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1

Introduction

Over the last decades the societal awareness of the environment has increased
quite remarkably. Issues, like the depletion of the ozone layerin the winter over
the poles due to CFC-emissions and the effects of higher concentration of carbon
dioxides which might lead to notable climate changes, have received much at-
tention. On a smaller, urban scale, one is concerned about the impact that large
releases of pollutants by cars, power plants and industrial sources may have on
human health. Alarms are also raised by the formation of photochemical smog at
warm summer days in cities.

The formulation of models which describe these air pollution processes or
the transport and chemistry of gases in the atmosphere in general, is of great
importance and may eventually lead to improved understanding of the global
atmospheric composition and to methods for realistic control of air pollution.

1.1 Turbulent transport
Many air-pollution processes occur within the lowest part of the atmosphere, the
boundary layer. The flows in this part of the atmosphere are complex and highly
unpredictable. In other words the flows are turbulent which makes modelling
these processes a complex task. Turbulence in the atmosphere originates primar-
ily from heating of the earth surface in the daytime. Other sources of atmospheric
turbulence are wind shear and surface friction. These thermal and mechanical
processes together lead to the formation of chaotic motions (’eddies’) which are
responsible for most of the vertical transport of sensible heat, water vapour and
other constituents.

In general, a fluid flow (liquid or gaseous) can be described mathematically by
the conservation equations of momentum (Navier-Stokes equations), mass (con-
tinuity equation), thermal energy (the enthalpy equation), water vapour (the hu-
midity equation) and the equation of state (the gas law). Together with a specific-
ation of the initial- and boundary conditions, this system of equations determines
the flow. A flow is said to be turbulent if the various quantities, for example the
flow velocities, show a random variation in time and space. Turbulence is often
called deterministic chaos.
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Chemistry

We start with introducing a few basic definitions of turbulent flows. A tur-
bulent fluid flow can best be described by the words: disorder, fluctuations and
chaos. The opposite of a turbulent flow is a laminar flow which is smooth, orderly
and predictable. The turbulent character of a flow depends on many factors; some
of them are expressed in the size of the non-dimensional Reynolds number Re.
Let L be the characteristic size of the turbulent eddies and U the typical turbulent
velocity. The Reynolds number is defined as

Re =
U L

�

where � denotes the kinematic or molecular viscosity. The Kolmogorov length-
scale is defined as

�K =

�
�3

�

� 1

4

where � denotes the rate of dissipation of turbulent energy. The Kolmogorov scale
�K denotes the smallest scale at which turbulent phenomena occur. The range of
eddie-sizes within the Kolmogorov scale �K and L is called the inertial subrange
of the turbulent flow. If � is approximated by U

3

L
, the Reynolds number is related

to the ratio of the largest and smallest eddies, i.e.

Re �

�
L

�K

� 4

3

:

Hence, the larger the Reynolds number, the larger the difference between the
small and large scales of the eddies and the bigger the chaotic behaviour of the
flow. Turbulent flows always occur at high Reynolds numbers. Laminar flows
are described by low Reynolds numbers. The Reynolds number of atmospheric
flows typically is in the order of 107.

The time and length scales of turbulent transport are much larger than the
scales of molecular diffusion. The turbulent eddies are mainly responsible for
the transport of heat and contaminants (like pollutants) in the atmosphere. This
transport is also called turbulent diffusion or turbulent dispersion.

1.2 Chemistry
The atmosphere consists of many compounds in the form of gases, liquid droplets
or particles. One speaks of air pollution if there is a change in the natural compos-
ition of the atmosphere which may be harmful for humans, fauna, flora or ma-
terials. Ozone in the lower atmosphere is an air pollutant but in the stratosphere
the ozone layer is a natural protection of the earth from high radiations. Accord-
ingly, air pollution is defined relatively to the natural air composition. Clean dry
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Introduction

air consists of approximately 78% nitrogen, 21% oxygen and the remaining 1%
comprises all other constituents.

The composition of air changes continuously due to emissions, sinks, turbu-
lent transport and (photo)chemical processes. The air pollution system can be
described schematically as follows. Pollutants are emitted in the atmosphere,
they are transported by the wind and diffused by turbulent eddies, they may
photo-dissociate or undergo chemical reactions and eventually they will be de-
posited (Varney and McCormac, 1971). Examples of reactive pollutants are the
nitrogen oxides (NO, NO2, etc.) which are released in the atmosphere during
combustion processes of motorised traffic or power plants. The nitrogen oxides
play an important role in the creation and destruction of ozone in the lower part
of the atmosphere, where ozone is undesirable. The simplified classical scheme
that involves nitrogen monoxide and dioxide reads

NO2

h�
�! NO +O

O +O2 +M �! O3 +M
NO +O3 �! NO2 +O2

where M denotes a neutral gas. The first reaction, the dissociation of NO2 occurs
in sunlight at photon energies larger than 3.12 eV. In the lower part of the atmo-
sphere there is enough oxygen such that the second reaction can produce ozone.
Ozone is destructed by the third reaction. Much research has been conducted to
understand these chemical processes in more detail (see (Galmarini et al., 1997)
for an overview).

In general, a reaction A + B �! C is mathematically modelled by the differ-
ential equations

dcA

dt
=

dcB

dt
= �

dcC

dt
= �k cA cB

where k represents the reaction-rate and c� the concentration of species �.

1.3 Modelling turbulent transport and chemistry
Basically, there are two approaches to modelling turbulent transport and chem-
istry in fluids (gaseous or liquid). The first is the Eulerian approach, where the
behaviour of the pollutants is described relative to a fixed coordinate system.
In conventional, Eulerian modelling, one urges to solve numerically the system
of equations describing the turbulent flow. These Direct Numerical Simulations
(DNS) are computationally expensive if one wants to resolve all turbulent scales
of motion. Therefore, DNS is only applicable for relatively small Reynolds num-
bers.

In other Eulerian models, a filtering technique is used to decompose the flow
variables into a deterministic mean flow and an approximated fluctuating flow
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Modelling turbulent transport and chemistry

(the Reynolds Averaged Navier-Stokes models, RANS). In Large Eddy Simula-
tions (LES) the Navier-Stokes equations are volume-averaged so that all motions
from the largest scale down to the size of the averaging volume are resolved. In
these simulations the filtered variables are substituted into the transport equa-
tions to yield equations for the mean variables only. The rate of a bimolecular
chemical reaction A + B �! C is proportional to the product of the concentra-
tions of the species involved. The averaged rate of reaction reads k cA cB where
cA and cB denote the concentrations of A and B, and the over-bar represents the
ensemble averaging operator. In many LES and RANS models the concentration
fluctuations are assumed to be negligible in comparison with the mean concentra-
tions; hence the rate of reaction is modelled by k cA cB (Seinfeld, 1986; E.Graedel
and Crutzen, 1995).

From first principles and experimentally (Komori and Ueda, 1984; Saetran
et al., 1989) it has been shown that these models do not correctly describe the
chemistry due to the so-called “segregation effect” (Schumann, 1989; Beets et al.,
1996). The intensity of segregation is defined as

Is =
cA cB � cA cB

cA cB
:

In turbulent flows, the gradual transport of compounds from local sources gives
rise to concentration fluctuations, cA cB � cA cB which may be as large as the
mean concentrations. Accordingly the reaction proceeds slower if the intensity
of segregation is negative and faster if Is is positive compared to the well-mixed
case where Is = 0. It appears that the effect of ’unmixedness’, can be a source of
considerable errors in the modelling of chemistry in the atmosphere (de Arellano
and Duynkerke, 1993).

The LES and RANS simulations can be improved by making more refined
sub-grid scale parametrisations and by formulating transport equations for the
fluctuation part (see (Beets and de Arellano, 1996; Beets et al., 1996) for the im-
proved LES and (Deardorff, 1978) for higher order RANS simulations). However,
these models complicate the description of atmospheric transport and chemistry
considerably (Gao and Wesely, 1994) and they do not solve all the problems which
were introduced by using averages (Deardorff, 1978).

The second approach to modelling turbulent transport in fluids is the Lag-
rangian method where movement and chemical conduct of pollutants are de-
scribed by following moving “fluid particles”. The turbulent motion is modelled
in a stochastic way. The mean properties follow from averages over the ensemble
of turbulent flows.

The Lagrangian theory for modelling the turbulent transport of single “fluid”
particles which predicts mean concentrations of passive tracers (absolute disper-
sion theory) is well understood (van Dop et al., 1985; de Baas et al., 1986; Thom-
son, 1987; Wilson and Sawford, 1996). The description of the turbulent motion
of particle pairs, modelling the mean concentration and the concentration fluc-
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tuations (relative dispersion theory) is a well-known problem in turbulence the-
ory (Monin and Yaglom, 1975; Durbin, 1980; Thomson, 1990; Rodean, 1996) and
can be suitably formulated, at least in idealised turbulence.

To our knowledge, only few attempts have been made to develop Lagrangian
models for turbulence-chemistry interaction, see (Chock and Winkler, 1994a,
1994b) and (Komori et al., 1991). Chock and Winkler use a one-particle formu-
lation to model the mean concentrations only. This model inhibits a proper de-
scription of the concentration fluctuations and thus ignores the importance of
the concentration fluctuations in turbulence-chemistry interaction. Yet, their for-
mulation of dispersion is still an improvement over the conventional, Eulerian,
purely diffusive first-order method for dispersion modelling.

In (Komori et al., 1991) a formulation for the relative dispersion for non-
premixed reacting flows is presented. This model describes the motion of pairs of
particles which contain the reactants. Two particles of a pair react as long as they
are close (their distance comparable to the Kolmogorov length-scale). During this
time period, the chemical compounds are assumed to be locally well-mixed and
the reaction is modelled accordingly. Their method, however, is limited to flows
where the interface between the reactants remains largely unconvoluted and in-
tact.

In this thesis, we propose a different, new approach. The new model is based
on the (Lagrangian) concept that any single, second order chemical reaction in
a turbulent flow is the result of the encounter of two reactive molecules, which,
having left their respective sources are brought together by the resultant of tur-
bulent and molecular motion. The reactant transported by a particle may react at
any time along the full trajectory of the particle. The chemical reaction is mod-
elled stochastically by dividing the trajectory of a particle into two parts: one
where the particles in one pair are close enough to react with each other and a
part where they are too far apart to react with each other, but where they may
react with other fluid particles. For each part we formulated expressions to ap-
proximate the reaction probability of the amount of reactant transported by a
particle, depending on the reaction rate and other relevant parameters.

1.4 Parallel models
We have already indicated that numerically solving the transport equations in
direct numerical simulations usually requires large computational effort (CPU-
time and memory). The filtering techniques circumvent these problems only par-
tially. In the last years several multi-processor computers have become avail-
able and may potentially solve the computational bottleneck of Eulerian models.
Porting Eulerian models to these parallel computers however, is not simple. Prob-
lems arise, for instance in distributing the computational work over the computer
nodes. How can the work be distributed over a given number of processors such
that the amount of communications between the nodes is minimised? Intensive
research is still going on in this area (Keyes et al., 1995; Simon et al., 1992).
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Outline of the thesis

On the other hand, Lagrangian particle models seem very suitable for imple-
mentation on multi-processor systems because the samples of the turbulent flow
are independent. In literature most attention is payed to modelling issues and
not so much to the computational problem. Part of our effort is therefore de-
voted to investigate the computational efficiency of particle models and the new
dispersion and chemistry model on message-passing multi-processor computers.

1.5 Outline of the thesis
In this thesis we give an overview of recent stochastic Lagrangian models and
present a new particle model for turbulent dispersion and chemical reactions.
Our purpose is to investigate and assess the feasibility of the Lagrangian ap-
proach for modelling the turbulent dispersion and chemistry interactions. We
emphasise the numerical aspects and advantages of the method for the imple-
mentation on (massively) parallel computers.

Before we direct most of our attention to Lagrangian modelling, we give an
overview of Eulerian models, like direct numerical, large eddy and Reynolds av-
eraged simulations in Chapter 2.

We begin the treatment of Lagrangian modelling with a detailed survey of
the stochastic Lagrangian theory (Chapter 3). In stochastic models turbulence is
considered as a stochastic process. Accordingly the concentration is a stochastic
function and can be modelled by its mean, its fluctuations and higher statistical
moments. By generating many one-particle trajectories we are able to predict
the mean concentration only. The second moment of the concentration can be in-
ferred from the statistics of particle pair trajectories. Models based on one-particle
trajectories are discussed in Chapter 4. In the same chapter we give a short over-
view of the problems that arise if one attempts to formulate relative diffusion
models and present Kaplan and Dinar’s model (Kaplan and Dinar, 1988b) to de-
scribe the trajectories of pairs of fluid particles.

As stated before there are to our knowledge only a few Lagrangian models
for the turbulent transport of reactive constituents. In Chapter 5 an overview of
these models is given. We also propose some improvements in these models and
present a new one-particle model. We present, in Chapter 6 a new two-particle
model for turbulent transport and chemistry interactions. The results of the new
two-particle model for transport and chemistry are discussed in Chapter 7.

In Chapter 8 the parallel implementation aspects of Lagrangian models and of
our new two-particle model in particular are discussed. Finally the conclusions
from the present study are summarised in Chapter 9.
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2

Eulerian models

In this chapter we give a short overview of the Eulerian techniques for model-
ling turbulent flows, transport and chemical reactions. We first present the basic
Eulerian equations describing the velocity and concentration changes in incom-
pressible flows. Next, we discuss the computational problems which arise while
solving these basic equations numerically. Different models have been developed
to overcome these difficulties, the time and volume averaging techniques are
summarised in Sections 2.3 and 2.4. We end this chapter with a discussion of the
drawbacks of the Eulerian approach for modelling turbulent transport in reactive
turbulent flows.

2.1 Basic equations
Let us consider the reactive species A and B released in a turbulent flow. Species
A and B react to form C according to the isothermal, irreversible chemical reac-

tion A + B
k
�! C. The concentration of each chemical compound � (� = A, B,

C) denoted by c� must, at each time, satisfy the material mass balance taken over
a volume element. This means that the concentration of species A must satisfy
the equation

@cA

@t
+r � (u cA) =r � (DrcA)� k cA cB + SA(x; t): (2.1)

The advective flow velocity is represented by u, where ui is the component in
xi direction (i = 1; 2; 3) and D describes molecular diffusion processes and is
often given by a single diffusion constant. The second term on the right-hand
side represents the chemistry process and SA denotes the source of species A at
location x = (x; y; z) and time t. Similar equations hold for the concentrations of
species B and C.

We assume that the irreversible chemical reaction does not have any effect on
the turbulent flow itself and neither does the presence of pollutants (the concen-
trations are dilute). This implies that the reaction rate and the molecular diffusiv-
ities are constant. Furthermore, we assume that the flow is incompressible, thus

7



Direct numerical simulation

the following scalar equation holds

r � u = 0: (2.2)

The flow velocity u satisfies the incompressible Navier-Stokes equations, which
read

@

@t
u+ u �ru = �

1

�
rp+ �r2

u (2.3)

where � is the constant density, p denotes the pressure and � is the constant kin-
ematic viscosity. The values of � and � are prescribed by the flow. The seven
equations (2.1)–(2.3) form a complete set in the unknowns c� (� = A, B, C), p
and u and can in principle be solved with suitable initial- and boundary condi-
tions. We refer to (Garratt, 1992; McComb, 1990) for a more detailed presentation
of the equations of motion.

2.2 Direct numerical simulation

In Direct Numerical Simulations (DNS), the incompressible Navier-Stokes and
the transport-reaction equations are solved numerically using for instance pseu-
do-spectral techniques (Riley et al., 1986; Timmermans and van de Vosse, 1993),
finite-difference (Vreugdenhil, 1993) or finite-element (Segal, 1993) methods.

A turbulent flow consists of many superposed eddies of differing sizes. The
smallest eddie-sizes are in the order of the Kolmogorov length scale (� 1 mm)
and the largest ones, in the atmospheric boundary layer may be as large as 1 km.
The corresponding Reynolds number in the atmosphere is in the order of 107.
If we want to resolve all scales of motion down to the smallest eddies in three
dimensional atmospheric turbulence, we need in each spatial direction at least
106 grid-points (Garratt, 1992). Thus in the order of 1018 grid-points are needed
to make a simulation of the atmospheric boundary layer. Storing one variable for
so many points requires about 1019 bytes. Even with todays parallel computers it
is impossible to store such a huge amount of data.

Direct numerical simulation of the Navier-Stokes equations is computation-
ally only feasible for moderate Reynolds numbers, in the order of 102 (Riley
et al., 1986; Wissink, 1995). Alternatively, less computationally demanding mod-
els have been developed. These models are based on filtering techniques and fall
into two categories; the ones based on time averaging called the Reynolds Av-
erage Navier-Stokes (RANS) models and those based on volume averaging; the
Large Eddy Simulations (LES).
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Eulerian models

2.3 Reynolds averaged simulation
In Reynolds averaged models all variables are decomposed into a mean and a
fluctuation. For instance the Reynolds decomposition of the velocity u is rep-
resented by u = u + u

0, where u represents the ensemble averaged component
or mean velocity. The vector u0 denotes the fluctuation and is often called the
stochastic or turbulent component (Panofsky and Dutton, 1984, p.33 and 34). Like
u, the concentration can be decomposed in a mean and a fluctuating part. Substi-
tuting these Reynolds decompositions into the transport-reaction equation (2.1)
of the concentration of constituent A and averaging leads to

@cA

@t
+r � (u cA) = �r � (u0 c0A) +r � (DrcA)

� k (cA cB + c0Ac
0
B) + SA(x; t):

Note that c0A = 0. Similar Reynolds averaged equations can be derived for the
concentrations of B and C and the Navier-Stokes equations. The equations con-
tain terms like the mean cA but also terms like u0 c0A and c0Ac

0
B which can not be

rewritten in terms of the mean variables u, cA or cB , and do not vanish. The res-
ulting system of equations has more unknowns than equations; hence no solution
for the mean concentrations and the mean velocity can be given unless additional
assumptions are made. This problem is called the turbulence closure problem.

2.3.1 First order closure models

In mixing-length theory, often called K-theory, the following assumptions are
made to close the Reynolds averaged equations (Seinfeld, 1975). First, we as-
sume that there is a 3 � 3 symmetric matrix K called the eddy-diffusivity tensor
such that

�
u
0 c0�
�
j
= �

3X
k=1

Kjk
@c�

@xk

for j = 1; 2; 3 and � = A;B;C. If the coordinate axes coincide with the principal
axes of the eddy diffusion then K is diagonal with elements

�
u
0 c0�
�
j
= �Kjj

@c�

@xj

for j = 1; 2; 3. In the atmosphere the eddy diffusivities are typically in the order of
0:1��100m2/s (Chock and Winkler, 1994a). Secondly, we assume that molecular
diffusion is negligible compared to turbulent transport, thus

r � (Drc�) << r � u0 c0�:

9



Reynolds averaged simulation

Furthermore in most practical applications, the effect of concentration fluctu-
ations on the rate of reaction is neglected:

k (cA cB + c0A c0B) � k cA cB ;

assuming that the concentration fluctuations c0A c0B are negligible compared to
the mean product cA cB .

These assumptions lead to a closed advection-diffusion-reaction equation

@cA

@t
+r � (u cA) =r � (KrcA)� k cA cB + SA(x; t):

For the concentrations of B and C similar equations hold.

The Reynolds averaged Navier-Stokes equations read

@

@t
u+ u �ru = �

1

�
rp+r � (�ru+ �R)

where � = � and �0 = 0 since the flow is incompressible. The elements of the
Reynolds stress tensor �R read �Rij = ui uj . The averaged Navier-Stokes equa-
tions are closed by parametrisation of the Reynolds stresses. For instance in the
K-� models (Wissink, 1995) the Reynolds stresses are approximated by

�Rij = �
2

3
K �ij + �T (

@ui

@xj
+

@uj

@xi
)

where K is the turbulent kinetic energy and �T represents an eddy viscosity.

2.3.2 Second order closure models

In first order closure models the contribution of fluxes, variances and covariances
are parameterised. In second order closure models one formulates conservation
equations for these second moments. The rate of change in time of u0 c0�, for ex-
ample, is expressed in terms of the mean production, the buoyant production,
the turbulent transport, the pressure covariance and the chemistry. We may for-
mulate differential equations for all second moments. There are many different
techniques to solve these second order equations by parametrisation of the third
moments. For more information on second order closures we refer to (Deardorff,
1978; Garratt, 1992; Verver et al., 1997). The system of equations which model the
process has become much larger and more complex. Solving such systems nu-
merically requires considerably more computer power than the first order closure
models.

10
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2.4 Large eddy simulation
Like in RANS models, in large eddy simulations, the velocity field is not com-
pletely resolved. In these models a spatial filter is used to separate the large
and the small-scales of turbulence. If we denote the large-scale components by a
hat-symbol, the transport-reaction equation for the concentration of species A for
example can be written as

@ccA
@t

+r � (buccA) =r � (DrccA)� k ccA ccB + SA(x; t)

�r � (ducA � buccA)� k([cAcB �ccA ccB) (2.4)

The filtered mean velocity is obtained from averaging over space (Wissink, 1995),

bui =
Z
V

ui(x
0)�(x� x0)dx0

where V denotes the total flow area and � is a filter function (for example a Gaus-
sian kernel). The filtered Navier-Stokes equations read

@bu
@t

+ bu �rbu = �
1

�
rbp+r � (�rbu+ �S)

where �S denotes the subgrid stresses �Sij = �([ui uj � bui buj).
In the derivation of equation (2.4) and the Navier-Stokes equations, we as-

sumed that in high Reynolds-number flows the small scales of turbulence are
nearly isotropic and independent of the geometry. Only the equations compris-
ing the large scales are solved. The small-scale components or subgrid stresses
are parametrised. The last two terms on the right hand-side of equation (2.4)
(shown on a separate line) describe the effect of small scales on the advection and
chemistry of the system. In large eddy simulations the subgrid stresses are para-
meterised by subgrid-scale models. In the last few years, a lot of progress has
been made in developing good subgrid-scale models. We name the Smagorinsky
model (Germano, 1992) and a model closely related to Reynolds averaging (Beets
and de Arellano, 1996) where a subgrid scale eddy diffusivity Dt is introduced

ducA � buccA = �Dt rccA:
A general overview of subgrid scale approximations can be found in (Ferziger,
1993; Mason, 1994). The computational and memory requirements of large eddy
simulations are still so high that only recently high performance computers be-
came powerful enough to simulate simple turbulent flows using large eddy tech-
niques (Schumann, 1989).

Like in Reynolds average methods, in large eddy simulations the chemistry
part of the equations is often modelled by neglecting the contribution of the term

11
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[cAcB . In (Beets and de Arellano, 1996; Beets et al., 1996) techniques are pro-
posed to approximate the transport equations for the concentration fluctuations,
[cAcB . The results from these improved models demonstrate that neglecting the
contribution of[cAcB may lead to large errors in the concentration predictions in
atmospheric applications.

2.5 Limitations of the Eulerian methods
The Eulerian approach for modelling turbulent transport and chemistry is per-
haps the best known and most used technique to describe the spread of species
in turbulent flows. The Reynolds averaged simulations can be readily solved nu-
merically and give satisfactory results for the long range transport. Only DNS is
capable to solve the full range of length scales, but they are only computation-
ally feasible for small Reynolds numbers. The filtering methods, RANS and LES
approximate the small spatial or temporal scales. They assume that the spatial
and temporal variations in the source and velocity scales are large with respect to
the parametrised scales (Seinfeld, 1975). Therefore these average models do not
correctly describe the turbulent transport of species released from point sources.
Furthermore, the differential equations are numerically solved by discretisation
in space, such that a point source is spread out over a grid-cell. In (Deardorff,
1978) it is also shown that higher order Reynolds average simulations are inher-
ently incapable of predicting the turbulent transport of multiple plume sources.
For small times, the Lagrangian statistical theory is more suitable for describing
the spread of a plume.

The averaging techniques RANS and LES make parametrisation of the small-
time scales and the subgrid-scales, hence no information on the internal structure
of the turbulent flow is available. The problem of first order closure models lies
in the determination of the eddy diffusivity. The approximations are made em-
pirically and do not lead to robust models which give correct solutions for all
turbulent flows. In LES the prescription of boundary conditions has a significant
influence on the solution. See (Garratt, 1992) for a more detailed discussion of the
advantages and drawbacks of RANS and LES for modelling turbulent transport.

We have seen that the first order models are restricted to the mean (aver-
aged over time or space) concentrations and model the chemistry process by the
product of the mean concentrations. However, the rate at which two species react
is affected by the rate at which the turbulent transport mixes them together and
hence depends on the concentration fluctuations. From experiments (Komori and
Ueda, 1984; Saetran et al., 1989) we have to conclude that the fluctuations around
the mean may be as large as the mean concentration it self. Accordingly, first
order models do not correctly describe the chemical processes in turbulent flows
because they neglect the concentration fluctuations.

In the next chapters, we investigate the feasibility of using Lagrangian stat-
istical models to describe the turbulent transport of passive tracers and reactive
constituents.

12



3

Stochastic Lagrangian theory

The chaotic character of turbulent flows complicates the description and mod-
elling of transport and chemistry considerably. If we look for example at meas-
urements of the velocity at one location, the signal seems to fluctuate randomly.
Although it is as yet, impossible to predict the detailed properties of the sig-
nal, it seems possible to reproduce some of its stochastic properties, for example
the mean velocity and the standard deviation of the velocity fluctuations. In
stochastic theory, an ensemble of turbulent flows is considered as a probability
space. Each flow is a realisation of the stochastic process and has the same initial
and boundary conditions. A characterisation of the turbulent flow can be given in
terms of statistical moments like the mean velocity and the velocity fluctuations.
There is an abundance of literature on the statistical treatment of turbulent flows,
see for example (Monin and Yaglom, 1975; Panofsky and Dutton, 1984; Frisch,
1995).

In the previous chapter we discussed the Eulerian models. In this chapter, a
survey of the stochastic Lagrangian theory which describes turbulent transport
of tracers in fluids in general is presented. The chapter starts with a review of the
Eulerian and Lagrangian viewpoints. Next, the Lagrangian probability density
functions are defined and we explain how the concentration of a tracer at time t
can be derived from the concentration at time t0 < t. It is not possible to com-
pute averages over the total (infinite) ensemble of turbulent flows. Therefore,
the ensemble average is approximated by sample means or averages over a fi-
nite number of realisations. In Section 3.3 the accuracy of this approximation is
discussed. Finally, we point out how certain properties of the Lagrangian probab-
ility density functions can be helpful in the development of particle models and
we present the typical parameters used in Lagrangian models.

3.1 Eulerian and Lagrangian viewpoints
The state of a fluid (gaseous or liquid) at one fixed point x at time t is described
by the velocity u and the physical parameters of the fluid � = (�1; ::; �n). The
elements �i for i = 1; : : : ; n may represent the temperature, the pressure and

13
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the chemical composition. A statistical representation of the turbulent flow is
given by the joint probability density function (p.d.f.) pE(u;�jx; t). This is the
basis of the Eulerian statistical theory; the behaviour of the species is described
relative to a fixed coordinate system. The Eulerian velocity u and composition
� can be measured at a fixed point in space x at time t. Pope (Pope, 1985) and
Frisch (Frisch, 1995) treat the Eulerian statistical theory in more detail.

The Lagrangian method of describing turbulent transport of tracers in fluids
is based on the material description of the dynamics of fluid elements where vari-
ables are defined as functions of time and the initial position of the fluid element
(as if one moves with the flow). Lagrange (1736-1831) was the first to formu-
late the equations of fluid motion in material coordinates. The stochastic Lag-
rangian theory is based on the behaviour of individual fluid elements, “particles”
or “fluid particles”. Different views of particles exist. A (fluid) “particle” in a tur-
bulent flow is considered to be as small as the fine structure of the turbulence
such that it acts as a point which exactly follows the turbulent flow. The smal-
lest turbulent structures in a flow are of order �K , the Kolmogorov scale, defined
in Chapter 1. On the other hand, a “particle” is large enough to contain a suf-
ficient amount of molecules so that the influence of molecular dynamics on the
flow dynamics can be ignored. Let us denote the mean free path of a molecule
by � and approximate the viscosity by � = � c where c represents the speed of
sound (c � velocity of molecules). The mean rate of kinetic energy dissipation is
approximately equal to

� � U3

L

where U and L are respectively the typical turbulent flow velocity and length
scale. We consider here, atmospheric flows where the Mach-number defined as

Ma =
U

c

is much smaller than one and the Reynolds number is much larger than one.
Accordingly, we find that

L

�K
<<

�
L

�K

� 4
3

� Re =
U L

�
=

U L

� c
=

L

�
Ma <<

L

�

and thus it is possible to define particles as described above with size � where

� < � < �K :

In the atmosphere � � 10�7 m and the Kolmogorov length scale �K � 10�3

m. Since we have assumed that the molecular processes are negligible compared
to the action of turbulent transport, the composition of a particle is a conserved
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quantity: it may be considered as a “marker”.
We denote by X(X0; t) (abbreviated by X or X(t)) the position at time t of a

particle that was at X0 at time t0 < t. The velocity of a particle, the Lagrangian
velocity is denoted by U (X0; t) (abbreviated by U or U (t)) and the composition
by �(X0; t). All Lagrangian variables are represented by upper-case letters and
the Eulerian variables by lower-case letters.

The Lagrangian and Eulerian variables are related through the equations:

U (X0; t) = u(X(X0; t); t)

�(X0; t) = �(X(X0; t); t):

Hence, the Lagrangian characteristics of a particle are equal to the Eulerian coun-
terparts at the position of the particle.

