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ARTICLE INFO ABSTRACT

Keywords: We revisit the classic problem of determining economically optimal groundwater withdrawal rates for irrigation.
Groundwater ) The novelty compared to previous mathematical analyses is the inclusion of non-linear groundwater-surface
Hydroeconomic water interaction that allows for incorporating the impact of capture, i.e. the fact that all or part of the pumped
Optimal withdrawal . ces . .

Depletion groundwater comes out of reduced surface water flow or increased recharge. We additionally included the option

to internalize environmental externalities (e.g. streamflow depletion) and maximize social welfare rather than
farmer’s profit. This analysis results in a fixed optimal groundwater withdrawal rate gq; when withdrawal q
remains smaller than some critical withdrawal rate (maximum capture) q.r and provides depletion trajectories,
either under competition or optimal control, if g is larger than q... Based on the relative value of g, qcrie and ggp it
also yields four quadrants of distinct withdrawal strategies. Using global hydrogeological and hydroeconomic
datasets we map the global occurrence of these four quadrants and provide global estimates of optimal
groundwater withdrawal rates and depletion trajectories. For the quadrants with groundwater depletion (q >
qcrir) we derive and compare depletion trajectories under competition, optimal control and optimal control
including environmental externalities, and assessed globally where the differences between these depletion
modes are small, which is known as the Gisser-Sanchez effect. We find that the Gisser-Sanchez effect is globally
ubiquitous, but only if environmental externalities are ignored. The inclusion of environmental externalities in
optimal control withdrawal result in notably reduced groundwater decline and larger values of social welfare in
many of the major depletion areas.

Gisser-Sanchez effect

km®/yr (Wada, 2016).
In areas subject to groundwater depletion, the withdrawal of

1. Introduction

Over the last few decades, the increase in population numbers,
economic development and dietary changes have caused a steep in-
crease in the demand for food and water (Godfray et al., 2010). To meet
these increasing demands, irrigated agriculture has expanded into re-
gions with limited precipitation and surface water availability (Siebert
et al.,, 2015), leading to an ever-increasing dependence of crops on
groundwater irrigation (Wada et al., 2012). This trend, in turn, has
caused the steady increase of non-renewable groundwater use, i.e. when
groundwater is taken out of storage that will not be replenished in
human time scales, and which is associated with high rates of aquifer
depletion around the globe (Konikow and Kendy, 2005; Wada et al.,
2010; Gleeson et al., 2012; Doll et al., 2014; Rodell et al., 2018). Esti-
mates of current groundwater withdrawal rates range between
600-1000 km?>/yr, resulting in groundwater depletion rates of 150-400

groundwater has a finite time horizon since the progressive lowering of
groundwater levels or hydraulic heads induces increasing pumping costs
that would eventually exceed the revenues from irrigated crop produc-
tion. Previous economic analyses have focused on the question how
withdrawal rates should develop over time until the moment of eco-
nomic depletion, when the goal is to maximize profit. These analyses
provide economically optimal withdrawal trajectories that result in a
maximum net present value (NPV) of the profits obtained from
groundwater use and the associated groundwater decline (Burt, 1964;
Burt, 1967; Domenico et al., 1968; Brown and Deacon, 1972). Such
“optimal control*“ withdrawal trajectories require full cooperation be-
tween the farmers that pump groundwater from the same aquifer, or the
existence of a water authority that enforces withdrawal rates at all times.
If farmers that pump water from the same aquifer have a myopic attitude
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and are therefore non-cooperative, they are in competition and indi-
vidually try to maximize profit each year instead of accumulated over
time. This occurs because they cannot expect the groundwater that they
leave in storage to be available to them next year, since it may have been
used by a neighboring farmer. In theory, the case of optimal control
withdrawal would result in less groundwater depletion and more
accumulated profits (in terms of net present value NPV) from the
depletion of groundwater then withdrawal under competition. Gisser
and Sanchez (1980a) however showed mathematically that both modes
of withdrawal yield similar results in case the aquifer storage capacity is
large, confirming a previous empirical result (Gisser and
Sanchez,1980b). Koundouri (2004) provided an extensive review of
later studies that looked at this so-called Gisser-Sanchez effect and
showed that it seems to hold in most cases. Exceptions are cases where
pumping costs become very large as the aquifer is close to total depletion
(Koundouri, 2000), where the relationship between pumping costs and
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head is very nonlinear (Worthington et al., 1985; Foster et al., 2015) or
in case additional benefits of saving groundwater are included (MacE-
wan et al., 2017). Examples of the latter include the benefits of using
groundwater as a drought-risk reserve (the ability to irrigate high-
valued crops under drought) and avoiding capital costs associated
with stranded assets, i.e. dry wells (Jasechko and Perrone, 2021).
Additionally, Esteban and Albiac (2011) showed that the Gisser-San-
chez effect does not necessarily hold if the optimal control also includes
environmental externalities, i.e. the costs associated with the negative
impacts on the environment that occur due to groundwater withdrawal.

In most of this previous work, particularly the analytical treatments
of the optimal groundwater withdrawal problem, the interaction be-
tween groundwater and surface water is not considered. This leads to
two related issues. First, by avoiding groundwater-surface water inter-
action, it is wrongly assumed that all pumped groundwater comes out of
storage, while a considerable part may result from a decrease of
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Fig. 1. Schematic overview of groundwater-surface water dynamics affected by groundwater withdrawal. a: gaining stream, natural conditions; b: gaining stream,
limited withdrawal q;. c: connected losing stream, higher withdrawal rate q,. d: disconnected losing stream, even more intense groundwater withdrawal rate qz; b
and c are regimes with physically stable withdrawal rates leading to some equilibrium groundwater decline, while d is a regime with physically non-stable with-
drawal rates if qs is larger than recharge over the depression cone and stream infiltration; Figures a.1, b.1, c.1 and d.1 show schematic cross-sections of the
groundwater-surface water interaction; Figures b.2, c.2 and d.2 portray the relative contributions of storage change and capture to total withdrawal; modified from
Alley et al (1999) and Konikow and Leake (2014); credit to the United States Geological Survey.
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groundwater discharge to streams, a decrease in evaporation and infil-
tration of streams into groundwater aquifers. This is illustrated in Fig. 1
taken from Bierkens and Wada (2018), who in turn have based the figure
on the classic paper by Theis (1940) and subsequent explanations by e.
g., Alley et al (1999), Bredehoeft (2002) and Konikow and Leake (2014).
Fig. 1 shows that for lower withdrawal rates (Fig. 1b, c), initially, right
after the commencement of withdrawal, the pumped groundwater
comes mostly out of storage (see the contribution of storage change in
b.2 and c.2). However, as sustained withdrawal leads to a reduction of
the water table, this induces a negative feedback by decreasing
groundwater discharge to the stream (or even reversing the flow to
streambed infiltration, Fig. 1c.1) and reducing evaporation, together
called “capture”. This, in turn, limits further water table decline to a
point that a new equilibrium is reached where all water comes out ca
pture and, aside from seasonal and inter-annual variation, no further
decline of the water table occurs. If withdrawal rates are so high that
they exceed maximum capture, i.e., the sum of the maximum recharge
over the depression cone and the stream infiltration (Fig. 1d), the water
table will become disconnected from the stream (Brunner et al., 2009).
The negative feedback from increased capture no longer exists, while the
withdrawal rate in excess of the maximum capture will come out of
storage leading to a persistent decline in groundwater levels (Fig. 1d.2).
Thus, the impact of groundwater withdrawal on groundwater level
decline is non-linear.

Second, the impact of groundwater-surface water interaction is that
there are two distinct regimes of withdrawal: withdrawal rates below
some critical threshold gcir (maximum capture) where groundwater
decline is limited and groundwater withdrawal is physically stable, i.e.
can be maintained over time (Bierkens and Wada, 2019), and with-
drawal rates above this limit that lead to persistent aquifer depletion.
These regimes are subject to two distinct types of hydroeconomic
analysis, in that for the physically stable or equilibrium regime an op-
timum withdrawal rate may be sought that maximizes yearly profit, akin
to renewable resources such as restricted fishing grounds and forestry
(Halvorsen and Layton, 2015), while for the physically non-stable or
depleting regime, methods from the economics of non-renewable re-
sources (Hotelling, 1931; Halvorsen, 2018) are applicable that aim for
intertemporal efficiency by finding depletion trajectories that maximize
the net present value of profits over time (Burt, 1964; Burt, 1967;
Domenico et al., 1968; Brown and Deacon, 1972).

Note that in reality the change of a groundwater level-dependent to a
groundwater-independent groundwater-surface water flux is less abrupt
than assumed here. When the water table is just below the river bottom,
negative pressure heads occur below the riverbed while the soil is fully
or partly saturated (Brunner et al., 2009, 2011). Wang et al. (2016) show
experimentally and theoretically that a full disconnection, i.e. the water
table has no impact on the infiltration flux, occurs only when the depth
of the groundwater table below the stream becomes larger than the
stream water depth.

In this paper, we revisit the classic problem of determining
economically optimal groundwater withdrawal rates for irrigation. We
present a hydrogeological-hydroeconomic model that can be used as a
quick analytical tool to determine, at first order, optimal groundwater
withdrawal strategies at large scales. The lumped-conceptual nature of
the model ensures tractability and results in closed form analytical so-
lutions. The novelty of this model compared to previous mathematical
analyses is the inclusion of non-linear groundwater-surface water
interaction that allows for incorporating the impact of capture and leads
to different forms of hydroeconomic optimality for the physically stable
(equilibrium) and physically non-stable (depleting) regimes. The model
also allows for the inclusion of environmental externalities. In this case
“optimal withdrawal” pertains to a wider definition of optimality, i.e.
changing it from maximizing farmers’ profits to maximizing social
welfare. Another novelty is that we apply the analytical model globally,
based on global agroeconomic datasets (e.g. FAO (2021a, 2021b); World
Bank (2020)) and parameters and outputs from a global hydrological
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model (Sutanudjaja et al., 2018), allowing us to: 1) assess for the current
groundwater irrigated areas which optimality regime applies; 2) for the
areas with equilibrium regimes (currently no groundwater depletion)
how current withdrawal rates differ from optimum withdrawal rates and
how this relates to reduced profit; 3) and, for the areas where ground-
water depletion occurs, the difference of maximum groundwater decline
and NPV under competition, optimal control and optimal control
including environmental externalities, thereby testing the applicability
of the Gisser-Sanchez effect globally.

