
1.  Introduction
Soil and groundwater aquifers can become contaminated by the deposition of particulate colloidal pollutants, 
adversely affecting the subsurface environment (Schmitz, 2006). Particle size determines the dominant processes 
of colloid retention in porous media (Bradford et al., 2004). Particles with sizes on the order of nanometers have 
trajectories that are dominated by Brownian motion (Albojamal & Vafai, 2020), and have transport behavior simi-
lar to solutes (Seetha et al., 2014). In the environment, such small particles are typically nanoplastics, or viruses 
and humic substances (McGechan & Lewis, 2002). As particle sizes increase to the micrometer scale, the domi-
nant force becomes the hydrodynamic force (Li et al., 2005), or the gravitational force, depending on the fluid 
velocity and various other factors. Experimental evidence has shown that the deposition of colloidal particles of 
diameters on the order of around 1 μm in porous media may be highly dependent on gravitational forces (G. Chen 
et al., 2010; Ma et al., 2011), especially if the particles are dense (Chrysikopoulos & Syngouna, 2014). Colloidal 
contaminants in this size range include synthetic microplastics (Khan et al., 2017), bacteria (0.5–3 μm), and clay, 
mineral, microplastic, or organic particles of diameter 0.1–10 μm (McGechan & Lewis, 2002). For millimeter 
scale and larger colloidal particles, mechanical straining becomes a dominant mechanism of colloid retention in 
soil and aquifer matrices (Bradford et al., 2004). In this study, we focus on microparticles, which are not suffi-
ciently large to experience mechanical straining, but large enough to have non-Brownian trajectories. Particles of 
this intermediate size range are characterized by transport behavior that are considerably distinct from those of 
solutes and macroparticles (Molnar et al., 2015).

We explore the pore-scale movement of colloids within various geometries and orientations of soil pore spaces, 
and various degrees of gravitationally driven and hydrodynamically driven transport, using a particle-tracking 
model. The large variety of forces acting on colloidal particles, including gravitational, hydrodynamic, electro-
static and Brownian forces, result in highly complex descriptions of particle trajectories at the pore scale. Although 
colloid attachment and detachment is a primarily electrostatic phenomenon (Adamczyk & Weroński, 1999), the 
overall matter of whether particles attach to or flow through pore matrices (Seetha et al., 2014), and whether 
attached particles detach (Burdick et al., 2001), are determined by the particle trajectories resulting from the 

Abstract  Colloidal contaminants infiltrate and can be attached onto grain surfaces of soils and aquifers, 
where they may persist. In this study, Lagrangian particle tracking is used to investigate particle trajectories and 
attachment in pore and fracture spaces modeled as three-dimensional constricted tubes with diverse geometries 
and orientations relative to gravity. A comprehensive force balance arising from hydrodynamic drag and lift, 
gravitational settling, Brownian motion, and attractive DLVO interactions is simulated. Results show that the 
collection efficiency η is primarily governed by the dimensionless settling number 𝑆, representing the relative 
dominance of gravitational over hydrodynamic forces experienced by the particles. High-𝑆 scenarios have 
larger η and are more sensitive to pore orientation, while low-𝑆 scenarios are more sensitive to pore geometry. 
For all scenarios but especially low-S scenarios, the majority of colloid attachment occurs near pore extremities, 
where fluid velocities are low, such that mechanical remobilization of particles attached is improbable. In 
low-𝑆 scenarios, particles may spread and become immobilized at greater distances from the contamination 
source owing to lower η, are harder to mechanically remobilize as they attach more disproportionately at pore 
extremities, and have trajectories more sensitive to minor forces, rendering their environmental fates complex. 
Characterizing the collection efficiency and deposition morphology for various pore space geometries and 
orientations is crucial in understanding particle fate and developing continuum-scale models of colloid 
transport in real soils, where pore spaces are heterogeneous and advection paths are tortuous.

TANG AND RAOOF

© 2023. The Authors.
This is an open access article under 
the terms of the Creative Commons 
Attribution License, which permits use, 
distribution and reproduction in any 
medium, provided the original work is 
properly cited.

Colloid Transport and Retention in Constricted Tube Pore 
Spaces With Diverse Geometries and Orientations
Darrell Tang1   and Amir Raoof2 

1Soil Physics and Land Management, Wageningen University, Wageningen, The Netherlands, 2Department of Earth Sciences, 
Utrecht University, Utrecht, The Netherlands

Key Points:
•	 �Particle tracking model with 

attachment and comprehensive force 
balance in various constricted tube 
geometries, orientations, and sizes

•	 �Colloid size and density, and fluid 
velocity, controls quantity and 
location of attached particles through 
gravitation to drag ratio S

•	 �Low S causes: low η, deposition 
concentrated where detachment 
is unlikely, more sensitive to pore 
geometry and forces not captured in S

Correspondence to:
D. Tang,
darrell.tang@wur.nl

Citation:
Tang, D., & Raoof, A. (2024). Colloid 
transport and retention in constricted tube 
pore spaces with diverse geometries and 
orientations. Water Resources Research, 
60, e2023WR035456. https://doi.
org/10.1029/2023WR035456

Received 30 MAY 2023
Accepted 9 DEC 2023

10.1029/2023WR035456
RESEARCH ARTICLE

1 of 21

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-4743-3976
https://orcid.org/0000-0003-1613-6546
https://doi.org/10.1029/2023WR035456
https://doi.org/10.1029/2023WR035456
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2023WR035456&domain=pdf&date_stamp=2024-01-02


Water Resources Research

TANG AND RAOOF

10.1029/2023WR035456

2 of 21

overall force balance. Specifically, attachment is much more likely to occur when the forces acting on particles 
are able to transport them from the bulk fluid to positions close to the pore walls (Johnson, Li, & Assemi, 2007). 
Once close to the pore walls, the electrostatic forces dominate, and captures the particle if they are sufficiently 
attractive, leading to attachment.

The movement paths of colloidal particles within porous matrices are also heavily influenced by the geometry 
of pore throats, as the particles are transported with water flow and experience hydrodynamic forces (Chang 
et  al.,  2003). Moreover, the likelihood that gravitation-dominant particle trajectories intersect pore walls 
(Auset & Keller,  2006) also depends on the pore throat geometry and orientation. Colloid detachment from 
electrostatic potential minima is contingent on the total force balance acting upon the particle (Bergendahl & 
Grasso, 2000), which includes hydrodynamic drag (Johnson, Li, & Assemi, 2007) and gravity (Bedrikovetsky 
et  al.,  2011), making detachment dependent on pore geometry and orientation as well. Various geometrical 
models of pore spaces or pore throats exist, such as cylindrical tubes (Seetha et al., 2014), spherical collectors 
(Gupta & Peters, 1985; Vaidyanathan & Tien, 1988), sphere-in-cells (Mackie et al., 1987), hemispheres-in-cells 
(Ma et al., 2009), and constricted tubes (Payatakes et al., 1973a). Among these, only the constricted tube and 
hemisphere-in-cells model simultaneously accounts for the shape, size, and relative positions of the granular 
material constituting the porous media. Unique to the constricted tube model is that analytical solutions of the 
flow field are available for various types of constricted tube geometries (Chang et al., 2003), greatly reducing 
computational requirements and allowing the effects of minor to major variations in constricted tube geometry 
to be studied. A limitation of the constricted tube model is that it does not explicitly represent flow stagnation 
zones, where colloid attachment and accumulation in porous media may also occur (Johnson, 2020). Neverthe-
less, as the constricted tube model has proven suitable for characterizing pore and fracture spaces within rock 
grain matrices composed of randomly packed spherical grains (Chan & Ng, 1988), we have chosen it for this 
study. Each individual pore throat, which is connected to an infinite number of other identical pore throats, is 
depicted as a hollow, constricted tube that represents the space between soil or rock grains forming a soil matrix 
(Payatakes et al., 1973a).

