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Abstract

Zero-energy modes localized at the ends of one-dimensional (1D) wires hold great potential as qubits for
fault-tolerant quantum computing. However, all the candidates known to date exhibit a wave function that decays
exponentially into the bulk and hybridizes with other nearby zero-modes, thus hampering their use for braiding
operations. Here, we show that a quasi-1D diamond-necklace chain exhibits an unforeseen type of robust boyindary
state, namely compact localized zero-energy modes that do not decay into the bulk. We “nd that this state emerges

due to the presence of a latent symmetry in the system. We experimentally realize the diamond-necklace chajn in an
electronic quantum simulator setup.

Topological states of matter attracted a lot of interest in  Fully localized states are known to exist in thbulk of
previous years because of their potential use as qubits in acertain lattices [..16]. These states correspond to eigen-
quantum computer [L..4]. One of the di culties concern-  states of the Hamiltonian that are completely localized in
ing quantum computing with topological states such as a certain sub-region of the lattice and have strictly zero
the non-Abelian Majorana bound states in a Kitaev chain amplitude otherwise. Due to their local character, these
[1, 4, 5] is their exponential decay into the bulk. When compact localized states are protected against perturba-
a Kitaev chain is too short, the quasiparticle Majorana- tions outside the sites where they are located3]. They
bound states at both edges hybridize and move away fromoccur in crystalline "at-band systems, where often frus-
zero energy. Therefore, in order to have a proper quan- tration is causing the modes to be completely localized. As
tum computation, the length of the chainL should be long  a result, these compact localized states do not mix with
in comparison with the characteristic coherence length,  other bulk states and can be excited in a relatively easy
such that the amplitude of the exponentially decaying wave manner, as shown experimentally in Refd.1, 12, 17]. Fur-
function ( exp(..L/ )) is small at the other side of the thermore, it has been recently proposed that these states
chain. The exponential decay of electronic states is also acould be used in a quantum network to transfer informa-
problem for other systems, e.g. hybridization was exper-tion in a proper and experimentally feasible manned.p).
imentally shown to be an important factor in a quantum Examples of fully localized bulk states can be found in
gate device$] and for the poor manes quantum gate based (quasi)-1D lattices such as diamond, stub or cross chains,
on 0D boundary modes in the SSH modeb]. It would  and in 2D, such as the Lieb lattice§, 9, 11, 12, 16, 18...
therefore be bene“cial to have robust states that are fully 21].
localized on the ends of a 1D wire. Here, we propose a model, namely non-interacting elec-
trons in a quasi-1D diamond-necklace chainfor which
“Correspondencé:swart@uu.rtC.deMoraisSmith@uu.nl robust compact localized states occur at thedgesThis
2Debye Institute for Nanomaterials Science, Utrecht University, Utrecht, The chain bears some resemblance with the diamond chain,
?:sgt]i(telzltzr:‘ngheoretical Physics, Utrecht University, Utrecht, The Netherland%lthough inthe latter the compact localized states are bulk
Full list of author information is a{/ailable atthe end (;f the arti’Ehwal modes [L0, 13, 22..24]. The diamond-necklace chain has
contributors been studied in the context of spin chainep..27], where
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it is known as the dimer-plaquette chain, and recently in The experimental results are compared with tight-binding
the context of "at bands in a non-interacting lattice 8. and mu n-tin calculations, see methods for further de-
The end modes that we “nd are doubly degenerate, have antails. In the remainder, we “rst discuss the diamond-
energy in the insulating bulk gap, are compactly localized necklace chain in more detail and then describe the ex-
at the extremities of the lattice (no bulk decay) and are periment.

robust against a large number of perturbations. Further- The quasi-1D diamond-necklace lattice is shown in
more, we show that the amplitude of the wave function of Fig. 1a. The lattice consists of 4 sites in a unit cell, con-
the zero mode can be fully controlled via either introduc- nected with a hoppingt;. The Bloch Hamiltonian is given
ing anisotropies in the hopping amplitude or a "ux in the by

plaguettes. We examine these compact states in an exper-

imental setup and verify the theoretical proposal of com- ekt

pact localized end states in the diamond-necklace chain. H(K) = Ltk A SR 01 o)
These states open the path to the manipulation of bound- ] A o\

ary zero modes without the problem of hybridization of el A 0

the end modes.

