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Introduction

In this thesis we study unstable vj-periodic homotopy theory, where h € N; here
“unstable” refers to the homotopy theory of topological spaces (instead of spectra). The
work consists of two parts. In Part [ we give a detailed exposition of the foundations
of unstable vy,-periodic homotopy theory, sharpen an existing result about vp-periodic
equivalences of H-spaces, and pose concrete questions and conjectures for future
studies. The expository part follows [Bou94; Bou96; Bou97; Bou01; DroCS; Heu20b;
Heu21] and aims to assemble in one place the central notions and theorems of unstable
localisations with a focus on unstable periodic homotopy theory. The goal of Part 11 is
to understand unstable vj,-periodic phenomena from the point of view of Lie algebras in
the stable vy -periodic homotopy category. We analyse the costabilisation of vy-periodic
homotopy types and obtain a universal property of the Bousfield-Kuhn functor. Below
we provide an introduction for each part.

Our understanding of unstable vp-periodic homotopy theory takes a lot of inspi-
ration from rational homotopy theory of topological spaces, which we recall now.
One goal of homotopy theory is to distinguish two given topological spaces up to
weak homotopy equivalence, i.e. whether there exists a continuous map between
them that induces an isomorphism of their homotopy groups in all degrees. For
example, every topological space is weakly homotopy equivalent to a CW-complex
by CW-approximation, see [HatAT, Proposition 4.13]. So, understanding the
homotopy groups of a CW-complex, both the structural properties and concrete
computations, is of great importance, but this is a very hard problem in general.
Thus, we content ourselves with studying certain more approachable algebraic
invariants which induce coarser equivalence relations of topological spaces. For
pointed simply-connected CW-complexes X and Y, a rational homotopy equivalence
between X and Y is a pointed continuous map f: X — Y which induces an isomor-
phism f,: me(X) ®7 Q = 7e(Y) ®7 Q of graded rational homotopy groups. One of
the goals of rational homotopy theory is to distinguish topological spaces up to rational
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homotopy equivalence. The rational homotopy groups of a CW-complex are more
computable than its homotopy groups. For example, in [Ser53] the rational homotopy

groups of spheres are completely determined, summarised in the following theorem.

Theorem (Serre). — For a natural number n > 1, denote the n-dimensional sphere

by S™. We have isomorphisms of graded rational vector spaces

Q[—n], if n is odd,

W.(Sn) X7z Q =~ . )
Q[-n]®Q[—2n+1], ifn is even.

Here Q[—n] denotes the (—n)-fold shifts of the graded vector space Q concentrated in
degree 0, i.e. Q[—n]r = Qx—n.

A pointed simply-connected CW-complex Z is rational if its graded homotopy
group 7e(Z) regarded as a graded abelian group underlies a graded rational vector
space. In the seminal work [Qui69] Quillen shows that the rational homotopy theory for
simply-connected topological spaces is determined by the homotopy theory of rational
spaces, and the latter can be analysed in a purely algebraic manner. A differential
graded Lie algebra over Q is a rational chain complex ((L;);cz,d) together with a Lie
bracket [—, —]: Lo ®g Le — L of degree 0 satisfying the graded anti-symmetry, the
graded Jacobi identity and the graded Leibniz rule, see [FHT, §21]. A differential
graded Lie algebra is connected if the homology groups of its underlying chain complex

vanish in non-positive degrees.

Theorem (Quillen). —

(i) For every pointed simply-connected CW-complex Z, there exists a rational
CW-complex Zg together with a continuous map Z — Zg which induces an
isomorphism on rational homotopy groups.

(ii) There is a functorial one-to-one correspondence between simply-connected ratio-
nal CW-complexes and connected rational differential graded Lie algebras, up to
homotopy equivalence of CW-complexes and quasi-isomorphisms of differential

graded Lie algebras.

The topological space Zg together with the map Z — Zg in (i) is known as a
rationalisation of Z. Furthermore, the graded rational homotopy group of a pointed
simply-connected CW-complex Z is isomorphic (up to a shift of degrees) to the
graded homology group of the differential graded Lie algebras corresponding to a
rationalisation Zg, and the latter is much more computable. In this short summary
we only included those aspects of rational homotopy theory that are directly relevant
to our later applications in the thesis. For an overview of the history of rational
homotopy theory, see [Hes99]. A detailed study of this subject can be found in [FHT].
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From now on we fix a prime number p. An abelian group is p-local if multiplication
by each prime number ¢ # p is an automorphism of the group. A pointed simply-
connected CW-complex is p-local if its homotopy groups are p-local abelian groups in
degrees at least 1. Unstable vp,-periodic homotopy theory with A € N (and p elided
from the notation) is concerned with the set [V, Z] of pointed homotopy class of maps
of pointed simply-connected p-local CW-complexes where V' is a finite CW-complex.
Our approach to studying this theory is a generalisation of the methods used in
rational homotopy theory. We will explain this below in the introduction of the first
part of the thesis.

Since we treat everything in this work up to coherent homotopy, it is important for us
to work in a framework where we can perform our constructions and state our theorems
in a homotopy invariant way. Classically, one may choose to work in topologically
or simplicially enriched model categories, where homotopy invariance is guaranteed
by using fibrant and/or cofibrant replacements. We choose to use the language
of (oo, 1)-categories, abbreviated as oo-categories and modelled by quasi-categories,
as introduced in [Joy02; HTT]. This framework allows us to present mathematical
statements in an elegant way and it eases certain categorical constructions, such
as limits and colimits of categories. Since much of the theory of oco-categories we
use in this work is a natural generalisation of ordinary category theory, the reader
who is unfamiliar with the co-categorical language may ignore the “co” symbol and
understand statements using the logic of ordinary category theory, while keeping
in mind that everything is defined up to some suitable notion of equivalences. For
example, a colimit in an oo-category enjoys a similar universal property as ordinary
categorical colimit, while the existence of the colimit and the commutative diagram
exhibiting its universal property hold only up to coherent homotopy. In other words,
one can regard an oo-categorical colimit equivalently as a homotopy colimit in a
topologically enriched model category.

The fundamental co-category we consider is the co-category Ho of homotopy types,
which is the oco-categorical ground for doing homotopy theory of topological spaces.
An object of Ho is called a homotopy type (also known as co-groupoids or animas
or spaces), which one shall consider as the homotopy type of a CW-complex or of
a simplicial set. Given two pointed homotopy types X and Y, one can construct a
homotopy type Map, (X,Y), called the pointed mapping space from X to Y. Repre-
senting X and Y by pointed CW-complexes, Map, (X,Y) encodes the homotopy type
of the topological space of pointed maps from X to Y endowed with the compact-open
topology. Finally Map, (X,Y") becomes a pointed homotopy type whose basepoint is
the constant map sending X to the basepoint of Y.
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Introduction for Part I

Fix a prime number p. We explain now the idea of p-local unstable v,-periodic homo-
topy theory for h € N| starting with vp-periodic homotopy groups. Let Z be a pointed
simply-connected p-local homotopy type. In the case h = 0, the vg-periodic homotopy
groups are just the rational homotopy groups of Z. We summarise the key ingredients
in this case in order to motivate the h > 1 cases. Let V[, denote the 0-dimensional
sphere S°. Define the graded Vo-homotopy group me(Z;Vy) of Z as the graded homo-
topy group me (Map, (V, Z)) of the pointed mapping space Map, (Vo, Z), which is
isomorphic to the graded homotopy group me(Z) of Z. Since Z is p-local, the only
torsion information present consists of p-primary torsion. The multiplication-by-p map
on m,(2) = 7,(Z; Vy), with k > 1, is induced by the degree p self-map vg: S¥ — S¥ rep-
resenting the element p € Z = 7;,(S*). The graded rational homotopy group e (Z)®zQ

of Z is obtained from 7,(Z) by inverting the multiplication-by-p action, i.e.
Te(Z) ®2 Q = lim (w.(z) 2 7e(Z) 22 ) 7

where the colimit is taken in the category of graded abelian groups.
A finite homotopy type is an object in Ho that is equivalent to the homotopy
type of a finite CW-complex, so we sometimes call a finite homotopy type a finite

complex. For h > 1, the vp-periodic homotopy groups of Z carry the “vj-torsion free’

information of the (graded) Vj,-homotopy groups
7T.(Z; Vh) = Te (Map* (Vha Z))

where V}, is a p-local finite complex of so-called “type h”. We explain what these
terminologies mean for A = 1 and say briefly how it works in the general case. Denote
the complex K-theory spectrum by KU. Its coefficient group KU, is isomorphic
to Z[B7], where the element 3, lying in degree 2, denotes the Bott periodicity class.
A p-local finite complex V; is of type 1 if its reduced rational homology He(V1; Q)
vanishes and its reduced mod p KU-homology KU,(V7)/p is non-trivial. For k > 1,
the homotopy type S*/p defined by the cofibre sequence

Sh = 8P = SF/p

is an example of a type 1 finite complex, which can be seen by using the long exact
sequence of homology induced by the cofibre sequence and some knowledge about
the K-theory of spheres. The set [S*/p, Z] of pointed homotopy class of maps is a
group for k > 2 (since S*/p ~ £(S¥71/p)), and it is abelian for k > 3. However, the
group [S¥/p, Z] is not easier to compute than the classical homotopy groups of Z. For
suitable choices of natural numbers n > 2 and d; depending on the prime number p, it
is shown in [Ada66] that S™/p admits a self-map v;: 395" /p — S /p which induces

an isomorphism on KU-homology (strictly speaking, vy is not a self-map. However,
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we embrace this traditional abuse of notation, cf. [MRW77; HS98].) For instance,
for p = 2, the map on KU-homology induced by wv; is given by the multiplication
by *. In particular, this implies that the map v, is non-nilpotent, i.e. for m > 1, no
iterated composition

s(m—1)dy (v1) s (m—2)dy (v1)
_— _—

Uim: Zmdl Sn/p E(mfl)dl Sn/p . U_l> Sn/p

is null-homotopic. The self-map vy of S™/p induces an endomorphism
v1: me(Z;8" /p) = me(Z; 5" /p)

of the graded S™/p-homotopy group of Z. A wv;-torsion element in me(Z;S™/p)
is an element which is mapped to zero under v;. The wvi-periodic homotopy
group vy 'me(Z;S™/p) of Z with coefficient in the type 1 finite complex S™/p is defined
by inverting the v;-action on the graded S™/p-homotopy group of Z, i.e.

vy 'me(Z; 8" /p) = lim (W.(Z;S"/p) X 1e(Z;9" p) 2 ) ,

which captures the v;-torsion free information of me(Z;S™/p).

For the general cases, we need to use the so-called p-local Morava K-theory spec-
trum K(h) of height h with h € N. We know that K(0) can be identified with the ratio-
nal Eilenberg-MacLane spectrum HQ, and K(1) is a summand of the mod-p K-theory
spectrum KU/p (defined as the cofibre of the multiplication-by-p self-map on KU).
The reader may view K(h), for h > 1, as a generalisation of KU/p. For example,
the coefficient group K(h)s is isomorphic to F,[vif], where the element vy, lying in
degree 2(p" — 1), can be regarded as a generalised Bott periodicity class. A p-local
finite complex V}, is of type h if its reduced K(h)-homology I%.(Vh) is non-trivial
and I(A({).(Vh) =0 for all 0 < i < h — 1. The following deep results from [Mit85]

and [HS98] are fundamental for periodic homotopy theory.

Theorem (Mitchell, Hopkins—Smith). — Let p be a prime number.
(i) For every h € N, there exists a p-local finite complex of type h.
(ii) Fvery non-trivial p-local finite complex is of type h for a unique h € N.
(iii) Let Vi, be a finite complex of type h. There exists an n € N such that X"V},
(which is also a type h finite complex) admits a self-map vy, : L% (X"V},) — X"V,
inducing an isomorphism on K(h)-homology. In particular, the self-map vy, is

non-nilpotent.'”)

For a natural number h > 1 let V}, be a finite complex of type h together with
a vy, self-map vy : Yy, — Vj,. The map vy, induces an endomorphism of the

(1By abuse of notation, v;, denotes both the self-map v, and the generator of the coefficient group
of K(h). The map on K(h)e-homology induced by the map v, is given by the multiplication by a
power of the element vy, which depends on the prime number p and the height h.
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graded Vj,-homotopy groups me(X; V) := Map, (Vs, X). With these ingredients we
can define the (graded) vy, -periodic homotopy group

v, ' me(Z3 Vi) = lim (W.(Z;Vh) 2y we(Z; Vi) )

of Z with coefficient in Vj,, by inverting the wvp,-“multiplication” on 7e(Z; V).
In contrast to rational homotopy groups, for h > 1, the v,-periodic homotopy
groups are much less amenable to computation. There exist some works computing
the vi-periodic homotopy groups of spheres, compact Lie groups and H-spaces, see for
example [Mah82], [Dav91l; Dav03] and [Bou99b], respectively. For an overview of the
methods used in those computations, see [Dav95] and [Bou05]. In his thesis [Wan15]
Wang computes the vo-periodic homotopy groups of the 3-dimensional p-local sphere
in the case of prime numbers p > 5. There is no general computational results
when h > 3.

A morphism f: X — Y of pointed simply-connected p-local homotopy types is a
vp-periodic equivalence if it induces an isomorphism on vp-periodic homotopy groups
with coefficient in V},. By the milestone work of [HS98], in particular the Thick
Subcategory Theorem, we know that the notion of vp-periodic equivalence of homotopy
types is independent of the choice of the finite complex V};, and the self-map vy.
This notion of equivalence relates closely to the so-called notion of T(h)-homology
equivalence of homotopy types that we introduce next. A spectrum is p-local if its
stable homotopy groups are p-local abelian groups. We can construct the p-local
telescope spectrum of height h

T(h) = hg (Zocvh LN E—d}LEOOVh Ly E_2th°°Vh ny )

using V},, where the colimit is taken in the co-category Sp of spectra. Again by the
Thick Subcategory Theorem, the notion of T(h)-homology equivalence of homotopy
types does not depend on the choice of V}, and the self-map vy. The p-local sphere
spectrum S,,) is a p-local spectrum together with a morphism S — S,y such that the
induced map on stable homotopy groups 75t(—) is the p-localisation of the abelian
group 75'(S). The reader shall view the construction of T(h) as an analogue of
a construction of the rational Eilenberg—MacLane spectrum HQ which is given by
inverting the degree p self-map vg of S(,). Because of this we set T(0) := HQ.

By the Whitehead Theorem, a morphism of simply-connected homotopy types is
a rational homotopy equivalence if and only if it is a rational homology equivalence,
see [DK, Theorem 10.6]. For h > 1 it is in general not true that a vp-periodic
equivalence of pointed simply-connected p-local homotopy types is a T(h)-homology
equivalence, nor vice versa. See [LS01] for concrete examples in the case of h = 1.
In the case of morphisms between H-spaces, considered as objects in the homotopy

category ho(Ho) of homotopy types, we prove the following theorem.
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Theorem 1 (Theorem 4.4.0.4). — Let h be a natural number and let f: X —Y
be a morphism of connected H-spaces. If the map f is a T(n)-homology equivalence for
all0 < n < h and f induces an isomorphism f.: 7e(X) @z Z[1/p] = me(Y) @z Z[1/p],

then f is a vy -periodic equivalence for all 0 < n < h.

This is an improvement of [Bou94, Theorem 13.5], which concludes that f is
a v,-periodic equivalence after some finite number of suspensions. By the Class
Invariance Theorem of [HS98], a morphism of p-local finite homotopy types is a
T(h)-homology equivalence if and only if it is a K(h)-homology equivalence. Based
on these results and the non-trivial fact that a K(h)-homology equivalence of p-local
homotopy types is also a K(h — 1)-homology equivalence for h > 2, see [Bou99a], we

expect a slightly stronger version of Theorem 1 and make the following conjecture.

Conjecture 2 (Conjecture 4.4.0.8). — Fiz a natural number h > 1. Let f: X =Y
be a morphism of pointed simply-connected p-local homotopy types whose rational
homotopy groups are trivial. The following statements are equivalent:
(i) The map QUf is a T(h)-homology equivalence.
(ii) The map Qf is a T(n)-homology equivalence for all 0 < n < h.
(iii) The map f is a v,-periodic equivalence for all 0 < n < h and f induces an

isomorphism w(f) on homotopy groups in all degree k < h + 1.

The second important part of rational homotopy theory, namely rationalisation,
can also be generalised to unstable vp-periodic homotopy theory and it is called
unstable vp-periodic localisation. For this purpose we need to use the theory of
localisations of oco-categories, which is the co-categorical analogue of localisations
of ordinary categories (also known as the calculus of fractions). A localisation of
an co-category C at a set W of morphisms of C is an oo-category D together with a
functor F': € — D such that F' sends morphisms in W to equivalences in D and is
universal with respect to this property. In many situations of our interest, the functor F
admits a fully faithful right adjoint, making D equivalent to a full co-subcategory of C.
Conversely, if the canonical inclusion functor of a full co-subcategory Cp in € admits a
left adjoint Fy, then F exhibits Cy as a localisation of €, where W is the collection of
morphisms in € that are sent to equivalences in Cy.

The oco-category 5{061 of pointed simply-connected rational homotopy types is
a full co-subcategory of the oco-category J—Co(>p§ of pointed simply-connected p-local
homotopy types. Moreover, the inclusion 5—(061 — J'Co(>p§ admits a left adjoint Lg,
which exhibits 9{061 as the localisation of 9-(053 at the set of rational homotopy
equivalences. For Z € 9—[0(>p% the rational homotopy type Lg(Z) together with the
morphism Z — Lg(Z) in ?Co(i)% induced by the adjunction-unit natural transformation

is a model for the rationalisation of Z.
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To explain the generalisation from rationalisation to v,-periodic localisations, we
begin with an alternative description of rational p-local homotopy types. Recall the
cofibre sequence $2 2= §2 _ §2 /p, which induces a fibre sequence

Map, (S?/p, Z) — Map, (S?, Z) =% Map, (S?, Z).

for Z € 9—(0(>pl). The following three statements are equivalent:
(i) The homotopy type Z is rational.
(ii) The map vo: Map,(S?, Z) — Map, (S?, Z) is an equivalence.
(iii) The mapping space Map, (S!/p, Z) is contractible.
Recall that S!/p is a p-local finite complex of type 1. The condition (iii) has an
immediate generalisation to any p-local finite complex V}, of type h, for h > 1.

We say that a pointed simply-connected p-local homotopy type Z is Vj,-less if
the pointed mapping space Map, (V;, Z) is contractible, that is, any pointed map
from V3, to Z is homotopic to the unique pointed map from the one-point space to Z.*)
Because of technical requirements, from now on we assume without loss of generality
that every type h finite complex V}, we consider is equivalent to a suspension XV of
some finite complex V.

Denote by i]-(oaavh the full oo-subcategory of 9'(0(>p§ whose objects are Vj-less
homotopy types. Using formal arguments, one can show that the fully faithful inclu-
sion 7: Ho(is’vh — f}{o(;% admits a left adjoint Py, . We call the functor Py, contrac-
tion of V},, which can be interpreted as a “quotient of 9{0(2% modulo V3,”; in particular,
it sends Vj, to a point and preserves Vj-less homotopy types.'?) The functor Py, ex-
hibits 5{0(>p1),vh as the localisation of 3—(0(;1) where the so-called V}, -equivalences in iHo(>p§
are inverted. For example, for h = 1 and V}, = S!/p, an S!/p-equivalence is a rational
homotopy equivalence. More generally, one can show that a V},-equivalence of simply
connected p-local homotopy types, e.g. Z — Py, (Z), is a v,-periodic equivalence for
all0 <n < h—1 (see Theorem 3.3.2.2); the converse is true after imposing a connectiv-
ity assumption on Z depending on V}, (see Theorem 3.3.2.6). Moreover, the v,,-periodic
homotopy groups of Py, (Z) vanish for all m > h (see Proposition 3.3.2.4).

By abuse of notation we denote the composition 0Py, : 9{0(>p% — fHoZﬁ)Vh — f}{o(>p§
by Py, , where V}, is a finite complex of type h > 1. We can choose a suitable
sequence (\7;1);21 of finite complexes f/h of type h such that an object Z is XN/hH—less

if it is Vh-less. Under this assumption we obtain a tower

i;h 151
— Py = Py 5 Py (0.1)

.= P~
Vit Vi

of functors (viewed as objects in the co-category S"un(f}fo(;l), J—Co(>p§) of functors), where

the natural transformation P, is given by contraction of V},.

(2)This definition is also known as Z being “V}-null”, or “Vj,-local”, or “Vj,-periodic”.
(3)The functor Py, is also known as “V},-nullification”, or “V},-localisation” or “Vj,-periodisation”.
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Define the functor FV;L+1,\~/;L f}{ozjﬁ — i}{o(>p§ by the fibre sequence

F~ ~ =P
Vh+1,Vh Vh+1 Vh

in f}'un(ﬂ-fo( J—(o(p)) In particular, for Z € J—(o(>p1), we have a fibre sequence

p)’
Py
th+1’§h (Z) — P;}H_l (Z) — P;h (Z)
of pointed simply-connected p-local homotopy types. By the universal property of a
fibre F~ A (Z) and Z have isomorphic vp-periodic homotopy groups, and for m # h

the vy,- perlodlc homotopy groups of FV} Y (Z) vanish. Let f be a morphism of

simply connected p-local homotopy types. If F~h+17‘~/h (f) is an equivalence of homotopy
types, then f is a wvp-periodic equivalence; the converse is true if the source and
target of f are suitably highly connected (depending on the connectivity of 17h+1,
see Proposition 3.4.0.5).

Finally, let us conclude the above discussion by the following theorem about a
concrete model of the localisation of 3—(0( ) where vp-periodic equivalences are inverted.
Denote the natural number 1 + conn(Vj,41) by ¢ui1, where conn(V,1) denotes the
connectivity of Vh+1. The cp41-connected cover of an object Z € f]{o(p) is a homotopy
type Tsc,,, (Z) together with a morphism f: 7.,,,(Z) — Z such that the homotopy
groups of 7, ., (Z) in all degrees j < ¢4 vanish and f induces an isomorphism of
homotopy groups in all degrees k > cp41.

Theorem (Bousfield [Bou01]). — Let h > 1 be a natural number. The localisa-
tion Hoy, of the co-category 5—(0(>p1), where vy -periodic equivalences are inverted, is given
by the full co-subcategory of 9{0(>§ whose objects are of the form T>°’L+1(FVh+1,Vh (2))
fora Z € J-Co(>p1) The localisation functor J—Co(p) — Hoy, is given by T>¢, ., © F‘~/h+17‘~/h.

This localisation is known as unstable vy, -periodic localisation. See Theorem 3.4.0.7
for a precise formulation of the theorem. Although the construction of this model
for Ho,, depends on concrete choices of finite complexes ‘7h+1 and 17h, the result-
ing oo-category is independent of those choices, by uniqueness (up to contractible
choice) of localisations.

We consider the tower (0.1) of localisations as a tower of “truncations” of
the co-category 5—(0@% with respect to vi-periodic homotopy groups, in the following

sense: For every Z € 5—(0@;, the evaluation of (0.1) at Z gives a tower
- = P;Hl(Z) — P%(Z) — = P;l(Z)

under Z, where the canonical morphism 2 — P 1( ) induces an isomorphism on
the v,-periodic homotopy groups for all 0 < n < h and the v,,-periodic homotopy
groups of P% +1(Z) are zero for all m > h + 1. From this point of view, one can

interpret the unstable vj-periodic localisation Ho,, as the “associated graded” of
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the tower (0.1), called the unstable monochromatic layer of height h. Therefore, it
is also important to ask how to use our knowledge of the associated graded pieces
to improve our understanding of p-local homotopy types or p-local Vh-less homotopy
types. Questions in this direction are studied under the keyword chromatic assembly,
and they are awaiting further exploration.

Introduction for Part II

A Lie algebra over a field k is a k-vector space together with a k-bilinear operation,
called the Lie bracket, satisfying the so-called anti-symmetry and Jacobi-identity
relations. For example, an associative algebra over k£ becomes a Lie algebra where the
Lie bracket is given by the commutator bracket. The universal enveloping algebra U(L)
of a Lie algebra L is an associative algebra over k together with a Lie algebra
morphism L — U(L) which satisfies the following universal property: For every Lie
algebra morphism f: L — A, where A is an associative algebra endowed with the

commutator Lie bracket, there exists a unique factorisation

where f/ is a morphism of associative algebras. For a k-vector space V', denote by
T(V) the free associative algebra, i.e. the tensor algebra, generated by V. An explicit
construction of U(L) is given as the quotient of T(L) by the two-sided ideal generated
by the elements a ® b — b ® a — [a, b] for a,b € L. The free Lie algebra functor is the
left adjoint to the forgetful functor from the category of Lie algebras to the category
of k-vector spaces. The universal enveloping algebra of a free Lie algebra generated by
a k-vector space V' is isomorphic to the free associative algebra T(V'), see [ReuFLA,
Theorem 0.5].

There are many applications of universal enveloping algebras in representation the-
ory, algebra and topology; for some expositions, see [DixEA], [MMG65] and [NeiAMU]J.
We discuss one example in rational homotopy theory. Let Z be a pointed simply-
connected homotopy type. We recall now briefly the construction of the Samelson prod-
uct on the graded homotopy group 7, (22) of the loop space 2Z of Z. Let f: S* — QZ
and g: 8" — QZ be morphisms of pointed homotopy types representing elements
of m¢(2Z) in degree n and m, respectively. We define the following composition

p:S"xS™ Y 0z w0z 0z

li,lo) = 1y o x I % 15T
( 1 2
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where * denotes the concatenation of loops and (—)~! denotes the reversed loop.
One can check that the composition S™ v S™ <i> Sm % S™ % 07 s null-homotopic,
where S™ V S™ denotes the wedge of spheres. The cofibre of 7 is equivalent to the
smash product S™ A S™. Now the Samelson product [f,g] € Tp4m(QZ) of f and g is
represented by the map ST ~ §" A S™ — QZ induced by ¢.

Theorem (Cartan—Serre, Milnor—-Moore). —
(i) The Samelson product endows the graded rational homotopy group me(2Z) @7 Q
of QZ with the structure of a graded Lie algebra over Q.

(ii) There exists an isomorphism
U (re(27) ©2 Q) = H, (07, Q) (0.2)

of graded associative algebras over Q, where the algebra structure on the singular

homology He (Q2Z;Q) is induced by concatenating loops in Z.

See [FHT, Theorem 21.5] for a proof of the above theorem. For shadowing later con-
siderations let us remark that the rational homology group H, (£2Z; Q) is isomorphic to
the stable homotopy group 75*(X5°(Q22) @ HQ) of the tensor product X (27) @ HQ of
the suspension spectrum 35°(2Z) with the rational Eilenberg-MacLane spectrum HQ.

The construction of the universal enveloping algebra can be generalised in two
directions, see [Knul8], using the theory of enriched co-operads. Let us first give a brief
introduction to the role played by co-operads, which generalises the classical categorical
theory of (coloured) operads [MayGIL; FreHO; LV]. Operads were invented to abstract
over algebraic structures themselves, by expressing the axioms of an algebraic structure
in terms of objects and morphisms in a suitable symmetric monoidal category. For
example, an associative algebra over Z can be defined as an algebra over the associative
operad in the category of Z-modules. Using the framework of operads one is able to
define algebraic structures on objects of an arbitrary symmetric monoidal category,
not just on Z-modules.

In the setting of oco-categories, the theory of enriched oco-operads [HTT; CH20;
Hau22] allows us to formalise algebraic structures compatible with coherent homo-
topy. We work with the model for one-coloured enriched oo-operads with values
in a presentable symmetric monoidal oco-category given by certain symmetric se-
quences, following the ideas of [Bral7; Heil8; Tri]. Thus, a Lie algebra in a pre-
sentable stable symmetric monoidal co-category € is an algebra over the spectral
Lie co-operad Lie (see Example 5.3.4.10) and an associative algebra in C is an alge-
bra over the associative co-operad €;. Using this, the construction of the universal
enveloping algebra can be generalised to a functor assigning to a Lie algebra in C
an €i-algebra in C.

The second direction of generalisation is topological in nature: Unlike Z-modules, a

homotopy type can have more sophisticated multiplicative structures than just the
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associative or commutative one. In particular, one can consider algebras over the
so-called &,, oco-operad for n € N, generalising the associative co-operad £;. Thus,
one may ask whether it is possible to assign to a Lie algebra in C an &,-algebra for
every n € N. Informally speaking, an algebra over the &, oc-operad in a symmetric
monoidal co-category D is an object X € D together with n-many binary operations,
each of which endows X with the structure of an associative algebra (i.e. an £;-algebra),
and each pair of these associative multiplications satisfies an Eckmann—Hilton-like
compatibility condition up to coherent homotopy. A standard example of an &,,-algebra
is the n-fold loop space Q™Y of a homotopy type Y. For example, for n = 2, the double
loop space Q22X is equivalent to the pointed mapping space Map, (Sl, Map, (S!, X));
the two associative multiplications are given by concatenation of loops in X and of
loops in Map, (S, X), respectively. We leave the verification of the compatibility of
these multiplications to the interested reader.

An augmented &,-algebra in C is an &,-algebra A together with a morphism
from A to the unit of the symmetric monoidal structure of C; note that the universal
enveloping algebra of a Lie algebra L over a field k is an augmented associative algebra.
For each n € N, there exists a generalisation of the universal enveloping algebra

construction provided by a cocontinuous functor (i.e. preserving small colimits)
Uy, g0 Alggie(€) — Algg8(€)

from the oco-category of Lie algebras in € to the co-category of augmented &,,-algebras
in C, which sends a free Lie algebra generated by an object X € € to the aug-
mented &€,-algebra freely generated by the n-fold suspension X3 X of X. Note that
the evaluation of the functor U,, ; on a Lie algebra is uniquely determined by its value
on morphisms between free Lie algebras, since every Lie algebra is equivalent to a
(co-categorical) colimit of free Lie algebras. It is shown in [Knul8] that U, (L) is
equivalent to X5°(Q%,.L) where Qz;e denotes the loop functor of Alg ;. (€) and X3° de-
notes the stabilisation functor of Alg ;,(€), which one shall consider as the suspension
spectrum functor, as the notation suggests. Denote by 8pg the oo-category of rational
spectra, i.e. the localisation of the co-category Sp at the set of rational homology equiv-
alences of spectra. In the case n = 1 and € = 8p, the equivalence Ui +(L) = 3QgiL
enhances the isomorphism (0.2) of homotopy groups to the spectral level.

The family of functors {U,, 4 }nen fits into a commutative diagram (up to coher-
ent homotopy)

‘AlgLie (e)

Un,+
Uly+

s AL (€) oy A (€) — e — ALY (€) Al ()
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of co-categories and cocontinuous functors (the horizontal functor Bar, is the so-called
Bar construction). In §6.1 we construct the above diagram using the recent result
about Koszul duality of the (spectral) &, oo-operad [CS22], which is different from
the original approach in [Knulg]. By the universal property of (co-categorical) limits,
there exists an induced cocontinuous functor

Uso,+: Alg ;e (€) — lim Alg #(C).

By formality of the &, oo-operad over Q (see Theorem (.2.1.11) we obtain the
following theorem.

Theorem 3 (Theorem 6.2.1.17). — The cocontinuous functor
Uco,+: Alggie (SPQ) — @Alg?ig (SPQ)
is an equivalence of co-categories.

As before we fix a prime number p and let h € N. Recall from the introduction
of Part I that the p-local telescope spectrum T(h) of height h is an analogue of the
rational Eilenberg-MacLane spectrum HQ (with T(0) ~ HQ). Denote by Spry, the
localisation of the oo-category Sp, of p-local spectra at the set of T(h)-homology

equivalences. We prove the following theorem.

Theorem 4 (Theorem 6.3.0.1). — Let € = Spry, for a natural number h > 1.
Then the functor U + is fully faithful.

This gives a hint towards the following conjecture, generalising Theorem 3.

Conjecture 5. — Let C = Spy(y, for a natural number h > 1. Then the functor U 4+

is an equivalence of co-categories.

Recall the oco-category JHo,, from the end of the introduction of Part I. It is
the unstable monochromatic layer of height i and is defined as the localisation of
the oco-category f}{o(>p§ of pointed simply-connected p-local homotopy types at the
set of vp-periodic equivalences. The following theorem generalises Quillen’s rational

differential graded Lie algebra model for simply-connected rational homotopy types.

Theorem (Heuts). — For every natural number h > 1, there exists an

oo-categorical equivalence

Hoy, ~ Algue(spT(h))-

Thus, Lie algebras provides a different viewpoint for studying Ho,, , which is our
main motivation for investigating the properties of the oco-category Alg Lie(SpT(h)).
There exist two adjunctions

free indec

SpT(h) = ‘AlgLie(SpT(h)) : SPT(h)
forg triv
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associated with Algg;.(Spr(s)); the first one is the free-forgetful adjunction and
the second is the indecomposable—trivial adjunction. The functor triv endows every
object E € 8pyy) with the structure of a trivial Lie algebra: The Lie bracket is
defined as the zero map. Under the equivalence 3oy, =~ Alg;;.(Spr(p)), the above
adjunctions correspond to the following adjunctions

oo

O z,
SPr(n) @:) How, Q:’ SPr(n)
h o

>
associated to Ho,, , where @, is the so-called Bousfield-Kuhn functor (see Theo-
rem 3.4.1.5) and £3° 4 Q9 exhibits 8pr(py as the stabilisation of 3oy, (see 96.2.2.6).
Since the suspension functor is an auto-equivalence of the stable co-category Spr(ys
the left adjoint functor ©), supplies the co-category Ho,, with non-trivial objects X
admitting infinite desuspensions, i.e. there exists an infinite sequence (X;);>o of objects
in Ho,, with X ~ Xy and X; ~ ¥, X, for i € N, where ¥, denotes the suspension
functor of Ho,,,.

The general theory of the study of objects of an co-category D that admit infinite
desuspensions is called costabilisation; i.e. it is the opposite of stabilisation. The costa-
bilisation of an co-category D admitting finite colimits is a stable co-category coSp(D)
together with a functor Xo.: co8p(D) — D (defined uniquely up to coherent homo-
topy) such that every finite colimit preserving functor from a stable co-category to D
factors through ¥ .,. The costabilisation of the co-category Ho, of pointed homotopy
types is trivial, since a pointed homotopy type admitting infinite desuspensions is
contractible. However, as we indicated earlier, the costabilisation of the vy-periodic

localisation Ho,, of homotopy types is not trivial.

Theorem 6 (Theorem 7.3.0.4). — Let h > 1 be a natural number. The adjunc-
tion ©p o @y, exhibits the co-category Sppyy as the costabilisation of Hoy, .

In other words, the functor ©y, plays the role of X, which gives a universal property
for the Bousfield-Kuhn functor &y,.

Corollary 7 (Corollary 7.3.0.7). — Let h > 1 be a natural number. For a
presentable stable co-category D, composition with the Bousfield-Kuhn functor ®j,

induces an equivalence
TfunR(SpT(h), D) = Fun® (Hoy,,D)

where Fun™ denotes the oco-category of functors that are accessible and preserve small

limits, i.e. functors that admits a left adjoint.

Recall the tower (0.1) of localisations of the co-category ﬂfo@% of p-local pointed
simply-connected homotopy types given by Vh—contractions for h > 1. We consider

Theorem 6 as our first step towards understanding chromatic assembly of homotopy
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types. For a natural number A > 2, the finite truncation 9—(0(>§ - of this tower also
P)Vh

admits a non-trivial costabilisation; for h = 1 the costabilisation of Ho ot

.7 (for exam-

ple Vi =§2 /p) of pointed simply-connected rational homotopy types is trivial, for the

same reason as for the co-category Ho.. We would like to pose the following questions.

Question 8. —

>1 9

(p)vvh ’

(ii) What is the relationship between the Bousfield-Kuhn functor ®; and the right

adjoint ®<j, to the natural functor

(i) What is the costabilisation of the co-category Ho

: >1 >1 o
Yoo coSp(fHo(p)’Vh) A

This is related to Heuts’s question [Heu20b, Question C.4]:

(iii) Let V be a pointed finite p-local homotopy type. If the vj,-periodic homotopy
groups of V' vanish, are the v,-periodic homotopy groups of V also trivial for
every 0 < n < h?

Question (iii) has an affirmative answer if we replace finite homotopy types by
finite spectra. Indeed, a spectrum has vanishing v,-periodic homotopy groups if and
only if it has vanishing T(h)-homology groups (recall that this is not true for p-local
homotopy types). Furthermore, a T(h)-homology equivalence of finite spectra is also
a K(h)-homology equivalence, and vice versa. Let F' be a finite p-local spectrum
such that its T(h)-homology T(h)e(F') is trivial. Then we have K(h)e(F) = 0, which
implies that K(h — 1)e(F) =0 and T(h — 1)4(F) = 0.

Conventions. — We follow the size conventions in [HTT, §1.2.15] to deal with set-
theoretic technicalities; see [Lanll, §1.1] for a more precise explanation. In particular,
we work in the set-theoretic framework of the ZFC axioms. In addition we assume
the large cardinal axiom which guarantees the existence of a tower Ug C Uy C -+ of
Grothendieck universes [BorHCA, Definition 1.1.2]. We call a mathematical object
small if it is an element of Uy. Then, for example, the oco-category Ho of small
homotopy types is well-defined and it is itself an element of U;. Since we are not
writing a foundational text, this will be the last comment about set theory that

we make.






CHAPTER 1

Background

1.1. oo-categories and oco-categorical localisations

Throughout the text we use the theory of (oo, 1)-categories, following [HTT]. For
abbreviation, we call an (0o, 1)-category an oo-category. In this expositional section we
recall some prerequisites of the theory of co-categories and oco-categorical localisations.

1.1.1. oo-categorical prerequisites. — We use quasi-categories as our model for
oo-categories. In other words, an oo-category is a simplicial set satisfying “inner horn
filling conditions” [HTT, Definition 1.1.2.4], and a functor between oco-categories is a
morphism of the underlying simplicial sets. We refer the reader to [HTT, Chapter 1]
for a more detailed motivation and introduction on the theory of co-categories. For a

more compact textbook on this subject, see [LanII].

1.1.1.1. Example. — We list some methods of constructing of co-categories.
(i) The nerve N(C) of a 1-category C is an co-category [HTT, Proposition 1.1.2.2].
(ii) Let C be a simplicially enriched category whose mapping simplicial sets are
Kan complexes [HTT, Definition 1.1.2.1]."") The simplicial nerve N(C) of C is
an oo-category [HTT, Proposition 1.1.5.10].
(iii) Every simplicial model category gives rise to an oo-category by taking the
simplicial nerve of the full subcategory of fibrant and cofibrant objects [HTT,
Appendix A.2].

1.1.1.2. Example. — Here are some examples of oco-categories.
(i) The simplex category A is a 1-category whose objects are totally ordered sets

[ ={0<1<---<n}forneN

(D1In other words, C is a fibrant simplicially enriched category with respect to the Quillen model
structure of the category of simplicially enriched categories [QuilA].
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and morphisms are order preserving maps. Fix a natural number n, the
category A" is the full subcategory of A whose objects are [m] for 0 < m < n.
Define the co-simplez category A :== N(A) and A™ := N(A") for n € N.

(ii) A Kan complex is an oco-category. Furthermore, it is an co-groupoid, i.e. an

oo-category where every morphism is an equivalence, see [HTT, §1.2.5].

(iii) The oo-category Ho of homotopy types is defined as the simplicial nerve of the

simplicially enriched category of Kan complexes [HTT, Definition 1.2.16.2]. Tt
can be equivalently defined as the simplicial nerve of the simplicially enriched
category of CW-complexes [HTT, Remark 1.2.16.3].

(iv) The oco-category 8p of spectra can be constructed from a simplicial model

(v)

1.1.1.

(i)

(i)

(iii)

(iv)

1.1.2.

category of spectra, using the method in Example 1.1.1.1.iii). Alternatively, one
can consider 8p as the stabilisation of the co-category Ho of homotopy types,
see €6.2.2.6 and [HA, §1.4].

The oo-category Cat, of small co-categories has objects small co-categories,
and a morphism in Caty, is a functor between small co-categories, see [HTT,
Definition 3.0.0.1] for a construction of Cats,. Denote the co-category of (not

necessarily small) co-categories by CAT .

3. Convention. — We use the following conventions throughout the text.
As we already demonstrated in the above examples, we denote oo-categories by
calligraphy letters and 1-categories by boldface letters.

For an co-category €, we denote by ho(€) the homotopy category of € [HTT,
§1.2.3]. The homotopy category ho(Ho) of the co-category Ho of homotopy
types is abbreviated as Ho.

For two objects X and Y in an co-category C, let Mape(X,Y) € Ho denote the
oo-groupoid of morphisms from X to Y, see [HTT, §1.2.2]. Denote the image
of Mape(X,Y) in the homotopy category Ho of by Mape(X,Y).

For oo-categories € and D, let Fun(€, D) denote the oo-category of functors
from € to D, see [HTT, §1.2.7].

Localisations of co-categories. — We review the necessary background of

the theory of localisations of (presentable) co-categories, which plays an important

role in this thesis. The main references for this section are [HTT, Chapter 5] and [HA,

§1.3.4]. Since oco-categorical localisations work analogously to ordinary categorical

localisations, we also refer the reader to corresponding statements in the context of

ordinary categories for comparison and motivation, following [BorHCA, Chapter 5].

For an exposition of the applications of localisations to homotopy theory containing

many interesting examples, see [Law20b].

1.1.2.1. Definition. — Let C be an oco-category and W be a set of morphisms in C.

A localisation of C at W is an oo-category D together with a functor L: € — D such
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that L satisfies the following universal property: For every oco-category &€, composing
with L induces a fully faithful functor

Fun (D, &) N Fun(C, &)

whose essential images are functors sending morphisms in W to equivalences in €. In
particular, L sends morphisms in W to equivalences in D.

1.1.2.2. Remark. — The definition is a natural generalisation of the ordinary
categorical localisations, known as category of fractions, see [BorHCA, Definition 5.2.1].
The localisation of an ordinary small category C at a small set W of morphisms exists;
one can explicitly construct it by formally adding morphisms to C which serve as
inverses of morphisms in W, see [BorHCA, Proposition 5.2.2]. The localisation of an

oo-category always exists up to contractible choice [HA, §1.3.4].

1.1.2.3. Proposition. — Let C be an co-category and let W be a set of morphisms
in C. Then the localisation of C at W exists.

Sketch. — A marked simplicial set is a pair of a simplicial set and a set of edges of the
simplicial set which contains every degenerate edge [HTT, Definition 3.1.0.1]. The idea
is to consider (€, W) as a marked simplicial sets and construct the localisation as a
fibrant replacement of (€, W) in the category of marked simplicial sets endowed with the
cartesian model structure [HTT, Proposition 3.1.3.7]. By [HTT, Proposition 3.1.4.1] a
fibrant object under the above model structure is equivalent to a pair (D, E) where D
is an oo-category and F is the set of equivalences in D. A fibrant replacement of the
pair (€, W) is a functor
F: (e, W)— (D,E)

of marked simplicial sets such that (D, F) is fibrant and F is a cartesian equivalence.
It follows from the definition of cartesian equivalences that F exhibits D as the
localisation of € at W [HTT, Proposition 3.1.3.3]. O

1.1.2.4. Proposition. — Let F': C — D be a functor between co-categories admitting
a fully faithful right adjoint. Denote the set of morphisms of C that are sent to
equivalences in D under F' by Wg. Then F exhibits D as the localisation of C at Wg.

Proof. — See [HTT, Proposition 5.2.7.12]. O

1.1.2.5. Remark. — In the situation of Proposition 1.1.2.4 we say F' is a reflective
localisation, i.e. a localisation functor that admits a fully faithful right adjoint, see [HTT,
§5.2.7] and [BorHCA, §5.3]. Reflective localisations have nice closure properties, e.g.
the set W is closed under small colimits in the co-category Fun(A', @) of morphisms
in C. Given a set W of morphisms in €, we would like to know whether the reflective
localisation of € at W exists. Ordinary categorically, one construction of reflective

localisations is given with the help of orthogonal pairs or factorisation systems of
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morphisms in cocomplete categories whose objects are presentable; in particular,
locally presentable categories, see [BorHCA, §§5.4-5.5] for more details. This approach
generalises naturally to oo-categorical settings [HTT, §§5.2.8, 5.5.4, and 5.5.5].

1.1.2.6. Proposition. — Let F: C — D be a functor exhibiting the co-category D
as a reflective localisation of the co-category C. Denote the right adjoint of F by G.
The unit natural transformation A\e: id — G o F' satisfies the following property: For
every object X € C, the morphisms (G o F)(A(X)) and A((G o F')(X)) are homotopic
to each other and are both equivalences in C.

Proof. — For every object X € €, the evaluation of A on the morphism A(X) gives
the following commutative diagram

A(X)

X (Go F)(X)
id(/\(X))=A(X)[ J(GoF)(A(X))
(G o F)X) spaemoe; (G0 F) (GoF)(X)),

that is, the upper-right composition ((Go F)(A(X)))oA(X) of morphisms is homotopic
to the lower-left composition A((G o F)(X)) o A(X). For an object Y € D, composing
with A(X) induces an equivalence

Mape((G o F)(X), G(Y)) = Mape(X, G(Y)),

on mapping spaces, since G is fully faithful. Therefore, the morphisms (G o F')(A(X))
and A((G o F)(X)) are homotopic. Since G is fully faithful, the counit natural
transformation F o G — id is an equivalence in the oco-category Fun(D, D). Thus, the
morphism A((G o F)(X)) is an equivalence in €, which implies that (G o F)(A(X))
is also an equivalence in € since the two maps are homotopic. See also [HTT,

Proposition 5.2.7.4] for a stronger statement. O

1.1.2.7. Corollary. — In the situation of Proposition 1.1.2.0 let L denote the
composition G o F'. The induced natural transformation L — L o L is an equivalence
in the oo-category Fun(C, €). O

1.1.2.8. Definition. — Let C be an co-category and let W be a set of morphisms
in C.
(i) An object X of € is W-local if for every morphism f: A — B in W the induced
morphism Mape (B, X) — Mape(A4, X) of mapping spaces is an equivalence
in Ho.?)

(2)Our definition is equivalent to [HTT, Definition 5.5.4.1], since an equivalence in an co-category
is defined as a morphism that becomes an isomorphism in the homotopy category [HTT, §1.2.4].
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(ii) A morphism f: Y — Z in C is a W-equivalence if for every W-local object X
the induced morphism Mape(Z, X) — Mape(Y, X) of mapping spaces an
equivalence in Ho.

1.1.2.9. Notation. — In the situation of Definition 1.1.2.8, if the set W consists of
single morphism f, we abbreviate “W-local” and “W-equivalence” by “f-local” and

“ f-equivalence”, respectively.

1.1.2.10. Definition. — Let C be an oco-category admitting small colimits. A set S
of morphisms of C is strongly saturated if it satisfies the following conditions:
(i) Given a pushout diagram

X — X

Nt
I
Y — Y

in €, the map f’ isin S if f isin S.

(ii) The full co-subcategory of S"un(Al, C) whose objects are morphisms in S is
closed under small colimits.

(iii) Let f,g and h be morphisms in € such that f o g =~ h. If any two of the three

maps are in S, so is the remaining one.

1.1.2.11. Example. — Let C be an oco-category admitting small colimits.
(i) The set of equivalences in € are strongly saturated.
(ii) In the situation of Definition 1.1.2.8 the set of W-equivalences is strongly
saturated, see [HTT, Lemma 5.5.4.11].

1.1.2.12. Definition. — A strongly saturated class S of morphisms is generated by a
set Sg C S if S is the smallest strongly saturated class of morphisms containing Sy. We
say that S is of small generation if Sy is a small set. See also [HTT, Remark 5.5.4.7].

1.1.2.13. Definition. — An oo-category C is presentable if there exists a regular
cardinal k and a small co-subcategory Gy such that
(i) € admits small colimits,
(ii) for every object X € €y the functor Mape (X, —) commutes with s-filtered
colimits, and

(iii) every object of C is equivalent to a small colimit in € of objects in Cy.

1.1.2.14. Definition. — A functor between presentable co-categories is
(i) continuous if it preserves small limits;
(ii) cocontinuous if it preserves small colimits;
(iii) accessible if it preserves r-filtered colimits for some regular cardinal x, see [HTT,
Definitions 5.4.2.5 and 5.3.4.5].
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1.1.2.15. Notation. — Let Pr" denote the oo-category of presentable co-categories
whose morphisms are cocontinuous functors. Let PR denote the oo-category of
presentable co-categories whose morphisms are accessible and continuous functors.
See [HTT, Definition 5.5.3.1].

1.1.2.16. Remark. — By the Adjoint Functor Theorem a functor is an morphism
in Pr¥ (respectively TrR) if it admits a right adjoint (respectively left adjoint), see [HTT,
Corollary 5.5.2.9].

1.1.2.17. Theorem. — Let C be a presentable co-category and S be a strongly
saturated class of morphisms of C generated by a small set Sy C S. The following
statements holds:

(i) The oo-category Cs, of Sp-local objects is presentable.

(ii) The inclusion Cg, — C admits a left adjoint L.

(iii) A morphism f in C is an So-equivalence if and only if it is in S.

(iv) The functor L: C — Cg, exhibits Cg, as the localisation of € at S. In particular,

it is a reflective localisation.

Proof. — See [HTT, Proposition 5.5.4.15]. O

1.1.2.18. Example. — Let C be a presentable co-category and let f be a mor-
phism in €. The oo-category C; of f-local objects is the localisation of C at the
set of f-equivalences. In Part I we are concerned with such localisations of the
oo-category Ho of homotopy types. We refer interested readers to [Law20b, §4] to
more concrete examples of such localisations.
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1.2. Stable chromatic homotopy theory

Many ideas and methods from stable chromatic homotopy theory are indispensable
for the development of unstable periodic homotopy theory. Fix a prime number p.
In this section we give a very brief exposition of the stable chromatic localisations of
the oo-category Sp, of p-local spectra and include necessary prerequisites from this
subject for later applications.

Denote the suspension of a spectrum by >, and the sphere spectrum by S. We
begin by explaining the role of “self-maps” of finite spectra played in studying the
stable homotopy groups 75%(S) of the sphere spectrum. Let F be a finite spectrum,
i.e. a spectrum that is equivalent to, up to desuspension, the suspension spectrum of a
finite CW-complex. Given a morphism f: L¢F — F of spectra, where d € N, one can
define the following composition

Pl ST o NUE LD p o 88 e mt(Sh) 2 my_i(S)

for any t € N, where
(i) the first map (from the left) is induced by the inclusion of a bottom cell
into L F,
(ii) the middle map denotes the composition

oty 20 yeap B vap 1op g
(iii) the last map F' — S* is induced by the collapse map onto a top cell of dimen-
sion k.
Thus the family {1/}}} of maps supplies us with an infinite family of elements in 75'(S).
It would be good to know that, with a suitable choice of f, the above procedure
produces some non-trivial elements in 75'(S). An obvious candidate for f is the
degree n self-map S == S for n € Z, which gives us every element in 75¢(S) & Z. The
next example of f is constructed by Adams [Ada66] using complex K-theory KU. Fix

a prime number p. Consider the following cofibre sequence
Z2S—S/p
It is shown in [AdaG6] that for p > 3 there exists a map
vr: R2PVS/p 5 S/p,

called a vy self-map of S/p, which induces an isomorphism on their complex K-theory
homology.'®) Furthermore, it was observed one can construct more such self-maps by
taking the cofibre of the existing self-maps; we clarify this by giving two more examples.
Denote the cofibre of the self-map vy by S/(p,v1). It is shown in Smith [Smi70] that

(3)There is also similar construction in the case p = 2 [Ada66], which we omit for the simplicity of
this exposition.
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for p > 3 there exists a non-trivial map
ve: S0 US/ (p,v1) = 8/ (p, 1),

which is called a vy self-map of the finite spectrum S/(p, v1). Let S/(p, v1,v2) denote
the cofibre of the vy self map. Toda proves that for p > 5 there exists a non-trivial
self-map

v3: 22(”3*1)8/(17, v1,v2) = S/(p,v1,v2)

of the finite spectrum S/(p, v1, v2).

In [MRW77] Miller, Ravenel and Wilson develop a program to show that the infinite

t t

families ¢, , ¥,

and ¥} of elements of 73'(S) constructed using the above vy, vy
and vs self-maps are non-trivial. Their methods is to reduce the questions purely
algebraic computations. We list the ingredients of this algebraic approach and give
references to the definitions and details for the interested reader. Recall that we work
with a fixed prime number p. Denote the p-local Brown—Peterson spectrum by BP,
which was constructed in [BP66]. The BP-homology BP,4(S(,)) of the p-local sphere
spectrum admits the structure of a (left) BP4(BP)-comodule of the so-called Hopf
algebroid (BPo,BP¢BP); see [Hov04] for an introduction of Hopf algebroids. The
Ext group Extgp, Bp) (BP., BP, (S(p))) of (BP,, BP,BP)-comodules is isomorphic,
as a bi-graded abelian group, to the Es-page of the BP4-based Adams—Novikov
spectral sequence converging to the stable homotopy groups Fit(S(p)) of the p-local
sphere spectrum. It is explained in [MRW77] how to detect non-trivial elements in
Extpp, 8p) (BPe,BP, (S(,))) which survives to the Eo-page of the spectral sequence
and their images on the F.-page represent elements of Wﬁt(S(p)) constructed from the
v1, Vg or vg self-maps (that we mentioned at the beginning of this paragraph).
In order to compute the group Extgp, Bp) (BP., BP, (S(p))), an algebraic chromatic
resolution
BP.(S) - M° - M' — ... - M" — ... (1.2.0.1)
of BP,BP-comodules was constructed in [MRW77]. This resolution induces
the so-called chromatic spectral sequence converging to the bi-graded group
Extgp, Bp)(BPs, BP4(S(;))). Recall the p-local Morava K-theory spectrum K(h)
of height h, where h € N. The Fj-page of the spectral sequence, given by
the Ext group Extpp,mp) (BP., Mh), can be computed using the Ext groups
Extrn) k(n) (K(h), K(e)) of K(h)eK(h)-comodules. Finally, the spectrum K(h) relates
closely to the so-called Morava stabiliser groups of automorphisms of the so-called
Honda formal group Iy, of height h over the algebraic closure F, of F,,. This gives
the possibility to obtain partial information of the group Exty ), k) (K(h),K(h))
from the continuous group cohomology of the Morava stabiliser group; the latter

involves very complicated computations.
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Denote the oo-category of p-local spectra by 8p(p)- The p-local Lubin—Tate spec-
trum Ey, of height A is a spectrum associated with the universal deformation ring of the
Lubin—Tate formal group law over the p-adic integers; we recommend the non-expert
reader to view Ej as a auxiliary spectrum with certain properties that we will explain
later, since several pages prerequisites from chromatic homotopy theory are needed to
make full sense of this definition of E;. Let L;, denote the localisation functor of Sp(p)

at Ex-homology equivalences. By 91.2.0.15 we obtain the following tower
o= Lpp1 =2 Lp ==L = Lo (1.2.0.2)

of localisations of Sp(,). Evaluation this tower at the p-local sphere spectrum S,), we

obtain the commutative diagram

Stp)

A

== L1 (Sp) — Ln (Swy) — -+ — L1 (Si)) — Lo (Sgp)-

In [Rav84] Ravenel observed that the lower horizontal tower in (1.2.0.2) relates to the
algebraic chromatic resolution (1.2.0.1) as follows: The truncated chromatic spectral

sequence induced by the truncated resolution
BP.(S) - M° - M' — ... — M"

converges to the the bi-graded Ext group Extpp, Bp) (BP.7 BP, (Lh (S(p)))), which
is isomorphic to the Fs-page of the BP4-based Adams—Novikov spectral sequence con-
verging to the stable homotopy groups of 7St (Lh (S(p))). Because of this relationship,
we view the tower (1.2.0.2) as a realisation of the resolution (1.2.0.1) on the spectral
level. Thus, the tower (1.2.0.2) is known as the chromatic tower of p-local spectra.

We have already mentioned the concept of formal group here and there in the
exposition above. Let us make a side remark that there is a very close tie between
stable chromatic homotopy theory and the theory of the moduli stacks of formal
groups. See [HopCOC; LurCHT; PetFG; PstFHC] for more detailed explanations of
this algebro-geometric viewpoint of chromatic homotopy theory.

In his seminal paper [Rav84] Ravenel made conjectures saying that the problems
about finding non-trivial self-maps X¢F — F of a finite spectrum F can be answered
using chromatic homotopy theory. The related conjectures were proven in [HS98],
which we recall in the following. Denote by ® the smash product of spectra, which
makes 8p a symmetric monoidal co-category (see Definition 5.2.1.30). Recall that we
work with a fixed prime number p. We set K(0) :== HQ and K(co) := HF,,.
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1.2.0.1. Definition. — Let E be a spectrum and let d € N. A map f: Y?E — E

is nilpotent if there exists a n € N such that the composition

(n—1)d (n—2)d
fon. yndp 20 s n=vyap 2T, sdp Jop

is the zero map.

1.2.0.2. Theorem (Nilpotence Theorem). — Let F be a p-local finite spectrum
and let d € N. A map f: LF — F is nilpotent if and only if, for all h € NU {oc},
the induced map K(h)e(f) on K(h)-homology is nilpotent.

Proof. — See [HS98, Theorem 3]. O

1.2.0.3. Definition. — Let h be a natural number. A p-local finite spectrum F' is
of type at least h if its K(n)-homology K(n)e(F) is trivial for every 0 <n < h —1. If
in addition its K(h)-homology K(h)e(F') is non-trivial, we say F is of type h.

1.2.0.4. Theorem (Ravenel). — Let F be a p-local finite spectrum and let h be a
natural number. If K(h)e(F) =0, then F is of type at least h.

Proof. — See [Rav84, Theorem 2.11]. O

1.2.0.5. Theorem (Mitchell). — For every h € N, there exists a finite p-local
spectrum of type h.

Proof. — See [Mit85]. O

1.2.0.6. Theorem (Periodicity Theorem). — Let F be a finite spectrum of type
at least h for a natural number h. Then there exists a vy, self-map Y F — F for
some natural number dj, which induces an isomorphism of K(h)-homology and induces

the zero map of K(j)-homology for all j # h.
Proof. — See [HS98, Theorem 9]. O

1.2.0.7. Definition. — Let C be a stable oco-category. A full co-subcategory Gy C €
is thick if the homotopy category ho(Cp) is a thick subcategory of the triangulated
category ho(C). In other words Cq is thick if it is closed under equivalences, cofibre
sequences and retracts. By closed under cofibre sequences we mean that if two of the

three objects of a cofibre sequence is contained in Cy, then so is the remaining one.

1.2.0.8. Example. — Denote the co-category of p-local finite spectra by Sp?;). The
full oo-subcategory P>, whose objects are p-local finite spectra of type at least h, is
a thick subcategory of Sp?;). By convention we denote the full co-subcategory whose

objects are finite contractible p-local spectra by P>q.
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1.2.0.9. Theorem (Thick Subcategory Theorem). — If T is a thick subcategory
of the oo-category Spl(ci;‘), then there exists a unique h € N U {oco} such that T is
equivalent to the oo-category P>p.

Proof. — See [HS98, Theorem 7]. O

1.2.0.10. Remark. — In the situation of Theorem 1.2.0.9, one can regard the full
oo-category P>y, as the “prime ideals” of Sp?;), using the theory of tensor-triangulated
geometry, see [Bal20].

1.2.0.11. Corollary. — Let F be a non-trivial finite p-local spectrum. There exists
a unique natural number h such that F is of type h. [

Using the family of thick subcategories P>j of Sp?;,l), we can construct another
tower of localisations of Spf(i;), known as the p-local finite chromatic localisation tower.
This is the stable analogue of the unstable chromatic localisation tower (3.4.0.1) that
will be introduced in §3.4.

1.2.0.12. The finite chromatic localisation tower of Sp(,. — Consider the
nested sequence
o CPop1 C€Pp C-- C P> C P

n

of thick co-subcategories of Sp?p). For h € N, denote by Sp, the full co-subcategory
whose objects are equivalent to small colimits of objects of P>p. Thus, this gives
a filtration

- C8Pspyr ©8Psp © 0 C8psy C Spsg = Sp(y)
of the oo-category 8p(,y of p-local spectra. The Verdier quotient

f f .
Lis 8p0) = L4, (80 ) = 8Dy / 8Dz
is a reflective localisation of Sp(p), characterised by the property that it is the initial

functor from Sp(,) to a stable co-category sending every object of Sps;,; to the zero

object. The finite chromatic localisation tower denotes the following sequence
o LS s S L~ Lo o pt (1.2.0.4)

of localisations of the Sp(,; here L{ ~ Lg is the localisation of 8p(p) at the set of
rational equivalences. The comparison between the tower (1.2.0.2) and (1.2.0.4) is

known as the telescope conjecture.

1.2.0.13. The spectra S(h) and T(h). — There are two p-local spectra related
closely to the finite chromatic localisations, which we introduce now. They will also
be used in later applications. Let h € N.
(i) The p-local spectrum S(h) is the evaluation L} (S(py) of the localisation func-
tor L% at the p-local sphere spectrum S,,).