The remainder of this paper is set up as follows. First, we briefly
describe a lumped conceptual model of large-scale groundwater with-
drawal that includes groundwater-surface water interaction as previ-
ously introduced by Bierkens et al. (2021). Second, we introduce the
hydroeconomic model, which is built on the Bierkens et al. (2021)
representation and which is used to derive the optimal groundwater
withdrawal rate for the physically stable (equilibrium) regime and the
full competition and optimal control depletion trajectories for the
physically non-stable (depleting) regime. Third, we describe the datasets
that are used for a global application of the hydroeconomic model. Next,
we show the results of the global application, where we elect to show
global results as relative differences rather than absolute values. This is
to stress that, due to the many uncertainties in parameters at the global
scale, we are confident to use the hydroeconomic model to show relative
magnitudes, but not predicting absolute quantities. Additionally, we
further explore the robustness of the global results using a sensitivity
analysis. Finally, we end with a discussion and the main conclusions.

2. Conceptual model of large-scale groundwater withdrawal
with groundwater-surface water interaction

Bierkens et al. (2021) introduced a lumped conceptual model of
large-scale groundwater withdrawal including groundwater-surface
water interaction (Fig. 2). Here we provide short summary of their
model description. The following assumptions underly this lumped
conceptual model (also named “hydrogeological model” hereafter): 1)
groundwater withdrawal is limited to irrigation only, and we limit our
analyses to irrigated agriculture; 2) The aquifer is represented as a single
cell (“bathtub”) whose size is unknown and whose properties are
captured by an average specific yield and a drainage resistance param-
eter, effectively lumping aquifer properties determining groundwater-
surface water interaction. As a consequence, the model neglects

Fig. 2. Lumped conceptual model of groundwater withdrawal for irrigation
from an aquifer recharged by diffuse recharge and riverbed infiltration (also
referred to as “hydrogeological model” in the text); the symbols are explained in
the text; note that the slight depression cone shown close to the well is actually
not in the model, since we assume the withdrawal to be a diffuse sink repre-
senting the collective withdrawal of many farmers.
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(lateral) groundwater flow processes within the aquifer; 3) the total rate
of groundwater withdrawn sums up the withdrawal rates of a large
number of landowners that all draw water from the same aquifer that
can hence be seen as a common pool resource. This entails that with-
drawal is treated as a diffuse sink; 4) access to the aquifer is limited to
the landowners sitting on top of the aquifer; 5) groundwater recharge is
the sum of diffuse recharge from precipitation and concentrated
recharge from riverbed infiltration. The river discharge that is the source
of concentrated recharge comes from local surface runoff and inflow
from upstream areas outside the area of interest; 6) All boundary fluxes,
i.e., withdrawal rate, surface runoff and upstream river discharge are
constant in time, neglecting seasonal variations that usually occurs due
to variation in weather and crop water demand.

We note that assumption 1 limits the model application to aquifers
where groundwater is predominantly exploited for irrigated agriculture.
Assumptions 2-4 are reasonable in case the analyses are limited to larger
(regional or aquifer) scales and in case there are many landowners and
thus many wells evenly spread across the aquifer that all withdraw
groundwater from this common resource. It is unclear what the errors
are that are related to assumption 6, since this depends on how temporal
variability of boundary conditions interacts with the non-linear
threshold behaviour of the groundwater-surface water interaction. It
would lead to biased estimates of the mean groundwater level decline in
case groundwater levels switch between the equilibrium and the
depleting regimes, either seasonally or inter-annually. If groundwater
level variation at seasonal and inter-annual time scales tends to reside in
one regime and regime shifts only occur under long term changes in
withdrawal rates, the system is quasi-linear and allows for reasonable
estimates of its long-term mean behaviour with mean annual boundary
conditions. The results of the lumped conceptual hydrogeological model
were extensively compared to dynamic global hydrological model re-
sults and GRACE gravity anomalies at the global scale and with the re-
sults of groundwater flow models at the continental to regional scales
with satisfactory results (see the Supplement to Bierkens et al., 2021).

Based on the simplifications described above, the change of
groundwater level h (Fig. 2) can be represented by a simple linear dif-
ferential equation of the total aquifer mass balance:

n%: r+17gw<—>:w(h)7q (1)
with

h: groundwater head (m) with respect to some reference level (e.g.
the bottom of the aquifer);

n: specific yield (-);

q: withdrawal rate per area (m® m~2 yr™1);

Faw o sw: surface water infiltration (or drainage) flux density m®m-
yrh.

The groundwater — surface water flux (positive towards ground-
water) is modelled as follows:

2

h — hy

h>d
Fopos(h) = 2

with

h,: the surface water level (m);

d: elevation of the bottom of the water course (m); this is used as the
absolute reference level of the model;

C: drainage resistance (years) which pools together all the parame-
ters of surface-water groundwater interaction, i.e., the density or area
fraction of surface waters, surface water geometry and river/lake-bed
conductance and the transmissivity of the aquifer.

The surface water level itself is a variable which is related to the
surface water discharge Q

(m3 yr'l) and the groundwater level as follows:
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Q = Wv(hs - d) = Qi + qu - Fguw—mw(h)A (3)

with

A: The area over the (sub-)aquifer considered (mz);

gs: surface runoff (m yr'1); also including shallow subsurface storm
runoff;

Q;: influx of surface water from upstream (m® yr'l); accounts for
aquifers in dry climates where the surface water system is fed by wetter
upstream areas, e.g., rainfall or snow from mountain areas;

W: Stream width (m);

d: Bottom elevation stream (m);

v: Stream flow velocity (m yr'l).

Equations (1)-(3) together describe the coupled surface water-
groundwater system where all parameters and boundary fluxes (g, r,
Q;, qs) are assumed constant over time and groundwater head h and
surface water levels hy; change over time as a result of groundwater
withdrawal only. In Bierkens et al. (2021) expressions are derived for h
(t) and hy(t) and derived variables as streamflow Q(t) and the fraction of
groundwater pumped that comes out of capture and storage. These ex-
pressions are different for the equilibrium regime, where groundwater
withdrawal rate is smaller than maximum capture (¢ < q.i) and
groundwater head decline is limited and the depleting regime (q > qcrip)
where groundwater heads keep falling.

Appendix A provides a table with the derived results and an expla-
nation of the variables involved. For the remaining part of the paper the
following quantities are important

Composite variables a (m) and g (—). They have been derived in
Bierkens et al. (2021) and link the surface water level to the ground-
water level in case of a two-way interaction that occurs when the stream
is still connected (h > d), i.e. hs(t) = a + ph(t). These composite vari-
ables are used for brevity of the expressions and defined as:

o= QC+aAC+ WrdC

WvC + A )

A

_ 5
WvC + A )

B

The critical withdrawal rate g, also called maximum capture, sepa-
rates withdrawal rates that lead to an equilibrium regime or a depleting
regime is given by:

Qi + qu

== 6
WvC + A ©®

Geriv =7+
The equilibrium groundwater decline or drawdown s (m) for the equi-
librium regime (q < qcrip) is:

G

i @)

s = h(0) — h(co

with h(0) the groundwater head under natural circumstances (without
withdrawal) and h(co) the final groundwater head after equilibrium
decline has been reached.

The groundwater decline s(t) for the groundwater depleting regime,
which is valid after the water table is disconnected from the surface
water and persistent decline sets in (g > g and h(t) < d) (see Table A1l
and Appendix A):

—h() ®

with h(t) being obtained from the following differential equation:

dh {Ar + 0ip +Aq,p

4 0 -
& ’ }_; h0) = d ©
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3. Hydroeconomic model for optimal groundwater withdrawal
rates

After listing its assumptions and limitations, we present the final
closed form equations of the hydroeconomic model, separately for the
equilibrium regime and for depleting regime. The derivations leading to
these equations are given in Appendices B, C and D.

3.1. A hydroeconomic model: assumptions and limitations

We present an analytical hydroeconomic model of optimal ground-
water withdrawal rates for irrigation including groundwater surface
water interaction. It is based on the following assumptions: 1) we
consider an aquifer system with groundwater surface water interaction
that is modelled with the lumped conceptual model of (Bierkens et al.,
2021) (Section 2); 2) the groundwater can only be accessed by the
farmers sitting on top of it. So, we assume exclusive access; 3) we assume
that a farmer irrigates a single crop; 4) crop prices follow a linear inverse
demand function (constant elasticity); 5) crop yield is assumed to be
only dependent on irrigation water applied following a linear produc-
tion function. This implies that all other production factors are assumed
optimal; 6) the costs of groundwater withdrawal are proportional to
withdrawal rate and the depth of the water table (m3 m’l); 7) all other
production costs are lumped into a single factor that reduces the unit
price of the crops; i.e. if p'is the original crop price (USD kg™1), and f is
the fraction of non-water related production costs, we use the value
p=(1—f)ep in our calculations; 8) farmers are either in competition
(i.e. myopic or fully non-cooperative) trying to maximize their own
profit at every time or fully cooperative or optimally controlled, i.e.
maximizing profit or social welfare across time; 9) safe for changing the
withdrawal rates, farmers are non-adaptive when the costs of ground-
water withdrawal increase; 10) when included, environmental exter-
nalities are represented as additional unit withdrawal costs (USD m’3),
i.e. proportional to withdrawal rate q.

We note that the majority of these assumptions are similar to the
hydroeconomic representations of Burt, 1964, 1967; Domenico et al.,
1968; Gisser and Sanchez, 1980a, Esteban and Albiac, 2011. They serve
the tractability of the model to arrive at closed form solutions to the
hydroeconomic optimization problems. We will elaborate on the dis-
parities between these assumptions and reality and possible general-
izations of the model in the Discussion section at the end of the paper.

3.2. The equilibrium regime (q and qopr < qcrip): Competition for a
renewable resource

The optimal withdrawal rate q,p; that maximizes profit from using
water for irrigation is derived assuming that withdrawal rates are
smaller than maximum capture (¢ < qcis equilibrium regime) and
additionally that the optimal withdrawal rate is also in the equilibrium
regime (qopr < qecrit)-

As stated above, we assume that the aquifer can only be accessed by
the farmers sitting on top of it. However, even though there is a limited
number of farmers with access to the aquifer’s groundwater, they all
suffer from pumping externalities: the development of groundwater
depth over time and the associated costs of extraction depends on the
withdrawal rates of all the farmers. In the absence of any regulation, the
total groundwater withdrawal over the aquifer is expected to be the
outcome of the myopic decisions of the individual farmers, each one
maximizing their own profits. The collective optimal withdrawal rate
qop: that maximizes profit can then be obtained by finding the with-
drawal rate for which marginal costs equal marginal benefits.

