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On rationally connected varieties
over C; fields of characteristic 0

Marta Pieropan

We use birational geometry to show that the existence of rational points on proper rationally connected
varieties over fields of characteristic 0 is a consequence of the existence of rational points on terminal
Fano varieties. We discuss several consequences of this result, especially in relation to the C;-conjecture.
We also provide evidence that supports the conjecture in dimension 3 for C; fields of characteristic 0.

1. Introduction 1811
2. Notation and basic properties 1815
3. Reformulation of the C;-conjecture 1815
4. Del Pezzo surfaces 1818
5. Fano threefolds 1819
6. Field of definition of rational points 1827
7. Varieties with points over C; fields 1828
8. Terminal Fano varieties of large index 1837
9. Terminal Fano threefolds 1838
References 1841

1. Introduction

A field k is called C (or quasi algebraically closed) if every hypersurface of degree at most 7 in [P}, has
a k-rational point. Quasi algebraically closed fields were introduced by Artin and first extensively studied
by Tsen (see [Ding et al. 1999]) and Lang [1952]. Smooth hypersurfaces of degree at most n in P” are
Fano and rationally chain connected [Kollar et al. 1992; Campana 1992]. In characteristic 0 they are also
rationally connected. Hence, it is natural to study rational points on rationally (chain) connected varieties
over C fields. In an unpublished paper of 2000, Lang formulated the following conjecture, also known
as the C-conjecture.

Conjecture 1.1 (Lang 2000). Every smooth, proper, separably rationally connected variety over a C;
field has a rational point.

MSC2010: primary 14M22; secondary 14G05, 14J45.
Keywords: rationally connected varieties, rational points, Fano varieties, C fields.
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At the time it was known that smooth proper rational curves and surfaces have points over C fields [Colliot-
Thélene 1987]. Soon after it was formulated, the conjecture was proven to hold for the following C| fields:
finite fields [Esnault 2003], function fields of curves over algebraically closed fields [Campana et al. 2002;
Graber et al. 2003; de Jong and Starr 2003], fields of formal power series over algebraically closed fields
[Colliot-Thélene 2011]. It is still open for the maximal unramified extensions @‘;f of p-adic fields. Positive
evidence in support of the conjecture for the latter class of fields is given in [Duesler and Knecht 2017],
where it is proven that for sufficiently large primes p, smooth projective rationally connected varieties
over Q) with fixed Hilbert polynomial have a rational point. As a consequence of our first main result
we manage to improve [Duesler and Knecht 2017]: we replace the dependence on the Hilbert polynomial
by dependence only on the dimension, and we remove the smoothness and properness assumptions.

The goal of this paper is to use birational geometry in characteristic O to reduce the C;j-conjecture
to the case of Fano varieties and to provide evidence for the existence of rational points on rationally
connected varieties of dimension 3. Along the way, we also show that for proper rationally connected
varieties of fixed dimension over an arbitrary field of characteristic 0, there is a uniform upper bound for
the degree of the minimal field extensions where the set of rational points becomes nonempty.

1A. Birational geometry. The first main result of this paper reduces the C;-conjecture for C; fields of
characteristic 0 to the following conjecture.

Conjecture 1.2. Every terminal Q-factorial Fano variety of Picard rank 1 over a C| field of characteristic 0
has a rational point.

More precisely, birational geometry and induction on dimension are used to prove the following
statement.

Theorem 1.3. Let k be a field of characteristic 0. For every positive integer n, the following statements
are equivalent:

(1) Every smooth proper rationally connected k-variety of dimension < n has a k-point.

(ii) Every terminal Q-factorial Fano variety of dimension < n and Picard rank 1 over k has a k-point.

The proof of Theorem 1.3 rests upon the birational invariance of rational connectedness and the fact that
the existence of rational points is a birational invariant among proper smooth varieties [Nishimura 1955].
We recall that the use of the minimal model program in dimension > 3 produces singular birational
models in general. Results on degenerations of rationally connected varieties [Hogadi and Xu 2009] and
induction on dimension are used to transfer the existence of rational points among birationally equivalent
varieties with mild singularities. The restriction on the characteristic is due to the use of the minimal
model program, of resolution of singularities and of [Hogadi and Xu 2009]. None of these are known to
hold in positive characteristic, except for some results in low dimension.

Boundedness of terminal Fano varieties [Birkar 2021] assures that there are only finitely many defor-
mation families of terminal Fano varieties in each fixed dimension over algebraically closed fields of
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characteristic 0. As an application of this fact we prove the following corollary of Theorem 1.3, which
gives a generalization of [Duesler and Knecht 2017].

Corollary 1.4. For every positive integer n, there exists a finite set S(n) of prime numbers such that for

all prime numbers p ¢ S(n), every rationally connected variety of dimension n over Q) has a Q';-point.

During a workshop in Edinburgh in November 2018, it was brought to the author’s attention that the
strategy of the proof of Theorem 1.3 is similar to the one used by Prokhorov and Shramov [2016], who
prove, among other things, a uniform bound depending only on dimension for the indices of subgroups of
finite groups of automorphisms such that the subgroup acts with fixed points. The corresponding statement
for rational points is the following theorem, which is proven by combining the proof of Theorem 1.3 with
boundedness of terminal Fano varieties.

Theorem 1.5. For every positive integer n, there exists a positive integer d(n) such that for every field k
of characteristic O and every proper rationally connected k-variety X of dimension n, there exists a field
extension k' of k of degree < d(n) such that X (k") # @.

For every positive integer n, let d(n) be the smallest positive integer such that for every field k of
characteristic 0 and every proper rationally connected k-variety X of dimension rn, there exists a field
extension k” of k of degree < d(n) such that X (k') # @. We prove the following effective bounds.

Theorem 1.6. d(1)=2, d2)=6, d(3)<144.
The proof of Theorem 1.5 gives the bound

d(n) <d(n— 1) max{d'(n), maxi<m<n—1 d(m)d(n —m)},

where d’(n) is an upper bound for the degree of the minimal field extensions where terminal Fano varieties
of dimension n acquire rational points. The existence of d’(n) is a consequence of boundedness of terminal
Fano varieties. The effective computability of d’(n) depends on the classification of the Fano varieties that
appear in Theorem 1.3(ii). In dimension 4 or higher, the classification is not complete. In dimension 2
the inequality only gives an upper bound d(2) < 12. The sharp bound d(2) = 6 is obtained in Section 4
using the Enriques—Iskovskih—Manin classification of surfaces over nonclosed fields [Iskovskikh 1979].
In Section 5 we recall the classification of the terminal Fano threefolds that appear in Theorem 1.3(ii),
and we prove that d’(3) < 24. We do not expect the bound for d (3) to be sharp.

1B. Classification of Fano varieties. Further evidence for Conjecture 1.1 that can be found in the literature
is the fact that the following rationally connected varieties have rational points over C; fields that admit
normic forms of arbitrary degree: complete intersections in weighted projective spaces (see [Kollar 1996]
for example) and hypersurfaces of split toric varieties [Guilbot 2014]. We refer to [Lang 1952] for the
condition about normic forms and we recall that it is satisfied by fields that admit finite extensions of
every degree. In Section 7 we prove similar results for varieties that after extension of the base field to
the algebraic closure belong to the following classes: toric varieties, complete intersections in products of
weighted projective spaces, some Fano cyclic coverings, some special Fano varieties of dimension 3.
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As a consequence of Theorem 1.3 combined with boundedness of terminal Fano varieties [Birkar 2021],
the verification of Conjecture 1.1 is reduced to finding rational points on finitely many geometric families
of Fano varieties in each given dimension. In general, the Q-factoriality and the Picard rank 1 conditions
in Conjecture 1.2 and in Theorem 1.3 are not preserved under base field extensions. So in order to verify
Conjecture 1.2 one needs to find rational points also on some Fano varieties that are not geometrically
(Q-factorial and on some Fano varieties of geometric Picard rank > 1.

We recall that the Gorenstein index of a log terminal Fano variety X is the smallest positive integer / (X)
such that 7 (X)Kx is Cartier. The Q-Fano index of X is then the largest positive integer ¢ (X) such that
—1(X)Ky is linearly equivalent to g (X) H for some Cartier divisor H on X. We write r(X) =¢q(X) /I (X).
In general these indices do not need to be invariant under field extension. In Section 5 we show that
r(X) =r(Xp) for X defined over a C; field of characteristic 0 with algebraic closure k. In Section 8, we
use the classification results of Fujita [1982] and Sano [1996] to find rational points on Fano varieties of
large index.

Theorem 1.7. If X is a terminal Fano variety of dimension n > 2 and index r(X) > n—2 over a C| field k

of characteristic 0 that admits normic forms of arbitrary degree, then X (k) # @.

The classification of terminal Fano varieties is far from known. However, the current literature on
terminal Gorenstein Fano threefolds [Mukai 1995b; Prokhorov 2013b] makes the following result possible.

Theorem 1.8. Let X be a Gorenstein terminal Q-factorial Fano threefold over a C field k of characteris-
tic 0 that admits normic forms of arbitrary degree. Assume that tk Pic(X) = 1. Let g(X) = %(—KX)3 + L
Let k be an algebraic closure of k. Then X (k) # & except, possibly, in the following cases:

(i) r(X) =1, rkPic(Xgp) =l and g(X) € {6,7, 8,9, 10};

(i) r(X) =1, tkPic(Xy) = 1 and |- Kx,| has a movable decomposition.

The varieties in part (i) of the theorem are complete intersections of sections of certain vector bundles
on some Grassmannians. To the best of the author’s knowledge, Fano varieties as in (ii) are not classified.
At the beginning of Section SAS we recall the definition of movable decomposition from [Mukai 1995b].

To date there is no complete classification of non-Gorenstein terminal Fano threefolds of index r < 1.
There is, however, a classification of the possible configurations of non-Gorenstein singularities for
geometrically Q-factorial non-Gorenstein terminal Fano threefolds of geometric Picard rank 1. See the
[Graded Ring Database]. Such Fano varieties X are studied using a Fano index defined as the largest
positive integer f(X) such that —Ky is linearly equivalent to f(X)A for some Weil divisor A on X
[Suzuki 2004]. In Section 9B we prove that if f(Xg) > 5, the variety has rational points over C fields of
characteristic 0. We also discuss to what extent the same proof applies to varieties of lower Fano index.

To the author’s knowledge there is no classification of non-Gorenstein terminal Fano threefolds of
geometric Picard rank > 1 except for [Sano 1995]. The varieties in [Sano 1995] have rational points
over C fields of characteristic 0, by Theorem 9.1.
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We recall that the condition about the existence of normic forms of arbitrary degree is satisfied by
the fields )}, as they admit finite extensions of every degree. Their algebraic extensions, however, do
not need to satisfy the condition on normic forms, but if Conjecture 1.1 holds for @'Y, then it holds
also for all its algebraic extensions, as Weil restriction under finite separable field extensions preserves
rational connectedness, smoothness and properness, and the Weil restriction of a variety X from a finite
extension k to Q7 has a @';-point if and only if X has a k-point.

Theorem 1.3 and Corollary 1.4 are proven in Section 3, Theorems 1.5 and 1.6 are proven in Section 6,
Theorem 1.7 is proven in Section 8, and Theorem 1.8 is proven in Section 9.

2. Notation and basic properties

Let k be a field of characteristic 0, and k an algebraic closure of k. We denote by Br(k) the Brauer group
of k.

For us, a k-variety is a separated scheme of finite type over k. We use the words curve, surface,
threefold to denote a variety of dimension 1, 2, 3, respectively.

We say that a k-variety X is rationally connected if X is integral and rationally connected in the sense
of [Kollar 1996, §1V.3]. We recall that if X is rationally connected, X --+ Y is a dominant rational map
and Y is proper, then Y is rationally connected. In particular, being rationally connected is a birational
invariant of proper varieties.

Weil divisors on an integral normal variety X correspond to Cartier divisors on its smooth locus U.
The reflexive sheaf Ox (D) associated to a Weil divisor D on X is the pushforward of Oy (D|y) under
the inclusion U € X. A canonical divisor Ky on X is the Weil divisor corresponding to a canonical
divisor on U. We say that X is Gorenstein if its canonical divisor Ky is Cartier, and (D-Gorenstein if a
positive multiple of Kx is Cartier. We say that X is Q-factorial if every Weil divisor on X has a positive
multiple that is Cartier. We recall that Q-factoriality is not invariant under field extension (see [Gongyo
et al. 2019, Remark 2.7]).

We refer to [Kollar 2013] for the singularities of the minimal model program. We recall that (log)
terminal varieties are normal and Q2-Gorenstein by definition. We also recall that the notion of (log)
terminal singularities is invariant under separable field extension.