In this study, we conduct a numerical analysis of colloid deposition influenced by varying degrees of hydro-
dynamic forces, including hydrodynamic lift, Brownian motion, and significant gravitational forces within 
constricted tube pore-spaces of various orientations relative to gravity, aiming to clarify the impact of this 
comprehensive force balance on colloid attachment. We investigate the collection efficiency η, the prob-
ability of a colloid entering a pore space becoming attached as opposed to exiting the space. This effi-
ciency, also referred to as clean-bed collection efficiency in the literature (e.g., Messina et al., 2015; Yao 
et  al.,  1971), is widely employed to upscale colloid transport and retention in bulk porous media using 
continuum models (Elimelech, 1994; Leij et al., 2016) and is relevant to colloid transport through soils (e.g., 
Nizzetto et al., 2016). Additionally, we analyze the deposition morphology, which represents the locations 
within the pore where particles adhere. The deposition morphology is crucial in determining the possibility 
of subsequent remobilization and removal of attached particles, which depends on the hydrodynamic forces 
acting upon the attached particles. In a constricted tube-shaped pore space, hydrodynamic forces exhibit more 
significant spatial variations than in simpler pore shapes, such as cylindrical tubes. Therefore, the deposition 
morphology is also a key factor in evaluating remediation potential and spatial heterogeneity in attached 
colloid content within soils.

Prior research on attachment in constricted tube models has focused on Brownian particles and smaller 
non-Brownian particles, whose trajectories are predominantly governed by the interplay between Brownian 
motion, DLVO interactions, and hydrodynamic drag (Chang et  al.,  2003,  2008; Chaumeil & Crapper,  2014; 
Y. Yang et al., 2018), without considering gravitational sedimentation and hydrodynamic lift. Physical models 
considering these processes, in pore geometries other than the constricted tube model, have been studied in 
some prior research (e.g., Johnson, 2020; Rasmuson, Erickson, et al., 2019; Yu et al., 2022). For porous media 
described with the constricted tube model, in addition to Brownian motion, DLVO interactions, and hydrody-
namic drag, this research is the first to incorporate several additional processes into a comprehensive characteri-
zation of pore-scale particle transport. These processes include (a) a range of constricted tube geometries, (b) the 
gravitational force and diverse tube orientations in relation to gravity, and (c) the lift force.
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2.  Methods
2.1.  Constricted Tube Model

We investigate the impact of small variations in pore throat shape on parti-
cle deposition by analyzing different constricted pore shapes. Given the 
inherent heterogeneity of pore throats within a soil matrix, it is crucial 
to ensure that the model's results are applicable to a variety of simi-
lar yet distinct pore throat geometries. Therefore, we simulate several 
three-dimensional axisymmetric constricted tube geometries as defined 
by Chang et al. (2003), including parabolic (PCT), sinusoidal (SCT), and 
hyperbolic (HCT) constricted pores. These three constricted pore shapes 
(Figure 1a) each possess unique characteristics that may influence depo-
sition patterns and the collection efficiency (η) (Chang et al., 2003). The 
equations that define the planar cross-sections of these three tube geom-
etries as a function of the maximum tube radius rmax, constriction radius 
rc, and constricted tube length L, together with the analytical solutions for 
stream functions and fluid velocities in these three-dimensional constricted 
tube models under fully saturated conditions as a function of the aver-
age axial velocity across the constriction um, are presented by Chang 
et  al.  (2003) in their Equations  1–15, and will not be reproduced here. 
Laminar flow and no-slip boundary conditions is assumed, which is typical 
for fluid-material and fluid-particle interactions in groundwater flow (Bear 
& Cheng,  2010). The boundary conditions used in deriving the analyti-
cal solutions for the stream functions and fluid velocities assume that the 
porous media is composed of an infinite chain of connected constricted 
tubes, instead of a single freestanding tube, to better represent flow in 
porous media (Payatakes et al., 1973b). Figure 1a illustrates the three pore 
wall geometries. Figure 1b illustrates the fluid velocities in HCT, normal-
ized against um. In the numerical simulations of particle trajectories, the 
pore wall geometries are rotated around the longitudinal axis to generate a 
three-dimensional axisymmetric constricted tube, which represent a pore 
space.

2.2.  DLVO Interactions

We explicitly account for the electrostatic and short-range interactions 
between particles and pore walls, collectively referred to as DLVO inter-
actions. Simulating attachment through energy barriers is technically chal-

lenging (Pazmino, Trauscht, & Johnson, 2014), and due to the vast parameter space associated with energy 
barriers and secondary energy minima, we exclude DLVO potentials with energy barriers from our study. 
Moreover, research suggests that some colloid attachment in porous media under energy barrier conditions 
may sometimes not actually be caused by attachment, but rather by colloids becoming wedged  between matrix 
grains or trapped in stagnant flow zones (Johnson, Li, & Yal, 2007). In such a case, nanoscale charge hetero-
geneity may also facilitate attachment under mean-field repulsive conditions, but is beyond the scope of this 
study, though we note that numerical models that consider this are available for other pore geometries (e.g., 
Johnson, 2020; Rasmuson, VanNess, et al., 2019). Possible attachment through energy barriers may be char-
acterized by combining the collection efficiency with a sticking efficiency parameter (Lin et al., 2021, 2022), 
which is at least in the first order independent of the collection efficiency. Thus, we only simulate purely attrac-
tive DLVO potentials, representing favorable attachment conditions, to obtain the collection efficiency (Molnar 
et al., 2015). Accordingly, following Chang et al. (2003), Ma et al. (2013), and Chaumeil and Crapper (2014), 
we model the DLVO force for an entirely attractive electrostatic interaction using the Van der Waals force 
(FVDW).

Figure 1.  (a) Cross-sectional views of the three-dimensional pore wall 
geometries of the three constricted pore models, for a pore constriction ratio 
of 0.4. (b) Magnitudes of fluid velocities in hyperbolic constricted tubes, 
normalized to the mean axial velocity across the constriction 𝐴𝐴 𝐴𝐴𝑚𝑚 .
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2.3.  Lagrangian Particle Tracking

In this study, we assume a non-crowded environment where the presence of colloid particles does not influ-
ence water flow, and we disregard explicit colloid-colloid interactions, given that many important microparticle 
contaminants such as bacteria and microplastics are typically present in soils in very low volumetric concen-
trations compared to the pore space (Rafique et al., 2020; Williamson et al., 2017). A solid, spherical particle 
submerged in a viscous, incompressible fluid passing through a permeable material interacts with both the fluid 
and the material, experiencing a total force and torque that influences its trajectory. Following Spielman and 
Fitzpatrick (1973), particles are assumed to be small relative to the pore walls such that particle-wall interactions, 
including wall effects on hydrodynamic forces, can be characterized as interactions between a sphere and a planar 
surface.

Lagrangian particle tracking (Mahdavimanesh et al., 2013) is employed to ascertain a particle's path. As particles 
approach the pore walls, the forces they experience are significantly influenced by the separation distance between 
the particle and the pore surface, due to the presence of electrostatic interaction forces and the impact of wall 
effects on hydrodynamic forces. Consequently, even though a cylindrical coordinate system is utilized to calculate 
flow streamlines and velocities, a local Cartesian coordinate system (x, y, z) is employed for determining forces 
and interactions between particles and walls, with the wall situated on the (x, y) plane and the particle positioned 
at (0, 0, zp). zp represents the distance from the wall surface to the particle's center. The fluid velocities calculated 
in cylindrical coordinates are first transformed to the local coordinate system before the hydrodynamic forces 
acting upon the particles and the resulting particle trajectories are calculated. The trajectories are subsequently 
converted back to the cylindrical coordinate system, and the particles' new positions are updated, thus completing 
a single numerical timestep. A particle is considered to be attached when the separation distance becomes zero. 
Additional information on the transformation between the local and cylindrical coordinate systems, as well as the 
influence of tube orientation on the gravitational force vector, are presented in Appendix A.

