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Relational databases are widely used as a de facto type of data 
storage, and thus form an ideal basis for an important data mining 
approach: pattern mining. Existing pattern mining techniques can 
be applied to relational data, but often result in simply far too 
many patterns.

In this thesis, we use compression to select those patterns that 
describe the database best. We show that this results in compact 
sets of charateristic relational patterns.
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Chapter 1

Introduction

Once upon a time, there was a banker with a small bank. Since his bank was
small, he knew all his clients very well. He knew the credit status and the
number of loans they had by heart, and even knew some of them personally.
Because of this, he did so well, that his small bank grew into a big multinational,
with offices all over the world. Although business went well, he lacked the keen
insight into the behaviour of his customers like he used to.

Before you, the reader, might think that the topic of this thesis is not what
you expected it to be: don’t panic. Our banker is simply the main illustrative
example throughout this introduction and reappears in the conclusions.

In the last decades, many real world processes have been automated thanks
to advancements in computer science. Many of these automated processes keep
track of many details and store large quantities of data automatically. For
example, for the banking process all financial transactions need to be recorded
in order to keep track of the credit balance of clients. One can imagine that
this puts a strong emphasis on a correct data storage and management. While
there are many ways to store data, such as a simple text file or XML data,
there are many reasons to choose for one specific approach, namely relational
database systems.

First of all, nowadays a relational database system allows for the efficient
storage and management of up to petabytes of data. That is, it can store up
to 1.000.000.000.000.000 bytes, which is the equivalent to around a 2 km high
stack of cd-rom discs. However, what makes a relational database system really
stand out from other storage approaches, is that it facilitates in much more than
storage alone. One is that it allows multiple users to access and manipulate
the database at the same time without compromising the integrity of the data.
In our bank example, this is a crucial feature if one wants to ensure the correct
credit balances of its clients. Moreover, a relational database can model many
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1. Introduction

different entities. Not only does this provides a one-suits-many approach, it
also provides a rich enough data formalism such that many different entities
can be modelled. For example, one database can both harbour data about the
financial transactions, as well as the organisation network of the personnel of
this bank.

These, and many other reasons, have led to the fact that relational data-
bases are the de facto standard for data storage. They can be found serving
applications for a wide variety of users, from large multinational companies to
small scouting groups.

In these databases, many details are stored that relate to the underlying
process’s behaviour. One can imagine that within these huge collections of
stored data new useful insight can be found. But how does one get this insight?
To manually examine petabytes of data is virtually impossible, let alone to
obtain a useful insight this way. This fact has led to the rise of a new discipline
within computer science: automatically deriving insight from collections of
data, known as data mining.

Pattern Mining

One of the most important fields in data mining is the discovery of patterns
in data, also known as pattern mining. A pattern is simply a regularity in the
data. Note that many of such patterns can be found within one database. For
our banker, one pattern could be that clients that have a high mortgage also
have a credit card. This example illustrates one of the main benefits of using
patterns: they are easily interpretable. If these patterns are used in decision
making, a decision based on patterns not only shows that it performs well, but
also why it performs well.

In order to successfully apply pattern mining to real world sized databases,
much effort has been put into making fast and efficient pattern miners. Cur-
rently, it is fairly easy to derive the set of all interesting patterns from a data-
base. Only extremely hard, such as petabyte scale, databases still pose a chal-
lenge when mining for the set of all patterns. While this might sound that
everything is OK for the not so extreme databases, there still remains a com-
pletely different problem. This problem lies in the interpretation of interesting.

A common interpretation is that a pattern is interesting if it is frequent : it
occurs at least a certain number of times in the database. Setting this frequency
threshold too high leads to a set of patterns that provides little new insight.
Namely, if a pattern occurs nearly every time, it is likely that one knows this
already. The alternative of course is to lower this threshold. However, this often
leads to an explosion in the number of patterns that are interesting: too many
(similar) patterns become ’interesting’. The focus on returning all frequent
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patterns has left our banker, and many others data miners, with a flood of
patterns that is often larger than the original database size itself!

Research Problem

This brings us to the topic of this thesis. In practice, pattern mining leads to
pattern sets that are often too big. So before trying to mine patterns from a
petabyte-sized relational database, we first need to solve a fundamental prob-
lem: the pattern set explosion. In this thesis we therefore address this problem.
Instead of considering the set of all frequent patterns, we only select a few in-
teresting ones. The rationale behind this, is that the set of all frequent patterns
is not so much of interest. There is much redundancy between the patterns, as
many of them are variations of the same theme. Consider the earlier mentioned
pattern: clients with a high mortgage also have a credit card. If this pattern
is frequent, then both some clients have a credit card, and some clients have
a high mortgage are also frequent patterns. As these patterns can both be
derived from the first, they provide no new insight.

The research problem of this thesis can therefore be stated as follows:

Derive a compact set of high-quality, non-redundant, and characteristic re-
lational patterns that summarise the complete database well.

In order to model, or summarise, the database we focus on sets of patterns
instead of individual patterns. That is, we use a set of patterns to model the
database. Furthermore, we are not interested in just any set of patterns, we are
interested in finding a characteristic set of patterns. Similar to the definition
of interesting, the question becomes what do we define as characteristic? To
answer this question, we choose the model that describes the database best. In
order to do this, we use the Minimum Description Length (MDL) principle that,
similar to Occam’s razor, prefers the simplest model of the data that results in
the best description. That is, it selects the simplest model that compresses the
database best.

The rationale behind this is that the better our model compresses the data-
base, the better it captures its regularities. The strong point of MDL is that is
takes the complexity of the model into account. This ensures that the model
does not get overly complex when summarising the data. In effect, this leads
to non-redundant models that do not model noise, as capturing spurious pat-
terns would increase the complexity of the model, without contributing to the
compression.

While this all sounds too good to be true, there is a slight catch: finding
the optimal model of the database is far too hard. The huge search space of all
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1. Introduction

possible models contains no useful structure that can be exploited to find our
optimal model in feasible time. We therefore settle for finding the best model
of the database based on heuristics.

Fortunately, we show that although we do not guarantee to obtain the opti-
mal model, we do obtain very good models. With our heuristics and encodings,
we show that we find compact and high quality models in various scenarios.
The fact that these models contain very characteristic patterns is further con-
firmed by the fact that these lead to well performing classifiers.

Outline of this thesis

The remainder of this thesis is divided in chapters, most of which relate to
earlier published work as noted at the beginning of each chapter. The topics
of these chapters can be summarised as follows:

− In Chapter 2, we provide a short introduction to pattern mining. Pat-
tern mining is often linked to a specific application that dictates a specific
data type. In a simple setting, a pattern can be a set of items that is
frequently bought in a supermarket. However, for certain applications
it is important to consider more complex data types. We discuss vari-
ous data types, such as sequences, trees, and those related to relational
databases, and their specific pattern mining flavours. We discuss how
different pattern types affect their related mining techniques, and discuss
the Achilles’ heel of pattern mining: the pattern set explosion.

− In Chapter 3, we address the issue of the frequent pattern set explosion
for a single table of itemset data. To this end, we introduce the algorithm
Krimp that selects a small set of characteristic patterns from a typically
huge set of frequent patterns. Krimp uses the Minimum Description
Length principle to select a model that describes the database well. In
order to stay efficient we use heuristics and demonstrate that these lead
to compact pattern sets.

− In Chapter 4, we show how the Krimp heuristics can be applied to struc-
tured data such as sequences and trees. While less general than rela-
tional data, structured data allows to express more complex structures
compared to itemset data, and is widely used (e.g. in XML data). We
show that in order to apply Krimp to structured data, we need some
additional restrictions in the encoding of the database. Using this, we
show that we can find compact structured pattern sets that describe the
database.
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− In Chapter 5, we transfer Krimp to relational databases for a specific
type of pattern, namely relational itemsets. We show that out of a huge
set of candidate patterns, Krimp selects a set of patterns that describe
the database well. Moreover, we show that we attain a similar result with
a much smaller set of candidates by utilising Krimp’s ability to grasp the
underlying distribution. This increases the efficiency of our algorithm,
termed R-Krimp, both in space and in time complexity.

− In Chapter 6, we build upon the fact that relational databases can har-
bour complex patterns. We introduce our algorithm RDB-Krimp that
utilises both a newly introduced complex pattern language and a new
relational database encoding scheme. We show that we can find compact
description of the complete relational database. Moreover, we show that
using more complex patterns is beneficial: it allows for a more succinct
description of the database.

− In Chapter 7, we confirm the quality of the models derived by RDB-
Krimp by means of classification. We show that the RDB-Krimp mod-
els perform well in terms of classification. The models based on more
complex pattern languages perform better. That is, MDL picks out char-
acteristic patterns that can discriminate well between classes.

In Chapter 8, we draw some conclusions and summarise the contributions
of this thesis.
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Chapter 2

Relational Pattern Mining

Data mining is the process to extract knowledge and insight from databases.
It is well-known that increasingly more information is stored within databases,
which thereby potentially harbour interesting knowledge. However, with their
size and complexity, the manual analysis of these databases is hard or even
impossible. The data mining community tries to facilitate this analysis by
creating algorithms and approaches that automate (part of) this process.

One successful area within data mining is that of finding interesting patterns
in data: pattern mining. Patterns are insightful, as they are interpretable
partial models of the database. Although patterns by themselves are already
interesting, they can also serve as input for many further analysis tasks. These
tasks include areas such as classification, clustering, and imputation.

In this chapter we shall provide a brief overview in the field of pattern
mining. Since its introduction for the analysis of market basket data, it has
been incorporated to many other application areas. We will introduce various
forms of pattern mining, that are either well-suited for different data types,
or based on different measures of interestingness. We will conclude with the
introduction of pattern mining to the area of relational databases.
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2. Relational Pattern Mining

2.1 Introduction

Patterns are nearly everywhere! This notion is supported by one of the most
successful data mining approaches that have been developed in the last decades:
pattern mining. Pattern mining focusses on finding interesting patterns, and
often this is interpreted as those patterns that occur frequently in the data.

To illustrate this approach, consider the prototype setting of a supermarket
that wishes to analyse their sales transactions. Every time a customer buys
some products, we can associate a new transaction with the set of bought items.
Over time, the supermarket can store these transactions. Given this set of
transactions, we can now search for frequently occurring patterns: ”what items
are often bought together”. The prototype, semi humorous, example answer for
this is that diapers and beer are often sold together.

Patterns in themselves are very informative. However, they can also serve
as a starting point for follow-up data mining tasks. The patterns that we
find in the complete database can provide insight for a single transaction. For
example, say that we know that customer X has bought beer. As beer and
diapers are often sold together, we could infer that customer X is likely to buy
diapers as well. This concept has been transferred to data mining tasks such
as classification (”is customer X a diaper buyer?”), clustering (”which groups
of customers buy similar goods?”), or recommendation (”what will customer X
buy next?”).

As a prelude to the remainder of this thesis, this chapter will introduce
some formal notions related to pattern mining. After introducing these no-
tions for transactional itemset databases, we will briefly discuss how these have
been transferred to more structured data types. This chapter will present an
overview on the wide variety of pattern mining flavours, together with some
problems that pattern mining still faces.

2.2 Pattern Mining

Frequent pattern mining was first introduced by Agrawal et al. in the context of
mining frequent sets of items from a transactional database [2]. This is reflected
in the standard definitions of frequent itemset mining. Let I = {i1, i2, . . . , in}
be the set of all items. Each transaction t contains a set of items: t ⊆ I.
The database D is a bag of transactions, and we denote by |D| the number
of transactions it contains. In general, we will denote by |A| the number of
elements in set or bag A.

In this frequent itemset mining setting, a pattern F is defined as a set of
items: F ⊆ I. We define the cardinality of F as the number of items it contains,
and define the singletons as those patterns that have cardinality 1.
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Given an itemset database D , one could mine the set of all patterns from
D. However, this very easily leads to humongous pattern sets! Given I, every
subset can be considered a pattern (F ∈ P(I)). Fortunately, from a practical
viewpoint, we can focus on those patterns that actually occur in D. To reduce
the resulting pattern set even further, we can resort to those patterns that are
frequent.

Given a transaction t ∈ D, we say that a pattern F occurs in t iff F ⊆ t.
The support of F , supD(F ), is the number of t ∈ D it occurs in: supD(F ) =
|{t ∈ D | F ⊆ t}|. Note that when D is clear from the context, we write
sup(F ) instead of supD(F ). The fact whether F is frequent or not, depends of
course on what is defined as frequent. For this, we define a support threshold
above which all patterns are denoted frequent. This threshold is termed the
minimum support value, named minsup or θ for short, for the absolute and
relative support respectively. A pattern is frequent iff supD(F ) ≥ minsup,
where 0 ≤ minsup ≤ |D|, or supD(F ) ≥ θ|D|, where 0 ≤ θ ≤ 1 . We denote F
as the set of all patterns that are frequent .

In order to derive F from a given database D, one could first näıvely gen-
erate the patterns that occur and then select those patterns that are frequent.
In practice, this approach is far from efficient as the set of occurring patterns
is huge. To this end, Agrawal et al. have introduced the a-priori principle to
mine the set of frequent patterns in a much more efficient manner [3, 67].

The fundamental observation is the following: given two patterns F1 and
F2, if F1 ⊆ F2 then sup(F1) ≥ sup(F2). Agrawal et al. have used this a-
priori principle in a breadth-first search style algorithm to find all frequent
patterns [3]. The rough sketch for this algorithm is as follows. Starting with
the singleton patterns, gradually higher cardinalities are evaluated. At every
step, only the frequent patterns of cardinality k are extended as candidate
patterns of cardinality k + 1. In this manner, large parts of the search space
can be pruned using the a-priori principle.

The a-priori principle has proven to be very fruitful and has inspired many
frequent itemset mining algorithms that address aspects such as memory and
computational efficiency [37, 96]. Recently, the focus has shifted from gener-
ating all frequent patterns (from now on also referred to as all patterns) to
selecting a smaller set of patterns [35]. The reason for this becomes clear when
we look at the size of F (e.g. see all patterns in Figure 2.1). In general, we
see that the size of F steeply increases for low values of minsup , as more and
more patterns become frequent.

The size of F can be kept small if the minsup value is chosen sufficiently
high. The drawback of this approach is that the resulting F contains only
highly frequent patterns at high minsup values. This results in common knowl-
edge and provides very little new insight. Therefore, in order for patterns
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within F to be of any practical use, we often need to mine at low minsup lev-
els. Regrettably, as mentioned, this often leads to very large F where one gets
swamped with patterns.

Fortunately, there are ways to bring down the size of F , as there is much
redundancy in the set of all patterns. As an example, consider a frequent
pattern set F = {ABC, AB,AC,BC,A,B,C}. It is clear, that if ABC is
frequent, all of its subsets {AB,AC,BC,A,B,C} are also frequent. Given this,
one could question whether is it interesting to list either all of these patterns,
only the itemset ABC, or some of the itemsets within F .

To reduce this redundancy in F , other measures of interestingness have
been proposed in addition to frequency. Two well-known measures are closed
patterns [73] and maximal patterns [77]:

Definition 1 (Closed and Maximal Patterns).

- we call a pattern F a closed frequent pattern given a database D iff F is
frequent and there exist no pattern F ′ such that F ⊂ F ′ and sup(F ) =
sup(F ′) ,

- we call a pattern F a maximal frequent pattern given a database D iff F
is frequent and there exists no pattern F ′ such that F ⊂ F ′ and F ′ is
frequent in D.

The closed frequent pattern set is lossless, in the sense that it can be used
to derive the frequency information of the set of all frequent patterns. In
contrast, the maximal frequent pattern set is lossy: while more compact, it
usually does not contain the complete frequency information for the set of all
frequent patterns.

To illustrate the reductions in set size, we consider the resulting pattern
sets depicted in Figure 2.1. For this example, we picked the mushroom data-
base from the UCI Machine Learning repository, which contains 8124 trans-
actions with features to predict whether they are edible or not. Shown here
for the mushroom database are the pattern set sizes for various minsup values.
Depicted are the sets of all frequent patterns, closed patterns, and maximal
patterns. We see that both measures decrease the pattern set size to a great
extend.

As both measures reduce the resulting set size, they have formed the basis
for numerous implementations that derive closed or maximal pattern sets. For
closed patterns, amongst the plethora of miners, AFOPT [64], CHARM [98],
FPClose [31] are well-known examples. Similarly, for maximal patterns a num-
ber of miners have been developed [10,77]. A comprehensive overview of pattern
set miners can be found in [30]. Although both closed and maximal allow for
a reduction in the pattern set size, we see that for low minsup values both
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Figure 2.1: An illustrative example on the growth of the frequent pattern set
F given an database D, in this case the UCI Mushroom dataset

measures still lead to fairly large sets. This indicates the demand for more
sophisticated ways to reduce the pattern set size.

One approach to have a more strict pattern selection, is to include back-
ground knowledge. Given background knowledge, large parts of the search
space can be pruned that do not comply with the constraints of the user. For
example, if one is only interested in male customers, we can discard all data
relating to the female population. This data mining approach, constraint based
data mining, has also been transferred to the area of pattern mining. For a
detailed overview on these approaches see [35]. This approach of course only
works when useful background knowledge is available.

Another approach is the selection of the top-k closed patterns [38]. In this
approach, the resulting set is limited to k patterns. In order to determine these
k patterns, the closed pattern set F needs to be ordered. For each F1, F2 ∈ F ,
we define an order on F such that: F1 ≺ F2 iif sup(F1) > sup(F2). We will
denote this support descending order as: ↓ F . Given ↓ F , the top-k closed
patterns are the first k patterns in order. The parameter k allows for compact
top-k pattern sets. However, the choice of k is arbitrary and introduces an
additional parameter for the user to fine tune. Moreover, in general, the k
most frequent closed patterns, is from the user’s perspective an arbitrary set
of patterns as it can have much overlap.

As a final similar approach, Calders and Goethals proposed a new measure
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2. Relational Pattern Mining

that allows for a condensed pattern set: non-derivable itemsets [11–13]. The
authors introduce a set of deduction rules to derive upper and lower bounds
on the support levels. If the pattern support can be derived, it can be removed
from the resulting pattern set. The resulting pattern set therefore contains
only those patterns that are non-derivable.

2.3 Mining Structured Data

In the previous sections life was straightforward. The patterns derived from
the database D were unstructured sets of items. This led to simple patterns
such as {A,B,C}. In the remainder of this thesis however, we will deal with
patterns that are more complex. To be more specific, we are going to allow
structure in our patterns. We do this for a good reason. As structured data is
more complex, we need our patterns to match this increase of expressiveness
in order to provide us with a more detailed insight into the data.

By using the same three items {A,B,C} in a structured setting, we can
express more patterns opposed to one unstructured itemset. Let’s say we in-
troduce structure in the sense that we order the items in the itemsets. This
way, we now have 6 distinct patterns we can distinguish: {ABC,ACB,BAC,
BCA,CAB,CBA}. The fact that BAC does occurs in D and the remainder of
the patterns do not, informs us that this order is crucial for these three items
to appear in D.

There are various applications that can profit from treating the data in a
structured manner. For example, consider a website that logs all visits to its
webpages. In this, the obtained database contains ordered sets of visited web-
pages. In the derived patterns, it is relevant to preserve in which order the
pages have been visited. Since this provides insight in how a user often navi-
gates through the website. This in turn can be used to optimise the structure
of the website, to allow users to find their information of interest more quickly.

In this section, we will briefly discuss how the concepts of pattern mining
have been transferred to the domains of structured data. More specifically, we
will focus on structured data types such as sequences, trees and graphs. We will
discuss these data types in more detail together with their respective pattern
mining flavours. The field of structured pattern mining is characterised by
its many flavours such as: sequence mining, tree mining, graph mining, XML
mining, and structure mining.

Which pattern type to use can depend on the specifics of the application
of interest that dictates a specific data type. While graph patterns are the
richest, and encapsulate the other discussed structured pattern types, they are
also very hard to mine. The work of Bringmann et al. shows a nice example
on how it serves to first focus on simpler patterns before considering more
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complex patterns [9]. In this light, instead of a sole interest in graph mining,
algorithms for various structured data types have been optimised that exploit
their respective data type characteristics.

Sequences

One of the basic structured data types is that of a sequence (see Figure 2.2).
A sequence, also referred to as an episode or as sequential data, is an ordered
bag of items. To be more specific, we will first start with a formal definition of
a sequence.

Definition 2 (Sequence). Let I = {i1, i2, . . . , in} be the set of all items given
a database D. We define a sequence S of length n as an ordered bag of indexed
items: S = {(si, i)} in which si ∈ I and i ∈ {1, . . . , n}. The set is ordered:
(si, i) � (sj , j) for 1 ≤ i ≤ j ≤ n.

The indexes i can be omitted when clear within the context, so we can write
si instead of (si, i). For example, {(A, 1), (B, 2), (C, 3)} simply becomes ABC.
In the context of structured data, si is also referred to as a label. Similar to
the case of itemsets, our database D consists of a bag of sequences t. Each
sequence t has exactly one sequence S of arbitrary finite length: t = S.

The patterns F within D, are again sequences S over I. In the case of
itemset mining, the occurrence checking is quite straightforward: the itemset
is either a subset of the transaction or not. In the case of structured data it
is less straightforward. For example, given a sequence ABCD, do we say that
a pattern AC occurs in this sequence or not? If one only want to consider
’connected’ sub-sequences of the data, one would say no, otherwise yes. There-
fore, for structured data, there is a need to redefine the occurrence function
to support the desired occurrence notion. More formally, given a pattern F ,
we define an injective mapping function Φ : F → S, such that Φ(F ) is a com-
ponent of S. The exact definition of the occurrence function Φ depends on
the application of interest. Without providing an exhaustive list of all possible
occurrence functions Φ, we will outline two commonly used variants. The first
allows gaps in the matching sequence from the database, the latter does not.

Definition 3 (Gap Sequence Occurrence). Let S and T be both sequences over
I, and Φgaps : S → T a label preserving, injective mapping. S occurs in T ,
denoted by S ⊆ T , iff ∀si, sj ∈ S : si � sj ⇔ Φgaps(si) � Φgaps(sj).

The mapping Φgaps is called the occurrence with gaps. Note that in practical
use, the maximal gap between Φgaps(si) and Φgaps(si+1) si ∈ S is limited to a
predefined number, e.g.: maxgap.
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Definition 4 (Gapless Sequence Occurrence). Let S and T be both sequences
over I, and Φno gaps : S → T a label preserving, injective mapping. S occurs
in T , denoted by S ⊆ T , iff ∀si, sj ∈ S:

1. si � sj ⇔ Φno gaps(si) � Φno gaps(sj)

2. ∀t ∈ T : Φno gaps(si) � t � Φno gaps(sj)⇔
∃sk ∈ S : Φno gaps(sk) = t ∧ si � sk � sj.

The mapping Φno gaps is called the gapless occurrence.

Thus, given a sequence S = ABCD, and occurrence function Φgaps, a
pattern F = AC would be a matching pattern in S. However, given the same
sequence S and Φno gaps, the same pattern F would not match in S.

Now that we have defined our patterns and the occurrence functions, we
can translate the earlier defined notions of support and frequency to the case
of sequences. Unlike an itemset in an itemset database, one pattern F can
occur multiple times within a sequence t ∈ D. Therefore, the support of a
pattern F is not by default limited to |D|. As an alternative, we can count
all occurrences that are found in D, i.e. supD(F ) = |{occurrences of F in
D}|. However, the sequence based support is similar to the case of itemsets
and counts the number of sequences the pattern occurs in. More formally:
supD(F ) = |{t ∈ D | F ⊆ t}|.

Based on these notions, there has been a substantial effort in developing
algorithms to mine sequences from sequential data. Of these prefixspan [74]
and SPADE [97], are well-known. In order to process larger data sets similar
to itemset mining, much effort is focussed on increasing the computational
efficiency, e.g. by incorporating either the closed property in BIDE [88], or
constraints in the form of regular expressions [25]. For a more detailed overview
on the topic of sequence mining and its well-known algorithms, see the work of
Zhao et al. [99].

Trees

A recently introduced and widely used data format is that of XML documents.
These documents are often considered to be structured in a tree like manner:
data is stored within node elements, and each node can have multiple branches
to other nodes. The application of pattern mining techniques to tree structured
data types is known as tree mining [18]. As with sequences, tree data types can
be defined in various ways. In this section we will briefly discuss some common
types encountered in the remainder of this thesis. The tree data types that
we will briefly touch upon are: unordered, ordered, and attributed trees, and
induced subtrees.
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Figure 2.2: Given a set of items I, we can define a number of pattern types.
From top to bottom we have, an itemset, an ordered bag of items in a sequence,
a tree pattern that allows branches, and a graph pattern that allows for the
inclusion of cycles.

Definition 5 (Rooted Unordered Tree). Let I = {i1, i2, . . . , in} be the set of all
items. An unordered rooted tree T over I is given by a tuple: T = {V,E, v0,Σ}.
V is the set of nodes, v0 denotes the root node, and E is the set of edges
connecting the nodes: E = {(vi, vj) ∈ V × V }. Each node is labelled with an
item by the labelling function Σ : V → I.

A path between two nodes v1 and vn, denoted by path(v1, vn) is a set of
nodes v1, . . . , vn, with n > 1 such that ∀i : 1 ≤ i < n : (vi, vi+1) ∈ E, and
∀i, j : 1 ≤ i, j ≤ n : i 6= j → vi 6= vj.

For each non-root node v ∈ T there exists a path to the root node: ∀v ∈
V \ v0 : ∃path(v0, v). Furthermore, we do not allow cycles: ∀v ∈ V \ v0 :
∃!path(v, v).

We define the size of T as the number of nodes it contains: size(T ) = |V |.
Our database D consists of a bag of trees t. Each tree t contains a tree T of
arbitrary finite size. In contrast to an unordered tree, we can order the nodes
within the tree: an ordered tree.

