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We propose a general notion of model for two-dimensional type theory, in the form of comprehension bicategories. Examples
of comprehension bicategories are plentiful; they include interpretations of directed type theory previously studied in the
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From comprehension bicategories, we extract a core syntax, that is, judgment forms and structural inference rules, for a
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1 INTRODUCTION

In recent years, efforts have been made to develop directed type theory. Roughly, directed type theory should
correspond to Martin-Lof type theory (MLTT) as oo-categories correspond to co-groupoids. Besides theoretical
interest in directed type theory, it is hoped that such a type theory can serve as a framework for synthetic
directed homotopy theory and synthetic co-category theory. Applications of those, in turn, include reasoning
about concurrent processes [15].

Several proposals for syntax for directed type theory have been given (reviewed in Section 2), but are ad-
hoc and are not always semantically justified. The semantic aspects of directed type theory are particularly
underdeveloped; a general notion of model of a directed type theory is still lacking.

In this work, we approach the development of directed type theory from the semantic side. We introduce
comprehension bicategories as a suitable mathematical structure for higher-dimensional (directed) type theory.
Comprehension bicategories capture several different specific mathematical structures that have previously been
used to interpret higher-dimensional or directed type theory.

From comprehension bicategories, we extract the core syntax—judgment forms and structural inference rules—
of a two-dimensional dependent type theory that can accommodate directed type theory. We also give a sound-
ness proof of our structural rules. In separate work, we will equip our syntax and semantics with variances and
type and term formers for directed type theory.

To motivate our approach, we analyze in Section 1.1 how higher-groupoidal structure arises in MLTT through
an interplay of judgmental equality and typal identity. Our analysis thus leads to the desiderata listed in Sec-
tion 1.2. In Section 1.3 we discuss the foundations we work in, and aspects of the computer formalization of
some of our results.

1.1 Judgmental and Typal Higher Dimensions

When discussing two- or higher-dimensional type theory, we need to understand how these dimensions are
generated.

The judgment forms of traditional MLTT specify types, contexts, terms, and judgmental equality (conversion)
between types and terms. There is, prima facie, nothing higher-dimensional about these judgments, and an
interpretation of types as sets and terms as elements of sets seems perfectly adequate. In this sense, Martin-
Lof type theory is 1-dimensional. However, MLTT is often said to be co-dimensional. The higher dimensions
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are generated by the identity type, which internalizes the judgmental equality; specifically, the well-known
reflexivity rule generates a typal identity from a judgmental equality. Since the identity type can be iterated,
judgmental equality then also becomes available for terms of the identity type itself. This mutual interaction
between judgmental equality and typal identity provides the infrastructure to “lift” judgmental equality to higher
dimensions without extending the judgmental structure of MLTT. The tower of types (A, Id4, Idj4,, . . .) then can
be given the structure of an co-groupoid, as shown by [9, 31].

When developing a directed type theory, with models in co-categories, analogous ingredients are required:
I1: A judgment of (directed) reductions between types and terms, analogous to judgmental equality;

12: A type former for homomorphisms between terms, analogous to identity types.
I3: A notion of model in which to interpret the judgments and type formers.

Previous work on higher-dimensional and directed type theory has focused on either syntax (I1/I2) or se-
mantics (I3), but not on both. Licata and Harper [28, 29] and Nuyts [33] devise judgmental structure for higher-
dimensional and directed type theory. North [32] devises a type former for directed homomorphisms between
terms, on top of the judgmental structure of MLTT. None of them proposes an adequate general definition of
model of directed type theory. Garner [19] defines a notion of higher-dimensional model, but considers only
undirected type theory.

In the present work, we propose a judgmental framework (I1), and a suitable general notion of semantics (I3),
for higher-dimensional and directed type theory. In a separate work we will expand this core by a system of
variances suitable for accommodating a type former akin to North’s hom-types (I12), to build a fully functional
higher-dimensional type theory.

1.2 Syntax and Semantics, Semantics and Syntax

Most previous work on directed type theory privileged the development of syntactic aspects over the semantic
ones. We choose to approach the challenge from the other direction: we start by devising a suitable categorical
structure for directed type theory, and extract from it a syntax. When developing syntax and semantics, we
applied the following “quality criteria”:
Q1: The obtained syntax should express contexts, types, terms, and reductions between terms.
Q2: The semantics considered by Garner [19], Licata and Harper [28, 29], and North [32] should be instances
of our semantics (modulo variances and type constructors that are not considered here).

The semantics we propose are described in Section 5, and the extracted syntax is described in Section 8. Both
our syntax and semantics are quite general; for instance, our reductions are proof-relevant—like those in [28, 29],
and unlike judgmental equality in MLTT, which is proof-irrelevant. Syntax and semantics could reasonably be
simplified or specialized. Crucially, our work provides a framework to modify syntax and semantics in lockstep,
with a clear mechanism to analyze changes to the syntax on the semantic side and vice versa. We suggest some
possible changes in Section 10.

Following this analysis and workplan, we derive the following goals for our work:
D1: a system of inference rules for dependent types with directed reductions between terms;
D2: a definition of mathematical structures suitable for the mathematical modelling of the syntactic rules;
D3: an interpretation of the inference rules in such a mathematical structure;
D4: a syntax for type and term formers on top of D1;
D5: a semantic structure for the interpretation of type and term formers.
In the present work, we achieve desiderata D1, D2, and D3. The study of variances and type and term constructors
will be reported on elsewhere.
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1.3 Foundations and Formalization in UniMath

The main results presented here are agnostic to foundations; they can be formalized in both set theory and type
theory.

However, some of the notions we employ can economically be formulated using dependent types. In particular,
we work with (Grothendieck) fibrations of (bi)categories, whose formulation in set theory usually relies on
postulating equality of objects. Using dependent types, a formulation of such concepts can be given that avoids
any reasoning about equality of objects; instead, these concepts are formulated in terms of fibers. For this reason,
we use type-theoretic language throughout the paper; see also, e. g, Remark 4.5. More precisely, we work in
univalent foundations; in particular, we formulate results and examples in terms of univalent (bi)categories
[2, 3]. These are equivalent to set-theoretic (bi)categories via Voevodsky’s model in Kan complexes [26].

We carefully distinguish data and property; specifically, we postulate elements to be explicitly given as data
rather than to merely exist. We do not rely on any choice axioms or on excluded middle.

The semantic results of this work are checked in Coq [45], based on the UniMath [46] library of univalent
mathematics. Our code has been integrated into UniMath. To document our formalization, we refer to UniMath
commit 840ac16. Many definitions are accompanied by a link (e. g., bicat) to the corresponding definition in an
HTML version of that commit. The code written specifically for this work comprises approximately 33,600 lines
of code; specifically, the cogwc tool counts

spec proof comments
13143 20553 449 total

We build upon an existing library of (bi)category theory [2, 3], and use heavily the displayed machinery,
developed for (1-)categories in [4] and extended to bicategories in [2]. In particular, the notions of Grothendieck
fibration we are using (in the 1-categorical case) and developing (in the bicategorical case) are based on displayed
(bi)categories; we can thus discuss these notions without postulating equality of objects.

1.4 Synopsis

In Section 2 we review related work. In Section 3 we review (displayed) bicategories and functors. In Section 4
we define cloven global and local (op/iso)fibrations of bicategories, and we use these notions to define compre-
hension bicategories. In Section 5 we discuss some examples of comprehension bicategories. In Section 6 we
discuss Street (op)fibrations internal to bicategories, which form our main examples of comprehension bicate-
gories. In Section 7 we define display map bicategories, and we show how any display map bicategory gives
rise to a comprehension bicategory. In Section 8 we present structural type-theoretic rules for the syntax of a
two-dimensional type theory, which we call BTT. In Section 9 we give an interpretation of BTT in any com-
prehension bicategory. In Section 10 we discuss variations of BTT and the semantic structures these variations
correspond to.

1.5 Version History

A shorter version of this paper was published in the proceedings of Logic in Computer Science [5]. Compared
to that shorter version, the following material has been added in the present version:

e We provide more instantiations of Example 7.9. In particular, we show that several bicategories of struc-
tured categories have pullbacks (Example 3.18).

e In particular, we give more detail on the specific comprehension bicategory in which Licata and Harper’s
interpretation [28] of their directed type theory takes place. We also present a formalization of that exam-
ple.

e We introduce display map bicategories and show that any display map bicategory gives rise to a compre-
hension bicategory.
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e We present the type theory BTT in more detail, and specify more of its type-theoretic rules.
e We give more detail in the interpretation of the rules of BTT in any comprehension bicategory.

2 RELATED WORK

In this section, we review work with a similar goal to ours, as well as work we rely on. We pay particular attention
to the desiderata outlined in Section 1.2 and to the difference between judgmental and typal dimensions.

2.1 Non-dependent type theories

For the sake of completeness, we include in this section pointers to work on simple type theories with reductions.
The following works satisfy a non-dependent variant of D1, together with suitable adaptations of D2 and D3.
However, due to the absence of type dependency, they are difficult to compare to our work.

Seely’s paper [36] presents a syntax for a two-dimensional simply-typed lambda calculus, consisting of types,
terms, and reductions between terms. They then construct a 2-category out of that syntax. Tabareau [43] frames
aspect-oriented programming in a 2-categorical way, developing a lambda calculus that provides an internal
language for 2-categories. Hirschowitz [23] constructs a 2-adjunction between 2-signatures for lambda calculi
(where such signatures specify types, terms, and reductions) and the category of Cartesian closed 2-categories.
Fiore and Saville [18] construct an internal language for cartesian closed bicategories; the result is a class
(parametrized by a notion of signature for constants) of simple 2-dimensional type theories or lambda calculi.
This last work shares one aspect with ours that the others do not: it uses (weak) bicategorical structure, rather
than (strict) 2-categorical structure.

2.2 Theories for Higher Categories

There is a body of work on designing type theories for w-groupoids and w-categories. In these type theories, one
works, semantically speaking, within one fixed co-groupoid (or w-category). Compare this to, e. g., , Martin-Lof
type theory, where one manipulates co-groupoids (types and identity types) and oco-functors (functions) between
them. Analogously, in our type theory, each type can be thought of as a category. Despite these different goals,
we mention some of the work in this area.

Brunerie [10] constructs a type theory whose models are weak oco-groupoids. Benjamin et al. [8] (see also
[16]) design a type theory whose models are precisely w-categories a la Grothendieck—Maltsiniotis. In [17], the
authors study meta-theoretic properties of a language for strictly unital co-categories. There are also computer
tools implementing such type theories, see, e. g., [6, 34].

2.3 Theories with Dependent Types

In this section we review work on higher-dimensional and directed type theory with dependent types. We start
with a review of work on undirected type theory.

2.3.1 Undirected Type Theory. The idea of considering higher-dimensional interpretations of type theory was
born with Hofmann and Streicher’s groupoid interpretation of Martin-Lo6f type theory [24]. This interpretation
was generalized to stacks (poset-indexed groupoids satisfying a sheaf condition) in order to prove the indepen-
dence of several logical principles by Coquand, Mannaa, and Ruch [13]. It was furthermore generalized, from
different angles, to higher dimensions, see, e.g., [9, 26, 31]. Common to all of this work is the restriction to
(higher) groupoids.

In [29], Licata and Harper developed a two-dimensional dependent type theory with a judgment for equiv-
alencesT + a : M ~4 N between terms M, N : A. These equivalences are postulated to have (strict) inverses.
The authors give an interpretation of types as groupoids: terms are (interpreted as) objects in the interpreting
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groupoid, and equivalences are morphisms, necessarily invertible. No general notion of semantic structure is
discussed; this work hence satisfies an undirected version of D1, but not D2.

Coraglia and Di Liberti [14] introduce judgemental theories and calculi for them as a general framework to
present and study deductive systems. They instantiate their framework to obtain a type theory that describes
an internal language of 2-toposes (see [14, Section 5.3]); however, they only consider a one-dimensional type
theory a la Martin-L6f, and thus their work does not satisfy D1.

Garner [19] studies a typal two-dimensional type theory a la Martin-L6f: the forms of judgment are the same
as in Martin-Lof type theory. Garner calls a type X “discrete” if it satisfies identity reflection (that is, if any
identity p : x = y between elements x,y : X induces a judgmental equality x = y. They then add rules that
turn any identity type into a discrete type, effectively “truncating” intensional Martin-L6f type theory at 1-types
(even though in principle, the identity type can of course be iterated any number of times). Garner defines a
notion of two-dimensional model based on (strict) comprehension 2-categories. Exploiting the restriction to 1-
truncated types, they then give a sound and complete interpretation of their two-dimensional type theory in
any model. Identity types are automatically “symmetric”, i.e., any identity admits an inverse; correspondingly,
Garner defines their comprehension 2-categories to consist of locally groupoidal 2-categories. Thus, Garner’s
work satisfies D1 for undirected reductions, using the identity type for this purpose. Garner also considers type
constructors such as dependent pair types and dependent product types, thus satisfying D4 and D5 in this case.!

