppose that, for each I ∈ C, there exists a so called
preadjoint operator T̃I : X −→ X, such that

〈
y, T̃Ix

〉
= 〈TIy, x〉, for all

x ∈ X and y ∈ Y .

The verification of this hypothesis will be carried out in Section 1.4.3. It
is easy to prove that, like in the case of one-parameter semigroups, the T̃I in-
herit linearity and the (generalized) semigroup property from their adjoints.
Moreover, by Hypothesis 2.4 and the definition of the dual space norm, one
easily deduces that the T̃I are bounded with ‖T̃I‖ = ‖TI‖. We will some-
times call {TI} the population semigroup to distinguish it from its preadjoint
semigroup.

1.2.5 Weak* continuous dependence on the input

To fill the toolbox for proving continuity properties in the nonlinear theory,
we establish continuity of the linear system on the input. For “ordinary”
one-parameter semigroups, see [14] and [6] it is well-known, that the adjoint
of a strongly continuous semigroup is in general not strongly continuous but
continuous in the weak* topology. Hence, by Lemma 1, we cannot expect
strong continuity for the TI either, see Example 6.12. The following conti-
nuity property of the preadjoint semigroup will be used to show continuous
dependence of the TI in the weak* topology.
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Hypothesis 2.7. There exists some l > 0, such that for all x ∈ X and all
ε > 0, there exists some δ = δ0(ε, x) such, that

‖T̃Ix− T̃Jx‖ ≤ ε (1.5)

holds for all s ∈ [0, l] and all I, J ∈ Cs with

‖I − J‖ ≤ δ.

Remark 2.8. We cannot assume uniformity in x (on bounded sets), because
then from (1.5) one could deduce continuity of the T̃I in the operator norm
and, since

‖TI − TJ‖ = ‖T̃I − T̃J‖,

continuity of I 7−→ TI in the operator norm, which we do not have in the
applications that we have in mind (see Example 6.12).

The semigroup property now guarantees that we can extend estimate
(1.5) to inputs of arbitrary length. However, since the evolution of the state
is input dependent, we lose uniformity in I:

Proposition 2.9. For all s > 0, I0 ∈ Cs, x ∈ X and ε > 0, there exists some
δ = δ1(ε, x, s, I0) such that

‖T̃Ix− T̃I0x‖ ≤ ε

holds for all I ∈ Cs with
‖I − I0‖ ≤ δ.

Proof. Choose l according to Hypothesis 2.7. Next, define

N := max{n ∈ N : s ≥ nl},

then 0 ≤ s−Nl ≤ l and by Hypothesis 2.4 one has

‖T̃Ix− T̃I0x‖
≤ ‖T̃θ(−Nl)I(T̃ρ(Nl)Ix− T̃ρ(Nl)I0x)‖

+‖T̃θ(−Nl)I T̃ρ(Nl)I0x− T̃θ(−Nl)I0 T̃ρ(Nl)I0x‖
≤ ‖T̃θ(−Nl)I T̃ρ(Nl)I0x− T̃θ(−Nl)I0 T̃ρ(Nl)I0x‖

+cek(s−Nl)‖T̃ρ(Nl)Ix− T̃ρ(Nl)I0x‖.
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If we continue “cutting” inputs and estimating operator norms in the second
term, through iteration we get

‖T̃Ix− T̃I0x‖
≤ ‖T̃θ(−Nl)I T̃ρ(Nl)I0x− T̃θ(−Nl)I0 T̃ρ(Nl)I0x‖

+
N∑
n=1

cnek(s−(N−n+1)l)

·‖T̃ρ(l)θ(−(N−n)l)I T̃ρ((N−n)l)I0x− T̃ρ(l)θ(−(N−n)l)I0 T̃ρ((N−n)l)I0x‖.(1.6)

Finally all relevant inputs have lengths ≤ l, such that according to Hypothesis
2.7 we can choose N + 1 numbers

δ0n := δ(
ε

Q
, T̃ρ(nl)I0x) > 0,

where

Q := 1 +
N∑
n=1

cnek(s−(N−n+1)l)

and n ∈ {0, ..., N}, such that, if

‖I − I0‖ ≤ δ1 := min{δ0n : n ∈ {0, ...N}},

then the right hand side of (1.6) is bounded by ε and the statement of the
proposition follows.

Next, we transfer these results to the population operators. Therefore we
recall

Definition 2.10. The weak* topology is the weakest topology such that all
functionals

y 7−→ 〈y, x〉, x ∈ X

are continuous. A function y of a real argument with values in Y is then
weak* continuous in λ0, if and only if for all ε > 0 and all x ∈ X, there exists
some δ = δ(ε, λ0, x), such that

|〈y(λ), x〉 − 〈y(λ0), x〉| < ε,

for all λ with |λ− λ0| < δ.

Now we obtain a local and a global result on weak* continuity of the
population semigroup with respect to the input.
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Theorem 2.11. (a) There exists some l > 0, such that for all x ∈ X and all
ε > 0 there exists some δ = δ0(ε, x), such that

|〈TIy, x〉 − 〈TJy, x〉| ≤ ‖y‖ε

holds for all y ∈ Y and all I, J ∈ Cs with s ∈ [0, l] and ‖I − J‖ ≤ δ.
(b) For all s > 0, I0 ∈ Cs, x ∈ X and ε > 0, there exists some
δ = δ1(ε, x, s, I0), such that

|〈TIy, x〉 − 〈TI0y, x〉| ≤ ‖y‖ε

holds for all y ∈ Y and all I ∈ Cs with ‖I − I0‖ ≤ δ.

Proof. (a) The statement follows from the estimate

|〈TIy, x〉 − 〈TJy, x〉| ≤ ‖y‖‖T̃Ix− T̃Jx‖

with δ = δ0(ε, x) chosen according to Hypothesis 2.7.
(b) The statement follows from the estimate

|〈TIy, x〉 − 〈TI0y, x〉| ≤ ‖y‖‖T̃Ix− T̃I0x‖

with δ = δ1(ε, x, s, I0) chosen according to Proposition 2.9.

1.2.6 Weak* continuous dependence on time

Through a counterexample below (Example 6.15), similar to the one for con-
tinuous dependence with respect to the input, we shall show that in general
we do not have continuous dependence on time in the dual norm. However,
and again similar to the dependence on the input, we will show continuous de-
pendence in the weak* topology. To that end, we assume that the preadjoint
semigroup is continuous on time in the following sense:

Hypothesis 2.12. There exists some l > 0, such that for all x ∈ X and all
ε > 0 there exists some δ = δ2(ε, x), such that

‖T̃ρ(s)Ix− T̃ρ(t)Ix‖ ≤ ε

for all I ∈ Cl and all s, t ∈ [0, l] with |s− t| ≤ δ.



1.2. LINEAR DYNAMICAL SYSTEMS WITH INPUT 23

Remark 2.13. Note that the hypothesis as well as the following proposition
say in particular, that for fixed and constant I, the family {T̃ρ(s)I}s≥0 satisfies
the usual strong continuity property for one parameter semigroups, i.e., that
for every x ∈ X one has

lim
s↓0

‖T̃ρ(s)Ix− x‖ = 0,

see e.g [14].

From Hypothesis 2.12, using the semigroup property for T̃I , we can deduce
continuity for arbitrary time intervals, but lose uniformity in I:

Proposition 2.14. Fix σ > 0, I ∈ Cσ, x ∈ X and let ε > 0, then there
exists some δ = δ3(ε, x, σ, I), such that

‖T̃ρ(s)Ix− T̃ρ(t)Ix‖ ≤ ε (1.7)

for all s, t ∈ [0, σ] with |s− t| ≤ δ.

Proof. Choose l according to Hypothesis 2.12. Next, define N := max{k ∈
N : s, t ≥ kl

2 }, and note that

θ(−s)ρ(t+ s)I = ρ(t)θ(−s)I. (1.8)

Then, if |s− t| < l
2 , one has s, t ∈ [Nl2 ,

Nl
2 + l] and

‖T̃ρ(t)Ix− T̃ρ(s)Ix‖
= ‖T̃θ(−Nl

2
)ρ(t)I T̃ρ(Nl

2
)Ix− T̃θ(−Nl

2
)ρ(s)I T̃ρ(Nl

2
)Ix‖

= ‖T̃ρ(t−Nl
2

)θ(−Nl
2

)I T̃ρ(Nl
2

)Ix− T̃ρ(s−Nl
2

)θ(−Nl
2

)I T̃ρ(Nl
2

)Ix‖.

(1.9)

Now, by Hypothesis 2.12 we can choose

δ3 = min{δ2(ε, T̃ρ(Nl
2

)Ix),
l

2
}.

Now, for the population semigroup we get a local and a global result.

Theorem 2.15. (a) There exists some l > 0, such that for all x ∈ X and all
ε > 0 there exists some δ = δ2(ε, x), such that

|〈Tρ(s)Iy, x〉 − 〈Tρ(t)Iy, x〉| ≤ ‖y‖ε (1.10)

holds for all y ∈ Y , I ∈ Cl and s, t ∈ [0, l] with |s− t| ≤ δ.
(b) For all σ > 0, I ∈ Cσ, x ∈ X and ε > 0, there exists some δ = δ3(ε, x, σ, I),
such that (1.10) holds for all y ∈ Y and all s, t ∈ [0, σ] with |s− t| ≤ δ.
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Proof. (a) The statement follows from the estimate

|〈Tρ(s)Iy, x〉 − 〈Tρ(t)Iy, x〉| ≤ ‖y‖‖T̃ρ(s)Ix− T̃ρ(t)Ix‖ (1.11)

with δ = δ2(ε, x) according to Hypothesis 2.12.
(b) The statement follows again from (1.11), but now with δ = δ3(ε, x, σ, I)
chosen according to Proposition 2.14.

1.3 Nonlinear dynamical systems

First a nonlinear system is constructed from two ingredients, the linear sys-
tem with input and a map which computes the output that the population
produces under a given input. This is basically a repetition from [12]. Then,
in Sections 1.3.3-1.3.8 we extend the constructions further into the future
and in Sections 1.3.9-1.3.10 we investigate continuity properties. For the
extension parts, we received inspiration from [28].

1.3.1 Output

Our next step towards the definition of a nonlinear next population state
operator is to assume a rule on how a given “population” determines an
object in the space of inputs (recall the construction in Section 1.1.2), which
we call output. In the nonlinear theory, we will restrict to a subset Y+ of
the Banach space Y . In the context of population models, Y+ is the set of
positive measures (whence the subscript +). We assume that Y+ is invariant
under {TI} (and verify this assumption in Section 1.4.1):

Hypothesis 3.1. One has TI(Y+) ⊂ Y+ for every I ∈ C.

Hypothesis 3.2. There exists a map H : Y+ −→ Z, which we call output
map and which is such that, for any y ∈ Y+ and any I ∈ Cs with s > 0, the
so called output

t 7→ H(Tρ(t)Iy)

belongs to Cs.

Definition 3.3. With the ingredients TI and H we associate for all y ∈ Y+

a map Py : Cs −→ Cs, via the formula

PyI = H(Tρ(·)Iy). (1.1)

We call Py the input-output map and for an input I we call PyI the corre-
sponding output.
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Motivated by the often encountered case that the output can be calcu-
lated through integration with respect to a weight function (see again Section
1.1.2), let us assume that E = Rn and that H is linear and can be repre-
sented by an element of the bidual space X∗∗, i.e., let us verify Hypothesis
3.2 via the truth of

Hypothesis 3.4. There exists some γ ∈ (X∗∗)n, which we call output func-
tion, such that

H(y) = 〈y, γ〉 ∈ Rn (1.2)

for y ∈ Y+ and such that the output

t 7−→ 〈Tρ(t)Iy, γ〉

belongs to Cs for any I ∈ Cs.

See Remark 5.1 for the more general case of γ dependent on I. It is
wellknown that a Banach space can be embedded into its second dual space
in a canonical way, see e.g. Theorem II 3.18 in [13] and Section 1.5.1. For
the case γ ∈ (X)n ⊂ (X∗∗)n we can identify the pairings (denoting also the
pairing between X∗ and X∗∗ by 〈·, ·〉, as we have done already in (1.2)).
Note that (1.2) with γ ∈ X guarantees, because of the weak* continuity of
the linear system that H maps Cs into Cs. So Hypothesis 3.4 follows from
the truth of

Hypothesis 3.5. There exists some γ ∈ (X)n, such that H(y) = 〈y, γ〉 for
all y ∈ Y .

The implications in this subsection can be summarised as

Hypothesis 3.2 ⇐ Hypothesis 3.4 ⇐ Hypothesis 3.5.

For the extension purposes below we will stick to Hypothesis 3.2 (and De-
finition 3.3), which in addition to being more general will facilitate the ex-
position. In Section 1.5.1 we will briefly discuss the relevant case, where
Hypothesis 3.4 holds but Hypothesis 3.5 does not. Thereafter we give as-
sumptions sufficiently strong for Hypothesis 3.5 to hold.

1.3.2 Local existence and uniqueness

We start with the key assumption for the nonlinear theory, which is verified
in [12] via a contraction argument at various levels of generality:
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Assumption 3.6. For every y ∈ Y+ there is an s(y) ∈ (0,∞] such that, for
all s < s(y), the map Py|Cs has a unique fixed point Is ∈ Cs

The next two lemmas show that there is no need to provide fixed points
with an index s. The first one is for inputs in general (not necessarily fixed
points).

Lemma 2. Let I ∈ Cs and t ∈ [0, s], then for all y ∈ Y+

ρ(t)PyI = Pyρ(t)I.

Proof. Both sides are elements of Ct. For any r ∈ [0, t] one has

(Pyρ(t)I)(r) = H(Tρ(r)ρ(t)Iy) = H(Tρ(r)Iy) = (PyI)(r) = (ρ(t)PyI)(r).

Lemma 3. Let y ∈ Y+ and 0 < s < t < s(y), then for fixed points Is ∈ Cs
of Py|Cs and It ∈ Ct of Py|Ct , we have

ρ(s)It = Is.

Proof. By Lemma 2, we have

Pyρ(s)It = ρ(s)PyIt = ρ(s)It.

Hence, ρ(s)It and Is are fixed points of length s and by the uniqueness
assumption they must be equal.

In the following we will therefore omit the index s in the notation, im-
plicitly assuming that l(I) < s(y) and, when writing I ∈ Cs, that s < s(y).
With the fixed points we can now define solutions.

Definition 3.7. A local solution starting at y ∈ Y+, defined on [0, s] , is a
map

[0, s] −→ Y,

t 7−→ Tρ(t)Iy (1.3)

for some fixed point I ∈ Cs, s > 0 of Py. Moreover, we call

{Tρ(t)Iy : t ∈ [0, s]}

a local orbit starting at y.

Solution here refers to the fixed point problem. The term “starting at
y” is justified, because Tρ(0)Iy = y for any I. Local uniqueness follows from
Lemma 3 and Assumption 3.6:

Corollary 3.8. For any y ∈ Y+ and all s ∈ [0, s(y)), the map (1.3) defined
via the fixed point I ∈ Cs is the unique solution on [0, s] starting at y.
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1.3.3 Uniqueness

For uniqueness and extension purposes, we prove that left shifts of fixed
points yield fixed points. A tool for that is given already in [12]:

Lemma 4. For y ∈ Y+, I ∈ C and s ∈ [0, l(I)], one has

θ(−s)Py(I) = PTρ(s)Iyθ(−s)I

Proof. From the semigroup property we know, that

Tρ(t+s)I = Tθ(−s)ρ(t+s)ITρ(s)ρ(t+s)I .

On the other hand, since for any I (1.8) holds and

ρ(s)ρ(t+ s)I = ρ(s)I,

one has

(θ(−s)PyI)(t) = (PyI)(t+ s) = H(Tρ(t+s)Iy)
= H(Tρ(t)θ(−s)ITρ(s)Iy) = (PTρ(s)Iyθ(−s)I)(t).

Next, we apply this result to shifted fixed points.

Lemma 5. If PyI = I for I ∈ Ct, then PTρ(s)Iyθ(−s)I = θ(−s)I for all
s ∈ [0, t].

Proof. We have θ(−s)I ∈ Ct−s and by Lemma 4 also

PTρ(s)Iyθ(−s)I = θ(−s)PyI = θ(−s)I.

Now we can prove that even though the hypotheses only give local unique-
ness, fixed points are in fact unique on every compact interval where they
are found.

Lemma 6. For y ∈ Y+ let I, J ∈ Cτ be fixed points of Py, then I = J (on
[0, τ ]).

Proof. If τ < s(y), the statement follows since for these values we assumed
uniqueness. If τ ≥ s(y), define t ≥ s(y) by

t := sup{t ∈ [0, τ ] : ρ(t)I = ρ(t)J}.
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If t = τ , the statement follows from the continuity of I and J . Suppose, that
t < τ , then there exists a unique fixed point I of positive length, such that

PTρ(t)Iy
I = I.

On the other hand, from Lemma 5, we deduce that

PTρ(t)Iy
θ(−t)I = θ(−t)I

and the same identity holds when I is replaced by J . Hence, by uniqueness
of I one has

I(t+ s) = (θ(−t)I)(s) = I(s) = (θ(−t)J)(s) = J(t+ s)

for s ∈ [0,min{l(I), τ − t}], which contradicts the maximality of t.

As an immediate consequence, we have

Corollary 3.9. If Tρ(·)Iy and Tρ(·)Jy are solutions on [0, s] starting at y, then

Tρ(·)Iy = Tρ(·)Jy

on [0, s].

Now that uniqueness of solutions of arbitrary length is settled, we will
often simply write the fixed point and the solution for whatever given interval.

1.3.4 Concatenation of inputs and local extension

We first turn to extension from a compact interval to a compact interval. We
extend inputs via the so called concatenation.

Definition 3.10. For inputs I, J ∈ C, define their concatenation (glueing
together) by

(I � J) (s) =

{
J(s) for s ∈ [0, l(J)),
I(s− l(J)) for s ∈ [l(J), l(J) + l(I)].

For concatenations, one has I � J ∈ Ct+s for I ∈ Ct and J ∈ Cs, only
if J(s) = I(0). If I ∈ Cs is the fixed point of Py and J is a fixed point of
PTρ(s)Iy, then by Lemma 5 and the uniqueness assumption, one has

I(s) = (θ(−s)I)(0) = J(0)

and therefore J � I is a continuous function of length greater than s. This
idea will be used in the proof of the following lemma as well as in later proofs.
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Lemma 7. For s < s(y) let I ∈ Cs be a fixed point of Py and for t <
s(Tρ(s)Iy) let J ∈ Ct be a fixed point of PTρ(s)Iy, then their concatenation

J � I

is a fixed point of Py in Cs+t.

Proof. First note that, by the above remark, we have that J � I ∈ Cs+t.
Next, we show the fixed point property:
For r ∈ [0, s] one has

Py(J � I)(r) = H(Tρ(r)J�Iy) = H(Tρ(r)Iy) = (PyI)(r) = I(r) = J � I(r).

For r ∈ (s, s+ t]

Py(J � I)(r) = H(Tρ(r)(J�I)y) = H(Tρ(r−s)J�ρ(s)Iy)
= H(Tρ(r−s)JTρ(s)Iy) = (PTρ(s)IyJ)(r − s)
= J(r − s) = J � I(r).

As a direct consequence, all solutions can be extended to the right:

Proposition 3.11. Let Tρ(·)Iy be the solution on [0, t1], then there exists
some t2 > 0 and some I ∈ Ct1+t2 , such that
(i) Tρ(·)Iy is the solution on [0, t1 + t2],
(ii) Tρ(·)Iy|[0,t1] = Tρ(·)Iy.

Proof. Let J be the fixed point of PTρ(t1)Iy on [0, t2], where t2 ∈
(0, s(Tρ(t1)Iy)). By Lemma 7 the concatenation I := J � I is the fixed point
on [0, t1 + t2] of Py. Therefore the map

Tρ(·)Iy = Tρ(·)(J�I)y

is the solution on [0, t1 + t2] and (ii) also holds.

1.3.5 Maximal solutions

In order to have certain dynamic properties, which we will relate to the notion
of a semiflow, and to investigate global existence, we consider solutions on a
maximal interval of existence:
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Definition 3.12. For any y ∈ Y+ define

ty := sup{t > 0 : there exists an I ∈ Ct with PyI = I} ∈ R+ ∪ {∞}

then the map t −→ Tρ(t)Iy is defined on [0, ty) (via the fixed point I ∈ Ct of
Py on [0, t]) and we call it the maximal solution starting at y.

The ideal case now, is the existence of a global solution, i.e., ty = ∞.

1.3.6 Semiflows

We show that the maximal solutions induce a so-called semiflow. First one
more tool:

Lemma 8. For y ∈ Y+, if 0 < s < ty <∞ and I is the fixed point of Py on
[0, s], then ty = s+ tTρ(s)Iy. Moreover, ty = ∞ if and only if tTρ(s)Iy = ∞.

Proof. Assume ty < s+ tTρ(s)Iy. Choose some r ∈ (ty, tTρ(s)Iy + s) then since
r − s < tTρ(s)Iy we find a fixed point J ∈ Cr−s. By Lemma 7, the concate-
nation J � I is the fixed point of Py in Cr, which is a contradiction to the
maximality of ty.
Now assume there exists an r ∈ (s + tTρ(s)Iy, ty). For this r consider a fixed
point I ∈ Cr, then θ(−s)I is the fixed point of PTρ(s)Iy in Cr−s, which con-
tradicts the maximality of tTρ(s)Iy.
The second statement follows analogously.

The following definition is inspired by Definition VII 2.1. from [9] (there
for complete metric spaces) but can also be found in [1] (for general metric
spaces). In both there is additionally required (for extension purposes) that
the operators depend continuously on the initial value in a stronger sense
than we manage to prove in Section 1.3.10.

Definition 3.13. A semiflow on Y is a map S : D −→ Y+ on a subset

D ⊂ [0,∞)× Y+

with the following properties:
(i) For every y ∈ Y+ there exists a possibly infinite interval Iy = [0,∞) or
Iy = [0, ty), such that

{(t, y) ∈ [0,∞)× Y+ : t ∈ Iy} = D, (1.4)

(ii) S(0, y) = y on Y+,
(iii) y ∈ Y+, s ∈ Iy and t ∈ IS(s,y) imply t+ s ∈ Iy and

S(t, S(s, y)) = S(t+ s, y).
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Now we let ty from this definition coincide with the earlier introduced
ty denoting the length of the maximal solution starting at y and for this ty
make

Definition 3.14. With Iy := [0, ty), let D denote the left hand side of (1.4)
and define

S : D −→ Y+,
(t, y) 7−→ Tρ(t)Iy,

where Tρ(·)Iy is the maximal solution starting at y.

In this terminology, we get

Theorem 3.15. S is a semiflow.

Proof. (i) and (ii) are trivial.
The first statement of (iii) follows from Lemma 8. Let I ∈ Ct+s be the fixed
point of Py and θ(−s)I ∈ Ct be the fixed point of PS(s,y). Then we get

S(t, S(s, y)) = Tρ(t)θ(−s)ITρ(s)Iy = Tρ(t)θ(−s)I�ρ(s)Iy

= Tρ(t+s)Iy = S(t+ s, y).

1.3.7 Exponential boundedness

Exponential boundedness of the nonlinear system follows immediately from
exponential boundedness of the linear system. Combining Definition 3.14
and Hypothesis 2.4, one deduces

Theorem 3.16. There exist constants c ≥ 1 and k ≥ 0, such that for all
y ∈ Y+ the inequality

‖S(t, y)‖ ≤ cekt‖y‖

holds.

In particular, S is bounded on bounded intervals, which excludes blow
up in finite time.

1.3.8 Global solutions

For many dynamical systems, a combination of compactness and continuity
arguments allows one to conclude from Theorems 3.15 and 3.16 that ty = ∞
for all y, i.e., that solutions exist for all time. As in the present setting we
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manage to show continuity on the initial value for small time intervals, but
not for maximal time intervals (see Section 1.3.10), we deduce global existence
from a different approach. The following hypothesis, and its elaboration in
Section 1.5.2, resemble the proof of local contractivity of Py in [12]. To prove
global existence, however, we need a sharper version: we require a lower
bound for the existence time, uniformly for y in bounded sets. Moreover
it will prove convenient as well as appropriate to assume that the Lipschitz
factor depends linearly on y.

Hypothesis 3.17. There exists some δ > 0 and some monotonically increas-
ing function K : [0, δ] −→ R+ with lims↓0K(s) = 0, such that

‖PyI − PyJ‖ ≤ K(s)‖y‖‖I − J‖

for all y ∈ Y+, all s ∈ [0, δ] and all I, J ∈ Cs.

Now we can prove that, if we consider evolution from some initial state
on a finite time interval, there exists some uniform positive length for which
there are fixed points for all states, that can evolve from this state during
this time interval.

Lemma 9. Let y ∈ Y+ and suppose that t ≤ ty < ∞. There exists some
r = r(y) > 0, such that for all t ∈ [0, t) the map PS(t,y) has a unique fixed
point in Cs for all s ≤ r.

Proof. Choose K(s) and δ according to Hypothesis 3.17 and, in accordance
with Theorem 3.16, B := cekt <∞, then one has

‖PS(t,y)I − PS(t,y)J‖ ≤ K(s)B‖y‖‖I − J‖

for all s ∈ [0, δ], I, J ∈ Cs and all t ∈ [0, t). Next choose r ∈ (0, δ) so small
that K(s)B‖y‖ < 1 for all s ∈ [0, r], then PS(t,y) has a unique fixed point in
Cs for all t ∈ [0, t).

Now, global existence and uniqueness can be proved via concatenation of
fixed points.

Proposition 3.18. For all y ∈ Y+ one has ty = ∞, i.e., for all σ > 0, there
exists an I ∈ Cσ, such that PyI = I.

Proof. We will deduce a contradiction for the case ty < ∞, ty as in
Definition 3.12. Choose t := ty < ∞ and r according to Lemma 9. Choose
τ ∈ (max{0, ty− r

2}, ty) and consider the fixed points I ∈ Cτ of Py and J ∈ Cs
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of PS(τ,y) for some s with τ + s > ty. Then, by Lemma 7, J � I is the fixed
point of Py of length τ + s > ty, which contradicts the maximality of ty.

Theorem 3.19. The map S(t, y) is defined for all y ∈ Y+ and all t ∈ [0,∞).

1.3.9 Weak* continuous dependence on time

Like exponential boundedness, weak* continuous dependence on time of the
nonlinear system follows immediately from the corresponding property of the
linear system.

Theorem 3.20. (a) There exists some l > 0, such that for all x ∈ X and all
ε > 0 there exists some δ = δ(ε, x), such that

|〈S(s, y), x〉 − 〈S(t, y), x〉| ≤ ‖y‖ε (1.5)

holds for all y ∈ Y+ and all s, t ∈ [0, l] with |s− t| ≤ δ.
(b) For all σ > 0, x ∈ X, y ∈ Y+ and ε > 0, there exists some δ = δ(ε, x, σ, y),
such that (1.5) holds for all s, t ∈ [0, σ] with |s− t| ≤ δ.

Proof. (a) Choose l according to Theorem 2.15 (a), fix x ∈ X and ε > 0
and choose δ = δ2(ε, x) according to Theorem 2.15 (a). Now for any y ∈ Y
denote by I the fixed point of Py of length l. Then we get

|〈S(s, y), x〉 − 〈S(t, y), x〉| = |〈Tρ(s)Iy, x〉 − 〈Tρ(t)Iy, x〉| ≤ ‖y‖ε

for all y ∈ Y and all s, t ∈ [0, l] with |s− t| ≤ δ.
(b) Fix σ, x, y and consider the fixed point I ∈ Cσ of Py. Now choose
δ3(ε, x, σ, I) according to Theorem 2.15 (b). Since I depends on y and y and
σ uniquely determine I, we write δ(ε, x, σ, y) := δ3(ε, x, σ, I) and get

|〈S(s, y), x〉 − 〈S(t, y), x〉| = |〈Tρ(s)Iy, x〉 − 〈Tρ(t)Iy, x〉| ≤ ‖y‖ε

for all s, t ∈ [0, l] with |s− t| ≤ δ.

1.3.10 Weak* continuous dependence on the initial value

The continuous dependence of the nonlinear system on the initial value can
be deduced from the linear theory and the continuous dependence of the
fixed point with respect to the initial value. In order to prove the latter, we
reformulate Theorem 0.3.2. in [17] for our situation.
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Theorem 3.21. Let y0 ∈ Y+ and suppose that there exists some s > 0 such
that for every I ∈ Cs the map y 7−→ PyI is continuous in y0 and that the
map Py : Cs −→ Cs is locally uniformly contracting in y0 , i.e., there exists
some q = q(y0) ∈ [0, 1) and some δ = δ(y0, q) > 0, such that

‖PyI − PyJ‖ ≤ q‖I − J‖

for all I, J ∈ Cs if ‖y − y0‖ ≤ δ. Then the unique fixed point Iy ∈ Cs of Py
is continuous in y0.

Now note that, if we choose s ∈ [0, δ] appropriately, with δ according to
Hypothesis 3.17, the contractivity property required in the theorem follows
from this hypothesis. The continuity of y 7−→ PyI is stated in the following
hypothesis, which will be verified in Section 1.5.3 once the fixed point map
has been specified in more detail.

Hypothesis 3.22. For all s > 0 and all I ∈ Cs, the map y 7−→ PyI is
continuous from Y+ provided with the norm topology to Cs.

Now we can prove

Theorem 3.23. Choose δ according to Hypothesis 3.17 and let t ∈ [0, δ],
then for all ε > 0, x ∈ X and all y0 ∈ Y+, there exists some δ′ =
δ′(ε, t, x, y0) > 0, such that

|〈S(t, y), x〉 − 〈S(t, y0), x〉| < ε

for all y with ‖y − y0‖ < δ′.

Proof. By Hypothesis 2.4 choose c and k, such that

|〈S(t, y), x〉 − 〈S(t, y0), x〉|
≤ |〈Tρ(t)Iyy, x〉 − 〈Tρ(t)Iyy0, x〉|+ |〈Tρ(t)Iyy0, x〉 − 〈Tρ(t)Iy0

y0, x〉|

≤ cekt‖x‖‖y − y0‖+ |〈Tρ(t)Iyy0, x〉 − 〈Tρ(t)Iy0
y0, x〉|.

