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Abstract
Recently, Marian–Oprea–Pandharipande established (a
generalization of) Lehn’s conjecture for Segre numbers
associated to Hilbert schemes of points on surfaces.
Extending the work of Johnson, they provided a con-
jectural correspondence between Segre and Verlinde
numbers. For surfaces with holomorphic 2-form, we
propose conjectural generalizations of their results to
moduli spaces of stable sheaves of any rank. Using
Mochizuki’s formula, we derive a universal function
which expresses virtual Segre and Verlinde numbers of
surfaces with holomorphic 2-form in terms of Seiberg–
Witten invariants and intersection numbers on products
of Hilbert schemes of points. We prove that certain
canonical virtual Segre and Verlinde numbers of general
type surfaces are topological invariants and we verify
our conjectures in examples. The power series in our
conjectures are algebraic functions, for which we find
expressions in several cases and which are permuted
under certain Galois actions. Our conjectures imply an
algebraic analog of the Mariño–Moore conjecture for
higher rank Donaldson invariants. For ranks 3 and 4, we
obtain explicit expressions for Donaldson invariants in
terms of Seiberg–Witten invariants.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2563

1 INTRODUCTION

Segre numbers

Let 𝑆 be a smooth projective surface over ℂ and 𝛼 ∈ 𝐾(𝑆) a class in the Grothendieck group of
coherent sheaves on 𝑆. On theHilbert scheme 𝑆[𝑛] of 𝑛 points on 𝑆, we have the tautological class

𝛼[𝑛] ∶= 𝑝!(𝑞
∗𝛼) ∈ 𝐾(𝑆[𝑛]),

where 𝑞 ∶ → 𝑆 and 𝑝 ∶ → 𝑆[𝑛] denote projections from the universal subscheme  ⊂ 𝑆 ×

𝑆[𝑛], and 𝑝! ∶=
∑
𝑖(−1)

𝑖𝑅𝑖𝑝∗. We refer to the coefficients of the following generating series as
Segre numbers of 𝑆

∞∑
𝑛=0

𝑧𝑛 ∫𝑆[𝑛] 𝑐(𝛼
[𝑛]) ∈ ℚ[[𝑧]],

where 𝑐 denotes total Chern class. For 𝛼 = −𝑉, where 𝑉 is the class of a vector bundle, 𝑐(𝛼[𝑛]) =
𝑠(𝑉[𝑛]), where 𝑠 denotes total Segre class. Throughout the paper, we abbreviate𝐾 ∶= 𝐾𝑆 and𝜒 ∶=
𝜒(𝑆). The following theorem was proved in [27].

Theorem 1.1 (Marian–Oprea–Pandharipande). For any 𝑠 ∈ ℤ, there exist 𝑉𝑠, 𝑊𝑠, 𝑋𝑠, 𝑌𝑠, 𝑍𝑠 ∈
ℚ[[𝑧]]with the following properties. For any𝐾-theory class 𝛼 of rank 𝑠 on a smooth projective surface
𝑆, we have

∞∑
𝑛=0

𝑧𝑛 ∫𝑆[𝑛] 𝑐(𝛼
[𝑛]) = 𝑉

𝑐2(𝛼)
𝑠 𝑊

𝑐1(𝛼)
2

𝑠 𝑋
𝜒
𝑠 𝑌

𝑐1(𝛼)𝐾
𝑠 𝑍𝐾

2

𝑠 .

Moreover, under the formal change of variables 𝑧 = 𝑡(1 + (1 − 𝑠)𝑡)1−𝑠, we have

𝑉𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1−𝑠(1 + (2 − 𝑠)𝑡)𝑠,

𝑊𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1
2
𝑠−1(1 + (2 − 𝑠)𝑡)

1
2
(1−𝑠),

𝑋𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1
2
𝑠2−𝑠(1 + (2 − 𝑠)𝑡)−

1
2
𝑠2+ 1

2 (1 + (2 − 𝑠)(1 − 𝑠)𝑡)−
1
2 .

The existence of the universal power series 𝑉𝑠,𝑊𝑠, 𝑋𝑠, 𝑌𝑠, 𝑍𝑠 follows from [2] and the formu-
lae for 𝑉𝑠,𝑊𝑠, 𝑋𝑠 were found (and proved to hold) by Marian, Oprea, and Pandharipande [27].
Segre numbers have a rich history.When 𝑆 ⊂ ℙ3𝑛−2 and 𝐿 ≅ (1)|𝑆 , the Segre number ∫𝑆[𝑛] 𝑠(𝐿[𝑛])
counts the number of (𝑛 − 2)-dimensional projective linear subspaces of ℙ3𝑛−2 that are 𝑛-secant
to 𝑆. Lehn’s conjecture from 1999 [24] gives the formulae for (𝑉−1𝑊−1),𝑋−1,𝑌−1,𝑍−1. Lehn’s con-
jecturewas proved for𝐾-trivial surfaces byMarian–Oprea–Pandharipande [25] and established in
general in [26] building on [25] and work of Voisin [34]. Explicit expressions for 𝑌𝑠, 𝑍𝑠 are known
for 𝑠 ∈ {−2,−1, 0, 1, 2} [27] and proved except for the case of𝑌0. Conjecturally,𝑌𝑠, 𝑍𝑠 are algebraic
functions for all 𝑠 ∈ ℤ [27, Conj. 1].
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2564 GÖTTSCHE and KOOL

