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ABSTRACT: We study freely acting orbifolds of type IIB string theory on 7° that spon-
taneously break supersymmetry from N = 8 to N’ = 6,4,2 or 0 in five dimensions. We
focus on orbifolds that are a Z, quotient by a T-duality acting on 7% and a shift on the
remaining S'. Modular invariant partition functions are constructed and detailed examples
of both symmetric and asymmetric orbifolds are presented, including new examples of
five-dimensional non-supersymmetric string theories with no tachyons. The orbifolds we
consider arise at special points in the moduli space of string theory compactifications with a
duality twist. The supergravity limit of these are Scherk-Schwarz reductions which generate
gauged supergravities with positive definite classical potentials on the moduli space in five
dimensions. Both symmetric and asymmetric freely acting orbifolds give a landscape of
Minkowski vacua. For gauged supergravities to belong to this landscape, we find a number
of constraints and conditions. Firstly, the scalar potential should lead to a massive spectrum
with masses that obey quantization conditions arising from a string theory orbifold, which
we discuss in detail. Secondly, we find constraints on the massless sector, e.g. in the examples
of orbifolds preserving sixteen supersymmetries in five dimensions that we consider, only
an odd number of vector multiplets arises. Lastly, we present new examples of candidate
asymmetric orbifolds with modular invariant partition functions, but with non-integral
coefficients in the gg-expansion in the twisted sectors.
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1 Introduction

Spontaneous breaking of supersymmetry in supergravity can be realized via Scherk-Schwarz
reductions on a circle with a twist by a supergravity duality symmetry [1-3]. The string
theory uplifts of these are typically reductions of string theories with a duality twist [4]
which can in some cases be viewed as compactifications on torus bundles over a circle but in
general can give reductions on non-geometric T-folds or U-folds [5]. For the case in which
the duality twist is a T-duality, these become freely acting orbifolds at special points of the
moduli space [4]. (For some early references on such orbifolds see e.g. [6-10].) Our interest
here lies mostly in partial supersymmetry breaking, which can easily be accommodated
with the Scherk-Schwarz mechanism and its stringy uplift. This yields a variety of string
theories in lower dimensions with various amounts of supersymmetry. Complete breaking
of supersymmetry without the presence of tachyons can be achieved as well, and we will
present some new examples of such string theories. Typically they suffer from known
problems of generating either a cosmological constant that is too large, or extra dimensions
that are too large. This renders these models not realistic for phenomenology, though still
interesting for present purposes, as we shall discuss.

Scherk-Schwarz reductions over a circle S! from D + 1 to D dimensions arise when
the fields in D + 1 dimensions pick up a monodromy around the circle contained in the
continuous duality symmetry group G of the D + 1 dimensional supergravity. The ansatz

for the fields is
My

V) = 6] ) = exo (5 ) (1)

where g € G, y is the coordinate on S! with radius R and M is an element of the Lie algebra
of G. The fields then pick up a monodromy matrix e going around the S?.

To fully specify the reduction, we need to also choose a spin structure on the circle; this
will be discussed in more detail later on. Scherk-Schwarz reductions of supergravity theories
yield gauged supergravities in D dimensions, and when the (classical) moduli space in D + 1
dimensions is a coset G/K with K compact, the scalar potential on the moduli space in D
dimensions is positive definite. If furthermore the monodromy matrix is G-conjugate to
a rotation matrix in K, there exist stable or at least marginally stable Minkowski vacua
that may preserve some of the supersymmetry [4]. The quadratic fluctuations around the
vacuum then yield the mass spectrum with masses determined by the parameters in the
monodromy matrix.

Scherk-Schwarz reductions can be generalised to string theory [4, 11]. In string theory
the global symmetry group G of the low-energy effective action is broken to the discrete
U-duality group G(Z) which is a symmetry of the non-perturbative string theory [12] and
the monodromy is required to be in G(Z) [4, 11] giving non-linear quantization conditions
on the mass matrix. Now, if the quantized monodromy is conjugate to a rotation, the
construction is an orbifold [4]. Each choice of a monodromy matrix corresponds to a choice
of orbifold and yields a particular quantization condition on the masses. From the point of
view of the string landscape, it is therefore important to study the mass spectra allowed by
these quantization conditions. When the scalar potential in supergravity leads to a mass



spectrum that does not obey these quantization conditions, it belongs to the swampland.
One of the aims of our paper is to study this question in detail for a large class of freely
acting orbifolds.

For the purposes of this paper, we will consider monodromies contained in the T-duality
subgroup of G(Z). Such supergravity vacua can be realized in string theory as freely acting
orbifolds. We focus on the case of type IIB string theory on 7° and the orbifold actions we
discuss here involve a T-duality action on T* together with a shift along the remaining S*.
The six-dimensional supergravity theory obtained by compactification on 7% has symmetries
given by G = Spin(5,5) and K = [Spin(5) x Spin(5)]/Za. The U-duality symmetry is
then G(Z) = Spin(5,5;Z) and the T-duality subgroup in which the monodromy lies is
Spin(4,4;7Z). In addition to the Spin(5, 5; Z) U-duality, the string theory compactified on T
also has a local symmetry given by the double cover K of K, K = [Spin(5) x Spin(5)] [13]:
while the local symmetry acts through K on the bosons, the double cover is needed for
the action on the fermions, requiring a generalized spin structure [13]. We will work in a
gauge in which the local symmetry is fixed, so that the U-duality transformations act on
the fermions through compensating K transformations.

If the monodromy acts as a diffeomorphism on T, this corresponds to a symmetric
orbifold of the IIB string, so that the compactification geometry is a 7% bundle over
S' [5]. If the monodromy acts as a T-duality on T, this constructs a T-fold background
which is realized as an asymmetric orbifold at a special point in the moduli space [4, 14].
Asymmetric orbifolds are interesting for moduli stabilization because more of the moduli
are fixed than in the symmetric case. Furthermore, by combining the T-duality action on
T* with a shift on S* one ensures that no extra moduli arise from the twisted sector. (See
e.g. [15-18] for some references.) The original references for symmetric and asymmetric
orbifolds are [19, 20] and [21, 22| respectively. These references mainly focus on the lattice
approach, which is particularly useful when constructing partition functions, as we will
discuss. However, for making contact with the Scherk-Schwarz reductions the language of
monodromies and duality twists is more useful. These reductions correspond to orbifolds
by symmetries which are freely acting and these have some important differences with the
non-freely acting ones. In this paper, we will use these two complementary approaches and
discuss their relationship.

The T-duality transformations on 7% can be realised as diffeomorphisms of a doubled
torus T%, so that the T-fold construction described above can be viewed as a bundle of the
doubled torus T® over a circle [5]. More general constructions are possible in which the
dependence on the momentum on the circle introduced by the monodromy is generalised
to include dependence on the string winding number on the circle. String theory on the
circle can be formulated by introducing a dual coordinate conjugate to the winding number
so that the circle is promoted to a doubled circle. Then the general construction has
separate monodromies which are introduced on both the circle and the dual circle; these
two monodromies are given by two commuting T-duality transformations [23]. This gives a
construction that is not even locally geometric and can be understood in terms of a doubled
torus bundle over the doubled circle [24, 25]. (Such constructions are sometimes referred to
as having “R-flux”.) The corresponding orbifolds involve a shift on both the circle and the



dual circle, introducing phases depending on both momentum and winding [23]. Further
possibilities arise with shifts on several circles, see e.g. [26]. In this paper we will focus on
the cases in which there is a shift on just one circle and no shift on the dual circle.

We will carefully discuss the orbifold action on the fermions. The theory has further
discrete symmetries such as (—1)fs where Fj is the spacetime fermion number, together
with refinements of this into chiral fermion numbers. We will see that we need to consider
monodromies such as M(—1)fs where M is in Spin(4,4;Z). Note that for a monodromy
(—1)¥s (with M = 1), the orbifold by this together with a shift on the circle amounts
to choosing the anti-periodic spin structure for the circle. This corresponds to a non-
supersymmetric string compactification which can be made free of tachyons. We will discuss
explicit examples of such compactifications in this paper.

The choice of T° was motivated by our earlier study of black holes in type IIB string
theory with a duality twist [14], in which supersymmetry is (partially) broken in the vacuum
already in the absence of the black hole. In that paper, we studied in detail the supergravity
arising from the reduction with a duality twist. In this paper we analyse the string vacua in
their own right, and postpone the further discussion of D-branes and black holes to a future
study [27]. The compactifications we study here are closely related to those of [28, 29]
which involved a similar construction with K3 instead of 7%, and their heterotic duals.

It turns out that the landscape of freely acting orbifolds is rather rich and connects
to questions that arise in the string landscape programme. One issue is mentioned above,
namely finding the quantization conditions on the masses. Moreover, for the massless
sector, there are constraints on the moduli spaces that may appear. One example of such a
constraint is that we always find an odd number of abelian massless vectors in the class
of orbifolds we consider, independent of the number of supersymmetries. For orbifolds
preserving 16 supersymmetries, this implies that only an odd number of abelian vector
multiplets arises. This is much in line with the analysis in higher dimensions [30, 31].

We also study the case of N' = 2 (eight supersymmetries), and find that only some of
the magic square supergravities [32, 33] arise in the orbifold landscape, while the others do
not arise in this way. It is important to stress that we have not studied all possible duality
twists here, but only those with monodromy matrices that are conjugate to Spin(4) x Spin(4)
rotations in the T-duality group. These are the ones that lead to stable Minkowski vacua
with spontaneously broken supersymmetry. Even in this class, there are surprises. As it
was recently shown in [34], asymmetric orbifolds of the type (T* x S')/Z, with N = 6 (24
supersymmetries) only exist for p = 2,3 but lead to problems with the partition function for
p = 4,6. These partition functions are modular invariant, but have non-integral coefficients
in the gg-expansion in the twisted sectors and hence appear to be unphysical.! This
integrality constraint was analyzed in the original papers [21, 22|, and it was satisfied
by all the models presented there. Later, models based on the idea of quasicrystalline
compactification violating the integrality constraint were discussed in [35]. Here, we will
review the aforementioned AN/ = 6 models and find new examples with less supersymmetry
where the integrality condition is violated.

!The same integrality problem in fact also arises for the non-freely acting asymmetric orbifolds T*/Z4.¢.



The following two sections deal with the orbifold constructions in the closed string
sector. In section 2 we discuss the various possible orbifolds, the relation with duality
twists and the quantization conditions on the mass parameters. In section 3 we present
the orbifold action on the world-sheet fields and the general formalism for constructing
modular invariant orbifold partition functions. In section 4 we present the details of some
examples, including asymmetric Zs orbifolds that preserve N’ = 6 or N/ = 2 supersymmetry,
as well as a symmetric Z,4 orbifold and an asymmetric Zs orbifold that preserve N = 4
supersymmetry. As an example with completely broken supersymmetry we discuss a
symmetric Z3, N' = 0 orbifold, and find the conditions for the absence of tachyons that
appear in the twisted sectors. In section 5 we relate the freely acting orbifolds with the
supergravity Scherk-Schwarz reductions presented in [14], we analyse the moduli spaces
of massless scalars that can appear and find complete agreement of the low-lying massive
spectrum. Furthermore, we discuss the supertrace formulae for the N/ = 0 supergravity
models, and show that the first non-vanishing supertrace is StrM® > 0, leading to negative
corrections to the scalar potential. This is consistent with earlier predictions from string
theory [6], and similar to the supergravity results in four dimensions obtained in [3, 36].
Finally, in section 6 we give some explicit examples of swampland models and end with
some conclusions and our outlook in section 7.

2 Orbifolds and duality twists

2.1 The orbifolds

The orbifolds we are interested in have target spaces of the form
R xSt x T, (2.1)

identified under the action of a Z, symmetry. This requires being at a point in the moduli
space in which the fields on 7% are invariant under the action of Zy,. We then orbifold by a
Zy, given by this T* symmetry combined with a shift by 27R/p on the circle S* with radius
‘R which makes the orbifolds freely acting. Freely acting orbifolds have no fixed points and
at generic points in the moduli space, all states coming from the twisted sectors are massive.
Furthermore, as compared to non-freely acting orbifolds, supersymmetry is spontaneously
broken instead of being explicitly broken, manifested by the fact that gravitini become
massive instead of being projected out.

The symmetric orbifolds arise when the Z,, action on T* is a geometric discrete symmetry
of T#, generated by a diffeomorphism on T, i.e. by an element in GL(4;Z); this generator is
the monodromy of the corresponding duality twist. The requirement that the monodromy
is in the discrete group GL(4;Z) restricts the rank p of the group Z,. All possible values of
p have been classified in [37] and for T* these are p = 2,3,4,5,6,8,10,12 and 24. Not all
values of p yield supersymmetric string theories, and it is worth mentioning that symmetric
orbifolds of T% of rank p = 5,8, 10,12 and 24 break all supersymmetry.

For the asymmetric orbifolds, the Z, group acts as a T-duality transformation on the T4
CFT. The T-duality group for superstrings on T is Spin(4, 4;Z), a discrete subgroup of the



double cover Spin(4,4) of SO(4, 4), as the D-brane states transform as a spinor representation
of Spin(4,4) [12]. Then, in this case, the monodromy matrix lies in Spin(4,4;7).? The
background fields, namely the torus metric G and the two-form B-field, can be combined
into a matrix £ = G + B. T-duality transforms F to a new background E’ through a
fractional linear transformation.®? Consistency of the asymmetric orbifold then requires
that the Z, transformation is a symmetry under which E’ = E. This can be achieved
only for special values of the moduli, which are therefore stabilized in these non-geometric
constructions. Requiring modular invariance puts severe constraints on which asymmetric
orbifolds are allowed and in particular restricts the values of p. Nevertheless, asymmetric
orbifolds allow for more possibilities compared to the symmetric ones (see also [35, 41]).
We will return to these issues when we discuss specific examples.

2.2 Moduli space and quantization conditions

For a coset space G/K, the points are cosets: [g] = gK, where g € G. The stabilizer of the
origin [1] = K is a subgroup Ky c G, so that the stabilizer of a point [g] is the conjugate

subgroup K, = gKog!.

We are interested in those points [g] for which there is a Z,
symmetry preserving [g] which is also in the duality group G(Z), so that G(Z) n Kj is
non-trivial and contains the Z,. This is a hard condition to solve in general, and G(Z) n Kj
is non-trivial only for special points. Such a fixed point is necessarily at a minimum of the
associated Scherk-Schwarz potential and gives a stable Minkowski vacuum [4].

If the generator of the Z, symmetry is M € G(Z), then
M =gMg; MeKycG, §eG. (2.2)

At a point in the moduli space fixed under the action of such a Z, symmetry, the corre-
sponding background field configuration on 7% x S! is preserved by the Z,, symmetry. If
M =eM' | then
M =M, (2.3)
where

M=g'Mg (2.4)

will be referred to as the mass-matrix: it is the matrix of masses that appear in the effective
action. In this way, a monodromy M € G(Z) satisfying MP = 1 defines a matrix M € K
that also satisfies MP = 1 and so generates a Zy, subgroup of K. The action on fermions
is through an element of the double cover K of K and this in general can generate a Loy
subgroup of K.

Monodromies M, M’ that are G(Z)-conjugate, i.e.

M =gMg™t, geG(Z), (2.5)

2When the monodromy matrix is not in the T-duality subgroup of the U-duality group, one has generalized
orbifolds that quotient by a non-perturbative symmetry [4]. Such orbifolds don’t have a CFT description on
the worldsheet and we will not consider them in this paper.

3For details on how T-duality acts on the background fields we refer to the classic review [38] and
e.g. [39, 40].



define the same theory. Then the distinct orbifolds correspond to conjugacy classes of
monodromies [11]. This conjugation changes the fixed point § — g’ = gg but leaves M
unchanged. Changing g to gk with k € K gives another representative of the coset [g] and
transforms M to kMFk~!. Then the monodromy only defines the rotation matrix M and
the mass matrix M up to conjugation by an element of K.

2.3 Type IIB string theory compactified on T4

For type IIB string theory compactified on 7%, G = Spin(5,5) and K = [Spin(5) x
Spin(5)]/Zy with double cover K = [Spin(5) x Spin(5)]. We will focus on the T-duality
subgroup Spin(4,4) < Spin(5,5) which is a perturbative symmetry that can be realised in
the world-sheet formulation. In the classical supergravity theory, the 1/2-BPS 0-branes in
6D obtained by compactification on 7% are in the 16-dimensional spinor representation of
Spin(5,5). In the quantum string theory, the charges of these 0-branes are quantized and
take values in a 16-dimensional charge lattice. The U-duality group G(Z) = Spin(5, 5;7Z) is
the discrete subgroup of Spin(5, 5) preserving this lattice. Under the subgroup Spin(4,4) c
Spin(5,5), the 16 0-brane charges decompose into an 8-dimensional vector representation 8,
of Spin(4,4) corresponding to the NS-NS 0-branes from 4 momentum modes and 4 winding
modes on T*, together with an 8-dimensional chiral spinor representation 8, of Spin(4,4)
corresponding to the R-R 0O-branes arising from D1-branes and D3-branes wrapping the T4.
Then the charges transform as the 8, + 8 representation of Spin(4,4), and Spin(4,4;7) is
the discrete subgroup of Spin(4,4) preserving the charge lattice.

At a point [g] in the moduli space that is fixed under a Z, symmetry, we compactify
on a further S' and orbifold by the Z, symmetry of the T* combined with a shift on the
S1. The orbifold group is then generated by M combined with a shift of the S coordinate
by 2R /p. This corresponds to a compactification on T* followed by a compactification
on S! with a duality twist by the T-duality transformation M € G(Z), so that there is a
monodromy M on the S'. Then M e Spin(4,4;Z) is required to satisfy

M =gMg™; M € [(Spin(4) x Spin(4))/Zs]o < Spin(4,4), g€ Spin(4,4).
(2.6)

Note that Spin(4, 4) is the double cover of SO(4, 4) and [Spin(4) x Spin(4)]/Zs is a double
cover of the SO(4) x SO(4) subgroup of SO(4,4). This means that it is the double cover
of an asymmetric rotation. In the world-sheet theory, one SO(4) factor acts as a rotation
on the left-movers and the other acts as a rotation on the right-movers. The restriction
to Spin(4, 4; Z) ensures that the periodicity condition of the bosonic coordinates on T is
preserved. The group K = Spin(4) x Spin(4) is a quadruple cover of the SO(4) x SO(4).