3.2 Lagrangian probability density functions
In the Lagrangian theory, the state of the flow is described by pL(x;u; tjx0;u0; t0),
the joint conditional p.d.f. for the velocity and position of all fluid particles in
the ensemble of turbulent flows. The probability that the position X of a fluid
particle lies in the interval [x;x+dx] and its velocityU is in the interval [u;u+du]
given its position x0 and velocity u0 at time t0,

P (x �X < x+ dx ^ u � U < u+ du jX(t0) = x0;U(t0) = u0)

is equal to pL(x;u; tjx0;u0; t0) dx du. The state of a passive tracer is represented
by the p.d.f. p(x;u; tjx0;u0; t0) of tracer particles. These functions pL and p are
well-defined p.d.f.’s; hence the normalisation condition yields

Z
R3

Z
R3

p(x;u; tjx0;u0; t0) du dx = 1

Z
R3

Z
R3

pL(x;u; tjx0;u0; t0) du dx = 1:

The trajectory of a particle in one realisation of the turbulent flow is determ-
ined by its locations at all times. In a turbulent flow the accelerations of a particle
at time t and at a later time t+�t are nearly independent if �t is larger than the
smallest turbulent time-scale, the Kolmogorov time-scale, �K defined as (see also
Chapter 1)

�K =
��
�

� 1
2

:

As a consequence, in particle models, the bivariate process of the particle’s posi-
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Lagrangian probability density functions

tion and velocity is assumed to be Markovian, see (Sawford, 1993; van Dop et al.,
1985). That is, the probability that a particle passes through x at time t depends
only on the position and velocity of the particle at time t��t and not on previous
positions and velocities. Consequently, the trajectory of a particle is completely
specified by the particle’s initial position and the set of first order, conditional
p.d.f.’s describing the probability that a particle is at xn with velocity un at time
tn = t0 + n�t, given its position X = xn�1 and velocity U = un�1 at time tn�1
for n = 1; 2; : : : .

We define p!(x;u; tjx0;u0; t0) as the joint probability that a particle is at loca-
tion x with velocity u at time t, given its position x0 and velocity u0 at time t0 in
the turbulent flow realisation !.

The marginal p.d.f. of the position only, is defined as

p!x (x; tjx0; t0) =
Z
R3

Z
R3

p!(x;u; tjx0;u0; t0) du0 du:

The marginal p.d.f. is also called the transition p.d.f. for turbulent flows because
in the turbulent flow ! the tracer concentration c(x; t) can be determined from
the tracer concentration at time t0 by

c(x; t) =

Z
R3

p!x (x; tjx0; t0) c(x0; t0) dx0: (3.1)

The mean concentration of tracer is defined as the ensemble average of equa-
tion (3.1) over all turbulent flows, i.e.

hc(x; t)i =
Z
R3

p1(x; tjx0; t0) c(x0; t0) dx0

where

p1(x; tjx0; t0) dx = hp!x (x; tjx0; t0)i dx:

The function p1(x; tjx0; t0) represents the Lagrangian conditional p.d.f. of one
particle which is chosen randomly from all particles in the ensemble of turbulent
flows and is often called the one-particle p.d.f..

In the same way, we may formulate equations for the second moment of the
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concentration at (x(1); t(1)) and (x(2); t(2))

hc(x(1); t(1)) c(x(2); t(2))i =
ZZ
R3

p2(x
(1); t(1);x(2); t(2) j x(1)0 ; t0;x

(2)
0 ; t0)

c(x
(1)
0 ; t0) c(x

(2)
0 ; t0) dx

(2)
0 dx

(1)
0

(3.2)

where

p2(x
(1); t(1);x(2); t(2) j x(1)0 ; t0;x

(2)
0 ; t0) dx

(2)
0 dx

(1)
0 =

hp!2 (x(1); t(1);x(2); t(2)jx(1)0 ; t0;x
(2)
0 ; t0)i dx(2)0 dx

(1)
0 :

(3.3)

Here p!2 (x
(1); t(1);x(2); t(2) j x(1)0 ; t0;x

(2)
0 ; t0) denotes the p.d.f. of two particles

being at locations x(1) and x(2) at times t(1), t(2) respectively under the condition
that they were at x(1)0 and x

(2)
0 at time t0 in the turbulent flow !. The function

p2 represents the p.d.f. for pairs chosen randomly from all particle-pairs in the
ensemble of flows and is referred to as the two-particle p.d.f..

The two-particle p.d.f. p2 is a joint p.d.f., accordingly integration over one of
the two particles results in the marginal one-particle p.d.f., i.e.

Z
R3

p2(x; t;x
(2); t(2)jx0; t0;x(2)0 ; t0)dx

(2)
0 = p1(x; tjx0; t0):

Hence, if we disregard one of the particles we obtain the one-particle p.d.f. p1.
Formally, the second moment of concentration at (x; t) is defined as

hc(x; t)2i = lim
x(1);x(2)!x

hc(x(1); t)c(x(2); t)i: (3.4)

However, when modelling the motion of “fluid particles”, we do not consider
molecular processes and assume that the amount of tracer transported by one
particle remains constant. In one particle models, which predict the mean con-
centration field only, this is an assumption which does not lead to large errors.
When following two particles however, their mutual distance can be so small
that molecular diffusion processes influence the behaviour of the particles and
therefore, may not be disregarded. If we do not take into account molecular dif-
fusion, the limit in equation (3.4) calculated by a particle model is not equal to the
second moment of the concentration field. On vanishing spatial scales molecu-
lar processes become significant, which generally leads to “smoothening” of the
second moment, see (Durbin, 1980).

Moreover, because of the finite probe size, measurements do not approximate
the exact second moment either. Therefore, we used a slightly different defin-
ition of the second moment of concentration which can be calculated without
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taking into account molecular processes and which also approximates the meas-
urements (Durbin, 1980).

Definition 1 Let 
(x) be a small neighbourhood around x with volume V
. The second
moment of concentration at x at time t is defined as

hc(x; t)2i � 1

(V
)2

ZZ

(x)

ZZ
R3

p2(x
(1); t;x(2); tjx(1)0 ; t0;x

(2)
0 ; t0)

c(x
(1)
0 ; t0) c(x

(2)
0 ; t0) dx

(1)
0 dx

(2)
0 dx(1)dx(2):

(3.5)

That is, we average the second moment of the concentration hc(x(1); t)c(x(2); t)i
over a small volume around x.

The definitions of the one- and two-particle p.d.f.’s and the first and second
moments can be generalised to yield the N-particle p.d.f. (N � 1) and the nth

moment of the concentration. We define the N-particle p.d.f.

pN (x(1); t;x(2); t; : : : ;x(N); tjx(1)0 ; t0;x
(2)
0 ; t0; : : : ;x

(N)
0 ; t0)

as the probability that a set of N particles (chosen randomly from all sets in the
infinite ensemble of turbulent flows) is at locations x(1);x(2); : : : ;x(n) at time t

given its position x(1)0 ;x
(2)
0 ; : : : ;x

(n)
0 at time t0. The mathematical definition of

pN can be derived in a straightforward way from the definition of p2 in equa-
tion (3.3). The nth moments hc(x1; t1) : : : c(xn; tn)i and hc(x; t)ni are generalisa-
tions of hc(x1; t1)c(x2; t2)i in equation (3.2) and of hc(x; t)2i in equation (3.5) and
can be computed with an N-particle p.d.f. if N � n.

3.3 Ensemble averaging
In practice the ensemble average over all turbulent flow realisations is approx-
imated by a fraction or sample of the total ensemble or by suitable time or space
averages. In Lagrangian particle models the nth moment of the concentration is
approximated by averaging over many realisations, many “marked” particles.

Definition 2 The ensemble average of M samples of the nth moment or the sample nth

moment is defined for n 2 N as

hc(x; t)niM =
1

M

MX
m=1

[cn(x; t)](m)

where [cn(x; t)](m) represents the contribution of the mth realisation.
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Accordingly, the sample mean concentration is an average over M particles. The
sample second moment is derived from M particle pairs. In the computation of
the sample nth moment of the concentration of tracer, one realisation corresponds
to a set of n particles chosen randomly from the ensemble of turbulent flows.

The sample mean concentration hc(x; t)iM computed with M realisations or
particles, can itself be considered as a stochastic process by studying many dif-
ferent samples of M particles. Let �M define the stochast of this process, that is
�M denotes one ensemble average over M particles. The mean of �M is equal to
�� = hc(x; t)i, meaning that the average over all M-samples is equal to the mean
concentration. The variance of the stochastic process �M equals �2� = hc(x;t)2i

M

(see for instance chapter 7 of (Rice, 1988)). The exact probability distribution of
the process �M is not known, however from the Central Limit Theorem we can
deduce that for M !1 the p.d.f. of

�M � ��p
�2�

tends to the standardised normal distribution (a Gaussian distribution with mean
equal to zero and standard deviation equal to one). The probability that the error
made in approximating the mean concentration by the sample mean, is less than
some constant � is given by

P (jhc(x; t)iM � hc(x; t)ij � �) = P (� �q
hc(x;t)2i

M

� �M � ��p
�2�

� �q
hc(x;t)2i

M

)

(3.6)

and is approximately equal to the probability that the absolute value of a stand-
ardised normally distributed random number is less than

�q
hc(x;t)2i

M

=
�phc(x; t)2i

p
M:

For M tends to infinity, this expression tends to infinity; hence the interval de-
noted in the probability on the right-hand side of equation (3.6) becomes very
large. Accordingly, the probability that the error is less than � tends to 1 for large
M, regardless �.

Accordingly, a finite number of particles, M suffices to reduce the error below
any specified positive limit. Furthermore, the absolute error between the sample
mean- and the correct mean concentration decreases with the square-root of M .
The ensemble average is, in this sense, a consistent approximation of the mean
concentration (Pope, 1985).

Similar reasonings proof that the approximation of the nth moment for n 2 N

by a finite number of realisations of M sets of particles, is consistent.
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3.4 Model development
We may say that the matter suspended or dissolved in fluids (gaseous or liquids)
is subject to two random movements: the molecular motions also called molecu-
lar diffusion and the macroscopic turbulent motions. The turbulent transport is
also called turbulent diffusion because of the resemblance with molecular diffu-
sion processes. In the theory which treats turbulent diffusion as a Markov pro-
cess, one of the main research results is the Kramers-Moyal expansion which,
if truncated after the second term is the Fokker-Planck equation. The Fokker-
Planck equation is also refered to as the forward Kolmogorov equation, see (van
Kampen, 1981; Risken, 1989; Gardiner, 1994) for example.

Theorem 1 Let (X;U ) define a general bivariate Markov process where X is described
by

dX

dt
= U :

The conditional p.d.f. p(x;u; tjx0;u0; t0) of this process satisfies the Kramers-Moyal
expansion 1

@p

@t
= �ui @p

@xi
+

1X
n=1;j+k+l=n

(�1)n @
nDjkl(u; t) p

@u
j
1 @u

k
2 @u

l
3

where Djkl(u; t) =

lim
�!0

1

n!

h(U1(t+ �) � U1(t))
j(U2(t+ �) � U2(t))

k(U3(t+ �) � U3(t))
li
U(t)=u

�
(3.7)

and h:iU (t)=u denotes the average over all particles with velocityU (t) equal to u.

Proof. See Appendix A 2

If the stochastic process of the velocity U is Gaussian, the nth moments of the
velocity for n is even, n > 2 can be expressed in terms of the second moment and,
for n is odd, n > 2, the nth moments are equal to zero. Accordingly, equation (3.7)
reduces to

@p

@t
= �ui @p

@xi
� @Di(u; t) p

@ui
+
@2Djkl(u; t) p

@u
j
1 @u

k
2 @u

l
3

;

the Fokker-Planck equation also called the forward Kolmogorov equation.

1Throughout the thesis, we use the Einstein summation convention, that is, a repeated letter-index implies
summation over all values that index can take.
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The backward Kolmogorov equation is given by (van Kampen, 1981),

@p

@t0
= �(u0)i @p

@(x0)i
�Di(u0; t0)

@p

@(u0)i
+Djkl(u0; t)

@2p

@(u0)
j
1 @(u0)

k
2 @(u0)

l
3

:

In some simple cases, the Fokker-Planck equation can be solved analytically
and an expression for the p.d.f. p can be found, see (Risken, 1989). In general
flows, however, numerical methods must be used to solve the differential equa-
tions. The numerical methods fall into two broad classes: the Monte Carlo simu-
lations and the finite difference schemes. The last category of methods is difficult
to implement and suffers from various stability problems (Park and Petrosian,
1996). Therefore, in literature only little attention is paid to these schemes. Most
literature on Lagrangian modelling of turbulence is dedicated to the Monte Carlo
technique where the p.d.f. of Lagrangian particles is sampled by computing the
trajectories of many particles. The trajectories of Lagrangian particles are to some
extent similar to the trajectories of Brownian particles, see (van Dop et al., 1985).
Accordingly, the change in the velocity of a Lagrangian particle is modelled by
the general Langevin equation

dUi = ai(X;U ; t) dt+ Bij(X;U ; t) d!j(t) (3.8)

where a and B have to be specified by the physics of the process and d!(t) de-
notes a random increment vector. The position of a particle is modelled by

dXi = Ui dt: (3.9)

The joint stochastic process of the velocity and position of a particle described
by the stochastic differential equations (3.8) and (3.9) is a Markov process and its
p.d.f. satisfies a Kramers-Moyal expansion. In Chapter 4, we point out how a

and B can be determined from these properties. If the stochastic increment vector
d!(t) is Gaussian, the p.d.f. of the process statisfies the forward and backward
Kolmogorov equations. In Lagrangian simulations of turbulent transport, the
Lagrangian p.d.f. of tracer particles is not calculated but the sample mean con-
centration of tracer is predicted by explicitly modelling the trajectories of many
particles using the stochastic equations (3.8) and (3.9).

The difference in the Eulerian and Lagrangian approaches is merely one of
sampling (Wilson and Sawford, 1996). The latter gathers statistics of particles at
time t released at some earlier time t0, the first gathers statistics from all particle-
trajectories passing through x at time t.

Like in Eulerian models, in Lagrangian models we need approximations to
formulate the equations for the motion of particles (finding expressions for a and
B); hence closing the equations is also a problem in Lagrangian modelling. Fur-
thermore, in particle models (the statistics of) the turbulent velocities have to be
provided. The computation of the concentration field is a separate and fairly
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straightforward process; point sources are modelled correctly (Wilson and Saw-
ford, 1996) in Lagrangian models which is an advantage over Eulerian models.

In the development of Lagrangian models we formulate equations for the tra-
jectories of particles assuming that the Eulerian statistics are known. In fact, the
Eulerian statistics form a constraint on the formulation of the transport equations
of the particles. The Eulerian and Lagrangian models are linked via the p.d.f.’s
pE and pL for which the following equality holds (Borgas and Sawford, 1994)

pE(ujx; t) =
Z

pL(x;u; tjx0;u0; t0) pE(u0jx0; t0) du0 dx0:

This expression is equivalent to the formula for the concentration of a tracer at
time t which can be derived from the concentration at time t0, equation (3.1).
Accordingly, if pL satisfies the Kramers-Moyal expansion, so does pE because the
mathematical operations are linear. In Chapter 4 we discuss how one-particle and
two-particle trajectories can be generated such that the particle-velocity statistics
correspond to the Eulerian statistics.

A very handy property of the N-particle p.d.f. pN was pointed out in (Egbert
and Baker, 1984) as a commentary on the paper (Sawford, 1983). Egbert and
Baker proved that the one- and two-particle p.d.f.’s are time-reversible. This
means that the probability that a set of N particles is at x(1); : : : ;x(N) at time
t given the positions of the particles at some earlier time t0 equals the probabil-
ity that the set of particles is at x(1)0 ; : : : ;x

(N)
0 at time t0 given that the particles

will be at x(1); : : : ;x(N) some time later at time t. This property is very handy
when we want to compute particle trajectories, because in incompressible flows it
does not matter if we follow particles forward or backward in time. Accordingly,
the general Langevin equation (3.8) is reversible and the particle trajectories can
thus be calculated forward or backward in time using exactly the same equation.
This property facilitates the computation of particle trajectories. In Chapter 4 we
see that in some cases it is numerically more efficient to compute the particle-
trajectories backward in time instead of forward in time.

3.5 Statistical properties of turbulent flows

One of the Eulerian parameters needed in the formulation of particle models is
the Eulerian velocity correlation function RE which gives an indication of the
correlation between the velocities in directions i and j at two different locations.
It is defined as

RE ij(x; r) = hui(x; t) uj(x+ r; t)i:
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Stochastic Lagrangian theory

The Lagrangian counterpart of this Eulerian function is the particle velocity auto-
correlation function RL defined as

RLij(t; �) = hUi(X0; t) Uj(X0; t+ �)i

where Ui(X0; t) denotes the velocity in the ith direction at time t of a fluid particle
which was at X0 at time t0. The matrix RL reflects the correlation between the
velocities of a particle at time t and at a later time t+ � .

In the stochastic theory, turbulent flows are categorised by their statistical
properties. In stationary turbulence all statistical quantities are independent of
time, hence the Lagrangian velocity correlation depends only on the time differ-
ence � and is independent of t. For all t0 and � the following equality holds

RLij(t
0; �) = RLij(t; �):

In stationary turbulence, the correlation function is often denoted by RLij(�).
In homogeneous turbulence statistical quantities are independent of the loca-

tion, the Eulerian velocity correlation does not depend on x but only on the spa-
tial separation r;

RE ij(x
0; r) = RE ij(x; r)

for all x0.
In isotropic turbulence there is no preference for any direction; hence the flow

is invariant to spatial translations, reflections and rotations, and

RE ij(x; r
0) = RE ij(x; r)

for kr0k = krk. Accordingly in isotropic and homogeneous turbulence the velo-
city correlation depends only on the length of the separation vector r. If we chose
this vector r along one of the principal axes, then the off-diagonal elements of the
correlation tensor RE are equal to zero and the diagonal elements can be defined
as

RE 11(x; r) = f(r) (3.10)
RE 22(x; r) = RE 33(x; r) = g(r) (3.11)

where f and g are the lateral and transversal parts of the correlation tensor and r

is the length of r, see (Hinze, 1975).
The one-point Eulerian velocity covariance defined as

�2ij(x) = RE ij(x;0)

is often referred to as the Eulerian velocity variance. In stationary, isotropic tur-
bulence the Eulerian velocity variance can be reduced to one single variable be-
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Statistical properties of turbulent flows

cause RE(x;0) is diagonal with all diagonal elements identical. We denote by
�2(x) the Eulerian velocity variance in isotropic, stationary turbulence and by �2

the Eulerian velocity variance in isotropic stationary homogeneous turbulence.
Typical Lagrangian and Eulerian integral scales may be defined. The Eulerian

length scale tensor LE is defined as

LE ij =
Z
R3

RE ij(x; r)dr

and represents the distance between two locations for which the velocities in dir-
ections i and j are still significantly correlated. Formally, the Lagrangian time
scale tensor is defined as

TLij =
Z
R

RLij(t; �)d�:

The Lagrangian time scale TL reflects the time period in which the particle’s ve-
locity is still significantly correlated.

In isotropic, homogeneous and stationary, incompressible turbulent flows the
Lagrangian autocorrelation is a diagonal matrix with all diagonal elements ex-
actly the same, accordingly TL has one significant non-zero element called the
Lagrangian times-scale TL. In a similar way, we see that in these flows the Eu-
lerian length scale tensor can be described by one scalar LE : the Eulerian length
scale.

In incompressible, homogeneous and isotropic flows the longitudinal correl-
ation function g(r) in equations (3.10) and (3.11) can be expressed in terms of the
lateral correlation f(r) by (see (Hinze, 1975))

g(r) = f(r) + 0:5 r
@f

@r
:

There is as yet no theoretical expression for the lateral correlation function f(r).
Various approximations were made (Hinze, 1975; Sawford, 1982). In Lagrangian
models probably the most used form of f(r) reads (Durbin, 1980)

f(r) = 1�
�

r2

r2 + L2E

� 1
3

:

In the next chapter, the development of one- and two-particle models is dis-
cussed in more detail for several categories of turbulent flows.
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4

Models for turbulent transport of
passive tracers

Lagrangian models for transport in turbulent flows describe the trajectories of
“fluid particles” based on the Eulerian statistical properties of the flow. We review
the development of models for the turbulent diffusion of passive tracers. In the
next chapters the transport of reactive compounds is discussed.

Lagrangian models generally describe the motion of sets of N particles in one
turbulent flow. The statistical moments of the tracer concentration is computed
by collecting statistical information of many, say M, sets of N particles being
transported by the M different turbulent flow realisations. N-particle models
for 3-dimensional turbulent dispersion are very complicated, certainly in non-
homogeneous turbulence, and their development is still in its infancy. Most
applications pertain to one or two-particle models. The theory of one-particle
models is reasonably well understood and numerous models describing the mo-
tion of one particle in idealised turbulent flows have been developed (van Dop
et al., 1985; Thomson, 1987; Sawford, 1986; Wilson and Sawford, 1996). Act-
ive studies (Durbin, 1980; Kaplan and Dinar, 1988b; Novikov, 1989; Thomson,
1990; Borgas and Sawford, 1994) are made in the development of two-particle
models. Only few attempts were made to develop N-particle models. For ex-
ample, in (Kaplan and Dinar, 1988a) an N-particle model for transport of passive
tracers in homogeneous one-dimensional turbulent flows is presented. Unfortu-
nately, generalisation of this approach to three dimensions is not straightforward
and seems numerically unpractical due to the prohibitive amounts of computer
memory required.

In N-particle models, instead of resolving the total turbulent velocity field,
one tries to specify the field-velocity at the locations of the particles by formulat-
ing equations of motion for the cluster of N particles. Particles are transported by
the same turbulent flow, thus if they are close together they have approximately
the same behaviour. The difficulty of N-particle dispersion arises from the neces-
sity to specify the correlation between the velocities of the N particles at arbitrary
locations in the flow.
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One-particle models for absolute diffusion

We start with an overview of the theory of one-particle models for the dis-
persion of tracers in turbulent flows. These models predict the mean concentra-
tion only (see Chapter 3) and therefore, are also called absolute diffusion mod-
els. Next, we show how the sample mean concentration of M particles using
time-forward or backward particle trajectories are computed numerically. In Sec-
tion 4.2 a short overview of two-particle theories for relative diffusion is given.
The two-particle model presented in (Kaplan and Dinar, 1988b) is used in further
studies of the turbulent transport of reactive species. Kaplan and Dinar’s method
is discussed in detail. Finally we show how the first two moments of tracer con-
centration are computed numerically using pair-trajectories.

4.1 One-particle models for absolute diffusion
In the mid 80’s, the papers (Thomson, 1984) and (van Dop et al., 1985) presented
different methods to formulate equations of motion for one particle in a turbu-
lent flow. Some time later, (Sawford, 1986) showed the equivalence of the two
methods. The criteria needed to specify the transport equations were first put
together in (Thomson, 1987). He showed that only two conditions are sufficient
to formulate the equations of motion for a particle: the model should be consist-
ent with similarity predictions in the inertial subrange and it should satisfy the
well-mixed condition also called the second law of thermodynamics (Sawford,
1986). In (Wilson and Sawford, 1996) a global overview of one particle models is
given and for several categories of turbulent flows the formulations of the model
are presented. One of the first monographss dedicated to the subject is (Rodean,
1996). According to Sawford (foreword (Rodean, 1996)) “it is a sign that the
subject is now mature enough to be presented in book form.”

4.1.1 Transport equations
In the formulation of transport equations for one particle, it is assumed that its
trajectory is completely determined by the turbulent flow and that the velocity
and position of a particle are continuous functions of time. Furthermore, it is
assumed that the stochastic process defined by the particle’s velocity and position
is Markovian. On the basis of these assumptions, the transport of a particle is
modelled (see (Thomson, 1987)) for i = 1; 2; 3 by

dUi = ai(X;U ; t) dt+ Bij(X;U ; t) d!j(t) (4.1)
dXi = (hui+ Ui)dt (4.2)

where d!(t) is a vector-valued Wiener process (a Gaussian process whose incre-
ments are independent) described by

hd!i(t)i = 0;

hd!i(t)d!j(t+ �)i = �ij �(�) dt d�
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Models for turbulent transport of passive tracers

The stochastic differential equation for the velocity is often referred to as a gen-
eralised Langevin equation (the original Langevin equation describes the motion
of a Brownian particle). The vector function a(X ;U ; t) and the tensor B(X;U ; t)
are also called the drift and diffusion terms, respectively. The term hui in the dif-
ferential equation for the particle position denotes the mean velocity of the flow.
This term does not affect the stochastic process and therefore in theoretical stud-
ies one often takes hui = 0. We also made this assumption and note that particle
models can simply be extended to flows with mean velocity not equal to zero as
shown in equation (4.2).

Equations (4.1) and (4.2) define a Markov process, see for instance (Arnold,
1973). The p.d.f. p(x;u; tjx0;u0; t0) of this bivariate process satisfies the Fokker-
Planck equation which reads

@p

@t
= � @

@xi
(ui p)� @

@ui
(ai p) +

@2

@ui @uj
( ~Bij p); (4.3)

where ~B is a tensor with elements ~Bij equal to 1
2BikBjk.

The main problem in formulating a model of this type is to find appropri-
ate expressions for a(X ;U ; t) and B(X;U ; t). In (Thomson, 1987), it is shown
shown that for a good model formulation it is sufficient that the model satisfies
the following two criteria.

� Firstly, one should require that the model gives the correct results in the in-
ertial subrange. For time-scales larger than the typical lifetime of the smal-
lest turbulent eddies and smaller than the lifetime of the largest, the velocity
increments have a universal form, see (Monin and Yaglom, 1975)

hdUi dUji = C0 � �ij dt

where C0 is a universal constant and � is the mean rate of dissipation of
turbulence kinetic energy. Many attempts were made to estimate the value
ofC0, for example by fitting predictions of particle models with results from
low Reynolds DNS and laboratory experiments (Sawford, 1993). However,
no unique value for C0 is found and different values varying between 2 and
7 are used. From equation (4.1) and the above relation, it is found that the
tensor B can be chosen independently of the time-scale properties of the
flow,

Bij =
p
C0� �ij :

If we substitute these values for Bij into the Fokker-Planck equation (4.3),
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we get

@p

@t
= � @

@xi
(ui p)� @

@ui
(ai p) +

1

2
C0

3X
i=1

@2

@u2i
(� p): (4.4)

� Secondly, to determine the function a, it is necessary and sufficient to im-
pose the well-mixed condition to the p.d.f. p, see (Thomson, 1987). This
means that if the particles of tracer are well-mixed, they will remain so. In
mathematical terms, we require that the Lagrangian p.d.f. of tracer particles
p(x;u; tjx0;u0; t0) is indistinguishable from the p.d.f. of all fluid particles
pL(x;u; tjx0;u0; t0). Therefore, the p.d.f. pL should also satisfy the Fokker-
Planck equation (4.4). In Chapter 3 we have seen that the Lagrangian p.d.f.
pL and the Eulerian p.d.f. pE are related by (see (Borgas and Sawford, 1994))

pE(ujx; t) =
Z
R3

Z
R3

pL(x;u; tjx0;u0; t0) pE(u0jx0; t0) du0 dx0:

All operators in the Fokker-Planck equation are linear, accordingly the p.d.f.
pE should also satisfy the Fokker-Planck equation. If the Eulerian p.d.f. pE
and the mean rate of energy dissipation � are known, in principal the vector
function a can be solved from the Fokker-Planck equation (4.4) for pE . The
problem of determining a can be reformulated mathematically (Thomson,
1987) by the problem of determining � in

@�i pE

@ui
= �@pE

@t
� @

@xi
(ui pE): (4.5)

The function a can then be derived from

ai pE =
1

2
C0

@

@ui
(� pE) + �i pE : (4.6)

Equation (4.5) which in general does not have a unique solution, shows that
in general, there is no unique solution a.

It can be shown that in isotropic homogeneous turbulence (where there is
no preference for any direction) this system of equations has a unique solu-
tion, (Borgas and Sawford, 1994; Wilson and Sawford, 1996). The unique
solution is given by � = 0 and hence in isotropic homogeneous turbulence
we find that

ai pE =
1

2
C0

@

@ui
(� pE):

Thus expressions for the coefficients a and B in the equations of motion (4.1)
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and (4.2) are deduced from the dissipation rate and the Eulerian statistical de-
scription of the turbulence field in terms of the p.d.f. pE .

Next, we give an overview of models which obey the two criteria and are used
to describe dispersion in particular categories of turbulence.

4.1.2 Gaussian turbulence
In Gaussian turbulence the p.d.f. of the velocity at x at time t is Gaussian with
mean equal to the mean velocity. We adopt the definition given in (Thomson,
1987):

pE(ujx; t) = 1

(2�)
3

2 (det Cu) 12
e�

1

2
(ui�huii)(C�1u )ij(uj�huij) (4.7)

where the mean flow velocity is denoted by hui and the velocity covariance mat-
rix is given by (Cu)ij = h(ui � huii)(uj � huji)i. In our theoretical treatment we
assume that the mean velocity is equal to zero, accordingly (Cu)ij = hui uji.
In isotropic turbulence the velocity correlation matrix is diagonal with elements
(Cu)ii = hu2i i = �2i (see Chapter 3).