Verlinde numbers

A line bundle 𝐿 on 𝑆 induces a line bundle 𝐿𝑛 on the symmetric product 𝑆(𝑛) by𝔖𝑛-equivariant
push-forward of 𝐿 ⊠⋯⊠𝐿 along the morphism 𝑆𝑛 → 𝑆(𝑛) = 𝑆𝑛∕𝔖𝑛. Its pull-back along the
Hilbert–Chow morphism 𝑆[𝑛] → 𝑆(𝑛) is denoted by 𝜇(𝐿). Together with 𝐸 ∶= det[𝑛]

𝑆
the lines

bundles 𝜇(𝐿) generate the Picard group of 𝑆[𝑛]. Holomorphic Euler characteristics of line bundles
on 𝑆[𝑛] are known as Verlinde numbers of 𝑆. For any 𝑟 ∈ ℤ, we form a generating series

∞∑
𝑛=0

𝑤𝑛 𝜒(𝑆[𝑛], 𝜇(𝐿) ⊗ 𝐸⊗𝑟).

Similar to the previous section, Verlinde numbers are given by universal power series and the
ones determined by 𝐾-trivial surfaces are known.

Theorem 1.2 (Ellingsrud–Göttsche–Lehn). For any 𝑟 ∈ ℤ, there exist g𝑟, 𝑓𝑟, 𝐴𝑟, 𝐵𝑟 ∈ ℚ[[𝑤]] with
the following properties. For any line bundle 𝐿 on a smooth projective surface 𝑆, we have

∞∑
𝑛=0

𝑤𝑛 𝜒(𝑆[𝑛], 𝜇(𝐿) ⊗ 𝐸⊗𝑟) = g𝜒(𝐿)𝑟 𝑓
1
2
𝜒

𝑟 𝐴𝐿𝐾𝑟 𝐵𝐾
2

𝑟 .

Moreover, under the formal change of variables 𝑤 = 𝑣(1 + 𝑣)𝑟2−1, we have

g𝑟(𝑤) = 1 + 𝑣, 𝑓𝑟(𝑤) = (1 + 𝑣)
𝑟2(1 + 𝑟2𝑣)−1.

In [2], g𝑟(𝑤) and 𝑓𝑟(𝑤) were written in a different way. The compact form used here was first
given in [18]. Serre duality implies 𝐴𝑟 = 𝐵−𝑟∕𝐵𝑟 for all 𝑟. Furthermore, 𝐴𝑟 = 𝐵𝑟 = 1 for 𝑟 = 0, ±1
[2]. As in the case of Segre numbers, a general formula for 𝐴𝑟, 𝐵𝑟 is unknown.

Segre–Verlinde correspondence

From Theorems 1.1 and 1.2, we deduce

𝑓𝑟(𝑤) = 𝑊𝑠(𝑧)
−4𝑠 𝑋𝑠(𝑧)

2, g𝑟(𝑤) = 𝑉𝑠(𝑧)𝑊𝑠(𝑧)
2,

where 𝑠 = 1 + 𝑟 and

𝑤 = 𝑣(1 + 𝑣)𝑟
2−1, 𝑧 = 𝑡(1 + (1 − 𝑠)𝑡)1−𝑠, 𝑣 = 𝑡(1 − 𝑟𝑡)−1. (1)

The following conjecture was proposed in [27] based on work of Johnson [18], which in turn was
motivated by strange duality.

Conjecture 1.3 (Johnson, Marian–Oprea–Pandharipande). For any 𝑟 ∈ ℤ, 𝑠 = 1 + 𝑟, and under
the formal variable change (1), we have

𝐴𝑟(𝑤) = 𝑊𝑠(𝑧) 𝑌𝑠(𝑧), 𝐵𝑟(𝑤) = 𝑍𝑠(𝑧).
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2565

Virtual Segre numbers

Let (𝑆,𝐻) be a smooth polarized surface. For any 𝜌 ∈ ℤ>0, 𝑐1 ∈ 𝐻2(𝑆, ℤ) algebraic, and 𝑐2 ∈
𝐻4(𝑆, ℤ), we denote by 𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) the coarse moduli scheme of rank 𝜌 Gieseker 𝐻-

semistable torsion-free sheaves on 𝑆 with Chern classes 𝑐1, 𝑐2. We assume that 𝑀 contains
no strictly semistable sheaves (with respect to the polarization 𝐻). For this introduction, we
also assume that there exists a universal sheaf 𝔼 on 𝑆 ×𝑀, but we remove this assumption in
Remark 2.5. We denote by 𝜋𝑆 ∶ 𝑆 ×𝑀 → 𝑆 and 𝜋𝑀 ∶ 𝑆 ×𝑀 → 𝑀 the projections to the factors.
Consider the slant product

∕ ∶ 𝐻𝑝(𝑆 × 𝑀,ℚ) × 𝐻𝑞(𝑆, ℚ) → 𝐻𝑝−𝑞(𝑀,ℚ).