The experimental setup that we use to verify the the- where k is the wave number and the onsite energy.
oretical calculations is based on the electronic quan- Apart from three dispersive bands, the spectrum shows a
tum simulator using CO adsorbed on a Cu(111) sample "at band at energyE = corresponding to a wave func-
[29..32]. A Cu(111) substrate exhibits a 2D electron gastion | = (0,0,1,...1) which is completely localized on
at its surface. The CO molecules act as repulsive scatthe sites 3 and 4. The spectrum with = 0 is shown in
terers for the surface electrons of the Cu(111) substrate,Fig. 1b. Now, we can open a gap in the spectrum by in-
con“ning them to the area between the CO molecules troducing a hoppingt; = t; between sites 1-4 and 2-3, as
[30, 31, 33, 34]. This method and similar ones have been shown in Figs.lc-d. The localized state is no longer a so-
successfully used to fabricate "at-band models such as thelution to the Schrédinger equation and there is a gap at
Lieb lattice [31, 35 and stub, diamond and cross lattices E= =0.

[16]. Further, these setups have been used to show ro- Ina*“nite chain consisting ofN sites, this bandgap open-
bust zero modes in an SSH modeBf)], in a 2D kagome ing gives rise to compact localized boundary states. The
[34] and in a kekulé lattice B3]. However, in all these “nite chain is shown in Fig.le; the chain starts and ends
previous examples the corner modes decay exponentiallywith a hopping tz, which allows us to tune the amplitude
into the bulk, contrarily to the modes identi“ed here. of the localized wave functions. The spectrum of the “nite

Figure 1 The quasi-1D diamond-necklace chaé) Reriodic diamond-necklace chain with hoppingonnecting the four lattice sites (numbering
indicated in grey) b)) Band structure for the lattice shown &) (The band structure shows a "at bandfat 0. €) The diamond-necklace lattice with
the hoppingt, between sites 1-4 and 2-3, angotherwise.q) Band structure for the lattice show i) (vith t» = 2t;. Whent, = t1, a band gap
opens up att = 0. €) Finite-size lattice ending on both sides with a bagdin this case, one can always “nd a degenerate state #tld that is
compactly localized at the boundaries of the chain whgr t1. The amplitudes of these wave-functions are schematically shown in red. They
depend on the hopping parameters, t; andt. f) Spectrum of the “nite-size lattice shown i) (consisting ofi = 82 sites and hopping
parameterss = t;. The zero-mode localized at the end of the chain is shown in red and is always compactly localized (no bulk decay) in the three
lattice sites at the boundaries when=t1
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chain as a function ofty/t; is shown in Fig.1f. In this “-  for the sites 4 and 5 corresponding to the states in the bulk
nite chain, there is a zero-energy end mode, indicated in "at band shown in Fig.1b.

red in the spectrum. These states are compactly localized Another way to open the bulk gap in the spectrum is to

onsites 1, 4 and 5 on the left side of the chain and on sitesjntroduce a "ux in the diamond part of the necklace chain,

N ...2N ... 1 andN on the right side of the chain when a5 it \was experimentally realized for a diamond chaiJ).