The elements +1 of Spin(4) both project to the identity 1 of SO(4), while the four
elements (1,1), (1,-1), (—1,1), (—1,—1) of Spin(4) x Spin(4) all project to the identity
(1,1) of SO(4) x SO(4), exhibiting the quadruple cover. Then

- Spin(4) x Spin(4)

S0(4) x SO(4) = ) Jm, (2.7)




with the subgroup Zs x Zs consisting of the elements (1,1), (1,-1), (-1,1), (—=1,-1).
The duality group K is the double cover of (2.7), given by
_ Spin(4) x Spin(4)

K
Zo ’

(2.8)

with the Zg generated by (—1,—1).

All fermions in the theory transform as representations of Spin(4) x Spin(4) while
the bosons transform as representations of SO(4) x SO(4). The element (—1,—1) of
Spin(4) x Spin(4) leaves all bosons invariant but multiplies each spacetime fermion by —1.
This means that it acts as (—1)s, where Fy is the spacetime fermion number. Next, (—1,1)
acts as —1 on fermions transforming under the Spin(4), subgroup of Spin(4); x Spin(4)p
and so acts as (—1)Z, where FJ, is the corresponding fermion number. Similarly, (1, —1)
acts as —1 on fermions transforming under the Spin(4), subgroup of Spin(4); x Spin(4)p
and so acts as (—1)f®. Note that Fy should not be confused with the world-sheet fermion
number and Fp, Fr should not be confused with the left and right-moving world-sheet
fermion numbers, although they are of course related via the GSO projection. Thus,
there are four possible lifts to Spin(4) x Spin(4) of the identity in SO(4) x SO(4), given
by 1,(—1),(=1)f2 (=1)Fr. Of these, (—1)fs is represented trivially in Spin(4,4;Z) by
M =1, while (—=1)¥2,(=1)Fr are represented in Spin(4,4;Z) by M = —1.

We can now specify the orbifolds we will be considering here. We choose a M €
Spin(4,4; Z) satisfying MP = 1, for some p, and take the monodromy to be M. This then
determines an element M € [(Spin(4) x Spin(4))/Zs]o via (2.6). To define the transformation
of the fermions, we then choose a lift of M to the double cover M € Spin(4) x Spin(4). It is
also possible to include a fermionic twist, in which case the monodromy becomes M (—1)Fs,
and similarly for Fy p. Note that if p is odd, (M(—1)"*)? = (=1)F*, so that this generates
a Zop symmetry, while for even p it generates a Z, symmetry.

Practically, it is often useful to define the orbifold by a choice of matrix M € Spin(4) x
Spin(4) which gives the orbifold action on all the fields. This matrix is only determined up
to Spin(4) x Spin(4) conjugation, and by conjugation we can bring it to a standard form in
a convenient maximal torus SO(2)*

A~

M = (Mp, Mpg) € Spin(4); x Spin(4)p, (2.9)

B R(ml) 0 _ R(mQ) 0
ML‘( 0 R(m3)>’ MR_( 0 R(m4))’ (2.10)

where we use the notation R(z) = (gfrf o sz ) for a two by two rotation matrix. Here

each matrix acts in the (2,0) + (0,2) representation of Spin(4) = SU(2) x SU(2). The
matrices My g act on spinors on T* such as the internal part of the R-vacua, as we discuss

with

in the next section, see (3.11). Thus, the monodromy is specified by four angles m;, and
then the key step is determining what angles are allowed, i.e. for which choices of the angles
m; there is a monodromy matrix M € Spin(4, 4;7Z).

These m; are the same parameters that were used in the supergravity analysis of [14],
so they can be used to make contact with the results that were obtained there. Each of the



mass parameters m; gives the mass of exactly two of the eight gravitini, so the amount of
preserved supersymmetry in the orbifold can be tuned by choosing the m; to be zero or
non-zero. Our orbifolds preserve N' = 2r supersymmetry, where 7 is the number of m; that
is zero (or a multiple of 27). For N/ = 4 supersymmetry with two of the m; non-zero, there
are two possibilities depending on whether the twist is chiral with both of the non-zero
m; in either My, or in Mg, or non-chiral with one of the non-zero m; in My, and one in
Mp. A chiral twist (e.g. with mg = my4 = 0) leads to a (1,1) supergravity theory, as the
massive multiplets are (1,1) massive supermultiplets in the terminology of [42]. Regarding
the non-chiral twists, we refer to the twist with ms = my = 0 as (0,2) theory as the massive
multiplets are (0,2) massive supermultiplets, and we refer to the twist with m; = mg =0
as a (2,0) theory as the massive multiplets are (2,0) massive supermultiplets. More details
on the supergravity aspects are discussed in section 5 and in [14].

Using the isomorphism Spin(4) =~ SU(2) x SU(2) (see appendix A and in particu-
lar (A.16)) the matrix M e Spin(4) x Spin(4) projects onto a matrix

Mo = (N1, Nr) € SO(4);, x SO(4)x, (2.11)

which (by conjugation) can be brought to the standard form

_(R(BL) O _(R(Or) O
NL‘( 0 R(@’L)>’ NR_( 0 R(%))’ (2.12)

for four angles 0y, 67 ,0r, 0, which are related to the m; by

0p = my +ms, Or = m2 +my,
/ / (2.13)
«9L=m1—m3, HRZMQ—WM.

Then e.g. m1 = (01, + 6} so that taking 67 — 607 + 27 takes mq to mq + 7 and R(m;) to
—R(m1). Note that (mq,ma, ms, my), (M1 + 7, ma, m3 + w,my), (M1, ma + 7, M3, My + 7),
(m1 +m,mg+m,mg+m, mg+m) all give the same angles 67,0}, 0r, 0% (mod 27), exhibiting
the quadruple cover.

2.4 An ansatz

Solving in general for all possible integer valued T-duality elements that are conjugate to a
rotation is a difficult problem. Here we consider a special case for which results are known
in the literature. For the case G = SL(2,R), K = SO(2) all monodromies satisfying

M =gMg; MeSL(2,Z), MeSO(?2), geSL(2) (2.14)
are given in [4, 43]. The M € SO(2) for which this is possible are rotations by angles
ae{0,+2,+2 +2 7} mod 2. (2.15)

Such rotations then generate a Zs, Zs, Zy or Zg subgroup of SL(2) generated by M e SO(2)
and these in turn yield a Zsg, Z3, Z4 or Zg subgroup of SL(2,7Z) generated by M.



The group SO(4,4) has a subgroup SO(2,2) x SO(2,2) as well as a subgroup SO(4) x
SO(4), and the group theory regarding these two subgroups is very similar. Now, Spin(4,4)
has a subgroup that is a double cover of this SO(2,2) x SO(2,2) given by

Spin(2,2) x Spin(2, 2)

c Spin(4,4). (2.16)
Zo
As
SL(2)? ~ Spin(2,2), (2.17)
we see that Spin(4,4) has a subgroup
SL(2)* ,
Z, c Spin(4,4). (2.18)

The quotient by Zj reflects the fact that the element (—1,—1,—1, —1) € SL(2)* maps to
the identity in Spin(4,4). We will then restrict our monodromy to lie in this subgroup
and use the known results for SL(2). We stress that these are not all possible [Spin(4) x
Spin(4)]/Zs rotations that can be conjugated to integer valued elements of the T-duality
group Spin(4,4;Z), but these are the ones that we focus on for the purposes of this work.
Restricting the subgroup SL(2)*/Zy < Spin(4, 4) to a subgroup of Spin(4, 4; Z), restricts
us to a discrete subgroup of SL(2)4 and we need to check what subgroup arises in this way.
The 8, of Spin(4,4) restricts to a (4,1) + (1,4) of Spin(2,2) x Spin(2,2) and as the vector
representation 4 of Spin(2,2) is the (2,2) representation of SL(2)?, the 8, is in the

(2,2,1,1) + (1,1,2,2)
representation of SL(2)*. The 8, representation of Spin(4,4) is in the
(1,2,2,1) + (2,1,1,2)
representation of SL(2)*. Thus the 16 charges are in the
(2,2,1,1) + (1,1,2,2) + (1,2,2,1) + (2,1,1,2). (2.19)

Choosing 16 basis vectors e; for the 16-dimensional charge lattice, the allowed charges are
n'e; where n' is a 16-vector of integers, n’ € Z'5. The group SL(2)4 acts on the integers
n' in the representation (2.19) and will preserve the lattice if restricted to the discrete
subgroup SL(2,Z)*.

Then the monodromy M e SL(2,Z)*/Z, is conjugate to a rotation in SO(2)* specified
(up to conjugation) by four angles a; € {0, +%,+7, i%’r,ﬂ} mod 27, where i = 1,...,4.
The element (—1,-1,—1,—-1) € SL(2)4 with trivial monodromy corresponds to o = ag =
a3 = ay; this will play a role in the A/ = 6 supersymmetric cases discussed below.

The angles a; are related to the angles 6; by (for details see appendix A.4)

0p =a1 +as, Or = a1 — a3,
(2.20)
07 =as+ay, 9§2=a27a4.



This is similar in form to (2.13) and so we see again that the SO(2)* parameterised by the
a; provides a quadruple cover of the SO(2)* parameterised by the #;. Comparing (2.20)
with (2.13), we see that

mi1+m3=ao1 +asg, mo +my = a1 — a3,
(2.21)
mi] —m3 = a2+ oyq, mo — My = 2 — Q4 .

All the equations relating angles hold modulo 2.
The equations (2.21) then determine the mass parameters m;, giving one solution as

mi = (a1+a2+a3+a4), mo = (a1+a2—a3—a4),

(2.22)

NI— N
NI N~

ms3 = (041—0424-043—044), my = (051—042—063-1-054).

For a given set of «;, the complete set of solutions is given by the (m1, ma, ms, my) in (2.22),
together with (my + 7, ma, ms + w,my), (M1, mo + m,mg, my + m), (Mmy + 7, Mg + m, M3 +
m,my + 7). All these yield the same angles 61,6 ,0r, 0%, giving a quadruple cover. Then
for a given set of «;, there are four possible choices of M. Denoting the canonical M
(given by (2.9), (2 10) with the m’s given by (2.22)) by M (m), the four choices are M (m),
MA(m) (—1)F, M(m)(~1)F% and M(m)(~1)Fr.

The results just stated come from requiring agreement of the two different parameteri-
sations of My in terms of the m’s or the a’s respectively. Half of this ambiguity is lifted by
requiring agreement for the two different parameterisations of M. Then a given set of a’s
determines a M, which we denote M(a) and is conjugate to a monodromy M («). For this,
there remain two possible choices of M, which are M (m) and M (m)(—1)F, corresponding
to a choice of generalized spin structure (see the discussion of fermionic monodromies below).
We choose the generalized spin structure so that the monodromy M («) gives the twist
M(m) and M(a)(—1)F gives the twist M (m)(—1)F.

It will be useful to note that (2.22) can be inverted to give

a1 = s(my +mg +ms3 +my), ag = s(my +mg —m3 —my),

(2.23)

NI NI
N— N~

a3 = (ml—m2+m3—m4), Qg = (ml—mg—m3+m4).

As the allowed values for each of the «; are {0 +3,£7, i2§r , 7r} mod 27, the allowed
values of the m; can be found by taking linear combinations of these. It will often be useful

to rewrite these parameters as
27TN,L'

p
Here the N; are integers, and p is the smallest positive integer such that all four m; can be

(2.24)

m; =

written like this. This relation defines the quantization condition on the mass parameters
and guarantees that the integer p is the order of the monodromy matrix, MP =1,

As follows from (2.22), the quantization of the a’s allows for the values p € {2,3,4,6,8,
12,24}. Notice that the values p = 5 and p = 10 found in [37] and mentioned in the
beginning of this section do not appear in our list. This is because the duality twists from
our ansatz lie in a particular SL(2)* subgroup given by (2.18), and the values p = 5,10 do
not arise from this subgroup.
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Preserved supersymmetry | (A)symmetric | Possible Z, orbifold ranks
S p=23,4,6
N =4(0,2)
A p=3,4,6,12
N =4(1,1) A p=234612
N =2 A p=23,4,6,12
S p=2,3,4,6,8,12,24
N =0
A p=3,46,812 2

Table 1. The class of orbifolds studied in this paper, indicating the amount of preserved supersym-
metry and the rank of the orbifold. We also indicate which orbifolds are symmetric (S, m; = mgy and
mg = my) or asymmetric (A). The N = 4(0,2) is defined from having ms = my = 0 whereas the
(1,1) is defined from mgy = my4 = 0, up to trivial permutations exchanging m;j » with mgs 4. Notice
the absence of p = 2 for asymmetric /' = 4 (0, 2) orbifolds. In this case we have mq o = +7 but +m
is the same as —m, and so this is a symmetric orbifold in disguise.

In table 1 we list which values of p yield orbifolds that preserve a certain amount of
supersymmetry. Recall that our orbifolds preserve N' = 2r supersymmetry where r is the
number of m; that is zero (mod 27). Notice that fixing p does not fix the orbifold. For a
given p, there can be more than one possibility. An example is N' = 4 (0, 2), with p = 4, for
which there can be both a symmetric and an asymmetric orbifold.

2.5 Special cases and examples

The action of the group SL(2)* on T* we are considering splits it into the product of 72 x T
with the SL(2)? parameterised by a1, as acting on one T2 and the SL(2)? parameterised by
a2, aq acting on the other T2,

Fermionic monodromies (—1)%s,(—1)fz (—1)fr

Here we consider monodromies such that My = 1 (i.e. all angles 6; = (01,0} ,0r,0%) are 0
mod 27), so that the NS-NS sector is invariant and the twist only acts on fermions and on
the R-R sector. For 6; = 0 mod 27, each of the m; and each of the a; must be either 0 or 7
(mod 27). Consider for instance the twist

mip =mg3=Tm, m2:m4:O, (2.25)

so that 07, = 27,07 = 0 and O = 0 = 0. The «; are given by oy = az =7, az =04 =0.
This lifts to a monodromy on the double cover

A~

M = (Mg, Mp) = (-1,1), (2.26)

so that M = (—=1)fL. Choosing instead m; = m3 = 0 and my = my = 7, we get
M = (1,—-1), so that M = (—1)Fr,
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We now consider a monodromy with
mip =MmMo =M3 =My = T. (2.27)

Then

M = (Mp,Mp) = (-1, 1), (2.28)
so that M = (—1)Fs. This has a trivial projection to K: M = 1. This then corre-
sponds to M = 1 so that orbifold with m; = mo = m3 = m4 = 7 has a monodromy
./\/l(—l)FS — (_1)Fs.

The orbifold of the type IIB string by (—1)* gives the non-supersymmetric type 0B
string [44, 45]. Here we are combining the (—1)* with a half-shift on the S! to give an
interesting Zs orbifold breaking all supersymmetry, which can be made tachyon-free. We
will discuss it further in subsection 5.2.4.

Symmetric orbifold of T2

Choosing
042=043=Oz4=0 = 9L=93=041; HleelR:O (2.29)

Then (2.22) gives

m1=m2=m3=m4=%. (2.30)

This is a symmetric orbifold with a; parameterizing an SO(2) acting as a rotation
on one T2. For ay = 27/n, M™ = 1, as M" is a rotation through 27, but M = —1, as
the double cover of the 27 rotation acts as —1 on spinors. Thus, this constitutes a Z,
orbifold with p = 2n. From the allowed values of oy, we can read of the allowed values of n,
which are n = 1,2, 3,4, 6, such that p = 2,4,6,8,12. As all m; # 0, this orbifold breaks all
supersymmetry.

Symmetric orbifold of T4
Choosing

043=Oé4=0 = HLZHRZOQ, ‘9/1,:‘93:0427 (2.31)

and (2.22) gives
mip = mo = %(al + 042), msg = Mmy = %(Ozl — CKQ). (2.32)

Recall that the allowed values for each of the oy, ag are {O, +3, 13, i%’r, 77} mod 27. For
most choices of a2, all m; # 0, so this orbifold breaks all supersymmetry. When a; = as,

we have N = 4 supersymmetry of type (0, 2).
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Example: a Zs4 orbifold

We now give an explicit example of a Zsos orbifold arising as above, i.e. as a symmetric
orbifold of T%. We can see from table 1 that Zo4 orbifolds always break all supersymmetry.
The example that we choose is

5
g, agzg, a3 =ay =0 = mlzmgzg, m3=m4=112. (2.33)

The monodromies in the SL(2,Z) subgroups (2.18) that the a’s rotate in are known.

o] =

They can be found e.g. in [4]. The ones corresponding to a; and ag respectively read

0-1 0—1
0. (07) -

The first one is simply a rotation matrix over an angle oy = 7/2, and the second one is
conjugate to a rotation matrix over an angle ap = /3 via a conjugation a la (2.14):

-1
o-1y /2 [1 0 cos 3 —sin g 2 (10 (2.35)
1 1) V3\-1 ? sinf cos% V3 \-1 § ' ‘

We can use appendix A.3 to map the SL(2) matrices (2.34) properly to SO(2,2) matrices,
which can then be combined into an SO(4,4) element. This yields the monodromy

|
—
o O O o = O o O
lOO
—_

o O O O O o O
o O O O

€ S0(4,4). (2.36)

\

—_
_ 0 000 oo
oo oo oo

|
—

(=l eleleolBeoleol =

o O O O o o O
o O O o =
o O O

ja)

This monodromy is written in 7-frame (using the language from appendix A.1), meaning
that the group SO(4,4) consists of matrices that preserve the metric

o0 Tea) (2.37)
T4xa O

We see that, in this frame, the monodromy is integer-valued as it should be.* Notice that
the monodromy acts as a diffeomorphism on T, as it should, since we consider a symmetric
orbifold. The geometric group GL(4,Z) is embedded in the T-duality group SO(4,4,Z) as

0-100
g 0 1000
Mso = ; = , GL(4,Z) . 2.38
SO (Ogt) 9 00 0-—1 g€ GL(4,Z) (2.38)
0011

4This is the case because the T-duality group works on integer valued charges (winding and momentum
numbers) in 7-frame.
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Note that the monodromy in (2.36) generates an orbit of rank 12: M2 = 1. The
action on the fermions is through the matrix M given by (2.9), (2.10) with the m’s in (2.33)
and this generates an orbit of rank 24 as it satisfies M2 =1,

Asymmetric orbifold of T2

Choosing
as=ay =0 = 0 = a1 + as, Or = o1 — as; 0 =0k =0, (2.39)
and (2.22) gives
my = mg = 3(a1 + ag), mo =my = 3(a1 — ag). (2.40)

As discussed previously, aq,as € {O,ig,ig,i%’r,w} mod 27. For example, choosing
a1 = 7/2,a3 = /3 gives my = m3 = 57/12 and mg = my = 7/12 giving a Zs4 orbifold.
Again, as all m; # 0, this orbifold breaks all supersymmetry. We can preserve some
supersymmetry e.g. by choosing a1 = ag, so that mo = my = 0 and there is N' = 4
supersymmetry of type (1,1).