Homogeneous and stationary turbulence

A simple and frequently studied category of turbulent flows is Gaussian, iso-
tropic, homogeneous and stationary. In homogeneous and stationary turbulence,
all statistical quantities are independent of space and time. In Chapter 3 we have
seen that the scalar �2 describes the Eulerian velocity variance and that the Lag-
rangian time scale TL expresses the time that the velocity of a particle is still cor-
related. In Gaussian turbulence the well-mixed condition

ai =
1

2
C0 �

1

pE

@

@ui
(pE) + �i

leads to a solution for the drift vector a which reads

ai =
�C0 � ui

2�2
+ �i:

The function �i satisfies

@

@ui
(�i pE) = 0:

because the spatial and time derivatives of pE are equal to zero. In general a is
not unique, since many choices for � can be made. However, in homogeneous
and isotropic turbulence the only correct choice for � is �i = 0 for i = 1; 2; 3
(see (Borgas and Sawford, 1994; Wilson and Sawford, 1996)).
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The Lagrangian time-scale tensor TL defined in Chapter 3 can be described by
one single time-scale TL for all directions,

TL =
2�2

C0�
:

Hence, the stochastic differential equations describing the motion of a particle in
isotropic, homogeneous, stationary, Gaussian turbulence are

dUi = �Ui

TL
dt+ �

r
2

TL
d!i (4.8)

dXi = Ui dt: (4.9)

Homogeneous but non-stationary turbulence

In many experiments turbulence is generated by placing a grid into a laminar
flow. The flow behind the grid is then turbulent, but the further away from the
grid, the less the turbulent energy. In models, this kind of grid-turbulence is often
approximated by homogeneous, but non-stationary turbulence. The equations
describing the motion of a particle in such a flow are (see (Sawford and Guest,
1988))

dUi =

�
�C0�

2�2
� 1

�

@�

@t

�
Uidt+

p
C0� d!i

dXi = Ui dt:

Stationary but inhomogeneous turbulence

During daytime atmospheric turbulence within the atmospheric boundary layer
originates both from heating of the land surface and from the presence of wind
shear. This leads to the formation of random up-draft and down-draft thermals
called ’eddies’. Transport of pollutants in the atmosphere is dominated horizont-
ally by the mean wind and vertically by turbulence. Hence, when modelling
atmospheric dispersion, one often assumes turbulence to be homogeneous in the
horizontal directions, but inhomogeneous in the vertical (depending on height).

A unique solution for the “drift” term a can only be given in one-dimensional
inhomogeneous flows. The one-dimensional model can be used to describe the
inhomogeneity in one of three directions in isotropic turbulence. The stochastic
equations describing the transport of particles with velocity W and position Z

in one-dimensional stationary, Gaussian but inhomogeneous turbulence can be
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directly inferred from equations (4.6), (4.5) and (4.7):

dW = � 1

TLz
Wdt+

1

2

@�2w
@z

�
W 2

�2w
+ 1

�
dt+

r
2

TLz
�wd!

dZ =Wdt

where �2w(z) denotes the Eulerian velocity variance in the z-direction which de-
pends on height and TLz describes the Lagrangian time-scale in the z-direction.
This system can be reformulated as follows

d ~W = � 1

TLz
~Wdt+

@�w

@z
dt+

r
2

TLz
d!

dZ = �w ~W dt

where ~W = W
�w

. These equations were first proposed in (Wilson et al., 1983).
In (Sawford, 1986) these rescaled equations are derived by comparing the trans-
formed Langevin equation with the exact Eulerian conservation equations.

There is no unique solution for three-dimensional inhomogeneous turbulence.
One of the problems one encounters when trying to model these kinds of turbu-
lence is the specification of the correlation between the horizontal and vertical
components of the velocity. We refer to the papers (Thomson, 1987; Sawford and
Guest, 1988) and (Wilson and Sawford, 1996) for further reading on this topic.

4.1.3 Non-Gaussian turbulence
Turbulence in realistic flows can not be considered to be Gaussian everywhere.
For example in the monograph (Rodean, 1996) the non-Gaussianity of the atmo-
spheric boundary layer is discussed. We just briefly point out the problems and
possibilities of modelling non-Gaussian turbulence.

The theory for Gaussian turbulence discussed previously can be extended to
non-Gaussian turbulence by choosing other non-Gaussian forms for the Eulerian
p.d.f. pE . However, as Thomson (Thomson, 1984) puts it, “it is not possible in
practice to generate a random variable with all its moments specified in advance”
and “in cases of strong inhomogeneity : : : the values of higher moments of the
velocity become important, making the model difficult to apply.”

Some attempts were made to incorporate skewness in the Lagrangian particle
model by assuming that the p.d.f. is a linear combination of Gaussian up-drafts
and down-drafts (see for example (Baerentsen and Berkowicz, 1984)). Others
formulated models by using a generalised Langevin model where the random
increments are no longer a Wiener process (Thomson, 1984; de Baas et al., 1986)
and (Luhar and Britter, 1989).

The effects of buoyancy and intermittency are important processes which in-
fluence the character of atmospheric turbulence, see for example (Corrsin, 1974;
Raupach, 1987). Today, there is still no consensus on how to model the motion
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of particles in these types of flows and no general theory has been developed to
treat these more realistic forms of turbulence.

4.1.4 Numerical aspects of one-particle models
The numerical computation of particle trajectories is illustrated by considering
the specific case of isotropic, homogeneous, stationary Gaussian turbulence de-
scribed by the stochastic equations (4.8) and (4.9).

Computing particle trajectories

In literature, different formulas are used to update the velocity. These models are
discussed below. The initial and boundary conditions of the models are formu-
lated later in this chapter.

Model 1 A straightforward time discretisation of the velocity equation (4.8)
leads to

Ui(t+�t) = (1� �t

TL
)Ui(t) + �

r
2�t

TL
!i(t); (4.10)

where !i(t), i = 1; 2; 3, are normally distributed independent random vari-
ables with mean equal to zero and variance equal to one (abbreviate nota-
tion: !i(t) 2 N(0; 1)).

Model 2 Other models are based on the formal solution of the stochastic differ-
ential equation (4.8) which reads

Ui(t) = e
� t�t0

TL Ui(t0) + �

r
2

TL
e
� t�t0

TL

Z t

t0

e
t0�t0
TL d!i(t

0):

From this equation, one can formulate the following discretisation of the
stochastic differential equation

Ui(t+�t) = e
� �t
TL Ui(t) + �

r
2�t

TL
e
� �t
TL !i(t);

where !i 2 N(0; 1).

Model 3 The most used equation is a combination of models 1 and 2, i.e.

Ui(t+�t) = e
� �t
TL Ui(t) + �

q
1� e

� 2�t
TL !i(t): (4.11)

Again !i 2 N(0; 1). The terms
q

2�t
TL

in (4.10) and
q
1� e

� 2�t
TL in (4.11)

are identical up to O(�t
1

2 ) (Taylor series). By considering the discretisation
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scheme of model 3, the velocity variance hUi(t+�t)2i satisfies��
� Ui(t) + �

p
1� �2 !i(t)

�2�
= �2 hU2

i (t)i+ 2 � �
p
1� �2 hUi(t) !i(t)i

+ (1� �2) �2 h!2i (t)i;

where � = e
� �t
TL . The stochastic processes Ui(t) and !i(t + �t) are inde-

pendent since the ratio of their time-scales is very large in the order of the
square root of the Reynolds number, hence hUi(t)!ii = 0. The covariance
h!2i i = 1 is given. Accordingly, if hU2

i (t)i = �2 then the covariance of the
velocity of the particle is conserved, see (Wilson and Zhuang, 1989)

hUi(t+�t)2i = �2 �2 + (1� �2) �2

= �2:

All three discretisation schemes give good approximations of the mean particle
velocity (which is equal to the mean Eulerian velocity and assumed to be zero).
The third model described by equation (4.11) leads to the best approximation
of the velocity variance which should be equal to the Eulerian velocity variance
�2. In (Wilson and Zhuang, 1989) some experiments are discussed to study the
choice of the time-step. The analytical and simulated solution of the turbulent
dispersion of a Gaussian plume are compared. Wilson and Zhuang conclude that
a time-step of �t = 0:1 TL leads to an error in the calculated plume width which
is less than two per cent.

The discretisation of the position equation is less complicated and less sens-
itive to discretisation errors because the particle positions are only used in the
computation of the mean concentrations. The error made in approximating the
concentration by the sample mean of M particles is relatively large (in the order
of 1p

M
) compared to the accuracy of simple time-discretisation schemes. We used

in our computations a simple time forward discretisation

Xi(t+�t) = Xi(t) + �t Ui(t): (4.12)

If the velocity and position of a particle at time t0 are given then we can com-
pute the trajectory of this particle from time t0 until any time T with time-steps
�t using Algorithm 1. Note that we may also compute the trajectories backward
in time due to the time reversibility of the one-particle p.d.f. p1, see Chapter 3.
The discretised backward equations read

Ui(t��t) = e
� �t
TL Ui(t) + �

q
1� e

� 2�t
TL !i(t) (4.13)

Xi(t��t) = Xi(t) + �t Ui(t): (4.14)
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Algorithm 1 Particle Trajectory (t0; T;�t)

The position and velocity of the particle at time t0 are known

1. t = t0

2. While t � T do

� Generate 3 random numbers, Normal distribution (mean= 0, variance
= 1)

� Calculate the new velocity U (t+�t), equation (4.11)

� Compute the new position X(t+�t), equation (4.12)

� t = t+�t

3. End.

Computing the mean concentration

Now that we know how to compute the trajectories of particles, we can address
the problem of approximating the mean concentration in two ways: compute the
trajectories of particles forward in time or backward in time. Depending on the
goal of the calculations one of the two approaches is preferred.

Forward in time
We position the particles at time t0 randomly in the domain and compute

their trajectories forward in time. Particles are positioned homogeneously in the
domain and assigned concentrations according to the concentration at time t0 at
their location. The initial conditions for this model read

Ui(t0) = � !i (4.15)
Xi(t0) = �i LE

C(t0) = c(X(t0); t0)

where C denotes the concentration of tracer transported by the particle, the ran-
dom numbers !i 2 N(0; 1), LE is the Eulerian length-scale (see Chapter 3) and �
is a random vector from a uniform distribution such that the particles are distrib-
uted homogeneously over the whole domain.

The goal of following particles in time is to monitor the changes in the tracer
concentration field. In Chapter 3, we have seen that the mean concentration at
location x at time t can be estimated by averaging the concentrations of many,
say M particles located at x at time t. Generally, if we compute the trajectories
of M particles forward in time from a given location at time t0, no particle will
be located exactly at x at time t > t0. Therefore, we define a grid with cells �j
centred at xj . The ensemble average concentration of tracer at xj , denoted by
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hc(xj ; t)i can be computed with M particles using

hc(xj ; t)i = 1

Mj

MX
m=1

Z
�j

C(m)�(x0 �X(m)(t))dx0 (4.16)

where C(m) denotes the concentration of tracer carried by the mth particle, that is
C(m) is equal to [c(x; t)](m) the concentration of tracer in the mth realisation of the
turbulent flow. The denominator Mj equals the number of particles in grid-cell
�j . In this way, the change in the mean concentration can be computed for each
grid-cell. In Algorithm 2 the steps to be taken to compute the concentration field

Algorithm 2 Mean concentration field at time T , forward in time

1. Define the spatial grid: cells �j , grid-points xj

2. For all particles, m = 1 until M do

� Initialise the position and velocity of the particle, equation (4.15)

� Compute the trajectory of the particle from t0 until T , Algorithm 1

� Let �j be the grid-cell where the particle is located at time T . Add to
the concentration of this cell the concentration of tracer carried by the
particle, equation (4.16)

3. Obtain the concentration field hc(xj ; T )i by averaging over the number of
particles in grid-cell �j , Mj , equation (4.16)

4. End.

at time T are summarised.

Another forward approach

In applications the domain may be unbounded which makes positioning par-
ticles homogeneously in the whole domain impossible. Often the concentration
field at time t0 originates from an instantaneous local source, for instance a point
source or a Gaussian shaped source. In those cases it is computationally more
efficient to use the following initialisation method. Generate random numbers
according to the concentration distribution at time t0 and use them to compute
the initial positions of the particles. That is, position the particles in such a way
that many particles are located in regions of high concentration, a few particles
in regions of low concentration and none in regions where the concentration of
tracer at time t0 is equal to zero. These initial conditions are formulated mathem-
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atically as follows

Ui(t0) = � !i (4.17)
X(t0) =  LE

Q =
Qtotal

M

where Qtotal represents the total amount of tracer in the system, Q denotes the
amount of tracer carried by the particle and M equals the number of simulated
particle trajectories. The random vector  is generated from the concentration
distribution at time t0. Note the difference between the two initialisation meth-
ods: in the first method the concentration carried by a particle is equal to the
concentration at the location of the particle, in this alternative method the num-
ber of particles located in a volume determines the concentration in the volume.
All particles carry the same amount of tracer and their quantities sum up to the
total amount of tracer emitted at time t0. Accordingly, the mean concentration of
tracer in xj in grid-cell �j reads

hc(xj ; t)i = 1

Vj

MX
m=1

Z
�j

Q �(x0 �X(m)(t)) dx0 (4.18)

where Vj denotes the volume of the grid-cell. The algorithm used to compute the
mean concentration field at time T is similar to Algorithm 2 except for the initial
conditions and the formula for the computation of the mean concentration in the
grid-cells, step 3.

Backward in time

The forward in time approach is very suitable for computing the concentra-
tion evolution in the whole domain. If we are only interested in the concentration
evolution at one specific location, the backward approach is more efficient. To
compute the composition of the fluid at one specific location x at time T , we
trace back M particles from this location x at time T to the time of release t0. The
“initial” position and velocity of the particles (at time T and not at time t0) are
then given by

Ui(T ) = � !i (4.19)
Xi(T ) = xi;

where !i 2 N(0; 1). The positions of the particles at time t0 are computed using
the stochastic differential equations (4.13) and (4.14). Once we know where a
particle was at time t0, we assign to this particle a concentration according to the
source concentration at its location at time t0, i.e.

C(m) = c(X(m)(t0); t0): (4.20)
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Now, the mean concentration of tracer at (x; T ) is computed by averaging the
concentrations carried by the particles arriving at (x; T ),

hc(x; T )iM =
1

M

MX
m=1

C(m) (4.21)

The computational steps needed to calculate hc(x; T )i with backward trajectories
are summarised in Algorithm 3.

Algorithm 3 Mean concentration at (x; T ), backward in time

1. For all particles, m = 1 until M do

� Initialise the position and velocity of the particle at (x; T ), equa-
tion (4.19)

� Compute the trajectory of the particle from T until t0 using the back-
ward formulation of Algorithm 1

� Derive the concentration carried by the particle from its position at
time t0 and the concentration field at t0, equation (4.20)

� Add this concentration to the mean concentration hc(x; T )i, equa-
tion (4.21)

2. Obtain the concentration hc(x; T )i by averaging over the number of
particles M , equation (4.21)

3. End.

4.2 Two-particle models for relative diffusion
The concentration fluctuations of a passive tracer can be approximated by com-
puting the trajectories of a pair of particles. Describing the trajectory of a particle
pair however, is fundamentally different from modelling the trajectory of one
particle. Since the particles are transported by the same turbulent flow, they
tend to move in the same direction when they are close together. If their mutual
distance increases, they start to move gradually more independently. A model
describing the simultaneous motion of a pair of particles therefore, requires the
knowledge of the velocity correlation at two points.

As the one-particle models, a two particle model should give correct results
in the inertial sub-range and should also satisfy the well-mixed condition (see
Section 4.1).

Several models have been presented; simple ones like the Richardson’s 4
3 eddy

diffusion model, (Batchelor, 1950). This model is based on the assumption that in
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the inertial sub-range the rate of change of the inter-particle distance, l is only a
function of the dissipation rate, �. Dimensional analysis yields

@l

@t
� (� l)

1

3

from which an equation for the p.d.f. of l can be formulated, (Monin and Ya-
glom, 1975). In other models it is assumed that particle cross-accelerations are
negligible, (Novikov, 1989). In (Durbin, 1980) the relative diffusion problem is
attacked by considering the stochastic Lagrangian theory. This approach leads to
models for the relative separation and location of particle pairs in homogeneous
isotropic turbulence only. In (Thomson, 1990) Thomson applied his theory for
the selection of one-particle models (Thomson, 1987) to formulate a two-particle
model. Some time later, Borgas and Sawford presented a family of pair-models
from which Thomson’s model is a member (Borgas and Sawford, 1994). A differ-
ent approach to modelling the motion of a particle pair is presented in (Kaplan
and Dinar, 1988b).

We have seen in the theoretical analysis in Chapter 3 that integration of the
two-particle p.d.f. over one of the two particles yields the one-particle p.d.f..
Therefore, a model describing the motion of a particle-pair must also satisfy the
two-to-one reduction: the statistics resulting from selecting only one trajectory
from each particle pair should agree with the statistics of a one-particle model.
The family of pair-models presented in (Borgas and Sawford, 1994) satisfies the
well-mixed condition and constraint to the two-to-one reduction. However the
models of this family do not give identical results in the inertial sub-range.

In spite of all the efforts and papers published on two-particle models, there
are still no criteria for the selection of algorithms to describe relative diffusion,
even for the simplest case of homogeneous stationary turbulence.

We focus our attention to the model presented in (Kaplan and Dinar, 1988b)
which satisfies the two-to-one reduction and is relatively simple to implement on
a computer. In Chapter 6 we used this model as a basis for the new model de-
scribing the turbulent dispersion of two reactive compounds. We remark that the
new dispersion and chemistry model does not strongly depend on this specific
two-particle description and any other formulation of the correlated motion of
two particles may be used.

First, we give a schematic overview of the basics of computing particle pair
trajectories in homogeneous stationary turbulence by considering Kaplan and
Dinar’s pair model (Kaplan and Dinar, 1988b). Next, the numerical aspects of
computing pair trajectories and predicting the first and second moments of tracer
concentration are discussed.

4.2.1 Kaplan and Dinar’s two-particle model
The basis of the model presented in (Kaplan and Dinar, 1988b) are the stochastic
differential equations describing the velocity and position of a particle in homo-
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geneous, isotropic, stationary turbulence, equations (4.8) and (4.9), which read

dUi = �Ui

TL
dt+ �

r
2

TL
d!i (4.22)

dXi = Uidt:

The stochastic increments d!i(t) are normally distributed with moments

hd!i(t)i = 0;

hd!i(t0)d!j(t00)i = huiuji�t0t00 dt;

and the Eulerian velocity correlation huiuji = �2�ij .

In the next part, we assume that both particles of a pair move in the turbu-
lent flow according to these equations and we postulate from them the correlated
movement of a particle pair, following (Kaplan and Dinar, 1988b).

The movement of the particle pair depends on the particle separation; if the
particles are close together, their motions are highly correlated, if they are far
apart, their displacements are almost completely uncorrelated. We define

D =
X(1) �X(2)

p
2

; (4.23)

Z =
X(1) +X(2)

p
2

; (4.24)

where D is the relative particle separation and Z is the relative location of the
particle pair. The factor

p
2 in the denominator is used for mathematical conveni-

ence and the superscripts within parentheses denote the particle in the pair. The
change in the pair separation and pair location is denoted by

UD =
dD

dt

UZ =
dZ

dt
:

From these coordinate transformations we obtain the following equations for the
change of UD and UZ ,

d(UD)i =
1p
2

�
dU

(1)
i � dU

(2)
i

�

d(UZ)i =
1p
2

�
dU

(1)
i + dU

(2)
i

�
:

Substituting the expressions for the change in velocity of particle 1 and particle 2
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according to (4.22) into these equations yields

d(UD)i = � (UD)i
TL

dt+

r
2

TL

d!
(1)
i (t)� d!

(2)
i (t)p

2

d(UZ)i = � (UZ)i
TL

dt+

r
2

TL

d!
(1)
i (t) + d!

(2)
i (t)p

2

where d!
(j)
i (t) denotes the random increment in the velocity of the jth particle

in the ith direction. The correlated motion of the particle pair is expressed in the
sum and difference of the stochastic processes d!(1)(t) and d!(2)(t). The change
in the particle separation and in the pair location is described by

dD = UD dt;

dZ = UZ dt:

A discrete scheme for computing the velocities UD and UZ of the particle
pair, reads

UD(t��t) = � UD(t) +
p
1� �2

!(X(1)(t)) �!(X(2)(t))p
2

UZ(t��t) = � UZ(t) +
p
1� �2

!(X(1)(t)) +!(X(2)(t))p
2

where � stands for e
��t
TL and!(X(t)) is a random velocity increment vector from

a normal distribution with

h!i(x)i = 0;

h!i(x)!j(y)i = hui(x)uj(y)i �ij for locations x;y:

Note that the equations are written in backward time formulation. Accordingly,
in the equations of motion of the particle pair, the correlation between the velo-
cities at the locations of the particles, X(1) and X(2) is expressed in the random
vectors, !(X(1)) and !(X(2)). The problem of modelling the motion of a pair
of particles in one turbulent flow is the formulation of the joint p.d.f. of !(X(1))

and !(X(2)).

The sum and the difference of two correlated normally distributed random
vectors are also normally distributed vectors. We denote the sum and difference

40



Models for turbulent transport of passive tracers

by

	(X(1);X(2)) =
!(X(1))�!(X(2))p

2

�(X(1);X(2)) =
!(X(1)) + !(X(2))p

2
:

Both,	 and� have mean equal to zero, because h!i = 0. The covariance matrix
C	 can be derived from

�
C	(X

(1);X(2))
�
ij
=

*�
!i(X

(1))� !i(X
(2))
�

p
2

�

�
!j(X

(1))� !j(X
(2))
�

p
2

+

=
1

2

�D
ui(X

(1))uj(X
(1))
E
+
D
ui(X

(2))uj(X
(2))
E
�D

ui(X
(1))uj(X

(2))
E
+
D
ui(X

(2))uj(X
(1))
E�

:

A similar expression holds for the covariance matrix C�(X(1);X(2)).

In Chapter 3, we have seen that in homogeneous isotropic turbulenceD
ui(X

(1))uj(X
(1))
E
=
D
ui(X

(2))uj(X
(2))
E
= �ij�

2

and that D
ui(X

(1))uj(X
(2))
E
=
D
ui(X

(2))uj(X
(1))
E
:

Let us denote by Cu(x;y) the covariance matrix of the velocity at two different
points in space, (Cu(x;y))ij = hui(x)uj(y)i. The covariance matrix, C	 can then
be written as

C	(X(1);X(2)) = �2 � I � Cu(X(1);X(2))

where I denotes the identity matrix. If we follow the same way of reasoning for
the covariance of the sum, we obtain

C�(X(1);X(2)) = �2 � I + Cu(X(1);X(2)):

In homogeneous turbulence all statistical properties are independent of the
location in the field, therefore the velocity variance, Cu does not depend on the
location of the particles, but depends only on the particle separation. In isotropic
turbulence the covariance can not depend on rotation of the coordinate system.
The most general form of the velocity correlation between two spatial points in
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isotropic, homogeneous turbulence reads (e.q. (Landau and Lifshitz, 1963; Hinze,
1975))

Cu(X(1);X(2))ij = Cu(r) = �2
�
g(r)�ij + (f(r) � g(r))

ri rj

r2

�
(4.25)

where r =X(1)�X(2), r is the length of r and f(r) and g(r) are the longitudinal
and lateral correlation functions, respectively (see Chapter 3).

Assuming that the flow is incompressible, the property r � u = 0 holds for
any u and gives rise to the continuity relation

@

@rj
Cu(r)ij = 0: (4.26)

The velocity correlation for a separation vector r = (r1; 0; 0) with r1 6= 0 is
equal to

Cu((r1; 0; 0)) = �2 f(r1): (4.27)

In Chapter 3 we have seen that in isotropc homogeneous incompressible flows, g
can be expressed in terms of f as follows

g(r) = f(r) + 0:5 r
@f

@r
:

Combining equations (4.25), (4.26) and (4.27) yields to

(Cu(r))ij = �2
�
�0:5ri rj

r

@f

@r
+

�
f(r) + 0:5 r

@f

@r

�
�ij

�
:

In our numerical simulations discussed in Chapter 7 we used for f(r) the expres-
sion given in (Durbin, 1980) (see also Chapter 3) which reads

f(r) = 1�
�

r2

r2 + L2E

� 1

3

:

In the next section we explain how the pair-trajectories are generated numer-
ically and how the concentration evolves from the concentration field at time t0.

4.2.2 Numerical aspects of two-particle models

We summarise the obtained results here to point out the numerical procedure to
compute pair trajectories backward in time.
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Computing pair-trajectories

The change in the separation D and location Z of a particle pair is modelled by

UD(t��t) = � UD(t) +
p
1� �2 �(D(t)) (4.28)

UZ(t��t) = � UZ(t) +
p
1� �2 	( ~D(t)) (4.29)

where � = e
� �t
TL ,�(D(t)) and	(D(t)) are random vectors normally distributed

with zero mean and covariance C�(D(t)) and C	(D(t)) respectively. The p.d.f.’s
of these random vectors thus depend on the positions of the particles in the pair
and change in time along with the changement in the positions of the particles.
The pair separation and location at time t��t can be derived from the values at
time t by

D(t��t) =D(t) + �t UD(t��t) (4.30)
Z(t��t) = Z(t) + �t UZ(t��t): (4.31)

The positions of the particles can be computed from the coordinate transforma-
tion

X(1)(t��t) =
Z(t��t) +D(t��t)p

2
(4.32)

X(2)(t��t) =
Z(t��t)�D(t��t)p

2
: (4.33)

The numerical procedure to compute pair trajectories from time T to t0 with
time-step �t is given in Algorithm 4. The only problem we encounter when cal-
culating the trajectory of a pair using this algorithm is the generation of the ran-
dom vectors,� and	 which depends on the distance between the two particles.
In appendix B we handle this problem.

Computing the first and second moments of concentration

We can predict the first and second moments of the concentration of tracer at
(x; T ) by calculating backward in time trajectories of M pairs, 2M particles start-
ing at time T , t0 � T at the given point in space x. Initially, at time T , the particle-
pairs are located within a small neighbourhood of x. 1. The particle velocities are
chosen randomly from a Gaussian distribution which reflects the Eulerian velo-

1The initial particle positions are such that the particles are in the vicinity of x but not on exactly
the same location because then only molecular processes can separate them
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Algorithm 4 Pair-Trajectory (T; t0;�t)

1. t = T

2. Initial positions X(1)(T ); X(2)(T ) and velocities U (1)(T ); U (2)(T ) of the
particles are given. Compute D(T ); Z(T ) and UD(T ); UZ(T ), equa-
tions (4.23) and (4.24)

3. While t � t0 do

� Generate two random vectors�(D(t)) and 	(D(t))

� Calculate UD(t��t) and UZ(t��t), equations (4.28) and (4.29)

� Calculate D(t��t) and Z(t��t), equations (4.30) and (4.31)

� If needed calculateX (1)(t��t) andX(2)(t��t), equations (4.32) and
(4.33)

� t = t��t

4. End.

city statistics. The initial conditions of the backward model are

U (1)(T ) = � !(X(1)(T )); U (2)(T ) = � !(X(2)(T )); (4.34)

X(1)(T ) = x X(2)(T ) = x

We denote the concentration carried by the particles in the mth pair by C(m;1)

and C(m;2). Like in the one-particle backward time model, the “concentrations”
of the particles are computed by assigning to each particle the concentration at its
location at time t0, i.e.

C(m;i) = c(X(m;i)(t0); t0): (4.35)

Once we know the concentrations of the particles, the first and second moments
of the concentration of tracer at x at time t can be approximated by

hc(x; T )i = 1

2 M

MX
m=1

�
C(m;1) + C(m;2)

�
(4.36)

hc(x; T )2i = 1

M

MX
m=1

C(m;1)C(m;2): (4.37)

In words, the mean concentration of tracer is estimated by approximating the
composition of the fluid at (x; T ). The computational steps are summarised in
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Algorithm 5.

Algorithm 5 Mean concentration and concentration fluctuations at (x; T ), back-
ward in time

1. t = T

2. For all pairs m = 1 until M do

� Initialise the positions and velocities of the particle pair, initial condi-
tions (4.34)

� Calculate the trajectories of the particle pair from T until t0, Al-
gorithm 4

� Derive the concentration carried by the particles from their position at
time t0 and the concentration field at t0, equation (4.35)

� Add the particle concentrations to the concentration statistics at (x; T ),
equations (4.36) and (4.37).

3. Divide the tracer concentration statistics by the number of pairs, M .

4. End.

In stationary turbulence, while calculating one- or two-particle trajectories
backward in time from T to t0, it is also possible to accumulate statistics for
the complete evolution of the mean concentration and its fluctuations. Assume
that we want to predict the first and second moments of the concentration at an
arbitrary time t0 between T and t0. When tracing back the particles from T to
t0, the statistics at time t0 may be computed from the particle positions at time
T � (t0 � t0). In stationary turbulence, this is equivalent to tracing back particles
from t0 to t0, because all statistical quantities depend on the time difference only
and are independent of the time t, see Chapter 3.
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5

Lagrangian models for turbulent
transport and chemistry

In the previous chapter, we formulated models for turbulent transport of passive
tracers. Here, we give an overview of existing Lagrangian models for transport
of reactive species.

We consider a turbulent flow with two instantaneous releases of speciesA and
B at time t0. The speciesA andB react according to a second order, stoichiometric
and irreversible chemical reaction of the type

A + B
k
�! C:

We assume that at time t0 the concentration of species C equals zero.
In literature, only a few attempts have been recorded to model the turbulent

transport of reactive species using a Lagrangian approach (Komori et al., 1991;
Chock and Winkler, 1994a, 1994b). In Section 5.1 we outline the particle-grid
model proposed by Chock and Winkler and present a modified version of their
particle-grid model which yields smoother concentration curves. In Section 5.2
a new fully Lagrangian one-particle model is proposed. The relative diffusion
model presented in (Komori et al., 1991) is outlined in Section 5.3. We conclude
this chapter with a discussion of the advantages and drawbacks of these one- and
two-particle models.

5.1 Chock and Winkler’s particle-grid model
In (Chock and Winkler, 1994a, 1994b) a particle-grid model based on a fractional
step method is proposed: dispersion and chemistry are handled separately and
subsequently in one time-step. In the transport part of the model, particles are
dispersed passively forward in time. The turbulent transport of the particles is
modelled by a one-particle model based on the theory presented in Chapter 4.
The general Langevin equations describe the change in velocity U (Thomson,
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1987), i.e.

dUi = ai(X ;U ; t) dt+

3X
j=1

Bij(X ;U ; t) d!j

for i = 1; 2; 3. The vector d! denotes a Wiener process. In their papers (Chock and
Winkler, 1994a, 1994b), Chock and Winkler assume that turbulence is Gaussian
and stationary. Furthermore, they assume homogeneity in the horizontal direc-
tions (i = 1; 2) and inhomogeneity in the vertical direction (i = 3). Accordingly
the values of a and B are determined, see Chapter 4. The system of discretised
equations of motion reads

Ui(t+�t) = � Ui(t) + �i
p
1� �2!i for i = 1; 2 (5.1)

~U3(t+�t) = � ~U3(t) +
p
1� �2!3 +

�
1� �2

�
TL

@�3

@z

where � = e
�

�t
TL and ! is a normally distributed random vector with mean equal

to zero and covariance-matrix equal to identity. In the inhomogeneous formula-
tion we used ~U3(t) to denote U3(t)

�3(t)
, see Section 4.1.2. In Chapter 7, we compare

the results of the model with the predictions of other Lagrangian and Eulerian
models. For that purpose we also formulated transport equations for fully homo-
geneous and stationary Gaussian turbulence. In those cases, the velocity in the
third direction is modelled similarly to the velocity in the horizontal directions
i = 1; 2.