12 Chapter 1. Background

(ii) Let F}, be a finite spectrum of type h together with a vy, self-map X¢F), — F},.
The p-local telescope spectrum T(h) of height h is defined as the colimit

lim (Fh o, ydpy, oy 2 pond, )
in the co-category Sp(,)-

The construction of T(h) depends on the choices of Fj, and the vy, self-map. However,
these choices are elided from the notation by the following reason: By the Thick
Subcategory Theorem and the asymptotically uniqueness of the vp-self maps [HS98,
Corollaries 3.7 and 3.8], the notion of T(h)-homology equivalence does not depend on
these choices, see [BouO1, §3]. In this thesis, we are only concerned with T'(h)-homology
equivalences, and not with any specific T(h)-spectrum.

Moreover, an S(h)-homology equivalence is a T(n)-homology equivalence for ev-
ery 0 < n < h, and vice versa. The localisation LZ is equivalent to the localisation of
the oco-category Sp(>p% at the set of S(h)-homology equivalences, see [Bou01, §3].

1.2.0.14. Homology localisations of spectra. — We recall some basic notions of
homological localisation of spectra, which we have been using throughout the section.

Let E be a spectrum. A spectrum Y is Ee-acyclic if the smash product £ ® Y
is the zero spectrum, i.e. the E-homology Fo(Y) of Y is zero. A spectrum X is
E,-local if the mapping spectrum Map, (Y, X) =~ pt for every Fq-acyclic spectrum Y.
A morphism Z; — Z5 of spectra is a E-homology equivalence, or Fe-equivalence,
if it induces an isomorphism on E-homology. Denote the oco-category of Eo-local
spectra by Spg. It is shown in [Bou79b] that Spy is a reflective oco-subcategory
of 8p, i.e. there exists a left adjoint Ly to the fully faithful inclusion Spp — Sp.
Furthermore, the functor Lg exhibits the co-category Spy as the localisation of Sp at
the set of E,-homology equivalences. Thus the functor Lg is called the E-homology
localisation, and is also denoted by FE,-localisation.

Fix a prime number p. The p-local Moore spectrum S, is characterised by the
property that HZe(S(,)) = Z(y), as an isomorphism of graded abelian groups. One can
construct S(,) by formally inverting the degree £ self-map on the sphere spectrum §,
for all prime number £ # p. A spectrum is p-local if it is (S(;))e-local. There is
the following characterisation of p-local spectra: A spectrum is p-local if and only
if its stable homotopy groups are p-local abelian groups in all degrees, see [Bou79b,
Proposition 2.4]. Furthermore, a bounded below spectrum is p-local if and only if its
HZ-homology groups are p-local abelian groups in all degrees. Let Sp(,) denote the
oo-category of p-local spectra. The (S(,))e-localisation Ls,, : Sp = Sp(,) is called the
p-localisation. For a spectrum E, we denote

E) = Lg, (E).
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1.2.0.15. The Bousfield class of spectra. — Closely related to homological
localisations of spectra is the notion of Bousfield class of spectra. For E;, Ey € 8p, we
say B and Es are Bousfield equivalent if a spectrum X is (E7)e-acyclic exactly when
it is (Fs)e-acyclic. This gives an equivalence relation of spectra. For a spectrum FE,
we denote the equivalence class of E under the above Bousfield equivalence relation
by (E), called the Bousfield class of E. We write

(E1) > (E2)

if every (E1)e-acyclic spectrum is also (Fs)e-acyclic. For example, fix a prime number p,
we have the following comparisons of Bousfield classes: Let h be a natural number.
(i) (S(h)) = (T(O) V T(1) V- v T(h));
(ii) (Ep) = (E(h)) = (K(0) VK(1) vV --- VK(h)), where E(h) denotes the so-called
Johnson—Wilson spectrum;
(i) (S(h)) > (E(h));
() (T(R) > (K(h));
We refer the reader to [Rav84] and [Bou0l] for the proofs of above comparisons.
Let E; and Es be two spectra such that (E;) > (Es). Then there exists a natural

transformation
LE1 — LE2,
given on object by Fs-homology localisation. Using this and the above comparisons

of the Bousfield classes, we obtain a natural transformation LZ — Lj, from the finite
chromatic localisation of height h to the (Ej),-localisation Ly,.
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1.3. Prerequisites on unstable homotopy theory

In this section we recall some prerequisites, conventions and notations concerning

homotopy types.

1.3.0.1. Convention. — Let X and Y be pointed homotopy types. We denote the
oo-groupoid of pointed maps from X to Y by Map, (X,Y), called the pointed mapping
space from X to Y. Choosing the constant morphism sending X to the basepoint of Y
as the basepoint, Map, (X,Y") becomes a pointed homotopy type. Let [X, Y] denote
the set of pointed homotopy classes of pointed maps from X to Y.

1.3.0.2. Adding a disjoint basepoint. — Let Ho, denote the oco-category of
pointed homotopy types. There exists an adjoint pair

(=)+: Ho = Ho. :Q

given on objects as follows:
(i) The functor (—); assigns to a homotopy type W the pointed homotopy
type (W4, +) given by the disjoint union of W and a one-point space {+}.
(ii) The functor (—) assigns to a pointed homotopy types (X, zg) its underlying

homotopy type X.

1.8.0.3. Convention. — Let (X,z() be a pointed homotopy type. By abuse
of notation we abbreviate most of the time homotopy groups me (X, x¢) of (X, o)
by me(X); it will be either clear from the context which basepoint we choose, or the

choice of the basepoint does not matter.

1.3.0.4. Definition. — Let n € N. A homotopy type X is n-connected if the
homotopy groups m; (X, 2¢) are zero for all i < n and for any choice of basepoint 2y € X.
The connectivity of X is a natural number conn(X) such that X is conn(X)-connected
and the homotopy group meonn(x)+1(X) of X in degree conn(X) + 1 is non-trivial. We
say that a homotopy type is connected if it is O-connected, and a homotopy type is

simply-connected if it is 1-connected.

1.3.0.5. The Postnikov tower. — Let X be a pointed connected homotopy type.

There exists the following commutative diagram

S

- — T§n+1(X) —_— TSn(X) —_— s ——> TS1(X) —_— To(X) ~Dp

-+

in oo-category Ho, of pointed homotopy types satisfying the following properties:
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(i) For every n € N, the homotopy groups of 7<,(X) in all degrees above n
are trivial.
(ii) For every n € N, the map X — 7<,(X) induces an isomorphism of homotopy
groups in every degree 0 <14 < n.
(iii) The inverse limit of the lower horizontal tower in Ho, is equivalent to X.

In particular, for every n € N, we obtain a fibre sequence
Ton(X) = X = 7<,(X)

in Ho,. The fibre 7=, (X) is n-connected, and the pointed map 7, (X) — X induces
an isomorphism of homotopy groups in all degrees larger than n. The pointed homotopy
type 7=n(X) is called the n-connected cover of X; sometimes we denote it equivalently
by T>n+1(X).

1.3.0.6. Fiber sequences. — Let F' — X i> B be a fibre sequence in the
oo-category Ho, of pointed homotopy types, and assume that B is connected. We
introduce two ways to construct X using F' and B, up to equivalence.

(i) Consider F — X 1 B as morphisms in the oo-category Ho of unpointed
homotopy types. Let Ho,x denote the over-oo-category of objects in Ho together
with a morphism to X (see [HTT, §§1.2.9 and 4.2.1]). The morphism f induces
a functor fi: Ho,x — Ho,p by composing with f. By the proof of [HTT,
Lemma 6.1.3.14] the functor f; admits a right adjoint f*. For (Y — B) € Ho,p,
we have f*(Y — B) ~ X xy B. For a point b € B, consider the pullback diagram

F,— 5 X
J
J s
pt EELEENS ¢
in Ho. Thus we have f*(pt LN B) = (F, — X). Furthermore, the functor f*
preserves colimits. This implies that f* sends

B ~ lim(pt LN B) € Ho/p
to the object

Since the continuous functor f* preserves terminal objects, h_I)n B(Fb — X) is
equivalent to the terminal object X of Ho,x. Therefore, we have

X ~1lim F} € Ho,
B

where the limit is taken over the diagram B — Ho sending a point b to the
fibre F}, over B.
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(ii) The pointed homotopy type QB is a group object in the co-category Ho.
of pointed homotopy types. Thus we can consider the induced fibre se-
quence QB — F — X as a (QB)-principal co-bundle in Ho,, classified by the
map X — B ~ Bar(Q2B), where Bar denotes the classifying space Bar construc-

tion. By [NSS15, §3] we have the following commutative diagram

==y

---%FxQBxQB}FxQBjF—>X (1.3.0.1)

| o /

---§QBXQBEQB:;ptHBar(QB):B

in Ho, where
(a) each column is a fibre sequence,
(b) every vertical fibre sequences except for the right most one is a trivial
fibration, and
(c) the right most object of each horizontal row is equivalent to the geometric
realisation of the simplicial objects (where we only drew the face maps)
to its left.

In particular, we obtain an equivalence

X~ FxQOBx QOB FxQOB ——F
iy (- = = )

of pointed homotopy types.

1.3.0.7. Definition. — Let E be a spectrum and let X be a pointed homotopy
type. The reduced E-homology of X is defined as the graded abelian group

Ey(X) = m3(E @ ©7X).
The E-homology of X is defined as the graded abelian group
Eu(X) = 5 (B @ 7(X,)).

1.3.0.8. Nilpotent groups and nilpotent homotopy types. — Let G be a

group. The lower central series (I';(G))i>1 of G is defined inductively as follows:
Fl = G
Tit1 =[G, T(G)], for all i > 1,

where [—, —] denotes the commutator bracket. The group G is nilpotent if there exists
a natural number n such that I',,(G) is the trivial group (and thus I'y,(G) are trivial
for all m > n). Abelian groups are nilpotent.

Let H be a group and a G-module. The G-lower central series (I (H))i>y of H is
defined inductively as follows: I'{'(H) := H, and for all i > 1 the group I'(;(H) is
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the normal subgroup of I'¢(H) generated by elements of the form h(g.a)h~*a~" for
all h € H, all g € G and all a € T¢(H). We say H is G-nilpotent if there exists a
natural number n such that TS (H) is the trivial group (and thus TS (H) are trivial
for all m > n).

Let X be a pointed connected homotopy type. The homotopy group 7, (X) in
every degree n > 2 admits an action by the fundamental group 7 (X), see [HatAT,
p.341] for a detailed construction of this action. The homotopy type X is nilpotent if

(i) m1(X) is nilpotent, and

(ii) 7, (X) is w1 (X)-nilpotent, for all natural numbers n > 2.

Examples of nilpotent homotopy types are simple homotopy types (the action of 1 (—)
on m,(—) are trivial for all n > 2), in particular simply connected homotopy types,
and connected H-spaces.

Let R be a subring of the rational numbers Q. For a nilpotent group G, the
notation G ® R denotes the R-Malcev completion of G, see [BK, §V.2.3] for the
definitions. If G is abelian, then G ® R is isomorphic to the tensor product G ®z R
of Z-modules.

See [Dro71; Hil82; BK] for more details about these topics.

1.3.0.9. Homological localisations of homotopy types. — Let E be a spectrum.
A morphism f: X - Y € Ho, is an E-homology equivalence, or Eo-equivalence, if it
induces an isomorphism f,: Eq(X) = Eo(Y). A pointed connected homotopy type Z
is Fe-acyclic if the map Z — pt is an Fe-equivalence. Equivalently, Z is E,-acyclic
if Eo(X) = 0. The localisation of Ho, at the set of E,-equivalences exists and is
denoted by Lg: Ho, — Ho,, see [Bou75]. This is a reflective localisation and it
assigns to every pointed homotopy type X a pointed homotopy type Lg(X) together
with a morphism Ag(X): X — Lg(X) in Ho, such that
(i) the map A\g(X) is an E,-equivalence, and
(ii) every Eo-equivalence g: X — Y € Ho. admits an extension ¢’: ¥ — L X
with ¢’ 0 g ~ Ag(X).
A pointed homotopy type is Fo-local if it is the map X — Lg(X) is an equivalence.
Fix a prime number p and recall the mod-p Moore spectrum S, from €1.2.0.14.
A pointed homotopy type is p-local if it is (S(,))s-local."”) For a nilpotent group G,
we say G is p-local if there exists a group isomorphism G = Z,y ® G. For a pointed
nilpotent homotopy type Z, there are the following characterisations of being p-local:
(i) Z is p-local if and only if its HZ-homology groups are p-local abelian groups in
every degrees.
(ii) Z is p-local if and only if its homotopy groups are p-local in all degrees.

(4)By [Bou75, Proposition 4.1] it is equivalently (HZ(;))e-local.
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In general, homological localisations of non-nilpotent homotopy types are compli-
cated, see [BK, Chapter VII]. Let 3o, denote the oo-category of pointed p-local ho-
motopy types. The (S(;))s-localisation Ls,, : Hox — Ho(y) is called the p-localisation
of homotopy types, as constructed in [Bou75]. For X € Ho,, we denote

X(P) = LS(P) (X)

When restricted to nilpotent homotopy types, the above p-localisation Lg, coincide
with other constructions of p-localisations of homotopy types, see [BK; CP93; SulGT]
for alternative constructions. However, these constructions become inequivalent for
non-nilpotent homotopy types, see [MP, Remark 19.3.11]. In our later applications,

we are only concerned with p-localisation of nilpotent homotopy types.

1.3.0.10. Definition. — A finite homotopy type is an object of Ho which is
equivalent the homotopy type of a finite CW-complex, i.e. a CW-complex having only
finitely many cells. Thus, we also often call a finite homotopy type a finite complex.
For a fixed prime number p, a finite p-local homotopy type (complex), or equivalently
denoted as p-local finite homotopy type (complez), is a p-local homotopy type that is

equivalent to the p-localisation of a finite homotopy type (complex).

1.8.0.11. Remark. — A finite p-local homotopy type doesn’t have to be a finite
homotopy type, for example, consider the p-local spheres. However, let F' be a
nilpotent finite p-local homotopy type such that its singular homology with rational
coefficient is trivial, then F' is equivalent to a finite complex: The hypotheses on
F imply that the integral singular homologies of F' is bounded and are degree-wise

finitely generated p-primary abelian groups.
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CHAPTER 2

The contraction of a homotopy type

2.1. The W-contraction

We introduce the theory of W-contraction of a homotopy type W (also known
as the W-nullification or the W-localisation), following [Bou94] and [DroCS]. This
section is expository, where we supplement [Bou94, §2] with more details of the proofs
of certain theorems. In particular, we discuss the W-contraction for pointed and
unpointed homotopy types in detail (see for example Proposition 2.1.1.15).

We begin with the basic definitions and properties in §2.1.1, and proof the existence
of the W-contraction functor in §2.1.2 and discuss some closure properties in the last

subsection §2.1.3.

2.1.1. W-less homotopy types and W-equivalences. —

2.1.1.1. Definition. — Let W be a homotopy type. We say a homotopy type X
is W-less if the map W — pt induces an equivalence

X ~ Map(pt, X) — Map(W, X)
on the mapping spaces.

2.1.1.2. Example. — Let us first consider some trivial examples.
(i) If W is contractible, then every homotopy type is W-less.

(ii) If X is contractible, then X is W-less for every homotopy type W.

(iii) For a non-connected homotopy type W, then a homotopy type X is W-less if
and only if X is contractible. A section of the map W — mo(W) makes the
discrete homotopy type moW a retract of W. Assuming X is W-less, we have
that J[,c,. ) X is a retract of X o~ Map(W, X), which holds if and only if X

is contractible.

2.1.1.3. Proposition. — Let W be a connected homotopy type. A homotopy type X
is W-less if and only if each connected component of X is W -less.
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Proof. — Write X as the disjoint union U,er,(x)Xa of its connected components.
Denote the map W — pt by t. Since W is connected, we obtain the following

commutative diagram

Map(pt, X) £ Map(W, X)

J’ HaE'rro(X) ¢ J(

Hoeno(x) Map(pt, Xo) ———— [aen, (x) Map(W, Xa),

where the lower horizontal map is the disjoint union of maps
t*: Map(pt, Xo) — Map(W, Xa)

for every a € mp(X). Thus the upper horizontal arrow is an equivalence if and only if
the lower horizontal arrow is an equivalence. In other words, X is W-less if and only
if the connected component X, is W-less for all a € mp(X). O

2.1.1.4. Definition. — Let W be a homotopy type and let f: A — B be a map of
homotopy types. We say f € Ho is an W -equivalence if for every W-less homotopy
type Y the induced map f*: Map(B,Y) — Map(A4,Y) is an equivalence. In this case,

we say A and B are W -equivalent.

2.1.1.5. Example. — Here are some trivial examples of W-equivalences.
(i) By Definition 2.1.1.1 the unique map W — pt is a W-equivalence.
(ii) If W is a non-connected homotopy type, then every morphism of homotopy
types is a W-equivalence, by Example 2.1.1.2.(iii).

2.1.1.6. Notation. — Let f: A — B be a map of homotopy types. Write A as the

disjoint union Haeno(A) A, of its connected components. For a € mp(A), denote the
restriction of f to A, by fo: Aa — Ba, where B, is the connected component of B

such that f(A,) C B,.

2.1.1.7. Proposition. — Let W be a connected pointed homotopy type. A mor-
phism f: A — B of homotopy types is a W -equivalence if and only if the following
two conditions hold:
(i) The induced map fi: mo(A) — mo(B) is an isomorphism of the set of con-
nected components.
(ii) For every a € mo(A) and for every W -less connected homotopy type Z, the map
fo induces an equivalence Map(By, Z) — Map(Aq, Z).

Proof. — Assume f is a W-equivalence. Since W is connected, every set S with
discrete topology is W-less. Thus the induced map f*: Map(B,S) — Map(4,S)
is an equivalence. Furthermore, note that we have Map(B, S) ~ Homget(mo(B), S)
and Map(A, S) ~ Homget(m9(A4), S) where the set Homget(—, —) is regarded as a
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discrete homotopy type. By Yoneda’s lemma f induces an isomorphism 7o(A) = mo(B).

Since Z is connected, we obtain the following commutative diagram

Map(B, Z) r Map(A, Z)

{ JN

H(XGTI'[)(A) Map(BOw Z) ﬁ acmy(A) Map(AOw Z)a

aemg(X) "

where we identified the set mo(B) with m9(A) under the isomorphism 7o(A) = 7 (B).
By assumption f* is an equivalence. Thus, the map Haem( X) fr is an equivalence.

Conversely, assume (i) and (ii) hold. Let Y be a W-less homotopy type, which
we write as the disjoint union U,er,(y)Ys of its connected components. By Proposi-
tion 2.1.1.3 each connected component Y, is W-less. Thus, for every v € mp(Y) and
for every a € mo(A) we obtain an induced equivalence

fx: Map(Ba,Y,) = Map(Aa, Ys)

by assumption (ii). Therefore, the induced map f*: Map(B,Y) — Map(4,Y),
equivalent to the following induced map

H H Map(Boqu) — H H Map(Aa,Yv),

vemy(Y) aemo(A) vemy(Y) aemo(A)

is an equivalence. In other words, the map f is a W-equivalence. O

2.1.1.8. Proposition. — Let (W,wg) and (X, xo) pointed homotopy types. Then
the (underlying homotopy type) X is W-less if and only if the pointed map W, — pt
induces an equivalence

Map* (thra X) :_> Map*(W+, X)

of pointed mapping spaces.

Proof. — The adjunction in 91.3.0.2 gives the following commutative diagram
Map* (pt"r’ X) — Map*(W"rv X)
Map(pt, X) ——— Map(W, X)

in Ho (or Ho,). Thus, the upper horizontal arrow is an equivalence if and only if the
lower horizontal arrow is an equivalence. O

2.1.1.9. Proposition. — Let (W,wg) and (X, xg) be pointed homotopy types, and
assume that X is connected. Then X is W-less if and only if the pointed mapping
space Map, (W, X) € Ho, is contractible.
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Proof. — The mapping space Map(W, X) becomes a pointed homotopy type by
choosing the basepoint to be the morphism W — {z¢} < X. There is a fibre sequence

Map, (W, X) — Map(W, X) = X (2.1.1.1)

in the oo-category Ho, of pointed homotopy types where ev is given by evaluating a
map W — X at wg. If X is W-less, we have Map(W, X) ~ X. Thus the homotopy
fibre Map, (W, X) is contractible. Note that in this implication we don’t need to
assume that X is connected.

If Map, (W, X) ~ pt, the mapping space Map(W, X) is equivalent to the connected
component of X where the basepoint zg lies. Since X is connected, we have the
equivalence Map(W, X ) ~ X. O

2.1.1.10. Corollary. — Let (W,wq) be a connected pointed homotopy type. A ho-
motopy type X € Ho is W-less if and only if Map, (W, X) is contractible for every

choice of basepoint in X.

Proof. — We can apply the proof of Proposition 2.1.1.9 to each connected component

of X. Then the statement follows from Proposition 2.1.1.3. O

2.1.1.11. Proposition. — Let (W,wy) and (X, xo) be pointed homotopy types and
assume that X is connected. Then X is W-less if and only if the set [X¥W, X] of

pointed homotopy class of maps is the one-point set for every k > 0.

Proof. — By Proposition 2.1.1.9 the homotopy type X is W-less if and only
if Map, (W, X) is contractible. The latter condition is equivalent to

e (Map, (W, X)) 2 [Z*W, X] = 0, for every k € N. O

2.1.1.12. Corollary. — Let (W, wp) be a pointed connected homotopy type. If a
homotopy type X is W-less, then X is also XW -less.

roof. — orollary 2.1.1.10 the pointed mapping space Ma ; is contractible
P By Corollary 2.1.1.10 the p d mapping space Map, (W, X bl

for every choice of basepoint in X. Thus we have
Map, (W, X) ~ QMap, (W, X) ~ pt
for any choice of basepoint in X, which implies that X is >W-less. O

2.1.1.13. Example. — Let n be a natural number.

(i) Considering the n-dimensional sphere S™. A pointed connected homotopy
type X is S"-less if and only if its homotopy groups m;(X) vanishes in every
degrees i > n.

(ii) A pointed homotopy type X is n-connected if and only if K(G, ) is X-less for
every abelian group G and for every i with 0 < ¢ < n where K(G,0) is the
discrete homotopy type G. For every k € N, the set [©* X, K(G, )] is isomorphic,
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~i—k
as an abelian group, to the reduced singular cohomology group iy (X;QG)
of X with coefficient in G. Then the statement follows from Proposition 2.1.1.11

and the Hurewicz Theorem.

2.1.1.14. Definition. — Let (W, wp) be a pointed homotopy type. Given a mor-
phism f: (Y,y0) = (Z, 29) in Ho,, we say f is a W-equivalence (of pointed homotopy
types) if for every pointed W-less homotopy type (X, zo) the induced map

f*: Map, (Z, X) — Map, (Y, X)
is an equivalence of pointed mapping spaces.

2.1.1.15. Proposition. — Let (W,wg) be a pointed homotopy types. A mor-
phism f: (Y,z9) — (Z,20) of pointed homotopy types is a W -equivalence if and
only if the induced morphism f:Y — Z in Ho of the underlying homotopy types is
a W -equivalence.

Proof. — If W is non-connected, the proposition follows from Example 2.1.1.5. In
the following we consider the case where W is connected.

Let (X,x9) be a pointed W-less homotopy type. Assume that f:Y — Z is a
W-equivalence. It induces an equivalence (f)*: Map(Z, X) = Map(Y, X) of (un-
pointed) mapping spaces. By the proof of Proposition 2.1.1.9 we see that f* is an
equivalence.

Assume that f* is an equivalence for every W-less pointed homotopy type (X, o),
we show that f is a W-equivalence by the following claims.

Claim. The morphism f induces an isomorphism mo(Y) = mo(Z) on the sets of
connected components.

The proof of this claim works similarly as the proof of Proposition 2.1.1.7.(i); we
use the fact that every pointed sets with discrete topology is W-less and apply the
Yoneda’s lemma on the category of pointed sets.

Claim. Let C be a connected W-less homotopy type. Then f induces an equivalence

(f/)*: Map(Z,C) = Map(Y,C).

Choose a point ¢y € C' and consider the W-less pointed connected homotopy
type (C,cp). Setting (X,z9) = (C,¢p), the claim follows from Proposition 2.1.1.9,
since the homotopy type C' is connected.

Claim. If Y and Z are connected, then f is a W-equivalence.

Let U be a W-less homotopy type. If U is connected, we see from the previous claim
that f induces an equivalence of mapping spaces. Assume that U is not connected,
and write U as the disjoint union U,cx, (1)U, of its connected components. By the

previous claim, for each connected component U,,, the map f induces an equivalence

(iu)*: Map(Z,U,,) = Map(Y, U,).
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Furthermore, we have the following commutative diagram

.
Map(Z, U) = Map(¥, U)

Upeno(y Map(Z,U,) Upeno )y Map(Y,Uy)

I—IHEWO(U)i;

in Ho. The vertical arrows are equivalences since Z and Y are connected. Thus, the
morphism f * is an equivalence since the other three arrows in the above diagram are.
In other words [ is a W-equivalence.

Claim. The morphism f is a W-equivalence.

By the previous claim it remains to check the case where Y and Z are not connected.
We write Y =Yy UY' and Z = Zy U Z' where Y} is the connected component of Y
containing the basepoint yy and Zj is the connected component of Z containing
the basepoint zp. Note that we have f(Yy) C Zy and f(Y') € Z’ by the first
claim. Let U = U, cr, @)Uy be a W-less homotopy type where U, ’s are its connected
components. If U is connected, we see in the second claim that f induces an equivalence
on mapping spaces. Otherwise, we have

Map(Z,U) ~ Map (Zo U Z',U)
~ Map (Zo,U) x Map (Z',U)
~ Map (Zo»l—'uem,(U)Uu) x Map (Z',U) (2.1.1.2)
~ (I_I#@TO(U) Map (Zy, Uu)) x Map (Z',U)
~ Upeny(U) (Map (Z()a Uu) x Map (2/7 U))
Replacing Z by Y, we obtain
Map(Y, U) = uMETI’o(U) (Map (Y07 U,u) X Map (Y/a U)) .

In particular, the above equivalences are compatible with induced map (f)* on mapping

spaces. Choose a basepoint u,, € U, of U and consider the W-less pointed homotopy
type (U, u,). We have

Map*(Z7 U) A Ma‘p*(ZO I—l Z/’ UH l—l (U/ \ UM))
~ Map, (Zo,U,) x Map (Z',U)

and similar equivalences of the pointed mapping spaces if replace Z by Y. Since f
induces an equivalence on the pointed mapping spaces mapping into (U, u,), we have

an equivalence
Map., (Zo,U,) x Map (Z',U) — Map, (Yy) x Map(Y”',U)
in Ho, which induces an equivalence

Map(Zo,U,) x Map (Z',U) — Map(Yy, Uy,) x Map(Y',U) (2.1.1.3)
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for every p € mo(U), since Zy, Yy and U, are connected (2.1.1.1). Taking the disjoint
union over the indexing set m(U) of the equivalences (2.1.1.3) and using (2.1.1.2) give

the induced equivalence

(f)*: Map(Z,U) ~ Map(Y,U),

for a non-connected W-less homotopy type U. Combining with the second claim, we

conclude that f is a W-equivalence. O

2.1.1.16. Remark. — The proof of Proposition 2.1.1.15 provides an explanation
for [Bou94, §2.5.(a)—(d)].

2.1.1.17. Remark. — Let (W, wp) be a pointed homotopy type. Thus, a morphism
of pointed homotopy types is a W-equivalence if and only if the induced morphism of

the underlying homotopy types is a W-equivalence, cf. Definitions 2.1.1.4 and 2.1.1.14.

2.1.2. W-contraction. — In this section we show that the localisation of Ho (re-

spectively Ho,) at the set of W-equivalences exists and it is a reflective localisation.

2.1.2.1. Theorem. — Let W be a homotopy type. There is a functor Py : Ho — Ho
together with a natural transformation Ay : idgco — Pw such that for every homo-
topy type X
(i) the homotopy type Pw (X) is W-less,
(ii) the map A\w(X): X — Pw(X) is a W-equivalence
(iii) the induced natural transformation Py — Py o Py is an equivalence in the

oo-category Fun(Ho, Ho).

Proof. — Let Hoyw denote the full co-subcategory of Ho whose objects are W-less ho-
motopy types. Denote the morphism W — pt by ¢. By Definition 2.1.1.1 being W-less
is the same as being t-local (see Definition 1.1.2.8). By Theorem 1.1.2.17 the reflective
localisation Ly : Ho — How at W-equivalences exists and it is the left adjoint to
the fully faithful inclusion I: Hoyw — Ho.

Define the functor Py, := I o Ly,. The natural transformation Ay : id — Py is the
unit of the adjunction Ly = I. Thus, for every homotopy types X, we have Py (X)
is W-less by definition. The other two properties follows from Proposition 1.1.2.6
and Corollary 1.1.2.7. See also [Bou94, Theorem 2.10]. O

2.1.2.2. Theorem. — Let (W, wq) be a pointed homotopy type. There exists a func-
tor Py w, : Hox — Ho, together with a natural transformation Ay, @ idgco, = Pwiw,
such that for every pointed homotopy type (X, xo)
(i) the pointed homotopy type Py, (X) is W-less,
(ii) the pointed map Aw . (X): X = Pw(X) a W-equivalence in Ho., and
(iii) the induced natural transformation Pw w, — Pww, © Pwaw, s an equivalence
in Fun(Ho., Ho.)
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Proof. — Recall from Proposition 2.1.1.8 that a pointed homotopy type is W-less
if and only if it is ¢} -local for the morphism ¢, : W, — pt, in Ho, induced by the
morphism ¢: W — pt. The construction of the functor Pyy,,, is the same as that
for Py . In other words, the natural transformation id — Py, is the unit natural
transformation of the adjunction associated with the reflective localisation of Ho,
at the set of W-equivalences in Ho,. The properties (i), (ii) and (iii) also follows by
using the similar arguments as in the proof of Theorem 2.1.2.1. O

2.1.2.3. Convention. — Let (W,wy) be a pointed homotopy type. In the
oo-category Ho, of homotopy types, the notion of being W-less is defined on the
underlying (unpointed) homotopy types, see Proposition 2.1.1.8. From Proposi-
tion 2.1.1.15 we see that a W-equivalence in o, is the same as a W-equivalence
of the underlying homotopy types. Thus, we abbreviate by abuse of notation the
functor P(w,w,) by Pw. When we use the functor Py, we will be explicit about
whether we are working in the pointed or unpointed settings.

2.1.2.4. Definition. — Let (W, wg) be a homotopy type. We call the functors Py,
both the pointed and the unpointed version, the contraction of W or W -contraction.
For a (pointed) homotopy type X, we call the (pointed) homotopy type Pw (X)
together with the morphism Ay (X): X — Py (X) the W-contraction of X.

2.1.2.5. Explanation. — In the situation of Definition 2.1.2.4 one can regard the
contraction of W as the universal functorial way to “quotient out” the W-information
in a (pointed) homotopy type. We include both the pointed and the unpointed version
of this construction because of the following reasons: On the one hand, the notion of
being W-less appears more naturally in the unpointed setting, and on the other hand,
it is a bit more convenient to work with pointed homotopy types in certain situations,
e.g. when we consider homotopy groups and fibre sequences.

One might consider the reflective localisation of Ho, at (W 5N pt)-equivalences as
a candidate for W-contraction for pointed homotopy types. However, this localisation
does not behave well on pointed non-connected homotopy types. The following example
illustrates the problem. Let (X, z() be a W-less connected pointed homotopy type.
The pointed homotopy type (X U W, xg) is t-local, but not W-less (it contains a
connected component which is W), since Map, (W, W) is contractible if and only if W
is contractible.

In the literature [Bou94; DroCS] the functor Py is often called “W-nullification”
or “W-localisation”. We prefer the name W-contraction because under the construc-

tion Py the homotopy type W becomes contractible instead of becoming “null”.

2.1.2.6. Proposition. — Let W be a homotopy type. The homotopy type Py (X)
together with the morphism X — Py (X) enjoys the following universal properties:
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(i) For every W-less homotopy types Y, there is an induced equivalence
Map(Pw (X),Y) = Map(X,Y);

(ii) For every W-equivalence f: X — Z, there exists a morphism f': Z — Py (X),
unique up to contractible choice, such that f' o f ~ Ay (X).
Replacing W by a pointed homotopy type (W, wp) and mapping space by pointed
mapping spaces, the statements hold for the pointed map Ay : X — Py (X).

Proof. — The statement follows from properties (i) and (ii) of Theorem 2.1.2.1
and Theorem 2.1.2.2. O

2.1.2.7. Example. — Let W be a homotopy type. Recall the example of W-less
homotopy types from Example 2.1.1.2.
(i) If W is contractible, then Py (X) ~ X for every homotopy type X.
(ii) If W is non-connected, then Py, (X) ~ pt, for every homotopy type X.
(iii) If X is W-less, then we have an Py (X) ~ X in Ho.
(iv) Let X be a connected homotopy type and let n € N. The natural map
X — Pgn+1(X) is the n-th Postnikov truncation 7<,, for X.

2.1.2.8. Definition. — Let W be a homotopy type. We say a connected homotopy
type X is W-full if the morphism X — pt is a W-equivalence, i.e. Py (X) ~ pt. A
homotopy type is W -full if each of its connected component is W-full.

Replacing W and X by pointed homotopy types gives the notion of W-full pointed
homotopy types.

2.1.2.9. Example. —
(i) A (pointed) homotopy type X is S™*1-full if and and only if X is n-connected.
(ii) A (pointed) homotopy type W is W-full.

Recall the terminologies of homological localisations of homotopy types
from 91.3.0.9.

2.1.2.10. Proposition. — Let W be a pointed homotopy type and let E be a spectrum.
If W is Ee-acyclic, then each Eq-local homotopy type is W -less, and each W -equivalence
in Ho, is an Fe-equivalence. In particular, there is a natural transformation Py — Lg

of localisation functors.

Proof. — We can verify the proposition on pointed connected homotopy types and the
general case can be done by considering each connected components separately. Let X
be a pointed connected E,-local homotopy type. Then Map, (W, X) ~ pt, because W
is E,-acyclic. Thus, X is W-less. Let f: Y — Z be a W-equivalence in Ho,. Since X
is W-less, the morphism f induces an equivalence Map, (Z, X) — Map, (Y, X), that

is, f is an Fe-equivalence. See also [Bou94, Proposition 5.6]. O
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2.1.3. Closure properties of W-equivalences and of being W-less. — From
the constructions (see Theorems 2.1.2.1 and 2.1.2.2) of the W-contraction we obtain

the following straightforward closure properties.

2.1.3.1. Proposition. — Let W be a pointed homotopy type.
(i) The set of W -equivalences of homotopy types is closed under small colimits in
the co-category Fun(A*, Ho) of morphisms in Ho.
(ii) The set of W-equivalences of pointed homotopy types is closed under small
colimits in the co-category i}'tln(Al7 Ho.) of morphisms in Ho,.
(iii) The set of W-less (pointed) homotopy types is closed under small limits in the
oo-category Ho (respectively Ho, ) of (pointed) homotopy types.

Proof. — The proposition follows from the fact that the notion of W-equivalence
and of W-less are defined via mapping spaces Map(—, —) (respectively Map, (—, —)),
which commutes with small colimits of the source and small limits of the target. See
also [Bou94, §§2.5-2.6]. O

2.1.3.2. Convention. — We call the colimit of a diagram in Ho an unpointed

colimit, and the colimit of a diagram in Ho, a pointed colimit.

2.1.3.3. Corollary. — In particular, we have the following examples:
(i) Let K — Hos be a small diagram mapping every vertex of the simplicial set K
to W. Then its colimit in Ho, is W-full.
(ii) Let X be a homotopy type and f:Y — Z be a W -equivalence in Ho. Then the
induced morphism idx Xf: X XY — X x Z is a W-equivalence in Ho. This
also holds for pointed homotopy types.

Proof. — (i) follows from Example 2.1.2.9 and Proposition 2.1.3.1.(ii). The cartesian
product X x Y is equivalent to the colimit in Ho of the constant diagram X — JHo
sending each point in X to Y, and the same holds for X x Z. Thus, (ii) is an application
of Proposition 2.1.3.1.(i). The underlying homotopy type of the cartesian product of
pointed homotopy types is the cartesian product of the underlying homotopy types.
So, (ii) for pointed homotopy types holds by Proposition 2.1.1.15. O

2.1.3.4. Remark. — Let K — Ho be a diagram in Ho mapping every vertex of the
simplicial set K to W. An (unpointed) colimit of K in Ho doesn’t have to be W-full.
See for example [DroCS, Chapter 2, §D.3] for more explanation of the differences

between unpointed and pointed colimits.

2.1.8.5. Proposition. — Let W be a homotopy type and let (X1, Xo, -+, X,) be a

finite sequence of homotopy types. There exists an equivalence
Pw(Xl X X2 X .- Xn) 1) Pw(Xl) X Pw(XQ) X - X Pw(Xn)

The same statement holds for pointed homotopy types.
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Proof. — By Proposition 2.1.3.1.(iii) the product Py (X1) x Py (X32) x -+ X Py (X,,)
is W-less. Thus, we have the following commutative diagram

Hll Aw (X3)
X1 x Xox--- X, : Pw(Xl) Xpw(Xg) X Xpw(Xn)

/’,/7
R //’//‘/,

Pw(Xl X X2 X Xn)

from the universal property of W-contraction Proposition 2.1.2.6. The upper horizontal
map is also a W-equivalence by Corollary 2.1.3.3.(ii): For example, take n = 2, the
map is given by

A(X1)xidx, idpyy, (xp) XA(X2)
R L N v

X1 X X2 PW(XI) X X2 PW(XI) X PW(XQ)

Thus the dashed arrow is an equivalence in Ho by Proposition 2.1.2.6. The proof for

pointed version works the same. See also [Bou94, Proposition 2.7]. O

2.1.3.6. Proposition. — Let W be a pointed homotopy type and let F — X — B
be a fibre sequence in Ho, where B is connected. If Py F ~ pt, then X — B is
a W -equivalence.

Proof. — For a point b € B, denote the fibre of X — B at b by F,. Recall
from 91.3.0.6.(i) that the morphism X — B is equivalent to the following map

X:li_r>an—>li_I)nptzB7
beB B

since B is connected. Then the proposition follows from Proposition 2.1.3.1.(i). O
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2.2. Commutations with loop spaces and fibration theorems

For a pointed homotopy type W the W-contraction functor does not always preserve

small limits. In this section we summarise the interactions of the functor Py, with

Here we rewrite some of the proofs in [Bou94, §4] using more modern languages and
techniques; in particular Theorems 2.2.1.2 and 2.2.2.3. In the last subsection §2.2.3
we discuss some useful properties of the infinite symmetric product and QXX of
a pointed homotopy type X (they are both infinite loop spaces), following [Harls,
Lecture 3] and [Bou94, §6].

Results stated in this section are important technical tools for the later sections,
where some of the proofs become rather technical. Therefore, the reader may also
chose to skip this section first and come back later for specific theorems. We work in

the oco-category Ho, of pointed homotopy types.

2.2.1. Interactions of the W-contraction with loop spaces. —

2.2.1.1. Proposition. — Let W and X be pointed connected homotopy types.
Then X is XW -less if and only if QX is W -less.

Proof. — The homotopy type QX is W-less if and only if the induced map

is an equivalence. By the Y- Q-adjunction, the map (2.2.1.1) is equivalent to the
morphism

Map, (S(pt,), X) — Map, (S(W4),X). (2.2.1.2)
Since (Y, ) ~ XY Vv S! for Y € Ho,, the previous morphism (2.2.1.2) is equivalent
to the one below

1 x idgx: pt x QX — Map, (EW, X) x QX, (2.2.1.3)

where 4 denotes the unique pointed map pt — Map, (W, X). Finally, the homotopy
type X is XW-less if and only if the last morphism (2.2.1.3) is an equivalence. O

2.2.1.2. Theorem. — Let W be a connected pointed homotopy type. For a pointed

connected homotopy type X, there exists a commutative diagram

Aw (2X)

Qx Py (QX)

Q()\EW(X))L = of
QPsw (X))

in the co-category Alg(gcfil (Hox) of grouplike &1 -algebras in Ho,.
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Proof. — We follow the proof idea of [Bou94, Theorem 3.1].

Claim. The homotopy type Py (QX) is a grouplike &;-algebra in the cartesian
monoidal co-category Ho, of pointed homotopy types.

This is a corollary of Proposition 2.1.3.5. In particular, the localisation mor-
phism Ay (QX) is also a morphism of grouplike €;-algebras, since Py, preserves
finite products.

The statement of the theorem follows by applying the loop functor 2 to the
commutative diagram (2.2.1.4) in the following claim.

Claim. There is a commutative diagram

X ~B(QX) 22 gp o (0x))
Asw (X) = (2.2.1.4)

Pew (X)

in the oo-category 9{051 of connected homotopy types where B denotes the Bar

(1) of augmented &;-algebras in the symmetric monoidal co-category Ho,

construction
with cartesian monoidal structure.
Applying the functor
B: Algf(Ho.) — Ho7'
to Aw (QX) gives the horizontal arrow in the above commutative diagram. For the
existence of the equivalence f, we need to show that B(Py (2X)) is ¥W-less and the

morphism B (A (2X)) is a XW-equivalence. Note that we have equivalences

In other words, B(Pw (2X)) is ¥XW-less. Let Y be a connected W-less homotopy
type. The morphisms B (Ay (2X)) and Ay (2X) induce the horizontal arrows in the

commutative diagram

Map, (B(Pw (2X)),Y) —— Map, (B(2X),Y)

Map, (Pw(0QX),QY) ——— Map, (2X,QY)

which implies that the upper horizontal is a equivalence. In other words, it shows
that the morphism B (Aw (X)) is a W-equivalence. Note that it suffices to verify
this on connected homotopy types Y, since the source and target of B (A (QX))
are connected. O

(D1In this special case it is also known as the classifying space functor
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2.2.1.3. Corollary. — Let W be a connected pointed homotopy type. For X € Ho.,
and for every n € N the iterated loop map Q"(Agnw (X)) : Q"X — Q" (Penw (X))
induces an equivalence

Py (Q"X) = Q"(Psnw (X))

of pointed homotopy types. O

2.2.1.4. W-contractions of infinite loop spaces. — One can generalise the
statement of Corollary 2.2.1.3 to infinite loop spaces. We sketch the argument now
and refer the readers to [Bou96, §2] and [CGO05] for more details.

Let W be a pointed connected homotopy type. A spectrum E € 8p is X*°W-less
if the mapping space Map (X°W, E) is contractible. Let Spyeoy, denotes the full
oo-subcategory of 8p of X°°W-less spectra. Similar as for homotopy types, one can

define the reflective localisation functor Lycop: 8p — Spyeoyy. Define the functor
Pyoow: 8p — Spsiooyy < SP.

Using similar proof strategy as for Theorem 2.2.1.2; there exists an equivalence
Pw (Q°FE) ~ Q% (Pyoew (F))

of pointed homotopy types for every spectrum FE. Let R be a commutative ring
spectrum. For a R-module spectrum M, the localisation Py (M) admits the
structure of a R-module spectrum such that the natural map M — Py (M) is a
morphism of R-module spectra.

Let G be an abelian group and consider the Eilenberg—MacLane spectrum HG
(characterised by the property that 75 (HG) = G). For every z € Z, there exist abelian
groups GG and G5 such that

Pseew (2%(HG)) ~ ¥*HG, A 2*TTHG,
In the special cases such as G is free or G is finitely generated, we have G5 = 0. These

statements are mentioned in [Bou96] and proven in [CGO5, §5].

2.2.1.5. Corollary. — Let W be a pointed connected homotopy type.
(i) The W -contraction of a product of Eilenberg—MacLane spaces is equivalent to a
product of Filenberg—MacLane spaces.
(ii) The W -contraction of a Filenberg-MacLane space K(G,n) has trivial homotopy

groups in all degrees other than n or n + 1.

Proof. — See [CGO05, Proposition 5.6]. O

2.2.2. Fibration theorems. — In this subsection we work in the following situation.

2.2.2.1. Situation. — Let F — X 2 B be a fibre sequence of pointed homotopy
types where B is connected. Let W be a pointed connected homotopy type.
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2.2.2.2. Proposition. —
(i) If F and B are W -less, then X is W-less.
(ii) If F is W-less and X is XW -less, then B is YW -less.
(iii) If X is W-less and B is XW -less, then F is W -less.

Proof. — For (i), consider the commutative diagram

Ma‘p* (pt+7 F) — Ma‘p* (pt+7 X) —_— Map* (pt+7 B)

I

Map*(WJer) E— Map*(WJrvX) — Map*(WJraB)»

induced by the fibre sequence I' — X — B and the pointed map W, — pt,. The
horizontal rows are induced fibre sequences. If F' and B are W-less, then the first and
the third vertical arrows are equivalences. Then the middle vertical arrow is also an
equivalence, that is, X is W-less.

As for (ii), replace W4 in the above diagram (2.2.2.1) by (XW),. Then the left
and the middle vertical arrows are equivalences by assumptions and Corollary 2.1.1.12.
Thus, the right arrow is also an equivalence, since B is connected. In other words, the
homotopy type B is XW-less.

For (iii), consider the (QB)-principal co-bundle QB — F — X (see §1.3.0.6.(ii)).
Since B is connected, the fibre over any point in X is equivalent to QB, see [NSS15,
Lemma 3.9]."*) By our assumption and Proposition 2.2.1.1, the fibre QB is W-less.
Therefore, we can apply (i) and Corollary 2.1.1.10 to obtain (iii). See also [Bou94,
Proposition 4.2]. O

2.2.2.3. Theorem. — There exists a pointed homotopy type X € Ho, together with
a W-equivalence L: X — X in Ho. satisfying the following properties:

(i) The homotopy type X is LW -less,

(ii) There exists a fibre sequence Py (F) — X — Pgw (B)

(iii) The fibre sequence from (@) fits in the commutative diagram

F X B

|

in the oco-category Ho,.

Proof. — Recall that we can consider the map F' — X as a (2B)-principal oco-bundle

and the fibre sequence F' — X — B is equivalent to a geometric realisation of trivial

(2)This lemma is updated recently in the arxiv preprint of the paper [NSS15].
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fibrations, see 41.3.0.6 Applying the functor Py, to each of the trivial fibre sequences,
we obtain the following commutative diagram

I Pw(F) ———— Pw(F) ———= Pw(F)
| |

Py (F x QB x QB) == Py (F x QB) ———= Py (F) (2.2.2.2)
Py (2B x QB) ——— Py (2B) ——= Pw(pt) ~ pt

in Ho, induced by (1.3.0.1). Each column is a trivial fibre sequence since Py preserves

"

finite products (see Proposition 2.1.3.5).

Denote the geometric realisation of the simplicial object in the second row of the
diagram (2.2.2.2) by X, and note that the geometric realisation of the third row in
the same diagram is equivalent to Pxy (B). The induced diagram of colimits

- = Pw(F xQB) =3 Pw(F) ——— X

l l l l (2.2.2.3)

E Pw (2B) ———= pt ——— Pxw(B)
exhibits Py (F) — X as a QP (B) ~ Py (Q2B)-principal oo-bundle, by [NSS15,

Definitions 3.1 and 3.4]. Moreover, the right most square is a pullback diagram in Ho.
by [NSS15, Proposition 3.13], and thus each square and each composite rectangle in
the diagram (2.2.2.3) is a pullback in Ho, by [NSS15, Proposition 2.3]. Therefore, we
can take the take the fibre of each vertical arrow in (2.2.2.3) and obtain the following

induced diagram
l ———{ Pw(F) ——=3 Pw(F) ——— Pw(F)
E Pw(F xQB) ——3 Py(F) ———— X

| | |

. = Pw (2B) ——= Pw(pt) ~ pt —— Pxw(B),

where the first row is equivalent to the colimit diagram of the first row in (2.2.2.2). In

—~ —

the induced fibre sequence
Py (F) = X — Paw(B),

of pointed homotopy types X is XW-less by Proposition 2.2.2.2, since both Py, (F)
and Pgy (B) are. The natural transformation Ay : id — Py induces a map from
the diagram (1.3.0.1) to the diagram (2.2.2.2) Therefore, we obtain the commutative
diagram in (iii) by the universal property of colimits. See also [Bou94, Theorem 4.1]. O
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2.2.2.4. Remark. — One can generalise the above theorem where the W-contraction
is replaced by the localisation with respect to a morphism of pointed homotopy
types [Bou97, Theorem 6.5]. Another variant of the theorem is [Bou97, Theorem 6.1]
where the map L is constructed for the base space of a fibre sequence.

There are many works by Dror Farjoun and his coauthors on the interaction of fibra-
tions with various homotopical localisations of homotopy types, see for example [DroCS;
BDO03; DS95; DD09].

2.2.2.5. Theorem. — If Psy (B) ~ Py (B), then Py (F) — Pw (X) — P (B) is

a fibre sequence.

Proof. — By Theorem 2.2.2.3 we obtain a commutative diagram

]

Pw(F) — X —— Pw(B).

in Ho, where the rows are fibre sequences. If the base and the fibre of a fibre sequence
is W-less, then the total space is W-less, by considering the induced fibre sequence on
mapping spaces. Thus X is W-less. Since the map L is a W-equivalence whose target
is W-less, it follows from Proposition 2.1.2.6 that X ~ Py (X). Under the former
identification the morphism L is equivalent to Ay (X): X — Py X. See also [Bou94,
Theorem 4.3]. O

2.2.2.6. Proposition. — Assume that W is n-connected for a natural number n.
For a pointed homotopy type X, its W-contraction Ay (X): X — Pw (X) induces
an isomorphism on the homotopy groups in all degree less than n + 1 and induces a

surjection on the homotopy groups in degree n + 1.

Proof. — Since A\ (X): X — Py (X) is a W-equivalence, it induces an isomor-
phism on connected components, as we have shown in the second claim of the proof
of Proposition 2.1.1.15.

Assume that X is connected; otherwise we treat each connected component sep-
arately. Let F' be the fibre of A\ (X). According to Corollary 2.1.1.12 we know
that Py (Pw (X)) =~ Pew (Pw (X)). Thus, applying Py, we obtain a fibre sequence

Py (F) = Pw(X) = Pw (Pw(X))

by Theorem 2.2.2.5. Thus, Py (F) ~ pt. Since W is n-connected, W is S"*!-full.
So, F is also S"*!-full, which implies that F is also n-connected. The proposition
follows by considering the long exact sequence of homotopy groups induced by the
fibre sequence F' — X — Py (X). See also [Bou94, Proposition 2.9]. O
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2.2.2.7. Corollary. — Assume that W is n-connected for a natural number n. For

a connected pointed homotopy type X, there is a natural equivalence
Pw (T>n(X)) = T>n (PW X)

induced by the fibre sequence T (X) = X — 7<,(X).

Proof. — This is [Bou94, Corollary 4.4]. By connectivity we have an equivalence
PEW (TSnY) ~ PW (TSnY)

Thus, we can apply Theorem 2.2.2.5. Note that the homotopy type Pw (75, X) is
n-connected by Proposition 2.2.2.6. O

2.2.2.8. Proposition. — Let X be a pointed connected homotopy type whose ho-
motopy groups are non-trivial in finitely many degrees. The homotopy groups of the
homotopy type Pyxw (X) are non-trivial homotopy groups in finitely many degrees.

Proof. — We prove the proposition inductively. First, we show that the classifying
space BG for a discrete group G satisfies the proposition. Recall the canonical
equivalence QBG ~ G. Thus by the second claim in the proof of Theorem 2.2.1.2,
we obtain

OPsw (BG) ~ Py (OBG) ~ Py (G) ~ G

So we have

Assume that the statement is true for all pointed connected homotopy types Y
such that m;(Y) = 0 for ¢ > n for a natural number n > 2. Let Z be pointed
connected homotopy type such that 7;(Z) =0 for j > n+1 and 7, (Z) # 0. We can
apply Theorem 2.2.2.3 to the fibre sequence

K(mn(Z),n) = Z = 17<n(2),
which produces a fibre sequence
Psw (K(m.(Z),n)) = Z — P2y (7<n(2))

such that the first and the last terms has non-trivial homotopy groups in finitely many
degrees by Corollary 2.2.1.5 and our inductive assumption. Thus, Z ~ Psy/(Z) also
has non-trivial homotopy groups in finitely many degrees, by considering the long

exact sequence of homotopy groups associated with fibre sequences. O

2.2.2.9. Remark. — In the situation of Proposition 2.2.2.8, if X is simply connected,
or the fundamental group of X is abelian, then the proposition holds when we
replace XW by W. The proof of the induction start is given by Corollary 2.2.1.5 and
the rest of the proof still works if we replace W by XW.



2.2. Commutations with loop spaces and fibration theorems 39

2.2.3. Properties of SP>*(X) and Q*°¥>*°X. — Let X be a pointed connected ho-
motopy type. We discuss several properties of the infinite symmetric product SP>(X)
and the underlying infinite loop space 2°°¥>°X of the suspension spectrum 3*°X

of X, applying results from the previous two subsections.

2.2.3.1. Proposition. — Let X be a pointed connected homotopy type. Then the
homotopy type Q°X>°(X) is X -full.

Proof. — By our observation 92.2.1.4 we have
Px (QOOEOOX) ~ QOOPEoox(EOOX) ~ pt.

We give another proof here, since we didn’t prove the first equivalence in the above.
Since X is connected, the homotopy type 2°°X°°(X) is connected. It suffices to show
that for a connected X-less homotopy type Y, Map, (2°°3°°(X),Y) is contractible.
By the equivalence Q%> (X) ~ li_n>1n>0 Q73" X of pointed homotopy types we obtain

Map, (2°E°(X),Y) ~ Map, (hﬂ QY X, Y)
n>0
~ lim Map, (Q"3"X,Y).

—
n>

[}

For every n € N, Corollary 2.2.1.3 gives an equivalence
Px (Q"¥"X) ~ Q" (Panx (X" X)) ~ pt

for n € N. Thus, the pointed mapping space Map, (2"X"X,Y) is contractible and so
is Map, (2°X>*(X),Y). O

2.2.3.2. Lemma. — Let X and W be pointed connected homotopy types. If X
is W-full, then ¥ X is X" W -full, for alln € N.

Proof. — Let Y be a pointed connected X" W-less homotopy type. Since X is con-
nected, we know that XX is n-connected. The statement follows by considering the

following sequence of equivalences
Map, (X2"X,Y) ~ Map, (XX, 7>,Y) >~ Map, (X,Q"(Y)) ~ pt,
where the last equivalence holds because Q™Y is W-less by Proposition 2.2.1.1. O
Recall that — ® — denotes the tensor product of spectra.

2.2.3.3. Proposition. — Let X and W be pointed connected homotopy types such
that X is W-full. Let E be a (n — 1)-connected spectrum for a natural number n. The
homotopy type Q°(X*°X ® E) is "W -full.

Proof. — We model E by a CW-spectrum and denote by sk (F) its k-th skeleton.
We show inductively that Q°(X°X ® sky, (F)) is X"W-full for every k > n, and use



40 Chapter 2. The contraction of a homotopy type

the equivalence £ ~ limy, _ sk (E) and Proposition 2.1.3.1.(ii) to prove the statement.
We also use the fact that the functor Q°: 750 (8p) — Ho, from the oco-category of
(—1)-connected spectra to Ho, preserves filtered colimts, see [HA, Proposition 1.4.3.9]
and [HTT, Corollary 5.5.8.17].

Since E is (n — 1)-connected, we have sk, (E) is equivalent to a wedge sum
of the n-fold suspensions S™ ~ ¥"S of the sphere spectrum E. The homotopy
type Q% (XX ®sp, sky, (F)) is X"W-full. Indeed, we have

QX (EXX @5k, (F)) ~ QX (Vier 2" X)
and the latter is X" X-full by Propositions 2.1.3.1 and 2.2.3.1. By Lemma 2.2.3.2
and Proposition 2.3.1.4 the homotopy type Q% (X*°X ® sk, (E)) is X" W-full.

For the induction step consider the following cofibre sequence

22X ®sky_1 (E) = X @sky, (E) = X ®sp (VierSF)

in spectra for an indexing set I, which is also a fibre sequence. Applying the 2°° functor

we obtain an induced fibre sequence
Q> (%X @ sky_1 (B)) = QO (%X @ sk (E)) = QL (Vier BFX)

in Ho,. By Proposition 2.1.3.6 and our induction assumption it suffices to show that
the right most homotopy type in the above fibre sequence is X" W-full, which holds
by similar arguments as we explained in induction begin. Furthermore, since ¥"X
is X" W-full, we have ¥™X is X"W-full for all m > n. O

2.2.3.4. Corollary. — The infinite symmetric product SP>(X) = Q> (XX ® HZ)
of X is X-full. O

2.2.3.5. Proposition. — Let X and W be pointed connected homotopy types such
that X is W-full. The morphism

Q@PN®(X) = Q®(T°X) — SP®(X) = Q™ (S X ® HZ)

of pointed homotopy types induced by the Hurewicz map S M HZ is a YW -equivalence.

In particular, it is a XX -equivalence.

Proof. — We consider the fibre sequence
E—S%Hz

of spectra. Since h is an isomorphism on 7y, the spectrum F is connected. In the

induced fibre sequence
Q®(S°X ® F) — Q°5®(X) L5 SP™(X)

the fibre is YW -full by Proposition 2.2.3.3. Applying Proposition 2.1.3.6 we obtain
that the induced map h, is a XW-equivalence O
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2.2.3.6. Lemma. — Let X and W be pointed connected homotopy types where X
1s YW -full. For a pointed simply-connected homotopy type Y, the inclusion

XVY > XxY
is a L2W -equivalence.
Proof. — Consider the fibre sequence
SOQAXAQY) 5 XVY -5 X xY.

in Ho.. It suffices to show that the fibre X(QX A QY) ~ QX A (ZQY) is X2W-full,
by Proposition 2.1.3.6. Since Py (X) ~ pt, we obtain

Since QY is simply connected, we can use induction along the skeleton of XQY to
show that QX A (EQY) is L2W-full, as we did for the proof of Proposition 2.2.3.3. [

2.2.3.7. Proposition. — Let X and W be pointed connected homotopy types
where Pew (X) ~ pt. The induced map

Py2pwy (X) = Prew (X% (X))
admits a retract.

Proof. — Tt suffices to show that Pgey (X) is an infinite loop space. Recall the
commutative oo-operad Com® from Example 5.2.1.7. The pointed homotopy type X
together with the fold map X V X — X equipps X the structure of a commutative
monoid in symmetric monoidal co-category (Ho., V, pt), which corresponds to a functor

Vi Com® — Ho, (n) — V, X,
see Definition 5.2.1.20. Define a functor
F: om® Y Ho, T2 Ko, (n) = Py (VaX).

Since Py X =~ pt, the homotopy type X is simply connected by Proposition 2.2.2.6.

Thus we can apply Lemma 2.2.3.6 and have

Psoyw (VaX) & Py (X*7) HPZ2W

for every n € N by Proposition 2 . Thus the functor F' exhibits Pgey (X) as a
commutative monoid in the cartesian symmetrlc monoidal co-category (Ho., X, pt).
Moreover, the homotopy type Ps2y (X) is grouplike since X is simply-connected. So
we have that Pg2yy (X) is an infinite loop space. O



42 Chapter 2. The contraction of a homotopy type

2.3. Unstable Bousfield classes and the W-Postnikov tower

Let W be a pointed homotopy type. Inspired by the case W = S™ (see Exam-
ple 2.1.2.7), we can consider W-contraction as a generalisation of the Postnikov
truncation of X. More precisely, the homotopy type Pynyw (X) discards the informa-
tion about the k-th W-homotopy group [S*W, X] of X for all k > n. Since a W-less
homotopy type is also XW-less (see Corollary 2.1.1.12), we obtain the following

commutative diagram

X

/ J (2.3.0.1)

C Pzsz — Pyw X — Py X.

of (pointed) homotopy types. If W = S, this recovers the Postnikov tower of X. Thus,
we call the diagram the W -Postnikov tower of X. Recall that in the classical Postnikov
tower (W = SY), the fibre of the map Pgn+1 X — Pgn X is an Eilenberg—MacLane
space for all n € N. Therefore, we may ask, whether the fibres in the tower (2.3.0.1)
are also related to Eilenberg—MacLane spaces.

We begin this section with an introduction of unstable Bousfield classes (see §2.3.1),
which provides the notational convenience to compare contraction of different homotopy
types. Then we discuss the W-Postnikov tower and give a description of the layers of
the tower using Eilenberg—MacLane spaces (see §2.3.2). This section is expository and
mainly follows [Bou94; Bou96; DS95].

2.3.1. Unstable Bousfield classes. — Recall the notion of Bousfield class for
spectra, see §1.2.0.15. One can similarly define this notion of equivalence for (pointed)

homotopy types, which we discuss in this subsection.

2.3.1.1. Definition. — Let W and W’ be homotopy types. We say W and W' are

unstably Bousfield equivalent if every W-less homotopy type is W’-less and vice versa.