With the above assumptions and methods, the net force acting on a particle is

𝑭𝑭 =

⎡
⎢
⎢
⎢
⎢
⎣

𝐹𝐹𝑥𝑥

𝐹𝐹𝑦𝑦

𝐹𝐹𝑧𝑧

⎤
⎥
⎥
⎥
⎥
⎦

= 𝑭𝑭 grav + 𝑭𝑭 VDW + 𝑭𝑭 drag + 𝑭𝑭 lift + 𝑭𝑭𝑩𝑩� (1)

where Fgrav is the gravitational force, FVDW is the van der Waal's force (Chang et al., 2003), Fdrag is the hydrody-
namic drag (Adamczyk, 2017), Flift is the lift force (Saffman, 1965), and FB is the force due to Brownian motion 
(Adamczyk, 2017). Bolded symbols refer to vector quantities. Following Ma et al. (2009), the DLVO and lift 
forces only act in the normal direction to the surface. The individual forces in the local coordinate system (x, y, 
z) are

𝑭𝑭 grav =
4

3
𝜋𝜋𝜋𝜋

3(𝜌𝜌𝑝𝑝 − 𝜌𝜌𝑓𝑓 )𝒈𝒈� (2)

𝐹𝐹VDW = −
2𝐴𝐴

3𝑎𝑎

[
1

(𝐻𝐻2 + 2𝐻𝐻)
2

]
� (3)

𝑭𝑭 drag = 6𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋8𝒖𝒖� (4)

𝐹𝐹lift = 81.2𝑎𝑎
2
𝑢𝑢𝑥𝑥

√
𝜇𝜇𝜇𝜇𝑓𝑓𝐺𝐺� (5)

𝑭𝑭𝑩𝑩 =

√
2𝑘𝑘𝐵𝐵𝑇𝑇

𝑴𝑴𝒕𝒕𝒕𝒕Δt
𝝓𝝓

𝑩𝑩
� (6)

Here, a is the particle radius, ρp is the particle density, ρf is the density of water, g is the gravitational vector (see 
Appendix A), A is the Hamaker constant, μ is the viscosity of water, u is the velocity difference between the 
particle and water, ux is the x-component of u, G is the fluid shear rate normal to the wall, kB is the Boltzmann 
constant, T is the temperature, ϕB is a random vector with each index uniformly distributed between −0.5 and 0.5, 
and Δt is the numerical timestep. F8 and the other functions Fi(H) (1 ≤ i ≤ 9) used in this study are hydrodynamic 
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correction functions (Table 1), which correct for wall effects on the forces acting upon a particle when it is located 
close to a pore wall.

The relative separation distance between the particle and the wall is

𝐻𝐻 =
ℎ

𝑎𝑎
=

𝑧𝑧𝑝𝑝 − 𝑎𝑎

𝑎𝑎
� (7)

where h is the absolute separation distance. The translational mobility tensor Mtt is given by

��� =

⎡

⎢

⎢

⎢

⎢

⎣

�
‖

0 0

0 �
‖

0

0 0 �⟂

⎤

⎥

⎥

⎥

⎥

⎦

� (8)

𝑀𝑀‖ =
𝐹𝐹4𝑝𝑝

6𝜋𝜋𝜋𝜋𝜋𝜋
� (9)

𝑀𝑀⟂ =
𝐹𝐹1

6𝜋𝜋𝜋𝜋𝜋𝜋
� (10)

𝐹𝐹4𝑝𝑝 =
𝐹𝐹4

1 −
2

3

𝐹𝐹4𝐹𝐹6

𝐹𝐹
2
7

� (11)

The Langevin equation describes the relationship between the forces acting on the particle and the resulting trans-
lational velocity (Felderhof & Sellier, 2012). In discrete form, the Langevin equation that describes the particle's 
trajectory in the local coordinate system (x, y, z) is

Δ� = ����Δt +

⎡

⎢

⎢

⎢

⎢

⎣

���3�

0

0

⎤

⎥

⎥

⎥

⎥

⎦

Δ� + ��� (∇���)Δ�� (12)

where the total force F acting on the particle (including the Brownian force) is given by Equation 1, the second 
term on the right accounts for the effects of shear torque for simple shear flow parallel to a planar surface, 
and the third term accounts for wall effects on Brownian motion (Adamczyk,  2017; De Corato et  al.,  2015; 
Warszyński, 2000).

2.4.  Simulation Scenarios

Figure 2 illustrates the average magnitude of forces impacting particles within the bulk fluid, with respect to the 
particle radius. As the particle radius grows, the gravitational force's magnitude increases more rapidly than the 

F1 𝐴𝐴
𝐻𝐻(19𝐻𝐻 +4)

19𝐻𝐻2 + 26𝐻𝐻 +4

 

F3 𝐴𝐴
0.7431

0.6376− 0.2 ln(𝐻𝐻)
 for (H < 0.05) 𝐴𝐴

1

0.754− 0.256 ln(𝐻𝐻)
 for (0.05 ≤ H < 0.15) 𝐴𝐴 1 −

0.304

(1+𝐻𝐻)3
 for (H ≥ 0.15)

F4 𝐴𝐴
1

−(8∕15)ln(𝐻𝐻) + 0.9588
 for (H < 0.1)

𝐴𝐴

(
𝐻𝐻

2.639+𝐻𝐻

)1∕4

 for (H ≥ 0.1)

F6 𝐴𝐴
0.8436

0.6376− 0.2 ln(𝐻𝐻)
 for (H < 0.05) 𝐴𝐴

1

−(2∕5)ln(𝐻𝐻) + 0.3817
 for (0.05 ≤ H < 1) 𝐴𝐴

1

1+
5

16(𝐻𝐻 +1)
3

 for (H ≥ 1)

F7 𝐴𝐴
1

− (2∕15)ln(𝐻𝐻) + 0.2526
 for (H < 1) 4(H + 1) 2 for (H ≥ 1)

F8 1.705 for (H < 0.1) 𝐴𝐴 1 +
9

16

1

(𝐻𝐻 +1)

 for (H > 0.1)

F9 0.944 for (H < 0.1) 𝐴𝐴 1 −
3

16

1

(𝐻𝐻 +1)3
 for (H > 0.1)

Table 1 
Universal Hydrodynamic Correction Functions (Adamczyk, 2017)
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hydrodynamic drag force, which in turn, increases faster than the Brownian force. This is due to the following 
proportionality relationships, with Fgrav  ∝  a 3, Fdrag  ∝  a, and 𝐴𝐴 𝑭𝑭𝑩𝑩 ∝

√
𝑎𝑎 . Consequently, the force equilibrium 

influencing particles in the bulk fluid relies heavily on the particle radius.

Parameter values common to all selected scenarios are the maximum tube radius rmax = 50 μm, constriction radius 
rc = 20 μm, constricted tube length L = 125 μm, water density ρf = 1,000 kg/m 3, water viscosity μ = 0.001 Pa/s, 
and temperature T = 298K. This pore size range was chosen as it is representative of sands, and silts, and some 
coarser clays, while also experiencing laminar flow under environmental fluxes (L. Chen et al., 2019). An explicit 
numerical scheme is used, with time steps ranging between 5 · 10 −5s ≤ Δt ≤ 5 · 10 −3s depending on the scenario. 
The timesteps were chosen to be much larger than the particle's momentum relaxation time equal to 𝐴𝐴

2𝜌𝜌𝑝𝑝𝑎𝑎
2

9𝜇𝜇
 , in order 

for the Brownian force to be accurately simulated, yet small enough so that the hydrodynamic forces are approx-
imately constant throughout each timestep (Nelson & Ginn, 2005).

Based on Figure 2, we selected 12 combinations of non-Brownian microparticle size and average fluid velocity 
as the scenarios to be modeled, which are listed in Table 2. In each simulated scenario, 50,000 non-interacting 
particles are uniformly distributed over the pore opening area and introduced into the capillary at an initial veloc-
ity matching the flow field. The range of fluid velocities investigated in the 12 scenarios correspond roughly 
to pedon-scale fluxes of 1 to 100 mm/hr: a range representative of environmental flows in soil matrices and 
fractures, saturated and unsaturated. We did not simulate scenarios with fluid velocities smaller than this range 
because then, F ∼ Fgrav for large particles, and F ∼ FB for small particles (Figure 2), reducing the problem 
to a pure sedimentation or diffusion problem respectively. Flift is typically much smaller than Fgrav, Fdrag, FB 
(Figure 2) except under larger fluid velocities; additional scenarios created specifically to study the effects of lift 
are discussed in detail in Section 3.6.

