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Pure non-Abelian gauge models with gauge group SU(N) are considered in a box 
with periodic boundary conditions at various temperatures pm’. Electric and magnetic 
flux are defined in a gauge-invariant way. The free energy of the system satisfies an 
exact duality equation, following from Euclidean invariance. The equation relates pro- 
perties of the electric and the magnetic fields. Conclusions that can be drawn for 
instance are that for N s 3 one cannot have both electric and magnetic confinement, 
and that the infrared structure of the Georgi-Glashow model is self-dual. 

1. Introduction 

The forces between quarks in a hadron are most likely described by a non- 
Abelian gauge theory without scalar fields. No precise perturbative schemes are 
known to compute mass spectra and scattering matrix elements in this theory. 
Nevertheless it is understood [l, 21 that non-Abelian local gauge symmetry can be 
realized in Nature in several ways: either some scalar field combination undergoes 
an explicit or dynamical Higgs phenomenon causing the vector bosons to become 
massive and quarks to become “liberated”, or a disordered phase causes permanent 
“confinement” of quarks and absence of any reminiscence of gauge (color) sym- 
metry. As is stressed by Mandelstam [3], local gauge invariance is not a symmetry 
in Hilbert space such as the usual global symmetries. Hilbert space can be set up 
entirely using only gauge-invariant operators acting on the vacuum. This is why 
local gauge invariance is sometimes obscured in the long-distance structure of a 
theory, and why neither of the two modes mentioned above (Higgs versus 
confinement) necessarily contains massless particles. 

The confinement mode on the one hand and the complete Higgs “symmetry- 
breakdown” mode on the other hand are found to be dual to each other in the 
sense of electric-magnetic duality or Kramers-Wannier [4,5] duality. 
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However, there are also self-dual modes such as the “Georgi-Glashow mode 
(to be discussed in sect. 9j and also the critical point between Higgs and 
confinement. As argued in ref. [I], such modes must contain massless particles. 

Here we consider pure SU(N) gauge theories in four dimensions. For any closed 
curve C in 3-dimensional space we have operators A(C) and B(C) satisfying the 
commutation rule [l] 

A(C)B(C’) = B(C’)A(C) exp ((27&/N), (1.1) 

where n is the number of times the curve C’ winds around C in a certain direction. 
The operator 

A(C) = ;Tr P exp 
P 

igAk(.r) dXk =ei*R, (1.2) 

measures, in a certain sense, the total magnetic flux going through C. Here P is the 
symbol for path ordering along the curve, and Ak are the space components of the 
vector field in matrix notation. In fact we might consider QB as a definition of 
magnetic flux*. In the Higgs mode, QB tends to be quantized in units of 24N, 
whereas it is only defined modulo 27. On the other hand, A(C) can also be consi- 
dered to be the creation operator of a “bare” (i.e., infinitely narrow) electric flux 
line along the curve C. 

The operator B(C), defined in ref. [1], satisfies formally 

(B(C))N = I f (1.3) 

and we can set B(C) = elaE where QE is the electric flux going through C. It is 
quantized also in units 27r/N and also defined modulo 2~. Conversely, B(C) is the 
creation operator of a “bare” magnetic flux line along C. 

We notice a striking but not complete resemblance between the A- and B-type 
operators. Mandelstam [3] also attempts to write B(C) in terms of an electric non- 
Abelian vector potential B:(x). We will not need such a potential for our consi- 
derations. 

The definition of A and B is gauge invariant so our concepts of quantized elec- 
tric and magnetic flux also have a gauge-invariant interpretation. This is in contrast 
with the usual definition of the electromagnetic fields in terms of the covariant 
curls Gt,, which are not quantized, but not gauge-invariant either. Note however, 
that B(C) is only uniquely defined in theories without quarks or any other particles 
whose fields are not invariant under the center Z(N) of SU(N). This is because 
such particles have gauge-invariant electric charge corresponding to a total flux 
QE = 2alN and thus spoil electric flux conservation. 

?? However, it must be borne in mind that, defined this way, flux is a not strictly additive 
quantity. Later, another definition will be given. 
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It is the purpose of this paper to study some properties of pure gauge theories 
before quarks are added to them. It is generally believed [6] that in such theories 
electric flux lines behave as unbreakable strings with universal thickness and a uni- 
versal tension force (to be fitted with the experimentally measured value of 14 
tons). We will investigate however the various possibilities that may arise in general 
in pure SU(N) gauge theories. In particular we will show that the energy of an 
electric flux is related to that of a magnetic flux by a dually symmetric formula. We 
will spell out in detail why, in the case of N < 3, only electric flux lines or magnetic 
flux lines, but not both, may behave as quantized Nambu strings [7]. 

One can imagine some internal parameters in a theory which we can vary. Then 
a transition point between the two modes discussed above might be found. Our 
dual equation (6.3) will then require long-range interactions associated with mass- 
less particles. But the transition can also take place uia a mode that has the long- 
distance structure of the Georgi-Glashow model [8], a possibility not considered in 
ref. [l]. This model is characterized by ordinary photons, electrically charged 
bosons and magnetically charged [9] particles, and satisfies eq. (6.3) in a dually 
symmetric way. In that case there will be at least two critical points. 