In accordance with a free market economy, we assume the crop
prices to follow an inverse demand function (assumed linear here):

Y
p=po—t a0
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with p (USD kg™?!) the net crop price, which is defined as the pro-
ducer’s price (price the farmer gets for produce that leaves his property)
minus the sum of all unit production costs except water (e.g., land, la-
bour, fertilizer etc.), po(USD kg’l) the intercept of the inverse demand
function, Y crop yield (kg m~2 yr™!) and k the elasticity of the demand
(kg2 UsD! m—2 yr’l).

To relate yield to water use we assume a Cobb-Douglass type pro-
duction function:

Y(q) = aq’ an

with 0 < b < 1. We further assume that b = 1, which entails that the
pre-factor a (kg m~>) can be interpreted as the water productivity for the
given crop.

The cost of groundwater withdrawal is assumed to be proportional to
the lgroundwater head decline s (m) and the abstraction rate q (m3 m—2
yroo):

Cy(s,9) = ppsq 12)

with p, (USD m~3 m™1) the pumping costs per m® water per m

groundwater depth. With equation (7) for the final decline that occurs
under an equilibrium regime associated with renewable groundwater
use we have:

_pCq
1-p
With equations (10, 11 and 13) the optimum withdrawal rate that
maximizes profit can be found by equating marginal costs to marginal
benefits (Appendix B) to find:

kapo(1 — §)
a*(1 — p) + 2kp,C

Cy(h,q) = Cylq) 13)

14

Gopt =

2.2
Tmax = Zka pO(I — ﬂ> (15)
2a2(1 — p) + 4kp,C

with g, the optimal withdrawal rate (m® m~? yr’l) and 7,.x (USD
m~2 yr 1) the maximum attainable profit.

Note that as long as gop: < gerie and no other costs or benefits are
included, we have that the optimal withdrawal rate found under
competition (Equation 14) would be the one that also maximizes social
welfare. It is, however, not guaranteed that the optimal withdrawal rate
is smaller than the critical withdrawal rate, i.e., that gy < qcrir. In case
Qopt > qerie €conomic incentives would drive the aquifer system from an
equilibrium regime to a state of persistent aquifer depletion. Thus, for
the equilibrium regime to be possible we should in fact require that: g <
Gerit and Gopr < Gerie. In that case, maximizing profits while maintaining a
stable withdrawal regime requires some form of cooperation or control.

Also note that if Q; and g; are zero (See Appendix A) and the optimal
withdrawal rate is close to the critical withdrawal rate this will lead to a
complete capture of all the recharge and a streamflow close to zero.
Thus, what may be deemed optimal in terms of profit maximization may
not be maximizing social welfare. For this, all costs and benefits,
including environmental externalities, i.e. the loss of streamflow by
capture, should be included in the optimization. The inclusion of envi-
ronmental externalities can for instance be done by adding the cost Cqq
of streamflow loss dQ = Q(q) — Q(g = 0). Since at equilibrium all pumped
water comes out of capture, these costs are proportional to the with-
drawal rate g: Cqq = yq (with the unit cost y in USD m3 pumped). If we
include these costs in the profit function (see Equation B7) and we as-
sume that farmers now maximize social welfare in the same way, thus
profit maximization but with including these extra costs (which may be
internalized in the form of cooperation or enforced by e.g. taxes), the
optimal pumping rate and maximum profit including the costs of ex-
ternalities then become:
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_ kapo —y)(1 = p)
YGopte = m (16)

k(ap, —7)*(1 = p)

2a2(1 — p) + 4kp,C an

Tmax.e =

Equation (17) shows that the farmer’s profit will decrease. However,
if we compare the value of social welfare including environmental ex-
ternalities zn,q. With the social welfare of optimal withdrawal without
these externalities e —7qope, We find that Zyexe > Tmax —7qops i-€. sOcial
welfare is larger if environmental externalities are included (Appendix
B).

Using this formulation, it is also possible to calculate the value of y
that ensures that the streamflow remains above a given environmental
flow requirement Q. or the value of y that prevents the optimal
groundwater withdrawal from exceeding the critical withdrawal rate
qcrie (see Equation B22).

To illustrate the hydroeconomic model we show a case that repre-
sents an aquifer with an area of 1000 km? in a semi-humid climate, with
surface runoff and recharge of approximately 180 mm yr~ ', an upstream
discharge of the stream of 50 m°3/s, an effective river-bed width of 20 m,
a river flow velocity of 1 m s, a specific yield of 0.3 and a C parameter
of 1000 days (parameters in SI units Table 1). The C value represents a
medium density of perennial streams and/or a medium to large trans-
missivity. Under this hydrogeological and climatological setting, we
assume hydroeconomic parameter values that are thought to be typical
for wheat production in the U.S. (FAO, 2021a, b). This case results in a
critical withdrawal rate g of 83 mm yr’l, while the optimal ground-
water withdrawal rate g, is 81 mm yr~!, just small enough to ensure
that the equilibrium case state can persist.

In Fig. 3 we show the impact of hydrogeological and climatological
setting on gt and gope. On the x-axis we show a pre-factor representing
climate dryness/wetness as compared the standard case in Table 1. So,
the factor 0.2 on the left represents a drier climate where rainfall is
thought to be only 20 % of the standard precipitation and the factor 2 on
the righthand side a wetter climate with twice as much precipitation.
Accordingly, we scale the surface runoff and recharge with the same
factor and the C parameter with the inverse of that factor. The latter is
based on the notion that density of perennial streams decreases with
dryness, and the parameter C, representing groundwater-surface water
interaction, increases. One can thus imagine moving from a wetter
climate to a drier climate from right to left, for instance, moving from
north to south on the High Plains Aquifer.

Fig. 3 shows that g (blue line) is much more sensitive to hydro-
geological parameters than q,p; (orange line). It also shows that moving
from a humid to a semi-arid climate results in q,p; to become larger than
qcris Which means that farmers that try to optimize their profits in such
climates end up in a situation with persistent groundwater depletion.
Fig. 3 also shows what happens if we take environmental externalities
into account by taxing water withdrawal with y = 0.05 USD m ™~ (dashed
orange line). The reduced optimal withdrawal rates make that profit
maximization and an equilibrium (physically stable) regime remain

Table 1
Hydrogeological and hydroeconomic parameters used in the example shown in
Fig. 3. See the text for an explanation of the symbols.

Hydrogeological parameters Hydroeconomic parameters (Wheat)

A 1.000 10° m? Po 0.18 USD kg !

qs 0.185 m yr? k 11 kg? USD! m? y™!
Q 1.578 10° m® yr! a 2 kg m—

d 295 m Dp 0.001 USDm 'm™3

w 20 m

v 3.078 107 myr?! v 0.05 USD m 3

c 2.74 yr

n 0.3 -

r 0.187 m yr?
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possible under drier conditions. Of course, the water tax negatively
impacts the farmers’ profits, reducing these for the entire area of 1000
km? from 176 million to 130 million USD yr~'. However, if we calculate
total social welfare, (profits of optimal pumping rates minus the envi-
ronmental costs), not taking externalities into account results in a
smaller value of 127 million USD yr ! than including environmental
externalities: 130 million USD yr~L.

3.3. Groundwater withdrawal for a depletion withdrawal regime (q >
qeriv h < d) under competition and optimal control

In case the withdrawal rate exceeds maximum capture (¢ > Qqcrir)
groundwater head h will eventually fall below the bottom of the stream
network (h < d), after which persistent depletion sets in. From the
analysis above, it also follows that in case ¢ < g, but at the same time
Qopt > Gerip, it is likely that withdrawal rates when driven by economic
optimization increase until they exceed the critical rate, again leading to
persistent depletion. As stated before, under a depleting regime there are
two opposite cases by which groundwater is exploited. The first is
competition, where each user is myopic and strives to maximize their
profit at every time, and the second when either there is one single
owner of the groundwater resource or when all farmers cooperate to
maximize the net present value of total profits over time (Burt,
1965;1967). The “optimal control” depletion entails finding a with-
drawal strategy q(t) that maximizes:

1= [ {Rla(0) - Cla(t) b)) "at as)

subject to Equation (9) that describes how q(t) and h(t) are related.
Here, R(q) is the revenue from irrigated agriculture, C(g,h) the with-
drawal costs and i the discount rate. Appendices C and D provide the
derivations of the withdrawal q(t) and depletion h(t) trajectories for
respectively the competition depletion case and the optimal control
depletion case, i.e. by maximizing Equation (18). These have the general
form of:

q(t) = B—nx;(d — A;)e"" (19)

h(t) =Ai+(d—A;)e"i=1,2 (20)
With the following values for the coefficients:

(Qi + q:A)
B= = IF 21
" WeC+A @D

Competition (i = 1):

2 .
A=, (Q+aA) ap rCta ©22)
kp, WvC + A Dy 1-p

ki

K = — 2 (23)
na

Optimal control (i = 2):

1 a (Qi +¢4) ap, rC+a

A=+ — RS Lk e Rl 24

2 <i+kpp>{r+ WCtA [ p  1-p @49

i—J2+ 4l
_na” (25)

2

Like Gisser and Sanchez (1980), Appendix D also shows under which
circumstances the results for competition resemble those of optimal
control. This is the case if: (a) porosity n is large (productive aquifers),
(b) the water productivity a is high; (c) pumping costs p, are low; (d) the
price elasticity k is small; (e) the discount rate i is high.

As with the equilibrium regime, we can include the environmental
externalities in the case of the depletion under optimal control. We keep

Ky =
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Fig. 3. Example of dependence of critical withdrawal rate g (blue line) and economically optimal withdrawal rate under presumed equilibrium qqp (solid orange
line) on climate wetness/dryness, with a drier climate than the standard case on the left and a wetter climate on the right; the value 1 at the x-axis is the standard case
with parameters in Table 1; a value of 0.2 means one fifth of the standard precipitation, a value of 2.0 twice the standard precipitation; profit maximization leads to
an equilibrium regime as long as qop: < Qeri; the dashed orange line shows the impact of including environmental externalities. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

the additional environmental costs equal to yq considering that, even if
streamflow is no longer affected above the value belonging to ¢ = qcir,
additional environmental externalities are likely to occur through falling
groundwater levels that are not accounted for in the simple represen-
tation of Fig. 1, such as the desiccation of phreatophytes, remote wet-
lands and springs and land subsidence that may also lead to irreversible
aquifer storage reduction. This is very similar to way environmental
externalities were included by Esteban and Albiac (2011). Including the
environmental costs to yq into account in Equation (D1) yields the same
result as equations (19)-(21), (24), (25), but with the substitution (with y
< apo)

ap, —
Po=Poe = pa ! (26)

As expected, including the environmental externalities leads to
decreased head decline and pumping rate under optimal control, as
follows from the smaller value of A; (Equation (24).