By Theorem 2.11 (b), choose δ1 = δ1( ε2 , x, t, Iy0), such that the second term is
bounded by ε

2 , if ‖ρ(t)Iy−ρ(t)Iy0‖ ≤ δ1. Then, by Theorem 3.21, there exists
some δ′′ = δ′′(δ1, t, y0), such that ‖ρ(t)Iy − ρ(t)Iy0‖ ≤ δ1 if ‖y− y0‖ ≤ δ′′. So
finally with

δ′ := min{ εe
−kt

2c‖x‖
, δ′′}

the statement of the theorem follows.
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When considering the property for arbitrarily large times, extension via
the semigroup property seems difficult, since on the one hand norm conver-
gence is required, while on the other hand one gets only weak* convergence
and hence iteration is not possible. We remark, however, that for any time
for which the Lipschitz property Hypothesis 3.17 holds, one can also deduce
contractivity uniformly for y in a neighborhood of zero and hence also gets
weak* continuous dependence for this time and this neighborhood of zero.

1.4 Linear structured population models

First we define a linear dynamical system with input for structured popula-
tions in the way it is done in [12]. For the proofs of Section 1.4.1, we refer
to this article as well as to [11]. In Sections 1.4.2 - 1.4.5 we elaborate the
hypotheses made in Section 1.2 for this system.

1.4.1 The linear model on a state space of measures

In structured populations, one distinguishes between individual state (i-state)
and population state (p-state). The i-state we denote by x. Examples for
i-states are size, age or energy reserves of an individual or combinations of
these (resulting in an i-state space of dimension greater than one).

Hypothesis 4.1. The i-state space is a measurable space Ω with a countably
generated σ-algebra Σ.

When considering PDEs a natural choice for the population state space
is L1. On the other hand, in a situation where all individuals have the
same state, the population cannot be represented by a L1 function but is
represented by a Dirac measure (concentrated in this state) and a space of
measures (in which the L1 -functions can be embedded; they then correspond
to the absolutely continuous measures) seems the natural population state
space. Denoting by M(Ω) the Banach space of signed real measures and by
M+(Ω) the cone of positive measures in M(Ω), we make

Assumption 4.2. The population state at time t can be described by a
measure mt ∈M+(Ω), i.e.,

Y+ := M+(Ω) ⊂M(Ω) =: Y.
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For measure theoretic background see the books [26] and [18]. The goal
is now to construct a linear semigroup {TI} on M(Ω), such that for all
m ∈M+(Ω), I ∈ C and ω ∈ Σ

TIm(ω)

represents the part of the population with i-state in ω that has evolved from
an initial state m under an input I (after l(I) time units).

Remark 4.3. Note that the TI used in the introduction, which act on L1(Ω),
correspond to the restriction of the current TI to the subspace of absolutely
continuous measures, when assuming that this subspace is invariant.

We want to base the construction of TI on two modeling ingredients with
the following interpretations:

– uI(x, ω) is the probability that an individual with i-state x, survives
under an input I during the time interval [0, l(I)] and then has state in
ω.

– ΛI(x, ω) is the expected number of children with state-at-birth in ω,
produced by an individual starting out with state x under an input I
(within l(I) units of time).

Mathematically, we assume that uI and ΛI are so called input parametrized
kernels:

Definition 4.4. A (positive) kernel is a map k : Ω× Σ −→ R(+), such that
for fixed ω ∈ Σ, the function x 7−→ k(x, ω) is bounded and measurable, while
for fixed x ∈ Ω, the map ω 7−→ k(x, ω) defines a finite signed measure on Ω.
An input parametrized (positive) kernel is a map kI : Ω × Σ −→ R(+), such
that for fixed I ∈ C, the map kI(·, ·) is a kernel and additionally [0, t]×ω 7−→
kρ(t)I(x, ω) defines a positive measure on [0, l(I)]× Σ.

Hypothesis 4.5. uI and ΛI are parametrized families of positive kernels.

Motivated by the interpretation, we call uI the survival kernel and ΛI the
reproduction kernel. We define the product of two kernels, say k1 and k2 as

(k1 × k2)(x, ω) :=
∫

Ω
k1(y, ω)k2(x, dy).

Lemma 10. The ×-product of two kernels defines a kernel.
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To represent TIm, we construct a further kernel ucI (c stands for clan)
such that

(TIm)(ω) =
∫

Ω
ucI(y, ω)m(dy) =: (ucI ×m)(ω), (1.1)

where for shorter notation, we have also introduced the ×-product of a kernel
and a measure. We mention

Lemma 11. The ×-product of a kernel and a measure defines a measure.

Then, ucI should be interpreted as follows: given an individual with i-state
x, ucI(x, ω) represents the part of the clan (including the individual itself) of
the individual that has survived under an input I and after l(I) time units has
i-state in ω. By clan, we mean all offspring, direct children, grandchildren,
etc..
Now the problem reduces to defining ucI in terms of uI and ΛI . To do so, we
introduce below a kernel ΛcI , which has the same interpretation as ΛI , when
replacing “children” by “all offspring”. We define the convolution of uI and
ΛcI (and analogously the convolution of two kernels in general) as the integral

(u ∗ Λc)I :=
∫

[0,l(I))
uθ(−σ)I × Λcρ(dσ)I , (1.2)

or written out in more detail,

(u ∗ Λc)I(x, ω) =
∫

[0,l(I))

∫
Ω
uθ(−σ)I(y, ω)Λcρ(dσ)I(x, dy). (1.3)

The interpretation is, in less words than before, “survived offspring”. Now,
following the interpretation, we can express ucI in terms of uI and ΛcI via

ucI = uI + (u ∗ Λc)I . (1.4)

Then, (1.1) can be written as

TIm = uI ×m+ (u ∗ Λc)I ×m (1.5)

and it remains to construct ΛcI in terms of ΛI . We will do so by using the
interpretation that the number of total offspring is the sum of the number of
children, grandchildren, etc.. An individuals kth generation offspring can be
inductively defined via

Λ1∗
I := ΛI , (1.6)

Λk∗I := (Λ(k−1)∗ ∗ Λ)I , k ≥ 2. (1.7)
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One then defines

ΛcI :=
∞∑
k=1

Λk∗I , (1.8)

the convergence of which (leading to boundedness of TI) will be investigated
in Section 1.4.2. So finally, via (1.8) and (1.5), we managed to define TI in
terms of uI and ΛI . Note that at this point, the truth of Hypothesis 3.1
can be guaranteed via the positivity of uI and ΛI . In order to verify the
semigroup property Hypothesis 2.3, we first make

Hypothesis 4.6. For I ∈ C and σ ∈ [0, l(I)], the two consistency relations

ΛI = Λρ(σ)I + Λθ(−σ)I × uρ(σ)I ,

uI = uθ(−σ)I × uρ(σ)I

hold.

The second of these is called the Chapman Kolmogorov identity. Under
the assumptions made, one can prove that this identity also holds for ucI :

Lemma 12. For I ∈ C, σ ∈ [0, l(I)], one has

ucI = ucθ(−σ)I × ucρ(σ)I .

Corollary 4.7. For m ∈M+(Ω), I ∈ C and σ ∈ [0, l(I)], one has

TIm = Tθ(−σ)ITρ(σ)Im.

Proof.

TIm = ucI ×m = ucθ(−σ)I × ucρ(σ)I ×m = Tθ(−σ)ITρ(σ)Im.

We close this section, by formulating some natural properties of uI and
ΛI for later use.

Hypothesis 4.8. (i) For x ∈ Ω, ω ∈ Σ and I ∈ C, the function σ −→
Λρ(σ)I(x, ω) is nondecreasing on [0, l(I)] and limσ↓0 Λρ(σ)I(x, ω) = 0.
(ii) For x ∈ Ω and I ∈ C, the function σ −→ uρ(σ)I(x,Ω) is nonincreasing on
[0, l(I)] and limσ↓0 uρ(σ)I(x, ω) = δx(ω) for ω ∈ Σ. In particular uI(x,Ω) ≤ 1.

The following lemma formulates the consistency relation that, roughly
speaking, the clan of an individual consists of the individual itself plus the
clan of its direct children.

Lemma 13. For I ∈ C, one has

ucI = uI + (uc ∗ Λ)I . (1.9)
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1.4.2 Exponentially bounded linear operators

Exponential boundedness of a general linear system with input was stated
as Hypothesis 2.4. We now discuss this hypothesis for operators of the type
(1.5).
On M(Ω), for the dual space norm (see also Section 1.4.4), in the case of pos-
itive measures, it holds that ‖m‖ = m(Ω), whereas for (signed) real measures
with the Jordan decomposition into two positive measures

m = m+ −m−,

we have ‖m‖ = m+(Ω) + m−(Ω). Since the TI are positive operators, the
decomposition for TIm is given by

TIm = TIm+ − TIm−

and estimates for TIm+ and TIm− yield estimates for TIm. Hence, in the
following we restrict our attention to the positive cone M+(Ω). Using the
representation (1.5) and that, by Hypothesis 4.8 (ii), the probability of sur-
vival never exceeds one, we will estimate the linear next state operator. It is
convenient to first introduce the set of possible states at birth.

Definition 4.9. A set Ωb ∈ Σ is called a set representing the birth states, if
for all x ∈ Ω and all I ∈ C the measure ΛI(x, ·) is concentrated on Ωb, i.e., if
ΛI(x, ω) = 0, whenever ω ∩ Ωb = ∅.

Proposition 4.10. For all I ∈ C and m ∈M+(Ω), we have

‖TIm‖ ≤ ‖m‖+ ‖m‖ sup
x∈Ω

ΛcI(x,Ωb). (1.10)

Therefore, if
sup
x∈Ω

ΛcI(x,Ωb) <∞, (1.11)

then TI is a bounded linear operator on M(Ω) and

‖TI‖ ≤ 1 + sup
x∈Ω

ΛcI(x,Ωb).

Proof. Using that, by Hypothesis 4.8 (ii), always uρ(t)I(x,Ω) ≤ 1, a
straightforward estimation of (1.5) leads to the statement.

Condition (1.11) says that, for given environmental conditions I in the
course of time and finite time, an individual has a finite expected number of
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descendants, no matter in what state it is. We will guarantee this first, by
the biologically reasonable assumption that the birth kernel is bounded and
reproduction starts only with some delay after birth, which is uniform for
all states at birth. The boundedness assumption is used already in the local
theory in [12] and will not be further investigated.

Assumption 4.11. There exists some K > 0, such that ΛI(x,Ωb) ≤ K for
all x ∈ Ω and all I ∈ C.

Hypothesis 4.12. There exists a constant δ > 0, such that Λρ(s)I(x,Ωb) = 0,
for all s ∈ [0, δ], x ∈ Ωb and I ∈ C

Now we can show that ΛcI(x,Ωb) is dominated by a function that is
bounded in K, δ and l(I) on compact (positive) intervals.

Lemma 14. Choose K and δ according to Hypothesis 4.12 and Assumption
4.11, then for x ∈ Ω and I ∈ C one has

ΛcI(x,Ωb) ≤

{
l(I)
δ for K = 1,
K
K−1(e

l(I)
δ

lnK − 1) for K 6= 1.

Proof. We combine Hypothesis 4.12 and Assumption 4.11 into
ΛI(x,Ωb) ≤ χ[δ,∞)(l(I))K, where χ denotes the characteristic function, i.e.,

χω(x) :=

{
1 for x ∈ ω,
0 otherwise.

Then

Λ2∗
I (x,Ωb)

=
∫

[0,l(I))

∫
Ωb

Λθ(−σ)I(ξ,Ωb)Λρ(dσ)I(x, dξ)

≤ Kχ[δ,∞)(l(I))
∫

[0,l(I)−δ)

∫
Ωb

Λρ(dσ)I(x, dξ)

= Kχ[δ,∞)(l(I))
∫

[0,l(I)−δ)
Λρ(dσ)I(x,Ωb) = Kχ[δ,∞)(l(I))Λρ(l(I)−δ)I(x,Ωb)

≤ K2χ[δ,∞)(l(I))χ[δ,∞)(l(I)− δ) = K2χ[2δ,∞)(l(I))

and inductively
Λn∗I (x,Ωb) ≤ Knχ[nδ,∞)(l(I)).
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Denoting by bac the greatest integer smaller or equal to a, one can sum to
arrive at

ΛcI(x,Ωb) ≤
∞∑
n=1

χ[nδ,∞)(l(I))K
n =

b l(I)
δ
c∑

n=1

Kn =
K −Kb l(I)

δ
+1c

1−K

≤ K

K − 1
(e

l(I)
δ

lnK − 1),

for K 6= 1 and ΛcI(x,Ωb) ≤ l(I)
δ for K = 1.

We combine Proposition 4.10 and Lemma 14 in Theorem 4.14 below. An
alternative to prove convergence of the clan kernel series is to require a bound
on the birth kernel which is linear in time while dropping the reproduction
delay assumption. This is a weaker condition than Hypothesis 4.12 and
Assumption 4.11 together, which leads to a different and possibly weaker
estimate of ΛcI .

Hypothesis 4.13. There exists some k ≥ 0 such that, for all I ∈ C and all
x ∈ Ω,

ΛI(x,Ωb) ≤ kl(I). (1.12)

We then estimate the clan kernel as follows.

Lemma 15. Under Hypothesis 4.13 there exists a constant k ≥ 0 such that,
for all I ∈ C and all x ∈ Ω,

ΛcI(x,Ωb) ≤ ekl(I) − 1.

Proof. If we suppress the dependence on (x,Ωb) in the notation, it
follows from (1.12) that

Λ2∗
I =

∫
[0,l(I))

Λθ(−σ)I × Λρ(dσ)I ≤ k2

∫
[0,l(I))

(l(I)− σ)dσ =
1
2
k2l2(I),

from which we arrive by induction at an estimate in terms of the Taylor
expansion of the exponential function

Λn∗I ≤ 1
n!
knln(I).

The rest follows by summation.

We conclude that, in the present setting, for fixed l(I), the operator TI
is bounded uniformly with respect to I , which establishes Hypothesis 2.4:
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Theorem 4.14. (a) Under Hypothesis 4.12 and Assumption 4.11 , one has

‖TIm‖ ≤

{
‖m‖( l(I)δ + 1), for K = 1,

‖m‖ 1
K−1(Ke

l(I)
δ

lnK − 1), for K 6= 1.

(b) Under Hypothesis 4.13, one has

‖TIm‖ ≤ ‖m‖ekl(I).

(c) Under the conditions of either (a) or (b), there exist constants c ≥ 1 and
k ≥ 0, such that

‖TIm‖ ≤ cekl(I)‖m‖. (1.13)

In the remainder of Section 1.4, we will use Hypothesis 4.13 or directly
(1.13). Conditions guaranteeing that Hypothesis 4.12 or Hypothesis 4.13
holds will be given in Section 1.6.2.

1.4.3 Existence of the preadjoint

In Section 1.2.4 we introduced the concept of duality in the abstract setting.
In order to guarantee that Hypothesis 2.6 holds, we first define a space X,
such that X∗ = M(Ω) and on which there can be defined operators to which
the operators (1.1) are adjoint. We start by making

Assumption 4.15. The i-state space Ω is a locally compact Hausdorff space.

This guarantees Hypothesis 4.1 and enables us to define

X := C0(Ω)
= {f ∈ C(Ω) : ∀ε > 0 ∃Kε ⊂ Ω compact, with |f(s)| < ε, ∀s ∈ Ω\Kε}

(1.14)

equipped with the supremum norm. Here C(Ω) denotes the vector space of
all continuous functions on Ω. We call X the continuous functions vanishing
at infinity, see e.g. [26]. Note that for compact Ω we have X = C(Ω). The
dual space ofX then indeed can be represented by the population state space,
i.e.,

X∗ = C0(Ω)∗ = M(Ω) = Y,

when the pairing is defined by

〈m,φ〉 := φ×m =
∫

Ω
φ(x)m(dx). (1.15)
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Here and in Section 1.4.4 we establish results that will also be used in the
nonlinear theory where one might have merely bounded and measurable func-
tions, see Section 1.5.1. Denoting the Banach space of bounded and measur-
able functions equipped with the sup-norm by BM(Ω), we therefore remark
that the canonical embedding (see the remarks and reference below Hypoth-
esis 3.4) of C0(Ω) in its bidual space C0(Ω)∗∗ = M(Ω)∗

C0(Ω) −→ M(Ω)∗

φ 7−→ 〈·, φ〉

can be extended to BM(Ω) in a natural way: one easily proves that

BM(Ω) −→ M(Ω)∗

φ 7−→ 〈·, φ〉

also defines an imbedding. In particular, the right hand side of (1.15) is well
defined if φ ∈ BM(Ω) and for such φ the estimate

|
∫

Ω
φ(x)dx| ≤ sup

x∈Ω
|φ(x)|‖m‖

holds.
Now recall that, for every I and x, ucI(x, ·) ∈M(Ω). Hence the pairing

〈ucI(x, ·), φ〉 = (φ× ucI)(x) =
∫

Ω
φ(y)ucI(x, dy) (1.16)

is well defined.
In order to define preadjoint operators T̃Iφ by (1.16), one has to guarantee
that the map

x 7−→ (φ× ucI)(x)

belongs to C0(Ω). To do so in terms of uI and ΛI , we first recall

Definition 4.16. For a measure m, the total variation measure |m| is given
by

|m|(ω) := sup
∞∑
i=1

|m(ωi)|,

the supremum being taken over all partitions {ωi} of ω. For a kernel k we
use the notation |k|(x, ω) = |k(x, ·)|(ω), that is, we define |k| as a kernel. The
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total variation of a real-valued function f defined on an interval [0, s] is given
as

V (f) := sup
n∑
j=1

|f(xj)− f(xj−1)|,

the supremum being taken over all choices {xi}, such that

0 ≤ x0 < ... < xn ≤ s.

Note that, by monotonicity and positivity of ΛI , see Hypothesis 4.8 (i),
for I ∈ C and x ∈ Ω, one has

V (|Λρ(·)I |(x,Ωb)) = V (Λρ(·)I(x,Ωb)) = ΛI(x,Ωb). (1.17)

Hypothesis 4.17. (a) For every φ ∈ C0(Ω) and every I ∈ C, the map

x 7−→ (φ× uI)(x)

is continuous on Ω.
(b) For every I ∈ C, x0 ∈ Ω, ε > 0 there exists some δ = δ(I, x0, ε) such that

V (|Λρ(·)I(x, ·)− Λρ(·)I(x0, ·)|(Ωb)) < ε

on [0, l(I)] for all x ∈ Ω with |x− x0| < δ.
(In other words, we should have that, when defining

f(s) := |Λρ(s)I(x, ·)− Λρ(s)I(x0, ·)|(Ωb),

then V (f) < ε on [0, l(I)]).
(c) Let I ∈ C and φ ∈ C0(Ω), then the functions

x 7−→ ΛI(x,Ωb), (1.18)
x 7−→ (φ× uI)(x) (1.19)

vanish at infinity in the sense of (1.14).

Remark 4.18. When interpreting (1.18) in terms of size or age structure,
for large classes of models the assumption is natural (see Section 1.6.3 ).
Nevertheless, we remark that the estimate (1.25) in the proof of Theorem
4.19 below shows that (c) is not sharp and hence one might alternatively
choose a weaker assumption, with a possibly less clear interpretation.
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To prove that Hypothesis 4.17 is sufficient for well-defining T̃Iφ by (1.16),
we will estimate products and convolutions. Again it will prove convenient
to introduce some notation. For φ ∈ BM(Ω) by

oI := φ× uI (1.20)

we define a function on Ω, which we call an individuals output (with respect
to φ, see Section 1.5.1). Analogously, by

ocI := φ× ucI , (1.21)

we define an individuals clan output. The exposition will lead us to use both
notations, more precisely, for estimating we shall use the “φ-notation” and
for abbreviating the “o-notation”.
From (1.9) we get a generalized Volterra convolution equation (where gener-
alized refers to the convolution product where the variable is a function of
time rather than time itself) which will be central in following estimates:

ocI = oI + (oc ∗ Λ)I . (1.22)

For functions x −→ ϕI,J(x) parametrized by two inputs of not necessarily
the same length, define

ϕI,J := sup
ξ∈Ωb,σ∈[0,min{l(I),l(J)}]

|ϕθ(−σ)I,θ(−σ)J(ξ)|

and make an analogous definition for functions parametrized by one input.

Theorem 4.19. One has ocI ∈ C0(Ω) and therefore the map T̃I : C0(Ω) −→
C0(Ω),

T̃Iφ := φ× ucI (1.23)

is well defined.

Proof. We first show the continuity of x 7−→ ocI(x). Using (1.22), by subtrac-
tion we arrive at

|ocI(x)− ocI(x0)| ≤ |oI(x)− oI(x0)|+ |(oc ∗ Λ)I(x)− (oc ∗ Λ)I(x0)|
= |oI(x)− oI(x0)|+ |(ocI ∗ (ΛI(x, ·)− ΛI(x0, ·))|.

(1.24)
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In order to estimate the second difference on the right hand side of (1.24),
we first show that ocI is finite: Using (1.4), (1.3) and Hypothesis 4.8 (ii), one
can estimate

|ocI(x)| = |(φ× ucI)(x)| ≤ |(φ× uI)(x)|+ |(φ× (u ∗ Λc)I)(x)|
≤ ‖φ‖(1 + ΛcI(x,Ω)).

Then, one deduces from Lemma 14 or Lemma 15, that ocI < ∞ and we can
continue estimating in (1.24):

|(ocI ∗ (Λρ(·)I(x, ·)− Λρ(·)I(x0, ·))| ≤ ocIV (|Λρ(·)I(x, ·)− Λρ(·)I(x0, ·)|(Ωb)).

Hence, we arrive at

|ocI(x)− ocI(x0)| ≤ |oI(x)− oI(x0)|
+ocIV (|Λρ(·)I(x, ·)− Λρ(·)I(x0, ·)|(Ωb))

and the continuity follows from Hypothesis 4.17 (a) and (b).
The vanishing at infinity property follows from (1.22), (1.17), Hypothesis
4.17 (c) and the estimate

|T̃Iφ(x)| ≤ (φ× uI)(x) + ocIΛI(x,Ωb). (1.25)

1.4.4 Weak* continuous dependence on the input

We verify the continuity assumption Hypothesis 2.7 by estimating outputs
and differences of outputs via convolution equations. From (1.22), (1.17) and
Hypothesis 4.13 one gets

|ocI(x)| ≤ |oI(x)|+ ocIΛI(x,Ωb) ≤ ‖φ‖+ ocIkl(I) (1.26)

(with here and in the rest of this section k as introduced in Hypothesis 4.13).
Next, we deduce an analogous inequality for the difference of clan outputs.
For inputs of equal length, we deduce from (1.22) by subtraction that

ocI − ocJ = oI − oJ + ocI ∗ (ΛI − ΛJ) + (ocI − ocJ) ∗ ΛJ , (1.27)

where we slightly adapted the convolution notation in an obvious manner.
Hence, for x ∈ Ω we can estimate

|ocI(x)− ocJ(x)| ≤ |oI(x)− oJ(x)|+ ocIV (|Λρ(·)I − Λρ(·)J |(x,Ωb))

+ocI − ocJΛJ(x,Ωb)
≤ gI,J(x) + ocI − ocJkl(J), (1.28)
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where

gI,J(x) := |oI(x)− oJ(x)|+ ocIV (|Λρ(·)I − Λρ(·)J |(x,Ωb)). (1.29)

The next goal is to work out an estimate for clan outputs from (1.26) and for
their differences from (1.28) (note the common structure) by establishing a
result somewhat similar to Gronwalls Lemma for functions parametrized by
inputs. For the case of dependence on merely one input, the following lemma
has already been proved in [12].

Lemma 16. Suppose for I, J ∈ C and x ∈ Ω it holds that

ϕI,J(x) ≤ hI,J(x) + ϕI,JKI,J(x), (1.30)

and KI,J < 1, then we obtain the estimate

ϕI,J(x) ≤ hI,J(x) + (1−KI,J)−1hI,JKI,J(x).

Proof. Let σ < min{l(I), l(J)} then, since ϕθ(−σ)I,θ(−σ)J ≤ ϕI,J , we get from
(1.30)

ϕθ(−σ)I,θ(−σ)J(x) ≤ hθ(−σ)I,θ(−σ)J(x) + ϕI,JKθ(−σ)I,θ(−σ)J(x)

and hence, by taking suprema,

ϕI,J ≤ hI,J + ϕI,JKI,J .

Therefore, as KI,J < 1, we have

ϕI,J ≤ (1−KI,J)−1hI,J ,

which can be plugged into the right hand side of (1.30) to yield the result.

Applying this lemma to (1.28) we obtain

Lemma 17. Let g be defined by (1.29), then the estimate

|(φ× ucI)(x)− (φ× ucJ)(x)| ≤ gI,J(x) + (1− ks)−1gI,Jks

holds for all x ∈ Ω, I, J ∈ Cs, provided s < 1
k .

For the special case of functions depending merely on one input, Lemma
16 can be applied to (1.26):
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Lemma 18. For s < 1
k , I ∈ Cs, φ ∈ BM(Ω) and x ∈ Ω, one has

|(φ× ucI)(x)| ≤ ‖φ‖(1− ks)−1. (1.31)

While so far the results only require φ ∈ BM(Ω), in Theorem 6.10 be-
low we will restrict ourselves to C0(Ω). Then we can formulate continuity
assumptions on uI and ΛI as

Hypothesis 4.20. (a) There exists some l > 0 and some nondecreasing
function C(s) on [0, l], tending to zero as s tends to zero, such that

V (|Λρ(·)I − Λρ(·)J |(x,Ωb)) ≤ C(s)‖I − J‖ (1.32)

for all s ∈ [0, l], x ∈ Ω, I, J ∈ Cs.
(b) There exists some l > 0, such that for all φ ∈ C0(Ω) and all ε > 0, there
exists some δ = δ(ε, φ), such that

|(φ× uI)(x)− (φ× uJ)(x)| ≤ ε, (1.33)

for all x ∈ Ω, s ∈ [0, l] and all I, J ∈ Cs with ‖I − J‖ ≤ δ.

Finally, we can prove the main result of this subsection, which guarantees
that Hypothesis 2.7 is fulfilled.

Theorem 4.21. There exists some l > 0, such that for all φ ∈ C0(Ω) and
all ε > 0, there exists some δ = δ(ε, φ), such that

|(φ× ucI)(x)− (φ× ucJ)(x)| ≤ ε

for all x ∈ Ω, s ∈ [0, l] and all I, J ∈ Cs with

‖I − J‖ ≤ δ.

Proof. By Lemma 17, one has

|(φ× ucI)(x)− (φ× ucJ)(x)| ≤ gI,J(x) + (1− ks)−1ksgI,J . (1.34)

On the other hand, from (1.29) and Lemma 18 one has

gI,J(x) = |(φ× uI)(x)− (φ× uJ)(x)|
+ocIV (|Λρ(·)I) − Λρ(·)J |(x,Ωb))

≤ |(φ× uI)(x)− (φ× uJ)(x)|
+‖φ‖(1− ks)−1V (|Λρ(·)I − Λρ(·)J |(x,Ωb)).

The rest follows by plugging this estimate into (1.34) and using Hypothesis
4.20.
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1.4.5 Weak* continuous dependence on time

Working along the same lines as in Section 1.4.4, we verify Hypothesis 2.12 in
terms of the behaviour of the map t 7−→ uρ(t)I , which itself will be investigated
in Section 1.6.5. Note, that for I ∈ C and s, t ∈ [0, l(I)], from (1.22) we get

ocρ(t)I − ocρ(s)I = oρ(t)I − oρ(s)I + (oc ∗ Λ)ρ(t)I − (oc ∗ Λ)ρ(s)I . (1.35)

If t > s, we rewrite the second difference on the right hand side as

(oc ∗ Λ)ρ(t)I − (oc ∗ Λ)ρ(s)I

=
∫

[0,s)
(ocθ(−σ)ρ(t)I − ocθ(−σ)ρ(s)I)× Λρ(dσ)ρ(s)I

+
∫

[s,t)
ocθ(−σ)ρ(t)I × Λρ(dσ)ρ(t)I . (1.36)

For x ∈ Ω, the first integral can be estimated as

|
∫

[0,s)
((ocθ(−σ)ρ(t)I − ocθ(−σ)ρ(s)I)× Λρ(dσ)ρ(s)I)(x)|

≤ sup
ξ∈Ωb, σ∈[0,s)

|ocθ(−σ)ρ(t)I(ξ)− ocθ(−σ)ρ(s)I(ξ)|ks

= ocρ(t)I − ocρ(s)Iks.

Similarly, we estimate the second integral of (1.36) as

|
∫

[s,t)
(ocθ(−σ)ρ(t)I × Λρ(dσ)ρ(t)I)(x)|

≤ sup
ξ∈Ωb, σ∈[s,t)

|ocθ(−σ)ρ(t)I(ξ)|k(t− s)

≤ ocρ(t)Ik(t− s).

Hence, for x ∈ Ω and 0 ≤ s < t ≤ l(I), we can derive from (1.35) that

|ocρ(t)I(x)− ocρ(s)I(x)|
≤ |oρ(t)I(x)− oρ(s)I(x)|+ ocρ(t)Ik(t− s) + ocρ(t)I − ocρ(s)Iks.

= gρ(t)I,ρ(s)I(x) + ocρ(t)I − ocρ(s)Iks, (1.37)

where

gρ(t)I,ρ(s)I(x) := |oρ(t)I(x)− oρ(s)I(x)|+ ocρ(t)Ik(t− s). (1.38)

Now, we can apply Lemma 16 to (1.37).
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Lemma 19. For x ∈ Ω and sufficiently small l(I), one has

|ocρ(t)I(x)− ocρ(s)I(x)| ≤ gρ(t)I,ρ(s)I(x) + (1− kl(I))−1gρ(t)I,ρ(s)Ikl(I), (1.39)

where g is defined by (1.38).

