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a b s t r a c t

Hypothesis testing when the null hypothesis belongs to the univariate or multivariate
normal linear model is discussed. More specifically it is shown how data can be replicated
from the null distribution conditional on the sufficient statistics for the parameters of the
null hypothesis at hand. This distribution will be called the similar null distribution of the
data. It is shown how the similar null distribution of the data can be used to obtain level
alpha tests for any test statistic that is of interest. The p-value that is obtained using the
distribution of the test statistic conditional on the sufficient statistics is called the similar
p-value.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Null hypothesis testing can be complicated for composite null hypotheses, i.e., in the presence of nuisance parameters.
To compute a significance or p-value, two ingredients are needed in addition to the null hypothesis and observed data y: A
test statistic T and its null distribution g(T |H0). The derivation of g(T |H0) is not always straightforward and therefore null
distributions are often approximated, leading to asymptotic p-values (cf. Bayarri and Berger (2000) and Robins et al. (2000)).
In this paper, composite null hypotheses that have the form of a normal linear model will be considered. In thesemodels,

sufficient statistics for the nuisance parameters typically are available. As a consequence, similar tests could be formulated
leading to so-called similar p-values (psim). In similar tests the nuisance parameters are eliminated by conditioning on the
observed sufficient statistics for the unknown parameters under the null model. Denoting the sufficient statistics by Sr(y)
(r = 1, . . . , R), where R denotes the total number of sufficient statistics for the null hypothesis at hand, a similar test
evaluates a test statistic T using the distribution g(T |S1(y), . . . , SR(y)) (Lehmann, 1997, p. 140). Note that a similar test is a
level alpha test, that is

P(psim < α|H0) = α.

In general, the computation of psim can, however, be complicated; the distribution g(T |S1(y), . . . , SR(y)) is often difficult
to obtain. As a consequence, one is either limited in the choice of T (restricting to those test statistics for which the
distribution is available) or subjected to other procedures that may not have the desirable properties of the similar test. In
the context of composite null hypotheses, Bayarri and Berger (2000), for instance, proposed two alternative formulations of
p-values based on conditional predictive distributions: the conditional predictive p-value and the partial posterior predictive
p-value. Bayarri et al. (2006) present samplingmethods that can be applied to obtain these p-values for various test statistics
in a univariate setting.
In this paper, we will present a method to obtain the similar null distribution of the data for both the univariate and

multivariate normal linear null model. Note that the expression ‘similar null distribution of the data’ is not standard
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terminology. What we mean is that the distribution of the data (and not that of a specific test statistic) under the null
is obtained, and that this distribution has the property that the expected proportion of rejections of the null hypothesis
computed with respect to this distribution is level alpha for any test (Lehmann, 1997, p. 140). With the similar null
distribution of the data, a similar p-value can be computed for any test statistic T .
Compared to the work presented by Bayarri and Berger (2000) and Bayarri et al. (2006) our approach is: (i) different,

since we present a sampling procedure providing a similar p-value, that is, psim, (ii) more flexible, in the sense that one
sampling approach delivers the null distribution of any test statistic of interest, (iii) more limited, since we consider only
normal linear null hypotheses (although this does contain a wide range of applications and commonly used tests), and (iv)
an extension, since we will present a sampling procedure for both univariate and multivariate null hypotheses.
The method proposed in this paper is based on repeatedly sampling data vectors from the similar null distribution of the

data. Stated differently, the approach renders g(z|S1(z) = S1(y), . . . , SR(z) = SR(y)), where z denotes a data-matrix from
the null population and y the observed data vector. The distribution of the data z conditional on the sufficient statistics is
uniform, that is

g(z|S1(z) = S1(y), . . . , SR(z) = SR(y)) = c. (1)

For notational convenience, in the sequel {S1(z) = S1(y), . . . , SR(z) = SR(y)} will be abbreviated by S . An advantage
of rendering the similar distribution of the data is that a similar test for any function of the data (i.e. any test statistic T ) is
obtained. The aim of the paper is therefore not to present a new test or specific test statistic, but to show that the similar null
distribution of the data can be obtained and renders similar tests for any test statistic. Computation of T (z) for each z renders
the similar distribution of the test statistic. This distribution is denoted g(T (z)|S) and renders a similar p-value, that is

psim = P(T (z) ≥ T (y)|S). (2)

As was stated before, both univariate and multivariate normal null hypotheses will be considered. The general univariate
normal null hypothesis for i = 1, . . . ,N respondents is:

yi =
K∑
k=1

βkdki +
P∑
p=1

αpxpi + εi, with εi
iid
∼ N(0, σ 2), (3)

