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Fields on Random Media
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Abstract. In this article, we study stochastic homogenization of non-
homogeneous Gaussian free fields Z9°® and bi-Laplacian fields 2. They
can be characterized as follows: for f = ¢ the solution u of V -aVu = f,
a is a uniformly elliptic random environment, is the covariance of Z9°2.
When f is the white noise, the field 2> can be viewed as the distribu-
tional solution of the same elliptic equation. Our results characterize the
scaling limit of such fields on both, a sufficiently regular domain D C R,
or on the discrete torus. Based on stochastic homogenization techniques
applied to the eigenfunction basis of the Laplace operator A, we will
show that such families of fields converge to an appropriate multiple of
the GFF resp. bi-Laplacian. The limiting fields are determined by their
respective homogenized operator a A, with constant a depending on the
law of the environment a. The proofs are based on the results found in
Armstrong et al. (in: Grundlehren der mathematischen Wissenschaften,
Springer International Publishing, Cham, 2019) and Gloria et al. (ESAIM
Math Model Numer Anal 48(2):325-346, 2014).

Mathematics Subject Classification. Primary: 60K37, 60G15, 60G60, 35B27;
Secondary: 60J60, 60G20.

1. Introduction

Heat flow through materials with randomly placed impurities (porous media)
is typically modelled using parabolic or elliptic equations in divergence form
and diffusion matrices a modelling the environment, [11,31,36].

The steady-state solution u of some corresponding parabolic PDE satis-
fies:

—V-a(z)Vu(z) = f(z) (1.1)
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on D and v = 0 on dD, where a : R? — R¥? is a matrix valued function
of the random environment. Provided that certain hypotheses over a are true,
e.g. that a is stationary, there exists a matrix a such that the solution u of
the equation above can be well approximated by the solution # with constant
coefficients a given by

—V-aVi(z) = f(z) (1.2)

on D and @ = 0 on dD. In all cases that we consider in this article, a = cId,
where Id is the d x d identity matrix and ¢ € R is deterministic constant that
only depends on the law of the environment. We abuse notation by denoting
the constant ¢ by the same symbol a to simplify notation.

Stochastic homogenization aims at identifying a and quantifying the con-
vergence of the solution u of the heterogeneous equation to the solution of an
appropriate deterministic constant-coefficient equation .

To define the approach formally, we fix the domain D and introduce a
parameter 0 < ¢ < 1 that represents the ratio of microscopic and macroscopic
scales. The physical intuition behind this approach is the assumption that the
coefficients modelling the porous medium vary on a microscopic scale, whereas
on a macroscale the random environment shows effective behaviour.

Then, we rescale the coefficient field a in Eq. (1.1) by defining

—V-a.Vut = f, (1.3)

where a.(-) = a(-/e).

One can then prove that in fact, under certain conditions on the law of
the field a, u® converges to u as € — 0 in some appropriate functional space.

There is a rich mathematical theory developed on stochastic homogeni-
sation, [1,2,4,18,23,25,26,30,34] just to mention a few. In particular, in the
last few years, quantitative results about the convergences as ¢ — 0 were
developed.

In this article, we want to use tools of quantitative stochastic homoge-
nization in order to understand large-scale behaviour of the non-homogeneous
Gaussian free field (GFF) and bi-Laplacian field, whose covariance structure is
related to non-homogeneous differential operator V - aV, in a domain D C R?
and on the discrete torus. Those fields appear as distributional solutions of
the equation (1.1) for different choices of f, i.e. f = ¢ Dirac delta resp. f =¢
white noise.

Their homogeneous counterparts, that is, the (homogeneous) GFF EY,
and bi-Laplacian field =%, are the two most prominent examples of the family
of fractional Gaussian fields, [29]. The GFF has a wide range of connections to,
for example, scaling limits of observables of interacting particle systems [24],
quantum field theory [3], and invariant measures of Allan—Cahn-type stochastic
partial differential equations [22]. The bi-Laplacian field or membrane model
is related to scaling limits of uniform spanning trees [32], odometer functions
of sandpile models [9,28] and general interface models [16].
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In our main result, Theorem 3.1 states that the non-homogeneous GFF
and bi-Laplacian field (see Definition 2.6 and 2.7) converge

=% — a~ /25y (1.4)
and
=y — a gy (1.5)

as € — 0, respectively, in some appropriate Sobolev space. In the second result,
Theorem 3.2, we will prove the equivalent of (1.4) and (1.5) starting in a
discretized torus.

To the best of the authors knowledge, the results presented in this work
are novel and have not been previously published in the literature. In particu-
lar, our work extends the techniques outlined in previous papers such as [1,18]
for the stochastic homogenization analysis of the bi-Laplacian. This extension
involves not only accounting for the randomness resulting from f = &, but
also accommodating the lack of a point-wise definition of the white-noise by
viewing it to be a fixed distribution with a predetermined negative Sobolev
regularity.

The reader familiar with the GFF and bi-Laplacian field will notice that
we prove convergence in a Sobolev space with regularity strictly weaker than
the optimal regularity of the GFF and the bi-Laplacian field, due to the exis-
tence of the random environment. In fact, we do not expect that convergence
of these fields would hold in such topologies, as analogue effects are also found
in [1,19].

The main novelty of our proof is a convenient expansion of G¢, the Green’s
function of the operator V - a.V, in terms of {¢y }ren, the orthonormal eigen-
function basis of A. Using the fact that the operator V -a.V in (1.3) is self-
adjoint, we have that

where V-a.V i = —Apagy, A is the eigenvalue of A associated with ¢y.
With this expansion, we are able to push results from quantitative stochastic
homogenization of continuous functions to convergence of the Green’s function,
resulting in the convergence of the non-homogeneous random fields.

The manuscript is organized as follows: In Sect. 2, we will introduce the
notation and define non-homogeneous Gaussian free fields and bi-Laplacian
fields in regular domains and on the torus. Our main results are presented
in Sect.3, and their proofs are postponed to Sect.4. Finally, in Sect.5, we
discuss some possible extensions and cite-related results regarding large-scale
behaviour of Gaussian fields in random environments.
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2. Notation and Preliminaries

2.1. Function Spaces

2.1.1. Continuous Spaces. First, we need to define the types of domains for
which our results hold

Definition 2.1 (Regular domains). Let d > 2 and D C R? be a domain. We
say that D is a regular domain if it is bounded and at least one assumption of
the two holds:

e The domain D is convex; or

e Every point of D (topological boundary of D) has a neighbourhood N

such that 9D NN can be represented, up to a change of variables, as the
graph of a CL1(R?71).