t2 = ta, as schematically shown with red_disks in Fide.  1he Bloch Hamiltonian for the quasi-1D diamond neck-
The modes can be understood as a hybrid of the compact,_ ... hain is given by

localized bulk states in a diamond chainlp, 13, 36] and
a boundary mode in the SSH modeB[7]. When consider-

ing the limit t3 = 0, there are two isolated sites on either . e el
side of the chain, with a localized wave function at energy H(K) = 1€ RS NS ,
E= .Ifty =t,, there are compact states in the bulk and € ] 0
the end mode can hybridize with the compact states near -l -l 0

the boundary. Whent, =t,, there is a gap in the spectrum

and therefore no state with the same energy in the bulk wheret is the hopping amplitude,k the wave number,

to hybridize with the edge mode. In this sense, one could the onsite energy, and the "ux per diamond. Introduc-

expect an exponential decay from the end-localized statesing 3 nonzero "ux in the diamond-necklace chain opens

into the_ bulk if the hopping t; = 0, in a similar way as it 4 pand gap atE = =0, see Figs2a-d, similar to the

occurs in the SSH model37). However, due to destruc- o isoironic hopping described above. A-"ux gives rise

ally o he bulk but remains compacty localied i the. © 2 Dands, i the same way as the Aharonov-Bofm
cages do in the diamond chain13], see Fig.2d. In a

edges. T . . : . i
nite-size lattice, a non-zero "ux immediately gives rise

We can write down an exact form of the wave function ) )
by making use of destructive interferenc@p..40]. We are {0 compact states as well. Using the same wave function

looking for a (not-normalized) wave function of the form @S above| = (1,0,0y1,13,0,0,...J, we “nd ry = 1/[1 ...
|  =(1,0,0r1,r5,0,0,...3 that has only an amplitude on €XRi )] and rz = ..r; for a compactly localized state, see
the sites 1, 4 and 5 and energg= . When acting on our  Figs.2e-f.
trial wave function with the Hamiltonian corresponding to Now, we examine some particular properties of these
the “nite chain, we “nd: end modes. Since these modes are compactly localized,
any perturbation outside of the boundary region will
3 0 0 0 o - not disturb them. More generally, these modes are pro-
13 0 .4 .t tected against any perturbation that does not couple to
0 2ol the sites 1, 4 and 5, and perturbations that preserve the
B CR 2% 0 0 destructive interference when connecting to sites 1, 4
0 0 g !
0 ., O 0 and 5.
We consider two di erent types of perturbations, on-site
; and higher-order hopping. Since the compact localized
1 state resides on 3 sites, it is una ected by on-site disorder
0 sl + tor) at di erent sites. This rnay.be seen in.Fig3a, which shows
0 ol +tar)/ the spectrum fo_r on-site disorder at site 2: thg zero-er]ergy
]2 r 2 mode remains intact. On the other hand, Fig8b depicts
r r ' the spectrum for on-site disorder at site 4, which breaks
0 0 the compact localized state. Finally, Figc shows the spec-
trum for on-site disorder sitting in the bulk cells of the
diamond-necklace chain. This type of disorder does not
in"uence the compact localized state. However, it does de-

HI

1
[oNelNeNe)

The wave function is a solution to the Schrédinger equa- ‘ the bulk ‘ ) h that it b
tion When ts + tyr1 + torp = 0 and tory + tyrp = 0. which  1orm the bulk spectrum in such a way that it may become

givesr; = taty/t and rp = ..tsto/t, wheret = t2 ..t2. The possible to scatter into the bulk. Next, we analyze which
eigenfunction with energyE is then givenby] = (1,0,0, perturbations are allowed to keep the boundary mode lo-
tat1/t, . tato/t, 0,0, ...3 andis completely localized. Asimi- calized and pinned to zero energy. Therefore, we investi-
lar calculation holds for the wave function localized on the gate what happens with the wave function when applying
right side of the chain. Whent, =t;, the amplitude on site  the general perturbationsa,b,c,d,... 0 (other perturba-
1 becomes zero and we obtain the compact localized statetions are zero) in combination with di erent hopping pa-
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Figure 2 Flux in the diamond-necklace chaia) Unit cell of the diamond-necklace chain with hoppingnd "ux . (o) Band structure with =0
and =0. €) Band structure with = /2. A gap opens up af = 0. ) Band structure with a -"ux. All the bands are completely "ae)(Schematic
of a “nite-size lattice with a "ux. The compact localized states are indicated by the red ciydemd structure of a “nite chain consistinghof 82
sites. A non-zero "ux opens up a gap at zero energy and gives rise to states compactly localized on sites 1, 4 and 524nd 1 and/