where yi denotes the score of the i-th respondent on the outcome variable, xpi the score of the i-th respondent on the p-th
continuous predictor (p = 1, . . . , P), and, dki = 1 indicates that respondent i is in group k (k = 1, . . . , K ), while dki = 0
indicates the opposite. Furthermore, βk denotes the (adjusted) mean in group k, αp is the regression coefficient relating the
p-th continuous predictor to the dependent variable, and σ 2 is the residual variance. Specific null hypotheses are obtained
by choosing appropriate values for K and P . For instance, the null hypothesis of a four group analysis of variance (ANOVA):
β1 = β2 = β3 = β4 = β , is (3) specified with K = 1, d1i = 1 for i = 1, . . . ,N and P = 0. The standard ANOVA F-test
tests against H1: not all βj equal (where j = 1, . . . , J denotes the number of groups under the alternative). In this case, the
distribution g(T |H0) is known and exact p-values are obtained (provided the general ANOVA model assumptions are met).
Testing against for instance H2: β1 ≤ β2 ≤ β3 ≤ β4 is less straightforward and requires level probabilities (see Barlow et al.
(1972), Robertson et al. (1988) and Silvapulle and Sen (2005)). Level probabilities are still easy to compute for the simple
hypothesis just presented, but becomes more complicated for larger K , the addition of P covariates and variations in the
type and number of order constraints. As another example of an alternative hypothesis that may be of interest, consider
testing against H1 using a test statistic that is robust against ‘long-tailed error distributions which may not be symmetric’
(see Silvapulle (1992a,b)). Silvapulle presents a test statistic that is useful in this context, but for this test only the asymptotic
distribution is known. It could also be of interest to use a robust test statistic for testing against H2 but, as far as is known by
the authors, no applications of this have appeared yet in the literature. The reason may be that although the specification
of a useful test statistic T is not that difficult, deriving the distribution g(T |H0) often is. With the approach presented in this
paper, level alpha tests are obtained for any test statistic of interest as long as the null hypothesis is a specification of (3).
Furthermore, multivariate normal models will be considered. The general multivariate normal null hypothesis is:

yi =
K∑
k=1

βkdki +
P∑
p=1

αpxpi + εi, with εi
iid
∼ N(0,6) (4)

where yi, αp, βk, and εi are vectors of length Q , and 6 is a Q × Q covariance matrix. A description will be given as to how
the multivariate generalization of z , that is, the N × Q matrix Z can be sampled from the multivariate counterpart of (1).
A Gibbs sampler will be used, that is based on repeated application of the univariate sampling procedure to each of the Q
dependent variables. Specific multivariate null hypotheses are obtained by choosing appropriate values for K , P and Q . As
an example, consider (4) with K = 1, d1i = 1 for i = 1, . . . ,N , P = 0 and Q = 4. This is, for instance, the null hypothesis
for a three groups multivariate analysis of variance (MANOVA) with H0: β1 = β2 = β3 = β against the alternative H1 :
not all βj equal (j = 1, . . . , J denote the groups under the alternative hypothesis). This is a classic multivariate testing
problem for which a number of test-statistics have been developed: Wilk’s lambda, Roy’s largest root, the Hotelling-Lawley
trace and Pillai–Bartlett trace (see, for example, Tatsuoka (1988), pp. 88–95 and 285–288, Stevens (1996), pp. 225–226).
Many references to F-approximations of the null distributions of these statistics can be found in the literature. However, the
finite sample null distribution is not known for each of these statistics (see, for example, Muller (1998)). As in the univariate
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case, it may also be interesting and more informative to test H0 against an ordered alternative, e.g. H2 : β1 ≤ β2 ≤ β3.
We found only one reference with respect to the evaluation of this type of hypothesis in the literature. Sasabuchi et al.
(2003) present a likelihood ratio test and a method to compute the supremum of its upper tail probability under the null
hypothesis. In general, finding the (exact) distribution g(T |H0) for a test statistic that is useful in the context of multivariate
ordered hypotheses is very difficult. With the approach presented in this paper, level alpha tests are also obtained for any
test statistic of interest for null hypotheses that are a specification of (4).
The paper is organized as follows. In Section 2, an introduction is given on how to sample from the null distribution of the

data based on a simple univariate null hypothesis (Section 2.1). Subsequently the approach will be presented for the general
univariate null (Section 2.2) and a specification of the general univariate null model (Section 2.3). In Section 3, multivariate
distributions are sampled using an extension of the approach that is based on a Gibbs sampling procedure (Section 3.1).
Illustrations will be provided in the context of one-sided multivariate testing (Section 3.2) and hypotheses imposing order
restrictions on multivariate means (Section 3.3). The paper will be concluded with a discussion in Section 4.

2. The univariate null hypothesis

2.1. Replication of data for a simple null hypothesis

Model (3) with K = 1 and P = 0 leads to the simple null hypothesis yi = β1 + εi, with εi
iid
∼ N(0, σ 2). The sufficient

statistics for the nuisance parameters (β1 and σ 2) of this null hypothesis are S1(y) =
∑N
i=1 yi and S2(y) =

∑N
i=1 y

2
i . The null

distribution of the data conditional on the observed values of the sufficient statistics is not available in closed form, but data
z = [z1, . . . , zN ] can be replicated from

g

(
z|

N∑
i=1

zi =
N∑
i=1

yi,
N∑
i=1

z2i =
N∑
i=1

y2i

)
= c, (5)

where the constant c implies that, conditional on the sufficient statistics, each data vector z has the same density. In this
section replication of a vector z from (5) will be explained. In Section 2.1.1, a small numerical illustration for N = 3 is
provided.
The replicated vectors z give a discrete representation of the desired distribution (5). The precision of this representation

increases with the number of replications and can therefore be controlled by the user. As will be shown, for numbers of
replications that are easily obtained with modern personal computers, the obtained degree of precision is very high.
To replicate a vector z from (5) amounts to randomly choosing any vector for which