Chiral orbifold of T4
Choosing

o =3, Q9 =0y = 01, = 2ay, 07 = 2as, Or =0k =0, (2.41)
and (2.22) gives
my = a1 + o, ms = a1 — Qo, mo =myg=0. (2.42)

This type of orbifold can preserve either N' = 6 or N' = 4 supersymmetry. We now look at
these cases separately.

N = 6 supersymmetric orbifold

For N/ = 6 supersymmetry, precisely one of the m; should be non-zero. Choosing this to be
my # 0 with mg = mg = my = 0 requires (using (2.41), (2.42))

a1:a2:a3:a4:%m1 = 0L202:2a1:m1, 9329’ =V, (2.43)
so that this is a chiral orbifold. Recall that a; = my/2 € {0, +3,£7, i%’r,w} mod 27.
The factor of two in the relation between «; and mq is important. The case aq = 7
gives my = 27 as well as 0, = 07 = 27, so that M =1 and M = 1 so that the monodromy
is trivial. This reflects the fact that the monodromy is not in SL(2)* but in SL(2)*/Z,.
Similarly, a; = 7/2 gives a Zy symmetry instead of the Z4 that might have been expected.
Finally, a; = 7/3 gives a Zs symmetry instead of a Zg symmetry, while a; = 27/3 also
gives a Zs symmetry. Thus, the only possible values of p from our ansatz are 2 and 3.
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N = 4 chiral supersymmetric orbifold

For an orbifold with N = 4 chiral supersymmetry we need to turn on two mass parameters.
Requiring my,m3 # 0 and ma = my = 0 gives (using (2.41), (2.42))

o] = o3 = %(ml +mg3), o =ay= %(ml —mg3) =

2.44
0, = mq + mg, 0/L=m1—m;5, 91{293%:0. ( )

This choice of mass parameters leads to a (1,1) theory.

Non-chiral supersymmetric orbifolds of T*

We discuss two examples of this type, preserving N' = 4 and N = 2 supersymmetry

respectively.

N = 4 non-chiral supersymmetric orbifold

Requiring mq, ma # 0 and m3 = my = 0 gives (using (2.23))

ar =g = 5(m1+mg), az=as=g(mi—my) = Op=0p=m1, Op=~0z=ms.
(2.45)

This choice of mass parameters leads to a (0,2) theory. In general, this is an asymmetric

orbifold, but for the special choice m; = ms, the orbifold is symmetric.

N = 2 supersymmetric orbifold

For N' = 2, we turn on three mass parameters and the remaining one is zero. Requiring e.g.
my = 0 gives (using (2.23))

o = %(m1+m2+m3), a9 :%(ml—l—mg—m;»,), (2 46)
a3=%(m1—m2+m3), [e7] zé(ml—mg—mg).
so that
0, = mq + mg, 9’L=m1—m3, GRI(%%:mQ. (2.47)

Notice that this is always an asymmetric orbifold. We will discuss some explicit examples
of non-chiral orbifolds in section 4.

3 The orbifold action on the world-sheet fields and the partition function

3.1 Lattices and tori

Our starting point was a torus compactification on a square torus R*/Z* with periodic
torus coordinates so that the BPS 0-brane charge lattice was preserved by Spin(4,4;7Z).
The moduli were packaged into the background metric and antisymmetric tensor gauge
fields on the torus and the fixed point under the action of the monodromy was at a point
[g] in the moduli space. Acting with a duality transformation g in G moves the fixed point
to the origin and diagonalizes the action of the monodromy on the fields. However, it also
deforms the torus, so that it is no longer a square torus and the boundary conditions of the
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torus coordinates are changed, so that the left-moving coordinates take values on a torus
R*/Ap, for some lattice Az, and the right-moving coordinates take values on a torus R*/Ap
for some lattice Ag. The left-moving momenta py, take values in the lattice dual to A
and the right-moving momenta pgr take values in the lattice dual to Ag. Then the vectors
(pr,pr) build an 8-dimensional even, self-dual Lorentzian lattice, which is known as the
Narain lattice [46] and we will denote by I'y 4. The sublattices Ar, A of I'y 4 are invariant
under the action of the Z, symmetry that is used in the orbifold. These sublattices are
associated with root lattices of Lie algebras.’

For the ansatz of the last section, the monodromy is in

Spin(2,2) x Spin(2, 2)
Lo

 Spin(4,4). (3.1)

This means that the T* can be regarded as T2 x T? with one Spin(2,2) factor in the
monodromy acting on the first T2 and the other acting on the second 7. In this case, the
two four-dimensional lattices Ay, Ar must each decompose into the sum of two 2-dimensional
lattices: Ap, = A1 @ Ay and similarly for Ag. Each 2-dimensional lattice must then be Ay or
A1 ® A1 = D».% However, below we will also consider other 4-dimensional lattices Ar, Ag
that fall outside the scope of the ansatz of section 2. This allows further possible values
of p, e.g. p =5, and in some cases it is necessary for modular invariance, as we will show
in detail.

3.2 The world-sheet fields

We are now ready to discuss the action of the orbifold on the worldsheet variables. We split
the bosonic coordinates as XM — (X y™) — (XH*, Z,Y™), where Y™ (m =1,...,4) are

the T* coordinates, Z is the circle coordinate, X* (u = 0, ...,4) are the R coordinates, and
XA (i =0,...,5) are the coordinates on RY* x S1. We often work in complex coordinates
on the torus, which we denote by W = %(Y%_1 +iY?") with 4 = 1,2. On-shell, the

worldsheet coordinates split into left and right-moving parts as
Wi, 0%) = Wi(o! + ) + Whio' — o?). (3.2)

Here, o' and o2 are the coordinates on the worldsheet which we always take to be of
Lorentzian signature. We denote the oscillators of all bosonic coordinates by & and o}
where the tilde indicates a left-mover, and we use different indices (fi, i, z, m or i) according
to the above decomposition. The fermionic modes of the superstring are denoted by Bﬁ/[ and
b% with a similar index structure. In the case of complex modes, we use a bar to denote
the complex conjugate.

Now that we have set up our notation, we are ready to present the orbifold action. It
is most easily stated in terms of the matrix M in (2.6), parametrized by the four mass

®For a thorough discussion on lattices we refer to [47].
6D, and A, denote the root lattices of SO(2n) and SU(n + 1) respectively.
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parameters m;. It works on the bosonic torus coordinates with asymmetric rotations

Wi — eltmtma) yl
W} — ellm—ma) 2
Wh — elltmeztma) k|

W3 — ellmemma) w2,

(3.3)

and with the same action on the fermionic torus coordinates. In addition, symmetric
orbifolds correspond to m1 = meo and mgz = my. Furthermore, the rotations on the torus
are accompanied by a shift along the circle coordinate

Z — Z+21R/p, (3.4)

which makes the orbifold freely acting. Here R is the circle radius (Z ~ Z + 27R). Due to
this shift, states that carry momentum in the Z-direction obtain a phase €>™? under the
orbifold action, where n is the momentum number of the state.

Let us now discuss the orbifold action on the Neveu-Schwarz (NS) and Ramond (R)
vacua, which we denote by |0>L/R and [s1, 82, 83, 54)1,/r Tespectively, where s, = i%. The
subscript L/R is used to distinguish the left and the right-moving vacua. We choose the
GSO projection in such a way that both R-vacua satisfy

4
D sk € 2. (3.5)
k=1

The NS-vacua are spacetime scalars and are invariant under the orbifold action. On the
other hand the R-vacua are 10D spinors and we know how they transform under rotations,
so in particular under the orbifold action. In general we have

4
|s1,82,83,84) — exp (271'2' Z Ve S,{> |s1, 82,83, 84) = e2mivs |s1, 82, 83,84), (3.6)

k=1
where the S, = Jox—1 2, are the Cartan generators of the little group SO(8) with eigenvalues
Sx. The v, denotes a rotation in the 2k — 1 and 2k directions over an angle 2mv,. Whenever
the rotation works asymmetrically on left and right-movers, the formula above applies
to spinors in each sector individually. In this case we use u, and u, for the left and
right-moving rotation parameters respectively. Using this notation, we read off from (3.3)
that our orbifold action is a rotation with

i mi + ms u mo + My
g=——° g=—— =

or or (3.7)
_ mp—m3 Mo — My '
W= =T

and the other rotation parameters (@ 2 and uj 2) equal to zero. These rotation parameters
are subject to the constraint

ug 4 = 7124 , n34 €7, (38)
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and similarly for s34, as follows from the quantization condition on the mass parame-
ters (2.24). These parameters are related to the angles introduced in the last section by

- 0r, Or
uz = 5—, uz = 57—,
2 2 (3'9)
A
Uy = —= =
1T o 17 on

As we can see from (3.6), the orbifold action on the R-vacua depends only on the values of
s3, 84. We introduce the following notation for the possible values of these spins:

la1)r/r = ’317 51, %, %>L/R’
|a2>L/R = |81’S]"_%’_%>L/R’ (3 10)
’a3>L/R = ’817_817%7_%>L/R7

!a4>L/R = ’317 —S1, —%7 %>L/R‘

Here the relative sign between s; and ss is fixed by the GSO projection. By using (3.6)
and (3.7) we find that the orbifold action on each of these is

lary, — €™ Jar)r, la)r — €7 |a)r,
lagyL, — 6'7””1 laz)r , laz)r — 6?im2\02>R, (3.11)
lagyr, — €™ |a3)r, las)r — € |az)r,
layr, — e agyr, lasyr — € "™ |ag)g .

Requiring that the orbifold action on the R-vacua is of order p yields the additional

conditions

pZui € 27 and pZﬂi € 27. (3.12)

This also follows easily from the earlier analysis on the quantization conditions of the mass
parameters, e.g. using (3.7) together with (2.24), one finds p(us + us) = pmeo/m = 2Ny € 27
and p(us + u4) = 2N € 2Z. Since pu; € Z, one also finds that p(us — ug) € 2Z. The same
also holds for 4. An instructive example is the Zgy orbifold (cf 2.5) with mq = mg = 57/12
and m3 = my = w/12, which corresponds to ug = 1/4 and uq = 1/6 (see also table 10) and
leads to p(us + uq) = 10.

Furthermore, if tus + u4 = 0 mod 2 for some choice of signs, half of the right-moving
supersymmetries are preserved in the orbifold. Essentially, this means that either mso or
my = 0 mod 27 and two of the four gravitini coming from the NS-R sector remain massless.
On the other hand, if the above condition is not met, all right-moving supersymmetries are
broken. Exactly the same argument holds for 4, m; 3 and the left-moving supersymmetries.
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Finally, in order for strings to close in our geometry, they need to satisfy the bound-
ary conditions

XH(ot o?+2m) = XH(at,0?), Z(ot,0*+2m) = Z (0!, 0?) +27R (w+k/p),
Wi(ot,o?+2r) = (ei(mlerS))kWLl(al,az), Wk(ot,0?+27) = (ei(mﬁm“))kW}i(al,oQ),

Wi (ot o?+27) = (ei(ml_m:*’))kwg(al,UQ), Wi(ot,o?+2m) = (ei(mz_m“))kW}%(al,UQ).

(3.13)
Here w € Z is the winding number along the S (we omit winding modes on the torus
here for simplicity of the formulae) and k = 0,...,p — 1 is an integer that distinguishes
between the various sectors. We have the untwisted sector for k = 0, and p — 1 twisted
sectors for the other values of k£ in which case the string closes only under application of
the orbifold action.

3.3 The partition function

Now that we have defined our orbifold action, we would like to construct the one-loop
partition function. (We follow the conventions of [48]; for some other references and recent
examples, see e.g. [49, 50].) In general, the starting point for the partition function is

Z(r.7) = Tr [qlomdgomsn) | g = et (3.14)

where 7 = 11 + i79 is the complex structure modulus of the torus. In an orbifold, we have
twisted sectors and projectors in each of the sectors onto invariant states. Therefore, the
trace over the Hilbert space decomposes according to

Z(1,T) =

SRR

2 Z[k,1)(7,7), (3.15)
k,1=0

where, as mentioned before, p is the orbifold rank and k characterizes the various sectors.
In addition, ! implements the orbifold projection in each sector.” Furthermore, for our
models the partition function will factorize into the following pieces (we omit writing the 7
dependence for simplicity of the notation)

Z[k,1] = Zgia Zoa [k, 1| Zpa [k, 1) Zp [k, 1] . (3.16)

Here Zpi,4 is the contribution to the partition function from the non-compact bosons,
Zg1[k, 1] and Zpa[k,I] refer to the compact bosons on S and T* respectively and Zr[k, ]
is the fermionic contribution to the partition function.

In the remainder of this section, we construct the various parts of the partition function
and discuss modular invariance of the full partition function. For symmetric orbifolds,
showing modular invariance is rather easy, as the individual pieces in (3.16) will have the
same properties under the modular group (or be invariant), in such a way that the sum over
k and [ is modular invariant. For asymmetric orbifolds, one must take care of the possible

"If we denote the orbifold group element by g, with g = 1, then the projection operator takes the form
P=1(l+g+g+ - +g"".
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phases that will arise in left and right-moving sectors under modular transformations, and

show case by case that it all combines into a full modular invariant partition function Z.
First, we consider the bosonic piece of the partition function. The contribution from

the three non-compact bosons (we work in lightcone gauge) to the partition function is

Zgia = (Vrni) . (3.17)

This term is invariant under both 7 and S modular transformations. (Modular functions
and transformations are discussed in appendix B.)

To compute the contribution to the partition function from the compact boson on S,
recall that due to the shift along the circle coordinate, momentum states pick up a phase
e?™/P_ In addition, the boundary condition of the circle coordinate (3.13) implies that in
the twisted sectors fractional Winding modes can appear. Combining these, we can write

Zg[k,1] Z LT PR g PR (3.18)
nweZ
where ( k)
n w+ = R

Zs1[k,l] can be written in a manifestly modular invariant form by performing a Poisson
resummation over the momentum number n. We find
R _ aR2
Zalkd]= —— N ¢ m

O/\/6 nn n,weZ
Note that the circle partition function consists of four building blocks: Zg:1[0,0], Z41[0,],
Zs1[k,0] and Zg1[k,l]. Of course, Zg41[0,0] corresponds simply to a circle compactification

nep (o) . (3.20)

and is invariant under both 7 and S modular transformations. The remaining blocks obey
the following modular transformations

2
Zalo] D —— o Tl (wrd)r _ Zi [kl — k],
Wﬁnﬁ n,we
- ’ L (3.21)
AR — e Falur b (rrg) ] _ Zai[l,—k].

\/a\/a n ﬁ n,wez

These transformation rules will be combined with similar ones from the 7* and the fermions
to ensure modular invariance of the full partition function.

Next, we discuss the contribution coming from the T¢. We consider left and right-
movers separately, since the orbifold can act asymmetrically on the torus coordinates. For
clarity of the partition function, it is convenient to parametrize the orbifold action by two
twist vectors @ = (0,0, U3, a4) and u = (0,0, us, us), with @;,u; as given in (3.7). (For a
discussion on twist vectors see e.g. [51, 52].) By this, we mean that

W} — ™S W],
Wi — Wi,
Wg — 2™ W,

W]% N e27rzu4 W]%’

(3.22)
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and the coordinates of the non-compact dimensions are not rotated. Note that symmetric
orbifolds correspond to @ = u. Now, let us focus on the oscillator modes and postpone the
discussion of the lattice sum over momenta and windings. The oscillator part of the 7%
partition function factorizes into left and right-moving pieces as

Zpalk,1] = Z74[0%,01) @ Z4[0", 6" . (3.23)

Here 6 is the generator of the orbifold group. 6* refers to twisted sectors where the torus
coordinates obey boundary conditions of the form W§(o!, 0% + 27) = 0* Wi, (0!, 0%) and
0! characterizes the orbifold action: W§ — 6! W4 (6%, correspond to the left-movers).
Similarly with the circle, Z74[0,0] corresponds simply to compactification on 7% and is
invariant under both 7 and & modular transformations.

First, we present the right-moving torus partition function. In the untwisted sector
(k =0) it is given by

4
ZT4[ — q 1% H H _ n 27rilui)—1(1 _ qn e—2ﬂ'ilui)—l7 (324)
1=3n=1

and can be rewritten in a more convenient form as

Zra[1 H 2 sin(mlu;) 77 . (3.25)
i)
77+luz

By performing successively S and 7 modular transformations, we find the partition function

in a twisted sector labeled by k (k # 0), which reads®
3 (kuitu) i 3 4

—7 kuilu; ku;—35

Zral0F, 0= = e =3 x[6%, 6'] H

za[i P

where .
X[6%,6' = | | 2sin(meed(k, D)u;) (3.27)
i=3
%s the number of simultaneous “chiral” fixed points'® of % and 6'. We note here that
equation (3.27) is valid for kug 4 ¢ Z. If there exists j € [3,4] such that ku; € Z,'* x[6F,0']
should be divided by 2sin(mlu;) for [ # 0, and replaced by [ [;; yy,¢z 2sin(mku;) for [ =0
(see [53] for a relevant discussion). Furthermore, under modular transformations (3.26)
transforms as

Zra[0%,0'] L =X 2 [0F, 004
(3.28)

Zra[0F,01] S e TA 2[00, 07F]

8Here we omit an irrelevant constant phase coming from the 7 transformation because it is always
cancelled by left-moving contributions in both symmetric and asymmetric orbifolds.

9gcd(k, 1) denotes the greatest common divisor of k, ! with the convention gcd(a,0) = ged(0,a) = a.

0The orbifolds that we consider have fixed points on the T#. However, due to the shift on the circle,
there are no points left invariant under the full orbifold action.

""An example is the orbifold with @ = u = (0,0,0, 1). From (3.12) it follows that p = 4, such that
k=0,1,2,3. For k = 2, one then has kus € Z. The mass parameters in this case are m; = mgs = —ms =
—Myg = 7T/2.

- 21 —



where A is the number of u; ¢ Z. The partition function for the left-movers is simply obtained
by substituting ¢ — ¢, — 7,9 — ¥ and u — @, and obeys the transformations (3.28) but
with phases of opposite sign. Finally, notice that if the orbifold acts trivially on W}%’Q, ie.
us3, uy € 7, equation (3.24), or equivalently (3.25), simply becomes 1%

For the zero modes there are integer momenta and windings and the partition function
includes a lattice sum of left and right-moving momenta. In general, if we compactify the
bosonic string on 7%, we obtain the Narain lattice I'44. On the other hand, for the orbifold
compactifications we have to specify the sublattice A < I'y4 that is invariant under the
orbifold action. Moreover, this sublattice will contribute to the partition function in the
twisted sectors with an overall multiplicative factor that is equal to its volume [21, 22]. We
will return later to this issue when we discuss explicit examples.