Before estimating (1.39) using (1.38), it remains to state a continuity
assumption for u:

Hypothesis 4.22. There exists some l > 0, such that for all φ ∈ C0(Ω) and
all ε > 0 there exists some δ = δ(ε, φ), such that

|(φ× uρ(s)I)(x)− (φ× uρ(t)I)(x)| ≤ ε (1.40)

for all x ∈ Ω, I ∈ Cl and all s, t ∈ [0, l] with |s− t| ≤ δ.

Now Hypothesis 2.12 can be verified:

Theorem 4.23. There exists some l > 0, such that for all φ ∈ C0(Ω) and
all ε > 0 there exists some δ = δ(ε, φ), such that

|(φ× ucρ(s)I)(x)− (φ× ucρ(t)I)(x)| ≤ ε (1.41)

for all x ∈ Ω, I ∈ Cl and all s, t ∈ [0, l] with |s− t| ≤ δ.

Proof. By Lemma 19, one has for x ∈ Ω and sufficiently small l(I) that

|(φ× ucρ(t)I)(x)− (φ× ucρ(s)I)(x)|

≤ gρ(t)I,ρ(s)I(x) + (1− kl(I))−1kl(I)gρ(t)I,ρ(s)I , (1.42)

where by Lemma 18 and (1.38) one has

0 ≤ gρ(t)I,ρ(s)I(x) ≤ |(φ× uρ(t)I)(x)− (φ× uρ(s)I)(x)|
+‖φ‖(1− kl(I))−1k(t− s).

(1.43)

The first term on the right hand side of (1.43) tends to zero as |s − t| → 0
for l(I) sufficiently small, uniformly in I and x ∈ Ω by Hypothesis 4.22 and
hence so does gρ(t)I,ρ(s)I(x). Using this, the statement follows from (1.42).

1.5 Nonlinear structured population models

We elaborate the hypotheses made in Section 1.3.
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1.5.1 Linear continuous output

Remember that for the case γ ∈ (C0(Ω))n, the continuity of the map

t 7−→ γ × ucρ(t)I ×m

is guaranteed, see Section 1.3.1. Since also for the subsequent verification
of global existence and continuity properties of the nonlinear system, the
continuity of γ is of great use, we will concentrate on this case. For the class
of models where γ can be represented by an element of the bidual space, we
can suppose γ ∈ (BM(Ω))n ⊂ (C0(Ω)∗∗)n (where more precisely “⊂” refers
to embedding, see the remarks below Assumption 4.15). We refer to [12] for
a technically more involved method to treat the case of a γ with jumps.

Remark 5.1. In biologically relevant models γ depends on I. In [12] it is
suggested however that most (if not all) models have a hierarchical structure
of the form

I1 = γ1 ×m, I2 = γ2(I1)×m, ... (1.1)

In that paper it is also argued that this structure can be used to construct
solutions via a similar contraction argument as in the case where γ is indepen-
dent of I. We are confident that also the arguments used in the following to
derive global existence can be generalized to models having the hierarchical
structure, but leave the elaboration for future work.

Assumption 5.2. There exists some γ ∈ (C0(Ω))n, such that

H(ucρ(·)I ×m) = γ × ucρ(·)I ×m, (1.2)

for all m ∈M+(Ω), I ∈ Cs, s > 0.

Corollary 5.3. Hypothesis 3.5 holds and when, as in Definition 3.3, we
define PmI = H(ucρ(·)I ×m), then for all s > 0 it holds that Pm(Cs) ⊂ Cs.

In analogy to (1.20)-(1.21), we rewrite (1.2) as

PmI = ocρ(·)I ×m, (1.3)

while defining oI and ocI by

o
(c)
I := γ × u

(c)
I . (1.4)
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1.5.2 Global solutions

For a linear output the Lipschitz condition on the input output map Hy-
pothesis 3.17 is fulfilled, if a corresponding condition for the clan output
holds:

Lemma 20. Assume there exists some δ > 0 and some nondecreasing func-
tion K : [0, δ] −→ R+ with lims↓0K(s) = 0, such that

|ocI(x)− ocJ(x)| ≤ K(s)‖I − J‖, (1.5)

for all s ∈ [0, δ], all I, J ∈ Cs and all x ∈ Ω, then Hypothesis 3.17 holds, i.e.,

‖PmI − PmJ‖ ≤ K(s)‖I − J‖

for all m ∈M+(Ω), s ∈ [0, δ] and I, J ∈ Cs.

Proof. Let s ∈ [0, δ] and t ∈ [0, s], then the statement follows from the
estimate

|PmI(t)− PmJ(t)| = |
∫

Ω
(ocρ(t)I(x)− ocρ(t)J(x))m(dx)|

≤ K(t)‖ρ(t)I − ρ(t)J‖‖m‖ ≤ K(s)‖m‖‖I − J‖.

Hence, we estimate the differences of clan outputs, more precisely we
guarantee the Lipschitz property (1.5) via a corresponding property for indi-
vidual outputs:

Hypothesis 5.4. There exists some δ > 0 and some nondecreasing function
C2 : [0, δ] −→ R+, tending to zero as s tends to zero, such that

|oI(x)− oJ(x)| ≤ C2(s)‖I − J‖ (1.6)

for all s ∈ [0, δ], x ∈ Ω, I, J ∈ Cs.

Proposition 5.5. There exists some δ > 0 and a nondecreasing function
K : [0, δ] −→ R+, tending to zero as s tends to zero, such that

|ocI(x)− ocJ(x)| ≤ K(s)‖I − J‖

for all s ∈ [0, δ], all I, J ∈ Cs and all x ∈ Ω.
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Proof. Like in the proof of Theorem 4.21, with φ specified to be γ, one
deduces

|ocI(x)− ocJ(x)| ≤ gI,J(x) + (1− ks)−1ksgI,J , (1.7)

where

gI,J(x) ≤ |oI(x)− oJ(x)|
+‖γ‖(1− ks)−1V (|Λρ(·)I − Λρ(·)J |(x,Ωb)).

Then by Hypotheses 4.20 (a) and 5.4, one arrives at a Lipschitz estimate for
gI,J(x), which can be plugged into (1.7) to yield the statement.

1.5.3 Weak* continuous dependence on the initial value

Using that by Corollary 5.3, (1.2) and (1.1) we have

PmI = γ × Tρ(·)Im,

we can now verify Hypothesis 3.22 via the boundedness of γ.

Lemma 21. For all s > 0 and all I ∈ Cs, the map

m 7−→ γ × Tρ(·)Im

is continuous from M(Ω), provided with the norm topology, to Cs.

Proof. Let s > 0, I ∈ Cs and θ ∈ [0, s] and suppose, that mn −→ m in
M+(Ω), then from the boundedness of γ (Assumption 5.2) and TI (Hypothesis
2.4), we get

‖γ × Tρ(θ)Imn − γ × Tρ(θ)Im‖ ≤ ceks‖γ‖‖mn −m‖ (1.8)

(recall that ρ(θ) is a bounded linear operator of norm one). Hence, also the
supremum of the left hand side over all θ ∈ [0, s] tends to zero for n tending
to infinity and the statement of the lemma follows.

1.6 Deterministic individual development for lin-
ear systems with input

For the verification of the hypotheses made in Sections 1.4 and 1.5 we con-
centrate on the case of deterministic individual development, which we call
growth. Moreover, we shall assume that there is only one possible state at
birth.
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1.6.1 Vital functions

Assumption 6.1. (a) There exists some xb ∈ Ω such that Ωb := {xb} (see
Definition 4.9). We call xb the state at birth
(b) There exist functions XI , FI and LI with the following interpretations:
XI(x) denotes the i-state (size) of an individual that has evolved under an
input I during l(I) time units after the individual had state x.
FI(x) denotes the survival probability of such an individual.
LI(x) denotes the reproduction function, i.e., the expected number of off-
spring produced by such an individual in the time interval of length l(I)
experiencing input I.

Remark 6.2. In case that individual development can be described by birth,
growth and death rates β, g and µ, like in the class of models described by
the PDE given in the introduction, one can easily define vital functions in
terms of these rates: one uses that the function t 7−→ Xρ(t)I(x0) is the unique
solution of the initial value problem

d

dt
x(t) = g(x(t), I(t)),

x(0) = x0

and that

FI(x0) = e−
R l(I)
0 µ(Xρ(s)I(x0),I(s))ds

and

LI(x0) =
∫ l(I)

0
β(Xρ(s)I(x0), I(s))Fρ(s)I(x0)ds.

For an example for the modeling of individual behaviour via rates, we refer
to the cannibalism model described in [7], [12], [15] and [16]. This model
is very instructive as it is on the one hand simple in the way that only one
(structured) population is involved, but on the other hand features structure
(size-dependence) and nonlinearities (cannibalistic interactions).

Now the earlier defined kernels take the form

uI(x, ω) = δXI(x)(ω)FI(x), (1.1)

ΛI(x, ω) = LI(x)δxb
(ω) (1.2)

for x ∈ Ω and ω ∈ Σ and we formulate Hypotheses 4.5, 4.6 and 4.8 in terms
of the vital functions.
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Assumption 6.3. (i) (x, ω) 7−→ δXI(x)(ω)FI(x) and (x, ω) 7−→ LI(x)δxb
(ω)

are parametrized families of positive kernels.
(ii) For I ∈ C, σ ∈ [0, l(I)] and x ∈ Ω the two consistency relations

LI(x) = Lρ(σ)I(x) + Lθ(−σ)I(Xρ(σ)I(x))Fρ(σ)I ,

FI(x) = Fρ(σ)I(x)Fθ(−σ)I(Xρ(σ)I(x))

hold.
(iii) For x ∈ Ω and I ∈ C the function σ 7−→ Lρ(σ)I(x) is nondecreasing on
[0, l(I)] and limσ↓0 Lρ(σ)I(x) = 0.
(iv) For x ∈ Ω and I ∈ C the function σ 7−→ Fρ(σ)I(x) is nonincreasing on
[0, l(I)] and limσ↓0Fρ(σ)I(x) = 1, in particular FI(x) ≤ 1.

Note that, when XI , FI and LI are defined via rates, like suggested in
Remark 6.2, Assumption 6.3 can be guaranteed in a straightforward and
natural manner.

1.6.2 Exponential boundedness

Concerning exponential boundedness, all that is left to do at this level is to
verify either the reproduction delay or the linear boundedness of the repro-
duction kernel, which leads to the following alternatives.

Assumption 6.4. There exists some δ > 0, such that for all s ∈ [0, δ] and
all I ∈ Cs, one has

LI(xb) = 0.

Assumption 6.5. There exists some k > 0, such that for all x ∈ Ω and all
I ∈ C one has

LI(x) ≤ kl(I).

1.6.3 Existence of the preadjoint

We guarantee Hypothesis 4.17 using that, by (1.1) and (1.2), we get

(φ× uI)(x) =
∫

Ω
φ(y)FI(x)δXI(x)(dy) = φ(XI(x))FI(x), (1.3)

ΛI(x,Ωb) = LI(x). (1.4)

Assumption 6.6. (a) For every I ∈ C, the maps x 7−→ XI(x) and x 7−→
FI(x) are continuous on Ω.
(b) For every I ∈ C, x0 ∈ Ω, ε > 0 there exists some δ = δ(I, x0, ε) such that

V (Lρ(·)I(x)− Lρ(·)I(x0)) < ε,
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for all x ∈ Ω with |x− x0| < δ.
(c) For every compact set K ′ ⊂ Ω there exists some compact set K ⊂ Ω,
such that XI(x) ∈ Ω\K ′ if x ∈ Ω\K.
(d) The function x 7−→ LI(x) vanishes at infinity.

Note that for the large class of models with compact Ω, (c) and (d) are
always guaranteed. For noncompact Ω, when XI(x) ∈ R represents age or
size, one can verify (c) via a monotonicity assumption on x 7→ XI(x).

Remark 6.7. For noncompact Ω, (d) is too strong for many models (an
exception is “humans” and “age dependence”) (see also Remark 4.18): In-
dividuals, in general, do not stop reproducing upon reaching a certain age
(or size), its the mortality, in fact, that stops the reproduction. We hope
in future work to incorporate this idea into the modelling by restricting the
set of possible population states to exponentially weighted measures and as
a consequence to be able to allow a pairing of such measures with functions
that do not necessarily vanish at infinity.

Lemma 22. For every φ ∈ C0(Ω) and every I ∈ C, the function

x 7−→ (φ× uI)(x)

is an element of C0(Ω).

Proof. The continuity follows via (1.3), Assumption 6.6 (a) and the continuity
of φ. The vanishing at infinity follows from Assumption 6.6 (c) and the
vanishing at infinity of φ.

Finally note that the continuity property in Assumption 6.6 (b) clearly
implies the truth of Hypothesis 4.17 (b) and the vanishing at infinity in
Assumption 6.6 (d) implies the vanishing at infinity of x −→ ΛI(x,Ωb).
Hence Hypothesis 4.17 is verified.

1.6.4 Weak* continuous dependence on input

We elaborate Hypothesis 4.20. There we assumed weak* continuity of the
survival kernel uI , for some l > 0 uniformly for x ∈ Ω and I, J ∈ Cl, which
will be guaranteed via
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Assumption 6.8. There exists some δ > 0 and positive functions CX and
CF , bounded on [0, δ], such that

|XI(x)−XJ(x)| ≤ CX(s)
∫ s

0
|I(σ)− J(σ)|dσ, (1.5)

|FI(x)−FJ(x)| ≤ CF (s)
∫ s

0
|I(σ)− J(σ)|dσ, (1.6)

for all s ∈ [0, δ], all I, J ∈ Cs and all x ∈ Ω.

Remark 6.9. Estimates (1.5), (1.6) and (1.7) (below) are precisely the esti-
mates that are already used in the local theory in [12]. There, their realization
is guaranteed for the case that XI , FI and LI are prescribed by correspond-
ing rates (see Remark 6.2), by imposing Lipschitz assumptions on the rates.
We therefore take these for granted.

Theorem 6.10. Hypothesis 4.20 (b) holds, i.e., there exists some l > 0, such
that for all φ ∈ C0(Ω) and all ε > 0 there exists some δ = δ(ε, φ), such that

|(φ× uI)(x)− (φ× uJ)(x)| ≤ ε,

for all x ∈ Ω and all I, J ∈ Cs, s ∈ [0, l] with ‖I − J‖ ≤ δ.

Proof. We estimate

|(φ× uI)(x)− (φ× uJ)(x)|
= |φ(XI(x))FI(x)− φ(XJ(x))FJ(x)|
≤ |φ(XI(x))− φ(XJ(x))|+ ‖φ‖|FI(x)−FJ(x)|.

The statement now follows from Assumption 6.8 and the uniform continuity
of φ.

Next, we give the assumption corresponding to the variation estimate
Hypothesis 4.20 (a).

Assumption 6.11. There is some δ > 0 and some nondecreasing function
CL on [0, δ], such that for all s ∈ [0, δ], all I, J ∈ Cs and all x ∈ Ω one has

V (Lρ(·)I(x)− Lρ(·)J(x)) ≤ CL(s)
∫ s

0
|I(σ)− J(σ)|dσ. (1.7)

We conclude with a counterexample showing that in general continuous
dependence on the input is not given in the dual space norm on M(Ω). (This
means of course that we can not expect differentiability in that sense either).
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Example 6.12. Let Ω ⊂ R+ and consider a population disregarding births
and deaths (which could apply, when considering a population for a short
time) under a given constant input I ∈ C. Define

XI(x) = x+ l(I)I,

(e.g., via an individual growth rate g(x, I) = I). As survival probability we
take FI(x) = 1 and so

uI(x, ·) = FI(x)δx+l(I)I = δx+l(I)I .

The next state operator takes the form

TIm = ucI ×m = uI ×m

= δ·+l(I)I ×m =
∫

Ω
δx+l(I)Im(dx).

Now let the initial population be concentrated in one individual state m :=
δx0 , then

TIδx0 = δXI(x0) = δx0+l(I)I .

Fix a length l(I) =: s and define In, I ∈ Cs with In := 1
n and I := 0, then

clearly In −→ I.
Now consider the dual space norm or strong topology given by

‖m‖ = sup
‖φ‖=1

|
∫

Ω
φ(x)m(dx)|

and choose for every n ∈ N some continuous function φn with φn(x0) = 1
and φn(x0 + s

n) = −1. Then

‖TInδx0 − TIδx0‖ = ‖δx0 − δx0+ s
n
‖ = sup

‖φ‖=1
|
∫

Ω
φ(x)(δx0 − δx0+ s

n
)(dx)|

≥ |
∫

Ω
φn(x)(δx0 − δx0+ s

n
)(dx)| = |φn(x0)− φn(x0 +

s

n
)|

= |1− (−1)| = 2

for all n ∈ N, which proves that the next state operator does not depend
continuously on the input in this topology.
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1.6.5 Weak* continuous dependence on time

We elaborate Hypothesis 4.22.

Assumption 6.13. There exists some l > 0, such that for all ε > 0 there
exists some δ = δ(ε) such that

|Xρ(s)I(x)−Xρ(t)I(x)| ≤ ε,

|Fρ(s)I(x)−Fρ(t)I(x)| ≤ ε,

for all x ∈ Ω, I ∈ Cl and all s, t ∈ [0, l] with |s− t| < δ.

Theorem 6.14. Hypothesis 4.22 holds, i.e., there exists some l > 0, such
that for all φ ∈ C0(Ω) and all ε > 0 there exists some δ = δ(ε, φ), such that

|(φ× uρ(s)I)(x)− (φ× uρ(t)I)(x)| ≤ ε

for all x ∈ Ω, I ∈ Cl and all s, t ∈ [0, l] with |s− t| ≤ δ.

Finally we show that, like in the case of continuity with respect to the
input, we can not expect strong continuity.

Example 6.15. Consider the linear semigroup with input from Example
6.12, but define

XI(x) = x+ l(I), (1.8)

(e.g., via a growth rate g(x) = 1), then

TIm = δx+l(I) ×m

and
TIδx0 = δx0+l(I)

for populations concentrated in one individual state. Then

Tρ( 1
n

)Iδx0 = δx0+ 1
n
,

Tρ(0)Iδx0 = δx0 ,

but a computation like in Example 6.12 shows that

‖Tρ( 1
n

)Iδx0 − Tρ(0)Iδx0‖ = 2.
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1.7 Nonlinear deterministic individual develop-
ment and assuming a fixed state at birth

The only hypothesis in Section 1.5 is Hypothesis 5.4, which will be verified
now.

1.7.1 Global solutions

The Lipschitz property for the output map oI can be guaranteed via a cor-
responding property of γ.

Assumption 7.1. The output function γ is globally Lipschitz.

Lemma 23. There exists some δ > 0 and some nondecreasing function
C2 : [0, δ] −→ R+ tending to zero for s tending to zero, such that for all
s ∈ [0, δ], I, J ∈ Cs and all x ∈ Ω one has

|oI(x)− oJ(x)| ≤ C2(s)‖I − J‖. (1.1)

Proof. One uses the same estimate as in the proof of Theorem 6.10, while
replacing φ by γ and using Assumptions 5.2 and 7.1.

1.8 Summarizing the results for populations with
deterministic individual growth

We illustrate the results of this paper by applying them to a class of mod-
els describing the dynamics of a size structured one species population with
deterministically growing individuals. The development of an individual can
then be modelled with size and input dependent growth, survival and re-
production functions XI(x), FI(x) and LI(x) (for precise interpretations see
Section 1.6.1), a size dependent output function γ(x) (Section 1.5.1), and a
fixed size at birth xb. Define

LcI(x) :=
∞∑
k=1

Lk∗I (x),

with inductively

L1∗
I := LI ,

Lk∗I := L
(k−1)∗
I ∗ LI , k ≥ 2
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and

(L ∗ L)I(x) =
∫

[0,l(I))
Lθ(−s)I(xb)Lρ(ds)I(x)

(the last identity follows by plugging (1.2) into (1.6)-(1.7). The population
state is described by a measure m over the possible individual sizes. We have
proven

Theorem 8.1. Suppose XI , FI , LI and γ satisfy Assumptions 6.3, 6.5, 6.8,
6.11 and 7.1 then, for the nonlinear dynamical system S(s,m) = Tρ(s)Imm
defined via the linear system with input

(TIm)(ω) :=
∫

Ω
FI(x)δXI(x)(ω)m(dx)

+
∫

Ω

∫
[0,l(I))

Fθ(−σ)I(xb)δXθ(−σ)I(xb)(ω)Lcρ(dσ)I(x)m(dx)

and the fixed point Im of the contraction

I 7−→ PmI =
∫

Ω
γ(x)(Tρ(·)Im)(dx),

one has global existence via Theorem 3.19. Moreover, S defines a semiflow
in the sense of Definition 3.13 (Theorem 3.15) and is bounded in the sense
of Theorem 3.16.
If additionally Assumptions 6.6 and 6.13 hold, then S is weak* continuously
dependent on time and state in the sense of Theorems 3.20 and 3.23.

1.9 Conclusions and outlook

Comparing the linear and nonlinear sections at each level, we see that for the
nonlinear theory much can be established at an abstract level, via the linear
theory and by concatenating inputs. We hope it also became clear how in
many ways introducing interaction variables allows one to analyse nonlinear
problems mainly in terms of linear problems.
For multispecies models one can define the i-state space Ω as the disjoint
union of the single species i-state spaces Ωj , j = 1, ..., k and model the inter-
actions between species via inputs.
Finally we mention that structural stability, in the sense of continuous de-
pendence with respect to the modeling ingredients, is still to be established.
This is rather important in view of numerical approximation.



62 CHAPTER 1. BOUNDEDNESS, GLOBAL EXISTENCE...

Acknowledgement: We are grateful to J.A.J. Metz and M. Gyllenberg for
being our interaction variables, providing constructive feedback.



Bibliography
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Chapter 2

Steady state analysis for a
size structured cannibalism
model with two dynamic
resources

This chapter is based on joint work with A. M. de Roos and O. Diekmann. Part of
the results that this chapter contains have been rewritten and extended in “On the
(dis)advantages of cannibalism”, which was submitted together with A.M. de Roos
and O. Diekmann to Journal of Mathematical Biology in June 2003.

Abstract
We investigate a size structured population models with individuals that de-
pend for energy supply on two resources, later to be specified as juvenile and
adult food, and on cannibalism. For both resources chemostat dynamics are
assumed. We model cannibalism and competition for the resources via size
specific environmental interaction variables and formulate steady state equa-
tions. To analyse these equations a bifurcation parameter is associated with
the carrying capacities of the resources and the direction of bifurcation of a
nontrivial steady state is computed. This direction, which indicates locally
whether or not cannibalism benefits a population, will be related to mecha-
nisms at the individual level. Moreover we specify the ingredients to make
global considerations and to investigate the possibility of an evolutionary
onset of cannibalism in a noncannibalistic population.
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2.1 Introduction

The paper has a biological as well as a mathematical methodological aim.
The biological aim is to model and analyse the interactions of a fairly gen-
eral cannibalistic population, structured by individual body size and having
two regular resources of (dynamic) food. At a general level we consider a
structured population interacting via cannibalism and via consumption of
two unstructured resource populations for which chemostat dynamics are as-
sumed. At a more specific level we stay close to the model parametrized for
Eurasian perch in [4] or [5]. In these references there can also be found field
data. We present several ways to decide systematically, whether or not in
steady state and for a given parametrization, cannibalism is beneficial for the
population. These ways include the consideration of benefit at the individual
level and of a limiting regular-food resource.
The mathematical aim is the illustration of a method to treat systematically
nonlinearities that arise naturally in realistic structured population models,
the method of environmental interaction variables. This method allows a
systematic formulation of a steady state problem as well as a rather easy
bifurcation analysis of this problem, so that one is rewarded for the work
invested in the model formulation. We compute the local direction of a non-
trivial branch generally and make global considerations for special cases.
The biological phenomenon of cannibalism allows the investigation of inter-
actions characteristic for general predator prey models, while staying in the
relatively simple setting of only one (structured) population. We hope to
pave the way for future models of several interacting structured populations.
The major role of cannibalism in the biology of many species becomes ap-
parent in e.g. the review [18], which contains numerous references for the
various biological observations. For comprehensive and gentle introductions
to structured populations, see [17], [9] and [7]. For a rather complete linear
theory, see [11]. Interaction variables for nonlinear structured population dy-
namics are clearly introduced in [12], where the cannibalism model is used
as a guiding example. Note that nonlinear age structured problems are al-
ready treated in [20]. The theory for the bifurcation analysis is given in [10].
We generalize the preceding cannibalism models of [19], [9], [10], [4] and [5]
(steady states) and [12] (dynamics). The generalization consists in a rather
precise mathematical and biological analysis of a steady state problem with
infinite dimensional interaction variables and dynamic resources.
Finally we mention that numerical work has been done, and is going on,
around the formulation with interaction variables and the cannibalism model:
For steady states in general, see [15] and for steady states in cannibalism [4]
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or [5]. For dynamics, see [1], [2] and [8].
Section 2.2 starts with a gentle introduction of the model via an example.
This is followed by a short algorithmic summary of the method of interaction
variables in order to keep the overview, when in the remainder of the section
we establish the detailed general model. The section ends with steady state
equations. As to be expected for nonlinear problems of this type, an explicit
solution to the steady state equations cannot be given, but the structure
of the equations admits a rather explicit bifurcation analysis, which will be
performed in Section 2.3: A bifurcation parameter is associated with the car-
rying capacities of the resources and existence and uniqueness of a bifurcation
point is shown. This point marks a persistence bound for a noncannibalistic
population feeding on two resources.
On the other hand we show in Section 2.4 that at the bifurcation point a non-
trivial branch emerges from the trivial one and compute, via linearization, a
formula for the direction of the bifurcation. We argue that the sign of the
bifurcation indicates whether or not cannibalism is beneficial and it will be
shown in Section 2.5 that, in a certain sense, it is beneficial at the individual
level (i-level) if and only if it is so at the population level (p-level).
Section 2.6 is a short discussion of the sign of bifurcation under a different
choice of parameters leading to a more graphical representation of the direc-
tion of bifurcation.
As a complement to the local bifurcation analysis for general problems, in
Section 2.7 the number of steady state equations is gradually reduced by
imposing more conditions on the model ingredients. This allows an easier
consideration of special situations. We consider a case, where finite dimen-
sional interaction variables can be defined and finally arrive at a finite system
of steady state equations, allowing some global considerations.
In Section 2.8 we choose the strength of cannibalism as an adaptive trait and
investigate the invadability of a cannibalistic mutant in a noncannibalistic
population.
The paper finishes with a short “conclusions and outlook” section.

2.2 Ingredients and structure of the model

We start by showing in an example how density dependence can be described
via interaction variables. Under reference to this example there follows a
systematic description of the method of interaction variables in Section 2.2.2.
In Sections 2.2.3 and 2.2.4 the modeling ingredients will be established. We
include two dynamic resources, later to be specified as juvenile and adult
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food, as well as a Type II functional response to incorporate all handling
times.
In Section 2.2.5 there will be deduced a system of equations, which all possible
steady states should satisfy.

2.2.1 Example

Let xb denote an individuals size at birth, then by x ∈ [xb,∞) we denote
individual size and by n a density on [xb,∞) representing the population
state at some point in time, such that∫ x2

x1

n(x)dx

equals the number (or spatial density) of individuals with sizes between x1

and x2. Let Z denote the density of regular food and let C(x) be the rate
at which an individual of size x consumes regular food and Cy(x) the canni-
balistic attack rate of a predator of size x on a victim of size y. The overall
predator size specific prey encounters, which for the moment are assumed to
be equal to prey consumption, can be computed as

C(x)Z +
∫ ∞

xb

Cy(x)n(y)dy. (2.1)

Let E(x) be the energy content of regular food, available for an individual
of size x, and Ey(x) the energy content of a victim of cannibalism of size
y available for a predator of size x. This gives a total energy intake for an
individual of size x of

E(x)C(x)Z +
∫ ∞

xb

Ey(x)Cy(x)n(y)dy. (2.2)

Finally assume that apart from cannibalism an individual of size x is threat-
ened by a so called background mortality rate µ0. Then, considering the
cannibalistic encounters as in the modeling of the energy intake rate, we
arrive at a total predation pressure for an individual of size x of

µ0(x) +
∫ ∞

xb

Cx(y)n(y)dy. (2.3)

The expressions (2.2) and (2.3) capture the feedback underlying a density
dependent (i.e., nonlinear) structured population model, as they involve the
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density n while pertaining to energy supply and survival of individuals. To
describe the loop explicitly we cut it, i.e., we replace (2.2) and (2.3) by

E(x)C(x)Z + I1(x), (2.4)
µ0(x) + I2(x) (2.5)

and call I1 and I2 (size-specific) interaction variables. When considering I1
and I2 as prescribed we can refer to them as inputs and the population model
is linear, i.e., individuals are independent from one another. The closing of
the loop is achieved by the feedback relations

I1(x) =
∫ ∞

xb

Ey(x)Cy(x)n(y)dy, (2.6)

I2(x) =
∫ ∞

xb

Cx(y)n(y)dy. (2.7)

If we consider n at the right hand side of (2.6)-(2.7) as corresponding to the
linear population model with prescribed I1 and I2, (2.6)-(2.7) constitute a
fixed point problem for I1 and I2. To elaborate this idea, we need to specify
how n is determined by I1 and I2 via the linear population model. In [12]
this is elaborated for the dynamic problem in which n, I1, I2 all depend on
time, while in [10] and here the steady state situation is treated.
For the discussion in the next section we keep in mind the following two
keypoints:
(1) we introduce interaction variables in such a way, that they remove all
density dependence, i.e., individuals are independent from one another when
the interaction variables are prescribed.
(2) in line with this dependence, interaction variables should depend linear
on the population density, see (2.6)-(2.7).

2.2.2 The method

We present an algorithmic summary of how to employ the method of inter-
action variables. Here the aim is not a complete reasoning (for which we
refer to [12] and [10]), but a help to keep the overview during the detailed
modeling that will follow. For easier understanding, the section can be read
in parallel, to the previous example to which we will refer, or to the following
sections (or both).
Note, first of all, that in nontrivial steady state the expected lifetime offspring
number R0 (also called the basic reproduction ratio) should be equal to one.
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Remark 11.1. The computation of R0 is relatively easy, when there is only
one possibility for the state of newborn individuals. Here we assume that
such is indeed the case, in particular that all newborns have size xb, while
referring to [10] for the more general situation.