∑N
i=1 zi =

∑N
i=1 yi and

∑N
i=1 z

2
i =∑N

i=1 y
2
i . By solving

∑N
i=1 zi =

∑N
i=1 yi for zN and substituting zN =

∑N
i=1 yi −

∑N−1
i=1 zi in

∑N
i=1 z

2
i =

∑N
i=1 y

2
i the following

condition is obtained:

N−1∑
i=1

z2i +
N−2∑
i=1

N−1∑
l=i+1

zizl −
N∑
i=1

yi
N−1∑
i=1

zi =
1
2

N∑
i=1

y2i −
1
2

(
N∑
i=1

yi

)2
, (6)

which is the equation of an ellipsoid in RN−1. Note that (6) is a function of z− = [z1, . . . , zN−1]. To replicate a data vector
z−, a point on this ellipsoid is needed, where each point has an equal probability of being sampled. Note also, that when a
vector z− is obtained, the value for zN can subsequently be computed using zN =

∑N
i=1 yi −

∑N−1
i=1 zi.

It will be shown that (6) is equal to the formula for isodensity ellipsoids of amultivariate normal distribution of dimension
N−1 and this propertywill be used in the sampling scheme. To obtain an arbitrary point z− on the ellipsoid, themultivariate
normal distribution corresponding to (6) must be defined. The general formula for isodensity ellipsoids of NN−1(µ−,6−) is

(z− − µ−)′(6−)−1(z− − µ−) = d, (7)

where each different value of the constant d specifies a different ellipsoid (Tatsuoka, 1988, p. 70). The notation µ− and 6−
is used to emphasize that the dimension of the multivariate normal equals the dimension of z−.
Denote (6−)−1 = �−, with elements ωil. Dropping the matrix notation, (7) can be written as

N−1∑
i=1

ωiiz2i +
N−2∑
i=1

N−1∑
l=i+1

2ωilzizl −
N−1∑
i=1

N−1∑
l=1

2ωilµlzi = d−
N−1∑
i=1

ωiiµ
2
i −

N−2∑
i=1

N−1∑
l=i+1

2ωilµiµl. (8)

Note that (8) is also a function of z−.
Comparing (8) with (6) it can be seen that for the simple null hypothesis

µ− =

[
1

N − 1

N∑
i=1

yi, . . . ,
1

N − 1

N∑
i=1

yi

]
, (9)
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Fig. 1. Isodensity ellipsoids of a three dimensional normal distribution.

�− =



1
1
2
· · ·

1
2

1
2

1
...

. . .
...

1
1
2

1
2

· · ·
1
2

1


, (10)

and

d =
1
2

N∑
i=1

y2i +
1

2N − 2

(
N∑
i=1

yi

)2
. (11)

As will be explained hereafter, to replicate a vector z− on the ellipsoid that is specified by (6), the value of d, that is (11),
is not required. Therefore, in the sequel, the derivation of d will be omitted. The procedure to obtain a point from exactly
the ellipsoid that is specified by (6), consists of the following steps:
1. A point p− = [p1, . . . , pN−1] is sampled from NN−1(µ−,6−) with µ− as specified in (9), and 6− via �− as specified in
(10). This point p− belongs to one of themany isodensity ellipsoids, but typically not the required one, as specified in (6).
This is illustrated in Fig. 1, for N = 4. The inner ellipsoid in this figure represents (6) but the sampled point p− belongs
to the outer ellipsoid.

2. A line through the sampled point p− and the centroid of the ellipsoids µ− is drawn (see Fig. 1). This line has two
intersections with the required ellipsoid, i.e. the inner ellipsoid in Fig. 1. One of the intersections (each with a probability
.5) renders a vector z−. Since z− must be on the line, we have:

z− = µ− + λ(p− − µ−). (12)

Note that (12) consists of (N − 1) equations and N unknowns (z− and λ) and that (6) adds the N-th equation. Solving (6)
and (12) for λ renders two solutions, from which one random choice is inserted in (12) to compute z−.
Obviously, not every vector p− has an equal probability of being sampled. However, all vectors that belong to one

specific ellipsoid do have an equal probability and this holds for all isodensity ellipses. Since each vector (on any ellipsoid)
has a corresponding position on the required ellipsoid that is obtained using the centroid of the ellipsoids, it holds that
any value on the required ellipsoid has an equal probability of being sampled.

3. The last element is computed using zN =
∑N
i=1 yi −

∑N−1
i=1 zi.

Going through steps 1 to 3 renders one replicated data vector z from (5).

2.1.1. A small numerical illustration
In this section the derivation of the sampling procedure is illustrated using a small example of three observations,

y = [1, 2, 3], with sufficient statistics
∑N
i=1 yi = 6 and

∑N
i=1 y

2
i = 14. Therefore we wish to sample replicated data

z = [z1, z2, z3]with:{
z1 + z2 + z3 = 6
z21 + z

2
2 + z

2
3 = 14,

(13)

and, after rewriting (13) into the form (6):

z21 + z
2
2 + z1z2 − 6(z1 + z2) = −11. (14)

Subsequently z3 = 6− (z1 + z2).
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To obtain a replicated vector z− = [z1, z2], a random draw is obtained from a bivariate normal distribution with
µ− = [3, 3] and a 2 × 2 covariance matrix 6−. The inverse of 6− is �− and the latter has diagonal elements equal to
1 and off-diagonal elements equal to 12 . The obtained vector is denoted p

−
= [p1, p2]. The set of equations to be solved then

consist of:z1 = 3+ λ(p1 − 3)z2 = 3+ λ(p2 − 3)
z21 + z

2
2 + z1z2 − 6(z1 + z2) = −11.