The 𝜇-classes in Donaldson theory are defined as follows. For any 𝜎 ∈ 𝐻𝑘(𝑆, ℚ)

𝜇(𝜎) ∶=

(
𝑐2(𝔼) −

𝜌 − 1

2𝜌
𝑐1(𝔼)

2

)
∕PD(σ) ∈ 𝐻𝑘(𝑀,ℚ),

where PD(σ) denotes the Poincaré dual of 𝜎. Formally, we can write

2𝜌𝑐2(𝔼) − (𝜌 − 1)𝑐1(𝔼)
2 = −2𝜌 ch2(𝔼 ⊗ det(𝔼)

− 1
𝜌 ),

which shows that 𝜇(𝜎) is independent of the choice of universal sheaf. For any class 𝛼 ∈ 𝐾(𝑆), we
define

ch(𝛼𝑀) ∶= ch(−𝜋𝑀!(𝜋
∗
𝑆𝛼 ⋅ 𝔼 ⋅ det(𝔼)

− 1
𝜌 )) ∈ 𝐴∗(𝑀)ℚ,

where 𝐴∗(𝑀)ℚ denotes the Chow ring with rational coefficients. When the root det(𝔼)−1∕𝜌 does
not exist, the right hand side is defined by a formal application of the Grothendieck–Riemann–
Roch formula. This factor ensures ch(𝛼𝑀) is independent of the choice of universal sheaf.Wewrite
𝑐(𝛼𝑀) =

∑
𝑖 𝑐𝑖(𝛼𝑀) for the Chern classes corresponding to ch(𝛼𝑀). When 𝑏1(𝑆) = 0 and 𝑀 ∶=

𝑀𝐻
𝑆
(1, 0, 𝑛) ≅ 𝑆[𝑛], we have 𝑐(𝛼𝑀) = 𝑐(𝛼[𝑛]).
The moduli space𝑀 carries a virtual class constructed by Mochizuki [29]

[𝑀]vir ∈ 𝐻2vd(𝑀)(𝑀), vd(𝑀) ∶= 2𝜌𝑐2 − (𝜌 − 1)𝑐
2
1 − (𝜌

2 − 1)𝜒. (2)

We write pt ∈ 𝐻4(𝑆, ℤ) for the Poincaré dual of the point class, 𝑢 is an extra formal variable,
𝜀𝜌 ∶= exp(2𝜋𝑖∕𝜌)where 𝑖 =

√
−1, and [𝑛] ∶= {1, … , 𝑛} for any 𝑛 ∈ ℤ⩾0. For any (possibly empty)

𝐽 ⊂ [𝑛], we write |𝐽| for its cardinality and ‖𝐽‖ ∶= ∑
𝑗∈𝐽 𝑗.

Conjecture 1.4. Let 𝜌 ∈ ℤ>0 and 𝑠 ∈ ℤ. There exist 𝑉𝑠, 𝑊𝑠, 𝑋𝑠, 𝑄𝑠, 𝑅𝑠, 𝑇𝑠 ∈ ℂ[[𝑧]], 𝑌𝐽,𝑠 ,

𝑍𝐽,𝑠 , 𝑆𝐽,𝑠 ∈ ℂ[[𝑧
1
2 ]] for all 𝐽 ⊂ [𝜌 − 1] with the following property.† Let 𝑆 be a minimal surface

of general type with 𝑝g (𝑆) > 0 and 𝑏1(𝑆) = 0. Suppose 𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2) contains no strictly

semistable sheaves. For any 𝛼 ∈ 𝐾(𝑆) with rk(𝛼) = 𝑠 and 𝐿 ∈ Pic(𝑆) the virtual Segre number

† These universal power series depend on 𝜌 and 𝑠. We suppress the dependence on 𝜌.
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2566 GÖTTSCHE and KOOL

∫[𝑀]vir 𝑐(𝛼𝑀) exp(𝜇(𝐿) + 𝜇(pt)𝑢) is the coefficient of 𝑧
1
2
vd(𝑀) of

𝜌2−𝜒+𝐾
2
𝑉
𝑐2(𝛼)
𝑠 𝑊

𝑐1(𝛼)
2

𝑠 𝑋
𝜒
𝑠 𝑒

𝐿2𝑄𝑠+(𝑐1(𝛼)𝐿)𝑅𝑠+𝑢 𝑇𝑠
∑

𝐽⊂[𝜌−1]

(−1)|𝐽|𝜒 𝜀‖𝐽‖𝐾𝑐1𝜌 𝑌
𝑐1(𝛼)𝐾

𝐽,𝑠
𝑍𝐾

2

𝐽,𝑠 𝑒
(𝐾𝐿)𝑆𝐽,𝑠 .