We consider a rectangular box with sides al, LIP, a3 and with periodic boundary 
conditions. In the box is a pure SU(N) gauge system at a certain temperature. As is 
well-known, field theories at finite temperature l/p can be regarded as statistical 
systems in a space with Euclidean metric, bounded by periodic boundary conditions 
in the imaginary time direction [lo], with period equal to p. If we set /3 = a4 then 
we have a box in Euclidean 4-dimensional space with sides a, and periodic boun- 
dary conditions in all four directions. We will then modify the boundary conditions 
such that we have a certain number of electric and magnetic flux quanta going in 
various directions through the box and consider the free energy as ak and p + o;i. It 
will turn out that the total free energy at temperature l/p of a system with given 
electric and magnetic flux configuration can be expressed in terms of functional 
integrals over twisted bundles of gauge potentials in the box, and our relation 
between the electric and the magnetic energy is obtained via a rotation over 90” in 
Euclidean space. The relationship is symmetric and, as we said, rules out simul- 
taneous electric and magnetic string formation (for N < 3). Not only will we reob- 
tain the result of ref. [l], but also a quantitatively more precise result: the energy 
of magnetic flux in QCD drops exponentially with the area through which it goes, 
and the exponent is expressed in terms of the string constant (sect. 8). The choice 
of gauge in the Euclidean box must be done with some care. We elaborate on that 
in the appendix. 

2. The twisted gauge field 

If all fields are invariant under the center elements of the gauge group then we 
actually have an SU(N)/Z(N) theory. For such a theory, when put in a box, various 
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different classes of periodic boundary conditions may be considered. Let us first 
concentrate on the 1,2 direction explicitly. The most general periodic boundary 
condition is 

&(a~, ~2) =%(x2)&(0: ~2)) (2.la) 

&(xI,u~) = fl2(xdA,(~i, 0)) (2.lb) 

where A,(xl, x2) is the vector potential in matrix notation and flr.2 are gauge 
rotations. Here llA, is short for RA,R-’ + (l/gi)f18,0-1. How to perform the 
functional integrations over the values of A,(x) and &J is explained in the 
appendix. To get no contradiction in the corners we must have 

nk)n,(o) = f12(aI)fiI(o)Z, (2.2) 

where Z is an element of the centre Z(N) of SU(N). It is possible to find a gauge 
rotation R(xr, x2) such that 

ml, 0) = 1, WI, a2) = Q2(xd, 

and R(xt, x2) must be continuous and differentiable on the rectangle, but not 
necessarily periodic. Then the transformation 

A +Q(xl, x2)-lA, 

brings the boundary conditions (2.1) into 

A,(ar, ~2) = N~2Mlr@, ~2)) 

A,(xI, ~2) =A,(xI, 01, 

where n(x2) is a new gauge rotation satisfying 

fl(u,) = fl(O)Z. 

(2.3a) 

(2.3b) 

(2.4) 

Here Z is the same as in eq. (2.2). Further transformations on n(xa) are possible, 
but since Z is an element of a discrete class there are no transformations that 
remove Z from expression (2.4). We conclude that there exist N non-gauge 
equivalent choices for the periodic boundary conditions on the gauge vector poten- 
tial, when considered on a two-dimensional plane (torus). 

This observation can be seen to hold independently for all pairs (CL, Y) of direc- 
tions in (Euclidean) 4-space. Therefore, all together, there are N6 distinct non- 
gauge equivalent choices for the boundary conditions [ll]. We can label these by 
giving the six integers nrrv for I_L # V; 0 c n,, <N. For later use, we define 

n4r = n,, 

tlij = mk, 

(i = 1,2,3), 

(i, j, k even permutation of 1,2,3) . (2.5) 
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Functional integrals will be performed under these twisted boundary conditions: 

W{n, m; a,} = C I DA exp S(A), (2.6) 

where ji”,,,,jDA stands for integration only over those fields A that are twisted 
according to the integers ni, mi. It is important that the divergent renormalization 
effects are independent of the choice made at the boundaries. Therefore C is a 
common normalization factor, independent of ni and mi. Clearly W{n, m; a}/ 
W{O, 0; a} are relevant quantities, dependent on the sizes a, of the box. We will 
study these functions. 

One thing will be obvious here: W must be invariant under those simultaneous 
permutations of n,, and a,, that correspond to orthogonal rotations in Euclidean 
4-space. Nevertheless, identities between W-functions thus obtained will have non- 
trivial consequences, as we shall see. It is important to note here that also the 
gauge-fixing procedure can be made Euclidean invariant (see appendix). 

