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1. Introduction

Abelian varieties over C can easily be described in terms of tori. Indeed for a com-
plex abelian variety A of dimension d we have an isomorphism A(C) ~ C?%/L,
where L is a Z-lattice of rank 2d. This association does not hold on the whole
category of abelian varieties when we move to the wilder realms of positive charac-
teristic. The reason is that there are objects such as the supersingular elliptic curves
with quaternionic endomorphism algebra, which does not admit a two-dimensional
representation over Q.

Nevertheless, if we restrict our attention to the ordinary abelian varieties (that
is, having p-torsion of maximal rank) over a finite field I, of characteristic p, then
we can still mimic the result from the complex world. More precisely, Deligne in [6]
proved that the category Averd (q) of ordinary abelian varieties over F, is equivalent
to the category M°'(q) of Z-modules with a “Frobenius endomorphism”. We recall
the precise statement of Deligne’s theorem in Sec.

Fix an isogeny class of ordinary abelian varieties over F,, which by Honda-Tate
theory is uniquely determined by a ¢-Weil polynomial h. The subcategory M (h) of
modules in M°*4(q) whose characteristic polynomial of Frobenius is h, under some
assumptions on h, becomes easy to describe in terms of categories of modules and
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fractional ideals overorders in product of number fields. Such descriptions are given
in [I7, 19] and are recalled in Theorem

In this paper, we use these module-theoretic descriptions and the related com-
putational tools to study the functor associating to an abelian variety A in AVOTd(q)
its base extension A ®, Fgr in AV (g7, for a fixed positive integer r. In partic-
ular, if A is a simple abelian variety in AV°"(q) with characteristic polynomial of
Frobenius h, then the characteristic polynomial of A ®p, Fy- will be of the form g°
for some irreducible ¢"-Weil polynomial and positive integer s, as we recall in Sec.
See also Remark 3] for a generalization to non-simple abelian varieties.

Section M contains the main results of the paper, namely Theorem [£] and Corol-
lary which describe the functor — ®g, Fgr : AV(h) — AV(g®) in terms of a
functor & defined on the category of modules. The definition of & is well suited
for computations on the isomorphism level, as we explain in detail in Sec. [l In
particular, it allows us to explicitly compute twists of abelian varieties and their
(minimal) fields of definition. These two applications are discussed in Secs.[6H8 The
algorithms developed, which are available on the webpage of the author, allow us to
compute explicit examples, which we include in the various sections of the paper.
In particular, see Examples 5.5 6.3, 6.4] [7.5], BT,

It is worth mentioning that there are other descriptions of subcategories of
the category of abelian varieties over finite fields in terms of modules with extra
structure other than the one of Deligne. More precisely [3] deals only with abelian
varieties over prime fields I, while in [I5] Appendix; 11} [12] discuss functors on
categories of abelian varieties isogenous to powers of elliptic curves. Moreover, in
[26] the author studies the behavior of the functor introduced in [I1] in relation
to Galois field extensions. An equivalence of categories for almost ordinary simple
abelian varieties over finite fields of odd characteristic similar to one of Deligne
has been described in [2I]. We chose to work with Deligne’s equivalence because
it allows us to deduce results also about powers of abelian varieties of dimension
greater than 1.

2. Preliminaries

Let AV™(q) be the category of ordinary abelian varieties over F,. Consider the
category M°"(q) consisting of pairs (T, F) where T is a finitely generated free
Z-module and F' is an endomorphism of T such that

e I'® Q is semisimple with eigenvalues of complex absolute value /7.

e The characteristic polynomial h of F' is ordinary, that is, exactly half of the roots
of h are p-adic units and

e There exists an endomorphism V' of T such that F'V = q.

Theorem 2.1 ([6, Théoréme]). There is an equivalence of categories

]_—ord : Avord (q) N Mord (q)
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If Fo*Y4(A) = (T, F) then rankz(T) = 2dim(A) and F corresponds to the Frobenius
endomorphism of A.

Let A be an abelian variety over F,. Denote by h 4 the characteristic polynomial
of Frobenius of A. Recall that h 4 is a ¢-Weil polynomial, that is, a monic polynomial
of even degree with integer coefficients and with complex roots of absolute value
equal to ,/q. By Honda-Tate theory, the polynomial h4 uniquely determines the
isogeny class of A, in the sense that, for an abelian variety B over F,,

ANFqBéhA:hB,

where hp is the characteristic polynomial of the Frobenius of B, see [24]. Moreover,
by [8 [25], one can use ¢-Weil polynomials to list all isogeny classes of abelian
varieties over I, of given dimension.