(15)

For each sampled p− = [p1, p2], we have 3 equations and 3 unknowns, i.e. z1, z2 and λ. Solving (15) for λ provides 2
solutions for [z1, z2], fromwhich one is randomly chosen. Subsequently, z3 can easily be computed and one replicated vector
conditional on the sufficient statistics is obtained. For instance, if the sampled values are p1 = 0 and p2 = 1, solving (15)
gives λ1 = 0.17 and λ2 = 0.62, leading to zλ1 = {2.49, 2.66, 0.85} and zλ2 = {1.14, 1.76, 3.10} respectively.

2.2. The general univariate null hypothesis

In this section the method of obtaining the null distribution for the general univariate null hypothesis (3) will be
explained. For the nuisance parameters of (3), the number of sufficient statistics is R = K + P + 1. The density of the data
conditional on the sufficient statistics S1(y), . . . , SR(y) is the similar null distribution of the data. To obtain this distribution,
data z = [z1, . . . , zN ] are replicated from g(z|S) = c by execution of the following steps:
1. For the general univariate null hypothesis g(z|S) = c is specified, using:
(a) For r = 1, . . . , K

Sr(z) =
N∑
i=1

zidri =
N∑
i=1

yidri. (16)

(b) For r = K + 1, . . . , K + P

Sr(z) =
N∑
i=1

zix(r−K),i =
N∑
i=1

yix(r−K),i. (17)

(c) For r = K + P + 1

Sr(z) =
N∑
i=1

z2i =
N∑
i=1

y2i . (18)

Eqs. (16)–(18) together consist of K + P + 1 functions of z , where z consists of N elements (zi), i.e. N unknowns. Note,
that the K + P equations of (16) and (17) are all linear functions of z . Each of these K + P linear equations is solved for
one specific zi as will be explained hereafter. The observations are assumed to be ordered by group. Thus, if group k = 1
consists ofN1 observations, they have indices i = 1, . . . ,N1 and the first observation of group k = 2 has index i = N1+1.
To denote the number of observations in group k, the notation Nk is used. To denote the last observation of group k, the
notation zNk+ is used. In other words, Nk+ =

∑k
k′=1 Nk′ is the cumulative sample size of the first k groups.

2. Using the notation introduced in step 1:
(a) (16) implies that, for k = 1, . . . , K

zNk+ =
N∑
i=1

yidki −
∑
i∈Ak

zidki, (19)

withAk = {1, . . . ,Nk+ − 1,Nk+ + 1, . . . ,N} for k = 1, . . . , K − 1 andAk = {1, . . . ,N − 1} for k = K .
(b) (17) implies that, for p = 1, . . . , P

zN−p =

 N∑
i=1

yixpi −
∑
i∈Bp

zixpi

/xp,(N−p), (20)

withBp = {1, . . . ,N − p− 1,N − p+ 1, . . . ,N} for p = 2, . . . , P andBp = {1, . . . ,N − 2,N} for p = 1. Note that
the observations must be ordered such that xp,(N−p) 6= 0 to avoid division by zero.

3. Using a stepwise elimination by substitution procedure, the K + P linear equations from the previous step, render
solutions for K + P elements of z . Note, that in principle it is arbitrary for which elements zi the equations are solved.
However to avoid divisions by zero in the substitution process, the ordering of the observations in the last group, where
P equations are solved for the elements zN−p (p = 1, . . . , P), must be such that xp,(N−p) 6= xp,N , ∀ p.
Substitution of the linear solutions from (19) and (20) in the quadratic form (18) always renders an equation with

only quadratic terms z2i , products zizl (i 6= l), single terms zi and terms that are not a function of z . The resulting equation
is a function of z−, where z− has dimension N − K − P , since K + P elements are eliminated.
It can be written as∑

i∈C

ciiz2i +
∑
i∈C

∑
l>i∈C

cilzizl −
∑
i∈C

bizi = a, (21)
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with C = {A1
⋂
. . .
⋂

AK
⋂

B1
⋂
. . .
⋂

BP}. Note that (21) is the general form of (6). The constants cii, cil, bi and a
are based on the observed values of the sufficient statistics, and on the observed values of xpi. Furthermore, (21) is an
ellipsoid in RN

−

, with dimension N− = N − K − P .
4. The equation of an isodensity ellipsoid of a multivariate normal distribution NN−K−P(µ−,6−), with (6−)−1 = �− can,
analogous to (8), be written as∑

i∈C

ωiiz2i +
∑
i∈C

∑
l>i∈C

2ωilzizl −
∑
i∈C

∑
l∈C

2ωilµlzi = d−
∑
i∈C

ωiiµ
2
i −

∑
i∈C

∑
l>i∈C

2ωilµiµl. (22)

Comparing (21) with (22) it can be seen that for the general null hypothesis ωii = cii, ωil = 1
2 cil and the values for µl

(l ∈ C) can be derived from the set of equations

bi =
∑
l∈C

2ωilµl for i ∈ C. (23)

Note that there are N − K − P equations in (23), and an equal number of parameters to solve, i.e. µl for l ∈ C.
5. Sampling p− = [p1, . . . , pN− ] from NN−1(µ−,6−), with µ− and 6− as specified in step 4, and computation of the
intersections of the line through p− and µ− with the required ellipsoid using (12) and (21), renders a vector z− =
[z1, . . . , zN− ]. The remaining K + P observations can be computed using the K + P equations contained in (19) and (20).