(1) Single out the ingredients necessary to compute R0, which are density
dependent. In the example these are the energy intake rate and predation
pressure.
(2) Introduce size specific interaction variables Ii(x) in such a way that
(a) they replace the density dependence in the ingredients listed in (1), see
(2.4)-(2.5),
(b) the density dependence in the feedback relations is linear, more precisely,
specify functions γi(x, y, I), such that

Ii(x) =
∫ ∞

xb

γi(x, y, I)n(y)dy. (2.8)

In the example the specification of γ follows by looking at (2.6)-(2.7). The
function in the example is independent of I, which is not the case in the
general model.
(3) Use the input dependent ingredients to compute the expected lifetime
offspring R0 as a function of I.
(4) For every steady state there exists a steady state population density,
which
-depends linear on the (yet unknown) population birth rate c
-can be expressed in terms of the (I-dependent) modelling ingredients.
Using this result (2.8) becomes

Ii(x) = cFi(x, I) (2.9)

with some function F derived from γ and the (other) modeling ingredients.
Equations (2.9), together with the mentioned consistency relation

R0(I)c = c, (2.10)

with R0(I) derived in step (3), describe all steady states as (I, c) pairs. We
therefore refer to them as the steady state equations. In the remainder of
Section 2.2 we establish the steady state equations for the cannibalism model.
Thereafter we present and use a local bifurcation method to analyse the
equations exploiting the linear dependence on c.
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2.2.3 The model

First we model energy intake along the lines of Section 2.2.1, but now addi-
tionally taking handling time into account. In other words, we incorporate a
functional response to arrive at Hollings disk equation, see e.g. [17]. Let us
take one day as the unit of time and let tf (x) be the time per day an indi-
vidual of size x spends on foraging (see also the table at the end of Section
2.2.4). Let ts(x) be the time per day, it spends searching for prey and th(x)
the time per day, it spends handling prey. Assume that

tf (x) = ts(x) + th(x).

Let Ef (x) be the average energy intake resulting from one day foraging of an
individual of size x. The rate at which energy is ingested then becomes

Ef (x)
tf (x)

=
Ef (x)

ts(x) + th(x)
. (2.11)

Next denote by Z1 and Z2 the densities of resources one and two, later to be
specified as juvenile and adult food. Let Ci(x) and Cy(x) be, respectively, the
resource i and predator size x specific resource attack rate per unit of search
time and the cannibalistic attack rate per unit of search time of a predator of
size x on a victim of size y. For integration purposes let us assume that the
i-state dependences in all modelling ingredients are bounded and measurable.
Then the overall predator size specific prey encounters during search time,
i.e. per day, can be computed as

ts(x)[
2∑
j=1

Cj(x)Zj + ε

∫ ∞

xb

Cy(x)n(y)dy],

where an additional parameter ε ∈ [0, 1] is introduced to connect the model
without cannibalism to the model incorporating cannibalism; we call ε the
strength of cannibalism. This gives a predator size specific energy intake per
day of

Ef (x) = ts(x)[
2∑
j=1

Ej(x)Cj(x)Zj + ε

∫ ∞

xb

Ey(x)Cy(x)n(y)dy],

where the resource i and predator size specific energy content is denoted
by Ei(x) and the cannibalist predator and victim size specific victim energy
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content by Ey(x). The overall per day handling time can analogously be com-
puted (by weighing the encounters with prey type and size specific handling
times) as

th(x) = ts(x)[
2∑
j=1

Hj(x)Cj(x)Zj + ε

∫ ∞

xb

Hy(x)Cy(x)n(y)dy], (2.12)

where Hi(x) corresponds to per prey biomass handling time of resource i
and Hy(x) denotes the individual handling time of a predator of size x on a
victim of size y. Substituting the expressions for Ef (x) and th(x) into (2.11)
we obtain, after dividing out the factor ts(x), the expression∑2

j=1Ej(x)Cj(x)Zj + ε
∫∞
xb
Ey(x)Cy(x)n(y)dy

1 +
∑2

j=1Hj(x)Cj(x)Zj + ε
∫∞
xb
Hy(x)Cy(x)n(y)dy

(2.13)

for the energy intake rate. An analogous reasoning as for the modeling of the
energy intake rate under assumption of a background mortality µ0(x), leads
to a victim size specific predation pressure of

µ0(x) + ε

∫ ∞

xb

Cx(y)n(y)
1 +

∑2
j=1Hj(y)Cj(y)Zj + ε

∫∞
xb
Hξ(y)Cξ(y)n(ξ)dξ

dy. (2.14)

Finally, by subtracting the rate of consumption by the population from the
intrinsic (chemostat) growth rate the nett growth rate of the density Zi of
resource i can be computed as

ri(Ki − Zi)− εi

∫ ∞

xb

Ci(x)Zin(x)dx
1 +

∑2
j=1Hj(x)Cj(x)Zj + ε

∫∞
xb
Cy(x)Hy(x)n(y)dy

(2.15)

for i = 1, 2, where ri denotes the intrinsic growth rate of resource i, hav-
ing carrying capacity Ki and ε1, ε2 ∈ [0, 1] denote the strengths of resource
consumption, as incorporated in the model.

Remark 11.2. Note that ε is an intrinsic biological ingredient, which also
allows an interpretation from an evolutionary point of view (Section 2.8).
The parameters ε1 and ε2 are debatable modelling aids: When setting either
of them zero one ceases to consider the negative effect that consumption has
on the alternative resource and thus makes the model inconsistent. On the
other hand, however, the setting to zero of course makes the model simpler
(see Section 2.7).
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According to the strategy outlined in the Sections 2.2.1 and 2.2.2 we
introduce interaction variables Ii for i = 1, ..., 5 and rewrite (2.13)-(2.14) as

E(x, I(x)) :=

∑2
j=1Ej(x)Cj(x)(Kj − Ij) + I3(x)

1 +
∑2

j=1Hj(x)Cj(x)(Kj − Ij) + I4(x)
, (2.16)

µ(x, I(x)) := µ0(x) + I5(x). (2.17)

The feedback relations are accordingly

Ii := Ki − Zi, i = 1, 2, (2.18)

I3(x) := ε

∫ ∞

xb

Ey(x)Cy(x)n(y)dy, (2.19)

I4(x) := ε

∫ ∞

xb

Hy(x)Cy(x)n(y)dy, (2.20)

I5(x) := ε

∫ ∞

xb

Cx(y)n(y)
1 +

∑2
j=1Hj(y)Cj(y)(Kj − Ij) + I4(y)

dy. (2.21)

Remark 11.3. Note the “hierarchical” dependence of the right hand side
on I, which makes evaluation for given n possible: I5 depends on I1, I2 and
I4, which are given by explicit formulae in terms of n. This reflects the fact
that the dependence on I derives from a time scale argument underlying the
Holling type II functional response. See [12] for more explanation.

Since the resources follow chemostat dynamics, so do not reproduce, we
deal with (2.15) in an ad hoc manner. We introduce I6 and I7 and, using
(2.18), rewrite (2.15) as riIi − Ii+5 for i = 1, 2, so that the appropriate
feedback relation is given by

Ii+5 = εi

∫ ∞

xb

Ci(x)(Ki − Ii)n(x)
1 +

∑2
j=1Hj(x)Cj(x)(Kj − Ij) + I4(x)

dx,

for i = 1, 2. (2.22)
(2.23)

2.2.4 Computing R0(I)

We model individual growth and reproduction according to the κ-allocation
rule (see Kooijman 2000) formulated as the following assumption:
A fixed fraction κ of the ingested energy goes to growth and maintenance,
while the remaining fraction 1−κ goes to reproduction (and before reaching
adult size xA, the size at which reproduction starts, this amount is assumed
to be put into the building of the reproductive organs).
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Remark 11.4. The κ-allocation rule includes the assumption that, if un-
der constant ingestion maintenance costs become higher, then growth slows
down, but the reproduction rate stays the same.

The size specific individual growth rate can now be written as

g(x, I(x)) := ηg(κE(x, I(x))− ζx), (2.24)

where ηg is the conversion efficiency of energy into growth and ζx the main-
tenance rate (assumed to be proportional to body mass). The individual birth
rate is given by

β(x, I(x)) := ηb(1− κ)χ[xA,∞)(x)E(x, I(x)), (2.25)

where ηb is the conversion efficiency of energy into reproduction, (more pre-
cisely η−1

b is the energy required to produce one young). Before computing
survival and reproduction functions, we formalize the idea of a maximum size
by defining

xmax(I) := min{x > xb : g(x, I) = 0} ∈ (xb,∞].

Now the probability to survive to some size x ∈ [xb, xmax(I)) under input I,
denoted by F(x, I), is given as the solution of the ODE

d

dx
F(x) = −µ(x, I(x))

g(x, I(x))
F(x),

F(xb) = 1.

The expected number of offspring until reaching some size x ∈ [xb, xmax(I)),
denoted by L(x, I), is given as the solution of

d

dx
L(x) =

β(x, I(x))
g(x, I(x))

F(x, I), x > xA

L(xb) = 0.

Solving these ODEs one arrives at

F(x, I) = exp(−
∫ x

xb

µ(y, I(y))
g(y, I(y))

dy), (2.26)

for x ∈ [xb, xmax(I)) and

L(x, I) =
∫ x

xA

β(y, I(y))F(y, I)
g(y, I(y))

dy, (2.27)
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for x ∈ [xA, xmax(I)), if xmax(I) > xA, and

L(x, I) = 0 (2.28)

for x ≤ min{xA, xmax(I)}. Next we investigate the behaviour of these func-
tions for x ↑ xmax(I). One way to prove convergence of F(x, I) to zero for
x ↑ xmax(I) is to deduce an estimate from a mean value argument which
requires differentiabilty of g. Remarking that there are other ways to show
this convergence we assume the required differentiability of g along with a
boundedness assumption on µ0, which is debatable in a similar way:

Assumption 11.5. One has

µ0(y) ≥ µ

for some µ > 0 and the modelling ingredients involved in (2.24) are such that
for all I the map

y −→ g(y, I(y))

is differentiable in some left neighbourhood (xl, xmax(I)] of xmax(I).

Then we get

Lemma 24. (a)
F(xmax(I), I) = 0,

(b) for every pair of functions f and I such that

y −→ f(y, I(y))

is bounded and measurable on [xb, xmax(I)]

lim
x↑xmax

∫ x

xb

f(y, I(y))
g(y, I(y))

F(y, I)dy,

where g is defined by (2.24), exists and is finite,
(c) L(x, I) converges to some finite number for x ↑ xmax(I).

Proof. (a) By definition of xmax(I), we have g(xmax(I), I(xmax(I))) = 0.
From the mean value theorem of differential calculus follows the existence of
some g ∈ (0,∞), such that

g(y, I(y)) ≤ g · (xmax(I)− y)
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for y ∈ (xl, xmax(I)). Now we can estimate the integral in the exponent of
F : For x ∈ (xl, xmax(I)) one has

∫ x

xb

µ(y, I(y))
g(y, I(y))

dy ≥
µ

g

∫ x

xl

1
xmax(I)− y

dy,

which tends to infinity for x ↑ xmax(I) and hence F(xmax(I), I) = 0.
(b) Let f be the upper bound of f , then we can estimate for x ∈ (xl, xmax(I))

∫ x

xl

f(y, I(y))
g(y, I(y))

F(y, I)dy ≤ −f
µ

exp(−µ
∫ y

xb

1
g(x, I(x))

dx)|y=xy=xl
.

The rest follows by showing similarly to (a) that the expression on the right
hand side equals zero for x ↑ xmax(I).
(c) This follows from (b) with f := β.

Let us now extend F continuously by the zero function on (xmax(I),∞],
which allows integration with infinity rather than xmax(I) as upper bound.
Since the expected lifetime offspring number equals L(xmax(I), I), by (2.27)
and Lemma 24 we have

R0(I) =

{∫∞
xA

β(x,I(x))F(x,I)
g(x,I(x)) dx if xmax(I) > xA,

0 if xmax(I) ≤ xA.
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Symbols together with their physical units and definitions

x g individual body mass
n(x) (gl)−1 spatial size distribution (density) of individuals
tf h foraging time per day
ts h search time per day
th h handling time per day
Ci(x) lh−1 predator size and resource type specific rate of

attack during search
Cy(x) lh−1 cannibalistic attack rate during search of a

predator of size x on a victim of size y
Zi gl−1 (spatial) density of resource
Hi(x) hg−1 predator size and resource type specific per prey

biomass handling time
Hy(x) h cannibalistic handling time of a predator of size x on

a victim of size y
Ei(x) Jg−1 predator size and resource type specific energy

content
Ey(x) J predator size specific energy content of a victim

of size y
ηg gJ−1 conversion efficiency of energy into growth
ηb J−1 conversion efficiency of energy into reproduction
ζ J(gh)−1 maintenance factor
µ0(x) h−1 background mortality

Remark 11.6. Note that in the definitions of energy content and handling
time we compensate for measuring the resources in biomass whereas the
population is measured in numbers of individuals. See also the specifications
in Section 2.7.

2.2.5 Steady state equations

To arrive at steady state equations of the form (2.9)-(2.10), we argue as fol-
lows:
In steady state the nett growth rate of the resource equals zero, in other
words, the intrinsic growth rate equals the rate of consumption by the pop-
ulation. This means, that (2.15) should be equal to zero, which by the
definition of the Ii amounts to

r1I1 = I6, (2.29)
r2I2 = I7. (2.30)
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Next, in steady state the population state density is given by

n(x, I) = c
F(x, I)
g(x, I(x))

, (2.31)

introducing the (yet unknown) population birth rate c, see (Diekmann et
al. 2003). Plugging (2.31) into the feedback relations for I3(x) till I7, i.e.,
(2.19)-(2.22) and using (2.29)-(2.30) we arrive at

Ii =
cεi
ri

∫ ∞

xb

Ci(y)(Ki − Ii)F(y, I)
[1 +

∑2
j=1Hj(y)Cj(y)(Kj − Ij) + I4(y)]g(y, I(y))

dy,

for i = 1, 2, (2.32)

I3(x) = cε

∫ ∞

xb

Ey(x)Cy(x)F(y, I)
g(y, I(y))

dy, (2.33)

I4(x) = cε

∫ ∞

xb

Hy(x)Cy(x)F(y, I)
g(y, I(y))

dy, (2.34)

I5(x) = cε

∫ ∞

xb

Cx(y)F(y, I)
[1 +

∑2
j=1Hj(y)Cj(y)(Kj − Ij) + I4(y)]g(y, I(y))

dy,

(2.35)

which is indeed of the form (2.9).

Remark 11.7. Even though we leave the upper limits equal to infinity,
by the definition of F (see remarks after Lemma 24) the support of the
integrated functions lies inside [xb, xmax(I)] and convergence of the integrals
is guaranteed by Lemma 24 (b).

Finally, since for nontrivial steady states the expected number of lifetime
offspring should equal one, one has

c = R0(I)c. (2.36)

Therefore, in summary we arrive at steady state equations of the form

I(x) = cF (x, I), (2.37)
c = cR0(I), (2.38)

with a five component function F defined by the right hand side of (2.32)-
(2.35).
The steady state equations form a set of six equations in the six unknowns
I1, ..., I5 and c (but of course I3 − I5 are functions, not scalars). If we could
solve the system, we could compute the steady state density via (2.31). How-
ever since at this level of generality the nonlinearity of the system does not
permit an explicit solution we start by using bifurcation methods.
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2.3 Bifurcation points

When neglecting resource dynamics, i.e., considering the resource(s) as suffi-
ciently abundant, the resource density proved a natural bifurcation parameter
[9] and [10], whereas when incorporating chemostat dynamics of one resource,
one can take the carrying capacity of the resource as such. Therefore in the
present setting the goal is to analyse bifurcation along curves in the plane
defined by the two carrying capacities K1 and K2.
The dependence on the bifurcation parameter, denoted by s, will from now
on be incorporated in the notation by adding K(s) as an additional argument
in the relevant functions.

2.3.1 Motivation

Consider the steady state equations in the form (2.37)-(2.38) and note that
for any curve K in the plane spanned by K1 and K2 these equations have a
trivial branch of solutions

{(I = 0, c = 0,K(s)) : s ≥ 0}.

For nontrivial steady states the system is (in the new notation) equivalent to

I(x) = cF (x, I,K(s)), (2.1)
1 = R0(I,K(s)). (2.2)

Now suppose for some curve K(s) we found a point sc, such that

(I = 0, c = 0, s = sc)

is a solution of (2.2) and, trivially, of (2.1), i.e., a point s = sc for which

R0(0,K(sc)) = 1. (2.3)

Moreover suppose that we know that

d

ds
R0(0,K(s))|s=sc > 0, (2.4)

then an implicit function argument (for details see [10] or Section 2.4) applied
to (2.2) provides, under a minor non-degeneracy assumption, the existence
and uniqueness of a local branch through (0, 0, sc) parametrized by s. From
(2.2) - (2.4) comes the conclusion that for this branch I 6= 0 and therefore
by (2.1) also c 6= 0 for s 6= sc.
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In this way we have motivated the existence and uniqueness of a nontrivial
local branch intersecting the trivial one at (0, 0, sc) and may speak of sc as a
bifurcation point for the parameter s describing the curve K(s).
Therefore we now concentrate on proving existence and uniqueness of solu-
tions of (2.3). In biological terms this can be interpreted as a search for a
persistence bound for a noncannibalistic population, which grows if

R0(0,K(s)) > 1

and goes extinct if
R0(0,K(s)) < 1.

2.3.2 Existence and uniqueness of bifurcation points

Since we are interested in solutions of (2.2) for I = 0, it becomes convenient to
introduce further notation. Let E0(x,K) := E(x, 0,K) and define analogous
notation for β, g and later F .

Remark 12.1. From the definition of the death rate it follows that

µ0(x) = µ(x, 0),

which gives consistency with the notation introduced earlier.

Furthermore assume that the modelling ingredients involved in the defi-
nition of g0 are such that

dx

da
= g0(x,K), (2.5)

x(0) = xb. (2.6)

has a unique solution denoted by X0(a,K). Note that X0(a,K) is defined
for a between zero and the age at which xmax(K) := xmax(0,K) is reached.
This age, under our assumptions on g (see the remarks after Lemma 24), is
infinite as it is defined as

lim
x↑xmax(K)

∫ x

xb

1
g(y, I(y))

dy.

The expected lifetime offspring for I = 0 is given by

R0(0,K) =
∫ xmax(K)

xA

β0(x,K)e−
R x

xb

µ0(y)
g0(y,K)

dy

g0(x,K)
dx, (2.7)

if xmax(0,K) > xA.
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Remark 12.2. We introduce the convention that the integrals are zero if
the upper bound is smaller than the lower bound.

Next we investigate monotonicity of s 7−→ R0(0,K(s)) in order to show
uniqueness of a solution of (2.3) and limits will be computed to show existence
via the mean value theorem. For investigation of monotonicity R0 can be
transformed to an integral over age, so that (2.3) becomes∫ ∞

aA(K(s))
β0(X0(a,K(s)),K(s))e−

R a
0 µ0(X0(α,K(s)))dαda = 1 (2.8)

and we investigate the s dependence of every function appearing at the left
hand side of the equation. Since all dependence on K involves E0, we start by
investigating E0 and show in Example 12.3 below that in our general setting
we cannot expect this function to be monotone. The rate of change of the
per unit of time ingested energy along K(s) is described by

d

ds
E0(x,K(s))

=
E1(x)C1(x) +K2(s)C1(x)C2(x)[E1(x)H2(x)− E2(x)H1(x)]

[1 +H1(x)C1(x)K1(s) +H2(x)C2(x)K2(s)]2
K ′

1(s)

+
E2(x)C2(x) +K1(s)C2(x)C1(x)[E2(x)H1(x)− E1(x)H2(x)]

[1 +H1(x)C1(x)K1(s) +H2(x)C2(x)K2(s)]2
K ′

2(s).

Now consider the following three situations:

Example 12.3. (a) Let K2(s) = 0,K1(s) ≥ 0 and K ′
1(s) > 0 for all s and

assume all functions appearing in E0 are positive, then

d

ds
E0(x,K(s)) > 0.

If there is only one resource, then increasing it always increases the energy
an individual ingests per unit of time.
(b) Suppose that E1(x) is very small, K ′

2(s) = 0 and let the remaining
functions be positive, then

d

ds
E0(x,K(s)) < 0.

Increasing a paltry resource in the (constant) presence of a more valuable one
is not beneficial, because individuals lose time they could spend consuming
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the more nutritious resource.
(c) Assume that all functions are positive and that

E1(x)H2(x) = E2(x)H1(x), (2.9)

then
d

ds
E0(x,K(s)) ≥ 0

without further assumptions onK. If the energies gained per unit of handling
time are equal, then it is beneficial to increase the resources any which way.

The example suggests that for getting monotonicity there is the choice
of either considering curves on the axes or assuming (2.9). We choose to
concentrate on the second case, but mention that the calculations can be
repeated for the first one.

Assumption 12.4. Let all functions appearing in the expression for E0 be
nonnegative. Moreover let κ ∈ (0, 1) and K ∈ C1(R+,R) be such, that

lim
s↑∞

(K1(s) +K2(s)) = ∞, (2.10)

E1(x)H2(x) = E2(x)H1(x), (2.11)
2∑
i=1

Ei(x)Ci(x)K ′
i(s) > 0 (2.12)

for x ≥ xb

Remark 12.5. In Section 2.7.1 we consider a special case of (2.11).

The energy intake rate is then monotonically increasing with the resources
but, as we will show, finally tending to some constant. Since growth and birth
rate depend linearly on the energy intake, it follows immediately that these
rates have the same properties.

Lemma 25. For all s we have
(a)

d

ds
E0(x,K(s)) > 0,

d

ds
g0(x,K(s)) > 0, (2.13)

for x ∈ [xb, xmax(K(s))), while

d

ds
β0(x,K(s)) > 0 (2.14)
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for x ∈ [xA, xmax(K(s))), if xmax(K(s)) > xA,
(b) if Hi(x), Ci(x) > 0, for i = 1, 2, then

E0(x,K(s)) −→ E1(x)
H1(x)

=
E2(x)
H2(x)

, (2.15)

g0(x,K(s)) −→ ηg(κ
E1(x)
H1(x)

− ζx), (2.16)

β0(x,K(s)) −→ ηb(1− κ)χ[xA,∞)(x)
E1(x)
H1(x)

(2.17)

for s ↑ ∞, while if H1(x) = 0 or H2(x) = 0, then E0, g0 and β0 tend to infinity
for the relevant values of x.

Proof of (a) Using (2.11), the derivative of E0 becomes

d

ds
E0(x,K(s)) =

∑2
j=1Ej(x)Cj(x)K

′
j(s)

[1 +
∑2

j=1Hj(x)Cj(x)Kj(s)]2

and by (2.12) the expression is always positive. The positivity of the deriva-
tives of β0 and g0 follows from the positivity of the derivatives of E0.
Proof of (b) First note that using (2.11) one gets

E0(x,K(s)) =
E1(x)
H1(x)

1
[ 1P2

j=1Hj(x)Cj(x)Kj(s)
+ 1]

.

The limit of E0(x,K(s)) can now be computed by observing that the sum
in the denominator of the second quotient tends to infinity by (2.10). The
other limits follow from the limit of E0.

Next, body size for fixed age increases monotonically when increasing the
resource capacity.

Lemma 26. For all s and a such that a ∈ (0, amax(K(s))), one has

d

ds
X0(a,K(s)) > 0.

.

Proof. Note that for every fixed a from the definition of X0 one deduces, that

a =
∫ X0(a,K(s))

xb

1
g0(x,K(s))

dx.
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The result then follows from (2.13) and the calculation

0 =
d

ds

∫ X0(a,K(s))

xb

1
g0(x,K(s))

dx

=
1

g0(X0(a,K(s)),K(s))
d

ds
X0(a,K(s))

+
∫ X0(a,K(s))

xb

(
d

ds

1
g0(x,K(s))

)dx

=
1

g0(X0(a,K(s)),K(s))
d

ds
X0(a,K(s))

−
∫ X0(a,K(s))

xb

1
g2
0(x,K(s))

(
d

ds
g0(x,K(s)))dx.

We have seen that individuals grow faster when increasing the regular
food and so the adult age, defined as the time it takes to reach adult size,
becomes lower. First however, let us restrict ourselves to “food curves” K
where at some point food is sufficient to reach reproductive sizes:

Assumption 12.6. K is such that xmax(K(s)) > xA for large enough s.

Lemma 27. An individuals age upon reaching adult size

aA(K(s)) =
∫ xA

xb

1
g0(x,K(s))

dx

is finite for large enough s. For these s-values one has

daA(K(s))
ds

< 0.

Proof. The first statement follows because by Assumption 12.6 and the defi-
nition of xmax, g0 is bounded away from zero. The second statement follows
if we differentiate to get

daA(K(s))
ds

= −
∫ xA

xb

1
g2
0(x,K(s))

(
d

ds
g0(x,K(s)))dx,

which according to (2.13) is negative.

Finally we state conditions concerning the behaviour of birth and death
rate with respect to size. The conditions are chosen such that they are easy
to check but as one can see in the proof of Proposition 12.8, the monotony
property of R0 holds under weaker conditions.
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Assumption 12.7. Let µ0(x) be nonincreasing in x and let the modelling
ingredients involved in the definition of β0 be such that β0(x,K(s)) is non-
decreasing in x.

Now we are able to prove that (under the assumptions made) the expected
number of lifetime offspring increases monotonically with the resource and
converges to some limit.

Proposition 12.8. For s-vales that are large enough with respect to As-
sumption 12.6, one has

d

ds
R0(0,K(s)) > 0.

Proof. First note that

R0(0,K(s)) =
∫ ∞

aA(K(s))
β0(X0(a,K(s)),K(s))e−

R a
0 µ0(X0(α,K(s)))dαda.

(2.18)

By the product rule of differentiation and the fundamental theorem of differ-
ential and integral calculus on arrives at the sum

d

ds
R0(0,K(s))

= −β0(xA,K(s))e−
R aA(K(s))
0 µ0(X0(α,K(s)))dα d

ds
aA(K(s))

+
∫ ∞

aA(K(s))
{ d
dx
β0(x,K(s))|x=X0(a,K(s))

×(
d

ds
X0(a,K(s)))e−

R a
0 µ0(X0(α,K(s)))dα}da

+
∫ ∞

aA(K(s))
e−

R a
0 µ0(X0(α,K(s)))dα d

ds
β0(x,K(s))da

−
∫ ∞

aA(K(s))
{β0(x,K(s))e−

R a
0 µ0(X0(α,K(s)))dα

×
∫ a

0

d

dx
µ0(x)|x=X0(α,K(s))

d

ds
X0(α,K(s))dα)}da.

The positivity of the single terms follows by Lemma 27, Assumption 12.7,
Lemma 25 and Lemma 26.

Having an expression for the limit of g for K tending to infinity we can
compute xmax(K) in the same limit via substituting that expression for g in
(2.5)-(2.6).
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Proposition 12.9. One has

R0(0,K(s)) −→
∫ xmax(∞)

xA

ηb(1− κ)E1(x)
ηg(κE1(x)−H1(x)ζx)

e
−
R x

xb

µ0(y)H1(y)
ηg(κE1(y)−H1(y)ζy)

dy
dx,

(2.19)
for s ↑ ∞.

Proof. The result follows by applying (2.16)-(2.17) to (2.7)

Now we can combine the last two results to get existence and uniqueness
of solutions of equation (2.2).

Theorem 12.10. Let K(s) be such that there exists some s0 with

R0(0,K(s0)) < 1. (2.20)

Moreover suppose that one has∫ xmax(∞)

xA

ηb(1− κ)E1(x)
ηg(κE1(x)−H1(x)ζx)

e
−
R x

xb

µ0(y)H1(y)
ηg(κE1(y)−H1(y)ζy)

dy
dx > 1, (2.21)

then there exists a unique sc such that

R0(0,K(sc)) = 1.

Proof. The assumptions guarantee that Propositions 12.8 and 12.9 can be
used. Existence follows from (2.20), (2.21), Proposition 12.9 and the mean
value theorem and uniqueness from the monotonicity, i.e. Proposition 12.8.

Remark 12.11. Note that for those values, for which xA ≥ xmax(K(s)), i.e.,
the values for which we do not have strict monotonicity of s→ R0(0,K(s)),
R0 is zero and hence this does not disturb our uniqueness result.

Remark 12.12. Condition (2.20) can easily be guaranteed by taking curves
starting at the origin and observing that R0(0, 0) = 0.