A (log) terminal variety X is Fano if —Kx has a positive multiple which is Cartier and ample. We
refer to [Iskovskikh and Prokhorov 1999] for the theory of Fano varieties.

We recall that, given a field k and an algebraic closure k of k, the k-forms of a k-variety Y are
k-varieties Y such that Y7 is isomorphic to Y%, and the k-models of a k-variety Z are k-varieties Z' such
that Zz is isomorphic to Z.

3. Reformulation of the C;-conjecture

In this section we prove that over a C; field of characteristic 0 the C;-conjecture is equivalent to
Conjecture 1.2. We start by observing that in characteristic 0 the Ci-conjecture is equivalent to both the
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stronger version obtained by removing the smoothness assumption and to the weaker version obtained by

replacing the properness assumption by projectivity, as the following lemma shows.

Lemma 3.1. Let k be a field of characteristic O and n a positive integer. If all smooth projective rationally
connected k-varieties of dimension n have k-points, then every proper rationally connected k-variety of

dimension n has a k-point.

Proof. Let X be a proper rationally connected k-variety of dimension n. Since X is of finite type over k,
there exists an open subset U of X which is isomorphic to an affine k-variety. Since resolutions of
singularities exist for all varieties in characteristic 0 by [Hironaka 1964a; 1964b], we can find a smooth
projective compactification U of U over k. Then U is rationally connected because it is birationally
equivalent to X. So U (k) # @ by assumption, and we conclude that X (k) # @ by [Nishimura 1955]. OJ

If the base field is large in the sense of [Pop 1996, Proposition 1.1] we can remove also the properness

assumption.

Lemma 3.2. Let k be a large field of characteristic 0 and n a positive integer. If all smooth projective
rationally connected k-varieties of dimension n have k-points, then every rationally connected k-variety

of dimension n has a k-point.

Proof. For every rationally connected k-variety X we can find a smooth projective compactification X’ of
a smooth affine open subset of X as in the proof of Lemma 3.1. Since X'(k) # @ by assumption, the
set X'(k) is dense in X’ because k is large, and therefore X (k) # @. O

In the proof of Theorem 1.3 we use the following form of the minimal model program, which is a
consequence of [Birkar et al. 2010, Corollary 1.3.3]. See [Prokhorov 2013c, Proposition 2.3] for a proof.

Proposition 3.3. Let k be a field of characteristic 0. Let X be a smooth projective rationally connected
k-variety. Then there exist a birational map X --+ X' and a projective dominant morphism f : X' — Y
such that X' is a projective Q-factorial terminal k-variety, Y is a projective Q-factorial log terminal
k-variety, dimY < dim X', rk Pic(Y) =1k Pic(X’) — 1, and the generic fiber of f is a terminal Fano variety.

We can now prove the main theorem of this section.

Proof of Theorem 1.3. For every positive integer n, the implication (i) = (ii) holds by Lemma 3.1 because
every terminal Fano variety is rationally connected by [Zhang 2006].

To prove the reverse implication, we fix a positive integer n and assume that (ii) holds. Let X be a
smooth proper rationally connected k-variety of dimension < n. We prove that X has a k-rational point
by induction on the dimension of X. If dim X = 0, then X = Spec k. Assume that dim X > 1 and that
every smooth proper rationally connected k-variety of dimension < dim X has a k-point. By Lemma 3.1,
we can assume, without loss of generality, that X is projective. Let f : X’ — Y be the fibration with X’
birationally equivalent to X provided by Proposition 3.3.

We first prove that X’ (k) # @. If dimY =0, then X’ is a Q-factorial terminal Fano variety of Picard
rank 1. So X' (k) # & by (ii). If dimY > 0, then Y is rationally connected and has dimension < dim X.
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Hence, Y (k) # @ by the induction hypothesis combined with Lemma 3.1. Let y € Y (k). By [Hogadi and
Xu 2009, Theorem 1.2], the fiber of f over y contains a projective rationally connected k-subvariety Z.
Since dimY > 0, dim Z < dim X’ = dim X. So Z(k) # @ by the induction hypothesis combined with
Lemma 3.1. Then X' (k) # &.

Letx € X'(k). Let h: X" — X' be aresolution of singularities. By [Hogadi and Xu 2009, Theorem 1.3],
the fiber of & over x contains a rationally connected k-subvariety W. Since A is a proper birational
morphism, W is a proper rationally connected k-variety with dim W < dim X” = dim X. Therefore
W (k) # @ by the induction hypothesis combined with Lemma 3.1. Hence, X" (k) # @, and X (k) # &
by [Nishimura 1955]. O

3A. A consequence of boundedness of Fano varieties. We show that Birkar’s boundedness of Fano
varieties [2021] implies boundedness of Hilbert polynomials for terminal Fano varieties over nonclosed
fields of characteristic 0.

Proposition 3.4. Let k be a field of characteristic 0 and n a positive integer. Then there exist a positive
integer N and finitely many polynomials f1, ..., fs € Qlt] such that for every terminal Fano vari-
ety X of dimension n, there exists an embedding X C [P’,](V such that X has Hilbert polynomial f; for

someie€{l,...,s}.

Proof. Let k be an algebraic closure of k. By [Birkar 2021, Theorem 1.1], there are finitely many projective
morphisms of k-varieties, say {V? — T'};¢; for a finite set I, such that for every terminal Fano k-variety X
of dimension 7, there exists i € I, a point ¢ € T' (k) and an isomorphism V! = Xp of k-varieties. Up to
replacing each T' by a suitable finite stratification, we can assume that 7' is smooth, Vi — T is flat,
Kyilyi = Kyi forall t Ti(k), and there exists m € Z.¢ such that —m Ky is Cartier and relatively very
ample over T' for all i € I. We can use the complete linear system |—m K| to embed V' into a projective
space IPJ}/,’-' over T' for all i € I, where N; is the projective dimension of the linear system |—m Ky | for
alli € 1. Then for every i € I the Hilbert polynomial f; of V; with respect to the projective embedding
given by |[—-mK vil is independent of the choice of t € T' by [Hartshorne 1977, Corollary I11.9.13]. Let s
be the cardinality of I and write / = {1, ..., s}. Let N = max;<;<s; N;. Then for every terminal Fano
variety X of dimension n over k, there exists i € {1, ..., s} such that X has Hilbert polynomial f; under
the embedding X C [P’,iv" defined by the complete linear system |—mKx|. Choose a linear embedding
IP’,[(V" - IP’,/(V . Then X has Hilbert polynomial f; under the induced embedding X C IP,]{V . O

3B. Application to rationally connected varieties over Q). We apply the previous results to prove
Corollary 1.4.

Proposition 3.5. Let f € Q[t] and N € N. Then there exists a finite set S(f, N) of prime numbers such

that for every prime number p & S(f, N), every projective rationally connected variety X C [P’gnr with
P

Hilbert polynomial f has a Q) -point.

Proof. Replace [Kollar 1996, Theorem 1V.3.11] by [de Fernex and Fusi 2013, Proposition 2.6] in the

proof of [Duesler and Knecht 2017, Theorem 1.3]. U
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Proof of Corollary 1.4. Let n be a positive integer. Combining Propositions 3.4 and 3.5 we obtain
a finite set S(n) of prime numbers such that for every prime number p ¢ S(n) every terminal Fano
variety of dimension n over Q) has a Q'-point. Then by Theorem 1.3 every smooth proper rationally
connected variety of dimension n over Q) with p ¢ S(n) has a @';-point. We conclude by Lemma 3.2,
as Q) and Q7 are large fields by the Implicit Function Theorem over local fields by [Serre 1992, p. 73]
and [Pop 1996, Proposition 1.2] respectively. U

4. Del Pezzo surfaces

In this section we collect some properties related to the existence of rational points on rationally connected
curves and surfaces. We recall that terminal varieties of dimension < 2 are smooth [Kollar and Mori
1998, Corollary 5.18], and that the birational classification of smooth rationally connected curves and
surfaces is well understood.

Remark 4.1. We recall that isomorphism classes of Severi—Brauer varieties of dimension n over k are
in bijection with (n+1)-torsion elements of Br(k) [Gille and Szamuely 2006, Theorem 5.2.1], and the
projective space corresponds to the neutral element. Moreover, a Severi—Brauer variety over k is a
projective space if and only if it has a k-rational point [Gille and Szamuely 2006, Theorem 5.1.3]. In
particular, a Severi—Brauer variety of dimension n acquires a rational point over a base field extension of
degree at most n + 1.

Smooth curves are rationally connected if and only if they are Fano. Hence, terminal rationally
connected curves are precisely the smooth conics.

Lemma 4.2 [Gille and Szamuely 2006, §1.3, Example 5.2.4]. For a field k, the following are equivalent:
(1) Br(k) has nontrivial 2-torsion.
(2) There is a conic C over k with C (k) = @.

Smooth surfaces are rationally connected if and only if they are rational. Hence, terminal rationally
connected surfaces are rational conic bundles or del Pezzo surfaces [Iskovskikh 1979].

Lemma 4.3. Let X be a rational conic bundle surface over a field k. Then:
(i) There exists a finite extension k' of k of degree at most 4 such that X has a k'-point.

(ii) There exists a rational conic bundle over Q that has no rational points on any finite extension of Q

of degree at most 3.

Proof. The conic bundle structure is given by a morphism f : X — C where C and the fibers of f are
conics. Then C acquires a rational point over a suitable quadratic extension of k and the fiber of f
over that point acquires a rational point over a suitable further quadratic extension. Moreover, given
two conics Cy and C, without rational points over Q2 and with distinct splitting fields, for example,
Ci={x2>+y>+72=0} and C> = {x? +2y% + 5z> = 0}, by [Lam 2005, Example II.2.13], then C; x C»
has no rational points on any finite extension of @ of degree < 3. ]
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Del Pezzo surfaces are the Fano varieties of dimension 2, and they are classified according their degree,
i.e., the self-intersection number of the canonical class, which is an integer between 1 and 9.

Lemma 4.4. Let X be a del Pezzo surface of degree d over a field k. Then:
(i) X acquires a rational point over a suitable finite extension of k of degree at most d.
(i) If d =9, then X acquires rational points over a suitable finite extension of k of degree at most 3.

(i) If Xz = IPI% X IPI%, then X acquires rational points over a suitable finite extension of k of degree at
most 4.

(v) If d=5,0ord ="1,0ord =8 and X; % [P’% X |]1>11? then X is k-rational and X (k) # @.

(v) There exists a del Pezzo surface of degree 6 over Q that has no rational points on any finite extension
of Q of degree smaller than 6.

Proof. Part (i) is a consequence of the fact that the base locus of the anticanonical linear system has
dimension at most 0. In (ii), X is a Severi—Brauer surface, and we conclude by Remark 4.1. Part (iii)
follows from Lemma 4.3 if rk Pic(X) = 2, and from Lemma 5.10 if rk Pic(X) = 1. Part (iv) follows from
[Swinnerton-Dyer 1972; Skorobogatov 1993] for d = 5, and from [Manin 1966, Theorem (3.7)] together
with [Vdrilly-Alvarado 2013, §1.4] for the other cases.

For (v), let K = Q(+/29) and L = Q(¢7 + {7’1), where {7 is a primitive 7-th root of unity. Let £ be the
smallest number field containing both K and L. Then K, L and E are cyclic Galois extensions of @ of
degree 2, 3 and 6, respectively. Let b = %(@—5) and g = (&7 —|—§7_1)2 —2. For F €{K, L, Q} we denote
by Ng,r the norm of E over F and by Br(E/F) the Brauer group of F relative to E. Since the extensions
are cyclic, by [Gille and Szamuely 2006, Corollary 4.4.10] we can write Br(E/F) = F*/Ng/r(E™).
Under this identification, the corestriction maps Br(E/K) — Br(E/Q) and Br(E/L) — Br(E/Q)
are induced by the norms Nk, and Ny g respectively; see [Elman et al. 2008, Example 99.6]. Let
B € Br(E/K) be the class of b and Q € Br(E/L) be the class of ¢g. Computations (e.g., via the software
[SageMath]) show that

b& Nek(E*), q¢&Ng/(E*), Nkja), NLja(q) € Ne(E™).

Let X be the del Pezzo surface of degree 6 associated to (B, Q, E) by [Blunk 2010, Theorem 3.4]. By
[Blunk 2010, Corollary 3.5], X has a rational point on an extension k&’ of Q if and only if both B and Q
are split over k’. This happens if and only if E C k’, which implies [k' : Q] > 6. ]

5. Fano threefolds

We recall the classification of the terminal Fano threefolds that are mentioned in Conjecture 1.2 and in
Theorem 1.3(ii), and we investigate some of their properties related to the existence of rational points for
the proof of Theorem 1.6.