2.3.1.2. Remark. — 1t is straightforward to verify that the above definition gives
an equivalence relation on the set of objects of Ho. We denote the equivalence class
of W by (W), called the (unstable) Bousfield class of W.

2.3.1.3. Definition. — Let W and W’ be homotopy types. We write
(W) < (w’)
if every W'-less homotopy type is W-less.

2.3.1.4. Proposition. — Let W and W' be homotopy types. The following state-

ments are equivalent:
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(i) (W) <(W’).
(ii) Each W -equivalence is a W’ -equivalence.
(iii) Py (W) ~ pt.

Proof. — We will prove the implications (i) = (ii) = (iii) = (i). Let f: A — B be
a W-equivalence and Y’ € Ho be a W’-less homotopy type.

Assume (i), then Y” is also W-less. Thus, Map(B,Y’) — Map(A,Y”) is an equiva-
lence. Hence, the map f is a W’ -less equivalence.

Now, assume (ii). Recall that W — pt is a W-equivalence. It is then also
a W'-equivalence by assumption. Thus, Py W ~ pt.

Assuming (iii), we show that Y’ is W-less. Since Py (W) ~ pt, the map W — pt
is an W'-equivalence. Thus, Map(pt,Y) — Map(W,Y’) is an equivalence by definition.
Therefore, Y’ is also W-less. O

2.3.1.5. Corollary. — Let W and W' be homotopy types such that (W) < (W').
Then there exists a natural transformation Ay : Pw — Py of endo-functors of Ho

which fits in the commutative diagram

id
AWJ{ Y‘:
)\W/
in the oco-category Fun (Ho, Ho) of functors.

Proof. — By Proposition 2.3.1.4 we obtain the following commutative diagram

Ho % Ko
Pk lPW’
Ho.

This gives the desired commutative diagram in the statement. In particular, for
a homotopy type X, the evaluation Py (X) — P/ (X) of the natural transforma-
tion Py — Py is given by Aw/(Pw (X)): Pw(X) — Py (Pw(X)). This justifies

our choice (or abuse) of the notation Ay. O

2.3.1.6. Conjunction and disjunction of Bousfield classes. — Consider a
set {(W;) | W; € Ho}ier of Bousfield classes of homotopy types. We can define the
conjunction

Nier(Wi) = (Ni=rWi)
and the disjunction

Vier(Wi) = (Vi=t W)
operations. The conjunction A;er(W;) is a lower bound for {(W;)}icr in the sense
that Ajer(W;) < (W;) for all 4 € I. The disjunction is the least upper bound
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of {(Wy)}ier, ie. (Wi < Vier(W;) for all i € I, and Ve (W;) < (W) if (W;) < (W)
for every i € I. Note that a homotopy type is W;-less for every i € I if and only if
it is V;—;W;-less. The naming of these operations comes from the theory of Boolean
algebras. In [Bou79a] Boolean algebra structure of certain subsets of the set of
Bousfield classes of spectra are discussed. In the unstable setting, it is yet unclear how

to define complement Bousfield class of a homotopy type.

We list some properties about Bousfield classes [Bou94; Bou96] that are useful for

our later applications.

2.8.1.7. Proposition. — Let A — X — C be a cofibre sequence in Ho,. We have
(i) (X) < (4) v (C),
(ii) (C) < (X) V(ZA) < (X)V(A), and

(i) (2A4) <(C)V (EX) <(C) V(X)

Proof. — Statement (ii) and (iii) follows from (i) by extending the cofibre sequence
to the right using suspensions. (i) follows from the fact that the functor Map,(—,Y)
induces a fibre sequence

Map, (C,Y) — Map,(X,Y) — Map, (A,Y).
Thus if Y is C- and A-less it is X-less. See also [Bou94, Proposition 9.2]. ]

2.3.1.8. Proposition. — Let ' — X — B be a fibre sequence in Ho, where B is
connected. We have

(i) (B) < (F) v (X),

(i) (X) < (B)V (F), and

(iii) (F) <(X)V{(QB).

Proof. — Recall that there exist equivalences

X ~ liﬂFb and leigpt
beB B
of homotopy types where the colimits is taken in Ho, see §1.3.0.6.(i) Since B is
connected, we have F}, ~ F for every point b € B. Let Y be a homotopy type.
(i) We assume that Y is F-less and X-less. Then we have

Y ~ Map (X,Y) ~ Map | lim(F),Y
p(X,Y) p<%() >

be
~ lim Map (F, V)~ lim Map(pt, Y') ~ Map(B,Y)
beB beB

where the first and the fourth equivalences are due to our assumption on Y and
other equivalences are by universal property of limits and colimits.

(ii) Assuming that Y is F-less and B-less, we see that Y is X-less by reading the
above sequence of equivalence starting from the second one.
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(iii) If X is not connected, then the last inequality holds tautologically; since
being X-less means being contractible. Otherwise, the last inequality holds by
applying (i) to the fibre sequence QB — F — X. O

2.3.1.9. Corollary. — Let B € Ho, be connected. Then (B) < (Q2B).
Proof. — Apply Proposition 2.3.1.8 to the fibre sequence Q2B — pt — B. O

2.3.1.10. Example. — We can compare Bousfield classes of Eilenberg—-MacLane
spaces. Let G be an abelian group. Then

(K(G,1)) =2 (K(G,2)) = - = (K(G,m)) = (K(G,m +1)) = - (2.3.1.1)
A short exact sequence 0 - H — G — K — 0 of abelian groups induces a
fibre sequence
K(H,n) - K(G,n) — K(K,n)
for every n € N. Fix a prime number p. Consider the following short exact sequence
0— Z/p"Z =2 7.)p™ VL — Z/pZ — 0
for every natural number m > 1. By Proposition 2.3.1.8 we have that

(K(Z/p™ ' Z,n)) = (K(Z/p™Z,n)) (2.3.1.2)

for natural numbers n and m > 1.

2.3.1.11. Example. — The Priifer group Z/p> is a p-primary torsion abelian

group, which has several equivalent definitions. For example, we have
Z/p* = ling (Z/pZ 2P g 2T 2 s T T 2 1) T D ) ,

where the colimit is taken in the category of abelian groups. Alternatively, there is a
group isomorphism

Zp>™ = Z[1/p]/ Z,
induced by the canonical inclusion Z < Z[1/p], where Z[1/p|] denotes the localisation
of Z away from p. The Priifer group is p-divisible, i.e. for every © € Z/p>, we
have x = py for some y € Z/ p>. For more details and properties of the group Z/ p,
see [RotITG, Chapter 10].

For n € N, there exists an equivalence

K(Z/p™,n) ~ lim K(Z/p™Z,n).

m>1

Therefore, by (2.3.1.2), we obtain
(Z/p>,n)) = (K(Z/p"Z,n)). (2.3.1.3)

for every n € N and every natural number m > 1.
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2.3.1.12. Proposition. — Let W and W' be pointed homotopy types where W is
connected. Then (W) < (SW') if and only if (QW) < (W').

Proof. — This follows from Theorem 2.2.1.2. O

2.3.1.13. Corollary. — Let n > 1 be a natural number. We have the following
comparison of Bousfield classes:
(i) (Q"E"V) < (V) for every V € Ho,.
(if) (W) < (Z"Q"W) for every pointed (n — 1)-connected homotopy type.
(iii) Let W and W' be (n — 1)-connected. If (W) < (W'), then (Q"W) < (Q"W').

2.3.1.14. Proposition. — Let W and W’ be pointed connected homotopy types. We
have the following comparisons of Bousfield classes:
(i) (W) = (SP=W).
(ii) If W is a product of Eilenberg—MacLane spaces, then (W) = (SPW)
(iii) If (W) > (W'), then (SP¥W) > (SP>W").

Proof. — (i) and (iii) hold by Proposition 2.2.3.3 and Corollary 2.2.3.4. (ii) holds
because W is a retract of SP>(W). O

2.3.2. The W-Postnikov tower. — Let W be a pointed homotopy type. By Corol-
lary 2.1.1.12 we have that (W) > (X¥W). Thus we obtain a tower

-+ = Pynt1yp = Pynwy — -+ = Pew — Pw

of contraction functors, generalising the classical Postnikov tower (take W = SY).
Thus we call this tower the W-Postnikov tower. In this subsection we discuss the

fibres of the morphisms in this tower.

2.3.2.1. Theorem. — Let W and X be pointed connected homotopy types. Assuming
that Pyw (X) is contractible, then the homotopy type P2y (X) is equivalent to a
product of Filenberg—MacLane spaces.

Proof. — By Proposition 2.2.3.5 the morphism

is an equivalence. Therefore, using Proposition 2.2.3.7, we see that Pxzyp (X) is a
retract of Py2yy (SP*° (X)), which is a product of Eilenberg—MacLane spaces by Corol-
lary 2.2.1.5. O

2.3.2.2. Theorem. — Let W and X be pointed connected homotopy types. For
all natural numbers i > 1, the fibre of the natural map Pyitiy (X) — Pxigwy(X) is

equivalent to a product of Filenberg—MacLane spaces.
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Proof. — Tt suffices to show the theorem for the case i = 1. Denote the fibre of the
map Px2y (X) = Pow (X) by F . We know that Pew (F) ~ pt and Pyey (F) ~ F
by Theorem 2.2.2.5 and Proposition 2.1.3.1, respectively. By Theorem 2.3.2.1 the
pointed homotopy type F is equivalent to a product of Eilenberg-MacLane spaces. [

2.3.2.3. Remark. — In the situation of the Theorem 2.3.2.2, we can not drop the
suspension functor in the assumption in general. A counterexample is given by the
homotopy type W = BS®. It is shown in [Zab87] that the connected component
of Map, (BS3, BS?) where the constant map sending BS® to the basepoint lies is con-
tractible. And all other connected components of this mapping space have non-trivial

homotopy groups, see [DM87, Theorem 1.1]. Thus we obtain the following equivalences
Map, (E(BS3)7BS3) ~ Map, (Sl,Map* (BS?’7 BS3)) ~ pt,

where the second equivalence holds because the image of S' lies in the connected
component where the basepoint (the constant map) lies. Thus we have the equiva-
lences Ppgs (BS?) ~ pt and Pyxpgs(BS?) ~ BS?. However, we know that BS? is not a

product of Eilenberg-MacLane space, since S? is not.

2.3.2.4. Question. — The counterexample above is the contraction of a homotopy
type that is not finite. What is the fibre of the maps Py (X) — Py (X) where V is a
finite pointed homotopy type?

Let X be a pointed connected homotopy type. In §3.1.1 we will see that, under
certain extra assumptions on the pointed homotopy type W, the fibre of the mor-
phism Pygitiyy(X) — Psiy(X) in the W-Postnikov tower of X is equivalent to an

Eilenberg-MacLane space, for every ¢ > 1 (see Theorem 3.1.1.5).
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2.4. Arithmetic localisations

A connected homotopy type M is a Moore space if its non-trivial reduced singular
homology groups are concentrated in one single degree, i.e. ﬁn(M Z) =2 @G for a
fixed natural number n > 1 and I:Im(M; Z) = 0 for m # n. Contraction of a Moore
space is very well-understood. We give an exposition of this topic in this section,
summarising results from [Bou94; Bou96; Bou97]. Such contractions are also among
the first examples of contractions of finite complexes, which will be discussed further
in the next chapter.

We begin with some prerequisites and discuss the contraction of a single Moore
space in §2.4.1. Then in §2.4.2 we summarise some results about the contraction of a
wedge of Moore spaces. In the end of this section we present an example about the
contraction of a wedge sum of Moore spaces associated with the singular homology
groups of a pointed simply-connected homotopy type (see §2.4.2.6). Later in §3.1 we

will see an applications of this example.

2.4.0.1. Notation. — We will use the following notations for Moore spaces. Let G
be an abelian group.

(i) Let M(G, 1) denote a Moore space modelled by a CW-complex which has only
cells in dimension 0, 1 and 2 and Hy (M(G, 1);Z) = G and H;(M(G,1);Z) =0
for every i # 1. Define M (0,1) =~ pt.

(ii) Let n > 2 be a natural number. Let M(G,n) denote the simply connected Moore
space with H,, (M(G,n); Z) = G and H;(M(G, n); Z) = 0 for every i # n.

2.4.0.2. Convention. — In this section, let Hom(—, —) denote set of group homo-
morphisms, i.e. the morphism set of the category Grp of groups.

2.4.0.3. Proposition. — Let G be an abelian group and let X be a pointed connected
homotopy type.
(i) The homotopy type X is M(G, 1)-less if and only if the following joint condi-
tions hold:
(a) Hom(m (M(G, 1)), m (X)) = {pt};
(b) Hom(G,m; X) = {pt} for every natural number i > 2;
(¢) BExt(G,m(X)) =0 for every natural number i > 2.
(ii) Let n > 2 be a natural number. The homotopy type X is M(G,n)-less if and
only if the following joint conditions hold:
(e) Hom(G,m; X) = {pt} for every natural number i > n;
(f) Ext’ (G, m(X)) = 0 for every natural number i > n + 1.

Proof. — The proposition follows from Lemma 2.4.0.5 below, which also provides a
proof of [Bou94, Lemma 5.4]. O
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2.4.0.4. Lemma. — Let kK > n > 1 be natural numbers. Let X be a pointed
connected homotopy type. Any morphism f: M(G,n) — 1< X in Ho. can be lifted
to a morphism f: M(G,n) — X along the truncation X — 1<, X, i.e. there exists a

commutative diagram

of pointed homotopy types.

Proof. — The obstructions of finding a lift fof f lie in the cohomology groups
H' (M(G, n); w1 (To(X)))

with local coefficients for every natural number 1 < ¢ < n + 1, which are all zero.
See [DK, Theorem 7.37]. O

2.4.0.5. Lemma. — Let G be an abelian group and let X be a pointed connected
homotopy type.
(i) The set [M(G, 1), X] of pointed homotopy class of maps consists of a single class
if and only if Hom(m, (M(G,1)),mX) = {pt} and Ext' (G, m(X)) = 0;
(ii) Let n > 2 be a natural number. The set [M(G,m), X]| consists of a single class
if and only if Hom(G,7,X) = {pt} and Ext}(G, 7,4 1(X)) = 0.

Proof. — In this proof we abbreviate the homotopy type M(G,1) by M. Recall
that X ~ l'£1k>07§k(X), see 91.3.0.2. Therefore, by Lemma 2.4.0.4, we have
that [M,X] = {pt} exactly when [M,7<;X] = {pt} for every j > 1. For j =1,
we have

(M, 7<1(X)] = [r<1 (M), <1 (X)] = [B(m1(M)), B(m1 (X))].
So, [M,7<1X] = {pt} if and only if Hom(m (M), m1 (X)) = {pt}.

Assume that we have [M,7<; X]| = {pt}. Then any pointed map f: M — 7<2(X)
induces a pointed map f': M — K(m2(X),2), by the universal property of the fibre
sequence K(m2(X),2) = 7<2(X) — 7<1(X). Therefore, [M, 7<2X] = {pt} if and only
if ﬁQ(M;Wg(X)) = 0. By the Universal Coefficient Theorem [M, 7<2(X)] = {pt} if
and only if Ext'(G, (X)) = 0. For j > 3, assume that [M,7<; 1X] = {pt}, we
have [M,7<;(X)] = ﬁJ(M; (X)) = 0. Using exactly the same procedure, we can
prove (ii). O

2.4.0.6. Nullification of groups. — The contraction of a Moore space relates
closely with the theory of nullifications of groups. We will record necessary background
on this topic and refer the interested reader to [Bou97, §7.1] and [Cas95, §3] for
more details.
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2.4.0.7. Definition. — Let G be a group. A group M is G-null if the set Hom (G, M)

of group homomorphisms consists of the zero morphism.

2.4.0.8. Theorem. — Let G be a group. There exists a functor Lg: Grp — Grp
together with natural transformations Ag: id — Lg such that for every group H,

(i) the group Lg(H) is G-null, and

(ii) every group homomorphism H — M, where M is a G-null, factors

through Lg(H), i.e. there exists the following commutative diagram

H— M

>
et
-
-
-
-
-
-

Lg(H).
of groups.
Proof. — See [Cas95, Theorem 3.1]. O

2.4.0.9. Definition. — In the situation of Theorem 2.4.0.8, the functor Lg together
with the natural transformation id — L¢ is called the G-nullification. Let H be a
group. We call the group Lg(H) together with the group homomorphism H — Lg(H)
the G-nullification of H.

2.4.0.10. Proposition. — For a pair (G,H) of groups, the G-nullification
map A\g(H): H — Lg(H) of H is a surjection.

Proof. — See [Cas95, Theorem 3.2]. O

2.4.0.11. Notation. — By Proposition 2.4.0.10 we can consider L (H) as a quotient
group of G. For a pair (G, H) of groups, define

H//G :=Lg(H).
2.4.1. Contraction by a single Moore space. —

2.4.1.1. Notation. — Let G be an abelian group. Define the subset £ of the set
of prime numbers as follows: A prime number p is in Z if the multiplication-by-p

map p: G — G is an isomorphism. Define the ring Rg via

R e Z(@G), if G is torsion

G =
@pecpc L/pZ, otherwise.

Let HR¢ denote the Eilenberg—MacLane spectrum with 7o (HRg) = Re¢.

2.4.1.2. Proposition. — Let n > 1 be a natural number. For a pointed n-connected

homotopy type Y, there exists a natural equivalence

Pr(an)(Y) = Lure (Y).
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Sketch. — We follow the proof idea of [Bou94, Theorem 5.2] and omit group theoretic
technicalities. The Moore space M(G,n) is (HR¢)e-acyclic by the definition of Z¢.

By Proposition 2.1.2.10 we obtain a natural transformation

Pya,n) — Lugg -

given by (HRg)e-localisation. In other words, for every Z € Ho,, the evalu-
ation Pyygn)(Z) — Lugrg(Z) is an (HRg)e-equivalence. Thus, it suffices to
show that Py n)(Y) is (HRg)e-local. Since Y is n-connected, the homotopy type
Pri¢a,n) (Y) is n-connected by Proposition 2.2.2.6. The homotopy groups of Pyi(g,n)(Y)
satisfy the conditions from Proposition 2.4.0.3, which implies that Pyyqn)(Y)
is (HRg)e-local by [Bou94, Lemma 5.5] and [Bou75, Theorem 5.5]. O

2.4.1.3. Remark. — Because of the property exhibits in Proposition 2.4.1.2, we

call the contraction of a Moore space an arithmetic localisation.

2.4.1.4. Remark. — The hypothesis of being simply connected is important in Propo-
sition 2.4.1.2. For example, we have Pyyz/pz.1) St ~ St because Hom(Z/pZ,7Z) = 0.

However, S! is not HZ[p~!]-local.

2.4.1.5. Theorem. — Let G be an abelian group and let n > 2 be a natural number.
For a pointed homotopy type X € Ho,, the following statements hold:

(i) For every natural number i < n — 1, we have an group isomorphism
mi (Paman) (X)) = mi(X).
(ii) There exists the following isomorphism of groups
T (Prnca,n) (X)) = ma(X)//G.
(iii) If G is torsion, then
i (Pam(an) (X)) = mi(X) © Loy

for every natural number i > n + 1.

(iv) If G is not torsion, then there is a splittable natural short exact sequence
0— [] BExt(Z/p>® mX) = m(Pun (X)) = [] Hom(Z/p™, m 1Y) — 0
pEPG pEPc

for every natural number i > n + 1.

Sketch. — Statement (i) follows from Proposition 2.2.2.6. For proving the other state-
ments, we can make the assumption that X is (n — 1)-connected by Corollary 2.2.2.7.

To prove (ii), we show that the morphism 7, (X) — m, (PM(G,n)(X)), induced by
the M(G, n)-contraction Ani(g,n): X — Pum(a,n)(X) of X, exhibits 7, (PM(Gm) (X))
as the G-nullification of m,,(X).
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Note that m, (Pymg,n) (X)) is G-null by Proposition 2.4.0.3.(ii). For a G-null
abelian group M let f: m,(X) — M be a group homomorphism. It remains to
show that f factors through m,(X) — m, (Py(q,n)(X)). First, there exists a mor-
phism f: X — 7<,(X) — K(M,n) of pointed homotopy types such that the in-
duced morphism 7,(f) = f. Furthermore, f factors through X — Pni(a,n) (X)),
since K(M,n) is M(G, n)-less by Proposition 2.4.0.3.(ii). Thus the map f factors
through 7, (X) — 7, (Pymea,n) (X))-

Statements (iii) and (iv) is a consequence of Proposition 2.4.1.2 and the explicit
description of the homotopy type of Lyg, (X) [Bou75, Proposition 4.3]. O

2.4.1.6. Contraction of M(G, 1). — Recall from Notation 2.4.0.1.(i) the construc-
tion the Moore space M(G, 1). Let X be a pointed connected homotopy type. Because
of the uncertainty with the fundamental group, the homotopy types Pyi(g,1)(X) is
harder to determine completely in terms of that of X. However, there exists similar

results as Theorem 2.4.1.5 for nilpotent homotopy types.

2.4.1.7. Theorem. — Let Y be a nilpotent homotopy type. The following state-
ments hold:
(i) We have an isomorphism 71 (Pyya,1)(Y)) = m1(Y)//G of groups.
(ii) If G is torsion, then m; (Prna1)(Y)) = mi(Y) @ Zimg), for every i > 2.
(iii) If G is not torsion, there exists a splittable natural short exact sequence

0— ] Ext"(z/p®,mY) = m(Puey (X)) = [] Hom(Z/p>,m 1Y) —0
PEPc PEPc

for every i > 2.

Sketch. — The idea of the proof is to reduce the computation to the simply con-
nected M(G, 1)-less homotopy types and apply Proposition 2.4.1.2.

Consider the fibre sequence
Y =Y = K(m(Y)//G,1)

where the second map induced by the group homomorphism 71 (Y) — 71(Y)//G. Note
that we have 7;(Y) 2 m;(Y) for every i > 2 and 7,(Y)//G = 0. Since K(m,(Y)//G, 1)
is M(G, 1)-less, applying Pyi(g,1) to the above fibre sequence gives a fibre sequence

Prany(Y) = Pun (V) = K(m(Y)//G, 1),
by Theorem 2.2.2.5. Using the same proof as Theorem 2.4.1.5.(ii), we obtain an
isomorphism m; (PM(G’U(?)) =~ 7,(Y)//G. For this we also use that m (Y) C 71 (Y)
is nilpotent and [Bou97, Theorem 7.2]. Therefore, the homotopy type PM(G,1)(3~/) is
simply connected and 7 (Pyyq,1)(Y)) = m(Y)//G.
Since m; (Py(g,1) (Y)) = Wi(PM(Ql)()N/)) by the above fibre sequence, (ii) and (iii)
follow from Proposition 2.4.1.2 and [Bou75, Proposition 4.3]. O
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2.4.2. The Contraction of a wedge of Moore spaces. —

2.4.2.1. Notation. — Let G = (G;);>1 be a sequence of abelian groups and let n > 1
be a natural number. Define

M(G) = \/ M(G;,9),

M(Q,ﬂ) = D;I(Gl, 1) V M(Gg, 2) VeV M(Gn,n)

2.4.2.2. Theorem. — Let G = (G;);>1 be a sequence of abelian groups and let G’
be an abelian group. For natural numbers n’ > n > 1, define the pointed homotopy
type W = M(G,n) V M(G',n') and N = M ((®",G;) ® G',n'). Then for every

pointed homotopy type X, there exists a natural equivalence

Py (X) ~ Py (Prem (X)) -

Sketch. — We show that Py (Pag,n) (X)) is the W-contraction of X; the theorem
then follows from the uniqueness of W-contractions (see Proposition 2.1.2.6). Consider

the following composition
A A
Lw: X =5 Paiean (X) = Py (Puiem (X)) -

Claim. The morphism Ly is a W-equivalence.

By 92.3.1.6 the map Ap(X) is a W-equivalence. Thus it suffices to show that Ay
is a W-equivalence. Let Y € Ho, be W-less, i.e. Y is M(G’,n’)-less and M(G}, i)-less
for every 1 < ¢ < n. Using Proposition 2.4.0.3.ii), we see that Y is N-less. Since Ay is

an N-equivalence by definition, the induced map
()\N)* : Map* (PN (PM(Q,Q) (X)) s Y) — Map* (PM(Qﬂ) (X), Y)
is an equivalence. This shows that Ay is a W-equivalence.

Claim. The homotopy type Px (Py(g,n) (X)) is W-less.

By Proposition 2.4.0.3.ii) we have (N) > (M(G’,n’)). Thus Py (Pr(g,n) (X))
is M(G’,n/)-less. Therefore, it suffices to show that it is also M(G, n)-less. Note
that Py (PM(Q@) (X)) is N-less and m; (PN (PM(Q,Q) (X))) >~ 7 (PM(Q’Q)(X)) for
every i < n/, by Proposition 2.2.2.6. Thus, by Theorem 2.4.1.5 and Proposition 2.4.0.3,

it suffices to show that for every natural number k > n’ the abelian group

Hk =T (PN (PM(Q,E) (X))) = Tn! (PM(Q@)(X)) // ((@7:2611) S¥) Gl)

satisfies

Hom(G;, Hy,) = 0 and Exty,(G;, Hy) = 0. (2.4.2.1)
for every 1 < i < n. Since Py(gn)(X) is M(Gy,n)-less for every 1 < i < n, the
homotopy group 7y (PM(Q@)(X )) satisfies

Hom (G, mp (Paig,n) (X)) = 0 and Exty(Gi, 1 (Paian) (X)) =0
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for every k > n’ and for every 1 < i < n, by Proposition 2.4.0.3. Using [Bou94,
Lemma 5.5] we see the quotient group H}, satisfies the conditions (2.4.2.1): If G; is
torsion, we apply [Bou96, Lemma 4.2]; Otherwise, we use [Bou94, Lemma 5.9]. See
also [Bou94, Theorem 5.3]. O

2.4.2.3. Situation. — Let G = (G;);>1 be a sequence of abelian groups, where the
abelian group G is trivial. Then the wedge M(G) of Moore spaces is simply-connected
and is uniquely determined by (G;);>2 up to equivalence.

Let n > 2 be a natural number. Define the subset &g ,) of the set of prime
numbers as follows: A prime number p is contained in &g ) if for every natural
number 2 < i < n, the multiplication-by-p map p: G; — G; is an automorphism of G;.

2.4.2.4. Theorem. — Let X be a pointed homotopy type. In Situation 2./.2.5 we
can understand the homotopy groups of Paig.n)(X) in terms of that of X. Let n > 2
be a natural number.

(1) If G, is torsion for every i > 2, then for every m > n+1, there exists a natural

isomorphism

T (Pygn) (X)) = mn(X) © Ziz g ,))-

(ii) If there exists a 2 < i < n such that G; is not torsion, then for every m > n+1,

there exists a splittable natural short exact sequence
0= J[ Ext(Z/p™ mm(X)) = 7m(Priie,m (X))
PEP(@,n)

= JI Hom(Z/p®, mm 1(X)) =0
PEP(G,n)

(iii) There exist natural isomorphisms
1 (PM(Q)(X)) = 7'('1(X) and
o (Paa(e) (X)) = T (Pargn) (X))//(&72Gi)

for every n > 2.

Proof. — (i) and (ii) follows from Theorem 2.4.1.5 and iterated applications of Theo-
rem 2.4.2.2.
As for (iii), define N := M(®?_,G;,n). By Theorem 2.4.2.2 and Proposition 2.2.2.6

there exist isomorphisms
T (Patie) (X)) 2 7 (Patin (X)) = 7 (Pa Prrenn (X)) -

Therefore, (iii) follows from Theorem 2.4.1.5.ii). See also [Bou96, Theorems 4.1
and 4.3]. 0
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2.4.2.5. Corollary. — LetY be a pointed homotopy type. In Situation 2./.2.5 the
following statements hold:
(i) The homotopy type Y is M(G)-less if and only if K(m;(Y),4) is M(G)-less for
every i > 2;
(ii) The homotopy type Y is M(G)-full if and only if Y is simply connected and
K(m;(Y),1) is M(G)-full for every i > 2.

Proof. — These are consequences of Proposition 2.4.0.3 and Theorem 2.4.2.4.
See also [Bou96, Corollary 4.5]. O
2.4.2.6. An example. — We conclude this subsection with an example of the

contraction of the wedge M(H, (7)) of Moore spaces obtained from a pointed simply
connected homotopy type W. In particular, we show that the contraction of W
and the contraction of M(H4(W)) coincide for a certain family of homotopy types,
see Theorem 2.4.2.9. Later we will use this theorem to prove Theorem 3.1.2.15 in the
next chapter.

2.4.2.7. Definition. — Let W be a simply connected pointed homotopy type.
Define the sequence

Ho(W) = (H;(W;Z))i>o

of abelian groups associated with W.

2.4.2.8. Proposition. — In the situation of Definition 2./.2.7, the homotopy type W
is M(Hqo (W))-full.

Proof. — In other words, we need to prove that (W) < (M(Hs(W))).

Claim. Let G be an abelian group and let n > 2 be a natural number. If the
Eilenberg-MacLane space K(G,n) is M(Hqe(W))-less, then K(G, n) is W-less.

It is equivalent to show that ﬁm(W; G) = 0 for every 0 < m < n, by Proposi-

tion 2.1.1.11. Consider the short exact sequence
0 — Ext(Hp_1(W:Z),G) = H (W;G) — Hom(H,,(W;Z),G) — 0.

obtained from the Universal Coefficient Theorem. Since K(G,n) is M(Hq (W))-less, it
is M(H (W Z)),i)-less for every i > 2 (see 92.3.1.6). By Proposition 2.4.0.3 we have
that Eth( m-1(W:Z),G) = 0 = Hom(H,,(W;Z), G) for every 0 < m < n. Thus we
obtain H (W;G) =0.

Claim. Let Y be a connected M(H,(WW))-less homotopy type. Then Y is W-less.

By Corollary 2.4.2.5 and the previous claim, the Eilenberg-MacLane space K(7;Y, 7)
is W-less, for every natural number j > 2. Also, K(m1Y, 1) is W-less because W is sim-
ply connected. Since W-less homotopy types are closed under small limits (see Propo-
sition 2.1.3.1), we obtain that Y is W-less by considering Y as the inverse limit of its
Postnikov tower. O
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2.4.2.9. Theorem. — Let W be a simply connected homotopy type and let Y be a
pointed connected homotopy type whose homotopy groups are non-trivial in finitely

many degrees. Then canonical morphism

A, w))Pw (Y)): Pw (Y) = Py, wy (Y)

given by the natural transformation Ay, (w)) s an equivalence.

Proof. — We follow the proof of [Bou96, Theorem 4.6]. By Proposition 2.4.2.8, the ho-
motopy type Puica, (w))(Y') is W-less. Thus it suffices to show that Anica, (w)) (Pw (Y))

is a W-equivalence.
Denote the fibre of the map Ay, (w))(Pw(Y)) by F'. The homotopy type F is

Thus, by Corollary 2.4.2.5, we have (M(Ho(W))) > (K(n,F,n)) for every natural
number n > 2. So, by Proposition 2.3.1.14, we obtain

(W) = (SP*W) = (SP*(M(H,(W)))) = (SP™(K(mnF,n))) = (K(mn F, ).

Furthermore, by Proposition 2.2.2.8, the homotopy groups of F’ are non-trivial in finitely
many degrees. Therefore, we have that F' is W-full by applying Proposition 2.1.3.6

finitely many times. O

2.4.2.10. Remark. — Combining Theorem 2.4.1.7 and Theorem 2.4.2.2, one can
completely determine the homotopy type of the M(G)-contraction Pyjg)(Y) of a
nilpotent homotopy type Y, where M(G) is a wedge of Moore spaces, cf. [Bou97,
Theorem 7.5]. As an application, one can generalise Theorem 2.4.2.9 to a lager
family of homotopy types, the so-called nilpotent generalised polyGEM, see [Bou97,
Theorem 8.8]. The interested reader shall check [Bou97, §§7-8] for more details and

applications in this direction.

2.4.2.11. Proposition. — Let W be a simply connected homotopy type. If there ex-
ists a natural number v such that (X"W) = (E"™M(Hq(W))), then (W) = (M(Ho(W))).

Proof. — We follow the proof of [Bou96, Theorem 4.7]. It suffices to show the impli-
cation under the assumption (XW) = (EM(H,(W))). Because (W) < (M(H,(W)))

by Proposition 2.4.2.8, it remains to show that the canonical morphism

A, (w)) Pw (X)) : Pw (X) = Py, (wy) (X)

given by the natural transformation Ay, (w)) is @ W-equivalence for every X € Ho.;

this would imply that Ay, wy)(Pw (X)) is an equivalence since the homotopy

type Paigu, (w)) (X) is W-less.
Since we have (W) > (EW) = (EM(H,(W))) by assumption, the homotopy
type Py (X) is EM(Hqe(W))-less and thus

Pw (X) ~ Pomm, (w)) (Pw (X))
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So Ami(, (w)) (Pw (X)) is equivalent to the following morphism

L: Py, wy) (Pw (X)) = Pyrem, w)) (Pw (X)),

induced by the comparison (M(He(WW))) > (EM(H4(W))).
Let F' be the fibre of L. We have by Theorem 2.3.2.2 that F' is equivalent to a
product of Eilenberg-MacLane spaces, since M(Hq(W)) (a wedge of simply connected

Moore spaces) is equivalent to a suspension of a homotopy type. By the same argument
as in the proof of Theorem 2.4.2.9, the homotopy type F' is simply connected and
the Eilenberg-MacLane space K(m, F,n) is W-full for every natural number n > 2.
Therefore, the homotopy type F' is W-full, by Propositions 2.1.3.1 and 2.1.3.5; an
infinite product of Eilenberg—MacLane spaces is equivalent to a filtered colimit of all
finite sub-products of those Eilenberg—MacLane spaces. By Proposition 2.1.3.6 the
morphism L, equivalently Anicw, (wy)(Pw (X)), is a W-equivalence. O







CHAPTER 3

The v,-periodic localisation of homotopy types

3.1. The Unstable Class Invariance Theorem

Fix a prime number p. The (stable) Class Invariance Theorem (see Theo-
rem 3.1.2.6) says that the Bousfield class of a finite p-local spectrum depends only
on its type (see Definition 1.2.0.3). The goal of this section is to present a similar
theorem (see Theorem 3.1.2.1) for the unstable Bousfield classes of finite p-local
homotopy types, due to Bousfield, see §3.1.2. For this purpose, we begin in §3.1.1
by showing that the fibre of each morphism in the W-Postnikov tower for a p-local
homotopy type W consists of a single p-local Eilenberg-MacLane space. In the last
subsection §3.1.3 we discuss some fibration theorems in the p-local setting, which
will be used extensively in later sections. The references for this expositional section
are [Bou94; Bou96; DS95; Harlg].

3.1.1. Layers of a W-Postnikov tower. —

3.1.1.1. Situation. — We fix a prime number p and work in the co-category Ho,
of pointed homotopy types. In particular, we consider a contraction functor as an

endofunctor of Ho.,.

3.1.1.2. Definition. — Recall the following definitions for abelian groups.
(i) An abelian group G is p-local if for every prime number ¢ # p, the multiplication-
by-¢ map {: G — G is an automorphism of G.
(ii) An abelian group G is p-primary if the order of every element of G is p™ for

some n € N.

3.1.1.3. Definition. — Let n > 1 be a natural number. A pointed homotopy
type W satisfies the n-supported p-torsion condition if
(i) W is (n — 1)-connected,
(ii) ﬁ.(W;Z) is p-primary, and
(iii) H™(W; Z/ pZ) # 0.



60 Chapter 3. The vp-periodic localisation of homotopy types

3.1.1.4. Situation. — Let n > 1 be a natural number, and let W be a pointed

connected homotopy type satisfying the n-supported p-torsion condition.

3.1.1.5. Theorem (Bousfield). — Let X be a pointed homotopy type and let i > 1

be a natural number. In Situation 3.1.1./ there exists a fibre sequence
K(Gi, n+ Z) — Pyiviyy X = Py X,

where G; is a p-primary abelian group.
We will prove this theorem below.

3.1.1.6. Remark. — Bousfield proved a more general result, where he can consider
several prime numbers at a time, see [Bou94, Theorem 7.2]. We will only present
the p-torsion case, since we work later in the co-category Ho(, of p-local homotopy

types. See also [DS95, Theorem A] for a more general statement.

83.1.1.77. Proposition. — Let G be a p-primary abelian group. In Situation 3.1.1./,
for every natural number £ > n, the Eilenberg~MacLane space K(G,£) is W-full.

Proof. — Let Y be a pointed connected W-less homotopy type and let £ > n be a
natural number. By Corollary 2.2.3.4 we have that Map, (K(H,(W),¢),Y) is con-
tractible. Since K(ﬁg(W), ?) is connected, it is W-less. By Proposition 2.1.3.6 the class
of abelian groups G such that K(G,¢) is W-less is closed under extensions, cokernels
and directed colimits. Because the abelian group ﬁg(W) is p-primary, we obtain
that K(G, ¢) is W-less for every p-primary torsion abelian group G. See also [Bou94,
Lemma 7.4]. O

Proof of Theorem 3.1.1.5. — We follow the proof ideas presented in [Harl8, Lecture
3]. Tt suffices to show the i = 1 case. Denote the fibre of Py2yy X — Py X by F. The
homotopy type F' is n-connected by Proposition 2.2.2.6, and it is equivalent to a product
of Eilenberg-MacLane spaces by Theorem 2.3.2.2. Write F' =[], 5, .1 K(Gm,m).

Claim. For every m > n + 1, the Eilenberg-MacLane space K(G,,,m) is X2W-less
and S WW-full.

By construction F is $2W-less and SW-full. Since K(G,,, m) is a retract of F, it
also enjoys these two properties.

Claim. For every m > n + 1, the abelian group G,, is p-primary.

It suffices to show that G, ® Z[1/p] = 0 for every m > n + 1. Consider the fibre
sequence

K(Gp ® Z) pZym — 1) = K(Gm, m) ~2 K(Gpmym).

The fibre K(G,, ® Z/ pZ,m — 1) is XW-full by Proposition 3.1.1.7. Thus the map xp
is a XW-equivalence by Proposition 2.1.3.6. As X W-equivalences are preserved under
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passing to colimits (see Proposition 2.1.3.1), we obtain a XW-equivalence
[ K(Gpym) = K(Gp, @ Z[1/p], m);

recall that there is a group isomorphism G,, ® Z[1/p] ~ hﬂ(Gm 2 G 2B ).
Thus the Eilenberg-MacLane space K(Gy, ® Z[1/p], m) is TW-full by the first claim.
Note that K(G,, ® Z[1/p],m) is also XW-less: By the Brown Representability we have
an isomorphism [SFW, K(G,, ® Z[1/p], m)] = ﬁm_k(W; Gm ®Z[1/p]) = 0, for every
natural number k. So
K(Gm ® Z[1/p],m) ~ pt,

that is, G,, ® Z[1/p] = 0. From this we see that G, is p-primary for every m > n + 1.

Claim. For every m > n + 2, the abelian group G,, is p-torsion free.

Let T}, ,,, denote the p-power torsion subgroup of G, i.e.

Tpm ={z € G|3In €N, such that p"(z) = 0}
Consider the fibre sequence
K(Tpmsm) = K(Gynym) 2 K(Gn/ Tpm, m)

induced by the quotient map g : Gm — G/ Tpm- The fibre K(T} ,,, m) is X2W-full
by Proposition 3.1.1.7. Thus the map g¢,, is a ?W-equivalence by Proposition 2.1.3.6.
Moreover, K( G,/ Tp,m,m) is £2W-less, as one can check that the reduced singular
cohomology groups of L2W with G,/ T} m-coefficients vanish. This implies that the
map ¢,, is an equivalence since both its source and target are X2W-less. Therefore,
we obtain G, & G,/ Tp.m, that is, G, is p-torsion free.

The second and the third claims combined imply that

(i) Gp+1 is a p-primary torsion abelian group,

(ii) Gy, = 0 for every natural number m > n + 2.

This concludes the proof of the theorem. O

3.1.1.8. Remark. — In the situation of Theorem 3.1.1.5 the group G; is not p-torsion
in general, cf. [Har18, Lecture 3, Theorem 2.12]. For example, let W ~ K(Z/ pZ,n)
and X ~ K(Z/p*Z,n +1). We have Psy (X) ~ pt and thus

K(Gi,n+1) ~Psew(X) ~ K(Z) p*Z,n + 1).

There are some other variants of Theorem 3.1.1.5

3.1.1.9. Definition. — Let n > 1 be a natural number. A pointed homotopy
type W satisfies the n-supported p-local condition if
(i) W is (n — 1)-connected,
(ii) He(W;Z) is p-local, and
(i) H" (W;Z)) # 0.
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3.1.1.10. Remark. — In the situation of Theorem 3.1.1.5, if we replace
the n-supported p-torsion condition by n-supported p-local condition, we obtain

instead a fibre sequence
K(Gz, n -+ Z) — P2i+lw(X) — szw<X)

where G; is a p-local abelian group. The proof works the same, where we use a “p-local
version” of Proposition 3.1.1.7: If W satisfies the n-supported p-local condition, the
Eilenberg—MacLane spaces K(G, ¢) is W-full for every ¢ > n.

3.1.1.11. Remark. — In Bousfield’s original definition of the n-supported p-torsion
(respectively p-local) condition [Bou94, §7], the hypothesis (i) is replaced by the
assumption that I:L(W, Z) = 0 for all i < n. Both definitions imply that the pointed
homotopy type W is n-connected. We make this simplification in our definition since

we are mostly concerned with contraction of ¥W in our later applications.

3.1.1.12. — A p-local homotopy type satisfies the n-supported p-local condition
for some n € N. Let W be a p-torsion homotopy type, i.e. the homotopy groups
of W are p-primary torsion groups in all degrees. Then W satisfies (i) and (ii)
of Definition 3.1.1.3. However, W doesn’t have to satisfy (iii). For these p-torsion
homotopy types, we have a supplemental version of the Theorem 3.1.1.5, which is

proved similarly.

3.1.1.13. Definition. — Let n > 1 be a natural number. A homotopy type W € Ho
satisfies the n-supported divisible p-torsion condition if

(i) W is (n — 1)-connected,

(ii) He(W;Z) is p-primary, and

(iii) H,(W;Z) is a non-trivial divisible abelian group.

3.1.1.14. Example. — Recall the Priifer group Z/p™, see Example 2.3.1.11.
For every natural number n > 1, the Eilenberg-MacLane space K(Z/p>,n)
satisfies the n-supported divisible p-torsion condition. In particular, we have
that H,, (K(Z/p>,n);Z/pZ) = 0 and H" (K(Z/ p>,n); Z/pZ) = 0.

3.1.1.15. Theorem (Bousfield). — Let W be a homotopy type satisfying
the n-supported divisible p-torsion condition. For X € Ho, and ¢ > 1, the fibre of the
map Psiviyy X — Pxiy X is equivalent to a product

K(Gi,n+1i) x K(Gig1,n +i+1),

where G; is a divisible p-primary abelian group and G;y1 is a p-primary abelian group
such that Homawgrp(Z/ p>=,G) = 0.

Proof. — See [Bou94, Theorem 7.7]. O
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3.1.2. Unstable Class Invariance Theorem. — The goal of this subsection is to
prove the following theorem. Recall that we work with a fixed prime number p and

recall the definition of the type of a p-local spectrum (see Definition 1.2.0.3).

3.1.2.1. Theorem (Unstable Class Invariance Theorem). — Let V and V’
be p-local finite homotopy types whose rational homology groups are trivial. The fol-
lowing statements are equivalent:

(i) (2V) < (5v7)

(i) type(X>°V) > type(X>*°V’) and conn(XV) > conn(XV').

Proof. — The proof idea is to relate the unstable Bousfield classes with the Bous-
field classes of their suspension spectra (see §1.2.0.15). The theorem is a corollary
of Theorem 3.1.2.7 and Theorem 3.1.2.6, which we prove in the following.

To apply Theorem 3.1.2.7, note that the hypothesis of the connectivities of the
cohomology groups ﬁ.(—; Z] pZ) is satisfied from the finiteness assumption on V
and V', O

3.1.2.2. Definition. — Two homotopy types W and W' are stably Bousfield equiva-
lent if there exist natural numbers j and k such that (X/W) < (W') and (SFW') < (W).

This defines an equivalence relation of homotopy types.

3.1.2.3. Definition. — Let W and W’ be homotopy types. Denote the stable
Bousfield equivalence class of W by (W)s . We write (W)y, < (W')y if there exists a
natural number j such that (S7W) < (W').

3.1.2.4. Remark. — Let W and W’ be homotopy types. If there exist natural
numbers h and i such that (S"W) = (X'W'), then (W)y = (W')s. However, the
converse is not true in general. For example, the homotopy types S' v S2 and S' v S3
are stably Bousfield-equivalent, but non of their iterated suspensions are (unstably)

Boustfield-equivalent.

3.1.2.5. Theorem (Class Invariance Theorem). — Let F and F’ be two p-local
finite spectra. Then (F) < (F') if and only if type(F) > type(F").

Sketch. — This is a consequence of the Thick Subcategory Theorem, see Theo-
rem 1.2.0.9. See also [HS98, Theorem 14]. O

8.1.2.6. Theorem. — Let V and V' be pointed p-local finite homotopy types. The
following statements are equivalent
(i) (V)s < {(V)s.
(i) type(X%V) = type(E>V7).
(iii) (X°V) < (Z°V7).
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Proof. — The equivalence between (ii) and (iii) follows from Theorem 3.1.2.5. It
suffices to show the equivalence between (i) and (ii). Recall from Definition 1.2.0.3
the p-local Morava K-theory spectrum K(h) of height h for h € N, which was used to
define the type of a finite spectrum.

Assume (i). Let m be a natural number such that the Morava K-theory cohomol-
ogy K(m)* (V') is trivial. Representing K(m) by an Q-spectrum (Ej)gez. Thus, for
all k € Z, the pointed homotopy type Ej is V’-less. By our assumption the homotopy
type Ej is also X7V -less for some natural number j. This implies that K(m)®(V) = 0.
Since V and V' are finite homotopy types, the acyclicity of K(m)-homology of V
and V' follows from [AdaSH, Part III, Lemma 13.1], which is a universal coefficient
theorem for generalised cohomology theories.

Assume (ii), we define a full co-subcategory € of the co-category Sp{(i;) of p-local
finite spectra as follows: A p-local spectrum F' is object of € if there exist an inte-
ger z and a p-local finite complex Vg such that (Vi)y < (V')y and F ~ X*¥>°Vp.
By Proposition 2.3.1.7 the co-subcategory € is a thick oo-subcategory of Sp?;l). By
the Thick Subcategory Theorem (see Theorem 1.2.0.9), we have that XV € €,
because XV’ € € and type(X>®V) > type(X>°V’). In particular, we conclude
that (V)s < (V')s. See also [Bou94, Theorem 9.14]. O

3.1.2.7. Theorem. — Let W and W' be pointed homotopy types such that ﬁ.(W; Z)
and Hy (W';Z) are p-primary abelian groups. Then (SW) < (SW') if and only if the
following combined conditions hold:
(i) (EW)s < (ZW')y,
(ii) conn(EW) > conn(XW') (see Definition 1.3.0./), and
(iii) conn(ﬁ.(ZW; Z]pZ)) > conn(ﬁ.(ZW’; 7 pZ)),
where the connectivity conn(ﬁ.(EW; Z] pZ)) of the cohomology is the degree of the

lowest non-trivial cohomology group minus one.

3.1.2.8. — In the above theorem the homotopy types W and W' satisfy either
the n-supported p-torsion, or the m-supported divisible p-torsion condition. The
proof of the theorem is at the end of this section, where we uses Theorem 3.1.2.10
and Theorem 3.1.2.12 below.

3.1.2.9. Remark. — Example 3.1.1.14 shows that the connectivity of the cohomology
groups does not necessarily coincide with the connectivity of the homotopy type.

3.1.2.10. Theorem. — Let n > 1 be a natural number, and let W be a pointed
homotopy type satisfying the n-supported p-torsion condition. Then for every natural

number k > 1, we have

(W) = (SFW) vV (K(Z/] pZ,n + 1)).
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Proof. — We present the proof of [Bou94, Theorem 9.10]. By Corollary 2.1.1.12 we
have (XW) > (W) and by Proposition 3.1.1.7 we have (SW) > (K(Z/pZ,n + 1)).
Theses gives the following comparison

(W) > (W) v (K(Z/ pZ,n + 1)).

For the other direction, let Y be a pointed connected homotopy type such
that Y is X*W-less and K(Z/pZ,n + 1)-less. Denote the fibre of the canonical
map Axw (Y): Y — Puw Y by F, given by the natural transformation Axy. To show
that Y is XW-less, it is equivalent to show that F' is contractible.

By Theorem 3.1.1.5 we know that m;(F) is p-primary forn+1 <i<n+k—1
and trivial otherwise. Since Py Y is XW-less, it is K(Z/ pZ, i)-less for all i > n + 1,
by Proposition 3.1.1.7. Thus F is K(Z/pZ,i)-less for all i > n + 1, by Proposi-
tion 2.1.3.1. Now we can show that the homotopy groups of F' are all trivial using its

Postnikov tower, which has finitely many non-trivial stages. Consider the fibre sequence
K(?T,H_k_l(F), n+k— 1) — F = 7<pyp—oF.

By the universal property of the fibre any morphism K(Z/pZ,n + k — 1) — F factors
through the fibre K(mp45-1(F),n+ k —1). Since F' is K(Z/ pZ,n + k — 1)-less, every
morphism K(Z/pZ,n + k — 1) = K(mpyr—1(F),n + k — 1) is the null map, which
implies that m,1—1(F) = 0. Repeating this procedure we conclude that F' is weakly
contractible. Therefore, Y ~ Py Y and we obtain

(W) < (ZFW)Y Vv (K(Z/ pZ,n + 1)). O
3.1.2.11. Remark. — Recall that we have the “p-local” or “multiple prime” version
of the n-supported p-torsion condition, see Definition 3.1.1.3 and Remark 3.1.1.6.

Theorem 3.1.2.10 has also corresponding generalisations, see [Bou94, Theorem 9.10].

3.1.2.12. Theorem. — Let n > 1 be a natural number, and let W be a pointed
homotopy type satisfying the n-supported divisible p-torsion condition. Then for every

natural number k > 1, we have
(SW) = (SFW) v (K(Z/ p=,n + 1),

Proof. — The proof strategy is the same as that of Theorem 3.1.2.10, where we make
use of Theorem 3.1.1.15. See also [Bou94, Theorem 9.11]. O

Proof of Theorem 3.1.2.7. — We follow the proof of [Bou94, Theorem 9.12]. Assum-
ing that (XW) < (XW'), we have (EW)y < (E¥W')x by definition. Consider the
ESW'-contraction Agw(EW): TW — Pow/ (W) of TW. We have Pyy (EW) ~ pt
by assumption. Thus the map Anw(XW) induces isomorphisms on homotopy groups

of degree less than or equal to conn(XW'), by Proposition 2.2.2.6. So we have

conn(XW) > conn(EW’).
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Denote d := conn (H (ZW’;Z/pZ)). The Eilenberg-MacLane space K(Z/pZ,m)
is XW'-less for every natural number m < d, because of the Brown Representabil-
~d—e
ity [Z°XW',K(Z/pZ,d)] = H (XW';Z/pZ). By assumption K(Z/pZ,m) is
also XW-less, for every m < d. Therefore, we obtain
conn (ﬁ. (ZW;Z/pZ)) > conn (ﬁ. (EW; Z/pZ)) .

Now assume that (i)-(iii) hold. The stable Bousfield class inequality means
that (SFW) < (SW') for some natural number & > 1. Denote the connectivities
of XW and XW' by ¢ and ¢, respectively. Define the abelian groups
z/pz, itHT(SW.z/pZ) £ 0

G =
Z/p™, otherwise

and .
Z/pZ, itH  (SW'Z/pZ) #0

Z/p>, otherwise

Then we have
(BW) = (S"W) v (K(G, e+ 1)) < (SW) V (K(G', ¢ + 1)) = (EW);
here middle comparison holds by (2.3.1.1) and (2.3.1.3) O

3.1.2.13. Definition. — A pointed homotopy type X is a suspension homotopy
type if there exists a pointed homotopy type W such that X ~ XW.

3.1.2.14. Remark. — Theorem 3.1.2.1 is about the comparison between the Bous-
field classes of suspension homotopy types. However, statement (ii) of the theorem
does not depends on the suspension. It is unclear whether there is a similar state-
ment for all p-torsion finite complexes. Applying Proposition 2.4.2.11 we obtain a
small extension of Theorem 3.1.2.1 to the Bousfield classes of simply connected finite

complexes (that are not necessarily suspension homotopy types).

3.1.2.15. Theorem. — Let V and W be pointed simply-connected p-local finite
homotopy types. Assume that type(X°V), type(X°W) € {0,1}. Then (V) = (W) if
and only if the following combined conditions hold:

(i) conn(V) = conn(W), and

(i) type(X>°V) = type(X*°W).

Proof. — Assuming that (V) = (W), we have type(X>°V) = type(X>°W), be-
cause (V)y = (W)x. The W-contraction Ay (V): V — Py (V) =~ pt induces an
isomorphism of homotopy groups in every degree i < conn(W). By the same reasons,
the V-contraction Ay (W): W — Py (W) ~ pt induces an isomorphism of homotopy
groups in every degree i < conn(V). These combined shows that conn(V) = conn(W).
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Assume that type(EZ°V) = type(X*°W) € {0,1} and conn(V') = conn(W). Apply-
ing Theorem 3.1.2.1 we obtain that (M(H,(V))) = (M(H.(W))), because they are sus-
pension homotopy types. Furthermore,Mve type(Z°V) = type(X>°(M(H.(V))))
by the following reasons: -

(i) The suspension spectrum XV is of type 0 if and only if its the HZ-homology

of V is torsion free in some degrees. Since the wedge M(H.,(V')) of Moore spaces

encodes exactly the HZ-homology of V', its suspension spectrum is also of type 0.
(ii) If X>°V is of type 1, the reduced homology groups i (V;Z) of V are p-primary in
all degrees. Since V is p-locally finite, the Bousfield class of a wedge component
of M(H,(V)) is the same as a mod p Moore space M(Z/pZ,n) for a natural

number n > 2, by Example 2.3.1.10. From this, we see that the suspension
spectrum of M(H, (V) is of type 1.
By the same arguments we have type(X*°W) = type(X>°(M(H,(W)))). Using Theo-
rem 3.1.2.1 again we obtain that
(W) = (SM(H, (W))) and (SV) = (SM (H*(V))>.
Therefore, we have (V) = (W) by Proposition 2.4.2.11. O

3.1.2.16. Question (Bousfield). — Can we extend Theorem 3.1.2.15 to p-local
finite homotopy type of other types? See also the end of [Bou96, Section 4].

3.1.3. Fibration theorems. — In this subsection we discuss the interaction of the
contraction of an n-supported p-torsion (respectively p-local) homotopy type with

fibre sequences. We work in the following situation.

3.1.3.1. Situation. — Fix a prime number p. Let n > 1 be a natural number,
and let W be a pointed homotopy type satisfying the n-supported p-torsion (respec-
tively p-local) condition. Consider the functor Py : Ho,. — Ho,.

3.1.8.2. Theorem. — Let F — X L5 B be a fibre sequence in Ho, where B is

connected. In Situation 3.1.5.1 there exists an induced fibre sequence
K(G,n) = Psw (F) = fib (Psw (X) £ Py (B)),
where G is a p-primary (respectively p-local) abelian group.

Proof. — This is [Bou94, Theorem 8.1] and we give an outline of the proof. Using The-

orem 2.2.2.3 we obtain a commutative diagram

F X B

| F

Pzw(F) —_— Y —_— P22w(B)
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where the rows are fibre sequences, the map L is a XW-equivalence and the homo-
topy type X is 22W-less. Applying Pxw to the lower fibre sequence induces the

commutative diagram

E1 E2 E3

|

Py (F) —— X =~ Pyay(X) —— Psayw(B)

JAEW(X) Asw (B)

Psw(f)

fib (Pgw(f)) E— Pgw(X) ~ Pgw(X) Pzw(B)

where the rows and columns are fibre sequences. By Theorem 3.1.1.5 the fi-
bres E5 and FE3 are Eilenberg—MacLane spaces whose non-trivial homotopy groups
are p-primary torsion (respectively p-local) abelian groups. One can calculate the
homotopy type of E; from that of Fs and FE3 using the long exact sequence of

homotopy groups associated to upper horizontal fibre sequence. O

3.1.3.3. Remark. — The fibre of of the induced map

is called the error term of Paw (f).

(i) Dror Farjoun—Smith gives a generalisation of Theorem 3.1.3.2 where they don’t
make the assumption that W is n-supported p-torsion (respectively p-local),
see [DS95, Theorem D]. In this more general case, the error terms is a product
of Eilenberg—MacLane spaces.

(ii) Later Bousfield proves more general versions of the above theorem where
the YW -contraction is replaced by the localisation of Ho, at g-equivalences for
a fixed morphism g of pointed homotopy types, see [Bou97, Theorems 6.1 and 9.7].
However, in this general setting, the error term is also more complicated.

3.1.3.4. Theorem. — Consider a pullback diagram
U——V
17
Y — 7

in Ho,. In Situation 5.1.5.1 define a pointed homotopy type F' by the induced pullback
diagram in Ho, below
L l
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Then there exists an induced fibre sequence

of pointed homotopy types, where G is a p-primary torsion (respectively p-local)
abelian group.

Proof. — This is proven using Theorem 3.1.3.2 and Proposition 3.1.1.7. See
also [Bou94, Theorem 8.2]. O

3.1.3.5. Theorem. — Let V and Y be connected pointed homotopy types, where V.
is a finite complex. In Situation 5.1.3.1 the pointed mapping space Map, (V, Psw (Y))
is XW -less. Furthermore, the fibre Fy of the induced map

Pow (Map,(V,Y)) = Map, (V, Pw (Y))

at a map ¢ € Map, (V,Puw (Y)) satisfies the following properties:
(i) In every degrees i > n + 1 the homotopy group m;(Fy) =0
(ii) In every degree j > 1 the homotopy group m;(Fy) is a p-torsion (respec-
tively p-local) and nilpotent.
(iif) The action of m (Psw Map, (V,Y)) on w;(Fy) is nilpotent for j > 1.

Proof. — Let f: A — B be a XW-equivalence in Ho,. Consider the following

commutative diagram

Map, (B, Map, (V, Psw (Y))) —/— Map, (4, Map, (V, Psw (Y)))

=| E

where the vertical equivalences are given by the “tensor-Hom” adjunction. The
lower horizontal arrow is also an equivalence, since f A idy is a XW-equivalence
by Proposition 2.1.3.1 and Py (V) is ¥XW-less. Therefore, the morphism f* is an
equivalence, which implies that Map, (V,Pesw (Y)) is XW-less. For the rest of the
proof, see [Bou94, Theorem 8.3]. O

3.1.3.6. Remark. — Recall that there is an equivalence
PW (Map*(skv Y)) = Map*(sk? PS’“/\W(Y))

for every pointed connected homotopy type Y, see Corollary 2.2.1.3. In [DroCS,
§3.A.2] Dror Farjoun posts the question whether Py, (Map, (V,Y")) is equivalent to a
mapping space of the form Map, (V, 17), for some suitable choices of pointed homotopy
type Y and finite complex V.
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3.2. vp-periodic homotopy groups

From now on we fix a prime number p. In this section we recall the p-local v;,-periodic
homotopy groups of a homotopy type and vp-periodic equivalences of homotopy types.
Everything is in this section is standard material, which one can also find for instance
in [Bou0l; Kuh08; Heu20b]. Recall the p-local Morava K-theory K(h) of height h,
where h € N (see §1.2).

3.2.0.1. Theorem. — Let V be a p-local finite homotopy type. Then there exists
a natural number h such that its suspension spectrum L°V is of type h (see Defini-
tion 1.2.0.3). Moreover, there exist natural numbers n and dj, such that the n-fold

suspension X"V of V' admits a map
vp: BTNV - SV
which induces an isomorphism on K(h)-homology and induces the zero map on

K(m)-homology for every natural numbers m # h.

Proof. — This is the “unstable version” of the Periodicity Theorem, and it follows
from Theorem 1.2.0.6 and the Freundenthal Suspension Theorem, see [KocB, Corol-
lary 3.2.3]. O

3.2.0.2. Convention. — In the situation of Theorem 3.2.0.1, we say V is of type h
and call the map vy, a v, self-map of Vj. Strictly speaking, the map vy is not a
self-map (a map from V}, to itself) of V3. However, we follow this traditional abuse of
notation, for example, cf. [Ada66; MRW77; HS98].

3.2.0.3. Situation. — Let h > 1 be a natural number, and let V}, € fHo(p) be
a p-local finite complex of type h together with a vy, self-map vy, : LWVu V), — Vj,.

3.2.0.4. Definition. — Let X be a pointed connected homotopy type. In Situa-
tion 3.2.0.3, define a pointed homotopy type Ty, (X) as the colimit of the following

diagram in Ho,
Map, (Vi,, X) — Map, (" V3, X) — -+ — Map, (SF"V}, X) — -+
induced by the vy, self-map of V},.