Moreover, under the formal change of variables 𝑧 = 𝑡(1 + (1 − 𝑠

𝜌
)𝑡)

1− 𝑠
𝜌 , we have

𝑉𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)1−𝑠(1 + (2 − 𝑠

𝜌
)𝑡)𝑠(1 + (1 − 𝑠

𝜌
)𝑡)𝜌−1,

𝑊𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)

1
2
𝑠−1(1 + (2 − 𝑠

𝜌
)𝑡)

1
2
(1−𝑠)(1 + (1 − 𝑠

𝜌
)𝑡)

1
2
− 1
2
𝜌,

𝑋𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)

1
2
𝑠2−𝑠(1 + (2 − 𝑠

𝜌
)𝑡)−

1
2
𝑠2+ 1

2 (1 + (1 − 𝑠

𝜌
)(2 − 𝑠

𝜌
)𝑡)−

1
2 (1 + (1 − 𝑠

𝜌
)𝑡)

−
(𝜌−1)2

2𝜌
𝑠
,

𝑄𝑠(𝑧) =
1

2
𝑡(1 + (1 − 𝑠

𝜌
)𝑡), 𝑅𝑠(𝑧) = 𝑡, 𝑇𝑠(𝑧) = 𝜌𝑡(1 +

1

2
(1 − 𝑠

𝜌
)(2 − 𝑠

𝜌
)𝑡).

Furthermore, 𝑌𝐽,𝑠 , 𝑍𝐽,𝑠 , 𝑆𝐽,𝑠 are all algebraic functions.

Remark 1.5. For 𝜌 = 1, we drop the assumption “minimal of general type” and we drop the sub-
script 𝐽 = ∅ from the universal functions. In this case, the assumption 𝑏1(𝑆) = 0 is not needed
when we require the sheaves of𝑀𝐻

𝑆
(1, 𝑐1, 𝑐2) to have fixed determinant so𝑀𝐻

𝑆
(1, 𝑐1, 𝑐2) ≅ 𝑆

[𝑐2]. In
Section 2.3, we formulate amore general conjecture for any smooth projective surface 𝑆 satisfying
𝑝g (𝑆) > 0 and 𝑏1(𝑆) = 0. In this case, the formula is slightly more complicated and involves the
Seiberg–Witten invariants of 𝑆.

For 𝜌 = 1 and 𝐿 = 𝑢 = 0, the first part of this conjecture follows from Theorem 1.1.† In Theo-
rem 3.3, we also prove formulae for𝑄0, 𝑆0, 𝑇0, 𝑄1, 𝑅1, 𝑆1, 𝑇1 by using theHilbert–Chowmorphism
and Nakajima operators.
Surprisingly, the 𝜇-classes are related to the variables change 𝑧 = 𝑧(𝑡). Indeed 𝑧 = 𝑧(𝑡) equals

the inverse series of 𝑅𝑠(𝑧). We provide explicit formulae for 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 for various values of 𝜌, 𝑠
in Section 4. In each case we get an algebraic expression.
For 𝛼 = 0, the virtual Segre numbers reduce to (higher rank) Donaldson invariants

∫[𝑀𝐻
𝑆
(𝜌,𝑐1,𝑐2)]

vir
𝑒𝜇(𝐿)+𝜇(pt)𝑢.

Then Conjecture 1.4 (or rather its more general analog Conjecture 2.8) reduces to an algebraic
version of theMariño–Moore conjecture for SU(𝜌)Donaldson invariants [28, (9.17)], [23, (10.107)].
The original Witten conjecture is an explicit formula for the SU(2)Donaldson invariants in terms
of Seiberg–Witten invariants and was proved in the algebraic setting by the first-named author,
Nakajima, and Yoshioka [15]. For ranks 𝜌 = 3, 4, we determine the algebraic functions 𝑍𝐽,𝑠, 𝑆𝐽,𝑠
allowing us to formulate explicit SU(3), SU(4)Witten conjectures (Section 5.3).

† In Conjecture 1.4, one can replace 𝜇(𝐿) by 𝑥 𝜇(𝐿), where 𝑥 is a formal variable. Then the corresponding virtual Segre
invariants are given by the same formula with 𝐿 replaced by 𝑥𝐿. When we say “𝐿 = 𝑢 = 0,” we really mean “𝑥 = 𝑢 = 0.”
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2567

Virtual Verlinde numbers

In order to generalize the line bundles 𝜇(𝐿) ⊗ 𝐸⊗𝑟 on 𝑆[𝑛] to any moduli space 𝑀 ∶=

𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2), we recall the following construction from [17, Ch. 8] (see also [14]). Recall that we

assume that 𝑀 has no strictly semistable sheaves and there exists a universal sheaf 𝔼 on 𝑆 ×𝑀.
We remove the latter assumption in Remark 2.4. Consider the map

𝜆𝔼 ∶ 𝐾(𝑆) → Pic(𝑀), 𝛼 ↦ det
(
𝜋𝑀!