Definition 6 (Ordered Tree). Let I = {i1, i2, . . . , in} be the set of all items.
An ordered rooted tree T over I is a special case of a unordered tree and is
given by a tuple: T = {V,E, v0,Σ,�}. In addition to the restrictions inherited

15



2. Relational Pattern Mining

from an unordered tree (see Definition 5), an ordered tree has a partial order
� on V : for all X,Y ∈ V , if Σ(X) ≤ Σ(Y ), then X � Y .

Shown in Figure 2.2 is an example of a tree. We see a tree T with a root
node labelled A that has two children B and C, of which the latter node has
a child node D. While trees are more complex than sequences, rooted ordered
trees can be described in a string notation called SMILES [90]. In this notation,
the example tree T is written as: A(B)(C(D)). Note that if T is considered an
unordered tree, it matches with both A(B)(C(D)) and A(C(D))(B).

As can be seen from this example, one single unordered tree can be trans-
formed into multiple ordered trees. While this makes an unordered tree a
more general representation, it makes it harder to check for occurrences. The
occurrence checking of a pattern forms an important part of pattern mining
algorithms. Therefore, we need to define the type of patterns that we wish to
find in the database D. Again we have some freedom in how to define this
occurrence function. In this thesis we make use if induced trees.

Definition 7 (Induced Subtree). A ordered tree T1 = {V1, E1, v01 ,Σ1,�1} is
an induced subtree of an ordered tree T2 = {V2, E2, v02 ,Σ2,�2}, denoted as
T1 ⊆I T2 iff:

1. V1 ⊆ V2,

2. E1 ⊆ E2,

3. ∀e = (vi, vj) ∈ E1 : (Σ1(vi),Σ1(vj)) = (Σ2(vi),Σ2(vj)),

4. ∀vi, vj ∈ V1 : vi �2 vj → vi �1 vj .

We say that if T1 ⊆I T2, that T1 occurs in T2. Note that when dealing with
unordered trees, the last condition (4) does not need to hold. As an example,
given T1 = A(B(DE)), T2 = A(D), and T3 = A(B(D)), we have: T2 (I T1,
and T3 ⊆I T1.

A final tree data type that we would like to mention here is the attributed
tree, as we will use it later on. While all previous data types all have one single
label per node, attributed trees can have multiple attributes per node.

Definition 8 (Attributed Unordered Tree). Let I = {i1, i2, . . . , in} be the
set of all items. An unordered rooted tree T over I is given by a tuple:
T = {V,E, v0,Σ}. The restrictions are inherited from the unordered tree (see
Definition 5). Σ is redefined, as each node can be labelled with multiple items
by the labelling function Σ : V → {I}.

Similar to the case of sequences, we can now define the notions of support
for trees. Again, we can define a tree based support, that counts the number
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of trees the tree pattern occurs in. More formally: sup(F ) = |{t ∈ D | F ⊆ t}|.
Alternatively, we can count all occurrences that are found in D, i.e. supD(F ) =
|{occurrences of F in D}|.

Each different tree pattern type gives rise to a distinct manner of mining
the patterns in an efficient manner. For ordered induced trees Asai et al. [4]
have developed FREQT. For unordered induced trees two distinct miners have
been developed simultaneously: Unot [5] and uFreqt [70]. The more complex
attributed trees, can be efficiently mined by use of the FAT miner as proposed
by De Knijf [47].

Graphs

Within the structured data domain there is one type of data structure that
encapsulated the ones previously described: graphs. While graphs can be used
to model all the previously addressed data types, they inherently have severe
computational problems. For one, the isomorphism problem, which is part of
the subgraph matching problem, is NP-Complete.

The existence of an efficient graph miner would make much of the previously
addressed subjects perhaps obsolete. However, the complexity of graphs have
restricted their use to those areas where their specific use is beneficial. These
areas range from molecular science [7,58] to social networks [36]. A graph can
be defined as follows:

Definition 9 (Graph). Let I = {i1, i2, . . . , in} be the set of all items. An
graph G over I is given by a tuple: G = {V,E,Σ}. V is the set of all nodes,
and E is the set of all edges connecting the nodes: E = {(vi, vj) ∈ V × V }.
Each node is labelled by an item by the labelling function Σ : V → I.

Similar to the previous cases of sequences and trees, various specialised
forms of graphs have been proposed. These include outerplanar graphs [43]
and undirected acyclic graphs [78]. Their specific properties have been used
to soften the hard computational complexities inherent to the above general
graph definition.

Well-known graph mining algorithms are gSpan by Yan & Han [92], Gaston
by Nijssen & Kok [72], and MoFa by Borgelt & Berthold [7]. While these
approaches return all frequent patterns, SUBDUE [42] returns a set of graphs
based on a heuristic MDL based approach. We will come back to SUBDUE in
Chapter 4, as it is related to our approach.

A small example

Before we continue with enriching the pattern language, we provide a small
example to link the previous section with the next. Consider the following
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everyday example: parents with their children. Let’s name the parent A and
the children B,C,D. As the children are born in a certain order in time, we
can use a sequence to model the birth order. For example, this would lead for
parent A to a sequence in birth order ABCD (see Figure 2.2).

However, all of these children can have children of their own. In order to
model this ancestral relationship in a suitable fashion, we can use a tree. For
example, parent A has two children B and C, and C has one child D.

The members of this small family are likely keep in touch with each other.
We can model this social interaction, but we need to enrich our data type once
more. For example, say that A often talks to both of his children B and C.
C often talks to his child D, but in addition, B also talks often to D. This
requires a graph as this relational structure is cyclic: e.g. A talks to B, B to
D, D to C, and C to A (see Figure 2.2 bottom).

2.4 Mining Relational Databases

In the last decades, relational database management systems (RDBM) have
become the standard for storing information. Inspired by a famous paper by
Codd, RDBMS have found their way into many areas [19]. Aside from effi-
ciently storing and searching data, the management system preserves the in-
tegrity of the data, and allows for back up facilities and concurrent user access.
At first, RDBMS became very common for corporations to store their infor-
mation, requiring large mainframes. Nowadays, a RDBM can run on desktop
computers or small servers as well, which have led to an increase in its usage.
Nowadays, the application of RDBMS range from storing petabytes of data for
large companies, to supporting small webservers.

A RDBM stores the database in a relational format: a relational database.
The basis for a relational database is a relational model that models the entities
of the data and how they are related. In order to model the data, relational
databases use attributes. In light of our previous family based example, one
of the entities in our relational model would be Person. Each person would
at least be characterised by the attributes name and dob (date of birth). In
addition, to uniquely identify each Person, we introduce an unique identifier:
pid.

In modelling the relational database, we specify for each attribute its do-
main, or type. This limits the range of possible values for this attribute. In the
case of dob, an allowed value would be any valid date, in the past preferably.
Common attribute types include integer values, text strings, date and time
stamps, or even binary data such as digital photos.

To define an entity in our relational model we use a schema. A schema is a
set of attributes. In our example, the schema of Person would be defined as
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Figure 2.3: Relations data can either be expressed in structured data such as
sequences, or as a relational database. Shown here is a set of sequences and a
related table as a result of a SQL query.

the set of the following attributes: {pid, name, dob}. We denote this schema as:
Person(pid, name, dob). The domains of name and dob would respectively
be a text string, and a valid date. We postpone the domain of pid for now.

Person is called the relation, which can have multiple records or tuples
that contain data according to the schema of Person. Each tuple t cor-
responds with an individual that is stored within the database (e.g. t =
(0,Mike, 11/11/1960)). In this fashion, this fills the extend of a relation with
many tuples that follow the schema. Throughout this thesis, we will use table
to address the extend, the schema, or both interchangeably when this is clear
from the context.

The current setup until now only allows for multiple individual tables. How-
ever, the strength of relational databases is that tables can relate to each other
via associations. In order to illustrate this, we will introduce a second relation:
Child(pid, cid). As every person can have any number of children, a tuple
from Person can relate to zero or more tuples from Child. Common associa-
tions are: binary, where either a tuple has a related tuple or not, one-to-many,
where one tuple in this table can relate to 1 or more, or many-to-many, where
tuples in both tables can relate to multiple tuples in the opposing table. The
association between Person and Child would be typically many-to-many. As
2 parents can together have multiple children.

In order for a set of tuples to be related, we need to be able to specify an
unique tuple. For this, we define a set of attributes as the key of the relation
that can uniquely identify the tuple. As its uniqueness forms a essential element
of the relational database, it is common practice to introduce an integer type
attribute specifically for this purpose. For the Person and Child, the keys
respectively are: pid and (pid, cid).
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Note that pid in Child refers to the key of Person. We call such a key a
foreign key. In a relational database scheme, we define the notion of referential
integrity. That is, we require that the values used for the foreign key pid in
Child refer to actually existing values of pid in Person.

Relational Pattern Mining

Relational data mining algorithms make use of this more expressive relational
data formalism and aim at working directly with the relational databases for-
mat. An important contribution to mine patterns directly from relational data-
bases comes from the field of Inductive Logic Programming (ILP). In ILP ap-
proaches, patterns are denoted by first order logic clauses. An example of such
a clause would be:

Person(pid = X)← Person(pid = Y ) ∧Child(pid = X, cid = Y ).

This example clause results in a list of all children for each parent X. The
analogy with relational databases is clear, as each term can refer to an attribute
(e.g. pid), and each predicate to a relation (e.g. Person). Note that the above
clause is relational: none of the single tables contains enough information for
this clause to be verified.

Although ILP has been used extensively in a wider context of relational
systems, we focus on the discovery of frequent patterns within relational data-
bases. The first usage of ILP for pattern mining, was introduced by Dehaspe
et al. in the context of frequent datalog queries [21, 22]. A datalog query has
the form Q = H1, H2, . . . ,Hn, where Hi are logical atoms. An example query
that finds for each child its parent can be denoted by:

Q = Person(pid = Y ),Person(pid = X),Child(pid = Y, cid = X).

A query Q can occur multiple times within a given database D. In our
example, we can have multiple (child, parent), (X,Y ), pairs. Thus, for each
occurrence, we can use different values for attributes of Q.

That is, for Q = H1, H2, . . . ,Hn, with attributes A1, A2, . . . , Am we can
substitute θ = {A1/a1, . . . , Am/am}, where ai ∈ Dom(Ai).

This notion of an occurrence plays an important role in frequent pattern
mining, as it relates to the support of a pattern. In a single table database,
the support is simply the number of transactions in which the pattern occurs.
In a relational database setting, it is common practice to count the support
based on the key of one table in particular, the so called target table. The
support of Q then becomes the number of substitutions Qθ for the variables in
the key of the target table. This target table is considered to be that table in
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the relational database that is of special interest to the user. In our example,
Person would be this target table, and Person.pid the key to count on. The
support of this pattern is the number of distinct pid values that match with
the query.

A well-known ILP-based algorithm to find frequent queries within a rela-
tional database is WARMR as developed by Dehaspe and Toivonen [21]. For
a given database D, a minimum support minsup, and a declarative language
L that defines the key atom of a specific target table, WARMR finds all fre-
quent queries. WARMR is inspired by the APRIORI algorithm and provides
a level-wise algorithm. Similar to APRIORI, WARMR starts with patterns
of cardinality l, and extends these to candidates of cardinality l + 1. To clar-
ify, WARMR starts with the query Q = key, which in our example database
is Q = Person.pid. From this query with cardinality 1 it extends this to
queries with cardinality 2, and so on. Similar to APRIORI, WARMR uses
the frequency to determine whether it will extend certain queries as candidate
queries.

WARMR has inspired many follow up approaches including FARMER [69].
FARMER has a better computational efficiency and allows for a richer declara-
tive language. Even in our simple example this richer language proves useful. In
our above example, WARMR can only list one child per parent, while FARMER
can return multiple children per parent. Alternatively, a simpler declarative
language also has its merits. Goethals et al. have proposed the mining of a
special class of queries: simple conjunctive queries. The majority of the every-
day queries are of this type, namely select-project-join queries. Their miner
called SMuRFIG can mine this type of common queries very efficiently [28,29].

Propositionalisation

After this short outline of relational data mining techniques, one could wonder:
why do we need mining algorithms to deal with relational data? Why do
not simply join all tables together and apply single table mining techniques.
While this might sound attractive, there are some issues with this näıve form of
conversion. First of all, the structural information is lost through a join (e.g. it
is not clear anymore which attributes belong to the Person or Child relation).
Second, joining can introduce data skew [44]. To illustrate this, we assume we
have one parent that has one child and another that has many. In this case, the
attributes of latter parent will occur more often in the joined table, and will
skew the support of its related patterns. Third, when no related information
is available NULL values will need to fill up the empty space. Finally, joined
tables, easily can become very large, which hampers the performance of single
table methods considerably.
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However as an alternative approach, one can derive an interesting summary
of the relational database in a single table. The process of propositionalisation
selects the relevant aspects of a relational database and transfers this to a
single table database [50,53,59]. For example, instead of listing all children per
parent, we can derive for each parent the number of children. This process is
called aggregation; it summarises specific related attributes into a single new
attribute. Common aggregation functions include operators such as: count,
max, min. Given this summary table, we can now use single table techniques
to mine for patterns. The resulting pattern set contains patterns that provide a
partial summary of the database. This summary comes at some cost, as it loses
some of the fine grained structure, and therefore might lose informative data.
As an example, when summarising the number of children, we might oversee
that two siblings are often born in either January or March respectively.

2.5 Conclusions

In this chapter we presented some important aspects of pattern mining. Since
the introduction of the a-priori principle, we have seen many different algo-
rithms that mine a set of patterns from data. A pattern, which is simply a
regularity in the data, is easily interpretable and describes a part of the data-
base in detail. Regrettably, pattern mining has one major shortcoming in the
sense that one typically finds too many interesting patterns; an effect that is
aptly named the pattern set explosion. Many different interestingness measures
have been designed to minimise this effect, such as closed and maximal, but
these still leave room for much improvement.

Nevertheless, the success of pattern mining has spread to many different
types of data. Initially introduced for unstructured itemset data, its techniques
can now can be found in various structured domains. We have shown how
to patterns are defined within data such as sequences, trees and relational
databases. With all these various domains in which pattern mining is applied,
the question of solving its Achilles’ heel is clearly an important one.

22



Chapter 3

Krimp: Mining Itemsets that
Compress

In the previous chapter, we have discussed a successful approach within the field
of data mining: pattern mining. In a plethora of cases, this concerns finding
patterns that occur frequently in a database. The current frequent pattern
mining techniques have become so efficient, that even large itemset databases
pose little difficulty when mining pattern sets.

However, one major drawback of pattern mining is that even in the simple
case of itemset databases, the user gets swamped by huge pattern sets. This is
likely to be worse in structured cases as more complex data types are likely to
result in even larger pattern sets. Regrettably, interesting patterns are likely to
have a reasonable low support, and this is often where the exponential growth
of the pattern set takes its toll. Therefore, much research effort is focussed on
creating more compact and interesting pattern sets.

In this chapter, which is derived from earlier work of Vreeken et al. [86],
we introduce a heuristic algorithm called Krimp that finds such a compact
and interesting pattern set. Using the Minimal Description Length (MDL)
principle, the aim is to find that set of patterns that together describe the
complete database best. We will show how Krimp uses this pattern set to
model the database, and that it leads to drastic reductions of the frequent
pattern set.

1This is part of an edited version of a paper submitted as: [86]. Krimp : Mining Itemsets
that Compress. J. Vreeken, M. van Leeuwen, and A.P.J.M. Siebes. To: Journal on Data
Mining and Knowledge Discovery.
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3.1 Introduction

In the previous chapter, we have discussed a successful approach within the
field of data mining: pattern mining. The aim of pattern mining is to find
those patterns from a database that are potentially interesting to the user.
In a plethora of cases, this concerns finding patterns that occur frequently in
a database. The current frequent pattern mining techniques have become so
efficient, that even large itemset databases pose little difficulty to generate the
pattern sets.

However, it is argued that in order for pattern mining to be used for ’serious’
applications some considerable issues need to be addressed [35]. One of these
is demonstrated in the previous chapter: even in the simple case of itemset
databases, the user gets swamped by huge pattern sets. This is likely to be
worse in structured cases as more complex data types are likely to result in
even larger pattern sets. Regrettably, interesting patterns are likely to have
a reasonable low support, and this is often where the exponential growth of
the pattern set takes its toll. Therefore, much research effort is focussed on
creating more compact and interesting pattern sets.

The initial efforts to reduce the pattern set sizes have led to alternative
interestingness measures such as closed and maximal [73, 77]. Although these
measures obtain reductions, they often still result in fairly large pattern sets.
Recently, there is an increased interest to define measures based on sets of
patterns instead of measuring the interestingness of patterns in isolation. The
rationale behind this, is that by this the measure can steer towards reducing
the redundancy between the patterns within the resulting pattern set. The
approaches discussed in the remainder of this thesis are of this pattern set
selection nature.

It is argued that the main focus of data mining should be on parameter free
algorithms that treat data mining problems from the perspective of compression
[23]. The rationale behind this, is that compression can automatically find the
best model that suits the data. In this chapter, we also utilise compression
for a data mining problem, namely to find a compact and interesting pattern
set. Using the Minimal Description Length (MDL) principle, the aim is to
find that set of patterns that together describe the complete database best. In
order to remain efficient, we introduce a heuristic algorithm called Krimp . We
will show how Krimp uses a pattern set to model the database, and provide
the details of its heuristics. Finally, we will show that Krimp leads to drastic
reductions of the frequent pattern set.
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3.2 The Minimum Description Length Principle

MDL (Minimal Description Length) [32,76] like MML (Minimal Message Length)
[87] is a practical implementation of Kolmogorov Complexity [63]. In this work
we focus on the usage of MDL, which can be roughly described as follows:

Given a set of models H 1, we consider the best model, H ∈ H, to be that
one that minimises:

L(H) + L(D | H)

in which:

− L(H) is the length, in bits, of the description of H, and

− L(D | H) is the length, in bits, of the database when encoded by H.

This form of MDL is called crude MDL, or two-part MDL, as opposed to
refined MDL [33] where the model and the data are encoded together. As we
are interested in the contents of the model, a set of patterns, we use the crude
MDL approach.

3.3 Encoding the Database

In order to use MDL, we need to provide practical implementation of our models
H for our data D. This includes the encoding of D given a specific model H.

The models in our approach are code tables. A code table is a two-part
table, on the left side it contains patterns and on the right side it contains the
respective codes.

Definition 10 (Code Table). Given a set of items I, and a set of codes C a
code table is a two-column table such that:

− The left column contains patterns, that is, subsets over I. This column
contains at least all singleton elements.

− The right column contains elements from C, such that each element of C
occurs only once.

In future notation we introduce some simplicity. We say that an itemset X
from the powerset of I, X ∈ P(I), occurs in CT , denoted by X ∈ CT , iff X
occurs in the left column of CT . Similarly, we say that a code C ∈ C occurs in
CT , denoted by C ∈ CT , iff the code C occurs in the right column of CT .

1MDL-theorists tend to talk about hypothesis in this context, hence the H.
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The set of all itemsets within the code table, {X ∈ CT} is called the coding
set: CS. The number of elements in CT is denoted as |CT |: |CT | = |{X ∈
CT}|. Recall that the set of all patterns containing exactly one item, are
called the singletons: {X ∈ I}. Furthermore, |CT \ I| indicates the number of
non-singletons in the code table.

Now that we have defined our model, how do we use it to encode our
database D? In this chapter, our database D is a set of individual transactions
t over I: t ∈ P(I). Each transaction t over I given a code table CT is covered
using the cover function: cover(t, CT ). This function selects from CT a number
of itemsets to cover t, and returns a disjoint set of elements of CT that cover
t. More formally:

Definition 11 (cover). Let D be a database over a set of items I, t a transac-
tion drawn from D, let CT be the set of all possible code tables over I, and CT
a code table with CT ∈ CT . Then cover : CT × P(I) → P(P(I)) is a cover
function iff it returns a set of itemsets such that:

1. cover(CT, t) is a subset of CS, the coding set of CT , i.e.
X ∈ cover(CT, t)→ X ∈ CT ,

2. if X,Y ∈ cover(CT, t), then either X = Y , or X ∩ Y = ∅,

3. the union of all X ∈ cover(CT, t) equals t, that is, t =
⋃
X∈cover(CT,t)X.

We say that cover(CT, t) covers t. Note that there exists always a well-
defined cover function on any code table CT over I for any transaction t, as
CT always contains all singleton elements from I.

As our database D contains individual transactions, we encode D using CT
simply by replacing all transactions t in D by the codes of the itemsets in the
cover of t,

t→ {codeCT (X) | X ∈ cover(CT, t)}.

Note that to ensure that we can decode an encoded database uniquely we
assume that C is a prefix code, in which no code is the prefix of another code [20].
(Confusingly, such codes are also known as prefix-free codes [63].)

The aim for MDL is to find that model that compresses the data best.
Therefore we need to assign shorter codes to those elements in CT that have a
higher influence in shortening the database length; namely the more frequently
used code table elements. That is, we should use an optimal prefix code. Note
that we are not so much interested in the materialised codes, but only in the
complexities of the model and the encoded data given that model. Therefore,
we are only interested in the lengths of the codes. As there exists a nice
correspondence between code lengths and probability distributions (see, e.g.
[63]), we can calculate the optimal code lengths through the Shannon entropy.
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Encoding the Database

Theorem 1. Let P be a distribution on some finite set D, there exists an
optimal prefix code C on D such that the length of the code for d ∈ D, denoted
by L(d) is given by

L(d) = − log(P (d)).

Moreover, this code is optimal in the sense that it gives the smallest ex-
pected code length for data sets drawn according to P . (For the proof, please
refer to Theorem 5.4.1 in [20])

The optimality property means that we introduce no bias using this code
length. The probability distribution induced by a cover function is, of course,
simply given by the relative usage frequency of each of the itemsets in the code
table. To determine this, we need to know how often a certain code is used.
We define the usage count of an itemset X ∈ CT as the number of transactions
t from D where X is used to cover. Normalised, this frequency represents the
probability that the code is used in the encoding of an arbitrary t ∈ D. The
optimal code length [63] then is − log of this probability, and a code table is
optimal if all its codes have their optimal length. More formally, we have the
following definition.

Definition 12. Let D be a transaction database over a set of items I, C a
prefix code, cover a cover function, and CT a code table over I and C. The
usage count of an itemset X ∈ CT is defined as

usageD(X) = |{t ∈ D | X ∈ cover(CT, t)}|.

The probability of X ∈ CT being used in the cover of an arbitrary transaction
t ∈ D is thus given by

P (X | D) =
usageD(X)∑

Y ∈CT usageD(Y )

The codeCT (X) for X ∈ CT is optimal for D iff

L(codeCT (X)) = |codeCT (X)| = − log(P (X | D)).

A code table CT is code-optimal for D iff all its codes,

{codeCT (X) | X ∈ CT},

are optimal for D.

From now onward we assume that code tables are code-optimal for the
database they are induced on, unless we state differently. Now, for any database
D and a code table CT over the same set of items I we can compute L(D | CT ).
It is simply the summation of the encoded lengths of the transactions. The
encoded length of a transaction is simply the sum of the lengths of the codes of
the itemsets in its cover. In other words, we have the following trivial lemma.
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Lemma 1. Let D be a transaction database over I, CT be a code table over I
and code-optimal for D, cover a cover function, and usage the usage function
for cover.

1. For any t ∈ D its encoded length, in bits, denoted by L(t | CT ), is

L(t | CT ) =
∑

X∈cover(CT,t)

L(codeCT (X)).

2. The encoded length of D, in bits, when encoded by CT , denoted by L(D |
CT ), is

L(D | CT ) =
∑
t∈D

L(t | CT ).

With Lemma 1, we can compute L(D | H). To use the MDL principle, we
still need to know what L(H) is, i.e. the encoded length of a code table.

Recall that a code table is a two-column table consisting of itemsets and
codes. As we know the length of each of the codes, the encoded length of the
second column is easily determined: it is simply the sum of the lengths of the
codes. For encoding the itemsets, the first column, we have to make a choice.

A näıve option would be to encode each item with a binary integer encoding,
that is, using log(I) bits per item. Clearly, this is hardly optimal; there is no
difference in encoded length between highly frequent and infrequent items.

A better choice is to encode the itemsets using the codes of the simplest code
table, i.e. the code table that contains only the singleton itemsets X ∈ I. This
code table, with optimal code lengths for database D, is called the standard
code table for D, denoted by ST . It is the optimal encoding of D when nothing
more is known than just the frequencies of the individual items; it assumes
the items to be fully independent. As such, it provides a practical bound: ST
provides the simplest, independent, description of the data that compresses
much better than a random code table. This encoding allows us to reconstruct
the database up to the names of the individual items.

Definition 13. Let D be a transaction database over I and CT a code table
that is code-optimal for D. The length of CT in bits, denoted by L(CT | D), is
given by

L(CT | D) =
∑

X∈CT :usageD(X) 6=0

|codeST (X)|+ |codeCT (X)|.

Note that we do not take itemsets with zero usage into account. Such
itemsets are not used to code. We use L(CT ) wherever D is clear from context.
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Finding the Code Table

With these results we know the total length of our encoded database. It is
simply the length of the encoded database plus the length of the code table.
That is, we have the following result.

Definition 14. Let D be a transaction database over I and let CT be a code
table that is code-optimal for D and cover a cover function. The total com-
pressed length of the encoded database and the code table, in bits, denoted by
L(D, CT ) is given by

L(D, CT ) = L(D | CT ) + L(CT | D).

Now that we know how to compute L(D, CT ), we can formalise our problem
using MDL. Before that, we discuss three design choices we did not mention so
far, because they do not influence the total compressed length of a database.

3.4 Finding the Code Table

Our goal is to find the set of itemsets that best describe the database D. Recall
that the set of itemsets of a code table, i.e. {X ∈ CT}, is called the coding
set CS. Given a coding set, a cover function and a database, a (code-optimal)
code table CT follows automatically.

