

View

Online


Export
Citation

CrossMark

BRIEF REPORT |  AUGUST 28 2023

Brute-force nucleation rates of hard spheres compared with
rare-event methods and classical nucleation theory 
Willem Gispen  ; Marjolein Dijkstra  

J. Chem. Phys. 159, 086101 (2023)
https://doi.org/10.1063/5.0165159

Articles You May Be Interested In

Homogeneous nucleation rate of methane hydrate formation under experimental conditions from seeding
simulations

J. Chem. Phys. (March 2023)

Modeling Kessler syndrome using brute force approach

AIP Conference Proceedings (July 2012)

The effect of hydrodynamics on the crystal nucleation of nearly hard spheres

J. Chem. Phys. (February 2020)

 08 Septem
ber 2023 07:50:06

https://pubs.aip.org/aip/jcp/article/159/8/086101/2908319/Brute-force-nucleation-rates-of-hard-spheres
https://pubs.aip.org/aip/jcp/article/159/8/086101/2908319/Brute-force-nucleation-rates-of-hard-spheres?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/jcp/article/159/8/086101/2908319/Brute-force-nucleation-rates-of-hard-spheres?pdfCoverIconEvent=crossmark
javascript:;
https://orcid.org/0000-0002-7276-8620
javascript:;
https://orcid.org/0000-0002-9166-6478
javascript:;
https://doi.org/10.1063/5.0165159
https://pubs.aip.org/aip/jcp/article/158/11/114505/2881710/Homogeneous-nucleation-rate-of-methane-hydrate
https://pubs.aip.org/aip/acp/article/1464/1/456/875355/Modeling-Kessler-syndrome-using-brute-force
https://pubs.aip.org/aip/jcp/article/152/6/064903/307926/The-effect-of-hydrodynamics-on-the-crystal


The Journal
of Chemical Physics NOTE pubs.aip.org/aip/jcp

Brute-force nucleation rates of hard spheres
compared with rare-event methods
and classical nucleation theory

Cite as: J. Chem. Phys. 159, 086101 (2023); doi: 10.1063/5.0165159
Submitted: 27 June 2023 • Accepted: 9 August 2023 •
Published Online: 28 August 2023

Willem Gispen and Marjolein Dijkstraa)

AFFILIATIONS
Soft Condensed Matter and Biophysics, Debye Institute for Nanomaterials Science, Utrecht University,
Princetonplein 1, 3584 CC Utrecht, Netherlands

a)Author to whom correspondence should be addressed: m.dijkstra@uu.nl

ABSTRACT
We determine nucleation rates of hard spheres using brute-force molecular dynamics simulations. We overcome nucleation barriers of up
to 28kBT, leading to a rigorous test of nucleation rates obtained from rare-event methods and classical nucleation theory. Our brute-force
nucleation rates show excellent agreement with umbrella sampling simulations by Filion et al. [J. Chem. Phys. 133, 244115 (2010)] and seeding
simulations by Espinosa et al. [J. Chem. Phys. 144, 034501 (2016)].
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The formation of crystals through nucleation occurs in natu-
ral phenomena, such as ice formation in clouds and crystallization
of the earth’s inner core,1 as well as industrial processes, such
as self-assembly of soft materials and pharmaceuticals. Therefore,
the calculation of absolute nucleation rates of crystallization with
computer simulations is useful for understanding, predicting, and
controlling these processes. It is, of course, essential to validate these
calculations in controlled experiments. Colloidal hard spheres are a
useful model system for this purpose as their crystallization occurs
on time and length scales that are more easily accessible than their
molecular or atomic counterparts.

However, in experimental realizations of colloidal hard spheres,
crystal nuclei form up to 10 × 1010 times faster than pre-
dicted by simulations.2 To understand this discrepancy, previous
work—reviewed recently in Ref. 3—has mostly focused on the
modeling of experimental effects or interpretation of experimental
measurements, such as the role of sedimentation,4 hydrodynam-
ics,5 or heterogeneous nucleation.6,7 In contrast, there are fewer
direct tests of the internal consistency of theoretical predictions. The
reason is simple: direct simulation of crystal nucleation becomes
exponentially more expensive as one lowers the supersaturation.