Remark 12.13. In (2.21) the limit obtained in (2.19) is required to be
greater than one. In the parametrization of [5] this limit can be expressed
as an integral over a quotient of low order polynomials, which is solvable by
hand.
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2.4 Direction of bifurcation with respect to a pa-
rameter

The structure in (2.37)-(2.38) suggests to use c to parametrize the nontriv-
ial branch emerging at sc, see Theorem 12.10 and linearize, more precisely,
compute an expression for

s′ =
ds

dc
|(I,s)=(0,sc),

which is the inverse of the slope (with respect to variations in s) of the
population birth rate. Since (2.32)-(2.35) for Ii all have a factor c at the
right hand side, the computation of the first order term is straightforward.
Therefore we make the Ansatz

s = sc + cs′ + o(c), (2.1)
I(x) = kε(x)c+ o(c), (2.2)

where, with some abuse of notation

kε(x) := (ε1k1, ε2k2, εk3(x), εk4(x), εk5(x)), (2.3)

with ε1, ε2 and ε as introduced in Section 2.2. Plugging (2.1)-(2.2) into the
steady state equations in the form (2.37) adapted to the new notation, i.e.,
into the equations

Ii(x) = cFi(x, I,K(s)), (2.4)

one gets

kεi (x)c+ o(c) = cFi(x, 0,K(sc)) + o(c). (2.5)

This, when dividing by c and taking the limit for c ↓ 0, becomes

kεi (x) = Fi(x, 0,K(sc)). (2.6)

Therefore one finds the expressions

ki =
1
ri

∫ ∞

xb

Ci(y)Ki(sc)F0(y,K(sc))
[1 +

∑2
j=1Hj(y)Cj(y)Kj(sc)]g0(y,K(sc))

dy, (2.7)

for i = 1, 2, (2.8)

k3(x) =
∫ ∞

xb

Ey(x)Cy(x)F0(y,K(sc))
g0(y,K(sc))

dy, (2.9)

k4(x) =
∫ ∞

xb

Hy(x)Cy(x)F0(y,K(sc))
g0(y,K(sc))

dy, (2.10)

k5(x) =
∫ ∞

xb

Cx(y)F0(y,K(sc))
[1 +

∑2
j=1Hj(y)Cj(y)Kj(sc)]g0(y,K(sc))

dy, (2.11)
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where according to our usual convention F0(y,K) is defined as F(y, 0,K).
Now for a fixed curve K as in Assumption 12.4 we linearize the infinite
dimensional map

(I, s) 7−→ R0(I,K(s)) =
∫ ∞

xA

β(x, I(x),K(s))e−
R x

xb

µ(y,I(y))
g(y,I(y),K(s))

dy

g(x, I(x),K(s))
dx, (2.12)

around (0, sc). For details of the theory of linearization of infinite dimensional
maps, see e.g. [6] or [21]. Observe that the formal Taylor expansion up to
first order of an integral operator of the form

(I, s) −→
∫ b

a
r(x, I(x),K(s))dx (2.13)

around some point (I0, sc) is given by∫ b

a
r(x, I0(x),K(sc))dx

+
∫ b

a

∂

∂I
r(x, I,K(s))|(I,s)=(I0(x),sc) · (I(x)− I0(x))dx

+
∫ b

a

∂

∂s
r(x, I0(x),K(s))dx|s=sc(s− sc) + o((I − I0, s− sc)),

where the second term involves a product of two (finite dimensional) vectors.
The following is an extension of the previous result to operators of the form

(I, s) 7−→
∫ b

a
r1(x, I(x),K(s))e

R x
c r2(y,I(y),K(s))dydx,

under which the map (2.12) falls. It can be proved via the chain rule. Taylor
expanding (2.12) around (0, sc) we get

R0(I,K(s))

= R0(0,K(sc)) +
∫ ∞

xA

F0(x,K(sc)){
∂

∂I

β(x, I,K(s))
g(x, I,K(s))

|(0,sc) · I(x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

∂

∂I

µ(y, I)
g(y, I,K(s))

|(0,sc) · I(y)dy}dx

+
∂

∂s
R0(I,K(s))|(I,s)=(0,sc)(s− sc) + o((I, s− sc)). (2.14)
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Using the steady state condition R0(I,K(s)) = 1 and the defining identity
for sc, i.e. R0(0,K(sc)) = 1, the above equation becomes

0 =
∫ ∞

xA

F0(x,K(sc)){
∂

∂I

β(x, I,K(sc))
g(x, I,K(sc))

|I=0 · I(x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

∂

∂I

µ(y, I)
g(y, I,K(sc))

|I=0 · I(y)dy}dx

+
∂

∂s
R0(I,K(s))|(I,s)=(0,sc)(s− sc) + o((I, s− sc)).

(2.15)

In Section 2.3 we have seen that at s = sc a nontrivial branch emerges from
the trivial one. Having expressions for the ki we now plug (2.1)-(2.2) into
(2.15), divide by c, take the limit for c ↓ 0 and solve with respect to s′ to get,
with the inner products written out in detail,

s′ = −[
∂

∂s
R0(0,K(s))|s=sc ]

−1

·
∫ ∞

xA

F0(x,K(sc))[
5∑
i=1

∂

∂Ii

β(x, I,K(sc))
g(x, I,K(sc))

|I=0k
ε
i (x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

5∑
i=1

∂

∂Ii

µ(y, I)
g(y, I,K(sc))

|I=0k
ε
i (y)dy]dx, (2.16)

where the kεi are defined by (2.3) and (2.7)- (2.11).

Remark 13.1. For a given curve K(s) the expression allows an explicit
computation of the direction of bifurcation in terms of derivatives at the
bifurcation point sc.

If s′ < 0 we have a backward bifurcation and the overall effect of compe-
tition and cannibalism, which in line with the interpretation of I as input we
call feedback of the population, is positive: The branch exists for s < sc, R0 is
monotonically increasing in s and therefore R0(0,K(s)) < 1 for s < sc, which
means extinction in the absence of competition and cannibalism if s < sc.
On the other hand the backward bifurcation tells us that locally a nontrivial
steady state is possible below the critical s-value. Analogously we can argue
that if s′ > 0 we have a forward bifurcation and a negative overall effect
of cannibalism and competition. Whereas the isolated effects of cannibalism
and competition will be investigated via (2.16) in the following sections, some
more general sign observations can be made already now:
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The sign of s′ is opposite to the sign of the second factor because R0(0,K(s))
is increasing in s. The second factor measures the advantages and disadvan-
tages of cannibalism and competition, such that positive terms contribute to
a positive feedback and negative terms to a negative feedback.
To make clear all signs in the second factor observe first the nonnegativity
of the kεi and all the other terms, where no derivative appears. Next, one
can compute from the definitions of g and β that (when writing β and g as
functions of E , see (2.24) and (2.25)), one has

∂

∂E
β(x, E)
g(x, E)

|E=E0(x,K(sc)) < 0, (2.17)

∂

∂E
µ(x, I)

g(x, I,K(s))
|E=E0(x,K(sc)) < 0. (2.18)

From the definition of E follows, using (2.11), that

∂

∂Ii
E(x, I,K(sc))|I=0


< 0 for i = 1, 2, 4,
= 0 for i = 5,
> 0 for i = 3.

(2.19)

Therefore by the chain rule one has

∂

∂Ii

β(x, I,K(s))
g(x, I,K(s))

|(0,sc)


> 0 for i = 1, 2, 4,
= 0 for i = 5,
< 0 for i = 3,

and
∂

∂Ii

µ(x, I)
g(x, I,K(s))

|(0,sc)

{
> 0 for i = 1, 2, 4, 5,
< 0 for i = 3,

which gives the signs of all derivatives appearing in (2.16).
We interpret (2.17)-(2.19): The negativity in (2.17) is a result of the fact
that by the κ-allocation rule maintenance costs are paid by reduced growth:
were maintenance costs paid by reduced reproduction, the expression would
be positive. The expression (2.18) is negative because changes in the ingested
energy don’t affect mortality. Finally, let us interpret (2.19):
For i = 1, 2: The less resource, the less energy is ingested.
For i = 3: The more cannibalistic food, the more ingested energy.
For i = 4: The more handling time, the less energy is ingested.
For i = 5: Predation pressure does not directly affect ingested energy.
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2.5 Interpretation in terms of mechanisms at the
individual level

We investigate the sign of s′ for several choices of εi and ε, remembering that
ε1 and ε2 determine the strength of the effect of consumption on the two
resources, while ε denotes the strength of cannibalism.

2.5.1 No cannibalism, only competition, one resource

We consider the case ε1 = 1, ε2 = ε = 0, which means that we have a
noncannibalistic population competing for one resource, uninfluenced by the
second resource. We show first that in this trivial setting we can compute a
branch globally and then that we have consistency with the formula of the
local direction of bifurcation.
We can formulate the steady state equations equivalently without interaction
variables as

0 = r1(K1 − Z1)

−c
∫ ∞

xb

C1(x)Z1F0(x,Z1)dx
[1 +H1(x)C1(x)Z1 +H2(x)C2(x)K2]g0(x,Z1)

,

(2.1)
K2 = Z2,

R0(Z1) = 1.

Arguing as before, we find a point Zc1, such that

R0(Zc1) = 1.

Plugging Z1 := Zc1 into (2.1), we can compute a nontrivial steady state
explicitly in terms of Zc1 as

c =
r1(K1 − Zc1)∫∞

xb

C1(x)Zc
1F0(x,Zc

1)dx
1+H1(x)C1(x)Zc

1+H2(x)C2(x)K2

.

Now we can consider different steady states along a branch c(K1) with K1

as bifurcation parameter and Z1 fixed to Zc1 along the branch. We see that
c(K1) is a straight line with positive slope and zero at Zc1. This is an aspect of
the so called paradox of enrichment, see e.g. [13]: Consumption implies, that
increasing the carrying capacity benefits the consumer, but not the resource
itself.
We can also compute the sign of the direction of bifurcation using our formula
but will do that for the more general case of two resources.
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2.5.2 No cannibalism, only competition, two resources

This is the case ε1 = ε2 = 1, ε = 0. We have no cannibalism, only competition
for the resources and therefore expect and want to prove s′ > 0. By looking
at (2.16) and considering that only kε1 and kε2 are nonzero, in fact strictly
positive one can easily check that for the above it is sufficient to prove that
for i = 1, 2 one has

∂

∂Ii

β(x, I,K)F(x, I,K)
g(x, I,K)

|(I,K)=(0,K(sc)) < 0 (2.2)

for all x ≥ xA. By looking at (2.16) one finds that for i = 1, 2

∂E(x, I,K)
∂Ii

|(I,K)=(0,K(sc)) = −∂E(x, I,K)
∂Ki

|(I,K)=(0,K(sc))

and thus

∂

∂Ii

β(x, I,K)F(x, I,K)
g(x, I,K)

|(I,K)=(0,K(sc))

= − ∂

∂Ki

β(x, I,K)F(x, I,K)
g(x, I,K)

|(I,K)=(0,K(sc)).

(2.3)

Therefore since we know already from the discussion about bifurcation points
that the derivatives on the right hand side are positive we find that also (2.2)
holds.

2.5.3 Cannibalism, neglecting competition

By setting ε1 = ε2 = 0, ε = 1 we neglect the effect of competition for the
resources but still consider their consumption. The newborn have to eat and
it would be unrealistic to assume cannibalism starting at birth.
The positive effect of cannibalism is an increased energy intake and, by the
κ allocation rule, part of this energy increases the reproduction and the
remaining part is put into growth and maintenance and results in an increased
survival probability over a given size interval.
The negative effect is an increased predation pressure that decreases the
survival probability.
We can measure the effect on reproduction at a certain age a > aA(0,K(s))
by the quantity

β(X(a, I,K(s)), I,K(s))
β0(X0(a,K(s)),K(s))

. (2.4)
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Remark 14.1. Note, that aA decreases with I (and K), as increased food
accelerates growth and therefore decreases the time that passes from birth
until reaching adult size, which is the definition of aA. Therefore we have

aA(0,K(s)) > aA(I,K(s)),

whenever I 6= 0.

We measure the combined effect of accelerated growth and increased pre-
dation pressure on survival up to some age a by

F(X(a, I,K(s)), I,K(s))
F0(X0(a,K(s)),K(s))

. (2.5)

Now the overall effect on the i-level at some age a is positive if the product
of (2.4) and (2.5) is greater than one, which is equivalent to

β(X(a, I,K(s)), I,K(s))F(X(a, I,K(s)), I,K(s))
≥ β0(X0(a,K(s)),K(s))F0(X0(a,K(s)),K(s)). (2.6)

without restriction on a, see Remark 14.1. The effect is certainly positive,
if (2.6) holds for all a ≥ 0. In this case it follows that the inequality surely
remains valid if we integrate both sides from zero to infinity, which results
into

R0(I,K(s)) ≥ R0(0,K(s)). (2.7)

Remark 14.2. Note that (2.6) is sufficient for (2.7) but of course not nec-
essary. One might in cases want to check directly, if (2.7) holds.

Now one can use (2.14) to Taylor expand both sides with respect to (I, s)
in (0, sc) and neglect o((I, s− sc)) terms to find∫ ∞

xA

F0(x,K(sc)){
∂

∂I

β(x, I,K(sc))
g(x, I,K(sc))

|I=0 · I(x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

∂

∂I

µ(y, I)
g(y, I,K(sc))

|I=0 · I(y)dy}dx

> 0.

Finally, the same calculation that led to (2.16), i.e., plugging in

I(x) = ckε(x) + o(c) = c(0, 0, k3(x), k4(x), k5(x)) + o(c),
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etc., now leads to the condition

∫ ∞

xA

F0(x,K(sc))[
∂

∂I

β(x, I,K(sc))
g(x, I,K(sc))

|I=0 · kε(x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

∂

∂I

µ(y, I)
g(y, I,K(sc))

|I=0k
ε(y)dy]dx

> 0.

When looking at (2.16) one sees that this is equivalent to s′ < 0, i.e., a sub-
critical bifurcation. Hence we can say that in our present setting cannibalism
is beneficial at the individual level if and only if it provides a positive feedback
at the population level. The phenomenon that a cannibalistic population may
survive under food conditions where a noncannibalistic population is doomed
to go extinct, see the discussion succeeding (2.16), is already discussed in [19]
as the lifeboat mechanism of cannibalism.

2.5.4 Combining the effects

From the representation (2.16) one deduces robustness of the sign of s′ with
respect to small variations of ε or the εi from the linear dependence on these
parameters:
A supercritical bifurcation caused for positive ε by the earlier explained mech-
anisms of cannibalism at the i-level gets even enforced when, by making ε1
and/or ε2 positive, additionally taking resource dynamics into account.
A subcritical bifurcation through cannibalism, on the other hand, has to be
weighed against a supercritical bifurcation through resource consumption but
(2.16) shows that by increasing ε1 and or ε2 from zero to small positive values
the sign of s′ does not change, i.e., such a bifurcation would stay subcritical.

2.6 Vertical bifurcation

As a motivation for future work, in this short section we make a different
choice of parameters, which leads to a more graphical representation of the
direction of bifurcation as a function of parameters. In (2.16) we have an
expression, from which we can compute this direction . The direction is
vertical if and only if this expression is zero. Therefore we consider the
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equation

0 =
∫ ∞

xA

F0(x,K(sc))[
5∑
i=1

∂

∂Ii

β(x, I,K(sc))
g(x, I,K(sc))

|I=0k
ε
i (x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

5∑
i=1

∂

∂Ii

µ(y, I)
g(y, I,K(sc))

|I=0k
ε
i (y)dy]dx. (2.1)

Next, consider the parameters ε (strength of cannibalism) and an x indepen-
dent background mortality µ0. Note that the right hand side of (2.1) depends
on µ0 via µ and F0 and on ε via the kεi , if i ∈ {3, 4, 5}. By definition of the
kεi the right hand side of (2.1) depends linear on ε and therefore the equation
is an explicit equation for a curve of the form ε = A(µ0). Hence for a given
set of values for the other parameters, e.g. obtained from a parametrization
similar to the one in [5] one may plot this curve in (ε, µ0)-space and we know
that on exactly one side of the curve there is a backward bifurcation.

2.7 Specifying ingredients

By imposing more and more assumptions on the modeling ingredients we
gradually reduce the number of steady state equations. We give a condition,
under which the interaction variables become finite dimensional, which is
important for numerical considerations, as well as finally arrive at a case for
which there can be made some global considerations.

2.7.1 The functional response

Under biologically very reasonable assumptions we can simplify the func-
tional response and save one interaction variable, resulting in four instead
of five steady state equations and a simpler expression for the direction of
bifurcation.
First we restrict to situations where the victim size and prey type depen-
dence in the handling times is linear in the victims body mass: we introduce
a predator size specific per prey biomass handling time H(x), measured in
hg−1, such that for all x and y

Hy(x) = yH(x),
Hi(x) = H(x), i = 1, 2. (2.1)

see also Remark 11.6. Next we assume that the victim size dependence
of cannibalistic energy intake is linear in the victims biomass and moreover
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independent of predator size. In addition let us assume that also the standard
food energy intake for juveniles and adults is (predator) size independent and
that the ingested energy (from standard and cannibalistic food) per prey
biomass is equal for all prey types. Then there is one scalar denoted by E
and measured in Jg−1, such that for all x and y

E1(x) = E = E2(x),
Ey(x) = yE.

Then the total ingested energy can be written as

E

∑2
j=1Cj(x)Zj + ε

∫∞
xb
yCy(x)n(y)dy

1 +H(x)[
∑2

j=1Cj(x)Zj + ε
∫∞
xb
yCy(x)n(y)dy]

.

We see that the integrals in the numerator and the denominator become
equal, which saves one interaction variable.
The assumption concerning handling time also simplifies the expressions for
predation pressure, such that (2.14) becomes

µ0(x) + ε

∫ ∞

xb

Cx(y)n(y)
1 +H(y)[

∑2
j=1Cj(y)Zj + ε

∫∞
xb
ξCξ(y)n(ξ)dξ]

dy,

and consumption of the resources, such that the second term in (2.15) be-
comes

εi

∫ ∞

xb

Ci(x)Zin(x)
1 +H(x)[

∑2
j=1Cj(x)Zj + ε

∫∞
xb
yCy(x)n(y)dy]

dx,

for i = 1, 2.
Therefore we define four instead of five interaction variables by

Ii := Ki − Zi, i = 1, 2, (2.2)

I3(x) := ε

∫ ∞

xb

yCy(x)n(y)dy, (2.3)

I4(x) := ε

∫ ∞

xb

Cx(y)n(y)dy
1 +H(y)[

∑2
j=1Cj(y)(Kj − Ij) + I3(y)]

. (2.4)

Remark 16.1. Note that for formal summation purposes we have shifted
the indices of the Ii. More precisely, I1 and I2 have not changed, I4(x) is
what was I5(x), whereas I3(x) is now proportional to what were I3(x) and
I4(x), respectively. Throughout the rest of the text no further index shifting
will be necessary.
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The ingested energy can now be rewritten as

E(x, I(x),K) := E

∑2
j=1Cj(x)(Kj − Ij) + I3(x)

1 +H(x)[
∑2

j=1Cj(x)(Kj − Ij) + I3(x)]
,

and the predation pressure as

µ(x, I(x)) := µ0(x) + I4(x).

The number of steady state equations also reduces by one and they now read

Ii =
cεi
ri

∫ ∞

xb

Ci(y)(Ki − Ii)F(y, I,K)
(1 +H(y)[

∑2
j=1Cj(y)(Kj − Ij) + I3(y))]g(y, I(y),K)

dy,

for i = 1, 2,

I3(x) = cε

∫ ∞

xb

yCy(x)F(y, I,K)
g(y, I(y),K)

dy,

I4(x)

= cε

∫ ∞

xb

Cx(y)F(y, I,K)
[1 +H(y)(

∑2
j=1Cj(y)(Kj − Ij) + I3(y))]g(y, I(y),K)

dy,

c = R0(I,K)c.

To proceed we can use the bifurcation point and the linearization of the more
general approach presented. The formula for the direction of bifurcation now
has one term less in the sum of the second factor and reads

s′ = −[
∂

∂s
R0(0,K(s))|s=sc ]

−1

×
∫ ∞

xA

F0(x,K(sc))[
4∑
i=1

∂

∂Ii

β(x, I,K(sc))
g(x, I,K(sc))

|I=0k
ε
i (x)

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

4∑
i=1

∂

∂Ii

µ(y, I)
g(y, I,K(sc))

|I=0k
ε
i (y)dy]dx, (2.5)

where

kε(x) := (ε1k1, ε2k2, εk3(x), εk4(x)) (2.6)
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and the ki are redefined (see Remark 16.1) as

ki =
1
ri

∫ ∞

xb

Ci(y)Ki(sc)F0(y,K(sc))
[1 +H(y)

∑2
j=1Cj(y)Kj(sc)]g0(y,K(sc))

dy, (2.7)

for i = 1, 2, (2.8)

k3(x) =
∫ ∞

xb

yCy(x)F0(y,K(sc))
g0(y,K(sc))

dy, (2.9)

k4(x) =
∫ ∞

xb

Cx(y)F0(y,K(sc))
[1 +H(y)

∑2
j=1Cj(y)Kj(sc)]g0(y,K(sc))

dy. (2.10)

Even though at this point of the specification it seems hard to gain new
insight we have simplified the formula for the direction of bifurcation and the
steady state equations at low cost of biological applicability, guiding a way
to further simplification through further specification of the ingredients.

2.7.2 Finite dimensional interaction variables

We give conditions under which the interaction variables become finite dimen-
sional. We keep the assumptions of Section 2.7.1 and in addition restrict our-
selves to situations where the cannibalistic encounters are separable, meaning
that Cy(x) can be written as the product of a predator size specific attack
function ψ(x) and a prey size specific vulnerability function φ(y), i.e.,

Cy(x) = ψ(x)φ(y).

Remark 16.2. In (Claessen et al. 2002) an encounter function is consid-
ered, one factor of which, the so called cannibalism tent function, depends
nonlinearly on the ratio of the sizes. In this case we do not have separability.

The separability assumption allows the definition of finite dimensional
interaction variables, which, apart from simplifying our formulae, becomes
important when analyzing dynamics like in [12] and applying numerical con-
tinuation methods like presented in [15].
Under the assumption of separability the ingestion energy becomes

E

∑2
j=1Cj(x)Zj + εψ(x)

∫∞
xb
yφ(y)n(y)dy

1 +H(x)[
∑2

j=1Cj(x)Zj + εψ(x)
∫∞
xb
yφ(y)n(y)dy]

.

The predation pressure becomes

µ0(x) + εφ(x)
∫ ∞

xb

ψ(y)n(y)
1 +H(y)[

∑2
j=1Cj(y)Zj + ψ(y)ε

∫∞
xb
ξφ(ξ)n(ξ)dξ]

dy
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and the consumption of the resources is now given by

εi

∫ ∞

xb

Ci(x)Zin(x)
1 +H(x)[

∑2
j=1Cj(x)Zj + εψ(x)

∫∞
xb
yφ(y)n(y)dy]

dx,

for i = 1, 2.
Now we can define finite dimensional interaction variables by

Ii := Ki − Zi, i = 1, 2, (2.11)

I3 := ε

∫ ∞

xb

yφ(y)n(y)dy, (2.12)

I4 := ε

∫ ∞

xb

ψ(y)n(y)
1 +H(y)[

∑2
j=1Cj(y)(Kj − Ij) + ψ(y)I3]

dy. (2.13)

Compared to the definitions in Section 2.7.1, I1 and I2 again have not
changed, whereas I3 and I4 differ from earlier versions by a factor ψ(x) and
φ(x), resp.. The ingested energy in terms of these variables becomes

E(x, I,K) := E

∑2
j=1Cj(x)(Kj − Ij) + ψ(x)I3

1 +H(x)[
∑2

j=1Cj(x)(Kj − Ij) + ψ(x)I3]

and the predation pressure becomes

µ(x, I) := µ0(x) + φ(x)I4. (2.14)

The steady state equations for the finite dimensional environment read

Ii =
cεi
ri

∫ ∞

xb

Ci(y)(Ki − Ii)F(y, I,K)
[1 +H(y)(

∑2
j=1Cj(y)(Kj − Ij) + ψ(y)I3)]g(y, I,K)

dy,

for i = 1, 2,

I3 = cε

∫ ∞

xb

yφ(y)F(y, I,K)
g(y, I,K)

dy,

I4 = cε

∫ ∞

xb

ψ(y)F(y, I,K)
[1 +H(y)(

∑2
j=1Cj(y)(Kj − Ij) + ψ(y)I3)]g(y, I,K)

dy,

c = R0(I,K)c.

In the formula for the direction of bifurcation the new kεi are no longer func-
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tions of size but constants so that we can write

s′ = −[
∂

∂s
R0(0,K(s))|s=sc ]

−1

×
∫ ∞

xA

F0(x,K(sc))[
4∑
i=1

∂

∂Ii

β(x, I,K(sc))
g(x, I,K(sc))

|I=0k
ε
i

−β0(x,K(sc))
g0(x,K(sc))

∫ x

xb

4∑
i=1

∂

∂Ii

µ(y, I)
g(y, I,K(sc))

|I=0k
ε
idy]dx, (2.15)

where
kε := (ε1k1, ε2k2, εk3, εk4) (2.16)

with new ki, more precisely

ki =
1
ri

∫ ∞

xb

Ci(y)Ki(sc)F0(y,K(sc))
[1 +H(y)

∑2
j=1Cj(y)Kj(sc)]g0(y,K(sc))

dy,

for i = 1, 2,

k3 =
∫ ∞

xb

yφ(y)F0(y,K(sc))
g0(y,K(sc))

dy,

k4 =
∫ ∞

xb

ψ(y)F0(y,K(sc))
[1 +H(y)

∑2
j=1Cj(y)Kj(sc)]g0(y,K(sc))

dy.

2.7.3 A global approach

We consider the case where the effect of consumption on the standard re-
source is neglected, i.e., we choose

ε1 = ε2 = 0, ε = 1.

Next, we assume some vulnerability window [xv, xw] in which the support of
φ lies and that cannibalism starts at the same size as reproduction, namely
at xA, so that

xb < xv < xw < xA.

Then we get the three steady state equations

I3 = c

∫ xw

xv

yφ(y)F(y, I,K)
g(y, I,K)

dy,

I4 = c

∫ ∞

xA

ψ(y)F(y, I,K)
[1 +H(y)(

∑2
j=1Cj(y)Kj + ψ(y)I3)]g(y, I,K)

dy,

c = c

∫ ∞

xA

β(y, I,K)F(y, I,K)
g(y, I,K)

dy
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in the unknowns c, I3 and I4. Now we introduce the assumption that the
behaviour of adults is independent of their size. Then we have constants Ci,
H , µA and ψ representing adult consumption, handling time, mortality and
attack rate. The ingested energy takes the form

E(x, I,K) =

E0(x,K) for x ≤ xA,

E
P2

j=1 CjKj+ψI3

1+(H
P2

j=1 CjKj+ψI3)
for x ≥ xA.

Using (2.26) and (2.14) the survival probability becomes

F(x, I,K) =

e−I4
R x

xv

φ(y)dy
g0(y,K)F0(x,K) for xv ≤ x ≤ xw,

e−I4φ̄(K)F0(xA,K)e−
R x

xA

µA
g(x,I,K)

dx
, for x ≥ xA,

where
φ̄(K) :=

∫ xw

xv

φ(y)
g0(y,K)

dy.

The steady state problem (for nontrivial steady states) is then

I3 = c

∫ xw

xv

yφ(y)e−I4
R y

xv

φ(x)
g0(x,K)

dxF0(y,K)
g0(y,K)

dy, (2.17)

I4 = c
ψ

(1 +H(
∑2

j=1CjKj + ψI3)
1
µA

e−I4φ̄(K)F0(xA,K), (2.18)

1 = ηb(1− κ)E

∑2
j=1CjKj + ψI3

1 + (H
∑2

j=1CjKj + ψI3)
1
µA

e−I4φ̄(K)F0(xA,K).

(2.19)

The system is now open to several global considerations. One can, e.g., from
(2.19) deduce an expression for I3 as a function of I4 (or vice versa). Plugging
this expression for I3 into (2.17), c can be written as a function of I4 (and K).
Then one can take the expression for c in terms of I4 (and K) to compute
via (2.18) a nonlinear equation in the variables I4 and K, i.e., a curve in the
(I4,K)-plane.

2.8 On the evolutionary onset of cannibalism

As an alternative way to determine possible advantages of cannibalism, see
also [14] we now address the question whether a mutant phenotype can suc-
cessfully invade a steady state environment set by a resident population,
using the formulation of [10], first for general traits.
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2.8.1 General traits

Suppose a monomorphic resident population with strategy or trait θres , which
is to be specified later, in steady state sets an environment Ires. Then Ires is
given implicitly as the solution of

1 = R0(Ires, θres), (2.1)
Ires = cF (Ires, θres), (2.2)

where the definition of F follows from the form of our steady state equations.

Remark 17.1. We do noy exclude bistability, i.e., a stable Ires is not neces-
sarily uniquely determined by specifying θres.

Next we define the invasion fitness of a rare mutant phenotype θmut into
the environment Ires as

R0(Ires, θmut).

Then we speak of successful invadability of this mutant phenotype, if and
only if

R0(Ires, θmut) > 1.

If the trait space is one dimensional, we define the selection gradient as

∂

∂θmut
R0(Ires, θmut)|θmut=θres .

Then it follows from (2.1) that, if the selection gradient is positive, a mutant
can invade, if it has a strategy slightly larger than the one of the resident,
more precisely if θmut lies in some right environment of θres.

2.8.2 Cannibalism as evolutionary trait

We want to investigate whether a cannibalistic mutant (also consuming stan-
dard resources) can invade the environment set by a noncannibalistic popu-
lation (only relying on regular food).
First we adapt the setting of Section 2.7.1 to this situation. For the sake of
exposition we assume stationary regular food, but mention, that the gener-
alization to (chemostat) dynamic food is straightforward. Interpret ε as the
cannibalistic voracity of a mutant, then the ingested energy rate of such a
mutant is

E

∑2
j=1Cj(x)Zj + ε

∫∞
xb
yCy(x)n(y)dy

1 +H(x)[
∑2

j=1Cj(x)Zj + ε
∫∞
xb
yCy(x)n(y)dy]

.
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We assume cannibalistic mutants to be rare, such that they do not suffer from
increased predation pressure through cannibalism and hence the mortality is

µ(x) = µ0(x)

for everyone. Now we define

I(x) =
∫ ∞

xb

yCy(x)n(y)dy

and ε as trait. Incorporating from now on ε into the notation, the ingestion
rate becomes

E(x, I(x), ε) = E

∑2
j=1Cj(x)Zj + εI(x)

1 +H(x)[
∑2

j=1Cj(x)Zj + εI(x)]
,

such that with ε = 0 we get a residents, i.e., noncannibalistic ingestion rate.
Next, note that the arguments that allowed to let appear only one interaction
variable in the expression for E in Section 2.7.1 now make sure that

∂

∂ε
E(x, I(x), ε)|ε=0 > 0 (2.3)

for all x ≥ xb for which I(x) > 0.

Remark 17.2. More precisely we mean here and in the following the right
derivative since we assumed that ε > 0.