Given a set of itemsets F , the problem is to find a subset of F which leads
to a minimal encoding; where minimal pertains to all possible subsets of F .
To make sure this is possible, F should contain at least the singleton itemsets
X ∈ I. We will call such a set, a candidate set. By requiring the smallest coding
set, we make sure the coding set contains no unused non-singleton elements,
i.e. usageCT (X) > 0 for any non-singleton itemset X ∈ CT . More formally,
we define the problem as follows.

Minimal Coding Set Problem. Let I be a set of items and let D be a
dataset over I, cover a cover function, and F a candidate set. Find the small-
est coding set CS ⊆ F such that for the corresponding code table CT the total
encoded length, L(D, CT ), is minimal.

A solution for the Minimal Coding Set Problem allows us to find the ‘best’
coding set from a given collection of itemsets, e.g. (closed) frequent itemsets
for a given minimal support. For example, if F = {X ∈ P(I) | supD(X) > 0},
i.e. when F consists of all itemsets that occur in the data, there exists no
candidate set F ′ that results in a smaller total encoded length. Hence, in this
case the solution is truly the minimal coding set for D and cover.

In order to solve the Minimal Coding Set Problem, we have to find the
optimal code table and cover function. To this end, we have to consider a
humonguous search space.
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3. Krimp: Mining Itemsets that Compress

The number of coding sets does not depend on the actual database, and nor
does the number of possible cover functions. Because of this, we can compute
the size of our search space rather easily.

A coding set contains the singleton itemsets plus an almost arbitrary subset
of P(I). Almost, since we are not allowed to choose the |I| singleton itemsets.

In other words, there are

2|I|−|I|−1∑
k=0

(
2|I| − |I| − 1

k

)
possible coding sets. In order to determine which one of these minimises

the total encoded length, we have to consider all corresponding (code-optimal)
code tables using every possible cover function. Since every itemset X ∈ CT
can occur only once in the cover of a transaction and no overlap between the
itemsets is allowed, this translates to traversing the code table once for every
transaction. However, as each possible code table order may result in a different
cover, we have to test every possible code table order per transaction to cover.
Since a set of n elements admits n! orders, the total size of the search space is
as follows.

Lemma 2. For one transaction over a set of items I, the number of possible
ways to cover it is given by NCP(I):

NCP (I) =
2|I|−|I|−1∑

k=0

×
(

2|I| − |I| − 1
k

)
(k + |I|)!

So, even for a rather small set I and a database of only one transaction, the
search space we are facing is already huge. Table 3.1 gives an approximation
of NCP for the first few sizes of I. Clearly, the search space is far too large to
consider exhaustively.

To make matters worse, there is no useable structure that allows us to prune
levelwise as the attained compression is not monotone w.r.t. the addition of
itemsets. So, without calculating the usage of the itemsets in CT , it is generally
impossible to call the effects (improvement or degrading) on the compression
when an itemset is added to the code table. This can be seen as follows.

Suppose a database D, itemsets X and Y such that X ⊂ Y , and a coding
set CS, all over I. The addition of X to CS, can lead to a degradation of the
compression, first and foremost as X may add more complexity to the code
table than is compensated for by using X in encoding D. Second, X may get
in ‘the way’ of itemsets already in CS, as such providing those itemsets with
lower usage, longer codes and thus leading to massively worse compression.
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Table 3.1: The number of cover possibilities for a database of one (1) transac-
tion over I.

|I| NCP (I) |I| NCP (I)

1 1 4 2.70× 1012

2 8 5 1.90× 1034

3 8742 6 4.90× 1087

Instead, let us consider adding Y . While more complex, exactly those items
Y \X may replace the hindered itemsets. As such Y may circumvent getting
‘in the way’, and thus lead to an improved compression. However, this can just
as well be the other way around, as exactly those items can also lead to low
usage and/or overlap with other/more existing itemsets in CS.

3.5 Algorithms

In this section we present algorithms for solving the problem formulated in the
previous section. As shown above, the search space one needs to consider for
finding the optimal code table is far too large to be considered exhaustively.
We therefore have to resort to heuristics.

To cut down a large part of the search space, we use the following simple
greedy search strategy:

− Start with the standard code table ST , containing only the singleton
itemsets X ∈ I.

− Add the itemsets from F one by one. If the resulting codes lead to a
better compression, keep it. Otherwise, discard the set.

To turn this sketch into an algorithm, some choices have to be made. First,
in which order are we going to encode a transaction? So, what cover function
are we going to employ? Second, in which order do we add the itemsets?
Finally, do we prune the newly constructed code table before we continue with
the next candidate itemset or not?

Before we discuss each of these questions, we briefly describe the initial
encoding. This is, of course, the encoding with the standard code table. For
this, we need to construct a code table from the elements of I. The algorithm
called Standard Code Table, given in pseudo-code as Algorithm 1, returns
such a code table. It takes a set of items and a database as parameters and
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Algorithm 1 The Standard Code Table Algorithm
Input: A transaction database D over a set of items I.
Output: The standard code table CT for D.

1. CT ← ∅
2. for all X ∈ I do
3. insert X into CT
4. usageD(X)← supD(X)
5. codeCT (X)← optimal code for X
6. end for
7. return CT

returns a code table. Note that for this code table all cover functions reduce to
the same, namely the cover function that replaces each item in a transaction
with its singleton itemset. As the singleton itemsets are mutually exclusive, all
elements X ∈ I will be used supD(X) times by this cover function.

Standard Cover Order

From the problem complexity analysis in the previous section it is quite clear
that finding an optimal cover of the database is impossible, even if we are
given the optimal set of itemsets as the code table: examining all |CT |! possi-
ble permutations is already virtually impossible for one transaction, let alone
expanding this to all possible combinations of permutations for all transactions.

We therefore employ a heuristic and introduce a standard cover function
which considers the code table in a fixed order. The pseudo-code for this
Standard Cover function is given as Algorithm 2. For a given transaction t,
the code table is traversed in a fixed order. An itemset X ∈ CT is included in
the cover of t iff X ⊆ t. Then, X is removed from t and the process continues
to cover the uncovered remainder, i.e. t \ X. Using the same order for every
transaction drastically reduces the complexity of the problem, but leaves the
choice of the order.

Again, considering all possible orders would be best, but is impractical at
best. When choosing an order, we should take into account that the order in
which we consider the itemsets may make it easier or more difficult to insert
candidate itemsets into an already sorted code table.

We choose to sort the elements X ∈ CT first decreasing on length, second
decreasing on support in D and thirdly lexicographically increasing to make
it a total order. To describe the order compactly, we introduce the following
notation. We use ↓ to indicate an attribute is sorted descending, and ↑ to
indicate it is sorted ascending:
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Algorithm 2 The Standard Cover Algorithm
Input: Transaction t ∈ D and code table CT , with CT and D over a set of
items I.
Output: A cover of t using non-overlapping elements of CT .

1. S ← smallest element X of CT in Standard Cover Order for which
X ⊆ t.

2. if t \ S = ∅ then
3. Res← {S}
4. else
5. Res← {S}∪ StandardCover(t \ S,CT )
6. end if
7. return Res

|X| ↓ supD(X) ↓ lexicographically ↑

We call this the Standard Cover Order. The rationale is as follows.
To reach a good compression we need to replace as many individual items as
possible, by as few and short as possible codes. The above order gives priority
to long itemsets, as these can replace as many as possible items by just one
code. Further, we prefer those itemsets that occur frequently in the database
to be used as often as possible, resulting in high usage values and thus short
codes. We rely on MDL not to select overly specific itemsets, as such sets can
only be infrequently used and would thus receive relatively long codes.

Standard Candidate Order

Next, we address the order in which candidate itemsets will be regarded. Prefer-
ably, the candidate order should be in concord with the cover strategy detailed
above. We therefore choose to sort the candidate itemsets such that long, fre-
quently occurring itemsets are given priority. Again, to make it a total order
we thirdly sort lexicographically. So, we sort the elements of F as follows:

supD(X) ↓ |X| ↓ lexicographically ↑

We refer to this as the Standard Candidate Order. The rationale for
it is as follows. Itemsets with the highest support, those with potentially the
shortest codes, end up at the top of the list. Of those, we prefer the longest sets
first, as these will be able to replace as many items as possible. This provides
the search strategy with the most general itemsets first, providing ever more
specific itemsets along the way.
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Algorithm 3 Krimp Algorithm
Input: A transaction database D and a candidate set F , both over a set of
items I.
Output: A heuristic solution to the Minimal Coding Set Problem, code
table CT .

1. CT ← Standard Code Table(D)
2. F0 ← F in Standard Candidate Order
3. for all F ∈ F0 \ I do
4. CT c ← (CT ∪ F ) in Standard Cover Order
5. if L(D, CT ) < L(D, CT c) then
6. CT ← CT c
7. end if
8. end for
9. return CT

A welcome advantage of the standard orders for both the cover function and
the candidate order is that we can easily keep the code table sorted. First, the
length of an itemset is readily available. Second, with this candidate order we
know that any candidate itemset for a particular length will have to be inserted
after any already present code table element with the same length. Together,
this means that we can insert a candidate itemset at the right position in the
code table in O(1) if we store the code table elements in an array (over itemset
size) of lists.

The Krimp algorithm

We now have the ingredients for the basic version of our compression algorithm:

− Start with the standard code table ST ;

− Add the candidate itemsets from F one by one. Each time, take the
itemset that is maximal w.r.t. the standard candidate order. Cover the
database using the standard cover algorithm. If the resulting encoding
provides a smaller compressed length, keep it. Otherwise, discard it per-
manently.

This basic scheme is formalised as the Krimp algorithm given as Algo-
rithm 3. For the choice of the name: ‘krimp’ is Dutch for ‘to shrink’. The
Krimp pattern selection process is illustrated in Figure 3.1. Krimp takes as
input a database D and a candidate set F . The result is the best code table
the algorithm has seen, w.r.t. the Minimal Coding Set Problem.
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Figure 3.1: The Krimp algorithm takes the large set of frequent patterns derived
from the database, and selects a small set of interesting patterns.

Now, it may seem that each iteration of Krimp can only lessen the usage of
an itemset in CT . For, if F1∩F2 6= ∅ and F2 is used before F1 by the standard
cover function, the usage of F1 will go down (provided the support of F2 does
not equal zero). While this is true, it is not the whole story. Because, what
happens if we now add an itemset F3, which is used before F2 such that:

F1 ∩ F3 = ∅ and F2 ∩ F3 6= ∅

The usage of F2 will go down, while the usage of F1 will go up again; by
the same amount, actually. So, taking this into consideration, even code table
elements with zero usage cannot be removed without consequence. However,
since they are not used in the actual encoding, they are not taken into account
while calculating the total compressed length for the current solution.

In the end, itemsets with zero usage can be safely removed though. After
all, they do not code, so they are not part of the optimal answer that should
consist of the smallest coding set. Since the singletons are required in a code
table by definition, these remain.

Pruning

That said, we can’t be sure that leaving itemsets with a very low usage count
in CT is the best way to go. As these have a very small probability, their
respective codes will be very long. Such long codes may make better code tables
unreachable for the greedy algorithm; it may get stuck in a local optimum. As
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an example, consider the following three code tables:

CT 1 = {{X1, X2}, {X1}, {X2}, {X3}}
CT 2 = {{X1, X2, X3}, {X1, X2}, {X1}, {X2}, {X3}}
CT 3 = {{X1, X2, X3}, {X1}, {X2}, {X3}}

Assume that supD({X1, X2, X3}) = supD({X1, X2})−1. Given these facts,
standard Krimp will never consider CT 3, but it is very well possible that
L(D, CT 3) < L(D, CT 2) and that CT3 provides access to a branch of the
search space that is otherwise left unvisited. To allow for searching in this
direction, we can prune the code table that Krimp is considering.

There are many possibilities to this end. The most obvious strategy is to
check the attained compression of all valid subsets of CT including the candi-
date itemset F , i.e. {CTp ⊆ CT | F ∈ CT p ∧ I ⊂ CT p}, and choose CT p with
minimal L(D, CT p). In other words, prune when a candidate itemset is added
to CT , but before the acceptance decision. Clearly, such a pre-acceptance
pruning approach implies a huge amount of extra computation. Since we are
after a fast and well-performing heuristic we do not consider this strategy.

A more efficient alternative is post-acceptance pruning. That is, we only
prune when F is accepted: when candidate code table CT c = CT ∪F is better
than CT , i.e. L(D, CT c) < L(D, CT ), we consider its valid subsets. This
effectively reduces the pruning search space, as only few candidate itemsets
will be accepted.

To cut the pruning search space further, we do not consider all valid subsets
of CT , but iteratively consider itemsets X ∈ CT of which usageD(X) has
decreased for removal. The rationale is that for these itemsets we know that
their code lengths have increased; therefore, it is possible that these sets now
harm the compression.

In line with the standard order philosophy, we first consider the itemset
with the smallest usage and thus the longest code. If by pruning an itemset
the total encoded length decreases, we permanently remove it from the code
table. Further, we then update the list of prune candidates with those itemsets
whose usage consequently decreased. This post-acceptance pruning strategy is
formalised in Algorithm 4. We refer to the version of Krimp that employs this
pruning strategy (which would be on line 6 of Algorithm 4) as Krimp with
pruning.
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Algorithm 4 Code Table Post-Acceptance Pruning
Input: Code tables CT c and CT , for a transaction database D over a set
of items I, where {X ∈ CT} ⊂ {Y ∈ CT c} and L(D, CT c) < L(D, CT ).
Output: Pruned code table CT p, such that L(D, CT p) ≤ L(D, CT c) and
CT p ⊆ CT c.

1. PruneSet← {X ∈ CT | usageCT c(X) < usageCT (X)}
2. while PruneSet 6= ∅ do
3. PruneCand← X ∈ PruneSet with lowest usageCT c(X)
4. PruneCand← PruneSet \ PruneCand
5. CT p ← CT c \ PruneCand
6. if L(D, CT p) ≤ L(D, CT c) then
7. PruneSet← PruneSet∪ {X ∈ CT p | usageCTp(X) < usageCT c(X)}
8. CT c ← CT p
9. end if

10. end while
11. return CT c

Complexity

Here we very briefly mention the complexity of the Krimp algorithm. For a
more detailed analysis on the complexity of Krimp see [61,84].

In the worstcase, all candidate patterns can be added to our code table.
However due to MDL, the number of elements in the code table is usually very
small, |CT | � |D| � |F|, in particular when pruning is enabled. In addition,
by using techniques such as hash tables, bitmaps, and more sophisticated cover
algorithms, we can restrain the estimate of the time complexity of Krimp with
or without pruning to:

O(|F| log |F|+ |F|).

As for the memory requirements of the Krimp algorithm, its worstcase
estimate is:

O(|F|+ |D|+ |F|).

Again, as the code table is dwarfed by the size of the database, it can be
regarded a (small) constant. The major part is the storage of the candidate
code table elements. Sorting these can be done in place. As it is iterated in
order, it can be handled from the hard drive without much performance loss.
Preferably, the database is kept resident, as it is covered many many times.
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Table 3.2: For all datasets the candidate set F was mined with minsup = 1,
and Krimp with post-acceptance pruning was used. For Krimp , the size of
the resulting code table (minus the singletons), the compression ratio and the
runtime is given. The compression ratio is the encoded length of the database
with the obtained code table divided by the encoded length with the standard
code table.

Krimp

Dataset |D| |F| |I| |CT \ I| L(D,CT )
L(D,ST )

%

Adult 48842 58461763 468 1303 24.4
Chess (kr-k) 28056 373421 58 1684 61.6
Led7 3200 15250 24 152 28.6
Letter 20000 580968767 102 1780 35.7
Mushroom 8124 5574930437 119 442 20.6
Pen 10992 459191636 86 1247 42.3

3.6 Results

We now present some results on a small number of datasets to provide the
reader with some measure and intuition on the performance of Krimp. To
this end, we ran Krimp with post-acceptance pruning on six datasets, using
all frequent itemsets mined at minsup = 1 as candidates. The results of these
experiments are shown in Table 3.2. Per dataset, we show the number of trans-
actions and the number of candidate itemsets. From these latter figures, the
problem of the pattern explosion becomes clear: up to 5.5 billion itemsets can
be mined from the Mushroom database, which consists of only 8124 transac-
tions. It also shows that Krimp successfully battles this explosion, by selecting
only hundreds of itemsets from millions up to billions. For example, from the
5.5 billion for Mushroom, only 442 itemsets are chosen; a reduction of 7 orders
of magnitude.

For the other datasets, we observe the same trend. In each case, fewer than
2000 itemsets are selected, and reductions of many orders of magnitude are at-
tained. The number of selected itemsets depends mainly on the characteristics
of the data. These itemsets, or the code tables they form, compress the data
to a fraction of its original size. This indicates that very characteristic itemsets
are chosen, and that the selections are non-redundant. Given this small sample
of results, we now know that indeed few and non-redundant itemsets are se-
lected by Krimp , in number many orders smaller than the complete frequent
itemset collections.
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3.7 Related Work

MDL was introduced by Rissanen [76] as a noise-robust model selection tech-
nique. In the limit, refined MDL is asymptotically the same as the Bayes
Information Criterion (BIC), but the two may differ (strongly) on finite data
samples [33]. We are not the first to use MDL, nor are we the first to use MDL
in data mining or machine learning. Many, if not all, data mining problems
can be related to Kolmogorov Complexity, which means they can be practi-
cally solved through compression [23], e.g. clustering (unsupervised learning),
classification (supervised learning), distance measurement. Other examples in-
clude defining a parameter-free distance measure on sequential data [45, 46],
discovering communities in matrices [15], and evolving graphs [80].

Most, if not all pattern mining approaches suffer from the pattern explosion.
As discussed before, its cause lies primarily in the large redundancy in the
returned pattern sets. This has long since been recognised as a problem and
has received ample attention.

Recently, the approach of finding small subsets of informative patterns that
describe the database has attracted a significant amount of research [8,51,68].
First, there are the methods that provide a lossy description of the data. These
strive to describe just part of the data, and as such may overlook impor-
tant interactions. Summarization as proposed by Chandola and Kumar is a
compression-based approach that identifies a group of itemsets such that each
transaction is summarized by one itemset with as little loss of information
as possible [16]. Wang and Karypis find summary sets, sets of itemsets that
contain the largest frequent itemset covering each transaction [89].

Pattern Teams [52] are groups of most-informative length-k itemsets [51].
These are exhaustively selected through an external criterion, e.g. joint entropy
or classification accuracy. As this approach is computationally intensive, the
number of team members is typically < 10. Bringmann and Zimmermann
proposed a similar selection method that can consider larger pattern sets [8].
However, it also requires the user to choose a quality measure to which the
pattern set has to be optimized, unlike our parameter-free and lossless method.

Tiling is closely related to our approach [26]. A tiling is a cover of the
database by a group of (overlapping) itemsets. Itemsets with maximal uncov-
ered area are selected, i.e. as few as possible itemsets cover the data. Unlike
our approach, model complexity is not explicitly taken into account. Another
major difference in the outcome is that Krimp selects more specific (longer)
itemsets. Xiang et al. proposed a slight reformulation of Tiling that allows
tiles to also cover transactions in which not all its items are present [91].

Two approaches inspired by Krimp are Pack [82] and LESS [41]. Both
approaches consider the data 0/1 symmetric, unlike here, where we only regard
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items that are present (1s). LESS employs a generalised Krimp encoding
to select only tens of low-entropy sets [40] as lossless data descriptions, but
attains worse compression ratios than Krimp . Pack does provide a significant
improvement in that regard. It employs decision trees to succinctly transmit
individual attributes, and these models can be built from data or candidate
sets. Typically, Pack selects many more itemsets than Krimp .

Our approach seems related to the set cover problem, as both try to cover
the data with sets. Although NP-complete, fast approximation algorithms exist
for set cover. These are not applicable for our setup though, as in set cover the
complexity of the model is not taken into account. Another difference is that we
do not allow overlap between itemsets. As optimal compression is the goal, it
makes intuitive sense that overlapping elements may lead to shorter encodings,
but it is not immediately clear how to achieve this in a fast heuristic.
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Chapter 4

Reducing the Frequent Pattern
Set

In the previous chapter we have introduced a radically different approach based
on the Minimal Description Length (MDL) principle. For this we use the credo:
”A set of frequent patterns is interesting iff it gives a good compression of the
database”. We have shown that this approach results in itemset sets that are
many orders of magnitude smaller than the set of all frequent itemsets [79].

The aim of this chapter is to extend this approach to frequent patterns
on structured data. That is, to show that in the general case MDL-based
compression picks a, relatively, small set of frequent patterns that describe the
structured data well. We will show how Krimp can be applied successfully on
structured data, and utilise sequences and trees data types.

1This is an extended and edited version of an earlier paper published as: [6]. Reducing the
Frequent Pattern Set. R.W. Bathoorn, A.C.M. Koopman, and A.P.J.M. Siebes. In: ICDM
Workshops 2006, pages 55-59.
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4. Reducing the Frequent Pattern Set

4.1 Introduction

In the previous chapter we have introduced a radically different approach based
on the Minimal Description Length (MDL) principle [32]:

A set of frequent patterns is interesting iff it gives a good compres-
sion of the database.

We have shown that this approach results in sets of frequent itemsets that are
many orders of magnitude smaller than the set of all frequent itemsets [79].
That is, the resulting set is far smaller than, e.g., the set of closed frequent
itemsets.

The aim of this chapter is to extend this approach to frequent patterns on
structured data. That is, we show that in the general case, our MDL-based
compression picks a, relatively, small set of frequent patterns that describe the
structured data well. As examples of structured data we use sequences [66] and
trees [18].

Although more MDL based methods for structured data appear in litera-
ture, the use of MDL here is different. While our focus in on finding a com-
pact set of structured patterns that represent the database, other methods use
MDL to find patterns within structured data. For example, SUBDUE [42] uses
MDL to compress one graph to find hierarchical structures within the graph.
Similarly, the ED algorithm [39] uses MDL on sequence data, and captures pe-
riodical patterns in one long sequence as opposed to a collection of sequences.

4.2 Structured Data and its Frequent Patterns

Before we demonstrate our compression based approach to filter a small set
of frequent patterns that describe our database well, we first provide a brief
introduction to the specific structured data types and patterns we use in this
chapter.

As mentioned already in the introduction, we focus on two types of struc-
tured data types: sequences and trees. There is a variety of ways in which
one can define these structured data types. Our specific choice is based on two
criteria:

1. As our goal is to have a lossless compression of the database, we have
to cover each structured element in the database completely and exactly
once. Patterns with gaps make this process unduly complex, hence we
restrict our attention to gap-less patterns.

2. The other criterion is that we require our description to match easily with
our test-data, which is web-mining data.
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Figure 4.1: Ambiguity in the decoding caused by allowing overlap or gaps in
the cover.

To ensure a lossless compression of the database we do not allow the selected
structured patterns to overlap in the database cover. Without this restriction
it would no longer be possible to perform a unique decoding of the database.
To illustrate this restriction, we do allow overlap and observe the result when
two sequences ABC and CDE are used to cover a sequence as shown in Fig-
ure 4.1. In this case after decoding, the original sequence transaction could
have been ABCDE (with overlap) or ABCCDE (without overlap). Both are
indistinguishable when looking at the coded string when overlap is allowed.
Therefore, to solve this ambiguity we do not allow any overlap.

Another consideration to take into account for the lossless compression of
a database is the use of gaps in patterns. Because gaps in general can have
an arbitrary size, it is impossible to ensure an unique decoding. To illustrate
this, Figure 4.1 shows an example where the patterns AB ∗ D,C and E that
have been selected as our set of patterns. In this case, the original sequence
could have been ABCDE for a gap size of 1 or ABCED for a gap size of 2. To
prevent this ambiguity we do not allow gaps in our patterns. Naturally, these
examples extend to other types of structured data, such as trees and graphs.

As a final note on structured data types, recall from Chapter 2 that we can
write ordered rooted trees as strings using a SMILES notation [90]. In this
notation, a ordered rooted tree T having a root A, and two children B and C,
of which C has one child D is written as: A(B)(C(D)).
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Structured Data: Sequences and Trees

In this chapter, our database is a bag of structured data types, that is, D =
{X}, where X is either a sequence or a tree. The basis of both sequences
and trees are events. A sequence is an ordered set of such events, whereas we
consider trees to be ordered rooted trees in which each node is labelled by one
of the events [48]. For example, if the events are the web pages of a given
website, a sequence would represent the path of pages a user has visited on
that web site. A tree would represent the subtree of the website the user has
visited. In our representation, we assume an order on the children of a node in
the tree. The formal definitions of the data types are given in Chapter 2, see
Definition 2 for the used sequence and Definition 6 for the used tree data type.

Patterns and Occurrences

As usual in structured data mining, the patterns we consider are themselves
again structured data types, namely sequences and trees over Σ. As for our
definition of an occurrence, it is crucial that we do not allow gaps. That is,
we use the gapless sequence occurence as defined in Definition 4 for both the
sequence and tree cases, as we will motivate shortly. As D is a bag of sequences
or trees, supD(Y ) is the sum of all occurrences of Y in all trees or sequences X
from D, i.e. supD(F ) = |{occurrences of F in D}|. A pattern is called frequent
if it occurs more often than the given minimal support threshold: minsup.

4.3 Krimp for Structured Data

Lossless encoding

Having the patterns and their occurrence now defined, we will utilise these in
an alternate version of the Krimp algorithm as defined in Chapter 3. The out-
line for the algorithm used in this chapter is roughly the same. The Minimum
Description Length (MDL) principle is used to find the model, CT , that min-
imises L(D, CT ). What makes things slightly more complex, is the fact that
our database D and the set of candidate patterns F contain structured data
and patterns.

A cornerstone element of Krimp , as introduced in Chapter 3, is the lossless
encoding of D given a code table CT . In the case of itemsets, during the
encoding phase, a code codeCT (X) replaces an itemset X. When decoding, we
can simply replace codeCT (X) by the original itemset X and we are done. To
apply a similar lossless MDL-encoding scheme to structured data, we need to
make sure that the original order within the structured data of D is preserved
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Figure 4.2: Lossless encoding of a database with ordered trees.

when decoding the encoded database. To this end we have to pre-process the
data to make this possible.