Let h be the characteristic polynomial of Frobenius of an ordinary abelian variety
over F, and let AV(h) be the full subcategory of AV®"(q) consisting of abelian
varieties in the isogeny class determined by h. Denote by M(h) the image of AV(h)
under F°rd,

For a squarefree ¢-Weil polynomial g € Z[z] we put K, = Q[z]/(¢9) and o =
x mod g. Let R, be the order Z[o, ¢/a] in K, and denote by B(g, s) the category
of torsion free Rj,-modules M of rank s, that is, such that M ® K, ~ K. In what
follows, we will always think of such a module as embedded in K. Note that the
objects of the category B(g,1) are just fractional R -ideals.

Theorem 2.2 ([17, Theorem 4.1]). Assume that h = g* for some squarefree
polynomial g. There is an equivalence of categories

Gy : M(h) — B(g, s).

We briefly describe the functor G,,. Given a pair (T, F') € M(h) we have a natural
identification between R, and Z[F, V] given by o — F, which induces an R,-module
structure on T'. Denote by M this module and set G, ((T, F)) = M.

Definition 2.3. The functor Fj : AV(h) — B(g, s) is defined as the composition
Gy, o Ford,

3. Isogeny Classes and Field Extensions

Let A be an abelian variety over [F; of dimension g, let h = h 4 be the characteristic
polynomial of Frobenius of A. Let r be a positive integer and put A, = A ®p,
F,~ and denote by h, the characteristic polynomial of Frobenius of A,. Explicitly,
if dim(A4) = d and

h=(@x—ay) - (x — aaq)
over the complex numbers, then

hy = (x—af) - (z = ayg).
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One has h, € Z[z] and, in particular, h, is a ¢"-Weil polynomial of degree 2d. All
these results are well known, see, for example, [23, Theorem 5.1.15].

Recall that an abelian variety A is isotypic if A is isogenous to B"™ for some
simple abelian variety B and positive integer n.

Proposition 3.1 ([4, Proposition 1.2.6.1]). If A is isotypic then A, is isotypic
for every r > 1.

The statement does not hold over an arbitrary field, see [4, Example 1.2.6]. Also,
the converse does not hold: if A, is isotypic then A does not need to be so, as the
next example shows.

Example 3.2. If A is an abelian surface over F3; with characteristic polynomial
ha = (2% — 32 + 31)(2® + 3z + 31)

then A is isogenous to the product of two non-isogenous elliptic curves E; and Fs.
On the other hand F; and E5 become isogenous over F3i2 and indeed the charac-
teristic polynomial of Ay = A ® F3;2 is

ha, = (? + 532 + 961)2.

An isotypic abelian variety A over Fy has characteristic polynomial of Frobenius
of the form h = ¢*®, where ¢ is an irreducible g-Weil polynomial. The next result is
well known and we include a proof for completeness.

Proposition 3.3. Let h be the characteristic polynomial of Frobenius of a simple
ordinary abelian variety A over F,. Then for every r > 0 we have h, = g° for
some irreducible polynomial g and some positive integer s, both depending on r.
Moreover, s = 1 if and only if A, is simple.

Proof. Recall that a simple ordinary abelian variety has an irreducible charac-
teristic polynomial, see [9, Theorem 3.3]. By Proposition B.I] the extension A, is
isotypic, which is isogenous to B? for some positive integer s and some simple ordi-
nary abelian variety B over IF-. Let g be the characteristic polynomial of Frobenius
of B. Note that g is irreducible. Then h, = ¢°, as required. The last statement fol-
lows immediately. O

4. Isomorphism Classes and Field Extensions

Let h be the characteristic polynomial of a simple ordinary abelian variety A
over F, and h, the characteristic polynomial of A, = A ® F,~. By Proposition 3.3]
we know that h, = ¢° for some irreducible polynomial g. Put K, = Q[z]/(g)
and K, = Q[z]/(h), and denote by «, and «y, the classes of  modulo g and mod-
ulo h, respectively. Define

Ry, =Zlag,q"/ag) C Ky and  Rj = Zlap, q/an] C K.
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Since h is irreducible, by Theorem [2Z2] the abelian varieties isogenous to A cor-
respond via the functor F}, to the fractional ideals of the order Ry and the abelian
varieties isogenous to A, functorially correspond to the modules in B(g, s). We want
to understand how the functor — ®@p, Fyr acts on these categories.

