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ISOMORPHISM CLASSES OF DRINFELD MODULES OVER
FINITE FIELDS

VALENTIJN KAREMAKER, JEFFREY KATEN, AND MIHRAN PAPIKIAN

ABSTRACT. We study isogeny classes of Drinfeld A-modules over finite fields k
with commutative endomorphism algebra D, in order to describe the isomorphism
classes in a fixed isogeny class. We study when the minimal order A[r] of D occurs
as an endomorphism ring by proving when it is locally maximal at 7, and show
that this happens if and only if the isogeny class is ordinary or k is the prime
field. We then describe how the monoid of fractional ideals of the endomorphism
ring £ of a Drinfeld module ¢ up to D-linear equivalence acts on the isomorphism
classes in the isogeny class of ¢, in the spirit of Hayes. We show that the action is
free when restricted to kernel ideals, of which we give three equivalent definitions,
and determine when the action is transitive. In particular, the action is free and
transitive on the isomorphism classes in an isogeny class which is either ordinary
or defined over the prime field, yielding a complete and explicit description in these
cases.

1. INTRODUCTION

Let F, be a finite field with ¢ elements. Let A = F,[T] be the ring of polynomials
in indeterminate 7" with coefficients in [F,, and let F' = F,(T") be the fraction field
of A. Given a nonzero prime ideal p of A, we denote F, = A/p. Let k = F;» be a
finite extension of IF,. We consider k as an A-field via y: A — A/p — k.

Let 7 be the Frobenius automorphism of k relative to I, that is, the map o +— a9.
Let k{7} be the noncommutative ring of polynomials in 7 with coefficients in k and
commutation rule Ta = a47, a € k. A Drinfeld module of rank r» > 1 over k is a ring
homomorphism ¢: A — k{7}, a — ¢,, such that

¢a =7(a) + g1(a)7 + - +gn(a)™", n =rdegr(a).

(Note that ¢ is uniquely determined by ¢7.) An isogeny u: ¢ — 1 between two
Drinfeld modules over k is a nonzero element u € k{7} such that u¢, = ¢,u for all
a € A (or equivalently such that ugr = Yru).

The endomorphism ring € := Endy(¢) of ¢ consists of the zero map and all isogenies
¢ — ¢; it is the centralizer of ¢(A) in k{7r}. It is known that & is a free finitely
generated A-module with r < rank, £ < r2. We introduce a special element, 7 = 77,
the so-called Frobenius of k. Note that 7 lies in the center of k{7}, and hence belongs

to £.
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Isogenies define an equivalence relation on the set of isomorphism classes of Drinfeld
modules over k. The isogeny class of ¢ is determined by the minimal polynomial of 7
over ' = ¢(F), cf. [16, Theorem 4.3.2]. Since the properties of these polynomials are
well understood, it is known how to classify Drinfeld modules over finite fields up to
isogeny.

In this article, we investigate the isomorphism classes within a fixed isogeny class.
This is an important and difficult question in the theory of Drinfeld modules, which
can be approached from different viewpoints, cf. [14, 10]. Our approach is inspired
by the work of Waterhouse [17] in the case of abelian varieties over finite fields and is
partly aimed at producing efficient algorithms for explicitly computing a representa-
tive of each isomorphism class. We refer to Section 6 for a more in-depth comparison
of our results to known results for abelian varieties.

When &£ is commutative, the endomorphism ring of a Drinfeld module isogenous
to ¢ is an A-order in F(m) containing A[r]. We start by investigating the natural
question of when A[r] itself is an endomorphism ring of a Drinfeld module isogenous
to ¢. We prove the following:

Theorem A. Let ¢ be a Drinfeld module over k such that Endg(¢) is commutative.
Then A[r] is the endomorphism ring of a Drinfeld module isogenous to ¢ if and only
if either ¢ is ordinary or k = F,.

Next, we study isogenies from ¢ to other Drinfeld modules using the ideals of £.
Let I < £ be a nonzero ideal. Since k{7} has a right divison algorithm, we have
k{T}I = k{r}u; for some u; € k{r}. This element defines an isogeny u;: ¢ — 1,
where 1) is the Drinfeld module determined by ¥r = u quSTuj_l and is also denoted by
I x¢. The map I — I x ¢ induces a map S from the linear equivalences classes of
ideals of £ to the isomorphism classes of Drinfeld modules isogenous to ¢. Generally,
S is neither injective nor surjective.

It was observed by Waterhouse [17] in the setting of abelian varieties that S is
injective when restricted to ideals of a special type, called kernel ideals. Kernel ideals
were introduced in the context of Drinfeld modules by Yu [18]. In Sections 3 and 4, we
revisit Yu’s definition, give two other equivalent definitions, and prove several general
facts about kernel ideals. We also give an explicit example (Example 3.10) of a rank 3
Drinfeld module ¢ and an ideal I < Endy(¢) which is not kernel; as far as we know,
this is the first such explicit example in the published literature.

In general, we have that Endy (I * ¢) D u;Opu;* = Oy, where

Opi={g e F(r)|Ig I}

(Equality holds when I is a kernel ideal; cf. Lemma 4.2.) Note that Oy is an overorder
of £, so S can be surjective only when £ is the smallest order among the endomorphism
rings of Drinfeld modules isogenous to ¢. When £ is a Gorenstein ring, we prove that
any isogeny ¢ — v such that Endg(¢)) = O; for some (necessarily kernel) ideal I < &
arises from the map S via I — I x ¢ = 1. In other words, when £ is Gorenstein,
the image of S is the set of isomorphism classes in the isogeny class of ¢ whose
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endomorphism rings are overorders of £. Since A[r| is a Gorenstein ring, we arrive
at the following:

Theorem B. Assume that either k = F, or the isogeny class that we consider is
ordinary, so that there is a Drinfeld module ¢ with Endg(¢) = A[r]. Then the map
I — I x ¢ from the linear equivalences classes of ideals of A[r] to the isomorphism
classes of Drinfeld modules isogenous to ¢ is a bijection.

In [15], an algorithm is presented for computing the ideal class monoid of an order
in a number field. In an ongoing project, we are working on adapting that algorithm
to orders in function fields. Since for a given ideal I < £ computing [ * ¢ is fairly
straightforward, Theorem B combined with this algorithm will provide an efficient
method for computing explicit representatives of isomorphism classes of all Drinfeld
modules isogenous to ¢ such that Endy(¢) = A[r]. Let us mention that Assong [2]
has recently described a brute-force algorithm to list isomorphism classes, based on
a theoretical classification in terms of j-invariants and “fine isomorphy invariants”,
and implemented this for certain examples of isogeny classes of Drinfeld modules of
rank 3. Our methods involve fractional ideals in endomorphism rings rather than

invariants and explicit expressions for the coefficients of the Drinfeld module.