We will always assume that a domain is regular, according to the above
definition. For a domain D, consider {¢y, }xen be an orthonormal basis of L?(D)
composed of eigenfunctions

{A¢k =—A¢r inD

N ) (2.1)
o =0 in D,

which are enumerated so that \g is non-decreasing in k. Notice that by classical
regularity theory, we have that ¢y, are all C2°(D). Remember that for all k > 1,
A > 0.

In the case of D = T, besides requiring periodicity, we also require
[ ¢r(z)dz = 0 rather than the boundary condition in (2.1). In this case, it will
be more convenient to index the eigenfunctions and eigenvalues by k € Z4\{0}.
This is because the Fourier basis given by {¢y }.czae, where ¢, := exp(2mik - x)
is also an orthonormal basis of eigenvectors of the Laplacian in T with periodic
boundary conditions. Again, because of the mean-zero condition, we exclude
the 0-th Fourier term and therefore Ax > 0.

Due to this different indexing, in what follows, we will often write
> kzo(- -+ ) todenote either 3.2, (... ) or 2keza {0y (- - ) depending on whether
we are working on a domain or in the torus.

We will denote by (f, g) the L?(D) inner product if f,g € L?(D) and (by
abuse of notation) the pairing between a distribution f and a smooth function
g.

Definition 2.2. For every dimension d > 1, and 8 > 0, consider

e For D C R? a regular domain, we define the Hilbert space HOB (D) as the
closure of C2°(D) functions with the norm

B,y 2= 31060 EAZ. (22)
k=1
e For D = T¢, we define the Hilbert space Hj (T%) as

H('?(’]I‘d) = {f € L2(T?) : /Td f(z)dzr =0 and ||fHH{f(1rd) < oo} (2.3)
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where

1 oy = D () PA (2.4)

kez\{0}

We can also easily characterize the dual space of Hg (D). For g > 0,
the space H,”(D) is given by the continuous linear functionals on HJ (D).
The weak-* topology in this space induces the norm given by (2.2), but with
(3 substituted by —3. To highlight whether we are talking about a space of
functions or a space of distributions, unless stated otherwise, we take § to be
positive.

For strictly technical reasons, we will need to introduce another type of
fractional Sobolev spaces denoted by WP (D). We will use these spaces in the
proof of Lemma 4.2 where we rely on the bounds provided by Theorem 4.1
from [1]. We refer to Remark 1 for a comment on the relation between the two
types of Sobolev spaces.

For m € Ny := NU {0} and p > 1, we will consider the Sobolev space
Wm™P(D)

1 lwmamy == Y 10%flor(o);
0< || <m
where for a given multi-index «, we denote 9%f = 9% ...0% f and |a| =
a1 + -+ - + ag. The general m € Ry case will be defined as follows.

Definition 2.3. The fractional Sobolev space W5P(D) for any > 0, p > 1
and d > 2 is defined by

WHP(D) := {f € WP(D) : || fllwsnpy < o0}
where

I fllwe.r oy = [ fllwissrpy + Z (0% flws-181.0 (D), (2.5)
lel=18]
|-| stands for the floor function and

ooy = (1= 5>/D : dedy

is called the Gagliardo semi-norm for § € (0,1).

Remark 1 (Comparison between HOB (D) and W#P(D) spaces). For the pur-
pose of this article, we are interested in the W5P (D) topology in order to apply
Theorem 4.1, for which the results are only valid for p > 2. Notice that in this
case WP#(D) is not a Hilbert space, therefore, we will not directly compare
the topologies W/?(D) and Hg(D).

However, the W#2(D)-norm of a mean zero function f can be written in
terms of the L?(D)-norm of the singular integral definition of the fractional
Laplacian operator restricted to D. On the other hand, the Hg (D)-norm of f is
the L?(D)-norm of the spectral definition of fractional Laplacian. These spaces
do not coincide in for general domains, unless § € N. For more information on
this matter, we suggest [15].
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Finally, for two nonnegative functions f, g we write

f(l‘) 571@2,“”% g(x)

if there exists a positive constant C' = C(y1,72,-..,7) > 0 and we want to
emphasize its dependence of the parameters such that for all =

f(I]C) S 0(717’723 cee 7’71@)9(1')

If we do not want to emphasize the dependence we simply will write f < g.

2.1.2. Discrete Spaces. Let T} := +~Z%, where Z4 = [, Z)9 N Z7 is to
be understood as a discretized torus, i.e. a graph with a periodic boundary. In
this context, we use E% to denote the edges of the graph Z4.

For a function f : T¢ — C, we will denote its restriction by T, as fV

flra - Notice that {¢,]€V}kez% is an orthonormal basis of the space £2(T%) :=

CTv with respect to the inner product
1 AN /AN
(f.9) = (. 9)42(%) = Nd Z f(@)g(2).
2€T4
When discussing scaling limits of discrete models, we will always use z, y to
denote points of Z¢ or Z‘Ji\,, and use Z, ¥ to denote points in ’]I‘jlv.

2.2. Gaussian Fields

In this section, we will introduce the Gaussian free field and bi-Laplacian
field in continuous domains, D C R?. First we will consider the homogeneous
and then the non-homogeneous setting. Throughout this article, we distinguish
between two scenarios for D, in which we either take D to be a regular domain
(cf. Definition 2.1), or D = T¢.

2.2.1. Gaussian Fields in the Continuum.
Homogeneous Fields.

Definition 2.4. The Gaussian free field Ej’j on D is a random distribution de-
fined by:

&)~ N (017 1y o)

for f € C§°(R?) with covariance given by
BUED. Ehal = | [ f@a@)Gola.y)dady

where f,g € C§°(R?). The Green’s function Gp(z,y) is given by the distribu-
tional solution of

—(AGp(z,-)) (y) =6(x—y) ifyeD
Gp(z,y) =0 ify € 9D,

where € D, A is the Laplacian operator and ¢ is the Dirac delta function.
For D = T¢, we substitute the assumption on the boundary condition in (2.6)

by f’]rd GTd (557 y)dy =0.