The field K, is naturally a subfield of K} where the inclusion is given by
ag +— o). Equivalently, we have that Kj, is a field extension of degree

_ deg(h)
deg(g)

So in particular there exists a polynomial I € K[y| of degree s such that

[Kh : Kg]

= S.

Kgg Kh

where the isomorphism ¢ is given by
Y= ap,
g ap,
where § = y mod [. Observe that

Kg[y]
(1)

and that there is a natural isomorphism of Rg-modules

:Kg@gKg@...@ysflKg

s-times

Y ——N————

VK, @YK, @ @7 'Ky, 5 Ky x - x K,
s—1

szyz = (bo,...,bsfl).
=0

Consider the functors
&= M(h) — M(hr)
(T,F) — (T,F")
and
&y B(h,1) — B(g,s)

I'— (e~ ' (D),
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the action on morphisms being the obvious one. Let G, : M(h) — B(h,1) and
Gn, : M(h,) — B(g, s) be defined as in Theorem 2.2

Theorem 4.1. We have a commutative diagram of functors:
]:h

AV (h) —= M(h) —— B(h, 1)

o, l gll gzl

AV(hy) 225 M(hy) 22 B(g, s)
\_/

Fn

r

Proof. Let A be an abelian variety in AV(h) and put Fo'4(A) = (T, F). As usual
denote A®F,+ by A,. Then F°4(A,) = (T, F") which proves the commutativity of
the left square of the diagram. The commutativity of the right square follows from
the above discussion. O

A straightforward generalization of the previous result leads to the following
corollary.

Corollary 4.2. Let t be a positive integer. We have a commutative diagram of
functors:
Fpt
— T
AV(ht) ——= M(ht) ——— B(h,t)
‘7_—ord ght
®qul gll ng
Ford Int,
AV(hy) == M(hy) —= B(g,ts)
- -
‘7:}12‘
Remark 4.3. In this section, and in the following ones, we assume that the ¢-Weil
polynomial h is irreducible, that is, that AV(h) is a simple isogeny class. If we relax

this assumption and instead assume that h is squarefree then the extension AV(h,.)
might fail to be a “pure power”. More precisely, if A € AV(h) has isogeny decom-

position
ANFq Bl X "'XBt,
where By, ..., B; are simple abelian varieties over F,, then
Ay ~p CFF X X G (%)
where C1,...,Cy are simple abelian varieties over [Fy» and sy, ..., sy are positive

integers, not necessarily equal. Nevertheless, we can still apply all the results devel-
oped in this section and in the following ones if we assume that h, = ¢° for a
squarefree ¢"-Weil polynomial, that is, in (@) we have s = --- = sp = s.
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5. Computations in B(g, s)

Let the notation be as in Sec. [l In this section, first, we describe how to compute
representatives of the isomorphism classes of B(g, s) and the functor £ in the cases
when h, is irreducible or the order R, is Bass, see Secs. Bl and [5.2] respectively.
In practice, most isogeny classes AV (h,) fall into one of these two cases.

Second, in Sec. B3] we focus on the problem of determining when two modules
in B(g, s) are isomorphic. We present efficient solutions to the problem in the cases
described in Secs. [5.1] and Moreover, we describe a general method to solve
the isomorphism problem for modules in B(g, s), which in practice turns out to be
slower than the previous two, and cannot be used to list the representatives of the
isomorphism classes.

Finally, in Sec. 5.4 we give examples of computations of base field extension of
abelian varieties.

5.1. Isomorphism classes when h, is irreducible

Assume that the polynomial h,. is irreducible, that is, h, = g or equivalently s = 1.
We fix once and for all an isomorphism K} o~ K. This allows us to identify 2, with
a finite index order contained in R; and consequently we can identify the objects
of the category B(g,1) with fractional R,-ideals. Moreover, the operation of ideal
multiplication induces the structure of a commutative monoid on B(g, 1). The set
of ideal classes inherits such a structure: we call it the ideal class monoid of R, and
denote it by ICM(R,). In [18], we give an effective algorithm to compute ICM(R,).
Moreover, it is easy to determine if two fractional Rg4-ideals I; and I define the
same class in ICM(R,). Recall the definition of colon ideal

(Il : Ig) = {a S Kg caly C Il}

Theorem 5.1 ([I8, Corollary 4.5]). The fractional Ry-ideals I and Iz are iso-
morphic if and only if the following two conditions hold:

(1) 1e (Il ZIQ)(IQ 211);
(2) The fractional ideal (I : I3) is a principal (I : Ir)-ideal.