Consider a tree transaction T = A(B)(C(D)) from a database D (see Fig-
ure 4.2 left). This tree could be partially covered by a pattern F = A(B)(D)
that has a code codeCT (F ). If we now partly encode T with F we obtain:
codeCT (F )(C). So far so good. However, when we decode the encoded trans-
action, we need to know to which leaf we would re-attach the remaining node
C. We now have some alternatives: A(B)(C(D)), the correct one, and some
faulty ones: A(B)(C)(D), A(B(C))(D), and A(B)(D(C)). This does not seem
like a lossless encoding.

Therefore, in order to provide a lossless encoding of the database, we need to
make a design choice. For the sequences, the restriction of gapless occurrences
by itself already allows for a lossless encoding. For the trees however, we need
to convert all ordered trees to their SMILES equivalent sequences. Then we
do the same procedure as we do on the ordinary sequences. To continue our
example with our lossless encoding, F would could not be used to cover. An
example set of patterns that could be used to cover is F ′ = A(B)(C) together
with the singleton D.
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Exact Solutions?

Ideally, we would like to have an exact algorithm that solves our problem in a
feasible amount of time. However, such algorithms are unlikely to exist.

First, we have to consider all subsets of F that contain all alphabet elements.
We have shown in Chapter 3 that this very quickly results in a search space
of enormous propotions. In the case of sequences, we also need to consider all
possible orders, and allow bags of items instead of just sets. The more complex
a data type gets, the more possibilities we need to evaluate as candidates. In
light of this, there are far too many possible code tables (and orders) to make
exhaustive search feasible.

Second, there is structure in the search space, but it does not help. The
only thing we know is that if F1 ⊆ F2 ⊆ F , then the best possible code table
we can derive from F2 is at least as good as the best possible code table we
can derive from F1.

All things considered, we will have to use heuristics to find a good code
table. We will use the heuristics that are proven to work well in [79] and has
been discussed in Chapter 3 and adapt them to this case.

That is, we use a set of structured patterns, the code table CT , as our
model for the database D. From D we derive an ordered set of structured
frequent patterns ↓ F , and pick, in order, a candidate pattern F that is added
to the code table CT . This code table is used to cover the database, where the
occurrence checking is now based on gapless SMILES sequences.

4.4 Related Work

Another MDL-based method that is known in literature that extracts struc-
tured patterns from a database is called SUBDUE [42]. The rough sketch of
the SUBDUE algorithm is as follows: it replaces structures within a single
graph by one node, this replacement step is repeated until no significant new
structures can be found. This results in an compressed hierarchical graph. Be-
tween SUBDUE and Krimp , there are some striking differences that we would
like to address. First, the goal of SUBDUE is different as it aims at finding
hierarchical patterns that compress a single graph, in contrast to selecting an
interesting set of patterns from the frequent pattern set. The prime focus on
single graphs makes finding patterns over sets of graphs not feasible without
significant adjustments to SUBDUE.

Second, a more important difference with SUBDUE is the fact that SUB-
DUE performs candidate generation based on MDL heuristics opposed to our
heuristic exploration of the complete frequent pattern set. Heuristic candidate
generation can lead to different results, as candidates with a less optimal com-
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pressed length will not be expanded to a new set of candidates. However, given
the erratic nature of the search space, it could very well be that potentially
interesting patterns will be pruned.

In SUBDUE, the set of patterns that is selected to be expanded by a single
node is limited by the fixed beam size. Therefore, as the number of candidates
that are allowed per pattern size is fixed, it is likely to happen that pruning will
cut away interesting patterns. For very skewed databases, such as those used
in our experiments, the large set of small sized patterns will only contain a few
patterns that can be expanded to larger patterns. In order to include these
interesting candidates in the beam, SUBDUE would need to be able to choose
these few patterns based on their contribution to compression of the complete
graph. However, as the contribution of these patterns and their extensions to
the MDL compression is far from monotone, it is likely that they are pruned.

In their earlier work, the authors of SUBDUE noted this possible lack of
finding patterns as an effect of their heuristics. Therefore, in our work we prefer
to remove this heuristic effect, in order to evaluate more patterns that can lead
to a better compression of the database.

In the field of sequence mining, MDL is also utilised by a mining algorithm
called Episode Discovery (ED). The specific focus of ED is to discover periodic
patterns within a sequence. Note that this poses a restriction on the code table
elements opposed to our used sequence definition (see Definition 2). Moreover,
the initial candidate set of the ED algorithm consists of maximal frequent
episodes, opposed to all frequent episodes in the case of Krimp . For each
maximal candidate episode, ED determines the MDL compression ratio and
uses it to mark potentially interesting candidates.

4.5 Experiments

We have applied our algorithm to publicly available data sets from the web-
mining field (see Table 4.1). As we are interested in the reduction of the
pattern set and not so much the actual compression ratios of the database
length, we focus on reduction first and subsequently present the quality of the
selected patterns in terms of the size distribution and induced database cover
per pattern. Throughout the following sections we present results for both
the sequence and the tree data types. The depicted 2 sets of histograms are
representative for all other conducted experiments (see Figures 4.3 and 4.5).
Our databases are skewed: some transactions are around 100 times larger than
others, which makes it hard for MDL to compress them. Moreover, the large
number of singletons in combination with the small average transaction size
indicates that it is more difficult to attain high compression ratios. In short,
the chosen data sets pose an interesting challenge.
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Table 4.1: Database characteristics. For each database D, we have listed the
number of records |D|, the average number of items within the record |X|, and
the number of singletons (|I|).

data type D |D| |X| |I|
sequences KDDcup 234,954 3 835

trees logml 8074 8 9060
US 2430 7409 8 9284
US 304 7628 7 8928

Sequences

For the experiments on sequence data we selected the KDD Cup 2000 data set
that consists of clickstream and customer data of an e-commerce retail web site
(see Table 4.1) [54]. It contains 777,480 clicks divided over 234,954 sequences.
From the clickstream data we derived a collection of frequent sequences without
gaps. We limited the window size, which relates to the maximum span in the
database of a pattern, to 60 and 120 seconds, which resulted in two sets of
frequent sequences that fit within these window sizes. Given each set we use the
structured version of Krimp to derive the code table that is used to compress
the database. The results for these two experiments can be seen in Table 4.2.

We applied our algorithm on these data sets using 3 different minimal sup-
port levels. The level of reduction increases when we decrease the minimal
support level, and we see that we attain ratios of down to 37%. After com-
pression we applied post-acceptance pruning to remove the patterns that do

Table 4.2: Reduction results for sequences databases. The size of the code
table |CT |, and the pruned code table |CT p| are compared to the size of the
frequent pattern set |F| for various window sizes.

window size 60 sec 120 sec

θ 0.06% 0.04% 0.02% 0.06% 0.04% 0.02%

|F| 1477 1955 3,076 1719 2365 3,876
|CT | 1,422 1,569 1,845 1,513 1,757 2,184
|CT p| 1,079 1,095 1,129 1,200 1,274 1,377
|CT \I| 587 734 1,010 675 922 1,349
|CT p\I| 244 260 294 365 439 542
%CT p\I 16.5% 13.3% 9.6% 21.2% 18.6% 14.0%
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Figure 4.3: Pattern size histograms for the involved sequence pattern sets. For
the KDDcup dataset with window size 60sec and minsup 150, we show: (top)
the frequent pattern set, (middle) the pre-pruned code table, (bottom) and the
post-pruned code table.
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not contribute anymore to the compression of the complete database (see Algo-
rithm 4). This resulted in an even higher reduction of the pattern set size; with
pruning the pattern set is reduced to roughly 10% of its original size. Larger
window sizes allow longer patterns to appear in our frequent pattern set, and
result in a comparable reduction performances, albeit a bit less.

Figure 4.3 shows the pattern size distributions of the sequence patterns.
From top to bottom, we see respectively the distribution for: the frequent pat-
tern set, the code table, and the pruned code table. Here we clearly see the
effect of the post-acceptance pruning. At first, we see that longer sequences are
selected to be part of our un-pruned code table. However, upon pruning we see
that most of these longer sequences disappear from the code table. One can
conclude that these longer patterns are not required for a better description of
the database. In these experiments many of these longer patterns are appar-
ently not characteristic for the database, and thus do not become part of the
resulting code table. In addition when looking at F , doubling the window size
only leads to a minor increase of the number of frequent patterns. This indi-
cates that most of the (characteristic) sequence patterns have a small number
of items.

Trees

In the experiments to reduce the set of frequent subtrees, we have chosen three
different data sets: logml, US 304 and US 2430, which all contain weblog data
(see Table 4.1 for details) [94]. To generate all frequent induced subtrees, we
used the FREQT algorithm implemented by Taku Kudo [1, 60,95].

We derived sets of frequent subtrees for all data sets for various different
minimal support levels as described in Section 4.2. Then we applied the struc-
tured version of Krimp on all candidate sets, followed by a post-acceptance
prune on the resulting code tables. The pruning phase removes the code table
elements that do not contribute to the database compression.

Similar to the case of sequences we obtain good reductions: up to three
orders of magnitude. For the logml database, only 0.17% of the originally
generated frequent pattern set is preserved in the code table. In order to
measure the influence of the minimum support threshold, we generate frequent
pattern sets for a wide variety of minsups. In Figure 4.4, we have depicted the
growth of the candidate set and the code table as a function of the minimum
support for the US2430 database. For all databases we observe the same trend:
increasingly lower minsup values lead to exponentially larger candidate sets.
Also, we see that the growth of the code table is moderate.

From all databases we derived set of the frequent subtrees of up to a prede-
fined minimal support level. As one would expect from the a-priori principle,
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Figure 4.4: The selection based on MDL proves effective. While the number of
frequent patterns in F grow exponentially for lower θ values, we see that the
number of patterns in CT grow much less steeply. Shown are the results for
the US 2430 tree data set.

Table 4.3: Reduction results for tree datasets. The size of the code table |CT |,
and the pruned code table |CT p| are compared to the size of the frequent
pattern set |F|.

D US 2430 US 304 logml

θ 0.13% 0.20% 0.15%
|F| 46,232 196,392 275,377
|#CT | 10,001 9,409 9,650
|#CT p| 9,855 9,312 9,540
|#CT \I| 717 481 590
|#CT p\I| 571 384 480
%CT p\I 1.24% 0.20% 0.17%
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frequent subtree mining results in a collection of subtrees diminishing mono-
tone over pattern size (see Figure 4.5 (top)). Longer patterns are likely to
appear less frequent in a database than patterns of a smaller size. This is even
accentuated due to the skewness of the databases as used in our experiments
that contain large numbers of short trees.

When we look at the resulting (pruned) code tables we see a more stable
result, in the sense that larger patterns occur relatively more often (see Figure
4.5 (middle) and (bottom)). Small patterns still have a high usage, as they
are most likely completing much of the cover of the database. Still, a large
number of small patterns is removed. This is because our algorithm only selects
those patterns that contribute to the database description. From the fact
that pruning does not have as much effect as in the case of sequences, we
can conclude that there simply is more structure in the database that can be
captured by our longer non-singleton patterns.

4.6 Discussion

We obtain good results for a variety of sparse and structured databases with
various minimal supports and frequent pattern set sizes. Compression clearly
reduces the frequent pattern set significantly, and makes it applicable for do-
main expert evaluation. Around 10% of the original frequent pattern set is
considered relevant for sequence data and is consequently preserved. We see
an even higher reduction to about 1% for tree structured data. In general, we
see the trend that the code table growth as a function of the minimal support
follows the frequent pattern set explosion only moderately. We also confirm
that low minsup thresholds utilise more structure of the database than higher
thresholds, as higher levels of compression are obtained. In our experiments,
we have attained higher reductions when the database has a higher average
number of items per transaction. This makes sense, as these databases can
lead to longer patterns that can cover larger portions of the database and are
subsequently replaced by a single code.

Improvement continues when pruning removes obsolete patterns from the
code table. The reduction is even more impressive if we disregard the alphabet
elements. Since the novelty for the user is in general found in the non-singleton
patterns, this is the number of frequent patterns the user will have to pursue.
In the logml database, this means that the user will only have to look at 480
out of the 275.000 frequent subtrees; a three orders of magnitude reduction.

Moreover, further improvement is gained as small and trivial patterns are
removed, leading to a more balanced set of patterns in terms of size (see Figures
4.3b and 4.5b). Pruning leads to additional data enhancement by stripping the
non-contributing patterns. This is indicated by the fact that the remaining
patterns are used more often for the database cover.
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data set. (top) The input frequent pattern set has an expected monotone
decay. (middle) However, the code table before pruning shows a more balanced
distribution. (bottom) Similar to the distribution of the pruned code table.
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4.7 Conclusion

Our MDL approach picks small informative sets of patterns from the potentially
vast sets of frequent structured patterns. Reductions up to three orders of
magnitude have been seen in our experiments. We have also shown that the
exponential explosion of the frequent pattern set for lower minimal support
levels is followed much more moderately. This volume reduction, especially
at low minimal support levels, allows for a good inspection of our selected set
of patterns: the code table. Moreover, this reduction does not simply favour
small or large patterns. The interesting pattern set is a balanced set of frequent
patterns of all possible sizes.

As noted in the discussion, the attained reductions depend on the average
size of the structured elements in the database. Therefore a possible extension
would to experiment on XML data, including its attribute data. In such data,
the structured elements tend to be far larger in terms of the number of items
and thus possibly allowing for even higher reduction ratios.
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Chapter 5

Discovering Relational Itemsets
Efficiently

Frequent itemset mining is a major data mining research area. Generalising
from the standard single table case to a multi-relational setting is simple in
principle, but hard in practice. That is, it is simple to define frequent itemsets
in the multi-relational setting, as well as extending the A-Priori algorithm. It is
hard, because the well-known frequent pattern explosion at low minsup settings
is far worse than it is in the standard case.

In this chapter we introduce an effective algorithm for the discovery of fre-
quent, multi-relational itemsets. These relational patterns show which itemsets
occur together. Answering questions like: ’What type of Books are bought to-
gether with what Record types?’. Hence, they provide a symmetric insight in the
relation and reveal patterns that are relevant with respect to the relation. It
extends our earlier work on using MDL to discover a small set of characteristic
itemsets. The algorithm, R-Krimp, first discovers the small set of characteris-
tic patterns in the single tables and then combines these to find a small set of
characteristic multi-relational itemsets. This reduces the original search space
dramatically and, hence, brings down the computational complexity by orders
of magnitude. In the experiments we show that this approach yields a very
good approximation of the näıve approach, joining all tables into one huge
table, while being far more efficient.

1This is an extended and edited version of an earlier paper published as: [56]. Discovering
Relational Itemsets Efficiently. A.C.M. Koopman, and A.P.J.M. Siebes. In: SDM 2008,
pages 108-119.
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5.1 Introduction

Frequent pattern mining is a major research area in data mining, with frequent
itemset mining as premier example. Given the sales-records of a store, we
want to discover all sets of items that customers buy together for at least
minsup times. Clearly, this is an exponential problem, as all sets of items are
potentially frequent and the number of such sets is exponential. The well-
known A-Priori property [2], however, ensures that large parts of the search
space can be pruned. Based on this, many algorithms exist that have good
running times in practice. The only place where the exponential nature of the
problem shows up is in the well-known frequent pattern set explosion. If the
minimal support threshold is set low, the number of candidates and the number
of results explodes.

In the generalisation of frequent itemset mining to the multi-relational case
[49], the exponential nature of the problem returns with a vengeance. For
example, assume we know what people bought both at a record store and at
a bookstore. Patterns in this example are pairs (R, B), in which R is a set
of records and B a set of books, both sets bought by the same customer. In
this setting, we search for sets of records and sets of books that are frequently
bought by customers. Clearly, the number of candidates is exponential both in
the set of records and in the set of books.

Given these two tables with sales transactions of Books and Records, two
transactions are related when a customer buys both sets of products. Finding
collections of bought Records and Books provides insight in the related trans-
actions. This helps to understand the relation between the two tables, as we
can find frequently co-occurring patterns (e.g. are classical music and classic
literature often bought together).

Our researched patterns are these symmetric frequently relating itemsets.
To find these patterns we take a symmetric view of the database. This is
because several Book sets can relate to one specific Record set, and vice versa.
As we find the sales transactions from both tables equally important, we will
need to count on both sides of the relation.

Our approach answers a different research question than standard Multi-
Relational Data Mining (MRDM) approaches like WARMR [22]. A main con-
cept in MRDM is the key table, which specifies the table that has a specific
interest to the user [22, 49, 93]. As an example, consider the Record table as
a target. A WARMR system would then count over the Record table to an-
swer queries such as, which books are frequently bought together with a given
record.

Our research question is to find a small characteristic set of these symmet-
ric relational patterns. To obtain this small pattern set, we have to process
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an exponential number of candidates and an exponential number of resulting
frequent patterns. Fortunately, we are not interested in finding all frequent
patterns, as this set grows exponentially, but only the interesting ones. For
this we build on our earlier work in which we use the Minimum Description
Length (MDL) principle to discover the interesting frequent patterns [79]. In
particular, we use the Krimp algorithm to select interesting patterns.

Given our aim to find a small set of patterns, we present three different
methods to obtain them. When we approach the problem in a näıve manner
we take a global view. This Global algorithm first computes the join of the
tables and computes the frequent patterns from this materialised view. The
Global algorithm quickly becomes impractical, because the materialised join
table becomes huge.

We solve this first issue and achieve a better space complexity if we do
not materialise the join. The idea of the Local algorithm is to perform more
computation locally at the single tables. Assume we have two tables, T1 and
T2. First we compute the projections of both tables Tπ1 = πT1(T1 ./ T2) and
Tπ2 = πT2(T1 ./ T2) which can be done without materialising the join. Then we
find frequent itemsets for the semi-joins Tπ1 and Tπ2 individually. The pairs of
frequent itemsets discovered from these tables are then fed into Krimp to select
the interesting ones. Local is superior in space complexity to Global, and
evaluates more candidates to lead to a better compression. Local considers
a candidate set which is locally frequent and is exponential in the number of
candidates.

To reduce the number of candidates, our proposed algorithm, called R-
Krimp, first reduces the frequent itemset collections computed from Tπ1 and
Tπ2 using Krimp . Then it continues as Local. Since Krimp always gives a
dramatic reduction in the number of frequent itemsets, R-Krimp is computa-
tionally superior to Local. The cost could be that the resulting set of frequent
patterns is far less descriptive than those computed by Local. However, with
experiments we show that R-Krimp approximates Local very well; the re-
sults are almost the same. In other words, R-Krimp is efficient in both space
complexity and computational costs. It reduces candidate space efficiently by
picking the content that is relevant and results in a small set of patterns that
describe the data well. One could paraphrase this by the quasi formula:

R-Krimp(T1, . . . , Tn) = Krimp(
n∏
i=1

Krimp(Ti))

≈ Krimp(
n
./
i=1

Ti)
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5. Discovering Relational Itemsets Efficiently

1

1 = { abbey road,  thriller,  queen } 2 = { colour of magic, good omens }

Id = { Person Id  } Id = { Person Id  }

{ abbey road }

{ queen  ,  thriller }

{ abbey road  ,  queen }2

T1 : Records

Tr1Person Id

1

1 { colour of magic  ,  good omens  }

{ colour of magic }

{ good omens }2

T2 : Books

Person Id

2

Join( T1 ,T2 )

{ { abbey road }   ,  { colour of magic  ,  good omens } }

{ { queen  ,  thriller }   ,  { colour of magic  ,  good omens } }

{ { abbey road  ,  queen }  ,  { colour of magic } }

{ { abbey road  ,  queen }  ,  { good omens } }

Join( T1 ,T2 ) - target: Records

{ { abbey road  ,  queen  ,  thriller }  ,  { good omens } }

{ { abbey road  ,  queen }   ,  { colour of magic } }

{ { abbey road  ,  queen }   ,  { good omens } }

Join( T1 ,T2 ) - target: Books

{ { abbey road }   ,  { colour of magic  ,  good omens } }

F1 = { { ø } ,  { colour of magic, good omens } } supp( F1 ) = 3

F1 = { { abbey road, queen } ,  { ø } }   supp( F1 ) = 2

F2 = { { ø } ,  { colour of magic, good omens } } supp( F2 ) = 2

F1 = { { abbey road, queen } ,  { ø } }   supp( F1 ) = 3

{ { queen  ,  thriller }  ,  { colour of magic  ,  good omens } }

{ { abbey road  ,  queen }  ,  { colour of magic  ,  good omens } }

Tr2

Figure 5.1: Our example joined relational database with records and books.
The join is performed via Person Id. Depending on the focus of interest, we
either have frequent Record patterns, Book patterns, or the patterns that have
our particular interest, those that describe the relation. In the shown result,
only the largest patterns are depicted for clarity.
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Relational Itemsets

5.2 Relational Itemsets

To further illustrate the application of our approach, we will run along an
example. Consider again the database that consists of a collection of tables,
one contains transactions of book sales the other table contains record sales
(see Figure 5.1). Each transaction consists of the titles of the work that is sold
during that transaction. For example, Person 1 has bought two books during
one transaction: ”Colour of Magic” and ”Good Omens”. Two transactions are
related when a customer has bought two product sets, one from each table. As
an example, we see that Person 1 has two related Record transactions: ”Abbey
Road”, and ”Queen, Thriller”.

Given this database, we can pose a number of questions that relate to the
relational nature of the database. First of all, we can be interested in finding
record sales with books: ”What record titles are sold to a person together with
a given frequent book title?”. Alternatively, we can be interested in book sales
related to the record store: ”What book titles are sold to a person together with
a given frequent record title?”. Patterns of both approaches answer a question
which is relevant to a given table of interest. In order to derive the respective
patterns we need to count over the respective target tables. The result is shown
in Figure 5.1, together with a pattern found in each joined table.

Let us know now ask a different question: ”What record titles and book
titles are frequently sold to a person?”. This brings the focus from the tables to
the relation itself. For clarity, consider the depicted example on the bottom of
Figure 5.1, where the symmetrically joined table is shown together with some
derived relational patterns. Note that counting on either the Book table, the
Record table, or all tables leads to different joins, and relational patterns.

To answer our research question, we do not define a specific target table, as
all tables are equally relevant. A clear area of interest is formed by applications
where relational information is available for equally interesting entities. Some
concrete examples that we present in our experiments include finding patterns
such as ”What type of journal paper cites what type of papers?” and ”What
type of genes interact with what type of genes?”.

5.3 Problem Statement

In this section we first define our data and patterns. In particular we introduce
relational itemsets and their support. Moreover, we discuss the relation be-
tween relational itemsets and their well-known counterparts, classical itemsets.
Next we introduce our problem informally. Then we show how MDL can be
used for relational itemsets and, finally, we state our problem formally.
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5. Discovering Relational Itemsets Efficiently

Data and Patterns

Different from traditional frequent pattern mining, we are interested in rela-
tional frequent itemsets. That means that the data resides in multiple related
transaction tables. That is, each of these tables has one column that stores the
transactions. Furthermore, these tables will have one or more columns con-
taining identifiers, which are simply natural numbers. In contrast to primary
keys, these identifiers are not assumed to be unique. Rather, they represent
the relations between the tables. If two tables have common identifier columns,
this means that the transactions in the two tables are related. Hence, our data
is defined as follows.

Definition 15. Let I = {I1, . . . , Ik} be a collection of itemsets for k tables.
For each table j we have a transaction attribute Trj with domain Dom(Trj) =
P(Ij). The set of all transaction attributes is denoted by Tr = {Tr1, . . . , T rk}.
Moreover, let Id = {Id1, . . . Idl} be a set of identifier attributes. These are
attributes with domain Dom(Idj) = N. A relational transaction database D
over (Id, Tr) is a set of tables {T1, . . . , Tk}, such that:

− The schema of Tl = {Idl1 , . . . , Idlm , T rl} in which Idlj ∈ Id and Trl ∈
Tr. Each transaction attribute is associated with one table of D only.

− A transaction tr in Tl, denoted by tr ∈ Tl is a tuple (i1m , . . . , ilm , t) in
which ij ∈ Dom(Idj) and t ⊆ Il.

− Let tables Ti and Tj be two tables in D with schema {Idi1 , . . . , Idim , T ri}
and {Idj1 , . . . , Idjm , T rj} respectively. Ti and Tj are related iff:

Join(Ti, Tj) = {Idi1 , . . . , Idim} ∩ {Idj1 , . . . , Idjm} 6= ∅.

− The set of tables is connected. That is, for each pair of tables Ti, Tj ∈ D,
there is a list of tables such that:

· All tables in the list are related to their successor.

· Ti is related to the first element of the list and Tj is related to the
last element in the list.

− Let Ti and Tj be two related tables, moreover, let tr1 ∈ Ti and tr2 ∈ Tj.
The two transactions are related iff:

πJoin(Ti,Tj)(tr1) ∩ πJoin(Ti,Tj)(tr2) 6= ∅.
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Problem Statement

First, note that the requirements that the set of tables is connected is not
strictly necessary. However, it is without loss of generality. For a database
with a disconnected set of tables, one can simply run our algorithms on the
connected components.

Second, note that we use the term Join(Ti, Tj), because whenever we join
two related tables, denoted as usual by Ti ./ Tj , we implicitly use the equi-join
with the equality restriction on Join(Ti, Tj) [75].

Now that we have defined our data, we can define our patterns. The gen-
eralisation for a standard itemset to a relational itemset is straight forward. It
is a tuple of itemsets, one for each table in the database. That is, we have the
following definition.

Definition 16. Let D = {T1, . . . , Tk} be a relational transaction database over
the set of itemsets I = {I1, . . . , Ik}. A relational itemset over I is a k-tuple :

(I1, . . . , Ik) where Ij ⊆ Ij .

Note that an Ii in a relational itemset may be empty, i.e., Ii = ∅ . That is,
relational patterns may have “holes”.

Generalising the notion of an occurrence of an itemset in a database to the
relational setting, is also straight forward. It is simply a tuple of occurrences
in the various tables, the support of a relational itemset is, again, the number
of occurrences in the database. That is, we have the following definition.