For the construction of the fermionic partition function we combine the non-compact
and compact fermions in one expression and we consider left and right-movers separately.
In the NS-sector the right-moving fermionic partition function in a sector labeled by & reads

4 ks

i Z (kuglu;) 9 2 4 19[ kul] i Y ku; ’194 24 r(9[_l_’blu.:|
Zns[0F, 0 i= [(3) L = () —2 } 3.29
[0 0] - L [ [ @)

n; o= n n/ =3
In the R-sector we have

+ku;

1 4ku; 2 9
1 mi Z (kugilu;) 99 2 4 19[2j ] ] wYy, ku; % 2 4 [ 1 lu]
Z ek,el = —e 1=3 |: <) # + e 1=3 <> 21:| .
rR[0%,07] =5 I 1 [ n

n) s M n) is
(3.30)

By combining the above, we find the right-moving fermionic partition function in a sector
labeled by k, which reads

Zr[6F,60'] = Zxs[0F,60'] — ZRr[6,6'], (3.31)

and transforms under modular transformations as

ZF[Qk Hl] I 6423” F[eka el_k] )
(3.32)
Zp[0F, 601 S Zp[0,07F].

For later convenience, we rewrite expressions (3.29) and (3.30) in terms of infinite sums as'?

1 mi Z (kuwiluy;)

Znsr[07,0'] = i

Zq2 (r+ku)? 727ril[(7'+ku)-u] ) (333)
Here r = (r1,re,r3,74) is an SO(8) weight vector with each component r; € Z in the NS-
sector and r € Z—i—% in the R-sector. The GSO projection is Z?Zl r; € 2Z+1 in the NS-sector
and Z?:I r; € 27 in the R-sector. Finally, the left-moving fermionic partition function is
obtained by substituting ¢ — ¢, — 7,9 — 9,u — @ and r — 7, where 7 = (71, 7o, 7’3, 74),
and transforms as in (3.32) but with a phase of opposite sign.

12T the literature, this is usually referred to as “bosonization”. For an alternative construction of the
partition function see [18, 54].
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As a last comment here, we observe from (3.28) and (3.32) that if we consider only the
right-movers, we do not obtain a modular invariant partition function. Of course, modular
invariance can be achieved by taking also into account the contribution from the left-movers.
This can be easily verified in the case of symmetric orbifolds because the expression for
the left-moving partition function is essentially the complex conjugate of the right-moving
one. Consequently, the constant phases cancel out, as the partition function is the tensor
product of left and right-movers. However, this argument does not hold for asymmetric
orbifolds. Therefore, one shall carefully examine modular invariance for each asymmetric
orbifold construction. In the next, we will address this issue by discussing specific examples.

4 Closed string spectrum

In this section we will first present the general formalism that we use in order to obtain
the closed string spectrum that arises from our orbifold constructions. Afterwards, we
will give explicit examples of symmetric and asymmetric orbifolds, preserving N' = 6,4, 2,
or 0 supersymmetry. In general, we treat the untwisted and twisted sectors separately.
In other words, we fix k£ and then we sum over [ and divide by the orbifold rank p in
order to implement the orbifold projection. First, we consider the untwisted sector, i.e.
the sector with k£ = 0 boundary conditions. Furthermore, we focus on the lowest excited
states, i.e. the states that are massless without the addition of momentum and/or winding
modes. Consequently, we expand the ¥-functions coming from the bosonic contributions as
well as all the n-functions and we keep only the lowest order terms. We expand then the
partition function in the untwisted sector as (omitting for now overall factors of 7o which
are reinstated later)

ZI0.0 = (a1} 3 TR @O Y b @ T (1) (4)
n,WeZ T

where the dots denote contributions from higher excited oscillator states. We present in
table 2 the NS and R-sector weight vectors for the states of the lowest level that survive
the GSO projection (all of these are massless in the absence of momentum and/or winding
modes). Furthermore, we table their representations under both the massless little group
SO(3) ~ SU(2) and the massive little group SO(4) ~ SU(2) x SU(2) in five dimensions. The
latter is important when adding momenta or windings such that the states become massive.
We construct string states by tensoring the left and right-moving weight vectors from
table 2. In general, a state carries a non-trivial orbifold charge, given by the phase

e2mil(Fa—ru) “and its degeneracy is

12)

D(k _ O) _ 627ril[(7~’-1~l,77‘-’u)+%] ) (42)

P>

A charged state will be projected out of the orbifold spectrum when we perform the
summation over . However, we can fix this issue by adding appropriate momentum modes
on the circle to the state, such that the orbifold charge is cancelled. This also means that
the state will become massive, since momentum modes contribute to the mass of a state;
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Sector For SO(3) rep | SO(4) rep
(+1,0,0,0) 301 (2,2)

NS (0,0,+1,0) 2x 1 2 x (1,1)

(0,0,0, +1) 2x1 | 2x(1,1)
(£3,£3:3:3) 2 (2,1)
(£3,£3.—3.—3 2 (2,1)

R

(3-3:3—3) 2 (1,2)
(2=2"32) 2 (1,2)

Table 2. Here we write down all the weight vectors for states that are massless in the absence of
momentum and/or winding modes, including their representations under the massless and massive
little groups in 5D. We write down both left-moving and right-moving weight vectors, where
underlining denotes permutations.

Massless field | SO(3) rep Massive field SO(4) rep
G 5 B, [ B (3,1)/(1,3)
Y 4 v /by (2,3) / (3,2)
A, 3 A, (2,2)
X 2 X"/ X (1,2) / (2,1)
¢ 1 ¢ (1,1)

Table 3. Here we show the various massless and massive 5D fields and their representations under
the appropriate little group.

we will discuss this in detail later. Finally, if (7- @ — 7 - u) € Z, the orbifold charge is trivial.
States with trivial charge survive the orbifold projection and remain massless. As follows
from (4.2), the degeneracy of orbifold invariant states in the untwisted sector is 1.

For the construction of states, we use the rules

33=503d1, 202=3@1, 392=4@2, (4.3)

for tensoring SU(2) representations. In addition, we table the (massless and massive)
representations that correspond to various supergravity fields in five dimensions in table 3.

Regarding the construction of states in twisted sectors, the procedure is similar with
the untwisted sector. The expansion of the partition function in a twisted sector labeled by
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k yields'3

Z00,1) =|x[0%, 0] K10, 0| (9q) 3 €1~ RgBr (@) B N ¢ FHgFIRO) () PR
n,WEZL
’ 4.4
Lr4ku)? (o 2(F+ka)?  2mil(Fa—ru) 2milk(d2 —u?) ( )
e E e e (1+--),
where

p=2r Y <; - k]ui]) o) (4.5)

-4

is a phase arising from bosonic contributions and

1
Be= 3 Shluil( = klui) (46)
¢

is a shift to the zero point energy.'* The expressions for )Z[ék , 9~l], P, E), are simply obtained
by substituting u — @. Finally, the degeneracy of a state in a k twisted sector is given by
(see also [55, 56] for a relevant discussion)

155 P [ (7-t—r 62— (Gep) 2
D(k) = 3 6" 6] ¥, ]| FrIC R )
=0

However, if the orbifold acts trivially on VVL1 /R and/or Wg R this degeneracy should be
modified because integer momentum and winding numbers can appear. In particular, one
should also divide (4.7) by the volume of the invariant momentum sublattice.

Now, we can proceed with the construction of explicit orbifold models. In particular,
we treat supersymmetric models: two asymmetric Zy orbifolds, an A = 6 and an N = 2,
a symmetric Z4, N' = 4(0,2) and an asymmetric Zs, N = 4(1,1) orbifold, as well as a
non-supersymmetric, symmetric Zs orbifold. We discuss the untwisted orbifold spectra
and verify that they match exactly with the Scherk-Schwarz supergravity spectra obtained
in [14]. In addition, we construct purely stringy states arising from the orbifold twisted
sectors. Regarding the non-supersymmetric orbifolds, we focus on the twisted sectors where
tachyons can appear and we find a critical value for the orbifold circle radius above which
the spectrum is tachyon-free.

4.1 N =6

In this section we discuss models with A/ = 6 supersymmetry in five dimensions. As we
have seen in the example of section 2.5, these are asymmetric orbifolds of rank p = 2 or 3.
Such models are chiral orbifolds with the twist acting only on the left or the right-movers
on the torus. Without loss of generality we consider twist vectors of the form u = (0,0,0,0)
and a = (0,0, U3, Uyg), with +a3 + 44 = 0 mod 2 for some choice of signs, which ensures that

13Here we consider general twist vectors of the form @ = (0,0,4s,%4), u = (0,0,us,us). As in the
untwisted sector, we omit factors of 7o.

"4The absolute values in (4.4)—(4.6) appear due to restriction on the allowed values of the characteristics
of the ¥-functions in the product representation (B.3). Recall that in general we consider k,l = 0.
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we break half of the left-moving supersymmetries. This choice of twist vectors also implies
that the left-moving momenta are projected out, while there exists an invariant sublattice
of right-moving momenta A < I's 4 contributing to the partition function Zpa[k,l] (for
k or | # 0). Following the examples of [26, 34], we take the right-moving momenta to lie
in the lattice D4 for p = 2 or As @ As for p = 3. Once we have the twist vectors and the
invariant sublattice, we can calculate the degeneracy of the ground state of the twisted
sectors, which is given by the number of fixed points (3.27) divided by the volume of the
invariant sublattice [21, 22]. For a consistent physical theory, the degeneracies of states
should be integers. Orbifolds whose partition functions give non-integer degeneracies should
be excluded. As shown in [34], this only allows the cases Zg and Zs, which precisely agrees
with the T-duality approach that we use to construct our orbifold models, as we saw in the
example of 2.5.

Now, let us present an example of a Zy orbifold, breaking 8 left-moving supersymmetries,
with twist vectors @ = (0 0, é, %) and u = (0,0,0,0), or in terms of the mass parameters
m = (m,0,0,0)."> This orbifold acts trivially on the right-movers, while left-movers obtain
a non-zero phase under the orbifold action. The right-moving momenta lie in the Dy lattice.

The associated lattice sum is'6

Op,(r) = Y 27 = 5 (D3(r)* + 9a(r)*) . (4.8)
PeDy

The remaining parts of the partition function can be obtained as described in section 3.3.
We find

— 2
Z[0,1] = Zg1.4Zg:[0, 1] (g) 7714[(193194) — (9493)? — (92901)% — (01092)2] x

NS 1 (4.9)
19D, (T)g[(ﬁs)4 — (02)* = (V)" — (1)*].
AT o o 7o
Z[l, 0] = ZR1,4ZS1 [1, 0] (19_> —74[( 3192)2 + (194191)2 — (192193)2 + (191194)2] X
14 ”1 (4.10)
2774@/375 (T)ﬁ[(ﬁs)4 — ()" = (92)" = (91)*].
a\* 1, - 7T 7o
Z[1,1] = ZgiaZsi[1,1] <> —[(F301)* + (9492)% — (F204)* + (9193)?] x
1§3 1 (4.11)

@0z (7 Dgl(0)! = (02)" = (92)" = (92)".

The above pieces of the partition function satisfy the following modular transformations

T ¢ 2[0,1] S 2[1,00 5 Z[1,1] D S, (4.12)

which ensure modular invariance. It is worth mentioning here that the above Zo chiral twist
is a symmetry of the (A;)* lattice as well.!” However, choosing the (A4;)* instead of the

5Here we employ the notation 7 = (mi,mz, ms3, ma).
6 A thorough discussion on lattices and theta functions can be found in [57].
17(A1)4 is a shorthand notation for A1 @ A1 @ A1 @ A;.
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Dy lattice does not lead to a modular invariant partition function. In particular, for the
model based on the (A4;)* lattice, performing a modular S transformation on Z[1,1] does
not give back Z[1,1], due to a sign difference in the lattice sum. Furthermore, under two
consecutive 7 transformations neither Z[1,0] nor Z[1,1] get back to themselves, which in
turn means that level-matching is not satisfied [58]. The fact that (A;)? fails level-matching
was also discussed in [59]. In addition, the model constructed in [60] based on the (A;)*
lattice suffers from this problem, as was pointed out in [26].

We now move on to the construction of the closed string spectrum. First, we work
out the massless spectrum in the untwisted sector. Recall that for doing so we do not
add momentum or winding modes on the circle. We use (4.1) with n = w = 0, p = 2,
U= (O 0, %, é) and u = (0,0,0,0). Thus, we obtain

1=2

Z[0.1] = (a2) 72 Y5 (@)27 A (14 ) (4.13)

We observe that orbifold invariant states have to satisfy 73 + 74 = 0 mod 2. By examining

table 2 we find the following invariant states

NS-NS sector:

+1,0,0,0) ® (£1,0,0,0) =5@3x3@2x 1 (414)
(+1,0,0,0)®(0,0,4+1,0) =4 x 3@4 x 1 ‘
NS-R sector:
(£1,0,0,0) @ £(+3,+2,2,3) =2 x 44 x 2 (415)
(£1,0,0,0) ® £(3, —3,3,—3) =2 x 4@4 x 2 '
R-NS sector:
(3, -3, 1, - 1) ®(£1,0,0,0) =2 x 44 x 2 (w16)
4.16
i(%v_%7 %a _%) ® (0707 il,O) =8x2
R-R sector
+(3,-3:3,—3) @ F(+5,3,5,3) =4 x3@4x 1 1)
i(%a_%)%a_%)®i(%a_%7%u %)_4—X3®4X1

All together, we find the graviton, 15 vectors, 14 scalars, 6 gravitini and 20 dilatini. These
massless fields fit into the N/ = 6 gravity multiplet. Regarding the notation, underlining
denotes permutations, e.g. (0,0, £1,0) corresponds to (0,0,1,0),(0,0,0,1),(0,0,—-1,0) and
(0,0,0,—1). Now, we move on to the massive spectrum. For the construction of massive
states, we take combinations from table 2 that obtain a non-zero phase under the orbifold
action and we cancel this phase by adding momentum modes on the circle. Whenever
we add momentum and/or winding to a state, we denote it only on the left-movers by
(71,72, T3, 74;m,w). Once again, we use (4.1) with the same values as in (4.13), with the

exception that we allow n # 0. We obtain
Z[0,1] Z ™ (qq) ?17;2 Zq2 q % 7 gmil(Fa+Ta) (1+---). (4.18)

neZ

We find the following massive states
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NS-NS sector:

+(0,0,1,0; —1) ® (£1,0,0,0) = 4 x (2,2) (4.19)
+(0,0,1,0; —1) ® (0,0, +1,0) = 16 x (1,1) '
NS-R sector:
+(0,0,1,0;-1) @ +(£35,+3,3,3) =8 x (2,1) (4.20)
i(07071a0a _1) ®i(%7_%, %a _%) =8 X ( ) '
R-NS sector:
+(+3,£5,5,3—1) ®(£1,0,0,0) =2 x (3,2) ®2 x (1,2) (4.21)
(43,45, 3, 5D @ (0,0,£1,0) = 8 x (2, |
R-R sector:
t(t3 45,255 D @ (5, 45,5,5) =4x (3, 1) @4 % (1,1) 122
i(i%aiéa% % )®i(% %7%>_%):4X )

In total, we find 2 gravitini (3,2), 4 tensors (3,1), 8 vectors (2,2), 26 dilatini, 16 x (2,1)
and 10 x (1,2), and 20 scalars (1,1). All these fields have mass

/0n2 Ion2 /
am a'm (07
L _ R _ = m =

2 2 4R?

(4.23)

due to the contribution of the n = +1 momentum mode on the circle, and fit into a complex
(1,2) BPS supermultiplet with the representations

(3,2)®2x (3,1)®4 x (2,2) ®5 x (1,2) ®8 x (2,1) @10 x (1,1). (4.24)

All massive and massless states are constructed such that the combination between left and
right-movers ensures zero phase. However, we can add to all these states a trivial phase
e(™D2Z gimply by adding 2Z momentum modes along the circle. In this way we can construct
Kaluza-Klein towers on the circle, where the contribution from each (even) momentum
mode to the mass of the state is |2Z/R|. Furthermore, we can generally identify the orbifold
radius R, with the Scherk-Schwarz radius R, by R = pR, where p is the orbifold rank. In
our Zo example, this means that we can write the mass of the BPS supermultiplet and the
contribution from the Kaluza-Klein towers as |1/2R| and |Z/R| respectively. This entire
spectrum arising from our orbifold construction in the untwisted sector matches exactly
with the one found in [14] from the Scherk-Schwarz reduction on the level of supergravity.

Besides the untwisted spectrum, we are also interested in finding the lightest states in
the twisted sectors (in a Zs orbifold there is only one such sector for k£ = 1). In order to
construct the twisted spectrum we use (4.4)—(4.6) (withp=2, k=1, a4 = (O 0,4 3 2) and
u = (0,0,0,0)). We obtain

!

Z[1,1] = 2q‘%(q‘)‘i Z Ty P2(1)(q)%P]§(1) qur (q)%(F+a)267ril(F3+f4+l)(1 ).

(4.25)
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Sector T SO(4) rep

NS (0,0,—1,0) 2% (1,1)

R | (+1+ :

)| (21

NI
N[ —

, —

Sl
D[

Table 4. Here we list the weight vectors of the lightest left-moving states in the k£ = 1 twisted
sector of the Zs, N/ = 6 orbifold and their representations under the massive little group in 5D.

Note that all states come with a multiplicative factor of 2, which is precisely the number
of chiral fixed points'® 4sin?(7/2) = 4, divided by the volume of the invariant sublattice
Vol(Dy) = 2. The weight vectors for the lightest right-moving states are, again, given in
table 2 because the orbifold acts trivially on the right-movers. On the contrary, the weight
vectors for the lightest left-moving states are listed in table 4. Since the twisted states are
in general massive, we only write down the representation of these states under the massive
little group in five dimensions.

In the twisted sector, orbifold invariant states have to satisfy 73 + 74 + 1 = 0 mod 2.

We list below the states that we find in each sector

NS-NS sector:

(0,0,=1,0)® (£1,0,0,0) = 2 x (2,2) (4.26)
s Yy 1,0)®(0707i1’0)=8x ’ |
NS-R sector:
(0,0,-1,0) @ £(+3,+3,5,5) =4 x (2,1) (4.27)
s a_170)®i(%’_%7%’_%) =4x ( ’
R-NS sector:
(£3,43, -3, -3) @ (£1.0.0,0) = (3,2 ©(1,2) (4.28)
(i%,i%7_%7_%)®(070,i170) =4x (2’1) |
R-R sector:
(i%vi%a_%a_%)®i(i%’i—%7%’%) =2 (371)®2X (1 1) (4 29)
(iéaiév_%a_%)®i(%’_%’%’_%) =2x(2,

Remember that all these states have degeneracy 2. In total we find 2 gravitini (3,2), 4
tensors (3,1), 8 vectors (2,2), 26 dilatini, 16 x (2,1) and 10 x (1,2), and 20 scalars (1,1).
All these fields have mass |R/2a/| due to the 3-winding on the circle, and fit into a complex
(1,2) BPS supermultiplet, as in (4.24).