When evaluating the occurrence of the Gisser-Sanchez effect we can
now compare three cases: depletion under competition q.y;,(t), depletion
under optimal control g, (t), and depletion under optimal control
including environmental externalities gcs.. (t). Apart from comparing
the NPV of the farmer’s profit over time (Equation D1) of these cases, i.e.
Memp, Mo and Tlegr,e, adding environmental externalities also requires
comparing the NPV of social welfare of the three cases:

)

Menp(sw) = /{R (qcmn(t)) - C(qcm/r([)7 hemp (t>) —Y9emp (t) }eii’dt (27a)
0
nczr(xw) = /{R(q(,,,(t) ) - C(qr'tr(t)v hm([) ) —Yqcr (l) }eihdt (27b)
0
H(‘IY.E(SW) = Hrtr.e = /{R (qctr.e(t) ) - C(qar.e (t)<,hrrr,e (t) ) }ei[ldl (27C)
0

For illustration, we show a case (parameters in SI units in Table 2),
which represents a semi-arid area over an aquifer of 1000 km?, without

Table 2
Hydrogeological and hydroeconomic parameters used in the examples shown in
Fig. 4. See the text for an explanation of the symbols.

Hydrogeological parameters Hydroeconomic parameters (Wheat)

A 1.000 10° m? Po 0.18 USD kg ?

qs 0 myr! k 11 kg? USD! m? yr!
Q 1.578 10° m? yr! a 2 kg m~

d 295 m Pp 0.0015 USDm 'm™?

w 20 m i 0.03 yr !

v 3.078 107 m yr?

c 13.7 yr ¥ 0.05 UsDm?

n 0.3 —

r 0.183 myr!

surface runoff, a recharge of approximately 180 mm yr~!, an upstream
discharge of the stream of 50 m3/s, an effective river-bed width of 20 m,
ariver flow velocity of 1 m s a specific yield of 0.3 and a C parameter
of 5000 days. The high C parameter entails a limited density of perennial
streams and/or a medium to small transmissivity. Under this hydro-
geological setting we again assume hydroeconomic parameter values
thought to be typical for wheat production in the U.S. (FAO, 2021a, b).
We assume a discount rate of 3% per year and also include a case with
environmental externalities with a unit cost of y = 0.05 USD m™°
groundwater pumped. From Equation (6) we find that the critical
withdrawal rate g for this case is 0.35 m yr!, while the optimal
groundwater withdrawal under presumed equilibrium conditions (from
Equation (14) qgp is 0.89 m yr’1 (0.76 m yr’1 if we tax the environ-
mental externalities). If g tends toward qp; or exceeds qcri, We expect a
depletion regime.

Fig. 4a and Fig. 4b provide the withdrawal trajectories over time (as
m° m? yr'l) and the groundwater depletion, i.e., head, over time (in m)
for the competition, optimal control and optimal control including ex-
ternalities. Fig. 4a shows that in case of competition, early-time with-
drawal rates are higher than in case of optimal control depletion, leading
to a larger final groundwater depth (Fig. 4b). This is even more the case
if environmental externalities are included. Following Esteban and
Albiac (2011), Fig. 4b also shows that by penalizing environmental
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Fig. 4. Withdrawal trajectories (a) and groundwater depletion (head decline) (b) under competition (red lines) and optimal control (blue lines) and optimal control
with environmental externalities (green lines). Hydrogeological and hydroeconomic parameters are given in Table 2. (For interpretation of the references to colour in

this figure legend, the reader is referred to the web version of this article.)

externalities the differences in depletion between the competition and
optimal control cases become more pronounced. The net present value
of all future profits (Equation (18) for the 1000 km? area overlying this
aquifer equals 2.32 billion USD for competition, 3.47 billion USD for
optimal control and 2.49 billion USD for optimal control with environ-
mental externalities. It shows that even if environmental externalities
are included, slightly larger profits are achieved under full cooperation.
In case we calculate social welfare by reducing the farmers’ profit with
the cost of the environmental externalities (Equations 27), we find the
highest value for optimal control with environmental externalities (2.49
billion USD), followed by optimal control (2.00 billion USD) and
competition (0.59 billion USD).

3.4. Four quadrants of groundwater withdrawal strategies

Based on the analyses and results in sections 3.2 and 3.3 it becomes
clear that one can distinguish four quadrants of groundwater with-
drawal strategies, depending on the values of q.; (Equation (6), qop:
(under a presumed equilibrium regime; Equation (14)) and the actual
value of groundwater withdrawal g. In the following, we will denote
these quadrants by a combination of two letters: E for equilibrium
regime (q < gcrit) versus D for depleting regime (q > qcrir) and P for the

situation where an optimal withdrawal rate is possible (qopr < qerir)
versus N for the situation where an optimal withdrawal rate is not
possible (qgpr > qcrir). This leads to the following codes for the four
quadrants: EP, EN, DN and DP (see Fig. 5).

In the following we describe the four quadrants in more detail and
how withdrawal strategies differ between quadrants. Note that these
descriptions are based on the limited notion of optimality, i.e. profit
maximization. It is always possible to also include environmental ex-
ternalities, which will have impact on the boundaries between the
quadrants, i.e. replacing qopr by qope, and also changes the meaning of
“optimal withdrawal rates” from those maximizing profit to those that
maximize social welfare.

1. EP: q < qcrir and qopr < qcrie. In case both the actual and optimal
withdrawal rate are smaller than the critical rate (maximum cap-
ture), the optimal withdrawal rate can be achieved under equilib-
rium conditions, which leads to g =q,: (Equation 14) when
maximizing profit.

2. EN: q < qcri¢ and qopr > qrie. If the optimal withdrawal rate exceeds
the critical rate (maximum capture), no optimal rate is possible
under equilibrium conditions. Even though the actual withdrawal
rate is smaller than the critical rate, maximization of profit will
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Fig. 5. Four quadrants of groundwater withdrawal strategies; EP (lower left;
green; q < erit and Qopt < qerit); EN (upper left; blue; q < qerie and qopt > erit)s
DN (upper right; red; q > qeric and qopt > qerit) and DP DN (lower right; yellow;
q > Qerit and Qopt < Qerie)- (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

increase it until it exceeds q.. Unless there is some form of control,
this will eventually lead to persistent depletion (quadrant DN) where
withdrawal rates are given by Equations 19-25 depending on
competition or control.

3. DN: q > qcrie and qope > qerie. In this case withdrawal is already above
the critical limit and depletion occurs. Also, an optimal rate under
equilibrium conditions is not possible. Thus, withdrawal rates are
given by Equations 19-25 depending on competition or optimal
control.

4. DP: q > qcrie and qope < Gerie- This is the peculiar situation that even
though some optimal withdrawal rate under equilibrium conditions
is possible, actual withdrawal rates are too high. This defies ratio-
nality, which may be explained by several factors, such as subsidized
energy for pumping leading to small values of unit pumping costs pp,
lack of information about the hydrogeological situation on the
relationship between water use and yield, or non-exclusive access by
exporting pumped groundwater or groundwater use by other sectors.
Under these circumstances, there is the possibility to revert to a
physically stable withdrawal regime and at the same time maximize
profit: ¢ = qp: (Equation 14).

4. Global application

We demonstrate the developed hydroeconomic model for optimal
groundwater withdrawal in a global case study covering all areas where
crops are irrigated with groundwater. The model is used to provide first
order estimates of: 1) the occurrence of the four quadrants of withdrawal
strategies; 2) optimal withdrawal rates for the areas with equilibrium
regimes (with and without environmental externalities); and 3) the
global occurrence of the Gisser-Sanchez effect for regions with depletion
regimes by comparing depletion under competition, under optimal
control and under optimal control with environmental externalities.
Since, this is a global case study that is necessarily subject to large
parameter uncertainties, we investigate the robustness of the results by
performing a sensitivity study. Additionally, we present the results in the
main text as relative changes between non-optimal and optimal with-
drawal strategies.

4.1. Global datasets and parameters

Bierkens et al (2021) present a global application of the simple
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conceptual model of groundwater withdrawal with groundwater-surface
water interaction (Fig. 2). We use this application as a basis for a global
application of the hydroeconomic model of optimal withdrawal rates
developed in section 3. For its global application, Bierkens et al. (2021)
in turn used the output and parameters of the global hydrology and
groundwater resources model PCR-GLOBWB 2 (Sutanudjaja et al.,
2018). PCR-GLOBWB 2 simulates the flow and storage of water at the
land surface, including river discharge, for 5 arcminute cells (~10 km at
the equator) at daily time step and for the global landmass except
Greenland an Antarctica. Instead of applying the simple conceptual
model for an aquifer of size A, Bierkens et al. (2021) applied it to each
PCR-GLOBWB grid cell separately, where the analysis is limited to cells
with groundwater withdrawal for irrigation (Portmann et al., 2010;
Siebert and Doll, 2010). The upstream inflow Q; for each cell is then
given by the incoming river discharge as simulated by PCR-GLOBWB
averaged over the period 2000-2015. Similarly, the values of densities
q, qs, r and the streamflow velocity v (Fig. 2; Appendix A) are average
values over the period 2000-2015 obtained from PCR-GLOBWB. Note
that the groundwater withdrawal value g provided by PCR-GLOBWB 2
which is used in the global analysis here also includes groundwater
withdrawal from domestic and industrial water use (which are relatively
small in agricultural areas analyzed here). Also, note that by using as
inflow Q; the upstream discharge from a PCR-GLOBWB simulation we
account for the average upstream withdrawals from surface water and
groundwater by all sectors in the period 2000-2015. The groundwater-
surface water interaction parameter C, the specific yield parameter n
and the dimensions of the rivers W and d are parameters that can also be
directly obtained from the PCR-GLOBWB 2 parameterization. Table 3
provides an overview of the hydrogeological inputs used along with the
hydroeconomic parameters. We refer to the Supplement of Bierkens et al
(2021) for maps of the hydrogeological parameters, as well as an elab-
orate evaluation of the accuracy of this model.