Definition 17. Let D = {T1, . . . , Tk} be a relational transaction database over
the set of itemsets {I1, . . . , Ik}. Moreover, let {I1, . . . , Ik} be a relational item-
set over I. An occurrence of I in D is a tuple of transactions (tr1, . . . , trk),
with trj ∈ Tj, such that:

1. tri and trj are related whenever Ti and Tj are related.

2. ∀j ∈ 1, . . . , k : Ij ⊆ πTrj (trj)

The support of I in D, denoted by supD(I) is the number of occurrences of I
in D.

Note that an occurrence (tr1, . . . , trk) contains a transaction from each of
the underlying tables. Paraphrasing, relational itemsets may have holes, their
occurrences may not. This may seem a restriction, but it is not. We return to
this point after the formal statement of our problem.

There is an alternative way to define the occurrence and the support of a
relational itemset. We can define them directly on the join of all the tables in
D. More precisely, let J(D) be the join of all these tables, i.e,

J(D) = T1 ./ · · · ./ Tk.
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5. Discovering Relational Itemsets Efficiently

Now that we have joined all tables, all relationships that were represented
by the identifier attributes are now explicit in J(D). Hence, without loss of
information, we can reduce J(D) by projecting out all identifier attributes. The
reduced database, R(J(D)), contains k-tuples of the form:

(tr1, . . . , trk) with trj ∈ πTrj (Tj).

We can now define an occurrence of the relational itemset I = (I1, . . . , Ik)
in R(J(D)) as a k-tuple (tr1, . . . , trk) ∈ R(J(D)) such that:

∀j ∈ {1, . . . , k} : Ij ⊆ trj .

The support of a relational itemset is now again defined as the total number
of occurrences in R(J(D)). Given that our joins are equijoins, there is a one-
one correspondence between the two approaches. More precisely, we have the
following simple lemma.

Lemma 3. Let D = {T1, . . . , Tk} be a relational transaction database over the
set of itemsets I = {I1, . . . , Ik}. Moreover, let I = {I1, . . . , Ik} be a relational
itemset over I.

− There exists a bijective function Φ that maps each occurrence of I in D
onto an occurrence of in R(J(D)) and vice versa.

− The support of I in D equals the support of I in R(J(D)).

If we assume that all the elements of I are mutually disjoint, we can go even
further. We can squash R(J(D)) into a classical itemset database, denoted by
S(R(J(D))) over the set of items I1 ∪ · · · ∪ Ik by:

S(tr1, . . . , trk) = tr1 ∪ · · · ∪ trk.

Note that S is, again, a bijection, because all the Ij are mutually disjoint.
Obviously we can apply S also to relational itemsets. S is then a bijection from
the relational itemsets defined on D to the classical itemsets on S(R(J(D)));
again, because the Ij are mutually disjoint. Hence, we have the following result.

Theorem 2. Let D = {T1, . . . , Tk} be a relational transaction database over
the set of itemsets I1 ∪ · · · ∪ Ik. Moreover, let I be a relational itemset over I.
Finally, let S(R(J(D))) be the squashed, reduced version of D. If the IJ ∈ I
are mutually disjoint, then

− There exists a bijection Ψ1 from the relational itemsets over I to the
classical itemsets over I1 ∪ · · · ∪ Ik.
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Problem Statement

− There is a bijection Ψ2 from the occurrences of I in D to the occurrences
of Ψ1(I) in S(R(J(D))).

− Hence, the support of I in D equals the support of Ψ1(I) in S(R(J(D))).

Given that we can always make the IJ ∈ I mutually disjoint, e.g., by
appending the table name Tj to the elements of Ij , the reader may now think:
why all the fuss? First we define relational itemsets, their occurrences and their
support and then we show that this is completely equivalent to the classical,
standard, case.

It is, however, always true for multi relational data mining that one could
join all the tables in the database into one table and analyse that table. The
point of multi relational data mining, however, is that the tables have semantics.
Retaining those semantics makes the results far easier to interpret. Moreover,
the multi relational setting allows for strictly more expressive models. Finally,
a more practical aspect is that joining all tables into one often produces a truly
gigantic table, which is too costly to analyse. So, the importance of the theorem
is not that it yields a good computational approach. Its importance is that it
shows that the way we generalised itemsets, their occurrences and support is
sound.

The Problem: Informally

The relational patterns satisfy the A-Priori principle, just like their classical
counterpart [37]. The order on relational patterns is simply derived from the
classical order on itemsets

Definition 18. Let I = (I1, . . . , Ik) and J = (J1, . . . , Jk) be two relational
itemset over I. I is more general than J , denoted by I � J , if

∀i ∈ {1, . . . , k} : Ii ⊆ J.

It is easy to see that I � J → supD(I) ≥ supD(J). Which means that
the required A-Priori principle holds, and we can mine for frequent relational
itemsets using, e.g., a level wise search algorithm.

While simple in theory, it is, unfortunately, not so easy in practice. We
have already seen in the previous subsection that this problem is equivalent
to computing frequent itemsets on the join of all tables in the database. This
table is often huge. That is, the well-known frequent itemset explosion at low
minsup settings returns with a vengeance. Practice shows that the larger the
tables are, the more frequent itemsets are returned. In other words, while we
could mine for all frequent relational itemsets, the result would not be that
useful.
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5. Discovering Relational Itemsets Efficiently

Hence, we do not want to return all frequent relational itemsets. Rather, our
goal is to compute (and return) a small, characteristic, set of frequent relational
itemsets. In Chapter 3, we discussed a similar problem in the context of classical
frequent itemset mining. In order to derive this small characteristic set, the
Minimum Description Length (MDL) principle [32] is used in the introduced
Krimp algorithm, that approximates the optimal result. In subsequent research
it is shown that the resulting small sets of itemsets characterise the underlying
database very well.

In this chapter we extend this approach to relational itemset mining. In
principle this is, of course, easy because of the equivalence between the rela-
tional and the classical case. However, as pointed out before, this equivalence
might be very inefficient. Hence, the key point of this chapter is that we intro-
duce a far more efficient algorithm, called R-Krimp, for the relational case in
the next section. First, however, we discuss MDL in the relational setting after
which we state our problem formally; this discussion is adapted from [79,85].

MDL for Relational Itemsets

Similar to Krimp [79], we use MDL to find the model, or code table CT ,
that describes the data, D, best. In this relational setting, we therefore need
to redefine how CT can describe D. Or more specifically, how the pattern
occurrences relate to the code table.

Definition 19. Let I = I1, . . . , Ik be a collection of sets of items and C a set
of code words. A code table CT for I and C is a two column table such that:

1. The first column contains relational itemsets over I, this column contains
at least all singleton relational itemsets. These k-tuples are of the form:

(∅, . . . ,∅, {I},∅, . . . ,∅)

That is, all entries but one are the empty set and the one non-empty set
entry is a singleton set.

2. The second column contains elements from C, such that each element of
C occurs at most once.

A relational itemset I over I occurs in CT , denoted by I ∈ CT iff I occurs
in the first column of CT ; similarly for a code C ∈ C. For I ∈ CT , codeCT (I)
denotes its code, i.e, the corresponding element in the second column.

Before we can define how a database is encoded with a code table, we first
have to decide what we are going to encode. Each table in the database con-
tains one or more identifier attributes, as well as a transaction attribute. The
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{ Algebraic Geometry , 2000  }{ Algebraic Geometry , 2001  }

{ Algebraic Geometry , 2002  }

{ Algebraic Geometry , 2001  }

{ Algebraic Geometry , 2000  }

{ Algebraic Geometry , 2000  }

{ Algebraic Geometry , 2000  }

{ Algebraic Geometry , 2001  }{ Algebraic Geometry , 2002  } { Quantum Algebra  , 2000  }

{ Quantum Algebra  , 2000  }

{ Quantum Algebra  , 2001  }

Join( Paper , Paper , Paper )

( a ) original database

( b ) partly covered database

( c ) code table

{  ,   }{  ,  } { Algebraic Geometry ,   }

{  ,   }{  ,  } { Quantum Algebra  , 2000  }

{  ,   }{  ,  } {  ,   }

Join( Paper , Paper , Paper )

{  ,   }{  ,  } {  ,  2000  }

code(1)   code(2)

code(1)   code(4)

code(3)   code(4)

code(2)   code (3)

code(1)

code(2)

code(3)

code(4)

{ { Algebraic Geometry  } , { Algebraic Geometry  } ,  { ø } }

{ { 2002 } , { 2001 } ,  { ø } }

{ {  Algebraic Geometry } , { Quantum Algebra } ,  {  Algebraic Geometry } }

CT

Ccode(C)

{ { 2001 } , { 2000 } ,  { 2000 } }

Figure 5.2: (a) The joined table Join(Paper,Paper,Paper) is covered by the
code table CT . (b) During the Cover process, the original items from the
relational itemsets are replaced by codes. (c) The length of these codes are
derived for all code table elements in CT .

identifiers represent the relationships between transactions only. That is, if we,
e.g., add 1 to each identifier, the identifiers still represent the same relation-
ships. In other words, the actual value of identifier attributes is immaterial,
our results should not depend on these values.

That is, encoding the transactions should be independent of the identifiers.
That is, we encode R(J(D)). Recall that the elements of R(J(D)) are k-
tuples t = (t1, . . . , tk) of related transactions in T1 ./ · · · ./ Tk. Moreover, let
I = (I1, . . . , Ik) be a relational itemset, t is an occurrence of I, denoted by
I ⊆ t, if

∀j ∈ {1, . . . , k}Ij ⊆ tj .

Finally, by t \ I we denote the tuple:

t \ I = (t1 \ I1, . . . , tk \ Ik).

Slightly abusing notation, we will write t ∈ D rather than t ∈ R(J(D)).
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Algorithm 5 R-Krimp Compress

Local = Compress(R(J(D)), FLocal)
Global = Compress(R(J(D)), FGlobal)
R-Krimp = Compress(R(J(D)), FR-Krimp)

Compress (R(J(D)),F)
1. CT ← I
2. for all F ∈ F
3. CT ′ ← CTR + add F in order
4. for all t ∈ R(J(D))
5. Cover(CT, t)
6. if L(CT ′, R(J(D))) < L(CT,R(J(D)))
7. CT ← CT ′

8. end for
9. end for

10. return CT

Problem Statement: Formally

Given the definition of our class of models, code tables, and a way to compute
the total length of the encoded database using Krimp (see Chapter 3), we can
state our problem formally in terms of MDL.

Problem Statement. Let D = {T1, . . . , Tk} be a relational transaction
database over the set of itemsets I = {I1, . . . , Ik}. Find a code table CT that
minimises L(D, CT ).

Note that in view of the equivalence between relational itemsets on rela-
tional transaction databases and the classical setting of itemsets on transaction
databases, we already know how to solve this problem. First transform D into
S(R(J(D))). Then apply the Krimp algorithm from [79]. Finally, transform
the itemsets in the resulting code table back to relational itemsets, and you are
done. However, as noted before, this is not likely to be an efficient approach.
Therefore, the main goal of this chapter is to introduce an efficient algorithm
that solves this problem.

A second remark is that one might object that we do not compress the
complete database. For, if there is a transaction t in, say T1, that is not related
to any transaction in the other Tj ’s, then t is not encoded at all. In other
words, there are transactions in our database that are not characterised by the
resulting code table.

To characterise the complete database, we need a stratified approach. Let
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Algorithm 6 Candidate Set: Global

FGlobal(Tπ1 , T
π
2 )

1. Fπ1 ← Freq(Tπ1 )
2. Fπ2 ← Freq(Tπ2 )
3. F ← ∅
4. for all (F1, F2), F1 ∈ Fπ1 , F2 ∈ Fπ2 do
5. if supTπ1 ,Tπ2 (F1, F2) > θ
6. F ← F ∪ {(F1, F2)}
7. end for
8. return F

D = {T1, . . . , Tk}. First we compute the code table CT {1,...,k} for {T1, . . . , Tk}.
Then we consider the k databases with k−1 tables, Di = D\Ti. From each table
in Di we remove those transactions that are characterised by CT {1,...,k}. Then
we compute a code table for each of these database, characterising relationships
of k − 1 transactions that are not part of a k transactions relations. Repeat
this stratification until finally all transactions are characterised by a code table.
Since the problem (and thus the algorithm) is the same in each step on the way,
we concentrate on one step only.

5.4 Algorithms

In this section we introduce three algorithms that, approximately, solve our
formal problem. As we base our algorithms on the Krimp algorithm, that
approximately solves the single table case, we refer to Chapter 3 for more
details.

The Relational Case

The relational case is very similar to Krimp as discussed above. If we define
the size of a relational itemset as the sum of the sizes of its components, the
order of the candidates and the code table are as for Krimp. The question is:
which candidates do we consider? There are three options:

1. FGlobal : First compute the join of all tables, then apply Krimp to this
huge table. This is the Global algorithm. Given the potentially huge
size of join result, Global does have a rather bad space complexity.
Moreover, the number of candidates that Krimp will have to consider is
also huge, hence, the computational complexity is not very good either.
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Algorithm 7 Candidate Set: Local

FLocal(Tπ1 , T
π
2 )

1. Fπ1 ← Freq(Tπ1 )
2. Fπ2 ← Freq(Tπ2 )
3. FT1 ← ∅
4. FT2 ← ∅
5. F ← ∅
6. for all F1 ∈ Fπ1 do
7. if supTπ1 (F1) > θ
8. FT1 ← FT1 ∪ {F1}
9. end for

10. for all F2 ∈ Fπ2 do
11. if supTπ2 (F2) > θ
12. FT2 ← FT2 ∪ {F2}
13. end for
14. F ← FT1 ×FT2

15. return F

2. FLocal : The first step towards improvement is the realisation that we do
not have to materialise the full join over all tables. Rather, we can first
blow-up each individual table as follows:

Tπi = πTi(T1 ./ · · ·Tk)

which can be computed without storing the full join. Next, we compute
the frequent itemsets on Tπi . The candidates we consider are k-tuples
of these ‘local’ candidates. This algorithm is called Local. Clearly,
the Local algorithm has a far better space complexity than Global.
However, the computational complexity might be worse. Some tuples of
itemsets that are locally frequent will not be frequent globally. In other
words, we may consider far more candidates. While this leads to a better
code table, it takes more time.

3. FR-Krimp : The third option is based on the observation that Krimp
produces a code table that characterises a table rather well. So, why do
we consider all frequent sets on Tπi ? We can also compute a code table
CTi on Tπi and consider only these as local candidates. This algorithm is
called R-Krimp. Clearly, it enjoys the space complexity of Local, while
having a far better computational complexity; far fewer candidates are
considered. There is a risk involved, however. Because we consider far
fewer candidates, our final code table might be far worse than the one
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Algorithm 8 Candidate Set: R-Krimp

FR-Krimp(Tπ1 , T
π
2 )

1. CTπ1 ← Krimp(Tπ1 )
2. CTπ2 ← Krimp(Tπ2 )
3. F ← ∅
4. for all α1 ∈ CTπ1 do
5. if supTπ1 (α1) > θ
6. CTπ1 ← CTπ1 \ {α1}
7. end for
8. for all α2 ∈ CTπ2 do
9. if supTπ2 (α2) > θ

10. CTπ2 ← CTπ2 \ {α2}
11. end for
12. F ← CTπ1 × CTπ2
13. return F

computed by Local. Only experiments can tell whether or not R-Krimp
is a viable approach.

These three algorithms are depicted in Algorithms 6, 7, and 8 respectively.

5.5 Experiments

In our experiments we have used a number of public relational databases.

Hepatitis Database

From the EMCL/PKDD 2005 dataset we have selected a number of databases
that is comprised of data from hepatitis medical analysis . In each table, pa-
tient medical test information is stored that is linked to a central patient table
containing their personal details. From this relational database we have se-
lected a number of tables: bio, a table containing biopsy results, ifn contains
information on interferon therapy, and hemat, which contains results on hema-
tological analysis. In all cases, the original tables were converted to itemset
databases. As the databases contained missing data, we have assigned these
items with specific labels to mark them. From the generated frequent pattern
set we have filtered the patterns containing missing values. As such, in our
cover process these unknown values are forced to be covered by their singleton
representatives. Therefore, none of the added code table elements will contain
missing data.
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Table 5.1: Database characteristics for all databases. We list the number of
tuples, the number of items in each joined transaction (|I|), and the number
of transactions per table. The most right column shows the size of the joined
table.

database #tuples |I| |Tπ1 | |Tπ2 | |Tπ3 | | ./ Tπ1,2,3|

2-table
LOAN-TRANSACTION 54694 17 54694 682 929798
GENE-INTERACTION 150376 18 2437 5450 2706768
PAPER-PAPER 4585 12 1441 1366 55020
BIO-HEMAT 50766 15 689 32756 761490
BIO-IFN 334 12 334 197 4008
HEMAT-IFN 16956 18 16956 197 305208

3-table
PAPER-PAPER-PAPER 11445 18 1065 913 1021 206010
BIO-IFN-HEMAT 31379 22 334 197 16956 690338

Gene-Interaction Database

Another database is derived from the KDDcup 2001 and contains information
on interacting genes . The original database consisted of 2 tables: genes and
interactions. The genes table consists of the following fields: gene id, essential,
class, complex, phenotype, motif, chromosome number, function, and localiza-
tion. In addition to the definition of relationships between genes, the interac-
tion table contains the relation types that were detected between genes (e.g.
physical- or genetic interaction) and the bond strength. As our method does
not incorporate labelled links, we created a second gene table, genes2, which
was augmented with this information; adding the type and strength fields to it.
After extension the complete related transaction (t1, t2) therefore contains the
following fields: t1: (essential, class, complex, phenotype, motif, chromosome
number, function, and localization). t2: (essential, class, complex, phenotype,
motif, chromosome number, function, localization, interaction type and bond
strength).

High Energy Physics paper Database

For the KDDcup 2003, a large collection of High Energy Physics papers were
made available. From this large database, a relational database is made avail-
able, which we have adapted for our use . It consists of HEP papers that are
linked to journals, authors and other papers based on citations and authorship.
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We focus here on which paper properties are often linked through citations to
other papers. From the database we have selected available attributes of inter-
est: topic area, being published, year of publication, number of authors, number
of times cited, and the number of citations to papers. After this selection, we
again projected the relation to create binned versions of the databases. An
example pattern that could be found in the two tables would be of the form:
(topic area, number of authors & being published).

Financial Database

The last database comes from the PKDD 1999 where financial information is
linked via relations. In this database information is stored about customers,
loans, and their financial transactions. We have selected features of provided
loans and observed financial transaction features that are linked through the
involved customer. The goal is to find related patterns of transaction features
that result in provided loan features and vice versa. The selected attributes
for the loan table are: date, number, duration, payments, and status. For the
transactions table we have: date, type, operation, number, balance, symbol,
bank, and account. Given two tables, an example pattern could be of the
following type: ( number , balance & bank ).

5.6 Results

Relational Patterns

Before going into detail on how well our methods performs in terms of reducing
complexity, we will first focus on our derived patterns. As defined in section 5.3,
we are interested in finding a small set of characteristic related patterns. In our
code table, a code table element consists of a tuple of itemsets (F1, F2). As an
example, using R-Krimp, we find the following related itemset: ({unpublished,
3 authors, 2002}, {published, 3 authors, Mathematical Physics, 2001}) that is
descriptive in the HEP paper database. Apparently, these citation character-
istics occur often in the database.

In the MDL description there is a trade-off between the covered item sets
and the number of relations covered by the relational patterns. R-Krimp
automatically finds this trade off. Due to the inclusion of empty sets, we are
not restricted to find patterns over all tables per se. Therefore we see that
portions of the code table either cover one, two or three tables. An example
pattern which is best described over a subset of tables is: (1994, 1993,∅).
Apparently, paper citations between 1994 and 1993 are best described over 2
instead of 3 tables. R-Krimp chooses to describe the relation how it sees it
best fit, as some occurring phenomena can be best described locally.
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Figure 5.3: Incorporating relational information reveals patterns that would
otherwise have been hidden. Not surprisingly from relational perspective, we
see that papers are more often cited when they are written by more authors
and when published.

Looking at Figure 5.2, we see how our code table maps to our joined table.
Depicted on top is the joined table T1 ./ T2 ./ T3. On the bottom is a visuali-
sation of the relational code table. Note that single table itemsets can be used
in several code table elements (e.g. year:2001 in our shown example). When
visualising the result we can merge these, and as such decompose the code ta-
ble. When we decompose the relational code table, we obtain pattern graphs
which indicate the pattern interaction. The depicted result in the middle in
Figure 5.2 is partial. The most frequently used patterns are selected from our
relational code table for visual clarity (shown patterns cover at least a third of
the relation). The relational code table is a short description of the complete
joined table, which maintains the structural information.
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Capturing the Relational Influence

We see that we can find relational patterns over multiple relations, but does in-
corporating the relation provide us with additional insight? We are not merely
interested in finding relational patterns; we are interested in finding patterns
that have some relevancy with respect to the relation. In other words, can we
now find patterns that we would not have found otherwise, which arise due to
the relational influence?

To inspect this, we focus on the HEP paper database. Recall that the
relation encodes the citation interactions, and the second table contains the
papers that have been cited. To see what patterns make the difference, we
measure the code table differences between the original table and its relational
counterpart. To do this, we compare the code table usages, usageCT (C), and
compare them for each code table. A high pattern usage relates to frequently
used and relevant patterns. The results are shown in Figure 5.3. The most left
part, left of the dashed line, depicts the non-alphabet elements; it is there where
we see the most difference. When we look at the most prominent difference
we observe an interesting result. The itemset (published, 2 authors) is very
descriptive for the cited set.

Increasing the Efficiency

In all our previous work, we have seen that finding the smallest encoded length
goes on par with finding the best description. Therefore, we would like to
achieve the smallest encoded length for the database using only the smallest
number of candidates possible. This translates to finding a small set of promis-
ing candidates that could compress the database well.

Reduce the Candidate Set

We have presented the candidate set reduction results in Table 5.2. From these
results we see that the FGlobal starts small, with respect to the additional
candidates that FLocal has to consider. The local minsup leads to a higher
number of candidates. This candidate set explosion ranges from 4 to 260 times
as much candidates.

In perspective, R-Krimp reduction picks out a fraction of the candidates
that are available in the Local candidate set. We reduce the candidate set
down to 1 percent of its original size compared to FLocal. In general, we know
that these MDL reductions are increasingly better for lower θ (see Figure 5.4).
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Table 5.2: Candidate Set Reduction. For various experiments, we see that
when changing from FGlobal to FLocal the local table minsup adds a large
number of candidates. However, the FLocal is reduced significantly by our
proposed FR-Krimp.

database |FLocal| |FR-Krimp| |FR-Krimp|
|FLocal|

% |FGlobal| |FGlobal|
|FLocal|

%

2-tables
loan - transaction 262510 3431 1 12809 5
gene - interaction 37346 11032 27 1043 3
paper - paper 286065 30767 11 5043 2
bio - hemat 153049 14535 9 5887 4
bio - ifn 45017 477 1 10152 23
hemat - ifn 39737 4198 11 999 3

3-tables
paper - paper - paper 341295 91798 27 1316 1
bio - hemat - ifn 9200794 83459 1 116649 1

Approximate the Quality

We have successfully reduced the candidate sets, the question now becomes, at
what cost? First of all, we see that the Local approach does indeed manage
to derive a smaller encoded length than Global. In all cases shown in Table
5.4, we see that the encoded length is up to 10 percent smaller.

In general, we see in all cases that R-Krimp approximates the Local
approach very well. The encoded lengths in all cases resemble Local much
more than Global. When we look at the efficiency of the encoding in terms
of the number of code table elements (CTLocal, CTR-Krimp, CTGlobal), we also
see a good approximation. In general, R-Krimp not only attains the same
encoded length, but also uses roughly a similar sized set of patterns.

The main goal is to achieve a similar encoding length as Local with R-
Krimp. However, it is interesting whether our candidate reduction keep up
ahead of the worst performing approach: Global. In all cases, we see in
Table 5.3 that we outperform Global. In a few cases, R-Krimp even has less
code table elements in its code table than Global. With this smaller code
table it attains a more efficient encoding. For example, in the loan-transaction
database, we achieve a better compression with R-Krimp than Global - with
less code table elements (see Tables 5.3 and 5.4).
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Figure 5.4: Here we show the results for the gene-interaction database. (top)
The R-Krimp candidate set is much smaller than the Local case and reduced
the exponential growth. (bottom) The FGlobal reduction suffers severely in
terms of compressed length L(CT,D). R-Krimp still approximates the Local
case very well.
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Table 5.3: CTLocal is approximated very closely by CTR-Krimp. We show for
all three approaches the resulting number of patterns in CT . Note that we only
show the non-singleton elements, that is |CT \ I|. The pattern set reduction is
up to several orders of magnitude.

database |CT Local| |CTR-Krimp| |CTGlobal| |FLocal|
|CT R-Krimp|

% |CTR-Krimp|

2 relations
loan - transaction 812 283 430 0.11 66× 138
gene - interaction 1892 1915 181 5.13 71× 99
paper - paper 744 448 468 0.16 158× 184
bio - hemat 847 836 122 0.55 60× 151
bio - ifn 18 18 33 0.04 18× 4
hemat - ifn 84 84 149 0.21 83× 2

3 relations
paper - paper - paper 1863 1369 320 0.01 79× 59× 65
bio - ifn - hemat 512 811 342 0.40 70× 224× 35

Return what is Relevant

As a final remark on the results we like to focus on the capabilities to select a
small characteristic set of relational patterns. We have shown in previous work
that Krimp can select a small set of patterns. In the shown results, see Table
5.2, we see that the same still holds for relational data. To make an honest
comparison, we need to compare the original candidate set FLocal with the
resulting relational code table CTR-Krimp. We do not compare FR-Krimp with
CTR-Krimp, as both the candidate reduction as well as the resulting pattern set
reduction both are fruits of our approach. On average we see a reduction of
several orders of magnitude. For example, for the HEP paper citation database
over 3 tables, down to 0.01% of the original candidates remain as characterising
patterns. Similar to Krimp, R-Krimp obtains increasingly better reduction
results for lower minsups.