Unless stated otherwise, in this section X denotes a terminal Fano threefold over a field k of character-
istic 0. We distinguish between Gorenstein (for example, smooth) and non-Gorenstein varieties. We recall
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from Section 1B that Fano varieties are classified according to the index r (X7), which is a positive rational
number up to dim X + 1; see [Iskovskikh and Prokhorov 1999, Corollary 2.1.13]. In the Gorenstein
case, r(Xy) is a positive integer. We denote by H a fundamental divisor of Xg; i.e., H € Pic(Xg) such
that _KXE = F(XE)H.

The classification of Fano threefolds uses the following invariants:

o the geometric Picard rank rk(Pic(X7));

o the index r(Xy);

o the degree H?, i.e., the top self-intersection of the fundamental divisor H.
We recall that (—Kx,)* = r(Xp)* H>.

We consider first Gorenstein Fano threefolds, which are well studied and mostly classified, while the
classification of the non-Gorenstein ones is very far from being complete.

Lemma 5.1. Let X be a Gorenstein terminal Fano threefold over a field k of characteristic 0.

(1) If the base locus of |—Kx| is nonempty, then r(Xz) = 1 and X acquires a rational point over a
suitable base field extension of degree at most 2.

(i) If |—Kx| is basepoint-free, then X acquires a rational point over a suitable base field extension of
degree at most (—Kx)>.

Proof. Part (i) follows from the fact that if nonempty, the base locus of |— K| either consists of one
k-point or it is a smooth conic by [Shin 1989, Theorem 0.5]. Part (ii) is a consequence of Bertini’s
theorem. O

The rest of the section is devoted to improving the bound in Lemma 5.1(ii). We start by collecting a
few facts about indices of Fano varieties.

Lemma 5.2. Let X be a log terminal Fano variety over a field k of characteristic 0. Let k be a separable
closure of k. Let H € Pic(Xy) such that —Kx, =r(XpH. Then H € Pic(X;)Gal(E/k). Moreover,
(@) 1(X) =1(Xp) and q(X) | q(Xp);

(i) if Br(k) =0orif X (k) # O, then r(X) =r(Xp).

Proof. Let q :=q(Xz) and I := 1 (X7), so that r(X3) = ¢/I. Since the canonical divisor class is invariant
under field extension, /Ky is a Cartier divisor class on X. Thus I (X) =1 and ¢ H = —IKx € Pic(X).
Let g € Gal(k/k). Since gH = gqH = qgH, the element H — gH of Pic(X7) is torsion. But Pic(Xp)
is free by [Iskovskikh and Prokhorov 1999, Proposition 2.1.2]. Hence, gH = H. Thus H is invariant
under the action of Gal(k /k) on Pic(X). The divisibility condition g (X) | g comes from the definition
of ¢g(X) and g(X7) and the fact that Pic(Xy) is free. If Br(k) = 0 or X (k) # &, the exact sequence
[Colliot-Théléne and Sansuc 1987, (1.5.0)] gives Pic(X) = Pic(X;)0®/b., O

Lemma 5.3. Let X be a projective geometrically integral variety over a field k. Let k be a separa-
ble closure of k. Let H € Pic(XE)Gal(k/ K). Then there exists a field extension k'/k of degree at most
dimg H%(Xg, Ox,_(H)) such that H € Pic(Xp).
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Proof. By [Kollar 2016, (7.4), Aside 32], the exact sequence [Kolldr 2016, Proposition 69] associates
to H a Severi—Brauer k-variety P of dimension dimg H 0(x © Ox;(H)) — 1 such that P splits over a finite
extension k’ of k contained in k if and only if H € Pic(X). Then we conclude by Remark 4.1. [l

5A. Gorenstein of geometric Picard rank 1. In this subsection let X be a Gorenstein terminal Fano
threefold of geometric Picard rank 1 over a field k of characteristic 0.

SAL. Index4. Ifr(Xz) =4, then H 3=1,(-K Xzz)3 =64, and X is a Severi—Brauer variety of dimension 3.
Hence, X is smooth and acquires a rational point over a suitable field extension of degree at most 4 by
Remark 4.1.

5A2. Index 3. If r(Xp) =3, then H> =2 and (—Kx )* =54.

Lemma 5.4. Let X be a Gorenstein terminal Fano threefold over a field k of characteristic 0. Assume
that tk(Pic(Xp)) = 1 and r (X)) = 3. Then X is a quadric hypersurface in [P’ﬁ. In particular, X acquires a

rational point over a suitable base field extension of degree at most 2.

Proof. By [Fujita 1982 Theorem 0] (see also [Iskovskikh and Prokhorov 1999, Theorem 3.1.14]), we
know that X7 [|3’4 is a quadric hypersurface. By Lemma 5.2, H is invariant under the Gal(k/k)
action on Pic(Xp). Hence by [Liedtke 2017, Theorem 3.4], there is a Severi—Brauer k-variety P of
dimension 4 and a morphism X — P that is a k-model of the inclusion X C [P’%. Let oy be the image
of H in Br(k) under the morphism o from [Kollar 2016, (69.1)]. Since X7 is a quadric in P4, we see
that 2oy = 0, but also Say = 0 (e.g., by [Kollar 2016, Proposition 44]), from which we conclude that
ag=0and P = [P’i. Then X is a quadric hypersurface in IP;{‘. ]

SA3. Index 2. 1If r(Xg) =2, then H 3 is an integer between 1 and 5, and (—K XE)S = 8H3. We recall the
classification from [Shin 1989, Corollary 0.8] (see also [Iskovskikh and Prokhorov 1999, Theorems 3.2.5
and 3.3.1] and [Prokhorov 2013a, Theorem 1.7]).

s IfH3 =1, X,; is a sextic hypersurface in the weighted projective space P¢(3,2, 1, 1, 1).

s IfH>=2, X; — [|3’3 is a double cover ramified along a smooth quartic surface.

If H3 =3, X; SLIN IP’% is a smooth cubic hypersurface.
|H|

If H> =4, X; I3 [P’% is a smooth complete intersection of two quadrics.

If 73 =5, x; <2

Grassmannian Gr(2, 5) C [P’% by a linear space of codimension 3 under the Pliicker embedding.

[P’g is an intersection of five quadrics. If X is smooth, X7 is a section of the

Lemma 5.5. Let X be a Gorenstein terminal Fano threefold over a field k of characteristic 0. Assume
that tk(Pic(Xy)) = 1 and r(Xz) = 2. Then X acquires a rational point over a suitable field extension of
degree at most di (H?), for

(H?, di(H?)) € {(1, 1), (2,8), (3,3), (4, 16), (5, D}.
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Proof. By [Iskovskikh and Prokhorov 1999, Remarks 3.2.2(ii)], we know that dimz H 0.4 oH)=H 342,
Hence, by Lemmas 5.2 and 5.3 there exists a finite extension k’ of k of degree at most H> + 2 such
that H € Pic(Xy ). By [Iskovskikh and Prokhorov 1999, Proposition 3.2.3] the general member of |H| is
a del Pezzo surface of degree H? over k’, and hence acquires a rational point over a further extension of
degree H> by Lemma 4.4(i). If H> =5, then X has a k’-point by Lemma 4.4(iv).

Let oy be the image of H in Br(k) under the morphism « from [Kolldr 2016, (69.1)]. Since 2H =
—Kx € Pic(X), we have 2oy = 0 in Br(k). But we have also (H> +2)ay =0 (e.g., by [Kollar 2016,
Proposition 44]). Hence, if H3 e{l1, 3, 5}, we conclude that ay = 0, and we can choose k' = k. If H3 =4,
we can choose k' of degree at most 4 over k by [Kollar 2016, Theorem 53, Corollary 54]. O

SA4. Smooth of index 1. 1f X is smooth and r(Xz) =1, then H = —Ky € Pic(X), and H?3 is an even
integer between 2 and 22, with H3 £ 20. Let g := %(—Kx)3 + 1. Then g is an integer between 2 and 12,
with g # 11. According to [Mukai 1995b], | H| is basepoint-free and it induces a morphism X — [P’,f“.
We recall the classification from [Mukai 1995b, Theorem 1.10; Iskovskikh and Prokhorov 1999, Theorem
5.2.3 or §12.2]. See [Pieropan 2021] for the Galois descent of complete intersections.

e If H3=2,then g =2and X SLIN I]J’z is a double cover ramified along a sextic surface.

e If H3=4,then g =3 and X LN I]J’i is either an embedding as quartic hypersurface, or a double

cover of a quadric hypersurface in [P’i.
If g >4, H is very ample.
o If H® =6, then g = 4 and X <215 P? is a complete intersection of a quadric and a cubic.
o If H> =8, then g = 5 and X <21, P¢ is a complete intersection of three quadrics.

« If H3 =10, then g = 6 and X LI [P’Z is a k-form of a complete intersection of a cone over
the Grassmannian Gr(2, 5) under the Pliicker embedding with a quadric and a linear space of
codimension 3 (see [Iskovskikh and Prokhorov 1999, Examples 5.2.2(1)]).

If g > 7, a general hyperplane section of the embedding X A Pf“ cuts a smooth K3 surface S
in X by [Kolldr 1997, §7.7] and [Mukai 1995b, Proposition 7.8].

o If H3 = 12, then g = 7. Denote by N, s /P! the dual of the normal bundle of S C PZ. In the
proof of [Mukai 1995b, Theorem 4.7], the vector bundle N, ;/'P’Z ® Os(2) determines a Gal(k/k)-
equivariant embedding Xz C Gr(5, 10) whose image is a linear section of an orthogonal Grassmannian
0Gr(5, 10, Q) < I]j’llz5 , where Q is a Gal(k/k)-invariant quadric hypersurface Q in [P’% by a version

of [Mukai 1995a, Corollary 2.5] for S.

If ¢ > 8, a general hyperplane section of S BLLIR I]J’,f is a smooth curve of genus g which determines a

Mukai-Lazarsfeld bundle £ on S (see [Aprodu 2013, §1.3]).

o If H3 = 14, then g = 8 and E induces a Gal(k/ k)-equivariant embedding of X7 in Gr(2, 6) such that
if Gr(2, 6) C [IJ’]%4 is the Pliicker embedding, X7 is a linear section of Gr(2, 6) by a Gal(k / k)-invariant

linear subspace of codimension 5.
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« If H® =16, then g = 9 and E induces a Gal(k/ k)-equivariant embedding of X7 in Gr(3, 6) such
that if Gr(3, 6) C I]j’%9 is the Pliicker embedding, X7 is a complete intersection of Gr(3, 6) with
the zero locus of a Gal(k/k)-invariant global section of the second exterior power of the dual
of the tautological bundle of Gr(3, 6) and a Gal(k / k)-invariant linear subspace of codimension 3
(see [Mukai 1995b, Example 5.1]).

o If H3 =18, then g =10 and E induces a Gal(k / k)-equivariant embedding of X in Gr(5, 7) such
that if Gr(5,7) C IPI%O is the Pliicker embedding, X7 is a complete intersection of Gr(5, 7) with
the zero locus of a Gal(k/k)-invariant global section of the fourth exterior power of the dual of
the tautological bundle of Gr(5,7) and a Gal(l?/ k)-invariant linear subspace of codimension 2
(see [Mukai 1995b, Example 5.2]).

o If H3 =22, then g = 12 and E induces a Gal(k/k)-equivariant embedding of Xz in Gr(3,7) such
that X7 is the zero locus in Gr(3, 7) of three linearly independent Gal(k/ k)-invariant global sections
of the second exterior power of the dual of the tautological bundle of Gr(3, 7) (see [Mukai 1995b,
§5, p. 15D.

Now we investigate some properties of linear sections of orthogonal Grassmannians that we can use to
study rational points in the case g = 7.

Given a nonsingular quadric hypersurface Q € P°, we denote by OGr(5, 10, Q) the orthogonal
Grassmannian of isotropic 4-dimensional linear subspaces of P°. It is also known as the spinor variety
in P, We refer to [Ranestad and Schreyer 2000] and [Kuznetsov 2018] for a detailed description.

Lemma 5.6. Let k be a field of characteristic 0 and let k be a separable closure of k. Let Q C [P’z be a non-
singular quadric hypersurface. Let Y C [P’,l5 be a k-model of the spinor embedding OGr(5, 10, Q) C [P’,,lz5 .
Let L C [FD,]C5 be a linear subspace of codimension 7 such that X := L NY is geometrically irreducible of
dimension 3. Then X acquires a rational point over a suitable quadratic extension of k.