Following the conceptual groundwater-surface water model of
Bierkens et al. (2021), the hydroeconomic model is applied to the PCR-
GLOBWB 2 cells (5 arcminute) restricted to those cells where ground-
water is withdrawn for irrigation purposes. The land cover model of
PCR-GLOBWB 2 distinguishes between 26 different crop types following

Table 3

Parameter and input values used in global-scale analyses at 5 arc-minute cells
(~10 km at the equator). All hydrogeological inputs obtained from PCR-
GLOBWB 2 with input variables averaged over the period 2000-2015.

Parameter  Value

Hydrogeological parameters (from Sutanudjaja et al., 2018)

A Cell area 5 arc-minute cells (m?)

qs Sum of surface runoff and interflow (m yr'l) of a cell

Q Upstream discharge of a cell (m® yr'!)

d Stream bottom elevation (m)

w Stream width (m)

v Streamflow velocity (m yr'!)

Cc C = J/n (years), with J the characteristic response time of the
groundwater reservoir

n Specific yield () from the groundwater reservoir in PCR-GLOBWB.

r Net recharge (recharge minus capillary rise) (m yr).

q Withdrawal rate (m/yr).

Hydroeconomic parameters

Do Intercept of crop-specific and country specific demand curve (USD

kg~ !) based on maximum crop specific producer’s price (FAO, 2021a)
minus non-water related productions costs which result in a reduction
factor of 0.32 (Vocke and Ali, 2013)

k Price elasticity of demand (kg? USD™ m~2 yr™1). Calculated per
country from maximum and minimum prices and maximum and
minimum yields of wheat and citrus (FAO, 2021a) as representative for
staple and cash crops

a Water productivity per crop (kg m~>) (FAO, 2021b)

Pp Unit pumping costs (USD m?! m’3) (Bierkens et al., 2021)

i Discount rate per country (yr~ ') (World Bank, 2020); reference year
2016).

y Unit costs of externalities (USD m~>) we assume y = 0.05 USD m™3
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the MIRCA dataset (Portmann et al., 2010). We however performed the
global analysis for the dominant crop type per cell only. The parameters
of the demand curve were obtained as follows: The intercept py (USD
kg™!) was based on the maximum crop price (producer price) per
country over the period 1991-2015 as reported in FAOSTAT (FAO,
2021a). This price was multiplied by a factor 0.32 to account for non-
water related production costs (machinery, labour, fertilizer etc.). This
reduction factor was based on an analysis of farm-level costs, yields and
revenues of wheat production at a large number of U.S. farms (Vocke
and Ali, 2013), showing the non-water related costs on farms with
irrigated crops to be 68 % of the revenues on average. For the price
elasticity k (kg2 USD ! m™2 yr’l) the maximum and minimum price pmax,
DPmin and maximum and minimum yield Ypax, Ymin over the period
1991-2015 (FAO, 2021a) were used and the price elasticity estimated as
k = (Ymax — Ymin)/ (Pmax- Pmin)- This was done separately for each
country, but to reduce the effort of analyses, for two crops: for wheat,
taken as representative for all staple crops and for citrus as representa-
tive for all cash crops. The water productivity a per crop type was ob-
tained by multiplying water use efficiency data from FAO (2021b) (per
crop the same for all countries) with country-specific irrigation effi-
ciencies as used in PCR-GLOBWB (Sutanudjaja et al., 2018). Country-
specific discount rates were obtained from World Bank (2020). The
most challenging parameter to obtain is the unit pumping costs p, (USD
m ! m™3), i.e. the costs of withdrawal of one m® groundwater per meter
depth of the water table. These have been computed following a pro-
cedure described in more detail in the Supplementary Information.
These costs include material costs and labour costs to dig and construct
the well, the costs of the pumps and the irrigation infrastructure, the
energy costs to lift the water to the surface and bring it to the crops and
the interest payments on loans needed to invest in withdrawal and
irrigation infrastructure. This cost model thus includes both fixed and
variable costs. For each grid and its most abundant crop type we have
combined the average fixed costs with the average variable costs (across
all the different well depths and withdrawal volumes) and divided these
by the average well depths and withdrawal rates to arrive at an average
unit cost (USD m™*m™3) per cell. Well depths were estimated from the
long-term average groundwater depths calculated with the global
groundwater model of De Graaf et al. (2017) as minimum depth and the
depth to economic depletion (total costs of water exceeding revenues) as
maximum depth. The supplementary Figs. S1-S5 provide global maps at
5 arcminute resolution for the hydroeconomic parameters used.

The unit costs of the externalities y is difficult, if not impossible, to
estimate at the global scale. Its value depends on the proximity of in-
dividual wells to groundwater-dependent ecosystems and the unique
flora and fauna in those systems. Thus, in this paper we use a fixed value
of y as an example to show how optimal pumping rates change when
social welfare rather than farmer profits is maximized. In the examples
in Section 3 we use a value of 0.05 USD m > pumped, which is the same
as used by Esteban and Albiac (2011) for Spain. This, however, renders
agriculture non-profitable for a few percent of the area under irrigation.
These are areas where the maximum crop price per unit groundwater
pumped apg is smaller than y = 0.05 USD m™3 (See Supplementary
Fig. S6). For these areas we capped the value of y to 0.5apo. This and the
values in Supplementary Fig. S6 point to the fact that the unit price of
irrigation water is quite low for many parts of the world, confirming the
econometric analysis of Bierkens et al (2019).

4.2. Sensitivity analyses

Apart from the assumptions that make for a tractable hydroeconomic
model (Section 3.1), additional assumptions are made to support a
global application. These are the country-specific values of the hydro-
economic parameters p,, k, a, pp, i the single prefactor for all non-water
related costs of 0.32, the imposed environmental y = 0.05 USD m™ and
the fact that for each cell we apply the model to only one crop, i.e. the
most dominant one. These values are obviously subject to considerable
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uncertainty and may even vary within a country. A full uncertainty
analysis would require information about these parameter uncertainties
in the form of a joint a priori probability distribution, which we do not
have. To obtain some idea about the robustness of the results shown, we
perform a sensitivity analysis instead. To do this we change the pa-
rameters p,, k, a, pp, i and the factors 0.32 by +/- 20 %, adding two
values of environmental externalities (y =0.05 and y =0.1 USD m ) and
additionally replace the most dominant crop by the second dominant
crop per cell. We redo the calculations of the occurrence of the four
quarters and the outputs of the hydroeconomic model: gopt, Zmax and the
discharge capture dQ(qqp) for the equilibrium regimes (EP and EN) and
Semp(00), Scir(00), Memp and Tl for the depleting regimes (DP and DN).
We show the results as tables and plots denoting spatial distributions of
these outputs in the Supplementary Information.

4.3. Global results

Global occurrence of four quadrants of optimal withdrawal strategies

Based on the maps of parameters mentioned in Table 3 (See the maps
of hydrogeological parameters in Bierkens et al. (2021) and the maps of
hydroeconomic parameters in the Supplementary Figs. S1-S5) we
calculated global maps of q.r; and qop: (Supplementary Figs. S7 and S8
respectively). By comparing these with the map of global groundwater
withdrawal g, we calculated a global map (Fig. 6) with the occurrence of
the four quadrants as defined in section 3.3 (Fig. 5).

Fig. 6 shows that most cells with groundwater withdrawal have
current withdrawal rates that are situated in the equilibrium regime (EP
and EN). However, most of this area has an optimal equilibrium with-
drawal rate that exceeds the critical limit (EN). This entails that upon
further groundwater development without some control mechanism, a
tendency towards profit maximization will eventually lead to an in-
crease of groundwater withdrawal that moves the system to a regime
with groundwater depletion. The cells that are currently in a depleting
regime (DN and DP) can be found in the regions that are well known
groundwater depletion hotspots (Wada et al., 2010; Gleeson et al., 2012;
Doll et al., 2014; Rodell et al., 2018). About 14 %. of these cells are in
regions where in fact the optimal groundwater withdrawal rate is lower
than the critical rate. Some of these areas are situated in North Africa
and Arabian Peninsula. A possible explanation is that the wish for some
countries to become self-sufficient in food production drives the use of
groundwater beyond what is economically optimal and that this is made
possible from other sources of national income (e.g. subsidizing crops or
energy use). The sensitivity analysis (Supplementary Table S1) shows
that the percentages of global occurrence of the four quadrants are not
very sensitive to changes in the hydroeconomic parameters. Any change
that decreases profit decreases qgp; resulting in a slightly larger per-
centage of the occurrence of the classes EP and DP. Particularly the in-
clusion of environmental externalities has a noticeable impact on the
occurrence of the regimes.

Results for the equilibrium regime q < qcir (EP and EN)

For the equilibrium regime (EP and EN) we calculated the optimal
withdrawal rates without gy, (Equation 14) and with environmental
externalities qgp,e (Equation 16). Also, we calculated the yearly
maximum profit zy.x (Equation 15) and the profit when including
environmental externalities 7max . (Equation 17). For the cells where ggp;
> qcrie (EN) we have set the profit equal to the profit that can be attained
at the critical value 7max = 7(qcrie), Which is the maximum yearly profit
(USD ha™! yr™!) that can be attained without groundwater depletion.
Additionally, using the equation of Table A1 (Bierkens et al., 2021) we
also calculated the impact of withdrawal on streamflow reduction under
current and optimal (with and without externalities) groundwater
withdrawal rates dQ(q), dQ(qopy) and dQ(qopse). The absolute values of
qopt> Goptes 7(q), Tmaxs Tmaxes dQ(Q), dQ(qop) and dQ(qopte) are given in
Supplementary Figs. S8 to S15 respectively for reference. However, we
caution against taking such absolute values at face value, since they
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2.1% EP: q <= qcrit & qopt <= qcrit
91.5% EN: q <= qcrit & gopt > qcrit
6.7% DN: g > qcrit & qopt > qcrit
0.98% DP: q > qcrit & qopt <= qcrit
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Fig. 6. Global occurrence of the four quadrants of groundwater withdrawal strategies (EP, EN, DN, DP) based on the values of actual groundwater withdrawal rates
and the critical and optimal withdrawal rates qe;i: and qps; light grey areas are without groundwater irrigation.

depend on global datasets and generalizations, which are inevitable at
the spatial scale of this study. Therefore, we opt to present relative
changes, which are a measure of global sensitivities, instead.