(2.6)
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A common representation of the Green’s function in spectral terms is the
following:

o0
) = Z (bk(x;fk(y) and Gra(z,y) ) dz G fk )
€24\{0}
(2.7)
Let us remark again that, in the case D = T¢, we can ignore the atom at 0-th
Fourier coefficient because we only consider mean-zero test functions. We will
use a similar representation for the non-homogeneous case, as it will allow to

quantify the distance between the fields we are interested in. Note that for any
given test function f, we can write

=h(f) = Y _Eh()(F o),
k#0
where 29, (k) := (24 D é). Therefore, we can reduce =%, to the infinite-dimensional
Gaussian vector {H 7(k)}x>1, which has the covariance function
2 2 Ok k!

E[EL(R=p (K] = =~ (2.8)
with 0y - representing the Kronecker delta function, and k,k’ € N. Let ¢
denote the (spatial) white noise in L?(R?):

£: L*(RY) — L*(9)

A6 ) ~ N (017 o)) - (2:9)
In the following definition we follow the approach in [29].

Definition 2.5. The bi-Laplacian field Z% in D C R? is the random distribu-

tion, solution of
(-A)Ep =& D (2.10)
: =0 in D¢,

where ¢ denotes the white noise defined in (2.9).

The definition above can be related to the so-called eigenvalue bi- Laplacian
field, see [29]. In Sect. 5, we discuss the another definition of bi-Laplacian field
in a domain and how to obtain similar results.

Let us remark that, for £(k) := (&, ¢r), we have that

2 = GprE=Y N\ 'E(k)on (2.11)

k0
satisfies the distributional equation (2.10). Moreover, if D C R? is a domain
due to Weyl’s law which states that Ay <p 4 k*/? (see [27, Appendix B] for
a proof), we have that =%, belongs to Hoﬁ(D) for all B < —% + 1. Similarly,

we can prove that =% belongs to Hg(D) for all B < —4 —|— 1. Notice that
for sufficiently small dimensions, the fields can be interpreted as functions in
positive Sobolev spaces.



1876 L. Chiarini and W. M. Ruszel Ann. Henri Poincaré

Remark 2. Using the definition of the bi-Laplacian field above, one can show
that its covariance function is given by:

Cpla,y) = Go *Golwy) i= [ Gole,a)Gip(z,0)d:
D
which, for each fixed z € D, solves the equation
A2Gp(a,y) = 6(z —y) ifye D,

Gp(z,y) =0 if y € 0D,
AGp(z,y) =0, if y € 0D.

Notice that, as A? is a differential operator of order 4, we need to define ad-
ditional boundary conditions when compared to partial differential equations
driven by the Laplacian operator, in order to make G p well-defined. This is the
so-called Green’s function of the bi-Laplacian operator with Navier boundary
conditions. There are other sensible choices for the boundary conditions for
the bi-Laplacian operator on a regular domain D.

One can then define the bi-Laplacian field by setting its covariance to
be the Green’s function of a bi-Laplacian operator with a given boundary
condition (similar to Definition 2.8). However, one needs to consider that this
choice leads to different fields.

In contrast, on the torus, periodic boundary conditions are the only nat-
ural choice for the Green’s function of the bi-Laplacian field (and therefore for
associated field).

Gaussian Fields in Random Media
Let us introduce the random environment a and present some assumptions.
We will follow the approach in [1]. The probability space of the environment
will be denoted by (2(A), F,P), which we will define in the sequel.

Call Rg;nﬁl the set of real valued symmetric matrices. We will be interested
in maps a : RY — R&% for which there is a constant A > 1 such that

]| < v-a(z)v < Al|v]|?, Vo, z € R (2.12)

We then define the space

Q(A) = {a € RZX? . a Lebesgue measurable and satisfying (2.12)}.

sym
(2.13)
Fix U C R, we will consider Fy7, the o-algebra generated by the maps

ar— /Ual-j(x)f(x)d;v

for i,j € {1,...,d} and f € C°(U) a test function. Moreover, we define

F=Fpii=0 (Uycre Fu)- Let P be a probability distribution on (QA), F)

with the following properties:

(A1) Translation invariance: For each z € R%, we have P o (7,)~! = P where
T.a(z) := a(z + z) is a translation.

(A2) Unit range of dependence: Fi; and Fy are P-independent for each pair
U,V C R? such that d(U, V) > 1, d(-,-) is the Hausdorff distance.
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(A3) Isotropic in law: For each I : R — R? isometry such that I maps each
of the coordinate axes to another, we have that Po =1 = P.

Let us remark that Assumptions (A1) and (A2) are standard in [1], but (A2)
can be relaxed to sufficiently fast decaying covariances. Assumption (A3) is
a matter of convenience. In this case, the homogenized operator is given by
a multiple of the Laplacian (instead of V -aV where a is a matrix). In this
case, the asymptotic behaviour of the LP(R?)-norms of the eigenvectors of the
limiting operator, ¢;’s, are well understood.

Definition 2.6. Let (Q(A) ® Q, F @ F,P @ P), D C R? a regular domain, and
a € Q(A) fixed. Furthermore, let G3(-,-) be the solution of

(=V-avVGh(z,))(y) =6z —y) ifyeD
GH(z,y) =0 if y € 0D,

for each # € D. We define 2% a non-homogeneous Gaussian free field as the
Gaussian random field with mean 0 and covariance given by

E[(E%, ) (ES™ g)] / / G3 (e y) f(0)g(y)dady,  (2.14)
where f,g € C2°(R?).

Definition 2.7. Let (Q(A) ® Q,F @ F,P @ P), D C R? a regular domain,
and a € Q(A) fixed. We define J]Da a non-homogeneous bi-Laplacian as the
distributional solution to
~V-aVER =¢in D.
e (2.15)
=5 =0in D°.

For a given random environment a € (A), stochastic homogenization

techniques will allow determining limiting fields of 2%° := 2% resp. 257 :=

=2 where a.(z) := a(z/e) and z € D.

The main idea of this article is to obtain a good representation for
the non-homogeneous fields not in terms of the eigenfunctions of V-a.V
but instead, in terms of the eigenfunctions of the liming operator. For this,
we will need to introduce a sequence of functions that we call the pseudo-

etgenfunctions {¢5 }ren, solutions of

{—V~aEVLpi —\,a¢, inD

2.16
0. =0 in 0D. ( )

The deterministic constant a is positive and has a special meaning in stochastic
homogenization where it is referred to as effective/homogenized coefficient, see
Remark 3 for more details.