The interpretation is that the foraging structure ensures that, the stronger
the cannibalistic voracity of the mutant, the more energy he takes in. Next,
we want to give conditions for the invadability of the mutant, i.e., for

∂

∂ε
R0(I, ε)|ε=0 > 0

to hold. This will succeed along similar lines as in Section 2.3.2, where we
gave conditions for the monotonicity of

s −→ R0(0,K(s)),

i.e., for the increase of this function with regular food.

Lemma 28. For all a ≥ 0 and all I 6= 0, we have

∂

∂ε
X(a, I, ε) > 0.
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Proof. The proof is similar to the proof of Lemma 26 when taking into
account that from (2.3) follows that also

∂

∂ε
g(x, I(x), ε)|ε=0 > 0.

First we make

Assumption 17.3. Let xmax(I, ε) > xA for all ε and all I.

Lemma 29. We have
∂

∂ε
aA(I, ε)|ε=0 < 0.

for all I 6= 0.

Proof. Using Assumption 17.3 the proof is similar to the proof of Lemma 27.

With the sufficient but not necessary assumption of a nonincreasing mor-
tality made in Section 2.3.2, we can now prove invadability of a cannibalistic
mutant into an environment of a noncannibalistic population:

Theorem 17.4. Suppose that E(x, I, ε) is increasing in x for fixed I and ε,
then

∂

∂ε
R0(I, ε)|ε=0 > 0.

Proof. First, note that, since the partial derivative of E with respect to I is
zero in ε = 0, the monotonicity condition on E in x together with Lemma 28
and (2.3) implies that

∂

∂ε
E(X(a, I, ε), I(X(a, I, ε)), ε)|ε=0 > 0 (2.4)

for all a ≥ aA(I, 0). We now have

R0(I, ε) = (1− κ)ηb

∫ ∞

aA(I,ε)
E(X(a, I, ε), I(X(a, I, ε)), ε)e

R a
0 µ0(X(α,I,ε))dαda

and therefore
∂

∂ε
R0(I, ε)|ε=0

= (1− κ)ηb{−E(xA, I(xA), 0)e
R aA(I,0)
0 µ0(X(α,I,0))dα ∂

∂ε
aA(I, ε)|ε=0

+
∫ ∞

aA(I,0)
e
R a
0 µ0(X(α,I,0))dα[

∂

∂ε
E(X(a, I, ε), I(X(a, I, ε)), ε)|ε=0

−E(X(a, I, 0), I(X(a, I, 0)), 0)

·
∫ a

0

d

dx
µ0(x)|x=X(α,I,0)

∂

∂ε
X(α, I, ε)|ε=0dα]da}. (2.5)
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By our assumptions, combined with the preceding lemmas all terms on the
right hand side are positive and hence so is the left hand side.

Concerning the monotonicity assumption for E in x, note that would
there exist a size for which there is no food (and thus no energy) available,
growth would stop at this size and therefore growing fast up to this size
would not be beneficial in terms of R0. The monotonicity assumption on E
however excludes this case. For more subtle variants of this analysis where
in particular handling time plays a crucial role, see [14]. In this paper we
additionally show that the invadability condition is necessary for the lifeboat
mechanism (see Section 2.5.3) to manifest.

2.9 Conclusions and outlook

The central achievement of this exposition is the formula for the direction
of bifurcation, from which spring the biological conclusions. We remind that
the formula is computed for a fairly general structured population interact-
ing within itself via cannibalism and with two unstructured populations that
serve as food. It remains to investigate, whether the method can be general-
ized to several interacting structured populations.
Moreover we mention that for general global considerations one should rely
on numerical methods. Entire branches have been computed and discussed
in great detail in [4] or [5]. For the numerical treatment of the dynamics for
the cannibalism model there has begun a collaboration with O. Angulo and
J.C. Lopez Marcos, who already considered linear and nonlinear models in
[1] and [2].
Another task for the future is the proof of a stability switch at the bifurcation
point.
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Chapter 3

(In)stability for some
quasilinear structured
population models

Joint work with O. Diekmann.

3.1 Introduction

In this paper we establish stability and instability results for a class of quasilinear
structured population models. The key to these results is the combination of two
earlier ideas, such that existing (in)stability results can be applied: the introduc-
tion of an individuals environment to treat nonlinearities and the �∗ (“sun-star”)-
formalism, to transform an unbounded operator into a bounded perturbation.

There are already some stability results in the literature, both for general infinite
dimensional systems and for structured populations. In [19] one can find a proof
for the stable part of the principle of linearized stability for nonlinear age struc-
tured populations. In [16] both parts, stability and instability, are proved, again
for nonlinear age structured populations. See [7] for a general infinite dimensional
linearized stability result.

For general (deterministic) structured populations one can distinguish two
classes of nonlinear models, namely models where the rate of individual develop-
ment (the individual growth rate in the case of size structure) is density dependent
and models where it is not. Or, in other words, quasilinear and semilinear models.
In the semilinear case, if this rate (let us say growth rate for short) is density in-
dependent (birth and death rates may feature density dependencies) one can apply
a transformation to obtain a nonlinear model with constant growth rate one (and
of course transformed density dependent birth and death rates), see Section I.3.4
in [15]. Since, after transforming, the growth rate equals one, we are back in the
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nonlinear age case. Therefore, as we mentioned [16], one can consider the principle
of linearised stability as proved for semilinear structured populations.

When considering a structuring variable different from age, density dependent
growth rates arise very naturally when one incorporates competition for food and/or
cannibalism, see e.g. [2]. For density dependent growth rates the mentioned trans-
formation does not work. Hence the principle of linearised stability for quasilinear
structured populations is yet to be proven and it is the object of this paper to
establish some results in this direction.

In the 1980s the so-called �∗-formalism was elaborated to establish a theory
that could encompass large classes of delay equations and age dependent population
dynamics, see [3], [4], [5] or [9]. The idea of this approach is, to take two times
adjoints, with a restriction of the state space in between in order to preserve strong
continuity of a certain dynamical system. This allows to extend an unbounded
operator to an operator which, on the one hand takes values in a larger space, but,
on the other hand features a bounded perturbation of a well understood operator,
namely differentiation (the generator of translation with extension zero). For the
extended problem the linearized stability proof of [7] is rewritten in [5] or in [9].
For a while there was hope that the formalism could also be used for quasilinear
structured populations, but then it became clear that this was impossible when the
dimension of the individual state variable exceeds one. A recent insight however,
which we aim to communicate in this paper seems to help out: After reformulating
a quasilinear size-structured population model via the introduction of an individuals
environmental condition I, population (p-) states can be described in a different way:
Instead of characterising the p-state as a density or a measure over the possible
individual (i-) states one can take as p-state variable a pair of densities over the
time axis, namely the history of the population birth rate b and the history of the
condition of an individuals environment I. When modelling the p-dynamics with I
and b as unknowns one obtains a semilinear partial differential equation describing
translation with initial and boundary condition that for t ≥ 0 and s < 0 has the
form

ut − us = 0, (3.1)
u(s, 0) = ϕ(s), (3.2)
u(0, t) = F (u(·, t)), (3.3)

where ϕ(s) := (I, b)(s), for s < 0, and all model parameters are incorporated in a
certain function F . For such a problem the �∗-approach works well and thus it can
be shown that the conditions of the linearised stability theorem in [9] are met. In
this way we establish a stability and an instability result for the (I, b)-system.

In Section 3.2.1 we model the p-dynamics, with I and b as p-state variables,
in terms of integral equations with kernels that correspond to individual behaviour
characterised by rates describing birth, growth and death. In Section 3.2.2 we define
steady states and, under the assumption of existence of steady states, we rewrite the
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p-equations to obtain a system of the form

x(t) = F (xt) (3.4)
x0 = ϕ, (3.5)

where for t ≥ 0 we define xt(θ) = (It, bt)(θ) = (I, b)(t+θ) for θ ≤ 0 and where F (0) =
0. To motivate the definition of generators and to illustrate the (semi)linearity of
the problem we rewrite (3.4)-(3.5) as (3.1)-(3.3). In Section 3.3.2 we describe the so-
called unperturbed problem, which is (3.1)-(3.2) together with boundary condition
zero, i.e.,

u(t, 0) = 0, (3.6)

for t ≥ 0, in the �∗-formulation. With the unperturbed problem we associate a
linear strongly continuous semigroup T0(t) with action “translation and extension
with zero” on a Banach space X. We then compute the (unbounded) generator A0.
Next, by taking two times adjoints under preservation of strong continuity of T0(t),
we extend A0 to a larger space, such that we obtain an operator A�∗0 generating a
weak* continuous semigroup T�∗0 on a larger Banach space X�∗. The compensation
for developing this admittedly somewhat extensive formalism in Section 3.3.2 in the
context of the trivial looking unperturbed problem is that, when embedding the
perturbed problem (3.1)-(3.3) into X�∗, the operator F becomes

A�∗0 +G, (3.7)

for a bounded perturbation G of A�∗0 and with (3.1)-(3.3) there can be associated
the initial value problem

du

dt
(t) = A�∗0 u(t) +G(u(t)), t > 0, (3.8)

u(0) = ϕ, (3.9)

in the larger space X�∗, but now without boundary condition. Formally integrating
(3.8)-(3.9) we obtain the integral equation

u(t) = T0(t)ϕ+
∫ t

0

T�∗0 (t− s)G(u(s))ds (3.10)

for X-valued funtions u (see Lemma 42, which states that the integral takes values
in X even though the integrand lives in X

�∗
). At this point we start making

intensive use of results from the literature, especially [9]. There it is shown that
by contraction arguments an equation of the form (3.10) can be solved to obtain a
nonlinear semigroup

Σ(t) (3.11)

and a linear strongly continuous semigroup T (t) with generator A, such that
(DΣ(t))(0) = T (t), i.e., T (t) is the linearization of Σ(t) at zero. Moreover in [9],
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based on [7], for Σ(t) the principle of linearised stability is proved, such that the
stability of Σ(t) can be characterised in terms of the spectrum of the generator A
of the linearization T (t) of Σ(t). Hence for us there remain basically two tasks.
The first is to show rigorously that there is a one to one correspondence between
solutions of (3.10) and solutions of (3.4)-(3.5), which is done in Section 3.3.3. The
second task is to compute A and its spectrum σ(A) for our setting and to relate
σ(A) to the biological modelling ingredients. For the second task we proceed as
follows. The linearisation B of G, see (3.7), can easily be obtained in terms of a (at
first instance assumed to be given) linearization L of F , see (3.4), which is done in
Section 3.3.4. In Section 3.3.5 we use this linearization B to compute the generator
A of the linearization T (t) by restricting A�∗0 + B to the original space X. In Sec-
tion 3.3.7 we compute the spectrum σ(A) of A in terms of a characteristic equation
involving the (still assumed given) linearization L of F . Hence in order to relate the
spectral results to our modelling ingredients, the last thing that remains to be done
is to compute a representation of L in terms of these modelling ingredients. Since
this is a straightforward but rather technical task, we leave it for the last section,
i.e., Section 3.4.

The linear semigroup T (t) (and generator A) that we treat in this paper can also
be obtained via a similarity transformation of the linear semigroup (and generator)
describing the evolution of the age structured population density in the exercises in
[9].
Throughout the paper we make explicit hypotheses and assumptions. Hypotheses
will be assumed to hold until in Section 3.4.3 their truth is guaranteed via stronger
assumptions involving more specific modelling ingredients.

3.2 The population problem

In this paper we restrict ourselves to the situation in which all individuals are born
with the same state at birth, which we denote by xb. Let us denote by b the
population birth rate and by I the condition of an individuals environment, the
introduction of which, as will become apparent, is a mathematical trick to model
indirect interactions among individuals, see also [11] or [8]. We will describe the
population state (p-state) at some time t in terms of I and b, which makes sense in
the following way. At some time t a given history of the population birth rate and the
environmental condition uniquely determines the p-state (as a density or a measure
over the individual state space) but not vice versa, see Remark 20.6. Describing
p-states by I and b can be considered as putting a restriction on possible p-states.
In contrast to the stability part of the principle of linearised stability, the instability
part is an existence proof, where such a restriction does not hurt. The stable part
will therefore only cover a subset of possible p-states.
Like in earlier works, see [11] or [8] the environmental condition will at first be used
as a so called interaction variable, which means that on the one hand when modelling
individual behaviour one interprets the influence of the population on an individual
as a given function of time, which we call input and denote by I, while on the other
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hand one describes I in terms of a given population (here represented by b).

3.2.1 Modelling the dynamics

We model the dynamics of the population with I and b as unknowns. For the
mathematical framework we have in mind we choose the following setting for I and
b. For h ∈ (0,∞) (we will also in the future denote by h always positive real numbers,
see Remark 20.3 below for an explanation of why we choose finite h) we introduce
the function space notation L1,n

−h := L1([−h, 0],Rn) and L1,n
h := L1([0, h],Rn).

Remark 20.1. Like usual we will be sloppy when it comes to distinguishing elements
of L1, namely equivalence classes, from their representants.

Then we assume I ∈ L1,N−1
−h and b ∈ L1,1

−h, such that (I, b) ∈ L1,N
−h . Concerning

the modeling ingredients that we will now introduce, namely functions describing
individual development, output and survival as well as a reproduction rate, it will
turn out to be convenient to first describe their role in the description of the dy-
namics and only then give adequate mathematical (smoothness) assumptions for
these ingredients. Let Ω denote the set of all possible i-states. Assume that for a
given input I ∈ L1,N−1

s , s > 0 individual development is deterministic, i.e., can be
described by a function XI : Ω −→ Ω, such that the state of an individual, which
has experienced an input I ∈ L1,N−1

s and which s time units earlier had state x ∈ Ω,
is given by

XI(x) ∈ Ω.

Note that the fixed state at birth then implies a one dimensional i-state space. The
survival probability of such an individual is given as

FI(x), (3.1)

where FI : Ω −→ [0, 1] for I ∈ L1,N−1
s . The following notation is convenient when

describing the evolution of p-states. For consistency with different series of papers,
at this part of the exposition we use the symbol x for both, i-states and L1-functions:
For some function x ∈ L1,n

loc [−h,∞) := L1
loc([−h,∞),Rn), n ∈ N for t ≥ 0 we define

(like usual in the theory of Functional Differential Equations, see e.g. [13]) time
parametrised functions xt ∈ L1,n

−h by

xt(θ) = x(t+ θ) (3.2)

for θ ∈ [−h, 0]. Let us call xt (for which we have in mind It, bt or (It, bt)) a history
at time t. When modelling the dynamics of histories we will be led to working with
shifted restrictions of inputs from [−h, 0] to intervals [0,−τ ] where τ ∈ [−h, 0]. As
image spaces of such restrictions we use spaces L1,n

−τ since we defined XI(x) and
FI(x) for inputs for positive times.
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Definition 20.2. Let τ ∈ [−h, 0) then we call the operator

Ψ(τ) : L1,n
−h −→ L1,n

−τ ;
(Ψ(τ)I)(s) = I(τ + s)

for s ∈ [0,−τ ], the shifted restriction (to [0,−τ ]).

Next assume that there is a so called output function γ : Ω −→ RN−1, whose
ith component, i ∈ {1, ..., N − 1} describes the contribution of an individual of state
x ∈ Ω to the ith component of the environmental condition I. Moreover for the
fixed state at birth xb ∈ Ω we introduce the convention that when in a formula we
write XI and FI we mean XI(xb) and FI(xb). The influence on the environment of
a population represented by bt can be expressed in terms of current contributions of
the individuals born in the past, such that for t ≥ 0 one gets

I(t) =
∫ 0

−h

γ(XΨ(τ)It
)FΨ(τ)It

bt(τ)dτ (3.3)

(where we postpone the integrability discussion for a moment).

Remark 20.3. Here and in (3.4) below we implicitly assume finite life expectancy,
i.e., that h is so large that no individual survives h time units (which can be expressed
mathematically in terms of F). The finiteness of the interval [−h, 0] will greatly
facilitate the mathematical discussion in Section 3.4 (only for finite h one has the
“sun reflexive” case, see below).

Note that, for not too large values of t, the right hand side depends on I(s)
and b(s) for negative values of s (which shows the necessity to prescribe an initial
condition for negative times).
Next suppose that for a given value (with some abuse of notation also denoted by) I ∈
RN−1 of the environmental time course and for a given i-state x ∈ Ω reproduction
can be described by an individual birth rate β(x, I), such that β : Ω×RN−1 −→ R+.
Then for the population birth rate at a certain time t ≥ 0 it holds that

b(t) =
∫ 0

−h

β(XΨ(τ)It
, I(t))FΨ(τ)It

bt(τ)dτ. (3.4)

One can call (3.3) the feedback equation and (3.4) the renewal equation, but we
will in the following focus more on the common structure of the two equations. To
guarantee integrability we use the linear dependence on the L1,1

−h function bt. Let us
rewrite (3.3)-(3.4) as

I(t) =
∫ 0

−h

k1
Ψ(τ)It

bt(τ)dτ, (3.5)

b(t) =
∫ 0

−h

k2
Ψ(τ)It

(I(t))bt(τ)dτ, (3.6)
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defining k1
I := γ(XI)FI and k2

I (y) := β(XI , y)FI . Equations (3.5) and (3.6) show
that, given that bt is an L1-function, at this point it is easier and less restrictive to
guarantee integrability by making an L∞-assumption on k1 and k2, than to devise
assumptions for F , X, γ and β. With

L∞,n
−h := {f ∈ L∞((−∞, 0],Rn) : essential support (f) ⊂ [−h, 0]}.

we make

Hypothesis 20.4. For I ∈ L1,N−1
−h and y ∈ RN−1 one has k1

Ψ(·)I ∈ L∞,N−1
−h and

k2
Ψ(·)I(y) ∈ L

∞,1
−h .

Assumptions for F , X, γ and β, which guarantee that this hypothesis holds will
be elaborated in Section 3.4. Introducing the pairing 〈·, ·〉 : L∞,n

−h × L1,1
−h −→ Rn,

〈k, ϕ〉 :=
∫ 0

−h

k(s)ϕ(s)ds

(in the same notation for various n) allows us to rewrite (3.5)-(3.6) as

I(t) = 〈k1
Ψ(·)It

, bt〉, (3.7)

b(t) = 〈k2
Ψ(·)It

(I(t)), bt〉. (3.8)

In the rest of Section 3.2 and in Section 3.3 we study the system of equations (3.7)-
(3.8) under Hypothesis 20.4.
Suppose that (I0, b0) ∈ L1,N

−h then we say that a pair of functions (I, b) ∈
L1,N

loc [−h,∞) solves (3.7) - (3.8) with the initial condition

(I0, b0)(t) = (I0, b0)(t) (3.9)

if and only if (3.9) holds for t ∈ [−h, 0), i.e., (I0, b0) = (I0, b0), and for t ≥ 0 the
pair (I, b) satisfies (3.7)-(3.8).

Remark 20.5. Since we will assume that solutions are constructed as fixed points
of a contraction, we can in general at first only expect local solutions, i.e., solutions
on L1,N [−h, τ) for some τ > 0 depending on some initial condition, see [11]. When
investigating asymptotic behaviour we need of course global solutions. Since for large
classes of models global solutions can be constructed from the local solutions, see
[8], we omit the extension step in this paper and consider directly global solutions.

Note that, when substituting (3.9) into the right hand sides of (3.7)-(3.8) one
obtains a system in (I, b)(t) for positive times only, which under appropriate as-
sumptions can be interpreted as a fixed point problem on L1,N

s for some s > 0.
With this in mind, it will turn out to be convenient for our linearization purposes to
first make some transformations (involving steady states) and only then formulate
existence and uniqueness results in a more general setting.
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Remark 20.6. For a given history (It, bt) the population state at time t ≥ 0 can
equivalently be described by a measure mt such that

mt(ω) =
∫ 0

−h

δXΨ(τ)It
(ω)FΨ(τ)It

bt(τ)dτ, (3.10)

for any measurable set ω ⊂ Ω, where by δ we denote the Dirac measure. Since our
i-state space is one dimensional this measure is absolutely continuous with, for t ≥ 0
and x ∈ Ω density

n(t, x) =
∫ 0

−h

δXΨ(τ)It
(x)FΨ(τ)It

bt(τ)dτ (3.11)

= FΨ(τ̃)It
bt(τ̃), (3.12)

where τ̃ = τ̃(x, It) is the solution of XΨ(τ)It
= x. Note that (3.10) and (3.11) are

connected via mt(ω) =
∫

ω
n(t, x)dx. These formulae show that, as to be expected,

neither a given density n(t, ·) nor a given measure mt uniquely determine a history
It, bt. This makes clear that we can use histories to give criteria for instability,
whereas for stability we will only obtain results for those initial states describable
by histories.

3.2.2 Steady States

Under the assumption of existence of a steady state (I, β) we rewrite (3.7)-(3.9) as
an equation involving a map with steady state zero. Suppose that there exists a pair
of constants (I, β), such that when also interpreted as elements of L1,N

−h

I = 〈k1
Ψ(·)I , β〉,

β = 〈k2
Ψ(·)I(I), β〉,

then we call the pair (I, β) a steady state.

Remark 20.7. Note that for this definition of steady states, and given our earlier
definition of 〈·, ·〉, the finiteness of h is essential, since constant functions are not
elements of L1(−∞, 0].

We will in this paper simply assume the existence of steady states, while refer-
ring to [10] for ways to verify this assumption in a rather general context. When
introducing the notation X := L1,N

−h we get

Lemma 30. A pair (I, b) ∈ L1,N
loc [−h,∞) solves (3.7)-(3.9) if and only if the pair

(J, c) = (I, b)− (I, β) ∈ L1,N
loc [−h,∞) satisfies

J(t) = F 1(Jt, ct), (3.13)
c(t) = F 2(Jt, ct, J(t)), (3.14)

(J0, c0) = (I0, b0)− (I, β) (3.15)
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with operators F 1 : X −→ RN−1 and F 2 : X ×RN−1 −→ R given by

F 1(ϕ) := 〈k1
Ψ(·)(ϕ1+I)

, ϕ2 + β〉 − I, (3.16)

F 2(ϕ, y) := 〈k2
Ψ(·)(ϕ1+I)

(y + I), ϕ2 + β〉 − β (3.17)

(we write i as superscript to distinguish F i from components Fi of a function F to
be defined). Moreover F i(0) = 0 for i = 1, 2, such that zero is a steady state of
(3.13)-(3.15).

Proof. First we rewrite (3.7)-(3.8) and the steady state condition in obvious notation
as

I(t) = F 1(It, bt),
b(t) = F 2(It, bt, I(t)),
I = F 1(I, β),
β = F 2(I, β, I).

Then we compute in vector notation(
J
c

)
(t) =

(
I
b

)
(t)−

(
I

β

)
=
(

F 1(It, bt)
F 2(It, bt, I(t))

)
−
(
I

β

)
=
(

F 1(Jt + I, ct + β)
F 2(Jt + I, ct + β, J(t) + I)

)
−
(
I

β

)
and the statements follow with F 1(ϕ) := F 1(ϕ+(I, β))− I and F 2(ϕ, y) := F 2(ϕ+
(I, β), y + I)− β.

We obtain an equivalent system when substituting (3.13) into the third argument
of the right hand side of (3.14). By Lemma 30 we then get

Theorem 20.8. A pair (I, b) ∈ L1,N
loc [−h,∞) solves (3.7)-(3.9) if and only if the

function x := (I, b)− (I, β) ∈ L1,N
loc [−h,∞) solves

x(t) = F (xt), (3.18)
x0 = (I0, b0)− (I, β) (3.19)

where F : X −→ RN,

F (ϕ) =
(

F 1(ϕ)
F 2(ϕ, F 1(ϕ))

)
, (3.20)

with F 1, F 2 defined by (3.16)-(3.17). Moreover F (0) = 0, such that zero is a steady
state of (3.18)-(3.19).

3.3 Perturbation Theory

We relate our problem (3.18)-(3.19) to existence and uniqueness and stability results
from the literature and in this way will obtain stability results in terms of the
linearization L of F .
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3.3.1 Formal PDE with boundary condition

To motivate definitions of generators we rewrite the problem (3.18)-(3.19) as a formal
PDE. Suppose that for a given initial condition ϕ ∈ X there exists a function
x ∈ L1,N

loc [−h,∞) that solves (3.18)-(3.19). Then for t ≥ 0 and s ∈ [−h, 0] we define
u(t, s) := xt(s) and it follows immediately that formally the semilinear PDE with
initial condition

ut − us = 0, (3.1)
u(0, s) = ϕ(s), (3.2)

for t ≥ 0, s ∈ [−h, 0] holds. The solvability condition (3.18) becomes the boundary
condition

u(t, 0) = F (u(·, t)), (3.3)

for t ≥ 0.

3.3.2 The unperturbed problem

We start with the unperturbed problem, which means (3.1)-(3.2) together with
boundary condition zero, i.e.,

u(t, 0) = 0, (3.4)

for t ≥ 0. We introduce operators on X with action “shifting and extending by zero”
via

(T0(t)ϕ)(s) =

{
ϕ(t+ s) for t+ s ∈ [−h, 0),
0 for t+ s ≥ 0

(3.5)

for t ≥ 0 and s ∈ [−h, 0] and will show that with these operators there can be
associated a solution of (3.1), (3.2) and (3.4).

Remark 21.1. This explicit formula nakes clear that equivalence classes are mapped
to equivalence classes, such that T0(t) is indeed an operator mapping X into X.

Note that T0(t) defines a strongly continuous semigroup of bounded linear oper-
ators on X. We now compute the generator of this semigroup. To this aim and for
later use in spectral theory we introduce some wellknown definitions and notions,
see e.g. [12]. Strictly speaking these definitions require the complexification of X
and of the linear operators on X. Whereas later in the spectral theory we shall
(somewhat implicitly) work with the complexification of X, in the nonlinear theory,
towards which we are working at the moment, this is not possible, but as we will see
not necessary either.
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Definition 21.2. Let A be the generator of a strongly continuous linear semigroup
then we call

ρ(A) = {λ ∈ C : λ−A : D(A) −→ X is bijective}

the resolvent set of A. For λ ∈ ρ(A) we call

R(λ,A) : X −→ D(A),
R(λ,A) := (λ−A)−1

the resolvent map of A in λ.

Between resolvent and semigroup the following relation holds, which is proved
as Theorem II 1.10 (i) in [12].

Lemma 31. Let T (t) be a strongly continuous linear semigroup with generator A
on a Banach space X. If λ ∈ C is such that

R(λ)ϕ :=
∫ ∞

0

e−λsT (s)ϕds (3.6)

exists for all ϕ ∈ X, then λ ∈ ρ(A) and R(λ,A) = R(λ).

If for some real number α the integral in (3.6) converges, then for our semigroup
T0 and generator A0

(α−A0)−1ϕ =
∫ ∞

0

e−αsT0(s)ϕds

is an identity in our real Banach space X via which we shall compute A0. Let us say
that ϕ ∈ X is absolutely continuous, and write ϕ ∈ AC, whenever ϕ is the integral
of an element of X. Note that an absolutely continuous “function” is continuous
in the sense that a continuous function belongs to the equivalence class. We shall
implicitly always use this continuous function to represent the equivalence class.

Lemma 32. T0(t) is generated by

D(A0) = {ϕ ∈ AC : ϕ(0) = 0},
A0ϕ = ϕ′.

Proof. First note that for ϕ ∈ X and θ ∈ [−h, 0] the integral∫ ∞

0

e−λs(T0(s)ϕ)(θ)ds

converges for all λ ∈ C since T0 is nilpotent, i.e., zero after a finite time h. Then,
for λ = 0 we can express the negative inverse of A0 as

− (A−1
0 ψ)(a) = (R(0, A0)ψ)(a) =

∫ ∞

0

(T0(s)ψ)(a)ds

=
∫ −a

0

ψ(s+ a)ds =
∫ 0

a

ψ(s)ds (3.7)
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for every ψ ∈ X = D(A−1
0 ). Using D(A0) = R(A−1

0 ), i.e., the range of A−1
0 , it

follows that

D(A0) = {ϕ ∈ X : ∃ψ ∈ D(A−1
0 ), such that A−1

0 ψ = ϕ}

= {ϕ ∈ X : ∃ψ ∈ X, such that −
∫ 0

·
ψ(s)ds = ϕ, a.e. in [−h, 0]}

= {ϕ ∈ AC : ϕ(0) = 0}.

Then for ϕ ∈ D(A0), using twice (3.7), there exists some ψ ∈ X, such that

A0ϕ = A0(−
∫ 0

·
ψ(s)ds) = A0A

−1
0 ψ = ψ = ϕ′.

Knowing now that T0 is generated by A0, we will associate solutions of the
unperturbed problem with T0. From Lemma 32 it follows, see e.g. [12], that for
ϕ ∈ D(A0) also T0(t)ϕ ∈ D(A0) and moreover

d

dt
T0(t)ϕ = A0T0(t)ϕ.

Then we can define

u(t, s) := (T0(t)ϕ)(s), t ≥ 0 (3.8)

and get

δ

δs
u(t, s) =

δ

δs
(T0(t)ϕ)(s) = (A0T0(t)ϕ)(s) =

δ

δt
u(t, s).

In this trivial case one could verify (3.1) also directly via (3.8) and the definition of
T0. Finally (3.2) and (3.4) follow from (3.8) and the definition of T0(t).
Next we consider the dual problem. Note first that, since functionals on L1 can be
represented by L∞- functions, the dual space of X becomes

X∗ = L∞,N
−h

:= {f ∈ L∞((−∞, 0],RN) : essential support (f) ∈ [−h, 0]}.

Lemma 33. (a) For f ∈ X∗, t ≥ 0 and a ≤ 0 one has

(T ∗0 (t)f)(a) = f(a− t). (3.9)

(b) The generator of T ∗0 (t) is given as

D(A∗0) = {f ∈ Lip(−∞, 0] : f(a) = 0, for a ≤ −h},
A∗0f = −f ′,

where Lip(−∞, 0] denotes the set of all Lipschitz functions on (−∞, 0].
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Proof. (a) Let ϕ ∈ X, f ∈ X∗, then

〈T ∗0 (t)f, ϕ〉 = 〈f, T0(t)ϕ〉 =
∫ 0

−h

(T0(t)ϕ)(a)f(a)da =
∫ −t

−h

ϕ(t+ a)f(a)da

=
∫ 0

t−h

ϕ(a)f(a− t)da =
∫ 0

−h

ϕ(a)f(a− t)da.