Figure 3 Spectrum of the diamond-necklace chain shown in Eigpon inclusion of perturbations and foy= 1. @) Spectrum for an on-site
perturbation with strengttv = 1 at site 2 (and similarly at the other end of the chain). The compact localized state is una bt@d-$ite
perturbation with strengtty = 1 at site 4 (and similarly at the other end of the chain). The compact localized state vag)sbessite bulk
perturbation with strengtty = 1 at sites 8, 12, 16., which leaves the compact localized state una ectel).General hopping perturbation= 1,
which preserves the compact localized staég General hopping perturbatiom= 1, which destroys the compact localized stafleSchematic of
the allowed perturbations, f and g with general hopping parameters in the diamond-necklace chain (perturbati@msl/ are not included in this

image to prevent clumpering)
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1
B T 1 C T ) ) 0
a..larq .. Isr2 0
r atz..titg
1 tots..tatg
= ; = | &idd |, (4)
2 t3ta. tots
0
0 0

where the values for; = (at3 + tits)/(tats .. tot5) andr, =
WAt + tity)/(tsty L tots) were substituted into the last
equality. In this way, we “nd an analytic expression for
the compact boundary states. These couplings and al-
lowed perturbationsa, f and g are schematically shown
in Fig. 3f. We further note that other perturbations are
allowed if the destructive interference is preserved. For
example, take line 6 in EQ.3): d + kry + mrp = 0. This
line corresponds to connecting sites 1, 4 and 5 to site 6.
From the analysis of the perturbation, we know thag/r; =
W4t Htgty)/(atz +tits) AL When the constants are cho-
sen such thad = ...k + mA)ry, these perturbations will not

a ect the compact localized state. A similar analysis leads

From the latter expression, we observe that the wave-i, o= ..{+ nA)r; for the perturbation in line 7 of Eq. @)
function amplitude on sites 1, 4 and 5 depends on the per- where sites 1, 4 and 5 are connected to site 7, and similar

turbing constantsb, ¢, andj. To “nd the solution that obeys

expressions follow in general for all sites connecting to the

the Schrodinger equation with this eigenstate and energy sites 1, 4, and 5. For the diamond necklace chain, this im-
, we need to solve 7 equations simultaneously (one forplies that any perturbation (hopping or on-site) that does
each line). There is no general solution for these equations.nNotcouple tosites 1, 4 or 5 preserves the compact localized

To simplify the problem, we set the constants that pertur
the sites 1, 4 and 5 to zero, i.&.= c=j = 0. Further, there is
no general solution when the equationsin the lasttwo lines

are presentinthe general fornd+kr; +mry ande+Ir+nro.
We therefore setthose parameteid k, m, e, | andn to zero
as well, such that we have

el
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b edge state. The same analysis can be done for the compact

state localized on the right side of the chain (siteBI(N ... 1
andN ... 2). Therefore, we conclude that these modes are
robust against many perturbations. We do however note
that because of the perturbation, the bulk spectrum may be
deformed, such that the zero modes are no longer gapped
out.

The compact nature of these end modes makes them ro-
bust against any kind of disorder in the bulk of the crys-
talline lattice. Since the end-localized zero mode has no
exponential decay into the bulk, these states cannot hy-
bridize with each other and gap out. Therefore, these states
are not a ected by “nite-size e ects, and the states remain
strictly at zero energy for all chain lengths. Finally, we note
that the wave function amplitude at sites 1, 4 and 5 can be
tuned at will. The amplitudes on sites 4 and 5 only depend
on the strength of the hopping parameterg, t,, andt; at
the boundaries, and are not in"uenced by variations of the
parameters in the remainder of the chain.