In particular, we will show that the non-homogeneous GFF =%°
written as a mean-zero infinite Gaussian vector

=t = Y2 o 217)

k0

can be
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where 2%°(k) := (2%, ¢5), and has covariance structure
g, 29, (Pr, i)
E[Z%° (k)25 (k)] = 5)\; ; (2.18)

for k, k" # 0. Notice that as V - a_V is self-adjoint, we have for all k, k" £ 0

A/
<¢ka 902’> = )\7];“027 ¢k)’> and <v : aev ¢ka 902’> = 5k,k’- (219)
Similarly, for the non-homogeneous bi-Laplacian field
2 =Y @) (k) (2.20)

k0
where £ (k) = (¢, ¢5) and ¢5 is defined in (2.16).
Remark 3. (The effective coefficient a) The effective coefficient a only depends
on the law of the environment P. In particular in [1, Equation 3.92], the authors

provide an explicit formula for a in terms of the expected energy and flux of
the first-order correctors ®. That is, for any unit vector e € R%:

a=E

/[0 1 %@ + Ve (2))-ale + VP(z))dz (2.21)

and the first-order corrector ®. is the difference between the solution of the
Dirichlet problem and an affine function defined in [1, Section 3.4]. A similar
characterisation holds in the discrete setting (which we introduce in the next
section). For more information, see for instance [19].

2.2.2. Gaussian Fields in Discrete Spaces.

Homogeneous Fields. Let Ay be the normalized graph Laplacian of T4, (the
discrete torus defined in Sect.2.1.2), that is

Anf(E)=N* Y (f(@) — f(@)), (2.22)
§ig~E
where § ~ 4 denotes that # and § are nearest neighbours in T4,. Note that

we will use the same definition of the normalized discrete Laplacian as [18]. In
this case, we take the Green’s function as the solution of

(—AN)GN(&,)(§) =035 — 5z In T
deqrglv GN(ia g) =0.
It will be particularly useful for us that {¢% } kezd, 18 also a basis of eigenfunc-

tions of Ay, remember that fV := f|TLIzV‘ Moreover, we have that the Green’s
function of the discrete torus T4 can be written as

P 11 k(i' ﬁg)

N . ¢

GV (z,9) = 57 N g YU (2.23)
keZg\{0} k

where )\,(CN) is the eigenvalue of Ay associated with ¢f.
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Before defining the discrete versions of Gaussian fields in random envi-
ronments, we remind the reader of the definitions of the discrete GFF and the
discrete bi-Laplacian field in a discrete torus.

Definition 2.8. The discrete Gaussian free field on the torus is a multivariate

Gaussian vector (£ (%))zere With mean zero and covariance E[Z%(2)E7(9)] =
GN(2,9), where G¥ is defined in (2.23).

Definition 2.9. Let ({n(2))zere be a collection of 1.i.d random variables with

distribution N(0,1). The discrete bi-Laplacian field (=4, (2))zerq, is the solu-
tion of the finite difference equation

(—AN)EX(E) =&n(@) — (O in T
{Ziem = (@) = 0. (2.24)
where (§)n := ¥z Ziejrglv ¢n () is the spatial average of & on T%.

Gaussian Fields with Random Conductances. In this context, we will use the
stochastic homogenization bounds from [18] instead of [1]. We will keep some
of the same notation used in the continuous case in order to make a clear
analogy between the two. The underlying probability space will be denoted by
(Qdis(A), F,P).

Consider the Euclidean lattice graph given by (Z¢, E4), where {x,y} € E¢
if |z — y||; = 1. Denote the measurable space given by (Q4%(A), F), where

QB (A) == {a = (a)ecps : 1 <a, < A}

for some arbitrary constant A > 1, and F is the product o-field indexed by
the edges.

Remark 4. Notice that in this discrete context, we are associating the random
environment a to each individual edge e € E?, rather than defining a matrix-
valued function (as in the continuous case).

Given an element a € Q4(A), we can recover a 2d x 2d matrix-valued
function that gives weights to each of the 2d discrete differences of a function
f. However, it is more convenient to simply index the environment a via the
edges, particularly when we want to define the projections Iy below.

Notice that because edges e € E are always parallel to the axes, we never
see mixed derivatives—which are allowed in continuous stochastic homogeniza-
tion. The hypothesis a., € (1, A] is a discrete version of uniform ellipticity and
continuity assumption, cf. (2.12).

Product measures on Q%(A) should be seen as natural examples of mea-
sures satisfying assumptions (A1)-(A3) from the continuous case. In fact, we
believe our results should also hold when substituting the product measures
with measures which are invariant by translations and rotations, provided that
their covariances decay fast enough.

Similarly to the infinite case, we define (Q%5(A), Fy) by substituting Z¢

with Z4, and E¢ with Ey. Let P be any product probability measure on
Qdis( A).
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We define a projection operator Iy : Q4S(A) — Qs(A) by

(Iya), = {a“"ﬁei} ?f c=imrraje Ej‘f,,di E - d}
A atrey ife={r,x— Ne;} € B, i€ {l,...,d},
where (e;)¢_; is the canonical basis of R?, a € Q4S(A) and e € EY,.
On the other hand, we define an extension operator from Q%5(A) to
Q4s(A) for a € QY(A) and e = {z,y} € E? as
(Exty a)e 1= acx,
where e* is the only edge in E¢, such that e* = {z*,y*} with 2* =2 mod Z%
and y* =y mod Z%. For a € QU5(A), we write ay := Exty olly(a). Notice
that, Iy o Exty is the identity in Q%(A) and Exty olly(a). = a. for all
a € Q45(A) whenever e = {x,y} with 2,y € Z%. Let Py be an abbreviation
for P(IT'+), which is a product measure in Z%,.
Finally, for any f: T4, — R and any a € Qdis(A) we can write

— Vn-anVn f(&) = N? Z an 2,9y (f(&) — f(9))- (2.25)

gy~

Definition 2.10. Let (Q95(A) ® Q, F @ F,P @ P). We define the discrete non-
homogeneous Gaussian free field to be the Gaussian vector (247 (%)) serd, With
mean 0 and covariance

E[EY"(2)ZX°(@)] = G2, 9),
where G2 : T4, x T4 — R is the unique solution of
(=VanyVGNa(,§))(2) = 075 — 5z, # €Ty
ZﬁceT‘fV GN7a(£7 9) =0,

and 5ivy = ZzEZd ON# Nig+z, With d;z 4 being the standard Kronecker delta
function.

