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ABSTRACT

In this work, we show that a magnon spin capacitor can be realized at a junction between two exchange coupled ferromagnets. In this
junction, the buildup of magnon spin over the junction is coupled to the difference in magnon chemical potential, realizing the magnon spin
analogue of an electrical capacitor. The relation between magnon spin and magnon chemical potential difference directly follows from
considering the magnon density–density interaction between the two ferromagnets. We analyze the junction in detail by considering spin
injection and detection from normal metal leads, the tunneling current across the junction, and magnon decay within the ferromagnet,
showing that such a structure realizes a magnon spin capacitor in series with a spin resistor. Choosing yttrium iron garnet as the
ferromagnet, we numerically calculate the magnon spin capacitance which ranges from picofarad to microfarad, depending on the area of the
junction. We therefore conclude that the magnon spin capacitor could directly be of use in applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0201442

Spintronics aims to replace charge with the spin degree of free-
dom, in particular targeting the replacement of conventional CMOS
technology. A number of spintronics circuit elements have to date been
implemented, such as spin transistors1 and methods for efficient spin
transport.2,3 Less attention has been paid to designing a spin capacitor,
a spintronic analogue of the electrical capacitor. Analogous to electrical
capacitors,4 spin capacitors are important for the fast manipulation of
spin systems, because of their frequency-dependent response.
Previously, proposals for a spin capacitor have either employed conven-
tional electrical capacitors combined with spin polarization5–7 or
magnetic tunneling junctions,8–11 having to deal with short spin deco-
herence times, or were only concerned with the storage of spin over
long timescales,12 neglecting the important frequency response.

In this work, we theoretically propose how to realize a magnon
spin capacitor, employing magnons, or spin waves, as spin carriers.13,14

Because magnons have fast-response times and are long lived, the
magnon spin capacitor functions over a wide frequency range, proving
its usefulness in spintronics.

We consider a ferromagnetic junction with a general XXZ type
coupling as shown in Fig. 1(a) and obtain the fundamental magnon
spin capacitor relation,

dQm ¼ CmdVm; (1)

where Qm � �hðnL � nRÞ is the relative magnon spin, defined as the
buildup in the magnon number nL=R over the junction, and Vm � lLm
�lRm is the magnon spin accumulation bias, defined as the difference in
magnon chemical potentials lL=Rm . Left (L) and right (R) indicate the left
and right ferromagnet. Finally, Cm is a coefficient relating the two quanti-
ties, which we identify as the magnon spin capacitance. Importantly, this
is the direct result of considering the density–density interaction, cou-
pling the Sz components of the spins in the left and right ferromagnet—
in analogy with the Coulomb interaction in the electrical capacitor.

Our proposal realizes a magnon spin capacitor in a ferromagnetic
junction similar to those used in magnon spin valve experiments.15

We consider both a parallel and antiparallel configuration of the mag-
netization and show that the magnon capacitance can be tuned by the
alignment. To connect to a possible experimental setup, we include the
injection and detection of spin through normal metal leads—creating
the magnonic circuit as shown in Fig. 1(b). Finally, we show that the
quantum magnon capacitance plays a role at low temperatures and
discuss how it is related to the instability of the antiparallel configura-
tion of the magnetization.

We consider a junction of two ferromagnetic insulators, as
depicted in Fig. 1(a). The dynamics of the spins Si with length S in the
bulk of each ferromagnet are modeled by the Hamiltonian,
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HL=R ¼ � 1
2

X
ij

JL=R;ijSL=R;i � SL=R;j � hL=R
X
i

SzL=R;i ; (2)

where i and j label the lattice sites, JL=R;ij is the exchange coupling,
which we take to be nearest neighbor with strength JL=R;ij � JL=R > 0
and hL=R � �hcL=Rl0HL=R is the Zeeman energy, with cL=R the gyro-
magnetic ratio and l0HL=R the magnetic field in the left or right ferro-
magnet, which can be positive or negative, allowing for a parallel or
antiparallel alignment of the spins with the z-axis.