The outline of the paper is as follows. Section 2 contains our analysis of local
maximality of A[r| at 7, including a key result (Theorem 2.6) for the proof of The-
orem A. Section 3 gives the definitions of kernel ideals and proves their equivalence,
and Section 4 gives properties of kernel ideals and proves that every ideal is a kernel
ideal when & is Gorenstein (Proposition 4.5). Section 5 contain our main results: we
find which endomorphism rings can occur in a fixed isogeny class (Proposition 5.1),
study the injectivity and surjectivity of the map I — I % ¢ (Theorem 5.3), and prove
when A[r] occurs as an endomorphism ring (Corollary 5.2), to obtain Theorem B
(cf. Corollary 5.4). Finally, Section 6 contains a comparison between the results ob-
tained in this paper and results from the literature ([17, 6, 5]) on abelian varieties
over finite fields.

2. LOCAL MAXIMALITY AT 7™ OF THE FROBENIUS ORDER

As in the introduction, let A = F,[T] and F' = F,(T'), and let k = F» be a finite
A-field, i.e., a field equipped with a homomorphism ~v: A — k. We denote t = (7).
Let p < A be the kernel of A. Then p is a maximal ideal such that F, := A/p = F
is a subfield of F;». We call d the degree of p; note that d divides n. By slight abuse
of notation, we denote the monic generator of p in A by the same symbol.

Let ¢: A — Ek{r} be a Drinfeld module of rank r, and let 7 = 7. The results
about the endomorphism algebra of ¢ that we use in this section are well-known and
can be found, for example, in [9, 14, 18], but for the convenience of a single reference

and consistency of notation, we will refer to [16].
Let K :=F,(m) be the fraction field of F,[7] C k{7} and define

k(1) = k{7} Qg K.
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Then k(7) is a central division algebra over K of dimension n?, split at all places of K
except at (7) and (1/7), where its invariants are 1/n and —1/n, respectively; see [16,
Proposition 4.1.1]. Extend ¢ to an embedding ¢: F' — k(7). Then

£ = Endy(¢) = Centy-(4(A)),
D := Endi(¢) ®ga) ¢(F) = Centyr) (o(F)),

where Centr(S) = {z € R | xs = sz for all s € S} denotes the centralizer of a
subset S of a ring R. To simplify the notation, we will denote ¢(A) by A and ¢(F)
by F', with ¢ being fixed. Let

A" :=TF,[n],
F = F(r) = F(¢r, 7).

Let B be the integral closure of A in F. There is a unique place p in F over the
place (m) of K; see [16, Theorem 4.1.5]. Let F; := F ®k Fy(7) be the completion
of F at p, and let By be the ring of integers of F;.

Definition 2.1. Given an A-order R in B containing , let
Rg =R QF, [x] Fq[[ﬂ]] - Bﬁ.
We say that R is locally mazimal at 7 if Ry = Bj; cf. [1, Definition 3.1].

Remark 2.2. Suppose & is commutative. Then &£ can be considered as an A’-order
in F. It is observed in [18, p. 164] and [1, p. 514] that £ is locally maximal at 7.
Therefore, for A[r] to be an endomorphism ring of a Drinfeld module isogenous to ¢
it is necessary for A[n] to be locally maximal at m. We investigate this condition in
this section; later we will show that it is also sufficient; c¢f. Proposition 5.1.

Let m(z) be the minimal polynomial of 7w over F', so that F' = F[x]/(m(x)). Note
that 7 € & is integral over A, so the polynomial m(z) is monic with coefficients
in A and A[r] = Alz]/(m(z)). To analyze the local maximality of A[r], it will be
convenient to change the perspective and express A[n] as a quotient of A’[z]. To
do so, consider 7" and 7 as two independent indeterminates over F,. Then consider
m(m) € F,[T, 7] = A'[T] as a polynomial m(7) in indeterminate T" with coefficients
in A".

Lemma 2.3. We have:

(1) m(T) is irreducible in K[T'| and has degree [F : K| in T

(2) The leading coefficient of m(T) is in F.

(3) Let m(T) € F,[T] be the polynomial obtained by reducing the coefficients of

m(T) modulo w. Then, up to an Fy-multiple, m(T) is equal to plFKl/d,

Proof. By [16, Theorem 4.2.7], the degree in T' of m(0) is strictly larger than the
degrees of the other coefficients of m(z). Hence, the leading term of m(7) is the
leading term of m(0) € A, so its leading coefficient is in F;. Moreover, by [16,
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[F:F]n

Theorem 4.2.2 and Theorem 4.2.7], up to an FxX-multiple, m(0) is equal to p i .
Using [16, (4.1.3)], we get

(m(0)) =p" 7.
Thus, deg, m(T) = [13 : K]. Since F is obtained by adjoining a root of m(T'), the
equality deg, m(T') = [13 : K| implies that m(7T) is irreducible over K. Finally, note
that m(7") = m(0), which completes the proof of the lemma. O

Lemma 2.4. The following hold:
(1) The ideal M of A[rl; generated by  and p is mazimal.
(2) Alnlg/ M =T,
(3) The completion A, is a subring of A[r];.
Proof. We have
Alrls = Alr] ®g,m Fo[7]
2Ty [7][T]/(m(T)) @, Foln] (by Lemma 2.3)
=[] [T]/(m(T)).
(Note that F' = K[T]/(m(T)) and, because there is a unique place in F' over m, [16,

proof of Theorem 2.8.5] implies that m(T") remains irreducible over F,((7).)
The element 7 of A[r]; is not a unit. Now

Alrlz/(m) = Fo[T)/(m(T)) = A/plFEVd,
This shows that p is also not invertible in A[r]; and

Alrls/(m,p) = A/p.

This proves (1) and (2).

Next, note that A[r[; is an order in By (because A[r] is an order in B). Hence A[r;
is open and closed with respect to the p-adic topology on B;. In particular, A[r]; is
complete. Now the topology on A induced by the embedding A — A[r] — B; is the
p-adic topology. Hence A — B extends to an embedding A, < B;. Since A[rl; is
complete, the image of A, lies in A[r[;. This proves (3). O

Let
(B K] = ex - fx,
[Fs: B =er- fr,
where F, (resp. K,) denotes the completion of F' (resp. K) at p (resp. (m)), and

where e and f denote the ramification index and the residue degree of the correspond-
ing extension, respectively.

Proposition 2.5. A[n] is locally mazimal at 7 if and only if one of the following
holds:

e fr=1andep =1,

o fr=1andex =1.
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Proof. Let ord; be the normalized valuation on F corresponding to the place p. Then
ex = ordg(m),
ep = ordg(p).