2.3.2 Directed Type Theory. Licata and Harper [28] (see also [27, Chapter 7]) also designed a directed two-
dimensional type theory and gave an interpretation for it in the strict 2-category of categories. Their syntax
has a judgment for substitutions between contexts, written I' + 0 : A, and transformations between parallel sub-
stitutions. An important aspect of their work is variance of contexts/types, built into the judgments. The type
formers there have a certain variance—covariance or contravariance—in each of the arguments. They do not
define a general notion of model for their theory; this work hence satisfies D1, but not D2.

Nuyts [33, Section 1.3.1] observes that the type theory developed by Licata and Harper [28] does not allow for
a non-trivial Martin-Lof identity type—any such type would coincide with the directed transformations. Nuyts
thus attempts to generalize the treatment of variance by Licata and Harper, and designs a directed type theory
with additional variances, such as isovariance and invariance. Nuyts does not provide any interpretation of their
syntax, and thus no proof of (relative) consistency; the work hence does not satisfy D2.

North [32] develops a type former for directed types of morphisms, resulting in a typal higher-dimensional
directed type theory based on the judgments of MLTT. North’s work thus does not satisfy D1. The model given
by North is in the 2-category of categories, similar to Licata and Harper’s [28].

Shulman, in unfinished work [39], aims to develop 2-categorical logic, including a two-dimensional notion of
topos and a suitable internal language for such toposes. Specifically, Shulman sketches two internal languages
for 2-toposes. The first language [38] is undirected, consisting only of types and terms. The second language [37]
is only described in a short sketch; it is a kind of directed type theory featuring, in particular, variances. Our work
is similar to Shulman’s in the sense that both start from a (bi)categorical notion and extract a language from it,
with the goal of developing a precise correspondence between extensions of the syntax and additional structure
on the semantics. Unfortunately, Shulman’s work is far from finished, which makes a more complete evaluation
difficult. However, it contains several ideas that have influenced the present work. For instance, Shulman [40]
emphasizes the usefulness of restricting to (op)fibrations instead of considering all 1-cells when constructing
bicategories of arrows—we do this in our main examples of comprehension bicategory, Examples 5.4 and 7.9.

Riehl and Shulman [35] design a simplicial type theory (STT) featuring a directed interval type, as a synthetic
theory of (oo, 1)-categories. As a notion of model, they introduce “comprehension categories with shapes” [35,

!Garner also relies on Hermida’s [22] slightly incomplete definition of fibration of 2-categories; see Buckley’s work [12, Remark 2.1.9] for
details). We have not checked if Garner’s work extends to Buckley’s corrected definition of 2-fibration.
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Def. A.5]. These are (1-categorical) towers of fibrations accounting for several layers of contexts. Further work
on STT was done, among others, by [47] and [11]. STT is not higher-dimensional in the sense of [28] or the
present work; in particular, reductions, both in the tope layer and in the type layer, are symmetric. This work
thus does not satisfy D1.

Summary. In the present work, we define a bicategorical notion of “model” for the interpretation of types,
terms, and reductions, and derive from it a system of inference rules and an interpretation of those rules in any
model; our work thus satisies D1, D2, and D3. We do not handle D4 and D5 in this work.

Among the described related work, our work is closest to work by Licata and Harper [28] and Garner [19].
Compared to [28], we add a general definition of “model” of a directed two-dimensional type theory, and provide
many examples of models. Compared to [19], we cover directed reductions, and provide many instances of our
general definition of model. Compared to both works, we do not handle type and term formers.

3 PRELIMINARIES

Here, we sketch some definitions used later on. Many would be very long if given in full; instead, we try to
convey some intuition and give pointers to the precise definitions. As a reference for bicategory theory, see
Bénabou’s article [7]. We use here the vocabulary and notation introduced in [2].

Definition 3.1 (bicat). A bicategory consists of a type By of 0-cells (or objects), a type a — b of 1-cells from a
tob for every a,b : By, and a set f = g of 2-cells from f to g for every a,b : Bg and f, g : a — b. We have identity
idi(a) : @ — a and composition of 1-cells f - g : a — ¢ (also written fg), which we write in diagrammatical
order. These operations do not satisfy the axioms for a 1-category. Instead, we have, for instance, the left unitors,
that is, invertible 2-cells ¢ : idi(a) - f = f for any 1-cell f, and similarly right unitors r¢ : f - id;(b) = f.
Analogously, we have the associators, a family of invertible 2-cells a(f,g,h) : f - (g-h) — (f - g) - h. For 2-cells
0:f=gandr:g = h(where f,g,h:a— bforsome a,b: By), we have a vertical composition e 7 : f = h.
For any 1-cell f : a — b, we have an identity 2-cell id2(f) : f = f, which is neutral with respect to vertical
composition: id,(f) e 8 = 0. For any two objects a and b, the 1-cells from a to b, and 2-cells between them, form
the objects and morphisms of the hom-category B(a, b), with composition given by vertical composition of B.

We also have left and right whiskering; givena 2-cell0 : f = g: b — cand a 1-cell e : a — b, we have the left
whiskering e < 0 : e- f = e - g, and, similarly, the right whiskering 6 > h: f-h = g-hfor h: ¢ — d. We do not
list the axioms that these operations satisfy; the interested reader can consult, e. g., [1, Def. 2.1].

We occasionally write 1, for id; (a) and 1 for id,(f).

We denote by Cat the bicategory of categories, and by Grpd the bicategory of groupoids. The bicategory BP
has the same objects as B, but 1-cells from x to y in B°? are 1-cells f : y — x in B. The 2-cells in B°? are 2-cells in
B. The bicategory B has the same objects and 1-cells as B, but 2-cells from f to g in B are the same as 2-cells
from g to f in B.

Definition 3.2 (psfunctor). Given two bicategories B and B’, a pseudofunctor F : B — B’ is given by maps
Fy:By— By, Fi: (a — b) = (Fa — Fob),2 and p, : (f = g) — (Fif = Fig), preserving structure on 1-cells
up to invertible 2-cells in B’ (specified as part of the functor F) and preserving structure on 2-cells up to equality.

We build complicated bicategories from simpler ones by adding structure at all dimensions. The additional
structure should come with its own composition and identity, which should lie suitably over composition and
identity of the original bicategory. This idea is formalized in the notion of displayed bicategory—a layer of data
over a base bicategory—and the resulting total bicategory—the bicategory of pairs (b, b) of a cell b in the base and

ZNote that — is used for both 1-cells and function types.
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a cell b “over” b. We also obtain a pseudofunctor from the total bicategory into the base, given at all dimensions
by the first projection.

Definition 3.3 ([1, Def. 4.1], disp_bicat). Let B be a bicategory. A displayed bicategory D over B consists of
(1) for any b : By, a type D, of objects over b;

(2) forany f:a — bandx: D, and y : D;,,atypexL y of 1-cells over f;
- -0
(3) forany@:fﬂgandf:xgyandg_]:xi y, a set f = g of 2-cells over 0;

together with suitably typed composition (over composition in B) and identity (over identity in B) for both 1-
and 2-cells. These operations are subject to “axioms over axioms in B”.

Definition 3.4 ([1, Def. 4.2], total_bicat). Given a displayed bicategory D over B, we define the total bicategory
f D to have, as cells at dimension i, pairs (b, E) where b is a cell of B at dimension i and b is a cell of D over b,
with the obvious source and target.

We define the projection pseudofunctor r : /D — B to be given, on any cell, by (b,b) - b.

Remark 3.5. Note that all (displayed) (bi)catgories are assumed to be univalent. We do not repeat the definition
here, but point instead to [2, Defs. 3.1, 7.3]. Intuitively, univalence means that adjoint equivalence of 0-cells, and
isomorphism of 1-cells, coincides with identity between them, respectively. Working with univalent bicategories
allows us to simplify some definitions, see Remark 4.5.

Definition 3.6 (disp_subbicat). Suppose that we have a bicategory B, a predicate Py on the 0-cells (by which
we mean a proposition Py(a) for every 0-cell a), and a predicate P; on the 1-cells. Furthermore, we assume that
Py is closed under identity and composition; that is, P; (id(x)) holds for every x satisfying Py and that for all
f:x > yandg:y — z between 0-cells satisfying Py we have P;(f - g) if we have both P;(f) and P;(g). Then
we define a displayed bicategory SubBicat(Py, P;) on B such that

e the type of displayed objects over x is Py(x);
o the type of displayed 1-cells over f : x — yis P;(f); and
o the type of displayed 2-cells over 0 : f = g is the unit type.

The total bicategory of this bicategory selects 0-cells and 1-cells from the original bicategory B. Its objects are
objects x : B such that Py(x), its 1-cells are 1-cells f : x — y in B such that P;(f), and its 2-cells are the same
as 2-cells 7 : f = g in B. The projection pseudofunctor x : SubBicat(Py, P;) — B is the inclusion. We can
instantiate this examples to define bicategories of categories with a certain structure.

Example 3.7 (StructuredCategories.v). We define the following displayed bicategories over Cat:

® Drerminal Where Po(C) says that C has a terminal object and P; (F) says that F preserves terminal objects.
We denote its total bicategory by Catrerminal-

® Dginprod Where Py (C) says that C has binary products and P; (F) says that F preserves binary products. We
denote its total bicategory by Catginprod-

® Dpyliback Where Py(C) says that C has pullbacks and P; (F) says that F preserves pullbacks. We denote its
total bicategory by Catpyiiback-

® DrinLim Where Py(C) says that C has finite limits and P, (F) says that F preserves finite limits. We denote
its total bicategory by CatrinLim-

® Dy,itial where Py(C) says that C has an initial object and P;(F) says that F preserves initial objects. We
denote its total bicategory by Catypitial-

® Dginsum Where Py(C) says that C has binary coproducts and P; (F) says that F preserves binary coproducts.
We denote its total bicategory by Catginsum.
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Note that in all of these examples, we crucially use that (co)limits are unique if they exist; otherwise Py, would
not consist of fiberwise propositions.

The total bicategories of the displayed bicategories in Example 3.7 are bicategories of categories with certain
(co)limits. In addition, we can combine the structure of these by taking the product of the suitable displayed
bicategories. Note that we could use similar methods to construct bicategories of extensive categories, regular
categories, exact categories, and (pre)toposes.

The following (displayed) bicategories are used:

+B,

Example 3.8 (trivial_displayed_bicat). Given bicategories B; and B, we define a displayed bicategory B
over B; as follows:

e The displayed 0-cells over x : B; are 0-cells y : Ba.
e The displayed 1-cells over f : x; — x2 from y; : By to y, : By are 1-cellsg : y; — y; in B,.
o The displayed 2-cells over 0 : f = gfromg; : y1 — y2 to g2 : y1 — yo are 2-cells 7 : g1 = g in B.

The total bicategory is fo'BZ = By X B, with projection x : B; X B, — B;.

Example 3.9 (cod_disp_bicat). Let B be a bicategory. Define a displayed bicategory B! over B as follows:

o The displayed objects over y : B are 1-cells x — y.

e The displayed 1-cells over g : y; — y, from h; : x; — y; to hy : x2 — y, are pairs consisting of a 1-cell
f :x1 — x2 and an invertible 2-cell y : g - hy = h; - f.

e Given displayed 1-cells fi : x; = xp with y; : g1 -hy = hy - fi,and o : %1 = xp with yp 1 g2 - hy = hy - fo,
we define the displayed 2-cells over 0 : g1 = g, from (fi,y1) to (f2,y2) as 2-cells 7 : fi = f2 such that
yi®(hy <7) = (0> hy) e y,.

The generated total bicategory is the arrow bicategory, /Bi = B™ with projection given by the codomain, cod :
B~ — B.

In the next example, we write StrictCat for the bicategory of strict categories and StrictCat for the category
of strict categories.

Example 3.10 (disp_bicat_of_functors_into_cat). We define a displayed bicategory SplitOpCleav over StrictCat
as follows:
e The displayed objects over C : StrictCat are functors G : C — StrictCat.
e The displayed 1-cells over F : C; — C; from G; : C; — StrictCat to G, : C; — StrictCat are natural
transformations y : G; = F - Ga.
e The displayed 2-cells over n : F; = F; from y; : G; = F; - Gy to y, : Gy = F; - G, are proofs that for all
x : C we have y;(x) - G2(n(x)) = y2(x).
The associated projection pseudofunctor 7 : fSpIitOpCIeav — StrictCat maps functors C — StrictCat to their
domain.

Example 3.11 (disp_bicat_of_opcleaving). We define a displayed bicategory OpCleav over Cat as follows:

e The displayed objects over C : Cat are displayed categories D over C together with an opcleaving.
e The displayed 1-cells over F : C; — C; from D; to D, are displayed functors F from D; to D; that preserve
opcartesian morphisms.

e The displayed 2-cells over § : F = G from F : Dy 5 Dy to G : Dy S, D; are displayed natural
transformations from F to G over 6.