3.2.0.5. Proposition. — Let X be a pointed connected homotopy type. In Situa-

tion 5.2.0.3 there exist equivalences
Ty, (X) = Q™ Ty, (X) = Tyay, ,, (X)
of pointed homotopy types. In particular, Ty, (X) is an infinite loop space.

Proof. — Since Ty, (X) is formed by a filtered colimit in Ho, and the dy, -dimensional
sphere S is a compact object of Ho., the dy,-fold loop space Q% Ty, (X) is
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equivalent to the colimit of the following diagram in Ho,
QW Map, (Vi, X) = -+ = QWaMap, (¥ V), X) = -,

because a compact object commutes with filtered colimits (see [HTT, §5.3.4]). We

obtain the equivalence in the proposition by observing that
Qi Map, (S Vj,, X) ~ Map, (z(’f+1>dvh Vi, X) . 0

3.2.0.6. Definition. — Let X be a pointed connected homotopy type. In Situa-
tion 3.2.0.3, define a spectrum @y, (X) modelled by an Q-spectrum (E,,),>0 where
(1) Entkdy, = Qv ="(Ty, (X)) for every natural number &, and
(ii) the structure maps are given by either the identity maps on iterated loop spaces
of Ty;, (X) or the equivalence Ty;, (X) ~ Q% Ty, (X) from Proposition 3.2.0.5.

3.2.0.7. Proposition. — Let X be a pointed connected homotopy type. In Situa-
tion 5.2.0.3, there exist equivalences

(i) Q%°y, (X) ~ Ty, (X) of pointed homotopy types, and

(ii) Qndy, (X) ~ Oy, (X) of spectra.

Proof. — This is by definition and by Proposition 3.2.0.5. O

3.2.0.8. Definition. — Let X be a pointed connected homotopy type and
let k be a natural number. In Situation 3.2.0.3, define the wvy-periodic homotopy
group U;lﬁk(X;Vh) of X with coefficient Vy, in degree k as the stable homotopy
group 7 (®y, (X)) of Py, (X) in degree k, or equivalently, as the homotopy
group 7, (T, (X)) of Ty, (X) in degree k.

3.2.0.9. Remark. — In the situation of Definition 3.2.0.8 we consider the vj-periodic
homotopy groups of X as a graded abelian group, denoted by v;, 'me(X;V3). For a
non-connected homotopy type, its v,-periodic homotopy groups are defined separately

on each of its connected components.
For ¢ € N, recall that 7~ .X denotes the c-connected cover of X, see §1.3.0.5.

3.2.0.10. Proposition. — Let X be a pointed connected homotopy type and let ¢ be
a natural number. In Situation 5.2.0.3 the natural map 7.X — X induces a canonical
isomorphism

vy e (X3 Vi) 2 vy e (150X Vi)

for every ¢ > 0.

Proof. — By the (X4 )-adjunction there exists an equivalence

Map, (EF9n 1, X) ~ Map, (V, Q7 X)
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for every t > 0 and every k > 0. For a natural number n > c¢ there exists an
equivalence Q"X ~ Q"(75.X). Therefore, if k is large enough so that t + kd > ¢, we
have an equivalence Map, (S7*4V;,, X)) ~ Map, (ST, 7. X). O

3.2.0.11. Proposition. — Let f: X — Y be a morphism of pointed connected
homotopy types. The following two statements are equivalent:
(i) The map f induces an isomorphism v, 'me(X;Vj) ELN vy, 'me(X,; Vi) for
one p-local finite complex Vi, of type h together with a vy, self-map.
(ii) The map f induces an isomorphism v, 'me(X;V3,) ELN v, 'me(X,; Vi) for ev-

ery p-local finite complex Vi, of type h together with a vy, self-map.

Proof. — (i) is a special case of (ii). We show that (i) implies (ii). Let V3 be the
finite complex of type h in (i). First, note that the isomorphism f, does not depend
on the choice of vy self-maps of V},, since any two v, self-maps become homotopic
after suitable iterations, see [HS98, Corollary 3.7]. So, we just need to show the
independence of f. on the choice of V},.

Define a full co-subcategory C of the co-category Sp?;l) of p-local finite spectra as
follows: A p-local spectrum F' is object of C if there exist an integer z and a p-local
finite complex Vg of type h such that

(i) F ~¥*%*°Vp, and

(ii) for a natural number n there exists a vy, self-map of ¥"Vp inducing an isomor-

phism f, on vp-periodic homotopy groups with coefficient X" V.
One can check that C is a thick co-subcategory of Sp?;). Since € contains a type h finite
spectra X°°V}, by (i), we see that € is the full co-subcategory of Sp?;,l) whose objects
are finite spectra of type at least h, by the Thick Subcategory Theorem (see Theo-
rem 1.2.0.9). O

3.2.0.12. Definition. — If a morphism f: X — Y of pointed connected homotopy
types satisfies one of the equivalent conditions in Proposition 3.2.0.11, we say f is
a vp-periodic equivalence. If X and Y are nilpotent, we say by convention that f
is a vg-periodic equivalence if f is a rational homotopy equivalence, i.e. the induced
map fi: Te(X) R Q — me(Y) ® Q is an isomorphism (see 91.3.0.8).

3.2.0.13. Definition. — Let f: X — Y be a morphism of pointed homotopy types.
We say f is a vp-periodic equivalence if

(i) f induces an isomorphism on the sets of connected components, and

(ii) the restriction of f to each connected component of X, with an arbitrary chosen

basepoint, is a vp-periodic equivalence of pointed connected homotopy types.

3.2.0.14. Proposition. — Let h > 1 be a natural number, and let f: X — Y be
a vp-periodic equivalence of pointed connected homotopy types. Then the vy, -periodic

homotopy groups of the fibre F' of f vanish.
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Proof. — Let V}, be a finite complex as in Situation 3.2.0.3. For every k € N there is

an induced fibre sequence
Map, (S5 Vy,, F) = Map, (SFVa V;,, X) — Map, (¥ V;,,Y)

in of pointed homotopy types. Since filtered colimits commutes with finite limits, we

obtain the following fibre sequence
Ty, (F) = Ty, (X) = Ty, (V)

of pointed homotopy types. Recall the definition of vj-periodic homotopy groups
from Definition 3.2.0.8. By the hypothesis the second map in the above fibre sequence
is an equivalence. Thus Ty, F' is contractible, which implies that the wvj-periodic

homotopy groups of F' are trivial. O
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3.3. The contraction of a p-local finite complex

In this section we consider the contraction of the suspension of a p-local homotopy
type which has the same stable Bousfield class as a p-local finite complex, see Situa-
tion 3.3.0.1. These kind of contractions relates closely with vj-periodic equivalences of
homotopy types, as we will present in §3.3.2. This section is expository, which also
supplements [Bou94, §§10-13] with more details. We fix a prime number p and a

natural number A throughout this section.

3.3.0.1. Situation. — Let W), 1 be a pointed p-local homotopy type satisfying the
following hypotheses:
(i) There exists a finite complex V11 of type h + 1 such that (Wp11)s = (Vit1)s.
Denote ¢t (EWp11) == conn(XWp11) + 1.
(ii) The homotopy type W41 satisfies the ¢ (W), 1)-supported p-torsion condi-
tion (see Definition 3.1.1.3)

3.3.0.2. Remark. —

(i) The properties (i), (ii) in Situation 3.3.0.1 and the number ¢t (XW),+1) determine
the Bousfield class of ¥W,,+1, by Theorem 3.1.2.7. In particular, there exist
natural numbers j and k such that (X/V, 1) = (SFWy,44).

(ii) Comparing with [Bou94, §10.1], we don’t make the assumption that Wj,1; is
of minimal connectivity among the p-local homotopy types satisfying (i) and
(ii), because we won’t need it for the results concerning vy, 41-periodic homotopy

theory in this chapter.

3.3.0.3. Proposition. — In Situation 3.5.0.1, conn(XWpy1) > h+ 1. In other
words, ¢t (XWhy1) > h+ 2.

—_~ 0

Proof. — By assumption (Wp11)s = (Vit1)s and K(h) (XVh41) = 0. Thus we

—

have that K(h) (XWpy1) = 0. By Proposition 3.1.1.7 the Eilenberg-MacLane
space K(Z/pZ,j) is K(h) -acyclic for j = conn(EWp41). The K(h).-acyclicity
of K(Z/pZ,i), where i € N, is completely determined in [RW80]: It is K(h)e-acyclic if

and only if i > h + 1 [RW80, Theorem 11.1]. Thus conn(XWp41) > h+ 1. O

3.3.0.4. Example. — Here are some examples of p-local homotopy types satisfying
the hypotheses of Situation 3.3.0.1.
(i) Every p-local finite complex of type h + 1.

(ii) Let n > 1 be a natural number and let G be a finitely generated p-primary
abelian group. The Moore space M(G,n) is an example of W;.

(iii) For every natural number m > h + 1, the homotopy type Vi1 V K(Z/pZ, m)
is an example of Wjy, for every finite complex Vjy; of type h + 1,
see Theorem 4.2.0.8. In particular, for m = h + 1, the connectivity
of X(Vi41 VK(Z/pZ,m)) reaches the lower bound in Proposition 3.3.0.3.
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3.3.0.5. Proposition. — Let X be a pointed connected homotopy type whose ho-
motopy groups are non-trivial in finitely many degrees. The XW}1-contraction

map Asw,., (X): X = Psw, ,(X) of X induces isomorphisms

7T1'Y, ZfZ < C+(2Wh+1),
i (Pow,, (X)) = (mY)//(Z/pZ), if i =t (EWh),
Y ® Z[1/p], otherwise.

Proof. — We show that the M(Z/pZ, ¢t (XW},1))-contraction of X is equivalent
to Pew,,,(X). Then the isomorphisms follow from the calculation results in The-
orem 2.4.1.5. Recall the definition of the wedge M(H¢(XW},41)) of Moore spaces
from Notation 2.4.2.1 and Definition 2.4.2.7. By Theorem 2.4.2.9 there exists a natural
equivalence
PEWhH (X) = PM(H.(EWh+1)) (X)

Since W41 is (¢ (XW)41) — 1)-connected and its homology groups are p-primary,

the Bousfield class (M(Hq(XW}41))) is equal to

(M(Z/pZ, " (EWh41))) V (\/<M(Z/PZ,Ci)>> :
iel
where ¢; > ¢ (XWp4q) for every i € I, by Example 2.3.1.10. Moreover, for ev-
ery ¢ > ¢t (EWpy1), we have (M(Z/pZ, ct (EWh41))) > (M(Z/pZ,c)). Thus by Theo-

rem 2.4.2.2 we obtain

Pu, w0 (X) = Pygspz, o mwga0) (X)-
See also [Bou94, Proposition 10.5]. O

3.3.1. Properties of the ¥W;_ -contraction. — In this section we list several
consequences of the general theory of W-contraction applied to the X W), 1-contraction
for the pointed homotopy type Wj,41 in Situation 3.3.0.1. Recall that V},41 denotes
a p-local finite complex of type h + 1.

3.3.1.1. Proposition. — let E be a spectrum with E*(Vi41) = 0 and let X be a
pointed connected homotopy type. Then the XWj1-contraction Asw, ,(X): X —
Psw, ., (X) is an Eo-equivalence and an E°®-equivalence (the latter notation means

E-cohomology equivalence).

Proof. — By the hypothesis (Wp11)s = (Vh41)s there exist natural numbers j
and k such that (W) > (37V) and (V) > (S*W). Because Vj,y; is finite, we
have that E,(Vii1) = 0. Since SFW is a V-full, we see that W is E,-acyclic
by Proposition 2.1.2.10. By loc. cit. the XW}i-equivalence X — Psyw, , X is
an F,-equivalence.
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Consider E = (F;);>0 as an Q-spectrum. The condition E*(Vpy1) = 0 means
that the pointed homotopy type FE; is Vj,41-less for each ¢ > 0. Thus the homotopy
type E; is also ©¥W,, ,1-less for every i > 0. So E* (EkWhH) = 0, which also implies
that E*(SWy41) = 0. In other words, E; is W -less for each i > 0. There-
fore, the YWy 1-equivalence X — Py, . w X is a E®-equivalence. See also [Bou94,
Proposition 12.1] O

3.3.1.2. Example. — Recall we work with a fixed prime number p. Some exam-
ples of spectra that satisfy the hypothesis of Proposition 3.3.1.1 are the Eilenberg—
MacLane spectrum HZ[1/p], the BP-module spectrum v;lBP, the Johnson—Wilson
spectrum E(h), the Morava K-theory spectrum K(h) of height h, the telescopic spec-
trum T(h) of height h and the spectrum S(h), see §1.2 and 91.2.0.13 for an introduction

of some of those p-local spectra.

3.3.1.3. Proposition. — Let F — X — B be a fibre sequence in Ho, where B
is connected. Denote the fibre of the induced map Psw,,,(X) — Psw, ., (B) by F'.
There exists an induced fibre sequence

K(G,C+(2Wh+1) — 1) — PZWh+1 (F) — F’
where G is a p-primary torsion abelian group.

Proof. — Note that Wy is (¢T(XW},11) — 1)-supported p-torsion. The proposition
is an application of Theorem 3.1.3.2. O

3.3.1.4. Proposition. — The YW}, 1-contraction functor Psw, ., commutes with
taking ¢ (XWh41)-connected covers, i.e. for every pointed connected homotopy type X,
there exists a natural equivalence

T et (5Wisr) (Pewia: (X)) = Pew,y, (Tset (sw) (X)) -

Proof. — We apply Proposition 3.3.1.3 to the fibre sequence

T>c+(EWh+1)(X) - X — T§c+(ZWh,+1)(X)-

Denote the fibre of the induced map Pyw,,, (X) = Pew, ., (T<c+sw,1) (X)) by F.
Applying the computation results in Proposition 3.3.0.5 to Pew, (T§C+(gwh+1)(X)),
we obtain
mi(F') 2 m (Psw,., (X))

for every i > ¢t (EWjy41) 4+ 1. So the map Psw, ., (Tser(swip,1)(X)) = Pew,,, (X)
induces an isomorphism of homotopy groups in all degree i > ¢ (XWyyq) + 1,
by Proposition 3.3.1.3. It remains to show that Pyw,,, (Tsct(mw,,)(X)) is
¢t (XWh41)-connected, which holds by Proposition 2.2.2.6. See also [Bou94,
Proposition 13.1]. O
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3.3.1.5. Remark. — Recall that the W)}, 1-contraction functor also commutes

with taking (¢t (XWp,11) — 1)-connected cover, see Corollary 2.2.2.7.

3.3.1.6. Remark. — Let U{Ofc+(zw"+1) denote the full co-subcategory of Ho, whose
objects are ¢t (XW),11)-connected pointed homotopy types. The functor T e+ (SWhit)
of taking ¢t (XW},,1)-connected covers is right adjoint to the fully faithful inclu-
sion HoZ¢ BWii1) oy Ho P,

3.3.1.7. Theorem. — The functor
+
T et (SWhi1) o PEWh+1 : fHO* — fH:O*>C (EWh41)
preserves finite limits.

Proof. — By [HTT, Corollary 4.4.2.5] it is equivalent to show that the func-
tor Tsct+(swi) © Pewy,,, preserves the terminal objects and pullbacks. Since every
contractible object is XWj,1-less, the functor preserves terminal objects. Using

Theorem 3.1.3.4 and Remark 3.3.1.6 wee see that 7.+ =w,,,) © Psw,,, preserves

pullback diagrams. O
3.3.2. XWj1-equivalences and vp-periodic equivalences. — We continue
to work in Situation 3.3.0.1. In this subsection we discuss the relationship be-

tween YW, 1-equivalences and v,-periodic equivalences.

3.3.2.1. Proposition. — Let n be a natural number such that 1 <n < h, and let V,
be a p-local finite complex of type n together with a v, self-map. For every pointed

connected homotopy type X, the pointed homotopy type Ty, (X) is EWp41-less.

Proof. — Recall from Situation 3.3.0.1 that (X9Wj11) < (SVj41) for some natural
number j > 1. It suffices to show that Ty, (X) is ¥V}, 1-less. Indeed, assuming this,
we have that Ty, (X) is £ W), 1-less for all i > 0, i.e.

Map, (57" Wiy, Ty, (X)) ~ pt.
By the ¥4 Q-adjunction of Ho,, we obtain an equivalence
Map, (EWhH, Qi (X)) ~ pt.

Choose i such that j + i — 1 = kdy, for some natural number ¢. Since the homotopy
type Ty, (X) is dy, -periodic with respect to taking the loop functor (see Proposi-
tion 3.2.0.5), we obtain

Map, (SWiy1, Ty, (X)) = Map, (EWh 41, 2Ty, (X)) ~ pt,

that is, Ty, (X) is X Wp41-less.
Therefore, we would like to show that Map, (EVs41, Ty, (X)) is contractible.
Since Ty, (X) is constructed via a filtered colimit and XV}; is finite, the mapping
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space Map, (XVi41, Ty, (X)) is equivalent to the colimit of the filtered diagram
Map, (EVit1 A Vi, Ty, (X)) = Map, (SVii1 A STV, Ty, (X)) — -+ (3.3.2.1)
The induced self-map
idsy, ., Avp: SV (SViy1 AV,) = SV AV,

induces the zero map on K(j)-homology for all j > 0, because V41 and V,, are
of different type. Thus, by the Nilpotence Theorem (see Theorem 1.2.0.2), the
map idsy;, , , Avy is nilpotent. This implies that almost all terms in the diagram (3.3.2.1)

are contractible. So its colimit is contractible. See also [Bou94, Lemma 11.4]. O

3.3.2.2. Theorem. — Let X be a pointed connected homotopy type. For every
natural number 1 < n < h, the canonical map Asw,,,(X): X = Psw, ., (X) given
by XWp 4 1-contraction is a vy-periodic equivalence. If X is simply connected, then

Asw 4, (X) induces an isomorphism
7e(X) @ Z[1/p] = ma(Pyw,,, (X)) ® Z[1/p]

of graded abelian groups.

Proof. — Let n be a natural number such that 1 < n < h, and let V,, be a p-local finite
complex of type n together with a v,, self-map. We begin by showing the following
claim.

Claim. The canonical morphism Asy, ., (X): X — Pyy, ., (X) given by XV}, 1-con-
traction is a v,-periodic equivalence.

The map X — Pyy,,, (X) and the v, self-map of V,, induce a commutative diagram

PEVh+1 (Map* (VmX)) B PEVh+1 (Map* (Edv" anX)) —

| |

Map, (Vn, PEVh+1 (X)) —— Map, (Edvﬂ, Vi, PEVhJrl (X)) _—

in Ho.,, where each vertical map is given by Theorem 3.1.3.5. The colimit of the upper
row is equivalent to Pxy, ., (Tv, (X)): Indeed, since ¥V}, is equivalent to a finite
complex (see Definition 1.3.0.10), the functor Pxy; ,, preserves filtered colimits in o,
see [Bou94, Lemma 11.6]. By Proposition 3.3.2.1 the homotopy type Psv, ., (Tv, (X))
is equivalent to Ty, (X). By Theorem 3.1.3.5 each vertical map induces an isomorphism
on homotopy groups in all degree ¢ > conn (XWj 1) + 2. Thus, the induced map

Ty, X = Ty, (Psw,,, (X)) (3.3.2.2)

of the colimits of the rows in the above diagram also induces an isomorphism on

homotopy groups in all degree ¢ > conn (XWy1) + 2. This actually shows that
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the map (3.3.2.2) is an equivalence, since Ty, (X) and Ty, (Psv,,, (X)) are peri-
odic (see Proposition 3.2.0.5). Since the v,-homotopy groups of X are isomorphic to
the homotopy groups of Ty, X, the canonical morphism Asy;, ,, (X) induces isomor-
phisms of v,-periodic homotopy groups for every 1 <n < h — 1.

Recall the hypothesis (Wj11)s = (Vh41)s from Situation 3.3.0.1. Using the
fact that Ty, (Psv,,, (X)) and Ty, (Psw, , (X)) are periodic, there exists an nat-
ural equivalence Ty, (Psy, ., (X)) = Ty, (Pxw,,, (X)), similarly as we did in the
proof of Proposition 3.3.2.1. Together with the claim, this shows that the natural
map Azw,,, (X) is a v,-periodic equivalence for every 1 <n < h.

By Proposition 2.1.2.10 the map Asw,,,(X) is a HZ[1/p|-homology equivalence.
The last part of the theorem follows since X and thus Pxyy, ., (X) are simply connected.
See also [Bou94, Theorem 11.5]. O

3.3.2.3. Corollary. — FEvery XWh41-equivalence in Ho, is a v, -periodic equivalence
for each 1 <n < h. A XWj, 1-equivalence of simply connected p-local homotopy types

1s also a vg-periodic equivalence, i.e. a rational homotopy equivalence. ]

3.3.2.4. Proposition. — Let X be a pointed connected homotopy type. For every

natural number n > h + 1, the v,-periodic homotopy groups of Psw, ., (X) vanish.

Proof. — Let V,, be a finite complex of type n together with a v,-self map. We have
1) (Va)s < Whit)s = (Vit1)s
(ii) conn (X*V},) > conn(EWj 1) for sufficiently large k € N.
By Theorem 3.1.2.7 we have (XF71V) < (W, 41), i.e. a SWj,41-less homotopy
type is ¥ "1V-less. So the pointed mapping space Map, (Ek_an,PgWhH(X)) is
contractible. Thus Ty, (Psw,., (X)) is also contractible, that is, the v,-periodic
homotopy groups of X vanish. O

3.3.2.5. Theorem. — Let f: X — Y be a morphism of pointed connected homotopy
types. The following statements are equivalent:
(i) The induced map f.: 7; (Pew, ., (X)) = m (Psw,,, (X)) is an isomorphism
for sufficiently large i.
(ii) The map [ is a vy,-periodic equivalence for all 1 < n < h and [ induces an
isomorphism f.: m;(X) @ Z[1/p] — m;(Y) @ Z[1/p] for sufficiently large j > 1.

Proof. — We follow the proof idea of [Bou94, Theorem 11.10]. By Proposition 3.3.1.3
it suffices to show that for a pointed connected homotopy type F, the following
statements are equivalent:
(i) The homotopy groups m; (Pgwh “ (F)) vanish for sufficiently large 1.
(ii) We have that 7;(F) ® Z[1/p] = 0 for sufficiently large j > 1, and the v,,-periodic
homotopy groups of F' vanish for every 1 <n < h.
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Assume (i). By Proposition 3.2.0.10 and Theorem 3.3.2.2 the v,,-periodic homotopy
groups of F vanish for all 0 < n < h. Choose a Moore space M(Z/pZ,c) such
that (M(Z/pZ,c)) > (XWh41). Then

Priz/pze) (F) = Puz/pze) (Pow i (F)) -
For sufficiently large j, we have that

i (F) @ Z[1/p) = 75 (Praz/pz.e (F)) = 0
by Theorem 2.4.1.5.

Assume (ii). First we show the following claim.

Claim. There exists a (sufficiently large) natural number k£ > 1 such
that Py, ., (F) is XM(Z/pZ, k)-less.

Let Vj, be a finite complex of type h together with a vy, self-map LWVn V), — Vj,.
The cofibre C' of the v, self-map is a finite complex of type at least h + 1. Choose
a natural number k;, > 1 such that the connectivity of Ykn ), is no less than the
connectivity of SWj,. Then (X*¥*C) < (SWj41) by Theorem 3.1.2.7. Consider the
induced fibre sequence

Map*(zkhch,PEWh+1 (F))
{
Map*(zthMPEW}HA (F))

{
Ma'p*(zkthdvh Vi, PEWthl (F))

Then the lower arrow in the above fibre sequence is an equivalence. In particular,
Te (Map, (Z7 Vi, Pew, ., (F))) 2 v, '1e (Pew, . (F)); SF14) = 0.

In other words, the homotopy type P, (F) is $FrV,-less. Tterating this procedure
and using the assumption that the v,-periodic homotopy groups of F' vanish for all
natural number 1 < n < h, we can find a (sufficiently large) £ > 1 such that Py, (F)
is XM(Z/pZ, k)-less.

By this claim, we have Psw, ., (F)) ~ Pamz/pzk) (F). Therefore for sufficiently
large j we have by Theorem 2.4.1.5

T (PZWh+1 (F)) =7 (PEM(Z/pZ,k)(F)) = 7T-j(F‘> ® Z[l/p] =0. O
3.8.2.6. Theorem. — Let f: X — Y be a morphism of ¢t (EWp11)-connected

pointed homotopy types. The following statements are equivalent:
(i) The map f is a XWjy1-equivalence,
(ii) The map f is a v,-periodic equivalences for every 1 <n < h and f induces an
isomorphism
Te(X) ® Z[1/p] 15 1a(YV) @ Z[1/p)]. (3.3.2.3)
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Proof. — By Theorem 3.3.2.2 (i) implies (ii). Assuming (ii), let F’ be the fibre of the
induced map Psw, ., (X) = Psw,,, (Y). Thus F" is ¥W},11-less by Proposition 2.1.3.1
and the v,-homotopy groups of F’ vanish for every 1 < n < h, by Proposition 3.2.0.14.

Let F be the fibre of f. Then F is p-torsion by (3.3.2.3) and the v,-homotopy
groups of F’ vanish for every 1 < n < h, by assumption and by Proposition 3.2.0.14.
Thus 7;(Psw,_, (F)) = 0 for sufficiently large j by Theorem 3.3.2.5.

Therefore by Proposition 3.3.1.3 the fibre F’ is also p-torsion and the homotopy
groups of F' vanish in sufficiently large degrees. Using Proposition 3.3.0.5 to cal-
culate the homotopy groups of F’ we obtain that m;(F) = m;(Pew,,,(¥)) = 0
for every natural number i > c¢*(XWjy1). By the assumption that X and Y
are ¢ (XWj41)-connected, the other homotopy groups of F’ also vanish. In other
word F’ is contractible. Therefore, the induced map Psw, ., (X) = Psw,,,(Y) is an
equivalence, that is, f is a YW, i-equivalence. See also [Bou94, Theorem 13.3]. O

1R

3.3.2.7. Corollary. — Let X be a pointed homotopy type. Then Pew, ., (X)
if and only if the following combined conditions hold:
(i) The homotopy type X is (c* (EWh41) — 1)-connected.

(ii) The homotopy group of X in each degree is a p-primary torsion abelian group.

pt

(iii) The vy-periodic homotopy groups of X wvanish for every 1 < n < h.

Proof. — Recall that ¢ (XWp11) = conn(EWp41)+1. Assume that Pgy, ,, (X) ~ pt.
Then (i) follows from Proposition 2.2.2.6, and (ii) and (iii) follow from Theorem 3.3.2.2
and Proposition 3.3.0.3.

For the other direction of implication, we make use of the commutative diagram

below

T>ct (EWh+1)(X) TSC+(ZWh+1)(X)

X
hL
PZth—l (T>C+(2W;L+1)(X)) — X — 1DEQWMl (T§C+(2Wh+l)(X))’

obtained by Theorem 2.2.2.3; the rows are fibres sequences in Ho,, the pointed
homotopy type X is X2Wj,y1-less and L is a X W,y 1-equivalence. Conditions (ii) and
(iii) together with Theorem 3.3.2.6 imply that Psw, ,, (Tsc+sw;.,)(X)) is contractible.
Thus we have X ~ Pxew, ., (T§c+(EWh+l)(X)) in the above diagram. Therefore, we

obtain equivalences

PZWh+1 (X) = PEWh,+1 (X) = PEWh,+1 (T§C+(EW}1+1)(X)) .

Using the calculation in Proposition 3.3.0.5 and (i) we see that Py, ., (X) ~ pt. See
also [Bou94, Corollary 13.4]. O
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3.4. vp-periodic-localisations of homotopy types

Consider a sequence (Wp41)pen of p-local homotopy types, where each Wjq
satisfies the hypotheses of Situation 3.3.0.1 and conn (W,,) > conn (W) for every
pair (m,1) of natural numbers with m > [. Then (XW,,) < (XW;) for m > |
by Theorem 3.1.2.7. Thus we obtain a tower

e — Pz}{/]/h_*_1 — Pzwh — PEWQ — PEW1 (3401)

of functors. This is known as the unstable chromatic tower, because of Theorem 3.3.2.2
and Proposition 3.3.2.4, cf. [Bou94, §11.9]. The main content of this section is the
construction of the localisation Ho,, of the co-category Ho, of pointed connected
homotopy types at the set of v,-periodic equivalences, using the natural transforma-
tions in the unstable chromatic tower, following [Heu21] and [Harl8]. In §3.4.1 we
discuss briefly the relationship between the stable and unstable periodic equivalences
and recall the Bousfield-Kuhn functor, following [Bou01l; Kuh08]. We work in the

following situation.

3.4.0.1. Situation. — We fix a prime number p and a natural number h > 1.
Let W41 and W}, be pointed p-local homotopy types satisfying Situation 3.3.0.1.(i)
and (ii). Furthermore, we assume that conn(Wj,11) > conn(W},). In particular,
we have that ¢t (XWj41) > ¢t (EW)},). By Corollary 2.3.1.5 there exists a natural
transformation Psw, , — Psw,, given by XW},-contraction.

3.4.0.2. Construction. — Consider the natural transformation Pew,_ , — Psw,
as a morphism in oco-category Fun (Ho.,Ho,) of functors. Denote its fibre
by Fsw,..,=w,. In particular, for every pointed connected homotopy type X, there
exists a fibre sequence

Fswi i sw, (X) = Pew,,, (X) = Pew, (X)
of pointed connected homotopy types, since limits of functors are computed pointwise.

3.4.0.3. Corollary. — Let X be a pointed homotopy type. Then the homotopy
type Fsw, . sw, (X) is EWy11-less and XWy-full.

Proof. — This is by Proposition 2.1.3.1 and Theorem 2.2.2.5, respectively. O

3.4.0.4. Proposition. — Let X be a pointed connected homotopy type. Then the
homotopy type Fxw, , sw, (X) is also connected. Furthermore:
(i) For every natural number n # h and n > 1, the v, -periodic homotopy groups of
the homotopy type Few, ., sw, (X) vanishes.
(ii) The vp-periodic homotopy groups of the homotopy type Fsw, , sw, (X) are

isomorphic to those of X.

Proof. — This is a consequence of Proposition 3.2.0.14 and Theorem 3.3.2.2. O
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3.4.0.5. Proposition. — Let f: X — Y be a morphism of pointed connected
homotopy types. The following statements are equivalent:
(i) The map f is a v,-periodic equivalence.
(ii) The induced map (Tsct(swi,,) © Fswi i, 5wy, ) (f) s a vy-periodic equivalence.
(iii) The induced map (Tsct(zw,.1) © Fswi,.,.=w,)(f) is an equivalence in Ho.

Proof. — 1t suffices to prove the proposition for connected homotopy types. For the
general case, we can consider each connected component separately. We show the

implications (i) = (ii) = (ili) = (i). Consider the commutative diagram

Fsw, .. sw, (X) —= Psw, ., (X) —— Psw, (X)

|7 | [ lfh

Fsw, . ow, (Y) —— Pow,,, (Y) — Pgw, (V)

of pointed homotopy types, where the rows are fibre sequences and the vertical maps
are induced by f.

Assume (i). Since f is a vp-periodic equivalence, the middle map fj41 is also
a v,-periodic equivalence, by Theorem 3.3.2.2. Recall that the vj-periodic homo-
topy groups of Py, (X) and Psw, (Y) are both trivial, see Proposition 3.3.2.4.
Therefore, the maps ix and iy are also vp-periodic equivalences, by the proof of Propo-
sition 3.2.0.14. Thus fis a vp-periodic equivalence. Using Proposition 3.2.0.10 we
conclude that the map (7sc+(sw,,,) © Fsw,,,, 5w, ) (f) is a vp-periodic equivalence.

Assume (ii). By Proposition 3.4.0.4 the map (7sc+(swy.,) © Fewi .y swy, ) (f) 18
a v,-periodic equivalence for 1 < n < h; for i > h the v;-periodic homotopy groups of
the source and the target are trivial.

Claim. The pointed homotopy types

(Ts et (=Whay) © Fewy o owy, ) (X) and (Tsct (swisy) © Fewi o sws, ) (Y)

are XWp,-full. In particular, their homotopy groups are p-primary torsion abelian
groups by Corollary 3.3.2.7.

Since Fyw, , sw, (X) is XWj-full, its homotopy groups are p-primary by Corol-
lary 3.3.2.7. In particular, its ¢t (W), y1)-connected cover is a p-torsion homotopy
type. The claim then follows from Corollary 3.4.0.3 and Corollary 3.3.2.7. The same
proof works for Y in place of X.

Claim. The map (7s..+=w,,,) © Fsw, ., 5wy, ) (f) is a ¥W,1-equivalence.

This is follows from the previous claim and the fact that the map is a v,-periodic
equivalence for 1 <n < h, by applying Theorem 3.3.2.6.

Claim. The pointed homotopy types

(Ts et (=Wii) © Fsw, 2wy, ) (X) and (Tsctzw,,,) © Few, .y ow, ) (Y)

are XWj, 4 1-less.
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We show it for X and the same proof works for Y. We have
(Pewi 41 OTs et (=Wii) © Feswiy, mws ) (X)
>(Tset (SWis) © Pewi 0 Faw o mw, ) (X)
> (Ts et (SWit) © Fowi o mw, ) (X)

by Proposition 3.3.1.4 and Corollary 3.4.0.3.

The second and the third claim combined implies (iii).

Assuming (iii), the first statement follows Propositions 3.2.0.10 and 3.4.0.4.
See [Heu21, Theorem 3.7]. O

3.4.0.6. Definition. — We define the functor
Ly, : Ho, — 3o EWnen)
X = (T>c+(EWh+1) o FEWh+1,ZWh) (X)

Let JHo,, denote the full co-subcategory of Ho, whose objects are pointed connected
homotopy types that are equivalent to (T>C+(2Wh ) o Fsw, +1,EW;L) (X) for some
pointed homotopy type X.

3.4.0.7. Theorem. — The functor L,, exhibits Ho,, as a localisation of the
oco-category Ho, at vy -periodic equivalences. In particular, for every co-category €,

composing with Ly, induces an equivalence
Fun (Ho,, , C) = Fun" (Ho., €)

of co-category of functors where Fun"® denotes the co-category of functors that send vy, -

periodic equivalences in Ho, to equivalences in C.

Proof. — We follow the proof of [Heu2l, Theorem 2.2], which goes through without
the p-local assumption. First, note that the composition

i Ly,
Hoy, — Ho. —= Hoy,

is equivalent to the identity by the proof of Proposition 3.4.0.5, that is, the homotopy
type (T>C+(2Wh+l) o FEW;LH,ZWh) (X) is XWj1-less and XW),-full for every pointed
homotopy type X. Thus, the induced composition

Fun(Hoy, , €) 222 Fun (Ho., €) > Fun(Hoy, , )

is equivalent to the identity functor on Fun (Ho,, , €). Furthermore, the image of (L,, )*
is contained in Fun"" (Ho, €) by construction. Now we show that the composition

Lk Lv *
Fun (Ho,, €) = Fun(Ho,, , C) Lo’ gm (Ho., C)

restricts to the identity functor on the full co-subcategory Fun" (Hoy, €). For ev-
ery F' € Fun"" (Ho,, C), we need show that F(X) ~ F (L,, (X)). It suffices to show
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that there are vp-periodic equivalences connecting X and L,,, (X). The following

X +— T>C+(ZW;L+1) (X)

1

T>ct (SWhit) (PEWh+1(X)) Tt (SWhaga) (FEWh+17ZWh (X)) = Lvh (X)

provides such a zig-zag of vj-periodic equivalences. O

3.4.0.8. Theorem. — Let V}, be a pointed p-local (¢T(EWp1) — 1)-connected finite
complex of type h. The co-category Ho,, is compactly generated and Pxyy, , (XV3,) is

a compact generator.
Proof. — See [Heu21, Proposition 3.14] for a detailed proof. O

3.4.0.9. Situation. — Recall the p-local homotopy type Wj,41 from Situation 3.4.0.1.
Let 1 < k < h be a natural number, and let W;, be a pointed p-local homotopy type
satisfying the hypotheses of Situation 3.3.0.1 and ¢*(EWy) < ¢t (XW},). Thus we
obtain a natural transformation Pyw, ., — Psw, of endo-functors of Ho..

3.4.0.10. Construction. — Let Fxw, ., sw, denote the fibre of the natural trans-

formation Psw, , — Psw,, i.e. there exists a fibre sequence
Fswisw. = Pew,y, = Pow,
in the co-category Fun (Ho,, Ho,) of functors. Define the functor

.
Lyt How — Ho. ¢ (EWhi1)

[k, h
X = (T>C+(2Wh+1) ° FEWh,-f—l»EWk) (X).
Let Hoy, ,,

pointed homotopy types that are equivalent to (T>c+(2Wh+1) o FEWh+1,EWk) (X) for
some X € Ho,.

denote the full co-subcategory of Ho, whose objects are connected

3.4.0.11. Theorem. — The functor L ezhibits Hoy, ,,

the co-category Hoy at v, -periodic equivalences for all k < n < h.

Vi) as the localisation of

Proof. — The proof is the same as that of Theorem 3.4.0.7. O

3.4.1. Stable and unstable periodic localisations. — In this subsection we
discuss briefly the relationship between unstable and stable periodic localisations and
recall the Bousfield-Kuhn functor, following [Bou01]. We continue to work with a

fixed prime number p and recall that Sp(p) denotes the oo-category of p-local spectra.

3.4.1.1. Finite chromatic localisation of spectra. — For every natural number h,

recall the finite localisation

f f
Lt Spgy = L (3%)) =~ 5P<p)/3ch+1
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of height h from §1.2. This localisation functor can alternatively be constructed in
an analogous way to the contraction functor of a homotopy type. Let Fj1 be a
(p-local) finite spectrum of type h + 1. A p-local spectrum E is Fjyq1-null if the
mapping spectrum Map(Fyy1, E) is equivalent to the zero spectrum, cf. §2.2.1.4.
A morphism F; — FEs of p-local spectra is a Fj1-equivalence if the induced map
Map(Fs, E) — Map(E1, E) of spectra is an equivalence for every Fji-null p-local
spectrum E. By the Thick Subcategory Theorem (see Theorem 1.2.0.9) a morphism
of p-local spectra is a FJ,y1-equivalence if and only if it is a F}, |-equivalence for
any p-local finite spectrum Fj_ ; of type h + 1.

The functor Lﬁl exhibits Lg (Sp(p)) as the localisation of the co-category Sp(,) at
the set of F},41-equivalences of p-local spectra, see [Bou01, §2, §3.2]. Let F}, be a p-local
type n spectrum together with a vpself-map. For every E € Sp(,, one can define
analogues the vy, -periodic homotopy groups v;lw.(E; F},) of E and define vy, -periodic
equivalences of p-local spectra: In Definitions 3.2.0.8 and 3.2.0.12 replace the finite
complex V}, by the finite spectrum Fj. In a similar proof as Theorem 3.3.2.6, one
can show that a morphism of p-local spectra is a F}11-equivalence if and only if it is
a v,-periodic equivalence for all 0 < n < h.

By the (stable) Class Invariance Theorem, we have a fibre sequence
M}, = Lj = Lj,_,

of functors for h > 1. We say a p-local spectrum F is vj-periodic if it is in the
essential image of Mf, i.e. E ~ LZ(E) and the v;-periodic homotopy groups of E
vanishes for ¢ # h. Let Mfl(Sp(p)) denotes the full co-subcategory of Sp(,) whose
objects are vp-periodic spectra. A morphism in M%(Sp(p)) is an equivalence if and
only if the underlying morphism of spectra is a v-periodic equivalence.

Recall from Definition 3.2.0.4 that the vj-periodic homotopy groups of a homotopy
type are the homotopy groups of the infinite loop space Ty, (X) defined as the colimit

Map, (Vi,, X) = Map, (8% Vj, X) — -+ — Map, (SF"V,, X) — -+

of mapping spaces. Replace V}, by F},, and X by E and the mapping spaces by mapping
spectrum, we see that the above colimit is equivalent to T'(h) ®s, E where T(h) is the
telescope spectrum defined using the Spanier—Whitehead dual of Fj 41, see §1.2.0.13.
Thus, a morphism of p-local spectra is a vp-periodic equivalence if and only if it is

a T(h)-homology equivalences of spectra. Moreover, we have an equivalence
Mi(sp(p)) = ‘SPT(h)
of co-categories, see [Bou0l, Theorem 3.3].

3.4.1.2. Situation. — Let Wj 41 be a p-local homotopy type satisfying the conditions
in Situation 3.3.0.1, where h > 1. Recall the number ¢t (XW),41) = conn(XWp,41) + 1.



3.4. vp-periodic-localisations of homotopy types 87

3.4.1.8. Proposition. — Let V}, be a p-local finite complex of type h together with

a v, self-map. For every p-local spectrum E, there exists an isomorphism

vy (A E; Vi) 2 vy e (B; 2°V4,).

Proof. — The proposition follows from the definition of v,-periodic homotopy groups
and the X+ Q>-adjunction. See [Bou0l, Proposition 5.1]. O
3.4.1.4. Proposition. — For a p-local spectrum FE, there are equivalences

T>ct(SWhyt) (PEWhH (QOOE)) =Tt (EWhir) (QOOLl;L(E)>
LUh (QOOE) = T>C+(2Wh+1) (QOOMZ(E)) .
Proof. — Since the homotopy types involved are ¢ (XW)},,1)-connected and p-local,
it suffices to check that the induced maps on v;-periodic homotopy groups are iso-

morphisms for every 0 < i < h, by Theorem 3.3.2.6 and Proposition 3.4.0.5. The
proposition then follows by applying Proposition 3.4.0.5. O

3.4.1.5. Theorem (Bousfield-Kuhn functor). — Let h > 1 be a natural number.
There exists a functor ®p: Ho, — 8p satisfying the following properties:
(i) For every X € Ho,, the spectrum ®5,(X) is T(h)4-local.

(ii) For every p-local finite complex Vi, of type h, there exist isomorphisms
05 e (X Vi) 2 e Map(S°Vi, @4,(X)) 22 vy tre (B (X); BFV3),

which are natural in X.
(iii) For every spectrum W, there exists a natural equivalence E)h(QOOE) ~ Ly (E).
(iv) The functor EI;h send a vp-periodic equivalence of pointed homotopy types to an

equivalence of spectra.

Proof. — See [Bou01l, Theorem 5.3]. We refer the reader to [Bou01] and [Kuh08] a
more detailed study of the Bousfield-Kuhn functor. O

3.4.1.6. Theorem. — Let h > 1 be a natural number. The the induced func-
tor ®p: Hox — Spyy) factors through Hoy, , i.e. there exists a functor

(I)}LZ g’COU,L — SpT(h)
such that EI;h ~ &y 0L, . Moreover, the functor ®, admits a left adjoint Oy,.

Proof. — The factorisation follows from Theorem 3.4.1.5.(iv). See [Bou0l, Theo-
rem 5.4 and Corollary 5.6] for the existence of the left adjoint. The functor @y, is also
known under the name the Bousfield—Kuhn functor. O






CHAPTER 4

Homological and homotopical periodic localisations

4.1. Properties of homological localisations of homotopy types

In this section we include several useful properties of homological localisations of
homotopy types for later use. Fix a prime number p. We prove that the localisations
of homotopy types with respect to certain p-local homology theories preserves suitable
highly connectedness: For example, the K(h)e- and T(h)e-homology localisations
preserve d < h-connectedness. This is original work, see Theorem 4.1.0.14.

4.1.0.1. Definition. — Let p be a prime number. The mod-p Moore spectrum S/p
is a spectrum whose HZ-homology is concentrated in degree 0 and is isomorphic to
the abelian group Z/pZ. One can construct S/p by the following cofibre sequence

S X5 S S/p
where the first map is the degree p map of the sphere spectrum S.

Let E be a spectrum. For later applications, we record without proofs several useful
properties about the relationships between Fo-equivalences of spectra and rational
homology equivalences or mod-p homology equivalences of spectra. Recall that ®
denote the smash product of spectra.

4.1.0.2. Notation. — Let E be a spectrum.
(i) For a prime number p, denote the spectrum E ® S/p by E/p.
(ii) Define the subset ?(F,) of the set of prime numbers as follows: A prime
number p is in P(F,) if the multiplication-by-p map is not an isomorphism of
the coefficient group E, = 75'(E) of E.
(iii) Recall that Z(sg,)) denotes the localisation of Z where every prime number ¢
not contained in Z(FE,) is inverted. Define the abelian group

Bper(EHL/PL, if E@QHQ =0

L(p(E))s otherwise.

G(E,) =
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4.1.0.3. Lemma ([Bou82, Lemma 3.3]). — Let E be a spectrum and let f: X —Y
be a morphism of pointed homotopy types. If E @ HQ % 0, then the following
are equivalent.
(i) The map f is an Ee-equivalence.
(ii) The map f is a HQq-equivalence, and is an (E/p)e-equivalence for each prime
number p € Z(E,).

4.1.0.4. Lemma ([Bou82, Lemma 3.4]). — Let E be a spectrum and let f: X —Y
be a morphism of pointed homotopy types. If E ® HQ = 0, then the following
are equivalent:

(i) The map f is an E,-equivalence.

(ii) The map f is an (E/p)e-equivalence for each p € P (E,).

4.1.0.5. Proposition ([Bou82, Proposition 2.1]). — Let f: X =Y be a mor-
phism of pointed homotopy types and let E be a spectrum. Fiz a prime number p, and
assume that Ee (K(Z/pZ,n)) # 0 for a natural number n > 1.

If f is an Eo-equivalence, then f induces an isomorphism
for Hy (X3Z/pZ) = H, (Y;Z/pZ) .

4.1.0.6. Theorem ([Bou82, Theorem 3.1]). — Let E be a spectrum. Abbreviate
the abelian group G(FE,.) by G. The following statements are equivalent:
(i) A morphism of pointed homotopy types is an Eo-equivalence if and only if it is
a HG-homology equivalence.

(ii) For every natural number n > 1 and for every p € P(E,), we have
that E, (K(Z/pZ,n)) # 0.

4.1.0.7. Remark. — Let E be a spectrum. The reader can find a detailed explanation
of types of Fe-acyclicity of Eilenberg—MacLane spaces in [Bou82].

4.1.0.8. Situation. — We fix a prime number p for the rest of this section.

4.1.0.9. Definition. — Let E be a spectrum. Define the (mod p) transitional dimen-
sion'") tran, E of E to be the largest natural number n such that E, (K(Z/pZ, n)) # 0.
Define tran, E = oo if E, (K(Z/pZ,n)) is non-trivial for every n € N.

4.1.0.10. Theorem. — Let E be a spectrum.
(i) If tran,(E) =0, then E/p ~ 0.
(ii) If tran,(E) = oo, then (E/p)e-equivalences of homotopy types are the same
as (HZ/pZ).-equivalences.

(DWe take the definition from [Bou97, §10], which is slightly different from the one in [Bou82, 8.1]



4.1. Properties of homological localisations of homotopy types 91

Proof. — (i) is by [Bou82, Proposition 2.2], which proves that the multiplication-
by-p endomorphism of the coefficient group E, is an isomorphism of under the
assumption tran,(E) = 0. (ii) is by Theorem 4.1.0.6. O

4.1.0.11. Ezample. — Let h > 1 be a natural number. The Morava K-theory K(h),
the Johnson-Wilson spectrum E(h), the telescope spectrum T(h) and S(h) all have

transitional dimension h, as shown in [RW80] and [CSY22], respectively.

4.1.0.12. Theorem ([Bou82, Theorems 8.2]). — Let E be a p-local spectrum
and let f: X =Y be an Eo-equivalence of pointed homotopy types.

If EQ HQ = 0, then f induces an isomorphism f.: H; (X;Z/pZ) = H, (Y;Z/pZ)
for every i < tran, .

If E® HQ # 0, then f induces an isomorphism f.: H; (X; Z(p)) = H; (Y;Z(p))
for every i < tran, E.

4.1.0.13. Theorem ([Bou82, Theorems 8.3]). — Let E be a p-local spectrum
and let X be a pointed homotopy type.

If EQHQ = 0, then the map Lyz)pz(X) — Le(X) given by E,-localisation induces
an isomorphism of homotopy groups in degrees less than tran,(E) and induces an
epimorphism of homotopy groups in degree tran,E.

If E®@HQ # 0, then the map Luz,, (X) — Lg(Y) given by F,-localisation induces
an isomorphism of homotopy groups in degrees less than tran,(E) and induces an

epimorphism of homotopy groups in degree tran,F.

4.1.0.14. Theorem. — Let E' be a p-local spectrum such that 0 < tran,E < co. For
a d-connected pointed homotopy type X with 1 < d < tran,E, the localisation Lg(X)
is also d-connected.

Proof. — Denote
Z/pZ, it EQHQ=0
L

p)»  otherwise.

By Theorem 4.1.0.13 the induced map 7 (Lyg(X)) — 7 (Le(X)) is an isomor-
phism for every k < tran, — 1 and is an epimorphism for k = tran, . Furthermore,
we know that m; (Lpgr(X)) = 0 for ¢ < d, e.g. by [Bou75, Proposition 4.3].

Therefore, we have that m;(X) — m; (Lg(X)) is an isomorphism for ¢ < d and
is an epimorphism for ¢ = d. In other words, the localisation functor Lg preserves
d-connectedness for d < tran, F. O

4.1.0.15. Remark. — Let h € N. As a consequence, the chromatic localisation func-
tors Lx(n), Le(n), Lr(n) and Lg(,) preserve d-connectedness for d < h. Thus, the above
theorem generalises the result in [Tai98] where it is shown that the (KU/p),-localisation

of homotopy types preserves 1-connectedness.
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4.1.1. Homology localisations and fibre sequences. — In this subsection we
recall several useful interactions of homology localisation of homotopy types with
fibre sequences.

4.1.1.1. Theorem. — Consider the following commutative diagram

F——X —— 1B

lf Jg J” (4.1.1.1)

Fr— X' —— B
in Ho, where the rows are fibre sequences and B and B’ are connected. As-
sume that the maps f and Qh induce equivalences f.: Map(F',Y) = Map(F,Y)
and (Qh),: Map(QB’,Y) = Map(QB,Y) for a homotopy type Y. Then the map g
also induces an equivalence g,: Map(X',Y) = Map(X,Y).

Proof. — We show that the map f x Qh induces an equivalence
Map(F' x QB',Y) = Map(F x QB,Y).
Then the theorem follows from €1.3.0.6.(ii). We have
Map(F' x QB',Y) ~Map(F’, Map(QB’,Y))
~ Map(F’, Map(Q2B,Y))
~ Map(F’ x QB,Y)
~ Map(Q2B, Map(F',Y))
~ Map(Q2B, Map(F,Y))
~ Map(F x QB,Y)
See also [Bou94, Theorem 4.6]. O

4.1.1.2. Corollary. — Let E be a spectrum. In the commutative diagram (4.1.1.1),

if f and Qh are Eo-equivalences, then g is also an Ee-equivalence.

Proof. — In Theorem 4.1.1.1 we can replace the unpointed mapping spaces Map by
pointed mapping spaces Map, if Y is pointed and connected. As a corollary, if f
and Qh induces an isomorphism on E-cohomology, then so does g. The statement
for E-homology follows by applying a universal coefficient theorem for generalised
homology theories, see [Kai7l; Yos75]. See also [Bou94, Theorem 4.6]. O

4.1.1.3. Corollary. — Let E be a spectrum and let f: X — Y be a morphism of
pointed connected homotopy types. If the induced map QU f is an Ee-equivalence, then

the map f is an Eo-equivalence. O

4.1.1.4. Remark. — The converse of the above corollary does not always hold, see
also Theorem 4.4.0.2.
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4.2. Telescopic homological and homotopical localisations

Fix a prime number p for this section. Recall the p-local telescope spectrum T(h) of
height h and the spectrum S(h) from §1.2.0.13. In this expositional section we discuss
the relationship between T(h)-homology equivalences and v,-periodic equivalences
of homotopy types. Here we update several results in [Bou94, §13] using the recent
work [CSY22]: Starting from Theorem 4.2.0.8 the reader can compare our formulations

of the statements with Bousfield’s original ones.

4.2.0.1. Situation. — Let V}, be a p-local finite complex of type h together with a
vy, self-map 29Va Vj, — Vj,, where h > 1. Modelling Vj, by a finite CW-complex (see Re-
mark 1.3.0.11), let dim(V},) denote the dimension of the top cells of V1.

4.2.0.2. Proposition. — Let ¢: X — Y be a morphism of pointed homotopy types.
In Situation 4.2.0.1, assuming that there exists a natural number k > dim(V},) such

that QF X — QFY is a T(h)e-equivalence, then ¢ induces an isomorphism
Ou: v;lw. (X5Vh) — v;lw. (Y; Vi)
of v -periodic homotopy groups.

Proof. — We follow the proof idea of [Bou94, Theorem 12.5]. Since vj-periodic
homotopy groups are independent of taking higher connected covers, we can assume
that X and Y are k-connected. By Corollary 4.1.1.3 the map Q7 is a T((h).-equivalence
for every 0 < j < k. Thus, the induced map Map, (V;,,X) — Map, (V4,Y) is a
T(h)e-equivalence, because V}, is equivalent to a colimit of spheres of dimension at
most k.

Recall the homotopy type Ty, (X) from Definition 3.2.0.4, which is T(h)e-local
by Proposition 3.3.2.1, Proposition 3.3.1.1 and Example 3.3.1.2. Thus we obtain the

following commutative diagram

Map* (V}“X) —_— TVhX
A
”*l A lg,* (4.2.0.1)

Map, (V,Y) —— Ty, Y,

where the vertical maps are induced by ¢, the horizontal maps are the canonical
maps obtained from the colimit construction of Ty, (X) and Ty, (Y), and the lift A
exists because Ty, (X) and Ty, (Y) are T(h)e-local and ¢, is a T(h)s-equivalence.

Furthermore, the map vy, : 24, V;, — V}, induces the commutative diagram below

Map, (V;,Y) —2—— Ty, (X)

| >

deh Map* (Vh, Y) T> deh (TVh (X)) .

Q%Vh X
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Thus the diagram (4.2.0.1) induces the following commutative diagram on v,-periodic
homotopy groups

1};171'. (X;Vh) _id v;lw. (X; Vi)

A 7T
@*l e lsa*

vy e (Y5 Vi) — vy e (Y V).
As shown in the above diagram, the map A, is a two-sided inverse of ¢,. Therefore,

the induced map @, of vp-periodic homotopy groups is an isomorphism. O

4.2.0.3. Remark. — The proposition is not very practical for applications, since
it depends on the choice of the CW-structures of the finite complex Vj: Given
a T(h)e-equivalence of k-fold loop spaces, it is not trivial to find a type h finite
complex of dimension at most k& and equipped with a vp-self map. The corollary below

is a bit more convenient.

4.2.0.4. Corollary. — Let h > 1 be a natural number. If v is a T(h)-equivalence of
pointed connected homotopy types, then there exists a natural number k such that XF¢

18 a vp-periodic equivalence.

Proof. — Tt is shown in the proof of [Tho93, Lemma 2.3] that the functor Q™%™
preserves generalised homology equivalences of pointed connected homotopy types, for
all natural numbers. Let V}, a finite complex as in Situation 4.2.0.1. Thus, for every
natural number k > dim(V},), the morphism %*¢ induces an isomorphism of vj,-periodic
homotopy groups by Proposition 4.2.0.2, because Q¥%*(¢) is a T(h),-equivalence. See
also [Bou94, Corollary 12.6]. O

4.2.0.5. Corollary. — Let h > 1 be a natural number. If a map ¥: X — Y of
pointed connected homotopy types is an S(h)e-equivalence, then there exists a natural
number k such that Ek’L/) 18 a vy -periodic equivalences for all 0 < n < h.

Proof. — Recall that an S(h)e-equivalence is a T|(n)o-equivalences for every 0 < n < h,
where T(0) = HQ, see 91.2.0.15. Thus the map ¢ and any iterated suspensions of ¢
are rational homology equivalences. Then iterated suspensions of ¢ is a rational
homotopy equivalence, since the source and target become simply connected.

For each 1 < n < h, choose a finite complex V,, as in Situation 4.2.0.1. Define
k = max{1,dim(V}),...,dim(V,),...,dim(V4)}.
By Corollary 4.2.0.4 the map % induces an isomorphism
v;lﬂ'. (EkX; Vn) — 0;177. (ZkY; Vn) ,
for all 1 <n < h. See also [Bou94, Theorem 13.5]. O

Recall the stable Bousfield class (—)x of homotopy types from Definition 3.1.2.3.
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4.2.0.6. Proposition. — Let X be a pointed homotopy type, and let Vy41 be a
finite complex of type h + 1, where h € N. Then (X)s, < (Vhi1)s if and only if X
is S(h)e-acyclic and Hy(X;Z) is p-local.

Proof. — Assume we have (X)s < (Vj,11)s. Thus, (X' X) < (Vj41) for some j € N.
By Proposition 2.1.2.10 the homotopy type X is S(h)e-acyclic, since X7 X is Vj, y1-full
and Vj, is S(h)s-acyclic. The same arguments show that H, (X;Z/qZ) = 0 for any
prime number g # p, because H. (Vi; Z/qZ) = 0. This shows that ﬁ*(X; Z) is p-local.

As for the other direction of implication, we can apply Corollary 4.2.0.5 to show
that Py, (2%X) ~ pt, for sufficiently large k. Indeed, for k& > conn(XVj41) + 1,
recall that Pxy, ., (¥*X) ~ pt if and only if the v,,-periodic homotopy groups of ¥¥ X
vanish for all 1 <n < h+ 1 and 7.(X*X) ® Z[1/p] = 0, see Corollary 3.3.2.7. The
latter condition is guaranteed by the assumptions and Corollary 4.2.0.5. Thus we
obtain (X¥X) < (¥Vj41). Therefore, we have (X)s = (Vj,11)x. See also [Bou94,
Proposition 13.6]. O

4.2.0.7. Remark. — In Corollary 4.2.0.4 and Corollary 4.2.0.5, the choice of k
can be very large, depending on our choice of the finite complexes. However, recall
that vp-periodic equivalences of homotopy types should not depend on the choices of
the “coefficients” V},, cf. Proposition 3.2.0.11. In the rest of this section we present
stronger versions of these two corollaries which are in particular independent of the
choice of the finite complex V},. The idea is to use the relationship between vy-periodic
equivalences and »Wj,-equivalences for a specific p-local homotopy type W}, which
satisfies the conditions of Situation 3.3.0.1. Recall that YW}, is of connectivity at
least h + 1, see Proposition 3.3.0.3.

4.2.0.8. Theorem. — Let h be a natural number. There exists a pointed p-local
homotopy type Wy1,0 such that

(i) it satisfies the hypotheses in Situation 5.3.0.1, and

(ii) its suspension W11 has connectivity conn(XWp41,0) = h + 1.
As a result, we have ¢t (EWp11,0) = h+ 2.

Proof. — In [CSY22, Theorem 5.3.5] Carmeli-Schlank—Yanovski show that the
Eilenberg-MacLane space K(Z/pZ,m) is T(h)e acyclic if and only if m > h + 1, which
verifies [Bou94, Conjecture 12.4]. The theorem follows by applying this result to
[Bou94, Proposition 13.7, §§13.8-13.9]. More concretely, we can choose W10 to be
of the form
Vi1 VK(Z/pZ,h + 1)

for any p-local finite complex V}, 11 of type h+1. To verify (i), we see that K(Z/pZ, h+1)
is S(h)e-acyclic and its reduced integral homology is p-local. So by Proposition 4.2.0.6
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we have (K(Z/pZ,h + 1)) < (Vit1)s. Therefore, we have

(Var1)s < (Vi VK(Z/PZ, h 4+ 1)) = (Vig1)s V (K(Z/pZ, h + 1))s < (Vis1)s.
In other words, (Wp11)s = (Vht1)s. O
4.2.0.9. Construction. — We can use the construction in the proof of The-

orem 4.2.0.8 to build a homotopy type Wip41,; satisfying Situation 3.3.0.1
and conn(Wjy1 ;) = h + i for any i € N. For example, we let

Whiti=Vhs V K(Z/pZ, h+ Z)
where Vj,41 is a p-local finite complex of type h + 1.
4.2.0.10. Theorem. — Let h be a natural number and let X be an S(h)e-acyclic

pointed homotopy type. Then for every k > 1 and for every 0 < n < h, the v, -periodic
homotopy groups of the p-localisation (ZkX)(p) vanish.

Proof. — We present the proof of [Bou94, Theorem 13.10]. We show that the homo-
topy type Pxw, .., ((2%X)(p)) is contractible. Then the theorem follows from Corol-
lary 3.3.2.7. Since S’(vh).(X) = 0, we have that H,(X;Q) = 0 and ﬁ*(X;Z(p))
is p-primary. Let ﬁm(X ; Z(py) be the first non-trivial singular homotology group of X
with Z,-coefficient. Set

Z)p>,  if Hyn(X;Zy) is divisible by p,
Z/pZ, otherwise.

G =

Then Q% (S*°X ®s, HZ(,)) and K(G,m) are S(h)s-acyclic by Proposition 2.2.3.3
and Theorem 4.1.1.1, respectively.

