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1 Introduction

Hydrodynamics is a robust effective theory capable of describing a wide variety of phe-
nomena, ranging from stellar evolution through fluid flow in a pipe to heavy ion collisions.
The dynamics of fluid flow are captured by the conservation laws of the underlying many
body theory at hand, supplemented by constitutive relations which parameterize the con-
served currents as local functions of the dynamical variables. For example, energy can be
parameterized by a local temperature field and energy conservation serves as a dynamical
equation for it.

In a relativistic theory, on a flat torsionless background, translation invariance implies
that the energy momentum tensor, Tµν , is conserved. In relativistic hydrodynamics the
constitutive relations for the energy momentum tensor are expressed in terms of a temper-
ature field T and a velocity field uµ normalized such that uµuµ = −1. As in any effective
theory, the constitutive relations are the most general ones possible, compatible with the
physical constraints of the problem. In hydrodynamics these include symmetries, unitarity,
the second law of thermodynamics and various Onsager relations. Once the constitutive
relations are available (usually in terms of a derivative expansion), the equations of motion
for T and uµ are given by energy momentum conservation and form the relativistic version
of the Navier-Stokes equations.

Over the last few years there has been increasing interest in a theory of hydrodynam-
ics in the presence of an independently conserved angular momentum density, Jµνρ, or,
alternately, a non vanishing spin current, Sµνρ;

Jµνρ = xνTµρ − xρTµν − Sµνρ. (1.1)

In the context of heavy ion collisions there is experimental evidence for correlations between
the spin polarization of Λ-hyperons and the angular momentum of the quark gluon plasma
in off center collisions [1, 2]. Likewise, an experimental realization of spin currents in
liquid metals has been demonstrated in [3]. A proper theoretical understanding of these
phenomenon necessitates a consistent hydrodynamic theory of spin currents. While there
has been a significant amount of work on the matter, see, e.g., [4–41], a fully consistent
theory of hydrodynamics of spin currents is lacking. This work aims at filling in this gap,
expanding on the recent work of [42].

The first issue that needs to be addressed when constructing a theory of hydrodynamics
with spin currents is the identification of a canonical spin current. In a relativistic theory, on
a flat torsionless background, Lorentz invariance dictates that energy and momentum are
conserved and, as a result, that angular momentum is conserved. Indeed, it is well known
(see [43, 44]) that in the absence of torsion, it is always possible to add an improvement
term to the energy momentum tensor, Tµν , such that the stress tensor satisfies Tµν = T νµ,
as an additional equation of motion. Then, angular momementum conservation follows
from energy-momentum conservation. Put differently, the spin current Sµνρ is ambiguous
due to the possibility of adding improvement terms to the stress tensor, and, in particular
it can be set to zero by judiciously choosing these terms.
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One way to deal with this ambiguity is to couple the theory to an external spin con-
nection, ωµab, which is independent of the vielbein eaµ due to non vanishing torsion. In
this case, one can define a canonical stress tensor and spin current via

δS =
∫
ddx|e|

(
Tµaδe

a
µ + 1

2S
µ
abωµ

ab + E · δφ
)

(1.2)

where |e| is the determinant of the vielbein, E denotes the equations of motion, and δφ the
variation of the dynamical fields associated with the action describing the constituents of
the fluid. Here and in the remainder of this paper greek indices will denote spacetime indices
and roman indices tangent bundle indices. As we discuss in depth in section 2, the presence
of torsion precludes an improvement term, leading to a unique spin current. Of course, after
obtaining the stress tensor and spin current via (1.2), one can set the background vielbein
to the Minkowski one and the spin connection to the metric compatible, torsionless, one.

Since the stress tensor and spin current are well defined in the presence of torsion,
one can generate a set of constitutive relations for them by introducing a hydrodynamic
spin chemical potential µab in addition to the temperature and velocity field. We compute
these constitutive relations in two steps. In the first step, discussed in section 3, we
use the hydrostatic partition function introduced in [45, 46] to construct the constitutive
relations associated with hydrostatic equilibrium configurations. Then, in section 4 we add
dissipative corrections to the constitutive relations and check compatibility of the resulting
constitutive relations with the entropy current and Onsager relations. The constitutive
relations obtained this way are the most general ones possible in a generic number of
spacetime dimensions. For ease of reference we have collected our results in appendix B.
A full discussion of the constitutive relations which explicitly break parity or time reversal
via the presence of the Levi-Civitta tensor is left for future work.

After obtaining the full set of constitutive relations for hydrodynamics with a spin
current, we carry out a linearized analysis of the resulting equations of motion, allowing us
to identify the various hydrodynamic modes of the problem and to express the appropriate
coefficients in the constitutive relations in terms of Kubo relations. We do this in section 5.
We then turn our attention to charged fluids in section 6 and to conformal invariant fluids
in section 7.

One of our main findings is that under the “simplest” possible assumptions, the spin
chemical potential should be considered as a first order in derivative quantity. This is
somewhat unusual since the temperature, velocity and chemical potential associated with
a conserved charge are naturally evaluated as zeroth order in derivatives quantities. Not
only is the spin chemical potential first order in derivatives, its equations of motion are
algebraic, tying its value to the acceleration of the fluid, its vorticity and the background
torsion. While somewhat puzzling at first, these features of the spin chemical potential
are what allow for the recovery of standard hydrodynamics in the limit where the torsion
tensor vanishes — with an appropriate choice of improvement term, the dynamics of the
velocity field and temperature effectively decouple from that of the spin chemical potential.
This feature of hydrodynamics with a spin current, and other effects associated with the
spin current are discussed further in section 8.
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2 The canonical spin current

As discussed in the introduction, the first step in setting up a hydrodynamic theory of
spin currents is to construct a well defined spin current. The challenge being the inherent
ambiguity in the definition of the stress tensor constructed via Noether’s procedure due
to improvement terms. These improvement terms modify the structure of the angular
momentum density and therefore the structure of the spin current, as defined in (1.1). In
what follows we will go over the origin of the ambiguity of the spin current and make two
observations. The first is that the ambiguity in the spin current is removed once the theory
is placed on a torsionfull background geometry. Thus, by coupling the theory to torsion
one can obtain a well defined spin current. Our second observation is that the ambiguity
in the spin current does not affect the combined dynamics of the stress tensor and spin
current. Therefore, to obtain a well defined spin current we can couple our theory to a
torsionfull background and take the torsionless limit to obtain physical results. While the
material contained in this section is known, it is central to our construction, so we present
it here for completeness, and to set up the notation for the rest of this work.

Given an action S[φ; χ] with dynamical fields φ and couplings χ, we define the variation

δS[φ; χ] =
∫

(C · δχ+ E · δφ) ddx (2.1)

such that E denotes the equations of motion. If δS = 0 and δχ = 0 for a particular δφ,
we say that δφ is an infinitesimal symmetry. If δS = 0 for a particular (non vanishing)
δχ and δφ we say that δχ and δφ constitute a spurionic symmetry. If we parameterize an
infinitesimal symmetry via δφ = λδλφ with λ a constant then for a spacetime dependent λ
we neccessarily have

δS[φ; χ] = −
∫
Jµ∇µλddx =

∫
E · λδλφddx (2.2)

which gives Noether’s theorem, ∇µJµ = 0, under the equations of motion.
The transformation associated with δφ = λ(x)δλφ is not a symmetry. But, if we

manage to couple the action to a source χµ such that a generic transformation of the
action yields

δS[φ; χ, χµ] =
∫

(Jµδχµ + C · δχ+ E · δφ) ddx (2.3)

then δφ = λ(x)δλφ, δχ = 0 and δχµ = ∇µλ will be a spurionic symmetry with the
associated conservation law ∇µJµ = 0. Conversely, suppose δS = 0 for some spurionic
symmetry δφ = F (λ(x)), δχ = χ(λ(x)) and δχµ = Xµ(λ(x)) where F , X and Xµ are
linear functions of λ with (possibly) a finite number of derivatives acting on them. Then,
Jµ defined in (2.2) will satisfy a certain identity under the equations of motion. Often,
this identity is referred to as a conservation equation even though, as should be clear from
the above construction, it will result in ∇µJµ = 0 only for δχµ = ∇µλ and δχ = 0. In
what follows we will refer to identities associated with the above spurionic symmetry as
conservation laws if they lead to a conservation equation of the form ∇µJµ = 0 and to
non conservation laws otherwise. Our entire discussion can be mapped to a quantum field
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theory (modulo a treatment of anomalies) where the non conservation laws are referred
to as Ward identities and hold inside correlation functions as long as there is no overlap
between Jµ and the inserted operators.

Before applying this somewhat abstract construction to the vielbein and spin connec-
tion, let us first discuss it in a more familiar setting. Consider a set of dynamical fields
φ coupled to an external metric gµν and an external gauge field, Aµ such that the action
is coordinate reparameterization invariant and gauge invariant. In this case, the coordi-
nate reparameterizations and gauge transformations are spurionic symmetries. A general
variation of the fields and sources is given by

δS[φ; gµν , Aµ] =
∫ (1

2T
µνδgµν + JµδAµ + E · δφ

)√
gddx . (2.4)

Only the gauge field transforms under gauge transformations so Jµ will satisfy a conser-
vation law, ∇µJµ = 0. On the other hand coordinate reparameterizations will modify the
metric and the gauge field leading to the non-conservation law

∇µTµν = F νµJµ (2.5)

with Fµν the field strength associated with the external gauge field Aµ. Often, the right
hand side of (2.5) is referred to as a Joule heating term. It is interpreted as the work done
on the system in the presence of an external field. We will see, shortly, that similar terms
arise when placing a theory in a background with torsion.

Indeed, moving on to our main construction, consider a field theory with dynamical
fields φ, coupled to a vielbein eaµ and spin connection ωµ

ab. The variation of the action
associated with this theory is given in (1.2). Such an action can be made invariant under
coordinate reparameterizations, ξµ, and local Lorentz transformations, θab, as long as the
dynamical fields transform as appropriate tensors, e.g.,

δQaµ = £ξQ
a
µ − θabQbµ (2.6)

for some tensor Qaµ, and the vielbein and spin connection transform as

δeaµ =£ξe
a
µ − θabebµ

δωµ
ab =£ξωµ

ab +∇µθab .
(2.7)

Here £ξ is a Lie derivative along ξ, and ∇µ denotes a covariant derivative,

∇µQaν = ∂µQ
a
ν + ωµ

a
cQ

c
ν − ΓαµνQaα . (2.8)

If ωµab and eaµ are independent fields, the transformations (2.7) will lead to two non
conservation laws: one for Tµa and one Sµab. Conversely, if ωµab is determined from
eaµ then the only current is the stress tensor and (2.7) will lead to two non conservation
laws for it. The improvement term which allows for an ambiguity in the definition of the
spin current can be traced to the latter and its absence to the former. Before showing
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this explicitly, let us introduce some notation. We define the torsion free spin connection
ω̊µ

ab via

ω̊µ
ab = eν

a
(
∂µe

νb + Γ̊νσµeσb
)

(2.9a)

where

Γ̊αβγ = 1
2g

αδ (∂βgγδ + ∂γgβδ − ∂δgβγ) . (2.9b)

The covariant derivative associated with ω̊µab or Γ̊αβγ will be denoted by ∇̊µ. For instance,

∇̊µQaν = ∂µV
a
ν + ω̊µ

a
cV

c
ν − Γ̊αµνV a

α . (2.10)

Likewise, R̊αβγδ and other ringed curvature tensors are associated with ringed connections
in contrast to their non-ringed counterparts, e.g., Rαβγδ. The difference between the spin
connection and the ringed spin connection is the contorsion tensor

ωµ
ab = ω̊µ

ab +Kµ
ab . (2.11)

The contorsion tensor, Kµ
ab, is related to the torsion tensor, Tαβγ , defined via

Γαβγ − Γαγβ = Tαβγ , (2.12)

through
Tαµν = Kµ

α
ν −Kν

α
µ . (2.13)

Going back to (2.7), suppose that ωµab = ω̊µ
ab. In this case (1.2) will reduce to

δS[φ, eaµ, ωµab(e)]
∣∣∣
ωµab=ω̊µab

=
∫

(Tµc aδeaµ + E · φ) |e|ddx (2.14)

where
Tµc a(x) = Tµa(x) + 1

|e|

∫ 1
2S

ν
cb(y)δω̊ν

cb(y)
δeaµ(x) |e(y)|ddy . (2.15)

The conservation equations associated with the spurionic symmetries (2.7) read

∇̊µTµνc = 0 , Tµνc − T
νµ
c = 0 . (2.16)

Note that in our current formulation, the absence of an antisymmetric component of the
energy momentum tensor is a dynamical statement. That is, it is satisifed only if the
equations of motion, E = 0, are satisfied.

However, one can construct an improved stress tensor,

TµνI = Tµνc −
1
2 (Tµνc − T

νµ
c ) . (2.17)

Then (2.16) read
∇̊µTµνI = 0 , Tµνc − T

νµ
c = 0 , (2.18)

– 5 –



J
H
E
P
0
5
(
2
0
2
3
)
1
3
9

under the equations of motion, but now the improved energy momentum tensor is sym-
metric, T [µν]

I = 0, independently of the equations of motion.
So far, we have set ωµab = ω̊µ

ab and then taken the variation (1.2) in order to get the
stress tensor. We could have carried out the same procedure in the reverse order, first take
the variation (1.2) and then set ωµab = ω̊µ

ab. In this case we would have obtained the non
conservation equations

∇̊µTµν = 1
2R̊

ν
αβγS

αβγ , Tµν − T νµ = ∇̊αSαµν . (2.19)

Note that the first equality in (2.19) can be written in the equivalent form,

∇̊µTµν = 1
2∇̊µ∇̊α (Sαµν − Sµαν − Sναµ) . (2.20)

The second equality in (2.19) is equivalent to angular momentum conservation, cf., (1.1).
Using (2.9) and (2.15) it is straightforward to show that Sαµν is related to T ac µ via

Tµνc = Tµν − 1
2∇̊α (Sαµν − Sµαν − Sναµ) . (2.21)

Thus, equations (2.16) and (2.19) are, obviously, equivalent, and no information is lost by
solving one or the other. In fact, since ω̊µab is a function of eaµ the dependence of the
action, S, on the spin connection ω̊µab is ambiguous: we may always shuffle a dependence
of the action on ω̊µ

ab into a dependence on eaµ and its derivatives. In particular, since
ωµ

ab − ω̊µ
ab is a tensor, we may add arbitrary couplings to it which will vanish in the

ωµ
ab → ω̊µ

ab limit.) Thus, in general, we find

∇̊µT ′µν = 1
2R̊

ν
αβγS

′αβγ , T ′µν − T ′νµ = ∇̊αS′αµν , (2.22)

where
T ′µν = Tµν + 1

2∇̊α (Bαµν −Bµαν −Bναµ) . (2.23a)

with
Bαµν = S′αµν − Sαµν . (2.23b)

Equations (2.16) and (2.19) are special cases of (2.22).
Let us emphasize once again that given an action, S, equations (2.16), (2.19) and (2.22)

are all equivalent and will take the same functional form. The difference between Tµν and
T ′µν exhibited in equation (2.23a), is often referred to as a Belinfante-Rosenfeld improve-
ment term, and amounts to exchanging derivatives of the vielbein in the action between
the spin connection and the stress tensor. In equations, it amounts to a decomposition of
the stress tensor Tµνc of the form

Tµνc = T ′µν − 1
2∇̊α

(
S′αµν − S′µαν − S′ ναµ

)
. (2.24)

Colloquially, due to the similarity between (2.22) and (2.19), one oftentimes refers to the
decomposition in (2.21) as an ambiguity in the spin current. The construction presented
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in this section makes it clear that the modification of the spin current a’ la (2.23b) is
compensated by a modification of the energy momentum tensor given by (2.23a) so that
the equations of motion are unchanged.

As we’ve seen in (2.17), in addition to the Belinfante-Rosenfeld improvement term one
can add to the stress tensor additional improvement terms to obtain a manifestly symmetric
stress tensor, TµνI . As mentioned in the introduction, and as we will see later, in the absence
of torsion the improved stress tensor TµνI is indistinguishable from the standard stress tensor
of hydrodynamic theory, in accordance with general expectations. Nevertheless, the current
Sλµν still exists and still satisfies the non-conservation equation (2.19). In a hydrodynamic
theory, where there is no access to the equations of motion of the fundamental fields and
only conservation equations play a role in determining the dynamics, we will use (2.19) to
determine the dynamics of the spin chemical potential.1

Let us now turn our attention to the somewhat simpler situation where ωµab and eaµ
are independent parameters. Coordinate invariance and local Lorentz invariance imply the
non-conservation equations

∇̊µTµν = 1
2R

ρσνλSρλσ − TρσKνabeρae
σ
b

= 1
2∇̊µ

(
∇̊λ

(
Sλµν − Sµλν − Sνλµ

)
− SµρσKνρσ

)
+ 1

2Sλρσ∇̊
νKλρσ ,

∇̊λSλµν = 2T[µν] + 2Sλρ[µeν]
aeρ

bKλab .

(2.25)

Since, in the presence of torsion, ωµab and eaµ are independent sources the freedom leading
to (2.23) is absent and the stress tensor and spin current can not be transmuted into
one another. In the next section we will use this feature of torsionful backgrounds to
compute the spin current and stress tensor in hydrostatic equilibrium. In the torsionless
limit equations (2.25) reduce to (2.19) (or equivalently, (2.16) or (2.22)) as expected.

3 Hydrostatics

A fluid which is acted on by time independent external forces will settle down to a hy-
drostatically equilibrated configuration. Since a hydrostatically equilibrated configuration
must be a solution to the hydrodynamic equations of motion, the explicit form of the hy-
drostatic configuration must be compatible with the constitutive relations of the fluid. Put
differently, the existence of hydrostatic equilibrium poses constraints on the constitutive
relations of the fluid. Therefore, if we can generate a valid hydrostatically equilibrated
configuration we may use it to simplify the construction of the constitutive relations for
the fluid.