If Part (1) of Theorem 5.1 is satisfied then (I; : I3) is an invertible fractional
(I1 : I)-ideal, and there are well-known algorithms to check whether it is principal.
See also [I8] Algorithm 5].

Remark 5.2. Observe that the ideal class monoid of the maximal order coincides
with the class group. In particular, if R, = Ok, then the number of isomorphism
classes of abelian varieties in AV(g) is just the class group of K.

5.2. Isomorphism classes when R, is Bass

Recall that an order S in a number field K is Bass if every overorder is Goren-
stein, or equivalently, if the maximal order Ok has cyclic index in S, that is, the
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finite S-module O /S is cyclic. For the proofs of these statements and other equiv-
alent definitions, see, for instance, [16], Theorem 2.1]. Examples of Bass orders are
maximal orders and orders in quadratic number fields.

If the order R, is Bass, the modules in B(g, s) can be written up to R,-linear
isomorphism as a direct sum of fractional R,-ideals. More precisely, we have the
following theorem, see [I] or [2].

Theorem 5.3. Assume that Ry is a Bass order and let M be in B(g, s). Then there
are fractional Ry-ideals Ji, ..., Js satisfying

(J1:J1) C--- C(Js: Js)
and elements vy, ...,vs in M such that
M= Jivi® - P Jsvs.
Moreover, given another module N in B(g, s) with decomposition
N=~Lu & P lsus,
we have that M and N are Rg-isomorphic if and only if
(S : Ji) = (e < 1k)
for each k and
JyoeeooJge I e 1.
Let M be in B(g, s), with R, Bass. We can explicitly compute a decomposition
M= Jivi @ D Jsvs

by following the proof of [2, Lemma 7]. For completeness we briefly recall the
method. We start with a Z-basis of M

M=aZ¢&- - daZ,
where [ = deg h, = dimg K. Let S be the multiplicator ring of M in K, that is,
S={aecKy;:aM C M}.

By [2l Lemma 6], there exists ¢ € Homy(M,Z) such that a¢ ¢ Homy(M,Z) for
every a € (’)KQ\S. Let eq, ..., es be the orthogonal idempotents of K and define v;
in K to be the dual basis with respect to ¢, that is, (e;¢)(v;) = 1 if i = j and 0
otherwise. Put v = v + - - - + vs. Now, each element w of M in Kgs can be written
in a unique way as

w=~&+Yy

for £ € K, and y orthogonal to v. Let I be the subset of coefficients ¢ in K; when w
runs over all elements of M. Observe that I is a fractional Rg-ideal and one can
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prove that the multiplicator ring of I is S. We then have a decomposition
M = Ive M,

where M; is an object of B(g, s — 1) with multiplicator ring containing S. We can
then proceed recursively to obtain the whole decomposition of M.

5.3. Isomorphism testing

Let M; and My be two modules in B(g, s). If s = 1 we can use [I8, Algorithm 5]
to check if they are isomorphic. If R, is Bass, for any s > 1, we can use the
algorithm described in Sec. to compute the decompositions of M; and M, and
then conclude by using Theorem [5.3] together with [I8, Algorithm 5].

If s > 1 and R, is not Bass we can use the following method. Observe that M,
and My are isomorphic as R,-modules if and only if they are so as Z[ag,]-modules,
since Z[ay] has finite index in R,. Let my (respectively, ms) be the matrix that
represents multiplication by «, with respect to any Z-basis of M (respectively, Ms).
Observe that m; and my are N x N matrices with integer entries and the same
characteristic polynomial g% and minimal polynomial g, where N = sdeg(g).

Theorem 5.4. The modules My and My are isomorphic in B(g,s) if and only
if m1 and mo are conjugate over the integers, that is, if there exists a matrix U

in GLN(Z) such that

my = UmgUfl.

Proof. The theorem is a direct consequence of generalizations of [14]. Such gener-
alizations can be found in [I8, Theorem 8.1] and in [I0]. O

The algorithm described in [7] allows us to test whether m; and mq are conjugate
over Z. Such an algorithm has the advantage of being very general, at the cost of
being slower than the methods described above for the particular cases when s =1
or R, is Bass.

5.4. Applications to abelian varieties

The algorithms described above allow us to explicitly compute base field extensions
of abelian varieties as we show in the next example.