Suppose that A[r]; = B;. Then, using the notation of Lemma 2.4, we have M = p
and Fj := By/p = A[nl;/M =TF,. Since m and p generate M, at least one of them
must have ord; equal to 1. Hence, either ex =1 or ep = 1. Next, fr, by definition,
is the degree of the extension Fy/F,. Hence fr = 1.

Conversely, suppose that one of the given conditions holds. Then the residue field
of By is IF, and either p or 7 is a uniformizer of B;. By the structure theorem of local
fields of positive characteristic, we have By = F,[p] or By = Fy[n]. On the other
hand, by Lemma 2.4,

Fy € Ay = Fplp] € Aln;,
and p, 7 € Alr];. Hence By C A[rl;, which implies that By = A[rl;. O

Theorem 2.6. Let H be the height of ¢ (see [16, Lemma 3.2.11] for the definition).
Then

[ n 1 [F: K]
<

H-dl— d

with equality if and only if Alr] is locally maximal at .

Proof. We have the following equalities:

F:F
FeF] _r (see [16, (4.1.3)]),
[F:K] n
[F:K]=ex - fx (see [16, (4.1.4))),
fk=fr-d (see [16, (4.1.6)])
On the other hand, by [16, Proposition 4.1.10],
r ~
H=— I Fl.
F F][ P b
Hence f
n nerjJr negr
H=— e = = —-—.
F: K] ol exfx  degx
This implies that
N _tx
H-d n €F.
On the other hand,
F: K e
[ d ] = deK =ex - fr.

Thus, the inequality of the theorem is equivalent to

F—K—‘ <ex- fr.

er
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Since ek, ep, fr are positive integers, the above inequality always holds, with equality
if and only if fr = 1 and either ex = 1 or e = 1. Now the theorem follows from
Proposition 2.5. O

Remark 2.7. The advantage of having the inequality of Theorem 2.6, rather than
the statement of Proposition 2.5, is that instead of computing each of ek, ep, fr
individually it combines these numbers into quantities that are easier to compute.

Corollary 2.8. If H < r/[F : F], then Alr] is locally mazimal at 7. In particular,
if ¢ is ordinary, i.e., H =1, then A[r] is locally mazimal at 7.

Proof. Since r/[F : F] = n/[F : K], the assumption is equivalent to n/H > [F : K],
which implies that equality in Theorem 2.6 holds. O]

Corollary 2.9. Ifk =TF,, i.e., d = n, then A[rn] is locally mazimal at .

Proof. If k = F,, then [F : F] = r; see [7, Proposition 2.1]. But [F : F] = r is
equivalent to [F': K] =n, so [F': K| = d. Therefore, the inequality of Theorem 2.6
becomes

so it is an equality. 0

Corollary 2.10. Assume Endg(¢) is commutative. Then Alr] is locally mazimal at
7 if and only if either ¢ is ordinary or k =TF,.

Proof. By [16, Theorem 4.1.5], Endg(¢) is commutative if and only if [F : F] = 7,
Now, as in the previous proof, [F' : K| = n. The inequality of Theorem 2.6 becomes

n n
l<h
Hd d
Since n/d is a positive integer, an equality holds if and only if either H = 1 or
n =d. 0

Example 2.11. Let p =T, r = 2, and n = 3. Let ¢ = 72, so ¢ is supersingular. In
this case, the characteristic polynomial of the Frobenius is 22 — T (since 72 = 76 =
$3), so [F: F] = 2. Thus, [F : K] = 3. Since H = 2 and d = 1, the inequality of

Theorem 2.6 becomes strict
3 3
2=|—1| < ==3.
[2 . 1-‘ 1

Thus, A[r] is not maximal at 7. One can also see that A[r] is not maximal at =
by directly computing Alr];. Indeed, Alr] = A[TVT] and B = A[VT]. Since VT
is the unique prime over T, Alrl; = Ap[TVT] # Ar[VT] = B;. Also, note that
Endy,(¢) = F,[7] = A[V/T] is the maximal A-order in F.
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Example 2.12. Suppose n = 6 and d = 2. Note that [F: K] is divisible by d and
divides n, (since r/[F : F| = n/[F : K] and [F : F] divides r). Hence, [F': K] = 2
or 6. The inequality of the theorem becomes

[:ﬂg[ﬁj{]'

H 2

Hence A[r] is locally maximal at 7 if and only if either H = 1 or [F : K] = 2.

For example, when ¢ = 3, p = T? + T + 2, ¢7 = t + 7%, we calculate that ¢, =
(2t +1)72 + 78, which tells us that H = 2. We also calculate the minimal polynomial
for T over K, which is given by m(z) = 2° + (72 + 1)2® + (7* — 7% + 2). Hence,
[F': K] =6, so A[r] is not locally maximal at 7.

Example 2.13. Suppose ¢ =3, n =8, and p =T?+T + 2. Let
¢r=1t+7+ 2t +1)77 + 277 + 71,
Then, H = 2 and m(z) = 2* + 223 + 22 + 27 + Dz + 72 + 7 + 1, so [f : K] =4.
Thus,
no_,_[F:K]
Hd =~ d
so equality in Theorem 2.6 holds. In this case, A[r] is maximal at 7.

The next four examples show that the quantities in Proposition 2.5 are essentially
independent of each other.

Example 2.14 (Local maximality despite ex # 1). Let ¢ =3, p = T? + T + 2, and
k = Fu. Let ¢r = t + 72. By computation, we see that H = 1 and the minimal
polynomial for T over K is given by mr(z) = z* — 23+ (r + 2)2? + (7 + )z + 72 + 1.
In particular, n/(Hd) = 2 and [F : K|/d = 2. Therefore, A[r] is locally maximal
at .

Notice that ex/er = 2 and ex fr = 2 imply that ex = 2, ep = 1, fr = 1, and
frx =2.

Example 2.15 (Local maximality despite ep # 1). Let ¢ =3, p = T? + T + 2, and
k=Fu. Let opp =t + (t + 1)7 + (t + 2)7* + 7°. By computation, we see that H = 3
and the minimal polynomial for 7" over K is given by my(z) = 2% + 2 + 273 + 2. In
particular, n/(Hd) = 1/3 and [F : K]/d = 1. Therefore, A[r] is locally maximal at .

Notice that ex/ep = 1/3 and ex fr = 2 imply that ex = 1, ep = 3, fr = 1, and
Jx =2.

Example 2.16 (Not locally maximal despite fr = 1). Let ¢ = 3, p = T* + T + 2,
and k = Fu. Let o7 = t+7+ (2t +1)72. By computation, we see that H = 2 and the
minimal polynomial for T" over K is given by mr(z) = 2° + 23+ 72+ 2. In particular,
n/(Hd) =3/2 and [F : K]/d = 3. Therefore, A[r] is not locally maximal at 7.