The associated projection pseudofunctor 7 : / OpCleav — Cat maps any opcleaving to its codomain category.
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Similarly, we define displayed bicategories Cleav and IsoFib of cleavings and isocleavings, respectively. Note
that Example 3.11 generalizes Example 3.10: while the former contains all opfibrations, the latter only contains
the ones that are split.

The idea of displayed (bi)categories transfers to functors:

Definition 3.12 ([2, Def. 8.2], disp_psfunctor). Given F : B — B’ and D and D’ displayed bicategories over B
and B’, respectively, a displayed pseudofunctor F over F is

e for all objects x : B and X : Dy an object F(¥) : D'r(x);
o for all displayed morphisms f : X 2> 7, a displayed 1-cell F(F) : F(¥) — F(7);
o for all displayed 2-cells 0 : f ; 7. a displayed 2-cell F(6) : F(f) & F(9).

We denote by ﬁ : /D - fD’ the induced total pseudofunctor.

Remark 3.13. The square of pseudofunctors
fo L5 for
m,l S
B —— B
induced by F over F commutes up to judgmental equality.

Furthermore, we need pullbacks and products in bicategories.

Definition 3.14 (has_pb). Let B be a bicategory, and suppose we have two 1-cells f :a > candg: b — c. A
pullback structure for f and g on an object x : B together with two 1-cells 7z; : x — a and 7, : x — b and an
invertible 2-celly : p - f = q - g is given by the following data:
o forall 1-cellsp’ : z = aand ¢’ : z — b and invertible 2-cellsy’ : p’ - f = q’ - g, wehavea l-cellu: z — x
together with invertible 2-cells 0 : u - p = p’ and 7 : u - ¢ = q’ such that
aef>fey =u<yealern>y.
o forall 1-cells uy,up : z — x and 2-cells 0 : u; @ p = uy @ pand 7 : u; ® ¢ = uy ® q such that
uy<dyeaer>qea '=qefr>fealeu <y,
we have a unique 2-cell v : u; = up such thatv>p=60andvr>qg=r.
In Definition 3.14 it is irrelevant if we postulate data to be given explicitly or to merely exist:

PROPOSITION 3.15 (ISAPROP_HAS_PB_UMP). The type of pullback structures on (x, 71, 712, y) is a proposition.

Remark 3.16. There are different notions of pullback in bicategories depending on whether p - f and q - g are
postulated to be related up to an equality, invertible 2-cell or even just a 2-cell. In Definition 3.14, the square
commutes up to invertible 2-cell. One could also define strict pullbacks: this is done similarly to Definition 3.14,
but all involved squares must commute up to equality rather than just up to invertible 2-cell.

Example 3.17 (one_types_has_pb, has_pb_bicat_of univ_cats). The bicategory of groupoids has pullbacks.

The bicategory Cat also has pullbacks, and they are given by iso-comma categories. These are defined as
follows: given categories Cy, Cy, and Cs, and functors F : C; — C3 and G : C; — Cs;, we define the iso-comma
category F /. G
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e Its objects consist of objects x : C; and y : C; together with an isomorphism f : F(x) — G(y)
e The morphisms from (x1, y1, fi) to (%2, y2, f2) consists of morphisms g : x; — xz and h : y; — y, such that
the following diagram commutes:

F(x)) —— G(y)
F(g) G(h)

F(x) ——— G(w)

We define functors 77" : F /~ G — Cyand 7, : F /~ G — C; and a natural isomorphism n™ : 77" - F = 7, - G.
The category F /~ G together with the functors 7", 7, and natural isomorphism n™ is universal among such data,
making it the pullback of F and G.

Example 3.18 (LimitsStructuredCategories.v). The bicategories defined in Example 3.7 all have pullbacks as
well. This is because taking the iso-comma category preserves the desired (co)limits and the projections and
pairing functors preserve them.

As a special case of pullbacks in the presence of terminal objects, we can define products in bicategories
(has_binprod_ump). If B has chosen products, we write x X y for the product of x and y, and we denote the
projections by m; : x Xy > xand 1 : x Xy — v.

Notation 3.19. In the following, given a fibration, we notate the pullback (or reindexing) of A along f by f*A.
Given an opfibration, we notate the pushforward of A along f by f. A.

4 COMPREHENSION BICATEGORIES

In this section, we define the notion of global cleaving and local (op)cleavings of bicategories. Afterwards, we
use these notions to define comprehension bicategories. We are guided by Buckley’s paper [12], where local
and global fibrations are defined, and we add definitions for local cloven iso- and opfibrations. However, there
is an important difference: while Buckley works in a set-theoretic setting, we reformulate the definitions in
a type-theoretic setting using the displayed technology developed in [2] and reviewed in Section 3—see also
Remark 4.5.

Throughout this section, we assume that B is a bicategory and D is a displayed bicategory over B.

Definition 4.1 ([12, Def. 3.1.1], cartesian_1cell). Let f : a — b be a 1-cell in B, and let f : @ L b be a displayed
1-cell over f in D. A cartesian structure on f consists of the following:
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hf — —
(1) Foranyg:¢c —f> b, a choice of a displayed morphism h : ¢ A Ganda displayed isomorphism 6 over the

identity isomorphism on & - f in B.

=1

Qlé-—--oaI
§

N\
N

1

We call (h,6) the Lift of (h,).
(2) Givenlifts (hy, 6;) and (hg, 6;) of (h1,9,) and (h,,9,), respectively,and § : hy = hy,anda2-cello : g, = g,
over § > f, we have a unique 2-cell § : hy = hy over d suchthat § > f e 6, = 0; e 7.

Given a cartesian structure on ]_‘, we call F; (?, g) = handF, (?, g) = 0. We also call E(8,0) := 5.

PROPOSITION 4.2. We have the following cartesian 1-cells:
e (cartesian_1Icell id) The identityﬁ :a — a is cartesian.
o (comp_cartesian_Icell)If f : a — b and g : b — ¢ are cartesian, then so is f - g.
Problem 4.3. Given two cartesian 1-cells f : @ — b and ]_‘, : @ — b, to construct an adjoint equivalence

— —
e : a — a’ over the identity and an invertible 2-cell from ftoe- f .

Construction 4.4 (for Problem 4.3; EquivalenceBetweenCartesian.v). The 1-cells of the adjoint equivalence

are constructed as cartesian factorizations (first item of Definition 4.1). In that way, we also obtain the desired
invertible 2-cell. O

11
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Remark 4.5. Recall that a displayed 1-cell _? ta i) binD gives rise to the 1-cell (f, ]_‘) in the total bicategory
f D. The definition of cartesian structure on f in D of Definition 4.1 gives rise to a notion of cartesian structure

for (f, ]_‘) in f D. By expressing the definition of cartesian 1-cell in the displayed bicategory (instead of in the

resulting projection 7 : fD — B), we can postulate that a lift in fD lies definitionally over a given cell in B, not
just modulo an invertible 2-cell. In univalent bicategories, these two formulations are equivalent.

Definition 4.6 (global_cleaving). A global cleaving on D is a choice, for any f : a — bin B and b : Dy, of
(1) a displayed object a over a;

(2) a displayed 1-cell f : a L_ b;
(3) a cartesian structure on f.

Given a global cleaving on D, we use the notation b[f] := @ and Lf(E) := f to denote the choice given by the
cleaving.

Remark 4.7. The notion of global cleaving as in Definition 4.6 gives rise to a notion of cloven fibration on the
total bicategory f D.

Next we look at local cleavings and opcleavings. A 2-cell is opcartesian if and only if it is opcartesian in the
1-categorical sense for the hom-functor. However, in the formalization we give the following direct definition not
relying on hom-categories, and prove the characterization via hom-categories afterwards (opcartesian_2cell_weq_opcartesian).
Similarly, we give an unfolded definition of local opcleaving.

Definition 4.8 (is_opcartesian_2cell). Suppose we have 1-cells f,g: x — y, a 2-cell 8 : f = ¢, and displayed
objects x and y over x and y, respectively. Given displayed 1-cells f x L yandg:Xx ER y and a displayed 2-cell

- 0

0 : f = §, we say that 0 is 2-opcartesian (or just opcartesmn) if for all 1-cells h : x — v, displayed 1-cells
h:% i) , 2-cells 7 : g = h, and displayed 2-cells 7 : f => h, there is a unique displayed 2-cell T é h such
that 0 ¢ T = y.

Being an opcartesian 2-cell is always a property. The notion of cartesian 2-cells is analogous.

Definition 4.9 (local_opcleaving). A local opcleaving on D is given by, for every 6 : f = gand [ : X L
(1) a displayed 1-cellg : x =N y and
(2) an opcartesian 2-cell 0: ]_‘ i> g.
The notions of local cleaving and local isocleaving are defined analogously.

Remark 4.10. Every displayed bicategory on a univalent bicategory has a local isocleaving. The construction
is the same as for categories [4, Construction 5.12].

Remark 4.11. The notions of opcartesian 2-cell and of local opcleaving as in Definition 4.9 give rise to notions
of opcartesian 2-cell and of cloven local opfibration on the total bicategory f D.

Note that one can construct a local isocleaving from either a local cleaving or a local opcleaving.

PROPOSITION 4.12 (CLEAVINGOFBICATISAPROP.V). Suppose that B is a univalent bicategory and D is a univalent
displayed bicategory over D. Then the types of local (resp. global) (op)cleavings on D are propositions.

12


https://benediktahrens.gitlab.io/sem2dtt/840ac16/UniMath.Bicategories.DisplayedBicats.CleavingOfBicat.html#global_cleaving
https://benediktahrens.gitlab.io/sem2dtt/840ac16/UniMath.Bicategories.DisplayedBicats.CleavingOfBicat.html#opcartesian_2cell_weq_opcartesian
https://benediktahrens.gitlab.io/sem2dtt/840ac16/UniMath.Bicategories.DisplayedBicats.CleavingOfBicat.html#is_opcartesian_2cell
https://benediktahrens.gitlab.io/sem2dtt/840ac16/UniMath.Bicategories.DisplayedBicats.CleavingOfBicat.html#local_opcleaving
https://benediktahrens.gitlab.io/sem2dtt/840ac16/UniMath.Bicategories.DisplayedBicats.CleavingOfBicatIsAProp.html

Semantics for two-dimensional type theory

In light of Proposition 4.12 and Remark 3.5, we do not distinguish between fibrations and cloven fibrations
(cleavings) in the following. When we say that D “is a fibration”, we mean, in particular, that it is equipped with
a choice of cleaving. All constructions of cleavings given here are explicit and constructive.

Now let us look at some examples of these notions.

Example 4.13 (TrivialCleaving.v). The trivial displayed bicategory B;*B2 over B, is a global fibration. Cartesian
1-cells in B;*B2 correspond to adjoint equivalences in By. As such, we can take the identity 1-cell as the global
lift. In addition, B;*32 is both a local fibration and a local opfibration.

Example 4.14 (CodomainCleaving.v). Suppose that B is a locally groupoidal bicategory with pullbacks. Since
cartesian 1-cells in B! correspond to pullback squares, we can construct a global cleaving for B! by taking
pullbacks. Note that all 2-cells in B! are cartesian, because B is locally groupoidal, and thus B! also has a local
cleaving and a local opcleaving.

Example 4.15 (FunctorsIntoCatCleaving.v). The displayed bicategory SplitOpCleav has a global cleaving and
a local opcleaving. To construct these, we first observe that a displayed 1-cell y : G; = F; - G; from G; : C; —
StrictCat to G, : C; — StrictCat is cartesian if and only if it is a natural isomorphism. Now we construct a
global cleaving for SplitOpCleav as follows: whenever we have functors F : C; — C, and G : C; — StrictCat,
then we also get a functor F - G : C; — StrictCat.

Every displayed 2-cell in SplitOpCleav is opcartesian. To find local opcartesian lifts, suppose that we have
functors Fi,F, : C; — Ci, G; : C; — StrictCat and G, : C; — StrictCat, and natural transformations
n:F = F,andy : Gy = F; - G,. Our goal is to construct a natural transformation G; = F, - G,, and for the
desired transformation we take y ® (n > G;). Hence, SplitOpCleav has a local opcleaving.

Example 4.16 (OpFibrationCleaving.v). The displayed bicategory OpCleav has a global cleaving and a local
opcleaving. Given a functor F : C; — C, and a displayed category D, over C,, we construct a displayed
category F*(D;) over Cy:

e The displayed objects over x : C; are displayed objects in D, over F(x).

F
e The displayed morphisms over f : x — y from x to y are displayed morphisms over x ﬁ> 7.

Note that F*(D;) inherits any opcleaving from D;. In addition, we have a displayed functor over F from F*(D5)
to D, that preserves cartesian morphisms.

Opcartesian 2-cells in OpCleav correspond to displayed natural transformations of which all components are
opcartesian. We form local lifts pointwise. Since displayed 1-cells in OpCleav preserve cartesian morphisms,
cartesian 2-cells are preserved under both left and right whiskering.

Similarly, we can show that the displayed bicategory Cleav has a global and a local cleaving (FibrationCleaving.v).
We finish this section by defining comprehension bicategories. Examples of those are given in Section 5.