The position X of a particle at time t +�t is computed from its position and
its velocity at time t using the following system of equations

Xi(t+�t) = Xi(t) + �t Ui(t) for i = 1; 2 (5.2)

X3(t+�t) = X3(t) + �t �3(X3(t)) ~U3(t):

The sources of species A and B are modelled by an instantaneous release of
a large number of particles (say M ) at time t0. At time t0, particles carry masses
according to the concentration at their initial position which may be derived from
the initial conditions (4.15) or (4.17). Note that both forward in time methods
discussed in Chapter 4 may be used. Particles may contain more than one reactive
compound. In time, the composition of the particles is affected by the chemical

reaction A+B
k
�! C which may proceed between the reactive species within one

particle but also between the species carried by different particles. Accordingly
the amount of A, B and C carried by a particle may change in time, therefore
we use the following notations. We denote by C

(m)
A (t), C(m)

B (t) and C
(m)
C (t) the

concentrations of species A, B and C, respectively, carried by particle m at time t.
The position and the velocity of the mth particle at time t are denoted byX (m)(t)

48



Lagrangian models for turbulent transport and chemistry

and U (m)(t).
The composition of each particle is updated in the chemistry part of the model.

This part of the model is explained in more detail by considering the computa-
tions in the first time-step. At time t0 the positions and velocities of the particles
are computed according to the initial conditions (4.15) or (4.17). We assume here
that the initial conditions are given by equations (4.15), thus particles are at time
t0 homogeneously distributed over the whole domain and carry the concentra-
tions at their initial position. From equations (5.1) and (5.2) the positions and
velocities of all particles at time t0 +�t are derived. The concentration fields of
species A, B and C at time t1 = t0 + �t are obtained as follows. Like in Eu-
lerian models a grid with cells �j centred at xj and with volumes Vj is defined.
It is assumed that chemical reactions only occur between particles which are in
the same grid-cell. Therefore, the mean concentrations of species A, B and C

in each grid-cell are computed by summing the concentrations carried by the
particles in the grid-cells and dividing the sum by the volume of the cell. This
method was already discussed in Chapter 4, see equations (4.16) and (4.18). For
example, the intermediate concentration of species A in grid-cell �j denoted by
hc�A(xj ; t0 +�t)i after the transport step but before the chemistry part reads

hc�A(xj ; t0 +�t)i =
1

Mj

MX
m=1

Z

�j

C
(m)
A (t0)�(x

0 �X(m)(t0 +�t))dx0 (5.3)

where Mj denotes the number of particles in grid-cell �j . We denoted these
concentrations by an asterisk to emphasise that the concentrations are derived
from the particle positions at time t0 + �t but with the particle compositions at
time t0. Similar equations are used to compute the intermediate concentrations
hc�B(xj ; t0 +�t)i and hc�C(xj ; t0 +�t)i.

The chemical reaction A+B
k
�! C is mathematically modelled by

@cA

@t
=

@cB

@t
= �

@cC

@t
= �k cA cB : (5.4)

Within each grid-cell, the particles are assumed to be well mixed. The concentra-
tion fields of species A, B and C at time t1 = t0+�t are derived from the discrete
form of the chemistry equation (5.4). For example, the mean concentration of
species A in grid-cell �j is computed with

hcA(xj ; t1)i = hc�A(xj ; t1)i � k �t hc�A(xj ; t1)i hc
�

B(xj ; t1)i: (5.5)

In the same way, the mean concentration fields of species B and C at time t1 may
be computed. Accordingly in the first step of the model, the positions and velo-
cities of the particles at time t1 are computed from the positions and velocities at
time t0. Furthermore, the mean concentration fields of the chemical compounds
at time t1 are calculated.
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In the next step of the model, the fractional step process is repeated in order to
compute the mean concentration fields at time t2 = t0+2�t, t3, and so forth. Ac-
cordingly, the positions of the particles at time t2 are derived from the positions at
time t1 and the concentration fields at time t2 are calculated from the intermedi-
ate concentrations at time t2. These intermediate concentration fields are derived
using equations similar to (5.3), thus from the particle positions at time t2 and
the particle compositions at time t1. Therefore, we need to calculate the concen-
trations carried by the particles at time t1. Chock and Winkler used one general
rule to derive the compositions of the particles at time t1 from the predictions of
the mean concentration fields at time t1. The rule for the concentration of species
�, C(m)

� (t1), for � = A;B or C carried by the mth particle located in grid-cell �j
reads

C(m)
� (t1) = hc�(xj ; t1)i

Vj

Mj

if hc��(xj ; t1)i = 0 (5.6)

C(m)
� (t1) = C(m)

� (t0)
hc�(xj ; t1)i

hc��(xj ; t1)i
otherwise. (5.7)

The variable Mj denotes the total number of particles located in grid-cell �j at
time t1. Rule (5.6) makes sure that newly created species for example species C,
are transported by the particles. The concentrations of the particles at time t1
combined with the particle positions at time t2 are used to compute the interme-
diate concentrations in all grid-cells at time t2. The concentration field predictions
at time t2 can then be calculated from the discrete chemistry equation 5.5.

In this way, the mean concentration field can be calculated for all times t1, t2
and so forth. The model calculates the trajectories of all particles and the con-
centrations carried by the particles are changed in each time-step by chemical re-
actions in the grid-cells. The complete particle-grid model to compute the mean
concentration fields at time T is summarised in Algorithm 6.

If Chock and Winkler’s model is implemented in this way, it gives rise to fluc-
tuations in the predicted mean concentrations which can be several times larger
in magnitude than the mean concentration it self. These fluctuations do not ori-
ginate from statistical errors because they also appear and are of the same order
of magnitude for increasing number of modelled particle trajectories. We have
improved Chock and Winkler’s formulation and developed a one-particle model
which gives smoother concentration curves. Details of this modified algorithm
are given in the next Section 5.1.1.

5.1.1 Modified particle-grid model
Chock and Winkler’s model gives rise to large fluctuations in the concentration
profiles even when a large number of particle trajectories are computed. We il-
lustrate this phenomenon with a test case in a three-dimensional closed box with
size LE � LE � LE centred at the origin (0; 0; 0). In Figure 5.1 typical profiles of
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Algorithm 6 Chock and Winkler’s model
Initialise the position and velocity of the particles using the initial condi-
tions (4.15) or (4.17).

1. t = t0.

2. While t � T do

� Compute the position and velocity at time t+�t for all particles, equa-
tions (5.1) and (5.2).

� Compute the intermediate concentrations of A, B and C in each grid-
cell from the particle positions at time t +�t and the particle concen-
trations at time t, equation (5.3); before chemistry takes place.

� Calculate the mean concentrations of A, B and C in the grid-cells after
chemistry, equation (5.5).

� Derive the new composition of the particles at time t + �t from the
particle concentration at time t and the concentration fields at t + �t,
equations (5.7).

� t = t+�t.

3. End.

the predicted concentrations of A, B and C computed with Chock and Winkler’s
model are shown. These are the results from a test where at time t0 species A and
B occupy only ten per cent of the domain; species A is well mixed in the bottom
of the vertical domain and species B is well mixed at the top of the domain (the
concentrations of species A and B are constant). In Chapter 7 we discuss this test
case in more detail. The initial concentrations are chosen such that for t!1 the
concentrations tend to one. We conclude from the predictions of the concentra-
tions of species A and B that the number of particles, here 100; 000, the time-step,
0:01TL and the grid-size, 0:01LE used in the simulation, lead to predictions with
an accuracy of typically 10%. However, the fluctuations in the results for species
C exceed 100%. This undesired effect is caused by the large differences in the
amount of C transported by the particles. The rules (5.6) and (5.7) do not provide
an upperboundary for the amount of concentration carried by a particle. In the
example from Figure 5.1 the maximum concentration of species C carried by a
particle was found to be 278 relative units, whereas the initial concentration of
the particles was either 0 or 10 units (equal to the concentration at the location of
the particle at time t0). Consequently, if the particles are uniformly distributed
over the domain for large times, the concentration field computed on the grid by
summing the concentrations of the particles in the grid-cells is mostly determ-
ined by the few particles carrying very large concentrations, which causes the
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Figure 5.1: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; 0) computed
with Chock and Winkler’s particle-grid model (M = 105, �t = 0:01 TL), see
Section 5.1.1.

large fluctuations in the computed mean concentration of species C.
To make sure that all particles carry similar concentrations of species C, we

formulated a different method to compute the concentration of species C carried
by a particle at time tn. The particles C-concentration is derived from the concen-
trations of species A and B carried by the same particle

C
(m)
C (tn) =

1

2

�
C
(m)
A (t0)� C

(m)
A (tn)

�
+
1

2

�
C
(m)
B (t0)� C

(m)
B (tn)

�
:

That is a particle carries the amount of species C which results from the chemical
reaction of its own concentration of species A and B. By using this method, the
concentration of species C carried by a particle can never exceed the particle’s
concentration of species A and B. In Figure 5.2, the results of the revised model
for the same test case as in Figure 5.1 are shown. The amplitude of the fluctuations
in the results from the modified model are 10% for all three concentration profiles.
The concentration of species C transported by a particle was found to be always
smaller than 1:008.

Chock and Winkler’s particle-grid model is a combination of a Lagrangian
one-particle and an Eulerian grid model. The transport part of the model is Lag-
rangian therefore it correctly models the turbulent dispersion of local sources. It
is difficult to model chemical reactions between particles when we compute the
trajectories of a small sample of particles only. In their model, Chock and Winkler
solve this problem by computing the concentration field on a grid. Their model
combines the advantages of the Lagrangian and Eulerian models. However, there
is a price to pay. The computer storage requirements are enormous, the proper-
ties of all particles and the concentration fields have to be stored during the whole
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Figure 5.2: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; 0) computed
with the modified particle-grid model (M = 105, �t = 0:01 TL), see Section 5.1.1.

simulation. The chemistry part is grid based such that local sources are averaged
over grid-cells; hence the turbulent dispersion of local sources is modelled cor-
rectly, but the chemistry is not.

In the next section, we describe a fully Lagrangian one-particle model for tur-
bulent transport and chemistry where the chemical part is not grid-based.

5.2 A fully Lagrangian one-particle model

We investigated the possibilities of modelling the chemistry without using a grid.
Instead of considering reactions within predefined grid-cells, reactions take place
within a small region, for example a sphere, around each particle. Like in Chock
and Winkler’s model, dispersion and chemistry are handled subsequently using
a fractional step method. The motion of particles is also described by a set of in-
dependent stochastic differential equations, as shown in equations (5.1) and (5.2).
The concentrations carried by each particle are updated in the chemistry part.
Like in the Eulerian model we define a grid, but the grid points are defined by
the positions of the particles, such that each particle has its own grid-cell (com-
parable with moving, unstructured or irregular grids). We assume that chemical
reactions occur between particles which are in each others grid-cell. Therefore,
the grid-cells are also called reaction regions of particles. Let P (i)

B (t) denote the
sum of the B-concentrations carried by particles which are in the reaction region
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of particle m which is carrying species A, i.e.

P
(m)
B (t) =

X
j

Z
R(X(m)(t))

C
(j)
B (t��t)�(x�X(j)(t))dx (5.8)

where R(X(m)(t)) represents the reaction region centred around the location of
particle m. The new concentration of species A carried by particle m after chem-
istry is then computed by

C
(m)
A (t) = C

(m)
A (t��t)�

�t k

NB vol(R)
C
(m)
A (t��t) P

(m)
B (t): (5.9)

where vol(R) and NB represent the volume and the number of particles carrying
species B and located in the reaction region of particle m, respectively. For the
reaction of particles carrying species B analogous equations are formulated.

Once a particle has participated in a reaction, it will also carry half of the
product C from this reaction, species C is evenly distributed over the reacting
particles. The concentration of species C transported by particle m at time t

equals

C
(m)
C (t) =

1

2

�
C
(m)
A (t0)� C

(m)
A (t)

�
+
1

2

�
C
(m)
B (t0)� C

(m)
B (t)

�
:

The mean concentration of species A or B in a volume V centred around x at
time T can be computed by summing the concentrations carried by the particles
located in V

hcA(x; T )i =
1

Mj

MX
m=1

Z

�j

C
(m)
A (T )�(x0 �X(m)(T ))dx0

whereMj denotes the number of particles located in volume V . Similar equations
hold for hcB(x; T )i and hcC(x; T )i. In our simulations the shape of the reaction
region is chosen to be that of a small sphere because particles do not have any
preference for a direction. But a cube is also possible.

The problem of choosing the size of the reaction region is analogous to the
problem of determining the grid size in an Eulerian model. The reaction region
should be small to make accurate predictions of the concentration fields. How-
ever, the reaction region must be at least so large that particles have a non-zero
probability to be in each others reaction region (which depends on the number
of simulated particles). Thus, the reaction region should be small enough to re-
flect the locality of the reaction, and large enough to make good concentration
predictions in the reaction region given the number of particles. In our study to
compare the fully Lagrangian model with the particle-grid model, we chose the
size of the reaction region equal to the size of the predefined grid.
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In Algorithm 7, the computational steps of this fully Lagrangian model are

Algorithm 7 Fully Lagrangian model
Initialise the position and velocity of the particles using the initial condi-
tions (4.15) or (4.17).

1. t = t0.

2. While t � T do

� Compute the position and velocity at time t+�t for all particles, equa-
tions (5.1) and (5.2).

� For all particles, m = 1 until M do

– Compute the sum of the concentrations of species A and B, re-
spectively carried by particles which are in the reaction region of
the particle before reaction, P (m)

A (t) and P
(m)
B (t), equation (5.8)

– Compute the new concentrations of species A and B, respectively
carried by particle m at time t+�t after reaction C

(m)
A (t+�t) and

C
(m)
B (t+�t), equation (5.9).

� t = t+�t.

3. End.

summarised. The mean concentration predictions for the same test case as dis-
cussed above, are qualitatively similar to the results of the modified particle-grid
model and are not presented here. This fully Lagrangian algorithm describes the
dispersion and chemistry of local sources correctly but is from a computational
viewpoint very inefficient. In each time-step each particle has to check the posi-
tions of all other particles to see if there are reactive particles within its reaction
region. Therefore, this one-particle is not considered any further noting that the
results of the fully Lagrangian model are similar to the predictions of the modi-
fied particle-grid model.

If we only consider the chemical process, the change in mean concentration of
species A is modelled by the averaged chemistry equation which reads

@hcAi

@t
= �khcA cBi:

In Chock and Winkler’s particle-grid, the modified particle-grid and in the fully
Lagrangian model the chemistry is approximated by assuming that hcA cBi =
hcAi hcBi. We have seen in Chapter 2 that in many Eulerian models the same as-
sumption is made. However, from experimental studies (Komori and Ueda, 1984)
we have to conclude that this assumption is generally not correct. Laboratory ex-
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periments showed that the difference hcA cBi � hcAi hcBi can not be neglected
in model descriptions of chemical processes. These findings are confirmed by
large eddy simulations (Beets and de Arellano, 1996, 1996b) and by higher order
closure models (Verver et al., 1997).

In the next section, we briefly discuss the pair-model presented in (Komori
et al., 1991) which models the first and second moment of the concentrations.

5.3 Komori et al.’s two-particle model
In (Komori et al., 1991) a model is proposed which aims to estimate the cross-
correlation between the concentrations of A and B. For this purpose Komori et
al. implemented a model which describes the relative dispersion of two react-
ive species released from two non-premixed sources in homogeneous Gaussian
turbulence. The transport and chemistry processes are handled separately.

The mathematical formulation of the pair trajectories is an extension of the
pair model proposed in (Sawford, 1986). Unfortunately, the equations describe
the relative dispersion in one of the three directions only, both horizontal dir-
ections are not included in the calculation of the pair-trajectories. Therefore, in
our studies we used the pair model presented in (Kaplan and Dinar, 1989) de-
scribed in Chapter 4, which models the relative dispersion in three-dimensional
homogeneous Gaussian turbulence. Both pair-models describe backward time
trajectories of particle-pairs hence Kaplan and Dinar’s pair formulation can eas-
ily be incorporated into Komori et al.’s chemistry model to describe the transport
of the particles.

The algorithm (Komori et al., 1991) predicts the concentration statistics of spe-
ciesA andB, including the first and second moments of the concentration and the
cross-correlation between species A and B at location x and time T . Like in dis-
persion models for passive tracers, in the transport part of Komori et al.’s model
many pair-trajectories of marked particles are calculated backward in time from
T until the time of release, t0. Initially, at time T , the particles are located within a
small neighbourhood of x and the initial conditions are given by equation (4.34),
see Chapter 4. The concentration carried by a particle is deduced from its pos-
ition at time t0 and the source configuration, i.e. the concentration of species A
carried by the ith particle of pair m equals

C
(m;i)
A (t0) = cA(X

(m;i)(t0); t0): (5.10)

The sources are assumed to be non-premixed (located at different parts of the do-
main), hence particles never carry both reactive species. The particle composition
may change in time due to chemical reactions with other particles, therefore we
explicitly denoted the dependence of time in the notation.

In the chemical part of Komori et al.’s model, the change in particle compos-
ition due to reactions is considered. In (Komori et al., 1991) the concentration
carried by a marked particle may change due to encounters with other marked
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particles. Komori et al. show drawings of the turbulent flow just after the re-
lease of the reactive species. From these drawings and some photographs they
conclude that chemical reactions only occur at the interface between the species
which for small times is not too convoluted and remains intact. In their model,
they assume that two particles from a pair meeting at the interface in the neigh-
bourhood ofx have not reacted previously. By making this assumption the model
is only valid for small times because only for small times intermediate reactions
of particles can be neglected. If particle 1 of a pair transports A and particle 2
transports B, the change in concentration of species A due to the reaction of the
particles with their pair partner is modelled by

C
(m;1)
A (t0)� k

�Z
0

C
(m;1)
A (t0)C

(m;2)
B (t0)dt0 (5.11)

where � denotes the time-period that the two particles were close enough to re-
act on molecular level. A similar equation holds for the B-concentration carried
by particle 2. The integral term on the right-hand side of equation (5.11) denotes
the amount of C produced during the reaction between the particles within the
time-period � . If the concentration carried by a particle becomes negative it is set
to zero. Let us denote by a0 and b0 the concentrations of particles 1 and 2, re-
spectively before the chemical reaction. The particles have not reacted previously
thus

a0 = C
(m;1)
A (t0) = cA(X

(m;1)(t0); t0)

b0 = C
(m;2)
B (t0) = cB(X

(m;2)(t0); t0):

The concentration of species A carried by particle 1 after chemistry is given by
the solution of equation (5.11) and reads if a0 6= b0

C
(m;1)
A (T ) = a0 �

a0 b0 (e
�� k (a0�b0) � 1)

�a0 + b0e�� k (a0�b0)
: (5.12)

If a0 = b0, the concentration of A is given by

C
(m;1)
A (T ) = a0 �

t k a20
t k a0 + 1

: (5.13)

Similar equations hold for the concentration of species B carried by particle 2.

From the particles concentrations at time T , we may compute the sample
mean concentration and sample concentration fluctuations of species A and B

by simulating the trajectories of M pairs. The first and second moments of the
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concentration of species A and B at x and time T are given by

hcA(x; T )i =
1

2M

MX
m=1

�
C
(m;1)
A (T ) + C

(m;2)
A (T )

�
(5.14)

hcB(x; T )i =
1

2M

MX
m=1

�
C
(m;1)
B (T ) + C

(m;2)
B (T )

�
(5.15)

hcA(x; t)
2i =

1

M

MX
m=1

C
(m;1)
A (T ) C

(m;2)(T )
A (5.16)

hcB(x; t)
2i =

1

M

MX
m=1

C
(m;1)
B (T ) C

(m;2)
B (T ): (5.17)

The cross-correlation between the concentrations of species A and B can be com-
puted from

hcA(x; t) cB(x; t)i =
1

2M

MX
m=1

�
C
(m;1)
A (T ) C

(m;2)
B (T ) + C

(m;1)
B (T ) C

(m;2)
A (T )

�
:

(5.18)

In summary, Komori et al.’s model describes the dependent trajectories of two
particles in homogeneous Gaussian turbulence backward in time. The mass of the
particle at release-time t0 is derived from the particle position and source config-
uration at time t0. It is assumed that a particle in a pair may only react with its
pair-partner at x at time T and only if the particles carry different reactive spe-
cies. The reaction between two particles proceeds as long as the inter-particle dis-
tances are close to the Kolmogorov scale1. The amount of reaction is modelled by
assuming that the concentration induced by the presence of the particles is locally
constant. The pair-reaction is approximated by equation (5.12) or (5.13). The con-
centration statistics are derived from the concentrations carried by the particles
at time T . The step-by-step formulation of the model is given in Algorithm 8.
Numerical results of Komori et al.’s model are given in Chapter 7.

5.4 Limitations of the Lagrangian models
The one-particle models presented in this chapter are simple and flexible. They
predict the mean concentration fields of the reactive species A and B as well as
the mean statistics of the reaction-product C. The models give the correct res-
ults for t ! 1. In the particle-grid methods, Chock and Winkler’s model and

1Here, we consider flows with Prandtl-number Pr � 1, Pr = �=� where � denotes the molecular
diffusivity.
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Algorithm 8 Komori et al.’s model

1. For all particle-pairs, m = 1 until M do

� Initialise the position and velocity of the particle-pair at time T using
the initial conditions (4.34).

� Compute the pair-trajectory backward in time from T until t0 using
algorithm Pair-Trajectory(T; t0;�t), Algorithm 4.

� Derive the mass of the particles in the pair using equation (5.10).

� Compute the concentrations carried by the particles after reaction us-
ing equation (5.12) and (5.13).

� Add the masses of the particle pair to the concentration statistics, equa-
tions (5.14)–(5.18).

2. Divide all concentrations by the number of particles or pairs.

3. End.

its modified version, averaging over space is used to compute the amount of
reaction per time-step; hence point-sources which are modelled correctly in the
transport part, are spread out over entire predefined grid-cells in the chemistry
part. The fully Lagrangian model presented in Section 5.2 avoids averaging over
a predefined grid. Reactions take place within small volumes around particles.
This model has the major drawback of being computationally very expensive,
because in each time-step, for each particle possible reaction partners need to be
found. Due to the random character of the particle displacements, any particle
can be close to any other particle, hence the complexity of the algorithm is in the
order of the number of particles squared, M 2.

One major disadvantage of all absolute dispersion models is that they do not
take into account the cross-correlation between species A and B, therefore they
do not model the chemistry correctly.

Komori et al. presented a pair model to predict the cross-correlation between
the reactive species A and B (Komori et al., 1991). The chemical process is based
on the concentration fluctuations. However, the two-particle model is only valid
for small times in the order of one time-scale, and it is only applicable for non-
premixed sources.

To make good statistical predictions, many particle trajectories need to be
computed. Chock and Winkler state that about 2000 to 3000 particles per grid-
cell are needed to yield sufficiently accurate concentration statistics. In the one-
dimensional tests performed by Komori et al. 1000 particle-pair trajectories were
calculated such that the numerical experiments were accurate to within 10 per
cent. For these computationally expensive simulations the use of a parallel com-
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puter would be beneficial. The sample pair-trajectories in Komori et al.’s model
are independent, accordingly the implementation of the model on a parallel sys-
tem is simple and efficient. In Chapter 8, we discuss the parallel implementation
of Lagrangian models in more detail. One-particle models for passive tracers are
efficiently implemented on parallel computers. In the chemistry part of Chock
and Winkler’s model the masses of all particles are combined to compute the
particle masses at the next time-step. Therefore, Chock and Winkler’s model is
not well suited for parallel implementation, see also Chapter 8.

In the next chapter, we present a new model for turbulent transport and chem-
istry. The model includes the cross-correlation between the reactive species there-
fore it models the chemical reactions more accurately. The new algorithm over-
comes the major draw-backs of Komori et al.’s model because it is applicable to
non-premixed as well as to premixed sources. Moreover the new two-particle
model is not restricted to small times and gives the correct asymptotic values of
concentration statistics at large times in bounded domains.
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6

A new two-particle model for
turbulent transport and chemistry

In the previous chapter, we gave an overview of existing Lagrangian models
for turbulent transport and chemical reactions. We saw that the “particle-grid
method” presented in (Chock and Winkler, 1994a, 1994b) is based on a Lag-
rangian model for absolute dispersion and that the chemistry is handled in a
Eulerian way on a predefined grid. This one-particle model inhibits a proper
description of the concentration fluctuations since it does not take into account
that simultaneous motions of two particles are correlated; thus it ignores the
importance of the covariance in turbulence-chemistry interaction. In (Komori
et al., 1991) a backward two-particle model for non-premixed turbulent react-
ing flows is formulated. This two-particle model describes the cross-correlation
between two reactive species. The two-particle method, however, is limited to
non-premixed flows where the interface between the reactants remains relatively
intact, and thus to limited mixing times. Hence, both models have important
limitations.

We propose a new approach using the simple, Lagrangian concept that any
single, second order chemical reaction in a turbulent flow is the result of the
encounter of two reactive molecules, which, having left their respective sources
are brought together by the resultant of turbulent and molecular motion. The
method uses a backward model of particle-pairs. The chemical reaction is treated
stochastically by giving each particle a probability that it reacts along its full tra-
jectory.

The restrictions and aims of the model are pointed out in Section 6.1. We give
an example of two inert species released in a turbulent flow to illustrate the im-
portance of the cross-correlation between the two species in the treatment of the
chemistry. Next, we present the new two-particle model for turbulent transport
and chemistry.
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6.1 Restrictions and aims of the new model
Let us consider the second order, stoichiometric and irreversible chemical reac-
tion of the type A + B

k
�! C. The equations governing the reaction process are

given by

dcA(x; t)

dt
=

dcB(x; t)

dt
= �

dcC(x; t)

dt
= �k cA(x; t) cB(x; t) (6.1)

where k is the reaction rate and cA(x; t), cB(x; t) and cC(x; t) represent the in-
stantaneous concentrations at (x; t) of species A, B and C, respectively.

At time t0 two instantaneous sources release an amount of species A and B.
The sources are located in sub-domains contained in three-dimensional space.
For simplicity, we assume that the concentrations of species A and B at t0 are
either zero (in regions without sources) or constant (in source-regions).

If, for example, the species A and B are uniformly mixed over the whole do-
main (well mixed) at the time of release, t0, they have zero variances and for any
location x the initial conditions read

cA(x; t0) = cB(x; t0) = a0; cC(x; t0) = 0:

The solution of equation (6.1) for these initial conditions is given by

cA(x; t) = cB(x; t) =
a0

1 + k t a0
; cC(x; t) =

k t a20
1 + k t a0

: (6.2)

Generally, the species are not well mixed and the concentrations are not con-
stant over the whole domain; hence, equations (6.2) can not be used to model
the turbulent transport and reaction processes. Turbulent motions are respons-
ible for the mixing of the species released from local sources. The incorporation
of the chemical reaction into a turbulent transport model should reflect the re-
duction in the mean concentrations of species A and B as functions of time and
place. A prerequisite for two chemical compounds to react, is that individual
molecules of both species are approximately at the same place at the same time,
since reactions take place between molecules and thus within their corresponding
inter-molecular distance.

Turbulent transport and chemistry are treated as independent and passive
processes in the sense that the chemistry does not affect the transport and vice
versa: a fluid particle is transported in exactly the same way if it carries species
A, B, C or none of these. In our model, transport and chemistry are handled
separately. The transport is modelled by computing the trajectories of many
particle pairs. The problem is how to quantify the reaction between particles
in such a way that the model is consistent with the global behaviour of the trans-
port/chemistry processes. Therefore, the model should, at least, come up to the
following expectations:
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� Provide the correct solution in the well-mixed case.

� Provide the correct mass balance at each time-step.

� Provide the correct asymptotic values of concentration at large values of t
in bounded domains.

� Take into account the cross-correlation between the concentrations of spe-
cies A and B.

Furthermore, the mean concentrations predicted by the model should fulfil the
condition described below.

It follows from the general advection-diffusion-reaction equation (2.1) - for an
incompressible flow and for a constant diffusivity term - that J , which is defined
as

J(x; t) � cA(x; t)� cB(x; t);

satisfies (Toor, 1975)

@J

@t
+r � (u J) = Dr2J

where the notation of Chapter 2 is used. Therefore, J satisfies an advection-
diffusion equation in which no chemical reactions are involved. An immediate
consequence is that the statistical moments of J are independent of the reaction
rate k. Accordingly, any “correct” model should yield concentration predictions
such that the first moment and the second moment of J ,

hJ(x; t)i = hcA(x; t)i � hcB(x; t)i

hJ2(x; t)i = hc2A(x; t)i+ hc2B(x; t)i � 2 hcA(x; t)cB(x; t)i (6.3)

are independent of the reaction rate k.