3. Magnetic flux in a box 

Let us formally consider quantization in the A0 = 0 gauge. Then the magnetic 
field operators commute with the vector potentials Ai( Therefore, all classical 
field configurations carry a well-specified amount of magnetic flux. At first sight it 
might seem to be a good idea to use the operator A(C) as defined in sect. 1 to 
define total magnetic flux in a certain direction in the box, by choosing C to be a 
loop orthogonal to that direction. However, the quantity (& obtained this way is 
not strictly additive (except when C runs in a certain type of vacuum) and therefore 
the periodic boundary conditions will not guarantee its being conserved. Indeed, 
&, would not be conserved. 

A more convenient way to define magnetic flux in the 3-direction of the box can 
be found by first considering some curve C defined by 

C = Ix(a)], OS(+<l, 

x(o)=[;~, x(l)=i,l’l. (3.1) 

The operator B(C) as defined in ref. [l] then creates one unit of flux in the 3- 
direction. Nearly everywhere B(C) is a pure gauge rotation n(x), singular for x E C. 
But n(x) is prescribed to make a jump by a factor e2ri’N at a certain angle with 
respect to the curve C. This cut in R could be located for instance at all points 

{x(a)+Aar ) A >O} * (3.2) 
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What distinguishes B(C) from a pure gauge rotation is that in the transformation 
law for Ai( the (singular) derivative across this cut is replaced by zero. In other 
words: the “string” (3.2) is unphysical, and can be gauge transformed to other 
positions. The new field Ai( after the operation B(C), can be made to satisfy the 
same boundary conditions (2.3) and (2.4), but Z in (2.4) has jumped by one unit. 
Clearly, the integer m3, as defined in (2.5) counts how many times an operator such 
as B(C) has acted. In other words, m3 counts a conserved variety of magnetic flux 
in the S-direction. In general, (ml, m2, m3) = m will be considered to be the 
(integer valued) magnetic flux vector. It is the direct analogue of the ordinary 
(continuously valued) magnetic flux for the Abelian case. 

4. Electric flux in a box 

Electric field operators do not commute with the vector potentials. Therefore we 
must examine the quantized theory (in the A0 = 0 gauge) before establishing the 
concept of electric flux. 

The gauge restriction A0 = 0 leaves invariance under time-independent gauge 
rotations n(r). States in Hilbert space must then be representations of this invari- 
ance group. For all those a(x) which can be continuously and uniformly connected 
to the identity element we must choose the trivial representation (see, also, the 
appendix): 

Ifi(x)M) = Iti). (4.1) 

This is necessary if we want a theory that approaches the usual theory when a, -*CO. 
But there are other homotopy classes of n(r), which cannot be deformed 

continuously towards the identity. First there is the familiar 2nd Chern class of 
mappings a(x) that are related to instanton effects [12] and have representations 
described by an arbitrary angle 8. These cannot be directly related to electric or 
magnetic flux. Now the gauge transformations in a box with periodic boundary 
conditions (in 3-space) form other homotopy classes besides those that gave the 8 
vacuum. Consider namely an n(x) with the properties 

Xl Xl 

i-2 

ii 11 

x*: = R x2 z3, (4.2) 

a3 0 

where at least one of the Z1,2,3 is a non-trivial element of the center of SU(N). 
This Q(X) is a gauge rotation that leaves the boundary conditions (2.3) and (2.4) 
invariant. Any choice of Z1.2,3 forms a distinct homotopy class, characterized by 
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three integers (ki, k2, k,). Since they are an invariance of the Hamiltonian, we 
must have 

M)=e ~~W+,‘l~) . (4.3) 

These angles w need not vanish, but we do have, if we indicate elements of the 
homotopy class (kl, kz, kJ by fl[k]: 

N~~l~[k~l= flCk~ + k&nod WI, (4.4) 

and (fl[k])N is homotopically equivalent with the identity. Therefore, o must 
satisfy 

o(k)=$eik;, 
I 

(4.5) 

where e1,2,3 are again three integers, defined modulo N. They represent new 
conserved quantities in the system. 

Let us again consider a curve C in the 3-direction, as defined in eq. (3.1). Now 
we construct the operator A(C): 

A(C) = $Tr P exp ig 
I 

drg 9 A(r(c+)) , (4.6) 

and consider 

Iti’) = A(C)I$) . 
The quantity A(C) is not invariant under fl[kl, k2, k3] if k3 # 0: 

A(C)+kTr R(x(O)){P exp . ..}K’(x(l))=e-2”‘k3’NA(C). 

Therefore, 

(4.7) 

(4.8) 

A(C)fI[k]jtJ) = fI[k] e-2mik3’NA(C)I$). 

If I$) satisfies eq. (4.3), then 

N~ll$‘) = e iuCk)+~rik,/N~g,), 

(4.9) 

(4.10) 

so that 14’) has e3 replaced by e3 + 1. Clearly, the integers ei count how many times 
an operator of the form A(C) acted in the various directions. Now A(C) can be 
considered to be the creation operator of an electric flux line [l, 2,6]. The con- 
served integers ei therefore indicate total amount of electric flux in the three direc- 
tions. Again this definition of electrix flux corresponds to the usual one in an Abel- 
ian model, apart from normalization (the total flux of a quark is normalized to be 
equal to one). 
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5. The functional integral for a fixed flux configuration 

As one can conclude from the previous sections, a state I$) can be restricted to 
have a fixed magnetic flux (ml, m2, m3) and a fixed electric flux (ei, e2, ej). These 
six restrictions do not interfere with each other. We now wish to consider the 
vacuum functional integral with a given fixed (m, e) configuration. 