To obtain a valid hydrostatically equilibrated configuration we use the methods devel-
oped in [45, 46]: consider a hydrostatically equilibrated state. In such a state Euclidean

1As is perhaps expected, and as we discuss in section 8, we will find that the resulting equations for the
spin chemical potential are independent of the choice of improvement terms and, in addition, the dynamics
of the temeprature and velocity field, as determined by the improved stress tensor TµνI , will be identical to
those of a standard theory of hydrodynamics in the absence of the spin conservation equations and torsion.

– 7 –
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correlation functions of generic operators at equal Euclidean time will decay exponentially
at large distances (assuming we are not at a critical point or that there are no long range
forces at play). That is, there exists a power series expansion of zero frequency correlation
functions of generic operators around zero spatial momentum. Let us consider a generating
function for such correlation functions valid up to, say, m powers of the spatial momentum.
In real space such a generating function will contain m derivatives of its arguments, the
sources for the operators in question. For instance, the hydrostatic generating function
for the energy momentum tensor will be a local function of the background metric and its
derivatives.

There exists an abundant body of literature on the construction of the hydrostatic
generating function, and the associated constraints on constitutive relations for a variety
of operators and sources. See e.g., [47–76]. For the current work, we are interested in
hydrostatics in the presence of a spin current, as defined in (1.2). To this end, we need
to construct a Lorentz and coordinate invariant generating function associated with a
time independent external vielbein, eaµ and spin connection, ωµab (and their covariant
derivatives).

To make time independence of the sources manifest, we denote by V µ the Killing
vector along which the metric is time independent, and by θV ab the Lorentz transformation
parameter under which eaµ and ωµab are invariant. Then, time independence of ωµab and
eaµ amounts to

0 = £V e
a
µ − θV abebµ

0 = £V ωµ
a
b + ∂µθV

a
b + ωµ

a
cθV

c
b − θV acωµcb .

(3.1)

While it is often convenient to choose a particular gauge where V µ = (1, 0, . . . , 0) and
θV

a
b = 0, expressions of the form (3.1) are useful in order to make the notation covariant.
In order for the generating function

W =
∫
|e|ddxW[eaµ, ωµab, V µ, θV

a
b, ∇µ] , (3.2)

to be invariant under coordinate transformations and local Lorentz transformations, the
vielbein, spin connection, Killing vector and Lorentz parameter θV ab, together with their
covariant derivatives, must be contracted to form scalars. Coordinate transformations of
the vielbein and spin connection are given by (2.7) while those of V µ and θV ab are given by

δV µ = £ξV
µ

δθV
a
b = £ξθV

a
b −£V θ

a
b + θV

a
cθ
c
b − θacθV cb

(3.3)

The last two equalities can be obtained by writing δ2δ1Q
a
µ in terms of the action of δ2 on

the parameters ξµ1 and θ1
a
b and comparing it to the same expression when treating δ1Q

a
µ

as a tensor on which δ2 acts.
The transformation properties of the constituents of the generating function, (2.7)

and (3.3) imply that eaµ, V µ and ∇µ transform as tensors, but ωµab and θV
a
b do not.

Since our goal is to generate a scalar expression for the density W, it is convenient to
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replace θV ab with the combination

µab = V µωµ
ab + θV

ab

√
−V 2

(3.4a)

which transforms as a tensor. Altertnately, one may view µab as the holonomy of the spin
connection around the thermal circle. Defining,

T−1 =
√
−V 2 uµ = V µ

√
−V 2

, (3.4b)

allows us to write W in the form

W =W
(
T, uµ, µab, eaµ, Kµ

ab, ∇̊µ
)
. (3.5)

In writing (3.5) we have replaced the spin connection ωµ
ab with the contorsion tensor,

Kµ
ab, see (2.11), and the covariant derivative with a ringed one, cf., (2.10).
In order to obtain the most general generating function W, we need to construct all

possible scalars out of the constituents of W specified in (3.5). Due to the presence of the
covariant derivative, ∇̊µ, in (3.5) there are an infinite number of such scalars. Often, it
is convenient to expand W in terms of a derivative expansion in which case there are a
finite number of scalars at each order in the expansion. In all systems which have been
studied so far, the expansion of W in derivatives paralleled the derivative expansion of the
associated constitutive relations. That is, order n terms in W corresponded to order n
terms in the constitutive relations derived from W. In our current setup this is not quite
the case: in (3.5) we have replaced the non tensorial spin connection with the contorsion
tensor, Kµ

ab = ωµ
ab − ω̊µab. Since,

δ

δecν

∫
|e|Bµ

abKµ
abddx =

(
δ

δecν

∫
|e|Bµ

abd
dx

)
Kµ

ab + |e|∇̊λ
(
Bλνµ −Bνλµ −Bµλν

)
ecµ ,

δ

δωνcd

∫
|e|Bµ

abKµ
abddx =

(
δ

δωνcd

∫
|e|Bµ

abd
dx

)
Kµ

ab + |e|Bν
cd ,

(3.6)

then the contribution of the contorsion to the constitutive relations of the stress tensor will
be one order higher in derivatives than its contribution to the spin current. We will refer
to terms which contribute to the spin current at order m and the stress tensor at order
m+ 1 as order m+ 1 terms.2

Keeping in mind the unwonted contributions of the contorsion tensor to the constitu-
tive relations, we can now consistently expand the generating function W in a derivative
expansion. From it, we may construct the hydrostatic energy momentum tensor and spin
current Tµνh and Sλµνh via

Tµh a = 1
|e|

δW

δeaµ
Sµhab = 2

|e|
δW

δωµab
. (3.7)

We will carry out this task in the remainder of this section.
2The alert reader may have noticed that (3.6) has a structure very similar to (2.23a). We will comment

on this resemblance shortly.
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3.1 The ideal fluid

The generating function whose variation will give us constitutive relations with no explicit
derivatives is given by

W = P (T, uµ, µab, eaµ) . (3.8)

A fluid whose constitutive relations are obtained by varying the expression on the right hand
side of (3.8) is often referred to as an ideal fluid. Ideal fluids are fluids whose constitutive
relations contain no explicit derivatives of the hydrodynamic variables. Note that we have
phrased the previous sentence rather carefully. In most instances an equivalent definition
of an ideal fluid is one whose constitutive relations are zeroth order in derivatives. We
will see shortly that in our current scheme, these two definitions of an ideal fluid are not
interchangeable. In the remainder of this work we will use the former definition exclusively.

To proceed, it is convenient to decompose µab into components parallel and orthogonal
to the velocity field,

µab = uamb − ubma +Mab (3.9)

where uaMab = 0 and uam
a = 0. With this notation the available scalars in a generic

number of spacetime dimensions d are given by contractions of chains of Mab,

M(n)
a
b = Ma

c2M
c2
c3 . . .M

cn
b , n ≥ 2 , (3.10)

with a pair of ma’s or with themselves:

m(n) = mcM(2n)
cdmd ,

M(n) =M(2n)
c
c .

(3.11)

For notational convenience it is useful to define

M(0)
a
b = δab , M(1)

a
b = Ma

b , (3.12)

so that m(0) = mcm
c and M(0) = d are well defined. The number of possible independent

scalars is bound by the dimensionality of Mab and ma. In a generic number, d, of space-
time dimensions the independent scalars are given by m(0), . . . , m(b d−2

2 c) for d ≥ 2 and
M(1), . . . , M(b d−1

2 c) for d ≥ 3. Of course, in addition to (3.11) one may construct various
dimension dependent pseudo scalars using the Levi Civitta tensor. For example, in 3 + 1
dimensions one may use,

M̃ = εabcduambMcd . (3.13)

Since M̃2 = 4m(1) − 2M(1)m(0) keeping all four of m(0), m(1), M(1) and M̃ is redundant
and we may keep only m(0), M(1) and M̃ . In what follows we will consider contributions
to the constitutive relations for a generic d dimensional spacetime theory.

The dependence of the ideal stress tensor and current on the external fields can now
be computed by varying P (m(n), M(n), T ) with respect to the vielbein or spin connection
respectively. Inserting (3.8) into (3.7) and denoting the resulting stress tensor and spin
current by Tµνid and Sidµνρ, viz.,

Tid
µ
a = 1
|e|

δ

δeaµ

∫
ddx
√
gP , Sid

µ
ab = 2

|e|
δ

δωµab

∫
ddx
√
gP , (3.14)
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we find

Tµνid = εuµuν + P∆µν + uµ∆ναPα

Sid
λ
µν = uλρµν

(3.15)

where
∆µν = gµν + uµuν (3.16)

is a projection orthogonal to the velocity field, ε is given by

ε = −P + sT + 1
2ραβµ

αβ , (3.17)

and s, ρab and Pa are given by the variation of the pressure with respect to the variables
T , µab and ua,

s = ∂P

∂T
,

1
2ρab = ∂P

∂µab
, Pa = ∂P

∂ua
. (3.18)

Their explicit dependence on derivatives of the pressure with respect to our basis of scalars
is given by

ρab = 4
b d−2

2 c∑
n=0

∂P

∂m(n)

mcM(2n)
c
[aub] +

b 2n−1
2 c∑

k=0
mcM(k)

c
[aM(2n−1−k)b]

dmd


− 4
b d−1

2 c∑
n=1

n
∂P

∂M(n)
M(2n−1)ab

(3.19)

and

Pa = − 2
b d−2

2 c∑
n=0

∂P

∂m(n)

m(n)ua −mbM(2n+1)
b
a +
b 2n−1

2 c∑
k=0

mbM(2n−1−2k)
b
am(k)


− 4
b d−1

2 c∑
n=1

n
∂P

∂M(n)
mbM(2n−1)

b
a ,

(3.20)

where square brackets represent an antisymmetric combination, A[µν] = 1
2 (Aµν −Aνµ).

Note that the stress tensor is not symmetric due to the term proportional to (the transverse
part of) Pµ.

A few comments are in order. The relations given in (3.15) describe the dependence
of the energy momentum tensor and spin current on the external sources which have been
conveniently packaged into the variables, T , µab and ua given in (3.4). Since these are
hydrostatically equilibrated configurations the resulting stress tensor and current should
also be expressible in terms of solutions to the hydrodynamic equations. This interpre-
tation allows us to identify T as the temperature, uµ as the velocity field and µab as the
spin chemical potential. From this point of view, the relations (3.15) are the constitutive
relations for an ideal fluid and (3.4) give the dependence of the hydrodynamic variables on
the external sources once hydrostatic equilibrium is achieved.
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Once the hydrodynamic variables T , uµ and µab have been ascertained, we may identify
P with the pressure, ε with the energy density, s with the entropy density, ραβ with the
spin charge density and Pa with what we refer to as a momentum density. With the above
interpretation of thermodynamic variables, equation (3.17) can be interpreted as the Gibbs
Duhem Relation relating energy density and pressure. This expression together with (3.18)
gives us the first law of thermodynamics

dε = Tds+ 1
2µ

abdρab − Padua . (3.21)

From (3.21) (or (3.18)) we observe that the momentum density is the variable conjugate
to the velocity field, ua. Such a quantity is absent in relativistic thermodynamics as long
as the velocity field is the only tensor which breaks Lorentz invariance. Thus, normal,
charged and uncharged fluids, do not support such a variable. The two component model
of superfluids includes a superfluid velocity field which further breaks Lorentz invariance
but there, since superfluid flow is a gradient flow, thermodynamic quantities are packaged
in a somewhat different way than here. The only instance we are aware of where the
momentum density plays a thermodynamic role similar to the one in (3.21) is in non
relativistic thermodynamics without boost invariance. See [77].

3.2 An aside on non hydrostatic terms

By construction, the constitutive relations (3.15) do not contain explicit derivatives of the
vielbein, eaµ, spin connection, ωµab, and hydrostatic parameters, V µ, and θV

ab. In the
remainder of this section we will follow standard procedure and add to the generating
function W terms which contain derivatives of the vielbein and hydrostatic parameters,
order by order in a derivative expansion. By varying the generating function with respect to
the sources we will obtain the stress tensor and spin current as a function of these sources,
cf., equation (3.7). We can then use the identifications in (3.4) to obtain the constitutive
relations for a fluid in hydrostatic equilibrium.

Having said that, let us pause the computation of higher order corrections to the
hydrostatic constitutive relations, and comment on the possible, additional, constitutive
relations which are not hydrostatic which we will compute later in this work. Recall that
the constitutive relations for a fluid do not depend on the particular configuration the fluid
is in, be it hydrostatic or not. While we use the hydrostatic partition function to obtain
those constitutive relations which do not vanish in hydrostatic equilibrium, we must, later,
supplement these by any additional expressions which vanish in hydrostatic equilibrium.
Let us comment on such expressions.

In hydrostatic equilibirum, the vielbein and spin connection are time independent in
the sense of (3.1). Since the external sources are eventually identified with hydrodynamic
variables, as in (3.4), hydrostatic equilibrium poses constraints on the hydrodynamic vari-
ables themselves. Indeed, the stationarity condition on the background metric £V gµν = 0
(which follows from (3.1)) leads to

uµ∂µT = 0 , aµ + ∆µν∇̊νT
T

= 0 , θ = 0 , σµν = 0 , (3.22)
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where aµ, θ and σµν are components of the derivative of the velocity field,

∇̊µuν = 1
d− 1θ∆µν − uµaν + σµν + Ωµν , (3.23)

with aµuµ = σµνuν = Ωµνuν = σµµ = 0 and σµν = σνµ and Ωµν = −Ωνµ. A compendium
of decompositions of various quantities appearing in this work relative to the velocity field,
including (3.23) can be found in appendix A. Similarly, the constraint on eaµ and ωµ

ab

given in (3.1) read
uµKµ

ab = µab + eaµe
b
ν

(
Ωµν − 2u[µaν]

)
(3.24)

and
Teρae

σ
b∇̊λ

µab

T
= Rρσλαu

α − 2eρaeσbKλc
[aµb]c , (3.25a)

with
Rρσλα = R̊ρσλα + 2eρaeσb

(
∇̊[λKα

ab −Kc[a
λ Kαc

b
)

(3.25b)

respectively.
Equations (3.22) maintain that the shear and expansion of the flow vanish and that

the acceleration must be proportional to gradients of the temperature if the system is in
hydrostatic equilibrium. Likewise, equation (3.24) implies that in hydrostatic equilibrium

M̂µν = 0 and m̂µ = 0 (3.26)

where

M̂µν = Mµν −Kµν + Ωµν

m̂µ = mµ − kµ − aµ
(3.27)

and
kα = uµuβKµ

αβ Kαβ = ∆α
γ∆β

δu
µKµ

γδ . (3.28)

(A full decomposition of the contorsion tensor into components can be found in ap-
pendix A.) The last equation, (3.25a) implies that covariant derivatives of the spin chemical
potential may be written in terms of the spin chemical potential and the Riemann tensor.
These relations, combined with (3.26) will also constrain gradients of the acceleration and
vorticity two form. Since the explicit form of these constraints is somewhat long and not
very useful, we will not write them explicitly.

Relation (3.24) is key. Suppose our fluid extends throughout R3,1 with gµν = ηµν and
Kµ

ab = 0. In such a background an equilibrated fluid will have vanishing acceleration and
vanishing vorticity, aµ = 0 and Ωµν = 0, and therefore vanishing spin chemical potential,
µab = 0. (This can be proven by noting that Minkowski space possesses only one Killing
vector which is everywhere timelike.) In fact, from (3.24) we find that (in the absence of
torsion) a spin chemical potential can be sustained in equilibrium only if we have non zero
acceleration (implying a temperature gradient due to the second equality in (3.22)) or non
zero vorticity.

The relation (3.24) was obtained by different means in [6], where it took the form

µab = −Te[a
ρe
b]
σ∇̊ρ

uσ

T
, (3.29)
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valid in the absence of torsion, where the last term on the right, −T
2

(
∇̊ρ uσT − ∇̊σ

uρ
T

)
is referred to as the thermal vorticity. We emphasize, in light of the above discussion,
that the relation (3.24) or its equivalent form (3.29), is, a priori, only valid in hydrostatic
equilibrium where the velocity and temperature are time independent and are fixed in terms
of the background metric. Of course, it is possible, and as we shall see shortly, practically
relevant, that the relation (3.24) will hold dynamically. Meaning, it will be enforced as an
equation of motion. At this point however, we can not ascertain this.

To summarize, the relation (3.24) implies that a non vanishing spin chemical potential
can only be supported by acceleration, vorticity or torsion (in hydrostatic equilibrium).
Therefore, in order for a consistent derivative expansion to exist the spin chemical potential,
torsion, acceleration and vorticity should all be of the same order. The simplest way to
implement this would be to require that the spin chemical potential and contorsion tensor
are first order in derivatives. While a bit surprising at first, it is, perhaps, not so strange
once the previous discussion is taken into account. A spin chemical potential will naturally
vanish once first order in gradient quantities are small. Likewise, the contorsion tensor,
in its role as a connection, is often associated with explicit derivatives. Therefore, in the
remainder of this work we will treat the spin chemical potential and the contorsion tensor
as a first order in derivative quantity. This implies, among other things, that the ideal
stress tensor and current, while not containing explicit derivatives, may be expanded in a
derivative expansion by counting ma and Mab as first order in derivative objects. Thus,
while the ideal constitutive relations given in (3.15) do not contain any explicit derivatives,
they may still be expanded in a derivative expansion once ma and Mab are counted as first
order in derivative quantities.

Let us remark that there may be other possible derivative counting schemes compatible
with (3.24). Perhaps the spatial component of the contorsion tensor may be counted as
zeroth order in derivatives while its temporal component and the spin chemical potential
count as first order in derivatives. Or, it might be possible to decompose the temporal
component of the contorsion tensor and the spin chemical potential into an order zero and
order one term, treating each component separately in some sense. While we haven’t ruled
out such possibilities so far, we seem to encounter difficulties when trying to implement
them effectively. Another counting scheme implicitly implemented in e.g., [10, 11] is to
consider a background vorticity. We will discuss some of these further in section 8.