(
𝜋∗𝑆𝛼 ⋅ [𝔼]

))−1
. (3)

Let 𝑐 ∈ 𝐾(𝑆)num be a class in the numerical Grothendieck group of 𝑆 such that rk(𝑐) = 𝜌, 𝑐1(𝑐) =
𝑐1, and 𝑐2(𝑐) = 𝑐2. Upon restriction to

𝐾𝑐 ∶= {𝑣 ∈ 𝐾(𝑆) ∶ 𝜒(𝑆, 𝑐 ⊗ 𝑣) = 0},

the map 𝜆𝔼 =∶ 𝜆 is independent of the choice of universal family 𝔼.
Fix 𝑟 ∈ ℤ, 𝐿 ∈ Pic(𝑆) ⊗ ℚ such that  ∶= 𝐿 ⊗ det(𝑐)

− 𝑟
𝜌 ∈ Pic(𝑆) and 𝜌 divides 𝑐1 +

𝑟( 1
2
𝑐1(𝑐1 − 𝐾) − 𝑐2). Take 𝑣 ∈ 𝐾(𝑆) such that

∙ rk(𝑣) = 𝑟 and 𝑐1(𝑣) = ,
∙ 𝑐2(𝑣) =

1

2
( − 𝐾) + 𝑟𝜒 + 1

𝜌
𝑐1 + 𝑟

𝜌
( 1
2
𝑐1(𝑐1 − 𝐾) − 𝑐2).

The second condition is equivalent to 𝑣 ∈ 𝐾𝑐 ⊂ 𝐾(𝑆). We define

𝜇(𝐿) ⊗ 𝐸⊗𝑟 ∶= 𝜆(𝑣). (4)

When 𝜌 = 1 and 𝑐1 = 0, this definition coincides with our previous definition of 𝜇(𝐿) ⊗ 𝐸⊗𝑟 on
𝑀𝐻
𝑆
(1, 0, 𝑛) ≅ 𝑆[𝑛] by [6, Rem. 5.3(2)]. For 𝑟 = 0, this recovers the definition of the Donaldson line

bundle 𝜇(𝐿) studied in [12, 14] by [6, Rem. 5.3(1)].
Denote by vir

𝑀
the virtual structure sheaf of 𝑀. We consider the virtual holomorphic Euler

characteristics

𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) ∶= 𝜒(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟 ⊗ vir𝑀 ).
Conjecture 1.6. Let𝜌 ∈ ℤ>0 and 𝑟 ∈ ℤ. There exist𝐺𝑟 ,𝐹𝑟 ∈ ℂ[[𝑤]],𝐴𝐽,𝑟,𝐵𝐽,𝑟 ∈ ℂ[[𝑤

1
2 ]] for all 𝐽 ⊂

[𝜌 − 1] with the following property.† Let 𝑆 be a minimal surface of general type with 𝑏1(𝑆) = 0 and
𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Suppose𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) contains no strictly semistable sheaves.

Then the virtual Verlinde number 𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) equals the coefficient of 𝑤
1
2
vd(𝑀) of

𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟

∑
𝐽⊂[𝜌−1]

(−1)|𝐽|𝜒 𝜀‖𝐽‖𝐾𝑐1𝜌 𝐴𝐾𝐿𝐽,𝑟 𝐵
𝐾2

𝐽,𝑟 .

Furthermore, 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 are all algebraic functions.

For 𝜌 = 1, the first part of this conjecture is Theorem 1.2 (and Remark 1.5 applies). We present a
stronger version of this conjecture, for any smooth projective surface with 𝑝g (𝑆) > 0 and 𝑏1(𝑆) =

† These universal functions depend on 𝜌 and 𝑟. We suppress the dependence on 𝜌.
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2568 GÖTTSCHE and KOOL

0, in Section 2.3. If 𝑆 is a 𝐾3 surface, then 𝑀 is smooth of expected dimension. Moreover, 𝑀 is
holomorphic symplectic and deformation equivalent to 𝑆[

1
2
vd(𝑀)] by [16, 33, 36]. As shown in [14],

using a result of Fujiki, the Verlinde numbers of𝑀 can be expressed in terms of those of 𝑆[
1
2
vd(𝑀)].

Combining with Theorem 1.2, one obtains

𝐺𝑟(𝑤) = g𝑟∕𝜌(𝑤) = 1 + 𝑣,

𝐹𝑟(𝑤) = 𝑓𝑟∕𝜌(𝑤) = (1 + 𝑣)
𝑟2

𝜌2 (1 + 𝑟2

𝜌2
𝑣)−1,

(5)

where we applied the formal variable change 𝑤 = 𝑣(1 + 𝑣)𝑟2∕𝜌2−1. Hence Conjecture 1.6 is true
for 𝐾3 surfaces, which determines 𝐺𝑟 and 𝐹𝑟.