Definition 4.17 (comprehension_bicat). A comprehension bicategory is given by a bicategory B, a displayed
bicategory D over B, and a displayed pseudofunctor y over the identity on B as pictured below,

p—~* B!

B

satisfying the following properties (see also Proposition 4.12):

(1) D is a global fibration;
(2) x preserves cartesian 1-cells;
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(3) D is a local opfibration;
(4) opcartesian 2-cells of D are preserved under both left and right whiskering;
(5) x preserves opcartesian 2-cells.

Remark 4.18. Recall from Remarks 3.13, 4.7 and 4.11 that the displayed pseudofunctor y : D — B! of Defini-
tion 4.17 gives rise to a strictly commuting diagram of pseudofunctors

fDL)fBizB_’
N, A

with suitable “classical” structure of global fibration, local opfibration, and preservation of (op)cartesian cells.

Remark 4.19. Contravariant and isovariant comprehension bicategories are defined analogously with the
notions of (iso)cleaving and (iso)cartesian taking the place of opcleaving and opcartesian in Items 3 to 5 of Defi-
nition 4.17. Some of our examples of comprehension bicategories can similarly be equipped with a contravariant
and isovariant comprehension structure.

5 EXAMPLES OF COMPREHENSION BICATEGORIES

In this section, we give several (classes of) instances of comprehension bicategories. In some of these instances,
we recognize structures studied previously in the context of higher-dimensional and directed type theory.

Example 5.1 (trivial_comprehension_bicat). Suppose we have a bicategory B with products. Then we have the
following comprehension bicategory

B+B X - Bl

B

The displayed pseudofunctor y : B*® — B! sends the object 1, over y; to the product projection y; X yo — y,
that is, the corresponding total pseudofunctor B x B — Bl is defined by (yy, y2) = 71 : 41 X y2 — y1.

Example 5.1 corresponds roughly to the semantics studied by Fiore and Saville [18], but without the type
formers.
Another example of a comprehension bicategory comes from locally groupoidal bicategories, such as Grpd.

Example 5.2 (locally_grpd_comprehension_bicat). Let B be a locally groupoidal bicategory with pullbacks.
Then we get the following comprehension bicategory

Bl — 4 gl

B
Since every 2-cell is opcartesian in B! if B is locally groupoidal, the displayed bicategory B! has a local opcleaving.

Example 5.2 models symmetric reductions between terms. It thus generalizes the groupoid model of type
theory [24] and is related to the interpretation of the two-dimensional type theory by Licata and Harper [29],
and to the definition of comprehension 2-category by Garner [19].

We can also consider directed versions of this example by using categories instead of groupoids.
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Example 5.3 (functors_into_cat_comprehension_bicat). We construct the following comprehension bicategory
using split opfibrations

X

SplitOpCleav S StrictCat!

StrictCat

To define y, we use the Grothendieck construction. Specifically, from a functor G : C — StrictCat we construct
a category f G as follows

(1) The objects off G are pairs (x,y) where x : C and y : G(x).

(2) The morphisms from (x,y;) to (xz,y,) are pairs (f, g) where f : x; = x; and g : G(f)(y1) — ya.
Note that we also have a projection 7 : f G — C. In addition, from a displayed 1-cell y : G; = F - G,, we get a
functor/ Y: / G — / G and a natural isomorphism y, : 71 F = / y-m. Ifwehave p : y1(x)-Ga(n(x)) = ya(x)
for every x : Cq, then we get a natural transformation f p from f Y1 to f Yo-

The pseudofunctor y preserves cartesian 1-cells, which means that whenever we have a natural isomorphism
Y : G1 = F - G, the following square is a pullback:

Jo L2 ra,
”ll \Lm
(O —F C,

The isomorphism witnessing the commutation is y,.

Furthermore, y preserves opcartesian 2-cells. Specifically, suppose that we have functors F;,F, : C; — Caj,
Gy : C; — StrictCat and G, : C; — StrictCat and natural transformations n : F; = Fp, 51 : G = F; - Gy
and y, : G; = F, - G,. In addition, we assume that we have p(x) : y1(x) - Go(n(x)) = y2(x) for every x : C;.
Preservation of opcartesian 2-cells by y means that ( f p)x is an opcartesian 2-cell for the functor 7 : f G; — C,
for every x.

Example 5.3 corresponds to the interpretations given by Licata and Harper [28] and North [32] in their works
on directed type theories, albeit without considering type formers. Contexts are categories and types over a
context C are split opfibrations on C. We also consider a version of this interpretation where there are more
types: instead of looking at only those opfibrations that are split, all opfibrations are considered.

Example 5.4 (opcleaving_comprehension_bicat). From opfibrations we build the following comprehension bi-
category:

OpCleav % Cat?

Cat

The pseudofunctor y sends a displayed category D over C to the functor 7; : f D — C. To check whether y
preserves cartesian 1-cells, it suffices to check whether the chosen lifts are mapped to pullback squares. The
chosen lifts are sent to strict pullback square because they are given by reindexing. Since strict pullbacks of
isofibrations are weak pullbacks as well [25], we conclude that y preserves cartesian 1-cells.

Similarly, we can define a contravariant comprehension bicategory (cleaving_contravariant_comprehension_bicat)
using fibrations instead of opcleavings.
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6 INTERNAL STREET (OP)FIBRATIONS

In this section, we discuss Street (op)fibrations internal to a fixed bicategory B. They will yield, in Section 7, many
examples of comprehension bicategories, see Example 7.9 and Remark 7.11. The examples of Street opfibrations
internal to bicategories of stacks are particularly interesting (see Remark 7.11).

Note that B! is a global fibration if B has pullbacks. However, to obtain a local (op)cleaving, we used that
B is locally groupoidal in Example 4.14. This assumption is avoided in Example 4.16 where B = Cat: instead
of looking at arbitrary functors, one only considers the opfibrations. We can generalize this idea to arbitrary
bicategories by using internal Street (op)fibrations [12].

The displayed bicategory OpCleav has a local opcleaving where the desired lifts are constructed pointwise.
To generalize this to arbitrary bicategories, we need to adjust this definition, so that we can lift arbitrary 2-cells.
Furthermore, the notion of Grothendieck opfibration of categories is stricter than appropriate for bicategories.
If we have x — y and an object over y, then a Grothendieck fibration gives an object strictly living over x, while
a Street fibration only gives an object living weakly over x (i. e, up to an isomorphism). More information can
be found in work by Loregian and Riehl [30, Example 4.1.2].

Definition 6.1 (internal_sfib). Letp : e — bbe a 1-cell in a bicategory B. Then p is an internal Street fibration
if

e For every x : B, the functor p, : B(x,e) — B(x,b) of hom-categories is a Street fibration.

e For every f : x — y, we have a morphism of Street fibrations

B(y,e) —— B(x,e)

r| 2

B(y,b) —— B(x,b)

A 1-cell is called an internal Street opfibration if it is an internal Street fibration in B (internal_sopfib).

In Cat, internal Street fibrations are the same as Street fibrations of categories. However, the notion of internal
Street fibrations can be applied in a wider variety of settings: for example, one could also look at internal Street
fibrations in the bicategories from Example 3.7 or in presheaves or stacks valued in Cat. A classical result on
internal Street (op)fibrations is that they are closed under taking pullbacks [20, 41]:

PROPOSITION 6.2 (PB_OF_SFIB_CLEAVING). Street (op-)fibrations are closed under pullback. Concretely: given a
pullback square

ep —> e

.

by — by

where p, is a Street (op)fibration, then p; is so, too.

7 DISPLAY MAP BICATEGORIES

In this section, we present our definition of “display map bicategory” and how they give rise to comprehension
bicategories.

Suppose that we have a bicategory B with pullbacks. Our goal is to show that we have a displayed bicategory
SOpFib(B) over B that has both a global cleaving and a local opcleaving. We would like to construct this in a
modular and general way. That is because using the same techniques we should be able to construct a displayed
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bicategory SFib(B) over B with a global and local cleaving. One can imagine even more examples: one could
take the intersection of Street opfibrations with discrete or fully faithful 1-cells.

The common pattern among all these examples, is that the displayed bicategory actually represents a subbicat-
egory of the arrow bicategory, In the 1-categorical case, such examples are captured by display map categories
[44]. For that reason, we would like to adapt that notion to the bicategorical setting.

However, there is a difference between the 1-categorical and the bicategorical case. A display map category
on C is a full subcategory of the arrow category on C satisfying some requirements. Such a notion would not be
useful in the bicategorical case: neither SOpFib(B) nor SFib(B) are full subbicategories of B!, since the 1-cells
in SOpFib(B) and SFib(B) are required to preserve (op)cartesian cells, which is not needed in B!. As such, to
obtain a useful notion of display map bicategory, some adaptions are needed.

For that reason, our notion of display map bicategory comes in three different flavors.

Definition 7.1 (disp_map_bicat). Let B be a bicategory. A covariant display map bicategory of B is a predi-
cate P on the 1-cells of B such that

o If a morphism satisfies P, then it is an internal Street opfibration;

e P is closed under pullback;

e Pullbacks along 1-cells satisfying P exist.

A display map is a 1-cell together with a proof of the predicate.

We also define notions of contravariant display map bicategory and display map bicategory: for the
former, the display maps are required to be internal Street fibrations, while for the latter, we do not make such
a restriction.

Example 7.2 (sopfib_disp_map_bicat_is_covariant). Let B be a bicategory with pullbacks. Since B has pullbacks,
pullbacks exist along all 1-cells, and in particular, along Street opfibrations. In addition, Street opfibrations are
closed under pullbacks by Proposition 6.2, and thus we have a covariant display map bicategory.

Analogously, one can define a contravariant display map bicategory of Street fibrations. There are other ex-
amples of covariant display map bicategories as well. One of them, would be discrete Street opfibrations. To
define those, we first need the notion of discrete morphisms.*

Definition 7.3. A 1-cell f : a — b in a bicategory B is called

o (faithful_1cell) faithful if for every x the functor f. : B(x,a) — B(x,b) given by postcomposition is
faithful.
o (conservative_1cell) conservative if for every x the functor f. : B(x,a) — B(x, b) is conservative.

o (discrete_1cell) discrete if it is faithful and conservative.

Example 7.4 (discrete_sopfib_disp_map_bicat_is_covariant). Let B be a bicategory with pullbacks. Since both
faithful and conservative 1-cells are closed under pullbacks, discrete 1-cells are as well. Hence, we get a covariant
displayed map bicategory of discrete Street opfibrations.

Every covariant display map bicategory gives rise to a displayed bicategory as follows.

Definition 7.5 (disp_map_bicat_to_disp_bicat). Let B be a bicategory and let D be a covariant display map
bicategory on B. We define a displayed bicategory D over B as follows
e The objects over b : B are pairs e : B and p : e — b such that p is a display map;

3The definitions in the formalization differ slightly from the definitions in the paper. This is because the focus in the formalization is more
general as it considers arbitrary display map bicategories that are not necessary covariant.
“In the formalization, we actually use unfolded versions of these definitions, and we prove these two versions are equivalent.
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e The 1-cells over f : by — by from p; : e — by to ps : e; — by are pairs of a 1-cell g : e; — e; and an
invertible 2-cell g - p, = p; - f such that g preserves opcartesian 2-cells;
e The 2-cells are as in Example 3.9

Similarly, every contravariant display map bicategory gives rise to a displayed bicategory: however, the 1-cells
are required to preserve cartesian 2-cells. For ordinary display map bicategories, we do not make any restriction
on the 1-cells. This way, we obtain displayed bicategories SOpFib(B) and SFib(B) over B In SOpFib(B), 2-cells
are the same as 2-cells in B™. However, 1-cells are a bit different: while 1-cells in B~ are squares

e L)ez

W

51T>bz

that commute up to invertible 2-cell, 1-cells in SOpFib(B) have the additional requirement that whiskering with
fe preserves opcartesian 2-cells. Similarly, we can define the bicategory SFib(B) where the objects are internal
Street fibrations and where the 1-cells preserve cartesian 2-cells.

Now we can construct the desired cleavings.

Example 7.6 (DisplayMapBicatCleaving.v). Let B be a bicategory and let D be a covariant display map bicat-
egory. Similarly to Example 4.14, cartesian 1-cells are the same as pullback squares. Hence, we can construct a
global cleaving for D using pullbacks and Proposition 6.2. To construct a local opcleaving for D, we use that it
is contained in SOpFib(B), and then we can use the same construction as for SFib(B) [12, Example 3.4.6].

Similarly, if one has a contravariant display map bicategory, one gets a both a global and a local cleaving.
However, from just a display map bicategory, one only gets a global cleaving. One can instantiate Example 7.6 to
internal Street ofpibrations to obtain a global cleaving and a local opcleaving for SOpFib(B) if B has pullbacks.

Using Example 7.6, we can generalize the example of (op)fibrations to arbitrary covariant display map bicate-
gories. We discuss the interest in this generalization in Remark 7.11.