We apply the Holstein–Primakoff transformation, S�L=R;i
’ ffiffiffiffiffi

2S
p

bL=R;i þ OðS�1=2Þ and Sz;"L=R;i ¼ S� b†L=R;ibL=R;i or Sz;#L=R;i ¼ �S

þ b†L=R;ibL=R;i.
16 Here, " and # refer to the parallel and antiparallel

alignment of the spins with the z-axis. The spin Hamiltonian (2) is
then diagonalized through the Fourier transformation bL=R;i ¼ 1=ffiffiffiffiffiffiffiffiffiffi
NL=R

p P
k e

ik�ri bL=R;k to obtain HL=R ¼Pk �hxL=R;kb
†
L=R;kbL=R;k . In

what follows, we work in the long-wavelength limit, such that
�hxL=R;k ¼ DL=R þ JL=R;sk2, where DL=R � �hcL=Rl0HL=R is the magnon

gap and JL=R;s � JL=RSL=Ra2L=R is the spin stiffness, with aL=R the lattice

constant. The coupling between two isotropic ferromagnetic insulators
can typically be described as an effective XXZ type coupling, H c

¼ H? þH z , where H? ¼ �Pij U
?
ij ðSxL;iSxR;j þ SyL;iS

y
R;jÞ and H z

¼ �Pij U
z
ijS

z
L;iS

z
R;j, with U?

ij and Uz
ij the transverse and longitudinal

exchange coupling, respectively. For the relative parallel (P) and anti-
parallel (AP) configurations of the magnetization, we obtain, after
applying the Holstein–Primakoff transformation,

H
P
? ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
SLSR
NLNR

r X
kk0

U?
kk0 ðbL;kb†R;k0 þH:c:Þ; (3)

H
P
z ¼ �Uz

0

X
kk0

nL;knR;k0 ; (4)

H
AP
? ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
SLSR
NLNR

r X
kk0

U?
kk0 ðb†L;kb†R;k0 þ bL;kbR;k0 Þ; (5)

H
AP
z ¼ þUz

0

X
kk0

nL;knR;k0 ; (6)

where nL=R;k � b†L=R;kbL=R;k is the magnon number operator, U?
kk0

�Pij e
�ik�ri e�ik0 �rjU?

ij is the scattering rate, and Uz
0 �Pij

Uz
ij

NLNR
is the

density–density interaction strength. We have performed the usual
expansion in large S, but have kept the magnon density-density inter-
action, / nL;knR;k0 , that couples the magnon densities of the two sub-
systems. We disregard constant energy shifts, which do not play a role
in the dynamics. The density–density interaction strength Uz

0 is
directly related to the classical energy of the system and can thus be
experimentally determined, which we discuss in more detail in the
supplementary material. Finally, we note that in the antiparallel config-
uration there is no tunneling allowed between the left and right subsys-
tem, since the magnon excitations are orthogonal to each other.

Central to our work is the magnon density–density interaction,
described by Eqs. (4) and (6). This interaction is quartic in magnon
operators and can therefore not be brought to a diagonalized form.
However, if the coupling energy scale, set by Uz

0 , is small compared to
the bulk energy scales, we can employ a mean-field approach. The left/
right magnon distribution function is then

nL=R;k ¼ fB
�hxL=R;k þ UL=R � lL=Rm

kBTL=R

 !
; (7)

where fBðxÞ ¼ 1=ðex � 1Þ is the Bose function and UL=R � 7Uz
0

�Pk0 nR=L;k0 is the energy as a result of the density–density interac-
tion with the second ferromagnet, thus coupling the magnon distribu-
tion of the left ferromagnet with the right ferromagnet as a shift of the
right magnon band and vice versa. Here, 7 indicates the parallel (–)
and antiparallel (þ) configuration. We have introduced the magnon
chemical potential lL=Rm for the left/right ferromagnet to parametrize a
long-living nonequilibrium magnon state, which is justified on time
scales longer than the number-conserving exchange driven magnon–
magnon scattering time.3

For simplicity, we assume the left and right ferromagnets to be
identical, i.e., xL;k ¼ xR;k � xk and consider equal temperatures,
TL ¼ TR � T . To determine the non-equilibrium response, we expand
the magnon distribution as nL=R;k ¼ n0k þ dnL=R;k , where n0k is the
equilibrium magnon distribution and dnL=R;k the non-equilibrium
response. The potential energy is now written as an effective energy
shift, UL=R ¼ 7Uz