Proof. We denote by IP’,i5 * the dual projective space as in [Kuznetsov 2018, Notation 3.1] and by Y* C [P’,is*
the dual of ¥ C [P’,is. The dual L* of L is a 6-dimensional linear subspace of IP;S*, and thus L* € Y* by
[Kuznetsov 2018, Theorem 3.2]. Let v be a k-point on L* that is not contained in Y*, and let L, C I]j’,lc5
be the corresponding hyperplane. By [Kuznetsov 2018, Lemma 5.10], the intersection L, NY contains a
quadric Q, of dimension 6 defined over k. Then L N Q, is a nonempty k-subvariety of degree 2 in L, it
is contained in X, and it acquires a rational point over a suitable extension of k£ of degree at most 2. [

Lemma 5.7. Let X be a smooth Fano threefold over a field k of characteristic 0. Assume tk(Pic(Xp)) =1,

r(Xp)=1and H 3=22. Then X acquires a rational point over a suitable field extension of degree at most 6.

Proof. The Fano variety of conics of X is a Severi—Brauer surface by [Kuznetsov et al. 2018, Proposition
B.4.1]. Hence, X contains smooth conics defined over a cubic extension of £ by Remark 4.1, and has
rational points over a further quadratic extension. U
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5AS. Singular Gorenstein of index 1.

Definition 5.8. The anticanonical linear system |— K x| of a Gorenstein Fano variety X of index 1 is said to
have a movable decomposition if there are Weil divisors A and B such that the linear systems |A| and | B|
have positive dimension and A+ B is linearly equivalent to —K'x. If |— K x, | has no movable decomposition,
for an algebraic closure k of the base field k, we say that X is indecomposable. Otherwise, we say that X

is decomposable.

Indecomposable Gorenstein terminal Fano threefolds of index 1 and geometric Picard rank 1 are
classified in [Mukai 1995b, Theorems 1.10, 6.5] (we remark that [Mukai 1995b, Proposition 7.8] and
[Mella 1999, Theorem 1, Theorem 2.4] show that the classification is exhaustive), and the bounds from
Section 5A4 apply.

Decomposable terminal Gorenstein Fano threefolds of index 1 and geometric Picard rank 1 are not
completely classified. However, by [Iskovskikh and Prokhorov 1999, Proposition 4.1.12; Przyjalkowski
et al. 2005, Theorem 1.5] (see also [Prokhorov and Shramov 2017, Proposition 6.1.1]), we know that the
cases with g € {2, 3, 4, 5} are completely classified in [Mukai 1995b, Theorem 6.5].

Lemma 5.9. Let X be a Gorenstein terminal Q-factorial Fano threefold over a field k of characteristic 0.
Assume that tk(Pic(Xt)) = 1 and r(Xz) = 1. Then X acquires a rational point over a finite extension of k
of degree at most 18.

Proof. By [Namikawa 1997; Jahnke and Radloff 2011], X admits a smoothing that preserves the Picard
group and the degree (—Kx,)*. Hence, (—Kx)® € {2,4,6,8, 10,12, 14,16, 18,22}. If (—Kx)* =22,
the only decomposable cases we are interested in are classified in [Prokhorov 2016, Theorem 1.3], and
their singular locus consists of a rational point. We conclude by Lemmas 5.1 and 5.7. (I

5B. Gorenstein of geometric Picard rank > 1. In this subsection let X be a Gorenstein terminal Fano
threefold of geometric Picard rank > 1 and Picard rank 1 over a field k of characteristic 0.

SB1. Products of projective spaces.

Lemma 5.10. Let k be a field of characteristic 0, and let X be a twisted form of [[_, P} over k such that
rk(Pic(X)) = 1. Then there is an extension k of k of degree at most n!(m + 1) such that X; = [];_, [P’Z’.

Proof. Let ey, . . ., e, be the standard generators of Pic(X). From the exact sequence

n n
1— l—IAut(IF’Z’) — Aut(l_[ Pk’"> -5, —> 1
i=1 i=1
and the induced exact sequence in étale cohomology, there exists a unique finite Galois extension k’ of k of
degree between n and n! such that ¢; is Gal(E/k’)-invariant foralli e{1,...,n}. Foreveryi e{l,...,n},
let o; be the image of e; in Br(k’) under the morphism « from [Kollar 2016, (69.1)]. Then «;, ..., &, form
an orbit under the conjugation action of Gal(k'/k) (see [Gille and Szamuely 2006, Construction 3.3.12]).
Hence, they split over the same field extension k of k', which has degree at most m + 1 by Lemma 5.3.
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In particular, ey, ..., e, € Pic(X}), and the morphism X; — []i_; [P’Z“ induced by the product of the
projections corresponding to ey, ..., e, is an isomorphism. (Il

5B2. Smooth. Let X be a smooth Fano threefolds of geometric Picard rank > 1 and Picard rank 1. We
recall the classification from [Prokhorov 2013b, Theorem 1.2, §2].
If rk Pic(X7) = 2:
« r(Xp) =1, H> =12, and X is a divisor of bidegree (2, 2) in P2 x PZ; see [Pro 2013b, Case 1.2.1 a),
p. 421].
e r(Xp =1, H?3 =12, and X is a double cover 7 : X — V of a variety V that belongs to the case
[Pro 2013b, (1.2.4)] with branch locus a member of |— Ky |; see [Pro 2013b, Case 1.2.1 b), p. 421].
o« r(Xp) =1, H?> =20, and X} is a complete intersection of three divisors of bidegree (1, 1) in IP% X IPI%;
see [Pro 2013b, (1.2.2)].

er(Xp) =1, H 3 =28, and X7 is a blowup of a quadric in [P’% along a twisted quartic curve; see
[Pro 2013b, (1.2.3)].

If rk Pic(X7) = 3:

o r(Xp) =2, H? =6, and X is a k-model of a divisor of bidegree (1, 1) in [P’% X [P’l%; see [Pro 2013b,
(1.2.4)].

o r(Xp) =1, H3 = 12, and Xz is a double cover of [P’% X IP’]% X IP/% ramified along an element
of [—Kp1, p1,pil; see [Pro 2013b, (1.2.5)].
k k k

s r(Xp=1,H 3=30,and X 7 1s a complete intersection of three divisors in IP’% X IPI% X IPI% of tridegrees
©0,1,D, (1,0, 1), (1, 1, 0), respectively; see [Pro 2013b, (1.2.6)].

e r(Xp) =2, H>=6,and X; = []3’% X IPI% X n»%; see [Pro 2013b, (1.2.7)].
If rk Pic(Xp) = 4:

« r(Xp) =1, H?> =24, and X is k-model of a divisor of multidegree (1, 1, 1, 1) in IP% X [P’}; X IP% X um}g;
[Pro 2013b, (1.2.8)].

Lemma 5.11. Letn € {1, ..., 8}, and let X be a smooth Fano threefold over a field k of characteristic 0
as in [Pro 2013b, (1.2.n)]. Then X acquires a rational point over a suitable base field extension of degree
at most dy(n), for

(n,d>(n)) € {(2,8), 3,4), (4,6), (6, 13), (7, 12)}.

Proof. If n = 2, we have Pic(Xy) = Pic([P’% X [P’I%) by [Hartshorne 1970, Corollary 1V.3.3] and — K
is an element of bidegree (1, 1). By Lemma 5.10, there is an extension k' of k of degree at most 8
such that X C [P’,f, X IPz/ is defined by three bihomogeneous polynomials f1, f>, f3 of bidegree (1, 1)
with coefficients in k" in a set of variables (xo, x1, X2, X3; Y0, Y1, Y2, y3). Evaluating fi, f>, f3 at yo =
y1 = y2 = y3 = 1 gives three linear forms in four variables, which have a nontrivial common zero
(X0, X1, X2, X3) # (0,0, 0, 0) over k’. Then ((Xo: X1 : X2 : X3), (1 :1:1:1))is a k’-point on X.
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Forn =3,let¢: X; — [P’% be the morphism induced by the blowup and let H be the hyperplane class
in Pic(l]j’%). By [Pro 2013b, pp. 426-427, 432], there is a quadratic extension k’ of k such that ¢*(H) is
invariant under the Gal(k/k”) action on Pic(X ©)- By [Liedtke 2017, Theorem 3.4], there is a Severi-Brauer
k’-variety P of dimension 4 and a morphism ¢’ : X;y — P that is a k’-model of ¢. Let ay be the image
of H in Br(k’) under the morphism o« from [Kollar 2016, (69.1)]. Since the image of ¢ is a quadric in P4,
we see that 2ay = 0, but also 5oy = 0, from which we conclude that gy =0 and P = I]j’i,. Then Xy is
the blowup of a quadric Q in Pi/ along a suitable quartic curve. In particular, there is a suitable quadratic
extension k" of k’ such that Q has a k”-point x and ¢’ is an isomorphism around x.

If n = 4, we have Pic(Xy) = Pic(PI% X IPI%) by [Hartshorne 1970, Corollary 1V.3.3], and H is an
element of bidegree (1, 1). By Lemma 5.10, there is an extension k" of k of degree at most 6 such that
Xp C [P’%, X IPI%, is defined by a bihomogeneous polynomial f of bidegree (1, 1) with coefficients in k" in
a set of variables (xg, x1, X2; Yo, Y1, y2). Evaluating f on yp = y; = y» = 1 yields a linear form in three
variables, which has a nontrivial zero (Xg, X1, X2) # (0,0, 0) over k’. Then ((Xp: X1 : %), (1:1:1))isa
k’-point on X.

If n = 6, we have Pic(X) = Pic(IPI% X [P’]% x IP’]%) by [Hartshorne 1970, Corollary 1V.3.3], and H is an
element of tridegree (1, 1, 1). By Lemma 5.10, there is an extension k" of k of degree at most 18 such that
Xp € P?, x P?, x P}, is defined by three trihomogeneous polynomials fi, f2, f3 of tridegrees (0, 1, 1),
(1,0, 1), (1, 1, 0), respectively, with coefficients in k" in a set of variables (xo, X1, X2; Yo, Y1, Y2} 20, 21, 22)-
Evaluating fi and f» at zo = z; =z = 1 gives two linear forms f], f> in two distinct sets of variables.
Let (3o, y1, ¥2) # (0, 0, 0) be a nontrivial zero of fl over k’. Evaluating f3 at y; = J; for i € {0, 1, 2}
gives a linear form fg Let (xg, X1, X2) # (0, 0, 0) be a nontrivial common zero of fz and f~3 over k’. Then
((Xo:%1:X%2), Go:y1:¥),(1:1:1))is ak’-point on X.

For n =7, we conclude by Lemma 5.10. ]
5B3. Singular Gorenstein. By [Pro 2013b, Theorem 6.6], singular Gorenstein terminal Fano threefolds
of geometric Picard rank > 1 and Picard rank 1 have the same description (1.2.n) as in Section 5B2 for
ne{l,2,3,5,6,8]}.

Lemma 5.12. Let n € {1, ..., 8}, and let X be a singular Gorenstein terminal Fano threefold over a

field k of characteristic O of type (1.2.n) as in [Pro 2013b, Theorem 6.6). Then X acquires a rational point

over a suitable base field extension of degree at most d3(n), for
(n,d3(n)) €{(1,12), (2,20), (3, 18), (5, 12), (6, 17), (8, 17)}.

Proof. Let k be an algebraic closure of k, and let X’ be a smoothing of X - Since the Picard group and
the degree (—K XE)3 are preserved under smoothing by [Namikawa 1997; Jahnke and Radloff 2011], Xz
contains at most

N(X) =20 — rk Pic(Xg) + 1" (X)

singular points by [Prokhorov and Shramov 2017, (6.3.3)]. Combining Lemma 5.1 with the fact that the
singular locus of X7 is defined over k, we conclude that X acquires a rational point over suitable base
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field extension of degree at most min{N (X), (—K %)’} We compute N (X) by consulting [Iskovskikh
and Prokhorov 1999, §12.3-12.5]. 4

5C. Non-Gorenstein terminal.

Lemma 5.13. Let X be a non-Gorenstein terminal Fano threefold over a field k of characteristic 0.

Then X acquires a rational point over a suitable field extension of degree at most 16.