Notice that ex/erp = 3/2 and ex fr = 3 imply that ex = 3, ep = 2, fr = 1, and
Jx =2.
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Example 2.17 (Not locally maximal despite ep = ex = 1). Assume d is odd, ¢ is
odd, and n/d = [k : Fy] = 2. Then there is a supersingular Drinfeld module of rank 2
over k whose minimal polynomial is 2* 4 cp 4 ¢'p?, where ¢, ¢/ € F are such that
c® — 4c is not a square in [y see [16, Example 4.3.6]. In this case, p remains inert
in 15, so erp =1 and fr = 2. Since n/Hd = ex /er and H = 2, we see that ex = 1.

3. KERNEL IDEALS: DEFINITIONS

We keep the notation of the previous section but from now on we assume that
€ = Endg(¢) is commutative.

Let I < € be a nonzero ideal. Let k{7} I be the left ideal of k{7} generated by
the elements of I. Then k{7} I is generated by a single element u; € k{7} since k{7}
has right division algorithm. Thus, k{7} I = k{7} u;. It follows that

k{r}uid(A) = k{r} I¢(A) = k{7} I = k{} ur.
Therefore, urd(A)u;' C k{r}. If we set 1y = urdru;’, then 1 is a Drinfeld module

over k of rank r and uy: ¢ — 1 is an isogeny. We denote ¢ = [ * ¢.
Let D = € ®4 F be the division algebra of ¢. Note that £ = D N k{7r}. Hence

E{r}yINDCk{r}nD=_E.
This implies that
(1) E{r}IND=(E{r}IND)NE=K{r}IN(DNE)=k{r}INE.

Definition 3.1. We say that [ is a kernel ideal if (k{7}I) N D = I. This definition
is the one in [18, p. 167].

Next, define

ol1) = [ ker(a),

where ker(a)) denotes the kernel (as a group-scheme) of the twisted polynomial o €
k{r} acting on the additive group-scheme G, .

Lemma 3.2. We have ¢[I] = ker(uy).

Proof. Suppose o € I. Then «a € k{r} I, so o« = fuy. Thus ker(u;) C ker(«), and
consequently ker(uy) C ¢[I]. Conversely, we can write

ur = fraq + -+ fram,
for suitable fi,..., f, € k{7} and o, ..., a,, € I. This implies that ¢[I] C ker(u;).
0J

Each ker(a), a € I, is an E-module scheme, so ¢[I] is an E-module scheme. The
annihilator Anng(¢[I]) of this module scheme is an ideal of £. It follows immediately
from the definition that I C Anng(o[/]).

Definition 3.3. We say that I is a kernel ideal if I = Anng(¢[I]). This definition is
the analogue of the definition of this concept in the setting of abelian varieties; see
[17, p. 533].
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Lemma 3.4. We have Anng(¢[I]) = k{r} 1 N D, so Definitions 3.1 and 3.3 are
equivalent.

Proof. Let J := k{r} I N D and J' := Anng(¢|[I]). Suppose u € J. Then u € £ and
u = wuy for some w € k{r}. But wu; annihilates ker(u;) = ¢[I], so u € J'. This
implies that J C J'. Conversely, if u € J', then by Lemma 2.1.1 in [14] we have
u = wuy for some w € k{r}. Hence u € k{r}u;N&=J,s0J C J. O

Let ¢ and ¢ be two Drinfeld module over k of rank r. Let [ be a prime not
equal to p = charu(k). Let u: ¢ — 1 be an isogeny. Then u induces a surjective
homomorphism ?k —— Yk of A-modules with finite kernel, where the notation ¢k
means that the A-module structure on & is induced from ¢: A — k{7} and likewise
for ¢. From this, we get the short exact sequence

0 — Homy, (Fi/Ar, °k) — Homy, (F/A;, Yk) — Ext)y (Fi/ A ker(u)) — 0,

where ker(u); denotes the [-primary part of ker(u) (this is an étale group scheme).
Note that Ti(¢) := Hom,(F/A;, ®k) is the [-adic Tate module of ¢ and that

Exth‘(F[/A[, ker(u)() = Homu, (A, ker(u)() = ker(u);.
Hence, v induces an injective homomorphism

ui: Ti(¢) — Ti(y)

whose cokernel is isomorphic to ker(u);. On the other hand, on V{(¢) := Ti(¢) ®a4, Fi,
u; induces an isomorphism Vi(¢) — V(¢). Pulling back Ty(v)) C Vi(v) via u; ' we
get an A-lattice u; 'Ti(v) in Vi(¢) which contains Ti(¢) and a short exact sequence

(2) 0 — Ti(¢) — uy 'Ti(eh) — ker(u) — 0.
Following [14, (2.3.6)], we denote
(3) H\(¢) = Homa,(Ti(¢), Ar).

Taking the Ai-duals of (2), we obtain
0 — Homy, (u; 'Ti(v), A)) — Hi(¢) — Exti‘[(ker(u)[, A) — 0.

Note that Ext (ker(u);, Ar) = Homy, (ker(u)y, Fi/A;) = ker(u);. Hence to the isogeny u
there corresponds a canonical sublattice of H(¢) whose cokernel is isomorphic to
ker(u);.

Now given a nonzero ideal I < &, we would like to describe the sublattice of H(¢)
corresponding to u;. Before doing so we recall an elementary result about the duals
of intersections of lattices.

Let R be a PID with field of fractions K. Let V = K". A lattice in V is the
R-span of a basis of V, i.e., a lattice is a free R-submodule A C V' of rank n such that
AK = V. Fix a basis {ej,...,e,} of V and define a symmetric K-bilinear pairing
(-,-): V xV — K by defining (e;, e;) = d;;(= Kronecker symbol) and extending it
bilinearly to V' x V. We identify V* := Homg (V, K) with the linear functionals on V'
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and take e} (v) = (e;,v) as a basis of V*. For a lattice A in V, the dual lattice A* C V*
is the lattice defined by

AN ={fe V"] f(N) €Rforall A € A}.
If we identify V* with V' by mapping e} — e; for all 1 < ¢ < n, then
AN ={veV|(v,\) € Rforall A € A}.
Given two lattices A1, Ay in V, it is easy to check that
A+A={N+ X | M €A €N}

is a lattice, and so is
A1QA2 == {)\ | )\ EAl,)\ EAQ}.

Lemma 3.5. We have
(AN A" = AT+ AL

Proof. The proof is omitted since it is fairly straightforward. 0J

Now returning to uy, let o, 5 € I be nonzero elements. The overlattice of Ti(¢)
corresponding to ker(a) N ker(83) is a 'Ti(¢) N B~'Ti(¢). The sublattice of Hi(¢)
corresponding to ker(a); is aH(¢), so (™ T(4))* = aH|(¢). From the previous
lemma, we conclude that the sublattice of H((¢) corresponding to ker(a) Nker(3) is
aH(¢) + BH(¢). Thus, the dual of u; 'Ti(I * ¢) is IH((¢) and we have proved:

Lemma 3.6. The sublattice of H((¢p) corresponding to ker(uy); is I H((p).