At this point it is interesting to discuss the low energy spectrum that is obtained without
the shift on the circle, i.e. from the non-freely acting orbifold 7%/Zs x S*. In this case, there
are no massive fields in the untwisted sector (these are projected out of the spectrum instead)

'8Note that in the k = 1 sector the expression [], 2sin(rged(1,1)d;) simply becomes [ [, 2sin(r;).
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and all fields in the twisted sector are massless. In addition to the 6 massless gravitini from
the untwisted sector, there are another 2 massless gravitini coming from the twisted sector.
This leads to a supersymmetry enhancement from 24 to 32 supersymmetries and in essence,
one simply recovers the N’ = 8, D = 5 theory. Furthermore, in the de-compactification limit
R — o0, which corresponds to an asymmetric T*/Zy orbifold compactification, one obtains
the N' =8, D = 6 theory.

The same result can be obtained from the lowest lying spectrum of our freely acting
orbifold in the limit R — oo. Recall that the mass of all fields in the untwisted sector is
equal to |1/R|. In the de-compactification limit these fields become massless and we obtain
2 additional massless gravitini. On the other hand, the mass of the fields in the twisted
sector is proportional to R. These become infinitely massive and decouple. Consequently,
we find 8 massless gravitini and we retrieve the N’ = 8 D = 6 theory. In fact, in the
de-compactification limit all our orbifolds reduce to the N’ = 8, D = 6 theory because, as
we will also see in the next examples, the masses of all fields in the untwisted sector are
proportional to 1/R, while in the twisted sectors they are proportional to R (for large R).

Similar arguments also hold for the Zs, N' = 6 orbifold. Finally, it is worth noting
that both freely and non-freely acting orbifolds prevent the appearance of an N = 6,D = 6
theory. Such a theory can be defined classically but in the quantum level is inconsistent since
it suffers from gravitational anomalies (for a discussion on the N'= 6, D = 6 supergravity
see also [61]).

4.2 N =14

In this section we discuss orbifolds with N' = 4 supersymmetry in five dimensions. These
models can be realized by symmetric or asymmetric constructions. Here we will present a
symmetric Zy, N' = 4(0,2) and an asymmetric Zs, N' = 4 (1, 1) orbifold.

A symmetric Z4, N = 4(0,2) orbifold

As a first example, we consider a non-chiral symmetric Z4 orbifold (cf. example 2.5) with
twist vectors @ = u = (0,0, i, i), or equivalently 7 = (3, §,0,0), breaking half of the left
and right-moving supersymmetries. We choose the torus lattice to be the (A;)? root lattice
with basis vectors R;(1,0,0,0), R1(0,1,0,0), R2(0,0,1,0) and R2(0,0,0,1), and we set the
B-field to zero. This Z,4 orbifold acts non-trivially on all toroidal dimensions. Consequently,
there will be no invariant sublattices of left or right-moving momenta contributing to
Zpalk,l] (for k or I # 0). As was discussed in section 3.3, the partition functions for the
symmetric orbifolds that we consider is always modular invariant and we will not present
them here.

Regarding the orbifold spectrum, we construct closed string states following the same
procedure as in section 4.1. We begin with the massless spectrum in the untwisted sector

where invariant states satisfy 73 + 74 — r3 — 74 = 0 mod 4. We find the following states

NS-NS sector:
(£1,0,0,0) ® (£1,0,0,0) =5@3x3®2x 1

.0
+[(0,0,1,0) ®(0,0,1,0)] =8 x 1

(4.30)
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NS-R sector:

(£1,0,0,0) ® +(5, —g: 3, —3) =2x 4@4 x 2 (4.31)
+[(0,0,1,0) ® (3, 41,4 L) =4 x 2
R-R sector:
(21, +1 L Y@@l +1 L Hl—2x3@2x1 (4.32)
+(3-3:3:-3)®*(3, 75,5, —3) =4 x3@4x1

The spectrum in the R-NS sector is identical with the one found in the NS-R sector. This
is expected because we are treating a symmetric orbifold. Collecting together our results
from the four sectors, we find the graviton, 9 vectors, 4 gravitini, 16 dilatini and 16 scalars.
These form the N' = 4 gravity multiplet, consisting of the graviton, 4 gravitini, 6 vectors,
4 dilatini and 1 scalar, coupled to three vector multiplets, each made up from 1 vector, 4
dilatini and 5 scalars. We continue with the massive states

NS-NS sector:
+[(£1,0,0,0;1) ® (0,0,1,0)] = 4 x (2,2)

+(0,0,1,0; —1) ® (£1,0,0,0) = 4 x (2,2) (4.33)

+[(0,0,1,0; —2) ® (0,0,-1,0)] = 8 x (1,1)
NS-R sector:
+[(£1,0,0,0;1) ® (£3,+3,2, 1) =2 x (3,2) ®2 x (1,2)
£[(0,0,1,0; —2) ® (£3, %3, —3,—3)] =4 x (2,1) (4.34)
+(0,0,1,0;-1) @ +(5,-1,1,-3) =8 x(1,2)
R-R sector:
£t 2]} 5 2@ (b -} -l =22 3D ®2x (1)
+(+5. %5, 5,55~ D®£(3,—3.5.—3) =4 x (2,2) (4.35)
+(3 33, —3) @ *(£5, 5,5, 5;1) = 4 x (2,2

19Again, in the R-NS sector we find the same spectrum as in the NS-R sector. In total,
we find 16 vectors (2,2) with mass |[1/R|, 2 tensors (3,1) and 10 scalars (1,1) with
mass |2/R|, 4 gravitini (3,2) and 20 dilatini (1,2) with mass |1/R| and 8 dilatini (2,1)
with mass |2/R|. These fields fit into two complex (0,2) spin-3 multiplets of the form
(3,2) ®4 x (2,2) ®5 x (1,2) with mass |1/R|, and one complex (0,2) tensor multiplet
(3,1)®4 x (2,1)®5 x (1,1) with mass [2/R|. Finally, we construct Kaluza-Klein towers
by adding a trivial phase (5L ¢4 all states and we identify R = 4R. In this way, we
can verify that the orbifold untwisted spectrum matches exactly with the Scherk-Schwarz
supergravity one found in [14]. Now, we move on to the twisted sectors and we start our
analysis with the £ = 1 sector. The weight vectors for the lightest left and right-moving
states are the same, and coincide with those listed in table 4. Orbifold invariant states
satisfy 73 + 74 — r3 — r4 = 0 mod 4. We list below the states that we find in each sector

19Tn the last line of the R-R sector, for clearer notation we denoted the momentum of the states on the
right-movers.
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NS-NS sector:

(0,0,—1,0) ®(0,0,—1,0) =4 x (1,1) (4.36)
NS-R sector:
(0707_170) ® (i%,i%, _%7 _%) =2x (271) (437)
R-NS sector
(iéa i%v _%7 _%> &® (0707 _170) =2x (271) (438)
R-R sector:

The degeneracy of the above states is 4. In total, we find 4 tensors (3,1) 16 dilatini (2,1)
and 20 scalars (1,1). These fields have mass |R/4c/|, due to the 3-winding on the circle, and
they fit into two complex (0, 2) tensor multiplets of the form (3,1)®4 x (2,1)®5 x (1,1).
Regarding the k = 2 twisted sector, the weight vectors for the lightest states coincide with
those of the k = 1 sector. Hence, we find the same states. However, the degeneracy of the
states in the k = 2 twisted sector is 10 and their mass is |[R/2a/|. Finally, the k = 3 twisted

sector is equivalent to the k = 1 sector. Note that the lightest states in the k = 3 sector

are those with winding w = —1.?° Concluding, in the twisted sectors of the symmetric Zg4,
N =4(0,2) orbifold we find 9 complex tensor multiplets, 4 with mass |R/4a/| and 5 with
mass |R/2d/|.

Finally, we would like to briefly discuss here the spectrum obtained by the corresponding
non-freely acting orbifold 7%/Z, x S'. In the untwisted sector the massless spectrum
consists of the N/ = 4 gravity multiplet coupled to 3 vector multiplets. In the twisted
sectors one finds 18 massless vector multiplets. In total, there exist 27 massless vectors.
The resulting number of vectors is consistent with the anomaly cancellation condition in
type IIB N = 4 (0, 2) theory in 6D, where 21 massless tensor multiplets are required for the
anomalies to cancel [62]. Then compactification of the 6D theory on a circle yields the 5D
theory with exactly 27 vectors, upon dualizing the tensors into vectors (see also [63]). For
the T* /73,6 % St orbifolds the result is exactly the same and for the T%/Zy x S orbifold,
11 vectors come from the untwisted sector and 16 from the untwisted sector, giving again a

total of 27 vectors.?!

An asymmetric Za, N' = 4 (1, 1) orbifold

Here we consider an asymmetric Zg orbifold with twist vectors 4 = (0,0,0,0) and u =
(0,0,0,1), i.e. m = (0, 7,0, —m). An interesting characteristic of this orbifold is the form
of the right-moving twist vector u, which generates a (—1)f% action. As we saw in the
example of the fermionic monodromies in section 2.5, this orbifold acts trivially on the
torus coordinates, but spacetime fermions do feel the twist. Consequently, the torus bosonic
partition is given by .

Zpa = ——Tyy4, (4.40)
™ ()

20The same result can be obtained by considering k = —1 instead of k = 3.
2 Type IIB on K3 x St also gives 27 vectors in D = 5.
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which simply corresponds to a T# compactification and is invariant under modular transfor-
mations. For the remaining pieces of the partition function we find

210,1] = Zg1aZg:[0, 1] Za [(95)" = (00)* = ()" — (91)"] x

~

4(nn) (4.41)
[(Ws)" = (9)" + (92)* + (91)"].
L ) _ _
Z[1,0] = Zp14Zs1[1, O]ZT4W[(193)4 — (Pg)* = (D2)* = (01)"] x (4.42)
[(93)" + (94)* = (92)* + (91)*].
L ) _ _
Z[1,1] = ZpiaZgi[L, 1]ZT44(77 i [(D3)* = (Pa)* — (92)* — (V1)*] x (4.43)

[=(93)" = (92)" = (¥2)" + (91)"] -

Under modular transformations, the above pieces of the partition function transform as
in (4.12) and this guarantees modular invariance. Concerning the orbifold spectrum, in
the untwisted sector orbifold invariant states satisfy r4 € Z. This means that all NS-NS
and R-NS states survive the orbifold projection and remain massless. On the other hand,
all NS-R and R-R states are charged under the orbifold action and survive the orbifold
projection only with the addition of n = £1 momentum modes. In this case, there is no
need to write down explicitly the states that we find in each sector. The massless spectrum
consists of the graviton, 11 vectors, 26 scalars, 4 gravitini and 24 dilatini. These fields make
up the A/ = 4 gravity multiplet coupled to five vector multiplets. The massive spectrum
consists of 8 vectors (2,2), 8 tensors, 4 x (3,1) and 4 x (1,3), 8 scalars (1,1), 4 gravitini,
2 x (3,2) and 2 x (2,3) and 20 dilatini, 10 x (1,2) and 10 x (2,1). All these fields have
mass |1/R| and form two complex (1,1) spin-3 multiplets in the representations

(3,2)@2x (3,1)®2x (2,2)®(1,2) ®4 % (2,1)®2 x (1,1),

(4.44)
(2,3)®2 x (1,3)®2 x (2,2)®(2,1) @4 x (1,2) ®2 x (1,1).

Finally, for the construction of the Kaluza-Klein towers one works exactly as in section 4.1.
Once again, we can verify that the untwisted orbifold spectrum matches exactly the one
found in [14] from the Scherk-Schwarz reduction on the level of supergravity.

Now, consider the k = 1 twisted sector where we use??

Z[l7 l] = (q (D_% Z ewinlq%PE(l)(Q)%Pg(l) Z q%(r-&-u)Q (q)%f2€—7ril(2r4+1)(1 +... ) .
n,WEZ r,T

(4.45)
Since the orbifold acts trivially on the left-movers, the weight vectors for the lightest
left-moving states in the absence of momentum and/or winding modes are given in table 2.
The weight vectors for the lightest right-moving states are listed in table 5. Note here
that the state with » = (0,0,0,—1) is tachyonic. However, as we shall demonstrate in
what follows, tachyonic states do not survive the orbifold projection, as expected in a
supersymmetric model.

l

*Here there is an additional phase ¢™* coming from the fermionic partition function (3.33) which is not

cancelled by the torus bosonic partition function due to the form of the twist vector w.

— 33 —



Sector r SO(4) rep
NS (0,0,0,—1) (1,1)
(3,45, —5,—3) | (2,1)
p [EpEraoy | @Y
(3-33-3) | (1,2
(-3 -2-3) | 12

Table 5. Here we list the weight vectors of the lightest right-moving states in the k = 1 twisted
sector of the asymmetric Zy, N = 4 orbifold and their representations under the massive little group

in 5D.

Orbifold invariant states satisfy 2ry + 1 = 0 mod 2. As it follows from table 5, all
states in the NS-R and R-R sectors are invariant under the orbifold action. These are 8
vectors (2,2), 8 tensors, 4 x (3,1) and 4 x (1,3), 8 scalars (1, 1), 4 gravitini, 2 x (3,2), and
2 x (2,3) and 20 dilatini, 10 x (1,2) and 10 x (2,1). All these fields have mass |R/2¢/|,
due to the %-Winding on the circle, and form two complex (1,1) spin—% multiplets, exactly
as in (4.44). Moving on to the NS-NS and R-NS sectors, we notice that states are neither
invariant under the orbifold action nor level-matched. However we can fix both issues either

by adding n = —1,w =0 or n = +1,w = —1 momentum and winding modes respectively

on the circle. We find the following states

NS-NS sector:

R-NS sector:

(il,0,0,0; 1,0)@(0,0,0, 1
(M,0,0;l,fl)(@(0,0,0,fl
(0,0,4+1,0;—-1,0) ® (0,0,0,—1
(0,0,&;1,—1)@(0,0,0, 1
(£(£3,£3,3,3);-1,0)®(0,0,0,
(£(£3,+3,4,4);1,-1) ®(0,0,0,
(£(3,—3,3.—3);—1,0)®(0,0,0,
(+(3,33,—3) 1, —1) ®(0,0,0,

(4.46)

(4.47)

In total we find 2 vectors (2,2), 8 scalars (1,1) and 8 dilatini, 4 x (1,2) and 4 x (2,1).
These fields form one complex (1,1) vector multiplet with mass m = |1/R — R/2a/|. As we
have seen so far, states in the twisted sectors are generally massive. However, some states

can become massless at special points of the moduli space. In the specific example that
we discuss here, this can be achieved at circle radius R = +/2¢/. In this massless limit the
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massive complex vector multiplet gives two massless real vector multiplets (this can be seen
by using the appropriate representations of the states under the massless little group in five
dimensions). This is a generic feature of N’ = 4 (1, 1) theories, where we break all the left,
or right-moving supersymmetries, and we will revisit it when we discuss the moduli spaces
of the orbifolds in section 5.2.

4.3 N =2

In this section we discuss orbifolds with N' = 2 supersymmetry in five dimensions. These are
non-chiral asymmetric constructions (cf. example 2.5) which break half of the left-moving and
all the right-moving supersymmetries (or the other way around). As an example, consider
the Zsy orbifold with twist vectors @ = (0,0, %, %) and u = (0,0,0,1), i.e. m = (m, 7,0, —7).
Regarding the bosonic contribution to the partition function, notice that the twist vector
4 is the same as in section 4.1. Moreover, the twist vector u acts trivially on the torus
coordinates, exactly as the twist vector of section 4.1. Therefore, the bosonic partition
function of this A/ = 2 model coincides with the partition function of the N’ = 6 model
obtained in section 4.1. However, the fermionic partition function is different because the

twist vector u generates a (—1)F® action. Putting all together we find

— N\ 2
Z[0,1] = Zg14Zg1[0,1] (g) %[(19‘319‘4)2 — (9403)% — (92091)% — (9192)2] x
2/ M (4.48)

7714@134 (1)~ [(03) — (04" + (92)* + (91)"].

1 (4.49)

5703 (1) 2l(0a)! + (20)! = (22)" + (21)"
— 2
Z[l, 1] = ZR1,4ZS1 [1, 1] (1;_73> ?714[(29_319_1)2 + (19_419_2)2 — (19_21974)2 + (19_1193_)2] X (4 50)
1 1 ’

2774@/355 (T + 1)ﬁ[—(193)4 — (00)" = (92)" + (91)"].