5.7 Discussion

Finding relational patterns is associated with a high space complexity and a
large associated candidate space. We solve the first issue with an approach we
call Local which does not require a materialisation of the join. To solve the
last issue, of an exponential candidate set, we extend this approach to our most
successful approach R-Krimp. The growth of the candidate set, FR-Krimp, is
much less for lower minimal supports, solving the exponential growth issue.
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Table 5.4: CTLocal is approximated very closely by CTR-Krimp. More im-
portantly, it also achieves a similar relative encoded length L of the database
(divided by the standard encoding LST ). The pattern reduction is up to several
orders of magnitude.

database LLocal
LST

% LR-Krimp
LST

% LGlobal
LST

%

2 tables
loan - transaction 35.89 36.20 39.37
gene - interaction 55.78 55.96 62.76
paper - paper 54.65 54.20 56.78
bio - hemat 68.54 68.98 69.54
bio - ifn 70.76 73.17 73.34
hemat - ifn 75.04 75.07 75.20

3 tables
paper - paper - paper 73.26 76.17 82.60
bio - ifn - hemat 75.02 75.20 75.54

With respect to all approaches, the candidate set associated with Local,
FLocal, provides the candidates for the best description of the complete rela-
tion. R-Krimp clearly grasps a similar set of relevant patterns well using a
much smaller candidate set. With a much lower computational complexity we
obtain almost the same relational encoding. As both space complexity and
candidate set size are related to the time complexity, both reductions make
R-Krimp suitable to mine relational patterns on large databases.

Beforehand, it is hard to determine whether a pattern in the data is best
described on a single table solely or over multiple tables in a relational form.
R-Krimp makes this selection via MDL automatically based on finding the
best description, and determines in what dimension to capture patterns. With
success; our relational code tables contain patterns that contain itemsets over
all tables or a subset thereof.
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5.8 Conclusions

Given a relational database, we find a small set of relational patterns in a sym-
metric fashion. Example questions that we would like to answer in a relational
setting are: ’What record titles and book titles are frequently sold together ’. We
have shown that we can find these patterns that describe the relation well. Our
relational R-Krimp code tables consists of those patterns containing relevant
relational information. Itemsets that otherwise would have not been shown
relevant, now appear as interesting item sets. Using R-Krimp, we obtain a
small description of the complete relation in the form of our relational code
tables.

Multi-relational pattern mining suffers even more from the well-known fre-
quent pattern explosion than the single table case. In this chapter, we show,
however, that by using MDL one can still mine for the descriptive frequent
relational itemsets in an effective way. In particular, the R-Krimp algorithm
is both space and time efficient while its result is a good approximation of the
far too expensive näıve approach.

One could paraphrase the results of this chapter by the quasi formula:

R-Krimp(T1, . . . , Tn) = Krimp(
n∏
i=1

Krimp(Ti))

≈ Krimp(
n
./
i=1

Ti)

In that sense it is a further confirmation that MDL in general and Krimp
in particular picks the itemsets that matter. The advantage of R-Krimp over
other methods is not only its efficiency in both space and time complexity, but
also that it scales very well. For, the size of Krimp(T ) grows far less quickly
than the size of T .

Finally, due to the excellent scaling properties of R-Krimp, mining in such
generalised cases remains tractable without getting swamped in patterns.
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Chapter 6

Characteristic Relational
Patterns

Research in relational data mining has two major directions: finding global
models of a relational database and the discovery of local relational patterns
within a database. While relational patterns show how attribute values co-
occur in detail, their huge numbers hamper their usage in data analysis. Global
models, on the other hand, only provide a summary of how different tables and
their attributes relate to each other, lacking detail of what is going on at the
local level.

In this chapter we introduce a new approach that combines the positive
properties of both directions: it provides a detailed description of the complete
database using a small set of patterns. More in particular, we utilise a rich
pattern language and show how a database can be encoded by such patterns.
Then, based on the MDL-principle, the novel RDB-Krimp algorithm selects
the set of patterns that allows for the most succinct encoding of the database.
This set, the code table, is a compact description of the database in terms of
local relational patterns. We show that this resulting set is very small, both
in terms of database size and in number of its local relational patterns: a
reduction of up to 4 orders of magnitude is attained.

1This is an extended and edited version of an earlier paper published as: [57]. Charac-
teristic Relational Patterns. A.C.M. Koopman, and A.P.J.M. Siebes. In: KDD 2009, pages
437-446.
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6.1 Introduction

Relational data mining seeks to generalise traditional, single-table data analysis
to the analysis of multiple inter-related tables. As relational models are more
expressive than their single table counterparts, they allow for a more succinct
description of the database than when one has to summarise each and every
table and all their connections separately. Current research in relational data
mining follows one of two directions. Either one aims to find a ‘global’ model of
the complete database, or one seeks interesting ‘local’ patterns in the database.

Both directions have their specific merits and shortcomings. A ‘global’ data-
base model, for example a Probabilistic Relational Model (PRM) [55], is often
small and interpretable, but it lacks detail as it only shows how the attributes of
the tables interact. On the other hand, one can use an approach like WARMR
to find frequent patterns [2,21]. These patterns can be regarded as ‘local’ mod-
els that describe a partial structure of the relational database. A well-known
drawback of this method is the exponential pattern set growth when mining
for less frequent, but often interesting, patterns.

In this chapter we present a new approach, RDB-Krimp, that combines
the strengths of both approaches. It finds a global model that describes the
complete database using only a small set of characteristic relational patterns.
While collectively the patterns show the global structure, individually they
reveal the local interactions in the database. A global model that describes the
complete relational database must capture the behaviour of all tables and their
interactions, and thus requires a focus on all tables. While frequent pattern
mining techniques prune the pattern search space using a single ‘target’ table,
all tables function as ‘targets’ in our global approach. Hence, our pattern
language is essentially that of FARMER [71] except we do not restrict the
patterns to have their ’roots’ in a single target table.

Given this pattern set, we use the Minimum Description Length (MDL)
principle [32] to select a small set of characteristic patterns for the database.
RDB-Krimp uses the MDL-principle to find those patterns that together de-
scribe the database well. In contrast to Krimp [79], this enriched pattern
language allows RDB-Krimp to find more complex patterns in the database.
However, finding these richer models for relational databases requires a novel
lossless encoding scheme that relies on its ordering. During the encoding, RDB-
Krimp reorders the tuples based on the patterns of the model such that the
encoded database can always be decoded in a lossless fashion. RDB-Krimp
proves effective: with its lossless encoding, it can find models that stay compact
and utilise our enhanced pattern language.

After presenting our theoretical framework and the RDB-Krimp algorithm,
we validate our claims with experimental results obtained on publicly available
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KDDcup databases. We show that the global models stay compact, in con-
trast to the original candidate pattern sets that grow large for lower minimum
supports.

Furthermore, we show that we attain good results as a result of the specific
characteristics of our enhanced pattern language. We show that simpler pattern
sets lead to worse results and that target table based approaches are much less
effective. We conclude by discussing the readability of our models, and our
related work.

6.2 Data and Patterns

In this section we formally define the data type, relational patterns, how such
patterns occur in the database, and how to calculate the support of a pattern.
Although we already introduced a relational database and its patterns in Chap-
ter 5, note that the definitions inhere are less restricted. In this chapter we do
not restrict our database to be a path of connected tables, but instead allow
it, and its patterns, to be more general.

Data

We assume that the data resides in a multi-relational database in which the
relations between the tuples in the various tables is coded, as usual, via foreign
keys. We assume that any pair of two tables have at most one foreign key
relationship between them. This is without loss of generality as databases can
always be losslessly recoded such that this assumption holds. Moreover, we
assume that all attributes of all tables have a categorical domain. To introduce
our notation, we give a brief formal description.

The database D consists of a set of tables, D = {T 1, . . . , Tn}, and we assume
that all the table names (the T i) are unique. Each table T has a schema S(T ).
This schema consists of a key, 0 or more foreign keys, and 1 or more attributes,
i.e,

S(T i) = (Ki,FKi,Ai)

in which:

− Ki is the key. Without loss of generality, we assume that the key name
is unique. Its domain, Dom(Ki), is a set of integers.

− FKi is a set of 0 or more foreign keys. We assume that the database
schema is consistent, that is
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orderID accountID Bank-To Amount-To Amount Type

loanID accountID Date

dispID accountID Type

Amount Duration Payment

accountID Frequency Date

Figure 6.1: An illustrative relational database: an excerpt from the Financial
database.

· For each foreign key FKi
j of T i, there is a table, say, T l ∈ D for

which it is the key, i.e., FKi
j = Kl. As noted above, we assume that

there is at most one foreign key in T i that refers to Kl

· The domain of FKi
j is the domain of that Kl.

− Ai consists of 1 or more attributes. Each attribute Aik has a categorical
domain Dom(Aik).

− Summing up, the domain of table T i denoted by Dom(T i) is the cartesian
product of all domains involved, i.e.,

Dom(T i) = Dom(Ki)×
∏

FKi
j∈FKi

Dom(FKi
j)×

∏
Aik∈Ai

Dom(Aik)

In our example database, shown bottom-right in Figure 6.1, the DISPOSITION
table has as key: dispID (depicted in bold) and as foreign key accountID. More-
over, it has an attribute Type whose domain is: {Owner,Disponent}.

Next to a schema, each table has an extend, consisting of a set of tuples. As
usual, we blur the distinction between the table and its extend and say that a
tuple t is in table T i; denoted by t ∈ T i. The database as whole should satisfy
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referential integrity. That is, foreign-key values in a tuple refer to existing
tuples in the table for which this foreign key is the key. More formally we have:

A tuple for table T i with S(T i) = (Ki,FKi,Ai) is given by:

t = (Ki = k, {FKi
j = Kj}, {Ail = vl})

in which:

− k ∈ Dom(Ki),

− the tuple has one entry for each FKi
j ∈ FK

i and one entry for each
Aij ∈ Ai.

− let Kl be the key to which FKi
j refers, then kj ∈ Dom(Kl),

− for referential integrity on the database D, we have that for any tuple
t ∈ T i, there is a tuple t′ ∈ T l such that πFKi

l
(t) = πKl(t′).

− vl ∈ Dom(Ail).

Again as usual, we will suppress the labels in tuples whenever possible. That
is, we simply write (40, 10, Owner) ∈ DISPOSITION for a tuple in our example
database in Figure 6.1.

Patterns

The prototypical example of patterns are itemsets. In the case of a (single)
table of categorical data, an itemset generalises to a selection. Clearly such
patterns should be included into our pattern language. However, “true” re-
lational patterns should cross multiple tables. That is, they should describe
related selections over multiple tables.

After formally introducing our pattern definition, we will illustrate it with
an example.

Definition 20 (Pattern). Let D = {T 1, . . . , Tn} be a database for which each
table T i has schema S(T i) = (Ki,FKi,Ai).

− Let {A1, . . . , Al} ⊆ Ai and let vj ∈ Dom(Aj), then the expression F
defined as

F = T i({A1 = v1, . . . , Al = vl})

is a pattern for T i; this is denoted by F ∈ F i.
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− Let T i have key Ki, moreover, let Ki be a foreign key of T j; that is,
there is an FKj

l ∈ FK
j such that FKj

l = Ki. Let F0 ∈ F i and let
{F1, . . . Fk} ⊆ Fj. The expression F defined as

F = F0[F1, . . . , Fk]

is a pattern for T i, i.e., F ∈ F i.

− Let T i have key Ki, moreover, let Ki be a foreign key of the q tables
T j1 , . . . , T jq , such that if r 6= s, then T jr 6= T js . Let F0 ∈ F i and for
l ∈ {1, . . . , q}, let {F l1, . . . F lkl} ⊆ F

jl . The expression F defined as

F = F0[[F 1
1 , . . . , F

1
k1

], . . . , [F q1 , . . . F
q
kq

]]

is a pattern for T i, i.e., F ∈ F i.

The third component is a generalisation of the second, which is included to
simplify part of the following definitions.

In our pattern definition we define the alphabet patterns as those patterns
that select one attribute and assign it to one value (i.e. F = T i(Aj = vj)).

Also, we define the size of a pattern as the number of attributes within the
pattern:

size(F = T i({A1 = v1, . . . , Aj = vj})) = j

size(F0[[F 1
1 , . . . , F

1
k1

], . . . , [Fm1 , . . . Fmkm ]]) =

size(F0) +
∑m
i=1

∑ki
j=1 size(F

i
j ).

Using our example database shown in Figure 6.1, we can now illustrate our
pattern definition. An example of the first component, a single table selection
on the ACCOUNT table, would be ACCOUNT({Frequency =2}). This pattern can
be seen in the database in the set of tuples with account-ids 10 and 13.

The second component allows a pattern to have multiple selections from
a table. As an example, in our database we see the pattern that accountss
of Frequency 2 have dispositions of type Owner (seen at account-id 10). A
more complex example is that there are accounts of Frequency 3 that have
both dispositions of type Owner and dispositions of type Disponent. For this
last pattern, one tuple in the ACCOUNT table is related to two distinct tuples
in the DISPOSITION table (account-ids 11 and 12). This last pattern is repre-
sented as follows: ACCOUNT({Frequency = 3}) [DISPOSITION({Type = Owner}),
DISPOSITION({Type = Disponent})].

The third component extends this last example by allowing the patterns to
span more than two tables.
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Note that in our pattern language a pattern can ’start’ at one of the tables
T ∈ {T 1, . . . , Tn}. We do not restrict the ’root’ of these patterns to be at one
specific target table, because interesting patterns within the database can start
from all possible tables. Furthermore, as one single tuple can be joined with
multiple other tuples, the structure of our patterns matches the complexity of
the database.

Having a richer pattern language is no virtue in its own right. Alternatively,
we could have used pattern languages such as those used in WARMR [21],
FARMER [71], or in our earlier work [56]. The experiments however show that
our pattern set, consisting of FARMER pattern sets without a fixed target
table, allows us to capture more important structure within the data.

Pattern Occurrences

Our the patterns can become rather complicated structures, containing lists of
lists of lists of . . . of tuples. Hence, it is illustrative to consider what the domain
of such patterns is. That is, what does an instance look like? The definition of
these domains follows the inductive structure of the patterns.

Definition 21 (Domain). Let D = {T 1, . . . , Tn} be a database for which each
table T i has schema S(T i) = (Ki,FKi,Ai). Moreover, let F ∈ F i. The
domain of F , denoted by Dom(F ), is given by

− If F = T i({A1 = v1, . . . , Aj = vj}), then Dom(F ) = Dom(T i).

− If F = F0[F1, . . . , Fk], then

Dom(F ) = Dom(F0)× [Dom(F1), . . . , Dom(Fk)].

− If F = F0[[F 1
1 , . . . , F

1
k1

], . . . , [F q1 , . . . F
q
kq

]], then Dom(F ) =

Dom(F0)× [[Dom(F 1
1 ), . . . , Dom(F 1

k1
)], . . . , [Dom(F q1 ), . . . Dom(F qkq )]].

Note that this domain definition is broad: it does not enforce that patterns
describe related tuples. The reason for this liberal definition is that here we
are only interested in the general structure of the domain. Referential integrity
does play its role in the definition of an occurrence of a pattern.

While these domains may have a rather complicated structure, there is
some simplicity. For a pattern F ∈ F i, the domain is either Dom(T i) or it
is the cartesian product of Dom(T i) with a complicated list domain. That is,
Dom(F ) = Dom(T i)×X, in which X denotes a list domain. This observation
has a useful consequence. It means that if F is a pattern for T i (i.e., F ∈ F i),
and t is an instance of F (i.e, t ∈ Dom(F )), we can project t on the keys,
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Algorithm 9 Generate

Generate(D, θ)
1. for all T i ∈ D do
2. F iθ ← Farmer(D, θ, target = T i)
3. Fθ ←

⋃
i F iθ

4. return Fθ

the foreign keys and the attributes of T i. We will use these projections in the
definition of an occurrence.

An occurrence of a pattern in the database is an instance of that pattern in
the database. However, different from these instances, for occurrences we do
require referential integrity. That is, the occurrences should consist of related
tuples only. This makes the definition slightly more complex.

Definition 22 (Occurrence). Let D = {T 1, . . . , Tn} be a database for which
each table T i has schema S(T i) = (Ki,FKi, Ai). Moreover, let F ∈ F i.

− If F = T i({A1 = v1, . . . , Aj = vj}), occ(F ) is the set of those tuples
t ∈ T i for which

∀k ∈ {1, . . . , j} : πAk(t) = vk

− If F = F0[F1, . . . , Fk], we know that F0 ∈ F i and that there is a table T j

such that firstly {F1, . . . , Fk} ⊆ Fj and secondly that the key Ki of T i is
a foreign key, say FKj

l of T j. An instance t = (t0, [t1, . . . , tk]) of F is
an occurrence of F , denoted by t ∈ occ(F ), if:

· t0 ∈ occ(F0) and
for m ∈ {1, . . . , k} : tm ∈ occ(Fm).

· for m,n ∈ {1, . . . , k} : m 6= n→ tm 6= tn

· for m ∈ {1, . . . , k} : πFKj
l
(tm) = πKi(t0)

− If F = F0[[F 1
1 , . . . , F

1
k1

], . . . , [F q1 , . . . F
q
kq

]], then an instance t ∈ Dom(F )
given by

t = (t0, [[t11, . . . , t
1
k1

], . . . , [tq1, . . . , t
q
kq

]])

is an occurrence of F (i.e., t ∈ occ(F )), if

∀l ∈ {1, . . . , q} : (t0, [tl1, . . . , t
l
kl

]) ∈ occ(F0[F l1, . . . , F
l
kl

]).

As usual, the support of a pattern is the number of its occurrences. We say
that a pattern is frequent if the support exceeds some user-defined threshold
called the minimum support θ.
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Note that we use lists in our occurrence definition. Each occurrence can
span multiple tuples within one table T i that are stored in a list [ti1, . . . , t

i
ki

].
We will preserve this order of the tuples as it is essential to encode the database
in a lossless manner, as we will show below.

Given this pattern definition, in order to derive the set of frequent patterns
Fθ one can resort to existing relational mining algorithms like FARMER [71]
or attribute tree miners like FATminer [47]. Partial frequent pattern sets gen-
erated by either approach can be combined into Fθ (see Algorithm 9).

Finally, we define a canonical order on our patterns. We assume for each
table T i, each attribute Aj , and each attribute value vk a unique (string)
label. We denote by l(X) the unique label assigned to X (X ∈ {T i, Aj , vk}).
Canonical forms are simply strings, hence we have the familiar lexicographic
order, denote by <lex, on them. Using this order, we define:

canonical(F = T i({A1 = v1, . . . , Aj = vj})) =
l(T i) : {l(A1) : l(v1), . . . , l(Aj) : l(vj)}

canonical(F0[[F 1
1 , . . . , F

1
k1

], . . . , [Fm1 , . . . Fmkm ]]) =

canonical(F0) :mi=1:kij=1 canonical(F
i
j )

This allows us to define a canonical order on our patterns:
F0 <can F1 iff canonical(F0) <lex canonical(F1).

6.3 Problem Statement

Now we have defined our patterns and database, we can present our problem
formally.

The data that is encoded by our model resides within a relational database
as defined in Section 6.2, or more specifically within its attribute data. Similar
to earlier chapters our models are code tables CT .

We encode the relational database using the patterns from a code table
CT . Figure 6.2 shows an example on how this encoding comes about through a
database cover. Here, we show two patterns that (partially) cover the database.
Using our pattern notation, we write the first code table pattern as:

ACCOUNT({Frequency = 2})[
[ORDER({Bank-To = ST,Amount = 1000}),
ORDER({Amount = 2000,Type = SIPO})]
[LOAN({Date = 06/2008,Duration=12}),
LOAN({Date = 09/2008,Payment=B})]]
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RE
O
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D
B

20 10 141 1000 UVER

NULL
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21 10 359 2000 SIPO

SIPO
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QR

22 11 850

850

1000YZ

23 283

24

13 1000ST

2000OP13

40 10 OWNER

OWNER

OWNER

DISPONENT

DISPONENT

41 11

42 11

43 12

44 12

T4 = DISPOSITIONT3 = ORDER
orderID accountID Bank-To Amount-To Amount Type dispID accountID Type

1000ST

2000 SIPO

T3 = ORDER
Bank-To Amount Type

06/2008

09/2008

12

B

T2 = LOAN
Date Duration Payment

2

T1 = ACCOUNT
Frequency Date

pattern 1

pattern 2

3

T1 = ACCOUNT
Frequency Date

T4 = DISPOSITION
Type

OWNER

DISPONENT

10 06/20072

11 03/20063

12 08/20063

13 03/20062

14 05/20081

T1 = ACCOUNT
accountID Frequency Date

06/2008

09/2008

08/2006

09/2006

05/2008

06/2008

09/2008

30 10 10245 12 A

31 10 13722 24 B

32 11 27313 36 B

33 12 27147 12 B

34 12 27194 36 D

35

18203 12 C36

13

13

30289 12 B

T2 = LOAN
loanID accountID Date Amount Duration Payment

Figure 6.2: The database is partially covered with two code table patterns using
RDB-Krimp. The uncoloured part of the database can be covered by alphabet
patterns. Note that for a lossless decoding we incorporate the database order
ReorderDB (seen at the swap of LOAN:loan-id=35 and 36).

We cover the database by replacing the related attribute values with the
code of the pattern. As this pattern occurs at two yet uncovered locations in
the database (id=10 and 13), it is used to describe this part of the database.
Note that in this figure each code table element has its own distinct colour.

In order for the encoding to be lossless, we need to be able to decode every
part of the occurrence. As an occurrence may span multiple tuples within the
database, we need to write the code at each tuple covered by this occurrence.
Furthermore, as each pattern has just one code the necessity of a database-
and pattern order becomes clear: we need to know which tuple is covered with
which pattern from the list.

We match the order of the tuples within the database with the order of
the pattern. In the first pattern (F1 in Figure 6.2), LOAN : {Date = 06/2008,
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Algorithm 10 ReOrderDB

ReOrderDB (reorder, [t1, . . . , ti])
1. if [t1, . . . , ti] ∩ reorder ⊆ord reorder then
2. reorder = reorder ∪ [t1, . . . , ti]
3. return true
4. else
5. return false
6. end if
A : [a1, . . . , an] ⊆ord B : [b1, . . . , bm]

7. if A = ∅ then
8. return true
9. else if B = ∅ then

10. return false
11. else if a1 = b1 then
12. return [a2, . . . , an] ⊆ord [b2, . . . , bm]
13. else if a1 6= b1 then
14. return [a1, . . . , an] ⊆ord [b2, . . . , bm]
15. end if

Duration = 12} is ordered before LOAN : {Date = 09/2008, Payment = B}.
Note the swap of tuples 35 and 36 to align the database order with the order
of the pattern. Once covered, the complete database is encoded and looks like
a mosaic, which can be decoded using the database order, and the code table
(see Figure 6.2).

So, for unambiguous decoding, the order of the tuples in the database has
to be aligned with the order in the code table patterns. Therefore, we allow a
(partial) re-ordering of the tuples in the database. However, a pair of tuples
is only re-ordered once, otherwise the unambiguous decoding property will be
lost. Hence, we keep track of the order. Initially this ordered list, reorder, is
empty. Whenever two (or more tuples) that are not yet in the list are re-ordered
their identifiers are appended.

We cover the database with patterns F until the database is completely
covered. An occurrence of a pattern can only cover the database if the data-
base order can be aligned to match the pattern. This is the case when the
tuples related to the occurrence are not yet ordered, or if they are already
ordered in the correct order (e.g. the order of the tuples matches the order
of the pattern). We update and check the partial database order via the Re-
OrderDB algorithm (see Algorithm 10). The algorithm takes as input the
current (partial) database order reorder and a list of tuples of the current oc-
currence [t1, . . . , ti]. Initially the database order reorder is an empty list as

89



6. Characteristic Relational Patterns

Algorithm 11 OrderedCover and CoverDB

OrderedCover (D, F, reorder)
1. count← 0
2. for all {t} ∈ occ(F ) do
3. if F ⊆ {At} then
4. if ReOrderDB(reorder, {t}) then
5. {At} ← {At} \ F
6. count++
7. end if
8. end if
9. end for

10. return count

CoverDB (D, CT )
11. reorder ← ∅
12. for all F ∈ CT do
13. count(F )← OrderedCover(D, F , reorder)
14. usage(F ) = count(F )× |coverspots(F )|
15. end for

the database is unordered. To check whether [t1, . . . , ti]∩reorder is an ordered
subset of reorder we use the ⊆ord operator (line 1). If so, the order is updated
by appending the current list of tuples that are not yet part of the database
order (2). Otherwise, this particular occurrence cannot be used to cover the
database.

Now that we can adjust reorder to align with a pattern occurrence, we can
partially cover a database given a single code table pattern (see Algorithm 11).
For each pattern, we have a set of occurrences occ(F ) (2). OrderedCover
iterates over all occurrences and evaluates whether it can be covered (2). We
only cover the current occurrence (the list of tuples) if all related attributes are
still uncovered (3), and if the current occurrence is an ordered subset of the
current database order (4). If so, the attributes of the occurrence are covered
and the counts are updated (5,6). We define the count of a pattern as the
number of times we cover the database with it.

Using the code table CT , we cover the complete relational database using
the CoverDB algorithm (see Algorithm 11). Considering the patterns in the
code table, it covers the database using the OrderedCover algorithm (13-
14). During the cover process, we obtain for each code table pattern its count
(line 13).