Let Oy, be the ring of integers of the unramified extension Fj, of Fj, with residue
field k. Let Hy(¢) be the Dieudonné module of ¢ as defined in [14, Sec. 2.5]. Re-
call that H,(¢) is a free Op-module of rank 7 equipped with a 79®)_linear map
fop: Hp(¢) — Hy(¢) such that

pHy(¢) C fop(Hy(9)) C Hy(6),
dimy (Hy(9)/ fop(Hp(4))) = 1.

Let
H(g) = [ Hi(o),

(<A

where the product is over all primes of A, including p. According to [14, Lemma
2.6.2], there is a bijection between the kernels of isogenies u: ¢ — 1 and sublattices
M = [],ax M; C H(¢) such that M; = H((¢) for all but finitely many primes [ and
M, is a free Op-submodule of rank r of H,(¢) such that

) {pMp C fop(My) C M,
dimy, (M, / fop(M,)) = 1.

The quotient [ ., (Hi(¢)/Mi) defines a unique finite étale k-subscheme G* C G, in

¢(A)-modules. Similarly, the quotient Og-module H,(¢)/M, endowed with the 735F)_
linear map induced by fs, defines a unique k-subscheme G, C G, in ¢(A)-modules.
The quotient of ¢ by G* x G, is the isogeny corresponding to M.
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Proposition 3.7. The sublattice of H(¢) corresponding to uy is IH(¢) := [[, IHi(¢).

Proof. We already proved this for [ # p. On the other hand, H,(¢) is the contravariant
Dieudonné module, so u;(H,(I *¢)) is the submodule generated by all «H,(¢), o € 1.
Hence u;(Hy(I % ¢)) = IH,(¢). O

Definition 3.8. Let I be a nonzero ideal of £. We say that I is a kernel ideal if for
any ideal J < & the inclusion JH(¢) C IH(¢) implies J C I.

Lemma 3.9. Definitions 3.3 and 3.8 are equivalent.

Proof. Note that by the previous discussion, JH(¢) C IH(¢) if and only if ¢[I] C ¢[J].
Suppose [ is a kernel ideal in the sense of Definition 3.3 and ¢[I] C ¢[J]. Then

J C Anng ¢[J] € Anng ¢[I] = 1.

Hence [ is a kernel ideal in the sense of Definition 3.8.

Conversely, suppose that I is a kernel ideal in the sense of Definition 3.8. Denote
J = Anng ¢[I]. We have I C J, and we need to show that this is an equality. For
any a € J, ker(a) contains ¢[I], so ¢[I] C ¢[J]. This implies JH(¢) C IH(¢). Hence
JCI. O

The next example shows that in general not every ideal of £ is a kernel ideal.

Example 3.10. Let ¢ =2, p=T*+T+1,and n =d = 4. Set ¢p =t + 372 + 73.
The minimal polynomial of 7 is given by

m(z) =23 + Ta® +z +p.
We algorithmically compute, cf. [8], that an A-basis for £ is given by ey, es, €3, where

(m+1)2
T+1°

61:1, 62:7T+1, €3 =

We also compute that
eses = ez = (T + 1)° + (T + 1)es,
e3 = (T + 1)es,
e5 = (T+1)° + (T + 1)%ex + (T + 1)es.
Let [ =T + 1. We observe that an argument similar to the argument in [8, Example
4.12] implies that & is not Gorenstein.

Consider the ideal I = (eq,e3) in £. An arbitrary element of [ is of the following
form:

(a1 + agseq + CL363)62 + (bl + 6262 + b363)63
= (a3 + bg + bg)(T + 1)3 + (CLl + bg(T + 1)2)62 + (bl + (a3 + bg + bg)(T + 1))63,

where a;,b; € A. Hence
I =A(T+1)% + Aey + Aes.
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In k{7}, we have
€y = 14 T4
3=+ +t+E+E+ D+ E+ )T+ E +H )+
These polynomials satisfy the equation
w = uey + ves,

where

wi=+t+ 1+ + )7+ 4+ 1)+ 77,

wi= (2 + ) + (¢ +t7),

v =17 417
We also have

s =+ D)+ 72+ (P +t+ D)+ 7 470 4+ 7°
=t+E+D)T+E+0)7"+ 7w,

Hence, (T +1)> € k{r}w C k{r}I. But IN A= (T +1)3A, so (T +1)*> ¢ I. This
proves that [ is not a kernel ideal.

4. KERNEL IDEALS: PROPERTIES

We keep the notation and assumptions of the previous section. In particular, ¢ is
a Drinfeld module over k such that £ := Endy(¢) is commutative, and D := E ®4 F.
The next lemma is the analogue of [17, Theorem 3.11].

Lemma 4.1. Let I and J be nonzero ideals in &.
(1) If I = Ju for some u € D, then I x ¢ = J * ¢.
(2) If I xp = Jx ¢ and I, J are kernel ideals, then I = Ju for some u € D.

Proof. (1) Let k{r} I = k{r}u; and k{7}J = k{7}u;. By definition, (I x ¢)pr =
ulngul_l and (J x ¢)p = quﬁTujl. We have
Ixp=2Jx¢p <— culquuI_lc_l = qubTu;l for some ¢ € k*
< uj'cur € D
< cur = uju for some u € D.
If I = Ju, then u; = ujyu, so [ x ¢ = J *x .
(2) Now assume that I x ¢ = J * ¢, or equivalently cu; = uju. Then
k{r}cu; = k{r}ur =k{r} 1
and
E{t}uyu=k{r} Ju.
Note that k{7} Jun D = (k{r} JN D)u, so if I and J are kernel ideals, then
Ju= (k{r}JNDu=k{r}JunD=k{r}INE=1.
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Let
(5) Or={geD|IgC I}

be the (right) order of I in D. The next lemma is the analogue of [17, Proposition
3.9].

Lemma 4.2. Let I be a nonzero ideal in € and write k{t} I = k{7}u; withu; € k{r}.

(1) We have u;Oru;' C Endg(I * ¢).
(2) If I is a kernel ideal, then uOpu;* = Endy(I * ¢).

Proof. (1) Let w € O;. By definition, v € D, so it commutes with ¢r in k(7).
Therefore,

(wpuuy ) (urorur ') = wugrur' = wdruuy 't = (urgru; ) (upuurt).
On the other hand, because u € Oy, we have
E{r}uu=k{r} Iu Ck{r} I = k{r} u,.