Hence, we have m > h + 1 by [CSY22, Theorem 5.3.5], in particular m > 2.
Let k > 1 be a natural number. The p-localisation X,y of X satisfies

H,(X();Z) 2 Ho(X;Zp)) and (5FX) ) ~ S5 (X))
So (ZFX )(p) 18 (m+k)-supported and p-torsion or p-divisible. Thus we can apply The-
orem 3.1.2.10 to obtain the equality of unstable Bousfield class

(ZFX) ) = (X)) V (K(G m+ k),

for any natural number j. Furthermore, we know Py, | o (277% X)) = 0 for suffi-
ciently large j by Corollary 4.2.0.5, Psw, ., ,(K(G,m+k)) ~ pt by Proposition 3.3.0.5,
and the fact that m + k > h 4 2. Therefore, we obtain ((S*X)(,)) < (SWh41,0), that
is PEWHLO ((EkX)(p)) ~ pt. O

4.2.0.11. Corollary. — Let h € N, and let f: X =Y be an S(h)e-equivalence of
pointed homotopy types. Then for every k > 2 and every 0 < n < h, the induced
map (ZkX)(p) — (ZkY)(p) induces isomorphisms on vy, -periodic homotopy groups.
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Proof. — The cofibre cofib(f) of f is S(h)e-acyclic. For every natural number k > 2,
we have Pxw, ., (¥ tcofib(¢))(,)) ~ pt, by Theorem 4.2.0.10. Consider the cofi-
bre sequence

— sk
(Ek 1COﬁb(f))(p) — (ZkX)(p) —_— (EkY)(p)
of pointed connected homotopy types. Let Z be a pointed connected YW1 o-less

homotopy type. The above cofibre sequence induces a fibre sequence
Ma‘p* ((Eky)(m’ Z) - Map* ((Zky)(p)a Z) - Map* ((ZkilCOﬁb(f))(p)a Z) )

where Map, ((EkY)(p), Z ) is contractible. Thus the map X f is a YW}, 1 g-equivalence.

By Corollary 3.3.2.3 it is a v,-periodic equivalence for every 0 < n < h. See [Bou94,
Corollary 13.11]. O

4.2.0.12. Corollary. — Let h and k > 2 be natural numbers. If a pointed homotopy
type Y is XWhy1,0-less and its homotopy groups m;Y is p-local for all ¢ > k + 1,
then QFY is S(h)e-local.

Proof. — This is a consequence of applying the ¥4 Q-adjunction to Corollary 4.2.0.11.
See [Bou94, Corollary 13.12]. O

4.2.0.13. Theorem. — Let k > 1 and h be natural numbers. For a k-connected

pointed p-local homotopy type X with S(h),(QFX) = 0, the v,-periodic homotopy
groups of X wvanish for every 0 <n < h.

Proof. — We have the following comparisons of Bousfield classes
(X) < (ZFOM(X)) = (S*QFX) ) < (EWis10)

of homotopy types. The first inequality is due to Corollary 2.3.1.13, the second equality
holds because X is p-local and the last inequality is by Theorem 4.2.0.10. Then
the v,-periodic homotopy groups of X vanish for every 0 < n < h, by Corollary 3.3.2.7.
See [Bou94, Theorem 13.13]. O

4.2.0.14. Corollary. — Let h and k > 2 be natural numbers. Let f: X —Y be a
morphism of pointed k-connected homotopy types such that QF f is a S(h)e-equivalence
and fio: me(X) @ Z[1/p] — we(Y) ® Z[1/p] is an isomorphism, then f is a v,-periodic
equivalences for every 0 < n < h.

Proof. — By assumption we see that the fibre fib(f) is p-local and (k — 1)-connected.
Furthermore, the homotopy type Q¥~!(fib(f)) is S(h).-acyclic by Corollary 4.1.1.2.
Thus, the v,-periodic homotopy groups of fib(f) vanish for every 0 < n < h, by Theo-
rem 4.2.0.13. Therefore, f is v,-periodic equivalences for every 0 < n < h. See [Bou94,
Corollary 13.14]. O
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4.3. Virtual homology equivalences

In this section we recall the basics of the theory of virtual homology equivalences
of pointed connected homotopy types, following [Bou97].

4.3.0.1. Definition. —
(i) A spectrum E has h-elevated acyclicity if K(Z/pZ,h + 1) is Ee-acyclic for each
prime number p.
(ii) A spectrum F has elevated acyclicity if it has h-elevated acyclicity for some
natural number h.

4.8.0.2. Remark. — By Corollary 4.1.1.3, if K(Z/pZ,h + 1) is Fe-acyclic,
then K(Z/pZ,m) is Ee-acyclic for all m > h 4 1. Note that if E is p-local, the notion
of h-elevated acyclicity coincides with the notion of mod-p transitional dimension,
cf. Definition 4.1.0.9.

4.3.0.3. Example. — Let p be a prime number. The p-local Morava K-theory
spectrum K(h), the telescope spectrum T(h), the Johnson-Wilson spectrum E(h) and
the spectrum S(h) have h-elevated acyclicity for h € N, see 91.2.0.15 and [CSY22,
Theorem 5.3.5].

4.3.0.4. Proposition. — Let p be a prime number. A p-local spectrum E has
elevated acyclicity if E-homology equivalences of homotopy types is not the same
as H(Z/pZ)-homology equivalences or HZ,)-homology equivalences of homotopy types.

Proof. — This follows from Theorem 4.1.0.6. O

4.3.0.5. Theorem. — Let E be a spectrum of h-elevated acyclicity.
(i) Let F — X — B be a fibre sequence of pointed connected homotopy types.
Consider the Fo-localisation applied to the fibre sequence QF — QX — QB.
Then there exist a double loop space 22D, whose homotopy groups in degrees

above h + 1 are trivial, fitting into the fibre sequence
Q2D — Lg(QF) — fib (Lp(QX) — Lg(QB)).

(ii) Let Y be a connected H-space, considered as an object in the homotopy cate-
gory ho(Ho,) of the co-category of pointed homotopy types. Then the natural
map Lg(QY) = Q(Lg((Y)) induces a fibre sequence

F — Bar (Lp(QY)) — Lp(Y)

where the fibre F' is a loop space whose homotopy groups in degree above h + 2
are trivial.
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(iii) Let Hf — Hy — Hy, be a fibre sequence in ho(JHo.) of pointed connected H-space.
Then there exists a fibre sequence

F — Lg(Hyf) — fib(Lg(H:) — Le(Hs))
where the homotopy groups of the fibre F' in degrees above h + 1 are trivial.

Proof. — See [Bou97, Theorem 11.2]. If we make further assumptions on the funda-
mental groups of the homotopy types involved in the statement, e.g. simply connected,
one can show that the non-trivial homotopy groups of the error terms concentrates in
three single degrees, see [Bou97, Theorems 10.8, 10.9, and 10.10]. O

4.8.0.6. Situation. — Let h be a natural number. In the rest of this section, let E

be a spectrum of h-elevated acyclicity.

4.3.0.7. Definition. —

(i) A morphism f: X — Y of pointed homotopy types is a virtual Fo-equivalence
if the induced map Lg(f): Lg(QX) — Lg(Q2Y) is an equivalence after taking
sufficiently highly connected covers. In this case, we say X and Y are virtually
FEo-equivalent.

(ii) If a pointed homotopy type X is virtually Fo-equivalent to a point, we say X is
virtually Eo-acyclic

4.3.0.8. Remark. — In the situation of Definition 4.3.0.7, the morphism f is a
virtual Fe-equivalence if the induced map 7; (Lg(Q2X)) — m (Lg(Q2Y)) of homotopy
groups, with every choice of basepoints, is an isomorphism for all sufficiently large

natural number 7.

4.3.0.9. Proposition. — Consider the commutative diagram

F——X —— 1B
L
Fr— X' —— B
of pointed homotopy types where the rows are fibre sequences. If any two of the maps

in {f,g,h} are virtual E,-equivalences, then so is remaining one.

Proof. — A map ¢: Y — Z of pointed homotopy types is a virtual F.-equivalence
if and only if 7>1 () is a virtual E,-equivalence, because Q(7>1(Y")) ~ QY for every
pointed connected homotopy type Y. Thus, we can assume that all homotopy types
in the commutative diagrams are connected. Consider induced commutative diagram

QF 95.¢ QB

[ for e

QF' Qx’ QB'.
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Applying E,-localisation, we obtain by Theorem 4.3.0.5.(i) the commutative dia-

gram below

ool I
M —— Lg (QX') — Lg (QB),

where the rows are fibre sequences, m;(M) = m;(Lg (QF)), and m;(M’) = m;(Lg (QF"))
for every i > h 4+ 2. The theorem now follows by applying the Five Lemma to the
induced maps of long exact sequence of homotopy groups of fibre sequences. See
also [Bou97, Theorem 11.4]. O

4.83.0.10. Corollary. — Let F — X — B be a fibre sequence of homotopy types.
(i) The homotopy type F is virtually Ee-acyclic if and only if the map X — B is a
virtual Eo-equivalence.
(ii) The homotopy type B is virtually Ee-acyclic if and only if the map F — X is a
virtual Eo-equivalence.
(iii) The homotopy type X is virtually Ee-acyclic if and only if the induced mor-

phism QB — F is a virtual Ee-equivalence.

Proof. — (i) and (ii) follows from applying Proposition 4.3.0.9 to the following two

maps of fibre sequences respectively

F——X ——B F—X——B
pt — B —— B, X — X — pt.
(iii) follows by applying (ii) to the fibre sequence Q2B — F — X. O

4.3.0.11. Corollary. — Let f: X — Y be a morphism of pointed homotopy types.
Then the following statements are equivalent.

(i) The map f is a virtual E,-equivalence.

(ii) The induced map Q' f is a virtual E,-equivalence for all i € N.

(iii) The induced map Q' f is a virtual E,-equivalence for some i € N

Proof. — We apply Proposition 4.3.0.9 to the following commutative diagram
e X —— pt —— QX 996 pt X
N O .
e —— QY — 5 pt —— QY QY pt Y.

See [Bou97, Corollary 11.5]. O
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4.8.0.12. Corollary. — Let f: X — Y be a morphism of pointed homotopy types.
Then the following statements are equivalent:
(i) The map f is a virtual E,-equivalence.
(ii) The induced map Ts;(f): 7:(X) = 754(Y) is a virtual Eo-equivalence for every
natural number i.
(iii) The induced map T;(f): 7i(X) = 754(Y) is a virtual Eo-equivalence for some

natural number i.
Proof. — Consider the following commutative diagram

T>1'(X) _ X — TSZ(X)

12 Jf Jr=:

T>l'(Y) — Y — TS'L(Y)

in Ho,. By Corollary 4.3.0.12 the morphism f<; is a virtual Fo-equivalence. Now the
corollary follows from Proposition 4.3.0.9. See also [Bou97, Corollary 11.6]. O

4.3.0.13. Theorem. — Assume that meF is torsion. Let G be an abelian group.
Then the Eilenberg—-MacLane space K(G,n) is Eo-acyclic for n > h + 2.

Proof. — Bousfield calculates the (E/p)s-localisation of every Eilenberg—MacLane
spaces, see [Bou82, §6]. Our situation corresponds to [Bou82, §§ 6.3-6.4]. O

4.3.0.14. Proposition. — Assume that weE is torsion. Let f: X — Y be a mor-
phism of pointed homotopy types. If f is a virtual Ee-equivalence, then the induced
map Tsi(f): 7=i(X) = 7=:(Y) is an E,-equivalence for all i > h + 2.

Proof. — The canonical maps 7sp+3(X) = Tsp42(X) and 75p,43(Y) = 75p42(Y)
are Eo-equivalences, because their fibres are Fq-acyclic Eilenberg—MacLane spaces
by Theorem 4.3.0.13. Thus it suffices to show that 7,(f) is an Fe-equivalence for
every i > h + 3. By Corollary 4.3.0.12, the map 7;(f) is a virtual Fe-equivalence.
Denote the fibre of 7<;(f) by F;, which is virtually Ee-acyclic by Corollary 4.3.0.10.
We show that F; is Ee-acyclic.

The homotopy type Lg (QF;) is an E,-local with non-trivial homotopy groups in
finitely many degrees, by Theorem 4.3.0.5.(i). Moreover, the homotopy type Lg (QF;)
is K(Z/pZ, j)-less for each j > h + 1 and for each prime number p, since the latter
are Fq-acyclic. By Theorem 2.4.2.9 and Corollary 2.4.2.5 the Eilenberg—MacLane
space K(m;(F),1) is K(Z/pZ, j)-less for every i > 2 and every j > h+ 1 and for every
primer number p. Thus the homotopy groups of Lg (QF;) in degree above h + 1 is
trivial, since e (F) is torsion, see also [Bou97, Theorem 10.7]. This implies that the
localisation map QF; — Lg (QF;) is null, because QF; is (h + 1)-connected. So QF;
is Ee-acyclic and thus F; is Fe-acyclic by Corollary 4.1.1.2. Therefore, the map 7,(f)
is an Fo-equivalence for all ¢ > h 4+ 2. See [Bou97, Theorem 11.7]. O
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4.3.0.15. Theorem. — Assume that weE is torsion. Let f: X —Y be a morphism
of pointed homotopy types. Then the following statements are equivalent:
(i) The map f is a virtual E,-equivalence.
(ii) The map 7si(Q*f): 72(QFX) — 7-,(QFY) is an E,-equivalence for all k > 1
and all i > h + 2.
(iii) The map 7-;(QF ) is an E,-equivalence for some k > 1 and some i > h + 2.

Proof. — This theorem is the combination of Corollary 4.3.0.11, Corollary 4.3.0.12
and Proposition 4.3.0.14. O

4.8.0.16. Remark. — In the situation of Theorem 4.3.0.15, a map f satisfying (ii)

is also known as f being a durable E,-equivalence, introduced in [Bou94, Section 13].
4.3.0.17. Situation. — From now on we fix a prime number p.

4.3.0.18. Definition. — Let X be a pointed nilpotent homotopy type. The p-
torsion component of X is a p-torsion nilpotent homotopy type tors, X together with
a map 7: tors, X — X such that n induces an isomorphism of their mod-p singular

homology groups. See [Bou94, §14.1].

4.3.0.19. Example. — Let X be a pointed nilpotent homotopy type. A model
of tors, X is given by the fibre of the localisation X — Lygz1/,(X). Recall that for
an n-connected pointed homotopy type X, a model of the localisation Lz, (X) is
given by M(Z/pZ, n)-contraction, see Proposition 2.4.1.2.

4.3.0.20. Proposition. — For a pointed 2-connected homotopy type X, the natural

map n: tors, X — X is a T(h)e-equivalence and a vy -periodic equivalence for all h > 1.

Proof. — This proposition is a more general version of [Bou94, Lemma 14.2]. By Propo-
sition 2.4.1.2 there exists a natural equivalence Ly /p) (X) ~ Pz pz,2) X Note that
the homotopy type M(Z/pZ,2) ~ ¥XM(Z/pZ, 1) satisfies Situation 3.3.0.1. Therefore,
the vp-periodic homotopy groups of Lz /p(X) vanish for all A > 1 by Proposi-
tion 3.3.2.4. This implies that n induces an isomorphism on vp-periodic homotopy
groups for all h > 1, as we showed in the proof of Proposition 3.2.0.14. Furthermore,
the map 7 induces an isomorphism of T(h)-homology for all h > 1 because 7 is
a (HZ/pZ)+-equivalence. O

4.83.0.21. Theorem. — Let f: X — Y be a map of pointed homotopy types and
let h > 1 be a natural number. If f is a v,-periodic equivalence for every 1 < n < h,

then f is a virtual T(h)e-equivalence.

Proof. — By assumption 7;(Q2f) is a v,-equivalence for every 1 < n < h and
all 7 > 0. Let XWj, 41 be a pointed p-local homotopy type satisfying the hypotheses
of Situation 3.3.0.1. Then for sufficiently large j, the induced map tors, (7~;(€2f)) on
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the p-torsion component is a XWj,1-equivalence, by Theorem 3.3.2.6 and Proposi-
tion 4.3.0.20. Using Proposition 2.1.2.10 and Proposition 4.3.0.20 we can choose large
enough j such that 7 ,(Qf) is a T(h)s-equivalence. Therefore, the morphism f is a
virtual T(h)e-equivalence by Theorem 4.3.0.15. See also [Bou97, Theorem 11.13]. O

4.3.0.22. Theorem. — A morphism f: X — Y of pointed homotopy types is a
virtual K(1)e-equivalence if and only if f is a vi-periodic equivalence.

Proof. — One direction follows from Theorem 4.3.0.21. For the other direction,
assume that f is a virtual K(1)s-equivalence. Thus 753 (Q2(f)) is a K(1)s-equivalence,
by Theorem 4.3.0.15. Note that 753 (Q*(f)) = Q*(r>5(f)). It suffices to show
that 755(f) is a vi-periodic equivalence.

Denote the fibre of 7>5(f) by F. Applying Corollary 4.1.1.2 to the commutative
diagram in Ho, below

QQ<T>5(Y)) — QF —— Q(T>5(X)>

lid J Jﬂ(m(m

Q*(155(Y)) —— pt —— Q(7>5(Y))

where the horizontal rows are fibre sequences with connected bases, we obtain that QF
is K(1)s-acyclic. Thus, its p-torsion component tors,(2F') is K(1)e-acyclic. Moreover,
the rational homology of the loop space Q(tors,(F')) ~ tors,(Q2F') is trivial. Hence,
Q(tors,(F)) is S(1)e-acyclic; recall that (S(1)) = (HQ) v (K(1)). Then, by Theo-
rem 4.2.0.13, the v;-periodic homotopy groups of Q(tors,(F’)) vanish. By Proposi-
tion 4.3.0.20 the vi-periodic homotopy groups of F' also vanish. Therefore, the map
7s5(f) and thus f induces isomorphisms of v;-periodic homotopy groups, by Proposi-
tion 3.2.0.14. See also [Bou97, Theorem 11.11] and [Bou94, §14]. O

4.83.0.23. Conjecture (Bousfield). — Let h > 1 be a natural number. A wvir-

tual K(h)e-equivalence of pointed homotopy types is a vy -periodic equivalence.

4.3.0.24. Theorem ([Bou0O1, Theorem 6.5].) — For every natural number h > 1,

the above conjecture is equivalent to the (stable) telescope conjecture.

4.3.0.25. Remark. — Burklund-Hahn—Levy—Schlank announced recently at a con-
ference [BHLS23] that the telescope conjecture, which suggests that (T(h)) = (K(h)),

is wrong.
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4.4. Chromatic localisations of H-spaces

Let p be a fixed prime number. In this section we prove that an S(h)e-equivalence
of connected H-spaces is a wv,-periodic equivalence for all 0 < n < h, improv-
ing Corollary 4.2.0.11 for H-spaces, see Theorem 4.4.0.4. Based on this and the
results in [Bou99a] we conjecture a relationship between the T(h),-equivalences of
homotopy types and wvp-periodic equivalences of loop spaces, see Conjecture 4.4.0.8.

We begin this section with some nice properties of homological localisations of
H-spaces. From Theorem 4.4.0.4 on the content of this section is original.

4.4.0.1. Theorem. — Let E be a spectrum of elevated acyclicity. If a morphism of

connected H-space is an Eo-equivalence, then it is a virtual Eo-equivalence.
Proof. — This follows from Theorem 4.3.0.5.(iii). See [Bou97, Theorem 11.3]. O

4.4.0.2. Theorem. — Let h > 1 be a natural number. Let E be a p-local spectrum
whose mod-p transitional dimension tran,E is h (see Definition 4.1.0.9). If X is

a (h+1)-connected Eo-acyclic H-space and mp2(X) is torsion, then QX is E4-acyclic.
Proof. — See [Bou96, Theorem 7.4]. Compare this with Corollary 4.1.1.3. O

4.4.0.3. Corollary. — Let f be a morphism of connected H-space such that f is

a T(1)e-equivalence. Then f is a vi-periodic equivalence.
Proof. — This is a consequence of Theorem 4.3.0.22 and Theorem 4.4.0.1. O

4.4.0.4. Theorem. — Let f: X — Y be a morphism of connected H-space. If f is

a S(h)e-equivalence and f induces an isomorphism
foi me(X) @z Z[1/p] = e (Y) @z Z[1/p),

then f a v,-equivalence for every 0 < n < h.

Proof. — Since f is a S(h)e-equivalence, it is a T(n)e-equivalence for every 0 < n < h.

By Theorem 4.4.0.1 the map f is a virtual T(n)e-equivalences for every 0 < n < h.
By Proposition 4.3.0.14 the induced morphism 7>p42 (Q22(f)) is a T(n)s-equivalences
for every 1 < n < h. Recall that we have 7412 (Q(f)) =~ Q*(T>h+4(f)).

By assumption f is a rational homology equivalence. Since f is a morphism of con-
nected H-spaces, it is also a rational homotopy equivalence by [BK, Chapter V, Propo-
sition 3.2]; connected H-spaces are nilpotent. Then the induced map Q2(7>p14(f))
is a rational homotopy equivalence of simply connected spaces, thus it is a rational
homology equivalence.

In all the map Q2(7>p44(f)) is a S(h)e-equivalence. Therefore, by Corollary 4.2.0.14

the map f is a v,-periodic equivalence for every 0 < n < h O
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4.4.0.5. Remark. — In the situation of Theorem 4.4.0.4, if we assume in addition
that X and Y are p-local, then the induced map fi: me(X)®zZ[1/p] = me(Y) R Z[1/p]

is an isomorphism.

4.4.0.6. Situation. — Let h be a natural number and let Wy, be a pointed
homotopy type satisfying Situation 3.3.0.1. Recall from Proposition 3.3.0.3 the
notation ¢t (XWy41) = conn(EWp41) +1 > h+ 2.

4.4.0.7. Theorem. — In Situation 4.4.0.6 let X be a p-local H-space such
that it is ¢t (XWh1)-connected and SWyy1-less. Then X is S(h)e-local in the
o0o-category 9—(056+(EW’L+1) of ¢ (XWh41)-connected homotopy types.

Proof. — Denote the localisation map X — Lg,)(X) by A. We prove the theorem in
the following steps
Claim. The induced map

Toct@mWi) A X = Toctmw,, ) (X) = Tser@wigy) (Lsm (X))

is a X W}, 1-equivalence.
By Theorem 4.4.0.4 A\: X — Lg(x) X is vp-equivalence for 0 < n < h. The claim
then follows from Theorem 3.3.2.6.

Claim. The morphism 7.+ xw,_,)(A) exhibits the pointed homotopy type

T>ct (SWhyr) (Ls(h) (X)>

as the X W}, 1-contraction of X.

Indeed, the homotopy type 7s.+(sw,,,) (Ls(h)(X)) is XWp41-less by Proposi-
tion 3.3.1.4, since Lg(;)(X) is XWpy1-less by Proposition 2.1.2.10. The statement
then follows from the previous claim.

In particular, we have

X = oot (W) (Lsy (X))
since X is XWj41-less.
To finish the proof, let Y be a ¢ (XW},11)-connected S(h)s-acyclic homotopy type.
The fibre sequence

Toct Wiy (s (X)) = Lsy (X) = T<ermwi ) (Lsny (X))

induces the following fibre sequence

Map* (K T>ct (EWh41) (LS(h) (X)))
{
Map, (Y, Lg(n) (X))
{
Map, (Y, T<eH(SWh i) (Ls(h) (X)))
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on the pointed mapping spaces. The second and the third pointed mapping spaces
are contractible, using that Y is S(h)e-acyclic and ¢ (32W},11)-connected respectively.
Thus the mapping space Map, (Y, T et (SWhit) (Ls(h) (X))) is contractible. Therefore,
we obtain that the homotopy type X ~ 7o +sw,.,) (Lsn) (X)) is S(h)e-local in

the oo-category Ho>¢ EWn+1), .

4.4.0.8. Conjecture. — Let f: X — Y be a morphism of pointed simply connected
homotopy types such that the homotopy groups of X and Y are p-primary torsion
abelian groups. Fir a natural number h > 1. The following statements are equivalent
(i) The map Qf is a T(h)e-equivalence.
(ii) The map Qf is a S(h)e-equivalence.
(iii) The map f is a v,-periodic equivalence for every 0 < n < h and f induces an
isomorphism m(f) on homotopy groups of degree k < h + 1.

4.4.0.9. Explanation. — (ii) implies (i) by comparison of the Bousfield classes of
spectra. We conjecture that (i) implies (ii) because of the fact that K(m).-equivalence
of homotopy types implies K(m — 1)-equivalence of homotopy types for every m > 2,
see [Bou99al]. Assuming (ii), using Theorem 4.4.0.4 we obtain that Qf and thus f is
a vp-periodic equivalence for 0 < n < h.
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CHAPTER 5

Introduction on oco-operads

5.1. Operads, categories of operators and symmetric sequences

In this section we recall the classical (1-categorical) theory of operads, in order to
motivate the theory of co-operads in §5.2. For this purpose we present three equivalent
ways to think about operads with values in a symmetric monoidal category: We begin
by recalling the classical definition of operads using operations and structure maps,
then discuss in §5.1.1 the category of operators associated with an operad and close
with a brief exposition about monads and symmetric sequences (§5.1.2). The latter
two approaches will be generalised to define oo-operads in the next section. Examples
of operads in this section lead to examples of oco-operads, which are important for
later applications.

This section is expository and the main references are [FreHO; HM22; HA].

5.1.0.1. Notation. — We write a (symmetric) monoidal category as
V= (Xa ), 1V)7

where V is the underlying category, ®: V. x V — V is the (symmetric) monoidal

product, and 1y is the unit of the (symmetric) monoidal structure.

5.1.0.2. Definition. — Let V be a symmetric monoidal category. An operad O
with values in V consists of
(i) a set Col(O) of colours, and
(ii) an object O(c¢;)i_q;¢) € V, for every pair ((¢;)I_q,¢) of a colour ¢ € Col(O) and
an r-tuple (¢;)i_; € Col(O)" of colours, for every r € N,
together with the following structure maps:
(iif) A unit map 1.: 1y — O(e,¢), for every colour ¢ € Col(O).
(iv) A morphism o*: O(cy,c2,...,¢5¢) = O(Co(1), Co2)s * » Co(r),€) in V, for
every element o of the symmetric group &,, and every pair ((¢;)I_;,¢) of an

r-tuple (¢;)i_; of colours and a colour ¢, for every r € N.
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(v) A morphism

O((ci)i—130) ® <®0 ((Cz‘,j)?—ﬁ;ci)) = O ((cr) iy s (erg)jimgi )

in V, called a composition map, for every r-tuple (¢;)i_; of colours, ev-
ery r-tuple ((c;;)7%;)j—; of finite sequences (c;;)7"; of colours and every
colour ¢, for every r € N,
satisfying a number of axioms (which we omit writing them down here) requiring that
(vi) the composition maps are associative and unital,
(vii) for every r € N and every colour ¢, the set {o* | ¢ € &,.} of morphisms induces
a right &,-action on the set {O((¢;)I_q;¢) | (¢;)f—; € Col(O)"} of objects, and
(viii) the right symmetric group actions are compatible with the composition maps.
We refer the reader to [HM22, Definition 1.1] for a detailed and rigorous presentation

of these axioms.

5.1.0.3. Definition. — In the situation of Definition 5.1.0.2, a one-coloured operad

is an operad O with values in V whose set of colours contains only one element.

5.1.0.4. Remark. — In the situation of Definition 5.1.0.2, one should think of
the object O(cy,ca,...,cr;¢) as describing an operation having r-number of inputs
of “types” ci,ca, - ¢, respectively and has one output of “type” c¢. We call the
object O(cy,ca,...,cr;¢) an operation of O of arity r. See [FreHO, §1.1.5] for a
graphical representation and a detailed explanation of the definition of an operad from
this point of view.

Assume that O is an one-coloured operad with Col(O) = {c}. For each r € N and

for every r-tuple (c)7_; of colours, we denote

O(r) = O((ci)iz1; ©)-

We call O(r) the operations of O of arity r. In particular, the object O(r) admits a

right symmetric group &, action by definition, for every r € N.

5.1.0.5. Definition. — Let V be a symmetric monoidal category. For two operads O
and P with values in V, an operad map O — P consists of
(i) a morphism f: Col(O) — Col(P) of sets, and

(ii) a morphism
f((ci)gzl; C)): 0(617627 <o Crs C) - P(f(61)7 f(c2)7 B f(cr); f(C))

in V, for every operation of O of arity r, for every r € N,
such that they are compatible with the structure maps of O and P. See [YauCO,
Definition 11.2.12] for the commutative diagrams describing those compatibility.
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5.1.0.6. Definition. — In the situation of Definition 5.1.0.5 the operad map O — P
is an inclusion of O in P if
(i) f is an injective morphism of sets, and
(ii) the morphism f((¢;)f_1;¢)) is an isomorphism in V, for every operation of O of
arity r, for every r € N.

In this case, we say O is a suboperad of P.

5.1.0.7. Example. — In the situation of Definition 5.1.0.2, let C be a symmetric
monoidal category enriched over V. For objects Y and Z of C, let Mapa(Y, Z) denote
the object of V underlying the set of of morphisms from Y to Z in C. Let S be a
set of objects of C. We can define the mapping operad Map(C, S) with values in V
as follows:

(i) The set Col (Map(C, S)) of colours is the set S.

(ii) For every object X € S, define the operation of arity 0 as

Map(€, S)(0,X) := Maps(1lc, X).
(iii) For every natural number r > 1, an operation of arity r is defined as
Map(C7 S)<Xla X27 e 7X7'7X) = MapC(Xl ® X2 ® t ® XT7X)’

for X € Sand X; € S forevery 1 <i <.
The unit maps are given by taking the identity morphism, symmetric groups
act by permuting the indices of the colours and composition maps are induced by

compositions of morphisms and tensor products of morphisms. If S = {X}, we denote
the operad Map(C, {X}) by End(X), called the endomorphism operad of X.

5.1.0.8. Definition. — Let C = (C,®¢, 1¢) be a symmetric monoidal category
enriched over a closed symmetric monoidal category V = (V, ®v, ly). We say C is
copowered over V if the following two conditions hold:

(i) The category C is tensored over V: For every object V of V there ex-
ists a functor V® —: C — C such that, for every pair (V,V’) of ob-
jects of V and every pair (C,C’) of objects of C, there exist isomor-
phisms V'@ (VRC)2(V ovV)@Cand (VR C)cC' 2V ® (C®c C').

(ii) The functor V ® — defined in (i) satisfies the following property: For every
object V' € V and every pair (C,C") of objects of C, there exists a natural
isomorphism Mapa (V @ C,C") = Mapy, (V, Maps(C,C")) in V.

5.1.0.9. Definition. — Let C be a symmetric monoidal category enriched over
a closed symmetric monoidal category V. Let O be an operad with values in V.
An O-algebra in C is a set So = {X;}iccoi0) of objects of C together with a
map O — Map(C, So) of operads with values in V.
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5.1.0.10. Example. — In the situation of Definition 5.1.0.9, let O be a one-coloured
operad with values in V. Then an O-algebra in C is an object X € C together with a

structure map (as a morphism in V)
O(r) — Map¢ (X®", X)

for every r > 0, compatible with the structure maps of O and End(X).
Assume that C is copowered over V. Then an O-algebra in C is equivalently an

object X € C together with a structure map (as s morphism in C)
a.: O(r)® X% — X. (5.1.0.1)

for every r > 0 with suitable compatibilities, by Definition 5.1.0.8.(ii). The mor-
phisms (5.1.0.1) resemble the structure maps of a left module over an algebra. Thus
one can think of an O-algebra as a left module over the operad O. Later we will
make this point of view precise by considering an operad as an associative algebra in a
suitable category and an algebra over the operad as a left module over this associative

algebra, see Theorem 5.1.2.10.(iv).

5.1.0.11. Notation. — Let (Set, x, {pt}) denote the symmetric monoidal category

of sets with the cartesian monoidal structure.

5.1.0.12. Example. — The trivial operad Triv is a one-coloured operad with values
in (Set, x, {pt}) where Triv(1) = {pt} and Triv(r) = @ for all r # 1. The structure
maps of Triv are obvious.

Every object X in a symmetric monoidal category C admits a unique triv-
ial algebra structure: The structure maps are given by the trivial multiplica-
tions ) — Homg(X®", X) for every r > 2 and r = 0.

5.1.0.13. Example. — The unital operad Eg is a one-coloured operad with values
in (Set, x,{pt}) where Eq(0) = E;(1) = {pt} and E¢(r) = 0 for all r > 2. The
structure maps of E( are again rather obvious.

An Ej-algebra in a symmetric monoidal category C is an object X € C together

with a morphism 1¢ — X.

5.1.0.14. Example. — The associative operad Ass is a one-coloured operad with
values in (Set, X, {pt}) where Ass(0) = {pt} and Ass(r) = &, for every r > 1. The
right symmetric group action is given by group multiplication. The composition maps

G, x Gbl X e X 61,,,, — 6b1+-~+b7,

are given by the so-called block permutations as we explain now. Given a tu-
ple (9,01, ,0,) with g € &, and 0; € &, for i € {1,2,...,r}, we will define a
permutation o € Gp,4...4p, of a set S of by + --- + b, elements. We can consider a

decomposition S = U;_; S; of S where S; = {a;1,a;2,...,a:p,} is a set of b; elements.
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Define the bijection
c:5—8
Qij 7 Qoo (i), (5)

Informally speaking, one decompose the set S into r-number of “blocks” of cardinality b;,
for 1 < i < r, respectively. The element oy € &, permutes the blocks and the
element o; € G;, permutes the elements in the block with with cardinality b;.

An Ass-algebra in a symmetric monoidal category C is a ®-monoid in C, i.e. it
is an object X € C together with a unit morphism 1¢ — X and a multiplication
morphism X ® X — X such that the multiplication is unital and associative.!) See
[HM22, Example 1.14 ii)] for more details. We also say that X is an associative algebra
(object) in C.

5.1.0.15. Example. — The left module operad LM is an operad with values
in (Set, x, {pt}), defined as follows:

(i) Col(LM) = {a, m}.

(ii) For every ordered pair 1 < j < r of natural numbers, let &, (i ) denote the

subgroup of &,. whose elements send j to r. Then define

S, ifc=c,=aforalll1 <i<r,

S, J , if ¢ = ¢; = m for exactly one j and
LM((Ci);(:l;C) — (T‘) J . ' y J

¢; = a for i # j,
0, otherwise.

The structure maps of the associative operads give the structure maps of LM; take
the restriction of the structure maps of Ass to the subgroups &, (i ) for every r > 1
and every r > j > 1 if necessary. There exists a canonical inclusion Ass — LM of
operads sending the single colour of Ass to a.

An algebra over the operad LM in a symmetric monoidal category C is a pair (A, M)
of objects of C such that A is an associative algebra object in C and M is a left
module over A.

5.1.0.16. Example. — Let C be a symmetric monoidal category. The commutative
operad Comc with Comg(r) = 1¢ for every r € N is a one-coloured operad with
values in C. The structure maps are obvious.

A Comc-algebra in C is a commutative ®-monoid, i.e. an object X € C together
with a multiplication X ® X — X and a unit morphism 1c — X such that the

multiplication is unital, associative and commutative.

(DA monoid in a category C with finite products and terminal objet pt is an object X together
with a multiplication X x X — X and a unit morphism pt — X such that the multiplication is unital
and associative, see [MacCWM, §III.6].
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5.1.0.17. Definition. — A Lie algebra over Z is a Z-module g together with a Z-
bilinear operation [—, —]: g X g — g, called the Lie bracket, such that

(i) for every pair (z,y) of elements of g the antisymmetry relation

[Qf,y] = —[m,y]

holds, and
(ii) for every tuple (z,y, z) of elements of g the Jacobi identity

[1'7 [yvz]] + [yv [Z,x]] + [Z, [%y“ =0

condition holds.

5.1.0.18. Definition. — Let S be a finite set. Denote the cardinality of S by #S.

(i) Let Lie(S) denote the free Lie algebra generated by the elements of S. A Lie
monomial of S is an elements of Lie(S) given by iterated bracketing of elements
of S. For the set r = {1,2,...,r}, denote the free Lie algebra Lie(r) by Lie(r).

(ii) Let Lie(S) denote the submodule of Lie(S) generated by Lie monomials which
contain each element of S exactly once. The symmetric group Syg acts on Lie(.S)
on the right by permutation. For S = r, denote Lie(S) by Lie(r), which is
also known as the degree r Lie representation of the permutation group &,.,
see [ReuFLA, Section 8.2].

5.1.0.19. Example. — The Lie operad Lie is a one-coloured operad with values in
the symmetric monoidal category (Modz, ®z,Z) of Z-modules. The operations Lie(r)
of arity r are given by Lie(r) for every r > 1 and Lie(0) = 0, the trivial abelian
group. The unit map Z — Lie(1) = Z is the identity morphism and the action by the
permutation groups is described in Definition 5.1.0.18.(ii). The composition map is
given by “inserting Lie monomials”, see [AB21, Definition 4.10] for more details. An
algebra over the Lie operad Lie is a Lie algebra (see Definition 5.1.0.17).

5.1.0.20. Definition. — A topological operad is an operad with values in the
symmetric monoidal category (CGH, X, pt) of (compactly generated weakly Hausdorff)

topological spaces.

5.1.0.21. Example. — Fix a natural number n. For every r € N, recall the
set r ={1,2,...,r} and 0 := (). Denote the open unit disc in R” with the Euclidean
norm by D". Consider the embedding space Emb(ﬁ” X, ]3”) (with the compact-open
topology) of labelled open discs, for every r € N. Define the subspace D, (r) of the
embedding space Emb(]DD” X r, D”) as follows: An embedding f is a point in D,,(r) if
the restriction f; of f to the j-th disc D" x {4} is an affine map of the form

D" = D", (2:)1<i<n = (az; + bi)i<j<n

for some a € R and b; € R.
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The sequence (D, (7)), oy admits the structure of a one-coloured topological operad,
called the little n-disc operad D,,. The structure maps are given by composition
of embeddings:

D, (r) x Dy(b1) X -+« X Dy (by) = Dy (by + -+ by)
(F)jmr X (93) 7120 X =+ % (95,501 = (fm © ((95,)57 =)

We refer the reader to [FreHO, §4.1] for pictorial presentations of the structure maps.

An E,, -operad is a topological operad E,, admitting a map f: E, — D,, of operads
which is arity-wise a weak homotopy equivalence. In other words, the map f induces a
weak homotopy equivalence E,, (r) =+ D,,(r), for all » € N. A topological operad O is a
model for the E,-operad if there exists a map O — E,, of operads which is arity-wise a
weak homotopy equivalence. Some other well-known models for the E,,-operad are the
little n-cubes operad [HM22, Example 1.8] and the Fulton-MacPherson operad [HM22,
§§1.8-1.9]. We refer the reader to [BM23b] for an exposition about the E,-operad
and to [CS22] for an application of various models for the E,-operad.

The set {D" < D"*! z s (2,0) | n € N} induces a sequence

Dp—Dy = =D, =Dyt —--- (5.1.0.2)

of inclusions of topological operads. We form the following colimit

—

Do (r) == lim D, (r)
n>0

in CGH. The sequence (Du (7)), ) admits the structure of a one-coloured topological
operad, denoted by D,.

An E . -operad is a topological operad E., such that

(i) the symmetric group action on the operations of each arity is free, and

(ii) Eo admits a map f: E,, — D4, of operads which is arity-wise a weak homo-

topy equivalence.

Similarly, we say D is a model for the E,-operad. In particular, we obtain a sequence
Egy—E — - —=E,—>E,;;; = = Ey
of inclusions of topological operads.
5.1.0.22. Remark. —
(i) By definition the operad Dg is isomorphic, as an operad with values
in (Set, x, pt), to the operad Eq (see Example 5.1.0.13).

(ii) Taking arity-wise the set my of connected components of E,, we obtain an

operad 7o (E,,) with values in (Set, x, pt). In particular, we have isomorphisms
mo(E1) & Ass and m(E,) = Com

of operads for every n > 2.
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(iii) There exists an equivalence E; — mo(E1) = Ass of topological operads, i.e. an
operad map which is an arity-wise weak homotopy equivalence.

(iv) For every pair (r,n) of natural numbers, the topological space E, (r) is weakly
homotopy equivalent to the ordered configuration space Conf,.(R™) of r-points
in R™.

(v) There exists an equivalence Eo, — m(Es) = Com of topological operads,
becuase, for every r > 0, the connectivity of the topological space E,(r)
increases with n.

See [FreHO, §§4.1-4.2] for more details.

5.1.0.23. Example. — Let C be a topologically enriched symmetric monoidal
category. By Remark 5.1.0.22 one shall think about an Ej-algebra in C as an
object X of € together with a multiplication morphism X ® X — X which is unital
and associative up to homotopy; in particular X becomes an Ass-algebra in the
homotopy category of C. Similarly, an E,-algebra in C is an object X equipped
with a multiplication X ® X — X which is unital, associative and commutative up
to homotopy. For every 1 < m < oo, the Dunn Additivity Theorem [Dun88] shows
that an E,-algebra structure on an object X € C is the same as n-many E;-algebra
structures on X which satisfy certain compatibility conditions.

The theory of E,-algebras is motivated by the following example: The n-fold loop
space 2" X of a pointed topological space X is an E,-algebra in CGH. Moreover,
any group-like E,-algebra in CGH is weakly homotopy equivalent to an n-fold loop
space,'?) known as the Recognition Principle. For more details about those iterated loop
spaces, see [MayGIL]. We also refer the interested reader to [Law20a] for applications

of E,-algebras in spectra.

5.1.0.24. Example. — Let n € N. Define an operad Hq(E,,; Z) by setting
He(E,; Z)(r) = He(En(r); Z), for r € N.

We consider Hq(E,;Z) as an operad with values in the symmetric monoidal cat-
egory (Chy,®z,Z) of chain complexes over Z; in each arity » € N the opera-
tion He(E,,; Z)(r) is a chain complex with zero differentials.

The structure maps Hqe (E,,; Z) are the maps on singular homology groups induced by
the structure maps of the E,,-operad; the homology functor He(—;Z) is lax monoidal,
see [FreHO, Proposition 4.2.11] for more details.

We abbreviate the commutative operad with values in (Chy, ®z,Z) by Comy.
The operad He(E,;Z) relates to Comyg via the following theorem. Recall the inclu-
sion i"*t1: B, — E, 11 of operads, see (5.2.5.1).

2%

@A topological space is group-like if its set of connected components with the operation of taking
disjoint union is an abelian group.
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5.1.0.25. Theorem. — Let n > 1 be a natural number.
(i) There exists a map 7.: He(E,;Z) — Comy of operads.

117

(ii) For every m > 2, there exists a map

te: Comy — He(E,; Z)

of operads. Moreover, we have m. o1, = id.

(iii) There exists the following commutative diagram

He(E,;Z) —“— Comy,

@] ia

He(Epny15Z) <— Comyg.

Proof. — Recall the little n-disks operad D,, as a model for the E,-operad.

(1)

The map 7. is induced by the unique map 7: D, (r) — pt of topological spaces
for every r € N

The map ¢, is induced by an inclusion ¢: pt < D,,(r) for every r» € N. This is
a well-defined map of operads because D, (r) is connected for every m > 2. In
particular, m. o ¢, is induced by the composition 7 o ¢.

The commutativity of the diagram follows from the observation that in each
arity 7 € N the map i?T(r): E,(r) — E,+1(r) is homotopic to the following
null-homotopic map

(Conf,.(R™), (e1,...,€,)) = (Conf,(R™*"), ((e1,0), ..., (en,0))) (5.1.0.3)
(1, xn) = ((21,0),..., (z,,0))

of pointed topological spaces. We construct an explicit null-homotopy of the
map (5.1.0.3). Fix an r € N. Define the null-homotopy

ha: R™ x [0,1] = R (2,t) = (t",0),

for every natural number 1 < a < r, of the inclusion R* — R*"*! 2+ (x,0).

The following map
(Conf,(R™), (e1,...,en)) — (Conf, (R™*"), ((e1,0), ..., (en,0)))
((zi )1<a<ra ) (ha(zart))1<a<r

is a null-homotopy of the map (5.1.0.3). See also [Frell, Proposition 0.3.5.a]. O

5.1.0.26. Remark. — This theorem is actually part of a structural theorem about

the operad Hq(E,,;Z) with m > 2: There exists an isomorphism

Gerst,, - H.(E,,;Z)

of operads where Gerst,,, denotes the m-Gerstenhaber operad. We refer the reader to
[FreHO, §4.2] for a detailed exposition on this topic.
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5.1.1. The category of operators associated to an operad. — To generalise
the notion of operads to an oco-category €, we might start with a coloured sequence of
objects in € together with structure maps, similar as in Definition 5.1.0.2. However, it
is then not straightforward how we could document the unitality, associativity and
equivariance of the structure maps up to coherent homotopy in an efficient way.

In this subsection we give a brief introduction to the theory of categories of operators
and explain why it is equivalent to the theory of operads. Generalising this approach,
one can define co-operads with values in the oo-category Ho of homotopy types,
see §5.2.1.

5.1.1.1. Definition. — Let O be an operad with values in (Set, x,{pt}). The
category O of operators associated to O consists of the following data:
(i) An object of O% is a finite sequence of colours of O.
(ii) Let C' = (¢;)!, and D = (dj)fz1 be two objects of O¥. A morphism from C
to D consists of a pair of
(a) a morphism a: {pt,1,2,...,m} — {pt,1,2,..., £} of pointed sets, and
(b) a ¢-tuple (¢1, ¢, ...,¢¢) € O ((ci)iECrl(l); d1) x--x0 ((ci)ie(rl((g); dg)
of operations where (c;);eq-1(;) denotes the subsequence of C' where the
indices of the elements are the preimages of j under «, for j =1,2,...,¢.
(iii) The composition of two morphisms in O® is given pairwise by the composition

of the morphisms of pointed sets and the composition maps of operations of O.

5.1.1.2. Definition. — Define a category Fin, as follows: An object of Fin, is a
finite pointed set

(n) ={pt,1,2,...,n}
for a natural number n, where pt denotes the basepoint. We set (0) := {pt}. For a

pair (n,m) of natural numbers, a morphism (n) — (m) is a morphism of pointed sets.

5.1.1.3. Remark. — The inclusion functor of Fin, to the category of finite pointed
sets is an equivalence of categories. Because of this we call Fin, the category of finite

pointed sets.

5.1.1.4. Definition. — A morphism i: (m) — (n) in Fin, is inert if for every

element pt # k € (n) the preimage i~!(k) of k contains exactly one element.

5.1.1.5. Definition. — For 1 < i < n, let p;: (n) — (1) be the inert morphism

in Fin, sending 7 to 1 and everything else to the basepoint.

5.1.1.6. Definition. — Let p: C — Fin, be a functor and let n € N. Define the
subcategory C, of C as follows: An object X € Cis in Cy,) if p(X) = (n). Given
two objects X and Y in C,), a morphism f: X — Y in Cis in C,) if p(f) = id,.
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5.1.1.7. Definition. — Let p: C — Fin, be a functor. A morphism f: X - Y
in C is p-cocartesian if the following condition is satisfied: For every tuple (Z, g, a),
where Z is an object of C and g: X — Z is a morphism in C and a: p(Y) — p(Z) is a
morphism in Fin,, satisfying p(g) = aop(f), there exists a unique morphism h: ¥ — Z
such that p(h) = a.

5.1.1.8. Proposition. — In the situation of Definition 5.1.1.1 the category O% is
equipped with a functor p: O® — Fin, satisfying the following properties:

(i) For every object (¢;)7; in OF and every inert morphismi: (m) — () of pointed
finite sets, there exists a p-cocartesian lift 4: (cj)jty — (dr)e_, of i, i.e. the
morphism i is p-cocartesian and p(i) = 1i.

(ii) For every natural number m > 1 and every 1 < n < m, the inert morphism p;
induces a functor Ry, r: O?m — O(<81) by taking p-cocartesian lifts: It assigns
an object (c;)7Ly in O%m) the object c,, in O‘%).

(iii) For every natural number m > 1, the sequence (R, )%, of functors in (ii)

induces the equivalence of categories below
® ~ ® Xm
Ru: 05, % (05))

Sketch. — For r € N, the functor p assigns to a an r-tuple of colours the pointed
set (r), and p maps a morphism («, @1, P2, ..., ¢;) to its component a.

(i) We define dy, == c¢;-1() for 1 < k < £; the preimage i~1(k) is well-defined
because 7 is inert. Recall the unit map 1. for a colour ¢ in O (Definition 5.1.0.2).
Define i := (i, (1Ci71<k))1§kﬁf)' The uniqueness follows from the unitality of
the structure maps of operads. We leave it for the reader to check that ¢
is p-cocartesian.

(ii) Tt follows from the construction in (i).

(iii) The functor R,, sends an object (c1,¢a,...,¢m) 10 €1 X €g X - -+ X ¢y, which is es-
sentially surjective. The morphism set from (c;)jL; to (d;)7., is H;’Ll O(cy;dj),
which implies that R, is fully faithful. O

5.1.1.9. Notation. — Let p: C — Fin, be a functor. For a tuple («, X,Y)
of a morphism a: (m) — (£) of pointed finite sets, an object X of C,, and an
object Y of Cy, let Hom¢(X,Y) denote the subset of Homg(X,Y) whose elements
are morphisms f such that p(f) = a.

5.1.1.10. Proposition. — Let p: C — Fin, be a functor satisfying Proposi-
tion 5.1.1.8.(i), (%i) and the following condition: For every tuple (o, X,Y) as in No-
tation 5.1.1.9 and every sequence (p;: Y — Y;)i_, of p-cocartesian lifts p; of p;, there
exists an isomorphism Hom¢ (X,Y) = Hle Hom%°*(X,Y;) induced by composition
of morphisms. Then there exists an operad O¢ with values in (Set, x, {pt} whose

associated category O% of operators is equivalent to C.
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Sketch. — We construct the set of colours, the sets of operations and the structure
maps of the operad O¢ and omit the verification of the axioms/compatibilities.

The set of colours of O is the set of objects of C(yy. Then a finite sequence (c;)j_; of
colours of O¢ corresponds to an object (c1,¢cz,- - ,¢,) € Cpy under the equivalence R,
in Proposition 5.1.1.8.(iii). For each r > 0, denote by f.: (r) — (1) the unique
morphism in Fin, with f=!(pt) = {pt}. The set Oc((¢;)7_1;c) of operations is
defined as the set Homé‘ ((c1,¢2,...,¢),c) morphisms in C.

The unit morphism {pt} — Oc(c; ) is given by choosing the identity morphism
of ¢ € Cy1y. Now let us consider the construction of the composition map

Homé’((cz iy, c <H Homfml dl,ci)> — Homé” (d,c), (5.1.1.1)

where d; = (ci ;)7 € Cm,y, and m = Y37 m; and d = (d;);_; € C(p. Con-
sider the pointed set (m) as the wedge sum VI_,(m;), and define the inert mor-
phism v;: {m) — (m;) which sends the wedge component (m;) identically to (m;) and
everything else to the basepoint, for every 1 < ¢ < r. Then there exists a p-cocartesian
lift ;: d — d; of the morphism v;, by Proposition 5.1.1.8.(iii). Precomposing with 7;

induces a morphism

Homé"((ci){:l,c) X (H::1 Homfcm'i (di7cl-))
N
Hom ((ci)i_y, ) x (ITj—y Hom&'**" (d,cz))

Define the map a: (m) — (r) sending every non-basepoint element in the wedge

component (m;) to i, for every 1 <4 < r. The condition (iii) implies that
Hom¢ (d, (¢;)i—1) l_IHomfm i (d, ¢;) .

Thus, composition
Homé‘((ci)gzl, ¢) x Homg (d, (¢;)i—q) — Hom (d,c)

in C gives the resulting composition map (5.1.1.1) of O¢. Every element o € &, gives
an automorphism o, of (r). The symmetric group action on Oc¢(cy, ¢, ..., ¢ ) is
induced by the p-cocartesian lift of o,. O

5.1.1.11. Remark. — A category satisfying the hypotheses of Proposition 5.1.1.10
is called a category of operators. With Propositions 5.1.1.8 and 5.1.1.10 we present
the idea that there exists a one-to-one correspondence between operads with values
n (Set, X, {pt}) and categories of operators. One can also generalise this to give a
correspondence between operads with values in a nice symmetric monoidal category

and enriched categories of operators, using similar proofs.
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The notion of algebras over an operad (see Definition 5.1.0.9) can also be translated,
under the above correspondence, to the setting of categories of operators. Let O and P
be two operads with values in (Set, x, {pt}). The data of an operad map (see Def-
inition 5.1.0.5) O — P is the same as a functor F: O® — P® of their associated

categories of operators such that the diagram

O® F P®

NS

Fin,

of categories commutes and F' preserves morphisms that are are p-cocartesian and are

lifts of inert morphisms of pointed finite sets.

5.1.1.12. Remark. — In §5.2 we will generalise the notion of categories of operators
to oo-categorical setting to define co-operads, i.e. co-categorial version of operads with
values in topological spaces. In later chapters we will need co-categorical generalisations
of operads with values in other symmetric monoidal categories, e.g. the category of
spectra. For this purpose, we introduce another viewpoint on operads using the theory
of monads in this last part of the section.

5.1.2. Monads and symmetric sequences. — The aim of this short subsection
is to point out the relationship among operads, monads and symmetric sequences, in
order to motivate the construction of co-operads in §5.2.4.

5.1.2.1. Definition. — Let M be a monoidal category. A ®-monoid in M is an
object A € M together with morphisms

p:ARA— Aand t: 1y — A

such that p is associative and unital, expressed by the commutativity of the following

commutative diagrams:

ARA® A4 404 A@A &M 4 B 4o A
idouJ{ J{N \J J{id/
5.1.2.2. Situation. — Let C be a symmetric monoidal category. The functor

category Fun(C, C) equipped with the composition o of functors and the identity

natural transformation becomes a monoidal category.

5.1.2.3. Definition. — In Situation 5.1.2.2 a monad on C is a o-monoid in the
monoidal category (Fun(C, C),o,id¢).
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5.1.2.4. Definition. — Let C be a symmetric monoidal category and let T be
a monad on C. A left module over T in C is an object M € C together with a
morphism a: T(M) — M in C such that the following diagrams commute:

(T oT)(M) XM par) M id M
)| |- o
(M) —— M, T(M).

5.1.2.5. Notation. —
(i) Let Fin denote the full subcategory of the category Set of sets whose objects are

n=1{1,2,...,n} forn € N,

where 0 := (). The category Fin is equivalent to the category of finite sets.
(ii) Let Fin~ denote the maximal subgroupoid of Fin. In other words, Fin™ has the

same set of objects as Fin and morphisms in Fin™ are bijections of finite sets.

5.1.2.6. Definition. — Let V be a symmetric monoidal category. The cate-
gory SymSeq(V) of symmetric sequences in 'V is the functor category Fu_n(Fing7 V).
An object of SymSeq(V) is called a symmetric sequence in V.

5.1.2.7. Remark. — A symmetric sequence in V is a sequence M = (M(r)),en of
objects of V where each M (r) is equipped with a symmetric group &, action.

5.1.2.8. Example. — Let V be a symmetric monoidal category admitting an
initial object.
(i) Every object X € V defines a symmetric sequence X where X©(1) :== X
and X ©(r) is the initial object of V for every r # 1.
(ii) Let O be a one-coloured operad with values in V. The sequence

Mo = (O(r))ren

of operations (see Remark 5.1.0.4) is a symmetric sequence in V.

5.1.2.9. Construction. — Let C be a cocomplete symmetric monoidal category
copowered over (see Definition 5.1.0.8) a closed symmetric monoidal category V. Every
symmetric sequence M = (M (r)),>0 in V induces a functor
Fy: C—=C, X [ (M(r)@ X®7) .
r>0
5.1.2.10. Theorem (Kelly). — In the situation of Construction 5.1.2.9, we obtain
the following statements:
(i) There exists a functor ®: SymSeq(V) x SymSeq(V) — SymSeq(V), called
the composition product, such that (SymSeq(V), ®, 1$) is a monoidal category.



5.1. Operads, categories of operators and symmetric sequences 123

(ii) There exists a one-to-one correspondence between one-coloured operads with
values in'V and ©@-monoids in SymSeq(V), given by assigning to a one-coloured
operad its underlying sequence of operations (see Example 5.1.2.8.(ii)).

(iii) Construction 5.1.2.9 leads to a monoidal functor
F(_y: SymSeq(V) — Fun(C,C)

of categories of ®-monoids.
(iv) Under the correspondence in (ii), an algebra in C over an operad with values

in V is a left module over the associated monad Fy .
Proof. — See [Kel05, §3] for (i) and [Kel05, §4] for (i), (iii) and (iv). O

5.1.2.11. Remark. — In this section we omit the detailed construction of the
composition product and refer the reader to [Chil2, §2] for an alternative exposition
of the above theorems and to [Tri] for a construction of the composition product that
is different than the standard approach as in [Kel05; Chi05]. We will give a more
detailed presentation about monads, symmetric sequences and composition products

in the oco-categorical setting, see §§5.2.3 and 5.2.4.

5.1.2.12. Remark. — One can also relate an operad with “coloured” symmetric
sequences, see [BMO07, Appendix 7]. For some textbook references, see also [HM22,
§1.4] or [YauCO, Definition 9.3.2].
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5.2. A quick course on oco-operads

We give an introduction on the theory of oco-operads in this section, including
necessary prerequisites that we need for later chapters. First we recall Lurie’s theory of
oo-operads with values in the oco-category Ho of homotopy types (§5.2.1). Using this
theory we can define, among others, (symmetric) monoidal co-categories, and associa-
tive algebras and left modules in a monoidal oo-category (see §5.2.2). We also review
briefly the theory of monads and monadic adjunctions for later applications (see §5.2.3).
The main reference is [HA].

The above prepares us well to introduce the theory of co-operads with values in
an arbitrary presentable symmetric monoidal co-category, where we use the theory
of symmetric sequences and monads (see §5.2.4). This point of view of co-operads
is known to experts, but not much has been written about it in full details. Our
exposition on this topic supplements [Bral7, §4.1.2]. To conclude we prove that
the notions of algebras over an oc-operad with values in Ho, obtained from §5.2.1
and §5.2.4 respectively, are equivalent (§5.2.5). To the best of our knowledge, this is

not available in the literature.

5.2.1. oo-operads as oo-categories of operators. — In this subsection we recall
the basic notions of Lurie’s theory of co-operads, following [HA, §2]. This theory gen-

eralises the notion of topological operad to oco-categorical settings.

5.2.1.1. Notation. — Let Fin, denote the oco-category N(Fin,) of the nerve of Fin,.
Note that morphisms in Fin, are represented by morphisms of Fin,. We therefore
use the same definitions and the properties of the morphisms in Fin, as for those
in Fin,. For example, a morphism in Fin, is inert if it is represented by an inert

morphism (see Definition 5.1.1.4) in Fin,.

5.2.1.2. Definition. — Let p: C — Fin, be a functor of co-categories.
(i) Let n be a natural number. Define the oo-subcategory C,y of € via the

following pullback diagram of co-categories:

Cpy —— €

]
l P
A° L Fin, .

(ii) Let (o, X,Y) be a tupe of a morphism «: (m) — (£) in Fin,, an object X
of €,y and an object Y of €yy. Define the co-subgroupoid Mapg(X,Y) as the
union of connected components of Mape(X,Y) where a morphism f: X — Y
is in Mapg (X,Y) if p(f) ~ a.

(iii) We refer the reader to [HTT, Definition 2.4.1.1] for the definition of p-cocartesian

morphisms, which is the co-categorical generalisation of Definition 5.1.1.7.
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5.2.1.8. Definition. — An co-operad is an co-category O® together with a func-
tor p: O® — Fin, of co-categories satisfying the following conditions:
(i) For every inert morphism i in Fin,, there exists a p-cocartesian morphism 4
in O® such that p(7) ~
(ii) Let (e, C, D) be a tuple as in Definition 5.2.1.2.(ii), and let (p;: D — D;)f_,
be a sequence of p-cocartesian lifts 7 of p; (see Definition 5.1.1.5). Then there

exists an equivalence
Mape (C, D) HMapploa (C, Dy)

of co-groupoids, induced by composition of morphisms.
(iii) Let m > 1. For every m-tuple of objects (C1, Ca, ..., Cy,) of O%, there exists an
object X of O%m) and a p-cocartesian lift p;: C — C; of p; for every 1 <i < n.
We call (9‘?1) the oco-groupoid of colours of O% and p the structure map of O%®. An
object of O% is called a colour of O®.

5.2.1.4. Remark. — This definition is a natural generalisation of that of ordinary
categories of operators, cf. Remark 5.1.1.11. In particular, for every m > 1 we obtain

from Definition 5.2.1.3.(ii) and (iii) an equivalence
® ~ (92 )"
02, = (0%)) (5.2.1.1)

of co-categories; (iil) provides the construction of an essentially surjective functor and
(ii) gives the fully faithfulness of this functor.

5.2.1.5. Definition. — A one-coloured oc-operad is an oo-operad O® — Fin,
together with an essentially surjective functor A? — O%D. In writing we usually omit

the latter functor from the notation.