Problem 7.7. Given a display map bicategory D on a bicategory B, to define a comprehension bicategory.

Construction 7.8 (for Problem 7.7; disp_map_bicat_comprehension_bicat). From bicategory B and a display
map bicategory D on B, we construct the comprehension bicategory

p—~* B!

B

The (displayed) pseudofunctor y is the inclusion of D into B!. From the characterization of cartesian 1-cells and
2-cells in Example 7.6, we conclude that y preserves opcartesian 1-cells and 2-cells. O

Similarly, we get a contravariant comprehension bicategory from a contravariant display map bicategory. We
can instantiate Construction 7.8 to internal Street opfibration to get the following comprehension bicategory.

Example 7.9 (internal_sopfib_comprehension_bicat). For bicategory B with pullbacks, we construct the com-
prehension bicategory

SOpFib(B) ——* 3 B!
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The (displayed) pseudofunctor y forgets that the morphisms in SOpFib(B) are internal Street opfibrations.

Example 7.10. By Example 7.9 any bicategory with pullbacks, thus in particular any bicategory of stacks [42],
gives rise to a comprehension bicategory.

Remark 7.11. Recall from Section 2.3.1 that Coquand, Mannaa, and Ruch [13] constructed models of MLTT in
stacks valued in groupoids. Using those models, they proved the independence of countable choice in univalent
foundations.

With our comprehension bicategories of stacks (not just ones valued in groupoids), one could follow [13] and
study the validity and independence of logical principles in directed type theory.

Note that we can specialize Example 7.10 to each of the examples given in Example 3.7. This is because we
showed in Example 3.18 that those bicategories have pullbacks. In the case of Catyerminal, We get a comprehension
bicategory in which

o the “contexts” are categories with a terminal object; and
o the “types” are opfibrations of categories which preserve terminal objects.

Similarly, we can instantiate this to the other categories mentioned in Example 7.10.

Remark 7.12. Note that similarly, we can construct a contravariant comprehension bicategory from SOpFib(B).

8 THETYPE THEORY BTT

In this section, we extract a core syntax for two-dimensional type theory from our semantic model. We call the
resulting type theory Bicategorical Type Theory (BTT). In Section 9 we prove soundness of our syntax by giving
an interpretation of the syntax in any comprehension bicategory.

The syntax extracted here is maximally general, in the sense that it reflects the structure of a general com-
prehension bicategory. In Section 10, we propose several orthogonal simplifications to the syntax, along with
the corresponding semantic structure and properties. As such, our syntax and semantics are to be viewed as a
framework to study different semantic structures and their corresponding internal languages, rather than as one
particular pair of syntax and semantics.

In Section 8.1 we present the judgment forms of BTT, as well as the rules extracted from the bicategories of
contexts and of types, respectively. In Sections 8.2 and 8.3 we present the comprehension and substitution rules,
respectively.

For reasons of space we omit here several rules, namely the naturality rules in Fig. 8 and the coherencies
for trifunctors. Such rules, written out in the “linear” syntax used here, would take up several lines and would
be difficult to understand. Consequently, the syntax presented here is not complete. The presentation of the
complete syntax and a suitable completeness theorem is left for future work.

8.1 Judgments and Basic Rules

BTT features contexts, substitutions, types, generalized terms, and reductions between terms. As befits the bicat-
egorical semantics, judgmental equality is only postulated between parallel reductions.
There are eight kinds of judgments in BTT:

(1) T ctx, which is read as T is a context’;

(2) Ars:T (given A, T ctx), which is read as ‘s is a substitution from A to I'’;

(3) Arr:s~t:T (where A+ s, t:T), which is read as ‘r is a reduction from s to t’;

4 Arr=r':s~>t:T (where Arr,r’ :s~»t:T), whichis read as ‘r is equal to r”’;

(5) T + T type (where T ctx), which is read as ‘T is a type in context I”’

(6) T | S+ t:T (whereT + S, T type), which is read as ‘t is a term in T depending on S in context I
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Ars:T ILActx Ars,s’:T Arp:sws':T I,ALEctx Ers:A Art:T

T ctx T, A ctx
Erst:T

I'+1r:T ArFlg:s~s:T Arp=p:s~s':T

Arp:t~t':T ILALEctx Ers,s’:A Art:T Ero:sws:A

I,A,Ectx Ers:A Artt':T
Eropt:stws't:T

Ers<p:istwst':T

T,AEct Ers:A Art:T
ILActx Ars,s’,s”":T Arp:s~ws:T Aro:s’ws”:T i s
Erlg>t=1g:stwst: T

Ar s~ s” T
peo:s~s Ers<l;=1g:stwst:T

ILAJEctx Ers:A Artt,t":T Arp:twt':T Arp ' wt":T
Er(s<ap)e(sap)=s<(pep):st~st’:T
Ero:sws:A Ero :sws”:A

I,A,Ectx Etrs,s’,s”":A Art:T
Et(ocpt)e (o' >t)=(cec’)>t:stws"t:T

I,Actx Ars:T

ILAEctx Ers,s’:A Art,t/:T Eroc:sws:A Arp:itwit':T =
Er(oofe(s<p)=(ap)e(on?) stwmst T Arls:das s

o o (S = (S e (0O S S H ~
p P Avrrs:slp ws: T

T,Actx Ars,s’:T Arp:sws:T
IAE,Zctx  ZrFr:E Ers:A Art:T Arre(poip) T
- r;le erg=p:s~s’:

Zt¢ apgsy i r(st) ~» (rs)t:T s SRSy =0

Artle(lp<p)ety=p:sw s :T

ILAJEEZctx Zvrs:E Ert:A Aruu':T Arp:u~wu:T
e(s<a(t<ap))eas,y =st<p:(sthu~s (st)u' :T

-1
YA Astu

ILAE,Zctx Zvrs:E Ert,/:A Aru:T Erp:t~t':A
Zv a;},u s(s<(pru))easy,=(s<ap)>u: (sthu~ (st )u:T
[LActx Ars,s’:T Arp:sws:T

ILAEZctx Zvrs,s:E Ert:A Aru:T Zrp:sws:E -
7 1 ( ) ( ) =) hu.T Arlsep=p:s~s:T

Fo,,, e > tu) e oy = >1)>u:(st)u w (s't)u:
stu ® WP stu =P Arpely=p:s~s':T

T,Actx  Ars,s',s",s":T Arp:isws:T Aroc:s’ws”":T Arz:s’~ws”:T
A+ (pec)er=pe(cer):s~ws”:T
I',A\Ectx Ers:A Art:T
Etasipe®(rs>t) =s <l :s(1at) wst:T
ILAE,ZHctx Hvrs:Z Zvrt:E Eru:A Avro:T
Hb s tuo ® Astuo = (5 < rup) ® Astup ® (s iy > 0) 2 s(t(uv)) w ((sHhw)o : T

Fig. 1. Rules for the bicategory of contexts

7T |Sktp:t~t' :T(whereT | S+ t,¢': T), which is read as ‘p is a reduction from ¢ to ¢”

@) Tl |Stp=p' :t~t':T(wherel | S+ p,p’ it ~ ' :T), which is read as ‘p is equal to p”’.
We often abbreviate the above judgments and write, e. g, just p : ¢ > t' instead of T | SF p : t ~>
these judgments, we have rules that express the bicategorical structure of contexts and types. Rules are given in

Fig. 1 for the bicategory of contexts, and in Fig. 2 for the bicategory of types.
We also introduce symbols which read like judgments but stand for several judgments, using the composition

and identities introduced in Fig. 1 and Fig. 2.
(1) A+ p:s~»t:T stands for the four judgments
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eArp:s~t:T Arptlitwss:T
e pepl=1; plep=1,
2)T|SFp:t~»t :T stands for the four judgments
ol |Stp:itwt/':T T|Stp it/ wt:T
spept=1 plep=1ly
(3) A F s : T stands for the four judgments
eArs:T Frst:A
o sl issTl NG 1, sP i s7ls o 1p
(4) T | S F t: T stands for the four judgments
e |SkHt:T L|Trt':S
o tf 17l A 1 Pt A 1

Remark 8.1. By abuse of notation, we write several topically related rules that share all the same hypotheses
as one rule with several conclusions. These rules then also share the same name, e. g., extend-con-Ty. When
referring to a rule by name, it will be clear from the context which of the possible rules we refer to. The names
of inference rules in the text are hyperlinks to the corresponding rules (e. g., map). The equality = is assumed to
be a congruence for every other constructor and judgment. For brevity, we have not recorded here the resulting
rules. When parentheses are omitted, everything is associated to the left: that is, rst stands for ((rs)t). Note also
that in several rules in which it is necessary to re-associate several four or more terms or substitutions, we have
written « instead of a long composition of whiskered associators ce e in the interest of readability.

8.2 Comprehension Structure

Comprehension, that is, context extension, is extracted from the pseudofunctor y. The rules for comprehension
are given in Fig. 3. There are some notable differences to comprehension in MLTT. First, the rule extend-con-Tm,
which forms a substitution, comes together with a reduction that expresses the commutativity of a triangle.
Second, we also have a rule extend-con-Red that extends a substitution with a reduction. Since reductions are
proof-relevant, this rule comes with a coherency on the commutativity.

8.3 Substitution Structure

Substitution is given, in the semantics, by the global and local (op)cleaving structure. We reflect this into the
syntax as explicit substitution, as was also used, e. g., in [18, 29] in their respective settings.

The rules for substitution are given in Figs. 4 to 9. We distinguish them based on whether we need the global
cleaving or the local opcleaving to interpret them. There are several important observations to be made about
these rules. First, in line with our truly bicategorical approach, we do not assume the comprehension bicategory
is split. In particular, no equality between T[id] and T is postulated. Instead, there is an equivalence between
them (see sub-id and sub-comp), and terms of these types are transported along the equivalence.

The rule map expresses that each type T behaves ‘functorially’: for each A + s : T (i. e,, object in ‘hom(A,T)’)
we get a type T[s] (i. e, object in ‘the category of types in context A’) by sub-ty and for each r : s ~» s’ (ie.,
morphism in ‘hom(A,T)’) we getaterm A | T[s] + map T 0 : T[s’] (i. e, morphism in ‘the category of types
in context A’) by map. The rules map-id and map-comp ensure that T[—] preserves identity and composition.
With rew-tm we can then understand terms to be ‘natural transformations’.

Remark 8.2. For contravariant comprehension bicategories (Remark 4.19), the rule map would be in the oppo-

site direction, while for isovariant comprehension bicategories, this rule would be restricted to isomorphisms in
the base.
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Remark 8.3. Using the Grothendieck construction, we can view the rules from the perspective of fiber bicat-
egories. If P : E — B has a global cleaving and a local opcleaving, and furthermore opcartesian 2-cells are
preserved under whiskering, then we obtain a trifunctor B°® — Bicat, which sends every x : B to the fiber of
x along P. The rules given in Fig. 4 say that any 1-cell in the base gives rise to a pseudofunctor. For example,
the rules sub-ty, sub-tm, and sub-red represent the actions on objects, 1-cells, and 2-cells, respectively, while
sub-pres-id and sub-pres-comp represent the invertible 2-cells that witness the preservation of the identity and
composition of 1-cells. The other rules in that table are the coherence laws of pseudofunctors: for example,
sub-red-pres-id is the preservation of identity 2-cells.

Tables Fig. 5 and Fig. 6 give pseudonatural equivalences expressing that the assignment of the previously
mentioned pseudofunctor is actually pseudofunctorial: the identity and composition are preserved up to pseudo-
natural equivalence. For example, the rules sub-id and tm-sub-id in Fig. 5 represent the action on objects and the
naturality squares. On the other hand, sub-red-id, sub-id-pres-id, and sub-id-pres-comp are the usual coheren-
cies of pseudonatural transformations.

The rules of Fig. 7 state that we obtain a pseudonatural transformation from a 2-cell in the base. The action
on objects and 1-cells is given by map and rew-tm, respectively, while rew-red, rew-pres-id, and rew-pres-comp
describe the usual coherencies of pseudotransformations. The remaining rules can be found in Fig. 7. In this
figure, four invertible modifications are described: map-id and map-comp describe the preservation of identity
and composition, respectively, while map-lwhisker and map-rwhisker describe the preservation of both left
and right whiskering. Note that we left out the naturality conditions of these modifications. In addition, two
additional coherencies are required which express that all this data together forms a trifunctor. We do not write
them down, but instead, we refer the reader to [21, Definition 3.3.1].

9 SOUNDNESS: INTERPRETATION IN COMPREHENSION BICATEGORIES
In this section, we give an interpretation of BTT in any comprehension bicategory. To this end, we fix a compre-
hension bicategory D —~ 5 B! over B. We interpret the judgments as follows.

T ctx is interpreted as an object [T']] of B.

A+ s : T is interpreted as a 1-cell [[s] : [A] — [T] in B.
Arr:s~t:Tisinterpreted as a 2-cell [r] : [s] = [¢] in B.