Hence T ∗0 (t) is given by (3.9).
(b) Let ψ ∈ X, f ∈ X∗, then by (3.7)

〈f,A−1
0 ψ〉 =

∫ 0

−h

(A−1
0 ψ)(a)f(a)da = −

∫ 0

−h

∫ 0

a

ψ(s)dsf(a)da

= −
∫ 0

−h

ψ(s)
∫ s

−h

f(θ)dθds

and hence

(A∗−1
0 f)(s) = (A−1∗

0 f)(s) = −
∫ s

−h

f(θ)dθ. (3.10)

Since the integrals of L∞-functions are Lipschitz functions, from this identity one
deduces the statement.

Let us denote by ‖ · ‖ (various) function space norms and by | · | n-vector norms
and only occasionally write the according space as an index on the norm. In general
the adjoint of a strongly continuous linear semigroup is not strongly continuous. In
fact for large classes of L∞-spaces a semigroup is strongly continuous if and only if
it is uniformly continuous, i.e., has a bounded generator, see [14]. Even though our
L∞ space is included in these classes, for our semigroup we do give a proof, since it
is simple:

Lemma 34. T ∗0 defined by (3.9) is not strongly continuous on L∞,N
−h .

Proof. First observe that in the dual space norm we have

‖T ∗0 (t)f − f‖ = sup
g∈X,‖g‖=1

|〈T ∗0 (t)f − f, g〉|

= sup
g∈X,‖g‖=1

|
∫ 0

−h

g(s)[f(s− t)− f(s)]ds|.

Next, choose a sequence of positive real numbers tn converging to zero and define
a sequence of constant functions gn := 1

tn
∈ L1,N

−h and choose f := χ[−h
2 ,0] ∈ L

∞,N
−h .
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Then for every n ∈ N for which tn ∈ (0, h
2 ) one has

‖T ∗0 (tn)f − f‖ ≥ |〈T ∗0 (tn)f − f, gn〉| =
1
tn
|
∫ 0

−h

[f(s− tn)− f(s)]ds|

=
1
tn
|
∫ −h

2

−h

[f(s− tn)− f(s)]ds+
∫ −h

2 +tn

−h
2

[f(s− tn)− f(s)]ds

+
∫ 0

−h
2 +tn

[f(s− tn)− f(s)]ds|

=
1
tn
|
∫ −h

2

−h

[0− 0]ds+
∫ −h

2 +tn

−h
2

[0− 1]ds+
∫ 0

−h
2 +tn

[1− 1]ds| = 1,

which makes the statement obvious.

We are interested in the largest subspace of X∗ on which T ∗0 is strongly contin-
uous and therefore define

X� := {x∗ ∈ X∗ : lim
t↓0

‖T ∗0 (t)x∗ − x∗‖ = 0}. (3.11)

It is a general fact that

X� = D(A∗0), (3.12)

see e.g. Appendix II, Proposition 3.8.(ii) in [9] or the earlier references [1] or [18].
The �-generator is in general (see e.g. Theorem 3.10 in Appendix II in [9]) given as
the part of A∗ in X�, i.e., as

D(A�) := {f ∈ D(A∗) : A∗f ∈ X�}, (3.13)
A�f := A∗f. (3.14)

Then for our case we get the following �-setting:

Lemma 35. (a) One has

X� := {f ∈ C(−∞, 0] : f(a) = 0, for a ≤ −h} ∼= C0(−h, 0].

(b) For t ≥ 0 and a ≤ 0 defining T�0 (t) := T ∗0 (t)|X� , one gets

(T�0 (t)f)(a) = f(a− t)

and T�0 (t)X� ⊂ X�.
(c) T�0 is generated by

D(A�0 ) = {f ∈ C1(−∞, 0] : f(a) = 0, for a ≤ −h},
A�0 f = −f ′.
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Proof. (a) This follows from (3.12): Note first that with respect to Remark 20.1 for
an element of D(A∗0) the L∞-norm, i.e., the X∗-norm, equals the sup-norm. Next
observe that all properties of D(A∗0) except for the Lipschitz continuity survive when
closing with respect to the sup-norm. Hence, one has

D(A∗0) ⊂ {f ∈ X∗ : f(a) = 0, a ≤ −h}.

Moreover note that a space of continuous functions is closed with respect to the
sup-norm and hence

D(A∗0) ⊂ {f ∈ C(−∞, 0] : f(a) = 0, a ≤ −h}.

In order to understand that

{f ∈ C(−∞, 0] : f(a) = 0, a ≤ −h} ⊂ D(A∗0),

note that any continuous function can be approximated in the sup-norm, and hence
also in the L∞ norm, by continuous functions that are Lipschitz.
(b) The identity follows from the definition of T ∗0 (t) and the inclusion follows by
definition of T�0 (t) and X�.
(c) By (3.13) one has

D(A�0 ) = {f ∈ Lip(−∞, 0] : f(a) = 0, a ≤ −h,
f ′ ∈ C(−∞, 0], f ′(a) = 0, a ≤ −h}

= {f ∈ C1(−∞, 0] : f(a) = 0, a ≤ −h}.

and by (3.14) one has A�0 f = −f ′.

Having again a strongly continuous semigroup, namely T�(t), on a Banach space,
namely X�, we now take adjoints again in order to “ get back to the other side”.
Our choice of representing functionals on a space of continuous functions, which
is what X� is, is by (RN-valued) functions of bounded variation (BV) on [−h, 0]
(another choice would be measures, see e.g. [17]), such that we can pair a continuous
function f with a BV-function ϕ via the Riemann-Stieltjes integral

〈ϕ, f〉 =
∫ 0

−h

f(s)ϕ(ds).

The unique representation of certain operators on X�∗, see (3.16) below, and the
requirement that X�-functions tend to zero in −h lead us to require for the BV-
function being zero in zero and continuity from the right on (−h, 0). Let us denote
such functions as NBV (−h, 0] standing for normalized functions of bounded varia-
tion. To motivate our choice of normalization we remark that due to this choice the
function

δi(a) :=

{
−ei for a ∈ (−h, 0),
0 for a = 0,

(3.15)
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where ei denotes the ith unit vector in RN, is an element of NBV (−h, 0]. Moreover
for f ∈ X� we get 〈δi, f〉 = fi(0), where fi denotes the ith component of f and
therefore in particular ‖δi‖ = 1 in the (�-)dual norm. Via this function we will
define in Section 3.3.3 the perturbation to be added.
Then with X�∗ = NBV (−h, 0] we can prove

Lemma 36. (a) For t ≥ 0 and s ∈ (−h, 0] one has

(T�∗0 (t)ϕ)(s) =

{
ϕ(t+ s) for t+ s ∈ (−h, 0),
0 for t+ s ≥ 0.

(3.16)

(b) The generator of T�∗0 (t) is given as

D(A�∗0 ) = {ϕ : ϕ(s) = −
∫ 0

s

ψ(α)dα for all s ∈ [−h, 0]

and some ψ ∈ NBV (−h, 0]}, (3.17)
A�∗0 ϕ = ψ (3.18)

or in short hand notation A�∗0 ϕ = ϕ′.

Proof. (a) Let f ∈ X�, ϕ ∈ X�∗ and t ≥ 0, then

〈ϕ, T�0 (t)f〉 =
∫ 0

−h

(T�0 (t)f)(a)ϕ(da) =
∫ 0

−h

f(a− t)ϕ(da)

=
∫ −t

−h−t

f(a)ϕ(da+ t) =
∫ 0

−h

f(a)ϕ(da+ t)

and hence T�∗0 is as stated in (3.16).
(b) Since A�−1

0 = A∗−1
0 |X� = A−1∗

0 |X� , see (3.13) -(3.14), by (3.10) for f ∈ X� one
has

(A�−1
0 f)(s) = −

∫ s

−h

f(θ)dθ

and can compute for ψ ∈ X�∗

〈ψ,A�−1
0 f〉 = −

∫ 0

−h

∫ s

−h

f(θ)dθψ(ds) =
∫ 0

−h

ψ(s)
∫ ds

−h

f(θ)dθ

=
∫ 0

−h

ψ(s)f(s)ds = −
∫ 0

−h

f(a)(
∫ 0

da

ψ(α)dα) = 〈A�−1∗
0 ψ, f〉,

with

(A�−1∗
0 ψ)(θ) = −

∫ 0

θ

ψ(s)ds.
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From this equation follows (3.18).

Again T�∗0 is not strongly continuous (in fact one can construct a similar counter
example as in the T ∗0 -case) and we repeat the procedure of considering the largest
subspace of strong continuity:

X�� := {x∗ ∈ X�∗ : lim
t↓0

‖T�∗0 (t)x− x‖ = 0}

and now (3.12) becomes

X�� = D(A�∗0 ). (3.19)

Our last task is to embed X into X�∗ via a map j, such that (in our case) j(X) =
X��. In general one defines j : X −→ X�∗ via the pairings as

〈jx, x�〉 = 〈x�, x〉, x ∈ X, x� ∈ X�. (3.20)

One then gets, see e.g. Corollary 3.16 from Appendix II in [9] as

Corollary 21.3. The map j defined by (3.20) is a continuous embedding (not
necessarily onto).

It is also a general fact that the range of j lies in X��:

Lemma 37. One has T�∗0 (t)j = jT0(t) and j(X) ⊂ X��.

Proof. First note that for x ∈ X, x� ∈ X�, one has

〈T�∗0 (t)jx, x�〉 = 〈jx, T�0 (t)x�〉 = 〈T�0 (t)x�, x〉 = 〈T ∗0 (t)x�, x〉
= 〈x�, T0(t)x〉 = 〈j(T0(t)x), x�〉

and hence T�∗0 (t)j = jT0(t). Using this identity, we show strong continuity of T�∗0 (t)
on j(X). Let x ∈ X, then

‖T�∗0 (t)jx− jx‖ = ‖j(T0(t)x)− jx‖ = ‖j(T0(t)x− x)‖
= sup

x�∈X�, ‖x�‖=1

|〈j(T0(t)x− x), x�〉|

= sup
x�∈X�, ‖x�‖=1

|〈x�, T0(t)x− x〉|

≤ ‖T0(t)x− x‖ −→ 0,

for t tending to zero. Then by definition of X��, one has j(X) ⊂ X��.

In our setting also the other inclusion holds: Note first that with our choice of
spaces and pairings the map

(jϕ)(a) := −
∫ 0

a

ϕ(α)dα (3.21)

satisfies (3.20). Then we need the following fact.
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Lemma 38. If g ∈ L1,N
−h , then

∫ 0

· g(σ)dσ ∈ NBV (−h, 0] and

‖
∫ 0

·
g(σ)dσ‖NBV (−h,0] = ‖g‖L1,N

−h
. (3.22)

Now we can prove

Lemma 39. With j defined by (3.21) one has X�� ⊂ j(X).

Proof. Let ϕ ∈ X��, then ϕ ∈ NBV (−h, 0] and by (3.19) there exists a sequence
ϕn ∈ D(A�∗0 ) converging to ϕ inNBV (−h, 0]. Then by (3.17) there exists a sequence
ψn ∈ NBV (−h, 0] such that ϕn =

∫ 0

· ψn(σ)dσ. Moreover since ϕn is Cauchy in
NBV (−h, 0], by (3.22) ψn is Cauchy in L1,N

−h . Hence there exists some ψ ∈ L1,N
−h

with ψn −→ ψ in L1,N
−h . Therefore, again by (3.22),

∫ 0

· ψn(σ)dσ −→
∫ 0

· ψ(σ)dσ in
NBV (−h, 0] and thus ϕ = −

∫ 0

· ψ(σ)dσ = j(ψ), which proves the statement.

Remark 21.4. Another proof of this lemma would be to prove the compactness
of A−1

0 defined by (3.7) via the finiteness of the interval [−h, 0] and then use the
Philips-de Pagter Theorem, see e.g. [18].

Hence j(X) = X�� and we say that X is �-reflexive. In the notation it will
sometimes be convenient to suppress j and identify elements of X and X��.

3.3.3 Nonlinear perturbations and existence and uniqueness

We define a nonlinear operator G : X −→ X�∗ via

G(ϕ) =
N∑

i=1

Fi(ϕ)δi, (3.23)

where Fi (unlike F i for i = 1, 2) denotes the ith component of F for i = 1, ..., N
and δi as defined in (3.15). Note that G(0) = 0. Next, we consider the initial value
problem

du

dt
(t) = A�∗0 u(t) +G(u(t)), t > 0, (3.24)

u(0) = ϕ, (3.25)

where we slightly change the notation from u(t, θ) to u(t)(θ), which allows a better
use of function notation in the way that we can supress the θ argument, i.e., the
argument in [−h, 0]. The differential equation should be interpreted as an identity
in X�∗. We can formally integrate (3.24)-(3.25) to obtain the abstract integral
equation

u(t) = T0(t)ϕ+
∫ t

0

T�∗0 (t− s)G(u(s))ds, (3.26)
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where we shall verify that the integral takes values in j(X) = X��, such that after
applying j−1 to the integral, see (3.30) below, we have an equation in X. With this
equation we can, as will be shown below, indeed associate a problem equivalent to
(3.18)-(3.19). First however we must give a precise meaning to the integral in (3.26).

Lemma 40. Let K be a continuous family of linear operators on a Banach
space Y , let g ∈ L1([a, b],R), then for fixed y∗ ∈ Y ∗ one can define an element∫ b

a
K∗(s)g(s)y∗ds of Y ∗, by requiring that

〈
∫ b

a

K∗(s)g(s)y∗ds, y〉 =
∫ b

a

g(s)〈y∗,K(s)y〉ds

for all y ∈ Y .

The proof is a sequence of exercises in (Diekmann et al. 1995). We call∫ b

a
K∗(s)g(s)y∗ds ∈ Y ∗ a weak* integral. To guarantee the L1 assumption in the

previous lemma as well as solvability in Theorem 21.6 below we make

Hypothesis 21.5. The map F : X −→ RN is locally Lipschitz.

Then we can apply the previous Lemma with Y = X�, K = T�0 , y∗ = δi
and g(s) = Fi(u(s)), such that the integral in (3.26) becomes, as a weak* integral,
a well defined element in X�∗. Next note that by the previous hypothesis also
G : X −→ X�∗ is locally Lipschitz. For locally Lipschitz G by standard contraction
and continuation arguments one proves solvability of (3.26), see Theorem 3.1. in [5]
or Theorem VII 3.1. in [9], which we reformulate as

Theorem 21.6. For every ϕ ∈ X there exists a unique solution u (depending on
ϕ) to the integral equation (3.26). Moreover Σ(t) : X −→ X

Σ(t)ϕ = u(t)

defines a strongly continuous (nonlinear) semigroup.

In order to show that there is a one to one correspondence between solutions of
(3.26) and solutions of (3.18)-(3.19), we first compute the weak* integral in (3.26).

Lemma 41. For an arbitrary function η ∈ L1, as weak* integral, one has∫ t

0

T�∗0 (t− τ)η(τ)δidτ = −ei

∫ t

t+max{−t,·}
η(σ)dσ. (3.27)
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Proof. Let x� ∈ X�, then one computes

〈
∫ t

0

T�∗0 (t− τ)η(τ)δidτ, x�〉 =
∫ t

0

η(τ)〈δi, T�0 (t− τ)x�〉dτ

=
∫ t

0

η(τ)(T�0 (t− τ)x�)i(0)dτ =
∫ t

0

η(τ)x�i (τ − t)dτ

=
∫ 0

−t

η(s+ t)x�i (s)ds = −
∫ 0

−t

x�i (s)
∫ 0

ds

η(σ + t)dσ

= −
∫ 0

−t

x�i (s)
∫ t

t+ds

η(σ)dσ = −
∫ 0

−h

x�i (s)
∫ t

t+max{−t,ds}
η(σ)dσ

= 〈ei

∫ t

t+max{−t,·}
η(σ)dσ, x�〉.

Applying this result we get

Lemma 42. For the weak* integral in (3.26) one has∫ t

0

T�∗0 (t− s)G(u(s))ds = −
∫ t

t+max{−t,·}
F (u(s))ds (3.28)

and hence the integral lies in X��.

Proof. One computes∫ t

0

T�∗0 (t− s)G(u(s))ds =
∫ t

0

T�∗0 (t− s)
N∑

i=1

Fi(u(s))δids

= −
N∑

i=1

ei

∫ t

t+max{−t,·}
Fi(u(s))ds = −

∫ t

t+max{−t,·}
F (u(s))ds. (3.29)

Now we can consider (3.26) as an equation in X that reads

u(t) = T0(t)ϕ+ j−1(
∫ t

0

T�∗0 (t− s)G(u(s))ds). (3.30)

Now we are ready to prove equivalence of solutions of the abstract integral equation
and the transformed population problem:

Theorem 21.7. (a) Suppose that x ∈ L1,N
loc [−h,∞) solves

x(t) = F (xt), (3.31)
x0 = ϕ, (3.32)
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then the function u defined by u(t) := xt satisfies (3.30).
(b) Suppose u = u(ϕ) solves (3.30), then the function x defined as

x(t) :=

{
ϕ(t) for t ∈ [−h, 0),
u(t)(0) for t ≥ 0

(3.33)

solves (3.31)-(3.32).

Proof. (a) First, by (3.32), the definition of T0 and (3.31) we get

u(t)(θ)− (T0(t)ϕ)(θ) =

{
0 for t+ θ ∈ [−h, 0),
x(t+ θ) for t+ θ ≥ 0

=

{
0
F (xt+θ)

=

{
0 for t+ θ ∈ [−h, 0),
F (u(t+ θ)) for t+ θ ≥ 0.

(3.34)

On the other hand by Lemma 42 and with j−1ψ = ψ′ one gets

j−1(
∫ t

0

T�∗0 (t− s)G(u(s))ds) = j−1(−
∫ t

t+max{−t,·}
F (u(s))ds)

=

{
0 for t+ θ ∈ [−h, 0),
F (u(t+ θ)) for t+ θ ≥ 0,

(3.35)

which equals (3.34) and therefore (3.30) holds.
(b) Suppose now that u satisfies (3.26). Then by Lemma 42 for t > 0 one has

x(t) = u(t)(0) = j−1(
∫ t

0

T�∗0 (t− s)G(u(s))ds)(0)

= − d

da

∫ t

t+max{−t,a}
F (u(s))ds|a=0

= F (u(t)). (3.36)

Hence it remains to prove that u(t) = xt. Using (3.30), Lemma 42 and (3.36) one
computes

u(t)(θ) =

{
ϕ(t+ θ) for t+ θ ∈ [−h, 0),
j−1(

∫ t

0
T�∗0 (t− s)G(u(s))ds)(θ) for t+ θ ≥ 0

=

{
ϕ(t+ θ) for t+ θ ∈ [−h, 0),
j−1(−

∫ t

t+max{−t,·} F (u(s))ds)(θ) for t+ θ ≥ 0

=

{
ϕ(t+ θ) for t+ θ ∈ [−h, 0),
F (u(t+ θ))ds for t+ θ ≥ 0.

(3.37)
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Thus one has u(t) = xt and (b) is also proven.

By this theorem it is also clear that the zero function interpreted as an element
of L1,N

loc [−h,∞) is a steady state of Σ(t), i.e.,

Σ(t)0 = 0

for all t ≥ 0. Having existence and uniqueness for the abstract integral equation,
equivalence of abstract integral equation and transformed population problem and
equivalence of transformed and original population problem, existence and unique-
ness for the last two is of course straightforward:

Theorem 21.8. For every ϕ ∈ L1,N
−h there exists a unique solution x in L1,N

loc [−h,∞)
of (3.31)-(3.32) and for every (I0, b0) ∈ L1,N

−h a unique solution (I, b) in L1,N
loc [−h,∞)

of (3.7)-(3.9).

Proof. Let ϕ ∈ L1,N
−h , then let u(t) denote the unique solution of (3.26). Next

define x ∈ L1,N
loc [−h,∞) as in (3.33) and the existence of a solution of (3.31)-(3.32)

follows from Theorem 21.7 (b). Uniqueness follows from Theorem 21.7 (a) and the
uniqueness of solutions of (3.26) given by Theorem 21.6. Next, let (I0, b0) ∈ L1,N

−h ,
define ϕ := (I0, b0) − (I, β) and denote by x the unique solution of (3.31)-(3.32).
Then by Theorem 20.8 the function (I, b) := x + (I, β) is the unique solution of
(3.7)-(3.9).

3.3.4 Differentiability

We establish differentiability of the nonlinear system Σ(t), which is a condition
for the principle of linearized stability. Let us agree that when (here and in later
sections) writing mi we mean some increasing function on R+ with r−1mi(r) → 0,
as r → 0.

Hypothesis 21.9. The operator F is Fréchet differentiable in zero. More precisely,

F (ϕ) = Lϕ+ h(ϕ) (3.38)

for some operator L ∈ L(X,RN) and some nonlinear operator h : X −→ RN with
h(0) = 0 and, such that |h(ϕ)| ≤ mh(‖ϕ‖) for some function mh and all ϕ ∈ X.

We shall in the following simply pretend that we know L and h and only in Sec-
tion 3.4.3 compute representations of L and h in terms of the modelling ingredients.
The representation of L we need in order to translate spectral results in terms of L
into results in terms of the model ingredients, the representation of h to guarantee
that Hypothesis 21.9 holds.
The map G defined by (3.23) inherits the differentiability we assumed on F :
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Lemma 43. G is Fréchet differentiable in zero with G′(0) = B, where B : X −→
X�∗ is defined by

B(ϕ) =
N∑

i=1

Liϕδi. (3.39)

Moreover ‖B‖ ≤ ‖L‖.

Proof. The first statement follows since G is the composition of F and a bounded
linear map of RN into X

�∗
. The bound on B follows from the estimate

‖Bϕ‖ = sup
x�∈X�, ‖x�‖=1

|〈Bϕ, x�〉| = sup
x�∈X�, ‖x�‖=1

|〈
N∑

i=1

Liϕδi, x
�〉|

≤
N∑

i=1

|Liϕ| ≤ ‖L‖‖ϕ‖.

The next theorem, which is Theorem III.2.4. of [9] shows that with B one can
associate a strongly continuous linear semigroup T (t) which, as we will see,
- is the linearization of Σ(t) in zero.
- is generated by the restriction A of A�∗0 +B to X.

Theorem 21.10. Let B : X −→ X�∗ be a bounded operator, then there exists a
unique C0-semigroup T (t) such that

T (t)ϕ = T0(t)ϕ+
∫ t

0

T�∗0 (t− τ)BT (τ)ϕdτ. (3.40)

By Lemma 43 the conditions of Theorem 4.1 from [5] are fulfilled and we refor-
mulate its conclusion as

Theorem 21.11. The nonlinear operator Σ(t) is Fréchet differentiable in zero and

(DΣ(t))(0) = T (t), (3.41)

for every t > 0.

We remark that a representation of T (t) can be computed via successive approx-
imation from (3.40), see [9]. Since, however, the spectral results that we shall use
below relate stability of Σ(t) to the spectrum of the generator of T (t) we shall here
not compute T (t), but in the next section its generator.

3.3.5 The generator of the linear semigroup

We compute for our setting the generator A of the linearization T (t) of the extended
nonlinear dynamical system Σ(t). The stability results that follow will be in terms
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of the spectrum of this generator. Since A�∗0 + G generates Σ(t) in the sense of
Theorem 21.6 and since B is the linearization of G in zero, one would expect that
A is the restriction of A�∗0 + B to our original space X. That this is the case in
general, is Exercise III 2.14. in [9], which we here reformulate as

Lemma 44. One has

D(A) = {x ∈ j−1(D(A�∗0 )) : A�∗0 jx+Bx ∈ j(X)},
Ax = j−1(A�∗0 jx+Bx).

Whereas the definition of D(A�∗0 ) requires merely smoothness and B is defined
on the whole spaceX, the price one has to pay for the restriction is that the boundary
condition will “reappear”.

Theorem 21.12. T is generated by

D(A) = {ψ ∈ AC : ψ(0) = Lψ},
Aψ = ψ′.

Proof. Note first that by (3.17) we can write

D(A�∗0 ) = {ϕ : ϕ = jψ for some ψ ∈ NBV (−h, 0]},

where more precisely the ψ in the argument of j should be an equivalence class
containing an NBV (−h, 0] element. Hence

j−1(D(A�∗0 )) = NBV (−h, 0],

where more precisely by the right hand side we mean equivalence classes having an
NBV (−h, 0] representant, which causes the NBV (−h, 0] requirement of being zero
in zero to drop away! Next, for ψ ∈ j−1(D(A�∗0 )), we get jψ ∈ D(A�∗0 ) and

A�∗0 jψ = ψ.

Therefore

A�∗0 jψ +Bψ = ψ +
N∑

i=1

Liψδi

and by definition of j and X we get

j(X) = {f ∈ AC : f(0) = 0}.

Hence, with regard to Lemma 44, D(A) is as stated if we understand that

{ψ ∈ AC : ψ(0) = Lψ}

= {ψ ∈ NBV (−h, 0] : ψ +
N∑

i=1

Liψδi ∈ {f ∈ AC : f(0) = 0}}.
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In order to do so note that the AC condition is stronger than the NBV (−h, 0]
condition. Then the equality follows when remembering that in general ψ(0) 6= 0
(see the above remark on NBV equivalence classes) but that we mean by f(0) and
ψ(0) the left limit in zero of the continuous representant of the AC equivalence class.
Finally, if ψ ∈ D(A) by Lemma 44 one gets

(Aψ)(a) = j−1(A�∗0 jψ +Bψ)(a) =
d

da
(ψ(a) +

N∑
i=1

Liψei) = ψ′(a).

3.3.6 Linearized (in)stability

In this subsection we will mainly give results without proofs, which we motivate
as follows. With Theorems 21.6, 21.10 and 21.11 we are in a situation that can
be viewed independently of the sun-star formulation: A nonlinear dynamical system
with steady state in zero having a linearization in zero, which is a strongly continuous
linear semigroup. It is for this general case that in [7] the principle of linearized
stability is proved, even though for to a large extent notational reasons we shall cite
the reformulation in [5] of these results.
The following definition and lemma present further wellknown notions and results
from the theory of linear semigroups, see e.g. [12]. When speaking about A and its
spectrum we shall implicitly, i.e., without incorporation into the notation, mean the
complexification of A, X, etc.. For more details on complexification in the �∗-setting
we refer to Section III.7 in [9].

Definition 21.13. For a strongly continuous linear semigroup T (t) with generator
A we define the growth bound ω0(A) by

ω0(A) := inf{ω ∈ R : ∃Mω ≥ 1 such that ‖T (t)‖ ≤Mωe
ωt,∀t ≥ 0}

= inf{ω ∈ R : lim
t↑∞

e−ωt‖T (t)‖ = 0}.

We call the complement of the resolvent set, (see Definition 21.2) σ(A) := C\ρ(A)
the spectrum of A. Moreover we call

Pσ(A) = {λ ∈ C : λ−A is not injective}

the point spectrum of A and its elements eigenvalues. The real number

s(A) = sup{Re λ : λ ∈ σ(A)}

is called the spectral bound of A. The spectral radius of a bounded operator T is
given as

r(T ) = sup{|λ| : λ ∈ σ(T )}.
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Lemma 45. For a strongly continuous linear semigroup T (t) with generator A one
has

−∞ ≤ s(A) ≤ ω0(A) = inf
t>0

1
t

log ‖T (t)‖ = lim
t↑∞

1
t

log ‖T (t)‖

=
1
t0

log r(T (t0)) <∞

for each t0 > 0. In particular r(T (t)) = eω0(A)t for all t ≥ 0.

The following result is the “stable-part” of the principle of linearized stability
and Theorem 4.2. from [5].

Proposition 21.14. Let ω0(A) < 0, then for every ε with 0 ≤ ε < −ω0(A) there
exists some δ = δ(ε) > 0, such that ‖x‖ ≤ δ implies that

eεtΣ(t)x −→ 0

as t→∞.

Definition 21.15. A steady state x0 is called stable if for all ε > 0 there exists
some δ = δ(ε, x0), such that

‖Σ(t)x− x0‖ < ε

for all x with ‖x−x0‖ < δ and all t > 0. A steady state is called unstable if it is not
stable. We call a steady state x0 exponentially stable if it is stable and there exist
δ, ε′ > 0, such that for all x with ‖x− x0‖ < δ, one has

eε′t(Σ(t)x− x0) −→ 0

for t→∞.

Hence for ω0(A) < 0 the zero steady state is exponentially stable under Σ(t). Be-
fore translating this result back to our original system, we reformulate the instability
part of the principle of linearized stability, see Theorem 4.3. in [5]:

Proposition 21.16. Suppose that ω0(A) > 0 and assume that there exists a de-
composition X = X1 ⊕X2, where X1 is finite-dimensional and where both X1 and
X2 are invariant under T (t). Let Ti(t) denote the restriction of T (t) to Xi and let
Ai be the corresponding generator. If

ω0(A2) < min{Re λ : λ ∈ σ(A1)}

then there exists a constant ε > 0 and a sequence {xn}n≥1 ⊂ X converging to zero
and a sequence {tn}n≥1 ⊂ R converging to infinity, such that

‖Σ(tn)xn‖ ≥ ε

for all n ∈ N.
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Thus under the conditions of Proposition 21.16, the zero steady state is unstable
under Σ(t). The consequences for stability of the original steady states (I, β) are
straightforward:

Theorem 21.17. Let ω0(A) < 0, then for every ε with 0 ≤ ε < −ω0(A) there exists
some δ = δ(ε) > 0, such that if (I0, b0) ∈ L1,N

−h with ‖(I0, b0)− (I, β)‖ < δ, then the
solution (I, b) of (3.7)- (3.9) satisfies

eεt[(It, bt)− (I, β)] −→ 0

as t→∞. In particular then (I, β) is exponentially stable.