5.2.1.6. Example. — Let O be an operad with values in (Set, x, {pt}). Recall
the associated category p: O® — Fin, of operators of O. By taking the nerves, the
induced functor N(p): N(O®) — N(Fin,) = Fin, exhibits N(O®) as an oc-operad.

5.2.1.7. Example. — Applying the construction of Example 5.2.1.6 to some of the
examples of operads in §5.1, we obtain the following oco-operads:

(i) The trivial co-operad Triv® = N (Triv®). The category Triv® is the sub-
category of Fin, of finite pointed sets with inert morphisms. The structure
map p: Triv® — Fin, is induced by the canonical inclusion Triv® < Fin,.

(ii) The wunital co-operad £ = N (EY). The category E§ has the same set of
objects as Fin,. A morphism in E(? is a morphism f of finite pointed sets
such that f~!(i) contains at most one element for every element i # pt in
the target. The structure map p: 880 — JFin, is induced by the canonical
inclusion E%9 — Fin,,.
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(iii) The associative co-operad Ass® := N (Ass®). See [HA, Remark 4.1.1.4] for a
detailed description of the co-category Ass®.

(iv) The commutative co-operad Com® := N (Comg,;). Under the isomor-
phism Com§,, = Fin, of ordinary categories the structure map of Com® is
the identity functor of Fin,.

(v) The left module co-operad LM® := N (LM®). The inclusion Ass — LM
of operads induces a fully faithful functor Ass® — LM% of co-categories,
compatible with their structure maps.

5.2.1.8. Definition. — A simplicial operad is an operad with values in the sym-
metric monoidal category (sSet, x, pt) of simplicial sets with the cartesian symmetric

monoidal structure.

5.2.1.9. Remark. — Let O be a simplicial operad. Then its category O® of
operators is a simplicially enriched category. The structure map p: O® — Fin,
induces a morphism N(7): N(O®) — N(Fin,) of simplicial sets, where N denotes
the simplicial nerve functor (see [HTT, Definition 1.1.5.5]). It is shown in [HTT,
Proposition 1.1.5.10] that N(O®) is an oco-category if O® is a fibrant simplicially
enriched category, i.e. if all mapping simplicial sets of O® are Kan complexes.?

5.2.1.10. Definition. — Let O be a simplicial operad. We say O is a fibrant
sitmplicial operad if O((¢;)T_y;c) is a fibrant simplicial set (Kan complex), for every

pair ((¢;)f_q,¢) of a finite sequence (¢;)7_; of colours and a colour ¢ of O.

5.2.1.11. Proposition. — Let O be a fibrant simplicial operad. The simplicial
nerve N(O®) of the category p: O — Fin, of operators together with the induced

functor N(p) is an co-operad.
Proof. — See [HA, Proposition 2.1.1.27]. O

5.2.1.12. Example. — There is a Quillen equivalence!*
| — |: sSet = CGH : Sing,

where | — | denotes the geometric realisation of a simplicial set and Sing denotes the
singular simplicial complex functor, see [QuiHA; Hir19]. In particular, the functor Sing
preserves fibrant objects.

Let O be a topological operad (Definition 5.1.0.20). Thus, we obtain a fibrant
simplicial operad Sing (O) by applying the functor Sing to O(cy,ca, ..., cpr5c¢), for
every pair ((¢;)i_;,c) of a finite sequence (¢;)i_; of colours and a colour ¢ of O.
Using Proposition 5.2.1.11 we obtain an co-operad N(Sing (0)%).

(3)Here we consider the Quillen model structure on sSet, see [QuiHA]
(9)The categories on both sides are equipped with the Quillen model structures, see [QuiHA]
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5.2.1.13. Example. — Recall the topological operad E,, from Example 5.1.0.21.
The &,, co-operad is defined by applying the construction in Example 5.2.1.12 to E,,.

5.2.1.14. Definition. — Let p: O® — JFin, be an co-operad. We say a morphism f

in O% is inert if p(f) is inert and f is p-cocartesian.

5.2.1.15. Definition. — Let O® and P® be two oc-operads. An oco-operad map
from O%® to P® is a morphism f: O® — P® of underlying simplicial sets such that
(i) the following diagram

0® ! PO

Fin,,

of simplicial sets commutes, and

(ii) the map f preserves inert morphisms.

5.2.1.16. Definition. — Let p: O® — JFin, be an ooc-operad and let g: C® — 0%
be a cocartesian fibration of co-categories. We say g exhibits €% as an O-monoidal
oo-category if the composition €® — O® — Fin, exhibits C® as an oco-operad. For an
object X € 02 let % denote the co-category €€ x 9o A” of fibres over X.

5.2.1.17. Proposition. — Let p: O® — Fin, be an co-operad and let q: C® — O®
be a cocartesian fibration of oco-categories. Recall the inert morphism p; from Defi-
nition 5.1.1.5. Then q: €% — 0% 4s an O-monoidal co-category if and only if every

sequence (p;: C' — C;)™, of p-cocartesian lifts p; of p; induces an equivalence
CE ~ ﬁ e, (5.2.1.2)
i=1
of co-categories, for every m > 1.
Proof. — See [HA, Proposition 2.1.2.12]. O

5.2.1.18. Definition. — Let p: O® — JFin, be an oo-operad and let ¢: C® — 0%
be an O-monoidal co-category. The underlying O-monoidal co-category C of €% is
defined as the fibre product C® x 9o O%)'
By abuse of notation, we conflate €® — O® and C whenever convenient.

5.2.1.19. Definition. — Let p: O® — JFin, be an occ-operad. For O-monoidal
oo-categories ge: €® — 0% and gp: D® — 0%, an O-monoidal functor from €
to D is an oc-operad map from €% to D® which carries ge-cocartesian morphisms
to gp-cocartesian morphisms. Let S"un% (€, D) denote the oo-category of O-monoidal

functors from € to D.
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5.2.1.20. Definition. — Let D be an oo-category admits finite products and
let p: O® — Fin, be an oo-operad. An O-monoid in D is a functor F': O® — D of

m

oo-categories such that every sequence (p;: C' — C;)!

m . of p-cocartesian lifts p; of p;

induces an equivalence

FC) 5[] F @) (5.2.1.3)
i=1
in the oo-category D, for every m > 1.

5.2.1.21. Remark. — Definition 5.2.1.20 is a generalisation of Segal’s condi-
tion [Seg74] for commutative topological monoid to an arbitrary oo-operad. In the
situation of Definition 5.2.1.16, a cocartesian fibration €% — O is equivalent to a func-
tor O® — Cate, of co-categories, by straightening [HTT, Theorem 3.2.0.1]. Under this
correspondence, an O®-monoidal co-category is an O-monoid in the co-category Catqg

of co-categories, by Proposition 5.2.1.17.

For every natural number r, recall the unique morphism f,: (r) — (1) of finite
pointed sets such that f!(pt) = pt.

5.2.1.22. Definition. — Let p: O® — Fin, be an co-operad. For r € N, an r-ary
operation f-(O) consists of the following data:
(i) A colour C and a sequence (C;)1<i<, of colours of O® (see Definition 5.2.1.3).
(ii) An object C; of O% corresponding to the sequence (C;)1<i<, under the equiv-
alence (5.2.1.1).
(iii) A morphism f,.(0): C, — C such that p(f.(0)) ~ f;.

5.2.1.23. Example. — In the situation of Definition 5.2.1.20, an O-monoid in D
consists of the following data (informally speaking):
(i) For each colour C; € O%, an object X¢, = F(C;) in D.

(ii) For each r-ary operation f,.(0), an “O-multiplication”

(fr)s: Xey x Xey x -+ Xo, ~ F(Cp) = F(C) = X¢,

induced by the morphism f, and the equivalence (5.2.1.3), for every r € N.
(iii) Suitable structures and compatibilities among the O-multiplication maps up to
coherent homotopy, which are described by the evaluations of F' at morphisms
of 0%,
For example, let O be the commutative co-operad Com. Then a Com-monoid is an
object X = F((1)) of D together with a multiplication

X x X 5 F((2) L5 F((1) = X

induced by the morphism f: (2) — (1), and a unit map F({pt}) — X, where the
multiplication is unital and commutative up to coherent homotopy. In other word, it

is a (oco-categorical) commutative monoidal in D.
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5.2.1.24. Definition. — Let f: P® — O® be an oc-operad map and let g: C® — 0%
be an O-monoidal co-category. A P-algebra in € is a map a: P® — C¥ of co-operads
such that goa ~ f.

The oco-category Algp,o(C) of P-algebras in € is defined as the full co-subcategory
of the oo-category Jun ge (P, €¥) of functors over 0¥ whose objects are P-algebras
in C.

5.2.1.25. Notation. — In the situation of Definition 5.2.1.24, we write Alg ¢ (C)
instead of Algy,o(€) if f is the identity map of O%. If 0% is Com® ~ Fin, and f
becomes the structure map of the oo-operad P, we simplify Algs,(C) by Algs(€).

5.2.1.26. Remark. — Using the notation of Definition 5.2.1.24, one can define
a more general notion of algebra over an oc-operad by assuming only that ¢ is a
categorical fibration of the underlying simplicial sets of the co-operads,'” see [HA,
Remark 2.1.1.13, Definition 2.1.3.1]. In this thesis, we work only with the definition of al-
gebras over an oo-operad as Definition 5.2.1.24. Also note that our notation Algyp ¢ (€)

differs in certain situations from Lurie’s notation, cf. [HA, Definition 2.1.2.7].
5.2.1.27. Proposition. — In the situation of Definition 5.2.1.2/, the fibre prod-
uct (€ xo P)® = C¥ xge P® together with the canonical map
(G X© fP)@ — P®
is a P-monoidal co-category whose underlying P-monoidal co-category is
~ ®
CxpgP~C XO%) T<1>.
Furthermore, there exists the following equivalence of co-categories:
Algp (€ xo P) = Algy o (C).
Proof. — The proposition follows from the fact that cocartesian morphisms are stable

under base change, see [HTT, Proposition 2.4.2.3]. O

5.2.1.28. Remark. — Let O® — Fin, be an oc-operad and let ¢q: C® — 0%
be an O-monoidal co-category. Recall that g is equivalently to an O-monoid in
the oo-category Cate, of small oco-categories (see Remark 5.2.1.21). Thus the
O-multiplications on ¢, as described in Example 5.2.1.23, are functors

®e:ecl Xecl ><-'~ecr—>ec,

for every pair ((C;)1<i<,, C) of an r-tuple (C;) of colours of O% and a colour C of O.

(®)A categorical fibration is a fibration in the Joyal model structure for simplicial sets [HTT,
Theorem 2.2.5.1].
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Recall the notations about operations of O® from Definition 5.2.1.22. An O-algebra

in € is a co-operad map A: O® — C® together with a commutative dlagram

of co-categories, which we can informally consider as the following data:
(i) For every colour C' € (9(1), an object Xe := A(C) in Cc.
(ii) For every r-ary operation f.(0): Cr — C, a morphism

my: Xeo, ®e X, ®c - ®e X, = X,
obtained as follows: Setting X, = A(C;), there are two morphisms
[(0): X; = Xo, ®e Xe, ®e -+ Xo, and A(f-(0)): X, - X¢

lifting f,.(0), where f.(O) is the g-cocartesian lift. Thus the universal property
of g-cocartesian morphisms induces the morphism m,..

(iii) Structures and compatibility of the “multiplications” m,. for > 0 up to coherent
homotopy, obtained from operations of O® and the universal property of the
cocartesian fibration g, see also [HTT, Remark 2.4.1.4].

Therefore, we regard Definition 5.2.1.24 is an infinity categorical generalisation of
the classical definition of algebras over an operad, cf. Definition 5.1.0.9.

5.2.1.29. Proposition. — Let O® — Fin, be an oo-operad and let q: C® — OF
be an O-monoidal co-category. Assume that there exists a map f: Triv® — O® of

oo-operads. Then the evaluation of f at (1) induces a trivial Kan fibration

‘Alg‘.Triv/O(e) = G F

Proof. — This is a consequence of [HA, Example 2.1.3.5, Remark 2.1.3.6]. O
5.2.1.80. Definition. — Recall the commutative oo-operad Com® from Exam-
ple 5.2.1.7.(iv).

(i) A symmetric monoidal co-category is a Com-monoidal co-category €% — O%.
By Example 5.2.1.23, the underlying oo-category € is equipped with a symmetric
monoidal product ®e: € x € — € and a symmetric monoidal unit 1le € C
where ®¢ is associative, commutative and unital up to coherent homotopy.

(ii) A symmetric monoidal functor is a Com-monoidal functor between symmetric
monoidal co-categories.

(iii) A laz symmetric monoidal functor between symmetric monoidal oo-categories is
an oo-operad map between the underlying co-operads of the source and target
symmetric monoidal co-categories.
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5.2.1.31. Example. —

(i) The oco-category of Ho of homotopy types can be endowed with the cartesian
symmetric monoidal structure: the symmetric monoidal product is the cartesian
product of homotopy types and the symmetric monoidal unit is the point pt.

(ii) The oco-category 8p of spectra admits a unique symmetric monoidal structure
where the symmetric monoidal product ® is the smash product of spectra
and the unit of the symmetric monoidal structure is the sphere spectrum.
Furthermore, the smash product preserves small colimits in each variable,
see [HA, Corollary 4.8.2.19].

5.2.1.32. Proposition. — let F': C — D be a lax symmetric monoidal functor
between symmetric monoidal co-categories. Let p: O® — Fin, be an co-operad. Then

there exists an induced functor
F.: Algg(€) = Algo (D)

of oco-categories of O-algebras.
Proof. — This follows from Definitions 5.2.1.24 and 5.2.1.30. O

5.2.1.33. Proposition. — Let C be a symmetric monoidal oo-category. There exists

an equivalence Alge (C) ~ €y, of co-categories.
Proof. — See [HA, Proposition 2.1.3.9]. O

5.2.1.34. Example. — A commutative algebra object in a symmetric monoidal
oo-category € is an object of Alge,,,,(€). By Remark 5.2.1.28 it is an object X € C
together with a unit map 1l¢ — X and a multiplication p: X ®e X — X such that pu

is unital, associative and commutative up to coherent homotopy.

5.2.1.35. Ezample. — Let p: O® — Fin, be an co-operad. For a natural number
m > 1 recall the set m = {1,2,...,m}. Let k: m — O% — 0% be a diagram in 0%,

For every 1 <1i < m denote C; := k(7). Let Cy, be an object of O‘?m) corresponding
to the sequence (Cy,Cy,...,C,,) of colours under the equivalence (5.2.1.1). By Defi-
nition 5.2.1.3.(ii) the p-limit &: m* — 0% of k exists and is given by &(<) ~ Cp,.

Let ¢: C® — Com® be a symmetric monoidal co-category and F: O% — C® be
an O-algebra in €. By the definition of maps of oco-operads we see that F(C,,) is
a ¢-limit of F'ok. In particular, if the symmetric monoidal structure on € (modelled by
q) is cartesian, i.e. ®e is equivalent to the cartesian product, then F(C,,) is equivalent

to the product of F(C;)’s, that is, F' is an O-monoid, cf. Definition 5.2.1.20 and
see [HA, Proposition 2.4.2.5].
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5.2.2. Associative algebras and left modules. —

5.2.2.1. Definition. — A monoidal co-category is an Ass-monoidal category. Simi-
larly as in Definition 5.2.1.30 we can define monoidal functors (Ass-monoidal functors)

and laxz monoidal functors.

5.2.2.2. Corollary. — Let F': C — D be a lax monoidal functor between monoidal
oo-categories. Then there exists an induced functor

Fo: Alg) 4 (€) = Alg) 44(D)

of oco-categories of associative algebras. O

5.2.2.3. Remark. — By Definition 5.2.1.16 and Example 5.2.1.23, the underlying
oo-category C is equipped with a unit 1le¢ object and a monoidal tensor product

functor ®e: € x € — € which is unital and associative up to coherent homotopy.

5.2.2.4. Definition. — Let C be a monoidal oco-category. The oo-category of
associative algebras in C is defined as the co-category Alg, 444(C).

5.2.2.5. Remark. — By similar analysis as in Remark 5.2.1.28, one can consider
an associative algebra in €, i.e. an object of Alg, 1ss(C), as an object X of € together
with a unit map 1le¢ — X and a multiplication X ®e X — X which is associative and

unital up to coherent homotopy.

5.2.2.6. Example. — Let C be an co-category. The co-category Fun(C, €) of functors
is the underlying monoidal co-category of a monoidal oo-category Fun(C, €)® — Ass®.
The monoidal tensor product is given by the composition of functors and the monoidal
unit is the identity functor. See [HA, Example 4.1.8.7, §4.7].

A monad of € is an associative algebra in the monoidal co-category Fun(C, @),

cf. Definition 5.1.2.3.

5.2.2.7. Situation. — Recall the left module co-operad LM® (see Example 5.1.0.15)
and the map Ass® < LM® of co-operads (see Example 5.2.1.7). Let €® — LM® be

a LM-monoidal oco-category. Denote
CY == C® @ e Ass®.

Then €% — Ass® is a monoidal co-category whose underlying monoidal oo-category
is denoted by C,.

By Example 5.2.1.23 we can consider the underlying £M-monoidal co-category of C®
as a pair (G4, C,,,) of co-categories together with a functor €, x C,,, — C,,, ezxhibiting C,,
as a left module over C,, see also [HA, Remark 4.2.1.2].
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5.2.2.8. Proposition. — In Situation 5.2.2.7, the map Ass® — LM® of oo-operad

induces a functor

fOI‘ng ‘Alg/LM(e) - ‘Algﬂss/LM<e) = ‘Alg/ﬂss(ea)’

which is a cartesian fibration.

Proof. — The first arrow is induced by the composition of functors and the second
equivalence is given by Proposition 5.2.1.27. It is proven in [HA, Corollary 4.2.3.2]

that forg,, is cartesian. O

5.2.2.9. Remark. — An object of Alg, »7(C) is a pair (A, M) € €, x €, together
with morphisms
ARA—Aand A@M — M

in @ satisfying certain compatibility conditions, see Remark 5.2.1.28. In particular, A
is an associative algebra object of C, and these data exhibits M as a left module
over A. The functor forg,, shall be considered as the forgetful functor sending (A, M)
to A.

5.2.2.10. Definition. — In Situation 5.2.2.7, let A € Alg,.(C,) be an associative
algebra of C.
(i) The oo-category LModa(C) of left A-modules is defined as the fibre prod-
uct Alg, £ (C) Xalg, ,..(€.) A° where the functor A? — Alg s/ £ (€) sends
the vertex to A.
(ii) There exists a forgetful functor

forg 4: LMod4(C) — Gy,
defined as the composition

£ModA(€) 12 Alg) c30(€) L Fun(LME,,€) 2 ¢,

where (a) is the canonical functor in the pullback diagram defining £LMod 4(€)
and (b) is given by restricting to the co-subcategory LM%) of LMP.

5.2.2.11. Proposition. — In Situation 5.2.2.7 a morphism f: A — B € Alg, 44(Ca)

of associative algebras of C, induces a commutative diagram

LModp(€) —— 5 £Moda(C)

of co-categories.
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Proof. — Recall the cartesian fibration forg,, from Proposition 5.2.2.8. By straight-

ening it corresponds to a functor
Alg, 455 (Ca)P = CAT

sending an associative algebra A to the oco-category LMod(€C). Furthermore, a
morphism g € Alg) ;5(€) is a forg,,-cartesian morphism if and only if the induced
map ev,,(g) is an equivalence.

The functors f* and forgp and forg, are defined as the forg,,-cartesian lifts of
the morphisms f and 1¢, = B and le, — A, respectively, where we consider the

monoidal unit 1¢, an associative algebra with trivial multiplication. O

5.2.2.12. Example. — Let C be an co-category. There exists a LM-monoidal co-cate-
gory M(C)® — LM® such that

M(€)q =~ Fun(C, €) and M(C),, ~ C.

Thus an object of the oo-category Alg, ;3 (M(C)) is a pair (T, M) of a monad T of
C and a left module M over the monad T. See [HA, §4.7] for more details about

oo-categorical monads and left modules over a monad.

5.2.3. Monads and monadic adjunctions. — We need the following statements

about monadic adjunctions for our later applications.

5.2.3.1. Proposition. — Let F: C = D :G be an adjunction of co-categories. The
following statement hold:
(i) The composition G o F' admits the structure of a monad on C: The unit map is
the adjunction-unit ide — GoF and the multiplication (GoF)o(GoF) — GoF
s induced by the adjunction-counit.

(ii) The functor G admits the following factorisation

e ¢ D
fm‘m /
LModgor(€).
Proof. — See [HA, Proposition 4.7.3.3]. O

5.2.3.2. Definition. — In the situation of Proposition 5.2.3.1, the adjunction F 4 G

is monadic if the induced morphism G’ is an equivalence of co-categories.

5.2.3.3. Theorem (Barr—Beck, Lurie). — Let F': € = D :G be an adjunction
of co-categories. Then the following statements are equivalent:
(i) The adjunction (F,G) is a monadic adjunction.

(ii) The right adjoint G satisfies the following properties:
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(a) It is conservative, i.e. a morphism f in D is an equivalence if and only
if G(f) is an equivalence.
(b) The colimit of every G-split simplicial object (see [HA, Definition 4.7.2.2])

in D exists and is preserved by G.

5.2.3.4. Example. — In the situation of Example 5.2.2.12, let T' be a monad on C.
The forgetful functor forgy: LModr(€) — C admits a left adjoint freer, see [HA,
Corollary 4.2.4.8]. Furthermore, this adjunction freer - forg, is monadic by the
Barr—Beck theorem, see [HA, Lemma 3.2.2.6, Example 4.7.2.5]. In particular, there

exists an equivalence T' ~ forg o freep of monads.

5.2.3.5. Proposition. — Let F': C = D :G be an adjunction of oo-categories.
Let T: € — € be a monad on C such that G admits a factorisation G ~ forgp oG/
where Gin: D — LModr(C).

Then there exists a morphism h: T — G o F' of monads, uniquely up to contractible

choice, inducing the following commutative diagram of oo-categories:

Proof. — This follows from the universal property of G o F', being the endomorphism
object of G, see [HA, p.658, §4.7.1, Lemma 4.7.3.1]. It suffices to show that the
factorisation G’ induces a natural transformation T'o G — G. Note that we can

write T o G as the following composition

forg

D Ty LModr () 2B @ FT £Mod(€) e.

Thus the morphism & is induced by the counit freer o forg; — id of the adjunction. O

5.2.4. oco-operads in a presentable symmetric monoidal co-category. —

The notion of co-operad generalises the classical notion of simplicial or topological op-
erads to oo-categorical settings; the collection of r-ary operations of an co-operad (Def-
inition 5.2.1.22) with a fixed sequence of colours forms an co-groupoid, unique up to
homotopy, see [HA, Notation 2.1.1.16]. For our later applications, we need the notion of
oo-categorical operad with values in some other co-categories, e.g. the co-category Sp
of spectra. The goal of this section is to introduce a model for one-coloured oco-operads

with values in an arbitrary presentable symmetric monoidal oco-categories € using
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symmetric sequences and monads on C, generalising the correspondence between

operads and monads in 1-categorical setting Theorem 5.1.2.10.

5.2.4.1. Definition. — Let O® — Fin, be an oco-operad and let q: C® — O% be
an O-monoidal co-category. For a set £ of simplicial sets, we say that C is compatible
with J -indexed colimits if for every K € &

(i) K-indexed colimits exists in G(?m> for every m > 0, and

(ii) the (O-monoidal) tensor product ®e of € preserves K-indexed colimits in each

variable, cf. [HA, Definition 3.1.1.18].

5.2.4.2. Definition. — An co-category C® together with a functor ¢: C® — Com®
is a presentable symmetric monoidal co-category if
(i) €? with ¢ is a symmetric monoidal co-category,
(ii) C® with ¢ is compatible with small colimits, and
(iii) the underlying Com-monoidal co-category is a presentable co-category.
We say C is the underlying presentable symmetric monoidal co-category of C®. By

abuse of notation we conflate €® — Com® and € whenever convenient.

5.2.4.3. Remark. — Endow the oco-category Prl of presentable oo-categories and
cocontinuous functors (see Definition 1.1.2.14) with the symmetric monoidal structure
constructed in [HA, Proposition 4.8.1.15]. Then a presentable symmetric monoidal
oo-category is a commutative algebra object in Prt.

Let € and D be presentable symmetric monoidal oco-categories. A morphism from

€ to D in Alge,, (Pr") is a cocontinuous symmetric monoidal functor. Let
&"un%rL(G, D) = Mor 415, (7:19(C, D)
denote the oo-category of cocontinuous symmetric monoidal functors from € to D.

5.2.4.4. Situation. — In the rest of this section we work with a presentable sym-

metric monoidal co-category C.

5.2.4.5. Definition. — Recall the category Fin of finite sets and its maximal

subgroupoid Fin~ from Notation 5.1.2.5. Define the co-category
Fin := N (Fin)

of finite sets and the oco-category

IR

Fin~ =N (Fin

)

of finite sets and bijections. Note that Fin™ is the maximal co-groupoid of Fin.

5.2.4.6. Definition. — Define the co-category SymS8eq(C) of symmetric sequences
in € as the co-category Fun(Fin~, €) of functors. For F' € Sym8eq(C), let F(r) denote
the evaluation of F' on the object r = {1,2,...,r} for r € N, where 0 := 0.
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5.2.4.7. Example. — Let X be an object of C.
(i) Define the symmetric sequence X in € as X®(1) := X and X®(r) is the initial
object of € for every r # 1.
For X = 1 we call 1? the unit symmetric sequence in C.
(ii) Define the symmetric sequence X in € as X (0) := X and X (r) is the initial
object of € for every r # 0.

5.2.4.8. Construction. — Here we construct a monoidal structure on the

oo-category Sym8eq(C) of symmetric sequences where the monoidal tensor product
©®: S8ym8eq(C) x SymSeq(C) — SymSeq(C),

is called the composition product and the unit of the monoidal structure is the
unit symmetric sequence 15. We learnt the construction from [Bral7, §4.1.2]. As
the name suggests, we consider this as the oo-categorical generalisation of the ordi-
nary-categorical composition product (see Theorem 5.1.2.10), see also (5.2.4.3). Briefly
speaking, this monoidal structure is induced by the composition of endofunctors of
the oo-category SymS8eq(C).

First let us review some oo-categories:

(i) The oco-category Fin~ admits a symmetric monoidal structure where the sym-
metric monoidal product is given by disjoint unions of sets and the symmetric
monoidal unit is the empty set. Endowed with this symmetric monoidal struc-
ture, the co-category Fin~ is the free symmetric monoidal co-category generated
by the one-point set. For a proof, see [Heil8, §2.2.1, Proposition 6.82].

(ii) The oo-category Ho of homotopy types is the free presentable co-category
generated by a point under small colimits, see [HTT, Theorem 5.1.5.6].

(iii) The oco-category SymS8eq(Ho) of symmetric sequences in homotopy types admits
a symmetric monoidal structure by Day convolution [HA, §2.2.6]. The symmetric
monoidal unit is the symmetric sequence pt (see Example 5.2.4.7). With this
symmetric monoidal structure Sym8eq(Ho) is the free presentable symmetric
monoidal co-category generated by the unit symmetric sequence 120, by the
universal property of the Day convolution, see [Heil8, §6.1.2].

The Day convolution endows the oo-category Sym8eq(€) with the structure of a

presentable symmetric monoidal co-category, where the symmetric monoidal unit is 1.

Evaluation on the generator induces the following commutative diagram

Fung,r. (Ho, ) = e

evpg

| -

Fungp,r (SymSeq(Ho), SymSeq(C)) CN SymSeq(C)

where the left vertical arrow is given by compositions.
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Using the functor (—) we can consider SymSeq(C) as an object in the
slice (00, 2)-category Algeom(?rL)e , of presentable symmetric monoidal oo-categories
under C. Let

?un?rL’e/(—, =)
denote (00, 1)-category of morphisms in Algeom(TrL)e/. The oco-category SymSeq(C)
is the free presentable symmetric monoidal co-category under C generated by the unit

symmetric sequence 1?, by the equivalences

Fun (8ym8eq(€), D) @ Funf | (SymSeq(Ho), D) ~ D (5.2.4.1)

e/

for every D € Algeym (Pr)e /- The equivalence () is obtained from the adjunction [HA,
Remark 4.3.3.3]

— @, C: Alggoy (Pr') 2 Alggey (Prh)e : forge
and the following equivalences
Sym8eq(Ho) @p,r € ~ Fun™ (SymSeq(Ho), €) ~ SymSeq(€C).

of oco-categories, where Fun® (=, —) denotes the oo-category of functors admitting
left adjoints. The above two equivalences hold by [HA, Proposition 4.8.1.16,
Lemma 4.8.1.17].

Taking D = Sym8eq(C€) the equivalence (5.2.4.1) becomes the equivalence

ev: Tﬁm%r%/ (Sym8eq(C), SymSeq(€C)) =+ SymSeq(C), (5.2.4.2)

given by evaluating at 1%5. Via this equivalence, the monoidal structure on the co-cate-
gory ff"un;?rLe/ (SymS8eq(C), SymS8eq(€)) (with compositions of endofunctors as the
monoidal product) induces a monoidal structure on the co-category Sym8eq(C). The
monoidal unit is the unit symmetric sequence 1. Note that we need to make a choice
of the monoidal structures, since compositions of endofunctors is not commutative.

Let (F = ev(F),G = ev(G)) be a pair of two symmetric sequences in €. The
composition product F'© G of F with G is defined as

FoG=ev(GoF).

Furthermore, we have the evaluation

(Fea)(n~]] [ Fo)es, (®7,G(S)) (5.2.4.3)
n>0 \r=u?_,S;

for every r € N. We postpone the calculation of (5.2.4.3) to Appendix A.1.

5.2.4.9. Convention. — Let qo: Sym8eq(€)® — Ass® denote the (just-defined)
monoidal oo-category whose underlying monoidal oo-category is Sym8eq(C) and the

monoidal tensor product is the composition product (5.2.4.3).
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5.2.4.10. Proposition. — We can generalise results of Theorem 5.1.2.10 to
oo-categorical settings:

(i) The composition product induces a monoidal functor
Sym8eq(€) — Fun(SymSeq(C), SymSeq(C))
F— (G~ FoG),
with respect to the composition product and the composition of endofunctors of
the oo-category Sym8eq(C).
(ii) Recall the symmetric sequence X (see Example 5.2.4.7) for an object X € C.

We have the following equivalences in C:

[Lso (F(n)® X®")g , forr=0,

(FeX)(r)~
the initial object of C, otherwise.

(iii) Consider C as an oo-subcategory of Sym8eq(C) via the functor (—). Then there

exists an induced monoidal functor
SymSeq(€) — Fun(C, C)
F—(X—FoX),

with respect to the composition product and the composition of endofunctors of
the co-category C

Proof. — (i) The inclusion Prt < CAT . is lax symmetric monoidal, by [HA, Proposi-
tions 4.8.1.4 and 4.8.1.15]. Thus we can consider SymSeq(C) as a monoidal oo-category
in the cartesian monoidal co-category CAT ., (see [HA, Remark 4.8.1.5, p.185]).(")
Therefore, the composition product induces a morphism

Sym8eq(C) — Fun(SymSeq(C), SymSeq(C))
F— (G~ FoG),
in CAT by the (Tensor 4 Hom)-adjunction, since the symmetric monoidal structure
on CAT is closed [HA, Remark 4.8.1.6]. The monoidality of the above functor
(morphism) follows from the associativity of the composition product.

(ii) This follows by computations with the formula (5.2.4.3).
(iii) It is a corollary of (i) and (ii). O

5.2.4.11. Definition. — A (one-coloured) co-operad with values in C is an asso-
ciative algebra object in the monoidal co-category qe: SymSeq(C)® — Ass®. Define
the oco-category Opd(€) of oo-operads with values in C as

(6) A monoidal co-category is cartesian if the monoidal product is given by the cartesian product.
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5.2.4.12. Corollary. — The monoidal functor from Proposition 5.2./.10.(iii) in-

duces a functor
Opd(C) ~ Alg 4 (Sym8eq(C)) — Alg 4. (Fun(C, C))

assigning to an oc-operad O with values in € its associated monad T. Moreover, we
obtain an equivalence
To(X) ~ [] (0(r) ® X®7) g
r>0
for every object X € C. O

r

5.2.4.13. Definition. — Let O be an oco-operad with values in €. An O-algebra
in C is a left module in € over the associated monad T¢ (see Example 5.2.2.12). We
set the following notations:
(i) Let Algy(C) denote the co-category LModr, (€) of O-algebras in C.
(ii) Whenever we denote LModr, (€) by Algy(C), we abbreviate the forgetful
functor forgyp, : LModr, (€) — € (see Definition 5.2.2.10.(ii)) by forg.

5.2.4.14. Example. — Consider the following elementary example. The unit sym-
metric sequence 1% is an oo-operad with values in €, since it is the image of the identity
functor under the equivalence (5.2.4.2). Moreover, every object of € is canonically
an algebra over 1% via the identity morphism of X. Thus we say that 1% is the

trivial co-operad with values in €, denoted also by Trive.

5.2.4.15. Proposition. — A morphism f: O — P of co-operads with values in C
induces a forgetful functor f*: Algs(C) — Algy(C) such that forgy of* ~ forgs. This

1s illustrated by the following commutative diagram of co-categories:

Algyp (@) —— 5 Algy (@)
fO& Ao

Proof. — This is an example of Proposition 5.2.2.11. In particular, the forgetful
functor forgy and forgy are induced by the canonical morphisms Jrive — O and
Jrive — P in Opd(C) respectively, see Example 5.2.4.14. O

5.2.4.16. Proposition. — Let f: O — P be a morphism of co-operads with values

in C. There exists an adjunction

fir Alge(C) = Algsp(€) : f™.

Proof. — Tt is shown in [HA, Corollary 4.2.3.3] that f* preserves small limits. Since €
is presentable, the co-category LMod g (@) is presentable for every monad on € and f*
is accessible by [HA, Corollary 4.2.3.7]. Thus, the existence of the adjunction follows
from the Adjoint Functor Theorem [HTT, Corollary 5.5.2.9]. O



5.2. A quick course on oco-operads 141

5.2.4.17. Corollary. — The forgetful functor forge, admits a left adjoint
freeg: € — Algy(C),

and the monad forgy ofreen is equivalent to the monad Ty, i.e. the adjunction

is monadic.

Proof. — The existence of the adjunction follows from Proposition 5.2.4.16. The
monadicity of the adjunction is explained in Example 5.2.3.4. O
5.2.4.18. Proposition. — In the situation of Proposition 5.2.4.10, for every

O-algebra X € Algy(C), the P-algebra fi(X) is equivalent to the geometric realisation
of the following simplicial object

Bar(freep, T, forgy (X)) = ( - (freep T5)(X)

il

(freep To)(X) < freep(X) ) ,

where X in the formula is an abbreviation for forgy (X) (meaning the underlying object,

not to be confused with the symmetric sequence).

Proof. — Let X be an O-algebra. Then X is equivalent, as an O-algebra, to the
geometric realisation of the following simplicial object

*>
Bar(freco, To, forge (X)) == < -+ (freeo T2)(X) g (freep To)(X) < freeo(X) )

in Algy(X). Indeed, the simplicial object Bar(freeo, To, forgy (X)) admits an aug-
mentation to X given by the counit of the adjunction freey - forgy, which induces

the following morphism in Algy(C).
c¢: |Bar(freeg, To, forgy (X)) — X,

where |—| denotes the geometric realisation. Applying forg, to ¢ induces an
equivalence between the geometric realisations of the induced simplicial ob-
ject forgy (Bar(freep, T, forgy(X))) and forgy(X). Since the functor forgy is
conservative (see Theorem 5.2.3.3), the morphism c is an equivalence in Algy(C) at
the first place.

Applying the cocontinuous functor fi, we obtain

HhX ~f (hﬂBar(freeo,To,X»

—
=t (- fllreen T)(X0) = Aillreeo To)() == fiieen()) |
—
—
. — _—
~ lim ( -+ (freep T2)(X) T (freep To)(X) —— freep(X) ) ,
where the last equivalence holds by the equivalence f o freeg) ~ freep (the functor f
preserves free algebras) which is a consequence of Proposition 5.2.4.15 and Corol-

lary 5.2.4.17. O
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5.2.4.19. Definition. — An augmentation of an co-operad O with values in C is a
morphism e: O — 1% of co-operads. An augmented oco-operad is an oo-operad together

with an augmentation.

5.2.4.20. Example. — Let e: O — 1% be an augmented co-operad with values in C.

The augmentation € induces an adjunction
indecy: Algy(€C) = € : trive .

Every object X € C is canonically an algebra over the unit symmetric se-
quence (see Example 5.2.4.14). The induced O-algebra structure on X is given by
To(X) — Tye (X) — X. Thus the right adjoint is denoted as the trivial O-algebra

functor trivg. By adjunction we have an equivalence
Mapg (indeco (Y'), X) = Map 43, (¢) (Y; trive (X)) .

Informally, for a morphism Y — trive (X) of O-algebras, any decomposable elements
in Y, i.e. elements that are “O-multiplications” of other elements must be sent to zero,
since the O-algebra multiplication on trive(X) is trivial. Therefore, we call the left

adjoint indecy the “indecomposables”.

5.2.4.21. Example. — Let ¢: O — lg be an augmented oo-operad with values in C.
We have the following composition of adjunctions:
free indec
C = Algy(C) = ¢
forg triv
from Corollary 5.2.4.17 and Example 5.2.4.20, where we omitted the subscript O from

the notations. In particular, the compositions indec o free and forgo triv are both

equivalent to the identity functor of C, since e oi = idlg.

5.2.5. Comparison of models of co-operads with values in J{o. — We have
given two definitions of co-operads with values in Ho, one using the co-category of oper-
ators (see §5.2.1) and the other using symmetric sequences and monads (see §5.2.4). In
this subsection we show that given an co-operad O% (Definition 5.2.1.3) there exists an
associated co-operad O (Definition 5.2.4.11) with values in Ho such that the co-category
of O®-algebras in € (Definition 5.2.1.24) are equivalent to the co-category of O-algebras

in € (Definition 5.2.4.13), for a presentable symmetric monoidal co-category C.

5.2.5.1. Proposition. — Let F: C — D be a symmetric monoidal functor in Prt.
Then F induces a monoidal functor
SymsSeq(€) — SymSeq(D),

which assigns to a symmetric sequence (M(r)),>o in C the symmelric se-
quence (F(M(r))),>q in D.
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Proof. — Post-composing with F' induces a symmetric monoidal functor
F,: Sym8eq(C) — SymSeq(D)
in Pr* with respect to the Day convolution symmetric products. We show that this
functor is also monoidal with respect to composition products from Construction 5.2.4.8,
defined using (5.2.4.2).
The functor F' induces an adjunction
—®e D: Algeom(Pri)e) = Alggom(Pr")p, : forgh
where we have
8ym8eq(D) =~ SymSeq(C) ®e D € Algeo, (Pr™)n .
Thus we can define a functor
F': S"un%rL_’e/(SymSeq(G),SymSeq(G)) — ?un?er/(SymSeq(D), SymSeq(D))
via the composition depicted below

Fun®

i ¢/ (8ym8eq(C), SymSeq(€))

F,o—

®
F gjuanrL,e/

=

Funge ,,(SymSeq(D), SymSeq(D)),

(8ym8eq(€), SymSeq(D))

where the equivalence is given by the adjunction. This gives us the following commu-
tative diagram

?un%er’e/ (Sym8eq(C), SymSeq(C)) N ?un?ery,D/ (Sym8eq(D), SymSeq(D))
ev,6 |~ ~levie
e |= = D
SymsSeq(C) SymSeq(D)

Fl
which shows that F, is monoidal with respect to the composition product on the
source and target oo-category, since the upper horizontal arrow preserves composition
of functors by functoriality. O

5.2.5.2. Remark. — Since the induced monoidal functor Sym8eq(C) — SymSeq(D)
in Proposition 5.2.5.1 is given by level-wise applying the functor F' on objects, we abuse
the notation F' for the monoidal functor Sym8eq(€) — SymSeq(D). In particular, we
obtain an induced functor

F: Opd(€) — Opd(D).
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5.2.5.8. Situation. — Let p: O® — Fin, together with an essentially surjective
morphism A° — O% be a one-coloured co-operad. Let ¢ denote the image of A°
in O‘?l), which is considered as the colour of O®. For every r € N, recall
(i) the equivalence (see Remark 5.2.1.4)
~ Xr
R.: 03, % (0F,)
of co-categories, induced by the sequence (p;);>1 of morphisms of pointed finite
sets (see Definition 5.1.1.5), and
(ii) the morphism f,.: (r) — (1) of pointed finite sets satisfying f!(pt) = pt.

For every r € N, fix an inverse @), of R, and define the co-groupoid
O(r) = J\/[apé”® (Qr(c”),c)

of morphisms lifting f, (see Definition 5.2.1.2). Note that O(r) admits a &,.-action
induced by the permutation group action on (r). We call

0 = (0(r)),>, € SymSeq(Ho)
the underlying symmetric sequence of the oo-operad O%.

5.2.5.4. Situation. — Let C be a presentable symmetric monoidal oco-category.
Then there exists a symmetric monoidal functor F: Ho — C in fPrL, unique up
to contractible choice, since Ho is symmetric monoidal and is the free presentable

oo-category generated by a point.

5.2.5.5. Theorem. — In Situations 5.2.5.5 and 5.2.5./, we obtain the following
statements:
(i) The symmetric sequence O admits the structure of an associative algebra object
in the monoidal co-category qg: SymSeq(Ho)® — Ass®.
(ii) Consider O as an co-operad with values in Ho by (i). There exists an equivalence

Algo/ Com (@) = LMOdTF(O) (e)
of co-categories, cf. Definitions 5.2.1.2/ and 5.2./.185.

Proof. — The idea is to show that the free-forgetful adjunction for Algy /i, (€) is
monadic and the associated monad is equivalent to T (o). For the detailed proof see
the proof of Theorem A.2.0.3. O

5.2.5.6. Definition. — Using the notations from Situations 5.2.5.3 and 5.2.5.4, we
define the co-category Alg (€) of O-algebras in € as the co-category LModr, , (€). By
the previous proposition this should not cause confusion with the notation introduced
in Notation 5.2.1.25

5.2.5.7. Convention. — Consider an oc-operad O with values in Ho and an

oo-operad P with values in €. Recall that there exists a unique symmetric monoidal
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functor F: Ho — € in Pr’. A morphism O — P of oo-operads denotes a mor-
phism F(O) — P of co-operads with values in C.

5.2.5.8. Remark. — Note that we denote an co-operad from Definition 5.2.1.3 by
0% and an oco-operad with values in o via symmetric sequences by O, because the
reader should think of O® the co-category of operators associated to O, analogous to

the ordinary categorical situation, cf. Definition 5.1.1.1.

5.2.5.9. Convention. — We have already omited the adjective “one-coloured” when
we consider oo-operads as symmetric sequences. If it is clear from the context in which
oo-category € we are working, we will also abbreviate “oo-operads with values in ¢”

by “oco-operads”.

5.2.5.10. Remark. — Let V be a symmetric monoidal co-category compatible
with colimits indexed by oo-groupoids (see Definition 5.2.4.1). In [Hau22] Haugseng
gives a model of (not necessarily one-coloured) oco-operads with values in V using
(“coloured”) symmetric sequences. To obtain the composition product monoidal struc-
ture on the oo-category of symmetric sequences, he generalises another construction
of the ordinary-categorical composition product by Dwyer and Hess [DH14] to the
oo-categorical settings. A key ingredient in doing the generalisation is the construc-
tion of a monoidal structure on a certain “double co-category”, using the theory
of spans [Barl7], see [Hau22, Definition 4.2.5], and relates algebras in this double
oo-category with oo-operads with values in V, see [Hau22, Corollary 4.2.8].(7) If V is in
addition presentable, then the formula for the composition product of two symmetric
sequences by the above construction coincides with our formula (5.2.4.3), see [Hau22,
Remark 4.1.18].

Haugseng shows that his model of co-operads with values in Ho is equivalent to
Lurie’s model of oc-operads (Definition 5.2.1.3), by comparing both to Barwick’s
model of co-operads [Barl8|, see [Hau22, Corollaries 4.1.12, 4.2.8]. Restricting to
one-coloured oco-operads, it is expected that these models are also equivalent to our
model of co-operad with values in Ho (defined using symmetric sequences in §5.2.4).
Let O® be an oc-operad (Lurie’s model), denote the equivalent co-operad with values
in Ho using Haugseng’s construction by Opay. In [Haul9] Haugseng defines the notion
of algebras over Oy,y in V and shows that it is equivalent to Lurie’s notion of algebras
over O% in V. Thus, by Theorem 5.2.5.5, it is also equivalent to our notion of algebras
over the oo-operad O (see Definition 5.2.4.13), if V is presentable.

Haugseng’s approach to oo-operads with values in V is certainly more general.
However, our model in the special case where V is presentable requires much fewer

prerequisites and suffices for the purpose of the thesis.

(MFor the theory of double co-categories, see [[Tau21].
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5.2.5.11. Example. — Define the symmetric sequence Come with values in €
by Come(n) := 1le for n > 0. Then, by Proposition 5.2.5.1, Come is an oco-operad
with values in €, called the commutative oo-operad: The underlying symmetric
sequence Com of the commutative co-operad Com® is of the form Com(r) =~ pt for
every r € N. There exists a unique symmetric monoidal functor F: Ho — € in Prl
and it sends the symmetric monoidal unit pt of Ho (with the cartesian monoidal
structure) to the symmetric monoidal unit 1¢ of €. Thus, by Theorem 5.2.5.5, the

oo-category Alge,,, (C) is equivalent to the co-category of commutative algebras in C.

5.2.5.12. Example. — Recall the presentable symmetric monoidal co-categories Ho
and 8p from Example 5.2.1.31. The suspension spectrum functor 3%°: Ho — 8p is
symmetric monoidal, see [HA, Proposition 4.8.2.18]. Let O® — Fin, be an oo-operad.
Then the functor £ induces an equivalence Algq (8p) ~ Algz;c(@) (8p) of co-categories
by Theorem 5.2.5.5.

5.2.5.13. Example. — Recall the oo-operad €% from Example 5.2.1.13. The
tower (5.1.0.2) of embeddings of the topological E,-operads induces the tower

L R S T e S AN S AR PR (5.2.5.1)

of oo-operads whose colimit in Opd(Ho) is equivalent to the commutative
oo-operad Com, also denoted by €.,. Therefore, we obtain by Proposition 5.2.4.15 a

tower

o Alge L (C) — Alge (€) = -+ — Alge (€)

of co-categories whose inverse limit is the co-category Algee,, (C).
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5.3. Operadic Koszul duality

Koszul duality is a classical notion in the theory of algebras and modules over
a field [Pri70], which is generalised to the theory of operads and algebras over an
operad by Ginzburg-Kapranov [GK94]. The goal of this expositional section is to
present operadic Koszul duality between co-operads and oco-cooperads, and discuss the
relationship between the associated co-categories of algebras and coalgebras. We begin
with a brief introduction of oo-cooperads and coalgebras (see §5.3.1). Then we discuss
the (Bar 4 Cobar)-adjunction between oo-cooperads and co-operads (see §5.3.2). In the
end we specialise to the context of stable presentable symmetric monoidal co-categories
and give some examples of operadic Koszul duality from a historical point of

view (see §5.3.3).

5.3.1. Coalgebras over an co-cooperad. — In this subsection we introduce the

notion of co-cooperad with values in a presentable symmetric monoidal co-category.

5.3.1.1. Construction. — Let p: O® — JFin, be an oco-operad and ¢: €% — 0%
be an O-monoidal co-category. There exists an induced O-monoidal structure on the
opposite co-category C°P, as we define in the following.

The cocartesian fibration q: C® — O® corresponds to a functor F': 0% — Caty,

satisfying the (co-categorical) Segal condition (5.2.1.2). The composition

0® L, Catoo L> Cateo

of functors is equivalent to a cocartesian fibration
(¢7)°P: (CP)® — 0%,

where (g")°P satisfies the Segal’s condition (5.2.1.2) and (C°P)® ®¢e O(?l) ~ P, (%) In
other words, the functor (¢¥)°P exhibits (C°P)® as an O-monoidal co-category whose

underlying O-monoidal oco-category is equivalent to CP.

5.3.1.2. Definition. — Let p: O® — Fin, be an oc-operad and q: €® — 0% be
a O-monoidal oo-category. An O-coalgebra X in € is an O-algebra in the opposite
monoidal co-category C°P. Denote the oo-category of O-coalgebras in € by coAlg /0 (©).

In particular, there exists the following equivalence of co-categories

O op
coAlg,o(€) = (Alg/o(e P)) .

5.3.1.3. Remark. — Unravelling the definition, an O-coalgebra in € is an object X
in € together with comultiplication maps O(r) ® X — X®" for every r € N which are
compatible with each other up to coherent homotopy. Here ® denotes the symmetric

monoidal product of €, see Remark 5.2.1.28.

(8)We use the notation from [BGN18, §1.1].
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5.8.1.4. Example. — Let €% — LM® be a LM-monoidal co-category exhibiting C,,
as left-tensored over C, (see Situation 5.2.2.7). The oo-category coLMod(M) of
left comodules in € is defined as the oo-category (Alg, £5(€°P))°P. There exists a
forgetful functor

forg,,: coLMod(€) — coAlg, 44(Ca)

induced by the inclusion Ass® «— LM®.
Let B € coAlg, 44(Ca) be a coalgebra in €,. The oo-category coLModg(€) of
left B-comodules in C is defined as

coLModg(€) = coLMod(C) X coAlg) 4us(Ca) {B}.

5.8.1.5. Proposition. — The oo-category coLModp(C,,) admits small colimits. In
particular, the forgetful functor

forg,,: coLMod(€) — coAlg, 44 (C)

creates small colimits: A diagram in coLMod(C) is a colimit diagram if and only if

its image in coAlg, 44(C) under forg,, is a colimit diagram.
Proof. — This follows from [HA, Proposition 4.2.3.1]. O

5.3.1.6. Proposition. — In the situation of Fxample 5.5.1./, assume that
(i) the co-category C,, is a presentable, and
(ii) the functor B ® —: Cp, — C,, preserves k-filtered colimits where k is an un-
countable regular cardinal such that C,, is k-accessible.

Then the oco-category coLModp (M) is presentable.

Proof. — By [Pér22, Proposition 2.8] the co-category LMod(C) and coAlg, 44 (C) are
presentable co-categories. Then the theorem follows from [HTT, Theorem 5.5.3.13],
which says that presentable co-categories are closed under small limits in Prt and

these limits can be calculated in the oo-category CAT,, of co-categories. O

5.3.1.7. Situation. — From now on till §5.3.3 we work with a presentable symmetric

monoidal co-category € (see Definition 5.2.4.2).

5.3.1.8. Definition. — An oco-cooperad with values in € is a coassociative coalgebra
in the monoidal co-category qe: SymSeq(C)® — Ass® of symmetric sequences (see
Convention 5.2.4.9). Define the co-category of co-cooperads with values in € as

co0pd(€) := coAlg, 44 (SymSeq(C)) .
Recall the monoidal functor
Sym8eq(€) — Fun(C,€), F— (X — F o X),

from Proposition 5.2.4.10.(iii).
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5.3.1.9. Comonad. — A comonad on C is a coassociative coalgebra object in
the oo-category Fun(C, €). For an oo-cooperad £ with values in €, the associated

functor T := £ ® (—) is a comonad, by Corollary 5.2.2.2. Moreover, we have

Te(X) ~ [ (£0r) @ X))

r>0

for every object X € €, by Proposition 5.2.4.10.(ii).

5.3.1.10. Comonads and comonadic adjunctions. — Working in the opposite
categories, we obtain the “comonadic version” of §5.2.3. For example, given an
adjunction F' 4 G of oo-categories, the composition F o G admits the structure
of a comonad: The coassociative multiplication is given by the canonical natural
transformation F o Go F o G — F o G and the counit map is given by the adjunction-
counit. Moreover, the functor F' factors through the co-category coLModpoi (D) of
left comodules over F' o G. The reader can find a precise formulation of the comonadic
Barr—Beck theorem in [BM23a, Theorem 4.5]

5.83.1.11. Definition. — Let £ be an oco-cooperad with values in C. A conilpotent
divided power coalgebra over L is a left comodule in € over T, (Example 5.3.1.4).

Define the oo-category of conilpotent divided power L-coalgebras as
coAlgh™(€) == coLMod, (C).

5.3.1.12. Remark. — In the situation of Definition 5.3.1.11, a conilpotent divided
power coalgebra is an object X € C together with the comultiplication map

X = J[emex®), (5.3.1.1)
>0
which is coassociative and unital up to coherent homotopy. We explain now the added
adjectives “conilpotent” and “divided power” in our definition of coalgebras.
Unprecisely speaking, there might be another notion of coalgebras over an
oo-cooperad L. Recall that for an co-operad with values in € an O-algebra is an
object X together with the structure map
H (O ®X®)g — X
r>0
satisfying certain compatibility conditions (see Definition 5.2.4.13). Following the
intuition that “a coalgebra in € over £ is an L-algebra in the opposite category C°P” we
would like to consider an L-coalgebra as an object Y together with the structure map
Y =[] (e o ve)©, (5.3.1.2)
>0
since colimits becomes limits and the arrow of morphisms are reversed in C°P. For

example, ordinary-categorically, the formula (5.3.1.2) is sometimes used to give the
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definition for coalgebra over an cooperad, for example, see [LV, §5.7.3]. As another
example, let € be the co-category of spectra and assume that O(r) is a finite spectrum
for every r € N. Then an object Z € coAlg,(Sp) (see Definition 5.3.1.2) is an object
in € together with the structure map
Z - [ (00)Y © 257",
r>0
where O(r)" denotes the Spanier—Whitehead dual of O(r)Y. In particular, the sym-
metric sequence (O(r)"),>o forms an co-cooperad, as we will explain in €5.3.4.7. Back
to a general presentable symmetric monoidal co-category €, the technical problem to
define an coalgebra over £ as (5.3.1.2) is that the functor
SymSeq(€) — Fun(€,€), F — [ (F(r) @ (—)")"
r>0

is not oplax monoidal with respect to the composition product and the composition of
endofunctors, i.e. it does not send an oo-cooperad to a comonad.

In Definition 5.3.1.11 “conilpotent” refers to taking the coproducts and “divided
power” refers to taking the orbit of the &,-action in the structure map (5.3.1.1), as
opposed to (5.3.1.2).

5.3.1.13. Proposition. — Let L be an oco-cooperad with values in C.

(i) There exists a forgetful functor
forg, : coAlghP(C) — €

assigning to an L-coalgebra its underlying object in C.

(ii) A morphism u: L — X of co-cooperads induces a functor
. : coAlgh™ (@) — coAlghi®(C),

such that forgy ou, =~ forg,.. Furthermore, the functor u. preserves small

colimits and admits a right adjoint u'.

Proof. — This is the “coalgebra version” of Proposition 5.2.4.15. The construction
of the functors forg, and wu, is similar to that for algebras, see Definition 5.2.4.13
and Proposition 5.2.4.15, where we work instead in the opposite co-categories. The
fact that u. preserves small colimits follows by applying [HA, Corollary 4.2.3.3] in the
opposite co-categories. The existence of the right adjoint is due to the presentability
of coAlgh™P(€) (see Proposition 5.3.1.6) and the Adjoint Functor Theorem [HTT,
Corollary 5.5.2.9]. O

5.3.1.14. Definition. — A coaugmentation of an co-cooperad £ with values in C is
a morphism 7: 1(‘65 — £ of oco-cooperads An augmented oco-cooperad is an oco-cooperad

together with an coaugmentation.
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5.3.1.15. Example. — Let £ and X be co-cooperads with values in €, where K
is coaugmented. There exist the following adjunctions for coalgebras, as analogues
to Corollary 5.2.4.17, Example 5.2.4.20 and Example 5.2.4.21.

(i) The counit £ — 1§ induces the (forgetful - cofree)-adjunction

forg, : coAlgh™(C) = € : cofreey .

(ii) The coaugmentation n: 1§ — XK induces the (trivial - primitive)-adjunction

trivac: € = colghP(€) : primy .

(iii) The horizontal compositions forg o triv and prim o cofree in the diagram

trivge nd forgy
€ = coAlgiP(@) = ¢

prim g cofreey

are equivalent to the identity functor of C.

5.3.2. Bar and Cobar constructions. — The starting point of operadic Koszul
duality is a Bar 4 CoBar adjunction between oo-operads and oo-cooperads, which
induces an adjunction between the associated co-categories of algebras and coalgebras.

We explain these adjunctions in this subsection.

5.3.2.1. Construction. — Let Opd™&(C) (respectively coOpd“*"&(C)) denote the
oo-categories of augmented oco-operads (respectively coaugmented co-cooperads) with
values in €. In [HA, Theorem 5.2.2.7] Lurie constructs a (Bar 4 Cobar)-adjunction
between the oo-category of augmented associative algebras and the oo-category
of coaugmented coassociative coalgebras in a monoidal co-category which ad-
mits geometric realisations and totalisations. Thus, we can apply the adjunction
to Opd™#(€) = Alg}t  (SymSeq(€)) and coOpd®***#(€C) = coAlg”i* (SymSeq(C)),
which leads to an adjunction

Bar: Opd™&(C) & coOpd“*"8(C) : Cobar.

Let O be an augmented oco-operad with values in €. As shown in [HA, Proposi-
tion 5.2.2.5, Remark 5.2.2.8], the underlying symmetric sequence forg.,q,q(Bar(0)) of
the co-cooperad Bar(0) is equivalent to the geometric realisation of the simplicial object

—
Bar (1§,0,18) = ( 000 = o=—=1§ )

—

in Sym8eq(C). Similarly, the underlying symmetric sequence forgq,4(Cobar(£)) of a
coaugmented oo-cooperad £ is equivalent to the totalisation of the cosimplicial object

—
Cobar (1§, £,1¢) :=(1g <—*>L*><7L@L--~>
—

in Sym8eq(C). See [HA, p.826, c¢)] for some remarks regarding these explicit expressions.



152 Chapter 5. Introduction on oco-operads

5.3.2.2. Construction. — Recall that a monad on € is an associative algebra in the
monoidal co-category Fun(C, €). A monad T is augmented if it is equipped with a mor-
phism T" — ide of associative algebras in Fun(C, €). In the same manner, one can define
the notion of coaugmented comonads. Let Monad™®(€) (respectively coMnd“**"8(€))
denote the oo-categories of augmented monads (respectively coaugmented comonads)
with values in C.

We can apply [HA, Theorem 5.2.2.7] again and obtain the (Bar 4 Cobar)-adjunction

Bar: Monad®"8(C) = coMnd“**"8(€) : Cobar

between augmented monads and coaugmented comonads of €. As in the case with
oo-operads and co-cooperads, see Construction 5.3.2.1, one can write down explicit
formulas for the evaluations of Bar and Cobar on a given augmented monad and

coaugmented comonad respectively.

5.3.2.3. Proposition. — The following diagram of co-categories commutes:

Opdaug(e) Bar Coopdcoaug (e)

JT(_) JT(_) (5.3.2.1)

Monad®8(€) —22L5 coMnd™* 8 (@);

recall the functor Ty from Corollary 5.2./.12 and 95.5.1.9.

Proof. — The commutativity follows by the following arguments:

(i) The functor T(_) preserves the property of being augmented/coaugmented,
since the oo-operad/oco-cooperad structure on the unit symmetric sequence 1e
is unique.

(ii) The functor T(_y results from a colimit construction (as one can see from its

formula), which commutes with the cocontinuous functors Bar in the rows. [

5.3.2.4. Proposition. — Let O — lg be an augmented oo-operad with values
in C. Recall the adjunction (indeco 1 trivey) induced by the augmentation (see Ex-
ample 5.2./.20). The functor indecy factors through the co-category coAlggiIr)(o)(C),
given by the following commutative diagram

Algo(e) indeco e

&‘ A'Barw)

Coﬂlg%i?(O) (€)

of co-categories.
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Proof. — We will prove that the comonad indecg otrivey is equivalent to the
comonad Tpgur(p)- Then the factorisation follows from 95.3.1.10. By Proposi-

tion 5.2.4.18 we have

(indecg o trivg) (X) ~ lim Bar (freelg , T, forgg (trive (X)))
~ @Bar (freelg ,To, freelg (X))

= Tl'g Bar(l‘gﬂ,lg)(X)
= TBar(O) (X)v

where the second equivalence holds by forgy otrivy ~ ide (see Example 5.2.4.21),
and the third equivalence holds by calculation of the colimits and our assumption
on € that the symmetric monoidal product of € commutes with small colimits in each
variable (see Definition 5.2.4.2). O

5.3.2.5. Remark. — In other words, for every O-algebra X in C, its “indecompos-
ables” indecg (X)) admits the structure of a conilpotent divided power Bar(O)-coalgebra.
By Proposition 5.2.3.5., if there exists another comonad T of € such that indecy fac-
tors through the forgetful functor coLModr(€) — C, then there exists an induced

morphism Bar(O) — T of comonads, unique up to contractible choice.