Fig. 7 presents for the case without environmental externalities the
relative change in withdrawal rates when moving from g to qop
(Fig. 7a), the associated relative change (increase) in profit between z(q)
and mmax (Fig. 7b) and the associated relative change in streamflow
between dQ(q) and dQ(qopd) (Fig. 7c). Fig. 7a shows that for the EN
quadrant areas (¢ < qcris qopt > eri)> the withdrawal rates obviously
increase (towards q.), while for the areas in the EP quadrant (q < qcrig
Qopt < qcrir), both increases as well as decreases in withdrawal rates lead
to maximum profits. The increase in profit can be quite substantial,
being over 100 % or a factor two for many regions. However, this comes
at the expense of a large decrease in streamflow, especially for the areas
in the EN quadrant. In a small fraction of the area in the EP quadrant the
optimal groundwater withdrawal is reached by decreasing the with-
drawal rate, with positive impacts on streamflow.

Fig. 8 shows that the impact of including environmental externalities
is very small and does not lead to more social welfare (Fig. 7a) and less
streamflow reduction (Fig. 7b). This results from the fact that in most
cases both qu: and gy are larger than q.; and would lead to a
depleting regime under economic development without further control;
we have set gopr and qopee €qual to g in this case. In less than a few
percent of the cases either gop; and gy are smaller than q.; (the EP
regime) or at least gop is smaller than g (the EN regime). Here we see
that including environmental externalities does lead to substantial
higher value of social welfare (Fig. 7a) and to a reduction in streamflow
capture up to 50 % (i.e. not including externalities leads to a doubling of
capture — Fig. 7b). Thus, although internalizing environmental exter-
nalities will lead to increased social welfare and reduced environmental
damage in principle, this does not hold for most areas with groundwater
withdrawal since even with externalities, socially optimal withdrawal
rates would surpass the critical withdrawal rates and lead to a depleting
regime where optimal pumping rates are no longer physically
sustainable.

The results of the sensitivity analysis, i.e. by evaluating the impact of
changing the hydroeconomic parameters on the spatial distribution of
Qopt Tmax and dQ(qopy), are shown in Supplementary Fig. S16 in the form
of quantile plots of the spatial variation of values compared to the
reference situation (the maps in Supplementary Figs. S8, S11 and S15).
As can be seen, any change that decreases unit costs leads to higher
optimal withdrawal rates, larger profits and larger capture of stream-
flow. Results are most sensitive to unit cost parameters such as other
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production costs, pumping costs p, and externalities y and less to pa-
rameters that indirectly impact profits such as water productivity and
price elasticity. The results shown in Figs. 7 and 8, even if they are
already shown as relative differences, will change subject to uncertain
hydroeconomic parameters. However, the sensitivities shown are
limited and will not change the conclusions that can be drawn from the
results.

Results for the depleting regime q > qcrir (DN and DP)

For the depleting regime we calculated the following variables: final
groundwater level decline under competition sy, (t—c0), optimal con-
trol s¢(t—o00) and optimal control including environmental externalities
Scire (t—>00) using Equations 19-24 and the associated NPV of cumulative
profits over time 1y, I and I, We also calculated the social wel-
fare, here defined as the NPV of cumulative profits minus the costs of
environmental externalities (Equations 27), for the cases: Mgmp(ew)s
Heir(sw) and Iy e(sw), Where the latter is equal to Iley.. Maps of the ab-
solute values of are given in Supplementary Figs. S17-S24.

Here, we show the relative differences of these variables between
depletion under competition and optimal control with and without ex-
ternalities (Figs. 9 and 10). The relative differences in the final
groundwater decline s(t—o0) between the competition and control cases
are mostly small in all areas where currently groundwater depletion
occurs, confirming the Gisser-Sanchez effect (Fig. 9a). However,
including environmental externalities reduces the final groundwater
level decline in various parts of the world such as North America,
Mexico, the northern Indus Valley and the North-China plane. Thus, the
Gisser-Sanchez effect in terms of groundwater decline is less conspicu-
ous when environmental externalities are included. Fig. 10a shows that
the difference in the NPV of cumulative profits IT mirror that of the
groundwater decline confirming the Gisser-Sanchez effect. However, the
differences in social welfare between competition and optimal control
with environmental externalities are considerable, with significantly
larger values for the control case with externalities compared to
competition, as can be seen from Fig. 10b.

Supplementary Fig. S25 and Table S2 (for the discount rate) show the
results of the sensitivity analysis applied to s¢p(0), Scr(00), Iemp and
IIr. Clearly, changing the hydroeconomic parameters has a larger
impact on the results than for the equilibrium case. We observe similar
tendencies, where parameters that directly reduce unit costs lead to
larger groundwater level decline and increased profits, however sensi-
tivities are larger, which is due to the cumulative nature of groundwater
level decline and accumulation of profits over time. Comparison of the
competition and control spatial distributions show that they are very
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Fig. 7. Impacts of changing to optimal withdrawal rates for the equilibrium regime (EP,EN) (q < qcri); note that if qop¢ > qerie (EN) we set qope = Qeries (@) relative

change in withdrawal rate (qop—q)/q (%); (b) relative change in profit (Tmax —

7(q))/n(q) (%); (c) relative change in impact on streamflow and (dQ(q)- dQ(qopd))/ dQ

(@) (%); insets show the cumulative frequency distributions of relative change, with the green colour the EP quadrant and the blue colour the EN quadrant; black
pixels are areas with groundwater withdrawal falling in the depleting regimes (q > qcrit) (EN and EP); grey background colour in the maps identify areas without
groundwater irrigation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

similar (Gisser-Sanchez). Also, the sensitivities are similar, which entails
that the relative changes in Figs. 9 and 10 are not very sensitive to
parameter uncertainty.

5. Discussion
The combined hydrogeological-hydroeconomic model here pre-

sented provides a quick analytical tool to estimate, at first order, optimal
groundwater withdrawal strategies at large scales. The lumped-
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conceptual nature of the model that ensures tractability and its global
parameterization come at the price of ignoring many factors. Site-
specific outcomes may be different from our global maps, but they
highlight regional differences between the four quadrants combining
groundwater withdrawal regimes and optimal strategies (Figs. 5 and 6).
To account for uncertainties in model hydroeconomic parameters we
present the results in terms of relative differences. We also added a
sensitivity analysis which indicated that parameter uncertainty will
change results. However, as sensitivities are limited for the equilibrium
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Fig. 8. The impact of including environmental externalities when calculating the optimal withdrawal rates for the equilibrium regime (EP, EN); (a) relative change in

social welfare (Tmaxe — (Tmax —

Ydopt))/ (Tmaxe — Yqop) (%); (b) relative change in impact on streamflow (dQ(qopt)- dQ(qopt,e))/ dQ(qop) (%) when environmental

externalities are not included; insets show the cumulative frequency distributions of relative change, with the green colour the EP quadrant and the blue colour the
EN quadrant; black pixels are areas with groundwater withdrawal falling in the depleting regimes(q > qrit) (EN and EP); grey background colour in the maps identify
areas without groundwater irrigation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

regime and very similar for withdrawal under competition and control
for the depleting regime, we argue that parameter uncertainty will not
change the conclusions that can be drawn from the results. The discount
rate requires some additional discussion, however. Although not very
uncertain at a given time and readily reported, discount rates for a given
country can vary over time, at least in the order of several percent
points. Obviously, changes of these magnitudes over time will have a
notable impact on the size of the Gisser-Sanchez effect and such changes
are not accounted for in the analyses presented. Thus, conclusions
drawn are always conditional to the current discount rates.

Apart from the uncertainty in model parameters, the model also re-
lies on some additional simplifying assumptions. First, our analysis fo-
cuses on the economic limits to groundwater depletion. In reality,
physical limits such as the occurrence of low permeability (Gleeson
et al., 2015) or saline groundwater (van Weert et al., 2009) may limit to
what depth groundwater levels can be exploited. Also, in many parts of
the world, groundwater is extracted from deeper confined aquifers with
considerable overpressure. This means that extraction costs are not
necessarily proportional to the depth of extraction, as assumed here.
Second, just as the hydrogeology of the subsurface is very much
simplified in our model, so is the hydrology. For instance, surface water
systems of different order have bottom elevations of varying heights.
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Thus, instead of a single threshold between equilibrium and depleting
regimes as shown in Fig. 2 and Equation (2), a more gradual change
between the two regimes can be expected based on multiple drainage
levels (cf. Bierkens and te Stroet, 2007). Also, the local impact of
groundwater withdrawal on surface water levels and the degree of
capture depends on the location of the wells with respect to the streams.
Third, we do not consider that farmers will likely adapt to the higher
costs occurring from groundwater level decline, such as changing crop
types, e.g. changing the type of irrigation infrastructure, fallowing or
using deficit irrigation (Doll et al., 2014). Fourth, our analyses are
steady state, ignoring the impacts of temporal variability where multiple
consecutive dry years can spur the establishment of additional ground-
water wells (Scanlon et al., 2012) that will be subsequently used in
wetter years as well. At the same time, if the infrastructure is in place,
farmers may deal with temporal variability by temporarily depleting
groundwater reserves in drier years in conjunction with maintaining a
strategic drought reserve during wetter years (Provencer and Burt,
1993). Fifth, our analysis considers profit per unit area, without
consideration of farm size. The size of a farm, however, determines
whether optimal withdrawal rates or optimal groundwater depletion
trajectories result in a sufficiently large farmer’s income to support the
farmer and his family, which is needed for economic sustainability. Also,
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Fig. 9. Differences in groundwater level decline between competition and optimal control (intertemporal efficiency) for the depleting regime (DN and DP); a)
relative increase of groundwater level decline under competition compared to control (scmp(00) — scir(00))/scer(00) (%); (b) relative increase of groundwater level
decline under competition compared to optimal control including environmental externalities (Scmp(00) — Scir.e(©0))/Scire(00) (%). dark grey pixels are areas with
groundwater withdrawal falling in the equilibrium regimes (EP, EN; q < qrit); insets show the cumulative frequency distributions of relative change, with the red
colour the DN and the yellow colour the DP quadrant; light grey areas are without groundwater irrigation. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 10. Differences in profits and social welfare between competition and optimal control (intertemporal efficiency) for the depleting regime (DN and DP); a)
relative increase in NPV of cumulative profits of optimal control versus competition (Il —Ilemp)/Tlemp; (b) relative increase in NPV of social welfare of optimal
control including environmental externalities versus competition (I e(sw) —Ilemp(sw))/Tlemp(sw) (5); dark grey pixels are areas with groundwater withdrawal falling in
the equilibrium regimes (EP, EN; q < q.t); insets show the cumulative frequency distributions of relative change, with the red colour the DN and the yellow colour

the DE quadrant; light grey areas are without groundwater irrigation. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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the farm size determines whether a farmer can raise the capital needed
to deepen a well or increase the pump capacity under falling ground-
water levels. Sixth, the model and the associated withdrawal strategies
are based on the assumption that farmers’ behaviour can approximated
by global hydroeconomic optimization with farmers that are either
myopic or fully cooperative, while many other social and cultural factors
may be more important. Some of the simplifications and assumptions
described above can be relaxed and added to the framework presented.
However, most of these require the use of physically-deterministic
groundwater flow and transport models coupled with hydro-economic
optimization or simulation routines (Harou et al., 2009) or socio-
hydrological agency (Sivapalan et al., 2012), which are difficult to
apply at the continental to global scales on account of a heavy compu-
tational burden and large parameterization challenges.