(2.26)

Call ({n(2))zery, the i.i.d collection of standard normal random variables.

Definition 2.11. Let (Q%%(A) ® Q,F @ F,P ® P). The collection of Gaussian
random variables (E?\’,a(i:))ieqr% satisfying
—Vn-anVnEN (@) = En(@) — (E)n, TS
ZxETd :?Va( ) = 0
is called discrete non-homogeneous bi-Laplacian field. Again, we are using the
notation (&) = w= > serd, $n ().
The formal field on D = T% as for i € {b, g} is defined by

—" r—\Z a
B : Nd/2 > ER (2.28)
ze'ﬂ‘d

(2.27)

where E'}]\}a is defined in Definition 2.10 and :I])va in Definition 2.11 and ¢, =

(2d)~1/2 resp. ¢, = (2d) 1



Vol. 25 (2024) Stochastic Homogenization of Gaussian Fields 1881

40 40

.

30 30
[

20 20
1

10 10

o o

-10 -10

-20 -20

-30 -30

(A) ay(e) = 3/2, constant environment B) an(e) ~Unif(1,2)

40
.
30
¥
20
1
10
o
-10
-20
-30

(C) an(e) ~ 1+ Ber(0.5) (D) apn(e) ~ 1+ Ber(0.5)

FIGURE 1. Heat map simulations of the discrete bi-Laplacian
fields for N = 150 samples with the same noise but different
environments ay. There is a significant change in local fea-
tures across the different simulations, even between (c) and
(d), which are sampled according to the same law. However,
the location of the maxima and minima is consistent through-
out all samples

Remark 5. In (2.28), there is a clear abuse of notation as we are using Z52(-)
to denote both a random vector (which has well-defined values for every choice
of 2) and a distribution given by the sum of delta functions (and therefore has

no well-defined notion of value at a given point). We chose to do so to simplify
the notation.

3. Main Results

Theorem 3.1. Let D C R? be a regular domain, (UA) @ Q,F @ F,P @ P)
the underlying probability space, where P satisfies Assumptions (A1)-(A3).
Then, there exists a positive deterministic constant a such that the following
statements hold.

(1) The non-homogeneous GFF defined in (2.17) converges

=g _d ~-1/2zg
=5 —a /_D,

ass—>0inH07ﬁ(D), with 3 > 4.
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(2) The non-homogeneous bi-Laplacian field defined in (2.20) converges

—=be PP __1-p
E, —a Ep,

asa—>0inHO_ﬁ(D), with 8> 4 — 1.

Theorem 3.2. Let (UA) ® O, F @ F,P @ P) where P is a product measure.
Then, there exists a positive deterministic constant a such that (1) and (2)
hold.

(1) The discrete non-homogeneous GFF defined in (2.28) satisfies

=ga _d --1/209
Epn—a Era

as N — oco. The convergence holds in H(;’G(D), B> 4.
(2) There exists a coupling between & and the sequence &y, such that the
discrete non-homogeneous bi-Laplacian field defined in (2.28) satisfies
—ba PP __1—p
=p,N — & =i
as N — oco. The convergence holds in HO_B(D), B>4—1.

For more details on a in both contexts, see Remark 3. Recall that, by
abuse of notation, we use a simultaneously for a = cId, where Id is the d x d
identity matrix and ¢ = a € R, the deterministic constant that only depends
on the law of the environment.

Note that in Theorem 3.2 we only take the limit in N — oo to obtain
the homogenized limiting field. This is due to the translation invariant nature
of the environment a.

Finally, let us mention that one could easily prove that non-homogeneous
bi-Laplacian fields converge almost surely (in more irregular Sobolev spaces
than the ones stated above) to their homogeneous counterpart by a simple
Borel-Cantelli argument.

4. Proofs
4.1. Proof of Theorem 3.1

We start this section by stating some necessary results regarding stochastic
homogenization. Then, we proceed to prove some useful lemmata necessary to
recover our representation of the Green’s functions before finally proving the
main theorems.

Under the Assumptions (A1)—(A3), there are good bounds for stochastic
homogenization of the solutions of elliptic partial differential equations. Indeed,
one can prove that there is a positive constant a (see Remark 3), such that for
u, any sufficiently regular function, we can estimate its L?(D) distance to the
function u® given by

(4.1)

—V-aVut=aAu in D,
u® =0 in 0D.
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We will state a simplified version of a result from [1], which will be one of the
main ingredients for our proofs.

For this, we use the stochastic integrability notation O(-) according to
the law P. Given a random variable X and parameters s,6 € (0,00), we say
that X = O4(0) if

Elexp((071X,)")] < 2, (4.2)
where a4 := max{0,a}.
Theorem 4.1. (Theorem 6.17 in [1]) Under Assumptions (Al) — —(A3), fix
s €(0,2), a € (0,1],p € (2,00], a regular domain D C R and ¢ € (0, 3].
There exists 6 = §(d,A) € (0,00), C = C(s,a,p,D,d,A) € (0,00) and a
nonnegative random variable X, satisfying the following estimate

X <

g =

{08/2(Csa(log(1/e))) ford=2 (4.3)

O144(Ce%) ford>3
such that the following holds: for every u € W1T%P(D), and u¢ € H}(D)
be the solution of (4.1) then we have that
[u® = ullL2(p) < Xellullwr+er(p)- (4.4)

The theorem above implies that for each fixed k, as € — 0, the function 7,
defined in (2.16) converges to ¢ in L?(D) in probability. In the next lemma,
we will quantify such convergence in terms of k and e.