It will be clear from the preceding that the integers m, in eq. (2.5) must be 
chosen to have the values of the required magnetic flux. How do we fix the electric 
flux? We wish to compute the free energy F defined by 

e +J~ = TrP(e, m) emaH, (5.1) 

where H is the Hamiltonian of the theory and P is a projection operator that 
selects the required electric flux e and magnetic flux tn. We saw how to select the 
magnetic flux m. The electric flux e is selected by using the operators fl[k] defined 
in sect. 4. Since 14) must satisfy eqs. (4.3) and (4.5) we may put 

p(e, m) = 11 e-2mi(k~e)‘Nfi[k]. 
N3 k 

Therefore 

e -PF(e.m;%P) _ _ _-$g e-*ri(k-)lNTr fi[k] e-PH, 

(5.2) 

(5.3) 

The operator eePH is the evolution operator in Euclidean space over a distance /3 
in the 4-direction. Taking the trace in Hilbert space implies a periodicity condition 
in the 4-direction [lo]. But the operator R[k] is also inserted. It implies a twist in 
the periodicity. Indeed, as can be read off immediately from eq. (4.2), we have, for 
each choice of k, a boundary condition such as eqs. (2.3) and (2.4) both with the 
directions 1,2 replaced by 1,4 or 2,4 or 3,4. Thus we find 

e -@F(e,m;a.P) _ 
(5.4) 

with ad=@, and W defined as in eq. (2.6). 
The author has actually made an attempt to find a formulation of the Feynman 

rules to compute W perturbatively. But in particular W{O, 0; a,}, needed for 
normalization, contains a quite complicated multidimensional integral, even at 
lowest order, that so far kept him from doing explicit numerical calculations. 

In sect. 6 we will see that even without doing any numerical calculations, some 
conclusions can be drawn from Euclidean symmetry on W. 

In the limit p + CO (or T + 0), F becomes the energy of the lowest state with the 
given flux configuration. We are interested in the behaviour of this energy as ai 
become large. 



G. ‘t Hooft / Electric and magnetic flux 149 

6. Duality 

Clearly, W will be invariant under joint rotations of a, and II,, in Euclidean 
space. In particular, let us perform the SO(4) rotation as given by the matrix 

lo -1 \ 

i 1 0 -1 0 0 1 I (6.1) 

(keeping in mind that ki = n4i and nil = eijkmk), Let the first two components of a 
vector x be denoted by 2, and let (i be a’ with its two components interchanged. 
Then we find 

W{k: k3, 6, m3; i, a3, p} = W{&, k3, L, m3; 2, p, a3}. 

The consequence of this is 

(6.2) 

exp {-PF(t, e3, fi, m3;li, as, P)) 

= N-’ 1 exp 
I 

$ [-(i * e’) + (i* $)I- a3F([ e3, k: m3; 2, /I, u3) . (6.3) 
L,i 

Here N-* normalizes the Fourier transforms. Notice the complete “dual” sym- 
metry under interchange of all e with m and vice versa in eq. (6.3). Right- and 
left-hand side of eq. (6.3) differ by a Fourier transformation and dual interchange 
with respect to only e’ and &, Later, we will frequently put e3 and m3 equal to 
zero. Eq. (6.3) will be referred to as the “duality equation”. It must be stressed 
that so far no approximation has been made. Our duality equation (6.3) for pure 
non-Abelian gauge theories is exact. 

7. Condensation 

7.1. Light fluxes 

We now may ask which asymptotic structure of F as a and /3 tend to infinity is 
compatible with duality, eq. (6.3). First let us assume that no massless physical 
particles occur (what may happen in the presence of massless particles, which is the 
most difficult case, is briefly discussed in sect. 9). The asymptotic region (for large 
a,) will then be approached exponentially. We immediately notice that not all F 
are allowed to tend to zero. Then, namely, @F would tend to zero too and 
contradiction arises with eq. (6.3). If a3 is sufficiently large then the major contri- 
butions to the sum in eq. (6.3) come from those values of [and k’ for which F 
vanishes. One can then easily deduce from eq. (6.3) that of all N4 values of (t, Iji) 



exactly N* combinations must give vanishing F. Let us call these the ‘*light” Huxes. 
The others send F to infinity. These we call “heavy” fluxes. And for any pair 
(eoj, m(iJ, (e(z), m(2)) of light fluxes with e?(l) = e3(2) and m3( 1) = ~~(21, we must 
have: 

_ _ _ 
e;l, . M(2) = e(2) . m(l), (modulo N) (7.1) 

The number N* is necessary to cancel Ne2 in eq. (6.3), and the condition (7.1) is 
necessary to cancel the imaginary part of the exponent in eq. (6.3). A further 
restriction follows from the requirement that W in eq. (5.4) must be positive: if 
(e, m) is a light flux, then (0, m) must also be a light flux. This excludes some 
exotic solutions of eq. (7.1). In SU(2) and SU(3) it follows that either all electric or 
all magnetic fluxes are light. In SU(4) there is a third possibility: it could be that 
only the even electric and even magnetic fluxes are light, and so on. 