3.3 The hydrostatic expansion to leading order in derivatives

Having set up the derivative expansion for fluids with spin, we are almost ready to compute
higher order corrections to the ideal constitutive relations (3.15). The last obstacle we need
to deal with is a mismatch between derivative counting of the constitutive relations and
the derivative counting of the equations of motion. Since the hydrodynamic equations are
conservation laws it is often the case that the m’th order in derivative constitutive rela-
tions contribute to the m + 1’th order terms in the equations of motion. As discussed in
detail in section 2 the equations of motion in the presence of torsion are non conservation
equations, (2.25). In terms of derivative counting, we observe that the antisymmetric com-
ponents of the stress tensor enter the equations of motion at the same order as derivatives
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of the stress tensor and spin current. Therefore, in order to have a consistent perturbative
scheme for the hydrodynamic equations of motion we must count the constitutive relations
for the antisymmetric components of the stress tensor as one order higher than that of the
symmetric components and of the spin current. In the remainder of this work we will con-
struct the leading, non ideal, contribution to the constitutive relations for fluids with spin.
This implies that we will expand the spin current and symmetric components of the stress
tensor to first order in derivatives, and the antisymmetric components of the stress tensor
to second order in derivatives. To avoid the latter lengthy articulation of our perturbative
expansion, we will often state that we are computing the constitutive relations such that
the equations of motion are second order in derivatives.

Keeping in mind the derivative counting scheme described above and in the previous
section, in order to compute the hydrostatic constitutive relations to the required order we
must enumerate all possible hydrostatic scalar quantities up to first order in derivatives, and
all hydrostatic scalar quantities which may contribute to the antisymmetric components of
the stress tensor to second order in derivatives.

At zero order in derivatives, the temperature T is the only available scalar and its
contribution to the constitutive relations has been computed in (3.15). At first order
in derivatives, the only available scalar is the trace of the contorsion tensor, κ, defined
in (A.11). At second order in derivatives, we need to consider only those terms which
contribute to the antisymmetric component of the stress tensor. The scalars M(1) and m(0)
have been dealt with in the previous section which studied the all order in derivative ideal
fluid. Second order scalars involving derivatives of mµ and Mµν can be traded with the
Riemann tensor using (3.25a). Following [45, 46] the latter contributes to the symmetric
components of the energy momentum tensor and is less relevant to our current study.
Similarly, (3.26) may be used to remove scalars involving the vorticity two-form and the
acceleration, Ωµν and aµ, in place of the components of the contorsion, Kµν and kµ and
the chemical potential Mµν and mµ. Thus, at the end of the day, the only two contorsion
independent scalars are M(1) and m(0) which we have treated earlier in our discussion of
the ideal fluid. In addition, we find that there are four scalars linear in contorsion and ten
additional scalars quadratic in contorsion.3

To obtain the contribution of the constitutive relations to equations of motion to second
order in derivatives we may write the partition function, W =

∫ √
−gddxW, as

W = P +W(1) +W(2) (3.30)

where P is the pressure function given in (3.8) which determines the constitutive relations
for the ideal fluid, and

W(1) = χ
(1)
1 κ ,

W(2) =
∑
i

χ
(2)
i S(i) .

(3.31)

3If we allow for terms which explicitly break parity or time reversal (involving the Levi-Civitta tensor),
then more terms will be available, their explicit form will depend on the spacetime dimension. We leave a
discussion of such terms to future work.
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Order zero hydrostatic scalars
T

Order one hydrostatic scalars
κ

Order two, contorsion independant hydrostatic scalars
M(1) m(0)

Order two, hydrostatic scalars linear in contorsion
S(1) = Mµνκ

µν
A S(2) = MµνK

µν S(3) = mµk
µ S(4) = mµKµV

Order two hydrostatic scalars, quadratic in contorsion
S(5) = κ2 S(6) = k · k S(7) = KµνK

µν S(8) = k · KV
S(9) = KV · KV S(10) = KµνκA

µν S(11) = κAµνκA
µν S(12) = κS µνκS

µν

S(13) = KAµνρKAµνρ S(14) = KT µνρKT µνρ

Table 1. Summary of zeroth, first and second order independent inequivalent scalars which may
contribute to the equations of motion at second order in derivatives. The components of the spin
chemical potential Mµν and mµ have been defined in (3.9), the scalars m(1) and M(1) have been
defined in (3.11) and the various K, k, κ and K denote components of the contorsion tensor whose
definition can be found in appendix A.2.

In writing (3.30) as a derivative expansion, we may, for consistency, expand the pressure
term, P , to quadratic order in the chemical potential

P (m(n), M(n), T ) = P0(T ) + ρm(T )m(0) + ρM (T )M(1) +O(∇4). (3.32)

Put differently, we may expand the ideal constitutive relations, (3.15), to quadratic order in
the chemical potential (such that the equations of motion are second order in derivatives).
Explicitly, one finds

Tµνid =
(
ε0 + (ρm + Tρ′m)mαm

α + (ρM + Tρ′M )MαβM
αβ
)
uµuν

+ (P0 + ρmmαm
α + ρMM

αβMαβ)∆µν

+ uµmαM
αν (2ρm − 4ρM ) +O(∇4)

Sλµνid =uλ
(
4ρmm[µuν] − 4ρMMµν

)
+O(∇4) ,

(3.33)

where
ε0 = T

∂P0
∂T
− P0 , (3.34)

and primes denote a derivative with respect to the temperature.
The constitutive relations associated with (3.30) can be computed using (3.7). Consider

Th(j)
µ
a = 1
|e|
δW(j)
δeaµ

∣∣∣∣∣
Kµab=0

Sh(j−1)
µ
ab = 2

|e|
δW(j)
δωµab

∣∣∣∣∣
Kµab=0

(3.35)
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with j = 1, 2 and W(j) =
∫
|e|ddxW(j). The subscript ‘h’ specifies that we are considering

hydrostatic components of the stress tensor or current and the subscript ‘(j)’ specifies the
order in derivatives of the resulting constitutive relations for the stress tensor and current.

Writing

Sh(j)
λµν = Sλµνh(j)BR + Sλµνh(j)nBR

Th(j)
µν = Tµνh(j)BR + Tµνh(j)nBR

(3.36)

with

Tµνh(j)BR = 1
2∇̊λ

(
Sh(j−1)BR

λµν − Sh(j−1)BR
µλν − Sh(j−1)BR

νλµ
) ∣∣∣∣∣

hydrostatic equilibrium

(3.37)

we find

Sh(0)BR
λµν = 2χ(1)

1 ∆λ[µuν]

Sh(0)nBR
λµν = 0

Sh(1)BR
λµν = − 2χ(2)

1 Mλ[µuν] + 2χ(2)
2 uλMµν − 2χ(2)

3 uλu[µmν] + 4χ(2)
4 ∆λ[µmν]

+ 4χ(2)
5 κ∆λ[µuν]

+ 2uλ
(
2χ(2)

6 k[µuν] + 2χ(2)
7 Kµν + χ

(2)
10 κA

µν
)

+ 2uλχ(2)
8 KV

[µuν] + 4∆λ[µ
(
χ

(2)
8 kν] + 2χ(2)

9 KV
ν]
)

− 2χ(2)
10 K

λ[µuν] − 4χ(2)
11 κA

λ[µuν] + 4χ(2)
12 κS

λ[µuν]

+ 4χ(2)
13 KA

λµν + 4χ(2)
14 KT

µνλ

Sh(1)nBR
λµν = + 2uλ

(
χ

(2)
1 κA

µν + χ
(2)
2 Kµν − χ(2)

3 u[µkν]
)
− 2χ(2)

4 uλu[µKV ν]

(3.38a)

and

Tµνh(1)nBR =
(
T
∂χ

(1)
1

∂T
− χ(1)

1

)
κuµuν + χ

(1)
1
d− 2
d− 1κ∆µν

+ 2χ(1)
1 u(µkν) + 1

2χ
(1)
1 uµKV ν − χ(1)

1 κS
µν − χ(1)

1 κA
µν

Tµνh(2)nBR =χ
(2)
1

(
KT αβ[µ +KAαβ[µ

)
uν]Mαβ + χ

(2)
1 κMµν

d− 1

+ χ
(2)
1

2(d− 2)u
[µMν]βKV β − 2χ(2)

1 u[µκA
ν]βmβ + χ

(2)
1 Mα[µ

(
κA

ν]
α − κSν]

α

)
− 2χ(2)

2 u[µ
(
Mν]αkα +Kν]αmα

)
− χ(2)

3 u[µ
(
Mν]αkα +Kν]αmα

)
+ 2χ(2)

4 KA
µναmα + 2χ(2)

4 KT
[µν]αmα + χ

(2)
4

(d− 2)K
[µ
V m

ν]

− χ(2)
4 u[µMν]αKV α + 2χ(2)

4 u[µ
(
κA

ν]α − κSν]α
)
mα + 2χ(2)

4 (d− 2)
(d− 1) κu[µmν]

(3.38b)
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A few comments are in order. First, we note that Tµνh(j)nBR = 0 and Sλµνh(j)nBR = 0
when the contorsion tensor vanishes. Thus, in the absence of torsion, the structure of
the constitutive relations (3.36) is identical to the ambiguity in the definition of the stress
tensor, cf., (2.23a). Following the discussion leading to, and succeeding (2.23a), it is not
surprising that all hydrostatic contributions to the stress tensor coming from variations
of the contorsion tensor are of this type. Further following the discussion, it should be
clear from (2.22) that the constitutive relations (3.38) will not contribute to the equations
of motion in the absence of torsion. Be that as it may, the terms associated with the
coefficients χ(1)

1 and χ(2)
i do affect the expectation value (and correlation functions) of the

stress tensor and spin current and should not be ignored or removed. In the remainder of
this work we will refer to constitutive relations of the form (3.37) as Belinfante Rosenfeld
terms, or BR terms for short. The subscripts ‘BR’ and ‘nBR’ in (3.36) specifies those
constitutive relations which contribute to BR terms or non BR terms respectively.

We would also like to point out the importance of imposing the hydrostatic relations
after taking the derivatives of the spin current on the right hand side of (3.37). A naive
evaluation of the right hand side of (3.37) without imposing the hydrostatic relations may
result in non hydrostatic contributions to the constitutive relations. This point is probably
best explained through an example. Consider Sh(0)BR

λµν and Tµνh(1)BR. Inserting (3.38a)
into (3.37) yields

Tµνh(1)BR =χ
(1)
1 aµuν + χ

(1)
1 Ωµν − ∂χ

(1)
1

∂T
∆µα∂αTu

µ

+ ∂χ
(1)
1

∂T
uα∂αT∆µν + χ

(1)
1 θ

(
ηµν − ∆µν

d− 1

)
− χ(1)

1 σµν
∣∣∣∣∣
hydrostatic equilibrium

=χ
(1)
1 aµuν + χ

(1)
1 Ωµν + ∂χ

(1)
1

∂T
Tuµaν ,

(3.39)

where in going from the first equality to the second equality we have used (3.22). A similar
computation can be carried out for Tµν(2) .

4 Non hydrostatic terms

So far we have considered only those terms in the constitutive relations for the stress tensor
and current which do not vanish in the hydrostatic limit, Tµνh and Sλµνh , cf., equation (3.7).
The full stress tensor and spin current are given by a combination of hydrostatic terms and
non hydrostatic terms,

Tµν = Tµνh + Tµνnh Sλµν = Sλµνh + Sλµνnh , (4.1)

where the non hydrostatic contributions include the most general constitutive relations
which vanish in hydrostatic equilibrium.

Note that while the non hydrostatic terms are well defined, the hydrostatic terms are
not. One may always add to the hydrostatic expressions terms which vanish in hydrostatic
equilibrium. More formally, there exists an equivalence class of hydrostatic stress tensors
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and spin currents where elements of the same class differ by non hydrostatic terms (ex-
pressions which vanish in hydrostatic equilibrium). In the previous section we have chosen
a particular representative for the hydrostatic components of the stress tensor and spin
current. A somewhat different representative which will be useful in characterizing the
full set of constitutive relations is to choose the BR type terms for the stress tensor such
that they are BR terms also outside of hydrostatic equilibrium. We will refer to such a
representative as Tµνh+.

For instance, in place of Tµνh(j)BR defined in (3.37) we consider

Tµνh+(j)BR = 1
2∇̊λ

(
S(j−1)

λµν − S(j−1)
µλν − S(j−1)

νλµ
)
. (4.2)

The expression for Tµνh+(j)BR differs from Tµνh(j)BR by non hydrostatic terms, so that Tµνh+(j)BR
= Tµνh(j)BR in hydrostatic equilibrium. As an explicit demonstration of this fact consider

Tµνh+(1)BR =χ
(1)
1 aµuν + χ

(1)
1 Ωµν − ∂χ

(1)
1

∂T
∆µα∂αTu

µ

+ ∂χ
(1)
1

∂T
uα∂αT∆µν + χ

(1)
1 θ

(
ηµν − ∆µν

d− 1

)
− χ(1)

1 σµν
(4.3)

which coincides with Tµνh(1), cf., equation (3.39), in hydrostatic equilibrium.
Following the above discussion, we will, without loss of generality, consider the decom-

position
Tµν = Tµνh+ + Tµνnh Sλµν = Sλµνh + Sλµνnh . (4.4)

Our strategy for writing down the full set of non hydrostatic constitutive relations is the
standard one. We first tabulate all possible non hydrostatic constitutive relations at the
order we are interested in, and then impose restrictions enforced by the second law of
hydrodynamics, Onsager relations or unitarity. We can also use field redefinitions, often
referred to as frames, to remove ambiguous terms in the constitutive relations and use the
equations of motion at one order lower in derivatives to identify what would otherwise seem
like distinct tensor structures.

4.1 The leading order constitutive relations

There are no non hydrostatic zero order in derivative constitutive relations that we may add
to the stress tensor and current. Recall, however, that the equation of motion for the spin
current, (2.25), relates the divergence of the spin current to the antisymmetric component
of the stress tensor. Therefore the antisymmetric component of the stress tensor at first
order in derivatives contributes to the equations of motion at the same order as the zero
order in derivative contribution to the spin current. Thus, a full analysis of the leading
order in derivative equations of motion requires us to consider all possible non hydrostatic
first order in derivative contributions to the antisymmetric components of the stress tensor.

At first order in derivatives there are two antisymmetric tensor structures which are
orthogonal to the velocity field, only one of which vanishes in hydrostatic equilibrium, and
five antisymmetric tensor structures which have one leg parallel to the velocity field, two of
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Tensor type All data Non hydrostatic data
Vectors Aµ = ∆µν∇̊νT + Taµ, m̂µ, mµ, kµ, KV µ Aµ = ∆µν∇̊νT + Taµ, m̂µ

Antisymmetric Mµν , M̂µν , κAµν , Kµν M̂µν

Table 2. A table of all first order tensors which may contribute to first order antisymmetric tensor
structures, independent of the equations of motion. A vector Y µ can be combined with a velocity
field, uµ, to construct an antisymmetric tensor with one leg parallel to the velocity field, Y [µuν].

which vanish in equilibrium. See table 2. Thus, the non hydrostatic constitutive relations
contributing to the leading order equations of motion take the form

T
[µν]
nh = σA(T )A[µuν] + σm(T )m̂[µuν] + σM (T )M̂µν +O(∇2) , Sλµνnh = O(∇) . (4.5)

The resulting equations of motion at leading order in derivatives can be obtained
by inserting (4.5), (3.15) (appropriately expanded in derivatives as in (3.32)) and the
expressions in (3.38) into (2.25). We find

(d− 1)uµ∇̊µT + T ∇̊µuµ = O(∇2) Aµ = O(∇2),
σmm̂

µ + σAA
µ = O(∇2), σMM̂

µν = O(∇2) .
(4.6)

The first two expressions coincide with the equations of motion for an ideal uncharged
fluid without spin. The last two equations follow from the equations of motion for the spin
current and are new. Before proceeding with the second order in derivative equations of
motion, let us discuss them and their implications in some detail.

Unless σm and σM vanish, the leading order equations of motion for the spin current
imply that

m̂µ = O(∇2) , and M̂µν = O(∇2) . (4.7)

These equations of motion are identical to the constraints coming from the requirement
of hydrostatic equilibrium, see (3.26) . Thus, even though the spin chemical potential
is constrained to satisfy (3.26) in hydrostatic equilibrium, we see from (4.7) that it is
dynamically constrained to take on the same value even outside of hydrostatic equilibrium.
At least to leading order in derivatives. We remind the reader that there is an analagous
situation for Aµ. In hydrostatic equilibrium we have the constraint Aµ = 0 as in (3.22), in
addition, the dynamics ensure that Aµ = 0 also outside of equilibrium as in (4.6).

The equalities in (4.7) (and Aµ = 0) valid to leading order in derivatives has signifi-
cant repercussions on the higher order in derivative structure of the constitutive relations.
For instance, when going to next to leading order in derivatives one may remove tensor
structures which are equivalent under the equations of motion. Thus, Aµ, M̂µν and m̂µ

will not contribute to the stress tensor and spin current at that order in derivatives.
Having M̂µν = 0 and m̂µ = 0 essentially forces the dynamics of the spin current to

take on its hydrostatic value at least to leading order in derivatives. This situation is
consequentially modified if, for some reason σM = σm = 0 (which was studied in [42] and
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referred to as the dynamical spin limit) or if σM and σm are made perturbatively small
in an appropriate sense (as discussed in [29, 78]). A priori there is no reason to consider
either case, but it may be that in certain dynamical situations argued for in [78] the latter
may be physically relevant. Here, and in the remainder of this work, we will consider non
infinitesimal σM and σm. We expect that dynamical situations in which σM and σm are
less relevant to the equations of motion may be worked out using the formalism developed
in this letter. We will discuss this further in section 8.

4.2 Fluid frames

Gradient expansions allow for field redefinitions. In the framework of relativistic hydro-
dynamics without spin this implies that the definition of the velocity field, temperature
and possible chemical potentials may be modified at every order in the gradient expan-
sion. For instance, if we denote the velocity field by uµ then one may equally define, say,
u′µ = uµ + uα∇̊αuµ. The alternate velocity field, u′µ will coincide with uµ at zero order
in gradients but will deviate from it at first order in a derivative expansion.