A+ r=r':s~>t:Tisinterpreted as an equality [r] = [']-

[ + T type is interpreted as an object [T] in D over [[T].

[ | S+ ¢:T is interpreted as a 1-cell [¢] : [S]| — [T] over the identity on [[T].

T |Skr:t~st :Tisinterpreted as a 2-cell [ ] : [t]] = [¢'] over the identity 2-cell.
T|Str=r':t~t':Tisinterpreted as an equality [[7] = [r].

Regarding the “bicategorical” rules of Figs. 1 and 2, each rule is analogous to one of the operations or laws of
a bicategory (see, for instance, [2, Definition 3.1]), which also indicates how it is interpreted.

9.1 Comprehension

Next we interpret the rules related to comprehension of Fig. 3. Suppose that we have a context I : B and a type
T over T. Its image y(T) in B! gives rise to an object I.T : B and a 1-cell 21 : I.T — T, which interprets
extend-con-Ty. For a 1-cell ¢ from S to T over the identity, the resulting 1-cell y(t) is part of a triangle

rs—*% . rr

r
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which commutes up to invertible 2-cell. This yields the interpretation of the rules in extend-con-Tm. Furthermore,
a reduction r : t ~» t’ is mapped by y to a 2-cell from y(t) to y(t') in B!, and this is how we interpret
extend-con-Red. The rules extend-con-id and extend-con-comp are interpreted by the identitor and compositor
of y, respectively, while the remaining rules in Fig. 3 are satisfied because they translate to the laws that express
that this data forms a pseudofunctor.

9.2 Global Substitution

Next, we interpret the rules for substitution. The rule sub-ty follows directly from the global cleaving. The
interpretation of the other rules require more explanation.

9.2.1 Interpretation of sub-tm. To interpret sub-tm, we assume that we have a substitution s : A — I' between
contexts A and I'. We also assume that we have types S,T over I and a morphism ¢ : S — T over 1r. This
situation is encapsulated in the following diagram, using the notation introduced in Definition 4.6:

S[s] —=9_y s

T[s] —)LS D T

A——7F—T

Our goal is to construct a 1-cell ¢[s] : S[s] — T[s] that lies over the identity on A. Since the morphism
Ly(T) : T[s] — T is cartesian, it suffices to construct a 1-cell, say, f : S[s] — T that lies over 1 - s; we
then obtain the desired 1-cell as the factorization F{(Ls(T), ) of that 1-cell via Ls(T); recall that F{(_, _) was de-
fined in Definition 4.1. Note that every displayed bicategory over a univalent bicategory has a local isocleaving
by Remark 4.10. We have an invertible 2-cell r; ® £, : s - 1r = 14 - s, and we set 8 := (r5 @ &), (Ls(S) - 1).
Define

t[s] = F1(Ls(T), B).

Overall, we can summarize the construction with the following diagram:

S[s] ——— S
S[s] 4 ) T
t[s\]\\\)k Eﬂ /
T[s] —)LS(T) T
A > A > T > T
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9.2.2 Interpretation of sub-red. To interpret sub-red, we assume that we have a substitution s : A — I" and
types S and T in context I'. We also assume that we have 1-cells t,#' : S — T over Ir and a 2-cell p : t = ¢'.
Consider the following diagram:

Ls(S
sir] —= 5 s

A———>T

Our goal is to construct a 2-cell from ¢[s] to ¢[s’] over the identity on A. The source and target, respectively,
were constructed by factoring a 1-cell via a cartesian 1-cell, as follows:

S[s] —= s s S[s] —=C s s
S[s] 4 T S[s] 4 T
t[s] )L Eﬂ / p [s] )L Eﬂ /
T[s] —>L5(T) T T[s] —>L5(T) T
A AT —3T A3 AT —— T

To construct the desired 2-cell p[s] : t[s] = ¢[s’], we use Item 2 of Definition 4.1. More specifically, it suffices
to construct

e a2-cell § from 14 to 14, and
e a2-cell g from f to f’.

Once we have defined those, we define p[s] := E(, 7).
For the first of the two, we take the identity 2-cell 1,. For the second, we take the composition of 2-cells

shown in the following diagram:

The interpretation of the rules sub-red-id and sub-red-comp follows from the uniqueness of factorization
2-cells.
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9.2.3 Interpretation of sub-id. Next we interpret sub-id. Suppose we have a context I' and a type T in I'. Note
that we have a diagram as follows:

—
T T T

We interpret subjg T by Ly, (T), so it suffices to show that L, (T) is an equivalence. To construct the inverse, we
use the following diagram:

T ;) T
\\\ 1T
Fi(Lip (T).17-17) \\ﬂ:;
T[] —— T
[1r] G
r > T > T

1r 1r

We set 1 := F1(L1.(T), 17 - 17), and it remains to show that we have an invertible 2-cell from L, .(T) - ¢ to 1r.
To do so, we use Item 2 of Definition 4.1, and we consider the following diagram

T[1r] T[1r]
17(s]
Lip (T)
T[1r] o T
T
r " > T - > T —T

We need to construct the following:

e An invertible 2-cell 6 from 1t - 1r to 1, and
e An invertible 2-cell & from Ly (T) - ¢ - L1 (T) to 174 - L1 (T).

For §, we take A. For o, we use that t- L;.(T) = 17 - 17, and thus we have the following composition of invertible
2-cells:

Ly (T) -1+ Ly (T) = Ly (T) - 17 - 17
= Llr (T)
= Irqs) - Lip (T)
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The desired invertible 2-cell is thus defined by E(J, 7).

9.2.4 Interpretation of sub-comp. To interpret sub-comp, we suppose that we have substitutions s’ : E — A and
s: A — T,and atype T in T. As such, we have the following diagram:

T[s-s’]
Lo (T)
’ ’
Tt =gy TS =7 T
E . > A ——T
N

Note that both Ls.¢ (T) and Lg(T[s’]) - Ly (T) are cartesian 1-cells over s-s’, since cartesian 1-cells are closed under
composition by Proposition 4.2. For that reason, we get an adjoint equivalence subcomp (s, s") : T[s"][s] — T[s-s’]
making the diagram below commute up to invertible 2-cell by Construction 4.4.

9.2.5 Interpretation of tm-sub-id. Next we interpret tm-sub-id, and for that, we suppose that we have a context
I',types Sand T over I', and a 1-cell t : S — T over 1r. We need to construct an invertible 2-cell from subi_d1
t[1r] - subig to t, and for that, it suffices to construct an invertible 2-cell from ¢[1r] - subig to subjq - £. Recall
that we defined subiq to be Ly (T), and recall that we defined t[1r] as follows:

/,3 /\

S[1r]
;:\A\J/

T[1r] L—(T)>

r > T > T > T

1r 1r 1r

By composing the two invertible 2-cells depicted in this diagram, we get the desired invertible 2-cell. The rule
tm-sub-comp is interpreted analogously.
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9.2.6 Interpretation of sub-pres-id. The rules sub-pres-id and sub-pres-comp are interpreted similarly, and we
show the interpretation of sub-pres-id. Suppose that we have a substitution s : A — I' and a type T in context
I'. We consider two morphisms: the identity on T[s] and 17[s]. These are illustrated in the following diagram:

T[s] LS—(S)>

>\]

17[s] 17 1T

>\]

Tlsl —

Our goal is to construct an invertible 2-cell from 174 to 17[s]. To do so, we first recall the construction of 17[s].

T[s] —=Dy 7
/ \T/A
T[s] 4 T
N A /
T[s] —)LS(T) T
A3 A ——T ——T

To construct the desired invertible 2-cell, we again use Item 2 of Definition 4.1. As such, we need to construct
the following:

e An invertible 2-cell § from 14 to 15; and

e An invertible 2-cell & from 17[s] - Ls(T) to 1r[s) - Ls(T).
With those in place, we define Sub(s) := E(J, 7). For §, we take the identity, while for o, we take the following
composition

1T[s] 'LS(T) = LS(T) slr = ﬁ = lT[s] 'LS(T)-

9.2.7 Interpretation of sub-pres-lunitor. The remaining laws stating equalities of 2-cells, such as sub-pres-comp

and sub-id-pres-id, are all proven in a similar way. Our goal is to prove an equality @ = B with 1-cells and 2-cells
as in the diagram below:
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Here t and ¢’ live over s and s’, respectively, while @ and B live over « and f, respectively. To prove the equality,
we take the following steps:

(1) We construct an invertible 2-cell 6 from ¢t - Ly (T) to t” - L+ (T).

(2) We prove that a = S.

(3) We prove that @ > Lg/(T) = 6 = > Le(T).
From the first item, we get that both ¢ and ¢’ are cartesian factorizations of the same S — T. From the second
and third item, we get that both « and B are factorization 2-cells from ¢ to t’, and since such 2-cells are unique,
we get a = B

We demonstrate this for sub-pres-lunitor. Suppose we have a substitution s : A — T', types S and T in context
I, and a morphism ¢ : S — T over 1r. We are in the following situation:

Ia-1p

Here, we define
a:= (11, > 1p) @y, o := (Suby(s) > t[s]) ® &5

fi=11,.1, ®t, B = Subc(1s,t,s) ® £ [s]
From how « and f are defined, we see that both are equal to #,, and hence, a = §.

Next we construct an invertible 2-cell from 15[s] - ¢[s]-Ls(T) to t[s]-Ls(T). By construction of ¢[s], we have an
invertible 2-cell 6; : t[s] - Ls(T) = -Ls(S) - t. In addition, we have an invertible 2-cell 6, : 15[s] - Ls(S) = Ls(S) - 1.
This is illustrated in the following diagram:

sis] —= 5 s

1s[s] 1s

==
v v

S[s] —Ls&)— S

t[s] t

2
v v

T[s] —)LS(T) T

Now we define an invertible 2-cell 05 : 1g[s] - t[s] - Ls(T) = Ls(S) - t as follows
O :=a e (1s[s] <By)eae (B >t)e(ry>t)
The desired invertible 2-cell 6 : 1s[s] - ¢[s] - Ls(T) = t[s] - Ls(T) is 65 ® 6.
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For the last step, we only prove that @ > Ls(T) = 6. We first recall how we constructed Sub(s). For brevity,
we write o := Lg(S) and 7 := Ly(T).

By construction, we have that (Sub;(s) > o) e £, e r;! = 0;. In particular, we have Sub(s) > o =0, e r, @ £;1.
To show that ((Suby(s) > t[s]) e £[s]) > 7 = 65 e 0", it suffices to show that ((Subj(s) > t[s]) e &5]) >
7 @ 0, = 0. This follows from the following chain of equalities:

a 'l e (15[s] < 60;") e ae ((Subi(s) > t[s]) e bs)) >reb0y0 (rs > 1
=a'e(15[s] <0,') e e (Subi(s) > t[s]) > e (i) > 1) @Oz @ (15 > )™
=a ' e(1s[s] <0,") e Subi(s) > (t[s] -T)ecxe (Gs) > 1) @020 (rg 1> 1)~
=aleSubi(s)>(o-t)e (1561 < 0, )eaxe (s> 1) 0020 (rg 1> )71
=Subi(s) > o>tea e (ls <0, )eae (s >1)000 (ro>1)7"
=(O1ers0l;)>tea e (s <0, )eae (f>1)00,0(rs>1)"
=0i>te(rsel)>tea e (ls <0, )eae (L >1)00,0 (rs>1)"
=0>te(rpef;)>teale (1ss1 < 0;') e bis]c @020 (1o > ™!
=91DtO(roo{’;l)>toa_lo{’(,.t092_1-02-(r(,>t)_1
=0 >te(rpel)>tea el 0 (ry>t)!
=0>te(rpel)>tety>te(ro>t)!
=60, >t

9.3 Local Substitution

Next we interpret the rules in Figs. 7 and 8, and for that, we use the local opcleaving.

9.3.1 Interpretation of map. We start with map. Suppose we have two substitutions s,s’ : A — IT' and a 2-
cell p : s = s’. In addition, we assume that we have a type T in context I'. Our goal is to construct a 1-cell
map T p : T[s] — T[s’]. From the local opcleaving, we obtain i, (Ls(T)) over 15 - s’ as the pushforward of Ls(T)
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along p e £71.

Ls(T)
[s] - P
\y;(_L:(_T)’)

T[s]
|
I
e T p! Jip (Lo ()
|
|
L
’
Tls'] Lo (1) T

9.3.2 Interpretation of rew-tm. Next, we give the interpretation for the rule rew-tm. Suppose we have two 1-
cellss,s” : A — I"and a 2-cell p : s — s’. In addition, we assume that we have types S, T in context I' and a 1-cell
I'| Sk ¢t:T.Our goalis to construct an invertible 2-cell between t[s] ® (map T p) and (map S p) e t[s’]. For
that it suffices to construct

(1) An invertible 2-cell § from 14 - 15 to 14 - 1, and

(2) An invertible 2-cell o from ¢[s] ® (map T p) Ly (T) to (map S p) e t[s’] e Ly (T).