5.3.2.6. Proposition. — Let 1? — L be an coaugmented co-cooperad with values
in C. Recall the adjunction trive - prim . induces by the coaugmentation (see Ex-
ample 5.5.1.15). The functor prim factors through the co-category Algcopar(c)(€).

given by the following commutative diagram

d prim
coAlg P (@) = ¢
Ck /rgCubar(ﬁ)
‘AlgCobar(L) (G) .
of co-categories.
Proof. — By Proposition 5.2.3.5 it suffices to show that there exists a mor-

phism Tcopar(c)y — primg otrivy of monads. By the same proof as in Proposi-
tion 5.2.4.18 we have

(prim g o trivg)(X) :@( X E T (X) é (Tg o Tg)(X)--- ) .

In other words there exists the equivalence of monads below

prim, otrivg ~ Cobar (Tyz) .
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Abbreviate the functor T(—) in the diagram (5.3.2.1) by T, we need to show that

there exists a natural transformation
T o Cobar — CobaroT.

By adjunction and commutativity of (5.3.2.1) the existence of the above natural trans-
formation is equivalent to the existence of one of the following natural transformations

BaroT oCobar — T and T oBaroCobar — T.

Composing T' with the counit natural transformation of the (Bar + Cobar)-adjunction

gives the second natural transformation. O

5.3.2.7. Remark. — In the situation of Proposition 5.3.2.6 we don’t have an
equivalence of monads between Tcopar(c) and primg otrive, in contrary to Proposi-
tion 5.3.2.4. This is due to the fact that the symmetric monoidal product of € does
not commute with totalisations of cosimplicial objects in general. One may consider
just adding this extra assumption to €. However, it is also not often possible to find
concrete examples of presentable symmetric monoidal co-category whose symmetric

monoidal product commutes with both geometric realisations and totalisations.

5.8.2.8. Proposition (Francis—Gaitsgory). — Let O be an augmented oo-operad
with wvalues in € and let f: Bar(QO) — L be a morphism of coaugmented
oo-cooperads. Denote the morphism adjoint to f under the (Bar - Cobar)-adjunction
by g: O — Cobar(L) (see (5.3.2.3)). Then the functor

Algo(€) 2% coAlgh® ) (€) 5 coAlgy™ (@)

is left adjoint to
coAlghtP(€) LREy Alg e (€) L5 Algy (€).

Proof. — Let L denote the left adjoint to Cobar g, which exists by the Adjoint Functor
Theorem (see [HTT, Corollary 5.5.2.9]). Recall that the left adjoint to g* is denoted
by ¢ (see Proposition 5.2.4.16).

We show that the composition L o gy is equivalent to the functor f. o Barg. Recall
from the proof of Proposition 5.2.4.18 that every O-algebra X is equivalent to a colimit
of free O-algebras. Thus it suffices to show that the functors Lo gy and f, o Barg agree
on their evaluations on free O-algebras, since both of them preserve small colimits.

Propositions 5.3.2.4 and 5.3.2.6 and Examples 5.2.4.21 and 5.3.1.15 provide the

following equivalences

Lo(grofreeg) ~ L o freecobar(c) = trive and
f« o (Barg ofreen) ~ fi o trivgay o) ~ trive,

of functors, which concludes the proof. See also [FG12, Corollary 3.3.13]. O
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5.3.2.9. Example. — Let O be an augmented oo-operad with values in €. Then iden-
tity morphism id: Bar(OQ) — Bar(0O) and its adjoint morphism §: O — Cobar(Bar(0))
under the (Bar 4 Cobar)-adjunction induce an adjunction

Barg : Algo(€) = coAlgpil o (€) :6* o Cobarpa.(o), (5.3.2.2)

which is sometimes called the Koszul duality between O-algebras and Bar(O)-coalgebras.
In §5.3.3 we will discuss the cases where §* is equivalent to the identity morphism, i.e.

the right adjoint to Barg is just given by Cobarg,,(o)-

5.3.2.10. Non-unital symmetric sequences. — Let "J"in§1 denotes the full
oo-subcategory of Fin~ (see Definition 5.2.4.5) whose objects are finite sets n for

natural numbers n > 1. The canonical inclusion i: FinS; < Fin~ induces a functor
i*: Fun(Fin~, €) — Fun(Fin,, €).
The functor i* admits a two-sided adjoint (both a left and right adjoint to i*)
(—=)": Fun(Fing,, €) —» Fun(Fin~,€), F— F*

obtained by the left/right Kan extension, where F*(r) ~ F(r) for every r > 1
and FT(0) is equivalent to the initial object of €.

One can check that (—)" is fully faithful and the co-subcategory Fun(FinZ,, €)
is closed under forming composition products. Thus Fun(FinS,,€) becomes a

monoidal co-subcategory of Fun(Fin~, €) and the functor (—)* becomes a monoidal

functor. The oco-category of non-unital symmetric sequences is defined as
SymSeqs;(€) := Fun (FunZ,, ) C SymSeq(€).

By [HA, Corollary 7.3.2.7] the functor ¢* is lax and oplax monoidal. Thus it in-
duces functors on the co-categories of associative algebras (co-operads) and on the
oo-categories of coassociative coalgebras (co-cooperads), respectively.

5.3.2.11. Definition. — Let O be an co-operad with values in C.
(i) We say O is non-unital if its underlying symmetric sequence is equivalent to an
object of Sym8eq;(C).

(ii) The deunitalisation O™ of O is defined as the non-unital co-operad
O™ = (*(0))".

(iii) We say O is reduced if O is non-unital and O(1) ~ 1e.

(iv) The co-category of O™-algebras is denoted by Algy'(€).

In the same way we can make these definitions and notations for co-cooperads.

5.3.2.12. Remark. — Assume that O is a unital co-operad in €, i.e. 0(0) ~ 1le. An
algebra X over O is equipped with a “unit map” O(0) — X. Informally speaking, we
think about algebras over O™ as an “0O-algebra” without the unit map.
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5.8.2.13. Remark. — Note that a reduced oco-operad (respectively co-cooperad) is
(co)augmented. For a reduced co-operad (respectively co-cooperad) M with values
in €, its associated monad (respectively comonad) Ty is of the form
Toe(X) = [T (M(r) @ X7 -
r>1
Indeed, M(0) ® X is equivalent to the initial object since the symmetric monoidal
product of € preserves small colimits in each variable. For the initial object I € €, the

coproduct T[] X is equivalent to X for every X € C.

5.3.3. Koszul duality. — In this subsection we discuss Koszul duality be-
tween oo-operads and oo-cooperads with values in a stable presentable symmetric
monoidal co-category.

5.8.8.1. Definition. — An oo-category C® together with a functor ¢: €% — Com®
is a stable symmetric monoidal co-category if

(i) ¢: €® — Com® is a symmetric monoidal co-category,

(if) G%m is a stable oco-category for m =1 (and thus for all m > 1), and

(iii) the symmetric monoidal product of C is exact in each variable.

We say € is the underlying stable symmetric monoidal oo-category. Furthermore,
we call g: €2 — Com® is presentable stable symmetric monoidal if it satisfies in
addition to (i)-(iii) the hypotheses in Definition 5.2.4.2. Again by abuse of notation
we conflate C® — Com® and € whenever convenient.

5.3.3.2. Situation. — For the rest of this section we work with a presentable stable

symmetric monoidal co-category C.

5.3.3.3. Theorem (Heuts). — In Situation 5.5.3.2 the (Bar 4 Cobar)-adjunction
in Construction 5.3.2.1 restricts to an equivalence between the co-categories of reduced

oo-operads and the oco-categories of reduced oocooperads with values in C.

5.3.3.4. Remark. — We include Theorem 5.3.3.3 for the completeness of our
exposition on oco-categorical operadic Koszul duality. Similar results in the ordinary
category of differential graded chain complexes over a commutative ring and in certain
model category of spectra can be found in [Fre04] and [Chi05], respectively. We learnt
about Theorem 5.3.3.3 from communications with Gijs Heuts and we read the proof
in a draft of the manuscript. For a report of the work [Heu], see [Heu20a].

We use this theorem for Proposition 5.3.3.6, and the latter is not necessary for later
applications (because the existence of such an adjunction as in Proposition 5.3.3.6 is

already given by Proposition 5.3.2.8).
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5.3.3.5. Definition. — Let O be a reduced oo-operad and £ be a reduced
oo-cooperad with values in €. We call K(O) := Bar(0) the Koszul dual co-cooperad
of O and K(£) := Cobar(£) the Koszul dual co-operad of L.

5.3.3.6. Proposition. — Let O be a reduced oco-operad with values in C. The Barg
and Cobarg oy functor defined in Propositions 5.5.2./ and 5.5.2.0, respectively, form

an adjunction

Barp: Algy(€) 2 coAlgﬁ%)(@) : Cobark (o) - (5.3.3.1)
Proof. — This is due to Proposition 5.3.2.8 and Theorem 5.3.3.3. O

5.8.8.7. Spectral co-operads. — A spectral co-operad (respectively co-cooperad)
is an oo-operad (respectively oco-cooperad) with values in the presentable stable
symmetric monoidal oo-category Sp of spectra (see Example 5.2.1.31).

The oco-category Sp is the presentable stable co-category freely generated by the
sphere spectrum S, see [HA, Corollary 1.4.4.6]. Thus, for every presentable stable
symmetric monoidal co-category C, there is a symmetric monoidal functor F': Sp — €
in Pr", unique up to contractible choice; F is determined by its evaluation F (S) ~ 1le.

By Proposition 5.2.5.1 we obtain induced functors
F: Opd(8p) — Opd(€) and
F: coOpd(8p) — coOpd(C).

Let O be a spectral oo-operad and let £ be a spectral oo-cooperad. The
oo-category Algy(C) of O-algebras in € is defined as the oo-category Algp(o)(C).
Similarly, the oco-category cofllg%dp((?) of conilpotent divided power L-coalgebras in C
is defined as the oco-category coAlg?f}%)(e). Assuming in addition that O is augmented,
we obtain an equivalence (F o Bar)(0) ~ (Bar oF)(0) of spectral oo-cooperads, since
both functors preserve small colimits. Thus in this situation the adjunction (5.3.2.2)

is still valid.

5.3.4. Examples of operadic Koszul duality. — We present in this subsection
several important examples of operadic Koszul duality. For this purpose we need
to introduce suspensions of spectral co-operads. Recall that we work with a stable

presentable symmetric monoidal co-category C.

5.3.4.1. Construction (Suspension an co-operad). — For the analogous ordi-
nary categorical construction for operads, see [GJ94; AK14; CS22]. We learnt the
oo-categorical construction from [Heil8], which we explain now.

The suspension functor X on € induces the suspension functor £ on Sym8eq(C),
given on objects by applying e pointwise, i.e. ¥§(F) ~ XeoF for a symmetric

sequence F'. For simplicity, we make the following abbreviation in this construction:

Y=Y and X=X and 1° =19
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By calculation with the explicit formula (5.2.4.3) of the composition product
we obtain
¥ (19) @ (2%)71(1%) ~ (°)71(1°) @ °(1°) ~ 1.
Under the monoidal equivalence (5.2.4.2)

®
3"unj,rL’e

(Sym8eq (@), SymSeq(€)) <5 SymSeq(€),

the symmetric sequence ¥£®(1%) corresponds to an equivalence s; in the functor
oo-category ?un?rL o(Sym8eq(C), SymSeq(€)), and an inverse equivalence sy is given
by the symmetric S(’equence (£°)~1(1°). By conjugation s; induces a monoidal auto-
equivalence of ?un%rL’G(SymSeq(G), Sym8eq(€)) and thus of SymSeq(C), illustrated
by the following commutative diagram

Fun®

oot e (SymSeq(€), SymSeq(€)) —5— SymSeq(C)

510()051{ k(ze)l(le)@(—wilﬁ(le)

Fun®

PrL’e(SymSeq(C),SymSeq(G’)) —— SymSeq(C).

of co-categories.

Recall the monoidal functor Sym8eq(€) — Fun(€, C) from Proposition 5.2.4.10,
which sends (1) to the suspension functor ¥: € — €. A functor F' € Fun(€, €) is
reduced if it preserves the zero object of €. Denote the full co-subcategory of reduced
functors by 3"unred(€7 C). Restricting to non-unital symmetric sequences (see 95.3.2.10)

we obtain the following commutative diagram
SymSeq(C))s>1 —— Fun™4 (€, €)
(26)1(16)@(_)©26(16)J( Jz—lo()oz (5.3.4.1)
SymSeq(C))s1 —— Fun'!(€, €).
of co-categories.
5.3.4.2. Definition. — Let F be a symmetric sequence in C. Define the operadic
suspension L F and operadic desuspension L~ 'F of F as the symmetric sequences
SF = (59)71(19) 0 F o (55)(1°)
ST = (58)(1%) @ F e (58)71(19)

Similarly, the functional suspension YF and functional desuspension Y1F of a
functor F € Fun(C, €) is defined as
YF = Egloﬁ oYe
YR = Z@oﬁ o Zgl
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5.3.4.8. Corollary. — The operadic suspension functors in Definition 5.5./.2 in-
duces to an auto-equivalence on the co-category of oo-operads (respectively oo-cooperads)
with values in C.

Proof. — By Construction 5.3.4.1 the operation ¥ on 8ym8eq(€) is a monoidal auto-

equivalence, with monoidal inverse given by 7. O

5.3.4.4. Remark. — In the situation of Definition 5.3.4.2, explicit calculations of

the composition products gives an equivalence
(X*F)(r) =~ X5 *F(r)

in C, for every integer z and every natural number r > 0.

5.3.4.5. Proposition. — Let O be an non-unital co-operad with values in €. There
exists an equivalence between the oco-categories Algs.o(C) and Algy(€) given by taking
the suspensions of the underlying objects, illustrated by the following commutative

diagram of co-categories

Algso(C) —— Algy(€)

forgs, OJ Jforgo

C#Mﬁ.

Proof. — Recall the LM-monoidal co-category g: M(€)® — LM® exhibiting € as
left-tensored over Fun(C, €) (see Example 5.2.2.12). The functor ¢ corresponds to a
functor LM® — CAT . of co-categories by straightening. The functional suspension ¥

of Fun(C, €) and the suspension e of € fit in the commutative diagram

Fun(C,C) x € —— €

(z*())w{ ch

Fun(C,C) x € —== ¢,

which induces a natural transformation of the functor LM® — CAT. to itself.
Recall that X71(—) denotes the functional suspension of functors. Thus, we obtain a
LM-monoidal functor ¢: M(C)® — M(C)®, illustrated by the following commutative
diagram of oco-categories
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Therefore, it induces the following commutative diagram

LMod(M(€)) —=— £Mod(M(€)) (SF, M) —— (F,Se(M))
forng Jforgm [ 1 (5342)
Alg/ﬂss(e) # Alg/}lss(e)v YF—— Fa

where we illustrated the assignments on the underlying objects on the right side.
By Definition 5.3.4.2 and the diagram (5.3.4.1) there exits a natural equiva-
lence Ty ~ YT between the associated monads of the oco-operads X0 and O (Here

we use the non-unital assumption on the co-operads). Recall that we have

Algs(€) ~ LMod(M(C)) X Alg, 4.0(€) {XTw}, and
Algo(€) = LMod(M(C)) X ag, ... e) {To},

see Definitions 5.2.2.10 and 5.2.4.13. Then the commutative diagram (5.3.4.2) induces
an equivalence

. Algs(€) = Alge(€)
of the fibres oco-categories of the vertical arrows. Finally, by the definition of the

forgetful functors (see Definition 5.2.2.10) we obtain the following commutative diagram

Algso(C) %’ Alg(C)

forgZOJ Jforgo

C—— C.
e

of co-categories. O

5.3.4.6. Remark. — We use the convention that the notation X F, where F' is a

symmetric sequence, always refers to the operadic suspension (see Definition 5.3.4.2).

5.8.4.7. Spectral operads. — The examples of spectral co-operads and operadic
Koszul duality that we will explain next are obtained from results carried out in the
context of model categories. Therefore, let us say a few words about the comparison
between model categorical operads and co-operads. We learnt this from [Bral7, §4,
Appendix D].

Let Sp denote the cofibrantly generated model category of S-modules [EKMM]. Tts
underlying co-category is equivalent to the co-category Sp of spectra. The ordinary
categorical Day convolution endows the category SymSeq(Sp) := Fun(Fin~, Sp)
of symmetric sequences in Sp a symmetric monoidal model structure, which is
induced from that of Sp. Denote the subcategory of fibrant and cofibrant ob-
jects of SymSeq(Sp) (with the just-defined model structure) by SymSeq(Sp)®°,
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and the set of weak equivalences in SymSeq(Sp) by W. Then the underly-
ing oo-category N(SymSeq(Sp)°)[W 1], see [HA, Definition 1.3.4.15], is equivalent
to the co-category SymSeq(Sp).

One can define the a strict composition product between two symmetric sequences
in Sp. This induces a binary operation on the underlying co-category SymS8eq(8p),
which is equivalent to the composition product ©@ defined in Construction 5.2.4.8.
With this strict composition product and the symmetric sequence S, the cate-
gory SymSeq(Sp) becomes a monoidal category. Furthermore, there exists the

following functor of monoidal co-categories:
®: N(SymSeq(Sp)°)[W '] — SymSeq(Sp)

An operad (respectively cooperad) with values in Sp is defined as an associative
algebra (respectively coassociative coalgebra) in the monoidal category SymSeq(Sp).
Most of the definitions we give for co-operads/oo-cooperads can be adapted to oper-
ads/cooperads with values in SymSeq(Sp), such as being augmented, reduced and
non-unital (these are defined on the underlying symmetric sequences). The category
Opdred(Sp) of reduced operads with values in Sp admits a cofibrantly-generated
simplicial model category structure, where weak equivalences are arity-wise weak

equivalences of spectra. The functor ® induces a functor
©: N(Opd™!(Sp)) — Opd™!(8p),

of oo-categories, where N denotes the simplicial nerve (see Example 1.1.1.1)
and Opdred(Sp) denotes the oco-category of reduced oo-operads with values in Sp.
See [Bral7, p.81] for more details.

Using this functor, one can construct many examples of spectral oo-operads from
operad with values in (the model category) of spectra. In [Chi05] Ching defines the
(Bar 4 Cobar)-adjunction between reduced operads and reduced cooperads with values
in Sp. Under the functor ® it is shown that Ching’s (Bar 4 Cobar)-adjunction is com-
patible with our oo-categorical (Bar 4 Cobar)-adjunction (see Construction 5.3.2.1),
see [Bral7, Lemma 5.4.14, Proposition 5.4.19].

Let L be a reduced cooperad with values in Sp. It is shown in [Chi05, Lemma 6.1]
that one can define a reduced operad LY with values in Sp by taking the arity-wise
Spanier—Whitehead dual, i.e.

LY(r) := Map(L(r),S)

for every r > 1, where Mlap denotes the mapping spectrum. Let O be a reduced
operad with values in Sp. Denote the reduced cooperad obtained from O via the

(ordinary categorical) Bar construction by Bar(O). Denote

O == ®(0) € Opd™(8p).
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Define the symmetric sequence Bar(O)V € Sym8eq(8p) by applying arity-wise the
Spanier—Whitehead dual functor to the underlying symmetric sequence Bar(O) of the
oo-cooperad Bar(©). One can check by the explicit construction of ® that Bar(0)"

is equivalent to the underlying symmetric sequence of ®(Bar(O)Y), which in turn
equips the symmetric sequence Bar(0)" the structure of an oo-operad with values

in 8p. Thus we denote
Bar(0)Y = ®(Bar(0)") € Opd(8p).

5.3.4.8. Definition. — Given two operads O and P with values in Sp, we say O

and P are Koszul dual if there exists an (model categorical) equivalence
Bar(O)" ~P.

Denote P := ®(P). We say that the co-operads O and P are Koszul dual if
Bar(0)" ~ P.

5.8.4.9. Example. — Consider the non-unital commutative operad Com™ with
values in Sp, given by Com"™ (r) := S for every r > 1. In particular, we obtain an
equivalence

Com™ ~ ®(Com™")
of oco-operads with values in Sp, see Example 5.2.5.11.
5.3.4.10. Example. — Recall the Lie operad Lie from Example 5.1.0.19. In this
example we construct the (shifted) spectral Lie co-operad Lie such that

Lie(r) = Ho((2Lie)(r); Z)

in every arity » € N.

For the set n = {1,2,...,n}, we can define the poset I, of partitions of n: An
element A\ of ﬁn is an equivalence relation on n. Two equivalence relations A < X\
if X is finer than X, i.e. if z ~ y then x ~» y. The minimal equivalence relation 0 is
given by © ~ y if 2 = y, and the maximal equivalence relation 1 is given by z ~ y for
every pari (x,y) of elements in n. We define the subset

I, =10, \ {6,?} Ci,.
It inherits the poset structure from ﬁn We consider the poset II,, as a category. It is
shown in [AB21, §4.6] that there exists an isomorphism of &,-representations
Lie(n) = sgng ® 0 (S(IL[%); Z)
= Ho (Map (8%, (8)7) @sp (S(111[%))52)

In the above isomorphisms,

(5.3.4.3)

(i) sgng, denotes the sign representation of &,
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(ii) ® in the first isomorphism denotes the tensor product of &, representatlons
(iii) (—)° denotes the unreduced suspension of a homotopy type,'”
(iv) St = %g,S, and

(v) (—)Y denotes the Spanier—Whitehead dual.
It is shown in [AB21] that the symmetric sequence sLie = ((E(|1_Ir|°))v)r>1 forms an
operad with values in Sp.

The spectral Lie co-operad Lie is defined as ®(sLie). In particular, for every r > 1,
we have Lie(r) == (2(|I1,]°))" and Lie(0) = 0 (the zero spectrum). By Remark 5.3.4.4
and (5.3.1.3) we obtain the isomorphism Lie(r) = Hy (S£ie(r)) . of abelian groups for

every r > 0 by calculation.

5.3.4.11. Definition. — A spectral Lie algebra in a presentable stable symmetric

monoidal co-category C is an algebra over the spectral Lie co-operad Lie.

5.3.4.12. Remark. — Alternatively the spectral Lie co-operad is defined as the
derivatives, in the sense of Goodwillie calculus (see 96.2.2.10), of the identity functor
of the oco-category Ho, of pointed homotopy types, see [Chi05]. Furthermore we refer
the interested reader to [Cam?20, Proposition 5.2] and [Kjal8, §3.2] for a discussion
about the Lie bracket and the Jacobi identity relation for spectral Lie algebras.

5.3.4.13. Example. — Koszul duality between Lie algebras and cocommutative
coalgebras can be traced back to Quillen’s work on rational homotopy theory [QuiHA].
In loc. cit. Quillen shows that the Chevalley—Eilenberg functor CE induces a Quillen
equivalence between a model category of connected differential graded (dg) Lie algebras
and a model category of simply connected dg-cocommutative coalgebras over the
rational numbers. The functor CE is an example of the functor Bare in (5.3.3.1). Later
in [Moo71] the adjunction (5.3.3.1) between dg-Lie algebras and dg-cocommutative
coalgebras over a field of characteristic other than 2 is established.

In characteristic zero situations, Ginzburg and Kapranov show that the Lie operad
and the cocommutative cooperad are Koszul dual, where they use the theory of
quadratic operads [GK94, Theorem 2.1.11]. This duality is generalised to the Lie
operad and cocommutative cooperad over an arbitrary commutative ring in [Fre04,
Fact 6.2]. In [Chi05, Corollary 8.8] Ching defines the Koszul duality between the
spectral Lie operad sLie and the spectral cocommutative cooperad Com™*.!'")
Therefore by Definition 5.3.4.8 we obtain the Koszul duality

Bar(Com™)" ~ Lie
between the spectral Lie oo-operad and the non-unital commutative co-operad.
(9 Model a homotopy types by a CW complex X, we have X° = X x I/(X x {0} U X x {1})

(10)The spectral Lie operad is defined as the linear dual of the Bar construction of the cocommutative
cooperad in [Chi05]
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5.3.4.14. Example. — One of the first appearances of the notion of Koszul duality for
(associative) algebras was in [Pri70], where the notion of a Koszul algebra and the Koszul
dual coalgebra over a field is introduced [Pri70, §3]. The (Bar - Cobar)-adjunction
between dg-algebras and dg-coalgebras over a commutative ring appears in [Moo71]. In
[GK94, 2.1.11] Ginzburg—Kapranov prove the Koszul duality of the associative operad
with itself [GK94, Theorem 2.1.11], known as the self-Koszul duality. See [Chi05,
Example 4.8] for a more recent demonstration of this example of Koszul duality.

5.3.4.15. Example. — The self-Koszul duality of the associative operad generalises
to self-Koszul duality of the &, oo-operad (see Example 5.2.1.13) for every natural
number n > 1. Recall the homology operad He(E,,; R) with coefficient in a commuta-
tive ring R from Example 5.1.0.24. In [GJ94, Theorem 3.1] Getzler and Jones show the
self-Koszul duality Bar (He(E,; k)" ~ X ""H,(E,; k) for every natural number n > 1
over a field k of characteristic zero. This is upgraded to a self-Koszul duality for
the E,, operad with values in the category Chyz of chain complexes over the integers
by Fresse [Frell].

Recently, it is shown that the previous result also holds for spectral E,, operad,
which is the operad with values in Sp obtained by applying the suspension spectrum
functor arity-wise, for every natural number n > 1, see [CS22]. Translating the result
in loc. cit. to co-categorical settings using 95.3.4.7, we obtain the self-Koszul duality

of the non-unital spectral &,, co-operad. In other words, there exists an equivalence
Bar (82u)v ~ et

of spectral oo-operads for every natural number n > 1; here &, denotes X5°(E,),
see Example 5.2.5.12.
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Higher enveloping algebras in monochromatic layers

6.1. Higher enveloping algebras of spectral Lie algebras

Let C be a presentable stable symmetric monoidal oo-category. Recall that a
commutative algebra in C has an underlying &,-algebra structure for every n € N,
induced by the tower (5.2.5.1)

o =& ==&, = &1 — Com

of oo-operad inclusions. In this section we are interested in the Koszul dual picture of

this. We construct the following commutative diagram in Pr"

'AlgL 1e

(6.1.0.1)

- — Alge"

exhibiting a relationship between spectral Lie algebras and non-unital (or aug-
mented) &,-algebras in €, originally due to [Knul8]. Although the results in this section
are not original, we provide a different construction of the above commutative diagram
than that in [Knul8], using the self Koszul duality of the &, oc-operads (see Exam-
ple 5.3.4.15). Our construction allows more explicit presentations of the functors U,
and B,,, which are useful in later applications. In the next sections we will investigate
in concrete situations whether the co-category Alg,;.(€) is equivalent to the inverse
limit, taken in the oco-category CAT s, of oco-categories, of the lower horizontal tower

in the above diagram.

6.1.0.1. Situation. — In this section we use €,-algebras in various co-categories and
not all of them are stable co-categories. We do not write explicit each time about in
which oco-categories the €, oco-operad takes value, because of Theorem 5.2.5.5, Exam-

ple 5.2.5.12 and 95.3.3.7. For example, when we write the operadic suspension ¥~ "€,
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we implicitly mean that we are considering the &,, co-operad in a stable co-category,
as this is our situation where we defined the operadic suspension (see §5.3.4).

Let € be a fixed presentable stable symmetric monoidal co-category throughout
this section. Denote the suspension functor of € by ¥e and the loop functor of C
by Q¢; they are auto-equivalences of C.

6.1.0.2. Construction. — We give a construction of the diagram (6.1.0.1) us-
ing Koszul duality. Recall that the Koszul dual of the non-unital commutative
oo-operad Com™ is the spectral Lie co-operad Lie (see Example 5.3.4.13), and the
Koszul dual of &) is the n-fold operadic desuspension X~ "&." of itself (see Exam-

ple 5.3.4.15). Thus, the tower (5.2.5.1) induces the following tower of co-operads
n+1
Lie--- — n-(n4bent O gonemn ., si-letu , gou (6.1.0.2)

by taking the Koszul dual. In particular, we have Lie ~ @ E‘”&““ from the definition
of Koszul duality (see Definition 5.3.3.5 and Proposition 5.3.2.3). Denote the induced
morphism ¢,,: Lie — X7"EM .

For each n € N, the canonical morphism ¢, induces a commutative diagram
nu (en)”
Alge', (€) —— Algytng, (€) —— Algg;(€)

forgeﬂul \Lforgzng?lu Jforg“e (6103)

C -~ C = C

S id

in Prit , by Proposition 5.2.4.15 and Proposition 5.3.4.5. The cocontinuous functor U,
is defined as the left adjoint to the composition of the upper row in (6.1.0.3). In

particular, it fits in the following commutative diagram
U,
Alg;e(€) —— Alggn((‘l’)
freeugl\ Tfreegr:bu (6104)

¢ —f— ¢

in the oo-category Prl. Similarly, for each n € N, the morphism
eptly mmtlem o mmment

induces the following commutative diagram in Pr

(ent1y

‘Algnu (e) L} ‘Alg%u,ngn(e) - ./‘ng (n+1) e, 1 (e) *> ‘Alge n+1 (e)

forgaﬁ/uJ( J{forg J{forg J{forg&‘;:_l

e o e ~ e o e
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The cocontinuous functor B, is defined as the left adjoint to the composition of upper

row in the above diagram. Thus, it also fits in the following commutative diagram

Alght (@) —2ms Algh (€)

Ent1
freerél]\ Tfree?; (6 L.0. 5)

in Pr¥.  Assembling the functors together gives the desired commutative dia-
gram (6.1.0.1) in PrP.

6.1.0.3. Comparison map. — The commutative diagram (6.1.0.1) in Pr" induces
an adjunction

by the universal property of co-categorical limits. We are interested in the question of
how close this adjunction comes to being an equivalence of co-categories, for various
choices of the oco-category C.

6.1.0.4. Construction (Knudsen). — Before the work [CS22] on Koszul duality
of the spectral &,, oo-operad, Knudsen already constructed the functor U,, using the
theory of constructible cosheaves and the theory of factorisation homology, see [Knu18].
Let us give a brief summary of the approach his approach.

It is shown that the Algg" (C) is equivalent to the oo-category of spectral Lie
algebras in a symmetric monoidal co-category (D, ®y1) of constructible cosheaves with
values in €, and Alg,;.(C) is equivalent to the symmetric monoidal co-category of
spectral Lie algebras in the symmetric monoidal oo-category (D, ®y). The functor U,
is induced by the identity natural transformation (D, @) — (D, ®y) of the underlying
oo-category D. See [Knul8, §3.3] for more details.

6.1.0.5. Remark. — We can consider the functor U; as the universal enveloping
algebra functor, which assigns to a free Lie algebra over a field k a free associative alge-
bra over k. By (6.1.0.4) the functor U; assigns to a free spectral Lie algebra freeziqo(X)
generated by an object X € € the free non-unital associative algebra freeg, (¢ (X)) gen-
erated by the object Qe (X). One may expect the image Uy (freesie(X)) to be freeg, (X)
instead of freeg, (e (X)), by the property of the classical universal enveloping algebra
functor. Here we have a degree shift (2¢) because of our choice of the definition of
the spectral Lie co-operad Lie: The homology of Lie is isomorphic to the shifted Lie
operad (Example 5.3.4.10).

Because of this analogy, we call U,, the higher enveloping algebra functor, following

the convention of [Knulg].
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6.1.0.6. Question. — Both the &,, co-operad and the spectral Lie co-operad relate
to configuration spaces of points in Euclidean spaces, see for example [Aro06, Proposi-
tion 2.1]. Is there a more geometric way to construct the morphism ¥"Lie — &,, of

spectral co-operads?

6.1.0.7. Augmented algebras and coalgebras. — To give a more explicit
construction of the functors U, and B,,, we need the notion of augmented algebras
over an oco-operad.

A unital co-operad with values in Ho is an oo-operad O such that O(0) is equivalent
to the symmetric monoidal unit pt of Ho. Let D be a symmetric monoidal co-category.
Define the oo-overcategory D1, of objects over the symmetric monoidal unit 19 of D

via the following pullback diagram

Dy — A°

Lo b

Fun(Al, D) 2% D

of co-categories. There exists a symmetric monoidal structure on the oo-category D1,
such that the canonical functor

S: D1, — Fun(A', D) 25 D

is symmetric monoidal, see [HA, Theorem 2.2.2.4, Remark 2.2.2.5]. Informally speaking,
given two objects X — 1p and Y — 1p of Dy, , their symmetric monoidal product
in D1, is given by

X®pY = 1p @p 1p = 1p.

The oo-category Algly®(D) of augmented O-algebras in D is defined as the
oo-overcategory Algy (D) /1 Moreover, the symmetric monoidal functor D1, — D
induces a functor

So: Algg (D/l,D) — Algy (D).
By the universal property of the oco-overcategory Algq (D) /1,, and the construction of
the symmetric monoidal structure on D1, , the functor Sp induces an equivalence

Algo(Dy1,) = Algo (D) 1, 5

see [HA, Definition 2.2.2.1 and Notation 2.2.2.3]. Whenever we denote Algy(D/1,,)
by Algy'®(€), we denote the forgetful functor Algg (D/1,) — D/1 by

forgy'®: Algl®(D) — D y.

In a similar manner, one can define a coaugmented coalgebra in D over a unital
oo-cooperad L with values in Ho (that is £(0) ~ pt).
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6.1.0.8. Definition. — Let O be a unital co-operad with values in Ho. The
augmentation ideal functor is defined as the following composition

forgf'®

To: Algh(€) —2 €y, €

where fib denotes the composition €1, — ’J"un(Al,G) fibre, G, assigning to an

object X — 1¢ of C/q, its fibre (recall that € is stable).

6.1.0.9. Proposition. — In the situation of Definition 6.1.0.8 the augmentation ideal
functor admits a left adjoint :&o, called the trivial augmentation functor. Furthermore,
the adjunction Ko —|To is monadic, and its associated monad is given by
TgoAp:€—=€ X — [JO(r) e, X"
r>1

where ® denotes the tensor product of C.

Proof. — We abbreviate the symmetric monoidal unit 1e¢ of € by 1 in this proof.
Recall the unit co-operad € (Example 5.2.1.7). The functor I¢ admits the following
factorisation

forg

Alg ()

) fib C ~ Algg” ()

forg, =
N | -

Alge, (€/1) ~ Alg#(C).

The functors in the diagram are defined as follows:

(i) The functor u* is induced by the morphism u: €y — O of co-operads. The left
triangle commutes because it is induced by the morphisms Jriv — &,, — O of
oo-operads.

(ii) The functor Ij is an equivalence because € is stable; an inverse of Iy is given
by X —» X & 1.

Thus, the functor left adjoint to Iy is given by composing the inverse of Iy with functor
left adjoint to u*. Since Ij is an equivalence, it suffices to show that u* is monadic,
which follows from [HA, Proposition 4.7.3.22].

Note that the functor fib is right adjoint to the functor € — €1 sending an object X

to the zero morphism X — 1. The formula of the monad T@ o :&@ follows from the

computation and the formula for the monad forg, o freeg (see Proposition 5.2.4.10). O

6.1.0.10. Corollary. — In the situation of Proposition 0.1.0.9 there exists the

following commutative diagram of co-categories:
Algy#(€) —— Algg'(€)
forg%"gl lforgonu (6106)
Alg?;g (©) I*NO> Alge: (C).
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Proof. — The associated monad of the monadic adjunction in Proposition 6.1.0.9
is equivalent to the monad forggyn. ofreegnu, see Remark 5.3.2.13. See also [HA,
Proposition 7.3.4.5]. O

6.1.0.11. Notation. — In the situation of Corollary 6.1.0.10, we denote the functor

left adjoint to forgly™® by freefy™®.

denoted by

The upper horizontal equivalence in (6.1.0.6) is

Ap: Algy'(€) = Algdug(e) 1o
On the underlying objets Ay is given by the inverse
Ag: €~ Alge, (C) — Alga“g ©), X —» Xole.
to the functor Ij.
6.1.0.12. Remark. — Let £ be a unital co-cooperad with values in Ho. In the
same way, one can construct the augmentation ideal functor I : coAlga“g(G) — @

functor, which is right adjoint to the trivial augmentation functor AL. By the same

arguments this adjunction induces an equivalence
Ic: coAlg?™®(C) = coAlgy () : Ag
of co-categories.
6.1.0.13. Theorem. — Let D be a symmetric monoidal co-category admitting
geometric realisations of simplicial objects and totalisations of cosimplicial objects.

Then for every natural number n > 1, we obtain the following statements:

(i) There exists a cocontinuous functor, called the iterated Bar construction,
Bar,: Algt"#(D) — Algg*(D).
(ii) Under the equivalence

Alg2E(D) = (Algen(ﬁ))/lg ~ Alge (D/1,,),

the functor Bar, is equivalent to the composition

Bar,, 1

Algi%(D) = Algd (Alge,_, (D)) 25 Algi® (D) 2= Algd (D).

(iii) The functor Bar, induces an adjunction
Bar,,: Algs"#(D) = coAlgy™®(D) : Cobar,, .

Assume now that for every weakly contractible simplicial set K, the oco-category D ad-
mits K -indexed colimits and the symmetric monoidal product of D preserves K -colimits
in each variable. Then we have
iv) for every object X € Algg"®(D) an equivalence
Yy 00) ge q

Bar,, (freez (X)) ~ S g (py (X)-
-0
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Assume furthermore that D is stable, then

(v) we have the following commutative diagram of oco-categories:

Algh™ (D) — s Alg3"8(D)

Z%oindecxnul J{Bafn (6107)

D — 20 Algt¥(D)

Proof. — See [HA, §5.2]. O

6.1.0.14. Corollary. — The functor B,: Algg) (C) — Algg) (C) from dia-
gram (6.1.0.5) is equivalent to the following composition

Algh" | (D) 25ms Alg (€) = Alg™® (Alge, (€)) 215 Alga™(€) ~2 Algl (D).

8 n+1
In other words, under the equivalence between the augmented and the non-

unital €, -algebras, we can regard B, as the Bar construction.

Proof. — Using the commutative diagram (6.1.0.7) one can check that the composition
also fits in the upper row of diagram (6.1.0.5). O

6.1.0.15. Theorem (Knudsen). — For every spectral Lie algebra L € Alg,;.(C),
the object (Ag o indecgie) (2%, (L)) € C admits the structure of an augmented E,,-algebra

and the functor U,, satisfies
forge (Ag, oU,) ~ (Agoindecgic) (2%e(L))-
Proof. — See [Knul8, Theorem A and Theorem B]. O

6.1.0.16. Situation. — From now on we consider Alg,.(C) as a pointed symmetric
monoidal co-category where the symmetric monoidal structure is cartesian. The zero
object of Alg.;,(C) is the zero object O of C equipped with the trivial Lie algebra
structure. It is also the symmetric monoidal unit of Alg,;.(€). Thus we obtain

equivalences

Algeh® (Alg e (C)) = Alg 6 (C)

Al (Al o (€)) = Alge, (Alzcio(€))
of co-categories.

6.1.0.17. — Fix a prime number p and recall the p-local telescope spectrum T(h) of
height h from 91.2.0.13. In our later application we show that the functor

indeCJLrie = AO o indecﬁie: ‘Algﬂie(e) —C ——> AlgaUg(e)

is symmetric monoidal, if € is the co-category Spryp) of T(h)e-local spectra with
the standard symmetric monoidal structure of spectra, see Proposition 6.2.2.9. Fur-

thermore, we conjecture that the functor imdeczie is symmetric monoidal for any
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presentable stable symmetric monoidal co-category €. Assuming that this conjecture

holds, the functor indeczie induces a functor
indec;: Alge, (Algg;o(C)) — Alge, (Algz®(€)) ~ Algg'#(C)
for every natural number n. Then this would give an equivalence
U, ~1I¢, oindec;” (6.1.0.8)

of functors. In the following we explain some steps towards showing that the func-
tor indec}'iC is symmetric monoidal, and prove the equivalence (6.1.0.8) assuming the

conjecture. In later sections we will specialise to the situation of T(h)e-local spectra.

6.1.0.18. Chevalley—Eilenberg functor. — Recall that the indecomposable

functor indecg;, factors through the oo-category cofllgrég;ﬁdp(e) of nilpotent divided

power non-unital cocommutative coalgebras:

Alg () e e
Em) A&)n}
coAlgg‘;’rﬁdP (@)

by Proposition 5.3.2.4, since we have the Koszul duality Bar(Lie)¥ ~ Com™. In [Heu]
Heuts defines a product-preserving natural transformation

aug,ndp
Com

— coAlgiE P ()

Com

forg,;: coAlg

where one should think of the target co-category as follows: an object in co.)‘llg‘mg dp(@)

is an object of C together with a “comultiplication”

X fjo(xw)

S,

The functor forg,; is induced by the natural transformation

oo

1 (), *H

r=0
The Chevalley—Filenberg functor is defined as the composition

Bargie

CE: Algyo(€) 222 coAlghhnP % coAlgtiendp DBu, o g1oavsdp @)

aug,dp ,

aiedp. coA1g3" P (@) — €. Then we obtain the following equivalence

Denote forg
of functors.

forg%‘éi’ldp oCE ~ A oindecie

Therefore, to prove that indeczic ~ Agoindecgi, is symmetric monoidal, one

can show that CE preserves products, that the oo—category coAlg%‘éi’ldp(G) admits a
aug,d

cartesian monoidal structure and that forgg > is symmetric monoidal.
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6.1.0.19. Proposition. — Let n € N be a natural number. The n-fold loop func-
tor Q},. of the oco-category Alg ;. (C) admits the following factorisation:

Qe
‘AlgL ie (e) ‘AlgL ie (e)

> / (6.1.0.9)
ine forgsn

Algen (Alg ;e (C))

~nNn
Furthermore, the functor Q ;. is an equivalence of co-categories.

Proof. — This is a consequence of the following more general results Proposi-
tions 6.1.0.20 and 6.1.0.21 O

6.1.0.20. Proposition. — Let D be a pointed co-category admitting small limits.
Consider D as a cartesian symmetric monoidal oco-category. For n € N denote
the n-fold iterated loop functor on D by Q.

Then the object Q% (X) is an &, -algebra in D, for every object X € D.

Proof. — Consider the pointed oo-groupoid S modelled by the (pointed) zero di-
mensional sphere. For every object X € DO consider the pointed constant func-
tor cx : S° — D sending the remaining vertex of S to X. Since Ho, is the free pointed
oo-category generated by S° under small pointed colimits, we obtain an induced func-
tor (X7)°P: Ho, — D°P by (the co-categorical) left Kan extension, illustrated by the
following diagram

qo °x Pop

|

Ho, ~ Fun™ ((S)°P, Ho,) ,

of oo-categories, where "J"unred(a —) denotes the full co-subcategory of functors that
preserves zero objects.'")

By construction the functor (X ~)°P preserves small colimits. Denote the induced
functor Ho® — D by X~. Then X~ preserves small limits. By definition of the
left Kan extension the evaluation XY is equivalent to the limit in € of the constant
diagram Y — C sending every vertex of Y to the object X. Thus X~ is symmetric
monoidal with respect to the cocartesian symmetric monoidal structure on Ho¥ and
the cartesian symmetric monoidal structure on D, see [HA, Corollary 2.4.1.8]. In

particular, we obtain the following functor induced by X, for every n € N:

coAlge (Ho, )P ~ Alge (FHo®) — Alge (D),

(M For more details about the co-categorical Kan extension, see [IITT, §4.3]
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Note that the n-dimensional sphere S™ is a €,-coalgebra, see [MW19] and [KSV9I7].
Thus the object X5 admits the structure of a €,-algebra. We complete the proof by
observing that

X ~ (X5°)°P and Qp(X) ~ X5"

for every n > 1, because (X ~)°P preserves small colimits and S™ ~ X%, (S°). O

6.1.0.21. Proposition. — Let O be a non-unital co-operad with values in €. Con-
sider Algq (@) as a symmetric monoidal co-category equipped with the cartesian sym-
metric monoidal structure. For n € N the n-fold loop functor QF on Alge(C) admits

the following factorisation

n
QL‘)

Alg (€) Algy (€)

~n

Qy forggn

Alge, (Algy(€)) .

Moreover, we have that
(i) The functor ﬁg admits a left adjoint, which is equivalent to the Bar construc-
tion Bar,, from Theorem 0.1.0.13.(%).
(ii) The adjunction Bar,, - ﬁg exhibits an equivalence

Algo(€) ~ Alge, (Algy(€))

of co-categories.

Proof. — The n = 0 case holds because € is pointed. We consider the n > 1 case in
the following.

We obtain the factorisation from Proposition 6.1.0.20 and the functor ﬁg admits a
left adjoint by construction.

To see (i), note that the functor SNIZ) is equivalent to the Cobar construction

Cobar,: coAlge (Algy(C)) ~ Algy(€C) — Alge (Algy(€))

from Theorem 6.1.0.13.(iii). Indeed, recall that the symmetric monoidal structure

on Algy(C) is assumed to be cartesian. Thus for every n > 1 we have
coAlge (Algy(C)) ~ coAlge, (Algy(C)) ~ €

by [HA, Example 3.2.4.4] and [HA, Proposition 2.4.3.9]. Moreover, by [HA, Exam-
ple 5.2.2.4], we have in this case

(forge o Cobar,)(X) ~ .

Therefore, the left adjoint to QZ) is equivalent to Bar,,.
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As for (ii), we consider the following diagram
D

Bar,,
Alge | (Algy(€)) —— Algy(C)

forgy o forgsn freeo forgq (61010)
E'll
¢ \/ ¢
R

where the straight arrows commute among each other and the curved arrows commute
among each other. We show that the unit and counit of the (Bar,, - Qg)—adjunction
are both equivalences.

Since the forgetful functors are conservative, it suffices to show that
forgy oforge ~— forgy oforge oﬁg o Bar,, and

forg, o Bar, oglg — forgq

are equivalences. Both of these equivalences follow if we provide an equivalence
forge o Bar, ~ ¥goforg, o forge , (6.1.0.11)

which indeed holds by the following arguments:
(i) It suffices to show this for n = 1 because Bar,, is n-fold iterated Bar construc-

tion (see Theorem 6.1.0.13).

(ii) The forgetful functors commute with geometric realisations, and Bar;(X) is
equivalent to the geometric realisation of Bar(O¢, forge (X),0¢) in Algy(C).

(iii) Counsider € as a cocartesian symmetric monoidal co-category. By [HA, Corol-
lary 2.4.3.10] we have an equivalence C ~ Alg._(C) of co-categories. Moreover,
the geometric realisation of Bar (0@7 (forgy oforge )(X), Oe) becomes equiva-
lent to the Bar construction of the commutative algebra (forgy oforge )(X)
in €. Therefore, we obtain the equivalence in C

lim (Bar (Og, (forgg o forge )(X),0¢)) ~ Se((forge o forge )(X)).
by [HA, Example 5.2.2.4]. O
6.1.0.22. Proposition. — Recall the notations from 96.1.0.17. Assume that the

functor indecziC is symmetric monoidal. Let U, 4 be the composition

~n

. indec:™
Algio(€) 52 Algg (Alg;o(€)) —— 5 Algi"™(©).
Then there exists the following equivalence of functors:

Un ~ Ign e} Un,J’, .
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Proof. — 1t suffices to check that the evaluation of the two functors on free spectral
Lie algebras are equivalent, by [HA, Proposition 4.7.3.14], i.e. I¢, o U, 1 also fits in
the upper row of the diagram (6.1.0.4). Equivalently by adjunction, we show that the
right adjoint of I¢,, o U, 4 fits in the upper row in the commutative diagram (6.1.0.3).

The functor right adjoint to the symmetric monoidal functor indec}'iC is
trivzie = trivgie 0 o,

which is lax symmetric monoidal by [HA, Corollary 7.3.2.7]. Thus, it also induces a
functor triv " which is the right adjoint to indeczg. An inverse of ine is given by
the Bar construction Bar,,, see Proposition 6.1.0.19. Thus, we obtain the following

commutative diagram

rivi™ .
Alglt (€) 22y Algd™s (@) U5 Alg, (Algeo(€) 22 Algy,(€)

Jforgg‘; Jforgil;g Jforg Jforgﬁ ‘o (6 1.0.1 2)
I

e —20 s Algi(e) 0 e e e,

where the composition Bar, o trivB: oAg_ of the functors in the upper row is right
adjoint to I¢, oU, 4. The diagram (6.1.0.12) commutes because all the three small
squares commutes:
(i) The first square commutes by Corollary 6.1.0.10,
(ii) The second commutes because trivy,  is lax monoidal, and
(iii) The third square commutes by (6.1.0.11). O

6.1.0.23. Notation. — Let T,, , = Bar,, otrin;Z denote the right adjoint to U, .
The right adjoint T, to U, is given by T,, ~ T, ; 0oA¢, .
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6.2. Spectral Lie algebras in monochromatic layers

Let h be a natural number. For the rest of this chapter we explain the behaviour of

the adjunction

Uso: Algzie(SPr(n)) = T&lﬂlg’é‘i (Spr(n)) : Tos, (6.2.0.1)
n
where 8pr ;) is the co-category of T(h)e-local spectra, induced by the diagram (6.1.0.1)

when € = 8pr(y,). In this section we focus mainly on the i = 0 case; recall that Spp )
is the oo-category Spg of rational spectra. Using the formality theorem of the
rational &, oc-operads we show that the above adjunction exhibits an equivalence
between Alg ;. (8pg) and Hm Alge" (8pg), see Theorem 6.2.1.17. We can not find a
written account of this theorem in the literature, but the result is probably known
to the experts. In §6.2.2 we record some prerequisites about the co-category SpT(h)

for h > 1, as a preparation for later applications.

6.2.1. Lie algebras and €&,-algebras in characteristic 0. — The goal of this
subsection is to show that the functor Uy, in (6.2.0.1) is an equivalence of oo-categories
when A =0. We begin by recalling some basic notions from the theory of de-

rived oo-categories.

6.2.1.1. Situation. — Let R be a commutative ring. Denote the (ordinary) category
of chain complexes of R-modules by Chg. The category Chpg admits a projective model
structure where the weak equivalences are quasi-isomorphisms and the fibrations are
degree-wise surjective morphisms of chain complexes, see [HA, Proposition 7.1.2.8].(*)
Let A, and B, be two objects of Ch. The tensor product A® B is a chain complex with

(A ® B)n = 69p+q:n(Ap ®r Bq)7

see [HA, Remark 1.2.3.21]. With these structures Chpg becomes a symmetric monoidal
combinatorial model category, see [HA, Proposition 7.1.2.11]. Furthermore, Chp
is a simplicial enriched category by the Dold—Kan correspondence, see [HA, Con-
struction 1.3.1.13], but it is not a simplicial model category with the prescribed
model structure, see [HA, Warning 1.3.5.4]. Let Ch¥, denote the full subcategory of
cofibrant objects (which are by definition also fibrant) of Chg. Denote the set of
quasi-isomorphisms in Chy, by W°.

6.2.1.2. Definition. — In Situation 6.2.1.1 define the derived co-category D(R) as
the underlying co-category N(Ch%,)[(W°)~1] of the model category Chpg, where N

denotes the nerve of an ordinary category.

(2)A morphism of chain complexes is a quasi-isomorphism if it induces an isomorphism on homology
groups in every degree.
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6.2.1.3. Remark. — One can also define D(R) equivalently as a localisation of
the oo-category of the differential graded nerve of Chpg, see [HA, Definition 1.3.5.8,
Proposition 1.3.5.15].

6.2.1.4. Proposition. — In Situation 6.2.1.1 the oco-category D(R) is a presentable

stable symmetric monoidal co-category.

Sketch. — We outline the ideas and references of the proof. The symmetric monoidal
structure inherits from the symmetric monoidal structure of Chg (and thus Chy),
see [HA, Example 4.1.7.6]. The oo-category D(R) is a co-subcategory of the stable
oo-category of differential graded nerve of Chpg, see [HA, §1.3.1], which implies the
stability of D(R), see [HA, Proposition 1.3.5.9]. The presentability of D(R) is proven
using the following three ingredients [HHA, Proposition 1.3.4.22]:

(i) Every combinatorial model category C is Quillen equivalent to a simplicial
combinatorial model category (~3, see [HA, Corollary 1.2].

(ii) Under the categorical equivalence from (i), the underlying oco-category of C
[HA, Definition 1.3.4.15] and the underlying oco-category of C are equivalent as
oo-categories, see [HA, Theorem 1.3.4.20].

(iii) The underlying oco-category of a combinatorial simplicial model category is
presentable, see [HTT, Proposition 3.7.6]. O

6.2.1.5. Proposition. — Let R be a commutative ring. There exists a symmet-
ric monoidal functor Singp: Ho — D(R) in Pr¥ sending a homotopy type X to
its R-valued singular chains Singp(X).

Proof. — Recall that HR denotes the Eilenberg-MacLane spectrum with 75t (HR) = R.

Consider the following sequence
o - ~
F: %o — 8p =2 Modyr = D(R)

of symmetric monoidal functors in Pr" where

(i) Modupr denotes the co-category of HR-modules, and

(ii) the third equivalence is given by [HA, Theorem 7.1.2.13].
The R-valued singular chain functor Sing(—) is symmetric monoidal (Eilenberg—Zilber
theorem), and it preserves small colimits. Thus it is equivalent to the functor F. O

6.2.1.6. Corollary. — The functor Singp(—) in Proposition 0.2.1.5 induces the
following functor
Sing: Opd (Ho) — Opd(D(R)).

of the co-categories of oco-operads.

Proof. — This is by Proposition 5.2.5.1 and Remark 5.2.5.2 O
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6.2.1.77. Proposition. — Let O be an co-operad. The functor Singg induces the

following equivalence of co-categories:

Algo (D(R)) ~ ‘AlgSingR(O) (D(R)) .

Proof. — This is a corollary of Theorem 5.2.5.5 and Proposition 6.2.1.5. O

6.2.1.8. Construction. — Let k be a field. The graded homology of a k-valued
chain complex can be regarded as a chain complex with zero differentials. The
homology functor He(—): D(k) — D(k) is symmetric monoidal, by the Kiinneth
Theorem. By Proposition 5.2.5.1 and Remark 5.2.5.2 it induces a functor He(—) on
the oco-category of co-operads with values in D(k).

Let O be an oo-operad. We denote the induced co-operad He (Sing;, (0)) with values
in D(k) by He(0; k). In particular, for every r > 0, we have an isomorphism

He(05k)(r) = He (O(r); k)

of graded k-vector spaces.

6.2.1.9. Definition. — Let k be a field and let O be an oo-operad with values
in D(k).
(i) We say O is formal if there exists an equivalence O ~ Hq(0) in Opd (D(k)).
(ii) Let f: O — P be a morphism of co-operads with values in D(k), where O and P

are formal. We say f is formal if there exists a commutative diagram

0 —— He(0;k)

Jf |-

P —=— He(P;1)

of oo-operads with values in D(k).

6.2.1.10. Rectification. — In the following we will use results about &,,-algebras
which were proven in a model category of E,-algebras in chain complexes over a field of
characteristic 0. Thus we need the following rectification theorem by Haugseng [Haul9].

Let k be a field of characteristic 0. For an operad O with values in the model

category Chj with the projective model structure, there exists an equivalence
(Algo (Chy)) W] = Algg (D(k))

of co-categories where
(i) Alge (Chy) denotes the model category of O-algebras in Chy, with an induced
model structure by the model structure of Chy,.
(ii) W denotes the set of weak equivalences in the model category Algy (Chy), and
(i) O denotes the (arity-wise) image of O under the localisation Chy, — D(k).
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In [Haul9] Haugseng uses another model for co-operads with values in a symmetric
monoidal oo-category than ours, see [Haul9, Theorem 4.10, Corollary 4.11]. However,
the associated monads of his co-operads are equivalent to ours. Thus, the the associated

oo-category of O-algebras are also equivalent.

6.2.1.11. Theorem (Fresse—Willwacher). —
(i) The co-operad Singg(E,) with values in D(Q) is formal, for every n > 0.
(ii) Let intk: &, — &€,11 denote the composition of the morphisms

8n — 8n+1 — . '8n+k
of oo-operads in (5.2.5.1). For every n > 0 and every k > 2, the induced
morphism Singg (in*) in Opd (D(Q)) is formal.

Proof. — See [FW20, Theorem B’ and Theorem D’] O

6.2.1.12. Proposition. — Recall the commutative co-operad Comqp gy € Opd (D(Q))
from Example 5.2.5.11.
(i) For every natural number n, there exist morphisms i.: Comp gy — He (€n; Q)
and me: He (€,;Q) — Comp(q) of co-operads with values in D(Q). For ev-
ery n > 2, we have 7. o 1. = id.

(ii) For every n > 1, there exists the following commutative diagram

H, (En; Q) —T Gom@(@)

(iﬁ“)*l lid

He(€r41;Q) +—— Comyp (q)

of co-operads with values in D(Q).
Proof. — This is a translation of Theorem 5.1.0.25 to co-categorical language. O

6.2.1.13. Corollary. — For every n > 0 and every k > 2, the induced

‘n+k

map Singg (i, "") of co-operads with values in D(Q) factors through the commutative

oo-operad Comp qy. More precisely, there exists the commutative diagram

Singg (En) —— He(E,; Q) —— Comyp (g

(ﬂi*k)*l l(iﬁ“c)* lid

Sll’lg(@ (8n+k;) — Ho(8n+k;(@) — eomD(Q) '

of co-operads with values in D(k).

Proof. — This is follows from Theorem 6.2.1.11 and Proposition 6.2.1.12. O
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6.2.1.14. Remark. — If we replace all the oo-operads in Proposition 6.2.1.12 and
Corollary 6.2.1.13 by their non-unital versions, the statements still hold and the proof

are the same.

6.2.1.15. Notation. — Let Lieg denote the co-operad with values in D(Q) which
is defined as follows: Recall that there exists a unique symmetric monoidal func-
tor F: 8p — D(R) in Pr. It induces a functor F: Opd(8p) — Opd(D(Q)). The
oc-operad Lieg is the image of the spectral Lie oo-operad Lie under the functor F.
By 95.3.3.7 the oo-operad Lieg is Koszul dual to the non-unital cocommutative

oo-cooperad Comup(g)-
6.2.1.16. Corollary. — For every n > 0 and every k > 2, the Koszul dual morphism

Singg (cn™): £ M Sing, (€,45) — £ "Singg (€,)
of Singg (int*
mutative diagram

) factors through Lieg. More precisely, there exists the following com-

Y "Singg (€,,") «——— Lieg

(cz“’)*T idT

of co-operads with values in D(Q).

Proof. — We apply the Koszul duality functor to the outer commutative diagram
in Corollary 6.2.1.13. O
6.2.1.17. Theorem. — The cocontinuous functor

Uso: Alggic (SP@) - I'&nﬂlggi <8p<@)
in the adjunction (6.2.0.1) is an equivalence.
Proof. — 1t is equivalent to show that

Uso: Alggie (D(Q)) — lim Alge, (D(Q))

is an equivalence under the equivalence 8pg >~ Modug =~ D(Q) of symmetric monoidal

oo-categories. Throughout the whole proof we also use the identifications
‘Algﬁie(D(R)) = ‘Algﬁie@ (D(R))
by Notation 6.2.1.15 and
Algo(D(R)) ~ Algging, (0)(D(R))

for an oo-operad O € Opd(Ho) by Proposition 6.2.1.7.
Recall that the functor B,: Alge (D(Q)) — Alge, _, (D(Q)) with n € N in the
inverse limit diagram is induced by the morphisms ¢?+': ©=(+tDg, . — %7€ of
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oo-operads (see (() ).2)). Abbreviate the left adjoint to the induced functor (¢?*1),
on algebras by ¢. Denote the composition B, 4 0Byyr—10---0By11 by Briin.
By Corollary 6.2.1.16, we obtain the following commutative diagrams

Algi  (D(Q)) —51 sy Algh (D(Q))

~ ~

AlgEL e (D(Q)) —— Algh.. (D(Q))

Alg;(D(Q)) —— Alg ;. (D(Q)).

of co-categories, for every n > 0 and every k > 2. This gives the commutative diagram

of oo-categories below:

L Al (D(Q)) Mg (D(Q)) - 28 Algh (D(Q))

|1

24 Alg e (D(Q) -9 Algese (D(Q)) S - 1% Algh™ (D(Q)).

Therefore, the inverse limit of the upper row is equivalent to the inverse limit of lower
horizontal rows, and the latter is equivalent to Alg,;. (D(Q)) because the diagram
becomes constant after the first arrow. O

6.2.1.18. — Let C be the derived co-category D(k) of a field k of characteristic 0.
Then we can also interpret the diagram (6.1.0.1) in terms of deformation theory
and formal moduli problems, see [CG21; DAGX; BM23a] for an introduction for
some introductions for the relationship between Koszul duality and deformation
theory. It is shown in [DAGX; Pril0] that the co-category Modulix of (commutative)
moduli problems over k is equivalent to the co-category Alg.;.(D(k)) of spectral Lie
algebras in D (k). Furthermore, the oo-category Modulig, 5 of €,-moduli problems
is equivalent to the oo-category Alge (D(k)). The oo-operad inclusion &, — Com
induces a cocontinuous functor Moduli;, — Modulig, by left Kan extension, which
is equivalent to the functor U,,. Therefore, another interpretation of Theorem 6.2.1.17
is that the oo-category Moduli; of commutative formal Moduli problems over k is
equivalent to the inverse limit of the oco-category Modulig, 5 of &,-formal Moduli
problems over k.