Importance of modelling the cross-correlation

We used the two-particle model presented in (Kaplan and Dinar, 1989) for non-
reactive homogeneous, stationary and Gaussian turbulence (see Chapter 4) to
calculate the cross-correlation between the concentrations of species A and B at
x at time t, i.e.

hcA(x; t)cB(x; t)i =
1

2M

MX
m=1

�
C
(m;1)
A C

(m;2)
B + C

(m;1)
B C

(m;2)
A

�
:

This equation is similar to equation (4.37) for the second moment of the concen-
tration of a passive tracer. The degree of non-mixedness can be measured by the

63



Restrictions and aims of the new model

0.0 1.0 2.0 3.0 4.0 5.0
t / TL

0.0

0.2

0.4

0.6

M
ea

n 
co

nc
en

tr
at

io
n

A, B

< cA cB >
1/2

(a) Concentrations hcAi, hcBi and
hcAcBi1=2

0.0 1.0 2.0 3.0 4.0 5.0
t / TL

−1.0

−0.5

0.0

S
eg

re
ga

tio
n 

I s

(b) Segregation Is

Figure 6.1: Mean concentrations and segregation at x = (0; 0; 0) computed with
Kaplan and Dinar’s pair model (M = 2:105, �t = 0:01 TL): dispersion of two
non-reactive species A and B from two separate sources, unbounded domain.

intensity of segregation Is which is defined for hcA(x; t)i 6= 0 and hcB(x; t)i 6= 0
as

Is(x; t) =
hcA(x; t) cB(x; t)i � hcA(x; t)i hcB(x; t)i

hcA(x; t)i hcB(x; t)i
: (6.4)

In Figure 6.1 the results are shown for the turbulent transport of two inert spe-
cies A and B in an unbounded domain. At time t0, species A and B are released
from two separate sources. Species A is initially well mixed in the horizontal
directions and covers the region �0:5 < z < �0:4 in the vertical direction. The
source distribution of species B is also well mixed in the horizontal directions
but covers the region 0:4 < z < 0:5. In Chapter 7, these simulations are discussed
in more detail. In Figure 6.1(a) the change in the mean concentration of species
A and species B is compared with the change in the cross-correlation of A and
B at z = 0:0. The segregation parameter at the same location z = 0:0 as func-
tion of time is shown in Figure 6.1(b). We see that in this case of two separate
sources the intensity of segregation increases from �1 (immediately after the re-
lease at time t0) to 0 or even slightly positive values in completely well-mixed
situations. The cross-correlation hcA(x; t) cB(x; t)i and the product of the mean
concentrations hcA(x; t)i hcB(x; t)i differ strongly which can be easily deduced
from Figure 6.1(a). The mean concentration of species A is larger than zero if
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at least one particle chosen at random from all pairs comes from source A. The
cross-correlation is larger than zero if there is at least one pair where one particle
carries species A and the other carries species B. From Figure 6.1(b) one sees that
up to a few TL, the product of the mean concentrations is considerably larger than
the cross-correlation of the concentrations. Therefore, the simulation of chemical
reactions by approximating hcA(x; t) cB(x; t)i by the product of the mean concen-
trations, hcA(x; t)i hcB(x; t)i is not correct. In fact, compared to the well-mixed
situation were Is = 0, the chemical reaction will proceed slower if the segregation
parameter is negative and faster if Is is positive .

Accordingly, we aim to include the cross-correlation between the reactive spe-
cies in the treatment of the chemical reactions in a correct way. We have seen that
a one-particle model predicts the mean concentrations only, therefore trajectories
of particle pairs have to be simulated. The new two-particle model for turbulent
transport and chemistry is presented in the next section.

6.2 Description of the new two-particle model
The transport and chemistry processes are independent; hence in our model we
handle them separately. In the following subsections we first present the trans-
port part of the model based on pair trajectories. Next, we describe the stochastic
method used to model chemical reaction and summarise the computational steps
of the new two-particle model in an algorithm. Finally, we show that the model
description as presented here, satisfies the requirements that the first moment of
J , hJ(x; t)i = hcA(x; t)i � hcB(x; t)i is independent of the reaction-rate k.

6.2.1 Transport
We consider the case of homogeneous stationary isotropic turbulence. The trans-
port and mixing part of the model is based on the three-dimensional Lagrangian
formulation presented in (Kaplan and Dinar, 1988b) and outlined in Chapter 4.
Kaplan and Dinar generalised their pair-model to inhomogeneous turbulence
and to more than two particles for the Atmospheric Boundary Layer - Neutral,
Stable and Convective cases - (see (Kaplan and Dinar, 1993) for details).

Over the last few years, much effort is put in the research and development of
two-particle models (Durbin, 1980; Thomson, 1990; Borgas and Sawford, 1994),
see also Chapters 3 and 4. The new two-particle model presented in this section,
incorporates the transport part in a modular way, so that any model describing
the relative dispersion of two particles backward in time, may be included.

Let us assume that at time t0 we know the concentration profile of two differ-
ent species A and B. These concentrations may overlap. We assume also that a
single particle contains only one species. Then for non-reactive flows, we can es-
timate the first and second moments of the concentration at (x; T ) by calculating
the trajectories of M pairs of particles starting at (x; T ) backward in time until
t0. We used the backward Lagrangian approach for numerical efficiency. The
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equations for the mean concentration of species A and B read

hcA(x; T )i =
1

2M

MX
m=1

�
C
(m;1)
A + C

(m;2)
A

�
(6.5)

hcB(x; T )i =
1

2M

MX
m=1

�
C
(m;1)
B + C

(m;2)
B

�
: (6.6)

The concentration of species � = A, B or C carried by the ith particle in the mth

pair is denoted by C
(m;i)
� . The second moments of the concentration of species A

and B can be computed from

hcA(x; t)
2i =

1

M

MX
m=1

C
(m;1)
A C

(m;2)
A (6.7)

hcB(x; t)
2i =

1

M

MX
m=1

C
(m;1)
B C

(m;2)
B (6.8)

and the cross-correlation between the concentrations of the two species reads

hcA(x; t)cB(x; t)i =
1

2M

MX
m=1

�
C
(m;1)
A C

(m;2)
B + C

(m;1)
B C

(m;2)
A

�
: (6.9)

The concentrations carried by the particles are derived from the particles position
and the concentration distribution at time t0 as follows

C(m;i)
� = c�(X

(m;i)(t0); t0): (6.10)

In non-reacting flows the composition of particles does not change. In reactive
flows, the contents of a particle may change in time due to chemical reactions with
other fluid particles. To emphasise the possible time-dependence of the compos-
ition of a particle, we denote the concentration of species � = A, B or C carried
by a particle by C

(m;i)
� (t). In the next subsection, we describe the chemistry part

of the model.

6.2.2 Chemical reactions

In the new Lagrangian model for turbulent transport of reactive species, we com-
pute the concentration statistics at a space-time point (x; T ). We trace back M

particle pairs from (x; T ) until the time of release t0 using a two-particle model,
for instance the discrete model presented in (Kaplan and Dinar, 1988b) discussed
in Chapter 4. In this way, we determine at discrete time intervals (�t) the posi-
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tions of each particle pair

(X(m;1)(t0);X
(m;2)(t0)); (X

(m;1)(t1);X
(m;2)(t1)); : : : ; (X

(m;1)(tn);X
(m;2)(tn))

for each pair m where X(m;1)(tn) � X
(m;2)(tn) � x

1 and tn = T . We assign
to the particles the source concentration at the particle positions at time t0 using
equation (6.10). The particle pairs fall into four categories:

1. Both particles come from regions where no sources exist; so they carry zero
concentration values of species A and B.

2. One particle comes from a region with no sources, and the other from a
source (A or B), so the latter carries species A or B.

3. Both particles come from the same source (A or B), so both carry species A
or B.

4. One particle comes from source A so it carries species A. The other comes
from source B and carries species B.

If species A and B are reactive, a reaction between the species carried by the
particles in a pair may only occur for pairs in category 4. We name the pairs in this
category “AB” pairs. In this case an amount of speciesC may be created, with the
consequent reduction in the concentrations of A and B carried by the particles.
The problem of developing a model for chemical reactions is the specification of
the reaction between particles.

In the new model we approximate the chemical process stochastically by as-
signing to each particle a probability that it reacts in a certain time-period. We
consider two essential elements separately.

1. The probability that a pair of type “AB” reacts in a short interval �t when
the particles are in each other’s vicinity at the meeting point (x; T ). In the
time-period from tn�1 until tn = T particles within one pair are assumed to
be close enough to react.

2. The probability that a particle carrying species A or B reacts due to earlier
encounters with reaction partners at arbitrary intermediate times and pos-
itions. From the time of release t0 until tn�1 particles within a pair are in
general far apart, but each particle may react with other arbitrary particles.

In Figure 6.2 we present schematically the trajectories of three pairs of particles
to illustrate the different stages considered in the model. Note the resemblance to
Komori et al.’s model (Komori et al., 1991) (see also Chapter 5) where “AB” pairs

1If the particles are located at exactly the same location only molecular processes (neglected in the
model) can separate them.
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Figure 6.2: An illustration of the trajectories of three particle-pairs (1, 2, 3). Only
pair 1 (with the solid trajectories) which containsA andB at time tn�1, is an “AB”
pair and has a probability of reacting in the next time-step. The other particles
(with dashed trajectories) either came from regions with no sources or reacted
with arbitrary particles in the interval [t0; tn�1] and hence contain C (denoted by
a black circle) after an arbitrary time � 2 [t0; tn�1].

react in the short time intervals when they are in each other’s vicinity. However,
Komori et al. assume that the fluid elements meeting at any point and time come
from non-premixed sources and have not reacted previously with other particles;
hence they neglect the possible reactions at intermediate times.

The reaction of an “AB”-pair

We define p(�tjAB) as the probability that an “AB”-pair reacts in the time-period
�t, from tn�1 until tn. That is p(�tjAB) denotes the probability that the total
amounts of species A and B carried by the particles react to form an amount of
species C. After the reaction the particles in the pair each carry half of the amount
of species C produced by the reaction. To model the reaction probability p, we
consider locally homogeneous concentrations. We have seen that if the species A
and B are well mixed and the initial concentrations are given by a0, the reduction
of the concentration in a small time-period �t is given by (see equation (6.2))

�t k a0
1 +�t k a0

a0:

68



A new two-particle model for turbulent transport and chemistry

The probability that a pair reacts is modelled such that the fraction of reacting
pairs equals the fraction of species A lost in the reaction and reads

p(�tjAB) =
�t k a0

1 +�t k a0
: (6.11)

Note that the probability p(�tjAB) lies between zero and one and that the reac-
tion of one single pair does not model the chemical reaction directly. The reaction
model has for result that the amount of species A that reacts equals the amount
of species B that reacts. The reaction probability of an “AB”-pair depends only
on the size of the time-step, the reaction-rate and the initial concentration.

The reaction of a particle before it meets its pair-partner

In the period from t0 until tn�1 the particles in one pair are generally too far apart
to react with each other, but they may react with other “arbitrary” particles of
which the positions are not modelled. For each realisation of the turbulent flow,
we model the path of only two particles (one pair); hence it is not possible to
predict the reaction of a particle with another arbitrary particle exactly. However,
we can model the reaction of a particle in a stochastic way by assigning to each
particle a probability that it reacts in the period [t0; tn�1].

The probability that a particle carrying species A at time t0 and arriving at
(x; tn), still carries species A at time tn is by definition equal to

qA(tnjx; tn) �
hcA(x; tn)i

hfcA(x; tn)i (6.12)

where hfcAi denotes the mean concentration without reaction, hence the mean
concentration obtained from equation (6.5). The probability that a particle carry-
ing speciesA at time t0 and arriving at (x; tn), reacted in the period [t0; tn] is equal
to 1�qA(tnjx; tn). An expression similar to equation (6.12) defines the probability
qB(tnjx; tn) that a particle at x at time tn carries species B at time tn.

The probability that a particle carrying species A at time t0 and arriving at
(x; tn), still carries species A at time tn�1 reads

qA(tn�1jx; tn) �

R
R3

hcA(x
0; tn�1)i p1(x

0; tn�1jx; tn) dx
0

hfcA(x; tn)i
where p1(x0; tn�1jx; tn) denotes the probability that a particle is at (x0; tn�1) given
that it is at x at time tn.

Like in Chapter 3, we may formulate equations for the mean concentration
of species A and B at (x; tn) from the mean concentrations at time tn�1 for the
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non-reactive case, i.e.

hfcA(x; tn)i =
Z
R3

hfcA(x0; tn�1)i p1(x0; tn�1jx; tn) dx0 (6.13)

hfcB(x; tn)i =
Z
R3

hfcB(x0; tn�1)i p1(x0; tn�1jx; tn) dx0:
The probability that a particle carrying species A at time t0 and arriving at (x; tn),
reacted in the period [t0; tn�1] is given by

qA!C(tn�1jx; tn) � 1� qA(tn�1jx; tn)

=

hfcA(x; tn)i � R
R3

hcA(x
0; tn�1)i p1(x

0; tn�1jx; tn) dx
0

hfcA(x; tn)i :

Using that

hcC(x
0; tn�1)i = hfcA(x0; tn�1)i � hcA(x

0; tn�1)i

and the equality (6.13), the probability that an A-particle reacted in the period
[t0; tn�1] becomes

qA!C(tn�1jx; tn) =

R
R3

hcC(x
0; tn�1)i p1(x

0; tn�1jx; tn) dx
0

hfcA(x; tn)i : (6.14)

In order to check wether a particle reacted or not a pure estimator for the
integral in the numerator of equation (6.14) has to be found. For this purpose, for
each particle, the mean concentration hcC(x

00; tn�1)i at a point x00 sampled from
the p.d.f. p1 has to be evaluated. It is computationally unfeasible to use a two-
particle model (similar to the one described in this chapter) to compute the mean
concentration of species C at all these locations x00. Therefore, we approximate
the probability that a particle carrying species A at time t0 and arriving at (x; tn),
reacted in the period [t0; tn�1] by

qA!C(tn�1jx; tn) =
hcC(x; tn�1)i

hfcA(x; tn)i : (6.15)

A similar approximation for particles carrying species B yields

qB!C(tn�1jx; tn) =
hcC(x; tn�1)i

hfcA(x; tn)i : (6.16)

If hfcA(x; tn)i = 0 there are no particles arriving at x at time tn which origin-
ate from source A hence there is no need to specify the reaction-probability for
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this case. For completeness we set the probability qA!C(tn�1 j x; tn) to zero if
hfcA(x; tn)i = 0. If hcA(x; tn�1)i is larger than hfcA(x; tn)i the probability is taken
to be one. The same arguments are used to define the reaction of B-particles.

The mean concentration of species C, the product of the chemical reaction
between A and B, can be computed from the concentration of species C carried
by reacted particles. Note that only reacted particles which carried species A or
B at time t0 may transport species C. The concentration of species C carried by
particle (m; i) is modelled by

C
(m;i)
C (tn) = 0:5 a0 if the ith particle of pair m reacted (6.17)

C
(m;i)
C (tn) = 0:0 else.

An equation similar to (6.5) and (6.6) with the time-dependent particle concentra-
tions yields the mean concentration of species C, i.e.

hcC(x; T )i =
1

2M

MX
m=1

�
C
(m;1)
C (T ) + C

(m;2)
C (T )

�
:

The first and second moments of the concentrations of species A and B at (x; T )
are computed with the time-dependent versions of equations (6.5)–(6.9).

6.2.3 The algorithm
We have seen in the description of the model that the mean concentrations at
(x; T ) are computed by averaging the particle concentrations at time T . To com-
pute the mean concentration hc�(x; tn)i for � = A;B;C, we need the concentra-
tion C at x at time tn�1 to calculate qA!C(tn�1jx; tn) and qB!C(tn�1jx; tn), see
equations (6.15) and (6.16). To compute the mean concentrations at time tn�1,
hc�(x; tn�1)i, we need the concentrations at tn�2, etc.. Therefore, we implemen-
ted the model iteratively.

First, we compute the mean concentrations at (x at time t1 by tracing back M

particle-pairs. At time t0, we assign to the particles the concentration at their loca-
tions at t0. In the period [t0; t1] the concentrations of the particles may change due
to reactions between the two particles within each pair; hence we use p(�tjAB)
to compute the particle concentrations at t1.

Then, we trace back M pairs from (x; t2) to t0 and again assign the concen-
trations at time t0. To determine whether a particle reacted in the period [t0; t1]
we compute qA!C(t1jx; t2) and qB!C(t1jx; t2) from equations (6.15) and (6.16).
Hereto we use hcC(x; t1)i calculated in the previous iteration step. If, at time t1, a
pair carries species A and B, p(�tjAB) gives the probability that the ”AB”-pair
reacts in the period [t1; t2]. Accordingly, the concentrations of species A, B and C

carried by the particles at time t2 and thus the concentration statistics at time t2
can be calculated.
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In this way we compute the concentration statistics at the same location x
for t3, t4 and so on until we have computed the concentration statistics at (x; T ).
The computational steps are summarised in Algorithm 92 Note that in station-
ary turbulence the particle trajectories from tn until t0 can be derived from the
trajectories tn�1 until t0 by a time translation (see Chapter 5).

6.2.4 The first moment of cA � cB

In Section 6.1, we formulated the requirements posed on the model and noted
that all moments of J = cA � cB should be independent of the reaction-rate. In
this section, we show that by using the probabilities defined above, the model
satisfies this requirement at least for the first moment.

Let us assume that the mean concentrations at (x; tn�1) are approximated by
using the new two-particle model described above. To compute the concentration
statistics at (x; tn), we trace back M particle pairs from (x; tn). Let us assume
that MA particles came from source A and MB particles came from source B. The
expected number of reacted A particles using the reaction probability defined in
equation (6.15) is then equal to

E(A reacted) � qA!C(tn�1jx; tn) MA =
hcC(x; tn�1)i

hfcA(x; tn)i MA (6.18)

The expected number of particles carrying species B at time tn�1 can be derived
from equation (6.16) and reads

E(B reacted) � qB!C(tn�1jx; tn) MB =
hcC(x; tn�1)i

hfcB(x; tn)i MB: (6.19)

The definition of the probability p that an “AB”-pair reacts in the period tn�1
until tn guarantees that the number of reacting particles of species A and species
B are equal. Assume there are MAB “AB”-pairs at time tn�1 (“AB”-pairs from
which none of the particles reacted in the period t0 until tn�1). The expected
number “AB”-pairs that react in the period [tn�1; tn] is equal to

E(“AB” reacted) = p(�tjAB) MAB:

The mean concentrations of A and B at (x; tn) can be computed from equa-
tions (6.5) and (6.6) where the concentrations carried by the particles C (m;i)

� are
replaced by the time-dependent concentrations C(m;i)

� (t) which may change due
to chemical reactions. Accordingly, the mean concentrations of species A and

2prof. dr. H. Kaplan suggested a computationally more efficient formulation of the algorithm. The
suggested algorithm is an alternative formulation of the two-particle model and yields exactly the
same results. This reformulation provided new insight in the subject and can be adapted to simulate
more general situations. Further research is needed and will be reported elsewhere
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Algorithm 9 New two-particle model

� n = 1

� For tn � T do

1. For all particle-pairs, m = 1 until M do

a Initialise the position and velocity of the particle-pair using the
initial conditions (4.34).

b Compute the pair-trajectory backward in time from tn until t0 us-
ing algorithm Pair-Trajectory(tn; t0;�t), Algorithm 4.

c Derive the concentrations carried by the particles using equa-
tion (6.10).

d Add the concentrations of the particles to the concentrations of
speciesA andB for the non-reactive case, equations (6.5) and (6.6).

2. Divide the concentrations of A and B at (x; tn) for the non-reactive
case by the number of samples, M .

3. Compute the probabilities of reaction in the period [t0; tn�1] using
equations (6.15) and (6.16).

4. For all particle-pairs, m = 1 until M do

a If a particle carries species A, generate a random number homo-
geneously distributed between 0 and 1, if it is smaller than the
reaction probability qA!C(tn�1jx; tn) the particle reacted in the
period [t0; t��t]. Similar for a particle carrying species B.

b If the pair is an “AB”-pair at time t � �t, see if the pair reacts in
the period [t ��t; t] using a random number between 0 and 1, if
it is smaller than the reaction probability of an “AB”-pair, equa-
tion (6.11), the pair reacts.

c Compute the concentrations carried by the reacted particles using
equation (6.17), particles that do not react keep the same compos-
ition.

d Add the concentrations of the particles to the concentration stat-
istics at (x; tn), equations (6.5)–(6.9) and (6.2.2).

5. Divide all concentrations at (x; tn) by the number of samples, M .

6. tn = tn +�t

� End.
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species B at (x; tn) read

hcA(x; tn)i =
1

2M
(MA �E(A reacted)�E(“AB” reacted)) a0

hcB(x; tn)i =
1

2M
(MB �E(B reacted)�E(“AB” reacted)) a0

because the concentration carried by a particle is either equal to a0 (if it carries
one of the reactive species and did not react in the period [t0; tn]) or equal to zero
(if it carries no reactive species or if it reacted before tn). The first moment of
J(x; tn) is then equal to

hJ(x; tn)i = hcA(x; tn)i � hcB(x; tn)i

=
MA

2M
a0 �

E(A reacted)
2M

a0 �
MB

2M
a0 +

E(B reacted)
2M

a0

= hfcA(x; tn)i � hfcB(x; tn)i � (E(A reacted)�E(B reacted))
a0

2M
:

In this derivation we used that the concentration of species � in a non-reacting
flow is computed by summing the masses of all particles carrying species �, i.e.

hfcA(x; tn)i = MA

2M
a0 and hfcB(x; tn)i = MB

2M
a0: (6.20)

The restriction that hJi is independent of the reaction rate, implies that hJi is
equal to the non-reacting case for all reaction rates k. In the non-reacting case,

hJi = hfcA(x; tn)i � hfcB(x; tn)i:
It follows from equations (6.18) and (6.19) that the first moment of J is equal to

hJ(x; tn)i =hfcA(x; tn)i � hfcB(x; tn)i
�
hcC(x; tn�1)i

hfcA(x; tn)i
MA a0

2M
+
hcC(x; tn�1)i

hfcB(x; tn)i
MB a0

2M
:

Accordingly, using the equalities (6.20), we have for all k that

hJ(x; tn)i = hfcA(x; tn)i � hfcB(x; tn)i
and hence hJi is independent of the reaction rate k.

In the next chapter, we evaluate the new two-particle model for transport and
chemistry by considering the aims and requirements presented at the beginning
of this chapter. Furthermore, we compare the results from the new model with
the predictions of other Lagrangian and Eulerian models and with experimental
measurements in a water tunnel (Komori and Ueda, 1984).
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Evaluation of the new two-particle
model

We developed a new two-particle model for turbulent transport of reactive spe-
cies in Chapter 6. The new model should satisfy some basic conditions, for in-
stance it should give the correct solution for the mixing and reaction of two well-
mixed species and provide the correct solution for large times. Furthermore,
the cross-correlation between the concentrations of the reactive species should
be modelled correctly. We performed some numerical experiments to see if the
model satisfies these prerequisites. We first consider the predictions for the turbu-
lent transport and reaction of two species released from two well-mixed sources
in isotropic, homogeneous and stationary turbulence. Secondly, we investigate
the asymptotic behaviour of the model for different initial concentrations, non-
premixed as well as premixed sources. Next, we compare the results of the new
two-particle model with Eulerian and Lagrangian models which approximate
hcAcBi by the product of the mean concentrations, hcAihcBi and thus neglect the
covariance. In Section 7.5 the predictions of our two-particle model are compared
with the results of a second order Reynolds averaged Eulerian model, (Verver
et al., 1997) in an idealised atmospheric boundary layer. There are several papers
about experimental investigations on chemical reactive plumes in wind and wa-
ter tunnels, see for example (Builtjes, 1981; Komori and Ueda, 1984). In Section 7.6
the concentration predictions of the new two-particle model are compared with
measurements from experiments in a water tunnel (Komori and Ueda, 1984). In
these experiments the reactive species are initially non-premixed such that the
measurements could also be compared with the predictions of Komori et al.’s
pair-model (Komori et al., 1991). We start this chapter with the specification of
the physical and numerical parameters describing the model.
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Typical values for physical and numerical parameters

7.1 Typical values for physical and numerical para-
meters

In Chapter 4, we described the model for relative diffusion in isotropic, homo-
geneous, stationary and Gaussian turbulence presented in (Kaplan and Dinar,
1988b). The statistical Eulerian flow properties needed in the formulation of the
two-particle model are the Eulerian length-scale LE, the Eulerian velocity vari-
ance �2 and the Lagrangian time-scale TL. These parameters are usually related
by (see (Pasquill and Smith, 1983; de Baas et al., 1986))

�
TL
LE

= 0:6:

In our tests TL is chosen to be the unit of time and LE represents the unit of
length. Different values of these parameters were chosen so that the new model
could be compared with other models or experimental results.

The concentration of the reactants can be given for example, in mass per
volume, molecules per volume or parts per billion (ppb). The reaction-rate k
of the chemical reaction A + B �! C is a measure for the speed of the reaction,
the larger k the faster the reaction. The reaction-rate is given in units of (concen-
tration � time)�1.

If the time-scale of chemistry is small compared to the time-scale of turbulence
TL, the species will be dispersed and mixed before significant reaction will take
place. The Damköhler number, a non-dimensional number, defined as (Komori
et al., 1991)

DaKol(x; t) =

r
�

�
k
p
cA(x; t)cB(x; t)

is a measure of the relation between the time scales of turbulent transport and
chemical reaction processes and depends on space and time. The Damköhler
number is not a quantity which can be controlled during an experiment or a sim-
ulation, since it depends on the concentrations of the reacting species. Therefore,
if the irreversible reaction A+ B �! C proceeds, and if there are no sources that
release new A or B, the Damköhler number will gradually decrease. Like Komori
et al., we used a slightly different definition of this measure; the integral-scale
Damköhler number DaI which is defined as (see (Komori et al., 1991))

DaI(x; t) = DaKol(x; t)
p
Re = k TL

p
cA(x; t)cB(x; t):

If DaI >> 1 the chemistry is fast compared to the turbulent transport and if
DaI << 1 then the chemistry is slow. If DaI = O(1) the time-scales for chemistry
and turbulent transport are similar. Most numerical experiments in the following
sections were done for moderate and relatively fast chemistry and, for reference
purposes, for the non-reacting case (k = DaI = 0).
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Evaluation of the new two-particle model

Additional parameters derived from the concentration statistics are relevant
for measuring the amount of mixing and reaction. These are the segregation para-
meter Is defined in equation (6.4) in Chapter 6 and Cov(A;B) the covariance of
A and B, which is defined as

Cov(A;B)(x; t) = hcA(x; t) cB(x; t)i � hcA(x; t)i hcB(x; t)i:

7.2 Accuracy considerations
We define a numerical non-dimensional number,  as function of the time-step
�t of the iterative algorithm, as

(�t) = k �t a0:

The value of  determines the accuracy of the results of the chemical part of the
model because it gives a measure of the change in concentration caused by the
reaction of an “AB”-pair in one time-step �t, see Section 6.2.2. By sensitivity ana-
lysis it is found that convergence of the predicted first and second moments of
the concentration is usually achieved by choosing �t such that (�t) < 0:5. Note
that the choice of the time-step depends on the reaction-rate and the initial con-
centrations. Of course the choice of the size of the time-step �t is also determined
by the accuracy of the results of the modelled turbulent transport. In one-particle
models a time-step of �t = 0:1 TL leads to an error in the calculated mean con-
centrations which is less than two per cent, see (Wilson and Zhuang, 1989). In
our experiments the time-step �t was chosen to be smaller than 0:1 TL to make
good approximations of the turbulent transport of the chemical reaction.

We performed a sensitivity analysis to see how many particle-pairs needed to
be traced back to obtain consistent and repetitive results. The number of pairs M
should be at least 105 to yield results with a statistical accuracy of 1%.

A consistency check was performed by calculating the statistical moments of
J = cA � cB . We have seen that on theoretical grounds the new two-particle
model leads to predictions such that the first moment of J is independent of the
reaction rate k, see Section 6.2.4. The second moment of J was checked in various
cases for several spatial locations and various times after release of the reactive
species. It was found that hJ2(x; t)i, equation (6.3) is independent of k for t=TL <
3:5, but for larger times there is some deterioration which may be as much as 10%,
in the case of large k.

7.3 Basic tests
The aim of these experiments is to show the general behaviour of the solutions for
various combinations of initial and boundary conditions and of chemical reaction
rates.
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The general distributions of the initial concentrations of reactants cA(x; t0)
and cB(x; t0), where x = (x; y; z), are described as follows

cA(x; t0) =

(
a0 �zmax � z � �zmin

0 otherwise
(7.1)

cB(x; t0) =

(
a0 zmin � z � zmax

0 otherwise

where zmin and zmax define the boundaries of the sources in the vertical direction.
Note that the concentrations of A and B are assumed to be dilute. The sources are
well mixed in the horizontal (x and y) directions. In the case zmin � 0, species A
and B are initially non-premixed, species A is released at the bottom and species
B at the top of the domain. On the other hand if zmin < 0, the reactants are
partially or totally premixed.

The numerical experiments were performed in bounded, as well as in un-
bounded three-dimensional domains. The typical bounded domain is a cube
defined as

j x j � 1

2
; j y j � 1

2
; j z j � 1

2
: (7.2)

7.3.1 Two well-mixed sources
First, we tested our model on a simple case where both sources are well mixed
in the bounded box. It is important that our model reproduces the analytical
results because in this case hcA(x; t)cB(x; t)i = hcA(x; t)ihcB(x; t)i for all x and
all times t. The initial concentrations of A and B are chosen equal to one. The
reaction rate of the chemistry between A and B is k = 2. In Figure 7.1 the model
results are shown for x = (0; 0; 0), in the middle of the box as a function of t=TL.
These results were obtained with 2:105 particle-pairs and time-step �t = 0:01 TL.
The corresponding numerical non-dimensional number  = 0:02. The absolute
error in the predictions of the concentration of species C reads jhcexact(x; t)i �
hcmodel(x; t)ij, where hcexact(x; t)i denotes the mean concentration of species C
given by the analytical solution (6.2) and hcmodel(x; t)i represents the mean C-
concentration derived from the model. It was found that the absolute error was
smaller than 5:10�3 for all times. Similar error values were obtained at other
locations in the domain and for larger values of k, provided that �t was chosen
such that  was sufficiently small.