Scenarios A to G represent dense mineral colloids such as iron oxide, scenarios H to J represent light-but- 
denser-than-water particles such as heavier microplastics, and scenarios K to L represent buoyant particles such as 
light microplastics (Kooi & Koelmans, 2019). The values of the Hamaker constant chosen here are representative 
of colloid contaminants found in the environment: polystyrene microplastics, bacteria, and mineral particles in 
water and sand have around A = 1 · 10 −20 J, A = 5 · 10 −21 J, and A = 5 · 10 −20 J, respectively (Bradford et al., 2018; 

Figure 2.  Absolute magnitudes of forces as a function of particle size. The drag and lift forces are calculated based on a 
velocity difference between the water and particles equal to the average axial velocity um, and based on the average shear rate 
at the constriction.
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Faure et al., 2011; Shen et al., 2018). These scenarios are simulated for all three constricted tube geometries, and 
for three different tube orientations (Table 2). The three tube orientations are given in terms of angle of deviation 
ϕ from the base case where the axial length of the tube and the middle streamlines run vertically downwards, and 
are ϕ = 0° (vertical downflow), 45° (diagonal downflow), and 90° (horizontal).

3.  Results and Discussion
3.1.  Collection Efficiencies

Both η and the deposition morphology appear to be primarily influenced by the comparative intensities of gravi-
tational (Equation 2) and hydrodynamic (Equation 4) forces. As a result, we introduce a dimensionless parameter, 
the settling number (S), to measure the relative strengths of these forces.

𝑆𝑆 =
𝑭𝑭 grav

⟨𝑭𝑭 drag⟩
=

2𝑎𝑎2𝑔𝑔(𝜌𝜌𝑝𝑝 − 𝜌𝜌𝑓𝑓 )

9𝜇𝜇𝜇𝜇𝑚𝑚
=

𝑎𝑎
2

𝑢𝑢𝑚𝑚
𝑆𝑆𝑐𝑐� (13)

where 𝐴𝐴 𝐴𝐴𝑐𝑐 is defined as 𝐴𝐴
2𝑔𝑔(𝜌𝜌𝑝𝑝 − 𝜌𝜌𝑓𝑓 )

9𝜇𝜇
 , and the sharp brackets indicate an average Fdrag computed assuming that a fluid 

flowing at a velocity of um acts on the particle. Wall effects on particle trajectories are insignificant in the bulk 
fluid and thus ignored in the settling number, meaning that all Fi are set equal to 1. Essentially, S is the ratio of 
gravitational force over the average hydrodynamic drag force. Values of S for the various simulated scenarios are 
listed in Table 2, spanning five orders of magnitude.

Figure 3 reveals that η for denser-than-water scenarios (red markers) with similar log10|S| and tube geometry are 
highly similar. Note that the scenarios represented by blue markers have buoyant particles, which means that they 
have negative-valued S. Several trends can be observed amongst the denser-than-water scenarios in Figure 3: 
(a) As |S| increases, η increases. (b) As the constricted tube orientation is increasingly tilted from the vertical, 
the effect of point 1 becomes stronger. (c) In vertical capillaries, once |S| increases beyond some threshold value 
(around |S| ∼ 1 in this study), η is no longer affected by further increases in |S|. This occurs as particles entering 

Figure 3.  Scatter plot of collection efficiencies against log10|S| for three tilt angles relative to the vertical, averaged over 
the three constricted tube shapes. Red markers represent the scenarios with heavier-than-water particles, and blue markers 
(larger-sized for visibility) represent scenarios with buoyant particles. Arrows in the legend illustrate the axial direction of the 
constricted tube and the mean direction of flow.
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the pore close to its center are predominantly influenced by gravitational and drag forces, which guide the particle 
directly toward the pore exit, thereby preventing attachment. (d) Table 2 shows that for |S| ≥ 10, η is much more 
significantly affected by the tube orientation than its geometry. Conversely, for |S| ≤ 0.1, η are affected by the 
tube's geometry and orientation to a similarly small extent. The above implies that tube geometry and orienta-
tion both have small impacts on attachment for |S| ≪ 1, but attachment is predominantly determined by the tube 
orientation for |S| ≫ 1. This essentially clarifies that the shape of the pore-space influences advection-based depo-
sition by altering flow patterns, while the tube orientation impacts sedimentation driven by gravity. For S that 
approaches zero, previous studies that omit gravity apply (e.g., Chang et al., 2008; Chaumeil & Crapper, 2014; Y. 
Yang et al., 2018). For S approaching infinity, pure gravitational sedimentation applies, and advection becomes 
irrelevant.

Figure 3 also demonstrates that S, along with tube orientation, account for most of the variability in η. Other 
factors contributing to trajectory generation, such as the hydrodynamic torque, DLVO interactions, and 
Brownian motion, explain only a minor portion of the variance in η. In addition, Table 2 also shows that the 
effects of tube geometry on η are appreciable but small, being less than 0.1 across all scenarios. Although 
Brownian and DLVO forces differ across similar situations, their impact on η is minimal, especially the DLVO 
force. For instance, larger particles experience a stronger DLVO force as their larger surface area allows for 
increased interaction between the electric charges of the particles and pore walls. Despite the considerable 
difference in Brownian and DLVO forces between scenarios A and G due to particle size, η remains similar 
in both cases. The same can be said for other subsets of scenarios with similar S. The DLVO attraction force 
FVDW (Equation 3) diminishes rapidly with increasing particle-wall separation distance, and thus significantly 
contributes to the overall force balance of particles only when they are in close proximity to the wall. This is 
confirmed in the numerical simulations, where the strength of the DLVO attraction appears to have a relatively 
minor impact on the trend displayed in Figure 3 despite varying between A = 1 · 10 −20 J to A = 5 · 10 −20 J 
across the scenarios. Furthermore, additional simulations of scenario A with a hundredfold increase to A = 5 · 
10 −18 J resulted in η increasing by no more than 0.01. Consequently, particle collection efficiencies and depo-
sition patterns can be summarized to primarily rely on the balance between hydrodynamic and gravitational 
forces acting upon the colloids. Note however that if unfavorable attachment conditions (e.g., repulsive DLVO 
interactions) were instead considered, the attached fraction would be significantly affected by the hydrody-
namic torque, and both the mean-field and small-scale local heterogeneities of the DLVO interaction potential 
(Pazmino, Trauscht, Dame, & Johnson,  2014; Pazmino, Trauscht, & Johnson,  2014; Rasmuson, VanNess, 
et al., 2019).

The simulations of the 12 scenarios were repeated twice, and the collection efficiency across realizations of each 
scenario had a mean difference of ±0.0001, even though the trajectories were not completely deterministic due 
to Brownian motion, implying that the number of particles per simulation (50,000) is sufficient. Further addi-
tional simulations with Brownian motion omitted show that if Brownian motion is omitted from a simulation, the 
collection efficiency is different by at most ±0.02 (scenario F, I) and ±0.05 (scenario G, J, L) compared to the 
same scenarios with Brownian motion included. No generalizations could be made about the sign of the differ-
ence (negative or positive), which depended on the specific scenario, though in most cases omitting Brownian 
motion caused the collection efficiency to be overestimated. Brownian motion had no appreciable effect in the 
other scenarios.

Hence, even in scenarios G, J, L, the scenarios where Brownian motion has the most significant contributions 
to the force balance (Table 2), Brownian motion lacks the combined strength and directionality to significantly 
affect deposition outcomes. It is well-known that unbiased random-walk diffusion leads to a mean displacement 
proportional to 𝐴𝐴

√
𝑡𝑡 , thus the traversal time of the particles longitudinally through the constricted tube may have 

been too fast relative to the radial diffusion of particles, for diffusion to have a significant effect on collection 
efficiencies. Anisotropic Brownian motion occurs only near tube walls, where wall effects cause a biased random 
walk away from the wall. However, at such close proximities to the walls, DLVO forces dominate, possibly 
rendering the anisotropic effect negligible.