6. The previous step renders one vector z from g(z|S) = c. Repeating it many times renders a discrete representation of
g(z|S) = c .

2.3. A specification of the general univariate null hypothesis

This illustration deals with the general null hypothesis (3), with K = 1, P = 1 and d1i = 1 for i = 1, . . . ,N , that is:

yi = β1 + α1x1i + εi, with εi
iid
∼ N(0, σ 2). (24)

This could, for instance, be the null hypothesis of an analysis of covariance,where, under the null, several groups are assumed
to have one common covariate adjusted mean. In the sequel, in x1i the subscript 1 is omitted for notational convenience.
For the K + P + 1 = 3 nuisance parameters β1, α1 and σ 2, three sufficient statistics exist. Vectors z are replicated from

g(z|S) = c , using:

S1(z) =
N∑
i=1

zi =
N∑
i=1

yi, (25)

S2(z) =
N∑
i=1

zixi =
N∑
i=1

yixi, (26)

and

S3(az) =
N∑
i=1

z2i =
N∑
i=1

y2i . (27)

The implication of (25) is

zN =
N∑
i=1

yi −
∑
i∈A1

zi, (28)

withA1 = {1, . . . ,N − 1}.
The implication of (26) is

zN−1 =

(
N∑
i=1

yixi −
∑
i∈B1

zixi

)/
xN−1, (29)

withB1 = {1, . . . ,N−2,N}. Note again, that the observationsmust be ordered such that xN−1 6= 0, to avoid division by zero.
Solving (28) and (29) for zN and zN−1, and substituting the solution in (27), renders an ellipsoid in RN−2:∑

i∈C

(1+ hi2 − hi) z2i +
∑
i∈C

∑
l>i∈C

(1+ 2hihl − hi − hl) zizl

+

∑
i∈C

(
N∑
i′=1

yi′ −m1 +m2 +

(
2m1 − 2m2 −

N∑
i′=1

yi′

)
hi

)
zi

=
1
2

 N∑
i=1

y2i −

(
N∑
i=1

yi

)2− (m1 −m2)2 + (m1 −m2) N∑
i=1

yi, (30)



Author's personal copy

I. Klugkist, H. Hoijtink / Computational Statistics and Data Analysis 53 (2009) 877–888 883

with hi =
xi−xN
xN−1−xN

, hl =
xl−xN
xN−1−xN

,m1 =
∑N
i=1 xiyi

xN−1−xN
,m2 =

xN
∑N
i=1 yi

xN−1−xN
andC = {A1

⋂
B1}. Note, that (30) is a specification of (21)

with the constants cii, cil, bi and a explicitly defined. For this example, it can be seen that the subjects must also be ordered
such that xN−1 6= xN , because otherwise the coefficients hi, hl, m1 and m2 in (30) contain divisions through zero (see also
step 3 in Section 2.2).
The ellipsoid described by (30) is equal to one of the isodensity ellipsoids from the multivariate normal NN−2(µ−,6−)

with (6−)−1 = �−, with elements ωii = 1 + h2i − hi, for i ∈ C and ωil = 1
2 (1 + 2hihl − hi − hl), for i 6= l; i, l ∈ C. The

values for µl (l ∈ C) can be derived from the set of equations

N∑
i′=1

yi′ −m1 +m2 +

(
2m1 − 2m2 −

N∑
i′=1

yi′

)
hi =

∑
l∈C

2ωilµl, for i ∈ C. (31)

Similarly to (23), the number of equations in (31) is equal to the number of parameters to solve, i.e. µl for l ∈ C. Again,
sampling from this multivariate normal, deriving z− on the required ellipsoid, and computation of zN and zN−1 using (28)
and (29), renders a vector z . Repetition of the procedure renders the similar distribution of the data.
To test (24) against any alternative an appropriate test statistic must be defined. Traditionally, defining a (new) test

statistic implies the (often burdensome) task of deriving its null distribution. However, with the approach presented here,
the similar null distribution of the data is rendered and therefore the similar distribution of any test statistic ismade available.
This enables, for instance, testing against an ordered alternative hypothesis, or, testing with robust test-statistics in the
context of analysis of covariance.

3. The multivariate null hypothesis

3.1. Replication of data under the general multivariate null hypothesis

To obtain the null distribution of the data for the general multivariate null hypothesis (4), data Z ′ = [z1 . . . , zQ ] is
replicated from

g(Z |S1(Z) = S1(Y ), . . . , SR(Z) = SR(Y )) = g(Z |S) = c, (32)

where Y ′ = [y1 . . . , yQ ] denotes the observed data, and R the total number of sufficient statistics. The sufficient statistics
for (32) are:

1. For q = 1, . . . ,Q and k = 1, . . . , K (i.e. Q times K sufficient statistics)

N∑
i=1

zqidki =
N∑
i=1

yqidki. (33)

2. For q = 1, . . . ,Q and p = 1, . . . , P (i.e. Q times P sufficient statistics)

N∑
i=1

zqixpi =
N∑
i=1

yqixpi. (34)