0

P
k0 n

0
k0 þ dnR=L;k0 : Assuming that both lL=Rm � D

and UL=R � D, we expand the magnon distribution function, Eq. (7),

in lL=Rm and UL=R to find

dnL;k ¼ � @n0k
@xk

lLm6Uz
0

X
k0
ðn0k0 þ dnR;k0 Þ

� �
; (8)

FIG. 1. (a) The ferromagnetic (FM) junction with attached normal metal (NM) leads
considered in this work. (b) The circuit representation of the junction. A spin bias is
applied through the spin accumulation leL=R in the left/right normal metal lead, driv-

ing the magnon chemical potentials lL=Rm . The left and right ferromagnet with width
w and surface area A are coupled through an XXZ coupling with strengths U? and
Uz, giving rise to a tunneling current (represented by the resistance RT) and a mag-
non capacitance, represented by two capacitors in series, related to the quantum
magnon capacitance CQ and to the mutual interaction CM. The resistors RI repre-
sent the interfacial resistance of the NMjFM interface and the resistors RG the mag-
non decay. The spin current injected in the right normal metal lead, Is, can be
measured through the inverse spin Hall effect.
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dnR;k ¼ � @n0k
@xk

lRm6Uz
0

X
k0
ðn0k0 þ dnL;k0 Þ

� �
; (9)

where we used n0k ¼ fBð�hxk=kBTÞ. These coupled equations describe
the response of the system to a change in the magnon number through
one of two ways: (1) changing the chemical potential and (2) shifting
the bottom of the band.17 The bottom of the band is set by the mutual
density–density interaction, thus coupling the two equations.
Equations (8) and (9) are now solved for dnL=R;k to find the relative
magnon spin,

Qm ¼ ��h
X
k

@n0k
@�hxk

Vm7Uz
0Qm=�h

� �
; (10)

where Qm � �h
P

kðnL;k � nR;kÞ and Vm � lLm � lRm. Now, we solve
Eq. (10) to obtain Qm and take the derivative with respect to Vm to
obtain the central result of this work: the fundamental magnon spin
capacitor equation (1). Explicitly, we find the capacitance as

1
Cm

¼ 1
CQ

6
1
CM

; (11)

where

CQ ¼ ��hV
ð

d3k

ð2pÞ3
@fB

�hxk

kBT

� �
@�hxk

(12)

is the quantum magnon capacitance (converted to an integral in the
thermodynamic limit) and

CM ¼ �h
Uz A (13)

is the mutual magnon capacitance. Here, we used the fact that, for suf-
ficiently large systems, the interaction Uz

ij is local and translationally

invariant, such that we can write Uz
0 ¼ Uz=A, whereA is the interfa-

cial surface area of the ferromagnet and Uz is the interfacial coupling
energy. We refer the reader to the supplementary material for more
details regarding the area scaling.

The Hamiltonian H? yields a tunneling current Is ¼ rTðlLm
�lRmÞ; between the two magnon subsystems, if U?

kk0 is small compared
to the bulk energy scales.18 We give rT in the supplementary material.
Note that in the antiparallel configuration rT ¼ 0 [cf. Eq. (5)].

From Eq. (1), we obtain the relation of the magnon current
through the system, Im � _Qm, in response to the rate of change in
magnon spin accumulation, _Vm, as ImðtÞ ¼ Cm _VmðtÞ. In the parallel
configuration, there will be a leakage current flowing between the left
and right ferromagnet, acting as an additional resistor in parallel to the
capacitor with resistance R�1

T � rT . We therefore represent the mag-
nonic capacitor with the circuit representation in Fig. 1(b), consisting
of a mutual and quantum capacitor in series, parallel to a resistor.