Proof. Let k be an algebraic closure of k. The orbit of a non-Gorenstein k-point on X 7 under the action
of Gal(k / k) has cardinality at most 16 (the computation can be found in the proof of [Prokhorov and
Shramov 2017, Lemma 4.2.1]). O

6. Field of definition of rational points

In this section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5. For the first statement we proceed by induction on n. If n = 0 there is nothing
to prove. Let n > 0. Since the degree of a projective variety is encoded in the Hilbert polynomial, by
Proposition 3.4 there exists a positive integer d’ such that for every terminal Fano variety X of dimension n,
there exists an embedding X C IPIICV of degree < d’. By Bertini’s theorem, n general hyperplanes of I]J’,i\'
intersect X in a smooth subvariety of dimension O that acquires a rational point after a field extension of
degree < d’. We retrace the proof of Theorem 1.3 to show that we can take

d(n) =d(n — 1) max{d'(n), maxj<p<n—1 d(m)d(n —m)}, (6-1)

where d’(n) is a positive integer (for example d’ above) such that for every field k of characteristic 0, every
terminal (D-factorial Fano variety of dimension n and Picard rank 1 over k acquires rational points over a
suitable field extension of degree at most d’(n) over k. Let X be a proper rationally connected variety
of dimension n. By the argument in the proof of Lemma 3.1 we can assume without loss of generality
that X is smooth and projective. Let f : X’ — Y be the fibration with X’ birationally equivalent to X
provided by Proposition 3.3, and let X” — X’ be a resolution of singularities. Then there exists a field
extension k C k" of degree at most max{d’(n), max;<,,<,—1 d(m)d(n —m)} such that X'(k") # &. Indeed,
if dimY = 0, then X’ acquires a rational point after a suitable field extension of degree at most d’(n),
as X' is a terminal Q-factorial Fano k-variety of dimension n and Picard rank 1. If dimY = m > 0,
then, by the induction hypothesis, Y acquires a rational point after a suitable field extension of degree at
most d(m) of k and the fiber of X’ — Y over such a point acquires a rational point after a further suitable
field extension of degree at most d(n —m) by [Hogadi and Xu 2009, Theorem 1.2] and the induction
hypothesis. By [Hogadi and Xu 2009, Theorem 1.3] and the induction hypothesis there exists a finite field
extension k" C k” of degree < d(n — 1) such that X" (k") # @. Then X (k") # @ by [Nishimura 1955]. (J

Proof of Theorem 1.6. The bound d(1) = 2 is immediate, because all conics acquire rational points
on suitable quadratic extensions and {x* + y* 4 z> = 0} defines a conic without rational points over Q.
For n = 2, by resolution of singularities, by [Nishimura 1955], and by the birational classification of
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proper smooth surfaces [Iskovskikh 1979], it suffices to find a bound for del Pezzo surfaces and rational
conic bundles. Hence, d (2) = 6 follows from Lemmas 4.3 and 4.4.

For n = 3, let d’(3) be the bound for terminal Fano threefolds of Picard rank 1. Then d’(3) < 24 by
the results in Section 5, and (6-1) gives 3(3) < 6max{24, 12} = 144. O

7. Varieties with points over C fields

In this section we find rational points on a number of rationally connected varieties over C; fields. The
results in this section will be used for the proof of Theorem 1.8.

Remark 7.1. We recall that C; fields have cohomological dimension < 1 and hence trivial Brauer group
[Serre 2002, §11.3.2]. In particular, projective spaces have no nontrivial forms over C; fields [Gille and
Szamuely 2006, §5]. We also recall that algebraic extensions of C; fields are C; [Lang 1952, Corollary
to Theorem 5].

7A. Toric varieties. We prove that k-forms of toric varieties have rational points over C; fields k of
characteristic 0.

Proposition 7.2. Let k be a field of characteristic 0 of cohomological dimension < 1. Let k be a separable
closure of k. Let X be a k-variety such that Xz is isomorphic to a proper Q-factorial toric k-variety.

Then X is an equivariant compactification of a k-torus and has a smooth k-point.

Proof. Let ¥ be a fan in Z" and Y the split toric k-variety associated to ¥ C Z". Assume that Y is
proper and Q-factorial (i.e., ¥ is simplicial and | J, .5, 0 = [R{"). By [Serre 2002, Proposition III.1.3.5],
the k-forms of Y are classified by Hélt(k, Auty) up to isomorphism. By [Cox 1995, Corollary 4.7], Auty
is a k-linear algebraic group. Hence, H/ (k, Auty) = H/ (k, Auty / Aut?) by [Serre 2002, Corollary
111.2.4.3]. By [Cox 1995, Corollary 4.7], there is a surjective homomorphism Aut(Z", ¥) — Auty / Aut?,
where Aut(Z", ¥) is the group of lattice automorphisms of Z” that preserve the fan X. Therefore, there is a
surjective map H élt(k, Aut(Z7", ¥))— H élt(k, Auty / Aut?,) by [Serre 2002, Corollary II1.2.4.2]. Moreover,
to every element of Hélt(k, Aut(Z", X)) corresponds an isomorphism class of normal k-varieties with
a faithful action of a k-torus that has a dense orbit by [Elizondo et al. 2014, Theorems 3.2 and 3.4].
Hence, every k-form X of Y is a normal k-variety with a faithful action of a k-torus that has a dense
orbit U. By [Voskresenskii 1982, Theorem 6], U is a principal homogeneous space under a torus 7.
Since tori are connected linear algebraic groups by [Borel 1991, p. 114], H élt (k, T) =0 by [Serre 2002,
Corollary 1I1.2.4.3]. Therefore, U = T has a k-point (the unit element). Since tori are smooth, X has a
smooth k-point. ]

Note that the assumption on the characteristic of k ensures that the automorphism group of the
toric variety is smooth. The author does not know whether smoothness and the results in [Cox 1995,
Corollary 4.7] hold in positive characteristics. The Q-factoriality assumption can be removed using
[Sancho de Salas et al. 2018, Theorem 7.8].
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7B. Intersections of low degree in products of weighted projective spaces. We generalize [Lang 1952,
Theorem 4] and [Kollar 1996, Theorem IV.6.7] to orbit complete intersections (in the sense of [Pieropan
2021]) in forms of products of weighted projective spaces over C; fields of arbitrary characteristic.

We first study the forms of products of projective spaces over C; fields.

Lemma 7.3. Let k be a field of cohomological dimension < 1. Let k be a separable closure of k. Let N,
ni,...,ny andmy < --- <my be positive integers. Then Hé]t(k, A“tn,”:. I, [p)Z'f) = ]_[lNzl Hé]t(k, Sni)-

Proof. Since automorphisms preserve the effective cone in Pic(Y}) and the intersection product,

N n; N nj
Aut(l_[ I PZ"') = HAut( ]_[1 PZ’"),
i= j=

i=1 j=I

and for every i € {1, ..., N}, there is an exact sequence of groups

n; n;
1> [TAu®) — Aut(l_[ [P’k’"") — Sy — 1.

j=1 j=1
This yields exact sequences
]_[ 4k, Autyn) — Hi(k, Aty gri) — Hi(k, Sp,).
for every i € {1, ..., N}, where the second arrow is surjective by [Serre 2002, Corollary 1I1.2.4.2], and
Hy(k, Autgni) =0 as Br(k) = 0 (see Remark 7.1). O
Notation 7.4. For positive integers ay, ..., a,, we denote by Px(ay, ..., ay,) the (m—1)-dimensional
weighted projective space over k with weights ay, ..., a,.
For all N-tuples of positive integers B = (ny, ..., ny) and (my, ..., my) and every (Z;N: | mi)—tuple

of positive integers @ = (a; ;) 1<i<N, 1<i<m;» W€ denote by P(n, a) a k-variety such that
N n;
P, o) = [ [ [ Pe@ins . aim)
i=1j=1

with a Gal(k/ k)-action by permutation of the factors with exactly N orbits given by
n;
[[Pe@in. . .. aim)p forie{l,....N}.

That is, if we write (X; j/)1<i<N,1<j<n;, 1<I<m; for the coordinates (here x; j 1, ..., x; ju, are the coordi-
nates in the j-th factor Pg(a; 1, ..., a;m,) of the i-th orbit), then Gal(lz / k) acts on the coordinates by
permutations of the second index in a way that {x; 1, ..., X; »,;} forms an orbit for all i € {i, ..., N}
andalll/ e {1,...,m;}.
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Remark 7.5. Lemma 7.3 together with [Serre 2002, Proposition III.1.3.5] shows that all forms of products
of projective spaces over a field k of cohomological dimension < 1 are isomorphic to P(n, a) for some n
anda=(1,...,1).

Proposition 7.6. Let k be a C field that admits normic forms of every degree. Let k be a separable
closure of k. Let n and a be as in Notation 7.4. Let X C P(n, a) be a subvariety such that Xt is
an intersection of hypersurfaces Hy, ..., Hy in P(n, a); of weighted multidegrees (d; j)1<i<N,1<j<n;
fort€{l,... s} suchthat ) ,_,d;ij, <> 2 aiiforalli €{l,...,N}andall j €{l,..., n;}. Assume
that for some 1 <s1 < --- <s, :=s and sy := 0, the hypersurfaces Hy, 11, ..., Hy, form an orbit under
the Gal(I;/ k)-action on P(n, a); foralli € {1, ...,r}. Then X has a k-rational point.

Proof. Let R = Ig[x,-,j,l]lf,-SN,15‘,5,1[,1515,”[ be the weighted coordinate ring of P(n, a); (here the
variable x; ;; corresponds to the /-th coordinate in the j-th factor Pz(a; 1, ..., a;n;) of the i-th orbit).
Then the group Gal(k/k) acts on the variables by permutations of the second index. Let fi, ..., f; € R
that define Hy, ..., Hy, respectively, and such that { fy, 41, ..., fi,} is an orbit under the Gal(lz / k)-action
on R foralli e{l,...,r}.

Step 1: Assume that fi, ..., f; are Gal(lz/k)—invariant and N =1. Foreachl e {1,...,m}, the k-vector
%ZISNI xl,j,llz is a Gal(l?/k)—invariant subset of R, and therefore it has a basis z1, ..., 2,4,
consisting of Gal(k/k)-invariant elements of degree a; ;. Then a linear change of variables gives an
isomorphism ¢ : R — k[zjli<j<n,. 1<i<m, Of k-algebras such that, for every ¢ € {1,...,s}, o(f) is
a weighted homogeneous polynomial of weighted degree Z’]“:1 dy,j in the variables zy 1, ..., Zn;,m;-
Since Zlfjfnl’lgfs dij: < niy ;2 aiy, the system of equations ¢(f1) = -+ = @(f;) =0 has a
solution (Z1.1, ..., Zn,.m;) € K™™' ~ {0} by [Kollar 1996, Theorem IV.6.7]. Therefore, the system
fi=---= f; = 0 has a Gal(k/k)-invariant solution (%1 j1)1<j<n,, 1<1<m, € k"™ with %, 7 # 0 for
some (j,1) €{l,...,ni} x{I,...,mi}. Since {X |, ..., ’El,nl,i} is an orbit under the Gal(k/k)-action,
)El,j,lN #O0forall j €{l,...,n1}. Thus (X1 j;)1<j<n,, 1<i<m, defines a Gal(k/k)-invariant point in Xz (k),
and hence a k-rational point on X.

Step 2: Assume that fi, ..., f; are Gal(k/k)-invariant and N is arbitrary. We proceed by induction on N.
The case N = 1 is Step 1. Assume that N > 1. Let F C {f, ..., fs} be the set of elements f; such
thatdy ;; =0forall j € {1,...,ny}. We observe that F is invariant under the Gal(k/ k)-action on R.
If F # @, by the hypothesis of induction, the subvariety V (F) C ]_[lN: _11 ]_[;”: | Pr(air, ..., aim,) contains

7 . . . . . ~ 7 Nil . .
a Gal(k/ k)-invariant point with coordinates (X; j /)1<i<n—1,1<j<n;, 1<l<m; € kXi=i mimi If F = &, let

Xi =1 forall ief{l,...,N—1}, jef{l,....n;}, L €{l,...,m;}.

Evaluating f1,..., fyinx; j; =X j,;forallie{l,...,N—1}, je{l,...,n;}, [ €{l,...,m;} yields
a system of Gal(k/k)-invariant forms fl.... fi in Ig[xN,j,l]lstnN,lslSmN. By Step 1, the subvari-
ety V(f{,.... f)) S H;’i_l Pr(an.1, ..., an,my) contains a Gal(k/ k)-invariant poi_nt with coordinates
()EN,j,l)lfjan,lflme € k"N Then ()Ei,j,l)liiSN,liani,1§l§mi defines a Gal(k/k)—invariant point
in X,;(l;), hence, a k-point on X.
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Step 3: No restrictions on fi, ..., f;. Forl=1,...,r, leth;:= ]_[f’:sl_lJrl f;. Then h; € R is a Gal(k/k)-
invariant weighted multihomogeneous element of R of weighted degree (Zflz 511 9, J'J)l <i<N.1<j<n;’
The subvariety of Yz defined by h; = --- = h, = 0 has a Gal(k/k)-invariant k-point X by Step 2. The
point ¥ belongs to at least one hypersurface in each orbit under the Gal(k/k)-action on {H, ..., Hy)},

and hence it belongs to all. So X defines a k-point on X. (Il

7C. Some cyclic coverings. We study rational points over C| fields for cyclic coverings of complete
intersections in forms of products of projective spaces that have Picard rank 1 over the base field. The
assumption on the Picard rank is essential for the proof.