Lemma 4.2. On (Q, F,P), we have that for all o € (0,1], and k > 0

e +r

”302 - ¢kHL2(D) SD,a,n Xs)\k2 (45)

where X. satisfies the bound (4.3) for a suitable choice of parameters.
Proof. Fix a € (0,1],k > 0 and let p = 2+ § with § > 0 to be defined later
to be sufficiently small. By applying Theorem 4.1 to u = ¢, where ¢, is the

eigenfunction associated with A\ the k-th eigenvalue of (—A) we have that for
p € (2,00),

s — adkllLzpy S Xelldrllwr+anr(p)- (4.6)

By [7, Theorem 6.4.5], for any given a function f € C®(R%), 51,52 € R,
p1,p2 > 1 and 0 € (0,1), we have

| Fllweomo @ty Spropassissa s 1 Iyeron gy | 15yro2 o ety (4.7)
as long as
1 1-6 6
— = + — and sg = (1 — 6)s1 + Oss. (4.8)

Do b1 D2
This can also be extended to any such function f € W#-P?(D). Now, if we
choose sp = 1+ a,pg =249, s1 = p1 = 2 and so = 0, we have that
0= (1—-«)/2and
224+0)(1—a)
4— 2461 +a)

p2 = pa(d) :=
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Notice that as § — 0T, we have that py — 2% for any a € (0, 1]. Further-
more, by classical results any f € C2°(D), such that f |gp= 0 can be naturally
extended to

f(z), ze€D

Ext f(x) := {0 v 2D

so that H Ext f||Lp2(]Rd) = ||fHLP2(D) and H Ext f||W2,2(]Rd) = ||f||W2v2(D)~
As each of the ¢ are in C°(D) N Hy?(D), we can use (4.7), and the
isometry properties above to get

Prllwi+ar D) < [ Ext @pllwi+armay
lta l1—a
sa,pz,d || Ext ¢k||m/22,2(Rd)H Ext ¢kHL§2 (R<)

lta l1-a
= ||¢kHW22,2(D)||¢k||ng(D)

14a —a
SDad ||A¢k||L§(D)||¢kHL32(D)
1ta l-a
:)‘kz ||¢k||L§2(D),

where in the last inequality we estimated the W?22(D)-norm of ¢, by the
L*(D)-norm of A¢, = —Ai¢y, and that ||¢x||r2(p)y = 1. Now, we use [20,
Theorem 1], which states that

d—1
lrllL=(p)y S Ap* - (4.9)
Using the interpolation version of Hélder inequality, the bound (4.9), and the
fact that ||¢x||r2(p)y = 1, we have that
(d=1)(1-2/py)

lonllzr2(py SD A, * . (4.10)

. . (1—a)(d=1)(1—2/ps)
The proof is completed by choosing ¢ small enough so that S & é
K.

Consider G7,, the fundamental solution of V - a.V, that is

{(—v-agvcm-))(y)=6<a:—y> it 2,y € D

: (4.11)
G5 (x,) =0 in 9D.

Classical results of partial differential equations provide some useful properties
for G¢, for instance, the symmetry of Green’s function, that is Gp(z,y) =
Gp(y, ), see [21, Theorem 1.3] for the case d > 3 and [14, Section 6] for the
case d = 2.

The following lemma provides a representation for G%,. It introduces a
natural way of comparing it to the Green’s function of a A and gives the main
intuition behind our results. Remark that this lemma justifies the representa-
tion (2.20) of the non-homogeneous bi-Laplacian fields.

Lemma 4.3. Let a € Q(A), and € € (0,1]. Then, we have that the following
representation
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. on(x — o (
G5 (x,y) Z aAk Z aAk , (4.12)
k=

where a > 0 is the same constant defined in (221) For Lebesgue almost all
fized x € D, for each 5 > % — % the series above converges P-a.s. in the space
Hy?(D).
Proof. Remember that for any a € Q(A), the Green’s function is point-wise
well-defined on D' := D x D\{(z,z) : € D}. Call for simplicity G¢ :=
G5 (x,-) for some fixed z € D. We have that for d > 3, G5 € Wy (D) (see
[21]) and for d = 2 we have that G € L'(D) (see [35]). In either case, we
can see GZ as a tempered distribution and since ¢ € C°(D), we get that
(GE, ¢y) is well-defined.

In order to calculate G< (k) := (G%, ¢x), note that as G¢ is the Green’s
function of V-a.V and the operator V-a.V is self-adjoint. Therefore, we
have that

1
(G5, or) = _7/\I€<G§a V-a.Vyp)

a
_ ¢rle)
a\ '
Hence,
A 2 —— 26-2
1G5 sy = DIGE (RPN = 22”@ J2A; 2
k=1

Finally, by integrating in x, we have that

£ —2B8-2
iy = 2 el

Z 16501720y + I — (kaL?(D)))\_2 o2

(e

1+ XE)\,ICJ“O‘H“))\;QB_z <oo, P-—a.s,

kmg

as long as 8 > % . %, using that o and « can be made arbitrarily small and

Weyl’s law. This also implies that P-a.s and almost all x according to the
Lebesgue measure, HGIHH o (p) 18 finite. O
Stochastic Homogenization of the GFF

For this proof, we will use a truncation argument and apply the following
theorem.

Theorem 4.4 (Theorem 3.2 in [6]). Let S be a metric space with metric p.
Suppose that (X, k,X,) are elements of S x S. If

lim limsup p(p(Xn,x, Xn) >7) =0 (4.13)

K—400 n—4oo
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forall 7 >0, and X, Ln Zy iq( X, then X, im X.

We will apply the theorem by choosing S = H(;B(D), =29, X, =E2%°
and 1 = P ®P. Define the following truncations X,, x := Z%° and Zx = =%,
centred Gaussian fields such that

Z9E b)) = Pk, i) )
E[(E%", k) (EX owr)] - A, Lo w<ky
and
- - Ok k!
B[(Eh, on)(Ehe dw)] = 5 Loy

By truncating the covariance of Zg and X, g, we essentially reduce the prob-
lem to convergence of finite-dimensional Gaussian vectors. Since 2%° and 2
are determined by their covariance structure, the convergence in distribution
result will follow from proving that their covariance matrices converge. This
will follow from Lemma 4.2 since we truncated for the k’s to be in the set
{1,...,K}.

In the remainder, we demonstrate that (4.13) holds. Define the error field
by

oo

B =ER -EN = Y (E5 o)k (4.14)
k=K+1

Using the definition of the norm H #(D) and the monotone convergence the-
orem, we have

E =55 ] =E| 3 |<Eéﬁ,¢k>|ﬁk2"}— S E[EE o0 Y.
k=K+1 k=K+1

Using the triangular inequality first and then Lemma 4.2, we get that the sum
above is bounded above (up to a multiplicative constant) by

o
S (el 3 (14 405 ) g2
k=K+1 k=K+1
oo oo
Z A;2B71+X€2 Z )\;2ﬁ+a+n7
k=K1 k=K+1
d

which is finite as long as 8 > %, as we can choose k,« to be arbitrarily
small together with Weyl’s law. We can then use Markov’s inequality with the
product measure P ® P, to get that
=9,€ |2 —
Aim_limsup P © P ”“‘%rar”Hgﬁ(D) >7| =0.