An outlier to the small effect of Brownian motion applies to scenario K (only in vertical tubes), where omitting 
Brownian motion leads to an underestimation of the collection efficiency by 0.15 (∼30% in relative terms). This 
is because the buoyancy of the particles counteracts the already-slow downwards fluid velocity, which causes 
particles to traverse the tube very slowly, allowing particles ample time to diffuse toward the pore walls. This 
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result for scenario K is also an exception to the general notion that Brownian 
motion is unimportant in the transport of particles with sizes larger than the 
order of 100 nm.

3.2.  Effects of Constricted Tube Geometry on η

For scenarios D, E, H, where the gravitational force dominates all other forces 
on average, the results show that hydrodynamic forces are still sufficiently 
strong to prevent a large number of attachments that would have occurred in 
the absence of fluid flow. Given that the constriction ratio rc/rmax of the tube 
is 0.4, and since the particles are evenly distributed at the inlet of the pore 
mouth, the collection efficiency would be approximately 1 − 0.4 2 = 0.84 in 
vertically oriented tubes if particle trajectories were determined solely by 
gravitational sedimentation. With only DLVO forces added, the collection 
efficiency would then be larger than 0.84. As the simulated collection effi-
ciencies for scenarios D, E, H in vertical tubes are clustered around 0.7, it 
can be inferred that the hydrodynamic forces prevented a significant fraction 
(>0.1) of particles from attaching. The role of pore shape on particle fate 
is also evident in the remarkable results for horizontally oriented tubes in 
scenario C and scenario F (Fg ≈ Fd), where around 0% of particles exit the 
pore for PCT and HCT but around 8% do for SCT. Hence, small differences 
in tube geometry may lead to appreciable differences in particle transport.

In agreement with Chang et al.  (2003)'s results for Brownian particles, we 
find that the collection efficiency for non-Brownian particles subject to 
gravitational sedimentation and a fully attractive DLVO interaction is also 
largest for PCT, then HCT, then SCT (Table 2), for all simulated scenarios. 
The breakthrough of non-attached particles at the pore outlet occurs earliest 
for SCT, and latest for PCT (Figure 4). Given that um is consistent across 
all three tube geometries in this comparison, this suggests that non-attached 
particles encounter the greatest average axial velocity in SCT, which in turn 
implies that attached particles experience the lowest average axial velocity in 
SCT. Note that particle deposition becomes less favorable as fluid velocities 
increase, since the hydrodynamic drag force vector is perpendicular to the 
DLVO force vector. The fact that bound particles exhibit the highest aver-
age velocity in PCT and the lowest in SCT reinforces that colloid deposition 
is most favorable in PCT and least favorable in SCT. In other words, PCT 
is more conducive to deposition than SCT partly because PCT can capture 
particles moving at higher axial velocities. Another reason is that for identical 
pore-size parameters, PCT has the smallest pore-space volume (Figure 1a).

3.3.  Effects of Constricted Tube Geometry on Deposition Morphology

Figure 5 illustrates that the spatial distribution of attached particles signif-
icantly depends on the capillary orientation and differs among the three 
constricted tube geometries. The deposition pattern of HCT demonstrates 

a behavior that generally falls between PCT and SCT, similar to the collection efficiency. Figure 5 indicate that 
particles subjected to the force balance simulated in this study tend to attach at the axial ends of the constricted 
tube, especially the upstream extremity, with the most significant effect in PCT and the least in SCT. This occurs 
because gravitational sedimentation encourages particles to attach preferentially to pore wall regions with a slope 
relative to the vertical. SCT exhibits a high density of attached particles at a quarter of the tube depth, where 
particles are directed toward the pore wall by streamlines. Furthermore, in vertical tubes, buoyant particles may 
attach close to the pore outlet, which does not occur for heavier-than-water particles. Another important general 
result evident in Figure 5 is that scenarios with smaller |S| (bluer lines) have larger fractions of attached parti-
cles concentrated at the tube extremities (thinner lines). Previous studies have shown that for non-Brownian 

Figure 4.  Cumulative breakthrough fractions of particles that flow through 
the pore throat without being attached, as a function of log time, for the 
12 scenarios. Solid lines refer to PCT, and dashed lines to SCT. Red lines 
represent scenarios with larger |S|, and blue lines represent scenarios with 
smaller |S|. Thicker lines represent scenarios with larger fluid velocities, and 
thinner lines the opposite.
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agglomerates of particles not influenced by gravity, attachment tends to also take place away from the constric-
tion of a PCT tube (Chang et al., 2008; Chaumeil & Crapper, 2014). In this study, we show that the same applies 
when agglomeration is not considered, and also when gravitational sedimentation and buoyancy is significant. 
This is in contrast to Brownian particles, which by nature of their diffusive transport behavior attach uniformly 
to the pore walls.

3.4.  Effects of Constricted Tube Orientation on η

In scenarios B, C, D, E, F, H where the gravitational force on particles significantly outweighs the hydrodynamic 
force, adjusting the tube from a vertical to a horizontal position enhances the collection efficiency to its maximum 
value of 1. The peak efficiency is achieved at a tilt exceeding 45° in scenarios C, F, H while in scenarios B, D, 
E, it occurs at a tilt under 45°. Scenarios C, F exhibit the weakest gravitational force relative to hydrodynamic 
forces among these five scenarios. Hence, it can be deduced that as the gravitational force's dominance increases, 
a larger sinking velocity is more quickly attained by the particles, and therefore a smaller tilt angle is needed 
to reach the highest collection efficiency. In comparison, the findings reveal that the collection efficiencies in 

Figure 5.  Cumulative attached fraction of particles as a function of relative position in constricted tube, for the 12 scenarios. Red lines represent scenarios with larger 
|S|, and blue lines represent scenarios with smaller |S|. Thicker lines represent scenarios with a larger fraction of deposited particles located in the middle portion of the 
constricted tube (relative position between 0.25 and 0.75).
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scenarios A, G are barely affected by the constricted tube's orientation. This is due to gravity being a minor factor 
in determining a particle's path in these scenarios. Consequently, when hydrodynamic forces dominate over grav-
itational forces, the pore's orientation does not significantly influence particle trajectories.

The trend between |S| and η also applies to buoyant particles (Figure 3), except for a single outlier. The blue circle 
outlier in Figure 3 relates to scenario K in vertical tubes, previously also identified as an outlier in Section 3.1. 
In this scenario, |S| alone does not describe particle fate: buoyancy counteracts hydrodynamic drag as the stream-
lines primarily point vertically downwards, which causes other forces (e.g., lift, Brownian) to play relatively 
amplified roles in determining particle trajectories. Furthermore, when controlling for the same density differ-
ence with water (i.e., identical |ρp − ρf|), whether buoyant particles (scenarios K, L) have a higher or lower η than 
heavier-than-water particles (scenarios H, I, J), is controlled by the tube orientation (Table 2). This is evident 
when comparing η of scenarios K, L with I, J. Buoyancy decreases η in vertical tubes, as it moves particles away 
from the wall. In diagonal tubes, buoyancy can increase or decrease η, depending on the specific force balance 
scenario. In horizontal tubes, buoyant and heavier-than-water particles with identical |ρp − ρf| have the same 
collection efficiency as the problems are physically identical.

3.5.  Effects of Constricted Tube Orientation on Deposition Morphology

Figure 5 shows that majority of attached particles were found near the pore extremities, especially the entrance, 
whereas few particles attached around the middle (relative position between 0.25 and 0.75), especially for 
smaller S. The clustering of attached particles near the extremities is strongest in horizontal tubes, then verti-
cal, and weakest in diagonal tubes. In vertical tubes, minimal particle attachment occurred in the latter half of 
the constricted tube, as both hydrodynamic and gravitational forces counteracted attachment. Consequently, the 
collection efficiencies and deposition patterns of scenarios with S > 1 in vertically oriented tubes were similar, 
with most particles adhering to the upper quarter of the pore throat.