7.2. Heavy fluxes 

For all other values of (e, m) the free energy F must not tend to zero as II, /3 
become large. This is different from the Abelian case, where the energy of any 
given flux, say in the x direction, behaves as 

Car 
E+-- 

a2a3 ’ 
(7.2) 

where C is a constant. Thus, unlike Abelian fluxes, the heavy fluxes cannot spread 
out in space and produce a lower and lower energy density as the box becomes 
large. Physical intuition then tells us that the only possible alternative is string 
formation: the fluxes form narrow flux tubes with constant energy per unit of 
length. If the Higgs mode is realized then these heavy fluxes are the magnetic ones, 
known as Nielsen-Olesen flux tubes [7, 131. But if the magnetic fluxes are the light 
ones then the heavy electric fluxes behave like strings as is argued in the literature 
[l-3,6]. We now see how our duality equation, (6.3), forces us to accept the 
possibility of such an electric string mode, and tells us that the transition towards 
such a string mode from the Higgs mode must be through one or more phase 
transition(s) with massless particles at the critical point(s) [l]. 

From now on we will assume that the magnetic fluxes are light and the electric 
ones heavy (confinement mode) unless stated otherwise (the other case can always 
be obtained by the trivial replacement e c, m, and we will not discuss any further 
the exceptional situations possible in SU(4) and larger groups). 

Thus we now have a clear idea about the energy of the heavy fluxes: at p + 00 
we must have 

(7.3) 

if the flux is in the x-direction, Here E is the free energy at zero temperature and p 
is the string constant. In sect. 8 we will derive the precise asymptotic form of the 
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energy of a (light) magnetic flux. We need, however, one more piece of informa- 
tion 

7.3. Factorization 

We will assume absence of interference between electric and magnetic fluxes in 
the limit ati + co. Physically this is quite acceptable. Not only does this hold for 
Abelian fields; it holds as soon as we assume that strings occupy only a negligible 
portion of total space whereas magnetic fields fill the whole space. We will refer to 
this property as “factorization”: 

F(e, m; a,)+F,(e; a,)+F,(m; a,). (7.4) 

Note that F,(e; a,) will not always factorize with respect to the three components 
of e. In the case of a square box, e = (1, 1,O) will correspond to a string running in 
the diagonal direction, so for sufficiently large p: 

F,(l, 1,O; a,)+&F,(l, 0,O; a,) 

+ hF,(O, l,O; a,) . (7.5) 

Factorization can only hold for /? >> ai otherwise contradictions would arise between 
eqs. (6.3) and (7.5). If p >> a1,2 only, then factorization is still possible provided e3 
and m3 are kept zero. This restriction is physically understandable. It means that 
when very long electric and magnetic flux lines are forced to stay close together 
then some interference will occur. If ea = m3 = 0, eq. (6.3) implies: 

exp{-/3F,,,(fi, 0; a,P)}=N-i Cexp ($fiti)-a3F.(~ O;;, P, ad}, (7.6) 
1 

8. Computation of the free energy 

We would like to know the behavior of the energy of a magnetic field: 

E&i, 0; a) = lim F&G, 0; II, p) (8.1) 
P+m 

(where p + co first, ai is taken large afterwards). We can use eq. (7,6), provided we 
know how F, behaves at finite /3, when a3 + 03. Expression (7.3) only holds for 
large p, but we can use it as a starting point. 

What is F, at finite p? Clearly this is a problem of statistical physics since /3 can 
be interpreted as an inverse temperature. As a3 + 03 our box becomes very large 
and we must allow for the possibility that thermal oscillations produce more than 
one string, even if e = (1, 0,O). Consider fig. 1. For the time being we ignore strings 
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Fig. 1. Elongated box at finite temperature. Several strings may be produced by thermal 
oscillations. Total flux in the l- and 2-directions is fixed (module N). Flux in the 3-direction 
is chosen to be zero. 

that run diagonally. Later in this section it will be confirmed that they indeed may 
be neglected. 

So let the total electric flux e be fixed to be (ei, e2, 0). The Boltzmann factor for 
one string in the l-direction is e -ePal. It may pierce the 2-3 surface at any point. 
Therefore, the contribution of a single l-string to the partition sum would be 

ha2a3 e -8w, = 
-Y1, (8.2) 

where A is some elementary constant, p is the string constant. If two strings go in 
the positive l-direction then their contribution is 

1 2 
p 7 (8.3) 

(a combinatorial factor for interchange symmetry is included) and so on. If /3 is 
large enough then the strings will be far apart on the average, and interactions may 
be neglected. If the group parameter N > 2 then the two string orientations (up and 
down) must be distinguished. 