Proposition 7.7. Let k be a C field that admits normic forms of every degree. Let k be a separable closure
of k. Let Y be a k-variety such that Yy = [];_, PE’" and tkPic(Y) = 1. Let V C Y be an intersection of r
hypersurfaces of degrees di(1, ..., 1),...,d.(1,...,1) inPic(Yy). Let X — V be a cyclic covering of
degree d with reduced ramification divisor given by the restriction to V of a hypersurface of Y of degree

do(1, ..., 1) in Pic(Yy). If Yr_od; <m +do/d, then X (k) # .

Proof. Let R = I;[xl,o, ..., Xy,;m] be the coordinate ring of Y. By Remark 7.5, we can assume that
Gal(k/k) acts by permutations of the first index. Since tkPic(Y) = 1, the set {x; j,..., x, ;} is an
orbit under the Gal(k/k)-action on R for all j € {0, ..., m}. Let fo, ..., f. € R be Gal(k/k)-invariant
homogeneous elements of degrees do(1,...,1),...,d,(1,...,1) such that fi,..., f. define V and
fo defines the ramification divisor Z.

The Segre embedding « : Y; C I]3’](;m“)n71 is defined over k. Let S = l?[zz 1J € {0, ..., m}"] be

(m+1)"—1
PE

a coordinate ring of such that o corresponds to the morphism ¢ : § — R that sends a

coordinate z(j, . j, to [[i_; xi j. Let I C S be the kernel of ¢. Then S/I is isomorphic to a subring

of R that contains fo, ..., f.. Let fo, ..., f, be the corresponding elements in S/I. Then X is the
subvariety of an (m+-1)"-dimensional weighted projective space P¢(1, ..., 1, dy/d) defined by the ideal
I+(fi,..., fr, 1" — fo) € S[t], where ¢ is a new variable of degree dy/d.
Let
n=mn) and a=(1,...,1,dy/d).
[ —
m—+1
We consider the k-variety P(n, a) with coordinates

(0 - ixtmitt), ey (Km0 te Xpm 2 1n))

onP(n,a);anda Gal(k / k)-action that is compatible with the Gal(k / k)-action on Y7 under the embedding
that identifies Yz with the subvariety of P(n, a); defined by #; = --- =1, = 0. The coordinate ring
of P(n,a); is R := R[t1, ..., t,], where t1, ..., 1, are new variables with deg#; = (do/d) degx; o for
all i € {1,...,n}. We observe that f1,..., f., (t;--- )¢ — fo define a Gal(E/k)—invariant subvariety
of P(n, a);, which has a Gal(k/ k)-invariant k-point ¥ = (X1.0: -+ :Xpm:1f1:--+:1,) by Proposition 7.6.
If X; j # O for some (i, j) € {1,...,n} x {0,...,m}, then X1 ;,..., X, ; # 0, as they form an orbit
under the Gal(k/ k)-action on k. If %1¢, ..., Xym =0, thenty, ..., 1, #0, as ¥ is a point of ]_[;le P%’H.
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Let7:=1) -1, and let Z; be the evaluation of ¢(z;) at (X1,0, ..., %s») forall j € {0,...,m}". The
E—point of P(1,...,1,dy/d) with coordinates ({Zl}le{o mis f) is then a Gal(l;/k)—point of X7. O

.....

7D. A symmetric Cremona transformation. In this section we consider the varieties described in
[Pro 2013b, (1.2.3)] (see Section 5B). Some of the computations have been carried out using the web
interface SageMathCell of [SageMath].

Notation 7.8. We denote the adjugate of an invertible matrix M by Ad(M) := det(M)M~'. We recall
that, given an automorphism o of a field k, a morphism 6 : V. — W of k-vector spaces is called o -linear
if 6(av) =0 (a)f(v) foralla € k and v € V. We denote by o : P" (k) — P" (k) the o-linear automorphism
that sends (yg:---:y,) to (6‘1(y0) Teee 0‘1(yn)).

Let k be a field of characteristic 0. Let S € [P’,f be the image of the Veronese embedding v : [P’,% — [P’,f,
v(xg:xy:x) = (xg :xl2 :x% TX1X2 D XoX2 D XoX]).
Denote by (yp : - - - : ¥5) the coordinates on [P’,f. Then S is defined by the quadrics
Aoi=yiy2—Yi,  Ar=yoy2—Yi.  Azi=yoy — s,
A3 1=y4ys — Yoy3, A4:=Y3y5—Y1Ya, Asi=Y3y4— )2)s,

and Ay, ..., As is a basis of the linear system . of quadrics in IP’Z containing S.
Let S5 be the k-vector space of symmetric 3 x 3 matrices. We consider the isomorphism [P’z — P(S$3)
induced by the isomorphism

Yo Y5 Y4
@ k®— S35 (yo.....y) > | ys v oys
Ya y3 y2
Every automorphism of [P’Z that preserves § belongs to the image of the embedding PGL(3, k) € PGL(6, k)
induced by the group homomorphism ¢ : GL(3, k) € GL(6, k) that sends a matrix M € GL(3, k) to the
element of GL(6, k) defined by ¢(M)(y) = a~ ' (Ma(y)M") for all y € k°.

Let A: [Ij’i -3 [P’i be the rational map defined by (Ao, ..., As). It is a symmetric Cremona transfor-
mation. For every matrix M € GL(3, k) the birational map ¢ (M) o A is a Cremona transformation of [P)Z
with inverse ¢(M") o A.

Let f:Y — Pi be the blowup with center S. Then f resolves any Cremona transformation Pz -—» [|3’2
induced by the linear system .7 (see [Ein and Shepherd-Barron 1989], for example). Let H be the
pullback of a hyperplane in ¥ and E the exceptional divisor of f. Then [2H — E| is the linear system of
strict transforms of elements of . under f.

Lemma 7.9. Let L be a hyperplane in [P’i such that L N S spans L. Let Q be a quadricin #. Let X C Y
be the strict transform of LN Q. Let o be an automorphism of k. Then every o -linear automorphism 0
of X that induces a o -linear isomorphism between the complete linear systems of H|x, and (2H — E)|x is
the restriction to X of a o-linear automorphism 0y of Y that resolves a o -linear Cremona transformation
on [P’z of the form o o p(M) o A for some M € GL(3, k). Moreover, if 0 is an involution, so is Oy.
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Proof. We fix a basis zo, ..., z5 of the linear system |H| such that zs defines the hyperplane L. Let
C € GL(6, k) such that the basis yy, ..., y5 of |H| corresponding to the choice of coordinates on I]j’lsc can
be written as (yg, ..., y5s) = C(z0, ..., 25). Let By, ..., By, Eo, el §4 € .7 such that By|g, ..., Bslg
and §0|Q, cee, §4|Q are the bases of .| that are images of the basis zo|z, ..., z4|r of |H||L under the
isomorphisms induced by 6 and 6!, respectively. Let R, R € GL(6, k) such that

o(C)(Bo, ..., By, 0)=R(Ao,...,As) and o(C)(By, ..., Bs, 0) = R(Aq, ..., As)

as bases of .. Then 6 induces via f a birational map (0 o Ro A)|pnr : @ N L — QN L with inverse
(0 0 Ro A)|gnr. Since (S) = S by construction and (o o R o A)|gnr = (Ao R™' oo [pn is a
birational map with exceptional locus SNL =0 (R(SN L)), we have R(SNL)=S5N o~ (L); that is, R
induces an isomorphism of conics between v I(SNL) and v~ (SNo~1(L)). Hence there is a matrix
M e GL(3, k) such that (v"'oRo v)|y-1(snr) 18 the restriction of the automorphism of [P’,% defined by M.
Then ¢(M_1)|071(L) = R_llo-—l(L) because they agree on SN o~ I(L) and SNo~1(L) spans o~ (L).
So(AoR 'o 0'_1)|QmL =(Aop(M Yo 0_1)|Q0L, and the o-linear Cremona transformations on [P)z
induced by R and ¢(M) have the same restriction to Q N L.
If 6 06 is the identity on X, then the automorphism

¢(o(M)-Ad(M)") = p(oc(M)) o Aop(M)o A

of [|1>]5€ restricts to the identity on an open subset of Q N L, and hence on L. Then o (M) - Ad(M)" is an
automorphism of IP’,% that restricts to the identity on v~ (L NS). Since the conic v~ (LN S) spans P2, we
conclude that o (M) - Ad(M)' is the identity on P2 and so cop(M)oAis a symmetric o -linear Cremona
transformation. [l

Let

B:k®— kS, (ao,...,as) > (ao, a1, az, 2a3, 2as, 2as).

Let v : GL(3, k) — GL(6, k) be the group homomorphism defined by /(M) = Bop(Ad(M)) o B~". Let
M € GL(3,k) and a = (ay, . .., as) € kS. Then

5 5

Y aAilpM)(y) =Y Yi(M)(@)Ai(y) (7-1)
i=0 i=0

forall y € k®, where Wo(M)(a), ..., Yys(M)(a)) = (M)(a) = p(Ad(M)")(a). In particular,

Aogp(M)o A =p(Ad(M)") (7-2)
as birational maps on I]J’,z.
The secant variety V of § in [P’Z is the cubic hypersurface defined by
Yoy1Y2 +2Y3¥4Ys — Yo¥3 — ¥1Yi — ¥2v3 = 0.

The action of PGL(3, k) on I]J’i induced by ¢ has three orbits: S, V ~. § and I]J’i N\ V; see [Urech 2018, §3.1],
for example. So the action of PGL(3, k) on [P’z induced by ¥ has three orbits: E(S), E(V) and [FDZ ~ E(V),
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where Eis the automorphism of [P’z induced by 8. Now, E(S) is defined by Ago ™!, ..., Aso 7!, and
E(V) is defined by p = 0, where

2 2 2
P =4Y0y1Y2 + Y3Y4Y5 — Yoy3 — Y1Y4 — Y2)5-

Remark 7.10. If a = (ay, . . ., as) € k% and qq = Z?:o a; A;, the matrix J, that defines the linear system
a 0
Ga _ .. =% _ (7-3)
Yo dys
satisfies det J, = —p(a)?, and every 5 x 5 minor of J, is divisible by p(a). So, if nonempty, the linear

subvariety of [F",Sc defined by (7-3) has dimension > 1, and hence it intersects the quadric ¢, = 0. In
particular, g, is smooth if and only if p(a) # 0.

TD1. Smooth case.

Lemma 7.11. Let k be an algebraically closed field. For ay, ..., a3, by, by, by € k, let

g3 = a3x> + arx? 4+ a1 x + ap, g = bax? +bix + by € k[x],
and
5(83. 82) 7= b287 — b18182 + bod3,
where

81 := azbob1 — ayboby + aob% and & = a3b% —azboby — ayb1by + alb%.
If §(g3, g2) #0, then by # 0, and g3 and g, have no common zero in k.

Proof. If by =0, then (g3, g2) =0. Assume now that b, # 0 and that g3 and g, have a common zero ¢ € k.
Then ¢ = —(b1/b2)c — (bo/b>) and substituting it twice in g3 gives drc + 8§ = 0. If §, =0, then §; = 0.
If 5, # 0, we substitute ¢ = —§; /6, in g, and obtain §(g3, g2) = 0. O

Lemma 7.12. Let k be an algebraically closed field of characteristic 0. Let Q be a smooth quadric in the
linear system #. Let H be a hyperplane in I]j’i. Then for a general quadric Q' in ., the singular locus
Sing(Q N Q') is contained in the union of three lines of P3, Sing(Q N Q)N S is nonempty of dimension 0,
and Sing(QNQOHYNSNH = 2.