Virtual Segre–Verlinde correspondence

Let 𝜌 ∈ ℤ>0 and 𝑠 ∈ ℤ. The universal functions of Conjectures 1.4 and 1.6, cf. (5), satisfy

𝑓𝑟∕𝜌(𝑤) = 𝑉𝑠(𝑧)
𝑠
𝜌
(𝜌
1
2 −𝜌

− 1
2 )2
𝑊𝑠(𝑧)

− 4𝑠
𝜌 𝑋𝑠(𝑧)

2,

g𝑟∕𝜌(𝑤) = 𝑉𝑠(𝑧)𝑊𝑠(𝑧)
2,

where 𝑠 = 𝜌 + 𝑟 and we use the following formal variable changes

𝑤 = 𝑣(1 + 𝑣)

𝑟2

𝜌2
−1
, 𝑧 = 𝑡(1 + (1 − 𝑠

𝜌
)𝑡)

1−
𝑠

𝜌 , 𝑣 = 𝑡(1 − 𝑟

𝜌
𝑡)−1. (6)

Conjecture 1.7. For any 𝜌 > 0, 𝑟 ∈ ℤ, 𝑠 = 𝜌 + 𝑟, and under the formal variable change (6), we
have

𝐴𝐽,𝑟(𝑤
1
2 ) = 𝑊𝑠(𝑧) 𝑌𝐽,𝑠(𝑧

1
2 ), 𝐵𝐽,𝑟(𝑤

1
2 ) = 𝑍𝐽,𝑠(𝑧

1
2 ),

for all 𝐽 ⊂ [𝜌 − 1].†

Universal function

We express the virtual Segre and Verlinde numbers for surfaces 𝑆 satisfying 𝑏1(𝑆) = 0 and 𝑝g (𝑆) >

0 in terms of (descendent) Donaldson invariants of 𝑆. Then we apply Mochizuki’s formula, which
expresses Donaldson invariants in terms of Seiberg–Witten invariants and intersection numbers
on products of Hilbert schemes of points. This leads to a universal function which essentially
determines all virtual Segre andVerlinde numbers (Theorems 2.2 and 2.3). Calculating these inter-
section numbers, up to a certain number of points, allows us to verify Conjectures 1.4, 1.6, 1.7 (and

†Recall that the series 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 and 𝑌𝐽,𝑠, 𝑍𝐽,𝑠 depend on 𝑤
1
2 and 𝑧

1
2 , whereas𝑊𝑠 depends on 𝑧 (Conj. 1.4 and 1.6). For the

former we use the coordinate transformation 𝑤
1
2 = 𝑣

1
2 (1 + 𝑣)

1
2
(𝑟2∕𝜌2−1), etc.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2569

their more general analogs Conjectures 2.8, 2.9) up to a certain order in several examples for ranks
𝜌 ⩽ 4. The precise list of verifications can be found in Section 3.
We call a virtual Segre/Verlinde number canonicalwhen𝐻 = 𝐾𝑆 , 𝑐1 is amultiple of𝐾𝑆 such that

gcd(𝜌,𝐻𝑐1) = 1, and 𝛼 ∈ ℤ[(𝐾𝑆)] ⊂ 𝐾(𝑆) and 𝐿 is a power of (𝐾𝑆). Let 𝑒(𝑆) and 𝜎(𝑆) denote
the topological Euler characteristic and signature of 𝑆. We then prove the following:

Theorem 1.8. Canonical virtual Segre and Verlinde numbers of smooth projective surfaces 𝑆
satisfying 𝑏1(𝑆) = 0 and 𝐾𝑆 very ample only depend on 𝑒(𝑆) and 𝜎(𝑆).

Algebraicity, Galois actions, 𝑲𝟑, virtual Serre duality

In addition to the above-mentioned conjectures and results, this paper includes the following:

∙ We present several conjectural algebraic expressions for the remaining universal power series
for ranks 𝜌 ⩽ 4. These expressions have coefficients in Galois extensions ofℚ and are permuted
under actions of corresponding Galois groups.

∙ We present a new conjecture for Segre numbers of 𝐾3 surfaces (Conjecture 5.1), which implies
Conjecture 1.4 for 𝑆 = 𝐾3 and 𝐿 = 𝑢 = 0.†

∙ We conjecture and test relations among the universal power series suggested by virtual Serre
duality (Conjecture 5.4).

∙ We discuss applications of our conjectures to surfaces containing a canonical curve with
reduced connected components and we provide a blow-up formula.‡

2 UNIVERSAL FUNCTION

2.1 Mochizuki’s formula

Let (𝑆,𝐻) be a smooth polarized surface with 𝑏1(𝑆) = 0. Let 𝜌 ∈ ℤ>0, 𝑐1 ∈ 𝐻2(𝑆, ℤ) algebraic,
and 𝑐2 ∈ 𝐻2(𝑆, ℤ). We denote by 𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) the moduli space of rank 𝜌 Gieseker 𝐻-

semistable sheaves on 𝑆 with Chern classes 𝑐1, 𝑐2. We assume that 𝑀 does not contain strictly
semistable sheaves.We also assume that there exists a universal sheaf𝔼 on 𝑆 ×𝑀, thoughwe show
in Remarks 2.4 and 2.5 how to drop this assumption. Then 𝑀 has a natural perfect obstruction
theory with virtual tangent bundle [29]

𝑇vir𝑀 = 𝑅𝑜𝑚𝜋𝑀
(𝔼, 𝔼)0[1],

where 𝜋𝑀 ∶ 𝑆 ×𝑀 → 𝑀 is projection, 𝑅𝑜𝑚𝜋𝑀
∶= 𝑅𝜋𝑀∗◦𝑅𝑜𝑚, and (⋅)0 denotes trace-free

part. The resulting virtual class [𝑀]vir has virtual dimension given by (2).
For any 𝜎 ∈ 𝐻∗(𝑆, ℚ) and 𝑘 ⩾ 2, we consider the slant product

ch𝑘(𝔼)∕PD(𝜎) ∈ 𝐻
∗(𝑀,ℚ).