Then we define t[p] to be E(J, 7). For § we take 11,.1,.
To construct o, we first note that by construction of ¢[s’], we have an invertible 2-cell

(map S p) o t[s'] o Ly (T) = (map S p) » Lo (S) o ¢

Note that by construction of map S p, the following triangle commutes up to invertible 2-cell

S[s]
map S p tp (L (5))
S[s'] o S T

Hence, we get
y1:(mapSp)eLy(S)et=p,(L(S)) et
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Similarly, we have an invertible 2-cell map T p - Ly (S) = p, (Ls(T)), and thus we obtain
vo:t[s] e (mapT p)eLy(T) = t[s] ®p,(Ls(T))

It thus suffices to construct an invertible 2-cell from t[s] ® 11, (Ls(T)) to p,(Ls(S)) ® t. We can depict the situation
with the following square:

Ls (S)
Hp (Ls(85))
t[s] t
hp (Ls(T))

D\I

“
=>>

D\I

Ls(T)

In this diagram, 7 and 7’ are the opcartesian 2-cells coming from the opcartesian lift. Note that by construction
of t[s], the outer square of this diagram commutes. More precisely, we have an invertible 2-cell 0 : ¢[s] - Ls(T) =
Ls(S) - t.

To construct an invertible 2-cell from 1, (Ls(S)) -t to t[s]-p, (Ls(T)), we are going to construct two opcartesian
2-cells. First, note that we have a 2-cell

T t:L(S) -t = pp(Ls(S)) -t/

that lies over 1 := (p ® [™!) > 1y : s - I = (14 - §’) - 1. This 2-cell is opcartesian, because opcartesian 2-cells
are closed under right whiskering.
Note that we also have the 2-cell

07" e t[s] <1 Ly(S)-t = t[s] - p,(L(T))

which lies over f, :=re ¢ ' e1r < (pet™) :s-1r = 15 - (15 - §'). It is opcartesian, because left whiskering
also preserves opcartesian 2-cells.
We also have the following invertible 2-cell:
Ps=ret:(1a-s) - Ir =1a-(1a-5")
and note that f; e /5 = f, by naturality of the unitors. From all of this we get the desired invertible 2-cell
,Up(Ls(S)) t = t[s] ',Up(Ls(T))-

9.3.3 Interpretation of map-id. To interpret map-id, we assume that we have a 1-cells : A — I"' and a type T in
context I'. Our goal is to construct an invertible 2-cell between the following compositions.

1715
_ > s
T1s] 5] — =0 o7
map T 1g

To do so, we need to construct

(1) An invertible 2-cell § from 1, to 15, and
(2) An invertible 2-cell  from map T 15 - Ly(T) to Ls(T).

31



Benedikt Ahrens, Paige Randall North, and Niels van der Weide

The desired 2-cell is then defined to be E(8, 7). For § we take 1;,.
To construct ¢, we first note that by construction of map T p, the following triangle commutes up to an
invertible 2-cell 7 : map T p - Ly (T) = p,(Ls(T)):

T[s]
map T p Hp (Ls(T))
T[s'] e > T

Next we recall that y, (Ls(T)) was constructed as the following pushforward:

Ls(T)
/N
T 172} T
sh o
ﬂ;(L:(}))
S
A /Hel\‘ r

Since ¢; 1 is invertible, the opcartesian lift 0 is invertible as well. Hence, we define 6 := 7 o 01 We interpret
map-comp similarly.

9.3.4 Interpretation of map-lwhisker. To interpret map-lwhisker and map-rwhisker, we use the same idea, and
we need to use that we assumed that opcartesian 2-cells are closed under whiskering. We give the precise details
for map-Iwhisker. Suppose we have a 1-cells : E — A, a 2-cell p : s = s” wheres’,s” : A - I',and a type T
in context I'. Our goal is to construct an invertible 2-cell from map T (s < p) to subc_olmp(s,s’) -(map T p)[s] -
subcomp (s,5”). Since map T p was constructed as a cartesian factorization, it suffices to construct

(1) An invertible 2-cell § from 14 to 15 - 15 - 1, and
(2) Aninvertible 2-cell o frommap T (s <t p) - Ls.s#(T) to subc_olmp (s,8")-(map T p)[s]-subcomp(s,s”) - Ls.o(T).

With those in place, the desired invertible 2-cell is defined to be E(5, o). We define § to be o 1. o, 1_1A.
For the construction of o, let us start by recalling the construction of map T (s < p).

T[s-s']

map T (s<ip)
Hsap (Lss (T))

T[s-s"”] Lo ) > T
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Next we inspect the definition of subcomp (s, ).

T[s-s"]

Ly.g (T)
subcomp (5,5”)

I

Tls"]1s] e Tl G a—

From this, we already get an invertible 2-cell

Y1 : Subgon, (5,5) - (map T p) [s] - subcomp (s,5”) - Ls.s# (T) & subgon, (s, ) - (map T p)[s] - Ls(T[s"]) - Ly (T)

We also inspect the construction of (map T p)[s], from which we get the following invertible 2-cell:

Ls(T[s ,
T[s'][s] TiD > T[s']
(map T p)[s] map T p
T[s”][s] o Tl

As such, we get another invertible 2-cell
Y2 subc_olmp(s,s’) ~(map T p)[s] - Ls(T[s”]) - Lg'(T) = sub_l (s,s") - Ls(T[s’]) -map T p - Ly:(T).

comp

Let us recall the construction of map T p as well.

T[s']

map T p 1o (Ly (T))

1R

T[s"] ST

Ly (T)
From this, we obtain another invertible 2-cell
s ¢ subgh (5,5) - (map T p)[s] - L(T[s"]) - Ly (T) = subgiy (s, 8") - Ly(T[']) - p (L (T)).
Hence, we achieve our goal if we construct an invertible 2-cell
Vot subgp(5,5) - L(TI5']) - tp (Lo (T)) = prsap (Lo (T)).

33



Benedikt Ahrens, Paige Randall North, and Niels van der Weide

We can depict this situation as follows

T[s-s'] /—J"\)

sap (Ls.s (T))
SUbZomp (5:5) foor

Ly (T)

— . T
T[s"][s] > T[s'] \_ﬂ/ T

Le(T[s'D
Hp (L (T))

Here 7 and 7’ are the 2-cells coming from the opcartesian lifts.
Since whiskering preserves opcartesian 2-cells, the following 2-cell is opcartesian:

(subc_olmp(s,s') <L(T[s'])) < 7 subc_olmp(s, s") - Ly(T[s']) - Ly (T) = subc_olmp(s,s') “Ls(T[s']) - pp(Ly (T))
Now we unfold the definition of subcomp(s,s”), and from that we get the following invertible 2-cell:

T[s-s’]

subc’olmp (s,8")

T[s'][s] RGPS} > T[s'] ) » T

Since invertible 2-cells are opcartesian and opcartesian 2-cells are closed under composition, we get an opcarte-
sian 2-cell

0:Ley(T) = subc_olmp(s,s’) “Le(T[s"]) - pp (Ly (T)).

Since we already had an opcartesian 2-cell 7’ : Ls.¢ (T) = pis«p(Ls.s (T)), we get an invertible 2-cell between the
codomains of 0 and 7’. Hence, we obtain an invertible 2-cell

Ys : Subgomp (5,5) - Ls(T[s"]) - pp (L (T)) = pisap (Lo (T))

By chaining all the invertible 2-cells, we get the desired 2-cell ¢.
We omit the description of the verification of several equalities. All in all, we can state the following theorem:

THEOREM 9.1 (SOUNDNESS). We can interpret BTT in every comprehension bicategory.
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10 VARIATIONS ON SYNTAX

BTT is a very complicated type theory, and might be unfeasible to implement or use in practice. Its main purpose
is to serve as a framework for studying specialized syntax and the corresponding semantics. Based on a user’s
goal, they might adopt one of the following simplifications:

V1: Splitness. We could assume the comprehension bicategory is split; thus, the rules sub-id and sub-comp
would collapse into ordinary equalities. For this, an equality judgment on types would be added to BTT.

V2: Strictness. The rules in Figs. 1 and 2 are aimed at bicategories. When working with strict 2-categories
instead, the unitors and associators would become equalities, and as a result, rules for inverse laws, natu-
rality, and the pentagon and triangle equations are not needed.

V3: Terms. If we assume that we have a unit type, then we can simplify the judgment for terms. Instead of
looking at judgments of the shape I' | S + t : T, we can take S to be the unit type, thus recovering the
judgment T + ¢t : T for terms in MLTT. Semantically, this amounts to assuming that the fiber in D above
any object in B has a terminal object.

V4: Undirected TT. We could add a rule postulating inverses of reductions. Semantically, this would amount
to working in groupoid-enriched categories.

V5: Proof-irrelevant reductions. Our syntax, and the semantics, allow us to distinguish parallel reductions
(2-cells). We could instead “truncate” them, by moving to proof-irrelevant reductions, making the judg-
mental equality on them superfluous. This would yield a directed analog to the judgments of MLTT; se-
mantically, it corresponds to working in poset-enriched categories instead of general bicategories.

V6: Conflating terms and substitutions. One could equate terms and substitutions that are left-inverse to
projections.

We have developed comprehension bicategories with the explicit goal of encompassing previously defined
interpretations of higher-dimensional and directed type theory. In the following remarks we summarize the
relationship with two previous works.

Remark 10.1 (Comparison to Garner’s work [19]). To summarize the differences of Garner’s comprehension
2-categories [19] to our comprehension bicategories, the former are full, strict, split, undirected (i. e., locally
groupoidal), and incorporate type constructors.

Remark 10.2 (Comparison to Licata and Harper’s work). Licata and Harper’s interpretation of their two-
dimensional type theory into categories [28] takes place in the comprehension bicategory constructed in Ex-
ample 5.3. Specifically, Licata and Harper interpret a type in context I' as a (strict 1-)functor from the category
interpreting T’ into a 1-category CAT of categories. Formally, they thus consider the slice bicategory Cat/CAT,
where Cat is the bicategory of categories, in which CAT is assumed to be a 0-cell. The “domain” pseudofunctor
dom : Cat/CAT — Cat carries the structure of a global cleaving and local opcleaving; this is more generally
the case for any “domain” pseudofunctor dom : B/a — B (DomainCleaving.v). To construct the comprehen-
sion pseudofunctor, one needs to use specifics of the category of strict categories, namely the Grothendieck
construction of functors into CAT.

11 CONCLUSION

We have introduced the notion of comprehension bicategory for the interpretation of two-dimensional and
directed type theory. From this semantic notion, we have extracted a two-dimensional core syntax for dependent
types, terms, and reductions, and an interpretation of that syntax in comprehension bicategories. Our work is
very general; it allows for the modelling of the structural rules of previous suggestions for directed type theory.
Furthermore, it can be used as a framework for defining and studying more specialized syntax and semantics, in
lockstep.
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As outlined in Section 1.1, in separate work we are going to extend our structural rules with variances and a
suitable hom-type former a la North [32] on top.

Garner [19] proves completeness of 2-truncated Martin-L6f type theory with respect to semantics in compre-
hension 2-categories. We would like to give a similar completeness result with respect to our comprehension
bicategories.
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Semantics for two-dimensional type theory

T+ T type TrS,Ttype T |S+¢:T I'rS,Ttype T |Stet/:T T |Skrp:itwit':T
I|Trip:T T|Sr1lp:twt:T T|Stp=p:twt':T

F'+RS,Ttype T |Rvrs:S T |Sre:T T'+RS,Ttype T |Rts:S T |Srt,t/:T T |Sktp:twt':T

T|Rrst:T T|Rrs<p:stwst/:T

I'+RS,Ttype T |Rts,s’:S T|Srt:T T |Rro:sws':S
T|Rto>t:stws't:T
FrS,Ttype T |Stet,t":T T |Skp:twwt/:T T |Sto:t'~t':T
I'|Stpec:t~t":T
I+RS,Ttype T |Rrs:S T|Stt:T
T|Rrlg>t=1g:st~wst:T
T|Rrs<1l;=1g:st~wst:T
T'+RS,Ttype T |Rrs:S T |Sre,t',t":T T |Sktp:it~wt/:T T |Srp :t/~t":T
T|Rr(s<ap)e(s<p)=s<a(pep):stwst’:T
TFRS,Ttype T |Rbs,s,s”:S T |Stt:T T |Rrto:sws:S T|Rro :sws":S
T'|Rr(o>t)e(d/>t)=(ced)>t:stws"t: T
T'+RS,Ttype T |Rrss:S T|Stt,#':T T |Rro:sws':S T |Stpitwt':T
T|Rr(o>t)e(sf<p)=(s<ap)e(opt):stws't':T
TrS,Ttype T |Sks:T
T |Stets:1gs~ws:T

FFOQRS Ttype T|Qrr:R T |Rts:S T|Srt:T
T |QFarss :r(st) ~ (rs)t: T

T |Strg:slp~»s: T

F'rS,Ttype T |Sks,s’:T T |Skp:isws':T

T|Str;le(p>lr)erg=p:s~s:T
T|Srtele(lgap)etby=pis~ws T
T'rQ,R S, Ttype T |Qrs:R T|Rrt:S T|Sruu':T T |Stp:uwu':T