We veri“ed that the robust nature of the compact lo-
calized boundary state is not a result of a symmetry pro-
tected topological phase. Rather, it is a consequence of la-
tent symmetry. Latent symmetry is intimately connected
to a symmetry between possible paths on a graph (walks of
a particle along the di erent sites in a lattice). Since (free)
tight-binding Hamiltonians may be represented by graphs,
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the framework of latent symmetry is useful to study their as considered in this work. For this reason compact local-
symmetries. In the upcoming paragraph, we follow the ar- ized states do not exist in the bulk any longer. Moreover,
gument presented in Ref41]. Any free Hamiltonian may the symmetryT is now parameter dependent and given
be partitioned in Sand its complementS, such that by [42]

o=t ).
Hss Hss
Performing a so-called isospectral reduction (ISR) allows

to reduce the system to one with onldegrees of freedom, Where we introduced = ti/t,. Note that for t; = t, (i.e.
=1), T reduces to a permutation of sites 4 and 5. Again

we takeQ to be the identity overSto construct Q. The
matrix T has three eigenvectors:

LA+2 o+
1.2
0

1...(... %2
L1+2
gt

Rs(H,E) = Hss+ Hgs(E .. Hs9 Hzg

which preserves the spectral properties ¢f, i.e.

(G| 2/( 2...1
_ 0 , 1 and
RS(H 1 E)l - El ’ 1 0
with| =] s, the projection of the eigenvectof ofH .
on S. Inthe context of condensed-matter physics, the ISR is ,
better known as an e ective Hamiltonian for theSdegrees 1

of freedom. A Hamiltonian possesses a latent symmetry

if one of the three following (equivalent) statements hold with eigenvalues 1, 1 and ...1 +22... 22. Here, the third
true: eigenvector takes the role of the odd parity eigenvector.
Using a similar argument, itfollowsthat ;=(...1+22..

2 ?)| j=0foralli S suchthatwe haveacompactlocal-
ized state onS. The same reasoning holds upon including
t3..15, but the representations for the symmetry operators
become more complicated. The presence of a latent sym-
metry is in one-to-one correspondence with the existence
of compact localized states. Consequently, any perturba-
tion conserving latent symmetries preserves the compact
localized boundary state14, 15, 43]. Much like topologi-
cally protected phases, the edge states described here re-
main for a wide range of parameter choices and are robust
against any type of disorder respecting the latent symme-

[Rs(H,E), T] =0,

[(H)ssT]
k {1,...N}, Q=T Q suchthat[Q,H]=0,

0

where T and Q are normal matrices. Sincd commutes
with Rs(H,E), we havel'| =t| ,witht an eigenvalue of
T. Moreover, sinceQ commutes with H, all eigenvectors
| eitherobeyT| =t| ,orvanishonS[41].

In the case oft; =t, =tz in Fig. 1a, there is a clear re"ec-
tion symmetry over the top and bottom sites forming the try.
diamonds (for example sites 4 and 5). Upon performing an The theory presented is now confronted with exper-
ISR over sites 4 and 5, we have = P = ({ 1. If we take

= ) ) _ iment. Figure 4a shows a constant-current image of a
Q to be the identity overS, the operatorQ then permutes  giamond-necklace chain realized by positioning CO mole-

the sites 4 and 5, while leaving the rest of the system un-cyles on a Cu(111) surface using the tip of an STM (Sci-

touched. The eigenvalues d? are+ 1, and correspond to
an even (1,1) and odd (...1, T) parity eigenvector. Since
[Q,H] =0, we “nd that for any eigenvector that is odd un-
derQ,| i=.} i=0foralli S such thatthereis a
compact localized state ors. We note that the discussion
in this paragraph holds for any diamond in the chain: the
top and bottom site of any diamond could have been cho-

entaOmicron LT-STM) operating atT = 4K. Each CO
molecule (black contrast) has been moved individually and
is positioned using a procedure described in the litera-
ture [44..46]. The con“ned regions de“ne atomic sites, see
Fig.4a. The boundary hoppingds is controlled by position-
ing the highlighted COs (black dots surrounded by white
circles) as shown in Figsdb-d. In Fig.4b, the highlighted