7.3.2 Non-premixed and partially premixed sources
Figure 7.2 shows results of computations for the source configuration with zmin =
0:4 and zmax = 0:5, see the domain description in equation (7.2). Thus, species A
occupies the bottom ten per cent and speciesB occupies the top ten per cent of the
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Figure 7.1: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; 0) computed
with the new two-particle model (M = 2:105, �t = 0:01 TL, see Chapter 6): two
well-mixed sources, see Section 7.3.1.

cube. The initial concentrations for all these calculations were a0 = 10, such that
in the non-reactive case the concentrations tend to one for large times. Figure 7.2
shows the mean concentration predictions for the non-reactive case, k = 0 and
the reactive cases k = 2 and k = 10 for two different locations in the closed box.
The results in the middle of the box, z = 0:0 are shown on the left-hand side of
Figure 7.2 and the predictions for z = 0:25 are presented on the right-hand side.
One can see in these figures that hcAi and hcBi tend to 1 when there is no reaction,
as expected from the boundedness of the domain, whereas in the case where
there is a reaction (k > 0), they tend to zero, and the mean concentration of the
product hcCi tends to one. One can also see that for short times after the release
(t � 1:5 TL) the main process is mixing; the concentration of species C remains
zero and the shape of the curves is independent of the reaction-rate k. When
t � 1:5 TL the chemical reaction proceeds; an amount of species C is formed and
the shape of the curves depends strongly on the speed of the reaction.

We also studied the behaviour of mean concentration values for several de-
grees of premixing of the sources in a bounded domain. We present the results
of three different source distributions; in case (1) the sources are not premixed,
in case (2) species A fills one half of the domain and species B the other half and
in case (3) the sources partially overlap (see Figure 7.3 for a graphical representa-
tion of the initial concentrations). In all these cases, the initial concentration a0 is
defined by

a0 =
1

zmax � zmin

:
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Figure 7.2: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; z) computed
with the new two-particle model (M = 2:105, �t = 0:01 TL, see Chapter 6):
bounded domain, sources are defined in equation (7.1) where zmin = 0:4, zmax =
0:5, see Section 7.3.2.
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Figure 7.3: Graphical representation of the source-configuration for test cases (1),
(2) and (3).

Thus for large values of t, hcAi and hcBi should tend to zero and hcCi should
tend to one. Figure 7.4 shows, for a fixed reaction rate k = 2, the concentration
evolution over time in the middle of the domain for the different source config-
urations. Figure 7.4(a) shows similar results as in Figure 7.2, the initial concentra-
tions are non-premixed; it takes some time for the species to mix and to start the
reaction. In test case (2), Figure 7.4(b), the chemical reaction starts immediately
after the release. The curves have a smaller slope than in the well-mixed case,
Figure 7.1 because the species A and B are not uniformly mixed over the whole
cube and turbulent mixing slows the reaction down. In the case where the ini-
tial concentrations overlap, the reaction proceeds very rapidly immediately after
the release, see Figure 7.4(c). The initial concentrations are large which acceler-
ates the chemical reactions. Turbulent mixing has less influence on the chemical
process than in the non-premixed test cases. The figures show, as expected, that
the reaction begins earlier and is stronger, when the initial concentrations of the
reactants overlap.

Looking at the results for bounded domains where the turbulent mixing and
chemistry seem to take turn, one might expect to obtain a reasonable approx-
imation by dividing the process into two subprocesses: first, transport and mix-
ing (until a quasi-steady state is obtained), and second, reaction in a well-mixed
environment, using the chemical reaction kinetics equations defined in equa-
tion (6.1). But this appears to be a bad approximation, since when the mean
concentration reaches a final asymptotic value (for t > 2 TL, say), the species are
still far from being well mixed: calculations show that concentration fluctuations
are still large, compared to the mean concentration values.
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(a) Test case (1)
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(b) Test case (2)
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(c) Test case (3)

Figure 7.4: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; 0) computed
with the new two-particle model (M = 2:105, �t = 0:01 TL, see Chapter 6):
bounded domain, reaction-rate k = 2, sources are defined in Section 7.3.2 and in
Figure 7.3
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Evaluation of the new two-particle model

7.3.3 Unbounded domains
Figure 7.5 shows calculations similar to those shown in Figure 7.2 for two non-
premixed sources, but for an unbounded domain. In unbounded domains the
concentration values are much lower than in the bounded cube, this holds for
the reactive as well as in the non-reactive simulations. In an unbounded domain
the local sources of species A and B spread out in all directions due to turbulent
mixing. In a bounded domain species released at the bottom of the cube may
only go up. We see that the mean concentrations of the reactants A and B, as well
as the chemical product C, tend to zero for large values of t.

7.4 Comparison with models using mean concentra-
tions only

We compared the results of the new model with the predictions of a first order
Reynolds average model (see Chapter 2) and the modified version of Chock and
Winkler’s model (Chock and Winkler, 1994a, 1994b) (see Chapter 5). Both models
predict mean concentrations only and concentration fluctuations are assumed to
be negligible.

Eulerian models for simulating advection, turbulent transport and chemical
reactions can be derived by Reynolds averaging the general advection-diffusion-
reaction equation (2.1), see Chapter 2. For example, the Reynolds averaged equa-
tion for the mean concentration of species A reads

@cA
@t

+r � (u cA) =r � (KrcA)� k (cA cB + c0
A
c0
B
) (7.3)

where the over-bar represents the Reynolds average operator,u denotes the mean
velocity andK is the eddy diffusivity tensor. Similar equations hold for the mean
concentrations of B and C.

In studies of atmospheric chemistry, the concentration fluctuations, denoted
in equation (7.3) by c0

A
c0
B

are not always negligible, see for example Chapters 1
and 6. Nevertheless, in Eulerian first order closure models cA cB + c0

A
c0
B

is ap-
proximated by cA cB . The resulting equation for cA is then closed, see Chapter 2
and gives the equation

@cA
@t

+r � (u cA) =r � (KrcA)� k cA cB :

Similar closed equations are formulated for the mean concentration of species B
and C. The eddy diffusivity tensor is diagonal in homogeneous stationary Gaus-
sian turbulence and the diagonal elements are all equal to Kii = �2TL. We used
a forward time central space scheme to discretise the equations. In the numerical
tests, we used time-step �t = 10�5 TL and grid-sizes �x = �y = 1 LE and
�z = 0:01 LE in the vertical direction.
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Figure 7.5: Mean concentrations hcAi, hcBi and hcCi at x = (0; 0; z) computed
with the new two-particle model (M = 2:105, �t = 0:01 TL, see Chapter 6):
unbounded domain, sources are defined in equation (7.1) where zmin = 0:4,
zmax = 0:5, see Section 7.3.3.
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Chock and Winkler (Chock and Winkler, 1994a, 1994b) proposed a Lagrangian
alternative - forward in time - to model turbulent transport of reactive species.
Their particle-grid algorithm gives rise to undesirable large fluctuations in the
mean concentration profiles which may be several times larger in magnitude than
the mean concentration it self. On the basis of Chock and Winkler’s algorithm,
we developed a modified particle-grid model which gives smooth concentration
curves. Details of this Lagrangian model are discussed in Section 5.1.1. The
particle-grid models compute one-particle trajectories and thus describe mean
concentrations only. The chemistry is modelled by neglecting the concentration
fluctuations: it is assume that hcA cBi � hcAi hcBi = 0. The reader is referred to
Chapter 5 for more details about the particle-grid models.

In order to check the consistency of the new algorithm, we developed a ”de-
generate” version of the new two-particle model (Chapter 6) in which we define
LE to be near zero (see (Kaplan and Dinar, 1988b)). The Eulerian length-scale
LE represents the distance between two locations for which the velocities are
still significantly correlated, see Chapters 3 and 4. If the distance between the
particles r is smaller than LE the motions of the particles are highly correlated, if
r is larger than LE the particle displacements are almost completely uncorrelated.
By choosing LE near to zero, the particles move nearly always independently of
each-other. In this way we transform the new two-particle model into an inde-
pendent one-particle model; thus, the “degenerate” version describes mean con-
centrations only (see (Kaplan and Dinar, 1988b)). We note that the chemistry part
of the model is not changed. However, the particles in one pair are uncorrelated,
accordingly the estimated hcA cBi is equal to hcAi hcBi so that in the “degenerate”
model the chemistry is also modelled using the mean concentrations.

We compared the numerical results of the first order Eulerian model and the
modified particle-grid model with the predictions of the new two-particle model
and its ”degenerate” version. Figure 7.6 shows, for the case considered in sec-
tion 7.3.2 (two separate sources in a bounded domain), the mean concentration
values of the reactants as functions of t=TL, for k = 0 (Figure 7.6(a)), k = 2 (Fig-
ure 7.6(b)), and k = 10 (Figure 7.6(c)).

One can see that the Eulerian model gives different mean concentration pre-
dictions than the Lagrangian models in all three cases considered. This disagree-
ment is caused by the different closure assumptions and approximations made in
the Eulerian and Lagrangian models (see (Seinfeld, 1975)). In Figure 7.6(a), we see
that all Lagrangian models predict the same mean concentration evolution for the
non-reactive case, thus the transport part of the models give the same results. In
Figures 7.6(b) and 7.6(c) a comparison of the models for the reactive case is made.
We see that the results of the modified particle-grid model and the “degenerate”
version of the new two-particle model look much the same, except t > 0:6 TL
in the case for k = 10. We also see that the curves of the mean concentration
predicted by the Eulerian and the “degenerate” model look the same except for
a shift in time which is caused by the difference in approximating the turbulent
transport. This equivalence enhances confidence in the chemical part of the new

85



Comparison with models using mean concentrations only

0.0 1.0 2.0 3.0 4.0 5.0
t / TL

0.0

0.5

1.0

1.5

M
ea

n 
co

nc
en

tr
at

io
n 

<
 c

A
 >

Two−particle
"Degenerate"
Particle−grid
Eulerian

(a) Mean concentration hcAi, reaction-
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Figure 7.6: Mean concentrations hcAi and hcCi at x = (0; 0; 0) computed with
the new two-particle model (M = 2:105, �t = 0:01 TL, see Chapter 6), with
the “degenerate” version (M = 2:105, �t = 0:01 TL, see Section 7.4), with the
modified particle-grid model (M = 2:105, �t = 0:01 TL, see Section 5.1.1) and
with an Eulerian first order RANS (explicit time-step �t = 10�5 TL, grid-size
�x = 0:01 LE , see Chapter 2 and Section7.4): bounded domain, sources are
defined in equation (7.1) where zmin = 0:4, zmax = 0:5, see Section 7.4.
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two-particle model. Furthermore, it is shown that the new two-particle model
predicts that the formation of species C, and thus the chemical reaction, starts no
sooner than at t = 1:4 TL while the other models predict that the reaction starts
at t � 0:4 TL. Figure 7.6 clearly shows the great effect of modelling hcA cBi. The
approximation hcA cBi � hcAi hcBi in the Eulerian first order closure models and
the modified particle-grid model yields results that are quite different from the
results of the new two-particle model in which the reaction is calculated using
hcA cBi.

7.5 Comparison with a second order Reynolds aver-
aged model

The model presented in (Verver et al., 1997) is a one-dimensional Eulerian second
order closure model for inhomogeneous turbulence in the convective boundary
layer, including high order chemistry terms (see also Chapter 2).

We compared the behaviour and features of this second order closure model
with the new two-particle model for two different initial concentration profiles:

(i) An instantaneous release of two chemical reactants A and B, species A at
the bottom and species B at the top of the boundary layer.

(ii) An instantaneous release of two chemical reactants A and B, both at the
bottom of the boundary layer.

Note that the new two-particle model describes three-dimensional stationary,
homogeneous and Gaussian turbulence and Verver et al.’s model simulates one-
dimensional turbulence which may be inhomogeneous. Therefore in the Eulerian
closure model of Verver et al., we used time-, length- and velocity-scales that
are constant with height. The main relevant parameters defined in the second
order closure model and used in the numerical simulations discussed here, are
(see (Verver et al., 1997)):

� The height of the boundary-layer h = 1000 m.

� The vertical convective velocity scale w� = 1 m/s.

� The typical length scale of the turbulence LE which is modelled in inhomo-
geneous atmospheric turbulence by

LE(z) = �z(1� z

h
)

where z is the height and � = 0:4 is the von Karman constant. In the com-
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parison of the two models, we used an average over height, i.e.

LE =
�

h

hZ
0

z(1� z

h
)dz =

� h

6
= 67 m:

� The typical Eulerian time scale of turbulent motions TE which is defined as

TE =
h

w�
= 1000 s:

� The dissipation time-scale for the turbulent kinetic energy (��) which is ap-
proximately equal to TE in the convective boundary-layer.

� The Eulerian velocity variance in the z-direction �2w which is modelled by

�2w =

�
LE
c� ��

�2

where c� is a closure constant equal to 0:1, hence �w = 0:67 m/s.

In the new Lagrangian model, we used LE = 67 m, � = 0:67 m/s and TL = 1000
s.

At time t0 = 0, we release instantaneously two reactants A and B in the
boundary layer assuming turbulence to be stationary, homogeneous and Gaus-
sian. In the Lagrangian model we approximated the boundary layer by a cube
with side 1000m. The initial (constant) concentrations of the reactants are defined
according to the source configurations (i) and (ii) discussed above and in such a
way that in the case of mixing without reaction (k = 0), the asymptotic concen-
tration values of hcAi and hcBi (for large t) are equal to 1:10�3 g/m3.

In Figure 7.7 we present the mean concentration hcAi and the segregation
parameter Is (defined in equation (6.4)) predicted by the two algorithms for case
(i), one source at the top and the other at the bottom of the boundary layer. The
calculations were performed for z = 0:3 h, 0:5 h and for k = 0 (no reaction),
k = 1 and k = 2. The corresponding integral-scale Damköhler numbers DaI at
time t0 = 0 are equal to 0; 0:1 and 0:2, respectively. Verver et al.’s model was
discretised using an explicit forward time central space scheme. The time-step
was set to �t = 2:10�4 TL = 0:2 s and a staggered grid with grid-size �z varying
between 2:5 m and 50 m. The number of particle-pairs used in the Lagrangian
simulations was equal to 2:105 and we used a time-step �t = 0:01 TL = 10 s such
that  = 0:001 for k = 1 and  = 0:002 for k = 2.

The figure shows similar results for Verver et al.’s model and our model. The
starting time of the chemical reaction can be deduced from these figures by meas-
uring the time at which the mean concentration profiles for k > 0 are no longer
similar to the profiles for k = 0 (non-reactive case). The new two-particle model
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(a) Two-particle model for z = 0:5 h
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(b) Verver et al.’s model for z = 0:5 h
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(c) Two-particle model for z = 0:3 h
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(d) Verver et al.’s model for z = 0:3 h

Figure 7.7: Mean concentrations hcAi 103 and segregation IS 106 at x = (0; 0; z)
computed with the new two-particle model (M = 2:105, �t = 0:01 TL, see
Chapter 6) and Verver et al.’s second order closure model (�t = 0:510�3 TL,
�z = 0:01 h): boundary layer, two separate sources defined by concentration
profile (i). Solid lines: k=0, dotted lines: k=1, dashed lines: k=2.
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predicts that in the middle of the boundary layer, the reaction starts at about 1 TL.
The second order closure model predicts that it starts at about 1:3 TL.

Figure 7.8 shows results for the sources described by profile (ii). We see, side
by side, the predictions for hcAi and the results for the covariance Cov(A;B) =
hcAcBi � hcAihcBi predicted by the new two-particle model and Verver et al.’s
model. Calculations were performed for k = 0, k = 1; DaI = 0:1 and k =
5; DaI = 0:5. The values for the numerical parameters like the time-step, the
grid-size and the number of particles are kept equal to the case described in Fig-
ure 7.7.

Like in Figure 7.6 where we compared an Eulerian first order closure model
with one- and two-particle models, we see that the Eulerian second order model
seems to overestimate the turbulent transport immediately after the release at t0
compared to the new two-particle model. This disagreement is typical for the
different closure approximations made in Eulerian and Lagrangian models. The
same disagreement is shown in Figure 7.8 for the predictions of the concentra-
tion covariance. However, we see that the predicted mean concentrations have
the same order of magnitude and have similar shaped curves. The figures show
qualitatively similar characteristics in the mean concentration predictions of the
two models. In Figure 7.7 and 7.8 considerable differences are found in the pre-
dictions of Is and the covariances of speciesA and B by both models. The segreg-
ation parameter predictions of the new two-particle model seem invariant with
respect to the reaction-rate. The Is calculations of the Eulerian model change with
the reaction-rate. The new particle model gives higher covariances than Verver et
al.’s model.

7.6 Comparison with Komori et al.’s model and ex-
periments

The experimental work done by Komori et al. (Komori and Ueda, 1984; Komori
et al., 1991) was performed in a water tunnel with a square cross section of 10
by 10 cm and a turbulence generation grid installed at the entrance to the test
section. The reactants A and B were introduced into the device consisting of two
sections separated by a thin plate. Species A is introduced into the upper half
of the apparatus, and B into the bottom half. The reactants are pushed through
the water tunnel with a constant velocity of 0:25 m/s. At t0 = 0, the plate is
removed. Concentrations were measured as functions of time at a fixed distance
x = 10 cm from the turbulence generation grid with mesh grid-size �x = 2 cm.
At the distance x, we estimated from the empirical formula given in (Komori
et al., 1991) time-, length- and velocity-scales as accurately as possible so that we
could compare the experiment with the new two-particle model. The scales and
model parameters are estimated as follows:

� Eulerian length scale, LE = 0:0033 m.
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(a) Two-particle model for z = 0:5 h
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(b) Verver et al.’s model for z = 0:5 h
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(c) Two-particle model for z = 0:3 h
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(d) Verver et al.’s model for z = 0:3 h

Figure 7.8: Mean concentrations hcAi103 and covariance Cov(A,B) 106 at x =
(0; 0; z) computed with the new two-particle model (M = 2:105, �t = 0:01 TL,
see Chapter 6) and Verver et al.’s second order closure model (�t = 2:10�4 TL,
�z = 0:01 h): boundary layer, two separate sources defined by concentration
profile (ii). Solid lines: k=0, dotted lines: k=1, dashed lines: k=5.
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Figure 7.9: Mean concentrations hcAi at x = (0; 0; 0): water tunnel,two separate
sources. Solid line: new two-particle model (M = 2:105, �t = 0:01 TL, see
Chapter 6). Dashed line: Komori et al.’s model (M = 2:105, �t = 0:01 TL, see
Chapter 5). Diamonds: measurements (experiments (Komori et al., 1991)).

� Lagrangian time scale, TL = 0:17 s.

� Velocity variance scale, � = 0:019 m/s.

We also performed some numerical experiments with Komori et al.’s model de-
scribed in Chapter 5 where the transport part is modelled in a similar way as in
the new two-particle model by Kaplan and Dinar’s pair-formulation. Note that
the models describe stationary, homogeneous and Gaussian turbulence and not a
priori the grid turbulence generated in the water tunnel experiment.

One of the most reliable measurements referred to by Komori et al. is an
Acid-Base fast reaction, with the integral Damköhler number estimated as DaI =
1:7 : 108 . We cannot in practice perform model calculations for such a large
DaI , which implies an extremely small time-step. We chose DaI = 3:5 (k = 2
and a0 = 10), which is also the largest value of DaI in Komori at al.’s model
calculations (Komori et al., 1991).

In Figure 7.9 we show the normalised time dependence of the mean concen-
trations predicted by both models and resulting from the experiment. In the nu-
merical simulations we used 2:105 particle-pairs and �t = 0:01 TL. It is obvious
that the new Lagrangian model overestimates the amount of chemical reaction,
in contrast with Komori et al.’s model, which tends to underestimate the reaction.

In Figure 7.10 the segregation parameter Is (6.4) is plotted against time for
the case of mixing without reaction. It is shown that the new model predicts a
smaller jIsj than the experiments. Hence the new two-particle model seems to
overestimate the mixing of the two reactive compounds because hcA cBi seems
to be larger compared to the experimental measurements. Of course if hcA cBi is
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Figure 7.10: Segregation Is at x = (0; 0; 0): water tunnel, two separate sources,
non-reactive case (DaI = 0). Solid line: new two-particle model (M = 2:105,
�t = 0:01 TL, see Chapter 6). Diamonds: measurements (experiments (Komori
et al., 1991)).

overestimated so is the chemistry which may partially explain the disagreement
in Figure 7.9.

An explanation for these discrepancies between the numerical results and the
measurements for the reactive as well as the non-reactive cases may be that ini-
tial concentrations in the experiments include large variances. These were not
taken into account in the model, which assumes instantaneous deterministic, and
not stochastic, initial sources. Furthermore, in the water tunnel an equilibrium
between the amounts of A, B and C is reached. New species A and B are con-
tinuously introduced in the tunnel such that the concentrations of A and B tend
to a value larger than zero for large times. In the numerical simulations the large
time limit for the mean concentrations of A and B is zero. As said earlier, an-
other reason for the large difference may be that the models simulate stationary
turbulence and the generated grid-turbulence is non-stationary.

7.7 Conclusions
We have seen that the new two-particle model reproduces the analytical solution
of the turbulent transport and reaction of two uniformly mixed reactive com-
pounds. The larger the number of simulated particle pairs and the smaller the
time-step�t, the better the approximations of the mean concentrations. We tested
the new model for turbulent transport in bounded and unbounded domains. The
numerical results show that our model yields the correct asymptotic behaviour
for large times after release.

Comparison of Eulerian and Lagrangian models which compute the mean
concentrations only with a “degenerate” version of the new two-particle model
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which also computes mean concentrations only, showed agreement in the com-
puted concentration profiles. It was found that the new two-particle models
which takes into account the cross-correlation between the concentrations of the
reactive species in the treatment of the chemistry, predicts a much later start of
the chemical reaction than the models which use mean concentrations only.

We also compared the mean concentration profiles computed with the new
model with those calculated with a one-dimensional second order Reynolds av-
eraged model. The figures show that the mean concentration profiles are qualit-
atively similar. The predicted chemical reaction starts at nearly the same time in
both models.

There are only few experimental measurements available to compare the nu-
merical results of the new model with. Here, we compared the new model for
stationary, homogeneous and Gaussian turbulence with measurements of grid
generated turbulence in a water tunnel. The figures are not conclusive; the nu-
merical results and the measurements for the non-reactive cases differ consider-
ably which makes a comparison in reactive cases very difficult.
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8

Implementation of Lagrangian
models on parallel computers

In this thesis we have presented some Lagrangian particle models for absolute
and relative dispersion of passive tracers and reactive species. In Lagrangian
particle models many particle trajectories are computed to make accurate pre-
dictions of the mean concentration and the concentration fluctuations. The more
particles, the more accurate the predictions. Calculating the trajectories of many
particles requires much computing time; therefore, the need for parallelisation is
obvious. One way of introducing parallelism is to use several processors each
including a program control unit, an arithmetic logic unit and several memory
and I/O modules: multiprocessors. Two distinct multiprocessor systems exist;
shared memory and distributed memory (Moldovan, 1993; Petkov and van der
Steen, 1993). The processors in a shared-memory machine communicate via a
common memory, which forms a bottle-neck if all processors want to access the
memory concurrently. A distributed memory multiprocessor system consists of
several independent modules (processors with an own memory unit) and an in-
terconnection network. Properties such as simplicity and scalability make dis-
tributed memory multiprocessors prime candidates for very large systems. For
our application we purchase massive parallelism, therefore, we focus on the im-
plementation of the particle-models on a distributed memory system. The imple-
mentation of an algorithm on a parallel computer is called parallelisation. More
high performance computing terminology is given in (Petkov and van der Steen,
1993).

In Section 8.1 we briefly point out the problems of implementing Eulerian
models on parallel computers. Next the implementation of one-particle and two-
particle models for the turbulent transport of passive tracers is discussed. We
shortly point out the parallelisation possibilities of Chock and Winkler’s particle-
grid model and the pair-description of Komori et al.. We present an efficient
method to parallelise the new two-particle model for turbulent transport of re-
active species.
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Parallel Eulerian models

8.1 Parallel Eulerian models
In Chapter 2 we gave an overview of models for turbulent transport and chem-
ical reactions from an Eulerian point of view. In incompressible flows the prob-
lem can be described by a set of differential equations; the advection-diffusion-
reaction equations, the incompressibility equations and the Navier-Stokes equa-
tions. In Direct Numerical Simulations (DNS) these equations describe the in-
stantaneous concentrations and velocities. In Reynolds Averaged Navier-Stokes
(RANS) models and Large Eddy Simulations (LES) the equations are averaged in
time or space and describe averaged concentrations and velocities. Differential
equations are solved numerically by discretising the equations in space and time.

Time discretisation of the equations leads to simple schemes to compute the
velocity of the turbulent flow and the concentration field at time tn from the
values of the velocity and concentration at the previous time step tn�1. These
schemes are called explicit.

If one discretises the problem such that it leads to a set of implicit equations,
a larger time-step size can be used than in the explicit methods, therefore im-
plicit methods are often preferred. However, the implicit approach requires the
solution of large sets of non-linear equations, which in the case of many chem-
ical reactions is computationally very expensive. Methods that can be used to
solve these sets of non-linear equations are for example the Newton approaches,
multi-grid or the Gauss-Seidel iterative methods (Verwer and Blom, 1995).

In air pollution research one commonly applies operator splitting where the
transport and chemistry processes are treated separately (McRae et al., 1982) such
that the computational requirements are smaller. We will briefly point out the
problems which occur when parallelising numerical algorithms for solving the
differential equations by considering the advection-diffusion part of the problem.
The chemistry part may be solved using Ordinary Differential Equation (ODE)
solvers (Verwer and Simpson, 1995; Sandu et al., 1996) and can be parallelised
in a similar way. In (Spee et al., 1996) the parallelisation of the operator splitting
methods are discussed in more detail.

An implicit discretisation of the advection-diffusion equation is an iterative
solution algorithm where in each time-step a large system of linear equations
has to be solved. For each grid-point there is one equation, hence for a grid of
1000 points in each direction, one obtains a system of 109 equations whereas each
equation contains in the order of 10 terms. We may formulate this problem math-
ematically as follows. Solve xn in

A xn = b(xn�1; tn�1)

where the matrix A and the vector function b(xn�1; tn�1) follow from the set
of discretised differential equations. The vector xn consists of elements equal
to the concentration field and the velocity at the spatial grid-points at time tn.
The matrix A typically consists of much less than 1% non-zeros. Solving these
large sparse systems directly is nearly impossible due to the enormous size of
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the systems and is inefficient because these direct methods do not profit from the
sparse structure of the matrix. Therefore a lot of research is being conducted on
iteratively solving these systems. For symmetric matrices A the conjugate gradi-
ent method (CG) can be used. Non-symmetric but real valued systems can be
solved with the general minimal residual method (GMRES). Many other meth-
ods and combinations of methods are being developed. A good overview of iter-
ative methods for solving linear systems is given in (Barrett et al., 1994; Sleypen
and van der Vorst, 1993; Petkov and van der Steen, 1993). Due to the large size
of the matrices, an enormous amount of computer storage and time are needed.
A lot of effort is put into the implementation of these iterative solvers on paral-
lel computers. Parallelisation of the iterative methods for solving linear systems
is based on domain-decomposition, where the computational domain is divided
in sub-domains such that each processing node performs the computations for a
small part of the domain (Keyes et al., 1995). In the mathematical matrix formu-
lation this means that the matrix A and the vector b are split up and distributed
over the nodes such that each node solves its part of the problem. The processors
can not work independently because the turbulent transport in one part of the
domain depends on the evolution of the transport in neighbouring domain parts.
Accordingly each node needs to know what other processors are doing and thus
communication between processing nodes is needed. The problem of balancing
the computation and communication load per processor is difficult and the op-
timal solution differs per physical problem (Keyes et al., 1995). We refer to (Bar-
rett et al., 1994; Crone and van der Vorst, 1993; Crone, 1994; de Sturler, 1994;
Crone, 1995; Hoffmann et al., 1993) for more information on the parallelisation
of the CG method, of GMRES and of iterative solvers on parallel computers in
general. For more specific information about the parallelisation of LES, we refer
to (Leith, 1993; Dannevik, 1993).

Solving the Eulerian models for turbulent transport and chemical reactions
on multi-processor computers is not simple. This is valid for the DNS as well
as for the LES and RANS models. The biggest problem in parallelising these
models is that the optimal domain-decomposition for one specific problem may
be a very bad solution for the next. The problems are even bigger if one considers
complex domains or unstructured and irregular grids for the discretisation of the
differential equations.

8.2 Parallel Lagrangian models
Lagrangian models are very different from Eulerian models. Instead of solving
a set of differential equations, one generates the trajectories of many particles or
particle pairs. The accuracy of the predictions depends mainly on the number of
particles. Implementing Lagrangian models on multi-processor systems is there-
fore completely different from parallelising Eulerian models. In Section 8.3 we
present the parallelisation of particle models for the transport of passive tracers.
Next, the implementation of the models for turbulent transport and chemistry on
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parallel systems is discussed. We have seen that the generation of random num-
bers represents a large part in the calculation of particle trajectories. Therefore, in
this section we give an overview of random number generators on computers in
general and on parallel machines in particular.

8.2.1 Random number generation on parallel computers

A computer calculates random numbers from a deterministic algorithm; there-
fore such a random number is often called a pseudo-random number.

A simple classical and good algorithm to generate pseudo-random numbers
from a uniform distribution is the Linear Congruential Method (LCGM) which
was first introduced by Lehmer in 1948. The model generates a sequence of num-
bers xn by the recursive rule

xn+1 = a xn + c mod M

where M represents a large positive number, a denotes an integer chosen such
that gcd(M;a) = 1 and c is an integer from the set f0; 1; 2; : : : ;M � 1g. Often M
is chosen close to the largest integer that can be represented by the computer, for
example M = 232 or the Mersenne prime number: M = 231 � 1. The sequence
of random numbers xn is periodic with period smaller than M . Most frequently
used choices of the parameters a; c and M and the performance of the resulting
LCGM based generators are discussed in (Knuth, 1981; James, 1990). The LCGM
generator is initialised by choosing an initial value x0 also called the seed of the
random number generator.