To be able to decode the encoded database, we have to write its code at
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Algorithm 12 RDB-Krimp

RDB-Krimp (D,Fθ)
1. CT ← I
2. for all F ∈ Fθ do
3. CT ′ ← CT ∪ F in order
4. CoverDB(D, CT ′)
5. if L(D, CT ′) < L(D, CT ) then
6. CT ← CT ′

7. end if
8. end for

each involved tuple. We define coverspots as the set of tuples at which we need
to write down the code for pattern F . More formally, we define coverspots as:

coverspots(F = T i({Ai = vi})) = {t}
coverspots(F0[[F 1

1 , . . . , F
1
k1

], . . . , [Fm1 , . . . Fmkm ]]) =

coverspots(F0) ∪mi=1 ∪
ki
j=1coverspots(F

i
j )

We denote the number of coverspots by: |coverspots(F )|.
Consider the first pattern, F1 , from Figure 6.2. The number of coverspots

is 5, as each occurrence has five distinct tuples in the database associated with
it (one in ACCOUNT, two in ORDER, and two in LOAN). We denote the usage as
the total number of times we have to write the code given a code table pattern
F : usage(F ) = count(F )× |coverspots(F )| (line 14).

Now we have defined usage(F ) for the elements within CT , we can derive
L(D, CT ) in a similar fashion as described in Chapter 3. Using this, we can
now formally define the problem statement.

Problem Statement. Let D = {T 1, . . . Tn} be a relational database as
defined in Section 6.2. Find the code table CT that minimises L(D, CT ).

6.4 RDB-Krimp Algorithm

As we have seen, finding the optimal code table, the one that compresses the
database best, is a very hard problem. The algorithm we introduce to this end,
RDB-Krimp, approximates the optimal code table for a given database. The
RDB-Krimp algorithm is shown in pseudo code in Algorithm 12.

RDB-Krimp starts with a database D and a frequent pattern set Fθ as
input. To ensure that the complete database can be covered always, the code
table is initialized with I (line 1), which contains all alphabet elements (i.e.
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Table 6.1: Database Characteristics. Shown are for each table, the number of
tuples (|T |), the number of attributes (|A|), the number of keys (|K| ∪ |FK|),
and the average number of foreign key values per primary key value (join).

table |T | |A| |K| ∪ |FK| join

FINANCIAL ACCOUNT 682 2 3 5.43
CLIENT 827 2 3 2
LOAN 682 5 2 6.70
CARD 36 2 3 1
DISP 827 1 4 1.04
ORDER 1513 3 3 1

GENES GENES1 862 4 1 6.86
GENES2 862 4 1 6.86
INT 910 2 3 1
META1 4151 4 2 1
META2 4151 4 2 1

HEPATITIS BIO 694 5 2 1
IFN 198 4 2 1
OLAB 31039 3 2 1
PATIENT 771 3 1 42.4

F = T i(Aj = vj)). One by one, it takes a candidate pattern from Fθ and tests
whether it contributes to improve compression (2-8). To do this, a new code
table CT ′ is constructed by adding the candidate pattern to the previous code
table CT (3). Using this code table we compute a cover of the database (4)
and the compressed lengths of the old and new code table are compared (5).
If the addition of the new candidate pattern improves compression, it is kept
in the code table (6). Otherwise, it is permanently discarded.

6.5 Experiments

To experimentally validate our approach we run experiments on publicly avail-
able relational data sets from previous discovery challenges (see Table 6.1).
Similar to Chapter 5 these databases are: the financial 1, genes interaction
2, and hepatitis 3 databases. We use FATminer, a frequent attributed tree

1http://lisp.vse.cz/challenge/
2http://pages.cs.wisc.edu/ dpage/kddcup2001/
3http://lisp.vse.cz/challenge/
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miner [47] to generate the frequent pattern sets, as our relational patterns can
be represented as attributed trees.

Describing the Database

In order to find the optimal model of the database, RDB-Krimp would ideally
evaluate all patterns. However, in order to be efficient, we evaluate all frequent
patterns. To measure the effect of the minimum support value, we generate a
frequent candidate set Fθ for various θ. Given a Fθ we compress the database
using RDB-Krimp, which results in a code table CT and an encoded database
length L(D, CT ).

The effect of sweeping the minimum support is shown in Figure 6.3a. For
all used databases, we see that increasingly lower encoded database lengths are
obtained for lower minimum support values.

The smaller encoded database lengths relate to the larger available sets of
candidate patterns (see Figure 6.3b). In all cases we see that this candidate set
growth is exponential. These larger candidate sets contain more patterns that
can be inserted in the code table to contribute to the database description.

While we see that Fθ grows exponentially for lower values of θ, we do not see
this trend in the size of the code table (see Figures 6.3b and 6.3c respectively).
Our code table grows for lower values of θ, but still only a small set is necessary
to model the data. With respect to the original candidate set, our code tables
achieve up to 4 orders of magnitude reduction in terms of number of patterns.

Initial Database Order

As described in Section 6.3, RDB-Krimp re-orders the database in order to
ensure a lossless encoding for the database. As the initial database order is not
determined by our algorithm, it can potentially influence the resulting tuple
order. Therefore, we need to evaluate the extend of its influence on the resulting
database order and the resulting encoded database length. In order to evaluate
the effect of this initial order, we randomly shuffle the tuples within the tables.

The experiments indicate that the influence on the resulting compression is
minimal. The number of patterns used to encode the database is very similar to
the original versions and lead to a similar database compression. The deviation
for the database encoding for the financial, genes, and hepatitis database is
respectively 1.12%, 0.35%, and 0.01%. Hence, RDB-Krimp is robust with
respect to the initial database order.
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Figure 6.3: Results for different minimum support values θ: (a) The encoded
length obtained for the database, (b) the number of frequent patterns, and (c)
the number of code table patterns in CT .
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Figure 6.4: Choosing a particular table as a target decreases performance. For
the lowest used minimum supports, the use of a target table leads to a worse
encoding on all databases. Even for the star-shaped Hepatitis database, which
seems well suited for a target table based approach.

Fixing a Target Table

In our approach, we generalise the FARMER pattern language such that we
do not rely on a specific target table. We expect a better description of the
database by considering patterns starting from all possible tables. In order
to evaluate this, we compare the results from alternative trials using a fixed
target table as is usual in relational data mining [21,71]. In these experiments,
we encode the complete database using solely patterns that originate from a
specific target table.

For all possible target tables, we determine how well we can approximate
the original result that is obtained for the lowest used minimum support. We
have depicted the deviation from the original result in Figure 6.4. We see that
fixing the candidate set to a specific target table has a negative influence on the
encoding of the database. The compression deteriorates up to 24% compared
to the best obtained encoded length. This shows that allowing patterns to start
at any table leads to a better description of the database.
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The hepatitis database shows some additional interesting results. This data-
base is a prime example of a target table based database, as all (medical test)
data surrounds a main table: patient. Even in this case, we see that picking a
single target table leads to an increase in encoding length (a worse code table).
Apparently, we can describe some data better when we do not pick the patient
table as the single target table.

Comparison to Other Pattern Types

In Section 6.2, we defined a rich pattern language to match the database com-
plexity. To measure whether or not we can describe the database better using
more intricate patterns, we here compress the database with an increasingly
more general pattern definition. A better database description would lead to
smaller encoded database lengths.

A single complex pattern can describe structure in the database that would
otherwise require multiple simpler patterns, possibly leading to a better com-
pression. We have used the following characteristic pattern definitions to eval-
uate:

Single Table Patterns. Here we only allow F = T i({A1, . . . , Aj}) pat-
terns in our Fθ. In other words, all candidate patterns only cover one table,
and no joins are allowed. With this candidate set, we compress the database
solely with single table patterns.

WARMR-like Patterns. In this candidate set, each pattern covers one
tuple per table at most. In our notation, we define these patterns as: F =
F0[F1, . . . , Fk]. These patterns are similar to those used in WARMR-like ap-
proaches, which use an existential quantifier to select strictly one tuple from a
table. Unlike WARMR applications, we do allow these patterns to start at any
table in the database, in stead of a single target table [21].

Our language. Here we consider patterns as defined in Section 6.2. In this
set, the patterns are defined as F = F0[[F 1

1 , . . . , F
1
k1

], . . . , [F q1 , . . . F
q
kq

]]. Recall
that this is similar to grouping all FARMER generated pattern sets for each
table.

Note that we order all three candidate sets as defined in Section 6.4. For
all above scenarios, we evaluate the effect on the candidate set size |Fθ|, the
number of code table elements |CT |, and the compressed encoded length of the
database L(D, CT ).

The depicted result of the genes database in Figure 6.5a shows a typical
result in terms of compressing the database. We see that the single table pat-
terns lead to the worst encoded length for the database. A better compression
can be derived when we allow WARMR patterns in our candidate set, which
consequently can be improved by allowing all patterns to cover the database.
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Table 6.2: On all databases more general patterns lead to smaller encoded
lengths for the database (L(D, CT )). We also see that more patterns can be
found that are relevant (|CT \ I|).

single table WARMR all
L(D, CT )% |CT \ I| L(D, CT )% |CT \ I| L(D, CT )% |CT \ I|

financial 91% 29 76% 130 76% 117
genes 87% 72 86% 191 83% 342
hepatitis 99% 5 98% 13 97% 26

We outline the obtained results on all databases in Table 6.2.
As before, we see that the number of candidate patterns grow very steeply

for lower minimum support values. Also, we see that for more general pattern
types we see a steeper candidate set growth (see Figure 6.5b). Note that we
use a log scale to depict the number of patterns.

We have seen that achieving a smaller database encoding relies on the ability
to draw patterns from an enriched pattern set. The inclusion of these enriched
patterns indicates that essential characteristic structure within the database
can be best described with these type of patterns: simpler patterns are ap-
parently not sufficient. Although RDB-Krimp steers to small code tables, it
allows these additional patterns in the code table only if they aid in the de-
scription of essential structure that would otherwise be described in a much
less efficient manner (see Figure 6.5c).

Relational Code Tables

Compactness is not the only feat of interest. In order for our model to provide
insight in the database it should be interpretable. As our code table contains a
collection of characteristic patterns, we can pick single code table patterns to
examine.

To show an example, we pick a code table pattern that is intuitive without
expert knowledge. Shown in Figure 6.6 is a pattern that reads as follows:
‘A gene localised in the nucleus having a transcription function that has two
distinct physical interactions’. As one would expect, a characteristic pattern for
the GENES database is that transcription often involves physical interactions
in order to copy information and that it occurs in the nucleus. Note that this
pattern selects two distinct tuples from the INTERACTION table.

The small encoded database lengths are obtained largely due to the avail-
ability of the more complex patterns in our pattern language. Patterns that
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Figure 6.6: A partial description: a code table element from the description of
the Genes database. Note that these patterns select multiple tuples from the
same table.

select multiple tuples from one table are used more often in the database de-
scription, leaving simpler patterns to ’fill up’ the database.

In the code tables obtained for the lowest used minsup, patterns that select
multiple tuples from one table make up for 16%, 63%, and 71% of the content
for the financial, genes, and hepatitis databases respectively.

6.6 Related Work

Our code tables are models for a complete database. Similarly, Probabilistic
Relational Models (PRM) are graph based models that can be applied to model
relational databases [27, 55]. A PRM is one graph, in which attribute values
are linked with their co-occurrence probability. This contrasts to our code
table, which is not a single graph, but a collection of local tree-like patterns.
Moreover, an attribute value can occur multiple times in different local models,
if this aids in describing the database better. This means that we can regard
an attribute value in different contexts, instead of one.

In the field of Relational Data Mining (RDM), ILP based approaches, such
as the WARMR algorithm, allow for the discovery of relational patterns [21,83].
As seen in our experiments, we obtain better database descriptions when we
use our pattern language compared to WARMR-type patterns (see Figure 6.5).

The main application for a WARMR-like approach is when one is specif-
ically interested in a target table, for example when trying to improve the
classification scores on a target table given relational information [93]. This
target table leads to an effective manner to prune the search space, and allows
for aggregate functions to improve the efficiency [49]. An efficient implemen-
tation is FARMER [71], which in addition allows for a more general pattern
language similar to the patterns used in this work.
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In the work of both [24] and [65] the goal to find a different type of pattern:
multi-valued dependencies (MVD) and functional dependencies (FD). These
are ‘global’ patterns: a dependency is a ‘higher order’ pattern similar to a
constraint on the relation, in contrast to code table patterns, which are local
patterns.

R-Krimp

In Chapter 5, we introduced R-Krimp which finds patterns of the form:
[p0, . . . , pn]. These patterns are less expressive than the patterns used in RDB-
Krimp, and thus have less descriptive potential. R-Krimp patterns are similar
to the work of [28], who define these patterns as simple conjunctive queries.

In RDB-Krimp a single code table element can describe more structure in
the database than with R-Krimp. As an example, consider a RDB-Krimp-
style pattern from our illustrative database: ’An account with frequency 3 hav-
ing both a disponent-type disposition and a owner-type disposition’ (see Figure
6.2). This single patterns translates requires two individual R-Krimp-style
patterns: ’An account with frequency 3 having a disponent-type disposition’
and ’An account with frequency 3 having a owner-type disposition’.

Note that R-Krimp in this case would cover ACCOUNT ./ ORDER in an over-
lapping manner. As tuples can occur multiple times within a join, R-Krimp
patterns allow for an overlapping cover. Thus, even in the initial case, when
solely alphabet patterns are used, the covering of duplicate tuples will lead to
a very different encoding.

6.7 Discussion

In our experiments, we see that compared to the candidate set the code table
growth shows a much slower pace.Not only it stays small compared to the
candidate set, it also stays compact compared to the original database. From
the original set of frequent candidates only a few patterns contribute to the
database description, leading up to 4 orders of magnitude reduction.

When we look at the influence of the initial database order, we see that this
does not have much effect. We obtain only a slight deviation, up to around 1%
from the original encoded length. Enforcing a single target table rather than
treating all tables equal yields a much worse database description. The encoded
database length shows an increase of up to 25% compared to the original result.
In the hepatitis database all tables center around one single central table: the
PATIENT table. While this database seems like a good case to pick as a target
table, even here we obtain our best description when patterns are allowed to
start at other tables.
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Conclusion

Allowing a richer pattern language is a fruitful effort. We see that we
generate more potentially interesting patterns in this manner, from which we
can select those that describe the database best. Compared to WARMR-like
patterns, we see that we can describe the database better: we achieve shorter
encoded lengths. To obtain these good database descriptions, the code tables
rely for the large part on these enriched patterns, which are of the type that
selects multiple tuples from a table.

Our code tables stay compact and do not show exponential set growth as
frequent pattern sets do for lower minimum supports. RDB-Krimp shows to be
successfully to select compact models. Even under its MDL-selection pressure,
larger enriched patterns are selected to describe the database, indicating that
these patterns are very characteristic for the database.

6.8 Conclusion

Currently, in order to obtain insight from a relational database, either one
aims to find a ‘global’ model of the complete database, or one seeks a collection
of ‘local’ patterns in the database. While both approaches have their merits,
they have their shortcomings. Global models tend to blur out interesting local
structure for the sake of the global structure, and pattern collections tend to
drown the global picture in a sea of patterns. In this chapter, we propose a
method that combines the merits of both directions: it mines a compact but
detailed description of the complete relational database.

For a database model to be descriptive it should be able to reflect the
patterns that are present within it. Relational databases allow for tuples in
one table to be connected to multiple tuples from other tables. Hence, if we
want to find interesting patterns in a database, our pattern language should be
rich enough to reflect such relations.

In this chapter, we introduce RDB-Krimp, an algorithm that describes
the complete relational database using only a small collection of characteristic
patterns: the code table. While the code table serves as a global model for the
complete database, its patterns preserve the local details. Using the MDL prin-
ciple, RDB-Krimp results in a compact set of patterns that together describe
the database well. With respect to the original set of frequent candidates, we
obtain up to 4 orders of magnitude reduction.

Our rich relational pattern language allows RDB-Krimp to draw from a
larger pool of interesting frequent candidate patterns. The experiments re-
ported on in this chapter verify our claims both on the usefulness of our pat-
tern language and on the ability of RDB-Krimp to select just a few highly
descriptive patterns. Firstly, each code table heavily relies on the introduced
pattern language: up to 70% of the patterns select multiple tuples from one ta-
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ble. Secondly, experiments show that our pattern language leads to a far better
compression. In other words, these patterns highlight characteristic structure
in the database. The fact that these patterns are not only characteristic but
also easily interpretable is shown by an example from the Genes database (see
Figure 6.6). As part of the code table we find a pattern that describes gene
interactions: ‘A gene localised in the nucleus having a transcription function
that has two distinct physical interactions’.

In contrast to current frequent pattern mining approaches, our approach
does not rely on a target table. That is, our patterns can start from any table.
In all cases this yields to improvements, of up to almost 25%. Even in a typical
’target table’ style database, we see that we obtain a better description without
the use of a single table as target.
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Chapter 7

Relational Patterns are Better

Relational data mining is based on the premise that it is better to keep the
relational structure of the database rather than joining all tables into one,
humongous, single table. In Chapter 6 we have shown that relational patterns
that model the structure of the data as faithfully as possible lead to a better
compression than simpler classes of patterns. In the MDL philosophy, on which
our work is based, this means that complex patterns capture the essential
structure of the data better than simpler patterns.

In this chapter we give an independent verification of this claim. We show
that our relational patterns yield better classifiers than simpler classes of pat-
terns. Given our used set of pattern languages, we see that for every increase
of the expressiveness of the language, we obtain an increase of the accuracy
score. We also show that given more relational information, our MDL-based
approach picks a few additional patterns to achieve this extra accuracy. More-
over, we show that joining all tables into a single table yields a classifier that is
worse than our relational pattern based classifier. In other words, our class of
relational patterns gives a better compression of the database and yields better
classifiers. Thus verifying that relational patterns capture the data distribution
better.

1This is an extended and edited version of an earlier paper submitted as: Relational
Patterns are Better. A.C.M. Koopman, and A.P.J.M. Siebes. To: PKDD 2010
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7.1 Introduction

Relational data mining seeks to generalise traditional, single table data analysis
to the analysis of multiple inter-related tables. It is based on the premise
that it is better to keep the relational structure of the database rather than,
e.g., joining all tables into one, humongous, single table. The rationale for
this premise is that in the construction of this single table, information is
lost; irrespective of how the single table is constructed. Phrased differently:
relational models are more expressive than their single table counterparts; a
fact that is well-known from Logic [34].

In Chapter 6, we introduced a new pattern language for relational data-
bases that aims to capture the structure in the relational database as faithfully
as possible. This pattern language is strictly more expressive than earlier pro-
posals, such as FARMER [71]. The most important difference is that no single
“target table” is assumed. That is, patterns can fan out from any table in the
database.

Moreover, in the same chapter we generalised our Krimp compression algo-
rithm (see Chapter 3) to this new pattern language. The experiments showed
that the resulting RDB-Krimp algorithm achieved better compression rates
than versions that use simpler pattern languages; even if the database has a
natural target table. Following the philosophy of MDL, on which our work
is based, we concluded that our more complex pattern language captures the
data distribution better than simpler languages.

MDL, however, warrants this conclusion only for the best model. Since
RDB-Krimp is based on heuristics, we can not guarantee that it discovers the
optimal model. Hence, there is a small possibility that the simpler languages
can actually capture the data distribution better than our more complex lan-
guage. To verify our claim that our more complex patterns are better, we
present an independent test in this chapter.

Like Krimp, RDB-Krimp induces a natural classifier [62]. In the exper-
iments presented in this chapter, the classifiers based on our more complex
pattern language consistently perform best. Thus giving further evidence that
our pattern language is better than simpler ones. This does not contradict Oc-
cam’s razor: the pattern language should be as simple as possible, not simpler.
While a more expressive pattern language may be more prone to overfitting, it
is also able to capture the characteristics of the data better.

This may seem to contradict the conclusions of [9], which shows that a
relatively simple pattern language performs on par with more complex patterns
on graphs. However, there is no contradiction. That paper and this chapter
illustrate the two sides of Occam’s razor: a pattern language should neither be
too complex nor too simple for the data at hand. One shouldn’t be afraid of
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Figure 7.1: The relational database D is covered by patterns from the code
table CT using RDB-Krimp.

simple patterns, but one shouldn’t be afraid of complex patterns either.
Next to a comparison with other relational pattern languages, we also com-

pare to our single-table approach. We compare the classification results of
RDB-Krimp on the original database to the classification results of Krimp
on the fully-joined single table. The fact that RDB-Krimp is also consistently
better in these experiments gives further evidence for the premise of relational
data mining: it is better to mine the original database. The added expressiv-
ity of both the relational model and our pattern language provide insight that
would otherwise be lost.

7.2 RDB-Krimp

In order to find a good model for our relational database, we use the RDB-
Krimp approach as presented in Chapter 6. We have illustrated the RDB-
Krimp algorithm in Figure 7.1. Given a relational database D we derive an
ordered set of frequent patterns. Each pattern is added to the code table CT
and evaluated whether it contributes to the database description. If so, it gets
accepted otherwise it is rejected.

Note that RDB-Krimp can use multiple pattern languages to model the
database. These used patterns languages can be ordered on the basis of their
complexity. That is, single is strictly less expressive than WARMR, which in
turn is strictly less expressive than all (see Chapter 6 for details).
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Database 
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Figure 7.2: Given the CT i derived by RDB-Krimp from the class databases
Di, we classify unseen transactions to that class Ci that leads to the shortest
encoded length.

7.3 Relational Classification

As noted in the Introduction of this chapter, the experiments in Chapter 6 show
that our new class of relational patterns outperform simpler pattern languages.
Moreover, RDB-Krimp yields small code tables. Relatively few non-alphabet
patterns are needed to compress the database well. We can, however, not refer
to the MDL-philosophy, on which our approach is based, and conclude that our
pattern language captures the data distribution better than simpler pattern
languages. For, RDB-Krimp is a heuristic algorithm with no guarantees that
optimal models are discovered. Hence, it is necessary to test the quality of our
pattern language and RDB-Krimp in an independent way.

So, what is a good independent test? In [62] we showed that in the single
table case, Krimp induces a natural classifier. Simply split the table according
to the class label, remove the class labels, and induce the code table for each
class separately. Classification of a new tuple is simply the assignment of the
class label associated with the code table that compresses this tuple best (see
Figure 7.2).

The better a pattern language captures the data distribution, the better
it will be for this type of classification algorithms. For, it is the difference
between the distributions of the various classes that makes it work. The better
you capture the distributions, the better you capture its differences.
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Relational Classification
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Figure 7.3: The class database Di is derived by first drawing tuples from target
T0 given a class Ci. Then Di is filled with drawn tuples for which there is a
path to the already selected tuples in T 0. Then, if Di is not yet filled, we
complete it by drawing unrelated tuples from the original relational database.

In other words, classification is an independent test of the quality of our
pattern language versus simpler pattern languages. Hence, our goal is to extend
the classification scheme as outlined above to RDB-Krimp. This is less straight
forward than one might assume. Splitting the database along class boundaries
is more intricate in a relational setting.

Let D consist of the tables {T 0, T 1, . . . , Tn}. Moreover, let T 0 be the table
that has the class attribute C, that is T 0 is the target table. Splitting T 0

according to class labels is simple, we create a table T 0
i for each class Ci and

remove the class labels. To split the other tables, we use the graphs induced
by the tuples in T 0. A tuple t1 ∈ T 1 that is connected to t0 ∈ T 0

i in the graph
induced by t0 is part of T 1

i .
To make this more precise, we introduce the notion of a path between two

tuples as follows.

Definition 23 (Path). Let D = {T 0, T 1, . . . , Tn}, moreover, let t0 ∈ T 0 and
ti ∈ T i. There is a path from t0 to ti iff

1. The key K0 of T 0 is a foreign key of T i and πK0(t0) = πK0(ti), or
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2. The key Ki of T i is a foreign key of T 0 and πKi(ti) = πKi(t0), or

3. There exists a tuple tj in table T j such that there is a path from t0 to tj
and a path from tj to ti.

The predicate path(t0, ti) is true iff there exists a path from t0 to ti.

Using these paths, it is easy to define the sub-tables of the T j that “belong”
to class Ci in T 0. Let T 0

i be the sub-table of T 0 that corresponds to class Ci
as above. Denote by T ji the sub-table of T j that corresponds to class Ci:

tj ∈ T j ∧ ∃t0 ∈ T 0
i : path(t0, tj)⇒ tj ∈ T ji

Note that there may be multiple paths from T 0 to tj ∈ T j . In such a case,
tj occurs at most once in each sub-table T ji , but it can occur in multiple such
sub-tables. That is, while T 0

k ∩ T 0
i = ∅ for i 6= k, for j 6= 0, T jk may have a

non-empty intersection with T ji .
Finally, there may be tuples t ∈ T j for which there is no path from any

tuple t0 ∈ T 0. One option is to assign such tuples to none of the sub-tables
T ji of T j ; that is to discard them. However, that destroys information on the
data distribution of T j . From semi-supervised learning [17] we know that such
additional density information is almost always useful. Hence, rather than
discarding the non-connected tuples of T j , we assign each of them to randomly
to sub-tables T ji of T j .

In this way, the database D = {T 0, T 1, . . . , Tn} is divided in the class
databases Di = {T 0

i , T
1
i , . . . , T

n
i }, one for each class Ci in T 0. For the classifier

we learn a code table CTi for each Di, and again assign to the class whose code
table gives the best compression.

There is one subtlety for this classification, we do not necessarily classify
tuples from T 0 only. Rather we classify a graph of related tuples that have one
node in T 0. We return to this issue in the experimental setup where we explain
our train and test and cross-validation experiments.

7.4 Related Work

In the field of Relational Data Mining, ILP based approaches, such as WARMR,
define a language that allows for the discovery of patterns within a relational
database [21, 83]. These WARMR-type patterns fan out from a specific table,
the target table, and can be typically applied for classification, where the classi-
fication of the tuples within the target table is improved by including relational
information. A positive side-effect of this target table is that it induces an ef-
fective manner to prune the search space, and can be combined with aggregate
functions to improve the efficiency [49].
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A more complex pattern language is introduced by Nijssen et al. [71]. Their
algorithm, FARMER, is computationally less expensive, and in addition can
mine a more complex language of relational patterns. In this chapter, we utilise
a pattern language that is strictly more expressive than both languages, as we
do not require a target table, but allow patterns to fan out from every table in
the database.