†Oberdieck [32] recently proved Conj. 5.1 using Markman’s work on monodromy operators.
‡ The first-named author recently conjectured (and tested) blow-up formulae for the virtual Segre and Verlinde numbers
of this paper [7]. This provides further evidence for the conjectures in Section 4.

 14697750, 2022, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12641 by U

trecht U
niversity L

ibrary, W
iley O

nline L
ibrary on [25/01/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



2570 GÖTTSCHE and KOOL

Suppose 𝑃(𝔼) is any polynomial expression in slant products (for various choices of 𝜎 and 𝑘). Then
we refer to

∫[𝑀]vir 𝑃(𝔼) ∈ ℚ

as a (descendent) Donaldson invariant of 𝑆. For any rank 𝜌 ∈ ℤ>1, Mochizuki derived a remark-
able expression for the Donaldson invariants of smooth projective surfaces 𝑆 with holomorphic
2-form [29, Thm. 7.5.2]. We will now present his formula.
When 𝑝g (𝑆) > 0, we denote the Seiberg–Witten invariant of 𝑆 in class 𝑎 ∈ 𝐻2(𝑆, ℤ) by SW(𝑎).

We follow Mochizuki’s convention SW(𝑎) = S̃W(2𝑎 − 𝐾𝑆), where S̃W(𝑏) is the usual Seiberg–
Witten invariant for class 𝑏 ∈ 𝐻2(𝑆, ℤ) from differential geometry. There are finitely many 𝑎 ∈
𝐻2(𝑆, ℤ) such that SW(𝑎) ≠ 0 and such classes are called Seiberg–Witten basic classes. Seiberg–
Witten basic classes 𝑎 satisfy 𝑎2 = 𝑎𝐾𝑆 [29, Prop. 6.3.1]; that is, the virtual dimension of the linear
system |𝑎| is zero.
For any non-negative integers 𝒏 = (𝑛1, … , 𝑛𝜌), we define

𝑆[𝒏] ∶= 𝑆[𝑛1] ×⋯ × 𝑆[𝑛𝜌].

For a line bundle 𝐿 on 𝑆, we denote by 𝐿[𝑛𝑖] ∶= 𝑝∗𝑞∗𝐿 the corresponding tautological bundle on
𝑆[𝑛𝑖], where 𝑞 ∶ 𝑖 → 𝑆 and𝑝 ∶ 𝑖 → 𝑆[𝑛𝑖] are the projections from the universal subscheme𝑖 ⊂
𝑆 × 𝑆[𝑛𝑖]. We denote the pull-back of 𝐿[𝑛𝑖] to 𝑆[𝒏] along projection by the same symbol. Writing 𝑖
for the universal ideal sheaf on 𝑆 × 𝑆[𝑛𝑖], we denote its pull-back to 𝑆 × 𝑆[𝒏] by the same symbol
as well. Furthermore, we denote its twist by the pull-back of a divisor class 𝑎𝑖 on 𝑆 by 𝑖(𝑎𝑖).
We consider the trivial torus action of 𝑇 = (ℂ∗)𝜌−1 on 𝑆[𝒏]. We denote by

𝔱1, … , 𝔱𝜌−1 ∈ 𝑋(𝑇) ≅ ℤ
𝜌−1

the degree one characters generating the character group 𝑋(𝑇). Then any character of 𝑇 is of the
form

⨂
𝑖 𝔱
𝑤𝑖
𝑖
for some 𝑤1,… ,𝑤𝜌−1 ∈ ℤ. Any 𝑇-equivariant coherent sheaf  on 𝑆[𝒏] decomposes

into eigensheaves

 =
⨁

𝒘=(𝑤1,…,𝑤𝜌−1)

𝒘 ⊗
⨂
𝑖

𝔱
𝑤𝑖
𝑖
.