3. For q = 1, . . . ,Q (i.e. Q sufficient statistics)

N∑
i=1

z2qi =
N∑
i=1

y2qi. (35)

4. For q = 1, . . . ,Q − 1 and q′ = q+ 1, . . . ,Q (i.e. 12 (Q
2
− Q ) sufficient statistics)

N∑
i=1

zqizq′ i =
N∑
i=1

yqiyq′i. (36)

Note that, R = QK + QP + Q + 1
2 (Q

2
− Q ), which is equal to Q times the number of sufficient statistics for the general

univariate null hypothesis (K + P + 1) plus the 12 (Q
2
− Q ) sufficient statistics in (36), that concern the relations between

the Q dependent variables. The presence of the equations in (36) and the fact that (35) consists of Q quadratic equations
makes the sampling of replicated data Z different from the univariate case presented in the previous section.
The sampling can, however, be partitioned in Q parts. This is done through the application of a Gibbs sampling approach.

In the Gibbs sampler, sampling frommultivariate distributions is simplified by iteratively sampling each parameter from its
univariate distribution, conditional on the other parameters (Tierney, 1994; Smith and Roberts, 1993). Likewise, to sample
data Z from (32) an iterative procedure consisting of the following Q steps is applied:
1. Sample z1 from g(z1|z2, . . . , zQ , S (1)) = c ,



Author's personal copy

884 I. Klugkist, H. Hoijtink / Computational Statistics and Data Analysis 53 (2009) 877–888

2. Sample z2 from g(z2|z1, z3, . . . , zQ , S (2)) = c ,
...
Q . Sample zQ from g(zQ |z1, . . . , zQ−1, S (Q )) = c ,

where S (q)(q = 1, . . . ,Q ) refers to those sufficient statistics that contain zq. Examining, for instance, S (1) shows that K
sufficient statistics of the form (33), P of the form (34), one of the form (35) and finally Q − 1 of a form that is similar
to (34) remain. This holds for each S (q)(q = 1, . . . ,Q ). Therefore, within each step the ‘active’ sufficient statistics in the
conditioning, all fit in the general univariate framework. The sampling of a vector zq in each step is therefore equal to the
sampling procedure described in Section 2.2.
The Gibbs sampler requires starting values for {z2, . . . , zQ } in order to sample z1 in the first iteration. A simple choice is

to use the observed scores {y2, . . . , yQ }. Note that any set of starting values that satisfies {S (2), . . . , S (Q )} is equally probable
because the target distribution (32) is uniform. If the total number of iterations is large enough, the resulting p-value will
not be affected by the initial values. Careful monitoring of the so-called convergence is however important (cf. Cowles and
Carlin (1996)). In each of the two illustrations that follow in Sections 3.2 and 3.3, the Gibbs sampler is applied twice with
different starting values. It will be seen that, with reasonable numbers of iterations, no effect of the initial values is seen,
and stable psim-values are obtained.

3.2. Multivariate one-sided testing

The data (N = 9) used for this illustration are part of a larger research project on the efficacy of cognitive behavioral
therapy for traumatic grief (Boelen et al., 2007). Before and after six cognitive therapy sessions the four criterion variables
grief (Texas Revised Inventory of Grief), traumatic grief (Inventory of Traumatic Grief), anxiety (subscale of SCL-90) and
depression (subscale of SCL-90) are measured. For each criterion variable, the decrease in symptoms is measured by the
difference between the scores before and after the treatment. The research question investigated in this illustration is
whether there is a decrease in the grief symptoms.
The null hypothesis is (4) with Q = 4, K = 0, P = 0, i.e

H0 : β = 0, εi
iid
∼ N(0,6).

It is tested against the alternative yi = β∗1 + εi with the restriction that the mean vector must be positive, i.e.
H1 : β∗1 ≥ 0.

The ∗ is used to explicitly denote that a parameter under the alternative hypothesis is considered.
Although we found some references in the literature with respect to multivariate one-sided testing, for most of the test

statistics discussed, no finite sample distribution is available (Silvapulle, 1995b; Tang, 1994; Perlman and Wu, 2002). An
exception is Follmann’s test (Follmann, 1996), although according to Chongcharoen et al. (2002) this test is not very powerful.
There are other references that do present tests with their finite sample distribution, but for these tests it is assumed that
the population covariance matrix is known, or known up to amultiplicative constant (Chongcharoen et al., 2002; Silvapulle,
1995a). Ourmethod provides the similar distribution for any statistic that can be applied to test β = 0 against β∗1 ≥ 0, when
the covariance matrix is unknown.
The nuisance parameters under the null hypothesis are the 10 upper diagonal elements of the 4 × 4 covariance matrix

6. The sufficient statistics for these nuisance parameters are:
1. For q = 1, . . . , 4

N∑
i=1

z2qi =
N∑
i=1

y2qi.

2. For q = 1, . . . , 3 and q′ = q+ 1, . . . , 4
N∑
i=1

zqizq′ i =
N∑
i=1

yqiyq′ i.