Thus, k{7} upuu;* C k{r}, so uyuu;' € k{r}. It follows that (uyuu;') € Endy(I*¢).
Hence uIOIuI_1 C Endg (1 * ¢).

(2) Now let w € Endy(I * ¢). Then w € k{r} and w(urpru; )w™" = urdru;’.
This implies that u; 'wu; € D. We have

{7} I(u;'wuy) = k{7}ur(uptwuy) = k{7 wur C k{t}u; = k{r} 1
Assume [ is a kernel ideal. Then {7} I N D = I and
(K{7} I(u;"wu;)) N D = (k{r} I N D)(u; wu;) = I(u; wuy),
where the first equality follows from the fact that u; wu; € D. We see that
I(u; wur) C 1,

SO u;lwuf € Oy. This proves that Endg (I x ¢) C uIOIuI_I, which combined with the
reverse inclusion proved earlier implies that End (I * ¢) = u IOlul_l. O

The next lemma is the analogue of [17, Theorem 3.15].

Lemma 4.3. Assume & is the maximal A-order in D. Then every nonzero ideal of
& is a kernel ideal.

Proof. First, consider a nonzero principal ideal a€. We have k{r}af = k{7}a.
Suppose u = ga € k{r}a and u € D. Then g = ua™" € D and g € k{r},s0 g € £.
Therefore, u € €. This implies that

af Ck{r}anD C af,

so (K{7} (a€))N D = aé&, ie., af is a kernel ideal.
Now let I < £ be an arbitrary nonzero ideal. Since £ is maximal, there is an ideal
J < & such that IJ = o is principal. We have

(K{rYIND)J Ck{rYIJAD=1J,
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where the last equality follows from the earlier considered case of principal ideals.
Now I" :== k{7} I N D is an ideal of £, and we have I'J C I.J. Multiplying both sides
by J=' C D, we get I' C I. Since I C I', we have I' = I, so I is a kernel ideal. [

Definition 4.4. We say that £ is Gorenstein if & 1= £ ® 4 A, is a Gorenstein ring for
all primes [ < A, i.e., Homgu (&, 4)) is a free A-module of rank 1; cf. [4].

Note that the maximal A-order in D is Gorenstein, so the next proposition implies
Lemma 4.3.

Proposition 4.5. If £ is Gorenstein then every nonzero ideal of € is a kernel ideal.

Proof. Let I and J be nonzero ideals of £ such that JH((¢) C I H\(¢). Assume [ # p.
Because & is Gorenstein, Ti(¢) is a free £&-module of rank 1; cf. [8, Theorem 4.9].
But then, again because & is Gorenstein, H((¢) = Hompg, (T1(¢), A)) is also a free
Ermodule of rank 1; cf. [8, Def. 4.8]. Hence, the inclusion JH(¢) C [ H(¢) implies
that J; C I;, where J,:= J ®4 Ay and [} := 1 ®4 A,

At p we consider the decomposition

(6) Hy(¢) = H;(9) ® Hy'(¢)

of the Dieudonné module into its connected component H(¢) and maximal étale
quotient H(*(¢). Let

(7) D, :=D®&rF,=EPD,.
vlp

where the sum is over the places of F=D lying over p and D, is the completion
of D at v. There is a natural isomorphism (cf. [14, Theorem 2.5.6])

& ~ End(H,(¢)),

where End(H,(¢)) denotes the ring of endomorphisms of H,(¢) compatible with the
action of the Frobenius f4,. By [14, Corollary 2.5.8], the splitting (7) induces a
compatible splitting &, = & @ &, such that

(8) & ~ End(H,(9)),

(9) & =~ End(H,"(¢)) = End a6, (T3(9)).

Here & is the completion of £ in Bj, and &, = @;€; is a direct sum of finitely many
local rings corresponding to places v # p lying over p, and T,(¢) = lim ¢[p"](k)
denotes the p-adic Tate module of ¢. By [18, Corollary, p. 164] we have that & = B;
is maximal, hence a DVR, which implies that Hg(¢) is a free &-module. Further,
since &£, is Gorenstein by assumption, one can apply the argument in the proof of [8,
Theorem 4.9] to (9) to conclude that H{'(¢) is a free &;-module. Combining these

statements yields that JH,(¢) C IH,(¢) also implies that .J, C I,.
Finally, consider I; as an A;-submodule of D ®p F} for any place [ including p. Then

J=(@ni)c((DnhL) =1

Hence [ is a kernel ideal by Definition 3.8. 0J
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5. ENDOMORPHISM RINGS AND IDEAL ACTIONS

We keep the notation and assumptions of the previous section. In particular, ¢ is
a Drinfeld module over k of rank r such that £ = Endy(¢) is commutative.

Given an A-order Rin F' = D = E®4 F and a prime [< A, we denote Ry = RR4 A,
Also, given a prime v of B, we denote by B, the completion of B at v and by R, the
completion of R in B,,.

The following result is modeled on [17, Porism 4.3].

Proposition 5.1. Let R be an A-order in D containing w. Then there is a Drinfeld
module v in the isogeny class of ¢ such that Endy(v) = R if and only if R is locally
mazximal at .

Proof. This is proved in [3, Theorem 1.5]. We present a slightly different argument.

If R is the endomorphism ring of a Drinfeld module isogenous to ¢, then R con-
tains 7 and is locally maximal at 7 by [18, Corollary, p. 164].

Conversely, assume R is locally maximal at 7. It is enough to show that there is
a Drinfeld module % in the isogeny class of ¢ such that End (i) = Ry for all the
primes [ of A.

Pick any Drinfeld module ¢q in the isogeny class. For any [ # p, it follows from
our assumptions that the rational Tate module Vi(¢g) is free of rank 1 over D;. It
therefore contains lattices L with any order Op = {x € D : 2L C L} (cf. (5)), and,
identifying Vi(¢g) ~ D, we see that such a lattice is Galois invariant if and only if its
order contains 7.

For any prime [ # p, we view both Endy(¢o) = Endy (o) ® Ar ~ Enda ¢, (Ti(d0))
and Ry as lattices in Vi(¢g). Hence, both Endy(¢y) and R are maximal at all but
finitely many primes [. In particular, there exist only finitely many primes, [y,... [,
say, at which Endy(¢o); # Ry

The lattice Ry, has order {x € D : 2R, C R, } = Ry, and so does its dual R ~
Ry,. Asin (3), let H; (¢o) denote the dual of T}, (¢o) and consider the intersection
Hy (¢o) N R;. This is an order contained in R and we consider the index y :=
X(R; /(Hi, (¢0) N Ry )), which is a product of non-zero A-ideals. We have

X ' Rikl g H[1 (¢0) m Rikl g H[1 (¢0)

by definition. So we have obtained an integral lattice Ly, := x - R{, inside H,(¢y), or
equivalently, a lattice in V, (¢g) containing Tj, (¢g), with order

{x€D:axR; CxR}={x€D:aR; CR}=R.