Proof. Suppose that ω0(A) < 0, 0 ≤ ε < −ω0(A) and choose some δ = δ(ε) > 0
according to Proposition 21.14 and some (I0, b0) ∈ L1,N

−h with ‖(I0, b0)− (I, β)‖ < δ.
Then ϕ < δ, where ϕ := ‖(I0, b0)− (I, β)‖ and hence by Proposition 21.14 one has

eεtΣ(t)ϕ −→ 0

as t → ∞. Since u(t) := Σ(t)ϕ is the solution of (3.26), the function x defined by
(3.33) is the solution of (3.31)-(3.32) and hence also

eεtxt −→ 0

as t→∞. Then by Theorem 20.8

(I, b) := x+ (I, β)

solves (3.7)-(3.9) and thus also

eεt[(It, bt)− (I, β)] −→ 0

for t→∞.

Quite analogously one proves

Theorem 21.18. Under the conditions of Proposition 21.16, there exists a con-
stant ε > 0 and a sequence {(In

0 , b
n
0 )} ⊂ L1,N

−h converging to (I, β) and a sequence
{tn}n≥1 ⊂ R converging to infinity, such that

‖(In
tn
, bntn

)− (I, β)‖ ≥ ε

for all n ∈ N. In particular then (I, β) is unstable.

3.3.7 Spectrum and resolvent of the generator

To relate our stability results to the modelling ingredients we compute the spectrum
of A in terms of a characteristic equation involving the linearization L of the map F ,
where F was defined by (3.20) in terms of the modelling ingredients. We introduce
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the notation for the exponential function eλ(s) := eλs for λ ∈ C and s ∈ [−h, 0] and
for the convolution product of two integrable functions

f ∗ g(t) :=
∫ t

0

f(t− s)g(s)ds.

Theorem 21.19. One has

σ(A) = {λ ∈ C : det(I − Leλ) = 0},

ρ(A) = C\σ(A) and for λ ∈ ρ(A) the resolvent map is given as

R(λ,A) : X −→ D(A)
R(λ,A)ψ = ϕ(0)eλ − eλ ∗ ψ, (3.42)

where

ϕ(0) = −(I − Leλ)−1L(eλ ∗ ψ). (3.43)

Moreover

σ(A) = Pσ(A).

Proof. Let ϕ ∈ D(A) and define ψ = R(λ,A)−1ϕ = (λI − A)ϕ = λϕ − ϕ′, then
ϕ′ = λϕ− ψ. This linear inhomogeneous ODE has the solution

ϕ(s) = ϕ(0)eλs −
∫ s

0

eλ(s−σ)ψ(σ)dσ,

which in the new notation becomes

ϕ = ϕ(0)eλ − eλ ∗ ψ, (3.44)

i.e., (3.42), provided we compute ϕ(0). To this aim note that since ϕ ∈ D(A) it has
to hold that

ϕ(0) = Lϕ. (3.45)

Substituting (3.44) into the right hand side of (3.45) and solving with respect to
ϕ(0), one gets (3.43) for those values of λ for which

det(I − Leλ) 6= 0.

By directly computing the eigenvalues of A from

ϕ′ = Aϕ = λϕ, (3.46)

where ϕ ∈ D(A) one finds that the eigenvalues are exactly the spectral values, which
is the last statement.

To give our characteristic equation

det(I − Leλ) = 0 (3.47)

a more explicit form we first formulate the Riesz representation theorem, see Theo-
rem 6.16 in [17], for our situation.
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Theorem 21.20. Suppose that K ∈ L(L1,n
−h ,R), then there exists a unique function

f ∈ L∞,n
−h , such that

Kϕ = 〈f, ϕ〉

for all ϕ ∈ L1,n
−h .

To apply this theorem to our operators we first rewrite

Lϕ =
N∑

i=1

Liϕei,

with Li ∈ L(X,R). Then by Theorem 21.20 there exist N functions ki ∈ X∗ such
that

Lϕ =
N∑

i=1

〈ki, ϕ〉ei (3.48)

and the characteristic equation becomes

det(I −
N∑

i=1

〈ki, eλ〉ei) = 0. (3.49)

The ki can then be written as a matrix valued function k ∈ L∞,N×N
−h and a repre-

sentation of k will be computed in Section 3.4.4 below.

3.4 Smoothness and computation of the kernel for
the population problem

We elaborate the assumed smoothness properties Hypotheses 20.4, 21.5 and 21.9 in
terms of the more specific modeling ingredients F , X, β and γ and to be defined
growth and death rates g and µ. We recall that Hypothesis 20.4 enabled us to
formulate the population problem, Hypothesis 21.5 was sufficient for existence and
uniqueness and Hypothesis 21.9 sufficient for differentiability. Note that even though
there are no direct implications between the three hypotheses, there is of course a
hierarchy in the properties L∞, Lipschitz and differentiability. We shall verify (or
motivate the holding of) all three hypotheses via differentiability assumptions for the
vital rates g, β and µ and the output function γ, even though for the mere verification
of L∞ and Lipschitz, such assumptions are of course stronger than necessary.

3.4.1 L∞ properties

To guarantee the L∞-property assumed in Hypothesis 20.4 we recall that

k1
Ψ(τ)I = γ(XΨ(τ)I)FΨ(τ)I , (3.1)

k2
Ψ(τ)I(y) = β(XΨ(τ)I , y)FΨ(τ)I . (3.2)
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In order to devise separate assumptions for γ, β, X and F we assume a topology
for the i-state space. In consistency with [8] we make

Assumption 22.1. The i-state space Ω is a locally compact Haussdorff space.

With the differentiability property Hypothesis 21.9, that is still to be verified,
in mind we make

Assumption 22.2. The output function γ : Ω −→ RN−1 and the birth rate β :
Ω×RN−1 −→ R+ are continuously differentiable (β in both arguments).

Then the truth of Hypothesis 20.4 follows from Assumptions 22.1, 22.2 and

Hypothesis 22.3. For I ∈ L1,N−1
−h one has

XΨ(·)I ∈ L∞([−h, 0],Ω), FΨ(·)I ∈ L∞([−h, 0], [0, 1]). (3.3)

We motivate that the first part of this hypothesis can be verified if individual
development can be described by a growth rate (a precise proof is left for future
work). The following definition will especially become convenient when defining the
survival probability via a death rate, see Assumption 22.6 below. In consistency
with [11] and [8], we make

Definition 22.4. For I ∈ L1,N−1
h and t ∈ [0, h] we denote by ρ(t) : L1,N−1

h −→
L1,N−1

t ,
ρ(t)I(α) = I(α),

for α ∈ [0, t] the restriction (for positive times).

Note that both shifted restriction and restriction for positive times can be con-
sidered as families of bounded linear operators of norm one.

Assumption 22.5. There exists a continuously differentiable function g : Ω ×
RN−1 −→ R such that for I ∈ L1,N−1

τ and τ > 0 one has

dXρ(s)I

ds
= g(Xρ(s)I , I(s)), s > 0 (3.4)

x(0) = xb. (3.5)

Now one can aim at showing that s 7−→ XΨ(s)I is an element of L∞([−h, 0],Ω)
as a composition of the map

[−h, 0] −→
⋃

τ∈[0,h]

L1,N−1
τ

s 7−→ Ψ(s)I

(for fixed I) and the map

J 7−→ XJ (3.6)
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of which we will motivate via Assumption 22.5 that it is Fréchet differentiable, see
Lemma 50. Note also that by Assumption 22.5 for fixed I the map s 7−→ Xρ(s)I

can be expected to be differentiable (future work). Concerning the second part of
Hypothesis 22.3, we assume that individual mortality can be described by a death
rate:

Assumption 22.6. There exists a continuously differentiable function µ : Ω ×
RN−1 −→ R+ such that for I ∈ L1,N−1

τ and τ > 0 one has

FI = e−
R τ
0 µ(Xρ(s)I ,I(s))ds. (3.7)

Again without proof we motivate that the second part of Hypothesis 22.3 can
be verified when noting that when replacing I by Ψ(τ)I, τ < 0 in (3.7) one obtains

FΨ(τ)I = e−
R−τ
0 µ(Xρ(s)Ψ(τ)I ,I(τ+s))ds. (3.8)

3.4.2 Lipschitz properties

First we guarantee the Lipschitz property Hypothesis 21.5 in terms of k1 and k2.
Note that by (3.20) it is sufficient to guarantee that F 1 and F 2 are Lipschitz. The
latter follows by (3.16)-(3.17) and

Hypothesis 22.7. The maps

L1,N−1
−h −→ L∞,N−1

−h ,

I 7−→ k1
Ψ(·)I

and

L1,N−1
−h ×RN−1 −→ L∞,1

−h ,

(I, y) 7−→ k2
Ψ(·)I(y)

are Lipschitz.

Using (3.1)-(3.2) we show that this hypothesis holds by what we have assumed
so far. By Assumption 22.2, γ and β are Lipschitz and hence the hypothesis holds
provided that the functions

L1,N−1
−h −→ L∞([−h, 0],Ω),

I 7−→ XΨ(·)I

and

L1,N−1
−h −→ L∞([−h, 0], [0, 1]),

I 7−→ FΨ(·)I

are Lipschitz. The latter follows if we verify
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Hypothesis 22.8. The functions

L1,N−1
−h −→ L∞([−h, 0],Ω),

I 7−→ XΨ(·)I

and

L1,N−1
−h −→ L∞([−h, 0], [0, 1]),

I 7−→ FΨ(·)I

are Lipschitz.

Again without proof we motivate that the truth of this hypothesis follows by
Assumptions 22.5 and 22.6.

3.4.3 Differentiability and derivative

We elaborate the differentiability assumption Hypothesis 21.9 and compute the
derivative L of F . To do so we will sometimes employ techniques and results on dif-
ferentiability in infinite dimensions without further justification and at other times
restrict ourselves to formal computations of derivatives. For the theory of differen-
tiating integral operators the reader is refered to e.g. [6] or [20]. First note that the
truth of Hypothesis 21.9, i.e., the differentiability of F in zero follows via (3.20) and
the chain rule if we assume differentiability of F 1 and F 2. We therefore make

Hypothesis 22.9. The operators F 1 and F 2 are Fréchet differentiable in zero. More
precisely

F 1(ϕ) = L1ϕ+ h1(ϕ), (3.9)
F 2(ϕ, y) = L2ϕ+ ky + h2(ϕ, y) (3.10)

for some operators L1 ∈ L(X,RN−1) and L2 ∈ L(X,R), some nonlinear operators
h1 : X −→ RN−1 and h2 : X ×RN−1 −→ R with hi(0) = 0 for i = 1, 2 and such
that |h1(ϕ)| ≤ m1(‖ϕ‖) and |h2(ϕ, y)| ≤ m2(‖ϕ‖ + |y|) for some functions mi and
for all ϕ ∈ X and y ∈ RN−1 and some (N − 1)× 1-matrix k.

Then the derivative of F in zero can via the chain rule be computed as

(DF )(0)ϕ =
(

(DF 1)(0)ϕ
(DF 2(·, F 1(·)))(0)ϕ

)
=

(
(DF 1)(0)ϕ

D1F
2(0, F 1(0))ϕ+D2F

2(0, F 1(0))(DF 1)(0)ϕ

)
=

(
L1ϕ

L2ϕ+ kL1ϕ

)
, (3.11)

such that

L =
(

L1

kL1 + L2

)
. (3.12)
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Next we show differentiability of F 1 and F 2 in terms of k1
Ψ(·) and k2

Ψ(·), see also
Hypothesis 20.4. Rewriting (3.16) as

F 1(ϕ) := 〈k1
Ψ(·)(ϕ1+I)

, ϕ2 + β〉 − 〈k1
Ψ(·)I , β〉, (3.13)

this follows from the differentiability of the linear maps ϕ 7→ 〈k, ϕ〉 and k 7→ 〈k, ϕ〉:

Lemma 46. Assume that k1
Ψ(·) : L1,N−1

−h → L∞,N−1
−h , I 7→ k1

Ψ(·)I is Fréchet differ-

entiable in I, i.e., that there exists some k′1 ∈ L(L1,N−1
−h , L∞,N−1

−h ) and some map
hk1 : L1,N−1

−h −→ L∞,N−1
−h with ‖hk1(I)‖ ≤ mk1(‖I‖), such that

k1
Ψ(·)(I+I)

− k1
Ψ(·)I = k′1I + hk1(I), (3.14)

then F 1 is Fréchet differentiable in zero, the operators in (3.9) take the form

L1ϕ = 〈k1
Ψ(·)I , ϕ2〉+ 〈k′1ϕ1, β〉, (3.15)

h1(ϕ) = 〈k1
Ψ(·)(ϕ1+I)

− k1
Ψ(·)I , ϕ2〉

+〈k1
Ψ(·)(ϕ1+I)

− k1
Ψ(·)I − k′1ϕ1, β〉, (3.16)

and one has L1 ∈ L(L1,N
−h ,R

N−1), h1(0) = 0 and |h1(ϕ)| ≤ m1(‖ϕ‖) for some m1.

Proof. First note that by adding (3.15) and (3.16) one gets (3.13) and it remains to
prove that L1 and h1 have the desired properties. One can estimate L1 as

‖L1ϕ‖ ≤ ‖k1
Ψ(·)I‖‖ϕ2‖+ ‖k′1‖‖ϕ1‖‖β‖ ≤ (‖k1

Ψ(·)I‖+ ‖k′1‖‖β‖)‖ϕ‖.

Next note that h1(0) = 0 and for general ϕ ∈ L1,N
−h using (3.14) one estimates

|h1(ϕ)|
≤ ‖k1

Ψ(·)(ϕ1+I)
− k1

Ψ(·)I‖‖ϕ2‖+ ‖k1
Ψ(·)(ϕ1+I)

− k1
Ψ(·)I − k′1ϕ1‖‖β‖

≤ ‖k′1ϕ1 + hk1(ϕ1)‖‖ϕ2‖+ ‖hk1(ϕ1)‖‖β‖
≤ ‖k′1‖‖ϕ1‖‖ϕ2‖+ ‖hk1(ϕ1)‖‖ϕ2‖+ ‖hk1(ϕ1)‖‖β‖
≤ ‖k′1‖‖ϕ‖2 + ‖hk1(ϕ)‖(‖ϕ‖+ ‖β‖) ≤ ‖k′1‖‖ϕ‖2 +mk1(‖ϕ‖)(‖ϕ‖+ ‖β‖)

and the last statement follows with

m1(r) = ‖k′1‖r2 + (r + ‖β‖)mk1(r).

To derive an analogous result for F 2, we rewrite (3.17) as

F 2(ϕ, y) = 〈k2
Ψ(·)(ϕ1+I)

(y + I), ϕ2 + β〉 − 〈k2
Ψ(·)I(I), β〉.

Then similarly to the previous lemma one proves
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Lemma 47. Assume that k2
Ψ(·) : L1,N−1

−h × RN−1 → L∞,1
−h , (I, y) 7→ k2

Ψ(·)I(y)

is Fréchet differentiable in (I, I) ∈ L1,N−1
−h × RN−1, such that there exists some

k′2 ∈ L(L1,N−1
−h , L∞,1

−h ), some k′3 ∈ L(RN−1, L∞,1
−h ) and some map hk2 : L1,N−1

−h ×
RN−1 −→ L∞,1

−h with ‖hk2(I, y)‖ ≤ mk2(‖I‖+ |y|), such that

k2
Ψ(·)(I+I)

(y + I)− k2
Ψ(·)I(I) = k′2I + k′3y + hk2(I, y),

then F 2 is Fréchet differentiable in zero and the operators in (3.10) take the form

L2ϕ = 〈k2
Ψ(·)I(I), ϕ2〉+ 〈k′2ϕ1, β〉, (3.17)

ky = 〈k′3y, β〉, (3.18)
h2(ϕ, y) = 〈k2

Ψ(·)(ϕ1+I)
(y + I)− k2

Ψ(·)I(I), ϕ2〉

+〈k2
Ψ(·)(ϕ1+I)

(y + I)− k2
Ψ(·)I(I)− k′2ϕ1 − k′3y, β〉

and one has L2 ∈ L(L1,N
−h ,R

1), h2(0) = 0 and |h2(ϕ, y)| ≤ m2(‖ϕ‖ + |y|) for some
m2.

Next we show differentiability of k1 and k2 in terms of X and F .

Hypothesis 22.10. The map FΨ(·) : L1,N−1
−h → L∞([−h, 0], [0, 1]) is Fréchet differ-

entiable in I with derivative F ′ ∈ L(L1,N−1
−h , L∞([−h, 0], [0, 1])).

Hypothesis 22.11. The map XΨ(·) : L1,N−1
−h → L∞([−h, 0],Ω) is Fréchet differen-

tiable in I with derivative X ′ ∈ L(L1,N−1
−h , L∞([−h, 0],Ω)).

Then, using Assumption 22.2, Hypotheses 22.10 and 22.11, the chain rule and
the product rule we get

Lemma 48. The map k1
Ψ(·) : L1,N−1

−h −→ L∞,N−1
−h is Fréchet in I with k′1 ∈

L(L1,N−1
−h , L∞,N−1

−h ) given as

k′1 =
δ

δI
γ(XΨ(·)I)FΨ(·)I |I=I = FΨ(·)Iγ

′(XΨ(·)I)X
′ + γ(XΨ(·)I)F

′.

Let us denote by βi, gi and µi, i = 1, 2, the partial derivatives.

Lemma 49. The map k2
Ψ(·) : L1,N−1

−h × RN−1 −→ L∞,1
−h is Fréchet in (I, I) and

k′2 ∈ L(L1,N−1
−h , L∞,1

−h ) and k′3 ∈ L(RN−1, L∞,1
−h ) can be computed as

k′2 =
δ

δI
β(XΨ(·)I , I)FΨ(·)I |I=I

= FΨ(·)Iβ1(XΨ(·)I , I)X
′ + β(XΨ(·)I , I)F

′,

k′3 = FΨ(·)Iβ2(XΨ(·)I , I).
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In the proof of the following lemma we formally compute a derivative, leaving
the proof of differentiability for future work.

Lemma 50. The derivative of the map Xρ(τ) : Lτ −→ Ω, J 7−→ XJ , τ > 0
considered as parameter, in I is given as

X ′
τJ =

∫ τ

0

kg(τ, σ)J(σ)dσ, (3.19)

where

kg(τ, σ) = eg1(Xρ(σ)I ,I)(τ−σ)g2(Xρ(σ)I , I)

and gi denote the partial derivatives of g.

Proof. We compute a function y, such that

x(s) = x(s) + εy(s) + o(ε), (3.20)

where x(s) := Xρ(s)I(x). Thus, we substitute (3.20) and I = I + εJ into g to get

g(x+ εy + o(ε), I + εJ) = g(x, I) + g1(x, I)yε+ g2(x, I)Jε+ o(ε). (3.21)

Substituting (3.20) into the left hand side of (3.4) and equating this with (3.21), one
gets

dy

ds
= g1(x, I)y + g2(x, I)J. (3.22)

Moreover, one has

xb = x(0) = x(0) + εy(0) + o(ε) = xb + εy(0) + o(ε)

and thus

y(0) = 0. (3.23)

Now, one solves (3.22)- (3.23) as

y(t) =
∫ t

0

eg1(Xρ(s)I ,I)(t−s)g2(Xρ(s)I , I)J(s)ds.

Thus, we get for s ≥ 0

X ′
ρ(s)J =

∫ s

0

eg1(Xρ(σ)I ,I)(s−σ)g2(Xρ(σ)I , I)J(σ)dσ.

Having an expression for all derivatives involved, in the rest of this subsection
we puzzle these derivatives together to get explicit expressions for k′1 and k′2. Then



146 CHAPTER 3. (IN)STABILITY

we can represent the derivative L, which was required in Section 3.3.7, via (3.12) in
terms of k′1 and k′2, i.e., in two steps. The expressions for k′1 and k′2 will be used in
Section 3.4.4 to compute the X∗ element k in Section 3.3.7. First note that X ′ as
in Hypothesis 22.11 can be computed as

(X ′I)(−τ) = X ′
τΨ(−τ)I =

∫ τ

0

kg(τ, σ)I(σ − τ)dσ,

where I ∈ L1,N−1
−h and τ ∈ [0, h]. From (3.8) we compute for τ > 0 the derivative of

the map Lτ −→ [0, 1], I 7−→ FI as

F ′
τJ = −e−

R τ
0 µ(Xρ(s)I ,I)ds

∫ τ

0

[µ1(Xρ(s)I , I)X
′
sJ + µ2(Xρ(s)I , I)J(s)]ds,

First we rewrite this as

F ′
τJ = −F(τ)

∫ τ

0

[µ1(s)X ′
sJ + µ2(s)J(s)]ds,

introducing the notation F(τ) := e−
R τ
0 µ(Xρ(s)I ,I)ds, µ1(s) := µ1(Xρ(s)I , I) and

µ2(s) := µ2(Xρ(s)I , I). Then F ′ as in Hypothesis 22.10 can be computed using
(3.19)as

(F ′I)(−τ) = F ′
τΨ(−τ)I

= −F(τ)
∫ τ

0

[µ1(σ)X ′
σΨ(−τ)I + µ2(σ)I(−τ + σ)]dσ

= −F(τ)
∫ τ

0

[µ1(σ)
∫ σ

0

kg(σ, α)I(α− τ)dα+ µ2(σ)I(−τ + σ)]dσ.

(3.24)

Next note that for τ ∈ [−h, 0] one has

FΨ(τ)I = Fρ(−τ)I = F(−τ). (3.25)

Finally, introducing γ′(−τ) := γ′(XΨ(τ)I) and γ(−τ) := γ(XΨ(τ)I) for τ ∈ [−h, 0]
we get

Lemma 51. For τ ∈ [−h, 0], one has

(k′1I)(τ)
= F(−τ)γ′(−τ)(X ′I)(τ) + γ(−τ)(F ′I)(τ)

= F(−τ)γ′(−τ)
∫ −τ

0

kg(−τ, σ)I(τ + σ)dσ

−γ(−τ)F(−τ)
∫ −τ

0

[µ1(s)
∫ s

0

kg(s, σ)I(τ + σ)dσ + µ2(s)I(τ + s)]ds.

(3.26)
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Before giving the representation for k′2, we introduce for τ ∈ [−h, 0] the notation

β(−τ) := β(XΨ(τ), I), β1(−τ) := β1(XΨ(τ)I , I).

Then we get

Lemma 52. For I ∈ L1,N−1
−h and τ ∈ [−h, 0] one has

(k′2I)(τ)
= F(−τ)β1(−τ)(X ′I)(τ) + β(−τ)(F ′I)(τ)

= F(−τ)β1(−τ)
∫ −τ

0

kg(−τ, σ)I(τ + σ)dσ

−β(−τ)F(−τ)
∫ −τ

0

[µ1(σ)
∫ σ

0

kg(σ, α)I(τ + α)dα+ µ2(σ)I(τ + σ)]dσ.

(3.27)

Note that when interpreting k′3 as an element of L∞,N−1
−h , see Lemma 47, we can

write (3.18) as

ky = 〈k′3, β〉y. (3.28)

Then we can summarize this subsection as

Theorem 22.12. The derivative L of F in zero is given as

Lϕ

=

(
〈k′1ϕ1, β〉+ 〈k1

Ψ(·)I , ϕ2〉
〈k′3, β〉〈k′1ϕ1, β〉+ 〈k′2ϕ1, β〉+ 〈k′3, β〉〈k1

Ψ(·)I , ϕ2〉+ 〈k2
Ψ(·)I(I), ϕ2〉

)
(3.29)

with ki
Ψ(·), k

′
i, i = 1, 2 given by (3.1), (3.2), (3.26) and (3.27).

Proof. This follows from (3.12), (3.15) (3.17), (3.27) and (3.28).

3.4.4 Computation of the kernel

We compute the dual space elements ki, see Section 3.3.7. With our representation
(3.29) for L in mind, we first compute L∞ functions kJJ , kJc, kcJ and kcc, such that

〈kJJ , ϕ1〉 = 〈k′1ϕ1, β〉, 〈kJc, ϕ2〉 = 〈k1
Ψ(·)I , ϕ2〉,

〈kJc, ϕ1〉 = 〈k′2ϕ1, β〉, 〈kcc, ϕ2〉 = 〈k2
Ψ(·)I , ϕ2〉.
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Lemma 53. One has

kJc(τ) = k1
Ψ(τ)I

, (3.30)

kJJ(s) = β

∫ h

−s

F(τ)γ′(τ)kg(τ, τ + s)dτ − β

∫ h

−s

F(τ)γ(τ)µ2(τ + s)dτ

−β
∫ h

−s

F(τ)γ(τ)
∫ τ

τ+s

µ1(σ)kg(σ, τ + s)dσdτ. (3.31)

Proof. Whereas (3.30) is obvious, in order to prove (3.31) we have to use the repre-
sentation of k′1. Then we get

〈kJJ , ϕ1〉 = 〈k′1ϕ1, β〉 = β

∫ 0

−h

(k′1ϕ1)(τ)dτ

= β

∫ 0

−h

F(−τ)γ′(−τ)
∫ −τ

0

kg(−τ, σ)ϕ1(σ + τ)dσdτ

−β
∫ 0

−h

F(−τ)γ(−τ)
∫ −τ

0

µ2(s)ϕ1(s+ τ)dsdτ

−β
∫ 0

−h

F(−τ)γ(−τ)
∫ −τ

0

µ1(s)
∫ s

0

kg(s, α)ϕ1(α+ τ)dαdsdτ.

The first term we rewrite as

β

∫ 0

−h

F(−τ)γ′(−τ)
∫ −τ

0

kg(−τ, σ)ϕ1(σ + τ)dσdτ

= β

∫ 0

−h

F(−τ)γ′(−τ)
∫ −τ

0

kg(−τ,−τ − s)ϕ1(−s)dsdτ

= β

∫ 0

−h

∫ h

−s

F(τ)γ′(τ)kg(τ, τ + s)dτϕ1(s)ds. (3.32)

The second term, we analogously rewrite as

−β
∫ 0

−h

F(−τ)γ(−τ)
∫ −τ

0

µ2(s)ϕ1(s+ τ)dsdτ

= −β
∫ 0

−h

∫ h

−s

F(τ)γ(τ)µ2(τ + s)dτϕ1(s)ds. (3.33)

Finally, (using that after the first manipulation we get analogy with the first term)
for the third term it holds that

−β
∫ 0

−h

F(−τ)γ(−τ)
∫ −τ

0

µ1(s)
∫ s

0

kg(s, α)ϕ1(α+ τ)dαdsdτ

= −β
∫ 0

−h

F(−τ)γ(−τ)
∫ −τ

0

∫ −τ

α

µ1(s)kg(s, α)dsϕ1(α+ τ)dαdτ

= −β
∫ 0

−h

∫ h

−σ

F(τ)γ(τ)
∫ τ

τ+σ

µ1(s)kg(s, τ + σ)dsdτϕ1(σ)dσ. (3.34)
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Adding (3.32)-(3.34), one sees that (3.31) holds.

Lemma 54. One has

kcc(τ) = k2
Ψ(τ)I

, (3.35)

kcJ(s) = β

∫ h

−s

F(τ)β1(τ)kg(τ, τ + s)dτ − β

∫ h

−s

F(τ)β(τ)µ2(τ + s)dτ

−β
∫ h

−s

F(τ)β(τ)
∫ τ

τ+s

µ1(σ)kg(σ, τ + σ)dσdτ. (3.36)

Proof. Equation (3.35) is obvious. Moreover one has

〈kcJ , ϕ1〉 = 〈k′2ϕ1, β〉 = β

∫ 0

−h

(k′2ϕ1)(τ)dτ

= β

∫ 0

−h

F(−τ)β1(−τ)
∫ −τ

0

kg(−τ, σ)ϕ1(σ + τ)dσdτ

−β
∫ 0

−h

β(−τ)F(−τ)
∫ −τ

0

µ1(σ)
∫ σ

0

kg(σ, α)ϕ1(α+ τ)dαdσdτ

−β
∫ 0

−h

β(−τ)F(−τ)
∫ −τ

0

µ2(σ)ϕ1(σ + τ)dσdτ.

The rest follows from analogies with the proof of Lemma 53.

Theorem 22.13. The matrix valued function k ∈ L∞,N×N
−h as defined in Section

3.3.7 is given as

k :=
(

kJJ kJc

〈k′3, β〉kJJ + kcJ 〈k′3, β〉kJc + kcc

)
defined via (3.30), (3.31), (3.35) and (3.36).

3.5 Conclusions and outlook

The major achievement of this paper is the establishment of some stability results for
quasilinear structured populations. Despite the restricted setting we hope to have
motivated that the sun star formalism can be applied to many quasilinear models
and hope to wake the interest, also in the earlier sun star publications, of those
readers who so far missed it.
Of course, for the future much remains to be done. The proofs in the linearisation
sections have to be elaborated. There has to be shown consistency with the more
general stability approach in preparation by Diekmann, Gyllenberg and Metz. Gen-
eralisations should be made: One should consider also finitely many (or a discrete
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set of) birth states, the multispecies case and more general individual development.
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Samenvatting

Het onderwerp van mijn promotieonderzoek was de wiskundige analyse van een
klasse van populatiemodellen waarbij het effekt van verschillen van individuen (in
bv. leeftijd, grootte, positie in de ruimte enz) op hun ontwikkeling, sterftekans en re-
productie een belangrijke rol speelt. De modellen hebben toepassingen in de ecologie
of in de epidemiologie (verspreiden van epidemien). Voor een vrij grote klasse van
populaties kunnen grenzen voor de groei worden aangegeven. Een ander resultaat
is dat kleine veranderingen van de structuur van de populatie op een gegeven tijd-
stip als effect hooguit kleine veranderingen in de structuur van deze populatie in de
toekomst kunnen hebben. Netzo kan er voor vele populaties ook geen sprong in de
structuur optreden als het bekeken tijdsinterval voldoende klein is. Deze laatste twee
resultaten zijn belangrijk als met behulp van computers kwantitatieve voorspellin-
gen worden gemaakt. Ook werden criteria voor het al dan niet bereiken van een
evenwichtstoestand onderzocht. Zoals vaak in de theorie van dynamische systemen,
zijn deze criteria afhankelijk van de oplossingen van een zogenaamde karakteristieke
vergelijking.
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