The Gibbs sampler applied to sample from (32) consists of four steps. In each step, one vector zq is sampled, conditional
on the current values of the other vectors and S (q), i.e. the sufficient statistics that contain zq. Note that in each step, S (q)
consists of three linear and one quadratic function of zq, and this implies that in each step the general univariate approach
as introduced in Section 2.2 can be applied, that is, g(z|S) with K = 0 and P = 3 (the number of dependent variables that
are conditioned upon in each step, i.e., Q − 1).
To monitor convergence, several checks are performed. First of all, for each person and each outcome variable, a plot

of all sampled zqi values is visually inspected. As an illustration, in Fig. 2 the results of 1000 iterations are plotted for the
first and ninth respondent, for the first (the two plots on top) and fourth (the two plots at bottom) outcome variables. Since
the data are assumed to be i.i.d., the plots of zqi values for a specific q but different respondents i are expected to be similar.
Based on visual inspection of the plots, this is indeed the case. Also examination of summarymeasures per zqi (e.g. themean,
standard deviation, minimum and maximum sampled value) shows virtually equal results for the nine respondents.
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Fig. 2. Replicated data for the first and the ninth person on the first (top) and the fourth (bottom) dependent variable.

Another convergence check is the computation of the so-called R̂measure (Gelman and Rubin, 1992). Loosely stated, with
this measure, the variability within a chain of sampled values (or a part of a chain) is compared with the variability between
chains (or different parts of a chain). A value of R̂ that is close to one is indicative of convergence and a rule of thumb states
that values below 1.1 can be considered satisfactory (Gelman and Rubin, 1992). For the example data at hand, for each zqi
a chain of 50,000 iterations is partitioned in 5 parts of 10,000 and the value for R̂ is computed. The results confirm good
convergence because, with a precision of two decimals, the resulting R̂ values are all equal to 1.00.
Now that we have replicated data Z , any test statistic can be chosen to test the hypothesis of interest. In this illustration

the test statistic used is:

T (Y ) =
Q∑
q=1

ȳq
sd(yq)

, (37)

where ȳq denotes the sample mean and sd(yq) the sample standard deviation of the q-th dependent variable. The larger the
value of T (Y ) the more the sample means are located in the positive orthant and, as such, the larger the evidence in favor
of the alternative hypothesis. For each replicated data matrix Z , T (Z) =

∑Q
q=1

z̄q
sd(zq)

is computed. The psim-value is obtained
by (2).
Note that there are superior tests for the hypotheses at hand (e.g. Follmann (1996)). However, the aim of this illustration

is not to find the best test statistic, but to demonstrate that our method obtains the similar distribution of any test statistic.
The simplicity of (37) makes it attractive for this illustrative purpose, but our procedure can be applied to any statistic of
interest.
Applying our approach to obtain the similar null distribution and the test statistic in (37) to the traumatic grief data,

results in a significance p = .0016. It can be concluded that after six cognitive therapy sessions, the amount of grief has
decreased.
To perform one more convergence check, two chains of iterations with different starting values are sampled. In Fig. 3,

the psim-value is plotted against the iteration number. Note that these are cumulative plots. Therefore, at iteration 10,000
psim is computed based on the first 10,000 iterations, whereas psim at iteration 50,000 is computed based on the first 50,000
iterations. It can be seen that both chains converge to the same psim-value. Stable results up to the fourth decimal are obtained
after approximately 250,000 iterations. Both chains were extended until a total length of 5 million iterations (not plotted)
and the resulting psim-values both remained .0016.

3.3. Multivariate ordered means

The data used for this illustration comes from a large study concerning the effect of Sesame Street on six cognitive
ability measures for children in the age range between three to five (Stevens, 1996, pp. 578–585). The cognitive abilities
(e.g. knowledge of numbers and letters) were measured before Sesame Street was broadcast (pretests), and after the first
year of the program (post-tests). Gain scores are obtained by taking the difference between the post-test and pretest scores.
Furthermore, two groups are distinguished, based on whether children watched the show frequently (group 1), or, rarely
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Fig. 3. Similar p-value after up to 500,000 iterations using two different starting values.

or never (group 2). The studied sample contains children from different social and environmental backgrounds, but in this
illustration only one group is included: the disadvantaged rural children (N = 43). The research question of interest is
whether watching the show regularly, compared to watching rarely or never, leads to a higher gain in the six measures of
cognitive ability.
This leads to testing the null hypothesis

yi = β1d1i + εi, with εi
iid
∼ N(0,6), (38)

i.e. (4) with K = 1, d1i = 1 for i = 1, . . . ,N , P = 0, and Q = 6, against the alternative

yi = β∗1d1i + β
∗

2d2i + εi, with β∗1 ≥ β
∗

2, (39)

where the latter is interpreted coordinate-wise.
We found only one reference with respect to testing this kind of hypotheses (Sasabuchi et al., 2003). They present a

method to compute the supremum of the upper tail probability under the null hypothesis for a likelihood ratio test. With
our approach, the similar distribution of any test statistic and therefore level alpha tests are available.
Under the null hypothesis there are 27 nuisance parameters, i.e. six elements of β1 and 21 elements of 6. The sufficient

statistics for the nuisance parameters, are:

1. For q = 1, . . . , 6
N∑
i=1

zqi =
N∑
i=1

yqi.

2. For q = 1, . . . , 6
N∑
i=1

z2qi =
N∑
i=1

y2qi.

3. For q = 1, . . . , 5 and q′ = q+ 1, . . . , 6
N∑
i=1

zqizq′ i =
N∑
i=1

yqiyq′i.