K—oco pooco

Applying Theorem 4.4, we conclude the proof.
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Stochastic Homogenization of the bi-Laplacian Field

Let 8 > % — 5, 7 > 0, by Markov’s inequality

—b, —lo
E[I=} - a2,

2

—be  ~——1= ﬁ(D)}
P[\\:De_a =1 . ZT} < = . (4.15)

Let «, k > 0 be small enough so that 5— “T"’“ > %—%. From the representations
(2.11), (2.20), and Lemma 4.2, we conclude that

[”~bs 51 =t ”2 5(D)} = =2 ZE [|f€ g( )| >‘122672

k>1
1 _28-2
= 3> llek = oelzepy N ™
E>1
< Z X3A525—1+a+n
E>1
< a2 (4.16)

where in the last inequality, we used Weyl’s law. Again by using Markov’s
inequality, we get

2a

£ ifd>3

72

~ 2

R (CAL G T
P®P[||_b€fé’1" lg2e ) 27 [ 8]5{ wo o Hd=2
T

(4.17)

taking e — 0 concludes the proof.

4.2. Proof of Theorem 3.2

The strategy to prove the convergence result on the discrete torus will follow
similar ideas as in the continuum. Indeed, we can expand the Green’s function
for Vn -anVy in terms of the eigenfunctions of the discrete Laplacian. The
advantage, in this case, is that the eigenfunctions are precisely the Fourier
basis of ¢2(T%).

Discrete Fourier analysis was also the main tool of previous works on
scaling limits of odometer fields, see [8,10]. In the case of random environ-
ments, note that the Fourier basis ceases to be a basis of eigenfunctions for
the operator Vy - an V. Again, the key idea is to show that, for large N, the
Fourier basis will be close to the basis of eigenvectors.

Let gy € (2(T%) with Zi’GT% gn(Z) = 0. Consider fx the solution of
the equation

—Vn-anVn fn(E) = gn(2), &eTg
> [n(#)=0. (4.18)

2eTY,
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The next theorem states good bounds for the difference between fy and f N,
the function in ¢2(T% ) solving the finite difference equation

—aAnfn(E) =gn(2), €T
> fv(@) =0, (4.19)
2eTd
where a is a positive constant that only depends on the law of a. The next

theorem is going to serve as the equivalent of Theorem 4.1 for the discrete
context and is a simple adaptation of [18, Corollary 1.2].

Theorem 4.5. (Corollary 1.2, [18]) There exists a deterministic positive con-
stant & only depending on the law of a and d with the following property. Given
N > 1 with f € C>®(T%), let fy be the solution of (4.18) and fn be the solution
of (4.19). We have

E [y = Ilarg) | S calNIN"2lgn ]2 mg,) (4.20)
where co(N) =1log(N) and equal to cq(N) =1 for d > 3.

We will be interested in the case gy = — éA,iN)¢f€V, where

d
/\,iN) = 4N? ZsinQ < ) ,
i=1

are the eigenvalues of the normalized discrete Laplacian operator. Very conve-
niently, in this case, fN = ¢kN . In the following lemma, we will denote by @,JCV
the solution to (4.18).

Now, let us state the representation of the Green’s functions G2 defined
in (2.26).

7Tk7;
N

Lemma 4.6. For alla € Q(A) and any N > 1, we have

arn o ar. 101 or(2)ep (9)
GN2(a,9) = GNG ) = or D /\Uﬁ) . (421)
kezd\{0y A%

for all &,7 € TY.

This proof is similar to the proof of Lemma 4.3 and will be therefore
omitted. It is much simpler as the sum only has a finite number of terms. The
next lemma is just an application of Theorem 4.5.

Lemma 4.7. We have that

E|*
Blle — o langy) San cal) M

where ca(N) :=log(N) for d =2 and c4(N) :=1 for d > 3.

(4.22)
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Stochastic Homogenization of the Discrete Non-homogeneous GFF

The proof is very similar to the proof of Theorem 3.1 (1); hence, we will
point out the main differences. We use Theorem 4.4 with S = H, ”(T¢), with
B >d/4and X :=Z%, Xy K —_NKand Zx :=a /22 =%, where

BNk = Z (E5°N Br) Prs

kE€ZE 1 \{0}
and a A b:= min{a, b}, E7% was defined in (2.28) and
EDx = Z (ED Or) k- (4.23)
kezg\{0}
The proof of the argument follows similarly but using Lemma 4.7 instead of
Lemma 4.2 to prove the convergence of ;% to a1/2 =h k-

Stochastic Homogenization of the Discrete Non-homogeneous bi-Laplacian
Field

Let 7 > 0, we want to prove that
: —=b,a _z—1=b _
A}EHOOP(@IP’“HD’N a \_4DHH076(D)>7{| =0.

Note the trivial identity

=b,a ——1—=b (r—b,a ——1 -—1( —b —b )

_JDN —a Zp = :D’N_a ._4DN>+a =p,N — =D)-

For the discrete case, we compare the non—homogeneous field to a discrete
homogeneous one. That is, we will first show that =4, v (the homogeneous for-
mal field) converges to =4, in probability according to an appropriate Sobolev
norm, as long as we choose a suitable coupling between & and {x in (2.24).
For this, we will take {n(2) = Nd/2§(1BN(j)), where ¢ is the same sample
of the noise used in the definition of (2. 10) 14 denotes the indicator func-

tion of the set A and By(2) := & + [~ 5, — 35" Secondly, we prove that
E%g = E%?N —a! Jb vanishes in this same Sobolev space using estimates

given in [18].
We will prove the first point described above in the next proposition.