As a final remark, we note that “optimal groundwater withdrawal”
could be defined in a much broader sense than maximizing profit. Even
when including environmental externalities, the notion of “social wel-
fare” as used in this paper is limited. A broader definition of social
welfare would e.g. have to include the opportunity costs of alternative
water use and equity among beneficiaries (Moench, 1992). Following
the notion of “strong sustainability” (Ayres et al. 2001), optimal
groundwater management would additionally include the intrinsic
value of groundwater dependent ecosystems, the importance of
groundwater in places of cultural significance and its role in Earth sys-
tem functions, such as advocated by the groundwater sustainability
research community (e.g., Elshall et al., 2020; Gleeson et al., 2020,
Zwarteveen et al., 2021; Huggins et al., 2023).

6. Conclusions

We combined a lumped-conceptual model of large-scale non-linear
groundwater-surface water interaction under groundwater withdrawal
with a hydroeconomic model to derive analytical solutions of optimal
groundwater withdrawal. The inclusion of non-linear groundwater-
surface water interaction allowed for incorporating the impact of cap-
ture and analysing, at first order, hydroeconomic optimality for physi-
cally stable (equilibrium) and physically non-stable (depleting)
groundwater withdrawal regimes. For both regimes, we included the
possibility to internalize environmental externalities. Based on the
relative value of the actual withdrawal rate q with respect to the critical
withdrawal rate g, that distinguishes an equilibrium (physically stable)
from a groundwater depleting regime and the optimal equilibrium
withdrawal rate qqp, four quadrants in terms of withdrawal strategies
could be distinguished. We used the combined hydrogeological-
hydroeconomic model to map the global occurrence of these four
quadrants and to globally estimate optimal groundwater withdrawal
rates and trajectories with and without including externalities.

Global results show that most of the area with global groundwater

Journal of Hydrology 635 (2024) 131145

withdrawal for irrigation are still in the equilibrium regime (¢ < q.p),
but also that these regions would tend towards a depleting regime if
groundwater withdrawal for irrigation would be uncontrolled and tend
towards an optimal withdrawal rate, even with environmental exter-
nalities included. For the quadrants with groundwater depletion (g >
qcri) we derived and compared depletion trajectories under competition,
optimal control and optimal control including environmental external-
ities and assessed globally where the differences between these modes
were small, which is known as the Gisser-Sanchez (1980) effect. We
found that the Gisser-Sanchez effect is globally ubiquitous, but only if
environmental externalities are ignored. The inclusion of environmental
externalities in optimal control withdrawal resulted in notably reduced
groundwater decline and larger values of social welfare in many of the
major depletion areas.

7. Contributions

MB developed the theory and derived the equations. MB and NW
designed the global case study. NW performed the numerical calcula-
tions with parameterizations from RvB. MB wrote the manuscript with
inputs from all authors.

CRediT authorship contribution statement

Marc F.P. Bierkens: Conceptualization, Data curation, Formal
analysis, Software, Visualization, Writing — original draft. L.P.H. Rens
van Beek: Data curation, Formal analysis, Writing - review & editing.
Niko Wanders: Data curation, Investigation, Software, Visualization,
Writing — review & editing.

Declaration of competing interest

The authors declare the following financial interests/personal re-
lationships which may be considered as potential competing interests:
Marc F.P. Bierkens reports financial support was provided by European
Research Council. Niko Wanders reports financial support was provided
by Dutch Research Council.

Data availability
Data will be made available on request.
Acknowledgements
MB acknowledges support from the ERC Advanced Grant scheme

(Grant no. 101019185 — GEOWAT). NW received funding from the
Dutch Research Council (NWO) (Grant no. 016.Veni.181.049).

Appendix A. . Conceptual model of large-scale groundwater withdrawal with groundwater-surface water interaction: equations

summary

Table Al

Overview of expressions of groundwater and surface water with time and related properties for the equilibrium

and depleting regimes.
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Table A1 (continued)
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The following variables are portrayed (for parameters q, A, gs, Q;, n, W, v, C, d: see Fig. 2 and its explanation in the main text):
qrit Critical withdrawal rate (or maximum capture) (m*m2 yr’l) above which the groundwater level becomes disconnected from the stream.
tri¢ Critical time (years after start of withdrawal) at which the groundwater level becomes disconnected from the stream, i.e. h < h;.
h(t) Groundwater head (m) over time.

h(eo) Equilibrium groundwater head (m) at t=co that only occurs in case q < g

hy(t) Surface water level (m) over time.

hs(oo) Equilibrium surface water level (m), which is different when q < g than when q > qcri¢.

Q(t) Surface water discharge (m3 yr'l) over time.

Q(c0) Equilibrium surface water discharge (m® yr'!), which is different when q < g than when q > grir.

Qstor(t) Part of the pumped groundwater that comes out of storage, which is different when q < g, than when q > qcrir.

qcap(t) Part of the pumped groundwater that comes from capture (reduction in streamflow), which is different when q < g than when q > qcrir.

Table Al provides an overview of the mathematical expressions derived for each of these properties. The left column shows the stable regime
where upon commencement of withdrawal after some time an equilibrium is reached with equilibrium groundwater levels h(0), streamflow Q(c0) and
surface water level h;. The middle and right columns show the results of unstable groundwater withdrawal. The behavior of h(t), Q(t) hs(t) follows that
of the stable regime until time t = t,; when the groundwater level drops below the bottom of the surface water. After this time the groundwater level h
(t) shows a persistent decline and surface water level hy(t), streamflow Q(t) and the fraction of water pumped from capture become constant.

Appendix B. . Optimum groundwater withdrawal under an equilibrium withdrawal regime (qop: < qcrir)

The revenue R (USD m~> yr~!) from crop irrigation is based on an inverse demand function in order to include (endogenous) price effects:

R(Y) = /pr(Y)dY (B1)
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with Y crop yield (kg m~2 yr 1) and p (USD kg™1) the price at the gate minus the sum of all unit production costs except water (e.g., land, labour,
fertilizer etc.). Furthermore, we assume that yield is related to irrigation water withdrawn q (m3 m~2 yr‘l) (and applied) following a Cobb-Douglas
type production function:

Y(q) = aq’ (B2)

with 0 < b < 1. We further assume that b = 1, which entails that prefactor a (kg m~>) can be interpreted as the water productivity for the given
crop. Assuming p(Y) is based on the inverse of a linear demand function with demand elasticity k (kg2 USD! m—2 yr’l) we have from (B1) and (B2):

22

R(Y(q)) = /OY (po*%)dy:/oq (po*%)adq: apoqf% (B3)

2
This is a quadratic function which is zero at g = 0 and g = % with a maximum revenue at q = % with Ryax = k'z’—”.
The pumping costs Cy(D, q) (USD m 2 yr’l) are assumed to be proportional to the head or water table decline s (m) due to withdrawal and the

withdrawal rate q (m3 m~—2 yr’l) as follows:
Cq (57 Q) = PpSq (B4)

with p, (USD m ™! m~3) the (unit) pumping costs per m® water per m. Note that (B4) assumes that under natural circumstances the groundwater is
close to the surface and initial pumping costs at s = 0 are therefore negligible.
For the stable withdrawal regime (q < q.) we have the following (large-scale) equilibrium (See Table Al and explained symbols therein):

5 = h(0) — h(co) = % (B5)
so that resulting pumping costs then become

Cy(h,q) = Cylq) = ’;”%q;, (B6)
Denoting 7(q) = R(q) —C,4(q) as profit (revenue minus costs), we find maximum withdrawal rate that still yields a profit from z(q) = 0:

7(q) = apoq — %Zz - ﬁ”fq; =0 (B7)
From which follows the maximum withdrawal rate that still provides a profit

- 2kapo(1 — p) (B8)

(1= f) + 2kp,C

In case access to the aquifer is not controlled, the tragedy of the commons would push the aquifer exploitation to gnq. For a restricted access
aquifer, e.g., only the land owners sitting on top of the aquifer have access, competition would yield an optimal withdrawal rate g, for which the
g

H sdr drR __ : . .
marginal revenue and costs are equal: & = 0— = —7¢. This gives:

dr 2a*q  2p,Cq
=apy— - =
q % 1-p

0 (B9)

from which follows:

kapo(1 — B)

a2(1 = B) + 2kp,C (B10)

Gopt =

Inserting (B10) into (B7) then results in a maximum profit of:

2,201 _
Tmax = M (B]l)
2a(1 — f) + 4kp,C

Fig. A1 shows the revenue/costs functions (left panel) and profit function (right panel).
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Fig. Al. Revenue and cost functions (a) and profit (b) for a stable groundwater withdrawal regime in case revenue from groundwater withdrawal is given by the
integral of a linear inverse demand function.

The cost of environmental externalities can be readily included in the optimization by adding the cost Cyq of streamflow loss Q(q) — Q(g = 0). Since
in at equilibrium all pumped water comes out of capture, these costs are proportional to the withdrawal rate q: C4q = yq (with the unit cost y in USD
m3 pumped). Including these costs in (B7) then results in:

_ k(apo —7)(1 - p)
Gopte = W (B12)

_ kap, —y)*(1-p)
Tmaxe = m (B13)

These results can be obtained under the condition that the costs of environmental externalities are limited to y < apy, since otherwise withdrawal
becomes zero.