In horizontally oriented pores, scenarios B, C, D, and E demonstrated comparable collection efficiencies. In 
scenarios D and E, characterized by low fluid velocities, the majority of particles attached to the upper quarter 
of the horizontal pore throat. Conversely, in horizontally oriented tubes with higher fluid velocities, such as 
scenarios B and C, particles predominantly settled at the constricted tube's two ends. Distinct from the other two 
orientations, horizontally oriented pores exhibited a higher probability of particle deposition near the tube outlet 
due to low fluid velocities in that area, enabling gravitational sedimentation to bring particles closer to the pore 
wall. The underlying reason for these observations is that gravity significantly influences deposition in these 
simulated scenarios, and most particles adhere to pore regions where gravity overpowers hydrodynamic forces. 
At the pore extremities, which possess larger cross-sectional areas, fluid velocities are low and hydrodynamic 
forces are weak, causing particles to preferentially attach to the constricted tube's axial extremities. Hence, in 
horizontal pores, particles' axial velocities significantly decrease as they approach the outlet, resulting from the 
reduced fluid velocity, which allows gravity to draw particles toward the pore wall. Additionally, colloid particles 
spend less time traversing regions with high fluid velocities due to rapid advection. Essentially, the result is that 
colloid particles tend to deposit in areas with low fluid velocities, as the tangential drag force is small, making 
gravity and the DLVO force more prominent in the force balance. As previously noted, the relative concentration 
of attached particles in the pore extremities is most remarkable for smaller |S| (lighter particles), because the 
smaller gravitational forces they experience are overcome by hydrodynamic forces in a larger region around the 
pore constriction.

3.6.  Hydrodynamic Lift

It was previously thought that in the absence of density differences between particles and the fluid, migrating 
particles adhered to streamlines. However, recent research has shown on the contrary that particles migrate across 
streamlines due to hydrodynamic lift, a phenomenon referred to as inertial focusing (Di Carlo et al., 2007). This 
process propels particles away from pore walls under laminar flow, leading to lower collection efficiencies. 
Extensive research has been conducted to understand the effect of lift on particle trajectories in cylindrical tubes 
(e.g., B. H. Yang et al., 2005). However, its impact in the constricted tube geometries used in this study remains 
relatively unexplored, an aspect we aim to briefly investigate here.

To gain insights into the interactions between varying pore constriction ratios (rc/rmax), lift forces, and particle 
density, additional simulations in HCT pores were performed with parameter values as follows: rmax = 300 μm, 
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L = 1,000 μm, um = 2 · 10 −4 m/s, a = 5 · 10 −6 m, and A = 5 · 10 −20 J. Particle densities used previously, 5,260, 
1,200, 800 kg/m 3, were also implemented here, resulting in S values approximately between 0.1 and 1, implying 
that gravity plays a significant, albeit non-dominant role. These parameter combinations, characterized by rela-
tively large fluid velocities and particle sizes, suggest a more substantial contribution of Flift to the total force 
compared to other scenarios, thus providing a clearer understanding of the effects of hydrodynamic lift. Simula-
tions were conducted in tube geometries that were considerably wider and longer than those in other scenarios, 
ensuring the model assumption that the pore space is significantly larger than the particle remained valid, even 
within the constricted region in simulations with small rc/rmax. Constriction ratios were simulated within the range 
0.1 ≤ rc/rmax ≤ 0.9.

As anticipated, scenarios with smaller constriction ratios demonstrated larger collection efficiencies (Figure 6a). 
Consistent with previous findings, a decrease in particle density led to a decrease in collection efficiency (Figure 6a). 
By repeating each simulation without the lift force, we could discern the influence of the lift force on collection effi-
ciencies, which did not significantly differ across the constricted tube geometries. For particles with ρp = 5,260 kg/m 3, 
the collection efficiencies in simulations conducted without lift were strikingly similar to those that incorporated 
lift, irrespective of the constriction ratio (Figure 6b). In the case of buoyant particles with ρp = 800 kg/m 3, absolute 
differences of up to 0.09 (a relative difference of 33% (Figure 6b)) were noted. For particles with ρp = 1,200 kg/m 3 
and ρp = 800 kg/m 3, the effect of lift was significantly dependent on the constriction ratio (Figure 6b).

A prominent trend observed in Figure 6b indicates that the most notable differences due to hydrodynamic lift tend 
to occur with buoyant particles in non-vertical tubes with smaller constriction ratios. Lighter particles experience 
smaller Fgrav, which means Flift has a larger contribution to F. Lift has a larger effect with smaller constriction 
ratios, where Flift is larger because the shear rate is higher, and streamlines are more densely packed in space so 
particles have to travel shorter distances to cross streamlines. In non-vertical tubes, where gravitational settling is 
more significant because Fgrav points toward larger portions of the tube surface area, lift is more likely to allow 
lighter particles to overcome gravitational settling. As an exception, this trend is broken in constricted tubes with 
the smallest constriction ratio of 0.1, because the very small constrictions amplify the effect of Brownian motion 
in diffusing particles toward the capture zone of the pore walls, which then causes lift to have a relatively small 
impact (11%) on trajectories. When the simulations with a constriction ratio of 0.1 were repeated with Brownian 
motion disabled, the aforementioned trend did not break, and omitting the lift force led to a 35% overestimation 
of the collection efficiency. Hence, here we have shown that Brownian motion and hydrodynamic lift may cause 
large-sized interaction effects in some situations (light particles, tight constrictions) even though both are minor 
components of the force balance, even for relatively large particles with 10 micron diameters.

Figures 6c–6f reveal that attached particles are predominantly concentrated at the axial ends of the tubes (thin 
lines) when the constriction ratio is smaller (blue lines), a phenomenon that would be overlooked by cylindrical 
pore models. The absence of lift force also results in varied deposition morphologies, particularly for lighter 
particles (compare Figure 6c with Figure 6d). Figures 6c–6f also illustrate that the effects of lift on deposition 
and deposition morphology mainly occur in the downstream half of the tube, especially in non-vertical tubes 
(Figures 6c and 6e), but to a lesser extent in vertical tubes (Figure 6f). The variation in deposition morphology 
was minimal for vertical tubes (Figure 6f), or for dense particles with ρp = 5,260 kg/m 3.

Therefore, the impact of lift force on the fate of particles is particularly relevant for light and buoyant particles in 
soils. These soils comprise pore throats of diverse orientations, especially when the porosity is small or hetero-
geneous (i.e., the presence of tighter constrictions). The interplay between hydrodynamic lift and non-cylindrical 
tube geometries is crucial for characterizing buoyant particle transport at the pore scale. If overlooked, it could 
lead to significantly lower collection efficiencies than otherwise predicted. Although the fluid velocities and pore 
sizes simulated in these additional scenarios may be rather large for typical environmental flows in soil matrices, 
they are relevant to flow in fractures, macropores, and high-conductivity conduits. If such preferential flow zones 
are present, the advection of contaminants may be routed primarily through them (Tang & Van Der Zee, 2022).

4.  Implications for the Detachment and Remobilization of Attached Particles
4.1.  Critical Velocity for Mechanical Remobilization

Attached particles may detach from an attachment site through three hydrodynamically driven mechanisms, 
lifting, sliding, and rolling. All three mechanisms depend on hydrodynamic torques overcoming the adhesive 
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torques immobilizing the colloid to the collector surface. This implies that regions of the pore space that colloids 
preferentially deposit are also least likely to experience hydrodynamically driven detachment. Of the three mech-
anisms, rolling requires the lowest fluid velocity to occur in most circumstances (Burdick et al., 2001). Rolling 
occurs when

𝑀𝑀𝑑𝑑 + 𝐹𝐹𝑥𝑥𝑙𝑙𝑧𝑧 > 𝐹𝐹𝑧𝑧𝑙𝑙𝑥𝑥� (14)