Proposition 4.8. For all 3 > % —1, D =T¢, we have that

=—1 Hb ”2

E [||El,37N a 5(DJ < N8 (4.24)

Proof. Again, it will be convenient to study the action of the field on the basis
of eigenfunctions of the Laplacian. Remember that, as we are on the torus
(both in the discrete and the continuous cases), such basis of eigenfunctions
is given by the Fourier basis ¢y := exp(2mik - ). Let us start by calculating
explicitly =8 (¢x) for k € Zd

=i (9r) = 2de/2 Do > GNEDENT 1py () on(2)

2€T4; 9eTE
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1 1
Zﬁwf Z b1(9) 1y (9)
7€TS
= (2dA") e (4.25)

where in the first identity we used that ZEGT% GN(2,9) = 0 for any §. A
simple computation shows that (see [9, Lemma 7])
1 1

— = 4+ O(N7?. 4.26
S = 5, HOW) (4.26)

On the other hand, using the expansion of the Green’s function G« on
the torus, we get that =% (¢r) = A~ "€(¢r). Notice that we can estimate

léx — qbllévHL?(’]]‘d S ”kH . Therefore, for k € Z4,\{0}, we have

_ o 1
E [|<:3),N —a! :l]:),éf’k)\z] S W

As E%’N(qﬁk) =0if k ¢ Z%, we get that for any 3, we have

EIEpn —a Ehl2 5] Soa D ElEk(ge) — & Eh(on) Ik~
kezg\{0}

+a 2 Y E[Eh(e0) kI
keZ\Z,
d—2—-48
Sﬂ,d,é T + Nd—4—4ﬁ)
proving (4.24). O

We novv proceed to show that HEQI converges in probability to 0 in the

space H A(D )for B> 4 -1

Proposition 4.9. For d > 2, as N — oo, we have

E®E

=b,N L
||‘_‘Err||2 Oﬁ(D)] Sﬂ,dvA Cd(N)Nd 2 45’

where cqg(N) =1og(N) for d =2 and cq(N) =1 otherwise.

Proof. Define a Gaussian vector (Z5Y (2))zere, by

ERN (@) = > (GN(a,9) — a GNA(&, 9)én (). (4.27)
€T,
Call
—=b,N _ ~bN )
—Err — 2d Nd/2 —Err y
9€TE,

and remark that here we are committing the same abuse of notation as de-
scribed in Remark 5.
Let us start by computing = HEH (¢k) for fixed k € Z4.
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El=5y 001 = Gapya 2 (@~ DEES @) @)

&,9€Td,
Expanding the previous expression, we get

S onle - HEELY (@)=Y (9)

&,5€T%

Y Y een@inm y, @ ef e
a\; ar’,

#,§€TE k1,k2 €24 \{0} zeTg

O Pt Ot G O (2) — 9} (2)

5\ (V) = ()
k1,ka €24\ {0} zeTd, ar;, arl,
-y 6k (2) — o (D)
~ .
zE']l’d A< >)

By using Lemma 4.7, we get

—b,N |2
E®E |:’Err|H05(D):|
by N 2N b N cia(N)
=B| gaena sz Z or(@ — DEERT @ERT @) | S "5

Finally, let 8 > % — % and choose k > 0 sufficiently small so that 8 >
d

_ 14k
% — 3 T 5, then we have

—b,a =—1= —K
P®P[|:D,N_a 1:%\\H(;f’(p)>N }

=b, 1
SP@]P’{ Epy —a la%HHo—ﬁ(D) >

N
+P®P{~DN =%||HJ[3<D)> 25}

< cd(N)Nd—2—45+2n + Nd—4—4[3+2n

which vanishes as N goes to infinity.

5. Discussion

In this section, we provide a few remarks regarding possible generalizations
and comparison to other results.
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Other Results on Large-Scale Behaviour of Gaussian Fields in Random Envi-
ronments

In this article, we focused on random environments that took the form of
random uniformly elliptic differential operators. Results regarding the maxima
of such fields inside of a percolation cluster in dimension 2 were obtained in
[33]. On the other hand, the thermodynamic limit and the height fluctuation of
(possibly Gaussian) random fields associated to Gibbs measures with random
masses are studied in [12,13].

Convergence in Probability of the Non-homogeneous GFF

A natural question is whether the convergence of the (non-homogeneous) GFF
can be improved to a convergence in probability. For this, we need a coupling
in terms of a elliptic PDE which allows us to employ stochastic homogenization
techniques. Indeed, there is a natural coupling by writing the desired fields as
the solution to PDEs similar to the one found in [17], in which the authors
define the notion of generalized Gaussian free field.

Unfortunately, to be able to extract results from such coupling, we would
need to obtain a bound similar to the one found in Lemma 4.2 but for the
quantity |[beV5 — bVer|lr2(py where b, := /a; and b := v/a. This is not
expected to converge as ¢ vanishes. Indeed, one can see in [1,18] that ¢f needs
the so called first-order correctors in order to converge to its homogenized
counter part in Hg (D).

Discretized Domains

In this article, we derive scaling limits in the continuous setting in a domain
and for the discrete setting on a torus. However, we do believe that such results
could be extended to discretized domains. The proof would require both adapt-
ing the techniques of quantitative discrete stochastic homogenization near the
boundary. One would also need to account for the fact that the discretized
eigenfunctions of the Laplacian cease to be the same as the eigenfunctions of
the discretized Laplacian. One should be able to bound such deterministic er-
rors in such context, similarly to [5] where they bound such error for manifolds
without boundary.

General Fractional Fields

We focused in the case of the GFF and bi-Laplacian fields, one could wonder
what happens for general fractional Gaussian fields, see [29]. This seem much
harder, as one would need to deal with stochastic homogenization for non-local
operators, which seems far from the scope of the current available theory of
quantitative stochastic homogenization.

Restricted bi-Laplacian Field

In this article, we used the eigenvalue fractional field definition for the bi-
Laplacian field on a domain D. This was particularly important in order to
use stochastic homogenization techniques to couple both the homogenized and
non-homogeneous versions of the bi-Laplacian field.
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One can, however, wonder if it is possible to use the so-called zero-
boundary definition of fractional Gaussian fields which is more similar in spirit
to our definition of the GFF, i.e, based on covariance functions. However, in
this setting, the covariance of the bi-Laplacian field is the Green’s function of
the bi-Laplacian operator with Neumann instead of Navier boundary condi-
tions, see Remark 2.

We believe a notion of non-homogeneous bi-Laplacian field would also
converge in law (instead of in probability) to a homogeneous one via stochastic
homogenization techniques. To do so, one would just need to prove the results
we used from [1,18] in the context of differential operators of order 4.
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