Similar constructions yield sublattices L;, of Hy(¢o) for all ¢ = 2,...,n. At all
other [ # p we set L = Hi(¢p).

At p, write Dy = ©,,D, = Dy @ (©y45D,) = Dy © Dy, cf. (7). In this case, we
have that the rational Dieudonné module H{'(¢g) ® F, = @5 (Hy(¢o) @ Fy), is free
over Dy, where each summand (H,(¢o) ® Fy), is free over D,, and therefore contains
lattices with any order. Comparing End(¢y), and R, at each v # p over p as lattices
in D, and adjusting the former if necessary via an analogous procedure to that in the
previous paragraph, yields a sublattice @, 4L, of H]ft(gbo). At p, we set Ly = Hg(¢o).
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By the dictionary between sublattices of H(¢o) = [[,4 Hi(¢o) and isogenies, the
quotient of [[., Hi(do) X Hy(¢o) by [l Li X I1,, L, yields a finite A-invariant
subgroup G; cf. [14, Section 2.6]. The quotient ¢o/G in turn yields a Drinfeld
module 1 isogenous to ¢q, for which Endy () = Ry at all places [ # p of A, and
End,,(v), = R, at all primes v|p of I with v # p. Finally, by [18, Corollary, p. 164],
Endy () is locally maximal at 7, so we also have Endy(¢); = Ry. O

Corollary 5.2. The ring A[r] is the endomorphism ring of a Drinfeld module isoge-
nous to ¢ if and only if either ¢ is ordinary or k = Fy.

Proof. By Proposition 5.1, A[r] is the endomorphism ring of a Drinfeld module in
the isogeny class of ¢ if and only if A[r] is locally maximal at w. On the other
hand, Corollary 2.10 states that A[r] is locally maximal at 7 if and only if either ¢ is
ordinary or k = F,. 0

We saw in Section 3 that, given a Drinfeld module ¢ over k& and an ideal I <
€ = Endy(¢), we can construct an isogenous Drinfeld module i) = I x ¢, which is
determined by 17 = uréru;' and which satisfies Endg(¢) 2 u;Opu;t ~ O 2 & by
Lemma 4.2.(2).

Theorem 5.3. Consider the isogeny class of a Drinfeld module ¢ over k with com-
mutative endomorphism algebra.

(1) The map I — I x ¢ defines an action of the monoid of fractional ideals of €
up to linear equivalence on the set of isomorphism classes of Drinfeld modules
in the isogeny class of ¢ whose endomorphism ring is the order of an €-ideal
(and hence an overorder of £ ).

(2) Upon restricting to kernel ideals, the action is free.

(3) If € is Gorenstein, then the action is also transitive on the set of all Drinfeld
modules whose endomorphism ring is the order of an E-ideal. In other words,
if € is Gorenstein, then every submodule M of H(®) is of the form IH(¢) for
some nonzero ideal I < E.

Proof. (1) By Lemma 4.1.(1), we may consider the fractional ideals of £ up to linear
equivalence. The trivial ideal I = &, considered as a k{7}-ideal, is generated by the
trivial element, so £x¢ = ¢ for any ¢. For two ideals I, J it follows from the definition
and commutativity that (I -J)* ¢ = I % (J * ¢). As remarked above, for any ideal I,
the Drinfeld modules ¢ and I % ¢ are isogenous via the generator u; of k{r}I.

(2) This follows from Lemma 4.1.(2).

(3) The proof is inspired by [17, Proofs of Theorem 4.5 and Theorem 5.1]. Suppose
that ¢ and v are isogenous and that R := Endy(¢) is the order of an &-ideal, i.e.,
R ~ Oy for some ideal I < £. We may write ©» = ¢/G where the finite subgroup
scheme G is the kernel of the isogeny. We want to show that ¢ = I % ¢. Since [ is a
kernel ideal by Proposition 4.5, by Proposition 3.7 this amounts to showing that the
sublattice corresponding to the isogeny ¢ — 1 with kernel G is IH(¢), up to linear
equivalence. (Note also that the Drinfeld module I * ¢ indeed has endomorphism ring
urOpu;' ~ Or by Lemma 4.2.(2).)
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By the dictionary between lattices and isogenies given above, the kernel G gives rise
to a sublattice of Ny C H(¢) such that H(¢)/N; ~ G| for each [ # p and a sublattice
N, C Hy(¢) satisfying (4) such that H,(¢)/N, ~ Gy. The lattice N, in Hy(¢) is
both a free left O-module and a right &,-module; by the splittings of &, = & @ &,
and Hy(¢) = H(¢) @ H{'(¢) in (6) and their compatibility in (8) and (9), we must
have that N, = N; @ N, splits as well, where NV is a sublattice of H;(¢) and an
Ok ® E-module, and N} is a sublattice of HS"(¢) and an Oy, ® &/-module.

As remarked in the proof of Proposition 4.5, the Gorenstein property implies that
H(¢) is free over & of rank 1 for all [ # p, and HS' (@) is free over &). Hence, any
sublattice of H{(¢) is of the form Iy - H(¢$) for some local ideal I; < &, and any
sublattice of H{'(¢) is of the form I} - HZ*(¢) for some ideal I} < &. Since G is finite,
we know that I} = & for all but finitely many [; note also that there are only finitely
many v # p over p that contribute to I,. Recall that & is maximal by [18, Corollary,
p. 164}, hence a PID, so again any sublattice of Hy(¢) = (Hy(¢)); is of the form
I; - H(¢) for a local principal ideal I; < &. Note that at all places, we may scale the
ideal generators to lie in the local endomorphism ring. We conclude that

Ny = (I - Hy(9)) © (I, - H)'(9)) = I, - Hy(9)
for some local ideal I, = I; © I, of &,.
These local ideals I, and I; for all [ # p, i.e., local integral lattices, are the local-
izations of a global lattice (again since I} = & for all but finitely many [), which is

closed under the action of £ since it is so everywhere locally by construction. Hence,
it is a global ideal I, as we had to show. O

Corollary 5.4. Suppose that € = A[rn] (so that either ¢ is ordinary or k = Fy, by
Lemma 5.2). Then the action I — I x ¢ of the monoid of fractional ideals of Alr] is
free and transitive on the isomorphism classes in the isogeny class of ¢.