Figure 6.  (a) Collection efficiencies of the additional simulations in Section 3.6. Square markers, crosses, and circles refer to scenarios with particle density ρp = 800, 
1,200, and 5,260 kg/m 3, respectively. (b) Ratio of collection efficiencies of simulations with hydrodynamic lift omitted, over the full simulations, for three tilt angles 
relative to the vertical in hyperbolic constricted tubes. Subfigures (c–f) show the deposition morphologies in diagonally tilted HCT in simulations with (solid lines) 
and without (dashed lines) hydrodynamic lift. Red lines represent scenarios with larger constriction ratios, and blue lines represent scenarios with smaller constriction 
ratios. Thicker lines represent scenarios with a larger fraction of deposited particles located in the middle portion of the constricted tube (relative position between 0.25 
and 0.75).
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where 𝐴𝐴 𝐴𝐴𝑑𝑑 is the moment of surface stresses, lz is the rolling lever arm length, and lx is the adhesive lever arm 
length, given by

𝑀𝑀𝑑𝑑 = 8𝜋𝜋𝜋𝜋𝜋𝜋
2
𝐹𝐹9𝑢𝑢𝑥𝑥� (15)

𝑙𝑙𝑧𝑧 = 𝑎𝑎 + ℎmin − ℎasp� (16)

𝑙𝑙𝑥𝑥 =

√
𝑎𝑎2 − 𝑙𝑙

2
𝑧𝑧

� (17)

where 𝐴𝐴 𝐴min ≈ 0.4 nm (Abdelfatah et  al., 2017; Albojamal & Vafai, 2020) is the minimum separation distance 
between an attached particle and the collector surface, and hasp is the height of the surface asperity that the particle 
has to overcome by rolling (Burdick et al., 2005). Thus, the critical fluid velocity ucrit that would detach attached 
particles is

8𝜋𝜋𝜋𝜋𝜋𝜋
2
𝐹𝐹9𝑢𝑢crit +

[
6𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋8𝑢𝑢crit + 𝐹𝐹𝑔𝑔𝑔𝑔𝑔

]
𝑙𝑙𝑧𝑧 >

[
𝐹𝐹VDW + 𝐹𝐹𝑔𝑔𝑔𝑔𝑔

]
𝑙𝑙𝑥𝑥� (18)

Since 𝐴𝐴 𝐴𝐴 is micrometer-scale in this study, and by assuming a ≫ hasp ≫ hmin, we approximate the lever arm lengths 
with lz ≈ a and 𝐴𝐴 𝐴𝐴𝑥𝑥 ≈

√
2𝑎𝑎𝑎asp , which yields a critical velocity of

𝑢𝑢crit ≈

[
𝐹𝐹VDW + 𝐹𝐹𝑔𝑔𝑔𝑔𝑔

]√
2𝑎𝑎𝑎asp − 𝐹𝐹𝑔𝑔𝑔𝑔𝑔𝑎𝑎

𝜋𝜋𝜋𝜋𝜋𝜋2[8𝐹𝐹9 + 6𝐹𝐹8]
� (19)

At absolute separation distances of 𝐴𝐴 𝐴min , the DLVO force is several orders of magnitude larger than the gravita-
tional force acting on micrometer sized particles, so Fg can be assumed negligible. Furthermore, since a ≫ hmin 
the van der Waal's force may be simplified to

�VDW ≈ ��
6ℎmin

2� (20)

Substituting 20 into 19, and using 𝐴𝐴 𝐴min ≈ 0.4 nm , ucrit may be further simplified to approximately

𝑢𝑢crit ≈
𝐴𝐴

𝜋𝜋𝜋𝜋

√
ℎasp

𝑎𝑎
⋅ 10

15
m∕s� (21)

which clearly illustrates the dependence of 𝐴𝐴 𝐴𝐴crit on A, hasp, and a. For example, for an attached particle of radius 
a ∼ 1 · 10 −6 m with A ∼ 1 · 10 −20 J, with an asperity of size hasp ≈ 50 nm, ucrit would be around 20,000 mm/hr. 
Equation 21 implies that ucrit is smaller for larger particles, due to its larger Md caused by the particle's larger 
surface area. In addition, the effective fluid velocity acting upon larger attached particles is larger due to their 
larger radii. Therefore, although the collection efficiency of larger particles tends to be larger, they are also more 
easily detached by hydrodynamic forces. Note that ucrit depends on the square root of the dimensionless aspect 
ratio of asperity size over particle size. In contrast, ucrit is directly proportional to A, implying that although the 
magnitude of the DLVO force has a relatively small effect on collection efficiencies, it is ultimately an important 
factor in transport and retention as it is the primary factor controlling the possibility of remobilization.

Figure 1b illustrates the fluid velocity in HCT constricted tube models, normalized against um. It shows that the 
fluid velocity maximizes at the constriction, and tapers off toward the axial extremities and pore walls. Therefore, 
if particles were to be hydrodynamically detached, most of it will occur for particles attached at or close to the 
tube constriction. Conversely, the deposition morphology of such particles, as previously discussed, is such that 
most particles entering the pore are deposited at the axial extremities of the pore, and few are deposited close to 
the constriction, for all three simulated orientations. Therefore, in constricted tube pore spaces, most attached 
particles are unlikely to be subsequently detached by hydrodynamic forces.

4.2.  Environmental Consequences of Particle Deposition Morphology

The large pore-water velocities necessary for mechanical remobilization do not occur often under naturally 
occurring hydrological circumstances. In addition, in the unsaturated zone, soil water redistribution would also 
decrease the velocity of soil water. In settings where flow can be controlled, the fluid velocity may be increased to 
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facilitate hydrodynamic detachment of particles and reduce the favorability of particle attachment (Bedrikovetsky 
et al., 2012; Chang et al., 2008). For example, forced flow can successfully remediate clogged soil around wells 
(van Beek et al., 2009); fluid velocities around wells may reach up to 400 mm/hr (Chequer et al., 2021). However, 
this technique is effective only in the immediate vicinity of the well, as wells generate radial flow fields with 
geometrically decaying velocities (Tang & van der Zee,  2021). This difficulty in mechanical remobilization 
contributes to the effectiveness of soils and groundwater aquifers in filtering colloidal contaminants from marginal 
water under managed aquifer recharge (Sasidharan et al., 2021; Torkzaban et al., 2019; Wang et al., 2020), where 
organic contaminants may undergo in-situ biodegradation over time (Y. M. Chen et al., 1992).

Despite the difficulty of mechanical remobilization, detachment from DLVO potential minima may also transpire 
due to other processes. If attached particles form agglomerates with other particles, they experience larger detach-
ment forces due to their increased size and an extended rolling lever arm length (lz). The attachment of large 
agglomerates to pore walls results in increased fluid velocity within the tube, owing to a reduction in pore void 
volume. These factors collectively enhance the remobilization of agglomerates, either by detachment or disinte-
gration (Kermani et al., 2020). Nanoscale surface roughness on pore walls can enhance the likelihood of particle 
detachment by weakening the potential minima of the DLVO interaction (Bergendahl & Grasso, 2000; Hoek & 
Agarwal, 2006). The presence of extended DLVO interactions (Abdelfatah et al., 2017), which typically yield 
shallower primary minima, may also facilitate detachment (VanNess et al., 2019). Chemical perturbations, such 
as decreasing the ionic strength of the pore water (Carstens et al., 2019), may weaken the attractive DLVO force 
(Liang et al., 2013), which we have shown is the strongest determining factor in the possibility of mechanical 
remobilization. Such chemical processes may thus aid or complement the mechanical remobilization of particles, 
and represent a promising area for future research; for example, a combination of chemical alteration and fluid 
flow may effectively remobilize attached particles (Zhuang et al., 2009).