Proof. By Remark 7.10, the open orbit under the action of PGL(3, k) on P> (k) via v is the locus

of (ag : -+ - : as) € P?(k) such that the quadric Z?:o a;A; = 0 is smooth. Hence, by (7-1), up to an

automorphism of [13’,5C that fixes S, we can assume that Q is defined by the quadratic form g := Ag+ A3. Let

a:=(1,0,0,1,0,0). Let ¢’ (u) := Y>_ u; A; € kluo, ..., us, yo, ..., ysl, where u := (uo, . .., us). For

every b € k9, let 0, < [P’Z be the quadric defined by the quadratic form g, :=¢’(bo, . .., bs) €k[yo, ..., ys].
Let L € Gy i X [P’i X [P’Z be the subvariety defined by

g —tq'w) g —1q'w) _

0, (7-4)
dyo ays
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where (¢, (uo : --- : us), (3o : -+ : ys)) denotes the coordinates on G, ; X [P’,f X [P’i. Let J(t,u) €
Matgy¢(k[t, ug, ..., us]) be the matrix that defines (7-4) as a linear system in the variables yy, ..., ys
with coefficients in k[z, ug, ..., us]. Then det(J (¢, u)) = —p(a — tu)? and every 5 x 5 minor of J; , is

divisible by p(a — tu).

For every b € k%, the singular locus of Q N Q) is contained in the subvariety of [P’,f where the Jacobian
matrix of (g, ‘11;) has rank 1, that is, the union of the linear subspaces L. j, for ¢ € k*, where L., C [P’z
is the subvariety defined by the linear system J(c, b)(yo, . .., ¥5) = 0. We observe that L. ; # @ if and
only if p(a —cb) =0 and in that case dim L., > 1. Moreover, dim L., > 2 if and only if all the 4 x 4
minors of J(c, b) vanish.

The 4 x 4 minor m(¢, u) of J (¢, u) obtained by deleting the 4-th and 6-th rows and the 4-th and 6-th
columns is —4u?t (A (B~ ()t — uz). If b € k® satisfies

biAL (B~ () p(A1(B~(B))a + bab) #0, (7-5)

then m(¢, b) and p(a — tb) have no common zeros in k*. Hence, for general b € k®, the singular locus
of QO N Q) is contained in a union of three lines of I]J’Z, as p(a —tb) € k[t] has degree < 3.
The variety L is defined by equations

Vi =lui(y3,ys), i €{0,1,2,4}, (7-6)

where [, ,, ; are linear forms in k (¢, uo, ..., us)[y3, ys]fori €{0,1,2,4}. If be k° satisfies byp(bopa—b) #0
and (7-5), then for every ¢ € k™ such that L., # @, the line L. is defined by the linear equations
i =lepi(y3, y5), for i € {0, 1, 2, 4}, obtained by evaluating (7-6) in t = ¢ and u = b. By substituting
these equations into the equations that define S, we see that L. ; NS is the subvariety of L., defined by
the quadratic equation

(1 —cbo)y3 + cbaysys — cbry3 =0. (7-7)

In particular, it is nonempty and of dimension 0.

Let hg, ..., hs € k such that h := Zfzo h;y; is a linear form that defines H. Let Hs(¢, u), Hs(t,u) €
klt, ug, ..., us] suchthat Hy(¢, u)y3+ Hs(t, u)ys € k(t, ug, ..., us)[y3, ysl is the polynomial obtained by
substituting (7-6) into m(t, u)h. If b € k® satisfies (7-5), then m(c, b) # 0 for all ¢ € k* such that L., # @,
so the intersection L., N H is the subvariety of L. ; defined by the equation H3(c, b)y3; + Hs(c, b)ys =0.

We use Lemma 7.11 to show that for general b k° the polynomials Hi(¢t, b), Hs(t, b) and p(a —tb)
have no common solutions, that is, there is no ¢ € k™ such that L., # @ and L., C H. Indeed, we observe
that Hs(t, u)/t € k[t, ug, ..., us] is a polynomial of degree 2 in ¢, and that § (p(a — tu), Hs(¢t, u)/t) is
a nonzero element in klug, ..., us] if hg #O0or hy ZQor hy ZQor hy ZQor hs #0. If hg =h; =
hy = hy = hs = 0, we observe that Hz(t,u)/t € k[t, ug, ..., us] is a polynomial of degree 2 in ¢ and
8(p(a —tu), H3(t,u)/t) is a nonzero element in k[uy, ..., us], as hy # 0.

Then, for general b € k® and for every ¢ € k* such that L. j, # @, the intersection L. ;N H consists of a
point z, and L., N H N S is defined by evaluating (7-7) in z. Computations show that since p(a —cb) =0,
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if m(c,b) #0, then L., N H NS is nonempty if and only if C(c, b) =0, where
C(t,u):= w%h%-l—w%h%-i—w%h%—i—wlwzhg+wow2hﬁ+wow1h§+(wg—Zwowl)hohl
+(w§ —2wow2) hoha — (wows — waws)hohs +wowahohs +wowshohs
+ (w3 —2wiw2)hihy+wiwshihs — (Wi ws—w3ws)hhg+wiwshhs+wowshohs

Fwrwahohg — (Wows—w3wa)hohs+wrwshzhsa+wiwshshs+wowshghs  (7-8)

with w; := a; — tu; € k[t, ug, ..., us| for all i € {0,...,5}. Since §(p(a — tu), C(t,u)) is a nonzero
element in k[uo, . .., us], we conclude by Lemma 7.11 that L. , " H NS = & for general b € k° and for
every ¢ € k* such that L., # . O

Proposition 7.13. Let X be a variety [Pro 2013b, (1.2.3)] defined over a field k of characteristic O and
cohomological dimension < 1. Then X (k) # &.

Proof. By [Pro 2013b, pp. 426-427], there exists a quadratic extension k’ of k such that X is a blowing-up
of a smooth quadric Q' C P4, along a twisted quartic curve I'. Let 7 : X — I]j’i, be the induced morphism.
We identify P4, with a hyperplane L; of [P’,f, suchthat LiNS=T.Let 0| C [P’g, be the unique quadric
containing S such that Q1N L = Q. Then X embeds into Y} as the strict transform of Q1N L under f,
and w = f|x,,. By Lemma 7.9, the action of Gal(k’/k) on Xy is induced by an action of Gal(k'/k)
on Y. Let o be a generator of Gal(k’/k). Then f(a(f_1 (Ll))) = Q.

By construction, v—!(I") is a smooth conic, so I'(k’) is nonempty and hence dense in I" by Remark 7.1.
Then the set of hyperplanes of ), that intersect I (k) is dense in IP(H O(PZ,, Opz/ (1))). So we can choose
a general hyperplane L, C P>, that intersects ' (k") such that 0= f(a(f —I(Ly))isa general member
of .7, and hence Q| N Q> is smooth outside the base locus S of . by Bertini [Kleiman 1998, Theorem
(4.1)] and smooth at all k’-points in L; NS by Lemma 7.12.

Let x € L, N T (k). Let Z be the strict transform of Q1 N Q; under f. Then the morphism f|z :
Z — Q1N @y, which is the blowing-up of Q1N Q5 at §, is an isomorphism around x because § is a
smooth divisor in Q1 N Q> and x is a smooth point of Q) N Q,. We observe that f(c(Z)) = LN Ls.
Let L3, L4, L5 C [P’,f/ be hyperplanes such that L; "L, N L3N Ly N Ls = {x}. Then

5
f7'@=zno@n((f'@wone(f~ L))

i=3
consists of a Gal(k’/ k)-invariant point of Xj. U

7D2. Singular case.

Proposition 7.14. Let X be a variety [Pro 2013b, Theorem 6.6(iii)] defined over a field k of characteristic O
with Br(k) = 0. Then X has a k-rational point.

Proof. By [Pro 2013b, p. 432], there exists a quadratic extension k’ of k, contained in an algebraic
closure k of k, such that X is a blowing-up of a quadric cone Q' C P4, with center a curve I" such that I"
does not contain the vertex v of Q" and I'; is the union of two conics ' and I'® that intersect each



On rationally connected varieties over C; fields of characteristic 0 1837

other transversally. Let o be the generator of Gal(k’/ k), and let oy be the induced o -linear automorphism
of Xy. By [Pro 2013b, p. 432], X contains at least two singular points. Since f(Sing(Xz)) \T = {v}, the
k’-point y := f(ox(fl_l(v))) belongs to Sing(I") = rDNr®, Let ¢ be the strict transform of the line
between v and y. Since £ = [P’}c,, it suffices to show that £ is invariant under oy, because in that case ¢
contains a ox-invariant k’-point, as Br(k) = 0.

Let 7 : Xy — P% be the morphism induced by the blowing-up. Let H' be the pullback of a hyperplane
of [P’i, under 7. Let E' be the exceptional divisor of the blowing-up. Then oy (H') =2H’ — E' in Pic(Xy)
by [Pro 2013b, (5.2.1), Theorem 6.1, and p. 432]. Let S be the linear system of quadrics in P%, that
contain I'. Since 7 is defined by the complete linear system |H'|, |2H' — E’| is the linear system of strict
transforms of elements of S|¢y/. Thus dimS — 1 =dim S|y =dim [2H' — E’| =dim H' =5 as k’-vector
spaces.

Let P, C IP’% be the plane spanned by '@ for i € {1, 2}. We claim that P; N\ P, = {y}. Clearly P; N\ P,
contains y because it contains the intersection rONr@. 1f Py = Py, then dim S > 9 as k’-vector space,
which is a contradiction. If P; N P, has dimension 1, the linear system S’ of quadrics containing P; U P,
has dimension 6, and hence S = &’. So the base locus of S contains (P; U P;) \. T, contradicting the fact
that ox(|H'|) = |2H' — E’| is basepoint-free.

Now we show that X is a degeneration of a Fano threefold as in Proposition 7.13. Let k”/k’ be a
quadratic extension such that 'V and I'® are defined on k”. Let u € k” such that k” = k’(u) and u” € k'.

Without loss of generality, we can choose coordinates zg, ..., Z4 on Pi, such that
M _ _ _ 2 2 _ _ _ 2
' =A{zzs—uzp =721 —uzg = z022—z5} and TI'" ={z3+uz; =271 +uzs=2z022 — 24}

Let w: PQ, - IP’,S(, be the embedding given by (zo:---:z4) — (20: u?z>:22:23 1 z4 : z1). Then the image
of w is the hyperplane L = {y; —u’y, =0}. Also w(I') = LN S, and v~' (L N S) is the degenerate conic
{xl2 — uzxg =0} C [P’i,. Since dim S = 6 = dim .7 as k’-vector spaces and .#’|;, = S, there exists a unique
quadric Q in . such that Q N L = w(Q’). Then X embeds into Y} as the strict transform of Q N L
under f,and 7 = f|x,,.

By Lemma 7.9, there is M € GL(3, k) such that the o-linear Cremona transformation o o ¢(M) o A
defines a o-linear involution of Y that restricts to ox on X;. The quadric Q is the image of L under
o o@p(M) o A and has equation ¢ = (0, 1, —0)?,0,0,0)-9(M)- (Ao, ..., As). Let

U:=(Q0NL)~7(E'Uox(E")).
Computations show that 7 () N7 (E' Uox(E")) = {y, v}, and (c op(M) o A)(()NU) = ()N U.
Thus, £ is invariant under oy. |
8. Terminal Fano varieties of large index

Proof of Theorem 1.7. We denote by k an algebraic closure of k. We recall that (X) < n + 1 by a result
of Shokurov (see [Iskovskikh and Prokhorov 1999, Corollary 2.1.13]).
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Gorenstein terminal Fano varieties of index »(X) > n are classified in [Fujita 1982, Theorem 0] (see
also [Iskovskikh and Prokhorov 1999, Theorem 3.1.14]). If 7 (X) =n+1, then Xz = IP%, and hence X =P}
by Remark 7.1. If #(X) = n, then the linear system |—(1/n)Kx| embeds X as a quadric hypersurface
in [P’ZH. Hence X (k) # & by definition of C; field.

Gorenstein terminal Fano varieties of index r(X) = n — 1 are del Pezzo varieties (see [Iskovskikh
and Prokhorov 1999, Remarks 3.2.2]). Let X be a del Pezzo k-variety of dimension n. We prove
that X (k) # & by induction on n. If n = 2, then X is a smooth rational surface, and therefore X (k) # @
by [Colliot-Thélene 1987, Proposition 2]. Assume that n > 2. By [Iskovskikh and Prokhorov 1999,
Proposition 3.2.3], the general element of the linear system —(1/(n — 1)) Kx is a del Pezzo k-variety of
dimension n — 1, so it has a k-rational point by the inductive hypothesis. Thus X (k) # @.

Non-Gorenstein terminal Fano varieties of index r(X) > n — 2 are classified in [Sano 1996] and have a
rational point by Proposition 7.2 and [Kollar 1996, Theorem IV.6.7]. ([l

9. Terminal Fano threefolds
9A. Gorenstein case. We prove Theorem 1.8.

Proof of Theorem 1.8. We recall that the index r(X) of a Gorenstein terminal Fano variety X is a positive
integer. Terminal Fano threefolds of index > 2 are covered by Theorem 1.7. Hence, we need to consider
only the cases of index 1.