The Gibbs sampler that is applied to sample from (32) consists of six steps. Again, each step of the Gibbs sampler involves
the application of the general univariate approach introduced in Section 2.2, i.e., g(z|S)with K = 1 and P = 5.
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Fig. 4. Similar p-value after up to 500,000 iterations using two different starting values.

The test statistic used in this illustration is

T (Y ) =
Q∑
q=1

ȳq1 − ȳq2
sdp(yq)

, (40)

where ȳq1 (respectively ȳq2) denotes the sample mean of the q-th dependent variable of group 1 (respectively group 2), and
sdp(yq) denotes the pooled sample standard deviation of the two groups of the q-th dependent variable. The larger the value
of this test statistic, the more the pairwise differences between the sample means are located in the positive orthant and, as
such, the larger the evidence in favor of the alternative hypothesis. For each replicated data matrix Z , T (Z) =

∑Q
q=1

z̄q1−z̄q2
sdp(zq)

is computed. The psim-value is obtained by (2).
Testing (38) against (39) using (40) renders p = .003. It can be concluded that the disadvantaged rural children that

watched Sesame Street regularly have learnedmore than the disadvantaged rural children that did notwatch Sesame Street.
Convergence is monitored in a similar way as in the previous illustration and was again confirmed. Here we present just

the plotted psim-values for two chains of 500,000 iterations with different starting values. In Fig. 4, it can be seen that both
chains converge to virtually the same psim-value. Stable results up to the third decimal are obtained after approximately
200,000 iterations. Both chains were extended until a total length of 5 million iterations (not plotted) and the resulting
psim-values both remained.003 (respectively.0028 and.0027).
Also, in this last example, a similar test is obtained for a multivariate, inequality constrained hypothesis. We did not find

any references in the literature to such a test. Note that we used a relatively ad hoc test statistic, but the focus of this paper
is not on the test statistic but on obtaining the similar null distribution of the data, which enables similar (level alpha) tests
for any test statistic.

4. Discussion

This paper showed how to obtain similar null distributions of data, if the null hypothesis is a member of the univariate
or multivariate normal model. We demonstrated that, with this distribution, similar p-values can be obtained for any test
statistic of interest and, as such, level alpha tests aremade available for awide variety of hypotheses in the context of normal
linear models.
The approach is based on repeatedly sampling replicated data from the null population, conditional on the observed

values for the sufficient statistics. Computationally, the procedure may seem rather demanding but, for the examples
presented, computation timewasmore than reasonable; we obtained stable p-values up to two decimals withinminutes on
an average modern pc for all examples and much faster for the smaller examples (i.e., univariate analyses and multivariate
cases with a small sample size like the illustration in Section 3.2). The largest analysis was presented in Section 3.3, with
a sample size N = 43 and number of outcome variables Q = 6. Again, results were obtained within a reasonable amount
of time and investigation of convergence and stability of the resulting psim-value show satisfactory results. For still larger
designs, such as larger values for Q , investigation would need to be done to find out how well the sampling procedure
performs, but theoretically there are no limitations.
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The examples given in this paper concerned null hypotheses with order restricted alternatives. Testing order constrained
hypotheses has received considerable attention in the last few decades (cf. Barlow et al. (1972), Robertson et al. (1988)
and Silvapulle and Sen (2005)) and is still ongoing (see, for instance, Singh and Liu (2006) and Tian et al. (2008)).
For specifically multivariate applications, however, until now there have been hardly any exact or level alpha tests for
constrained alternatives. Researchers are limited in the choice of a (powerful) test statistic since it is difficult to derive the
null distribution ofmost test statistics.With the approach presented in this paper, the null distribution for the (multivariate)
data is obtained and therefore leads to similar p-values for any test statistic of interest.
However, order constrained inference is not the only domain inwhich ourmethod can be useful. A fewmore possibilities

arementioned. Consider the following example that introduces a test for potential outliers. In this example, the fit of the null
model is checked using order statistics (cf. Mood et al. (1974), pp. 251–265). Let the data come from a normal distribution
withmeanβ and varianceσ 2, i.e. the univariate null hypothesis (3)with P = 0 andK = 1. A test statistic T can be formulated
that, for instance, determines whether the largest outlier is significant. For example, T can be the largest squared deviation
between each observation and the sample average. The proportion of T for the replicated data matrices that have larger
values than T in the observed data provides a p-value for the null hypothesis that the observed T is not an outlier.
The approach can also be used for model checking. As an example, consider the model assumption of equal variances

in an analysis of variance with J groups. Under the null hypothesis, the J groups have one common variance σ 2, i.e., the
null hypothesis is (3) with P = 0 and K = J . Under the alternative, the groups have a group specific variance term. It is
well-known that the classical tests for homogeneity of variances, e.g. F-test, Bartlett’s test (Bartlett and Kendall, 1946), are
highly sensitive to the assumption that population distributions are normal. Therefore, more robust test statistics have been
developed, e.g. the Levene/Brown–Forsythe test statistic (Brown and Forsythe, 1974), which is approximately F-distributed.
Recently Shoemaker (2003) proposed two other statistics for testing the homogeneity for two or more variances, that
further improve the robustness properties. However, for these test statistics, as for the Levene/Brown–Forsythe test, only
the asymptotic distribution is known. Since our approach renders the null distribution of the data, the similar distribution
for any of these test statistics is obtained.
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