The magnon capacitor offers an additional engineering degree of
freedom: the choice between a parallel and antiparallel configuration,
which switches the sign of the mutual magnon capacitance CM and
changes the leakage current Is from finite to zero. The switching of the
sign of the mutual magnon capacitance is the effect of the interfacial
exchange coupling, which energetically prefers a parallel alignment for
Uz
0 > 0. The buildup of relative magnon spin Qm thus increases the

total energy of the system in the parallel alignment, whereas in the
antiparallel alignment, the total energy is decreased. Increasing the
magnon number also incurs an energetic cost due to the Bose–Einstein
statistics, described by the quantum magnon capacitance. In the anti-
parallel configuration, there thus exists an energetic instability if
CAP
M > CQ, beyond which the linear spin-wave theory employed here

is no longer valid.
We next consider the magnon capacitor in a structure with nor-

mal metal leads attached, demonstrating a simple magnonic circuit
that can be realized with the magnon capacitor. An attached normal
metal (NM) lead to a ferromagnet (FM) will drive a spin current across
the NMjFM interface given by IL=R ¼ rIðleL=R � lL=Rm Þ, where rI is

given in the supplementary material. The resistance of the NMjFM
interface is then R�1

I � rI .
The magnon number is not a conserved quantity, and magnons

will decay through several processes, such as magnon–phonon scatter-
ing. This effect can be modeled with a resistor to ground, with a resis-
tance R�1

G ¼ VrG, where rG is the spin-relaxation conductance,
which we obtain from experimental measurements.

The total work done will be dWm ¼ VmdQm=�h, such that the
total energy stored in the magnon capacitor is

E ¼ 1
�h
Q2

m

2Cm
¼ 1

2
Cm

�h
V2
m: (14)

From this expression for the energy, it is clear that the energy is stored
in the buildup of relative magnon spinQm over the capacitor, mediated
by the mutual interaction, i.e., the energy due to the interactions
between magnons in the left and right ferromagnet that results from
the density–density interaction. Since magnons have a finite lifetime,
this is not a perfect magnon spin battery and will drain over a time-
scale set by RGCm.

Attaching normal metal leads to the ferromagnetic junction
corresponds to the magnonic circuit as shown in Fig. 1, where a spin-
accumulation bias Ve ¼ leL � leR is applied to the magnon capacitor,
consisting of two capacitors in series, representing the quantum mag-
non capacitance CQ and mutual interaction CM, with a parallel leakage
resistor. The finite magnon lifetime is parametrized with two resistors
to ground. This circuit can then be analyzed using conventional circuit
analysis. As we will show later, for typical parameters, the magnon
decay resistance RG and tunneling resistance RT are large, while the
resistance of the NMjFM interface is small, and they can thus be effec-
tively disregarded. The circuit can therefore be treated as a capacitor,
where the injected spin current in the right normal metal, IsðtÞ in
Fig. 1(b), can be measured (through the inverse spin Hall effect).
In addition, this capacitor can of course be embedded in a larger spin-
tronics circuit, disregarding the need for electrical injection and detec-
tion of spin altogether.

In this work, we propose the simplest RC-circuit, which can be
built with the magnon spin capacitor, where an additional resistor
with resistance R is placed in series with the spin capacitor to realize an
RC-circuit. We then obtain for the DC response, with the capacitor
initially uncharged and at t¼ 0 an external spin bias is applied,
IsðtÞ ¼ Ve

R e�t=s, where s � RC is the time constant of this system, also
known as the RC time. Since the magnon capacitance can switch sign
between the parallel and antiparallel configuration, s can have
either sign and thus, the magnon current can increase exponentially—
reversing the magnetization, unless it is limited by non-linear
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interactions. The AC response is a high-pass filter, IsðxÞ
¼ 1

R
isx

1þisxVeðxÞ, with cutoff frequency xc � s�1 and associated
frequency-dependent phase shift tan/ � ðxsÞ�1.

We now numerically calculate the capacitance and resistances,
considering both ferromagnetic insulators to be yttrium iron garnet
(YIG), such that S¼ 14.2, Js ¼ 8:5� 10�40Jm2 and we take
D=kB ¼ 1K.19 Furthermore, we assume a rough interface with an iso-
tropic exchange coupling, such that scattering of the incident magnons
does not conserve momentum and we have a tunneling amplitude
U?
kk0 � U?. The normal metals we assume to be platinum (Pt), with

the spin-mixing conductance for the PtjYIG interface given by
g"# ¼ 1:6� 1014 S=m2.20,21 In what follows, we quote capacitances
and resistances in electrical units, by assigning magnons a charge e and
expressing the chemical potential V in voltage, i.e., Qm ! Qm e=�h and
Vm ! Vm=e, such that C ! C e2=�h and R ! R �h=e2.