Furthermore, the association between formal moduli problems and Lie algebras is
generalised to positive and mixed characteristic situations, see [BM23a]. This might
help with understanding the functor U, in the case where C is the oo-category of

module spectra over a field of positive characteristic.
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6.2.2. Monochromatic layers and homotopy types. — Fix a prime number p
and a natural number & > 1 throughout this subsection. Recall the co-category Ho,,
of the localisation of Ho at the set of vy,-periodic equivalences, see Definition 3.4.0.6.
This co-category relates closely with its stable counterpart Spr(;,y, which is equivalent
to the localisation of the co-category Sp, of p-local spectra at the set of vj-periodic
equivalences, via spectral Lie algebras. In this short subsection we review this rela-
tionship and document several prerequisites of T(h)e-local spectra for later use. The

main references for this section are [Heu20b] and [Heu21].

6.2.2.1. Theorem (Quillen [Qui69]). — The oo-category 5{062 of pointed simply
connected rational homotopy types is equivalent to the oco-category Alg ;. (ZD(Q))Zl of

connected differential graded Lie algebras over Q.

6.2.2.2. Remark. — Note that there exists an equivalence

Alg e (D(Q))Zl = Algﬁie(spQ)Zl
of co-categories.

6.2.2.3. The oo-category SpT(h). — The construction of the telescope spec-
trum T(h) can be regarded as a generalisation of one construction of the rational
Filenberg-MacLane spectrum HQ, given by inverting the degree p self-map of the

p-local sphere spectrum, see §1.2.0.13. Recall the finite localisation functor
f f
Lh: Sp = £} (Spy))

from 43.4.1.1. Let F}, be a (p-local) finite spectrum of type h. The oo-category SPr(n)
is compactly generated with a generator given by L} (F}), by the Thick Subcategory
Theorem (see Theorem 1.2.0.9). Note that any vy, self-map vy, : Yaf, — Fj, becomes

an equivalence LZ(vh) in 8pr(y), since it is a vp,-periodic equivalence.

6.2.2.4. Theorem (Heuts [Heu2l]). — There exists an equivalence
g‘vah =~ ‘AlgLie (SpT(h))

of co-categories.

6.2.2.5. — In the proof of the theorem there are the following two main steps.
(i) The Bousfield-Kuhn functor adjunction (see Theorem 3.4.1.6)

@h: SpT(h) = j‘vah : @h

is monadic, see [EHMM19].
(ii) The monad ®o© is equivalent to the arity-wise T(h)e-localisation of the
monad T ;e associated with spectral Lie oo-operad, see [Heu21].
Under the equivalence 3{062 =5 Algei. (D(Q))=" the rational homotopy groups of
a rational homotopy type are isomorphic, up to a degree shift, to the homology
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groups of the underlying chain complex of the corresponding rational differential
graded Lie algebra. The analogy to this in higher height A is given by the following

commutative diagram

Hoy, ‘I’NL ‘AlgLie(SpT(h))
8P,

obtained by the monadicity of the adjunction ©p - ®5: One can “calculate”
the vp,-periodic homotopy groups of X € Ho,, from the stable homotopy groups of the
underlying spectrum of the associated spectral Lie algebra ®} (X ), see Theorem 3.4.1.5.

6.2.2.6. Stabilisation of an oco-category. — A functor between oco-categories is
excisive if it sends pushout diagrams to pullback diagrams (given that both exist in
the source and target oo-categories, respectively).

Let D be an co-category that admits finite limits. The stabilisation Sp(D) of D is
the stable co-category

Sp(D) = Exc, (Ho™, D)

of reduced (preserves terminal objects) excisive functors from the oo-category iHoim of
pointed finite homotopy types to D, see [HA, §1.4.2].

Let D. := Dy, denote the oo-category of pointed objects of D. The forgetful
functor D, — D induces an equivalence Sp(D) ~ Sp(D.) of their stabilisations, using
the fact that a stable co-category is pointed, see [HA, Remark 1.4.2.18]. Moreover,

there is an equivalence
$p(D.) = lim ( Oo, qy, 92, 93*)

of stable co-categories, see [HA, Proposition 1.4.2.24]. Thus, we think of an object
in 8p(D,) as a sequence (Xp),>0 of objects of € such that Qp(X,4+1) ~ X, for
every n > 0. From this we obtain 8p(Ho.) ~ Sp.

The stabilisation Sp(D) is equipped with a canonical functor

QF: Sp(D) — D.

Depending on which definitions one uses for the stabilisation, one can consider this
functor either as

(i) the evaluation of an excisive functor at pt € Hof™, or

(ii) the functor assigning to (X,,),>0 the object Xy, if D is pointed.
The functor 23 satisfies the universal property that it is the terminal finite limit
preserving functor from a stable oo-category to D, see [HA, Corollary 1.4.2.23].

If D is in addition presentable, the functor 25 admits a left adjoint, denoted by X55.
Sometimes we abbreviate X% and Q3 by 3°° and Q°°, respectively.
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6.2.2.7. Theorem (Basterra—Mandell, Lurie). — Let O be a non-unital
oo-operad with values in a presentable stable symmetric monoidal co-category C.
The (indeco  trive)-adjunction (see Example 5.2.4.20) exhibits C as the stabilisation
of the oo-category Algy(C) of O-algebras in C, i.e. we can consider indecy  trive
equivalently as the (Eflgo(eﬁ Qflgo(e))—adjunction.

Proof. — See also [HA, Theorem 7.3.4.7]. We also refer the reader to [Heu20b,
Theorem 4.3] for a sketch of the proof. O

6.2.2.8. Stabilisation of Ho,,. — Under the equivalence of Theorem 6.2.2.4 the

two adjunctions
free indec

SPr(n) f‘j Alg 1o (8P (1)) J:') SPr(n)
org riv
associated with Alg ;. (Spry)) correspond to the following two adjunctions
5 =0
SpT(h) = j_(ov;,, = SpT(h)

éh Qg?],
associated with J oy, , where the adjunction X7+ Q7 exhibits Spr;,) as the stabilisa-
tion of Ho,, . In particular, we have X5~ Ly o X5¢, , see [Heu2l, §3.3]

6.2.2.9. Proposition. — Recall the augmentation ideal functor 1y from Corol-
lary 0.1.0.10. The functor

. indec 1 a
indecf,,: Algio(8Dr(n)) —— SPr(n) — AlgeF (Sprn))

is symmetric monoidal with respect to the standard symmetric monoidal structure

on 8prp) and the cartesian monoidal structure on Alg o (SPr(p))-

Proof. — The functor X5, = Ly 0 X3 Hoy, — Sprpp) is symmetric monoidal
with respect to the cartesian monoidal structure on Ho,, (given by taking the product
of the underlying pointed homotopy types) and the standard symmetric monoidal
structure on Spr;) given by the smash product of the underlying spectra, because
each functor in the composition does, see [HA, Proposition 2.2.1.9].

Furthermore, we can lift ¥5°,  to a symmetric monoidal functor
N, Hou, — Alge *(8pr(n));

every object X € Ho,, is pointed and the functor X°, = assigns to the canonical

maps pt =& X — pt the following morphisms
L) (S) = (L) 0 BF) (X) ~ (L 0 5%°) (X) & Ly (S) = Ly (S),

where the T(h),-local sphere spectrum L) (S) is the symmetric monoidal unit
of Sppeyy. In particular, this shows that IpoX, ~ X7°. Under the equiva-
lence Hoy, =~ Algcio(SPr(p)), the functor ¥°,, ~ corresponds to indeczie. O
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6.2.2.10. Goodwillie calculus. — Let F': € — D be a functor where
(i) € admits finite colimits and final objects,
(ii) D admits finite limits and sequential colimits, and
(iii) sequential colimits commute with finite limits in D.
Using the theory of Goodwillie calculus [Goo03], one can construct the following

commutative diagram

F

7

- =— Py F — PLF —— -+ —— P F —— Py F ~pt

of functors from € to D where the functor Py F' is the best approximation of F
by “k-polynomial” functors for every k > 0. Very informally speaking, one can
consider the lower horizontal tower as an approximation of the functor F', analogue to
the Taylor approximation of a function.

This diagram, or the lower horizontal tower, is known as the Goodwillie tower of F.
In particular, we have

Py(F) ~ hﬂ QL oF o0 X,
n>0

known as the “linear approximation” of F', see [HA, Example 6.1.1.28]. For € = D
and F' = id we see that Pq(F) ~ QX , which relates closely to the stabilisation of
C. We refer the reader to [Goo03; HA] for a detailed introduction of this theory and
to [Kuh07] for nice applications.

6.2.2.11. Dual Goodwillie calculus of Endofunctors of Sp,). — Let F' be
the functor in 96.2.2.10. Because of the hypotheses (i)-(iii) in 6.2.2.10, one can not
simply construct a Goodwillie tower of the functor F°P: C°P — D°P: For example, the
opposite category D°P does not satisfy the conditions (ii) and (iii) in general.
However, if D is stable and € admits finite limits and initial objects, then F°P does

the dual Goodwillie tower of F' is defined as the Goodwillie tower of F°P: C°P — D°P,

illustrated by the commutative diagram in the oo-category Fun(C, D) below:

PYF ~ pt P'F PrF — P
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This is called the dual Goodwillie tower of F'. Similarly, we have the following colinear
approximation
1 1 n n
PY(F) ~ gZeoFer.
For k € N, we say
(i) F is k-polynomial if P*F ~ F, and
(ii) F is k-homogeneous if P* F ~ F and P' F = pt for i < k.
The Dual Goodwillie tower of a functor F': Spp,) — Spr(s) has particular nice
properties; see [Heu21, §4.1, Appendix B] for more details. We need the following one
lemma, for our latter applications.

6.2.2.12. Lemma. — Consider a functor F': Spp,) — Spyp,) satisfying the follow-
ing property: There exists a sequence (F});>1 of endofunctors of Spr(n) such that

(i) F~][Z, F; and

(i) Fj is j-homogeneous for every j > 1.
Then for every k > 1, the natural map

k
[[F—PF
j=1

s an equivalence of functors.

Proof. — See [Heu2l, Lemma 4.6]. The proof uses a “uniform nilpotence” result
for 8pp(y), which uses the fact that the Tate construction in Spr(y vanishes; this does
not hold for a general stable co-category, not even for 8p, see [Heu21, Lemma B.4]. O
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6.3. Higher enveloping algebras in positive chromatic heights

We fix a prime number p and a natural number A > 1 throughout this section.
Recall the adjunction (6.2.0.1)

Uso: Alggic(SPrgny) = Im Alge' (Sprpy) : Too -
n

Based on Theorem 6.2.1.17 and 96.2.2.3, we conjecture that Uy, (and thus Ty,) is an
equivalence of oco-categories. In this section we prove that U, is fully faithful, which

is original work.

6.3.0.1. Theorem. — The functor

Uso: Alggic(Sprgny) — lim Alge', <8pT(h))
s fully faithful.

6.3.0.2. Proof strategy. — We explain our proof strategy first before going into
detailed arguments. To prove the fully faithfulness of U, it is equivalent to show

that the unit natural transformation
id = Ty o Uy

of the adjunction U, - T4 is an equivalence, i.e. we need to show that the
evaluation L — (T oUx)(L) is an equivalence for every spectral Lie alge-
bra L € Alg.;(Spr(n)). By [HTT, Proposition 1.2.4.1] it suffices to show that
for every M € Alg ;o (Spr(p)), the induced map

Mapﬂlgue(SPT(m) (M, L) = Map‘AlgLie(SpT(h))(M7 (Too 0 Uoo)(L)) (6.3.0.1)

on mapping spaces is an equivalence in Ho.

Let V}, be any pointed finite complex of type h. Recall that SpT(h) is generated
under small colimits by the L; 3V}, see 46.2.2.3. Furthermore, every spectral Lie
algebra is equivalent to a sifted colimit of free spectral Lie algebras. Thus, to verify
that (6.3.0.1) is an equivalence for every spectral Lie algebra M, it suffices to prove it
for M = freeLie(Lfl ¥>°V;,). Using series of adjunctions and that T, o Uy, preserves
finite limits (Proposition 6.3.0.8), we reduce the problem to proving that there exists
an equivalence

~

LY 55 (Too o Uso) (L') (6.3.0.2)

for every L € Algg;.(8pry), where LV denotes the limit of the constant dia-
gram Vi, — Alg ;. (Spr(p)) sending every vertex of Vi to L (Proposition 6.3.0.6).
As the last step, we choose a finite complex V' of type A which admits a vy, self-map
and show that (6.3.0.2) is an equivalence in the case Vj, = V' (Proposition 6.3.0.13),

using the fact that LY is a trivial spectral Lie algebra (Corollary 6.3.0.12).
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6.3.0.3. Proposition. — The functor Uy, is fully faithful if and only if there exists
an equivalence T, 0 Uy =~ id of functors.

Proof. — See [JohSE, Lemma 1.1.1]. O

6.3.0.4. Situation. — Let V be a finite complex of type h together with
a vy, self-map v: 24V — V.

6.3.0.5. Definition. — For L € Alg ;.(Spr(s)), define the T(h)e-local spectral Lie
algebra LV as the limit of the constant diagram V — Alg cie(SPr(n)) sending every
point of V' to L.

By construction the endo-functor (—)"" of Alg £ (SPr(p)) is right adjoint to the
copower functor V' ® (—), which assigns to an object L € Algg;.(Spr(s)) the col-
imit V' ® L of the just-mentioned constant diagram V' — Alg ;o (Spr(p))-

6.3.0.6. Proposition. — Consider unit natural transformation n: id = Ty 0 Uy
of the adjunction Uy, 4 To. The following statements are equivalent:
(i) The natural transformation n is an equivalence of functors.

(ii) The natural transformation n induces the equivalence

of functors below

6.3.0.7. — Recall the notations from §6.1. The (Uy, 4 Too)-adjunction is induced
by the adjunctions U,, 4 T,, where, for every n > 1,

Upn: Algsie(SPrny) — Alge) (SPr(n))
L (Ig, oindect;! o€z, )(L)
Ty Algg) (SPrny) = Algcie(SPr(n))
K, — (Bar,o trinig oAe ) (Ky),
by Proposition 6.1.0.22, since we showed in Proposition 6.2.2.9 that the functor indeczie
is symmetric monoidal. Denote the right adjoint to the “non-unital” Bar construc-
tion B,, by C,, see Corollary 6.1.0.14. The family of natural transformations
T7L+1 © Un+1 - Tn—i—l O(Cn-i-l © Bn—i—l) © Un+1 — Tn © Un

for n > 0 induces an equivalence

ToooUoo <_
y_

n

lim (T,, 0 U,)
m

~
~

(Bar,, o triv}y;- oindecy, 0 Q%)

of functors, where the limits are taken in co-category of endofunctors of Alg o (Spr (1))

and the first equivalence holds by the universal property of the limit.
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To prove Proposition 6.3.0.6, we need to use the following property of the func-
tor Too 0 Ug

6.3.0.8. Proposition. — The functor Ty, 0o Uy, preserves finite limits.

6.3.0.9. Notation. — In the proof of Proposition 6.3.0.8, we make the following
simplification of notations.
(i) Abbreviate the forgetful functor forge by forg™.
(ii) Abbreviate the trivial augmentation Ag, and augmentation ideal I¢,, functor
by A, and I, respectively.
(iii) Abbreviate the suspension and loop functor of SpT(h) by ¥ and €, respectively.
(iv) For m,n € NU {oo} with m > n, let forg," denote the forgetful functor

Alge (D) — Alge (D).

for a symmetric monoidal co-category D, induces by the morphism i)": €, — &,
of oo-operads.
(v) Recall the n-fold loop functor
Qe Algaie(SpT(h)) - Algaie(spT(h))

and its factorisation
Qpie: Alg/;ie(SPT(h)) — Alge | (Algme(SPT(h))>
from Proposition 6.1.0.19. In particular, we have
QL]lc fOI‘g OQLlc

Proof of Proposition 6.5.0.5. — Since the forgetful functor forg,,, is conservative, it

suffices to prove that the composition
forg i © Too © Uso : ‘AlgLie(SpT(h)) - SPT(h)

preserves finite limits. Moreover, it is then equivalent to show that forg ;. 0 Too 0 Us
preserves the zero object and commutes with the loop functors, because the target
oo-category is stable, see [HTT, Corollary 4.4.2.5] and [Heu21, Lemma 3.9].

Since every single functor in the composition preserves the zero object, the compo-
sition also does. We write the functor forg ;, o To, 0 Uy explicitly as

forg gie © Tog 0 Uog = forg g, o lim (Ty, 0 Up)

n

((fOI‘ngeOT) Un)

1

1
SRR

(Znoforggu oU ) (6303)

1R

(E oforgg” oI, omde%e Oﬂme)
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where the second equivalence holds because forg ;. commutes with small limits, and
the third equivalence holds by (6.1.0.3). For every L € Alg;.(Spr(p)), We obtain

(forg gie © Too © Uso ) (Rgie (L))

(Z"o forgi" o1, omdecLlc oﬁZie) (Qzic(L))

~li

- R

—~
S
~

1R

lim (E”o forgh" o1, oindec;" o forg!' ™! OQZ—E) (L)

b

2 Jim (E”o forg™ o1, o forg” ™ oindec};" OQZJS) (L)

(zc) Q (Lin (Z"'Ho forgpi 0L, 410 indeCZiZ+1 OQZT:) (L))
Q( fOI‘ngeT U )( )) .

The equivalence (a) holds because of the equivalence

n+1

~n+1 ~n ~
forg, ™ oQpie > Qpe 0 fOlfg1 oQsie,

since every functor here is a right adjoint. The equivalence (b) holds because the
functor indeczie is symmetric monoidal, and thus induces the following commutative
diagram

indec

Alge . <Algme(8PT(h))) *“;fllge (Algi‘;g(SpT(h))) Algg (SpT(h))

forg," forgy*

g, (Al e (Sp1m)) o Al (Al (Sp1r))) = Al (8P )

for every m,n € NU {co} with m > n. The equivalence (c¢) holds by
forgh" o1, oforg] ™ ~ forgl%; o I, 41,
following from Corollary 6.1.0.10. O

6.3.0.10. Corollary. — For every spectral Lie algebra L € Alg o (Spr(p)), there
exists an natural equivalence

(Too UOO)(LV) ~ (T UOO)(L))V
of spectral Lie algebras.

Proof. — The object LY is obtained by a finite limit construction. O

Proof of Proposition 6.3.0.6. — It is obvious that (i) implies (ii). We show that (ii)
implies (i). Abbreviate the mapping space Mapmgﬁ.e(spﬂ})) by Map ;. in this proof.
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As we explained in 96.3.0.2, it suffices to prove that the unit natural transformation

of the adjunction U, 4 T induces an equivalence
Map ;e (freemC (Lfl ZOOV) , L)
lg (6.3.0.4)
Map gy, (freecie (L 22V ), (Toso Usc)(D))
for every L € Alg;(Spr(n)). Then we have
Map e (free,gie (Lz EOOV> , L)
~ MapspT(h) (Lz X0V, forg ;e L)
~ Maps, (5*V, forg;, L)
~ Mapg, (V @8, forgs;. L)

~ Mapg, (S, (forg ;e L)V>
:Mapgp (S, forgLie (LV)) ’

(6.3.0.5)

where the first equivalence holds by adjunction free - forg, the second holds by the
universal property of the localisation Li, the third and fourth hold by the copower—
power adjunction (—® V) 4 (—)V and the last equivalence holds because the forgetful
functor preserves small limits.

Similarly for the target mapping space, we have
Map g, (freecie (L, 5V, (Togo Use)(L))

lz
Mapg,, (S, forg ;e (((Too OUW)(L))V))

Thus, the morphism (6.3.0.4) is equivalent to following morphism

Maps, (8, forge. (LV)) = Maps, (S, forgzi (Too o Us)(L)")).

which is indeed an equivalence for every L € Alg;.(Spp(y)), by assumption (ii)
and Corollary 6.3.0.10. O

6.3.0.11. Proposition. — For every L € Alg ;. (Spr)), the spectral Lie algebra v
is an infinite loop object of the co-category Alg e (SPr(p))-

Proof. — Recall the vy, periodic self-map v: X4V — V from Situation 6.3.0.4, which
becomes an equivalence (L o £%)(v) in Spr(ny, see 96.2.2.3. Thus, we expect the
following equivalence in Alg ;o (Spr(p))-

Claim. The map v induces an equivalence LV: LY — LEV of spectral Lie algebras.
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The equivalence v, : LZ yootdy Lfl Y%V in 8pr(p) induces an equivalence
Mapg,, (LI; SV, forg ., L) =5 Mapg,,,., (L; StV forg oy L) .

With the same arguments as we proved the equivalences in (6.3.0.5) we obtain by

adjunctions an equivalence
forg ;e (LV) — forg ;e (dev) ,
of spectra. The claim follows by the fact that the functor forg;. is conservative.
Considering the (X Q)-adjunction of pointed homotopy types, we show the follow-

ing claims.

Claim. There exists a natural equivalence
d
Ofio(LV) = LTV
of spectral Lie algebras.

Let S¢ denote the d-dimensional sphere. The following sequence of natural equiva-

lences proves the claim:

d . . . .
L¥V ~ lim L ~ lim lim L ~ Qm(LV) o~ Q%ic( ). N
ndy Sd Vv Sd

6.3.0.12. Corollary. — For every L € Alg.;(Spr(p)), the spectral Lie algebra LV is
trivial, i.e. it lies in the image of the trivial spectral Lie algebra functor trivg. (see Ea-

ample 5.2./.20). In particular, there exists a natural equivalence

LY ~ (trivgie o forg ;) (LY)
in the oo-category Alg cie(SPr(n))-
Proof. — Recall that the adjunction indecg;e - trivgie exhibits SpT(h) as the stabili-
sation of the oo-category Alg ;. (Spr(s)) (Theorem 6.2.2.7). In other words, the image
of trivgie is exactly the set of infinite loop objects of Alg;.(Sprn)), see 96.2.2.6.
So by Proposition 6.3.0.11, the spectral Lie algebra LY is contained in the image of
trivgie. Thus we have

LY ~ (trivgie o forgzi. ) (LY),

because forg ;. o trivgie = idmgme(ng(h)) by Example 5.2.4.21. O

6.3.0.13. Proposition. — There exists a natural equivalence
(ToooUso) (LY) = LY

of T(h)e-local spectral Lie algebras, for every L € Alg ;o(Sprn))-

Proof. — Since the forgetful functor is conservative, it is enough to show that

(forg e © Tos 0 Uss) (LV) =~ forg ;e (LV) :
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We will use the abbreviations for notations as in Notation 6.3.0.9. Recall the expression

of forg ;. 0 Too 0 Uy from (6.3.0.3). We have
(forg g © Too © Usc) (LV)

L (E"oforgn ol, omdeCLlc Oﬁzie) (LV)

@ im ("o forg™ o1, o indec oQLmOth“C forg ¢;c (L
L Lle

(fl\l)l&n(E oforgh" oI, o1ndecLlC otriv o A, 0 Q" ) (forg ;e (LV))

3

(iii)

~ @1 (E"oforg) oI, o (Ag oindecgie o triveie 0 Ip)™ 0 Ay, 0 Q™) (forg e (LV))

S

—

R=

¥

Jim ("0 Symo Q") (forg . (LY))

Y (P (Sym) (forgi, L)

(vi)
=~ forg e (Lv) .
The reasons for the equivalences are given below:
(i) is by Corollary 6.3.0.12.
(ii) holds by the equivalence Q, o OtTiveie > trivy oAy 0 Q™ which can be checked
by applying the forgetful functor forg™ on both sides, since forg™ is conservative.

(iii) holds by the equivalence
indec}. otriv]. =~ Agoindecgj, otrivgieol
Lie Lie 0 ie ie © 10,

and (Agoindecgiec 0 triveie 0Ip)™ denotes the functor on the oco-category of
augmented &,,-algebras, induced by the composition Ay oindecgie 0 trivgie o Io.
(iv) is a change of notation
Sym := indec ;e o trivgie = H ((—)®T)6T ,
r>1
by the Koszul duality between the spectral Lie co-operad and the non-unital
cocommutative oo-cooperad, see Proposition 5.3.2.4.
(v) holds by the construction of the first colinear approximation P*(F) of F in the
dual Goodwillie calculus tower, see 96.2.2.11.
(vi) holds because we have P! Sym ~ idsp.,, by Lemma 6.2.2.12. O

Proof of Theorem 6.5.0.1. — This is a consequence of Proposition 6.3.0.13, Proposi-

tion 6.3.0.6 and Proposition 6.3.0.3, as we explained in the proof strategy 46.3.0.2. [

Recall the oo-category Spk(s) of K(h)e-local spectra, where K(h) is the p-local

Morava K-theory spectrum.
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6.3.0.14. Corollary. — The functor

Uso: Algsic(8Pk(n)) — @Alg?‘;‘/ (SpK(h)) )
obtained from the diagram (6.1.0.1), is fully faithful.

Proof. — The oco-category Spy(py is the reflective localisation of Spy;) at the set
of K(h)e-equivalences of (p-local) spectra. Thus one can prove the corollary using
the same proof strategy 96.3.0.2 as for Theorem 6.3.0.1: Every statement holds after
replacing T(h)e by K(h). In particular,

(i) By [HTT, Corollary 5.5.7.3] the oo-category 8pk ) is compactly generated by
one compact object Ly X>°V.

(ii) Proposition 6.3.0.8 holds with K(h) in place of T(h): In the original proof we
uses that indecf,  is symmetric monoidal. This is still true in the K(h).-local
case, since the localisation functor Spr,) — Spg(y) is product preserving,
see [HA, Lemma 1.4.4.7].

O






CHAPTER 7

Costabilisation of v,-periodic homotopy types

7.1. The costabilisation of an co-category

In this section we introduce the theory of costabilisation, the dual notion of
stabilisation (96.2.2.6).

7.1.0.1. Definition. — Let C be an co-category admits finite colimits. The costa-

bilisation co8p(C) of € is the stabilisation Sp(C°P)°P of the opposite co-category COP.

An object of coSp(C) is called a cospectrum object of C.

7.1.0.2. Example. — Here are two rather elementary examples.

(1)

The costabilisation of the oco-category Ho of homotopy types is trivial.
Let F': Ho™ — Ho° be a reduced excisive functor. Then we know F(pt) = 0,
the terminal object in 30°?. Let F(S°) = X. Then the pointed map pt — S is
sent to X — 0 in Ho under F, which implies that X is also the empty set. More
generally, let € be an co-category with strict initial objects''), then co8p(€) is
trivial by the same arguments.

Let € be a stable oco-category. Then we have

oP (a)

co8p(C) = (EXC* (FHo™, (?Op)) =~ (Fun"*(Ho,, €°P))P @ (CoP)P

where Fun'® denotes the co-category of right exact functors. The equivalence (a)
holds because pullbacks and pushouts in a stable oo-category coincide, see [HA,
Proposition 1.1.3.4], and a functor preserves finite colimits if it preserves the
initial object and pushouts [HTT, Corollary 4.4.2.5]. The equivalence (b) holds
because ﬂ{ofn the oco-category freely generated by the pt under finite colimits,
see [HA, Remark 1.4.2.6].

7.1.0.3. Proposition. — In the situation of Definition 7.1.0.1 the costabilisa-
tion coSp(C) of € is a stable co-category.

(D An initial object I is strict if any morphism mapping into [ is an equivalence
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Proof. — The stabilisation of an co-category admitting finite limits is stable, see [HA,
Proposition 1.4.2.17]. The opposite co-category of a stable co-category is stable,
see [HA, Remark 1.1.1.3]. O

7.1.0.4. Notation. — In the situation of Definition 7.1.0.1, let £ : co8p(€) — €
denote the opposite of the functor Q% : Sp(CP) — CP (see 96.2.2.6). We abbrevi-

ate £ by Y, if it is clear from the context which co-category € we are working with.
7.1.0.5. Proposition. — The functor ¥, : co8p(C) — € preserves finite colimits.

Proof. — By [HA, Remark 1.4.2.3] the functor Qg., preserves finite limits, since finite
limits of functors are computed point-wise. Thus the functor £ ~ (22°)°P preserves

finite colimits. O

7.1.0.6. Proposition. — Let C be an oo-category admits finite colimits. The costab-
lisation coS8p(C) together with the functor Yo, : co8p(C) — C satisfies the following
universal property: Any finite colimits preserving functor F' from a stable co-category D
to C factors through Y : co8p(C) — C, uniquely up to contractible choice. We illus-

trate the universal property by the following commutative diagrams.

D E e
37 g A
co8p (C)
Proof. — The functor 2}, satisfies the universal property that it is the terminal finite

limits preserving functor from a stable co-category to C°P, see [HA, Corollary 1.4.2.23].

Taking the opposite co-categories, we obtain the universal property of Yo, (C). O

7.1.0.7. Proposition. — Let C be a pointed co-category admitting finite colimits.
There exists an equivalence

coSp(C) ~ Jim ( =L NTGRaC (3) , (7.1.0.1)
of stable oco-categories, where the inverse limit is take in the co-category CAT s of
(not necessarily small) co-categories.
Proof. — The opposite oo-category C°P is pointed and admits finite limits. By [HA,
Proposition 1.4.2.24], we have

Sp (C°P) ~ m ( .. Q@i) ©op Qti) GOP)
o op

Then the proposition follows from the definition of the costabilisation. O
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7.1.0.8. Remark. — Let C be a pointed oco-category admitting finite colimits. An
object of the co-category
lim (- 2% € =5 ¢)
is a sequence (X;);>o of objects in € such that X; ~ X¢(X;41) for every ¢ > 0. In
particular, we see that
(i) for every i > 0 the object X; € € admits infinite desuspensions in €, and

(i) the functor X is equivalent to the canonical functor
lim (- =5 € 2% €) - €, (Xi)izo - Xo,
under the equivalence (7.1.0.1).

7.1.0.9. Corollary. — The costabilisation of the oco-category Ho, of pointed homo-
topy types is trivial.

Proof. — The suspension functor increases the connectivity of pointed homotopy
types. In particular, any pointed homotopy types that admits infinite desuspensions
is contractible. O

7.1.0.10. Remark. — Let C be an co-category admits finite limits and finite colimits.
Denote the final object of € by te. Let C, := C;,, denote the co-category of pointed
objects of C, see [HTT, Definition 7.2.2.1]. In the situation of stabilisation, the
canonical forgetful functor €, — € induces an equivalence 8p (C.) ~ 8p (€) of stable
oo-categories. However, the costabilisations coSp(C.) and coSp(€) are in general not
equivalent co-categories. For example, let € be Ho°?. We have (Ho?), ~ {0}. Thus,
the costabilisation coSp((Ho"),) is trivial, whereas coSp(HoP) ~ Sp(Ho)°P ~ §p°P
is not trivial.

7.1.0.11. Proposition. — Let C be a pointed presentable oo-category.
(i) The costabilisation coSp(C) is presentable.
(i) The functor & : coS8p(C) — € admits a right adjoint QF, .
(iii) Let D be a stable presentable co-category. An exact functor F: D — coSp(C)
admits a right adjoint if and only if ¥ocoF: D — C admits a right adjoint.

Proof. — This is the analogue statement for costabilisation as [HA, Proposition 1.4.4.4]
for stabilisation. Since € is presentable, the functor e admits a right adjoint Qe,
see [HA, Remark 1.1.2.8]. The inverse limit

in Prl is preserved under the inclusion Prt s CAT w, see [HTT, Proposition 5.5.3.13].
Thus co8p(C) is an object of Pr and ¢ is a morphism in fPrL, by Proposition 7.1.0.7
These proved (i) and (ii). Property (iii) follows from the universal property of the

costabilisation Y : co8p(€) — € in the co-category Prv. O
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7.1.0.12. Corollary. — Let C and D be pointed presentable co-categories and assume
that D is stable. Let G: C — D be a functor that admits a left adjoint. Then G factors
through Qus: € — co8p(C), uniquely up to contractible choice. We illustrate this

universal property of QS by the following commutative diagram.

co8p(C).

Proof. — This follows from Proposition 7.1.0.6 by adjunctions. U

7.1.0.13. Proposition. — Let C and D be co-categories admitting finite colimits
and F: C — D be a functor preserving initial objects.

(i) If F is right exact, then F induces an exact functor
F: co8p(C) — coSp(D)

of stable oco-categories.

(ii) Assuming that € and D are pointed and F o Ye~ XpoF, then F induces an
exact functor F of their costabilisations.

(iii) In the situation of (i) and (ii), if F is fully faithful, the induced functor F is
also fully faithful.

Proof. — (i) Since F is right exact, it induces a right exact functor
fin op fin op
F: Exc, (f}{o* ,eop) — Exc, (5{0* ,@013) :
between stable co-categories, since limits of (excisive) functors are computed pointwise,
see [HA, Remark 1.4.2.3]. By [HA, Proposition 1.1.4.1], the functor F is exact.

(i) Let G: Ho™ — €°P be a reduced and excisive functor. We show that F°P o G
is also reduced and excisive, where F°P denotes the canonical functor C°P? — D°P
associated to F'.

Let P be a pushout diagram in Ho"™, so we have G(P) is a pullback diagram
in C°P. By [Heu2l, Lemma 3.9] (QperoF°P)(G(P)) is a pullback diagram in D°P.
Since Exc, (9‘(02“, D°p> is stable and its limits are computed pointwise D°P, we have
that F'(G(P)) is a pullback diagram in D°P. Similarly, we can show that F is right
exact and thus exact.

(iii) Fully faithfulness of F is checked pointwise on the induced map on mapping
spaces in C°? and D°P, which can be verified by the fully faithfulness of F'. O

7.1.0.14. — Let C be an oco-category which admits finite colimits. The oo-cate-
gory co€xc, (Hoy,C) of reduced coexcisive functors from Ho, to € is a stable

oo-category, since it is equivalent to the oco-category Exc. ((Ho,)°P, C°P), which is
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stable by [HA, Proposition 1.4.2.16]. Evaluation at a fixed object X € € gives a
functor evx: co€xc, (Hoy, €) — €, which is colimit preserving since the colimit of
functors are computed pointwise. Thus, by universal property of costabilisation, we

obtain the following commutative diagram

coéxc, (Hoy, C)°P X C

(Mapm s

~ op
co8p(€) ~ Exc, (J—Coim, G°p>

where the functor (Map(—, X))" is given by composing with the functor
Map(—, X): Ho™ — HoP, V — Map(V, X).
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7.2. Examples of costabilisations

Let € be a pointed presentable stable symmetric monoidal co-category and let O be
a reduced oo-operad with values in € (see Definition 5.3.2.11.(iii)). The co-category
Algy(€C) of O-algebras is pointed: The zero object of Algy(C) is the zero object
of € endowed with a trivial O-algebra structure. Recall that the free O-algebra
functor freeg: € — Algy(C) is cocontinuous, i.e. small colimits preserving. Since € is
stable, the suspension functor e of € gives an autoequivalence of €, with the inverse
given by the loop functor €. Denote the suspension endofunctor of Algy(€) by X,
which admits a right adjoint Q. Thus, for every object X € €, we have
freeg (X) ~ freep (ZeQeX)
~ Mo (freep (Qe X))
~ %) (freep (28 X))

~ ...

~ 3T (freep (23 X)) .

This implies that every free O-algebra admits infinite desuspensions in Algq(C), which
corresponds by Proposition 7.1.0.7 to a cospectrum object of Algy(C). Therefore, we
expect that the costabilisation of Algy(C) is non-trivial, cf. Example 7.1.0.2. In the

following we are going to present some examples of this kind.

7.2.0.1. Proposition (Gaitsgory—Rozenblyum). — Let O be a reduced
oo-operad with values in the co-category Spqy of rational spectra. The loop func-
tor Qp: Alggy (SpQ) — Algg (SpQ) admits the following factorisation

Alge (Spg) —2 Alge (Spg)
forgol Ttrivo (7201)

Spg —g,, — SPa

Proof. — See [GR, Chapter 6, Proposition 1.7.2]. O

7.2.0.2. Corollary. — In the situation of Proposition 7.2.0.1, the suspension func-
tor o : Alggy (SpQ) — Algg (SpQ) admits a factorisation

Alge (Spg) —2+ Alge (Spg)

indecol freeoT

Sp@ —>ZSpQ Sp@ .

Proof. — Taking the left adjoints of functors in (7.2.0.1) gives the desired result. [
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7.2.0.3. Corollary. — Let O be a reduced oo-operad with values in 8Spg. The co-cate-
gory 8pg together with the free O-algebra functor freeg: 8py — Alge(C) is equivalent
to the costabilisation of Algs(C).

Proof. — Abbreviate X, by X. By Corollary 7.2.0.2 we obtain the following com-
mutative diagram

e ¢ b
e =0 Algy (SpQ) —=2 5 Algg (SpQ) —=2 5 Algg (Sp@)
S Spg S 8po S Spg;

in GAT . Thus the functor

codp(freegie) : Spg =~ coSp (SpQ) = co8p (Algo (Sp@)) ,

induced by freey, from the inverse limit of the lower row to that of the upper row is

an equivalence of co-categories. In other words, we have a commutative diagram

co8p (Alge (Spg)) —= Algy (Spg)

COSP(fFee,cic)T‘“ Tfreeo

co8p (Sp@) E—;> 8pg

of co-categories. From the above diagram we see that freey is equivalent to the lower
horizontal arrow Y. O

7.2.0.4. — In the next section we show that the costabilisation coSp(Alg i (SPr(n)))
of the oo-category Alg ;o (Spr(p)) of T(h)e-local spectral Lie algebras is equivalent
to 8pp(py, for every h > 1, generalising Corollary 7.2.0.3 in the case where O is the
spectral Lie oc-operad Lie. In particular, this implies that the costabilisation of the
oo-category Ho,, of vp-periodic homotopy types is non-trivial, in contrast to the
costabilisation of Ho,, cf. Example 7.1.0.2.

7.2.0.5. Theorem (Heuts—Land [HL]). — Let C be a presentable symmetric
monoidal co-category. The n-fold suspension functor ¥g : Algg’ (€) — Alge' (C)
admits the following factorisation

Zn
Algg, (€) — Alg¥, (€)

indecg ZUJ Tfreeg?lu

GTG.
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7.2.0.6. Remark. — We learnt about Theorem 7.2.0.5 from communications with
Gijs Heuts and we checked the proof in a draft of the manuscript. We use this theorem

for Corollary 7.2.0.7, Proposition 7.3.0.3, Theorem 7.3.0.4, and Corollary 7.3.0.7.

7.2.0.7. Corollary. — In the situation of Theorem 7.2.0.5, the stable co-cate-
fr nu

gory co8p (C) together with the functor coSp(C) Doy @ 0 Alge (€) is equivalent

to the costabilisation of Algg' (C).

Proof. — We can use the same proof strategy as the proof of Corollary 7.2.0.3, where
we replace the 1-fold suspension functor by the n-fold suspension functor. In particular,

we obtain the following commutative diagram

coSp (Algh” (€)) === Algk" ()

coSp(freegnu )TN Tfreeaﬁu

_
co8p(@) o e
. . . . e Algg’l (€)
of oo-categories, which gives an equivalence freegnu o35 ~ Yoo of functors. [
7.2.0.8. — We cannot simply dualise the argument for Theorem 6.2.2.7 to give a

general statement about the costabilisation of the co-category Algy(€) of O-algebras
in a stable symmetric monoidal co-category €. For simplicity, let O be an co-operad
with values in Ho. Almost equivalently, we can consider the problem of determin-
ing the costabilisation of Algy(C) as the problem of determining the stabilisation
of coAlgy(C) ~ Algy(CP)°P. In the situation of Theorem 6.2.2.7 the proof uses
two ingredients:

(i) The adjunction induced by the stabilisation of a monadic adjunction is monadic,

see [HA, Example 4.7.3.10].
(ii) The linear approximation (in the context of Goodwillie calculus) of the func-

tor forgy ofreen satisfies

Py | []O(r) ®e, X°7 | ~0(1) ® X.
r>0

None of the two facts generalise to the dual/opposite setting in general. In particu-
lar, we would have to consider the Goodwillie calculus tower for the divided power
functor (0(r) ® (—)®T')6", which is non-trivial, in contrary to the Goodwillie calculus
tower of (O(r) ® (—)®")g, (this functor is 7-homogeneous).

However, if we work with the co-category Spp(y) of T(h)e-local spectra, recall that
we do have similar formula of the co-linear approximation P*(F) of certain endofunctors
of 8py(p), see Lemma 6.2.2.12. This is exactly one of the important ingredients we

use to investigate the costabilisation of Alg ;. (Spr(p,)) in the next section.
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7.3. The costabilisation of v,-periodic homotopy types

From now on we fix a prime number A and a natural number hA > 1. In this section
we prove that the costabilisation of the oo-category Alg ;. (Spr(s)) of T(h)e-local
spectral Lie algebras is equivalent to the oo-category of T(h)-local spectra, see Theo-
rem 7.3.0.4. Under the equivalence Hoy, ~ Alg;.(Spr(s)) (see Theorem 6.2.2.4), the
oo-category SpT(h) is also equivalent to the costabilisation of Ho,,. As a corollary
we provide a universal property of the Bousfield-Kuhn functor, see Corollary 7.3.0.7.

This section is original work.

7.3.0.1. Situation. — Let O be a reduced oo-operad with values in the
oo-category Sprpp) of T(h)e-local spectra. Recall the free—forgetful adjunction

freeg: Spp(y) = Alge (SpT(,L)) : forg .

Since the functor freeg preserves small colimits, the adjunction induces an adjunction

Freeg: Spp(y) = coSp (Algo (SpT(h))> :Go,

on costabilisations, by Proposition 7.1.0.13.
7.3.0.2. Proposition. — In Situation 7.5.0.1 the functor Freeq is fully faithful.

Proof. — By Proposition 6.3.0.3 it suffices to show that there is an equiva-
lence Gy o Freeg ~ id. Abbreviate the the suspension and the loop functor of the
oo-category Spry) by X and 2, respectively.

For every object E € Spry,), we have

(Go o Freeg)(E) ~ lim (X"oforg o freep 0 Q") (E)

n
1 .
~ P! ] (0(n) @ B
i>1
~ F.
The first equivalence holds by the construction of Freey and G¢. The second equiv-
alence holds by the construction of the colinear approximation, in the sense of dual

Goodwillie calculus, of the endofunctors forge o freeg of Spy(yy. The last equivalence
holds by Lemma 6.2.2.12. O

7.3.0.3. Proposition. — In Situation 7.5.0.1, let O be the spectral Lie co-operad Lie.
Then the functor Freegie is an equivalence of stable oo-categories.

Proof. — Recall the fully faithful functor functor (see Theorem 6.3.0.1)

Uoo : ‘Algﬁie(spT(h)) — @1 Alg?ji (SpT(h))a
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induced by the commutative diagram (6.1.0.1). Let
Pro: I'Lnﬂlg?:i (SpT(h)) — Algg, (SpT(h)) ~ Spr(n)
n
denote the canonical map in the inverse limit diagram. Note that we have
indecgie > Uy = pryo Us -
Since indecgie o freesie ~ id (see Example 5.2.4.21), the following composition

freecie

Us 7. pr,
Spr(ny — Algic(SPr(n)) — m Alge (SPT(h)> — 8P (7.3.0.1)

of cocontinuous functors is equivalent to identity functor of Spy (. Thus the following

composition of functors

Freegic
SPr(ny — = coSp (AlgLie(SpT(h))>

J{coSp(Um)

coSp (@n Alge” <8pT(h))> co8p(prg)

SpT(h)
on costabilisations, induced by (7.3.0.1), is equivalent to the identity functor of Spr )
as well. Thus, to show that Freeg;. is an equivalence of co-categories, it suffices to
show that co8p(pr,) is an equivalence, since the functor coSp(Uy) is fully faithful
by Proposition 7.1.0.13.

Claim. The functor co8p(pr,) is an equivalence of co-categories.

Consider the following commutative diagram

n Bn 1 n Bn B n
e Algsiﬂ <5PT(h)> —= Alge” (SPT(h)) s — Alge, (SPT(h)>
free?y‘wrl]\ free‘g‘:LW idTN
>

SPr(h)
in Pr' obtained from (6.1.0.5). Tt induces the commutative diagram below on costa-

bilisations:
- — co8p (Alg’éj (SpT(h))) — - —— co8p (Algrgn; (SPT(h)>)

~ Freeg n[z =~ Freeg OT:
~

————— 8pr(n S e S SPr(h)

where the vertical arrows are equivalences by Corollary 7.2.0.7 Then the claim follows
by the induced map between the colimits of the rows and from the commutativity of

the second diagram. O
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7.3.0.4. Theorem. — The stable co-category Sppyy together with the functor freesie
is equivalent to the costabilisation of the co-category Algme(SpT(h)).

Proof. — The functor frees;, induces a commutative diagram

8IDT(h) E:o SpT(h)

Free ;elz lfreeﬁ i

co8p (fﬂgme(SPT(h))) = Alg 36 (8P (1) )

of co-categories; here the left vertical arrow is an equivalence by Proposition 7.3.0.3,
and the upper horizontal arrow is an equivalence because Spry,) is stable. This
commutative diagram exhibits an equivalence between the functor freeg;. and the
canonical functor ¥, : co8p (.Algme(SpT(h))) — Alg£ie(SPr(n))- O

7.3.0.5. Corollary. — The stable co-category Spy ) together with the functor freegie
is equivalent to the costabilisation of the co-category Alg e (SPk(1))-

Proof. — By Corollary 6.3.0.14 the result of Proposition 7.3.0.3 still holds, after
replacing T'(h) by K(h). Thus the proof strategry of Theorem 7.3.0.4 works as well in
the K(h)e-local setting. O

f

7.83.0.6. — Recall that under the equivalence Alg ;.(Spr(n)) =~ Hoy, (see Theo-
rem 6.2.2.4) the free—forgetful adjunction of spectral Lie algebras corresponds to the
Bousfield-Kuhn adjunction ©p: Spyp(,) = Hoy, @ @p, see 6.2.2.5.

Thus Theorem 7.3.0.4 implies that the functor ©y, is equivalent to the costabilisation

of Hoy,. This gives a universal property of O and ®y,.

7.3.0.7. Corollary. —
(i) Let C be a stable oco-category. Then composing with the functor Oy induces

an equivalence
Fun"* (€, 8Prny) = Fun"™* (€, Hoy, ),

of oo-categories, where Fun'®* denotes the co-category of right exact functors,
1.e. functors that preserve finite colimits.
(ii) Let D be a presentable stable co-category. Composing with the Bousfield—Kuhn

functor @y, induces an equivalence
ﬁ"unR(SpT(h), D) = Fun® (FHoy,,D),

of co-categories, where Fun® denote the oo-category of functors that are acces-

sible and preserves small limits, i.e. functors admitting left adjoints.

Proof. — This is a consequence of Theorem 7.3.0.4, Proposition 7.1.0.6 and Corol-
lary 7.1.0.12. O






APPENDIX A

Further details for Chapter 5

A.1. The explicit formula of the composition product

A.1.0.1. Situation. — In this section we verify the equivalence (5.2.4.3). Let F'
and G be symmetric sequences in a presentable symmetric monoidal co-category €.

We show that there exists an equivalence

Foa)(n~]] I Fo)es, (®7-G(S)) (A.1.0.1)
n>0 \r=u?_,S;

in € for every natural number r, where ® denotes the composition product (see
Construction 5.2.4.8).

A.1.0.2. Day convolution. — Let F; and F; be symmetric sequences in C. The
Day convolution product Fy ® F5 is a symmetric sequence in € such that
(F) ® Fy)(r) =~ hﬂ Fi(S1) ® F3(Ss) (A.1.0.2)
re28, (S,
for every r € N, where ® denotes the symmetric monoidal product of €. The Day
convolution product endows the co-category Sym8eq(€) of symmetric sequences with
the structure of a symmetric monoidal co-category, where the symmetric monoidal
unit the symmetric sequence 1, (see Example 5.2.4.7). See [HA, §2.2.6] for a more
detailed introduction of the Day convolution.
Recall the unit symmetric sequence 1? in € from Example 5.2.4.7. By calculation

the n-fold Day convolution (1§)®" of 1§ with itself, where n > 1, is given by

(18)®™)(r) ~ Le, if r =n,

the initial object of €, otherwise.

We define (15)%° := 1.
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A.1.0.3. Proposition. — Let F be a symmetric sequence in C. Recall the construc-

tion (=) of symmetric sequences from Example 5.2./.7. Then there exists an equivalence

P J1((18)°") @ F(n)
neN

of symmetric sequences in C, where the coproduct is taken in SymSeq(C).
Proof. — Using (A.1.0.2) we obtain for every n € N

CHETTIONCEE M e

an initial object, otherwise.
for every n € N. Then the statement follows because the small colimits in the functor
category SymsSeq(C) is calculated pointwise. O
Proof of (A.1.0.1). — Recall that the composition product is induced by the follow-
ing equivalence

ev: S"un%rLc/ (SymS8eq(C), SymSeq(€)) = SymSeq(C)

GoF—»FoG
of co-categories, given by evaluation at the unit symmetric sequence 1?, that is
F=FQ1§) and G = G(1Y).
Thus we need to calculate the evaluation (G o F) (18):
(GoF)(1E) =G (F)

a (H((l§)®") ®F(n)>

neN

Y116 (28)* & F(m)

neN

CIé s ea (Fm)

neN

Y (Gas) " e rm

neN

® H G®" ® F(n).
neN

—~
.
=

1

Here are the arguments for the above equivalences:
(i) This follows from Proposition A.1.0.3,
(ii) This holds because G preserves small colimits,
(iii) This holds since @ is a symmetric monoidal endofunctor of Sym8eq(€) with

respect to the Day convolution products.
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(iv) This holds because G preserves small colimits and the full co-subcategory €
of 8ym8eq(C) (via the (—) functor).

(v) This is by definition. o

Calculating the Day convolution products of G with itself, we obtain the equivalence

(H Gon @F(n)> =TI I F® ®e. (@rG(S))

neN n>0 \r=u?_,.S;

in € for every r € N. O

A.2. oco-categories of algebras over an co-operad with values in Ho

The goal of this section is to prove Theorem 5.2.5.5. We repeat the situations and

the statement of the theorem here for convenience.

A.2.0.1. Situation. — Let p: O® — Fin, together with an essentially surjective
morphism A° — O% be a one-coloured oc-operad. Let ¢ denote the image of A°
in O‘ﬁ), which is considered as the colour of O®. For every r € N, recall

(i) the equivalence (Remark 5.2.1.4)

(r

of co-categories, induced by the sequence (p;);>1 of morphisms of pointed finite

R,: 02, = (O%)XT

sets (see Definition 5.1.1.5), and
(i) the morphism f,.: (r) — (1) of pointed finite sets satisfying f~!(pt) = pt.

For every r € N, fix an inverse @, of R, and define the co-groupoid

O(r) = Mapg® (Qr(c”),c)

of morphisms lifting f, (see Definition 5.2.1.2). Note that O(r) admits a &,-action

induced by the permutation group action on (r). We call
0 = (0(r)),> € SymSeq(Ho)

is the underlying symmetric sequence of the oo-operad O%.

A.2.0.2. Situation. — Let C be a presentable symmetric monoidal oo-category.
Then there exists a symmetric monoidal functor F': Ho — C in fPrL, unique up to
contractible choice, since Ho is the free presentable co-category generated by a point.

A.2.0.3. Theorem (Theorem 5.2.5.5). — In Situations A.2.0.1 and A.2.0.2, we
obtain the following statements:
(i) The symmetric sequence O admits the structure of an associative algebra objects
in the monoidal co-category qe: SymSeq(Ho)® — Ass®.
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(if) Consider O as an co-operad with values in Ho by (i). There exists an equivalence
Algo/ Com (e) = LMOdTF(o) (e)

of co-categories, cf. Definitions 5.2.1.2/ and 5.2./.185.

Proof. — We will explain in Construction A.2.0.6 that the (free 4 forg)-adjunction of

Algg / eom (€) is monadic and show that the associated monad is of the form

e—e X [0 ex®),
r>0

(GF%

where O(r) ® X®" denotes the tensor of X®" with O(r), i.e. the colimit of the constant
diagram O(r) — € mapping to the object X®" see [HTT, Corollary 4.4.4.9].

By [GHK22, §3.2], which shows an equivalence between the co-category of “analytic
monads” of Ho and the oo-category of symmetric sequences in Ho, we conclude that
the symmetric sequence O = (O(r)),., admits the structure of an oc-operad with
values in Ho (Definition 5.2.4.11). Th7uS, by Proposition 5.2.5.1, we can consider the
symmetric sequence F(0) as an oo-operad with values in C.

Finally, we have

Tro)(X) ~ H (F(O(r) ®e X®7) &

~H r) X pt) ®e X€) o

~[1 (g( ( t>>®ex®r)
r>0 \O(r)

S,

S,

g (1e ®e X®T)>
o(r)

S,

where we obtain the last three equivalences by the assumption that F' is symmetric
monoidal and preserves small colimits and the symmetric monoidal product ®¢e of C

preserves small colimits in each variable. O

A.2.0.4. Proposition. — In Situation A.2.0.1 let ¢: D® — O% be an O-monoidal
oo-category which is compatible with small colimits (see Definition 5.2./.1). The
forgetful functor

forge : Algo(D) — Fun (oﬁw@) ~ D,
defined by restricting a functor O® — D® to the oo-subcategory (‘)%), admits a left

adjoint freeq. Furthermore, the adjunction freeg - forgy is monadic.
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Proof. — The existence of the adjunction is due to [HA, Corollary 3.1.3.5, Example
3.1.3.6]. The monadicity of the adjunction can be proven using the Barr—Beck theorem,
see Theorem 5.2.3.3. The hypotheses of the Barr—Beck theorem are satisfied by [HA,
Lemma 3.2.2.6, Proposition 3.2.3.1]. See also [HA, Example 4.7.3.11]. O

A.2.0.5. Corollary. — In Situations A.2.0.1 and A.2.0.2 the forgetful functor
forgy: Algo ;) eom(C) — 5"un((9‘281>7 C) ~ ¢,

defined by restricting a functor to the oo-subcategory O%)’ admits a left adjoint freeg

and the adjunction is monadic.

Proof. — We abbreviate Ofﬁ) by O in this proof. Recall that there is the following
pullback diagram
(0 ®eom €)® —— €%

pl ’ J (A.2.0.1)

0® — 4 Com®.

inducing an equivalence
‘Alg/O (o ®eom e) l> ‘AlgO/ Gom(e)a

see Proposition 5.2.1.27. The statement of the corollary follows by considering the

following commutative diagram

Alg o (0 ®eom C) —— Algy/ eom(€)
forg{ Jforgo (A.2.0.2)

0 Ogom € ———— €

of co-categories: The left vertical functor belongs to a monadic adjunction by Propo-
sition A.2.0.4. Thus, the right vertical functor also admits a left adjoint, and the

resulting adjunction is monadic. O

A.2.0.6. Construction. — In the situation of Corollary A.2.0.5 we would like to
show that the monad forgy o freeg of € is of the form
e X [0 ex®), ,
r>0 "

where O(r) ® X®" denotes the tensor of X®" by O(r). For this purpose, we begin with
recalling an explicit construction of the functor freeg from [HA, Construction 3.1.3.9].

We continue to abbreviate O%) by O in this construction. Note that [HA, Construc-
tion 3.1.3.9] works with O-monoidal co-categories. Thus to apply it in the situation

of Corollary A.2.0.5, we again make use of the O-monoidal co-category defined via the
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pullback diagram (A.2.0.1). We denote the O-monoidal category by
q: D® = 0% xp e €2 — OF.

In particular, the underlying O-monoidal category D ~ O ®@eom C ~ C, since 0% is
one-coloured. For an object X € C, denote

X = (¢, X) €D,

which is an object of D mapped to X under the functor pr. By [HA, Proposition
3.1.3.13] we have

forgg ofreeg: D — D, X — H Symg (X), (A.2.0.3)
r>0
where Sym (—) is a certain colimit construction which we recall now (see also [HA,
Proposition 3.1.3.9]).

Let f: Triv® — O® be the map of oc-operads sending (1) to ¢. Let r € N.
Define a full co-subcategory P(r) of Triv® ®ge O% as follows: An object in P(r) is a
pair ((r), f((r)) — ¢) of the object (r) of Triv® and an object f({r)) — ¢ of O% such
that f({r)) — ¢, considered as a morphism in O® is a lift (under p) of the morphism f,.
of pointed finite sets. Note that P(r) is a Kan complex since morphisms in P(r) is
induced by the automorphisms &, of the pointed set (r). Thus projecting to the first

component induces a functor
w: P(r) = N(6,.),

where N(G,) denotes the nerve of the groupoid &,. The fibre of the func-
tor/morphism 7 is equivalent to the oo-groupoid O(r) by construction. Here we
consider N(&,.) as the oo-subcategory of ‘J’riv%: It has a single object (r) and the
morphisms are bijections of (r). Thus we obtain a natural transformation

H: P(r) x A = 0%

between ho: fly(g,) o m and the constant map hq: P(r) — O%) — 0% mapping to
the vertex c¢. The object X € D determines a lift

f)?: Triv® — D®

of f satisfying f)?(l) — X. Since q is cocartesian, we obtain a g-cocartesian natu-

ral transformation ")

H:P(r) x A' —» D®
between hy = f)?’NG om and a morphism hy: P(r) — D < D® unique up to

r

contractible choice.

(DThe natural transformation H is equivalent to a morphism P(r) — Map(Al, D®). We say H is
g-cocartesian if the essential image of the latter map are g-cocartesian edges in D® lifting f({r)) — c.
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The object Symp, (X) is defined as the colimit of h;.
Recall that a g-cocartesian lift of f((r)) — ¢ corresponds to a morphism A' — D®
in D® represented by

()?1,...,)?7«)—))?1(@@”-@)@)?7.

using Straightening, see Remark 5.2.1.21, Example 5.2.1.23 and Remark 5.2.1.28. Thus
the following composition
x 5 ,
Pr) 5 N(&,) =5 DE, 2 D

is a candidate for h;. The induced diagram

hx: P(r) % N(6,) - D) — D = €.

maps every vertex of P(r) to X®e”. Denote the colimit of the diagram hx in
C by Symg(X). Together with (A.2.0.3), the pullback diagram (A.2.0.2) relat-
ing O-algebras objects in D and € implies the following equivalence in C:
(forgy ofreep)(X) = H Symi (X). (A.2.04)
r>0

We can compute Symy, (X ) by left Kan extensions. Consider the following diagram

P(r) hx e

’ -
g
Wy -7
P e
s - ’
P .
e e
- 4
. .
.
.
N(&, R
7 h
.
P X
.
,
.
.
.
.
,
.

p

-+

where h;'( is the left Kan extension of hx along the constant functor from P(r) to a

point. Thus there exists an equivalence
hx (pt) ~ Symg (X).

To calculate hl)/(, we first construct the left Kan extension h/X of hx along 7, and then
consider the left Kan extension of h,X along the constant functor to the point. By
[HTT, Definition 4.3.3.2] we know that h'y ({r)) is equivalent to the colimit of the
induced diagram

P(r) xxs,) (N(6,)) /iy — P(r) 225 €. (A.2.0.5)

Using the equivalence A = (N&,),,y mapping to the vertex id., the dia-
gram (A.2.0.5) is equivalent to the constant diagram below

O(r) =~ P(r) xne,) A = P(r) 25 €.
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Therefore we obtain the equivalence
h/X(<r)) ~ @ X®e" ~ O(r) @ X®T
o(r)

by the definition of tensor [HTT, Corollary 4.4.4.9]. Now, left Kan extending h/X by
the constant functor to pt is the same as taking the colimit of h:X, which is equivalent

to taking the orbit of the &,-action. Therefore, we have

Symp (X) ~ (0(r) ® X7

for every r € N. Together with (A.2.0.4) we obtain the desired equivalence
(fOI'gO ofreeo)(X) ~ H (O(T) ® X®(€T)6
r>0

in €, for every object X of C.



Summaries

Samenvatting

In dit proefschrift bestuderen we onstabiele vj,-periodieke homotopietheorie, waar-
bij h een natuurlijk getal is; hier gebruiken we de term ‘onstabiel’ voor de homotopi-
etheorie van topologische ruimten. Het werk bestaat uit twee delen. In deel I geven
we een gedetailleerde uiteenzetting van de grondslagen van onstabiele v,-periodieke
homotopietheorie, verscherpen we een bestaand resultaat over vy,-periodieke equivalen-
ties van H-ruimten, en formuleren we concrete vragen en vermoedens voor toekomstig
onderzoek. Dit expositorische gedeelte volgt papers van Bousfield, Dror Farjoun en
Heuts en heeft als doel de centrale noties en stellingen van onstabiele lokalisaties
op één plek te verzamelen, met een focus op onstabiele periodieke homotopietheorie.
Het doel van deel 11 is om onstabiele vy,-periodieke verschijnselen te begrijpen vanuit
het gezichtspunt van Lie-algebra’s in de stabiele vj,-periodieke homotopie categorie.
We analyseren de costabilisatie van vj,-periodieke homotopie types en verkrijgen een

universele eigenschap van de Bousfield-Kuhn functor.
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