To get the total partition sum we must add all possible multi-string configura- 
tions in the 1 and 2 directions with the restriction that total flux, modulo N; is 
given by (ei, e2): 

exp [-PUGI, e2; 4 PI + 0, P))l 

=._“$ (n:)!(n;)!l(n;)y -)! yyT+“w+“’ . .n2 

Xch(nT -al -e~)fh(n~ -nY -e2), (8.4) 

where C(a, p) is an as yet to be determined normalization term. Here we took 
N > 2. If N = 2 we must put nY.2 = 0. The functions &(x) are defined to be one, if 
x is a multiple of N, and zero otherwise. We have 
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Therefore, if N > 2: 

153 

e--B(F=+C)=N-2Cexp 
L 

(8.6) 

andif N=2: 

e-BG=e+C) = 1 4 5 (-l)‘+exp ( ? ~=(--l)‘a) . (8.7) 
a=1 

Usually, C will be adapted so that F(0; a, p) = 0. The asymptotic behavior for 
large a3 can be read off from eqs. (8.2) and (8.6), (8.7). By some remarkable 
accident, eqs. (8.6) and (8.7) have again the form of a Fourier transform so they 
are easy to insert into the duality equation (7.6) in order to obtain F,,,. We find: 

exp [-p(F,(h, 0; a, /3) + C(a, p))] = N-’ exp 
[ 

237-m, 
(2 - SN2) 1 Ga cos - 

= 1 N ’ (8.8) 
with 

f1 = ha$ e-pa2a3, q2 = ha2P e--pala3. (8.9) 

Now we can take the limit /3 + CO to obtain the energy of a magnetic flux: 
e-DFm~A.O;e.P) ,,-l3EJfkO;a) 

, (8.10) 

with 

~%(fi,O;a)=C&(mha), (8.11a) 

El(ml, a) = R(mJal eppaza3, 

E~(rn~,~)=R(rn;?)a2e-~"'"~, 

(8.11b) 

(8.11~) 

R(m)=h(2-&2)(1-C0s.F). (8.11d) 

The 1 in eq. (8.11d) arises from the normalization condition. C(u, p) in eq. (8.8) 
must be such that F(0; a, p)+ 0. Of course eq. (8.11) is expected to hold only for 
sufficiently large Ui. 

In deriving the asymptotic behaviour of E,(m ; a) we have neglected contribu- 
tions in eq. (8.4) from strings that run diagonally, besides the ones sketched in 
fig. 1. As promised we can now easily justify that. They namely would have an 
associated Boltzmann factor 

(8.12) 



etc. In eq. (8.8) this would give extra terms with 

A ha la2P 
Y12 = ____ exp {-pa3Ji&Z}, 

J2 2 a1 +a2 
(8.13) 

etc. And in eq. (8.11) we would get extra terms going like 

2 i 
exp {-pasJa I + a 21, (8.14) 

which decrease faster than eqs. (8.11b, c) and therefore can be neglected. Eqs. 
(8.11) give the asymptotic behaviour of the energy of magnetic fluxes exactly. 
Observe that the flux energy is proportional to the length of the flux lines, and 
decreases exponentially with the area through which the flux lines go. Of course, by 
extrapolation, we expect also 

E(m, a)=CEi(mi, 0) 3 (8.15) 
I 

for non-vanishing ml,*,3 (if one mi vanishes this follows directly from eq. (8.11a)). 
Obviously, this behaviour of the magnetic fluxes is quite opposite to that of the 
confining electric fluxes. The coefficient p in the exponent must be precisely the 
string constant. It multiplies an area, not a distance and therefore cannot directly 
be linked to the mass of a physical particle. A consequence of this rapidly decreas- 
ing energy of magnetic fields is that objects with color-magnetic charge are not 
confined in Quantum Chromodynamics. To the contrary, they only show short- 
range interactions. This was conjectured but not proved by several authors [3, 141. 

9. The massless particle phase 

When massless particles are present the separation between light and heavy 
fluxes becomes impossible. The dependence on II and p of the flux energies could 
be quite complicated and we have not yet succeeded in classifying the various 
possibilities consistent with eq. (6.3). As indicated in ref. [l], a possible phase- 
transition point between Higgs phase and confinement phase must show massless 
excitations which one could study. However, there is another realization of eq. (6.3) 
through massless particles that probably does not correspond to a critical transition 
point but may occupy a finite region in parameter space. It is when one or more 
unbroken U(1) groups survive the Higgs mechanism. 