As the complexity of a pattern language directly relates to the computa-
tional complexity, it should not be needlessly complex. For this reason, Bring-
mann et al. compared several pattern languages in the structured pattern
domain [9]. In their work, the most complex pattern language does not always
render the best results. In some cases, simpler patterns such as multi-itemsets
lead to the best accuracy scores. They conclude from this that a pattern lan-
guage should not be more complex than the data actually requires.

In their work, the classifier is based on a set of k-best patterns that are
chosen solely on pattern-based features. In our work, MDL takes the complexity
of the model into account when selecting patterns. That is, a more complex
pattern is only included in the code table iff it leads to a better description
of the database. There is a trade-off between the complexity of the data, and
the complexity of the model. The patterns in the model should not be too
complex, but not too simple either. We include some, not all, of these more
complex patterns in a description of the database.

The aim of this chapter is to demonstrate the usefulness of the pattern
languages utilised by RDB-Krimp, and its resulting code tables. In order
to demonstrate this feat we use a relational classifier. The rationale for this
is that characteristic patterns that capture the underlying distribution well
should be able to discriminate classes well, leading to a successful classification.
Therefore, in the light of our used methodology, i.e. classification, it is relevant
to discuss related relational classification algorithms.

A well-known classification method for relational databases is CrossMine
[93]. The authors introduced a technique called tuple id propagation in order
to remain efficient. CrossMine is shown to be scalable in the number of at-
tributes and relations, which makes it suitable for complex relational schemas.
In contrast to our approach, CrossMine is specifically designed for classifica-
tion, and samples the database for tuples that can aid in a better classification
score. This sampling technique is based on foil gain, and is shown to work well
on databases consisting of data that is drawn from 2 classes. However, because
of the sampling, their model does not necessarily describe the whole database
well, which is our goal.

Another relational pattern based approach is that of Ceci et al. [14]. The
authors based their classifiers on emerging patterns. Emerging patterns are
patterns that have a significant difference (e.g. in support) between sets of
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data. Based on the set of emerging patterns per class, they present two different
classifiers: Mr-CAEP and Mr-PEPC. Using a relatively small set of patterns
they obtain good classification scores. Again, in contrast to our approach,
emerging patterns do not describe the complete data distribution.

A slightly different approach to build a classifier on relational data is to
use a Probabilistic Relational Network (PRN) to model the underlying data.
PRN’s are shown to be used for classification [81]. Note that the use of a
PRN provides less detailed insight than a pattern based approach, as it learns
the probability that the attributes are related, instead of learning the actual
co-occurrences of the attribute values.

7.5 Experiments

In this section, we discuss the relational folding in order to do the classification
experiments. We performed the experiments on publicly available datasets
mainly from previous conference discovery challenges. Using these datasets,
we compare the results given several pattern languages in a relational setting,
followed by the single table case. Finally, we show that our classifier reveals
insight at the local level; we can see those patterns that make the difference
between a wrong or right classification.

Experimental Set Up

To measure the accuracy of the RDB-Krimp classifier, we perform the usual
10-fold cross-validation. Creating a fold is the same procedure as creating the
class database Di. The target table is split into a train and a test set as usual.
These sub-tables can be seen as virtual classes and the rest of the database is
divided as it is done for the real classes. This ensures, again, that related tuples
in the various tables all end-up in the train database or in the test database.
Whether one first computes the folds and then splits the database accoring to
class or the other way around is immaterial. We first split on class and then
compute the folds.

Note that this means that we test with a graph of tuples rather than with
a single tuple in T 0. More precisely, for a t0 in T 0 we compress the graph that
consists of t0 and all the maximal paths that fan out from t0. This makes sense,
since we want to measure the accuracy in the relational setting as opposed to
the single table setting. The premise being that the non-target tables T i add
information to what is present in the target table T 0.

As mentioned in the Introduction of this chapter, we also compare to the
Krimp classifier on the fully joined table. To make the fully joined tables for
each fold for each class, we simply “join” the tuples along a maximal path that
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fans out from a tuple t0 in the target table T 0. If multiple maximal paths fan
out from t0 this yields multiple entries in the fully joined table. That is, t0
“occurs” multiple times in the target table. To assign a class to t0, we aggregate
the Krimp classifiers for each such occurrence of t0 in the test database. In our
setup, we have implemented this aggregate function as a majority vote. Note
that since t0 belongs to one class and gets assigned to either train or test in
each fold, we do not test on data that has been seen in the training phase.

In the classification experiments we apply RDB-Krimp without post ac-
ceptance pruning. This can result in code tables that contain elements with a
usage of 0. Note that these elements with a usage of 0 form no problem in the
database encoding. However, when classifying the unseen tuples in T0 from the
test database, all elements in CT can be used to encode the tuple. In order
to acquire a valid code length, we require all elements to have a usage 6= 0.
Therefore, we apply a Laplace correction to all elements in the trained code
tables before classification. That is, we increase the usage of all elements in
the code tables by a constant factor: 1.

Databases

We mostly used several relational databases that are publicly available. All
of these databases consist of multiple tables, from which we have selected one
specific attribute to be the target. The characteristics of these databases are
shown in Table 7.1 and the schemas are shown in Figure 7.4. We have run
experiments on a variety of databases with different characteristics. Note that
although our method can be used on databases with many classes, the used
databases all have 2 classes. In these databases, the numeric values have been
categorised where applicable.

Some of these databases have been used in previous chapters: the Genes
database 1, the Hepatitis database 2, and the Financial database 3. The UCI
Machine Learning repository 4 provided the Movies database that contains
movie information together with the relating actors and awards. The Students
database is derived from student results of the Computer Science department
of the Universiteit Utrecht.

Relational Classification

Using this set of relational databases, we have used our classification algorithm
to acquire accuracy scores based on the trained relational code tables. Table

1http://pages.cs.wisc.edu/ dpage/kddcup2001/
2http://lisp.vse.cz/challenge/
3http://lisp.vse.cz/challenge/
4http://archive.ics.uci.edu/ml/
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Figure 7.4: The schemas of the used databases in the experiments. From top
to bottom we have: Genes, Hepatitis, Financial, Movies and Students.
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Table 7.1: The characteristics of the used relational databases. Each D has a
number of items |I| over a number of tables #T . #cl is the number of items
that are class labels from the target T0, A0. The number of records of D is
specified over the number of records in the tables |T |.

D genes financial hepatitis students movies

|I| 847 182 1342 58 1949
#T 5 6 5 2 4
T0 gene loan biopsy course actor
A0 localization status type subject gender
#cl 2 2 2 2 2

|D| 10628 4567 75616 32086 55941
|T | 4151 1513 771 840 89

4151 682 31039 31246 48491
554 827 198 48
862 827 42914 6863
910 36 694

682

7.2 provides an overview of the obtained accuracy scores. We see that for all
databases the accuracy scores improves with the use of our relational model.
In most cases, far better, only for the Financial database the improvement
is marginal. This is however, a hard and very skewed database to mine. For
reference, CrossMine [93] attains an accuracy of 87.5% - 89.9% depending on the
usage of tuple sampling or not. Note that CrossMine is designed and optimised
specifically for classification in contrast to our approach. Given these accuracy
scores we can conclude that we achieve similar scores as CrossMine for the
Financial database. However note that, we do not do an in depth comparison
with CrossMine, as our goal is not to build a classifier, but to determine how
well the pattern languages capture the data distribution.

In order to test the quality of the pattern languages single, WARMR, and
all patterns, we have run our classification algorithm for these languages. In
all cases, the best reported accuracy score is attained when using all patterns
to describe the database. Depicted in Figure 7.5 are the results for the Genes
dataset. We see that the best scores for a given minsup are obtained for a
more complex pattern language. In general we see that more complex pattern
languages more quickly converge to higher accuracy levels.

Moreover, we achieve the highest accuracy scores when we incorporate more
tables in our relational database. In Figure 7.6 we have depicted the results
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Table 7.2: Here we show the best obtained accuracy scores (acc.) using RDB-
Krimp on all patterns in comparison to the baseline score base. Also reported
is the minsup level at which the best accuracy is obtained.

D genes financial hepatitis students movies

acc. 83.6% 89.0% 85.9% 80.8% 62.8%
base 66.0% 88.8% 70.4% 46.9% 61.6%
minsup 30 60 8 400 13

for different subsets of the Financial database. We see that the pattern selec-
tion RDB-Krimp picks patterns from all tables to improve the classification
accuracy. We also see the trend that for higher minsup levels we attain better
accuracy scores when more tables are incorporated.
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Figure 7.5: We consistently achieve better accuracy scores for more complex
pattern languages. Shown here is the obtained accuracy scores for the Genes
database. Note that the best accuracy scores occur at different minsup levels.
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Figure 7.6: Shown here are the obtained accuracy scores for different subsets
of the Financial database. We see that when we include more relational infor-
mation into the database to be modelled, that we obtain better the accuracy
scores.

Excluding Relational Information

In the previous section, we have shown that we can incorporate relational
information to classify unseen tuples from the database. However, one can
wonder: does all this relational information really help us? It could be very
well be possible that the target table T 0 by itself already can provide enough
information to lead to an equally well performance in terms of classification.

To asses the influence of relational information stored in the other tables,
we run the single table Krimp classifier on the target table and compared
the accuracy scores with RDB-Krimp classifier. The results are shown in
Table 7.3. For both the Krimp and RDB-Krimp cases, we have listed the
maximum obtained accuracy and the minsup at which it is attained. We see
that for all databases, we can obtain a better classification score when relational
information is incorporated. Moreover, in most cases, we observe that we obtain
a better accuracy score at a higher minsup levels. This makes sense, as at higher
minsup levels, the relational pattern set grows more quickly, and therefore can
lead to code tables that capture the underlying distribution better.
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Table 7.3: Excluding the relational information has its influence on the obtained
accuracy scores. We compare two cases; accuracy results derived from the single
target table T 0, and results derived from the complete D. Shown are the best
accuracy scores with their respective minsup. In all cases we see that including
relational information leads to a better accuracy.

T 0 D
D acc. minsup acc. minsup

financial 81.1 % 20 88.9 % 60
genes 82.1 % 21 82.9 % 30
hepatitis 60.3 % 28 87.2 % 8
movies 62.0 % 53 62.2 % 13
students 67.9 % 400 80.8 % 400

Why Relational?

In order to determine how well our relational pattern language aids in charac-
terising the data better, we evaluate the effect of pruning the structural infor-
mation (as described in Section 7.5). That is, we compare the results obtained
by our relational classifier, with the single table Krimp induced classifier on
joined tuples. In earlier work, it is shown that this classifier performs on par
with other single table classifiers [85].

We see that in all reported cases, the relational classifier outperforms the
single table classifier (see Table 7.4). Note that in both cases, the classifier
can base its classification on the same attribute data per tuple. We see that
including structural information aids in classifying the target tuples better.

Also note that when mining directly on the relational database we do not
need to compute a single joined table. In two cases, namely the Movies and
Students database, the size joined versions of the relational databases precluded
for the Krimp approach. This illustrates that joining a relational database can
lead to severe problems when mining for patterns.

Characterising the Difference

In Subsection 7.5, we have seen that we obtain good accuracy scores with our
RDB-Krimp classifier. Moreover, in all cases, we have seen that the best
accuracy scores are obtained in combination with the most complex pattern
language. One of the fruits of using a pattern-based classifier, is that it is fairly
intuitive to analyse how the classification has come about. That is, for each
tuple, we can see which patterns have been used to describe it. If for a set of
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Experiments

Table 7.4: Comparing the classifiers on the basis of their accuracy scores. We
compare our RDB-Krimp-based relational classifier to the Krimp classifier
that uses the joined table as described in Section 7.5.

RDB-Krimp Krimp
D minsup acc. acc.

financial 8.7 % 88.9 % 86.8 %
genes 3.4 % 82.9 % 81.6 %
hepatitis 1.1 % 87.2 % 80.7 %

pattern languages the classification of one tuple is different, we can see which
patterns are responsible.

As an example, we pick a tuple together with its tuple-induced graph from
the target table of the Financial database. Shown in Figure 7.7 is the tuple-
induced graph drawn from the tables LOAN and ORDER, together with a
visualisation of its encoded length (see each subfigure). The width of each bar is
proportional to the size of its code length. The encodings are visualised for each
of the pattern languages: single, WARMR, and all. The more complex pattern
languages lead to a shortened encoded length, and thus are represented by a
shorter bar (see the middle of each subfigure). In the figure, we have coloured
that part of the tuples that is covered by non-alphabet patterns, and have
left the part of the tuple covered by alphabet elements white. The obtained
classification label has been pointed out for each of the used pattern languages.

In Figure 7.7 we clearly see how the different languages lead to different
covers of the same set of tuples. In the case where we used the single pattern
language, the target tuple is covered solely by alphabet elements. When using
WARMR-style patterns, the patterns are limited to cover one tuple per table.
In this setting, both tuples from the ORDER table are completely covered
by distinct relational patterns. In the all patterns case, we see that a more
complex cover is favoured by compression. The tuples are covered by a code
table pattern that groups both ORDER tuples.

The LOAN tuples within the Financial database fall into two classes; either
good loans ”No Problems or OK so far”, or bad loans ”Loan not paid or in
debt”. The tuple from the LOAN table shown in Figure 7.7 is a good loan. Both
the single table and WARMR cases lead to a misclassification of the LOAN
tuple. The encoded length of is either indistinguishable between classes, or
is smaller for the incorrect class. However, when all patterns are used, the
encoded length is the smallest for the correct class: ”No Problems or OK so
far”.
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LOAN ORDERall patterns

Shortest Encoded Length for Correct Class?

1995 30000 24 months 1000

granted in amount duration monthly payment

1000 loan

debit amount payment type

encoded length

encoded length

encoded length

class?Correctly Classified:
“No Problems”

Incorrectly Classified:
“Loan not paid”

Incorrectly Classified:
“Loan not paid”

3000 household

debit amount payment type

class?

class?

WARMR patterns

1995 30000 24 months 1000

granted in amount duration monthly payment

1000 loan

debit amount payment type

3000 household

debit amount payment type

single patterns

1000 loan

debit amount payment type

3000 household

debit amount payment type

1995 30000 24 months 1000

granted in amount duration monthly payment

Figure 7.7: A target tuple t from LOAN together with its tuple-induced graph,
from ORDER, are covered using either all, WARMR, or single table patterns.
Shown are the shortest encoded versions of these transactions; the middle grey
bar illustrates the encoded length. The target tuple is assigned to that class
that leads to the shortest encoded length. This only goes well for the case of
all patterns, as the other languages incorrectly classify it as ”Loan not paid”.
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7.6 Conclusions

In this chapter we investigated whether a rich pattern language can grasp the
underlying data distribution of a relational database better than a simpler
language. The results we presented confirm this hypothesis: not only does our
relational pattern language allow for a better compression ratio, it also induces
better classifiers. Hence, it is more capable of capturing the distribution of the
data.

In Chapter 6, we introduced the RDB-Krimp algorithm to find compact
models that describe complete relational databases. These models, called code
tables, are characteristic sets of patterns. Using our defined pattern language,
we obtained better compression ratios than with less expressive pattern lan-
guages, i.e. WARMR and FARMER. This indicates that our rich language
allows for more accurate database descriptions. However, we needed an inde-
pendent way to verify this.

The experiments presented in this chapter show that the richer a pattern
language is, the better the induced models perform in terms of classification.
Additionally, as our RDB-Krimp classifier is pattern based, it is possible to see
which patterns make the difference. In our analysis we show that rich relational
patterns are crucial for successful classification, and thus for capturing the
distribution of the data more accurately.

The findings in this chapter may seem to contradict the conclusions of
Bringmann et al. [9], which shows that a relatively simple pattern language
performs on par with more complex patterns on graphs. However, there is no
contradiction. We only use those complex patterns if they improve compression
ratio of the database, while they select the complex patterns on an individual
basis. That is, [9] and this chapter illustrate the two sides of Occam’s razor: a
pattern language should neither be too complex nor too simple for the data at
hand. One shouldn’t be afraid of simple patterns, but one shouldn’t be afraid
of complex patterns either.
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Chapter 8

Conclusions

Patterns are nearly everywhere! That is how we started our introductory chap-
ter on pattern mining. In our consecutive chapters, we have shown that finding
patterns is indeed not hard. The aim of pattern mining is to find those pat-
terns that provide new insight into the data. However, in order to derive these
patterns, we need to loosen the constraints in the mining process. Regrettably,
these loose constraints lead to a flood of ’interesting’ patterns: most of them
are slight variations of the same theme. This phenomenon, aptly named the
frequent pattern set explosion, prevents pattern mining to provide the user with
the insight he is looking for.

In the end, a user is typically not interested into finding all frequently occur-
ring patterns in a relational database. On the contrary, a user preferably finds
only a few high-quality patterns that require examination. This has therefore
been set as the research goal of this thesis:

Derive a compact set of high-quality, non-redundant, and characteristic re-
lational patterns that summarise the complete database well.

In order to find these high-quality patterns, we shift our focus from inter-
esting individual patterns to interesting pattern sets. Our selection method
focusses on finding that set of non-redundant patterns that forms a good
summary of the database. Furthermore, as we focus on finding high-quality
summaries of a relational database, we need our patterns themselves to be
high-quality as well. Since a relational database may contain many complex
structures, our database summary needs to be able to match this complexity.
We therefore designed a pattern language to match this complexity as faithfully
as possible.

In this thesis, we thus focussed on selecting a compact set of interesting
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patterns that models the database well. In order to derive this set, we used the
Minimum Description Length (MDL) principle that, similar to Occam’s razor,
prefers the simplest model of the data that results in the best description. That
is, it selects the simplest model that compresses the database best.

This algorithm, called Krimp, selects the set of patterns that compress
the database best. As this problem is extremely hard for the optimal set,
we presented a practical algorithm that utilises heuristics. The outline of the
algorithm can be sketched as follows:

The starting point of Krimp, its set of candidates, is formed by the set
of frequent patterns. As part of its heuristics we order this set of candidates.
Given this ordered candidate set, we pick out patterns one by one and add
them to our model. Our model, the code table, is an ordered set of patterns
that is used to encode the complete database. Typically, only a few candidates
get chosen to be part of the code table. When an added pattern contributes
to the description of the database, we keep it in the code table. Otherwise
it is permanently discarded. If a pattern is not discarded, we can apply an
additional pruning strategy on the code table to check if we can optimise it.
We check if all the patterns in the code table still contribute to the description,
or otherwise remove them permanently from the code table.

Using Krimp, we obtain a compact set of characteristic patterns that de-
scribe, and encode, the database well. However, in order to apply this approach
to various relational scenarios, we need to apply different encoding strategies.

Simply put, relational structure makes things more complex. This especially
becomes clear in the encoding of a database that contains structure. In order
to assure the quality of our code table, we need to steer the search process
towards one clear optimum. In our case, this is the best lossless compression of
the relational database. Designing a suitable lossless encoding is more difficult
in a relational setting, as can be seen in the various design choices made in this
thesis. We introduced a toolbox of algorithms with suitable lossless encodings
that can find these high-quality models in multiple scenarios.

− Our first contribution is in the related field of structured data mining.
Although the used structured data types are typically less expressive than
those used in a relational database, they can express relations between
nodes. We showed that in order to encode the database in a lossless
fashion with the use of MDL, we need to restrict the used patterns. With
the use of this adjusted version of Krimp, we show that we can find
compact models that describe the database well.

− As our goal is to find models for relational databases, we continued with
finding pattern sets that summarise the database, or more in particular
its join. In order to do so, we utilise a relational pattern type called
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relational item sets. We show that we can derive compact models that
describe the complete join very well. As Krimp is inherently an intensive
algorithm, we also address the improvement of its efficiency. We show
that we can select a much smaller set of candidates by using Krimp’s
ability to grasp the underlying distribution. It not only approximates the
original description very well, it results in an increase of the efficiency, in
both in space and time.

− As relational databases can harbour complex patterns, there is a need to
model it as faithfully as possible. To this end, we present an algorithm
RDB-Krimp that uses a new lossless encoding scheme for a relational
database. Using RDB-Krimp, we can use a far more complex relational
pattern language to describe the database. This allows the usage of a
new pattern language that proves to be fruitful. The more complex our
pattern language is, the more succint the description of the database
becomes.

− The quality of our models are based on the Minimum Description Length
principle. That is, we have selected sets of patterns that compress well.
While this leads to well describing summaries of the database, one can
argue whether it is a good quality measure. Therefore, we confirm the
quality of the models derived by RDB-Krimp by means of classification.
We show that the RDB-Krimp models perform well in terms of classifi-
cation. That is, RDB-Krimp picks out characteristic patterns that can
discriminate well between classes. Moreover, the models based on more
complex pattern languages perform better.

This is hardly the end point. From the single table case we know that
Krimp also performs well at other data mining tasks such as: imputation, find-
ing interesting subgroups, and generating very similar but privacy-preserved
databases. Since the approaches presented in this thesis utilise both MDL and
similar heuristics, it is most likely that similar fruitful efforts can be attained
in the relational case.

In this thesis, we addressed the Achilles’ heel of pattern mining. That is, we
showed that we attain high reductions of the number of patterns, up to several
orders of magnitude. However, we still need to mine this set of all frequent
patterns before we can pick the interesting ones. Therefore, we could greatly
improve the efficiency of our approach if we could incorporate our selection
criteria into the mining process itself.

While our model contains a rich relational pattern language, some natural
extensions in this area still remain open problems. For one, as relational data-
bases often contain numeric data, it would be interesting to see a pattern based
lossless MDL encoding that utilises numeric data in a suitable manner.
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As for our banker from the Introduction of this thesis. Did the results in this
thesis help him? Since he is purely illustrative we cannot ask him. However,
some of our results would probably provide him with a bit more understanding
into the daily operation of his multinational bank.

We showed that we can find characteristic patterns that show what type of
loans often relate to what type of financial transactions (Chapter 5). In order
to provide him with some oversight, we showed that we can find a single but
detailed model of the complete database of his bank (Chapter 6). Finally, we
showed that these models are so good, that they even can be used to distinguish
good from bad loans (Chapter 7).

In all, although mining for useful insight remains an art, we provided our
banker with a slightly larger toolbox to use.
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Abstract

Nowadays, relational databases have become the de facto standard to store
large quantities of data. As the manual analysis of these large quantities of
data is practically impossible, the field of data mining provides methods that
attempts to automatically acquire insight into the data. One cornerstone tech-
nique is that of pattern mining: finding interesting regularity in data.

Despite all good efforts, one can conclude that pattern mining still has a ma-
jor Achilles’ heel, that is, the ease at which patterns can be found. Many found
patterns are slight variations on the same underlying theme, although many
of them are still designated as interesting. In practice, a user gets swamped
by too many similar patterns that do not contribute to a new insight into the
database.

In this thesis we therefore propose a different approach. In contrast to se-
lecting patterns on an individual basis, we propose the selection of pattern sets.
In particular, we focus on a selection scheme based on a compression technique
called the Minimum Description Length (MDL) principle. The selected pat-
tern set, our model of the data, is used to compress the complete database.
According to the MDL principle, the model that compresses the database best
is also the one that describes it best.

As acquiring the optimal model of a database is simply too complex, we
utilise a practical and heuristic approach, named Krimp. Based on this, we de-
signed a toolbox of algorithms that derives models for different interpretations
of the data. We discuss structured data types such as sequences and trees, the
join of the database, and relational databases as a whole. These last models
also show to result in good classifiers.

We back up the claims in this thesis by experimental evaluation. For many
of the used databases, the number of patterns initially is huge. However, we
show that from this huge collection of patterns, we select a compact and good
set of characteristic relational patterns.
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Samenvatting

Tegenwoordig worden er grote hoeveelheden informatie opgeslagen in zoge-
naamde relationele databases. Aangezien het handmatig analyseren van grote
hoeveelheden data een ondoenlijke zaak is, ontwikkelt het wetenschappelijke
gebied data mining methoden die automatisch dit inzicht trachten te verwer-
ven. Een belangrijke taak is hier weggelegd voor patroon mining: het vinden
van regelmatigheden in databases.

Ondanks de vele inspanningen heeft patroon mining tot op heden nog steeds
een Achilleshiel; namelijk de hoeveelheid patronen die gevonden worden. Veel
gevonden patronen zijn kleine variaties van hetzelfde onderliggende thema, en
worden desondanks toch vrijwel allemaal als interessant aangemerkt. In de
praktijk wordt een gebruiker overspoeld door te veel vergelijkbare patronen die
in het geheel niet veel bijdragen aan nieuw verworven inzicht.

In dit proefschrift beargumenteren wij daarom een andere aanpak. In tegen-
stelling tot een selectie op basis van individuele patronen, stellen wij een selectie
op basis van verzamelingen patronen voor. In het bijzonder richten wij ons op
de selectie op basis van een compressietechniek genaamd het Minimum Descrip-
tion Length (MDL) principe. De geselecteerde patroonverzameling, ons model
voor de data, wordt gebruikt om de gehele database te comprimeren. Volgens
het MDL principe, is dat model welke de database het meest comprimeert, ook
het best beschrijvende.

Daar het verkrijgen van het optimale model simpelweg te lastig is, presen-
teren wij een praktische, op vuistregels gebaseerde, aanpak genaamd Krimp.
Hierop is een scala aan rekenrecepten gebaseerd om zo de verschillende in-
terpretaties van relationele data te kunnen modelleren. Zo beschouwen wij
gestructureerde datatypen zoals sequenties en bomen, de samenvoeging van
een database, en de relationele database in zijn geheel. Deze laatste modellen
blijken tevens goed bruikbaar om ongeziene data te classificeren.

Wij onderbouwen de claims in dit proefschrift via experimentele evaluatie.
Voor veel van de gebruikte databases is het aantal patronen initieel aanzien-
lijk. Echter, we tonen aan dat we uit deze grote collectie, een compacte en
kwalitatieve verzameling van karakteristieke relationele patronen vinden.
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