These pieces of the partition function satisfy the transformations (4.12). This guarantees
modular invariance.?? Now, let us proceed with the construction of the orbifold spectrum. As
usual, we start with the massless states in the untwisted sector, which obey 73 +74—2ry =0
mod 2

NS-NS sector:
(+£1,0,0,0) ® (+£1,0,0,0) =5d3 x3P2x 1

(+1,0,0,0)® (0,0, +1,0) =4 x 3@4 x 1

(4.51)

NS-R sector:
(O’O’M) ®i(i%7i%7 %7 %) = 8 x 2
(0,0,£1,0)®+(3,~4,5,~1) =8 x 2

(4.52)

23 As in the N' = 6 example of section 4.1, the model based on the (A;)* lattice, which is also discussed

in [60], does not give a modular invariant partition function.
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R-NS sector:

R-R sector:

+(3:. 3,3, —3) ®(£1,0,0,0) =2 x 4® 4 x 2 (4.53)

i(%v_%7 %a _%) ® (0707 il,O) =8 x2
i(i%7i%7%7%>®i(i%7i%7%’%>:4X3®4X 1 (4 54)
t(#h 43 D03 -3 4 -h) —4x3@4x1 |

We find the graviton, 15 vectors, 14 scalars, 2 gravitini and 28 dilatini. These fields form

the A/ = 2 gravity multiplet consisting of the graviton, 2 gravitini and 1 vector, and 14

vector multiplets each consisting of 1 vector 2 dilatini and 1 scalar. We continue with the

construction of the massive spectrum

NS-NS sector:

NS-R sector:

R-NS sector:

R-R sector:

+(0,0,1,0; —1) ® (+1,0,0,0) = 4 x (2,2)
+(0,0,1,0; —1) ® (0,0, +1,0) = 8 x (1,1) (4.55)
+[(0,0,1,0;1) ® (0,0,0,1) = 4 x (1,1) '
i[(()?Oa 1a07 _3) & (070707 1) =4 x (171)
+[(£1,0,0,0; ) ® (+3,+3,5,5)] =2 x (3,2) ®2 x (1,2 (156)
i[(i13070707 1)®(%7_%7%’_%)] _2X 73)®2X (271 ‘
£(£3,43,3, 3~ ® (£1,0,0,0) = 2% (3,2) ©2 x (1,2)
+(+3,+5, 3,5 —1)®(0,0,£1,0) = 4 x (2,1) (4.57)
+[(+3, 5.5, 3:1)®©(0,0,0,1)] = 2 x (2,1) '
+[(£3,%3,3,3:-3)®(0,0,0,-1)] = 2 x (2,1)
i(%7_%7%7_%)®i(_’—_%7i%7%7%71):4X (272) (4 58)
i(%7_%7 %7_%) ®i(%7_%7 %7_%7 _1) =4 x (173) ®4 x (1 1)

24In total, we find 6 gravitini, 4 x (3,2) and 2 x (2, 3), 4 tensors (1,3), 8 vectors (2,2), 12

dilatini, 8 x (2,

1) and 4 x (1,2), and 16 scalars (1,1) with mass |1/R|, and in addition,

2 dilatini (2,1) and 4 scalars (1,1) with mass |3/R|. These fields fit into the following
complex multiplets: two spin—% multiplets (3,2) ®2 x (2,2) ® (1,2), another multiplet
containing a spin—% particle; (2,3) @2 x (1,3), and four hypermultiplets (2,1)®2 x (1,1)

with mass [1/R],

as well as one hypermultiplet with mass |3/R|. Finally, the construction of

the Kaluza-Klein towers proceeds in exactly the same way as in section 4.1. Once again, we

241n the R-R sector, for clearer notation we denoted the momentum of the states on the right-movers.
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Sector
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D
o

NS (0,0,—-1,0) | 2x(1,1) (0,0,0,—1) (1,1)

(£3.%£3.3.—3) | (1)
R (i%ai%a_%’_%) (271)

(3:-3:3 %) (1,2)

(%7_%7_%a_%) (172)

Table 6. Here we list the weight vectors of the lightest left and right-moving states in the k = 1
twisted sector of the Zy, N' = 2 orbifold and their representations under the massive little group in
5D.

confirm that the orbifold spectrum in the untwisted sector matches exactly the one found
in [14] from the Scherk-Schwarz reduction on the level of supergravity. Now, we move on to

the k = 1 twisted sector where we use?”

Z[l, l] _ 2q—% (Cj)_% Z em’nlq%PI%(l) ((j)%Pg(l) Zq%(r-&-u)Q ((j)%(F+ﬁ)2€7ril(f3+iﬂ'4—2r4) (1 o ) _
n,WEZL 7

(4.59)

The weight vectors for the lightest states in the absence of momentum and/or winding

modes are given in table 6.

Orbifold invariant states satisfy 73 + 74 — 2ry = 0 mod 2 and they have degeneracy
2. All the states in the NS-R and R-R sectors survive the orbifold projection. In these
sectors we find 16 dilatini, 8 x (2,1) and 8 x (1,2), 4 tensors (3,1), 4 vectors (2,2) and 4
scalars (1,1). All these fields have mass |R/2¢/|, due to the 1-winding on the circle, and
they fit into two complex tensor multiplets (3,1) ®2 x (2,1) ® (1,1) and two complex
vector multiplets (2,2) @2 x (1,2). Regarding the NS-NS and R-NS sectors, we observe
that, as in the N' = 4(1,1) case, the state r = (0,0,0,—1) is tachyonic. In these sectors
states are not level-matched and do not survive the orbifold projection. However, with the
addition of n = —1,w =0 or n = +1,w = —1 momentum and winding modes respectively
on the circle, states become level-matched and survive the orbifold. Thereby, we find the

following states

NS-NS sector:
(07 07 _1a 0, _L 0) ® (07 0>O7 _1) =2 X (1’ 1)

(4.60)
(0707 _1707 17 _1) ® (070707_1) =2 X (17 1)

1

25 As in the asymmetric Zy, N = 4 orbifold, here there is an additional phase ™ coming from the fermionic

partition function (3.33) due to the form of the twist vector w.
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R-NS sector:

11 _1

s, —5,—=;—1,0)®(0,0,0,—1) = (2,1

L] )= (2.1 o
These states come with a degeneracy factor of 2. We find 8 scalars (1,1) and 4 dilatini
(2,1) which form two massive complex hypermultiplets with mass [1/R — R/2d/|. As a
final remark, note that it is possible to make these hypermultiplets massless by fixing the
circle radius at R = 4/2a’/. We will return to this issue in section 5.2, where we discuss the
moduli spaces of the orbifolds.

44 N =0

In this section we discuss non-supersymmetric symmetric orbifolds (see also [64, 65]). These
are models with @ = u = (0,0, us,us) which do not satisfy +us + ugy = 0 mod 2 for any
choice of signs, such that all supersymmetries are broken. In general, for the construction of
states in all sectors we follow the same procedure as in section 4.1. The interesting feature
of non-supersymmetric orbifolds is the appearance of tachyons in the twisted sectors. As
we will demonstrate, if the radius of the orbifold circle is large enough compared to the
string scale, there will be no tachyons in the spectrum, see e.g. [4, 16, 66, 67| for more
examples. As an example, consider a symmetric Zs orbifold breaking all supersymmetry,
with twist vectors @ = u = (0,0,0, %), ie.m = (%’T, %”, —%“, —%’r) For this orbifold is it
more convenient to decompose the 7% as T2 x T2. In this way we can see that the orbifold
action leaves one T2 intact. Therefore, from this 72, there will be an invariant lattice of left
and right-moving momenta contributing to Zra|[k,l]. As usual in toroidal compactification,
this lattice is a 4-dimensional even, self-dual Lorentzian lattice I's 2, with volume equal to
1. As a consequence, there are no inconsistencies regarding the degeneracy number of the
twisted states. For the other 72, in order for the orbifold to be well-defined, we choose the
A oot lattice with basis vectors Rj(+/2,0) and Rl(—%, \/g) We set the B-field to zero.

We start with the spectrum in the untwisted sector. As we are mostly interested in the
twisted sectors, we do not write down explicitly all the states but we simply state the results.
Orbifold invariant states satisfy 2(74 — r4) = 0 mod 3. The massless spectrum consists of
the graviton, 15 vectors, 20 scalars and 8 dilatini. Note that there are no massless gravitini
in the spectrum, hence the spectrum is non-supersymmetric. The massive spectrum consists
of 8 vectors (2,2), 4 tensors, 2 x (3,1) and 2 x (1,3), and 12 scalars (1,1) with mass |2/R]|,
2 scalars (1,1) with mass |[4/R|, and 8 gravitini, 4 x (3,2) and 4 x (2, 3), and 32 dilatini,
16 x (2,1) and 16 x (1,2), with mass |1/R|. In addition, we build the Kaluza-Klein towers
by adding a trivial phase eFF3L ¢4 all states. Finally, we identify the orbifold radius R,
with the Scherk-Schwarz radius R, by R = 3R and we confirm that the entire untwisted
spectrum matches with the one found in [14] from the Scherk-Schwarz reduction on the
level of supergravity.

Let us now discuss the spectrum in the twisted sectors. As usual, we are interested in
finding the lightest states in the absence of momentum and winding modes. We start from
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Sector T, SO(4) rep

NS (0,0,0,—1) (1,1)

1.1 1 1
(£3,£3,—3,—3) (2,1)

(%>_%7%7 %) (1,2)

Table 7. Here we list the weight vectors of the lightest states in the k = 1 twisted sector of the
symmetric Zs, N' = 0 orbifold and their representations under the massive little group in 5D.

the k = 1 twisted sector and we use?6
[1 l] Z eZﬂéznl o P2(1)(—)% E(l) Zq%(T-i-uP( ) (7"+u)2 47”[(7“4 T4) (1 4. ) '
n,wezZ rF
(4.62)

The weight vectors for the lightest states are given in table 7.

Orbifold invariant states satisfy 2(74 — rs4) = 0 mod 3. We list below the states that
we find in each sector (all the states below come with a multiplicity 3, which we will omit
writing down explicitly)

NS-NS sector:

(0,0,0,-1)®(0,0,0,—1) = (1,1) (4.63)
This state is a scalar with mass
2 = B (4.64)
a'm —_—— = .
9/ 3

We note that this state is tachyonic if
R < 2v/3d. (4.65)

Taking the circle radius to be above this tachyon bound ensures that the spectrum is
tachyon-free. We move on to the R-R sector:

(445 -3 D@ (b2} -1 -5 = B e
(th4h -3 -D OG5 1 -5 = 22) .
G-bi-beEhth-b-h-22 |
(bbb -DOG-31-H =138

In this sector we find 2 tensors, 1x(3,1) and 1x(1,3), 2 vectors (2,2) and 2 scalars (1,1)
with mass |R/3c’|. In the NS-R/R-NS sectors, states are not level-matched and do not
survive the orbifold projection. However, we can fix both issues by adding n = +1/ — 1
momentum modes on the circle:

*Note that in the k = 1 sector the expression [ [, 2sin(rged(1,1)i;) simply becomes [ [, 2 sin(7i;), and
similarly for wu.
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NS-R sector:

(OaOaOa 1 1) ® (i%’ i%’ _%’_%) = (2’ 1) (4_ 67)
(0,0,0,~1;1) ® (3, — 5,5, —3) = (1,2)
R-NS sector:
(iéai%7_ y T 7_1)®(070707_1) = (271)

(4.68)

In these sectors we find 4 dilatini, 2x(2,1) and 2x(1,2), with mass |1/R — R/3a/|. We
note that the states in the NS-R/R-NS sectors become massless for R = v/3a/. However,
this value is under the tachyon bound. Finally, the spectrum in the k = 2 twisted sector is
identical to the spectrum in the k = 1 sector.

4.4.1 Tachyon bounds

In general, the spectrum of non-supersymmetric orbifolds contains tachyons coming from the
twisted sectors. Nevertheless, we can repeat the same analysis as in the Zg orbifold discussed
above, in order to find the tachyon bounds for other non-supersymmetric, symmetric
orbifolds. For each model, there is a critical circle radius R, above which the string
spectrum renders tachyon-free. The critical radius can be determined by examining the
k = 1 twisted sector.?” For Z, orbifolds with twist vectors of the form (0,0, us,us) with
lus| — |usg| = n/p, n € Z, we find

\7/20*7 =/2|n|p. (4.69)

The twist vectors that we used to obtain the above result are listed in appendix C, table 10.

5 Low-energy limit

In this section we give details of the relation between the compactification of type IIB string
theory on freely acting orbifolds and the Scherk-Schwarz reduction of type IIB supergravity
presented in [14]. We then discuss the moduli spaces, the classical Scherk-Schwarz potential
and the supertrace formulae.

5.1 Lowest lying orbifold states and Scherk-Schwarz spectrum

In this subsection, we will explicitly construct the untwisted orbifold sector in terms of
oscillator states. As in section 4, we will only focus on the lowest excited states, i.e the states
that are massless without the addition of momentum and/or winding modes. This will
manifest the correspondence between freely acting orbifolds and Scherk-Schwarz mechanism.

As we discussed in section 3, in the untwisted sector the NS-vacuum is a spacetime
scalar and the R-vacuum is a spacetime spinor in all target space dimensions. The NS-vacua
are invariant under the orbifold action, while the R-vacua transform as in (3.11). Having
these at hand, we can discuss the resulting spectrum.

2T As k becomes bigger, the critical radius becomes smaller. The strongest constraint comes from the
k =1 sector.
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Sector State L orbifold charge | R orbifold charge | SO(3) rep | SO(4) rep

NS o5 10) 1 1 3@1 (2,2)
bi_1/2 |0) ei(mitms) el(matma) 2x1 2x(1,1)
b5 10) e~ i(mitma) e~i(matma) 2x1 2x(1,1)

R la1,2) etim etimz 2% 2 2x(2,1)

las,a) etima etima 2x2 2% (1,2)

Table 8. Here we write down all states that are massless in the absence of momentum and/or
winding modes, including their charges under the orbifold action and their representations under the
massless and massive little groups in 5D. We write down general states that appear both left-moving
and right-moving. The tildes on the oscillators in the left-moving sector, and the subscripts L and
R on the vacua are omitted. The index ¢ on the oscillators takes the values 1 and 2. The + sign in
the L/R orbifold charge corresponds to ¢ = 1 and the — sign to ¢ = 2.

First, we present in table 8 the lightest NS and R-sector states that survive the GSO
projection. We write down general states that appear both in a left-moving and in a right-
moving version, and we write down the orbifold charges that both of these versions carry.
Furthermore, we table the representations of these states under both the massless little group
SO(3) ~ SU(2) and the massive little group SO(4) ~ SU(2) x SU(2) in five dimensions.

String states are constructed by tensoring the left and right-moving states from table 8.
If a state carries a non-trivial orbifold charge, we compensate for this by adding momentum
modes on the circle. In table 9 we give the spectrum of lowest excited string states, including
their orbifold charge and little group representations.

We can now find the field content of our orbifold construction from table 9. As an
example, take the string state |a1 )z, ®b" 12 |0) p, which has orbifold charge e“™. First recall
that we can always write m; = 2w Ny /p where Nj is an integer and p is the rank of the
orbifold. To make the state invariant under the orbifold action, we add momentum along the
S, States with momentum on the circle obtain a phase e2™/P with n the number of modes.

If we now choose n = —Nj, this phase becomes e~ 27V1/p

which cancels exactly against the
phase that the string state had before the addition of momentum. In other words, the state
lay; —N1, 05, ® b 12 |0) is invariant under the orbifold action and therefore survives in
the spectrum. Here we use the notational convention to denote the momentum and winding

numbers on the S' as |;n,w) on the left-moving vacuum.

At this point, we would like to mention that for the states in table 9 it is always possible
to find an integer-valued momentum number that cancels the phase due to the orbifold
action. All mass parameters can be written as m; = 27 N;/p with N; € Z; any sum or
difference of mass parameters can thus also be written as 27/p times an integer. If we take
this integer with the sign flipped as the momentum number, the total phase cancels.

Next, we can use the little group representations in table 9 to determine what kind of
fields the spectrum consists of. We return to the example state |a1; —Ni,0)r ® b‘il/Q 10) -
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Sector State Orbifold charge SO(3) rep SO(4) rep
NS-NS | 5,100, @b, |00, 1 5@3x3®2x1|(301,3®1)
a0, @b, 00y gi(matma) 2x3@®2x1 2 % (2,2)
a0, @b 5 00y gi(matma) 2x3@®2x1 2 % (2,2)
by 10y, @V, [0) gilmitms) 2x3@2x1 2 x (2,2)
l:f'_m 10>, ®b‘21/2 10)5 e~ imitms) 2x3®2x1 2% (2,2)
B |0 @V [0y | eilmatma)tilmatma) 4x1 4% (1,1)
by [0y, @V, [0y, | ellmatma)=ilmaima) 4x1 4% (1,1)
by |00, @B, [0y | emilmzma)+ilmatma) 4x1 4% (1,1)
by |0, @B, [0y | emilmzma)—ilmatma) 4x1 4% (1,1)
R-R la12)L ® a1 2)R eFimitimz 4x3@®4x1 |4x(3®1,1)
la12)L ®lasa)r eFimitimg 4x3®4x1 4% (2,2)
las )L ®la12)r gtimatimz 4x3@4x1 4x(2,2)
laza)L @ laza)r etimatima 4x3®4x1 | 4x(1,3®1)
NS-R 210, ®lars)r gtima 2x4@®4x2 | 2x(3@1,2)
010, ® lagarr eEima 2x4@4x2 |2x(2,3®1)
b3 |00, ® lar2)r ilmEms)im 4% 2 4 (2,1)
b1 5100 ® lasayr eilmatma)tima 4x2 4x(1,2)
by, 10, ®lar2)r ¢—ilmams)Lims 4% 2 4% (2,1)
311/2 10, ®lasza)r e~ i(mitms)timy 4x2 4% (1,2)
R-NS laro)r @Y 5105 gtim 2x4@®4x2 |2x(3@1,2)
jas.)r @ | 5105 eEims 2x4®4x2 | 2x(2,3®1)
la12)r ® bim 10> 5 eFimiti(matma) 4x2 4% (2,1)
lasayr ® bi,l/Q [0>p eFimati(matma) 4x2 4% (1,2)
la1,20L @b 15 [0 etimi—i(matma) 4x2 4% (2,1)
|az 1 ® b 51005 etima—i(matmy) 4x2 4% (1,2)
Table 9. The spectrum of lowest excited string states including their orbifold charge and

representations under the massless little group SO(3) ~ SU(2) and the massive little group
SO(4) ~ SU(2) x SU(2) in five dimensions.
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Due to the addition of momentum, the state has become massive with mass |N;/R|. From
the table we then read off the representation as (3,2) @ (1,2), i.e. it corresponds to a
massive gravitino and a massive dilatino.

We can rewrite the mass |N;/R| slightly differently in order to make contact with the
Scherk-Schwarz supergravity spectrum. We know that N; = pmy /27, and we know that
the radius of the orbifold circle R and the radius of the Scherk-Schwarz circle R are related
by R = pR. The mass of the state is therefore equal to |m/2wR|. Masses of this form
are precisely what was found in [14]. We have included the relevant table of masses of the
supergravity fields in appendix D (see also section 3.3 of [14]).

Some further care must be taken when comparing the representation of the monodromy
matrix acting on the world-sheet fields or on the supergravity fields. For instance, the two
gravitini from the NS-R sector (the (3,2) and the (2, 3) in table 9) only pick up a Spin(4)r
monodromy (with mass parameters mg, my), but their spacetime chirality is opposite in
six dimensions. Similarly the ones from the R-NS sector transform only under Spin(4)y,
and again have opposite 6D chirality. As supergravity fields, the 6D gravitini sit in the
(4,1) and (1,4) representations of the R-symmetry USp(4);, x USp(4)g, where L, R now
indicates the 6D chirality. Therefore, the monodromy matrix appearing in [14] (see e.g.
eq. (3.39) in that paper) has grouped together my and mg, and similarly ms and my.