Example 5.5. Consider the polynomial h = 2% — 23 + 8 corresponding to an
isogeny class of ordinary abelian three-folds over Fs. Denote by Kj the number
field Q[z]/(h) and by «j, the class of z in Kj. It turns out that the order Ry =
Zan, 2/ ayp] is maximal and has Picard group of order 3 generated by the prime ideal
pr = 2Ry + apRy. So in particular, by Remark 5.2 there are three isomorphism
classes of abelian varieties in this isogeny class, corresponding to Ry, pp, and p3.
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We now extend the isogeny class to the field Fos, which means that we look at
the polynomial
he = % + 452° 4+ 8672 + 913522 + 5548822 + 184320z + 262144.
Observe that hg = g*, where
g =a?+ 15z + 64.

Put K, = Q[z]/(9), g = zmodyg and Ry, = Zlay,64/a,]. Note that R, is
the maximal order of K, and that it has a Picard group of order 3 generated
by py = 2R, + ayR,. Since R, is Bass, using Theorem [5.3] we can see that the
isomorphism classes of abelian varieties in the isogeny class determined by hg cor-
respond to the direct sums in 5(g, 3)

M, =R, ® Ry ® R,,
M2 :Rg@Rg®pg7
Ms = R, ® Ry & py.

Moreover, using the same notation as in Theorem [22] we can verify that

E(Ry) = My,
Ea(pn) = Mo,
E(ph) = Ms.

6. Twists

Recall that two abelian varieties A and A’ over F, are twists of each other if there
exists some r > 1 such that A, ~p . A’ If this is the case we say that A and A’
are r-twists. We say that A’ is a trivial twist of A if A ~p A’

Assume now that A and A’ are simple and ordinary. A necessary condition for A
and A’ to be r-twists is ha, = ha;. For simplicity of exposition we assume that A
and A’ are isogenous, say both in AV(h). See Remark [6.2] for an explanation about
how to adapt the method descried to the general case.

Proposition 6.1. Let A and A’ be simple and ordinary abelian varieties, both in
the isogeny class AV (h). Let r > 1 and write h, = g°, with g irreducible.

(1) The abelian varieties A, and Al are isomorphic if and only if Fn,(A,) and
Fn, (AL) are isomorphic in B(g,s).

(2) Moreover, if s = 1, that is, hy is irreducible then A, and Al are isomorphic if
and only if A and A’ are.

Proof. Part (1) follows from Theorem [Tl To prove (2) observe that if h, = ¢ then
the inclusion K, — K, given by oy — «} (discussed in Sec. ) is an isomorphism.
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This implies that the functor & : B(h,1) — B(h,,1) from Theorem A1 is fully
faithful and hence

Homp, (A, A") ~ Homp,, (A,, A}). O

We can use the results contained in Sec.[5.3]in order to test the isomorphisms of
Proposition [6.1] that is, we have an algorithm to test whether two abelian varieties
given as modules in the appropriate category B(h, 1) are r-twists, for a fixed r > 0.
The implementation of such an algorithm is available on the author’s webpage.

Remark 6.2. The assumption that A and A’ are isogenous is made to simplify the
exposition. If A and A’ are r-twists but not necessarily isogenous, say A € AV(h)
and A" € AV(R') with h, = hl, then we can still use the theory developed in
the previous sections to explicitly compute the corresponding modules and isomor-
phisms, but we will have to work with the two functors Fy,. : AV(h,) — B(g,s)
and Fy, : AV(h;) — B(g,s). The implementation of our algorithms includes this
case and it is demonstrated in Example

In the reminder of this section, we give examples of concrete computations.

Example 6.3. Let h = 2* — 20522 + 1032 and consider the isogeny class of ordi-
nary simple abelian surfaces AV (h) over Fyp3. Note that Rj, is maximal. Hence by
Remark [5.2 in AV (h) there are 12 isomorphism classes which are represented by
the fractional Rj-ideals

P3P}
for i = 0,1 and 57 = 0,...,5, where p3 is the unique prime of R, above 3
and ps = (5,1 + ay). Observe that hy = g2, where g = 22 — 2052 + 1032. More-
over, by looking at the square roots of the roots of hy one can easily verify
that there is no 103-Weil polynomial other than h whose extension gives hs. The

order R, is maximal and has cyclic Picard group of order 6, generated by the class
of P = (5, -1+ «ay). In particular, the objects of B(g,2) can be represented by

R, &p* fork=0,...,5.
Using the methods described in Sec. we compute
52(]3%) ~ Eg(pgpg) ~R, &P forj=0,...,5.