Let us consider the case SU(2) with an isospin-one Higgs field [8] leaving as an 
apparent local symmetry group the subgroup U(1). As we will see this realization 
which we will refer to as the “Georgi-Glashow mode” is self-dual. Indeed, 
Montonen and Olive [15] observed a dual resemblance between magnetic mono- 
poles and charged vector particles in this model. Let us, by way of exercise, esti- 
mate the free energy of electric and magnetic fluxes in this case. 
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If all components of a and p are sufficiently large, then only the U(1) Maxwell 
fields determine the free energy. None of the massive particles will give a notice- 
able direct contribution to the free energy, because their Boltzmann factors e?” 
are too small. But they give an indirect contribution, in the following way. By rare 
thermal fluctuations (or by quantum tunneling) a pair of oppositely charged vector 
bosons may be created. One member may separate, go through one of the periodic 
walls (i.e., wind around the torus) and meet its companion from the other side after 
which they annihilate. We then obtain a Maxwell field configuration in the box 
where the U(1) electric flux in one direction has increased by 2 units (to keep our 
original notation, the charged vector bosons have electric charge g = two units, and 
an elementary doublet would have charges *$g = f one unit). Indeed, since we have 
N = 2 in our example, electric flux was only defined modulo 2. Thus, when we say 
that the electric flux is one unit in a certain direction, we really have to take into 
account all possible fluctuations that add an even number (positive or negative) to 
this flux, together with their Boltzmann factors, Clearly, the same must be done 
with the magnetic fields, because magnetic monopoles exist in this model and can 
be pair-created [9]. 

Since we are dealing with Maxwell fields, factorization (in the sense of sect. 7) 
holds: 

F=F,fF,, F,(e;a,p)=CF,i(ei;a,p), I 

F,(m;a,p)=CF,i(mi;a,p). 
(9.1) 

Let us first compute the free energy of an electric flux. If the flux were completely 
fixed in the U(1) sense, we would have 

g2alk2 
F,l(k~,P)=~a 

2 3 
(9.2) 

where g is the gauge coupling constant, and k is the integer that indicates the flux 
in our natural units. Because of the above explained tunneling phenomenon, in our 
SU(2) theory we have only k = 0 or 1. The other values are reached by thermal 
excitations. If we normalize 

F,i(O; a, P) = 0, (9.3) 

then 

f 
exp [-PFel(l; a, /3)] = “=-“, 

exp [ -k&(k +fj2] 
9 (9.4) 

and similarly for Fe2, F,,. 
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The magnetic monopoles in the theory have magnetic charge 47rjg, which is two 
elementary flux units. Therefore,,replacing, in eq. (9.4), g by 4r/g we find the 
formula for the magnetic energy: 

f’ 
exp[-BF,,l(l;a,P)]=L=-~ 

exp [ -Pf&tk +$I21 
,E, exp [ -Pgk’] 

Using the formulas 

f e-Ak2 

k=-m k=-m 

(9.5) 

(9.6a) 

and 

,=t _ (_qk e-“k’=Jm ; e-~*(“+i)2/A, (9.6b) 
a k=-m 

we find that eq. (7.6) is satisfied, up to an irrelevant normalization factor. 
When g is varied, eqs. (9.4) and (9.5) go over into each other continuously. This 

is why we say that this phase is self-dual. The fact that in this “Georgi-Glashow 
phase” eq. (6.3) is realized in a self-dual way is in our opinion a non-trivia1 obser- 
vation. 

10. The twisted functional integral 

We now know how to compute the energy of electric and magnetic fluxes, if one 
knows the functional integrals 

Win,,; a,}=C 
I 

DA exp S(A) (10.1) 
{%‘“I 

in a Euclidean box with sides a, and twisted boundary conditions given by the 
integers nw,,. So we ask: what is the asymptotic form of W in the various phases 
(Higgs/Confinement/Georgi-Glashow)? To be specific we consider the case N = 3 
and 

W= W{n12=1,rest=O;a,}/W{O;a,}. 

When all a,, are larger than the “hadronic” mass scale we put 

ala-r=&, a344 =X2, 

We find that W essentially depends only on XI and X2. 

(10.2) 

(10.3) 

(a) The Higgs phase. When the Higgs mechanism removes the local symmetry 
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completely in the usual way then the magnetic flux quantizes into Nielsen-Olesen 
tubes. Eq. (8.6) holds if F, is replaced by F, and N = 3. Since factorization is 
assumed and all n4i are kept zero, we find 

w = e-~(F,Jm3=l)--F,(0)) = ;+-;ey;y ; (10.4) 

-6, y=A&e , (10.5) 

where A and p are defined in sect. 8. The latter is the string constant for the 
Nielsen-Olesen string. 

(b) The confinement phase. The absolute confinement phase is described by eqs. 
(8.6)-(8.9) directly. We find 

W = eeAZ * exp [-P&I (10.6) 

(c) The Georgi-Glashow phase. We take the Georgi-Glashow phase as an 
example of a self-dual phase with massless particles. Eq. (9.5) applies to the case 
N = 2. We can easily* extend it to N = 3, and we find 

w= = 

,=E, exp {-Ak2X,/CI} zexp {-G k2ZliZ2} 
(10.7) 

Here A is some charge parameter. 
Now let us consider the limit X1 + CD first, then & large, for the three cases a, b 

and c. We find 

W + 1 - const + e-Z1”x2’ (10.8) 

with in case a: 

f(Z,) = 3A e-‘zz, (10.9) 

case b: 

f G2) = P 9 (10.10) 

case c: 

f(&) = 7r2/A&. (10.11) 

If on the other hand &+,co first then 

W + const - e-‘2ga1’ (10.12) 

??There are various ways to describe this phase as a partial Higgs phase but the final result in 
terms of electrically and magnetically charged particles is independent of this description. 
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with in case a: 

g&)=P, (10.13) 

case b: 

g&i) = A e-+ , ctu.lSj 

case c: 

g(L) = A/9& . 110.15) 

In all three cases the convergence towards the limit form is exponential. If W 
can be computed for reasonably large Ci, X2 then it can be found out with some 
confidence which of the various phases is realized. 