Therefore, to predict the nucleation rate in this regime, previ-
ous work has heavily relied on rare-event methods, such as umbrella
sampling2,8 and forward-flux sampling.8 Another line of approach is
to use a combination of classical nucleation theory and simulations.9

We note that the regime of largest discrepancy between simulation
and experiment is precisely in the low supersaturation regime, where
rare-event methods are necessary. In contrast, brute force simu-
lations at high supersaturation do not seem to have such a large
discrepancy with experiments. This raises the possibility that, in fact,
rare-event methods could be unreliable in the low supersaturation
regime.

A question that is intimately related is the question whether
nucleation can be described accurately with a one-dimensional order
parameter. In classical nucleation theory, the nucleus size, i.e., the
number of particles in the crystal nucleus, is the only order para-
meter. In fact, in rare-event methods, the nucleus size is computed
to analyze and bias the simulations to observe nucleation. On the
other hand, there are more and more doubts that a one-dimensional
order parameter is appropriate for nucleation, e.g., in the case of
two-step nucleation. For example, committor analyses show that the
nucleus size is not a perfect reaction coordinate and that the bond
orientational order of the crystal nucleus should also be taken into
account.10 As rare-event methods have been shown to depend on
a good reaction coordinate,11,12 using the nucleus size as the only
order parameter could lead to severe errors in calculations of the
nucleation rate.

In this Note, we compute the nucleation rates of hard spheres
using brute-force simulations in a low supersaturation regime. Next,
we compare the nucleation rates with rare-event methods and

J. Chem. Phys. 159, 086101 (2023); doi: 10.1063/5.0165159 159, 086101-1

Published under an exclusive license by AIP Publishing

 08 Septem
ber 2023 07:50:06

https://pubs.aip.org/aip/jcp
https://doi.org/10.1063/5.0165159
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0165159
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0165159&domain=pdf&date_stamp=2023-August-28
https://doi.org/10.1063/5.0165159
https://orcid.org/0000-0002-7276-8620
https://orcid.org/0000-0002-9166-6478
mailto:m.dijkstra@uu.nl
https://doi.org/10.1063/5.0165159


The Journal
of Chemical Physics NOTE pubs.aip.org/aip/jcp

classical nucleation theory. In this way, we perform a rigorous test
of these methods.

We simulate a system of nearly hard spheres interacting with
a Weeks–Chandler–Andersen (WCA) potential, which is widely
used to mimic hard spheres in molecular dynamics simulations.
The phase behavior of the WCA system maps very well on hard
spheres if an effective hard-sphere diameter is defined.13 The effec-
tive hard-sphere diameter σeff = 1.097σ is defined such that the
freezing density of the WCA system13 maps onto the freezing den-
sity of hard spheres.14 This mapping has been shown to accurately
capture the supersaturation and nucleation rates of hard spheres.13

To be precise, we perform molecular dynamics (MD) simulations
in the canonical (NVT) ensemble with N = 2 × 104 particles at a
temperature kBT/ε = 0.025 and vary the effective packing fraction
ηeff = πNσ3

eff/6 V from 0.5283 to 0.5366. Our system size is suffi-
ciently large to avoid self-interaction of the critical nucleus, which
contains at most 100 particles under these conditions.8 The equa-
tions of motion are integrated with a Nose–Hoover thermostat
implemented in the LAMMPS molecular dynamics code;15,16 a time

step Δt = 0.001
√

mσ2/kBT, where m is the particle mass; and a ther-
mostat relaxation time of 100 time steps. We choose the canonical
ensemble and this moderate system size to optimize the efficiency of
the simulations.

To calculate a nucleation rate with brute force simulations, we
use the standard assumption7,8,12,13 that the nucleation times are dis-
tributed according to an exponential distribution and verified this
assumption using the survival function. During crystallization at
constant volume, the pressure sharply decreases. We use this as a
marker to identify a spontaneous nucleation event, record the time
until crystallization ti, and stop the simulation. If a sample i does
not crystallize, we just record the final simulation time ti. The total
simulation time t = ∑i ti is then the sum of all simulation times ti,
whether they crystallized or not. Given a number of observed spon-
taneous nucleation events ℓ in a total simulation time t and volume
V , the nucleation rate density is estimated as

J = ℓ/(Vt).