(D-factorial Gorenstein terminal Fano threefolds of Picard rank 1 and geometric Picard rank > 1 are
classified in [Pro 2013b, Theorem 1.2, §2, Theorem 6.6] (see Section 5B).

The varieties [Pro 2013b, (1.2.4), (1.2.7)] have index 2 by [Iskovskikh and Prokhorov 1999, Remarks
(vi), p. 217].

The varieties [Pro 2013b, Case 1.2.1 a), p. 421 and (1.2.2), (1.2.8)] are k-models of complete intersec-
tions of divisors in products of projective spaces that have a k-rational point by [Pieropan 2021, Theorem
1.1] and Proposition 7.6 (see also [Pro 2013b, Remark 2.1]).

The variety [Pro 2013b, Case 1.2.1 b), p. 421] is a double cover 7 : X — V of a variety V that belongs
to [Pro 2013b, (1.2.4)] with branch locus a member of |~ Ky |. The morphism 7 : X — [P’/% X [P’l% is defined
over k (see [Pro 2013b, proof of Theorem 6.6(ii)]) and the Gal(k/k)-action on V7 is induced by the one
on I]3’2 X |]3’2 We observe that V' is smooth by [Pro 2013b, Theorem 6.6 (i)] and Pic(V;) = Plc([l3>2 X |]3’2)
by [Hartshorne 1970, Corollary IV.3.3]. Then rk Plc([P>2 X IPZ)Ga](k/ b =k Pic(V) = 1. The variety Vzisa
hypersurface of bidegree (1, 1) in I]le X Pz Moreover, —K v = (2,2) in Pic(Vy). Hence, the branch locus
of 7 is defined by the restriction to V of a hypersurface of degree (2, 2) in [P’% X IP’]%. Then X (k) # @ by
Proposition 7.7.

The varieties [Pro 2013b, (1.2.3)] each have a k-rational point by Propositions 7.13 and 7.14.

The variety [Pro 2013b, (1.2.5)] is a k-model X of a double cover of |]3’1 X [P’l X Pl with branch
locus a member of |-K Plxﬂ:plxpll (which is a divisor of tridegree (2,2, 2)). By [Pro 2013b Lemma
4.4], the composition w1th the ﬁrst projection f1 : Xz — [P’1 is a del Pezzo bundle with general fiber Fj.
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Let {F), F», F3} be the Gal(k/k)-orbit of F; in Pic(Xz). Then there are two other del Pezzo bundles
f1 and f conjugate to fi. Then the product f = f1 x fo x f3: Xz — IP’]% X IP’]% X [P’% is a finite map, and
it is defined over k. Thus X is a double cover of a k-model ¥ of IP% X [P)}; X [P’Il;. Since rk Pic(X) = 1, also
rk Pic(Y) =1 and hence Pic(Y) is the subgroup of Pic([lj’% X [F"]l; X [P’l%) generated by (1, 1, 1). Then X has
a k-point by Proposition 7.7.

The variety [Pro 2013b, (1.2.6)] is a k-model X of an intersection of divisors of tridegrees (0, 1, 1),
(1,0, 1), (1,1,0) in IPI% X [P’% X IPI%. Let 71, 715, 713 IPI% X [P’% X IPI% — IPI% X P% be the three projec-
tions. The Gal(k/ k)—act}on on [P’,% X [P’/% X [P’l% is by permutation of the factors by Lemma 7.3, and
rk Pic(l]j’l% x P2 x P%)Gal(k/k) = 1. So, for every i, j € {1, 2,3}, there exists g; ; € Gal(k/k) such that
wj=mog; j. Thenm;(X)=mog; ;(X)=m;(X)foralli, j€{l,2,3}. By [Pro2013b, Case 1.2.6, p. 422],
m(Xp) C [P’]% X [P’]% is a hypersurface of degree (1, 1). So X; = 711_1 (m1 (X)) ﬂnz_] (1 (X)) ﬂn;l (1 (X)).
Since nj_l(m (X)) = gl.fjl (nl._l(m(X)) for every i, j € {1, 2,3}, X is a complete intersections of hy-
persurfaces Hy, Hy, H3 in [P’l% X IP’]% X [P’%, of degrees (0, 1, 1), (1,0, 1), (1, 1, 0) respectively, such that
{H\, Hp, H3} is a Gal(k/k)-invariant set under the action of Gal(k/k) over Xz. Hence, X (k) # & by
Proposition 7.6.

Indecomposable Gorenstein terminal Fano threefolds of index 1 and geometric Picard rank 1 are
classified in [Mukai 1995b, Theorems 1.10, 6.5] (see Sections SA4 and 5A5). Let X be an indecomposable
Gorenstein terminal Fano threefold of index 1 and geometric Picard rank 1. We use the notation introduced
in Section 5A4.

If g =2, then X € P(1, 1,1, 1, 3) is a hypersurface of degree 6. Thus X (k) # @ by [Kollar 1996,
Theorem IV.6.7].

If g =3 and X is a quartic hypersurface in [P}, then X has a k-rational point by definition of C; field.
If g =3 and X is a double cover of a quadric hypersurface Q in P¢, then it is ramified along the restriction
to Q of a hypersurface of degree 4 (see [Prokhorov 2004, (4.3.2)]). Therefore X € P(1,1,1,1,1,2)
is a complete intersection of two hypersurfaces of degrees 2 and 4, and X (k) # & by [Kollar 1996,
Theorem IV.6.7].

If g € {4, 5}, the variety X has a k-rational point by [Lang 1952, Theorem 4].

If g =12 and X is singular, then its singular locus consists of a k-point by [Prokhorov 2016, Theorem
1.3]. If g =12 and X is smooth, then the Fano variety of conics of X is isomorphic to I]J’,% by [Kuznetsov
et al. 2018, Proposition B.4.1] and Remark 7.1. Hence, X contains smooth conics defined over &k, which
have k-points, again by Remark 7.1. ]

As recalled in Section SAS, decomposable terminal Gorenstein Fano threefolds of index 1 and geometric
Picard rank 1 are not completely classified. However, the cases with g € {2, 3, 4, 5} are completely
classified in [Mukai 1995b, Theorem 6.5]. Moreover, if g = 12, the only decomposable cases we are
interested in are classified in [Prokhorov 2016, Theorem 1.3]. These cases are covered by Theorem 1.8.

9B. Non-Gorenstein case. We start by considering non-Gorenstein terminal Fano threefolds of index 1
with only cyclic quotient singularities, which are classified in [Sano 1995].
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Theorem 9.1. Let X be a non-Gorenstein terminal Fano threefold of index 1 with only cyclic quotient
singularities over a C| field k of characteristic 0 that admits normic forms of arbitrary degree. Then
X (k) # @.

Proof. Let k be an algebraic closure of k. By Lemma 5.2, the double covering in [Sano 1995, Theorem 1.1]
is defined over k; we denote it by ¥ — X. Moreover, Y is a smooth Fano threefold, and there are 14
possible cases for Y.

In the cases [Sano 1995, Theorem 1.1, nos. 8, 12, 14], the variety Y has index 2, and then Y (k) #= @
by Theorem 1.7. In the remaining cases the variety Y has index 1. If Y has Picard rank 1 over k, then
Y (k) # @ by Theorem 1.8. Therefore we can assume that ¥ has Picard rank > 2 over k.

In the case [Sano 1995, Theorem 1.1, nos. 3, 7] (see also [Iskovskikh and Prokhorov 1999, §12.3,
nos. 3, 10]), the variety Y is a blowup of a smooth Fano threefold of index 2 that has a k-point by
Theorem 1.7. Then Y (k) # & by [Nishimura 1955].

In the cases [Sano 1995, Theorem 1.1, nos. 4, 10, 13], by studying the automorphisms of Yz as in
[Bayle 1994, §§6.5.1, 6.6.1, 6.6.2], we conclude that Y is isomorphic to C x; S;, where C is a smooth
conic and S, is a smooth del Pezzo surface of degree d € {2, 4, 6}. Since C (k) # & by Remark 7.1 and
Sq(k) # & by [Colliot-Thélene 1987, Proposition 2], we conclude that Y (k) # @.

In the case [Sano 1995, Theorem 1.1, no. 5] (see also [Iskovskikh and Prokhorov 1999, §12.4, no. 1]),
the variety Y is a double covering of a k-form Z of [P’,i X [P’,l X [F",l ramified along a divisor of tridegree
(2,2,2). Since rk Pic(Yz) = 3, we deduce that rk Pic(Z) =rkPic(Y) > 2. By Lemma 7.3, this can only
happen if Z is a product of a smooth conic C with a k-form of [P’}{ X [P’}(. By [Pro 2013b, Lemma 4.4], the
composition with the projection Z — C is a del Pezzo bundle structure on Y. By Remark 7.1, C(k) is
nonempty, and hence Zariski dense in C. Thus Y contains a smooth del Pezzo surface defined over k that
has a k-point by [Colliot-Thélene 1987, Proposition 2].

In the case [Sano 1995, Theorem 1.1, no. 6], since rk Pic(Y) = 2, the two extremal contractions from
[Iskovskikh and Prokhorov 1999, Case (C1,C1), p. 140] are defined over k. Hence there is a dominant
morphism Y — [P’i whose general fiber is a smooth conic, and hence contains k-points by Remark 7.1.

In the case [Sano 1995, Theorem 1.1, no. 9], Y is a k-model of a complete intersection of three divisors
of tridegree (1, 1) in [P’% X [P’]%, so Y is a complete intersection of three divisors of bidegree (1, 1) in a
k-form of P; x P} by [Pieropan 2021, Theorem 1.1] and Y (k) # & by Proposition 7.6.

In the case [Sano 1995, Theorem 1.1, no. 11], Y is a k-model of a divisor of multidegree (1, 1, 1, 1)
in Pl x PLx Pl x PL so Y (k) # @ by Proposition 7.6. O

The [Graded Ring Database] contains the list of possible baskets [Brown and Suzuki 2007, §2] of
non-Gorenstein singularities for geometrically Q-factorial non-Gorenstein terminal Fano threefolds of
geometric Picard rank 1 over an algebraically closed field of characteristic 0. Such varieties X are studied
in [Brown and Suzuki 2007] using the Fano index f(X) defined in the introduction. The Fano index f(X)
divides ¢ (X) and they coincide if there is no torsion in the Weil divisor class group (see Prokhorov [2007,
Corollary 2.3; 2010, Lemma 3.2]). In particular, f(X) € {1,...,9,11, 13,17, 19} by [Suzuki 2004].
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Remark 9.2. The basket of singularities of a terminal Fano variety was introduced in [Reid 1987, (8.2),
(10.2)]. It is a collection of quotient singularity germs. To each non-Gorenstein singular point of the variety
there is an associated collection of quotient singularity germs. The disjoint union of such collections forms
the basket of the variety. The collection of quotient singularity germs associated to a singular point is
invariant under the automorphisms of the variety. Therefore, if a given quotient singularity germ appears
only once in a basket (we say it has multiplicity one in the basket), then the corresponding singular point
is a fixed point for all the automorphisms of the variety.

Theorem 9.3. Let k be a field of characteristic O and k an algebraic closure. Let X be a non-Gorenstein
terminal Fano threefold over k such that X is Q-factorial and rk Pic(Xg) = 1.

(1) If f(Xp) = 6, then X (k) # &.
(2) If f(Xp) =5 and k is Cy and admits normic forms of arbitrary degree, then X (k) # .

Proof. By inspection in the [Graded Ring Database, Fano 3-folds], if f(Xz) > 6, each possible basket
of singularities for X contains a quotient singularity germ that appears with multiplicity one. Hence,
the corresponding singular point on X (k) is invariant under the action of Gal(k/k), by Remark 9.2. If
f(Xp) =3, the same argument works for all possible baskets of singularities except one [Graded Ring
Database, Fano 3-folds, ID 41439], which is realized by a hypersurface of degree 6 in P(1, 2, 2, 3, 3),
and hence has a k-point by [Kolldr 1996, Theorem IV.6.7]. ]

The [Graded Ring Database] contains 1,847 cases with Fano index f € {2, 3, 4} and 52,646 cases
with Fano index f = 1. The arguments used in Theorem 9.3 work for all except 9 cases if f =4, for
all except 13 cases if f = 3, for all except 109 cases if f =2, and for at least 1,581 cases if f =1 (the
basket has cardinality 1 in 1,415 cases, and the variety is a Fano complete intersection of codimension at
most 2 in a weighted projective space in 166 further cases).
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