5.  Implications for Continuum-Scale Colloid Transport Modeling
The collection efficiency η of individual pore throats, as determined through the methods introduced in this study, 
may be upscaled to determine the transport and breakthrough of colloids through a porous medium comprised 
of a continuum of pore throats. This may be done by defining a kinetic attachment coefficient, which is a func-
tion of the collection efficiency (Lin et al., 2022). Since the collection efficiency depends significantly on the 
fluid velocity, the kinetic attachment coefficients will vary nonlinearly with fluid velocity, in agreement with 
experimental findings (Bennacer et al., 2022; Zheng et al., 2014). The effects of deposition-unfavorable condi-
tions, such as energy barriers, may be accounted for by multiplying the attachment coefficient with a sticking 
efficiency parameter. Therefore, obtaining the collection efficiency η, as we did in this study, is a crucial step 
in quantifying colloid attachment also in the presence of repulsive barriers. Recent research on cylindrical pore 
throats (Lin et al., 2021, 2022) has shown that not only is η highly sensitive to fluid velocity, colloid size, and 
pore size, in agreement with our study, but so is the sticking efficiency for characterizing attachment through 
energy barriers. Since the fluid velocity and the ratio of colloid radius to pore radius changes drastically within 
a single constricted tube pore, and since pore shapes are heterogeneous in real soils, future research is necessary 
to elucidate the effects of pore throat geometry and orientation on the sticking efficiency. That would comple-
ment this study on the collection efficiency, and is necessary for comprehensively characterizing the transport of 
non-Brownian particles at a continuum scale.

Another implication for continuum-scale modeling is evident in Figure 4: the time at which non-attached particles 
exit the pore-space is smallest in scenarios with large um, due to fast advection, or large S, due to large gravita-
tional acceleration. This means that even though the breakthrough fraction (1 − η) is larger under small S, the 
breakthrough time is earlier under large S. Therefore, continuum models of particle transport that employ simple 
retardation or non-linear adsorption isotherms to characterize particle transport might not adequately physically 
characterize microparticle transport, even if observed breakthrough curves appear to empirically fit such models 
under certain parameterizations (e.g., Yoon et  al.,  2006). This is because continuum adsorption attachment 
models typically associate earlier breakthrough times with larger breakthrough fractions.

In summary, this study has contributed toward understanding how the collection efficiency and deposition 
morphology in various pore space geometries and orientations depend on the settling number S. S quantifies the 
relative dominance of gravitational over hydrodynamic drag forces, and depends on the physical properties of the 
colloid and fluid, and on fluid velocity. For the sake of comprehensiveness, we also considered other processes 
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(hydrodynamic lift, Brownian motion, and DLVO interactions), which results show generally have minor impacts 
but become more important in low-S scenarios. This understanding is crucial for predicting the fate of particulate 
environmental pollutants, and developing advanced continuum-scale models of colloid transport under environ-
mental fluxes in real soils, where pore spaces are heterogeneous and advection paths are tortuous.

6.  Conclusions
Colloid transport and fate under conditions with attractive DLVO potentials hinge heavily on the interplay 
between gravity and hydrodynamic drag. In all scenarios, which assume favorable conditions for attachment, the 
strength of the DLVO force had negligible effects on particle fate. The observed variability in collection effi-
ciency in our simulations can be primarily ascribed to the dimensionless ratio S, defined as gravitational forces 
over average drag forces, and also to the tube geometry (for lighter particles, S << 1) or tube orientation (for 
denser particles, S >> 1). To a lesser yet possibly significant degree, depending on the magnitude of S, Brownian 
motion and the hydrodynamic lift force also contribute toward determining particle trajectories. These secondary 
factors are important in characterizing the transport of buoyant particles particularly when the mean direction 
of flow is opposite to gravitation, an example being downwards infiltration into soils. In such situations, the two 
strongest forces (gravity and hydrodynamic drag) act in opposite directions on average, thereby amplifying the 
overall influence of the secondary factors on particle trajectories.

Across all investigated scenarios, particles showed a preference for adhering to the axial extremities of constricted 
tubes, regardless of pore shape, tube orientation, particle size, or fluid velocity. Moreover, colloids attaching to 
the axial extremities of soil pore throats are less likely to be remobilized through mechanical detachment, particu-
larly under natural hydrological flow rates. Crucially, regions of lower fluid velocities show a higher likelihood 
of particle attachment and a lower likelihood of remobilization. Consequently, the mechanical remobilization 
of particles is particularly challenging. Thus, remediation of soils and aquifers contaminated with microparticle 
pollutants may find more success with chemical or biological approaches than mechanical approaches. As we 
study various pore-space geometries, orientations, and sizes, this study on pore-scale colloid transport also has 
important implications for understanding and modeling continuum-scale transport in real soils with heterogene-
ous pore structures and tortuous flow paths.

Appendix A:  Coordinate and Vector Transformations
The three-dimensional pore-space is characterized by cylindrical coordinates (r, s, θ). Let the center of the parti-
cle's current position in the axisymmetric tube be (r = rp, s = sp, θ = θp) in cylindrical coordinates. A local 
Cartesian coordinate system (x, y, z) is used for the calculation of the force balance and particle-wall interactions, 
where the wall lies on the (x, y) plane and the particle is located at (0, 0, zp).

Streamline vectors in the cylindrical coordinate system (ur, us) are converted to the local coordinate system (ux, 
uz) with

�� = −�� cos �slope − �� sin �slope� (A1)

�� = �� sin �slope − �� cos �slope� (A2)

𝛼𝛼slope = tan−1
(
𝑑𝑑𝑑𝑑𝑤𝑤

𝑑𝑑𝑑𝑑

)
� (A3)

where 𝐴𝐴 𝐴𝐴slope(𝑠𝑠) is the local slope angle of the pore wall relative to the direction of mean flow, and rw(s) is the radius 
of the pore throat at s.

At the middle of a vertically oriented constricted tube, the pore wall is locally vertical; this is defined as a slope 
angle of αslope = 0. The gravitational force vector 𝐴𝐴 𝑭̃𝑭 grav acting on a particle located halfway through the depth of 
the tube, in terms of the local Cartesian coordinate system (x, y, z), is therefore

𝑭̃𝑭 grav =
4

3
𝜋𝜋𝜋𝜋

3
𝑔𝑔(𝜌𝜌𝑝𝑝 − 𝜌𝜌𝑓𝑓 )

⎡
⎢
⎢
⎢
⎢
⎣

1

0

0

⎤
⎥
⎥
⎥
⎥
⎦

� (A4)
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where 𝐴𝐴 𝐴𝐴 is the gravitational constant. To account for the slope angle αslope of the pore wall when the particle is at 
other locations within the pore, and to account for the tilting angle ϕ of the constricted tube relative to the vertical, 
we apply a tilting matrix Rt and a slope matrix Rs to the gravitational force vector

𝑭𝑭 grav = 𝑹𝑹𝒔𝒔𝑹𝑹𝒕𝒕𝑭̃𝑭 grav� (A5)

�� =

⎡

⎢

⎢

⎢

⎢

⎣

cos(�) −sin(�) sin(�) −cos(�) sin(�)

sin(�) sin(�) cos(�) + cos2(�)
[

1 − cos2(�)
]

−cos(�) sin(�)
[

1 − cos2(�)
]

cos(�) sin(�) −cos(�) sin(�)
[

1 − cos2(�)
]

cos(�) + sin2(�)
[

1 − cos2(�)
]

⎤

⎥

⎥

⎥

⎥

⎦

� (A6)

�� =

⎡

⎢

⎢

⎢

⎢

⎣

cos
(

�slope
)

0 sin
(

�slope
)

0 0 0

−sin
(

�slope
)

0 cos
(

�slope
)

⎤

⎥

⎥

⎥

⎥

⎦

� (A7)

Hence, the gravitational vector 𝐴𝐴 𝒈𝒈 in Equation 2 is

𝒈𝒈 = 𝑹𝑹𝒔𝒔𝑹𝑹𝒕𝒕

⎡
⎢
⎢
⎢
⎢
⎣

𝑔𝑔

0

0

⎤
⎥
⎥
⎥
⎥
⎦

� (A8)

After the force balance calculations, trajectory vectors in the local coordinate system (𝐴𝐴 𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 ) are converted 
to the original cylindrical coordinate system (dr, ds, dθ) through the following transformations:

�� = −�� sin �slope − �� cos �slope +
[
√

(��)2 + �2 − �
]

� (A9)

�� = −�� cos �slope − �� sin �slope� (A10)

𝑑𝑑𝑑𝑑 = atan

(
𝑑𝑑𝑑𝑑

𝑟𝑟

)
� (A11)

The locations of the particles are then updated in the cylindrical coordinate system, so that the appropriate fluid 
velocities for the subsequent time step can be calculated.
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