Of course, physical observable will be independent of the particular choice of frame as
long as the derivative expansion is used consistently. While the solutions to the equations
of motion for uµ and u′µ will differ, the expectation value of the stress tensor under the
equations of motion, appropriately truncated in a derivative expansion will be the same
whichever frame is used. For this reason it is often convenient to choose a useful definition
of the hydrodynamic variables (in terms of higher order derivative corrections) which will
simplify computations.

An often used frame in hydrodynamics without a spin current is the Landau frame
where the velocity field and temperature are chosen such that uµTµν = −ε0uν (with ε0
defined in (3.34)) is valid to all orders in a derivative expansion. To show that such a
frame is possible one starts with the constitutive relations at zero order in derivatives,
Tµν = ε0u

µuν + P0∆µν (with P0 the pressure in equilibrium) and considers how shifts in
uµ and T , u′µ = uµ + δuµ, T ′ = T + δT affect them. One may always choose u′ and T ′

such that the Landau frame condition holds, order by order in a derivative expansion. See,
e.g., [79], for a modern discussion.

Another frame which has been discussed in the literature is the hydrostatic frame. The
hydrostatic frame is the frame in which the hydrostatic constitutive relations naturally
appear after varying the generating function with respect to the sources [45, 46]. To go
from, say, the Landau frame, to the hydrostatic frame, one needs to redefine the velocity
field and temperature field by appropriate higher derivative terms.

In the presence of a spin current one may carry out field redefinitions of the velocity
field, temperature, and spin chemical potential,

u′µ = uµ + δuµ , T ′ = T + δT , µ′ab = µab + δµab . (4.8)

Since the velocity and temperature are zeroth order in derivatives and the spin chemical
potential is first order in derivatives then modifications in the velocity field and temper-
ature, δuµ and δT can be of first or higher order in derivatives, and modifications to the
spin chemical potential, δµab can be of second or higher order in derivatives.
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Since the zeroth order in derivatives expression for the stress tensor, given in (3.33),
is identical to that of a neutral, spinless, fluid, first order shifts in the temperature and
velocity field can only affect the first order symmetric components of the stress tensor,
much like a neutral spinless fluid. Modifications to the spin chemical potential will affect
the second order and higher antisymmetric components of the energy momentum tensor
(as well as second order components of the spin current). Given (4.5) (and assuming that
σm and σM are non zero) we may always choose µab such that, e.g., second order and higher
contributions to the antisymmetric components of the energy momentum tensor vanish.

Taking the above considerations into account, we could define a Landau like frame as
the frame where

uνT
(µν) = − ε0uµ ,

T [µν] =σA(T )A[µuν] + σm(T )m̂[µuν] + σM (T )M̂µν .
(4.9)

The drawback of the Landau like frame in the current context is that useful features of the
hydrostatic frame, such as the grouping of the contributions of certain expressions into BR
terms, is somewhat obscure.

Thus, let us consider a decomposition of the non hydrostatic (nh) terms into non
hydrostatic BR terms (nhBR) and non hydrostatic non BR terms (nhnBR),

Tµνnh =TµνnhBR + TµνnhnBR

Sλµνnh =SλµνnhBR + SλµνnhnBR

(4.10a)

where
TµνnhBR = 1

2∇̊λ
(
SnhBR

λµν − SnhBRµλν − SnhBRνλµ
)
, (4.10b)

and the distinction between SnhBR and SnhnBR is somewhat superficial and can be chosen
conveniently. As we will see shortly, up to the order we are working in, the choice SλµνnhnBR =
0 is possible, but other choices are also allowed. With this decomposition in mind, a
slightly more useful frame which we will use in most of what follows is a hybrid frame
which combines the Landau like frame above, the hydrostatic frame, and non hydrostatic
BR terms, such that

uµT
(µν) =uµ(T (µν)

h+ + T
(µν)
nhBR) ,

T [µν] =
(
T

[µν]
h+ + T

[µν]
nhBR

)
+ σA(T )A[µuν] + σm(T )m̂[µuν] + σM (T )M̂µν ,

(4.11)

where Th+ was defined at the beginning of section 4. Of course, one can go from one frame
to another using standard field redefinitions. In section 7 we will see that, for a certain
range of parameters, the hybrid frame above is incompatible with conformal invariance and
homogenous scaling of the hydrodynamic variables. In that case it is more convenient to
work with a hybrid conformal frame. We will discuss this frame further in section 7 where
it is more relevant.

4.3 Tabulating the constitutive relations

To obtain the most general constitutive relations in our hybrid frame we must tabulate
all possible inequivalent non hydrostatic contributions to the stress tensor and current.
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Tensor type All data EOM Independent
data

Independent non
hydrostatic data

Scalars uµ∇̊µT, θ, κ uνD
ν = 0 θ, κ θ

Vectors
∆µν∇̊νT + Taµ, m̂µ, ∆µ

νD
ν = 0

mµ, kµ, KV µ
mµ, kµ, KV µ ∆µ

αuβL
αβ = 0

Symmetric
σµν σµν σµν

traceless
Antisymmetric Mµν , M̂µν ∆µ

α∆ν
βL

αβ = 0 Mµν

Spin symmetry KµνρA , KµνρT KµνρA , KµνρT

Table 3. A list of all first order in derivative non composite data, the constraints generated by
the equations of motion, and constraints from hydrostatic equilibrium. The expressions for M̂µν

and m̂µ are given in (3.27) and Dµ and Lµν denote energy conservation and angular momentum
conservation respectively (e.g., Lµν = ∇̊λSλµν − 2T[µν] − 2Sλρ[µeν]

aeρ
bKλab, see (2.25)).

While the operative procedure for such a classification has been discussed extensively in
the literature, see for instance, [80], we will briefly outline it for completeness.

To obtain, say, m’th order in derivatives constitutive relations for the stress tensor,
we need to classify all possible m’th order rank 2 tensor structures, barring expressions
which do not contribute in the Landau-like frame we are interested in. It is convenient to
decompose these rank 2 tensors into traceless symmetric tensors transverse to the velocity
field, antisymmetric tensors transverse to the velocity field, vectors transverse to the ve-
locity field and scalars. To obtain the m’th order in derivative contributions to the spin
current we need, in addition, m’th order transverse vectors, and m’th order rank three
tensors whose last two indices are antisymmetric. We will refer to tensors of this type as
tensors possessing spin symmetry.

The various scalars, vectors, and higher rank tensors which we need to construct can
be further grouped into composite and non composite tensors. Composite tensors are
those obtained from products of lower rank tensors, e.g., a composite rank 2 vector can be
obtained by, say, taking a product of a rank 1 scalar and a rank 1 vector. Non composite
tensors can not be reduced to a product of lower order tensors. Once we have all appropriate
non composite tensors at a given order, it is a straightforward combinatorical task to
generate the composite ones at the same order. (Note that one might need to classify
higher rank non composite tensors of lower order for this purpose.)

Finally, since we are working in a derivative expansion, when enumerating tensor struc-
tures at order m we may use the equations of motion up to that order to equate seemingly
different tensor structures. Therefore, when constructing the constitutive relations we need
to classify all appropriate composite and non composite, inequivalent (under the equations
of motion) non hydrostatic tensor structures in the absence of torsion or curvature, to an
appropriate order in derivatives. The main tensor structures required to do so can be found
in tables 3 and 4.

– 23 –



J
H
E
P
0
5
(
2
0
2
3
)
1
3
9

Composite 1st order spin symmetric data
σµ[ρuν], θ∆µ[ρuσ]

Table 4. A list of all composite non hydrostatic first order data with spin symmetry.

From the above data we may now construct the most general T (µν)
nh = 1

2
(
Tµνnh + T νµnh

)
and Sλµνnh to first order in derivatives, and T

[µν]
nh to second order in derivatives. We find,

using the decomposition in (4.10),

SλµνnhnBR = 0 ,

SλµνnhBR = 2σ1σ
λ[µuν] + 2σ2θ∆λ[µuν] ,

T
(µν)
nhnBR = −ζθ∆µν − ησµν

T
[µν]
nhnBR = σA(T )A[µuν] + σm(T )m̂[µuν] + σM (T )M̂µν

(4.12)

As discussed earlier, the distinction between SλµνnhBR and SλµνnhnBR is somewhat arbitrary and
we have chosen to set SλµνnhnBR = 0 for convenience.

Putting together (3.33), (3.38) and (4.12), and setting the torsion to zero, we find

Sλµν =uλ
(
4ρmm[µuν] − 4ρMMµν

)
+ 2χ(1)

1 ∆λ[µuν]

− 2χ(2)
1 Mλ[µuν] + 2χ(2)

2 uλMµν − 2χ(2)
3 uλu[µmν] + 4χ(2)

4 ∆λ[µmν]

+ 2σ1σ
λ[µuν] + 2σ2θ∆λ[µuν] ,

Tµν =
(
ε0 + (ρm + Tρ′m)mαm

α + (ρM + Tρ′M )MαβM
αβ
)
uµuν

+ (P0 + ρmmαm
α + ρMM

αβMαβ)∆µν + uµmαM
αν (2ρm − 4ρM )

+∇λ
(
χ

(1)
1 ∆λ[µuν] − 2χ(2)

1 Mλ[µuν] + 2χ(2)
2 uλMµν − 2χ(2)

3 uλu[µmν] + 4χ(2)
4 ∆λ[µmν]

+ σ1σ
λ[µuν] + σ2θ∆λ[µuν] − λ↔ µ+ λ↔ ν

)
− ζθ∆µν − ησµν + σA(T )A[µuν] + σm(T )m̂[µuν] + σM (T )M̂µν .

(4.13)

The full set of constitutive relations for the stress tensor and spin current, including torsion,
can be found in appendix B.

4.4 The entropy current

One of the main constraints on the constitutive relations in hydrodynamic theory follows
from a local version of the second law of thermodynamics. Following [81] (see also [82–84]
for a modern treatment) we posit that there exists an entropy current JµS satisfying

JµS = suµ +O(∇̊) (4.14)

with s = ∂P/∂T the entropy density, and

∇̊µJµS ≥ 0 . (4.15)
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Equation (4.15) must be statisfied under the equation of motion and poses constraints on
both the constitutive relations for the stress tensor and spin current and on the higher order
corrections to the entropy current in (4.14). In all cases studied so far, (4.14) and (4.15)
completely fix the entropy current to first order in a derivative expansion.

To implement (4.15), we first note that

uν∇̊µTµνid + 1
2µab

(
∇̊λSλabid − 2T [ab]

id

)
= −T ∇̊µ (suµ) (4.16)

implying that suµ is conserved for an ideal fluid. Put differently, the entropy current for
an ideal fluid is given by the first term on the right hand side of (4.14) and the inequality
in (4.15) is saturated.

Motivated by (4.16) we define a canonical entropy current

Jµc = suµ − uν
T

(
Tµν − Tµνid

)
− 1

2
µab
T

(
Sµab − Sµabid

)
(4.17)

which satisfies

∇̊µJµc =− ∇̊µ
(
uν
T

) (
Tµν − Tµνid

)
− 1

2∇̊λ
(
µab
T

)(
Sλab − Sλabid

)
− 1

2
uν
T

(
∇̊µ

(
∇̊λ

(
Sλµν − Sµλν − Sνλµ

)
− SµρσKνρσ

)
+ Sλρσ∇̊νKλρσ

)
− µab

T

(
T ab − T abid + Sλρ

aKλ
bρ
)
,

(4.18)

under the equations of motion. We define the full entropy current as

JµS = Jµc + Jµnc (4.19)

where Jµnc is the most general current one can construct (within a derivative expansion)
such that (4.15) can be satisfied.

To proceed, it is convenient to insert the constitutive relations into (4.18) and expand
them to second order in derivatives. We find that, under the equations of motion,

∇̊µJµc =− ∇̊µ

(
χ

(1)
1
T

(θuµ + κuµ + m̂µ)
)

+ ζθ2

T
+ ησµνσ

µν

T
+O(∇3) .

(4.20)

In order for the full entropy current to be positive semidefinite we must take

Jµnc = χ
(1)
1
T

(θuµ + κuµ + m̂µ) (4.21)

and
ζ ≥ 0, η ≥ 0 . (4.22)

The following comments are in order. First, we emphasize that the equality (4.20)
is satisfied only under the equations of motion. Had the equations of motion not been
satisfied we would have obtained several additional terms on the right hand side of (4.18),
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among them σMM̂µνM̂
µν and σmm̂µm̂

µ. Had the latter type of terms appeared we would
have been forced to set σM ≥ 0 and σm ≥ 0. The fact that M̂µν = 0 and m̂µ = 0 under
the equations of motion implies that, at least to order O(∇3) that we are working in, σM
and σm are not constrained.

In fact, the structure of the canonical entropy current is such that the spin current of
order O(∇) contributes to the entropy current at order O(∇3) and therefore, can not be
constrained by positivity of ∇̊ ·JS at the order we are working in. To fully constrain all the
transport coefficients associated with the terms in (4.12) we need to compute ∇̊µJµS to the
next order in derivatives. While we will not carry out such an analysis here, we point out
that, at least for fluids without spin, the constraints obtained from the hydrostatic partition
function together with the first order constraints on positivity completely determine the
entropy current [61]. We believe that a similar analysis for fluids with spin will lead to the
same result implying that the constraints obtained by the hydrostatic partition function
together with (4.22) are the full set of constraints following from (4.15). We will return to
this issue in a future publication.

We also note that the entropy current obtained in (4.21) is unique. By requiring
that (4.14) and (4.15) are valid in an arbitrary background geometry, we were forced to
fix (4.21). The non vanishing contribution of Jµnc to the entropy current is neccesary
to obtain (4.14) and (4.15). Note also that it ensures that the total entropy current
JµS is independent of the choice of improvement terms once the torsion is set to zero.
This observation resolves some issues raised in previous work [85] regarding the effect of
improvement terms (sometimes referred to as pseudo-gauge transformations) on entropy
production.

Apart from the constraints coming from (4.15) and constraints coming from Onsager
relations (which may be related to (4.15), see [81]) it was shown in [86] that there may
exist extra constraints on transport coming from unitarity. To compute these additional
constraints one would have to construct a Schwinger-Keldysh effective action for hydrody-
namics with spin. This too, will be the topic of a future publication.

The full constitutive relations for a fluid with spin can be obtained by combining (3.15),
(3.38a), (3.38b) and (4.12). For ease of reference, we have collected these terms together in
equation (4.13) in the vanishing torsion limit, and in appendix B in generality. But before
ending this section let us comment on one particularly puzzling feature of the constitutive
relations associated with χ(1)

1 in (3.39). A careful look at (3.39) and (4.12) reveals that the
coefficient multiplying the shear tensor (usually referred to as the shear viscosity) is given
by −χ(1)

1 − η, and not just −η. Yet, it is only η that contributes to entropy production
and it is also only η which is restricted to be positive (likewise, as we shall see in the next
section, standard positivity constraints on correlation functions constrain η and not χ(1)

1 ).
Further, it is only η which contributes to the equations of motion on account of terms
associated with χ(1)

1 being of BR type. A similar observation can be made regarding χ(1)
1

and the bulk viscosity ζ. At this point one might wonder whether χ(1)
1 contributes to any

physical observable. In section 5 we will show that it does. In particular, it will contribute
to the value of the stress tensor slightly out of equilibrium, and to stress tensor correlators
in equilibrium.

– 26 –



J
H
E
P
0
5
(
2
0
2
3
)
1
3
9

5 Linear response and Kubo formulas

It is often convenient to relate the various coefficient functions of the constitutive relations
to low momenta and low frequency correlation functions. Especially from an experimental
standpoint. In what follows we will compute the Kubo formula for all coefficients which
contribute to linear response theory.

Recall that retarded correlation functions of the stress tensor in flat space can be
obtained by varying the on-shell stress tensor with respect to a background metric. That
is, the response of the on-shell stress tensor in the presence of a perturbative background
metric relates to the retarded correlation function in the absence of such,

Gνb,
µ
a = δ

δeaµ
|e|T νb

∣∣∣
e=δ0,ω=ω̊

, (5.1a)

where by e = δ0 we mean that we evaluate the variation of the stress tensor on a flat
background, and ω = ω̊ implies that we have set the torsion to zero. Likewise,

Gνc,
µ
ab = 2 δ

δωµab
|e|T νc

∣∣∣
e=e0,ω=ω̊

, (5.1b)

Gλab,
µ
c = δ

δecµ
|e|Sλab

∣∣∣
e=e0,ω=ω̊

, (5.1c)

Gµcd,
ν
ab = 2 δ

δωνab
|e|Sµcd

∣∣∣
e=e0,ω=ω̊

. (5.1d)

Thus, contributions to the expectation value of the spin current and stress tensor which
are linear in contorsion will contribute to correlation functions in a torsionless background
and must therefore be included when classifying all possible constitutive relations for the
stress tensor and current (which is the reason we have included them in our analysis).

To evaluate the on shell stress tensor and spin current in the presence of a perturbed
metric and perturbed contorsion tensor we must first solve the linearized hydrodynamic
equations. The hydrostatic solution to the equations of motion (2.25), in a flat torsionless
background is given by uµ = uµ0 , T = T0 and µab = 0 where

uµ0 = (1, 0) (5.2)

in Cartesian coordinates and with T0 constant. To compute (5.1) we consider uµ = uµ0 +δuµ,
T = T0 + δT and µab = δµab, and solve the linearized equations for δuµ, δT and δµab in
a background geometry with a linearly perturbed metric gµν = ηµν + hµν and linearly
perturbed spin connection ωµab = ω̊µ

ab + oµ
ab, where ω̊µab is expanded to linear order in

hµν . These linearized equations take the schematic form

BX = S (5.3)

where B is a d(d+1)/2×d(d+1)/2 matrix, independent of the hydrodynamic sources, δT ,
δuµ and δµab or on the background perturbations hµν and oµab,X is a d(d+1)/2 dimensional
vector of the hydrodynamic sources, and S is a d(d+ 1)/2 dimensional vector composed of
linear combinations of the background perturbations. By solving (5.3) and inserting the
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solution into the expressions for the stress tensor and current (equations (B.1), (B.4), (B.6),
and (B.7)) we can compute their variations explicitly using (5.1) and obtain the associated
correlation functions. Before doing so, and as an intermediate result, we can set S = 0 on
the right hand side of (5.3) and study propagating modes in the linearized hydrodynamic
theory.