This tells us that for each 7 = 0,...,5 the only nontrivial two-twist of the abelian
variety corresponding to p? is the abelian variety corresponding to pspi. In other
words, if we denote by A; ; the abelian variety such that F,(4; ;) = pipi then we
have

AO»J' OF103 Fio32 ~ Al,j RF 105 Fio32.

Example 6.4. Let h = 2% — 1822 + 169 and g = 2% — 18z + 169. The isogeny
class AV (h) of abelian surfaces over F3 extends to the isogeny class AV (g?). By
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looking at the complex roots of the polynomial g, one can easily check that h is the
only 13-Weil polynomial for which this happens. The order Rj is not Bass and it
has three proper overorders:

1 2 2 _5
S = Rh+< + % +ah OZh)th

2 26

a,% -5
26
and the maximal order O, . Among these orders, the only non-Gorenstein one is
S. One computes using the methods described in Sec. 5] that the 12 isomorphism

classes of B(h, 1) are represented by the following set of ideals:
{Ry,1,1?,I*8,18,8", 15", T,IT, O, , 10k, },

T := Ry + ap Ry,

where I is a generator of Pic(Ry,) ~ Z/AZ and S* is the trace dual ideal of S, that is,
St = {Z e Ky : TI"Kh’/Q(ZS) - Z}.

The order R, is Bass and has only one proper overorder, the maximal order Ok, .
Observe that by [17, Corollary 4.3] we have that each abelian variety in AV (g?) is iso-
morphic to a product of isogenous elliptic curves. We have Pic(Ry) ~ Z/2Z x Z/2Z.
We denote by J the generator isomorphic to any of the two prime ideals above 47
and by 2 the other generator. The isomorphism classes of modules in B(g, s) are
represented by

My=R,®R;, My=R;®7,
Ms=R,®U, M,=R,&JI,
Ms =Ry ® Ok,, Ms=R,®30k,,
M; = Ok, ® Og,, M= 0Ok, ®I0k,.
We compute that the following isomorphisms of R4,-modules hold:
My ~ E(I) ~ E(I%),  Msz ~ E(Ry) ~ E(I7),
My ~ E(ISY) ~ E(IS), Mg =~ Eo(S") ~ E5(5),
M7 ~&E(IT) ~ &E(Ok,), Mg ~&E(T)~E(0k,),
which allows us to identify the two-twists in the isogeny class AV (h).

Remark 6.5. In Example [6.4] we notice several interesting behaviors. Since the
order S is the unique non-Gorenstein overorder of R, we deduce that it must be CM-
conjugate stable, that is, S = S and in particular, we have that St = S* is not iso-
morphic to S. This tells us that the abelian variety corresponding to S is not
isomorphic to its own dual, which corresponds to S? and in particular, it is not
principally polarizable. But the extension & (S) ~ Mg corresponds to a product of
two elliptic curves which has the product principal polarization.
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Moreover, since S is not Gorenstein, S and S are not even weakly equivalent,
that is, there exist a prime p of S such that S; % Sp. The notion of weak equivalence
was introduced in [5] and in [I8] we give effective algorithms to check whether two
fractional ideals are weakly equivalent. Since £2(S) =~ &(S?) we deduce that the
weak equivalence class of an abelian variety does not correspond to a geometric
invariant of the corresponding abelian varieties.

Also, the abelian varieties corresponding to I7" and Ok, which have, respec-
tively, endomorphism rings isomorphic to 7" and Ok, are two-twists.

7. Galois Cohomology

In this section, we explain the connection between the set of isomorphism classes
of twists of a given abelian variety and its torsion automorphisms. In the square-
free ordinary case, this connection can be made explicit by use of the machinery
developed in the previous section, see Corollary [[.4] and Example

Put K = F, and G = Gal(K/F,). Write Fr for the Frobenius element of G.
Let A be an abelian variety over F, and put Ax := A ® K. Observe that Fr acts
on Autg(A) by the following rule: given 7 € Autg(A) write 7 for the twisted
automorphism of Ay defined by

B = (i[da®Fr)oTo(ida®@Fr ).