11. Conclusion 

When this investigation was started it was with a view to finding a scheme 
for quantitative calculations for the hadron spectrum in QCD. In particular we 
want to express the string constant p in terms of the distance scales set by the 
renormalized coupling constant. Our starting point was eq. (5.4), in which the 
quantity W has a perturbation expansion that, term by term, is free of infrared 
divergences. Bore1 resummation procedures [16], corrected for instanton effects 
[17] could perhaps give a fairly reliable result. And then it would be easy to check 
which of the asymptotic forms of the previous section apply. 

However, Euclidean invariance is reduced to rotations over 90” and artifacts due 
to this mutilation of the continuous Euclidean symmetry turned out to be formid- 
able. (The reader is invited to compute the zeroth order term. He will then under- 
stand our problem, which is technical, not fundamental.) 

On the other hand, qualitative study of eq. (5.4) gave us much insight in the 
long-distance structure of gauge theories. For instance, we found the proof of a 
conjecture made several times in the literature; simultaneous electric and magnetic 
confinement is impossible. If electric confinement is assumed, then the energy of a 
magnetic flux can be computed and is found to vanish exponentially as the size of 
the box increases. And we found that the Georgi-Glashow model, in which 
magnetic monopoles exist, has a long-distance structure which is self-dual. This is a 
statement for which we needed no such details as spin or mass spectrum of 
magnetic monopoles and dyons [15]. It follows solely from the gauge group struc- 
ture of the model. 

Finally, we hope that understanding of the asymptotic form for “twisted 
functional integrals” will be helpful in finding reliable calculational schemes for 
quantum chromodynamics. 

The author acknowledges fruitful discussions with Dr. C. P. Korthals Altes. 
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Appendix 

We should formulate precisely the prescription for gauge fixing in the finite 
Euclidean box. In this appendix we will concentrate on the continuous parts of the 
gauge group. How to treat the various homotopy classes of gauge field configura- 
tions (“twisted fibre bundles”) is explained at length in the text. 

Consider the gauge condition A0 = 0. We then have an Hamiltonian Hdepend- 
ing on A(x) and a(x), the latter being the momenta conjugate to A(x). Now H is 
still invariant under (time independent) gauge transformations 

A(x)+fi(x)A(x), (A.11 

where we use the same notation as in eqs. (2.1). In a Hilbert space of all field 
configurations A(x), the Hamiltonian commutes with the gauge rotation R defined 
by 

~~IA(x)}‘~{S~-‘(~)A(~)}. (A.2) 

So states in Hilbert space may be chosen to be representations of R. If R is in the 
same homotopy class as the identity, then we must choose the trivial represen- 
tation: 

f&Q) = Iti). (A.3) 

States that satisfy eq. (A.3) form the physical subspace of the above Hilbert space. 
To characterize those physical states it is sufficient to specify ${A(r)} for those 
A(x) that satisfy a gauge condition, such as 

A~(x)=A~(x~,x~,O)=A~(XI,O,O)=O. 64.4) 
However, the condition (A.4) is only compatible with the periodic boundary condi- 
tions if the functions Q in eqs. (2.1) are allowed to be physical degrees of freedom: 
in a functional integral we must integrate over the values of fli.2. 

Now we wish to express Tr e-OH in terms of functional integrals: 

Tre -OH= $(Z,, (4Q = -iP)j$(f = 0)). (A.51 

The sum is over a basis set of physical states only. We write 

I@@ = 0)) = [ DRfilA(r)) , (A.6) 

where A(x) satisfies eq. (A.4). We see that 

Tre -PH, 
I 

DA eS(A), (A.7) 

in Euclidean space, if: (i) the gauge is completely specified, for instance by choosing 
Ad = 0 and eq. (A.4) at t = 0 and (ii) the functions R that describe the periodic 
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boundary conditions in all four directions are integrated over. Comparing eq. (A.7) 
with eq. (5.4) we see that e = 0 and the values of m are summed over. The other 
cases can be obtained by inserting P as is done in sect. 5. 

Our formulation of the periodic boundary conditions in 3-space corresponds to 
the requirement that only gauge-invariant expressions must be periodic. An alter- 
native would be to require also AIL(x) t) to be periodic but that would exclude the 
possibility to define magnetic flux. 

We notice that the gauge restrictions on the functional integral (A.7) imply 
invariance of eq. (A.7) under permutations of the Euclidean coordinates, a property 
we needed to derive eq. (6.3). 
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