5.1 An aside on sound modes

Solving the linearized hydrodynamic equations often leads to the observation of sound
modes or other propagating modes associated with an appropriate dispersion relation.
Indeed, a non trivial solution to (5.3) with S = 0 will exist only if |B| = 0. Going to
Fourier space with the conventions

f(t, ~x) =
∫
e−iωt+i

~k·~xf̂(ω,~k)d3kdω , (5.4)

we find
|B| = (σM − 2iωρM )Pd(ω , k)Ps(ω , k) , (5.5)

with Pd and Ps fourth order polynomials in ω. Solving |B| = 0 reveals three gapped modes
in addition to the more standard diffusion and sound modes present in fluids without spin.
In what follows we will discuss these solutions in some detail. We comment that our analysis
is restricted to configurations for which σm 6= 0 and σM 6= 0. If one of these coefficients
vanishes the dynamical equations for the spin chemical potential will be modified, making
this analysis moot. We will not discuss the dynamical spin limit in this work.

At the derivative order that we are working in, the first term on the right hand side
of (5.5) is associated with gapped modes, ω = ω0 with

ω0 = i
σM
2ρM

. (5.6)

In this case the solution to the linearized equations is given by

δT = 0, δui = 0, δmi = 0, δMij = εij`1...`d−2k
`1φ`2...`d−2 . (5.7)

In real space this is equivalent to δM = ∗dφ with φ a d− 3 form and ∗ proportional to the
hodge dual. Stability requires σMρM ≤ 0.

The four solutions to Pd = 0 are given by

ω = ω0 −
2iσMρM (ρMσm + ρmσM )

4P ′0Tρ2
Mσm + ρmσM (σAσMT + 4P ′0ρMT − σmσM )

k2 +O(k4) (5.8)

ωd = − iη

2T0P ′0
k2 +O(k3) (5.9)

ω± = iT0P
′
0

T0σA − σm
± i

√
T0ρmP ′0 (T0ρmP ′0 − T0σAσm + σ2

m)
T0ρmσA − ρmσm

+O(k2) , (5.10)

where ω0 was defined in (5.6). One can check that stability of ω+ and ω− together requires
T0σA − σm < 0 and σmρm < 0. The constraint (4.22) suggests that P ′0 ≥ 0 is a necces-
sary and sufficient condition for Im(ωd) ≤ 0, and Im(ω±) ≤ 0 poses stability constraints
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involving ρm, σA, σm and derivatives of the pressure. The linearized solutions associated
with ω = ω0 +O(k2) are the same as in (5.7) up to O(k) corrections. The gapped modes
associated ω± are of the form

δT = O
(
k2
)
, δmi ∝ δui , δM ij ∝ kiδuj − kjδui , (5.11)

and the modes associated with ωd are the standard diffusion modes

δT = O(k2) δui = εij1,...jd−1kj1vj2...jd−1 δmi = O(k3) δM ij = O(k2) . (5.12)

where vj2...jd−1 is a d-2 form.
The four solutions to Ps = 0 are given by ωs± which satisfy

ωs± = ±csk − i
(d− 1)ζ + (d− 2)η

2(d− 1)T0P ′0
k2 +O(k3) , (5.13)

and ω± which have been defined in (5.8). Stability of these modes does not provide addi-
tional constraints on the transport coefficients of the linearized theory. The modes associ-
ated with ω± are identical to those associated with the ω = ω± solution to Pd = 0, while
the sound modes (associated with ωs±) are given by

δT =
(
±kcs + ik2 (d− 1)ζ + (d− 2)η

2(d− 1)T0P ′0

)
T0φ+O(k3) δui = kiφ+O(k2) (5.14)

δmi = O(k2) δM ij = O(k3)

where cs is the speed of sound

c2
s = P ′0

T0P ′′0
. (5.15)

Thus, as advertised, we find that in spin hydrodynamics there exist gapped modes ω0
and ω± in addition to the standard sound and diffusion modes, ωs± and ωd present in
hydrodynamics without spin. The modes presented here would be in agreement with [29]
were σA and σm to vanish.

5.2 Kubo formula

Once we go to Fourier space, equations (5.3) become algebraic and can be solved ana-
lytically. It is then straightforward, though somewhat tedious to insert the solution back
into the stress tensor and current and carry out the variation in (5.1) to obtain the ap-
propriate Greens functions. Since the original equations of motion were valid to second
order in a derivative expansion we can use the Greens function to obtain Kubo formulae
for the transport coefficients which play a role in linearized hydrodynamics. Our results
are summarized below.

After a somewhat long computation we find that the Kubo formula for the bulk and
shear viscosity remain unchanged from those of a normal fluid,

ζ = lim
ω→0

lim
k→0

1
ω

Im
(
Gµν,ρσ∆(0)µν∆(0)ρσ

)
(d− 1)2 ,

η = 2
(d− 2) (d+ 1) lim

ω→0
lim
k→0

1
ω
Im
(
Gµν,ρσ∆(0)µνρσ

)
.

(5.16)
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Here the subscript (0) specifies that we are evaluating expressions in the background solu-
tion (5.2). More explicitly,

uµ(0) = (1,~0) ,

∆µν
(0) = ηµν + uµ(0)u

ν
(0)

∆µνρσ
(0) = ∆µ(ρ

(0) ∆σ)ν
(0) −

1
d− 1∆µν

(0)∆
ρσ
(0) .

(5.17)

A naive glance at the contribution of χ(1)
1 to the constitutive relations in (4.3) and (4.12)

might lead one to argue that the shear viscosity should be given by η + χ
(1)
1 and that the

bulk viscosity should also be modified in a similar manner. However the results in (5.16),
which are consistent with the results of the entropy current analysis (4.22) suggest that
it is η and ζ which specify the shear and bulk viscosity and not the modified expression
mentioned above. The Kubo formula for χ(1)

1 (defined in (3.31)) can be obtained from the
zero momenta correlator,

4χ(2)
9 −

(
χ

(1)
1

)2

2T0P ′0
= − 1

(d− 1) (d− 2)2 lim
ω→0

lim
k→0

Re
(
Gλρσ,καβ

)
∆λρ∆σα∆κβ , (5.18)

where χ(2)
9 is determined via (5.20) below. The Kubo formula for χ(2)

i defined in (3.31) can
be determined from the following zero frequency correlation functions:

χ
(2)
1 + χ

(2)
10 = − 2

(d− 2) (d− 3) lim
k→0

lim
ω→0

Re
(
Gλρσ,καβΠ(0)λαΠ(0)ρβu(0)σu(0)κ

)
,

χ
(2)
2 + 2χ(2)

7 = − lim
k→0

lim
ω→0

1
(d− 2) k2 Im

(
Gλρσ,µνΠ(0)ρνu(0)λk(0)σu(0)µ

)
,

χ
(2)
3 + 2χ(2)

6 = − lim
k→0

lim
ω→0

1
k2 Im

(
Gλρσ,µνu(0)λu(0)ρkσu(0)µu(0)ν

)
,

χ
(2)
4 + χ

(2)
8 = lim

k→0
lim
ω→0

1
2 (d− 2) k2 Im

(
Gλρσ,µνΠ(0)µνu(0)λu(0)ρk(0)σ

)
,

χ
(2)
6 + χ

(2)
3 − ρm = lim

k→0
lim
ω→0

1
k2Re

(
Gλρσ,καβu(0)λu(0)κu(0)ρkσu(0)αkβ

)
,

χ
(2)
7 + χ

(2)
2 + ρM = lim

k→0
lim
ω→0

1
2 (d− 2) k2Re

(
Gλρσ,καβΠ(0)ραu(0)λk(0)σu(0)κkβ

)
(5.19)
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and

χ
(2)
8 = lim

k→0
lim
ω→0

1
2 (d− 2) k2 Im

(
Gλρσ,µνΠ(0)λρkσuµuν

)
,

χ
(2)
9 = lim

k→0
lim
ω→0

1
8 (d− 2)2 k2

Im
(
Gλρσ,µνkρΠ(0)λσΠ(0)µν

)
,

χ
(2)
5 + (d− 2)χ(2)

12
d− 1 = − lim

k→0
lim
ω→0

1
k4 Im

(
Gλρσ,µνkλu(0)ρkσu(0)µkν

)
,

χ
(2)
5 −

χ
(2)
12

d− 1 = lim
k→0

lim
ω→0

(d− 1)
2 (d− 2) k2 Im

(
Gλρσ,µνΠ(0)λρu(0)σu(0)µkν

)
,

χ
(2)
12 −

χ
(2)
10
2 = lim

k→0
lim
ω→0

1
k2

2Re
(
Gµν,[ρσ]u(0)µu(0)σΠ(0)νρ

)
d− 2 − ε

 ,
χ

(2)
11 + χ

(2)
10
2 = lim

k→0
lim
ω→0

1
k2

2Re
(
Gµν,ρσu(0)νu(0)σΠ(0)µρ

)
d− 2 + P

 ,
χ

(2)
9 + d− 3

d− 2
χ

(2)
14
2 = lim

k→0
lim
ω→0

1
8k2

2Re
(
Gµν,[ρσ]kνkσΠ(0)µρ

)
d− 2 − P

 ,
χ

(2)
14 + χ

(2)
13
2 = lim

k→0
lim
ω→0

1
k2

3Re
(
Gµν,[ρσ]Π(0)µρΠ(0)νσ

)
2 (d− 2) (d− 3) − 3

4P

 ,

(5.20)

and ρm and ρM are given by

2 (d− 2) (d− 1)
(
ρm + χ

(2)
7 + χ

(2)
2

)
= lim

ω→0
lim
k→0

Re
(
Gλρσ,καβu(0)λu(0)κ∆(0)ρα∆(0)σβ

)
,

(d− 1)


(
χ

(1)
1

)2

2∂P0
∂T T

+ ρM − χ(2)
6 − χ

(2)
3

 = lim
ω→0

lim
k→0

Re
(
Gλρσ,καβu(0)λu(0)κu(0)ρu(0)α∆(0)σβ

)
.

(5.21)

It may seem somewhat surprising that we need to consider zero momentum correlators to
get a handle over transport coefficients generated by the hydrostatic generating function.
We believe that had we had control over the second order symmetric components of the
stress tensor, we would have been able to obtain zero frequency Kubo formula for ρm
and ρM .

Finally, the Kubo formula for the non hydrostatic terms σ1 and σ2 are given by

σ1 − 2χ(2)
12 = − 2

(d− 2) (d+ 1) lim
ω→0

lim
k→0

1
ω
Im
(
Gλρσ,µu(0)ρ∆(0)λσµν

)
σ2 − 2χ(2)

5 +
(
∂χ

(1)
1
∂s

)(
∂χ

(1)
1

∂T

)
= − lim

ω→0
lim
k→0

1
ω
Im
(
Gλρσ,µν∆(0)ρλu(0)σ∆(0)µν

)
.

(5.22)

At the order we are working in, there are no Kubo formula for σm, σM and σA. This
is a result of the algebraic equations of motion, (4.7) which imply that the stress tensor is
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insensitive to these coefficients under the equations of motion. The same reasoning doesn’t
allow us to obtain constraints on σm and σM as we now show.

Kubo formulas can be used to constrain transport coefficients. As far as we are aware
these constraints always match the constraints obtained from requiring positivity of the
entropy current. One of the main observations used in this context is that for any Hermitian
operator O the imaginary part of the retarded function GOO(ω, k) should be positive for
ω > 0

ImGOO(ω, k) ≥ 0 . (5.23)

From (5.23) it follows that

ImGii,ii ≥ 0 no sum on i ,
ImG12,12 ≥ 0 i 6= j and no sum on i, j ,

(5.24)

which implies that
η ≥ 0 ζ ≥ 0 , (5.25)

matching the entropy current analysis (4.22).
It is not possible to extract similar information from the spin current without access

to higher order terms in the derivative expansion. For instance, the non hydrostatic second
order contributions to the spin current, parameterized by λ1 and λ3,

Sλµν(2) = . . .+ uλ
[
u[µ∆ν]

ρ L u
T
λ1k

ρ + ∆[µ
ρ ∆ν]

σ L u
T
λ3K

ρσ
]

+ . . . (5.26)

will lead to

− lim
ω→0

lim
k→0

1
ω
Im
(
Gλµν,κρσ(ω,0)u(0)λu(0)κ∆(0)µ[ρ∆(0)σ]ν

)
=− 1

(d−1)2


(
χ

(2)
2 −2ρM

)2

σM
+λ3


(5.27)

and

− lim
ω→0

lim
k→0

1
ω
Im
(
Gλµν,κρσ(ω, 0)u(0)λu(0)κu(0)[µ∆(0)ν][ρu(0)σ]

)
= 1
d− 1


(
2ρm + χ

(2)
3

) (
2T
(
χ(1)σA + s

(
2ρm + χ

(2)
3

))
− σmχ(1)

)
sσmT

− λ1

 .

(5.28)

Thus, without including the additional factors of λ we might have erroneously con-
cluded that σM > 0, or if σA = 0 then σm > 0. That the sign of σm and σM is undeter-
mined, is compatible with the entropy current analysis. We note that equation (5.27) with
χ

(2)
2 = 0, ρM = 0, and λ3 = 0 was obtained in [29].

It can be shown that a generic combination of the stress tensor, Tµν , and spin current,
Sλµν , which we schematically write out as O = a1T + a2S will not give any additional
constraints on transport, again, compatible with our entropy current analysis.
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6 Charged fluids

Often one is interested in fluids which conserve charge in addition to energy and momentum.
In this case, the chemical potential, µ, conjugate to the charge serves as an additional
(scalar) hydrodynamic degree of freedom whose equation of motion is determined by charge
current conservation. In this section we will extend our analysis to include an Abelian
conserved current. Our analysis will not be as comprehensive as that carried out for
uncharged fluids. We will mainly be interested in the constitutive relations for the stress
tensor, spin current and charge current in the absence of torsion. We leave a full analysis
of the Kubo formula associated with a charge current to future work.

Let us start with the conservation equations for energy, angular momentum and cur-
rent. In place of (1.2) we now have

δS =
∫
ddx|e|

(
Tµaδe

a
µ + 1

2S
µ
abωµ

ab + JµδAµ + E · δφ
)

(6.1)

with Aµ an external gauge field associated with the conserved charge generated by Jµ.
(We will be using Aµ to denote the gauge field and also the particular combination of
acceleration and temperature derivatives cf., table 2. We hope that the reader will be
able to distinguish the two from context.) Following the analysis in section 2 the resulting
equations of motion are given by

∇̊µTµν = F νρJρ + 1
2R

ρσνλSλρσ − TρσKρσν ,

∇̊λSλµν = 2T[µν] − 2Sλρ[µK
ρ
ν]λ ,

∇̊ρJρ = 0

(6.2)

where Fµν = ∂µAν−∂νAµ (in the absence of anomalies). Equations (6.2) are a combination
of (2.5) and (2.25).

As before, we separate the constitutive relations into two categories. Those constitutive
relations that come from hydrostatics, and non hydrostatic constitutive relations. That is,
in addition to (4.4) we have

Jµ = Jµh + Jµnh , (6.3)

where
Jµh = 1

|e|
∂W

∂Aµ
. (6.4)

Consider the hydrostatic sector. In addition to the vielbein and spin connection, we
have added an external gauge field Aµ which couples to the charge current which, in
hydrostatic equilibrium, is invariant under the timelike Killing vector, V µ, the Lorentz
parameter θV ab, and, a gauge parameter ΛV such that

0 = £VAµ + ∂µΛV . (6.5)

(Compare with (3.1).) As in (3.2) we wish to construct a generating function W from
Aµ (and the vielbein and spin connection) and from ΛV (and V µ and θV

a
b) and their
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Zeroth order hydrostatic scalars in the presence of charge
µ

Order two hydrostatic scalars in the presence of charge

S̃(1) = Eµm
µ S̃(2) = Eµk

µ S̃(3) = Eµ (KV )µ

S̃(4) = BµνM
µν S̃(5) = BµνK

µν S̃(6) = BµνκA
µν

Table 5. Second order hydrostatic scalars which are associated with a U(1) charge and will
contribute to the stress tensor and current at zero and first order in derivatives and to the anti-
symmetric components of the stress tensor at second order in derivatives. Here Eµ = Fµνuν and
Bµν = ∆µρ∆νσF

ρσ.

derivatives, which is coordinate, Lorentz, and gauge invariant. The relations (3.3) remain
unchanged since gauge transformations do not affect the vielbein and spin connections. In
addition to it, we have

δΛV = £ξΛV −£V Λ . (6.6)

Since
µ = V µAµ + ΛV√

−V 2
(6.7)

is a Lorentz and gauge invariant scalar (δAµ = £ξAµ + ∂µΛ), it is convenient to use it
in the generating function in place of ΛV . Similar to the situation with uµ, T and µab

which were defined in (3.4), µ will be interpreted as the chemical potential in hydrostatic
equilibrium.

Thus, we should extend W in (3.30) to include gauge invariant contributions coming
from Aµ and µ. At zero order in derivatives this implies that the pressure term P in (3.30)
will also depend on µ. At first order in derivatives we find that, for a generic number
of dimensions, there are no further first order in derivative contributions to W, but χ(1)

1
may depend on µ in addition to its dependance on T . At second order in derivatives we
find that there are six additional scalars that can contribute to W which will affect the
antisymmetric components of the stress tensor at second order in derivatives. These scalars
can be found in table 5. Using the scalars in table 5 and 1, and omitting those contributions
which vanish in the absence of torsion, we have

W = P + χ
(1)
1 κ+

4∑
i=1

χ
(2)
i S(i) +

6∑
i=1

χ̃
(2)
i S̃(i) . (6.8)

Where now P = P (T, µ, m(0), M(1)), and χ
(i)
j = χ

(i)
j (T, µ). With the generating function

W at hand we can use (3.7) and (6.4) to obtain the constitutive relations in hydrostatic
equilibrium. The explicit form of the constitutive relations generated by the generating
function in hydrostatic equilibrium have been collected in appendix B.