sen, and all of them host a compact localized state. CO molecules are far away from each other (1.28 nm),
Whent; =tz =t,, the ISR over the top and bottom site of leading to a strong coupling between the neighboring sites
adiamond no longer possesses a latent symmetryHow-  (i.e. largets). In contrast, the highlighted COs are closer
ever, aless obvious latent symmetry is now present only forto each other (1.024 nm) in Fig4d, which decreases the
the diamonds at the boundaries and regards sites 1, 4 andboundary hopping amplitudets. The experimental spec-
5(rN,N ... 1andN ... 2). This symmetry is only present tra corresponding to the LDOS for the sites indicated in
when the diamond chain is terminated in an extra link, Figs.4b-d are given in Figsde-g (solid lines). Note that we
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Figure 4 Experimental con“guration and LDOS of the quasi-1D diamond-necklace @)dwor(stant-current STM image of the diamond-necklace
chain realized with CO molecules on a Cu(111) surface. Arti“cial atom sites and hopping terms are indicated by pink and purple circles and lines
respectively. Thicker (thinner) lines represent stronger (weaker) hogi@). $TM images of the diamond-necklace chain with a strajg (
intermediate 1) and weakd) hoppingts. The CO adsorbates are shown in black, of which four COs are highlighted. The highlighted COs determine
the strength of the boundary hopping. €)-@) Experimental spectra (solid lines) compared to the tight-binding (dotted lines) and mu n-tin
(dashed lines) spectra of the sites indicatedir@), for the strongd), intermediatef§, and weakd) hopping parameters, respectively. Here,
t1 =0.095 e\, = 0.1, andtz goes from 0.8 (e), to 0.5; (f) and 0.3, (g). Vertical gray lines ig)(indicate the energies at which the di erential
conductance maps, shown in Fig.were taken

only show the spectra on the left side of the chain, since the imental data, demonstrating the experimental realization
spectra on the right are similar by rotational symmetry.  of the diamond-necklace chain.

Upon inspection, we observe that the red spectrum (sites By positioning the highlighted CO molecules di erently,
1 and N, respectively) always has a peak-like structureone can change the LDOS of the blue site from exhibiting
around the onsite energy = ...0.1V, whereas the bulk sites a peak (Fig4e) to having a dip (Fig4g) aroundV =...0.1 V.
exhibit a gap-like structure around that energy (green site Hence, the amplitude of the wave function on that site can
in Fig. 4b). We note that the intensity of the compact lo- be modi“ed via minor changes in the coupling strength
calized state is lower in experiment and mu n-tin simu-  t3. The experimental observations are veri“ed by a “nite-
lations than in the tight-binding results. We tentatively at- size tight-binding and mu n-tin calculations (dotted and
tribute this to a non-negligible next-nearest-neighbor cou- dashed lines in Figsde-g, respectively). In addition to the
pling (not taken into account in the tight-binding calcula-  strong hopping parametet; = 0.095 eV and the weak hop-
tions). Broadening, due to scattering of surface state elec-ping t, = 0.1t; presented in Figle, we introduce the hop-
trons by the CO molecules, leads to a less well-developeding t, = 0.4t; that connects the diamonds. To make the
gap in the experimental data. However, all qualitative fea- comparison with the experimental spectra, we only change
tures of the tight-binding model are observed in the exper- the boundary hopping parametets from 0.8t; (e), to 0.5;
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Figure 5 (a) Experimental (left) and mu n-tin (right) local density of states maps for the chain with strong boundary hopping.at0.213 V. The
tight-binding result is indicated on top of the experimental map with red dashed circles. The radius of the circle scales lindar|§ witthe

indicated site.l) Same asa) but now forV = ...0.122 V. The amplitude of the wave function is now mainly localized at the ends of the chain. We note
that due to imperfections in the determination of the sample tilt, the maps show deviations between the left and right sides of thekdin. (
Zoom in on the edge of the strongf and the weakd) boundary hopping chain at = ...0.122 V. Left and right panels correspond to experimental
and mu n-tin simulated maps, respectively