Such an action turns Autx (A) into a topological G-module. Recall that a cocycle
of G with values in Autg(A) is a G-linear map ¢ : G — Autg (A) such that

e(9192) = (91)(*(g1)),

for every g1,g2 € G. We denote by Z'(G, Autg(A)) the set of cocycles of G with
values in Autg (A). We say that e1,e9 € Z1(G, Autg (A)) are cohomologous if there
exists o € Autg(A) such that

e1(g) = oe2(g)o,

for every ¢ € G. Observe that being cohomologous defines an equivalence
relation on Z'(G,Autg(A)). The corresponding set of equivalence classes is
denoted H(G, Autg (A)).

Denote by ©(A/F,) the set of F,-isomorphism classes of twists A’ (over F)
of A. The class of A" in ©(A/F,) is represented by a geometric isomor-
phism ¢ : Ax — A%. Given such ¢ : Ax — Af define the map ¢4 : Gp, —
Autg (A) by

5¢:ar—>¢7loa¢.

It is an easy verification that 4 € Z(G, Autk (A)).
Two automorphisms 71,70 € Autg(A) are called Fr-conjugate if there exists
o € Autg (A) such that

T = UﬁlTQ(FrU).
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Being Fr-conjugate is an equivalence relation. Let S be the set of automor-
phisms 7 € Aut g (A) such that there exists n for which

(i) F"7 =7 and
(ii) (7 Fr .. F"7'2) has finite order.
Observe that (i) is equivalent to saying that 7 lies in Autr_, (A) and that the set

S contains Tors(Aut(A)). Denote by S the set of Fr-conjugacy classes of elements
of S.

Proposition 7.1. The maps ¢ — €4 and ¢ — e(Fry) yield bijections:
O(A,F,) — Hl(GFq,AutK(A)) — S.

Proof. By [22] Proposition 5, §1.3, Chap. III], the map ¢ — &4 induces a bijection
O(A,F,) — H'(Gr,, Autk (A)).
Moreover, by [22, §5.1, Chap. I], the map e — e(Fr) induces a bijection
H'(Gp,,Autg(A)) — S. |

Remark 7.2. Compare Proposition [Tl with [I3] Proposition 3.5; 20, Proposi-
tions 5 and 9], where there are analogous results for principally polarized abelian
varieties and curves over finite fields, respectively. The main difference with our
result is that since we consider unpolarized abelian varieties the automorphism
groups are infinite if dim(A4) > 1.

Corollary 7.3. Let A be an abelian variety over F, such that Autx(A) =
Autp, (A). Let 7 € Tors(Autg, (A)). Assume that T lies in the center of Auty(A)
and has order r. Then there exists a twist ¢ : A, — Al such that if we denote by
and 7' the Frobenius endomorphisms of A and A’, respectively, we have

prtonop=mor L. (7.1)

In particular, ™o 7" and 7' have the same characteristic polynomial.

Proof. Since all automorphisms are defined over the base field, Fr-conjugacy coin-
cides with usual conjugacy. Moreover, the conjugacy class of 7 contains only 7.
By the bijections described in Proposition [ZI] the automorphism 7 defines a
twist ¢ : Ax — Al. Since 7 is defined over F, then for every positive integer n
we have

and hence by [I3, Remark 3.7] the twist ¢ : Ax — A’y is defined over F4r. Moreover,
by [13} Proposition 3.9] the twist ¢ : A, — A/ satisfies

plorop=mort,

as required. O
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Corollary 7.4. Let A be a squarefree ordinary abelian variety over Fy. If the simple
isogeny factors of A are absolutely simple, then the association

TOI‘S(Aut]Fq (A)) — @(A, Fq)a

)

of Corollary L3 is a bijection.

Proof. By the hypothesis on A we have that Autr, (A) lies in the center of Endx (A)
and Endg, (4) = Endg(A). Moreover, the set S equals Tors(Autg, (A)). Proposi-
tion [l and Corollary yield the desired bijection. O

Corollary [7.4] allow us to identify which twist is induced by 7 by means of the
relation (1), as we show in Example

Example 7.5. Consider the 5*-Weil polynomial
hy = 2% — 1122° + 58722* — 18478623 + 5872 - 522 — 112 - 5%z + 512,

The corresponding isogeny class AV(h4) can be attained as base field extension of
4 primitive (see the beginning of Sec. [§ for the definition) absolutely simple isogeny
classes determined by the following 5-Weil polynomials:

B = 25 4+ 425 + 122* + 362° + 6022 + 100z + 125,
R = 26 — 425 4+ 122* — 362° + 6022 — 100z + 125,
R = 26 — 42* — 223 — 2022 + 125,
R = 26 — 42 + 223 — 2022 + 125.