Out of equilibrium we can add those scalars, vectors and tensors which vanish in
hydrostatics due to the stationarity conditions (3.1) and (6.5). We find that, in addition to
the first order scalars, vectors, and tensors in table 3, there is an additional scalar uα∇̊αµ
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2nd order antisymmetric tensor 1st order antisymmetric tensor 1st order vector

u[µ∆νρ
(
T ∇̊ρ

( µ
T

)
− Eρ

)
uλu[µ∆ν]ρ

(
T ∇̊ρ

( µ
T

)
− Eρ

)
∆µρ

(
T ∇̊ρ

( µ
T

)
− Eρ

)
Table 6. All contributions to the constitutive relations at subleading order in derivatives which
vanish in the absence of a U(1) charge current.

which is not an independent scalar under the equations of motion, and one additional
independent vector, T ∇̊µ

( µ
T

)
− Eρ with Eµ = Fµνuν . Thus, out of equilibrium, we have

one additional contribution to the second order antisymmetric stress tensor, one tensor
with spin current symmetry and one vector contribution to the charge current, see table 6.
The full constitutive relations for the stress tensor, spin current and charge current can be
found in appendix B.

An interesting feature of hydrodynamics with spin and charge is that the hydrostatic
condition m̂µ = 0 (cf., (3.26)) is no longer satisfied under the full equations of motion.
Instead, using (B.17), we find

m̂µ =

 σ̃A
∂P0
∂T
∂P0
∂µ

+ µ
T

+ σ̃e

∆νρ
(
T ∇̊ρ

(
µ

T

)
− Eρ

)
, (6.9)

(compare with (4.7)). The dynamical equation M̂µν = 0 is unchanged in the presence of
charge.

7 Conformal fluids

In many instances the structure of the stress tensor and spin current is further constrained
by symmetries. Since conformal invariance is often associated with fixed points of RG flow,
it is sometimes particularly useful to consider constraints on transport which follow from
conformal symmetry.

Conformal transformations includes all those coordinate transformations which scale
the Minkowski metric by an overall multiplicative function. It is always possible to place
a conformally invariant theory on a curved manifold such that the resulting dynamics are
Weyl invariant [87]. Infinitesimal Weyl transformations scale the vielbein by an overall
mutliplicative function which we denote by φ,

δW e
a
µ = φeaµ . (7.1)

In what follows infinitesimal Weyl transformations of fields which result in an overall mul-
tiplicative constant will be referred to as homogenous. Tensors which transform homoge-
nously under Weyl transformations will be referred to as Weyl covariant tensors. Note that
the transformation (7.1) implies that the ringed connection transforms inhomogenously,

δW ω̊µ
ab = 2e[a

µe
b]ν∂νφ . (7.2)
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If we take a conformally invariant theory and place it in a background with non trivial
curvature and with non trivial torsion, the resulting dynamics will still be Weyl invariant
as long as the spin connection transforms as the ringed spin connection, up to an overall
multiplicative constant which we parameterize by q [88, 89],

δWωµ
ab = 2(1− q)e[a

µe
b]ν∂νφ . (7.3)

Equation (7.3) implies, via (2.11), that the contorsion tensor satisfies

δWKµ
ab = −q2e[a

µe
b]ν∂νφ . (7.4)

Thus, if our action is invariant under (7.1) and (7.4) it will be invariant under Weyl
transformations. This suggests that in a flat torsionless background the theory will be
conformal invariant for q = 0. If q 6= 0 it seems that Kµ

ab will transform inhomogenously
under conformal transformations implying that a torsionless background will transform
into a torsionfull background under conformal transformations. In what follows we will
entertain the possibility of arbitrary q, but keep in mind that q = 0 is more relevant for
the physical setting we have in mind.

If we manage to construct a Weyl invariant action then the stress tensor, derived from
varying the action with respect to the vielbein, must satisfy

Tµµ = (1− q)∇̊µSλλµ , (7.5)

and Weyl transformations of the stress tensor and spin current read

δWT
µν = −(d+ 2)φT µν + (q − 1)Sµνρ∂ρφ− (q − 1)Sλλµ∇̊νφ

δWS
λµν = −(d+ 2)φSλµν .

(7.6)

Thus, our strategy for constructing the conformally invariant constitutive relations will be
to ensure that (7.5) and (7.6) are satisfied. We note in passing that in a theory with q = 0
we may recover the standard tracelessness condition and Weyl rescaling relations upon an
appropriate BR transformation.

Let us start by constructing constitutive relations which transform homogenously un-
der Weyl rescalings. Once such constitutive relations are available it is straightforward to
construct Weyl covariant tensors, such as the spin current, from them. Constructing the
energy momentum tensor, which is not Weyl covariant, requires some more work, as we
shall see shortly.

To construct constitutive relations which transform homogenously under Weyl rescal-
ings, we generalize the techniques of [90]. Consider the zeroth order in derivative hydro-
dynamic variables, T and uµ. Using the hydrostatic relations (3.4) and the scaling of the
vielbein and spin connection (7.1) and (7.3) we find that

δWT = −φT , δWu
µ = −φuµ . (7.7)

Thus, zero order in derivative terms will always scale homogenously under Weyl transfor-
mations.
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Hydrodynamic variables Background torsion

δWmα = (1− q)∆α
β∂βφ

δWM
αβ = −3φMαβ

δW θ = −φθ + (d− 1)uα∂αφ
δWaµ = ∆µ

ν∂νφ

δWΩµν = −3φΩµν

δWσ
µν = −3φσµν

δWu
µ∂µT = −2φuµ∂µT − Tuµ∂µφ

δW∆µ
ν∂νT = −φ∆µ

ν∂νT − T∆µ
ν∂νφ

δWkµ = −q∆µ
ν∂νφ

δWK
µν = −3φKµν

δWκ = −φκ− q(d− 1)uα∂αφ
δWκS

µν = −3φκSµν

δWκA
µν = −3φκAµν

δWKV µ = −2q(d− 2)∆µ
ν∂νφ

δWKT αβµ = −4φKT αβµ

δWKAαβµ = −4φKAαβµ

Table 7. A listing of relevant Weyl transformations of first order quantities, derived from the
transformation rules (7.1), (7.4) and (7.7).

Weyl covariant vectors Weyl covariant scalars
Aα = Taα + ∆α

µ∇̊µT θT + (d− 1)uα∂αT
(1− q)aα −mα qθ + κ

qaα + kα

2q(d− 2)aα +KV α

Table 8. Composite, homogenously transforming (under Weyl rescalings) scalars and vectors
whose components do not transform homogenously under Weyl rescalings. Note that κ transforms
homogenously under Weyl rescalings for q = 0.

At first order in derivatives we can construct tensors which contain explicit derivatives
of the zero’th order hydrodyhamic variables, and, in addition, the various components of
the contorsion tensor and the spin connection. We have collected all relevant first order
tensors and their transformation laws under Weyl rescalings in table 7. The tensorsmα, aµ,
∆µ

ν∂νT , kµ, KµV , θ, κ and uα∂αT do not transform homogenously under Weyl rescalings
(for generic q) but we may construct linear combinations of them which do transform
homogenously. We have collected the independent homogenously transforming first order
scalars and vectors in table 8.

To proceed, it is convenient to define a Weyl connection and a Weyl covariant deriva-
tive, constructed in such a way that derivatives of Weyl covariant tensors will also be Weyl
covariant [90]. Indeed, suppose we have at our disposal a connection Aµ satisfying

δWAµ = ∂µφ , (7.8)

from which we construct Aλµν ,

Aλµν = gµνAλ − δλµAν − δλνAµ . (7.9)

– 37 –



J
H
E
P
0
5
(
2
0
2
3
)
1
3
9

From Aµ and Aλµν we can construct a Weyl covariant derivative,

D̊µQα1...
β1... = ∇̊µQα1...

β1... − ωAµQα1...
β1... −A

ρ1
µβ1

Qα1...
ρ1... + . . .+Aα1

µσ1Q
σ1...

β1... + . . . ,

(7.10)
where ω is the Weyl weight of Qα1...

β1...,

δWQ
α1...

β1... = ωQα1...
β1... . (7.11)

The Weyl covariant derivative satisfies

δW
(
D̊µQα1...

β1...

)
= ωφD̊µQα1...

β1... . (7.12)

It remains to construct the connection Aµ. One possibility for a connection is

Aµ = aµ −
θ

d− 1uµ . (7.13)

There are other connections which we may construct out of the first order quantities in
table 7 which will have the property (7.8). All of these connections will differ from (7.13)
by the vectors and scalars in table 8; differences of connections are proper tensors. Thus,
we may, without loss of generality, use the connection (7.13). It is now straightforward to
construct non composite, second order in derivative quantities by acting with D̊µ on first
order in derivative quantities.

As mentioned earlier, now that we have a full classification of the relevant Weyl co-
variant tensors constructed from the hydrodynamical variables and sources, it is straight-
forward to construct Weyl covariant tensors, such as the spin current, from them. As is
clear from (7.6) the stress tensor is not Weyl covariant for q = 0 (or any q 6= 1 for that
matter). In order to construct constitutive relations for the stress tensor such that (7.5)
and (7.6) are satisfied we first construct a Weyl covariant tensor T µν such that

δWT µν = −(d+ 2)φT µν (7.14)

and
T µµ = (1− q)∇̊µSλλµ . (7.15)

Given T µν we may construct Tµν via the relation

Tµν = T µν + (q − 1)SµνρAρ − (q − 1)SρρµAν . (7.16)

The definition (7.16) and the property (7.15) ensure that (7.5) and (7.6) are satisfied.
We now have all the necessary ingredients in order to construct the constitutive rela-

tions for a conformally invariant theory. In the remainder of this section we will follow the
same path taken in previous sections. We first construct the conformally invariant hydro-
static partition function and then consider non hydrostatic contributions to the resulting
constitutive relations.

A conformally invariant hydrostatic partition function, W , can be constructed by re-
quiring that W is invariant under Weyl rescalings, or δWW = −dφW. In order to obtain
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First order Weyl covariant scalars
δq 0κ

Second order Weyl covariant scalars

Sc(1) = S(1), Sc(2) = S(2), Sc(3) = (1− q)((1− q)k + qm)2, Sc(4) = ((1− q)k + qm) · (KV − 2(d− 2)k)
Sc(5) = κ2, Sc(6) = S(7), Sc(7) = (KV − 2(d− 2)k)2, Sc(8) = S(10),

Sc(9) = S(11), Sc(10) = S(12), Sc(11) = S(13), Sc(12) = S(14)

Table 9. First and second order Weyl covariant scalars which may contribute to the parition
funciton at the order we are interested in. When q = 1 the covariant vector (1−q)kµ+qmµ reduces
to mµ in which case the contribution of ((1 − q)k + qm)2 can be identified with that of m2 which
has been taken into account by considering the ideal constitutive relations. For this reason we have
multiplied the expression associated with Sc(3) with an overall factor of 1− q.

all possible first and second order Weyl covariant scalars we take linear combinations of
the scalars in table 1 using the data in table 8. The resulting list of Weyl covariant scalars
can be found in table 9. Using the data in table 9, we find that the hydrostatic partition
function reads,

W = P +W(1) +W(2) (7.17)

where

P = p0T
d + rMT

d−2M(1) + rmT
d−2δq1m(0) +O(∇̊4)

W(1) = x
(1)
1 T d−1 κ

W(2) =
12∑
i=1

x
(2)
i T d−2Sc(i) .

(7.18)

Here, p0, rm, rM and the x(j)
i ’s are real numbers. The Kronecker delta δq 1 ensures that

the hydrostatic partition function includes all possible scalars for generic values of q and
for q = 1. Note that κ is conformal invariant in the hydrostatic limit for any value of q,
but is conformal invariant in general only for q = 0. Therefore, later, when including non
hydrostatic corrections, we will need to modify the expressions associated with x

(1)
1 and

x
(2)
5 so that they are conformal invariant for all values of q.

The stress tensor Tµνh+ and spin current Sλµνh associated with (7.18) can be obtained by
varying the generating function W with respect to the vielbein and spin connection respec-
tively, and adding non hydrostatic terms to expressions derived from terms linear in Kµ

ab

so that the resulting stress tensor is of the BR type. (Recall the discussion around (3.39).)
Instead of carrying out this variation explicitly, we can read the result off of (3.33)–(3.34)
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and (3.36)–(3.38) by making the substitutions

P0 = p0T
d ε0 = (d− 1)p0T

d χ
(1)
1 = x

(1)
1 T d−1

χ
(2)
1 = x

(2)
1 T d−2 χ

(2)
2 = x

(2)
2 T d−2 χ

(2)
3 =

(
−2(1− q)2qx

(2)
3 − 2(d− 2)qx(2)

4

)
T d−2

χ
(2)
4 = qx

(2)
4 T d−2 χ

(2)
5 = x

(2)
5 T d−2

χ
(2)
6 =

(
(1− q)3x

(2)
3 + 2(d− 2)(q − 1)x(2)

4 + 4(d− 2)2x
(2)
7

)
T d−2

χ
(2)
7 = x

(2)
6 T d−2 χ

(2)
8 = (1− q)x(2)

4 T d−2 χ
(2)
9 = x

(2)
7 T d−2

χ
(2)
10 = x

(2)
8 T d−2 χ

(2)
11 = x

(2)
9 T d−2 χ

(2)
12 = x

(2)
10 T

d−2

χ
(2)
13 = x

(2)
11 T

d−2 χ
(2)
14 = x

(2)
12 T

d−2 ρm = (q2(1− q)x(2)
3 + rmδq 1)T d−2

ρM = rMT
d−2 .

(7.19)
The explicit form of the resulting constitutive relations can be found in appendix B.
Weyl invariance of the generating function W guarantees that, in the hydrostatic limit,

the stress tensor and spin current will satisfy (7.5) and (7.6). Yet, a naive computation
of the Weyl transformation of Tµνh+ (or Tµνh ) resulting from the constitutive relations given
in appendix B do not reproduce (7.6). This is due to the inhomogenous transformation
properties of kµ and KV µ under Weyl rescalings together with the fact that we have dropped
terms quadratic in contorsion. Once we include the full hydrostatic constitutive relationsx2
derived from W , quadratic in contorsion, into the stress tensor, then (7.6) will be satisfied.
Since the constitutive relations for the stress tensor at second order in the contorsion tensor
are somewhat long we will have chosen not to list those terms here. The interested reader
can find the terms relevant for this computation in appendix C. We have also checked that
Tµνh+ and Sλµνh satisfy (7.5) and (7.6) outside of hydrostatic equilibrium.

In order to construct a Weyl covariant non hydrostatic tensor T µνnh (and from it the
stress tensor Tµνnh using the prescription of (7.16)) and the Weyl covariant non hydrostatic
spin current Sλµνnh , we consider the non covariant constitutive relations (4.12) and use table 7
to remove from them all non Weyl covariant expressions. We find that in order for the
non hydrostatic spin current to transform covariantly under Weyl rescalings, we need to
set σ1 = T d−2s1 and σ2 = 0 in (4.12), leading to

SλµνnhBR = 2T d−2s1σ
λ[µuν] . (7.20)

To construct the Weyl covariant tensor T µνnh from the non Weyl covariant expression,
Tµνnh , of (4.12) we must not only set ζ = 0 in (4.12) and scale the remaining transport
coefficients by powers of T , we must also replace the ringed derivatives in (4.12) with Weyl
covariant ones:

T (µν)
nh = −hT d−1σµν − D̊λ

(
SµλνnhBR − S

λνµ
nhBR

)
T [µν]
nh = D̊λSλµνnhBR + sAT

d−2A[µuν] + smT
d−2m̂[µuν] + sMT

d−2M̂µν .
(7.21)

Note that (7.15) is trivially satisfied since SnhBRλλµ = 0.
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We can now construct the non hydrostatic stress tensor using the prescription of (7.16)
with T µν and Sµνρ replaced by T µνnh and Sµνρnh . The only missing terms we need to include
are corrections to the x(1)

1 and x
(2)
5 terms once q 6= 0 and we are outside of hydrostatic

equilibrium. Some trial and error reveals that we need to add to the spin current a term of
the form 4x(2)

5 qθ∆λ[µuν] and to the stress tensor contributions of the form T d−1qx
(1)
1 θ((d−

1)uµuν+∆µν) and 1
2x

(2)
5 T d−2q(KνV uµ−K

µ
V u

ν−4κµνA )θ. The resulting constitutive relations
are presented in appendix B. It is given in a non Landau like frame since the latter will
not have manifest conformal symmetry.

The constitutive relations for the conformal fluid described in this section will be
modified in the presence of a charge current. The chemical potential and external gauge
field associated with the charge current allow for additional tensor structures both in the
non conformally invariant case and the conformally invariant one. Since we have refrained
from classifying the constitutive relations for the charge current in the presence of an
external torsion field, we will only discuss the q = 0 torsionless, conformal, constitutive
relations for a charged fluid with spin. (Recall that since torsion does not transform
homogenously under Weyl rescalings, a q 6= 0, torsionless background can be transformed
into a torsionfull one.)

Consider the hydrostatic generating function for a charged fluid, (6.8). When q = 0
the vectors kµ and KµV transform homogenously under Weyl rescalings, (see table 7) so all
the scalars in table 5 will contribute to W, except for S̃(1). Thus, the generating function
for a conformal charged fluid will take the form

W = p0T
d + T d−1x

(1)
1 κ+

2∑
i=1

T d−2x
(2)
i S

(c)
i +

6∑
i=2

T d−2x̃
(2)
i S̃i , (7.22)

where p0 the x(2)
i , and the x̃(2)

i all depend on the chemical potential to temperature ratio
µ/T . The explicit form of the hydrostatic constitutive relations for a conformal charged
fluid, obtained by the variation of (7.22) can be found in appendix B.