Equation (B12) now provides a measure of social welfare. To compare the difference in social welfare Az (in USD m~2 yr! including environ-
mental costs) with and without taking account of environmental externalities we calculate:

An = Tlmax.e — (ﬂmax - yqapt) (Bl 4)
From (B13), B(10) and (B11) then obtain:
—_ (1 = 252(1 — _
o Kap, =7)"(1 = p) ka’p;(1 — p) +y kapo(1 — B) (B15)

T 2a2(1 — ) + 4kp,C  2a*(1 — p) + 4kp,C " " (1 — ) + 2kp,C

~ klap, — y)*(1 = B) — ka*p2(1 — B) + 2ykapo(1 — B)
- 2a2(1 — p) + 4kp,C (B16)

This difference is positive (increase of social welfare) if

(ap, —v)* —a’p, +2yapy > 0 (B17)
which is always the case:

a’p, = 2yapy+y* —a&’p +2yapy = 7> > 0 (B18)

From (B12) it is also possible to assess what the value of y (in USD per m > pumped) should be to assure that a certain environmental flow limit Qery
of streamflow is not exceeded, i.e. as a form of taxation to prevent ecological damage. From Table A1 we find the relationship between the maximum
environmental pumping rate and Qgpy:

Qenv = Qi + (qs +r— Qenv)A (Bl 9)
From which follows

_ Qi +Aq: +Ar— Qenv

env —— B2

4 A (B20)
The value of y needed to make sure that g,y < ¢.n, can be readily derived from (B12) as:

k(apo —y)(1 = p)

o S ey B21

@(1 = p) + 2kp,C =1 ®21)

a*(1 — p) + 2kp,C
Y = apo — (%) env (B22)

We can use the same equation as B22 to find the additional taxation of water that is needed make sure that the optimal withdrawal rate remains
within the equilibrium regime qop < qerir, by replacing geny in (B22) with gy =1 + (Q; + qA)/(WvC + A).
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Appendix C. . Groundwater withdrawal for a depletion withdrawal regime (q and qop: > qcri, h < d) under competition for water

We assume an aquifer of finite extent where access is limited to the users living on top of it. If multiple users are in full competition for water, they
will not be able to forego on maximizing the current profits from using the groundwater, as any water left in the ground will be used by other users,
incurring more pumping costs later (Negri, 1989). So, in full competition each land owner will maximize current profits by equating marginal revenue
to marginal costs.

Marginal revenue is again given by the inverse of the demand function following (B3) and the production function (B2) with b = 1:

dR a’q
E— apo — % (Cn)
The marginal cost of withdrawal follows from (B4), with s the decline of groundwater due to withdrawal and h the actual head:
dC, rC+a
—— =p,s = ———h 2
Equating marginal cost to marginal revenue gives:
a’q rC+a
ﬂPo*T:Pp{ 1_‘5}*1%’1 (C3)
from which follows a relationship between optimal withdrawal rate ¢ and groundwater head h:
_kpy kp, (rCHa) | kp,
1= a =5 +a2h (c4
For q > qcir and h < d we can write the derivative h (t) = dh/dt as (see Table 1):
o [r—q, (Qi+4gA)
h = =t C5
| n +n(WvC+A) (5
with g = ﬁm (C5) can be written as:
. A ; A
ho [Ar 0+ q.;ﬁ]_g <6)
L nA n
Substitution of (C4) in (C6) for q then gives:
o [Ar+Qip+Aq B kpy kp, [rC+a) kp,
h= L nA } na na® | 1-p na* h )

Equation is (C7) is a first order ordinary differential equation of the form h = b, —b,h with b, including the first three right-hand terms of (C7) and
b, = kp,/na?, which has the general solution:

b kp,
W)= g et (c8)
1

with h(0) = d, we have that C; = d —b,/b; and renaming A = b, /b; we have for h(t):

h(t) = A+ (d—A)e ' (€9)
with
a (0 + ¢,A) ap, rC+a
A= i T4 | _ P 1
kpp{r WC+ A } Py + 1-p (€10

The evolution of the withdrawal rate under competition is obtained by substitution of (C9) into (C4) which gives after some manipulation:

K iy
ql1) = B+~ (d—A)je ! (€11)
with
(Qi + th)
B = e s Cl2
"+ A (C12)

Which shows that withdrawal rates exponentially decrease to the critical withdrawal rate for large times (compare Table A1), which is also the
maximum capture when streams are disconnected from the water table. Equations (C10) and (C11) further shows that by increasing the pumping costs
by e.g., taxation p;, =p, + Pr, the final water table decline is limited, but at the expense of reaching the final reduced withdrawal rate earlier in time.

The net return over time is obtained from combining revenue (C3) and cost (integral of C2):

a*q(t)’ rC+a
a0 = apat) -T2 —p, [Tkt |atr (€13)
with h(t) and q(t) given by (C9) and (C11) respectively. The total economic net present value (NPV) is then given by (with i the discount rate):
r a*q(1)* rC+a u
= /{apoq(t) gi) fppH e } fh(t)}q(t) eidi (C14)
0
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Appendix D. . Groundwater withdrawal for a depletion withdrawal regime (q and qop; > qcrir, h < d) under managed aquifer depletion
(optimal control)

Equation (C14) provides the net present value of groundwater use for irrigation under the assumption of competition between users resulting in
withdrawal rates and associated groundwater levels according to (C9) and (C11) respectively. In case some managing agent is able to force all the users
to strive for inter-temporal efficiency, a withdrawal trajectory q(t) is sought that maximizes (C14)

w .
n- | {apoq<z> B (T -0 e }e"dz 1)
0
subject to
W= {A7r+ 9 +Aqp } -4 po)y=a (D2)
nA n

To find the solution to this optimal control problem we closely follow the derivation given by Gisser and Sanchez (1980) for a simpler case without
groundwater and surface water interaction. They use the Pontryagan principle by writing the Hamiltonian .7 as:

. aq(1)’ rC+ta Ar+0p+4q96| q
7= e {apoq<r) B, [T o fa) s { [ArH2E A 0 (03)
and differentiate to obtain the system (leaving the variable t out of h(t), q(t) and A(t) for convenience):
o7 aq rC+a A
a—q——e {aPo—T—Pp 1-p —h —;—0 L)
! o —it
A= - o =€ P (D5)

From (D4) we find for A:

na* i rC+a .
ﬂ:qu " —np,he ’7{ap07pp{liﬂ}}ne ! (D6)

Taking the derivative with respect to time t of (D6) and equating this to (D5) gives:

, —na*i . 2, X ;. C+a . X
A= r;{a lqe”’ +%qe”’ + nip,he™ —np,he™" +ni {apo 7pp{r1 7 } }ne’” =e"pyq (D7)
Dividing by ne~* and collecting the time derivatives on the left side:
a . —dki . q, . C+a
g m = il { 75 ®

Substitution of (D2) for h’ in (D8) then gives:

a Ar+ Q. +Aqf] ¢ —a%i ) q . C+a
Y *Pp{ {T} ~ } = Tfl+ +ip,h e [apo *Pp{ﬁ} } (D9)
which results in the following first order ordinary differential equation for q’:
. i A ; A )
g —ig— Loy S f(ArEOPHAGD) (1O ) | Kipy (D10)
a a? nA 1-p a

Equation (D2) and (D10) then yield a system of coupled linear ordinary differential equations describing the evolution of q(t) and h(t) that
maximizes net present value across time. In order to solve these, we introduce the following intermediate constants:

a, = —i (D11a)
n
@ = (Air +op *Aq»/’> (D11b)
nA
ki
b= — B (D110
a
b, =i (D11d)
A ; A i
by = Ko [ (Art QP+ Aq P | (rCHa) | Kipy (D1le)
a2 nA 1-p a
The dynamic system is then written as:
h= arq+as (D12)
d = bih+byq+bs (D13)
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Starting with the homogenous solution (a3 = 0,b; = 0), differentiating (D13)

q = bl +by (D14)
and inserting the homogenous version of (D12) for h’ yields:

q = byq +hiaryg (D15)
Equation (D15) is a second order ordinary differential equation whose general solution is given by:

q(t) = Cre"" + Cre™ (D16)

with C;, C; constants depending on initial and final conditions and 1, , 1, the roots of the characteristic equation A* —b,A —b,a, = 0. This results in
the following values for 1;,4, :

by £4/b—4bia, it [ +4
Aip = = D17)

2 2

From h = a,q = —1 g we then obtain the homogeneous solution for h(t):

' C] ) Cz 1
h(t) = | hdt = ——e"' — —¢*' D18
0 / niy ¢ n/lze ( )

The non-homogeneous equations can be obtained by considering that for t—co,q,h'=0. Equating (D12) and (D13) for t—co then yields:

g() = CieM + Cret! _ a4 (D19)
ay
o o)
¢ ., G o
h — T2 Aot I A DZO
(#) iy € i€ + s (D20)

Finally, the transversality condition states that for t—o0, A(t)—0 (Beavis and Dobbs, 1990). From (D17) it then follows that C; should be zero.
Taking C; = 0, inserting (D11a-e) into (D19) and (D20) and taking the initial condition h(0) = d, and taking = ;-4 then yields the following

WyvC+A
solutions to the optimal control problem:

h(t) = A+ (d — A)e™ (D21)
q(t) = B—nly(d — A)e™ (D22)
With A and B given by

| & A
a= Ly )], @ta)] ap rCha (D23)
i, WiC+A [ p,  1-p
(Qi +q,A)
B—ry it 4 D24
"W 1A (D24)

Note the resemblance of these solutions to (C9)-(C12) for free competition. Also, like in free competition, the withdrawal rate eventually reduces to
the critical withdrawal rate or maximum capture (from recharge and streamflow leakage).

Just as done by Gisser and Sanchez (1980), we can further analyse under which conditions (D21)-(D24) revert to (C9)-(C12.). This is done by
writing the part underneath the square-root part of A, (D17) as:

. 2 2
L L /A R L 42 (D25)
na? na? na?

2
If the third term (kap /na2> in (D25) can be neglected then we have

_kpy

na? (D26)

Ay =
and the optimal control solutions resembles those of competition. This is the case if: (a) porosity n is large (productive aquifers), (b) the water
productivity a is high; (¢) pumping costs p, are low; (d) the price elasticity k is small; (e) the discount rate i is high. It also shows that in that case the
constant A (D23) starts to resemble that defined in (C10).
Including environmental externalities in D1as an additional cost proportional pumping rate yq (Esteban and Albiac, 2011) with y the unit envi-
ronmental costs of pumping (USD m %)

™ .
C .
1= [Sana -2, o) a0 a0 fe e (027)
2k 1-8
0
yields the same results as (D21) to (D24), if we replace ap,q —yq = (ap, —y)q with ap, ,q with:
ap, —
po=poe =Lt (26)

Note that the value of A (Equation D23) then becomes smaller, which results in less depletion and smaller overall pumping rates. Just as in the
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Appendix E. Supplementary data
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Supplementary data to this article can be found online at https://doi.org/10.1016/j.jhydrol.2024.131145.
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