Tl Q+ a;})u e(s<(tap))eag,,y =st<p:(sthu~s (sthu' : T

IFQRSTtype T|Qrs:R T|Rr6,¢:S T|Sru:T T|Rrp:twt:S
I'|QFag;,
T'rQ,R S, Ttype T |QFs,s’:R T|Rrt:S T|Sru:T T |Qrp:s~s:R
T|QFag;,

F'rS,Ttype T |Sks,s’:T T |Skp:swws':T
I|Stisep=p:sws':T

e(s<a(pru))easyy,=(s<p)bu:(sthu~ (st/)u:T

s(prtu)yeay,y, =(pot)>u:(shu~ (s'tyu:T

T|Stpely=p:s~s':T
I'rS,Ttype T |Stss,s”,s":T T |Stp:sws:T T |Sto:s~s":T T |Str:s”"ws”:T

T|Srpe(cer)=(pso)ecisws” T
[+RS Ttype T |Rrs:S T|Srt:T
T'|Rrasigre(rs>t) =s <l :s(lst) wst: T
T'+P, QRS Ttype T |Prqgq:Q T |Qrr:R T |Rrs:S T |Sre:T
T | PFagrst ® agrse = (q < arst) ® dgrse ® (Agrs > 1) 1 q(r(st)) ~ ((qr)s)t : T

Fig. 2. Rules for the the bicategory of types
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Fctx Tk T type J T Tctx TrSTtype T |Srt:T
———— extend-con- o
I'.T ctx extend-con-ly ISrT.t:-T.T extend-con-Tm
DTk mrr:T T.Stery:mrs~ (Ctyarg: T

Tctx TrSTtype TSttt/ :T T |Skrit~wt':T
TStTar:Tt~wI.¢:T.T
T'Sterp=crpo(Troarr) :nrsw (L))o : T

Tctx T FTtype

extend-con-Red

- - extend-con-id
I.Tr Y T~ 1 :T.T

I.Trerap o (X o ary) @ boyp =Ly iarr ~ arg: T
Fctx T'rFRS,Ttype T |Rrs:S T |Sret:T
TR+ x°M : (T.s)(T.t) ~»> To(st) : T.T

st

extend-con-comp

T'Rrcrse(T.s<cry) ®arsromy ® (X;,c;mp > srr) =cr.gt:ar.R w (Cst)mpr : T
Tctx T'rS Ttype T |Srit:T
IT''SrT1;,=1r: Tt » It I.T
Tetx TrSTtype T |Svt,t/,t":T T |Stp:itwwt/:T T |Srtp :t/ ~t":T
IStT.(pep)=Tpelp :Tt Tt :T.T
Tctx T'rS Ttype T |Srit:T

comp

r.Sr (Xgi > (F.t)) ol = 22 o () : (D) (It) w Tt : T.T

comp

TSk ((F.t) 4 xde) o= X5 o (Try) : (L) (Tdg) wo Tt s T.T
Tctx THORSTtype T|Qrr:R T|Rrs:S T|[Sre:T

comp

rovr ((F.r) < )(;Otmp) . ;o(rgf) e (Tarse) =arrrsre® (xrs ' > (I.t)) o Xirsyy : T)((T5)(T.0)) w T.((rs)t) : T.T
Tctx TrRS,Ttype T |Rbs,s’:S T |Stt:T T |Rrp:sws':S
T.Rr Y™ el (prt)=T.p>T.t)e xS P (I.s)(T.t) w [.(s't) : T.T

st st "

IFctx TrHRS,Ttype T |Rrs:S T |S+ut/:T T |Stp:itwt':T
TRr ¥ eT.(s < p) = (T.s < T.p) @ y°7P : ([.s)([.t) w> T.(st’) : T.T

st st/

Fig. 3. Rules for comprehension
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ILActx Ars:T T +rTtype
sub-ty
A+ T[s] type
ILActx Ars:T TrSTtype T |S+e¢:T

A | S[s]+t[s]:Tl[s]
T|S+e,/:T T |Skp:twt/:T

sub-tm

ILActx Ars:T  TFrSTtype
" sub-red
A|S[s]+pls]:t[s] » t'[s]:T[s]
ILActx Ars:T' T +Ttype
— sub-pres-id
A | T[s] F Subi(s) : 17 [s] ~» 175 : T[s]
T|Rrr:S T |Svt:T
sub-pres-comp

I,Actx Ars:T T +RS,Ttype
A | R[s] + Subc(r, t,s) : r[s]t[s] ~» (rt)[s] : T[s]
ILActx Ars:T TrSTtype T |S+et:T
sub-red-pres-id

A|S[s]F1;[s] =167 : t[s] ~ t[s] : T[s]
T |Sktp:it~wt':T T|Skp it/ ~t":
sub-red-pres-comp

F'rS,Ttype T[S+t ¢":T
A|S[sIF(pep)ls] =plslep[s]:t[s]~ t"[s]: T[s]
F'rS,Ttype T |S+t:T )
sub-pres-lunitor

I,Actx Ars:T

I,Actx Ars:T
A | S[s]F (Subi(s) > t[s]) @ &[5 = Subc (15, £,5) @ £y [s] : 1s[s]t[s] w> t[s] : T[s]
Ars:T TrSTtype T |S+it:T
sub-pres-runitor

T, A ctx
A | S[s] + (t[s] < Subi(s)) e rs[s) =Subc (2, 17,5) @ res] : t[s]iT[s] ~» t[s] : T[s]
[Actx Ars:T TrQRSTtype T |Qrq:R T|R+r:S T |Srt:T
sub-pres-assoq
A | Q[s] + (qls] <Subc(r,t,s)) @ Subc(q, rt,s) ® agrels] = agsyrisye[s) ® (Subc(g,7,s) > t[s]) e Subc(qr, ¢,s)
1 q[s](r[s]tls]) ~ ((gr)t)[s] : T[s]
ILActx Ars:T TrRSTtype T |Rrr:S T |Srtt/':T

A | R[s] + Subc(r,t,s) e (r < p)[s] = (r[s] < pls]) ®Subc(r,t’,s) : r[s]t[s] » rt’'[s] : T[s]
T|R+r,r':S T|Srtt:T T |Rrp:ir~r':S
sub-pres-rwhisker

I'|Stp:twit':T

sub-pres-lwhisker

I,Actx Ars:I' TFrRS,Ttype
A | R[s] + Subc(r,t,s) ® (p>t)[s] = (p[s] > t[s]) @ Subc(r',t,s) : r[s]t[s] ~ r't[s] : T[s]

Fig. 4. Rules for global substitution
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Tctx T +Ttype
T |T[1r] F subiq : T
Tctx TrS,Ttype T |S+e:T
T'|S+STm(¢) :sub;jl t[1r] subjg ~> ¢: T
Tcetx TrS,Ttype T[St/ :T T |Skp:it~it':T
T |Sr—STm1(t)opE(sub;11 < p[ir] > subyy ) @ STm(¢) :sub;jl t[1r] subjg ~ ¢/ : T

sub-id

tm-sub-id

sub-red-id

Tctx T FTtype
T|Tkr (sub;il < Subi(1r) > subjq ) ® (rsub;il > subiq ) @ subjq # = STm(17) : subij1 17[1r] subyy » 17: T

sub-id-pres-id

TFctx T'rFS,RTtype T |S+t:T T |Trr:R
T|S¢+ (sub;il < Subc (2, 7,1r) > subjg ) @ STm(¢r)

sub-id-pres-comp

ae (sub;i1 t{ir] < ([;[llr] o ((subig ) ' > r[lr])) > subjg ) cxe (subijl t[1r]subyg < STm](r)) o (STmy(t) >r)

: subijl (¢[1r] rl1r]) subjy ~ tr: R

Fig. 5. Rules for global substitution (preservation of identity)

ILANEctx Ers:A Ars:T TrTtype
E | T[s'][s] F subcomp(s,s’) : T[ss’]
ILAJEctx Ers:A Ars:T TrSTtype T |Sret:T
E | S[ss’'] - STmc(t,s,5) : subcomp (s, )7L t[s"][s] subcomp (s, 8") ~» t[ss’] : T[ss']
T,A\Ectx EFrs:A Ars':T TrSTtype T |Srt,t/:T T |Sktp:twt':T
E | S[ss'] + STmc(t,s,s") e p[ss’] = (subc_olmp(s, s") < p[s'][s] > subcomp (s, s”)) ® STmc (2, s, 5")

sub-comp

tm-sub-comp

sub-red-comp

s subcomp (5, )7L t[s'][s] subcomp (5,8") ~> t'[ss”] : T[ss']

ILALEctx Ers:A Ars:T TrTtype

E | T[ss"] F subcomp (s, s")71 < ((Suby(s’)[s] ® Subi(s)) > Subcomp (5, 5") @ £) @ subcomp (s,5")P = STmc (17,5, 5") ® Suby(ss”)

: Schomp(s’ sH7hir[s'][s] Schomp(Ss s') I7[ss) T[ss']

ILAJEctx Ers:A Ars':T TrST,Rtype T |Srt:T T|Trr:R

sub-comp-pres-comp

E|S[ss'] ¥ (SUbC_OImp(S’ s’) < (Subc (¢[s"],r[s'],5) @ Subc (2, 7,5") [s]) & subcomp (s, S’)) e STmc(tr,s,s') =

@ o ((subzdp (5, VI TI51) < (€701 # (Stbeomp (550 ) & 7[5 1151 & stbcomp (5. 5) ) e o

rl

comp comp

(STmc(t, 5, 8) > (sub_1 (s,s")r[s"][s]subz} (s, s’))) o (t[ss'] < STmc(r,s’,s)) ® Subc(t,r,ss")

 subgomp (5 8') (£[5"1[s] r[s"1[s]) subcomp (s, 8') ~ tr[ss’] : R[ss']

ub-c

pmp-pres-id

Fig. 6. Rules for global substitution (preservation of composition)
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Semantics for two-dimensional type theory

ILActx Ars,s’:T Arp:s~ws:T T+rTtype
A|T[s]+rmapTp:T[s]
T,Actx Ars,s’:T Arp:s~ws:T TrSTtype T |Sre:T
A|S[s]-maptp:t[s](map T p) ~> (map S p)t[s']: T[s']
ILActx Ars,s’:T Arp:sws:T TrSTtype T |Srt,t/:T T |Stritwt':T
A|S[s]rmaptpe(mapSp<z[s’])=(r[s]>mapT p)emapt’ p:t[s](mapT p) w (mapSp)t'[s'] : T[s']
ILActx Ars,s’:T Arp:sws:T T+Ttype

map

rew-tm

rew-red

rew-pres-i

A | T[s]+map 1t pe(mapT p < Subi(s’)) ®rmap1 p =Subi(s) >map T pet:1ir[s](mapTp)~mapTp:T[s]
ILActx Ars,s’:T Arp:s~ws:T TrST,Rtype T |Sre:T I'NTrr:R
A | S[s] +map (tr) pe (mapS p < Subc(t,r,s')!) ea

rew-pres-comp

(Subc(t,r,s) ' >map T p) ecxe (t[s] <maprp)eae (maptprr[s]
2 (tr)[s](map R p) ~ (map S p)t[s']r[s’] : R[s"]

Fig. 7. Rules for local substitution

ILActx Ars:T T +Ttype
A|T[s]+ mapﬁs:mapTls«b I7[s) : Tls]

map-id

ILActx Ars,s,s":T Arp:s~s:T Arz:s"~s":T TFrTtype

map-comp

A | T(s] »—mapCTomp(p,‘r) :mapT (pet) wmapT p -mapTrt:T[s"]
I,A\Ectx Ers:A Ars',s”:T Arp:s’ws”:T TrTtype

map-lwhisker
E|T[ss']+ map[T(s, p):mapT (s <p) ~> subc’olmp(s, s’) - (map T p)[s] - subcomp (s, s”) : T[ss”]

T,A,Ectx EFs,s":A Ars”:T Erpisws:A T+Ttype
E | T[ss”] + map! (p,s”) :map T (p > s”) ~» subly, (s,5”) - map (T[s”]) p - subcomp (s, 8”) = T[s’s” ]

comp

map-rwhisker

Fig. 8. Rules for local substitution (preservation)

I,Actx Ars:T' T +Ttype
A | T[s][1a] F subcompid (T ) : subcomp (s, 1a) (map T rs) ~» subyy : T[s]
ILActx Ars:T T +Ttype
A | T[1r][s] F subcompid (T, ) : subcomp (1r,s) (map T £5) ~> subyqy [s] : T[s]
I,AJE,Zctx Zvrs:E Ert:A Avru:T TrTtype
Z | T{u][t][s] + subcompcomp (T, , £, 5) : subcomp (2, u) [s] subcomp (s, tu) map T & ~» subcomp (s, t) subcomp (st, u) : T [stu]

Fig. 9. Rules for coherence of substitution
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