Note that this expression is appropriate for a censored exponential
distribution, i.e., our case where not all samples have crystallized.7,17

For low supersaturation, the nucleation rate is low, and conse-
quently, the number of observed nucleation events is limited. In
our case, we are mainly interested in the order of magnitude of the
nucleation rate, and therefore, only a few observations are needed
to obtain a reasonable estimate. We quantify the uncertainty in
the nucleation rate estimated from ℓ nucleation events using a chi-
squared distribution with 2ℓ degrees of freedom. To be precise, from
the 2.5th and 97.5th percentiles P2.5 and P97.5 of this distribution, we
approximate the 95% confidence interval of the nucleation rate J as
JP2.5/2ℓ < J < JP97.5/2ℓ.17

In Fig. 1, we show the nucleation rates of hard spheres as a func-
tion of effective packing fraction ηeff. Our own brute-force molecular
dynamics results are denoted in black. The error bars are approxi-
mately half an order of magnitude at most and represent the 95%
confidence intervals, which are also given in Table I. We normalized
the nucleation rate with the long-time self-diffusion coefficient DL,
which we computed using independent simulations of the fluid. In
Fig. 1, we also show the nucleation rates obtained previously with

FIG. 1. Nucleation rates Jσ5
effD
−1
L of hard spheres as a function of effective packing

fraction ηeff, where DL denotes the long-time self-diffusion coefficient. The brute-
force nucleation rates computed in this work are shown in black and compared
to previous results from molecular dynamics (MD),7 forward flux sampling (FFS),8
umbrella sampling (US),8 seeding,9 and experiments (EXP).18,19

molecular dynamics,7 forward flux sampling,8 umbrella sampling,8
seeding,9 and experiments using nearly density-matched18 and non-
density matched19 systems. These experiments used light scatter-
ing to detect crystallization of colloidal poly(methyl methacrylate)
spheres of 0.4 and 0.9 μm in diameter, respectively.

Note that our brute-force simulations extend to ηeff = 0.5283,
where the nucleation barrier is more than 27.5kBT.8 This corre-
sponds to a nucleation rate two to three orders of magnitude lower
than previous brute-force simulations.7,8,13 We would also like to
mention that our brute-force simulations cover the nucleation rate
regime that is accessible to experiments.3

Our brute-force results show excellent agreement with
umbrella sampling8 and seeding.9 Forward flux sampling slightly
underestimates the nucleation rate, which is in line with previ-
ous results.20 The largest difference within the simulation results
occurs between umbrella sampling and forward-flux sampling at

TABLE I. Nucleation rates Jσ5
effD
−1
L of hard spheres as a function of effective pack-

ing fraction ηeff = πNσ3
eff/6V . The nucleation rates are estimated from ℓ nucleation

events observed in a total of L simulations. The 95% confidence interval of the
nucleation rate J is given by JP2.5/2ℓ < J < JP97.5/2ℓ.

ηeff Nσ3/V ℓ L Jσ5
effD

−1
L P2.5/2ℓ P97.5/2ℓ

0.5283 0.765 3 284 2 × 10−11 0.4 4.9
0.5297 0.767 6 32 4 × 10−10 0.5 2.7
0.5311 0.769 17 32 1 × 10−9 0.7 1.7
0.5324 0.771 16 16 8 × 10−9 0.6 1.8
0.5338 0.773 16 16 8 × 10−8 0.6 1.8
0.5352 0.775 17 17 2 × 10−7 0.7 1.7
0.5366 0.777 16 16 1 × 10−6 0.6 1.8
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ηeff = 0.521, where the difference is around three orders of magni-
tude. Overall, these results support the use of rare-event methods
and classical nucleation theory for the prediction of nucleation
rates.

The agreement with the classical nucleation theory (CNT)
prediction—based on a single order parameter—via seeding9 is espe-
cially remarkable as CNT has often been argued to give grossly
incorrect predictions.12 Of course, the excellent agreement we
observe for hard spheres does not necessarily translate directly to
other systems, where the assumptions of CNT may be less appro-
priate. As is well-known, the CNT prediction is very sensitive to the
employed values of the interfacial free energy and the supersatura-
tion. Our results show that it is certainly possible to obtain accurate
predictions from CNT using seeding,9 as long as these two terms are
carefully estimated.

However, the discrepancy with experiments remains. The
potential issues of rare-event methods and classical nucleation the-
ory12 result in errors that are small in comparison to the differ-
ence with experiments. Therefore, these are not likely to be the
origin of the discrepancy. Although the other potential explana-
tions discussed in Ref. 3 cannot be fully dismissed, the discrepancy
may also stem from the determination of packing fraction in the
experiments.3,21
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