(f) and 0.3; (g) (and orbital overlap in a similar way, see band gap and are completely localized at the bound-
method section). In the tight-binding LDOS, we clearly ary of the diamond-necklace chain. We have shown how
observe a large change in the blue spectra, whereas théo change the wave-function amplitude of the boundary
other spectra remain similar. mode by controlling the boundary-hopping parameter,
Next, we present local density of states maps of the cre-both in theory and in an experiment. Since these states
ated lattices with strong and weak couplings in Fig. 5. are doubly degenerate and do not decay into the bulk, they
In Fig. 5a, we show the experimental (left) and mu n-tin  might be the ideal candidates for quantum operations and
(right) simulated maps for the strong boundary coupling to store and transfer information in the same way as the
chain atV =...0.213 V. The LDOS computed from tight topological 0D modes in an SSH chain, with the di er-
binding is represented as circles on top of the experimen- ence that the chains do not need to be long in comparison
tal data, where the circle radius scales linearly with |2.  with the decoherence length of the zero modes. It would
At this energy, the electronic LDOS is mainly localized in be worthwhile to investigate whether compact Majorana
the bulk of the chain (bright colors), whereas it is absent bound states can be realized in such a quasi-1D chain with
in the end sites (dark colors). When increasing the volt- the same non-Abelian properties as the ones in the Kitaev
agetoV =...0.122V, the LDOS becomes more pronouncedchain, and to perform braiding operations with those com-
at the end sites of the quasi-1D chain, especially at sites 1pact localized edge modes.
and 4. Other sites, and in particular site 2, show less inten-
sity. A closer inspection of the end modes in the strongand 1 Methods
weak boundary-hopping chain is shown in Figsc and d, 1.1 Scanning tunneling microscopy experiments
respectively. The end mode is more pronounced on site 4 The tunneling spectra in Fig4 were acquired at constant
(top of the “rst diamond) in the strong boundary bonding height, by placing the tip above a single site. The feed-
(Fig. 5¢) con“guration, and less pronounced in the weak back loop is disconnected and a modulated voltage is ap-
boundary bonding (Fig5d). Both theoretical methods pre- plied to the tunneling junction. The tunneling currentl
dict the same trend, c.f. left (red circles) and right panels and conductance ¢/dV are measured simultaneously. The
in Figs.5c and5d. di erential conductance is obtained with a lock-in am-
To conclude, we have theoretically and experimentally pli“er (rms modulation of 10 mV at 769 Hz). All spectra
introduced the notion of robust compact localized bound- were averaged using at least 18/dV sets of reproducible
ary states. These states are present in the insulating bulk-curves, followed by applying a 5-point running averaging
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of copper, a Lorentzian broadening with a FWHM of 0.08 References

eV is applied to the theoretically computed energy levels. 1.

2.
1.3 Tight-binding calculations

A Lorentzian broadening of =80 meV is applied to the 3

spectra to take the scattering with the bulk states into ac- 4
count. Further, we solve the “nite-size tight-binding model 5
with four hopping parameterst; .. 14, as mentioned in the
main text. Here t; is the strong hopping within a diamond, 6
to is the weak hopping within a diamond}; is the hop-
ping to the boundary site and, is the hopping connect- 7
ing the diamonds. The parameters used in Figée-g are
@allin eV):e,=...0.1{; =0.095t, = 0.1t;, t; = 0.4, anda  °
nearest-neighbor orbital overlap 0§ =0.1,5,=0.1s;,and ¢
s = 0.4s,. Further, the hopping parameters; (overlapss)
aret3=0.81 (=0.8s) in Fig.4e,t3=0.5; (=0.55) in 4,
Fig.4f andtz = 0.3t (s3=0.35) in Fig. 4g.
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