This systematic approach can be used to construct the entire field content coming from
the lowest excited string states. Each of the states in table 9 gives fields whose mass can be
read off from their orbifold charge (it is always the absolute value of this linear combination
of m;’s times p/27R). The type of fields that this state gives can then be found from its
massless or massive little group representation, depending on whether the aforementioned
mass is zero (mod 27) or not. In this way, the entire supergravity spectrum from [14] can
be reproduced. It is important to note however that the Scherk-Schwarz reduction can
easily be carried out for any monodromy in Spin(5,5), but only for choices in Spin(4,4) we
can compare to the orbifold picture.

Finally, recall that we can build the Kaluza-Klein towers on the circle by adding
p Z momentum modes to the ones that were added following the procedure above. This
addition doesn’t change the orbifold charge, so all of these states survive as well. The
masses shift by pZ/R = Z/R, e.g. the masses of the KK-tower on our example state become
|m1/27R + Z/R|. Again, this agrees with the supergravity calculation.

5.2 Moduli spaces

We discussed in section 4 the different patterns of supersymmetry breaking and gave
examples of residual N’ = 6,4, 2 or 0 supersymmetry. The resulting theories have massless
modes and the massless scalars parametrize the moduli space of the orbifold. We illustrate
this here for the examples given in the previous section, and we also provide some additional
examples. In the absence of any twist, the moduli space in D = 6 is SO(5,5)/SO(5) x SO(5)
and has dimension 25. In D = 5 with maximal supersymmetry, so in the absence of
any twist, it is Eg()/USp(8) and is 42-dimensional. Some of these scalars will become
massive after the twist and the moduli space will become smaller. For generic values of
the Scherk-Schwarz circle, it suffices to look only at the scalars in the untwisted sector to
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determine the moduli space. At special values of the radius, additional scalars and vectors
can become massless, and we will discuss an example of this too.

521 N =6

These theories can be realized by asymmetric orbifolds and the example we discussed was a Zo
orbifold with m = (7,0,0,0). The massless fields constitute the N' = 6, D = 5 supergravity
multiplet [68]. It contains the graviton and 6 massless gravitini, with USp(6)r = Sp(3)
R-symmetry. Next to the 15 vectors and 20 dilatini, we have 14 scalars that define the

residual moduli space .

Mp—g = ISJISJpEZ; . (5.1)
6 of the 14 massless scalars descend from the NS-NS sector and 8 come from the R-R sector.
28 scalars have become massive in the Scherk-Schwarz reduction.

Similarly, one can construct the moduli space of the NV = 6,Z3 orbifold, with mass
parameters 17, = (%’r, 0,0,0), corresponding to u = (0,0,0,0) and @ = (0,0, %, %) It has the
same massless spectrum as the p = 2 orbifold and hence the same moduli space, dictated
by N = 6 supersymmetry. Asymmetric orbifolds with A" = 6, in four dimensions, have also

been constructed in [69] and more recently in [34, 70, 71].

522 N =14

For the Z4 (0,2) symmetric orbifold that we discussed in section 4.2, we have mass parameters
m = (§,%,0,0). We saw that the massless spectrum consisted of the D = 5N = 4
supergravity multiplet, containing 1 real scalar and 6 vectors, together with three massless
vector multiplets, each containing 5 scalars. Out of the 15 scalars from the vector multiplets,
9 come from the NS-NS sector, and are remaining geometric moduli, and 6 from the R-R
sector. The total scalar manifold with the 16 = 1 + 15 scalars including those of the three

vector multiplets is
SO(5,3)

SO(5) x SO(3)

One gets the same moduli space for the symmetric Z3 and Zg orbifolds, but the masses are

M3, =S0(1,1) x (5.2)

different. The moduli space is fixed by supersymmetry and fits into the general structure
of N = 4,D = 5 supergravity coupled to n N/ = 4 vector multiplets, where the scalars
parametrize [72]

SO(5,n)
SO(5) x SO(n)

For the Z, symmetric orbifold from above, we had n = 3, but it is easy to get other values

Myr—s = SO(1,1) x (5.3)

for n. Take for instance the symmetric Zs (0,2) orbifold with 7 = (7, 7,0, 0), corresponding
to @ = (m,m,0,0) (see example 2.5). We find from table 9 that there are 26 = 1 + 25
massless scalars with moduli space

SO(5,5)
SO(5) x SO(5)

Hence, for Zo we get four accidental vector multiplets, and for Zs3 46 we get two accidental

MEz_, =S0(1,1) x (5.4)

vector multiplets. For the Zy case, 3 vectors come from the NS-NS sector, and 8 from the
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R-R sector. As the gravity multiplet contains 6 vectors, we are left over with 5 vectors to
form vector multiplets indeed.

There is another way to get the moduli space (5.4), namely from the asymmetric Zs
(1,1) orbifold that we discussed in section 4.2 with 7 = (0, 7,0, —m). The bosonic massless
field content is the same, except that the fields have a different ten-dimensional origin. In
this case, all the vectors and scalars come from the NS-NS sectors. Furthermore, for the
asymmetric Zo orbifold, we saw that for a certain value of the orbifold circle radius, we can
obtain two extra massless vector multiplets coming from the twisted sector. In this case,
the moduli space becomes

SO(5,7)

S0(5) x SO(7) (5:5)

MR, =80(1,1) x

In general, for the N’ = 4, D = 5 theories, if there are no accidental massless modes,
the moduli space reduces to

My—s = SO(1,1) x SSOS?S). (5.6)

This seems only possible for asymmetric orbifolds, for instance an asymmetric Zg (0, 2)
2r 27 w7
3737 37 3
u = (0,0, %, %) and @ = (0,0, %, %) As we can see from table 9, there are 6 massless scalars,
2 from the NS-NS and 4 from the R-R sector. There is only one vector multiplet. 3 vectors

orbifold with m = (5, m,0,0), corresponding to @ = ( ), and with twist vectors

come from the NS-NS sector, and 4 from the R-R sector. Another interesting case is the
asymmetric Zg (1,1) orbifold with 7 = (§,0,7,0). It has the same D = 5 massless field
content and moduli space, but the ten-dimensional origin is different as all the bosonic
fields, both scalars and vectors come from the NS-NS sector, and the theory contains no
massless R-R fields.

The N = 4 orbifolds we discussed yield an odd number n of massless vector multiplets,
with n < 21 (all massless tensors are dualized into vectors), and the corresponding unbroken
gauge group (at generic points in the moduli space) is U(1)". First of all, this result
agrees with the upper bound on the rank of the gauge group r¢ = 26 — D given in [30, 31].
Secondly, it should be pointed out that in all the examples we gave n € 2Z + 1. Furthermore,
it is easy to derive from table 9 that all orbifolds give an odd number of untwisted vector
multiplets. Regarding the twisted sectors, we saw that in A/ = 4 (1,1) theories (where we
break all the left, or right-moving supersymmetries) it is possible to tune the circle radius
such that some of the twisted vector multiplets become massless. In this massless limit
each complex vector multiplet will give two real vector multiplets. As a result, regardless of
the specific orbifold, we can only get an even number of real vector multiplets coming from
the twisted sectors. Therefore, combining both untwisted and twisted sectors we can see
that n € 2Z + 1 is a generic feature of our orbifolds.

The appearance of only an odd number of vector multiplets seems to be a characteristic
of a broader class of string constructions with 16 supersymmetries in 5D. Theories with 16
supersymmetries in D > 6 have been studied extensively (see e.g. [73, 74] and references
therein). In addition, N' = (1,1) theories in 6D were recently classified in [75]. Dimensional
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reduction of the various higher dimensional theories given in these references always yields
an odd number of vector multiplets in 5D, which supports our findings.?® Consequently,
cases with n € 27 appear not to be part of the string landscape of N' = 4, D = 5 Minkowski
vacua?? They do however seem to appear as moduli spaces in AdS5 vacua in the context of
holography, see e.g. section 7 of [77] (and earlier work obtained in [78]) for the case of two
vector multiplets, n = 2.

523 N =2

N = 2 in five dimensions is the minimum amount of supersymmetry, namely eight real
supersymmetries. In this case, only one mass parameter is set to zero, and therefore, all
these orbifolds are necessarily asymmetric. In the absence of any accidental massless modes,
one obtains the gravity multiplet (containing the metric and a vector), coupled to two
vector multiplets. For the Zg orbifold discussed in section 4.3 we have m = (m, 7,0, —7).
This orbifold gives twelve additional vector multiplets. In total there are 14 real scalars,
one per each massless vector multiplet. Notice that the massless bosonic field content is
exactly the same as in the asymmetric N' = 6, Zs orbifold, consisting of 6 NS-NS scalars
and 8 R-R scalars. The moduli space is again

SU*
M, = USPE?). (5.7)

This is one of the magic square supergravities of [32].

5:%5:0)
The corresponding twist vectors are given by u = (0,0, %, %) and @ = (0,0, %, 0) and satisfy
the quantization conditions (3.12). The o’s are given by & = (27,2, T —T) (cf. example 2.5)
and do not satisfy (2.15). This could indicate that this orbifold is not allowed and be part

of the swampland. It remains to be seen whether this is due to the restricted conjugacy

We can also easily determine the moduli space of a Zy orbifold with m = (

classes we did consider or otherwise it would have to show up that the integrality condition
or modularity of the partition function is not satisfied. We leave this for future research. If
for now we assume it is a consistent orbifold, it would give a massless spectrum consisting
of eight vector multiplets coupled to supergravity, and no hypermultiplets. The most likely
candidate for the (classical) moduli space is another of the magic square supergravities,

M3ty = SSLI(J3(,?5(>J)’ (5.8)

which is known to be a truncation of N’ = 8, D = 5 supergravity if we break the N' = 8
supermultiplet into A/ = 2 supermultiplets and truncate the spin—% and matter multi-
plets [32]. In Scherk-Schwarz, we do not truncate these multiplets; instead, these become
lifted and massive.

28Similar results were found in the context of four dimensional asymmetric orbifolds in [76]. In four
dimensions, the number of vector multiplets in A/ = 4 was always found to be even, consistent with odd
number in five dimensions.

2%In [26], an asymmetric orbifold was proposed which appeared to give pure supergravity with no vector
multiplets. However, the monodromy in this example involves a single T-duality and so the construction is
not a quotient by a symmetry of the IIB string theory: the bosonic action of the monodromy is in O(d, d),
not in SO(d, d). Such a quotient seems problematic and is outside the class of constructions we discuss here.
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In both of the above cases, there are no hypermultiplets and the dilaton sits in a vector
multiplet. Hence, the classical moduli space can be quantum corrected. Of course, as we
saw in section 4.3 it is possible to obtain massless hypermultiplets coming from the twisted
sectors by tuning the orbifold circle radius. However, at a generic point of the moduli
space the orbifolds discussed above are free of massless hypermultiplets. Similar models of
hyper-free superstrings were constructed in [79]. It is interesting that we can produce two
out of the four magical supergravity theories of [32, 33], but apparently not the other two
(with 5 and 26 vector multiplets).

Another example is the Zg orbifold defined by m = (, %’T, m,0). This corresponds to
a = (%ﬂ,g,%ﬂ,—%) and twist vectors u = (0,0,%,%) and @ = (0,0,1,0). This gives six
vector multiplets coupled to N' = 2 supergravity, and again no hypers. The moduli space
does not belong to the magic square. All the scalars come from the NS-NS sector and the
most likely candidate is the factorizable moduli space

SSO(()?:S;) % SO(1,1), (5.9)
as this can be obtained from a truncation of the N’ = 6 theory [32].
Hypermultiplets in the untwisted sector can be produced by other types of orbifolds,

namely when three of the non-vanishing mass parameters add up to 0 mod 27. For instance,

consider the Z, orbifold with m = (7, §, 5,0). It leads to four vector multiplets and two
hypermultiplets.

Related interesting work on asymmetric orbifolds and non-geometric string backgrounds
with few moduli in four dimensions, preserving N’ = 2 supersymmetry, can be found e.g.
in [17, 18, 28, 29, 80].

What all the models seem to have in common is that the total number of vectors r
is always odd. In N' = 6 we have r = 15. In N = 4, the number of vectors in the gravity
multiplet is six, so this means always an odd number of vector fields. In N = 2, there is
one vector in the gravity multiplet, and we find always an even number of vector multiplets.
It would be nice to relate these observations to the work in higher dimensions in D > 7 and

the string lamppost principle [30].

5.2.4 N = 0 and supertraces

For N' = 0, all four mass parameters are switched on and the complete R-symmetry
group USp(4)r, x USp(4)r = Spin(5)r, x Spin(5)g is broken. The states neutral under the
Scherk-Schwarz twist are the singlets, i.e. with zero orbifold charge. In the absence of
accidental modes these are 3 vectors, 2 scalars, and the graviton, all coming from the NS-NS
sector. All fermions become massive, and hence all supersymmetry is broken. So we get
the Einstein-Hilbert action for gravity coupled to 3 vectors and 2 scalars.

A particular model breaking all supersymmetry is the Zo symmetric orbifold with all
masses turned on and equal to m. The twist vectors are given by u = @ = (0,0,1,0) and
@ = (2m,0,0,0). There are now many accidental massless modes and in fact all bosons
become massless, while all fermions become massive (cf. table 9). In fact, this Zy orbifold is
generated by (—1) combined with a half-shift on S'. The bosonic field content is therefore
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the same as the one from N = 8, D = 5 supergravity, and the classical moduli space is
Eg6)/USp(8). The orbifold is tachyon-free above the critical radius R« = 2v/2a/. The fact
that we combined (—1)* with a shift on the circle makes this model different from type 0B
string theory compactified on 7% x S, which suffers from a tachyon for any value of the
radius of S*.

The Scherk-Schwarz reductions we considered generate positive definite scalar potentials
at the classical level. In the presence of partial supersymmetry, the corresponding Minkowski
vacua are perturbatively stable, and hence the cosmological constant vanishes. When all of
the supersymmetries are spontaneously broken, a one-loop cosmological constant, which is
determined by the minimum of the one-loop effective potential, may be non-vanishing.

The effective potential can be expressed in terms of various supertraces, as it was first
shown in [81]. Supertraces are defined as weighted sums over the masses of all fields in the
spectrum of the theory, that is

SteM?? = Ny(My)** — 2N, (My)*” + 3N, (Mp,,)* + 4Na, (Ma,)* — 6Ny, (My,)*,
(5.10)
where 3 > 0 is an integer?’ and we denote by Npcq the number of fields with mass Mgeq.
Each field is multiplied by the corresponding (massive) degrees of freedom in five dimensions
and fermion fields appear with a minus sign.

Regarding supersymmetric theories, all supertraces vanish on Minkowski vacua [82].
This is a result of bose-fermi degeneracy. In supersymmetric theories all fields fit in supermul-
tiplets and as a consequence, all supertraces are identically zero. For non-supersymmetric
theories the situation is more complicated, due to the absence of bose-fermi degeneracy.
However, it was noticed in [3, 36] that for Scherk-Schwarz reductions of N = 8 supergravities

with fully broken supersymmetry
StrM? = StrM* = StrM% =0, StrM® #0. (5.11)

The same result was later obtained in [83] for any gauging of NV = 8 supergravity.

Here we also perform the supertrace calculation for an N' = 0 supergravity theory
with all mass parameters non-zero. Our result is consistent with (5.11). Furthermore, we
explicitly find the value of StrM® to be

StrM® = 40320 (mq mams m4)2 , (5.12)

which is positive definite. As shown in [83], StrM? = StrM* = StrM® = 0 and StrM® > 0
imply that the one-loop effective potential is negative definite.

It would be interesting to see how this calculation extends to the full string theory
spectrum. For this one needs to compute the full partition function which is generating
the cosmological constant. It can happen that for specific orbifolds, one can still obtain
a vanishing cosmological constant at one-loop, see e.g. [84-91], but it is not certain if the
cosmological constant vanishes at higher loops.

398trM? is equal to bosonic minus fermionic degrees of freedom and is always zero.
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6 Swampland examples

The swampland programme deals with effective actions that cannot be consistently lifted
to string theory or quantum gravity in general [92]. In our case, the effective supergravity
actions are Scherk-Schwarz reductions to five spacetime dimensions. They yield NV = 8
gauged supergravity in five dimensions with vacua that spontaneously break supersymmetry.
The N = 8 supergravity multiplet in five dimensions contains as bosonic fields a graviton,
27 vector fields and 42 real scalars. The gauge group was discussed in detail in [14], where
it was shown how the structure constants of the gauge algebra are determined by the
twist matrix. In the class of twists we considered in this paper (with the twist matrix
(conjugate to) an element in the R-symmetry group Spin(5)z x Spin(5)g), the potential
and the structure constants depend on four mass parameters m;. The potential can be
written as (see e.g. eq. (3.49) in [14])

V(H) = %e_\/s/g‘% Tr [M2 + MTH—lMH] : (6.1)

where ¢35 is the KK scalar coming from the metric in six dimensions, H € Spin(5,5)
parametrizes the 42 scalar fields, and M € so0(5,5) is the mass matrix containing the mass
parameters m; (see [14] for more details).

For this potential to belong to the string landscape, in particular the landscape of freely
acting orbifolds, a number of conditions need to be satisfied. First of all, the monodromy
matrix should be inside the T-duality group, otherwise there is no obvious CFT description
on the worldsheet in terms of an orbifold, as we discussed in detail in section 2.

Secondly, in supergravity the mass parameters m; are continuous parameters, while for
a well defined orbifold the mass parameters must be quantized (see section 2) and possible
accidental massless modes arise when some of the masses add up to a multiple of 27. In the
case of symmetric orbifolds the quantization of the mass parameters is the only constraint
for a consistent uplift, since modular invariance of the partition function is ensured. For
asymmetric orbifolds, however, modular invariance is not guaranteed and this restricts
the possible supergravity theories that can be consistently uplifted to string theory (as
freely acting orbifolds). Furthermore, even if modular invariance is achieved, one should
carefully examine the degeneracy of states in the twisted sectors. For a sensible theory
this degeneracy must be an integer number. As shown in [34], this additional integrality
constraint can exclude a seemingly consistent model.

For example, consider the asymmetric Z4, N = 6 orbifold with twist vectors @ =
(0, 0, i, —%) and u = (0,0,0,0), or in terms of the mass parameters m = (0,0, 5,0). For
this orbifold, the invariant momentum sublattice is A = (A;)* and the degeneracy of
states in the k = 1 sector is D(1) = % [34]. Consequently, this model is not allowed. Note
that this orbifold is also excluded by the T-duality arguments presented in section 2.2.
Specifically, for this orbifold the values of the a’s are & = (%, -7, T,
valid (cf. example 2.5). Therefore, the supergravity potential with this choice of mass matrix

—7), which are not

is in the swampland.
Now, let us take a chiral Zy, N’ = 4 (1,1) orbifold with twist vectors @ = (0, 0, %, %)
and v = (0,0,0,0), or m = (m,0,—7%,0). Although this orbifold breaks 16 supersymmetries,
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its action on the torus coordinates is the same as in the previous Z4, N = 6 example, i.e.
the SO(4,4) element is unchanged. Then the background is the same and the degeneracy of
states in the k& = 1 sector is once again D(1) = % This is another example of an apparently
consistent orbifold that is excluded by the integrality constraint. Once more, the values

of the a’s for this orbifold are invalid, as we find & = (%, 3%, T 3T) (cf. example 2.5). The

chosen mass parameters therefore again yield a scalar potential that is in the swampland.
Another interesting example is the Z4, N' = 2 orbifold with twist vectors @ =
(0,0,%,—%) and u = (0,0,0,1), or m = (0,7, 5,—m). The only difference of this orb-

ifold compared to the Z4, N = 6 that we discussed previously, is that the twist vector u

generates an action (—1)f%, and one can show that this does not affect modular invariance.!