The isogeny classes AV(A()), AV(h(), AV(h(®)) and AV(R®*)) contain 1, 1, 14
and 14 isomorphism classes of abelian varieties, respectively. Each isogeny
class AV(h()) contains a single abelian variety with four distinct torsion auto-
morphisms, which we will denote by 1, —1,¢; and —¢;, with orders 1, 2,4, 4, respec-
tively. All the other 26 isomorphism classes have only two torsion automorphisms,
namely 1 and —1. We do not add a pedix to the automorphisms 1 and —1 since all
abelian varieties considered have only one automorphism of order 1, the identity,
and one automorphism or order 2, so no confusion can arise. In the following 30 x 30
matrix in the entry (4,7) we write “” if the ith and jth isomorphism classes are
not four-twists and, otherwise, 1, —1, ¢; or —¢; for the torsion automorphism of the
ith abelian variety which induces the twist.
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8. Field of Definition

Let A be an abelian variety over Fy, and k be a subfield of F,. We say that A
is defined over k if there exists an abelian variety A’ over k such that A’ ®; Fy
is isomorphic to A over F,. We say that an abelian variety A over Fy is primitive
if there is no proper subfield k of Fy such that A is defined over k. Moreover, for
a g-Weil polynomial h, we say that isogeny class AV (h) is primitive if every abelian
variety A in AV(h) is so.

Let i be an irreducible ordinary g-Weil polynomial. By looking at the complex
roots of h it is easy to list all go-Weil polynomials hg, with Fy, C Iy, that give h
after a base field extension to ;. Observe that each such hg is irreducible and
for any subfield Fy, C [F, there might be more than one go-Weil polynomial that
extends to h.

Example 8.1. The isogeny class of elliptic curves over Fi5 determined by

2 — 2+ 16 is not primitive and can be attained as a base extension of the

hlG =T
primitive isogeny classes hy = 22 — 3z + 4 over F4 and of both ha 1 = 22 + 2 + 2

and ho o = 22 — x4 2 over Fs.

Corollary 8.2. Let h be an irreducible ordinary q- Weil polynomial. Let t be some
positive integer. For A in AV(Rh'), consider the Ry-module M = Fy:(A) in B(h,t).
Let hy be a qo-Weil polynomial that extends to h. The abelian variety A can be
defined over Fy, if and only if M is an Ry,-module, that is, there exists My
in B(ho,t) such that Eo(My) ~ M.

Proof. This is a consequence of Corollary 2] O

Example 8.3. Using the same notation as in Example Bl we fix isomorphisms
between Kp,s, Kp,, Kp,, and Ky, , so that we can work in Kj,4, which we will
denote by K.
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The order Ry, has index 3 in the maximal order Og. Moreover, the images in
K of the orders Rp,, Rp,, and Ry, , all equal the maximal order Of. Since the
Picard group of Ry, has order 4 and Ok is a principal ideal domain, we see that
there are five isomorphism classes of elliptic curves in AV (h1¢). The first four have
endomorphism ring isomorphic to Rj,,, and so by Corollary 82 cannot be defined
over any proper subfield of F15. On the other hand, the unique isomorphism class
with maximal endomorphism ring can be defined over F4 or over Fs. It is not hard
to determine equations of the representatives of these classes. Write Fig = Fa(T)
and Fy = Fy(9), for T*+T+1 =0 and S? + S +1 = 0. Consider the elliptic curves

Eisi:y* +ay =2® +T% € AV(hyg) fori=0,1,2,3,4,
Ey; - Vv4oy=a3+1¢€ AV (haq),

Ero:y? +ay+y=2a"+1¢€AV(ha2),

Ey:y* +ay+ Sy =2+ S € AV(hy).

We have that Fi6,0 is isomorphic to Ez 1 @, Fi6, o2 ®r, Fig and Ey ®r, Fi6.
We deduce that Ei69 has maximal endomorphism ring, while Eyg; fori=1,...,4
represent the isomorphism classes with endomorphism ring isomorphic to Rg.

Example 8.4. Consider the situation of Example From the computations
described, we see that the six isomorphism classes of abelian varieties in AV (hsg)
are extensions of abelian varieties from AV (h), that is, they can all be defined over

F1o3.

Example 8.5. Consider Example[6.4l Here, we see that not all isomorphism classes
in AV(hg) are extensions. Indeed the varieties corresponding to the modules M;
and My cannot be defined over the prime field F3.
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