Motivated by recent magnon valve experiments,15,22 we assume a
coupling strength Uz=a2 and tunneling amplitude U? of 1–100 leV.
This interfacial coupling can originate from the Ruderman–Kittel–
Kasuya–Yosida (RKKY) coupling,23–25 or from magnetostatic coupling
through the dipole–dipole interaction.26,27

For a device of 1� 1� 1 lm and Uz=a2 ¼ U? ¼ 10leV at
room temperature, we find CM � 10 nF and CQ � 50 nF. Therefore,
neither capacitance can be disregarded and remains relevant, in con-
trast to the electronic case, where the quantum capacitance can usually
be neglected for macroscopic devices. The PtjYIG interfacial resistance
is RI � 0:3X, and the tunneling resistance (in the parallel orientation)
between the two ferromagnets is RT � 600MX. Furthermore, for YIG
at room temperature rG ¼ 5mS=lm3 and thus RG � 200X.3

The magnon chemical potential and thus the magnon capaci-
tance are only well defined on timescales slower than the magnon–
magnon scattering timescale, which is approximately 10�13 s in YIG at
room temperature.3,28 The magnon spin capacitor will additionally
discharge over a timescale set by CmRG, which is 10�6 s for the same
parameters. Therefore, the magnon spin capacitor functions over a
wide timescale. In addition, the magnon spin diffusion length, which is
10lm in YIG at room temperature,3 sets the length scale over which
the chemical potential can be regarded as constant, beyond which
additional modifications of our theory are necessary.

We show the total capacitance in Fig. 2 as a function of the sur-
face area A. Here, the dashed line indicates the quantum capacitance
CQ, which serves as an upper limit [cf. Eq. (11)]. We observe that the
capacitance can be tuned over a wide range through the surface area,
similar to how surface area in electronics is used to obtain the desired
electrical capacitance.

We now consider the effect of temperature on the capacitance in
Fig. 3, where we show the ratio CM=CQ together with the total capaci-
tance Cm in the parallel and antiparallel configuration. For low temper-
atures, CQ < CM and thus Cm � CQ. At higher temperatures, the
quantum capacitance reduces and the mutual magnon capacitance
becomes relevant, and Cm � CM in the high-temperature limit.

In the antiparallel orientation, the quantum and mutual magnon
capacitance compete [as can be seen from the minus sign in Eq. (11)],
and thus, the total capacitance diverges, which will result in a diver-
gence of the RC time—beyond which the antiparallel orientation is
unstable. This is due to the fact that the thermal magnons now have
sufficient energy to overcome the mutual interaction energy. The
divergence is thus related to a bosonic Stoner-like instability, i.e., the

trade-off between kinetic and interaction energies.29,30 We note that
for our choice of parameters and materials this divergence occurs at
approximately 60K, but this is strongly dependent on both the dimen-
sions of the device and the coupling strength.

In conclusion, we have shown that a ferromagnetic junction func-
tions as a magnon spin capacitor, thus providing a key element for
spintronic circuits. We have derived the fundamental capacitor
equation (1) coupling the relative magnon spin Qm to the magnon
spin accumulation bias Vm through a magnon spin capacitance Cm,
with contributions from the mutual magnon capacitance and the
quantum magnon capacitance. When normal metal leads and an addi-
tional resistor are attached, this device can be readily used in an RC cir-
cuit. Finally, we showed that a wide parameter range is available. We
therefore also conclude that the magnon spin capacitor as considered
in this work could be directly of use in applications.

FIG. 2. The total capacitance Cm in the parallel orientation at room temperature
T ¼ 290K, as a function of the surface areaA, for varying interaction strengthUz .
The dashed line indicates CQ, which provides as an upper limit for the total capaci-
tance [cf. Eq. (11)].

FIG. 3. The ratio between the mutual and quantum magnon capacitance (blue solid,
left axis) and the total capacitance Cm in the parallel orientation (red solid, right
axis) and antiparallel orientation (red dashed, right axis), as a function of tempera-
ture. Here, Uz=a2 ¼ 10 leV and device size is 1� 1� 1lm3. The horizontal
dashed line indicates CM, which is independent of temperature and the vertical
dashed line indicates the magnon gap D ¼ 1 K.
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See the supplementary material for more details on the density–
density interaction and expressions for rT and rI, which includes Refs.
31–35.
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