Again, this orbifold suffers from the same integrality problem as the two models above.
This is yet another example of a seemingly consistent orbifold which is not allowed by the
integrality condition. In addition, this orbifold is not allowed by the quantization of the

z, 3% % —5T) (see example 2.5).

Similarly, one can start with the naively consistent Zg, N' = 6 orbifold with twist

vectors 4 = (O, 0, é, —%) and u = (0,0,0,0), which is also excluded due to the integrality

constraint [34]. By repeating the same steps as above, one can show that the Zg, N' = 4

orbifold with @ = (0,0,%,2), u = (0,0,0,0) and the Zg, N' = 2 orbifold with @ =
(0, 0, %, —%), u = (0,0,0,1) are also not allowed by the integrality condition. Moreover, all
these orbifolds are not allowed by the quantization of the a’s (for the above orbifolds the

a’s, since we find the invalid values @ = (

a’s are proportional to 7/6).

In all of the above examples, the particular choices of mass parameters are perfectly
well-defined at the level of supergravity actions but they cannot be lifted to string theory
orbifolds. Unless there are other stringy constructions than orbifolds, all these examples
belong to the swampland. It remains to be seen if these other stringy constructions then
are consistent with the chosen mass parameters.

7 Conclusions and outlook

In this paper we have explored a landscape of freely acting orbifolds of type IIB on
(T* x S1)/Z,. Our techniques can be easily carried over to type IIA string theory and
straightforwardly extended to higher dimensional tori. Freely acting orbifolds on (7% x
SY)/Z, lead to five-dimensional effective actions with spontaneous (partial) supersymmetry
breaking in Minkowski vacua. They are significantly different from orbifolds by the same
T* symmetry but without the shift on the extra circle, so that the orbifolds without shifts
have fixed points. It is nevertheless interesting to compare the two, as we did in some
examples. The main difference is the appearance of a scalar potential on the moduli space
in the freely acting case, and the properties of this potential are interesting to study in
the context of the landscape and moduli stabilization. In the supergravity description,
these models correspond to Scherk-Schwarz reductions and the potential contains mass
parameters m; that are continuous. In the orbifold picture, the masses are quantized and

rational, g% = %, but not all integers N; and p are allowed. In the space of string theories

31We have explicitly illustrated this in the Zo examples of sections 4.2 and 4.3.
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parametrized by these mass parameters, only a discrete and finite set arises and defines
a landscape of freely acting orbifolds. In the models we considered, the highest possible
value for p we found is p = 24. Here we have only studied duality twists with monodromy
matrices that are within the T-duality group Spin(4,4;Z) and conjugate to the R-symmetry
group. We have not discussed shifts on the dual circle or on multiple circles. It would be
interesting to generalize to these cases and to U-duality twists to learn more about the
structure of this discrete, finite set of string compactifications and to investigate whether
there is a relationship to the tamed structure found in [93].

There are many directions in which to generalize and extend our work. One direction
is to understand better the origin of the integrality constraints arising in the partition
function of asymmetric orbifolds from the point of view of the duality twists and the possible
monodromies. We discussed examples of Z,, orbifolds with N' = 6,4 and 2 which have
modular invariant partition functions but where for p = 4,6 the integrality constraints are
not satisfied. Another direction is to investigate the properties of the string orbifolds with
completely broken supersymmetry. We have shown that they can be made free of tachyons,
but it would be interesting to see if these models are perturbatively stable.

In the massless sector, we found some interesting restrictions on the number of vector
multiplets arising in the class of orbifolds we consider. For instance, for orbifolds with sixteen
supersymmetries (N = 4, D = 5) we find that only an odd number of vector multiplets
arises, whereas generic N’ = 4, D = 5 supergravities allow any number of vector multiplets.
We are not aware of any anomaly conditions that could explain this. Moreover, the lift to
six dimensions yields back the anomaly free N' = 8 theory. It would be interesting to see if
these observations can be promoted to a concrete conjecture on the full string landscape
with sixteen supersymmetries.

We have limited ourselves to perturbative aspects of string theories with T-duality
twists. Ongoing work will deal with the BPS spectrum of D-brane states in these T-folds.
A particularly interesting case is to understand the fate of the D1-D5 brane system in the
various orbifold theories and its applications to black holes and dual CFT. This was our
original motivation laid out in [14] and will be studied further in [27].
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A Group theory

Here we collect some (known) group theoretical information and some conventions that are
relevant for the main text.
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A.1 Two frames for SO(d,d)

Canonically, groups of the form SO(d,d) consist of 2d-dimensional matrices A that satisfy
the relation
A n AT = m, (Al)

n— (ﬁ 51) . (A.2)

Here and everywhere else in this subsection we adopt the notation that 1 and 0 denote

where 7 is the indefinite metric

d-dimensional blocks that make up a 2d-dimensional matrix.
There is a different way of constructing SO(d, d), namely as the group of matrices
A satisfying
AT AT = 1| (A.3)

01
T = (1 0) . (A.4)

It is straightforward to see that these two ways of constructing SO(d, d) are equivalent, or,

where

one might say, that the groups consisting of the matrices A and A are isomorphic. For
example, the map
A - A=XAX!, (A.5)

sy (1)

takes matrices satisfying (A.1) to matrices satisfying (A.3). It can be checked that this

where

map is a proper isomorphism between what we call “SO(d, d) in n-frame” and “SO(d, d) in
T-frame”.
We encounter both 1 and 7 frame in this work, and we will refer to them by these names.

A.2 The isomorphism so0(4) = su(2) @ su(2)

We first discuss the isomorphism between compact Lie algebras before moving on to the
non-compact version. The algebra s0(4) is spanned by six 4d anti-symmetric matrices. We
denote the generators of this algebra by M;; where the i,j denote which entries in the
matrix are non-zero. We have

0-100 00-10
1 000 00 0O
Mo = Mz = A7
12 00 00 ) 13 100 0 3 ( )
00O0O0 00 0O

Similarly we construct M4, Moz, Moy, M3s. We can compactly write the commutators
between these generators as

[M;j, My = 6 My — S My, — 056 My + 65y My, (A.8)

where it is understood that M;; = 0 and M;; = —Mj;.
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The algebra su(2) is spanned by three 2d anti-Hermitian traceless matrices. We choose
the generators

1(0-1 i (01 i (10
N, = = No = — Na = — A9
179 (1 ()) ’ 27 9 (1 0) ’ 57 9 (0-1) ’ (A-9)

for this algebra. This yields the commutator
[N1,Ny] = —erjk Nk, (A.10)

where we choose €75 such that €193 = 1.
We have now established sufficient notation to write down the isomorphism so0(4) =~
su(2) @ su(2). We choose this to be the map

My — (Ni, Nq)

Mg — (N3, N3)

My — (Mo, =Na) (A.11)
M3 — (N2, Ny)

My — (—Ns, N3)

Msy — (N1, —Ni),
which can readily be checked to preserve the commutator, making it a proper isomorphism.

A.3 The isomorphism so(2,2) = sl(2) ® sl(2)

Here we repeat the analysis of the previous section for the maximally non-compact version
of the same isomorphism. On the s0(2,2) side, this means that we take four of the six
generators to be symmetric rather than anti-symmetric. We choose the following generators
to span the algebra:3?

0-100 0010 0001

- 1000 - 0000 - 0000
Mz = , Mz = , My = )
0000 1000 0000
0000 0000 1000

(A.12)

0000 0000 000 0

- 0010 - 0001 - 000 0
B 1o100]’ ““1ooo00]’ 71000 -1
0000 0100 001 0

The algebra s[(2) is spanned by traceless real matrices. The generators that we choose are
equal to the ones we chose for the su(2) algebra (A.9), but without the factors of 7 in front.
We define our three generators as

- 1{0-1 - 1f{01 - 1(1 0
Ny = = Ny = = Ny = = . A13
173 (1 0 ) ’ 27 9 (1 0) ’ 37 9 (0«—1) (A-13)

32Note that these generators span the algebra 50(2,2) in n-frame, using the language from appendix A.1.
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These algebras satisfy similar commutation relations as their compact counterparts, (A.8)
and (A.10), with some signs changed. In fact the signs are changed in such a way that the
isomorphism s0(2, 2) = s[(2) @sl(2) can be written down in the exact same way as in (A.11).
We simply add the tildes to indicate that we consider the maximally non-compact generators:

My — (N1, Ny)

Mz — (N3, N3)

Myy — (Na, —No) (A14)
My — (Na, Ny) '
My, — (—Ns, N3)

My — (Ni, —IN1)

Again it is straightforward to check that this map preserves the commutator.

A.4 Embedding rotations in Spin(4,4)

One of the main motivations for adding in the previous sub-appendices was to be able to
properly embed rotations in various subgroups of Spin(4,4) into an 8d matrix. Let us first
consider how rotations map through the two isomorphisms that we just discussed. We start
with rotations in

SO(2) x SO(2) = SU(2) x SU(2) = Spin(4). (A.15)

If we take a rotation over an angle m; in the first SO(2) and a rotation over an angle ms in
the second SO(2), we can use (the inverse of) the isomorphism (A.11) to map this to an
SO(4) c Spin(4) matrix:

cosmy —sinmg cosmsg —sinms ( 9mi Ny 2m3N1)
) ) = (e e
sinm; cosmy |’ \sinms cosms ’

cos(my+mg) —sin(mi+ms) 0 0
isomorphism o (ma+ma) Mis+(mi—ma) May _ sin(myi+ms) cos(my+ms) 0 0
0 0 cos(my—mg) —sin(mi—ms)
0 0 sin(mi—mg) cos(mi—ms3)
(A.16)

We can repeat this for the maximally non-compact isomorphism, mapping rotations in
the subgroup
SO(2) x SO(2) c SL(2) x SL(2) =~ Spin(2,2), (A.17)

to an SO(2,2) < Spin(2,2) matrix. We find

cosa —sinoag cos a3 —sinas ( 201N, 2a3]§,1)
_ ) = le e
sinay cosa; |’ \sinag cosas ’

cos(ay + a3) —sin(a; + a3) 0 0
isomorphism 6(a1+a3)1\;f12+(a1*as)1\7[34 _ | sin(en + 3) cos(an + a3) 0 0
0 0 cos(ag — az) —sin(ag — az)
0 0 sin(anq — a3) cos(a; — ag)

(A.18)
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The almost identical structure that we find through the compact and maximally non-
compact isomorphisms should not be surprising, as the generators that appear are equal,
e.g. Mys = My and N; = Nj. It is the other generators (the non-compact ones) that differ
between these algebras.

Now we are ready to embed the four rotation parameters that are relevant in the main
text (see section 2) in an SO(4,4) < Spin(4, 4) matrix.

We consider both the parameters myq,...,m4 that rotate in the subgroup
SO(2)* = SU(2)* = Spin(4)?, (A.19)
and the parameters aq, ..., a4 that rotate in the subgroup
SO(2)* c SL(2)* ~ Spin(2,2)*. (A.20)

Both are essentially a repetition of the embeddings shown in (A.16) and (A.18). The SO(4)
matrices can be embedded into SO(4,4) in a block-diagonal way

R(m1 + ms3) 0 0 0
0 R(m1 — m3) 0 0
SO(4,4 A21
0 0 R(ma + my) 0 €S0(4,4)., (A-21)
0 0 0 R(ma —my)

while for the SO(2,2) matrices, the embeddding into SO(4,4) is given by

R(ai + as) 0 0 0
0 R(ag + ay) 0 0
SO(4,4) . A.22
0 0  R(i—az) 0 €50(4,4) (A.22)
0 0 0 R(az — ay)

Here we use the shorthand notation R(x) = (Ef’s ot _Cgisnxm) for a two by two rotation matrix.
From the way that the two sets of rotation parameters are embedded in SO(4,4) we can
deduce the relation between them. We find

= Mo tantagda),  ma= b +as—ag—ar),

(A.23)

m3:%(a1—a2+a3—a4)7 m4:%(a1—a2—a3+a4)

We use these relations in section 2 to determine the allowed values for the m’s in terms of
the allowed values for the a’s.

Note that all SO(2,2) and SO(4,4) matrices in this subsection are written down in
n-frame. In order to obtain the relevant matrices in 7-frame (which is the frame in which the
monodromies are required to be integer valued), one would have to perform a conjugation

ala (A.5).

B Modular functions and transformations

The Dedekind n-function is defined as

Q0
= %H (1—-4¢") q= e, (B.1)
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The Jacobi ¥-function with characteristics «, 5 is given by

Z q% n+a)? 27rz (n+a)B ) (B2)

neZ

For f% <a,f< % there is also a product representation of the J-function, which reads

0
19[04](7_) _ ,’7(7_)62m'aﬁq§a2—i4 H(l + qn+a 2772'5)(1 + qn—a—%e—%riﬁ) ] (B3)

II91() = 0s(r), I3NE) = 0ar), D3N = a(r), IFND) =0a(r). (B
In addition, two useful ¥-function identities are3?
I[G1(m) = 9[51(r), I[GN1(r) = 2™ I[G](r), mne L. (B.5)

Finally, the Poisson resummation formula is given by
2
2 e Tan +mbn _ Z 675 n+z ) (Bﬁ)
neZ nEZ

The modular transformations are defined as: 7 =7 - 7+ 1and S =7 — —1/7. The
Dedekind n-function transforms as follows

7i/12

~—

nr+1)=e | n(r), B.7)
n(=1/7) = v—irn(r).

Note that under both 7" and S transformations the combination /72 n(7) 7(7) is invariant.
Under modular transformations, the Jacobi #-function transforms as follows

2

IG)r+1) = e gL e (),

. (B.8)
I[G1(=1/7) = V=ir P o[ L](r).
The theta series of the SO(2n) root lattice D,, is
1
Op, (1) = 3 (V3(7)"™ 4+ Da(1)") . (B.9)
For the SU(3) root lattice Az and its dual A5 we have
O, (1) =13 ¥3(67) + ¢ P2 (67)
12(7) = 05(27)05(07) + 2(27)0(67) 510

O 45(7) = U3(3)93(27) + 92(F)0a(27) .
Finally, for a d-dimensional lattice A and its dual A* the following expression holds

(=i7)
Vol(A)

33Various 9-function identities can be found in [94, 95].

[S]ISW

On(—1/7) = Ops (7). (B.11)
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C Twist vectors and lattices

Here we list in table 10 and table 11 twist vectors u (up to a sign and an exchange uz <> uy4)
breaking all and half of the right-moving supersymmetries respectively. In addition, we
compute the number of chiral fixed points for each twist vector, x = [ [, 2sin(mu;) and we
list in table 11 only those u’s giving integer x. For symmetric orbifolds (u = @) we also
write down examples of root lattices generated by root systems of simple Lie algebras, which
represent the appropriate torus lattices admitting the corresponding Z, symmetries (for
symmetries of root lattices see e.g. [96, 97] and references thereof). Furthermore, we evaluate
the volume, Vol, of these lattices. The root lattices A,, B, and D,, are associated to the
groups SU(n + 1),SO(2n + 1) and SO(2n) respectively. Note that the lattice generated by
the Ay system is the same as the G root lattice (hexagonal). Also, A1 @ A; = Dy and
By generate the same (square) lattice. Finally, we use a shorthand notation of the form

(A1)? =A@ A

Ly, U X Lattice Vol Ly, u X Lattice Vol
Zy | (0,0,0,1) | - . (0,0,3,4) | 22 (A)* 4
Z3 (07070%) V3 Ao V3 ) (0,0,%72) V2 By, Dy 2
(0,0,0,3) | 2 (A1)? 2 (0,0,,2) | V5 Ay V5
Zy VAT
0,0,1,%) | 2 (At 4 (0,0, 15, 15) | 1 Ay NG
Zs | (0,0,%,2) | V5 Ay V5 (0,0,0, %) 1 Ay V3
(0,0,0,%) | V3 Ay V3 2., (0,0,3,3) | 23| (A1)’ @A | 23
Z (0,0,5,3) | 3 (A2)? 3 (0,0,53,5) | V3 (A2)° 3
0,0, 5, )| 2 | (A)? @4 | 2V3 0,0,5,3) | 1 Fy, Dy 1.2
(0,0,5,8) | 1 (A2)? 3 Zo, (0,0,1,3) | V6 | (A1)?@ 42 | 243
Zs | (0,0,0,%) | V2| (A1) 2 0,0, 1, 3) | v2 | (A1)?’@ 4y | 2v3

Table 10. Supersymmetry breaking twist vectors.

Ly, U x | Lattice Vol

ZZ (anaévé) 4 D47 (A1)4 27 4

Table 11. %—Supersymmetry preserving twist vectors.

— 57 —



D Scherk-Schwarz spectrum

Here we provide the table of masses of the various fields obtained by reduction of type
IIB supergravity on 7% and followed by a Scherk-Schwarz twist on S'. The table is taken
from [14]. The mass of each field is |u(m;)|/2nrR. The notation m; ; indicates that both
indices ¢ and j occur. There is no correlation between the + signs and the ¢5 indices, so that
e.g. (£my £ mg) denotes 4 different combinations of mass parameters, and (£m1 2 &= m3.4)
denotes 16 different combinations. For example, the 5 tensors in the (5, 1) representation
consist of two with mass |m; + ma|/27 R, two with mass |m; — msa|/2rR and one with

mass 0.
Fields Representation |pe(my)|
Scalars (5,5) | £ m1 £+ mao + m3 + my|
| £ m1 + ma|
| + m3 £ my]
0
Vectors (4,4) | +my 2 + m34
Tensors (5,1) | £ m1 + my|,0
(1,5) | £ m3 £ myl,0
Gravitini (4,1) | + ma o]
(1,4) |+ mayl
Dilatini (5,4) | £ my £ mg £+ ms 4
| + m3 4]
(4,5) | £ myo + mg £ my|
| = mi 2|

Table 12. Scherk-Schwarz spectrum.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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