Proof. Since we consider the fractional ideals up to linear equivalence, we may without
loss of generality consider only integral A[rn]-ideals. Since A[r] is Gorenstein (cf. [8,
Proposition 4.10]), every A[r]-ideal is a kernel ideal by Proposition 4.5. The statement
now follows from Theorem 5.3 since every endomorphism ring is an overorder of A[r];
note that all such overorders occur as endomorphism rings by Proposition 5.1. 0

Remark 5.5. (1) The ideal action already appears in [11, Section 3] in a slightly
different setting: fix an A-order O and consider the Picard group Pic(O),
i.e., the quotient group of invertible O-ideals modulo principal ideals. Hayes
shows that Pic(Q) acts on the isomorphism classes of Drinfeld modules whose
endomorphism ring contains Q. Invertible O-ideals are proper and therefore
have order O; so this statement is consistent with the statement Endy (I *¢) D
UIO[Ul_l =~ O; which we prove in Lemma 4.2.

(2) It follows from Theorem 5.3 that the number of isomorphism classes in the
isogeny class is bounded below by the sum of the class numbers of the overorders
of £ and that equality holds if £ is minimal and Bass, so that every overorder
is Gorenstein. For rank 2 Drinfeld modules, this result can also be found
in [10, §6] where the class numbers are given as products involving Dirichlet
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characters. In higher rank, analogous expressions for the class numbers of the
orders in D could be given.

(3) The problem of describing endomorphism rings of Drinfeld modules has been
considered by several authors, see e.g. [1, 9, 18]. Explicit algorithms to com-
pute endomorphism rings were developed in [7] for Drinfeld modules of rank 2
over [, and in [8] for any Drinfeld module with commutative endomorphism
algebra; in [12], the existence of an effective general algorithm is shown.

6. COMPARISON WITH ABELIAN VARIETIES OVER FINITE FIELDS

There are striking resemblances of the theory of Drinfeld modules over finite fields
with the theory of abelian varieties over finite fields. Isogeny classes of such abelian
varieties are also determined by the minimal or characteristic polynomial of their
Frobenius endomorphism 7, and it is an important open problem to describe the
isomorphism classes within a fixed isogeny class. Indeed, precisely when the varieties
are ordinary or defined over the prime field F,, there exist categorical equivalences
between isomorphism classes of abelian varieties over F, and certain Z[r, 7|-ideals,
where 7 = ¢/7 is the dual of the Frobenius, also called the Verschiebung.

First, consider an isogeny class of simple ordinary abelian varieties over [F, deter-
mined by a Frobenius endomorphism 7. It is known that any ordinary variety A/F,
admits a (Serre-Tate) canonical lifting A to the Witt vectors W = W(F,), which
may be embedded into C. In [6], Deligne shows that the functor A — H;(A ®y C)
induces an equivalence of categories between isomorphism classes in the isogeny class
determined by 7 and free Z-modules of rank 2dim(A) equipped with an endomor-
phism F' acting as m and an endomorphism V' such that F'V = ¢ playing the role
of Verschiebung; these modules are often called Deligne modules. On the other
hand, complex abelian varieties Ac are determined by lattices via the equivalence
Ac — Ac(C) = C9/A induced from complex uniformization, and when A¢ has CM
through a CM-type ®, we may write A = ®([) for some fractional End(Ac)-ideal 1.
In this way, we may associate a fractional ideal I to each ordinary abelian variety
A/F,, since each variety over F, has CM and therefore so does its canonical lifting A.
Linearly equivalent fractional ideals yield homothetic lattices and hence isomorphic
abelian varieties, and homomorphisms between abelian varieties are described by
quotient ideals. Put differently, fractional ideals up to linear equivalence act on the
isomorphism classes in the ordinary isogeny class.

By comparison, it should follow with a similar proof that ordinary Drinfeld modules
over k admit a canonical lifting to C,, of A-characteristic zero. On the one hand,
Drinfeld modules over C,, admit a analytic uniformization by a lattice A C C, (where
homothetic lattices describe isomorphic Drinfeld modules), which yields a bijection
between lattices in C,, and Drinfeld modules over C,,. On the other hand, the ideal
action ¢ — I*¢ may be defined for arbitrary Drinfeld modules over any A-field (i.e., of
any characteristic). Indeed, as alluded to above, the Picard group of fractional ideals
of an order O up to linear equivalence acts simply transitively on the isomorphism
classes of Drinfeld modules over C,, with CM by O. Ideals of £ may be embedded
in C,, as lattices, and every lattice A C C, yields an ideal xy(A/E)A < E. One can
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show that if u; : ¢ — I % ¢ is an isogeny and ¢ corresponds to the lattice A, then
I % ¢ corresponds to the lattice I7*A, where I=! = (€ : I). This shows that, like for
abelian varieties, the ideal action for ordinary Drinfeld modules can equivalently be
described in terms of lattices via analytic uniformization on the lifted modules.

Next, consider an isogeny class of simple abelian varieties over F,, determined by
a characteristic polynomial of 7 which does not have real roots, to ensure the endo-
morphism rings are all commutative. In [5], the authors show that such an isogeny
class contains an element A, with minimal endomorphism ring, i.e., Endg, (A,) =
Z[m, 7|, which is Gorenstein. They then use this variety to show that the functor
A — Hom(A, A,) induces a contravariant equivalence between isomorphism classes
in the isogeny class and reflexive Z[r, 7]-modules, which are in turn equivalent to
finite free Z-modules with an endomorphism F' acting as m and an endomorphism V'
such that F'V = p which plays the role of 7. When the varieties are also ordinary,
the authors also prove that their functor is equivalent to that of Deligne.

By comparison, for Drinfeld modules over k£ = F,,, the existence of an isomorphism
class ¢, with minimal endomorphism ring Endy(¢,,) = A[n] is guaranteed by Corol-
lary 2.9 and Lemma 5.2. The functor ¢ — Homyg (¢, ¢,,) from isomorphism classes in
the isogeny class of ¢,, to reflexive A[r|-modules can be proven to be fully faithful by
using Tate’s theorems for Drinfeld modules and mimicking the proof of fully faithful-
ness in [5, Theorem 25]. Essential surjectivity follows from the main result in [13],
when we view an A[r]-module as an A-matrix with characteristic polynomial deter-
mined by that of 7. Moreover, suppose that ¢ = I % ¢,, for some (necessarily kernel)
ideal I < & = Alr] and recall that ¢r = ur(¢y)ru;" for uy € k{r} with k{r}I =
E{7}u;. Then, using that A{r] = Endi(¢,) = {v € k{7} : v(¢w)r = (¢u)1v}, We see
that

Homk(qb, ¢w) = {u S k{T} : U¢T = ((bw)Tu}
= {u € k{7} : wur(dw)r = (du)ruus}
= {u € k{r} : uu; € A[nl]}
= k{t}ur N Alr] =1,

where the last equality follows from the definition of a kernel ideal, see Definition
3.1 above and cf. Equation (1). This shows that the two constructions are in fact
equivalent for Drinfeld modules.
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