For the non hydrostatic terms we note that ∆µν
(
∇̊ν

(
T µ
T

)
− Eν

)
transforms homoge-

nously under Weyl rescalings. Thus, the constitutive relations for the stress tensor and
current are similar to those for the uncharged fluid, with the addition of the new terms
associated with ∆µν

(
∇̊ν

(
T µ
T

)
− Eν

)
(and the dependence of the transport coefficients on

µ/T ). The full constitutive relations for a conformally invariant charged fluid with spin
can be found in appendix B.

8 Summary and discussion

In this work we have constructed the most general constitutive relations for an uncharged
fluid with spin in the presence of external torsion and a charged fluid with spin in the
absence of torsion. As emphasized in the introduction, one does not expect background
torsion to play a role in, say, the dynamics of heavy ion collisions. The reason we have
included torsion in the constitutive relations is that, without it, one would obtain incorrect
Kubo formula for the various transport coefficients. (This is similar to the need for including

– 41 –



J
H
E
P
0
5
(
2
0
2
3
)
1
3
9

a non trivial background metric in order to compute Kubo formula in flat space.) Another
reason we have included background torsion is that it might be relevant as an effective
theory for certain condensed matter systems with dislocations; see e.g. [91, 92]. We have
also carried out a brief analysis of the effect of charge and of conformal invariance. Our
main results have been collected in appendix B for ease of reference.

To summarize the essential features of our analysis, consider the equations of motion
for an uncharged fluid, given by (2.25). Using the constitutive relations in appendix B, the
leading order terms for these equations (in the absence of torsion) take the form

∂s

∂T
uµ∂µT + ∂P

∂T
θ = 0

Aµ = 0
σmm̂

µ = 0
σMM̂

µν = 0 ,

(8.1)

Where s = ∂P
∂T is the entropy density, θ = ∇̊µuµ, m̂µ = µµαuα−aµ, M̂µ = ∆µ

α∆ν
βµ

αβ+Ωµν

and Aµ = ∆µν∇̊νT + Tuα∇̊αuµ (not to be confused with the gauge potential Aµ which
sources the charge current).

The first two equations in (8.1) are the standard equations for energy and momentum
conservation. The last two equations follow from spin current conservation and, as long as
σm and σM are non zero imply

m̂µ = 0 M̂µν = 0 . (8.2)

The relations (8.2) were derived previously in [8] by appealing to the Boltzmann equation.
(See [12, 13] for reviews on this subject.) In our work these relations were obtained as
dynamical equations in the absence of charge. In the presence of charge the relations (8.1)
are modified and as a result, the first equality in (8.2) is replaced by (6.9). We do find
that, charged or not, (8.2) are always valid in hydrostatic equilibrium.

One of the unusual features of (8.2) is that the spin chemical potential is determined
algebraically from the acceleration and vorticity. This means, among other things, that one
can not impose initial conditions for the spin chemical potential independent of the velocity
and temperature. Rather, it is determined algebraically from derivatives of the velocity. In
a previous paper, [42], we have worked out the constitutive relations for a conformal fluid
with spin, in the absence of torsion, in what we referred to as the dynamical spin limit.
In the notation of the current paper, this corresponds to setting σm = 0 and σM = 0.
If σm and σM vanish, then the leading equations of motion for the spin current become
second order equations (recall that the spin chemical potential is counted as first order
in derivatives) involving derivatives of m̂µ and M̂µν . This implies that the equations of
motion for the spin chemical potential become first order differential equations. For this
reason we have referred to the σm = 0 and σM = 0 limits as a dynamical spin limit.
Note that, at least in our current formalism, one can not simply take the limit σm → 0
or σM → 0 of (8.1) in order to obtain the dynamical spin limit since we are working in a
frame where higher order corrections to the antisymmetric components of the stress tensor
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vanish. As discussed in section 4.4 this frame choice is only allowed for σm 6= 0 and σM 6= 0.
Thus, in a sense, the work in [42] treats a specialized limit of the constitutive relations for
hydrodynamics with spin which can not be captured by our current formulation. As of the
time of writing of this note, we could not find symmetry arguments which would enforce
σm = 0 or σM = 0.

The authors of [29, 78] have set σm = 0 and treated σM as perturbatively small by
using dynamical considerations; see also [41] for a perturbative computation of the latter
in an effective model for QCD.

Thus, we expect their analysis to be valid only for flows for which this approximation
is valid. We have found that their resulting constitutive relations and correlation functions
match ours where a comparison can be made. An earlier derivation of the constitutive
relations for the stress tensor and spin current can be found in [93]. One of the differences
between the current work and that of [93] is that the authors of [93] used the spin current
itself as a degree of freedom (replacing our mµ and Mµν). If we only consider the consti-
tutive relations for the stress tensor then our expressions match theirs once we remove the
BR contributions.

One particular transport coefficient which is absent from the constitutive relations
described both in [29, 78] and in [93] is the first order term χ

(1)
1 which contributes to the

spin current in the form
Sλµν = . . .+ 2χ(1)

1 ∆λ[µuν] (8.3)

and contributes to the stress tensor via a BR term, (2.23). One argument that has been
made for the vanishing of χ(1)

1 in [29, 78] is that such terms do not contribute to the fully
antisymmetric components of the spin current and that minimal coupling of fermions to
torsion generate a fully antisymmetric spin current. While true, it doesn’t seem to us
a necessary condition for setting χ

(1)
1 = 0. Once the theory is coupled to torsion, even

perturbatively, all terms compatible with the symmetry should be allowed and therefore
χ

(1)
1 may appear in the constitutive relations. An extended discussion of the behavior of
χ

(1)
1 under CPT transformations can be found towards the end of this section.

The hydrostatic equations (3.26) (derived from (3.24)) imply that the order in deriva-
tives of the contorsion tensor is tied to the acceleration and vorticity terms which are
usually counted as first order in derivatives. Indeed, in this work we have set the con-
torsion tensor (and therefore the spin chemical potential) to be first order in derivatives.
But other possibilities are allowed. For instance, one could allow for uµKµ

ab to be first
order in derivatives, but other components of the contorsion tensor to be zeorth order in
derivatives. This would be similar to the derivative counting of the electromagnetic field
strength in magnetohydrodynamics [71] where the magnetic field is counted as one order
lower than the electric field. In both the former, and the latter cases, the spin chemical
potential is counted as first order in derivatives.

In order to have a zeroth order in derivatives spin chemical potential one would need
the acceleration and vorticity to be zeroth order in derivatives quantities. We point out
that it is impossible to achieve hydrostatic equilibrium (with real temperature and velocity
field) in Minkowski space with a non zero acceleration and vorticity. Indeed, in hydro-
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static equilibrium the acceleration and vorticity are given by appropriate derivatives of the
velocity field which in Minkowski space must take the form (1,~0). Thus, in Minkwoski
space, (and in the absence of torsion), the spin chemical potential must vanish in equil-
birium. Since unforced fluid dynamics will tend to reach an equilibrium configuration, the
spin chemcial potential will tend to vanish over time. For this reason it is also physically
sensible to count the spin chemical potential as a first order in derivative quantity. This
observation may be contrasted with an analysis of the spin chemical potential in some
applications of heavy ion collisions (see, .e.g, [8, 10, 94, 95] ) where a background velocity
(in four dimensions) of the form

uµdx
µ = γ (−Ωydx+ Ωxdy) (8.4)

with γ−1 =
√

1− Ω2(x2 + y2), is used, and leads to

aµdx
µ = −γ2Ω2(xdx+ ydy) Ωµνdx

µ ∧ dxν = −γ3Ωdx ∧ dy . (8.5)

In order to avoid complex solutions one needs to supplement (8.4) by boundary condi-
tions (or some gluing scheme) at some finite radius, R < Ω−1. Boundary conditions which
preserve (8.4) imply that the tangential component of the fluid is not dissipated upon
contact with the boundary which seems somewhat unusual for a non-superfluid. Gluing
the rotating fluid solution to a vacuum solution or to some other fluid would imply, via
a surface tension term, that such a configuration can not be stable (though it may be
metastable with a sufficiently long lifetime).

To properly deal with solutions for which vorticity and acceleration can be properly
counted as zero order in derivative quantities one would need to develop a formalism where
arbitrary powers of vorticity and acceleration appear at the “ideal” fluid level. (Linearly
perturbing normal fluid dynamics around the solution (8.4) is equivalent to an uncontrolled
truncation of the latter.) One approach to constructing a hydrostatic theory which incor-
porates vorticity and acceleration as zero order quantities would be to place the theory on
a curved manifold where the magnetic components of the Riemann curvature, cf., [59], are
counted as zero order in derivative quantities, similar to the procedure for magnetohydro-
dynamics mentioned above. On top of that, one should then be able to add contorsion and
then obtain a zero order in derivative spin chemical potential. In [78] elements of such an
analysis have been carried out.

As we have emphasized time and again, the background torsion we turn on is simply
a means to identify a canonical spin current and stress tensor which are useful in describ-
ing the dynamics of fluids with spin. At the end of the day, if we are to describe a flat
torsionless background we may set torsion to zero. Once we do so, we expect to be able
to use the standard hydrodynamic description of the fluid at least for the temperature
and velocity fields. Satisfyingly, this is indeed the case. If one uses the improved stress
tensor TµνI defined in (2.17) then energy momentum conservation will reduce to the usual
relativistic hydrodynamic equations of motion for T and uµ. In addition, one will find that
the spin chemical potential follows the acceleration and vorticity as in (8.2) (or its modi-
fied version (6.9) in the presence of charge). Thus, in the absence of torsion the standard
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T PT CPT

T + + +
µ + + -
u0 + + +
ui - - +
µ0i + - -
µij - - -
m0 - - -
mi + - -
M0i + - -
M ij - - -
θ - - -
a0 - - -
ai + - -
σ00 - - -
σ0i + - -
σij - - -
Ω0i + - -
Ωij - - -

(a) CPT transformation prop-
erties of the hydrodynamic vari-
ables and some of their deriva-
tives.

T PT CPT

g00 + + +
g0i - + +
gij + + +
Ki0

0 + - -
Kij

0 - - -
Kj0
i - - -

Kjk
i + - -

A0 + + -
Ai - + -
κ - - -
K0i + - -
Kij - - -
κ0i
A + - -
κijA - - -

(b) Spurionic CPT transforma-
tion properties of sources and
some sources contracted with
hydrodynamic variables.

Table 10. CPT transformation properties of the hydrodynamic variables, some of their derivatives,
and spurionic transformation properties of the sources.

rules of hydrodynamics apply and they are supplemented by an additional algebraic con-
straint relating the spin chemical potential to the other hydrodynamic variables. Similar
conclusions were reported in [78].

Our result is also inline with the general perception that in the absence of torsion, im-
provement terms (sometimes referred to as pseduo-gauge transformations) should not affect
physical observables. Indeed, in our formalism, carrying out a BR type of transformation
(in the absence of torsion) will not modify the equations of motion of the fluid.

We end this section with a discussion of the CPT transformation properties of the
hydrodynamic variables uµ, T , µab and µ (allowing for a chemical potential) and the
spurionic version of these transformations on the sources eaµ, ωabµ and Aµ (if a U(1) charge
current is present). In what follows, to keep our notation compact, we will consider even
dimensional theories where parity flips the sign of all spatial directions. An analysis of
CPT for odd dimensions is straightforward.

The vielbein is even under CPT (and so is the metric), the spin connection is odd
under CPT and the vector potential is also odd under it. To determine the transformation
properties of the hydrodynamic variables we may use the hydrostatic relations (3.4). Since
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the timelike Killing vector V µ is invariant under CPT, we find that T is even and µab and µ
are odd under CPT. We have collected the CPT transformation rules of various quantities
under CPT in table 10.

One can use the CPT transformation properties in table 10 to constrain properties
of transport coefficients. For instance, a CPT even partition function would imply that
χ

(1)
1 (µ, T ) depend on odd powers of µ. A full analysis of constraints on CPT transformation

properties of transport coefficients would require a Schwinger-Keldysh effective action type
of analysis, similar to the one carried out in, e.g., [86, 96, 97]. We leave such a study for
future work.
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A A compendium of decompositions

In this work we have often decomposed various external sources and hydrodynamic quan-
tities with respect to the residual SO(d − 1) symmetry associated with spatial rotations
orthogonal to the velocity field. In this appendix we have collected the decomposition of
various quantities into representations of the SO(d− 1) symmetry for ease of access. Our
main tool for constructing a decomposition is the projection

∆µν = gµν + uµuν . (A.1)

We will also often use a symmetrized and antisymmetrized indices using round or square
brackets respectively,

A[µν] = 1
2 (Aµν −Aνµ) S(µν) = 1

2 (Sµν + Sνµ) . (A.2)

A.1 Hydrodynamic quantities

We often need the decomposition of the gradient of the velocity field

∇̊µuν = 1
d− 1θ∆µν − uµaν + σµν + Ωµν , (A.3)
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where
θ = ∇̊µuµ ,
aν = uµ∇̊µuν ,

Ωµν = ∆ρ
µ∆σ

ν ∇̊[ρuσ] ,

σµν = ∆µνρσ∇̊ρuσ

(A.4)

with
∆µνρσ = ∆µ(ρ∆σ)ν − 1

d− 1∆µν∆ρσ . (A.5)

Similarly, the decomposition of the chemical potential is given by

µab = uamb − ubma +Mab (A.6)

so that
ma = µabub

Mab = ∆a
c∆b

dµ
cd .

(A.7)

A.2 The contorsion tensor

Similar to the hydrodynamic fields we can decompose the contorsion tensor into compo-
nents,

Kµ
ab =− uµ

(
uakb − ubka +Kab

)
+ 2κ
d− 1u

[a∆b]
µ + 2u[aκS

b]
µ + 2u[aκA

b]
µ (A.8)

+ 1
d− 2∆µ

[aKV b] +KT µab +KAµab , (A.9)

where
ka = uµubKµ

ab ,

Kab = ∆a
c∆b

du
µKµ

cd ,
(A.10)

denote the decomposition of uµKµab into a vector and antisymmetric tensor,

κ = eµcKµ
cdud ,

κS
µν = ∆µνρ

cKρ
cdud ,

κA
µν =

(∆µ
c∆ρν −∆ν

c∆µρ

2

)
Kρ

cdud ,

(A.11)

denote the decomposition of ∆νµKµ
abub into a scalar, symmetric traceless tensor and an-

tisymmetric tensor, and

KV µ = 2∆µ
d∆ρ

cKρ
cd ,

KAλρσ = ∆[ρ
c∆σ

d∆λ]αKα
cd

KT µαβ = ∆α
c∆d

β∆ν
µKν

cd − 1
d− 2∆[α

µ KV β] −KAµαβ
(A.12)

denote the decomposition of ∆νµ∆a
α∆b

βKµ
ab into a vector, an antisymmetric tensor, and

a mixed traceless tensor,

KT µµσ = 0 , KT [ρσλ] = 0 , KAρσλ = KA[ρσλ] . (A.13)
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Order two hydrostatic scalars

S(1) = Mµνκ
µν
A S(2) = MµνK

µν S(3) = mµk
µ S(4) = mµKµV S(5) = κ2

S(6) = k · k S(7) = KµνK
µν S(8) = k · KV S(9) = KV · KV S(10) = KµνκA

µν

S(11) = κAµνκA
µν S(12) = κS µνκS

µν S(13) = KAµνρKAµνρ S(14) = KT µνρKT µνρ

Table 11. Summary of second order independent inequivalent hydrostatic scalars which may
contribute to the equations of motion up to second order in derivatives. This information can also
be found in table 1.

Second order Weyl covariant scalars

Sc(1) = S(1), Sc(2) = S(2), Sc(3) = (1− q)((1− q)k + qm)2, Sc(4) = ((1− q)k + qm) · (KV − 2(d− 2)k)
Sc(5) = κ2, Sc(6) = S(7), Sc(7) = (KV − 2(d− 2)k)2, Sc(8) = S(10),

Sc(9) = S(11), Sc(10) = S(12), Sc(11) = S(13), Sc(12) = S(14)

Table 12. Summary of second order Weyl covariant hydrostatic scalars which may contribute to
the equations of motion up to second order in derivatives. This information can also be found in
table 9.

A.3 Miscellaneous quantities and definitions

Apart from the above decompositions, we often use the following quantities which vanish
in hydrostatic equilibrium,

Aµ = ∆µν∇̊νT + Taµ

m̂µ = mµ − kµ − aµ

M̂µν = Mµν −Kµν + Ωµν

(A.14)

The first entry was taken from table 2 and the last two entries were taken from (3.27).
Also, we decompose the external field strength, Fµν , into a magnetic component, Bµν

and an electric component, Eµ,

Eµ = Fµνuν Bµν = ∆µρ∆νσF
ρσ . (A.15)

Finally, when considering conformal theories, we use a Weyl covariant connection similar
to that discussed in [90],

Aµ = aµ −
θ

d− 1uµ . (A.16)

(See (7.13).)

A.4 Scalars, vectors and tensors

Often, we need to classify various scalar, vector and tensor structures. We have collected
these in the tables below.

B The constitutive relations

For ease of reference, we have collected the full set of constitutive relations for a fluid with
a spin current. We will first present our most general result for the constitutive relations
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Order two hydrostatic scalars in the presence of charge

S̃(1) = Eµm
µ S̃(2) = Eµk

µ S̃(3) = Eµ (KV )µ

S̃(4) = BµνM
µν S̃(5) = BµνK

µν S̃(6) = BµνκA
µν

Table 13. Second order hydrostatic scalars which are associated with a U(1) charge which may
contribute to the equations of motion up to second order in derivatives. This information can also
be found in table 5.

First order non hydrostatic independent scalars
θ

First order non hydrostatic independent vectors
T ∇̊µ

( µ
T

)
− Eµ

First order non hydrostatic independent symmetric tensors
σµν

Table 14. Independent non hydrostatic data. The entries of this table are collected from table 3
and the discussion around table 6.

of the stress tensor and spin current in a curved torsionfull background relevant when
expanding the equations of motion to second order in derivatives and keeping terms linear
in torsion. We will then discuss various modifications of this result when we go to a flat
spacetime and set the torsion to zero, take the conformal limit or consider the effect of
charge. At appropriate places we refer to the main text where the computations have been
carried out.