Random number generators used in stochastic processes, for example in Lag-
rangian models, should have a very large period such that many uncorrelated
numbers can be generated. An extra requirement is posed on generators which
are implemented on parallel computers: each series of random numbers gener-
ated on one computing node must be independent and uncorrelated from the
series generated on the other nodes.

The LCGM computes only one series. However, a LCGM can be used on a par-
allel computer. If P processors participate in the calculation, the random numbers
used on processor p can be derived from the sequential LCGM sequence by using
the sequence fxp; xp+P ; xp+2P ; : : : g. Such a sequence can be generated on a par-
allel computer in two ways. The first method consists of dedicating one processor
to generating random numbers and making sure that all other processors which
perform the calculations, get their random numbers in time. In the other method,
each processor computes his own sequence fyng from the sequential sequence
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fxng using the following recursive rule

y0 = xp = (apx0 + c

p�1X
j=0

aj) mod M

yn = xp+nP = (aP yn�1 + c

P�1X
j=0

aj) mod M

where P denotes the total number of processors participating in the calculation
and p is the local number of the processor (Fox et al., 1988; Petkov and van der
Steen, 1993). In the choice of parameters a; c and M of the LCGM, one has to take
care that the P -tuples of random-numbers are independent. Not all generators
have this property, see (Knuth, 1981, page 90) for an example of a random gener-
ator which gives good random numbers but if considering the random numbers
in pairs, one gets a well-ordered grid-pattern. The initial seed x0 determines
where to start the sequence, but a LCGM generates always the same numbers in
the same order. On massively parallel computers where very large problems may
be solved, the period of the LCGM may be too small.

Marsaglia et al. (Marsaglia et al., 1990) were the first to develop an algorithm,
RANMAR which is portable, has a very long period and most of all, it generates
many independent disjoint sequences of random numbers. The algorithm uses a
Fibonacci method in which the series of random numbers is derived from

xn = (xn�p � xn�q) mod M

where � denotes a binary or logical operation, and p and q are integers with
p > q. That is, a new random number is computed by adding, subtracting,
multiplying or performing another operation on two earlier generated random
numbers, xn�p and xn�q . Obviously, for the initialisation of these Fibonacci gen-
erators the first p numbers of the sequence have to be generated in order to start
the recursive algorithm. For more details about this algorithm we refer to (James,
1990; Marsaglia et al., 1990). In RANMAR the Fibonacci generator is used with
p = 97 and q = 33 and operation � = “subtraction plus one, modulo one”.
In (Marsaglia et al., 1990) more details about the algorithm RANMAR are given.
In our simulations we used a slightly modified version of RANMAR given by
James (James, 1990) which can be started with one integer seed. For each seed
between zero and 9:108 an independent uncorrelated sequence of uniformly dis-
tributed random numbers is generated. Each sequence has a period of 1034. These
two properties of making many independent sequences with very long periods
make RANMAR a suitable generator for implementation on parallel computers.
In our test-simulations we used the random number generator RANMAR which
was started with a different seed on each processor (for example with seed equal
to the processor identity number), to yield uncorrelated sequences of random
numbers.
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8.3 Parallel one-particle models
Lagrangian one-particle algorithms for modelling absolute dispersion of passive
tracers are generally well suited for parallelisation. The trajectories of particles
can be computed independently because they represent independent realisations
of the turbulent flow. Accordingly, many nodes can participate in the calculation
without informing other nodes about their computations. However, one data
transfer between all nodes (a global communication) per simulation is needed
to compute the mean concentrations and to store them for post-processing pur-
poses.

The parallelisation of a particle model can be illustrated by computing the
mean outcome of throwing a dice. One person can throw one dice. He will have
to throw it M times, say to get the desired accuracy in the mean outcome. If 10
people participate in the experiment, each person throws M=10 times a dice and
averages his own results. Then the average over M throwings is calculated by
accumulating the results of the ten persons. Like throwing the dice, computing
particle trajectories is an independent stochastic process and thus parallelisation
of the particle models can be done easily and efficiently.

Problems may arise however, if one wants to know the concentration statistics
at several times, say every hour or every minute, as soon as they are computed.
For this case where the computed concentration fields need to be calculated and
stored at intermediate times, we studied the parallel implementation of particle
models in more detail. We distributed the particles evenly over all the processors;
if we have P processors, each processor computes M=P particle trajectories. This
part is fully parallel as mentioned before in the comparison with throwing a
dice. Whenever the mean concentration field has to be calculated, each processor
computes its own (sub-)concentration field by averaging over its own particles.
The total concentration field is equal to the average of the sub-results. We now
face two problems which are closely related: how to average these sub-results
stored in the processing nodes and how to store the total result in a file for post-
processing purposes. Depending on the features of the parallel system, there are
different methods to deal with these problems which are referred to as input and
output (I/O) problems.

The most simple solution to the I/O problems is just let each processor write
its own results to a central disc. Note that before any post-processing like plotting
can be performed, we have to compute the total concentration field from the sub-
results which have been stored in file(s). This method encounters problems due
to hardware restrictions because often it is not possible to access file-systems from
multiple processors simultaneously. On most multi-processor systems the disc-
access is handled more or less sequentially. We refer to this method as the direct
filing method.

The transport of data via the interconnection network is often much faster
than disc-access, therefore instead of letting each processor write to disc, we could
also sum the sub-concentrations, gather the total concentration field in one pro-
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cessor and let only this processor access the disc. Such a gather operation is called
a global sum. The costs of a global sum strongly depend on the network-topology
and the communication-algorithm used. We take a closer look at several pro-
cessor topologies: a hypercube, a 2d-grid and a linear array with P processors
(see (Moldovan, 1993)). On the hypercube the distance between two arbitrary
nodes is at most 2 logP , hence the global sum takes at least 2 logP neighbour-
neighbour communications no matter which processor gathers the result. In a
2d-grid topology where the nodes are arranged in a 2-dimensional equidistant
grid, a global sum where a central processor collects the answer, takes at leastp
P communications and a global sum in a corner node 2(

p
P �1) data-transfers.

A global sum at the end node of a linear array takes at least P � 1 neighbour
communications. Hence, one global sum is cheapest on a hypercube and most
expensive on a linear array (Petkov and van der Steen, 1993).

A third method to file the concentration fields, is using a master-slave hier-
archy where the master gathers all the sub-results, computes the average and
files it while all the other processors calculate particle trajectories and send their
sub-concentrations to the master one after the other (Petkov and van der Steen,
1993).

To measure the performance of a certain implementation on P processors, we
use the notion of speed-up:

speed-up = SP =
run-time on 1 processor

run-time on P processors
:

Here, of course, the run-time of the most efficient implementation is used. The
speed-up would be perfectly equal to P , if we only considered the calculation of
the particle trajectories, but the I/O requirements of our application may lower
the performance.

The parallel implementation of one-particle models can be split into three
parts: a fully parallel part (the calculation of the particle trajectories), a sequential
part (the filing of the concentration fields) and an extra part due to the imple-
mentation of the model on a multiprocessor system: the parallelisation overhead.
The first two I/O strategies (direct filing and filing with a global sum) differ from
each-other in the overhead part. The parallelisation overhead depends on the
possibilities of overlapping communication with computation and on some fea-
tures of the application itself.

When running the application, at first the processors operate synchronously,
but after the first filing operation they fall out of step because processors can not
access the disc simultaneously or because processors do not participate in the
same communication actions. The processors will stay out of step until the next
filing operation where in most cases it is favourable that the processors are not
working synchronously, for example, if all processors have to access the disc. In
the best circumstances (if the computational work is large enough) all processors
can file their fields immediately without delay and causing no further costs. We
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Figure 8.1: Task-diagram for the implementation of a one-particle model on a
linear array.

illustrate this phenomenon with an example. In Figure 8.1, the task-diagram is
shown of an implementation of a one-particle model on a linear array with 8
nodes. We see that in the first global sum, processor with id-number eight has to
wait a long time before it gets the results from processor seven which gets results
from processor six, and so forth. After the first global sum and store, the nodes do
not work synchronously anymore. This is an advantage for the next global sum
because all nodes now receive the results from their neighbours immediately after
they have completed the calculations for the next concentration field. In this case,
after the first global sum, the idle time per node is reduced to a minimum.

For all implementation methods discussed here we can derive the maximum
and the minimum parallelisation overhead for the case with no overlap and with
maximum overlap of communications with computations. The overlap possibil-
ities depend on the number of processors, P and the number of filings, Ns. Other
factors influencing the overhead are Tdisc(N), the time needed to file N bytes,
Tsend(N) the time needed to send a message of N bytes to a neighbour processor
andNp � Nt

Ns
�Ttraject, the time needed to compute the trajectories ofNp particles for

the Nt

Ns
time-steps laying between two filing actions (Nt equals the total number

of time-steps). In table 8.1 the maximum and minimum overhead are presented
for the implementation strategies discussed above.

For the direct filing method, the overlap possibilities are optimal if all pro-
cessors are able to file their results within the time needed to compute the traject-
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Implementation Parallelisation overhead
method No overlap Maximum overlap

Direct filing (P � 1)NsTdisc(N) (P � 1)Tdisc(N)

Hypercube 2 logP Ns Tsend(N) 2 logPNsTsend(N)

2d-grid,
p
PNsTsend(N) (

p
P + 4(Ns � 1))Tsend(N)

mid-node
2d-grid, 2(

p
P � 1)NsTsend(N) (2(

p
P � 1) + 2(Ns � 1))Tsend(N)

corner-node
Linear array, (P � 1)NsTsend(N) (P +Ns � 2)Tsend(N)

end-node

Table 8.1: Parallelisation overhead of different filing strategies for no overlap of
communications with computations and for maximum overlap.

ories for the next field, hence if P Tdisc < Np
Nt

Ns
Ttraject. All global sum methods

perform best if the total task (summing and filing) of the gather-processor is lar-
ger than the global sum operations of the other processors.

If we assume that Tdisc(N) > Tsend(N), then the direct-filing strategy has the
largest overhead but it is independent of the filing frequency, which can be very
large. For long simulations where the concentration has to be filed very often, the
linear array attains the best performance. If the application is short or if the user
is only interested in the final result, the best performance is obtained by using a
hypercube.

The master-slave method can not be split in the same three components, be-
cause the computational part is divided into P � 1 equal parts instead of P parts.
A slave needs for the application at least NpNt

P�1
Ttraject + (Ns + P )Tsend(N) time

and the master ((P � 1)Tsend(N) + Tdisc)Ns. The best performance is attained if
the load of the master and the slaves are nearly equal.

8.3.1 Tests on the Parsytec GCel and the PowerXplorer
In the previous section, we analysed the performance of the parallel one-particle
model on several multiprocessor topologies. To substantiate the theoretical ana-
lysis, we implemented a one-particle model for absolute diffusion in the atmo-
spheric boundary layer on two parallel computers, the Parsytec GCel and the
PowerXplorer. In the test case, we assumed turbulence to be homogeneous and
stationary in the horizontal directions and inhomogeneous in the vertical direc-
tion, see Chapter 4 for the formulation of the equations of motion for the particles.
We calculate the mean concentration in grid-points of a 21 � 21 � 25 grid. The
time-step needed to make accurate predictions is equal to 0:01 TL = 10 seconds.
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The concentration fields are calculated every hour, thus every 360 time-steps. All
tests cover a 10 hour time-period. The test-case is discussed in detail in (Crone
et al., 1996).

We implemented this particle model on two message-passing systems loc-
ated at the Interdisciplinary Centre for Complex Computer facilities Amsterdam
(IC3A): a Parsytec GCel with 512 T805 transputers and a PowerXplorer with 32
nodes, consisting of a PowerPC as computation unit and a transputer for the
communication. Both machines operate under the PARIX (parallel extension to
UNIX) programming environment. We coded the simulation in the ANSI-C lan-
guage in combination with PARIX library routines to handle the communication.
The network topologies were set up with routines from the virtual topology lib-
rary. More information about these two systems can be found in (Hoekstra et al.,
1996).

The T805 transputer has a low sustained floating point performance of ap-
proximately 1.2 MFlop/sec and a simulation with only 2560 particles took nearly
eight hours on one single processor. Therefore, we first compared the perform-
ance of multiple processors with the performance of a single processor for this
small application. We calculated the theoretical speedups with the formula’s
given in table 8.1 where the number of flops needed for the calculation of one
time-step for one particle was estimated from the algorithm. The time needed for
one neighbour-neighbour communication was approximated by

Tsend(N) = �setup + �send N

whete �setup represents the time needed to set up the communication (for ex-
ample for freeing buffer space) and �send denotes the time to send one byte. The
values for the flop rate, �setup and �send were taken from the GCel and Power-
Xplorer tests described in (Hoekstra et al., 1996). We performed some tests to
determine Tdisc(N). In Figure 8.2 the theoretical and measured speed-ups on 4,
16, 64 and 256 processors are shown for the different implementation methods
described earlier. It was not possible to make a master-slave hierarchy with more
than 32 processors. In Figure 8.2, we see that even for this small application the
performance is good for all processor numbers. The speed-up deteriorates on
256 processors because the computational work is very small: only 10 particles
per processor. For accurate predictions, about 2.5 million particles (about 2000
particles per grid-cell) should be used, making the computational part and thus
the parallel part of the application much bigger, which leads to even better speed-
ups.

We studied the scalability of the problem by measuring the execution times
for a constant number of particles per processor, thus for a constant computa-
tional load per processor. In figure 8.3 the results are presented. We see that
the methods using the interconnection network scale very well. The direct filing
method performs well as long as the computational work is larger than the time
needed for all processors to access the disc. On 256 processors the computational
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(b) Measured speed-up.

Figure 8.2: Theoretical and measured speed-ups on the Parsytec GCel of paral-
lel implementations of a one-particle model for turbulent transport of passive
tracers.
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Figure 8.3: Timings on the Parsytec GCel of parallel implementations of a one-
particle model for turbulent transport of passive tracers: for a constant computa-
tional load per processor (100 particles/processor)
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Figure 8.4: Speed-up on the PowerXplorer and timings for a constant computa-
tional load per processor (1000 particles/processor) on the PowerXplorer of par-
allel implementations of a one-particle model for turbulent transport of passive
tracers.

load is not large enough and we see that the performance decreases rapidly. The
master-slave implementation on only 4 processors suffers a load-imbalance, the
master’s task is much smaller than the tasks of the slaves. We used the theoretical
analysis to predict the performance of the master-slave method for larger num-
bers of processors and observed that when using 256 processors the performance
deteriorates due to the increasing task of the master.

In Figure 8.4(a), the speedup on the PowerXplorer is shown. The Power-
Xplorer is computationally faster than the Parsytec but has comparable speed
for communication and disc-access. For a specific application the PowerXplorer
has a worse speed-up than the Parsytec, because the communication between
processors is relatively expensive compared to the computational work. On the
PowerXplorer, we studied the scalability with 1000 particles per processor, Fig-
ure 8.4(b). We, again, see that the direct filing and master-slave methods do not
scale as well as the global sum methods.

We conclude that the direct filing and the master-slave strategies do not scale
good enough. Best performances are attained when the filing of the concentration
fields is done by a global sum operation using the interconnection network. The
choice of the network topology depends on the number of filings in one applica-
tion, for low numbers the hypercube is best and for many filings the linear array.
Overall, we may say that one-particle models are well-suited for parallelisation.
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There are many possibilities to overlap the communication and I/O operations
with computations, hence the idle-time of processors can be minimised.

8.4 Parallel two-particle models
We have seen that the parallelisation of one-particle models for turbulent trans-
port of passive tracers is simple and efficient. The parallelisation of a two-particle
model which describes the first and second moment of the concentration is sim-
ilar to the parallel implementation of one-particle models because the backward
pair-trajectories can also be computed independently. Hence, these models for
relative dispersion are best parallelised by distributing the pairs over the pro-
cessing nodes. The backward trajectories are independent and can be computed
on nodes without data-transfers with other processors. A user may want to be
informed about the concentration statistics once they are computed, hence I/O
problems like in the parallelisation of one-particle models may occur. Like in
the one-particle model, these I/O requirements do not lower the efficiency of the
parallelisation markedly. Comparable simulations to the ones performed in the
previous section, showed that parallelisation of the pair model is simple and effi-
cient.

8.5 Parallel Lagrangian models for turbulent trans-
port and chemistry

Two Lagrangian models for turbulent transport of reactive species have been
presented and we discussed these models, Chock and Winkler’s particle-grid
model (Chock and Winkler, 1994a; Chock and Winkler, 1994b) and Komori et al.’s
pair model (Komori et al., 1991) in Chapter 5. In Chapter 6 we presented a new
two-particle model for transport and chemistry interactions. All these models
are based on the computation of particle or pair trajectories, therefore they seem
to be well suited for parallelisation. However, the chemistry part makes the im-
plementation of these models on distributed memory computers more complex
than the parallelisation of models for passive tracers. Next, we briefly discuss
the parallelisation of Chock and Winkler’s and Komori et al.’s model. Further-
more, we consider the implementation of the new two-particle model on parallel
computers and present the results of several tests.

8.5.1 Chock and Winkler’s model
It is a tedious task to parallelise Chock and Winkler’s particle grid model presen-
ted in (Chock and Winkler, 1994a; Chock and Winkler, 1994b) and discussed in
Chapter 5. The turbulent transport is modelled by computing particle trajector-
ies, hence distributing the particles over processors seems to be the best method
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for parallelisation. However, the chemistry is calculated on a spatial grid, for
which domain-decomposition is the most suited solution.

If we distribute the computational work such that each processor computes
the trajectories of a small number of particles, in each time-step communication is
needed for the chemistry part. That is a global sum of the concentration field and
a global broadcast is needed to make sure that each processor has at its disposal
the concentration averages over all M particles to calculate the chemistry in the
grid-cells.

If the work is distributed by means of domain decomposition, particles move
through domains randomly. Accordingly in each time-step communication is
needed to make sure that each processor has at its disposal the information of the
particles in its sub-domain. These data are used to compute the mean concentra-
tions needed in the chemistry part of the model.

Accordingly, one way or the other, many data transfers per time-step are
needed in the parallelisation of the particle-grid model.

8.5.2 Komori et al.’s model
In Komori et al’s model, the transport of particle-pairs and the chemistry between
two particles within a pair are independent of all other pairs. Henceforth, the
parallelisation of their model is similar to the parallelisation of pair models for
passive tracers. The implementation of Komori et al.’s model is simple and effi-
cient.

8.5.3 New two-particle model
The new two-particle model for turbulent transport of reactive species presented
in Chapter 6, is based on the same independent particle trajectories as the pair
models for passive tracers. The chemistry is based on the statistics of all particles.
In particular the reaction probabilities of a particle at intermediate times are com-
puted from the mean concentrations of all particles. Accordingly, parallelisation
is not obvious.

In the parallel implementation of the new model, the backward trajectories
from (x; tn) are distributed over the processors. Each processor computes the
trajectories of M=P pairs, where M denotes the total number of pairs and P the
number of processors. The chemistry between pairs at x in the time interval
[tn�1; tn] (tn�1 = tn ��t) depends on the composition of the particles in the pair
and on the reaction probability of an “AB”-pair given by equation (6.11), i.e.

p(�tjAB) = �t k a0
1 +�t k a0

:

Thus, the reaction of a pair in the period [tn�1; tn] is independent of the reactions
of all other pairs and can be computed in parallel.
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The reaction of a particle in the period [t0; tn�1] is modelled by the probabilit-
ies q(t0; tn�1jA) and q(t0; tn�1jB) given in equations (6.15) and (6.16), i.e.

q(t0; tn�1jA) = hcC(x; tn�1)i
hfcA(x; tn)i

q(t0; tn�1jB) = hcC(x; tn�1)i
hfcB(x; tn)i :

Accordingly, in the parallel implementation the ensemble means hcC(x; tn�1)i,
hfcA(x; tn)i and hfcB(x; tn)i have to be computed by a global sum and communic-
ated to all processors before the nodes can compute the reaction probabilities and
thus the reaction of particles in the period [t0; tn�1].

The parallel version of the algorithm of the new transport/chemistry model
does not change considerably from the sequential version. On each computa-
tional node, Algorithm 9 is performed with M=P pairs of particles. In step (2) the
average over all M pairs is computed from the sub-results in all processors by
means of a global sum communication. Next a global broadcast is performed to
make sure that each processor has at its disposal the mean concentrations without
reaction fcA(x; tn) and fcB(x; tn), and the mean concentration of species C at the
previous time tn�1, hcC(x; tn�1)i. In this way, each processor can go on with the
next step, (3) where the reaction probabilities q(t0; tn�1jA) and q(t0; tn�1jB) are
computed. Another communication step is needed whenever the concentration
statistics have to be computed and stored for post-processing purposes. Accord-
ingly, to handle step (5) of Algorithm 9 another global communication is needed.
This problem is similar to the I/O problem of the one-particle model for abso-
lute dispersion, we refer to the discussion in Section 8.3 for more details about
handling this problem.

We tested our parallel version of the new two-particle model by implementing
it on an IBM-SP2 located at the Academic Computing Services centre in Amster-
dam. This SP2 is a collection of 76 very powerful IBM RS/6000 processor units
(’nodes’). The data transfer between nodes is handled by the ’switch’, a high-
speed network. More about the SP2 in general and the SP2 at the centre in Am-
sterdam can be found at the World Wide Web pages HTTP://WWW.SARA.NL/.
We programmed the model in ANSI-C in combination with MPI-F, IBM’s lib-
rary implementation of the standard portable message-passing library definition,
MPI (Message Passing Forum, 1994).

We have performed measurements for a typical run of 2:105 particle-pairs,
�t = 0:01 TL, reaction-rate k = 2 and a total simulation time equal to 5 TL. The
test is similar to the ones discussed in Chapter 7 in Figure 7.2. The results are
shown in Figure 8.5. We have seen previously that in each time-step a global sum
and broadcast is needed, hence the computations are not fully parallel. Neverthe-
less, we can see in Figure 8.5 that the speed-up of such a parallel implementation
on an IBM-SP2 is good. On 32 processors the speed-up of 30 corresponds to an
efficiency of 93 per cent. On 64 processors, the time needed to compute the evol-
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Figure 8.5: Speed-up on the IBM-SP2 of the MPI-implementation of the new two-
particle model for transport and chemistry. The dashed line reflects linear speed-
up and the asterisks denote the timings.

ution of the mean concentrations in the boundary layer (TL � 1000 s) for 5 TL
was approximately 200 seconds.

8.6 Conclusions
We have seen that the Lagrangian particle models for turbulent transport of pass-
ive tracers are easy to parallelise: calculating particle trajectories is fully parallel,
the only problem is the filing of the concentration fields. The parallel implement-
ations on distributed memory multiprocessor systems are efficient and scale very
well.

In comparison with the large communication requirements of parallel Eu-
lerian models, the data transfers needed in parallel Lagrangian models are negli-
gible. Eulerian models require not only data transport between nodes for the I/O
but also several data transfers between nodes in each time-step.

The Chock and Winkler’s particle-grid model is not suited for parallel im-
plementation. Komori et al.’s model is equivalent to a pair model for passive
tracers in the sense that pairs disperse and react independently from other pairs,
hence parallelisation of their model is simple and efficient. We have seen that
in spite of the global sum and broadcast communications in each time-step, the
new two-particle model for transport and chemistry can be implemented on a
multi-processor computer in a simple and efficient way.
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Summary and concluding remarks

Transport of reactive species in turbulent flows, like in the atmosphere, can be de-
scribed by Eulerian and Lagrangian models. In this thesis we have briefly poin-
ted out the Eulerian techniques used to model turbulent transport and chem-
ical reactions. In Lagrangian models turbulent transport is modelled by com-
putingtrajectories of “fluid particles” which move with the flow. The method
is soundly based on the Lagrangian stochastic theory of turbulent transport of
passive tracers. In N-particle models the motion of N particles in one turbulent
flow is modelled by a set of correlated stochastic differential equations. As yet,
it has been possible to formulate practical models for one particle and for a pair
of particles only. Developing models for more than one particle requires the spe-
cification of the velocity at two or more spatial locations which are more or less
correlated.

In Lagrangian models, the mean concentration evolution is estimated by com-
puting the trajectories of many particles, each particle representing a different
realisation of the turbulent flow, with the same initial and boundary conditions.
Concentration fluctuations are calculated with a two-particle model.

The major advantage of Lagrangian models over first order Eulerian closure
models is that they are able to model correctly the short time turbulent transport
of tracers released from local sources. Other advantages of particle models are
that there is no numerical diffusion, that mass is conserved, that concentration
predictions are never negative and that computer storage is minimal.

We have seen that Lagrangian particle models for turbulent transport of pass-
ive tracers are efficiently implemented on parallel computers. The particles or
particle-pairs are independent realisations of the turbulent flow and may be com-
puted independently. Any turbulent transport model (Eulerian or Lagrangian)
generates many data in the form of concentration fields which have to be stored
for post-processing purposes. These high I/O requirements are often a bottleneck
for the implementation of these models on parallel computers. We have seen that
parallel Lagrangian models have many possibilities to minimise the time needed
to gather the results computed at the nodes and store them to disc such that even
in these cases large speedups are obtained.

In this thesis, we have considered the turbulent transport of reactive species.
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The chemical reaction between two species A and B is mathematically modelled
by

dcA(x; t)

dt
=

dcB(x; t)

dt
= �

dcC(x; t)

dt
= �k cA(x; t) cB(x; t):

Averaging these differential equations over time, space or the ensemble of turbu-
lent flows leads to a formula for the change in the mean concentration of species
A, B and C which reads

dcA(x; t)

dt
=

dcB(x; t)

dt
= �

dcC(x; t)

dt
= �k cA(x; t) cB(x; t)

where the overbar denotes the ensemble averaging operator. In most applications
cA cB is approximated by cA cB leading to straightforward solutions of these
equations. However, it was found from experiments that the covariance between
species A and B cA cB � cA cB may be of the same order of magnitude as cA cB .

From model calculations, we have seen that the concentration fluctuations
are maximal near local sources for small periods of time after the release (the
turbulent flow mixes the species, hence for larger times the segregation tends
to zero). A Lagrangian particle seems to be a better candidate than an Eulerian
model to simulate the chemical reactions occurring after the release of reactive
compounds from sources in a turbulent flow.

Much research has been conducted in the area of the turbulent transport of
passive tracers. Only few attempts were made to model the transport of reactive
compounds in a Lagrangian way (Chock and Winkler, 1994a, 1994b)

Chock and Winkler’s particle-grid model combine the Lagrangian and Eu-
lerian descriptions. In their algorithm, the transport is approximated by a Lag-
rangian one-particle model and the chemistry is calculated on a predefined grid
assuming that the particles are uniformly mixed in grid-cells. The algorithm
given by Chock and Winkler gives rise to redundant unrealistic fluctuations,
therefore we developed a modified version of their model which does not have
this drawback. A disadvantage of both particle-grid models is that the chemistry
part is grid-based such that local sources are averaged over grid-cells; hence the
turbulent dispersion of local sources is modelled correctly, but the chemistry is
not. We investigated the possibilities to model the chemical reactions without us-
ing a grid and formulated a fully Lagrangian model for turbulent transport and
chemistry. In this model, a particle may react with any particle within a certain re-
gion: the reaction region of the particle. This fully Lagrangian one-particle model
describes the trajectories of many single particles released in different realisa-
tions of the turbulent flow, thus the treatment of chemistry is still based on mean
concentrations only. The fully Lagrangian model leads to correct predictions of
the evolution of the mean concentration comparable to the modified particle-grid
method. However, it is numerically very inefficient, therefore the particle-grid
method is preferred. One major disadvantage of one-particle methods which pre-
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dict mean concentrations only, is that the concentration fluctuations are neglected
in the treatment of the chemical reactions; hence they have the same drawback as
the first order Eulerian models.

In (Komori et al., 1991) a two-particle description of transport and chemistry
is presented. The model describes turbulent transport by evaluating backward
pair-trajectories and include chemical reaction by taking into account the reac-
tion between two particles if one particle carries species A and the other carries
species B. Two particles react when they are close assuming that neither one of
the particles reacted before. Since Komori et al. consider pairs of particles, they
take into account the cross-correlation between the species A and B, but their
theory is restricted to non-premixed sources which are separated by an interface
which is not too convoluted.

In this thesis, we have presented a new Lagrangian two-particle model for
turbulent transport and chemistry in which we have attempted to improve the
above mentioned particle models; the method explicitly evaluates hcA cBi in the
treatment of chemistry and can be applied in non-premixed as well as in fully
mixed turbulent flows. Transport and chemistry processes are considered sep-
arately. The transport of the reactive species is modelled by a two-particle de-
scription where we have used the formulation presented in (Kaplan and Dinar,
1988b). The trajectories of particle-pairs are computed backward in time from a
given spatial location x where the particles meet at time T to the time of release
t0. Particles may react at any time in the period from the time of their release
until T . However, only in the last time-step the particles of one pair are so close
together that they may react with each-other. Before this time, a particle may re-
act with any other arbitrary particle which it encounters along its trajectory. We
modelled the reaction of a particle stochastically by considering these two stages
separately. Each particle transporting a reactive compound has a probability to
react in the period [t0; T ��t] and each pair that carries both reactive compounds
has a probability to react in the period [T � �t; T ]. In this way we take into
account the cross-correlation between the concentrations of the reactive species
and the possible reaction of particles at intermediate times. The model is im-
plemented iteratively and estimates the complete evolution in time of the mean
concentrations at a point x.