The constitutive relations on a curved torsionfull background are given by

Tµν = Tµνid + Tµνh+ + Tµνnh

Sλµν = Sλµνid + Sλµνh + Sλµνnh .
(B.1)

Here, the subscript id refers to the ideal components of the fluid, generated from the
pressure term in the generating function. The subscripts h and h+ refer to components
coming from higher order contributions to the hydrostatic generating function, with the +
denoting the BR completion of the hydrostatic terms as discussed at length at the beginning
of section 4. The subscript nh refers to non hydrostatic terms. We further decompose these
two terms into BR terms and non BR terms,

Tµνh+ = Tµνh+BR + TµνhnBR

Tµνnh = TµνnhBR + TµνnhnBR

Sλµνh = SλµνhBR + SλµνhnBR

Sλµνnh = SλµνnhBR + SλµνnhnBR ,

(B.2)
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with

Tµνh+BR = 1
2∇̊λ

(
SλµνhBR − S

µλν
hBR − S

νλµ
hBR

)
TµνnhBR = 1

2∇̊λ
(
SλµνnhBR − S

µλν
nhBR − S

νλµ
nhBR

)
.

(B.3)

B.1 Generic, uncharged fluid in a torsionfull, curved background.

The explicit form of the constitutive relations for the ideal components is given by

Tµνid =
(
ε0 + (ρm + Tρ′m)mαm

α + (ρM + Tρ′M )MαβM
αβ
)
uµuν

+ (P0 + ρmmαm
α + ρMM

αβMαβ)∆µν

+ uµmαM
αν (2ρm − 4ρM ) +O(∇4)

Sλµνid =uλ
(
4ρmm[µuν] − 4ρMMµν

)
+O(∇4) ,

(B.4)

where
ε0 = T

∂P0
∂T
− P0 . (B.5)

(Taken from (3.33) and (3.34).) Here O(∇4) denotes terms which are fourth order in
derivatives but do not contain any explicit derivatives of the hydrodynamic fields.

The explicit form of the hydrostatic components of the stress tensor and current are
given by

ShBR
λµν = 2χ(1)

1 ∆λ[µuν]

− 2χ(2)
1 Mλ[µuν] + 2χ(2)

2 uλMµν − 2χ(2)
3 uλu[µmν] + 4χ(2)

4 ∆λ[µmν]

+ 4χ(2)
5 κ∆λ[µuν] + 2uλ

(
2χ(2)

6 k[µuν] + 2χ(2)
7 Kµν + χ

(2)
10 κA

µν
)

+ 2uλχ(2)
8 KV

[µuν] + 4∆λ[µ
(
χ

(2)
8 kν] + 2χ(2)

9 KV
ν]
)
− 2χ(2)

10 K
λ[µuν]

− 4χ(2)
11 κA

λ[µuν] + 4χ(2)
12 κS

λ[µuν] + 4χ(2)
13 KA

λµν + 4χ(2)
14 KT

µνλ

ShnBR
λµν = + 2uλ

(
χ

(2)
1 κA

µν + χ
(2)
2 Kµν − χ(2)

3 u[µkν]
)
− 2χ(2)

4 uλu[µKV ν] +O(∇2)
(B.6a)

and

TµνhnBR =
(
T
∂χ

(1)
1

∂T
− χ(1)

1

)
κuµuν + χ

(1)
1
d− 2
d− 1κ∆µν

+ 2χ(1)
1 u(µkν) + 1

2χ
(1)
1 uµKV ν − χ(1)

1 κS
µν − χ(1)

1 κA
µν

+ χ
(2)
1

(
KT αβ[µ +KAαβ[µ

)
uν]Mαβ + χ

(2)
1 κMµν

d− 1

+ χ
(2)
1

2(d− 2)u
[µMν]βKV β − 2χ(2)

1 u[µκA
ν]βmβ + χ

(2)
1 Mα[µ

(
κA

ν]
α − κSν]

α

)
− 2χ(2)

2 u[µ
(
Mν]αkα +Kν]αmα

)
− χ(2)

3 u[µ
(
Mν]αkα +Kν]αmα

)
+ 2χ(2)

4 KA
µναmα + 2χ(2)

4 KT
[µν]αmα + χ

(2)
4

(d− 2)K
[µ
V m

ν]

− χ(2)
4 u[µMν]αKV α + 2χ(2)

4 u[µ
(
κA

ν]α − κSν]α
)
mα + 2χ(2)

4 (d− 2)
(d− 1) κu[µmν] .

(B.6b)
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The non hydrostatic components of the stress tensor and current are given by

SλµνnhnBR = 0 ,

SλµνnhBR = 2σ1σ
λ[µuν] + 2σ2θ∆λ[µuν] ,

TµνnhnBR = −ζθ∆µν − ησµν + σAA
[µuν] + σmm̂

[µuν] + σMM̂
µν .

(B.7)

(Taken from (4.12).)

B.2 Conformal uncharged fluid in a torsionfull, curved background.

The explicit form of the constitutive relations for the ideal components of an uncharged
conformal fluid is given by

Tµνid =
(
p0(d− 1)T d + δq 1rm(d− 1)T d−2mαm

α + rM (d− 1)T d−2MαβM
αβ
)
uµuν

+ (p0T
d + δq 1rmT

d−2mαm
α + rMT

d−2MαβMαβ)∆µν

+ uµmαM
ανT d−2 (2δq 1rm − 4rM ) +O(∇4)

Sλµνid =uλT d−2
(
4δq 1rmm

[µuν] − 4rMMµν
)

+O(∇4) ,

(B.8)

where p0, rm and rM are real constants. (Taken by inserting (7.19) into (3.33).)

The explicit form of the hydrostatic components of the stress tensor and current are
given by

T−(d−2)ShBR
λµν = 2x(1)

1 Tδq0∆λ[µuν]

−2x(2)
1 Mλ[µuν]+2x(2)

2 uλMµν−4(1−q)2x
(2)
3 uλ(qu[µuν]+(q−1)k[µuν])

+x(2)
4

(
uλ
(
4(d−2)qu[µmν]+8(d−2)(q−1)k[µuν]−2(q−1)K [µ

V u
ν]
)

+4(1−q)∆λ[µkν]+4q∆λ[µmν]
)

+4x(2)
5 κ∆λ[µuν]+4x(2)

6 uλKµν

+x(2)
7

(
uλ
(
16(d−2)2k[µuν]−8(d−2)Kµ

V u
ν]
)

+8∆λ[µK
ν]
V −16(d−2)∆λ[µkν]

)
+2x(2)

8

(
uλκµνA −K

λ[µuν]
)
−4x(2)

9 κ
λ[µ
A uν]+4x(2)

10 κ
λ[µ
S uν]+4x(2)

11 K
λµν
A +4x(2)

12 K
µνλ
T

T−(d−2)ShnBR
λµν = 2x(2)

1 uλκA
µν+2x(2)

2 uλKµν+4q(1−q)x(2)
3 uλ

(
(q−1)u[µkν]+qm[µuν]

)
+2qx(2)

4 uλ
(
2(d−2)u[µkν]−u[µK

ν]
V

)
(B.9)
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and

T−(d−2)TµνhnBR = (d− 2)Tx(1)
1 κuµuν + Tx

(1)
1
d− 2
d− 1κ∆µν + 2Tx(1)

1 u(µkν)

+ 1
2Tx

(1)
1 uµKV ν − Tx(1)

1 κS
µν − Tx(1)

1 κA
µν

+ x
(2)
1

(
κMµν

d− 1 + 1
2(d− 2)u

[µMν]
βK

β
V +

(
K
αβ[µ
A uν] +K

αβ[µ
T uν]

)
Mαβ

− u[µκ
ν]β
A mβ +Mα

[µκ
ν]
Aα −Mα

[µκ
ν]
S α

)
− 2x(2)

2

(
u[µKν]αmα + u[µMν]αkα

)

+ (1− q)x(2)
3

(
2(q − 1)u[µKν]αmα − 2qu[µMν]

αm
α + 2(q − 1)u[µMν]

αk
α
)

+ qx
(2)
4

(
2K [µν]α

A mα + 2K [µν]α
T mα + K

[µ
V m

ν]

d− 2 + 2(d− 2)u[µKν]αmα

+ 2(d− 2)
d− 1 κu[µmν] + 2(d− 2)u[µMν]αkα − u[µMν]αKV α + u[µκ

ν]α
A mα − u[µκ

ν]α
S mα

)
,

(B.10)

where the χ(i)
j ’s are real constants. (Taken by inserting (7.19) into (3.38).) The non

hydrostatic components of the stress tensor and spin current are given by

SλµνnhnBR = 0 ,

SλµνnhBR = 4x(2)
5 qθ∆λ[µuν] + 2T d−2s1σ

λ[µuν] ,

TµνnhnBR = − hT d−1σµν + sAT
d−2A[µuν] + smT

d−2m̂[µuν] + sMT
d−2M̂µν

+ qT d−2s1

(
θσµν

d− 1 − σ
µρaρu

ν
)

+ T d−1qx
(1)
1 θ((d− 1)uµuν + ∆µν)

+ 1
2x

(2)
5 T d−2q(KνV uµ −K

µ
V u

ν − 4κµνA )θ

(B.11)

where s1, sA, sm and sM are real constants. (Taken from (7.20), (7.21) and by using

1
2D̊λ

(
Sλµν − Sµλν − Sνλµ

)
= 1

2∇̊λ
(
Sλµν − Sµλν − Sνλµ

)
+ SµνρAρ − SρρµAν (B.12)

in implementing the prescription of (7.16) as discussed below (7.21) .) Note that the last
term on the right hand side of TµνnhnBR does not satisfy the Landau frame condition and
may be removed by a frame transformation. Such a frame transformation will induce a
non standard scaling relation for the hydrodynamic variables which will ensure conformal
invariance.

B.3 Generic charged fluid in a torsionless background.

In a torsionless background many of the previous constitutive relations simplify. In ad-
dition, there are additional contributions to the ideal and non ideal constitutive relations
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coming from the background electromagnetic field and the charge chemical potential. The
explicit form of the constitutive relations for the ideal components is given by

Tµνid =
(
ε0 +

(
ρm + T

∂ρm
∂T

+ µ
∂ρm
∂µ

)
mαm

α +
(
ρM + T

∂ρM
∂T

+ µ
∂ρM
∂µ

)
MαβM

αβ
)
uµuν

+ (P0 + ρmmαm
α + ρMM

αβMαβ)∆µν

+ uµmαM
αν (2ρm − 4ρM ) +O(∇4)

Sλµνid =uλ
(
4ρmm[µuν] − 4ρMMµν

)
+O(∇4) ,

(B.13)

where now
ε0 = T

∂P0
∂T

+ µ
∂P0
∂µ
− P0 . (B.14)

(Obtained by varying the pressure term in the generating function given in (6.8).)
The explicit form of the hydrostatic components of the stress tensor and current are

given by

ShBR
λµν = 2χ(1)

1 ∆λ[µuν]

− 2χ(2)
1 Mλ[µuν] + 2χ(2)

2 uλMµν − 2χ(2)
3 uλu[µmν] + 4χ(2)

4 ∆λ[µmν]

− 2χ̃(2)
2 uλu[µEν] + 4χ̃(2)

3 ∆λ[µEν] + 2χ̃(2)
5 uλBµν − 2χ̃(2)

6 Bλ[µuν]

ShnBR
λµν = 2uλ

(
−2χ̃(2)

1 u[µEν] + χ̃
(2)
4 Bµν

)
(B.15)

and

TµνhnBR = 0 . (B.16)

(Obtained by varying the non pressure terms in the generating function given in (6.8).)
The non hydrostatic components of the stress tensor and current are given by

SλµνnhnBR = 0 ,

SλµνnhBR = 2σ1σ
λ[µuν]+2σ2θ∆λ[µuν]+2σ3u

λu[µ∆ν]ρ
(
∇̊ρ
(
µ

T

)
−Eρ

)
,

TµνnhnBR =−ζθ∆µν−ησµν+σm
(
m̂[µuν]+σ̃AA[µuν]−σ̃eu[µ∆ν]ρ

(
∇̊ρ
(
µ

T

)
−Eρ

))
+σMM̂µν .

(B.17)

(Obtained using the entries in table 6.) In writing the last equality we have replaced what
we referred to in the uncharged case as σA with σmσ̃A since the resulting equations of
motion take a simpler form. Recall that if σm = 0 we are in the dynamical spin limit
and the constitutive relations change drastically. See [42] or section 8 for an extended
discussion.

In addition to the energy momentum tensor and spin current we must also specify the
constitutive relations for the charge current, Jµ. Using (6.4) and the last entry in table 6
we find

Jµ = ∂P0
∂µ

uµ + σE∆µρ
(
T ∇̊ρ

(
µ

T

)
− Eρ

)
(B.18)

where we are working in a (Landau) frame where Jµuµ = −∂P0
∂µ .
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B.4 Conformal charged fluids in a torsionless background

The constitutive relations for a conformal charged fluid (with q = 0) in a flat torsionless
background are of the form

Tµνid =
(
p0(d− 1)T d + rM (d− 1)T d−2MαβM

αβ
)
uµuν

+ (p0T
d + rMT

d−2MαβMαβ)∆µν − 4uµmαM
ανT d−2rM +O(∇4)

Sλµνid = − 4uλT d−2rMM
µν +O(∇4) ,

(B.19)

where now p0, rm, and rM are functions ofmu/T . (This relation can be obtained from (B.13)
together with the constraint coming from the requirement that the mαm

α term be confor-
mal invariant and that P0 = T dp0(µ/T ) and ρM = T d−2rm(µ/T ).) The explicit form of
the hydrostatic components of the stress tensor and current are given by

T−(d−2)ShBR
λµν = 2x(1)

1 T∆λ[µuν] − 2x(2)
1 Mλ[µuν] + 2x(2)

2 uλMµν

− 2x̃(2)
2 uλu[µEν] + 4x̃(2)

3 ∆λ[µEν] + 2x̃(2)
5 uλBµν − 2x̃(2)

6 Bλ[µuν]

T−(d−2)ShnBR
λµν = 2uλ

(
−2x̃(2)

1 u[µEν] + x̃
(2)
4 Bµν

)
(B.20)

and

TµνhnBR = 0 . (B.21)

(Obtained by removing non conformal terms from (B.15) (see (7.22)) and setting χ(1)
1 =

T d−1x
(1)
1 (µ/T ) and χ(2)

i = T d−1x
(2)
i (µ/T ).) The non hydrostatic components of the stress

tensor and spin current are given by

SλµνnhnBR = 0 ,

SλµνnhBR = 2T d−2s1σ
λ[µuν] + 2T d−2s3u

λu[µ∆ν]ρ
(
T ∇̊ρ

(
µ

T

)
− Eρ

)
,

TµνnhnBR = − hT d−1σµν + smT
d−2

(
m̂[µuν] + s̃AA

[µuν] − s̃eu[µ∆ν]ρ
(
∇̊ρ
(
µ

T

)
− Eρ

))
+ sMT

d−2M̂µν .

(B.22)

(Obtained by removing non conformal terms from (B.17) (σ2 = 0 and ζ = 0 coming from
the requirement of Weyl scaling, cf., (7.6)) and scaling σ1, σ3, η, σm, σM , σ̃A and σ̃e by
appropriate powers of the temperature multiplied by a function of the dimensionless ratio
µ/T . Tthe charge current is given by

Jµ = p′0T
d−1uµ + sET

d−2∆µρ
(
T ∇̊ρ

(
µ

T

)
− Eρ

)
(B.23)

(Obtained by scaling (B.18).)
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C Contributions to the constitutive relations which are quadratic in con-
torsion

As explained in the main text, in order to test conformal invariance (at non zero q) of the
constitutive relations, beyond the hydrostatic limit, we need to know the full contributions
of the scalars Sc(1) to Sc(12) to the constitutive relations, including the symmetric compo-
nents of the stress tensor and contributions which are quadratic in the contorsion. In this
appendix we have collected the important compoents of these contributions to the stress
tensor for completeness. We denote the components of the stress tensor associated with
x

(2)
i , which are second order in the contorsion, are not of the BR type, and also do not

transform homogenously under Weyl rescalings by T̄µν(i) . We have omitted an overall factor
of x(2)

i T d−2 from these terms.

T̄
[µν]
(3) = −2(1− q)3kαK

α[µuν]

T̄
[µν]
(4) = (1− q)

(
2
(
K

[µν]α
A +K [µν]α

T +(d− 2)Kα[µuν]
)
kα+ 1

(d− 2)K
[µ
V k

ν]+ 2(d− 2)
d− 1 κu[µkν]

− kα
(
κ
α[µ
A uν] + κ

α[µ
S uν]

))

T̄
[µν]
(5) = −δq 0κ

(
K

[µ
V u

ν] + 2κµνA
)

T̄
[µν]
(6) = −4u[µKν]

αk
α

T̄
[µν]
(7) = −4K [µ

V k
ν] + 8(d− 2)2

d− 1 κk[µuν] − 4(d− 2)
d− 1 κK

[µ
V u

ν]

T̄
[µν]
(8) = 1

2(d− 1)K
µνκ+ kαK

α[µuν] − 2kακα[µ
A uν]

T̄
[µν]
(9) = 2

d− 1κκ
µν
A κ+ 1

(d− 2)u
[µκA

ν]
αKV α

T̄
[µν]
(10) = − 1

(d− 2)u
[µκS

ν]
αKV α

T̄
[µν]
(11) = − 2

d− 2K
µνα
A KV α

T̄
[µν]
(12) = − 1

2(d− 2)K
[µν]α
T KV α .

(C.1)

Note that when q = 0 the non homogenous transformation of T̃(5) vanishes as it should.
We have, nevertheless, included the explicit form of T̃(5) for completeness.
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