We have implemented this new two-particle model on a distributed memory
multi-processor system. The parallelisation of the algorithm is simple, because
particle-pairs are transported independently by the turbulent flow. Like in the
parallelisation of particle models for dispersion of passive tracers, the computa-
tional work is distributed over the processors by assigning to each node a number
of pairs. The parallelisation of the transport part of the model is equivalent to the
parallelisation of particle models for transport of passive tracers and is therefore
simple and efficient. However, in the chemistry part of the model one extra com-
munication between all nodes is needed in each time-step. In spite of this extra
data-transfer per time-step, figures of the efficiency of the parallel implementa-
tion on an IBM-SP2 show that the model is well-suited for parallelisation: a typ-
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ical run can be calculated 58 times faster on 64 processors than on one processor.
Important advantages of the new model for turbulent transport and chemistry

are that the two-particle model is by construction consistent with the classical
chemical kinetics law and that it is mass-conserving. The model does not give
negative concentration predictions.

To test the new two-particle model and assess the feasibility of the Lagrangian
approach for modelling turbulent transport and chemistry interactions, we first
tested it in homogeneous, fully mixed flows (where chemical formation does not
depend on transport) for various Damköhler numbers. The results were com-
pared with the analytical solution and it was found that the model gives correct
predictions of the mean concentrations. Next, we performed some numerical ex-
periments in bounded and unbounded domains, for various reaction-rates. The
model can be applied for any source configuration (point-, line-, surface- and
volume sources) and in both pre-, partially- and fully-mixed flows. The algorithm
is designed to be valid for arbitrary Damköhler numbers and in the whole time
domain as it gives the correct asymptotic behaviour of the concentration predic-
tions.

It was shown in (Kaplan and Dinar, 1988b) that their relative diffusion formu-
lation (which was adopted here) simplifies to an absolute diffusion algorithm for
LE ! 0. The results of this simplified “degenerate” version (with LE ! 0) of
the new model for transport/chemistry were compared with those of the modi-
fied particle-grid model which computes mean concentrations only. For the cases
considered, there is a good to excellent agreement. No good comparison can
be made between Lagrangian and Eulerian models. Different closure assump-
tions are made in the models such that the solutions of the models differ a lot.
Nevertheless, the shape of the predicted concentration profiles are similar for all
models considered. We have compared the results of the new two-particle model
with the modified particle-grid model and with the Eulerian first order closure
model. It was shown that the two-particle model proposed here, leads to signi-
ficantly different predictions in the mean concentration. Taking into account the
concentration fluctuations in the treatment of chemistry leads to significantly dif-
ferent chemical formation in the case of non-premixed sources: it was found that
chemical reaction starts much later (about one TL) and proceeds slower in the
new two-particle model simulations than in the models which use only the mean
concentrations for the chemistry calculations.

A comparison of the new two-particle model with a highly parameterised
Eulerian second order closure model (Verver et al., 1997) was made. Both mod-
els take into account hcA cBi in the treatment of the chemistry; hence the mod-
els should produce similar results. There appears to be a reasonable agreement
between the two models at least for the case of two non-premixed sources. The
predictions for the case of two mixed sources located in a small part of the domain
were substantially different.

Finally, a comparison was made between the results of the new two-particle
model, the results of Komori et al.’s model and experimental data (Komori et al.,
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Summary and concluding remarks

1991). In comparison with Komori et al.’s pair model (Komori et al., 1991), the
new two-particle model predicts faster and more reaction. It appears that the
inclusion of intermediate reaction of particles has a large effect on the predicted
mean concentrations. The comparison of model results with experimental meas-
urements is not very conclusive, also because experimental conditions could not
fully be simulated (grid-generated, low Reynolds number decaying turbulence).
Compared to the experiments, the rate of formation of reactant is approximately
a factor of two higher in our model; this can be ascribed to lower predictions for
the absolute value of the segregation in the new model, as appears from a com-
parison of the results with the measured segregation for the non-reactive case.
Komori et al.’s model predicts a rate of formation of reactant which is a factor of
0.6 lower than the experimental results.

We conclude that the proposed two-particle algorithm is a step forward in
the understanding and description of turbulence-chemistry interactions. In par-
ticular it is shown that a two-particle model is capable to give a more realistic
description of the transport of reactive species released from local sources than
the Eulerian first order models. Lagrangian models may be a computationally
attractive alternative to Eulerian DNS and LES which are heavy consumers of
computer time and computer memory, especially in three-dimensional domains.

There are, however, still uncertainties and limitations of the model, therefore
it should be considered as a first step only.

Firstly, the model should be validated by comparing its results with more ex-
perimental data. In view of the sparsely available data on homogeneous station-
ary and Gaussian turbulence, this is, however, a difficult task.

Secondly, an extension of the formalism for non-homogeneous, stratified tur-
bulence is viable, though not straightforward (Kaplan and Dinar, 1993). Appar-
ently this would make the model more widely applicable (and verifiable).

Another obvious generalisation would be the extension to more general in-
stantaneous sources, continuous sources and more chemical compounds and re-
actions which seems to be all fairly straightforward.

These problems are currently being investigated and more research needs to
be done, in order to further develop the ideas presented in this thesis.

In the chemistry part of the new two-particle model many assumptions are
made to model the chemical reaction of a particle. In turbulent flows, a particle
may react with any “arbitrary” particle which crosses its path. However, in the
two-particle model, we model the motion of two particles only therefore it is only
possible to model the reaction probability of a particle at intermediate times by
assuming that it is independent of its trajectory.

The most fundamental way of modelling the reaction of particles is by evalu-
ating the trajectories of many particles in the same turbulent flow. In an N-particle
model for turbulent transport of reactive species a large amount of particles is
released according to a source(s) distribution into one turbulent flow and their
correlated paths are calculated forward in time. Then possible chemical reactions
can be modelled by reactions between particles. Of course, an appropriate rule
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for the occurrence of reactions between particles needs to be formulated, for this
purpose. The treatment of the chemistry in the new two-particle model and in
the fully Lagrangian one-particle model may be a first step in the development of
such an N-particle model for turbulent transport of reactive species.

As yet, only one N-particle model for transport of passive tracers in one-
dimensional turbulence has been presented (Kaplan and Dinar, 1988a). Gener-
alisation of the forward approach to three dimensions, although not complicated
in principle, seems numerically unpractical due to the prohibitive amounts of
computer time and computer memory required.

As (super)computers become faster and may store more and more data, we
might expect that some day, scientists will be able to model correctly general and
complex types of turbulent reactive flows. The Lagrangian approach which is
simple and well-suited for implementation on high performance parallel com-
puters promises to yield good models for the description of turbulent transport
of reactive species released from local sources.
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Appendix

A Kramers-Moyal expansion
Theorem 2 Let (X ;U ) define a general bivariate Markov process whereX is described
by

U =
dX

dt
: (1)

The conditional p.d.f. p(x;u; tjx0;u0; t0) of this process satisfies the Kramers-Moyal
expansion
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where Djkl(u; t) =

lim
�!0

1

n!

h(U1(t+ �) � U1(t))
j(U2(t+ �)� U2(t))

k(U3(t+ �)� U3(t))
liU(t)=u

�
(3)

and h:iU(t)=u denotes the average over all particles with velocity U (t) equal to u.

Proof. The derivation of the Kramers-Moyal expansion (KME) for a general
N-variable Markov process is given by Risken (Risken, 1989, p. 81 – 84). It is
shown that the general form of the KME for a general N-variable Markov process
Y = (y1; y2; : : : ; yN ) reads

@f

@t
(y; tjy0; t0) =

1X
n=1

(�1)n
@n (Dj1:::jn(y; t)f)

@yj1 : : : @yjn

where f(y; tjy0; t0) denotes the p.d.f. of the process Y . The coefficients in the
KME for ji = 1; 2; : : : ; N and i = 1; 2; : : : ; n read

Dj1:::jn(y; t) = lim
�!0

1

n!

h(Yj1(t+ �)� Yj1 (t)) : : : (Yjn(t+ �)� Yjn(t))iY (t)=y

�
:
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Kramers-Moyal expansion

In the rest of this section, we will use vectors x, u and y = (x;u) together. The
indices of the vectors x and u run from 1 to 3. The indices of y run from 1 to 6
and yi = xi for i = 1; 2; 3 and yi = ui�3 for i = 4; 5; 6.

The coefficients Dj1:::jn(y; t) are invariant to permutations of the indices ji.
The coefficients containing terms yi are all equal to the coefficient with first index
j1 = i. The definition of the nth moment of the process Y reads

h(Yj1(t+ �) � Yj1(t)) : : : (Yjn(t+ �)� Yjn(t))iY (t)=y =Z
Rn

(y0j1(t+ �)� yj1(t))(y
0

j2
(t+ �)� yj2(t)) : : : (y

0

jn
(t+ �) � yjn(t))

f(y0; t+ � jy; t) dy0

where y0(t + �) denotes the value of the stochast Y at time t + � . Using this
definition we obtain for the KME-coefficients

Dij2:::jn(y; t) =
1

n!
lim
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Z
Rn

(y0i(t+ �) � yi(t))

�
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0; t+ � jy; t) dy0:

All functions are continuous and finite hence we may change the order of integ-
ration and taking limit to obtain

Dij2:::jn(y; t) =
1
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Z
Rn

lim
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�
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�
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�
dy0:

The time-derivative ofX is prescribed by equation (1); hence the derivative of xi
with respect to time is equal to the velocity ui, i.e.

lim
�!0

(x0i(t+ �) � xi(t))

�
= ui(t)

For the process Y = (X ;U ), the KME-coefficients Dij2:::jn(x;u; t) for i = 1; 2; 3
(and thus all coefficients where at least one term refers to the position x) are equal
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to

Dij2:::jn(y; t) =
1

n!
ui(t)

Z
R3

Z
R3

lim
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Accordingly, we find for n = 1 that

Di(x;u; t) = ui(t) for i = 1; 2; 3

Di(x;u; t) = Di�3(u; t) for i = 4; 5; 6

For n > 1, all coefficients including at least one spatial term are equal to zero
because

lim
�!0

(y0j(t+ �)� yj(t)) = 0:

Rewriting the KME using these equalities results in the KME (2). 2

B Generating random vectors � and	
In Chapter 4, the motion of two particles in a turbulent flow is described. The
particles are transported by the same turbulent flow, thus the trajectories are cor-
related if the particles are close together. This correlation is expressed in the com-
putation of the particle paths by the vectors �(X(1);X(2)) and 	(X(1);X(2)):
the difference and sum of two correlated normally distributed random vectors.
In homogeneous isotropic turbulence the velocity correlation between the two
particles is only determined by the distance between the particles, r = X(1) �
X(2). Therefore, the random vectors� and	 are normally distributed with mean
equal to zero and variance equal to

C�(X(1);X(2)) = �2 � I � Cu(r)
C	(X(1);X(2)) = �2 � I + Cu(r)

where the matrix Cu(r) denotes the Eulerian velocity correlation between two
points at distance r. The elements of this matrix are given by

(Cu(r))ij = �2
�
�0:5

ri rj

r

@f

@r
+

�
f(r) + 0:5 r

@f

@r

�
�ij

�
:

See Chapter 4 for the derivation.
In general, a random three-dimensional vector from a normal distribution
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with mean equal to m and symmetric covariance equal to C, can be generated
by computing three random numbers �1; �2 and �3 from a unitary normal dis-
tribution (mean equal to zero, variance equal to one), �i 2 N(0; 1). The vector
� = (�1; �2; �3) is a normally distributed vector with mean zero and variance
matrix equal to identity. If the covariance matrix C is symmetric and real-valued,
then there is a diagonal matrixD and an orthogonal matrix U (UT U = U UT = I),
such that C = UT D U . This is called the orthogonal decomposition of C. The
vector , resulting from the transformation  = UT pD � + m, is a random
vector following a Gaussian distribution with mean equal to m and covariance
C.

Let us assume that the matrix C can be written as sum of a diagonal matrix
� I and a symmetric matrix, � R, thus

C = � I + � R:

If the orthogonal decomposition of the symmetric matrix R reads R = UT D U
then the orthogonal decomposition of C is given by

C = UT (� I + �D) U : (4)

Accordingly a normally distributed random vector  with mean m and cov-
ariance C which can be written as in equation (4), is computed from a vector
� 2 N(0; 1) by

 = UT
p
� I + �D � +m:

The covariance matrices of� and	 can be written in the form

C� = �2
��
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where Q is a symmetric matrix with elements

Qij = ri rj :

An orthogonal decomposition of Q is given by the orthogonal matrix

U =

0
@�

r2
r̂

r1r3
r̂ r

r1
r

r1
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r2r3
r̂ r
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r
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r

r3
r

1
A

where r̂ stands for
p

(r1)2 + (r2)2. The diagonal matrix D of the decomposition
consists of elements equal to the eigenvalues of Q. The matrix Q has a double
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eigenvalue equal to zero and the other eigenvalue is equal to r2.
The orthogonal decompositions of C	 and C� are thus given by

C� = �2 UT
��
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In summary, the random vectors� and	 can be generated from two random
vectors �� 2 N(0; 1) and � 2 N(0; 1). The vectors	 and� are computed using

� = UT
p
D� ��

	 = UT
p
D	 � 

where D� and D	 are diagonal matrices with elements equal to

(D�)11 = (D�)22 = �2
�
1� f(r)� 0:5 r

@f

@r

�

(D�)33 = �2 (1� f(r))

and

(D	)11 = (D	)22 = �2
�
1 + f(r) + 0:5 r

@f

@r

�

(D	)33 = �2 (1 + f(r)) :

121





Samenvatting

Stromingen in gassen en vloeistoffen zijn vaak turbulent. Turbulente bewegin-
gen worden gekarakteriseerd door een opéénstapeling van “eddies” (wervels)
waardoor het gedrag van een turbulente stroming chaotisch ofwel onvoorspel-
baar lijkt te zijn. Geconstateerd wordt dat stoffen die in dergelijke stromingen
worden geı̈ntroduceerd, door turbulent transport worden gemengd en veel snel-
ler met elkaar in contact komen dan in een niet turbulent medium.

De luchtstroom in de onderste laag van de atmosfeer, tot ongeveer 1 km hoog,
is turbulent. De kleinste wervels zijn hier niet groter dan 1 mm en de grootste
beslaan enkele kilometers in de horizontale richtingen. Door deze grote verschei-
denheid in lengte-schalen is het moeilijk om turbulente stromingen te begrijpen
en in een model vast te leggen.

De snelheid waarmee een chemische reactie tussen twee stoffenA en B op een
bepaalde plaats verloopt, is ondermeer afhankelijk van de actuele concentraties
van A en B op die lokatie. Een reactie kan alleen plaatsvinden als beide stoffen
aanwezig zijn op dezelfde plaats op hetzelfde tijdstip.

Om het transport en de chemie van reactieve stoffen in turbulente media beter
te begrijpen, wordt er veel onderzoek gedaan naar modellen die deze processen
realistisch beschrijven. Modellen van turbulent transport en chemie voorspellen
dan hoe de concentraties van de reactieve stoffen veranderen in de tijd.

De meest gebruikte modellen, Euleriaanse modellen, zijn gebaseerd op dif-
ferentiaalvergelijkingen die de continue verandering van de concentraties in de
tijd in de ruimte weergeven. In veel praktische modelsimulaties wordt de aktu-
ele concentratie gelijk gesteld aan een gemiddelde waarbij de concentratie fluc-
tuaties (afwijkingen van het gemiddelde) worden verwaarloosd of geparametri-
seerd. Deze modellen worden eerste orde Euleriaanse modellen genoemd.

Een alternatieve manier om de verspreiding van stoffen in turbulente media
aan te pakken is de Lagrangiaanse. Lagrangiaanse modellen beschrijven paden
van deeltjes in turbulente stromen. In één-deeltjes modellen wordt het pad van
één deeltje in één turbulente stroming berekend. Door heel veel deeltjes in ver-
schillende realisaties van de turbulentie te volgen, worden gemiddelde concen-
traties benaderd.

In Euleriaanse en Lagrangiaanse modellen wordt de chemie vaak gemodel-
leerd met gemiddelde concentraties en wordt de mogelijke invloed van con-cen-
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tra-tie-fluc-tuaties op de uitkomsten verwaarloosd. Uit experimenten is echter
gebleken dat de fluctuaties in de concentraties niet verwaarloosbaar zijn. De af-
wijkingen kunnen zelfs van dezelfde orde van grootte als de gemiddelde con-
centraties zijn. In modellen, waarin alleen rekening gehouden wordt met ge-
middelde concentraties, kan de chemische reactie daarom verkeerd beschreven
worden.

Fluctuaties in de concentraties kunnen worden gemodelleerd door bereke-
ning van paden van deeltjes-paren. Het weergeven van de paden van meer dan
één deeltje in een turbulente stroom is ingewikkeld: deeltjes worden n.l. door de-
zelfde turbulente stroom getransporteerd, waardoor er een zekere relatie is tus-
sen de beweging van beide deeltjes. Er bestaan nog geen Lagrangiaanse modellen
die de beweging van meer dan twee deeltjes tegelijk op een bevredigende wijze
beschrijven.

Concentratie fluctuaties kunnen ook met Euleriaanse modellen berekend wor-
den. Er worden vergelijkingen opgesteld voor zowel de verandering van de ge-
middelde concentraties als voor de hogere orde momenten. Op deze manier kun-
nen modellen ontwikkeld worden waarin ieder willekeurig moment van de con-
centratie berekend wordt. In praktische toepassingen worden alleen modellen
gebruikt die de eerste, tweede en derde moment van de concentraties berekenen.

In Euleriaanse modellen worden de concentraties gemiddeld over de tijd of
over de ruimte, hierdoor zijn zij minder geschikt dan Lagrangiaanse modellen
voor het beschrijven van het korte termijn transport van reactieve stoffen, die
door lokale bronnen in een turbulente stroming worden geı̈ntroduceerd.

Er is tot nu toe weinig onderzoek gedaan naar het gebruik van Lagrangiaanse
modellen voor de beschrijving van turbulent transport van reactieve stoffen. Dit
proefschrift is een rapportage van onze studie naar de mogelijkheden van La-
grangiaanse modellen voor het beschrijven van dit soort processen.

In Hoofdstuk 2 wordt een kort overzicht gegeven van Euleriaanse model-
len. De Lagrangiaanse theorie van turbulent transport (van niet-reactieve stoffen)
wordt in detail behandeld in Hoofdstukken 3 en 4.

In Hoofdstuk 5 bespreken we bestaande modellen voor turbulent transport en
chemie. We beschrijven hoe deze modellen verbeterd kunnen worden en er wordt
een nieuw één-deeltjes model gepresenteerd. Voor zover bekend, zijn er twee ar-
tikelen verschenen over Lagrangiaanse modellen, die de verspreiding van reac-
tieve stoffen beschrijven. In (Chock and Winkler, 1994a, 1994b) wordt turbulent
transport gemodelleerd met behulp van een één-deeltjes model. In iedere tijd-
stap worden de gemiddelde concentraties op een gegeven rooster uitgerekend.
De chemische reactie in een tijdstap wordt vervolgens gesimuleerd in de rooster
cellen op een Euleriaanse manier. In de volgende tijdstap wordt de hoeveelheid
materiaal dat een deeltje vervoert aangepast aan de hand van de verandering
in concentratie in de rooster cel waar het deeltje zich bevindt. Wij hebben dit
“particle-grid” model aangepast zodat het nauwkeuriger resultaten gaf. Verder
hebben we op basis van dit model een nieuw één-deeltjes model ontwikkeld,
waarin de chemische reacties niet op een rooster berekend worden, maar met
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behulp van reactie omgevingen van deeltjes: deeltjes reageren alleen met elkaar
als ze zich in elkaars omgeving bevinden. Een nadeel van deze modellen is dat
zij gebaseerd zijn op gemiddelde concentraties en dat net als in de eerste orde
Euleriaanse modellen de concentratie fluctuaties verwaarloosd worden. In (Ko-
mori et al., 1991) wordt een model gepresenteerd waarin de banen van heel veel
deeltjes-paren berekend worden. De chemie wordt gemodelleerd door deeltjes in
één paar met elkaar te laten reageren als ze heel dicht bij elkaar zijn en er wordt
rekening gehouden met de concentratie-fluctuaties. Een groot nadeel van dit mo-
del is echter dat het alleen gebruikt kan worden in het grensgebied tussen twee
initieel niet gemengde stoffen A en B.

In Hoofdstuk 6 presenteren wij een nieuwe Lagrangiaanse aanpak van tur-
bulent transport en chemie waarin wij getracht hebben de hierboven beschreven
modellen te verbeteren. Het turbulent transport wordt gemodelleerd met behulp
van veel deeltjes-paren. Het reactieve materiaal dat door een deeltje getranspor-
teerd wordt, kan op ieder willekeurig moment reageren. Als de twee deeltjes in
één paar heel dicht bij elkaar zijn, is er een bepaalde kans dat de reactieve stoffen
met elkaar reageren. De reacties die plaats vinden als de deeltjes van één paar
ver uit elkaar zijn, worden ook met reactie-kansen gemodelleerd. De behande-
ling van de chemie in het nieuwe model is gebaseerd op concentratie-fluctuaties
en daarom is het een verbetering ten opzichte van de modellen waarin alleen ge-
middelde concentraties meegenomen worden. Het nieuwe model is algemener
toepasbaar dan Komori et al.’s model omdat de reactieve stoffen initieel zowel
gescheiden, als gemengd kunnen zijn.

We hebben het nieuwe model getest en geprobeerd een indruk te krijgen
van haar mogelijkheden voor het beschrijven van turbulent transport van reac-
tieve stoffen in Hoofdstuk 7. We presenteren de resultaten van numerieke ex-
perimenten in begrensde en onbegrensde domeinen, voor verschillende reactie-
constanten. Het model reproduceert de analytisch berekende concentratie-veranderingen
in het geval dat beide stoffen initieel gemengd zijn in een begrensd gebied. Het
model kan worden gebruikt voor de verspreiding van reactieve stoffen uit wille-
keurige bronnen zoals punt-bronnen, oppervlakte-bronnen en volume-bronnen
en de concentraties van de reactieve stoffen kunnen initieel zowel gescheiden,
als gemengd zijn. Het model kan gebruikt worden voor het berekenen van de
concentraties in het hele gebied en voor alle tijdstippen.

De mogelijkheden om het nieuwe model te testen zijn beperkt, omdat er wei-
nig tot geen experimenteel materiaal beschikbaar is en omdat er weinig modellen
zijn die turbulent transport en chemie op vergelijkbare wijze beschrijven.

Het nieuwe model kan vereenvoudigd worden tot een model waarin de che-
mie gebaseerd is op gemiddelde concentraties. We hebben een vergelijking ge-
maakt tussen het nieuwe, het vereenvoudigde model, een eerste orde Euleriaans
model en een één-deeltjes model. In de gevallen beschouwd in dit proefschrift,
gaven de modellen gebaseerd op gemiddelde concentraties vergelijkbare resul-
taten. Uit numerieke experimenten zien we dat de berekende gemiddelde con-
centraties van het nieuwe model sterk verschillen van de andere modellen. Het
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nieuwe model waarin concentratie-fluctuaties worden gebruikt, voorspelt dat de
chemische reactie veel later begint en minder sterk is dan de reactie berekend
door modellen waarin gemiddelde concentraties gebruikt worden.

Verder hebben we het nieuwe model vergeleken met een tweede orde, Eule-
riaans model waarin de chemie ook berekend wordt op grond van concentratie-
fluctuaties. De voorspelde concentratie-veranderingen van beide modellen ko-
men redelijk goed overeen voor het geval waar de initiële concentraties van de
reactieve stoffen gescheiden zijn. De resultaten voor het geval waar de initiële
concentraties gemengd zijn, waren minder overtuigend. In Lagrangiaanse en
Euleriaanse modellen worden verschillende aannames gemaakt over de turbu-
lentie. Hierdoor verschillen de resultaten van de Euleriaanse en Lagrangiaanse
modellen van turbulent transport van niet-reactieve stoffen en is het moeilijk om
de modellen van transport van reactieve stoffen met elkaar te vergelijken.

Ten slotte hebben we de resultaten van het nieuwe model vergeleken met me-
tingen in een (water) tunnel. De resultaten van Komori et al.’s model kunnen
met dezelfde experimenten vergeleken worden. We zien dat Komori et al.’s mo-
del de hoeveelheid reactie onderschat ten opzichtte van de metingen en dat het
nieuwe model de reactie overschat. De vergelijking is echter moeilijk omdat de
experimentele situatie in de tunnel niet precies gemodelleerd kan worden.

Er moeten veel deeltjes-paren gevolgd worden om nauwkeurige voorspellin-
gen te doen, daarom hebben we in Hoofdstuk 8 onderzocht in hoeverre Lagrangi-
aanse modellen in het algemeen en het nieuwe model in het bijzonder, op snelle,
parallelle computers kunnen worden gesimuleerd. We laten zien dat Lagrangi-
aanse modellen van turbulent transport eenvoudig en efficient geı̈mplementeerd
kunnen worden op parallelle computers. Verder hebben we het nieuwe model
op een gedistribueerd-geheugen computer getest. De parallellisatie van het mo-
del is eenvoudig, maar meer communicatie tussen alle processoren per tijdstap
is nodig dan in de modellen van transport van niet-reactieve stoffen. Ondanks
deze vereiste globale communicatie-acties volgt uit experimenten dat het model
zeer geschikt is om op parallelle computers te draaien.

In dit proefschrift is aangetoond dat Lagrangiaanse modellen een goed alter-
natief zijn voor Euleriaanse modellen in de beschrijving van turbulent transport
en eenvoudige chemie. Deeltjes-modellen kunnen de verspreiding van stoffen
op kleine schaal goed en soms zelfs beter modelleren dan Euleriaanse modellen.
In de modellering van de reactie tussen stoffen die door turbulentie getranspor-
teerd worden, is het belangrijk dat concentratie-fluctuaties in rekening worden
gebracht, omdat deze fluctuaties niet verwaarloosbaar klein zijn. Het in dit proef-
schrift beschreven model geeft aan hoe turbulent transport van reactieve stoffen
met behulp van deeltjes gemodelleerd kan worden. Er moet echter nog veel on-
derzoek gedaan worden naar de ontwikkeling van modellen voor de versprei-
ding van meer dan twee deeltjes (waarvan de onderlinge beweging gecorreleerd
is) en naar de wisselwerking tussen de concentratie-fluctuaties en de chemische
reactie.
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begeleider, wiens enthousiaste meedenken tot meer helderheid heeft geleid in de
chaos van mijn ideeën over turbulentie.

Nathan Dinar, your trust in the possibilities to unite particles and chemistry
formed the basis of the new two-particle model. Thanks for coming to the nether-
lands, I enjoyed working with you.

Gé Verver, hoewel we elkaar tot nu toe nog nooit gezien hebben, stel ik het
zeer op prijs dat je de experimenten met het tweede orde Euleriaanse model hebt
willen uitvoeren en mij de resultaten hebt gegeven.

Verder wil ik de leescommissie, P. Builtjes, C. Vreugdenhil en H. van der Vorst
bedanken voor het lezen van het concept in de zomervakantie. H. Kaplan, your
comments added to my understanding of the subject. I hope that your ideas will
be studied in detail in further research

Mijn werkdagen zouden saai geweest zijn zonder mijn kamergenoot Hakan.
Hakan, teşekkür ederim. Verder wil ik mijn oude kamergenoot, Erik niet verge-
ten. We hebben samen heel wat afgekletst, gemopperd maar ook veel steun aan
elkaar gehad. Dan zijn er nog Arian, Arie en Bert met wie ik (volgens de bereke-
ning op het bord in mijn kamer) honderden ponds-pakken koffie heb gedronken
en veel, ontelbaar veel cryptogrammen heb gemaakt.

Esther, zoals je ziet, was jouw ansichtkaart een goede inspiratiebron voor de
omslag van dit proefschrift.

Na geestelijke inspanning is het goed om zo af en toe wat stoom af te blazen.
Met mijn volleybalteam (Wilma, Jeannet, Caroline, Gemma, Christa, Hendrien,
Anne, Anne en Thierry) heb ik heel wat uurtjes gezellig gebald en fanatiek wed-
strijden gespeeld. Hoewel ik soms op zie tegen dat hele eind autorijden, geniet
ik steeds weer met volle teugen van het team-spel.

Martijn, jij hebt mij door dik en dun gesteund ook als ik je de oren van het
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hoofd kletste met mijn deeltjes. Jij hebt mij steeds weer de moed gegeven om
door te gaan. Met zijn tweeën twee proefschriften schrijven is misschien wat te
veel van het goede, maar ik ben heel trots dat ik kan zeggen:

”Het is ons gelukt!”
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Gilia Cornelia Crone, bij iedereen beter bekend als Lianne, is geboren op 23 maart
1968 te Veldhoven. Op 12 jarige leeftijd verlaat zij het kleine Elst (provincie
Utrecht) en verhuist naar Lattes in Frankrijk. Van 1980 tot en met 1983 volgt ze
onderwijs op het College de Lattes. Lianne verhuist in 1983 naar Draveil (Frank-
rijk) waar ze op het école Internationale Européene de Paris naar school gaat.
In 1985 legt ze het eerste deel van het Baccalaureaat Scientifique (frans) af, het
examen wordt nooit afgemaakt omdat de familie Crone naar Elst terug gaat. Li-
anne rond met succes haar VWO, op het Ichtus college te Veenendaal, af in 1987
en gaat wiskunde studeren aan de (toen nog Rijks) Universiteit Utrecht. In de
laatste jaren van haar studie specialiseert ze zich in de numerieke wiskunde en
maakt ze kennis met parallelle computers. In haar afstudeer project bestudeert
ze de implementatie van iteratieve methoden op gedistribueerd geheugen com-
puters waarbij het doctoraal keuzevak informatica goed van pas komt. Zomer
1993 studeert Lianne af. Meteen na haar studie wordt ze aangenomen als AIO
bij de werkgroep fysische informatica (computational physics) van de faculteit
Natuur- en Sterrenkunde van de Universiteit Utrecht. Aanvankelijk bestudeert
ze Euleriaanse verspreidings modellen. Het verloop van onderzoek is echter niet
te voorspellen en na een tijdje wordt de overstap gemaakt naar Lagrangiaanse
deeltjes modellen wat heeft geleid tot dit proefschrift.
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