We also equip 𝑆 × 𝑆[𝒏] with the trivial 𝑇-action and we regard projection 𝜋 ∶ 𝑆 × 𝑆[𝒏] → 𝑆[𝒏] as a
𝑇-equivariant morphism. Furthermore, we write

𝐻∗𝑇(pt, ℤ) = ℤ[𝑡±1
1
, … , 𝑡±1

𝜌−1
],

where 𝑡𝑖 ∶= 𝑐𝑇1 (𝔱𝑖) denotes the 𝑇-equivariant first Chern class of 𝔱𝑖 . The following (rational)
characters in 𝑋(𝑇) ⊗ ℚ play an important role in Mochizuki’s formula

𝔗𝑖 ∶= 𝔱
−1
𝑖 ⊗

⨂
𝑗<𝑖

𝔱
1
𝜌−𝑗

𝑗
, 𝔗𝜌 ∶=

⨂
𝑗<𝜌

𝔱
1
𝜌−𝑗

𝑗
, 𝑇𝑗 ∶= 𝑐

𝑇
1 (𝔗𝑗), (7)

for all 𝑖 = 1, … , 𝜌 − 1 and 𝑗 = 1,… , 𝜌.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2571

For any ch ∈ 𝐻∗(𝑆, ℚ), we define

𝜒(ch) ∶= ∫𝑆 ch ⋅td(𝑆)

and we denote the corresponding Hilbert polynomial by ℎch(𝑚) = 𝜒(ch ⋅𝑒𝑚𝐻). Furthermore, for
any 𝑎 ∈ 𝐻2(𝑆, ℤ), we define 𝜒(𝑎) ∶= 𝜒(𝑒𝑎).
Suppose 𝑃(𝔼) is any polynomial expression in slant products such that

𝑃(𝔼) = 𝑃(𝔼 ⊗ )
for any  ∈ Pic(𝑆 × 𝑀). Then 𝑃(𝔼) is independent of the choice of universal sheaf. For any
𝑇-equivariant coherent sheaf  on 𝑆 × 𝑆[𝒏], we denote by 𝑃() the expression obtained by replac-
ing 𝑆 ×𝑀 by 𝑆 × 𝑆[𝒏], 𝔼 by  , and all Chern characters by 𝑇-equivariant Chern characters.
Furthermore, for any divisor classes 𝒂 = (𝑎1, … , 𝑎𝜌), we define

𝑄
(1(𝑎1) ⊗ 𝔗1,… ,𝜌(𝑎𝜌) ⊗ 𝔗𝜌

)
∶=

∏
𝑖<𝑗

𝑒
(
−𝑅𝑜𝑚𝜋(𝑖(𝑎𝑖) ⊗ 𝔗𝑖,𝑗(𝑎𝑗) ⊗ 𝔗𝑗) − 𝑅𝑜𝑚𝜋(𝑗(𝑎𝑗) ⊗ 𝔗𝑗,𝑖(𝑎𝑖) ⊗ 𝔗𝑖)

)
,

where 𝑒 denotes 𝑇-equivariant Euler class and

𝜋 ∶ 𝑆 × 𝑆[𝒏] → 𝑆[𝒏]

is the projection. Following Mochizuki [29, Section 7.5.2], for any non-negative integers 𝒏 =
(𝑛1, … , 𝑛𝜌) and any divisor classes 𝒂 = (𝑎1, … , 𝑎𝜌) on 𝑆, we define

Ψ̃(𝒂, 𝒏, 𝒕) ∶=

(
𝜌−1∏
𝑖=1

𝑡

∑
𝑗⩾𝑖 𝜒(1,𝑎𝑗,

1
2
𝑎2
𝑗
−𝑛𝑗)

𝑖

)(∏
𝑖<𝑗

1

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗)

)

⋅
𝑃
(⨁𝜌

𝑖=1
𝑖(𝑎𝑖) ⊗ 𝔗𝑖

)
𝑄

(1(𝑎1) ⊗ 𝔗1,… ,𝜌(𝑎𝜌) ⊗ 𝔗𝜌
)(

𝜌−1∏
𝑖=1

𝑒((𝑎𝑖)[𝑛𝑖])
)(∏

𝑖<𝑗

𝑒((𝑎𝑗)[𝑛𝑗] ⊗ 𝔗𝑗𝔗
−1
𝑖 )

)
.

Finally, we define

Ψ(𝒂, 𝒏) ∶= Coef f 𝑡0
1
⋯Coef f 𝑡0

𝑟−1
Ψ̃(𝒂, 𝒏, 𝒕),

where Coef f 𝑡0
𝑖
(⋅) takes the coefficient of 𝑡0

𝑖
after expansion of (⋅) as a Laurent series in 𝑡𝑖 . Recall

from the introduction that we write 𝐾 ∶= 𝐾𝑆 , 𝜒 ∶= 𝜒(𝑆).
Theorem 2.1 (Mochizuki). Let (𝑆,𝐻) be a smooth polarized surface such that 𝑏1(𝑆) = 0 and
𝑝g (𝑆) > 0. Let 𝜌 ∈ ℤ>1, 𝑐1 ∈ 𝐻2(𝑆, ℤ) algebraic, 𝑐2 ∈ 𝐻4(𝑆, ℤ), and consider𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2).

Assume the following:

(1) 𝑀 does not contain strictly semistable sheaves,
(2) there exists a universal sheaf 𝔼 on 𝑆 ×𝑀,
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2572 GÖTTSCHE and KOOL

(3) ℎ
(𝜌,𝑐1,

1
2
𝑐2
1
−𝑐2)

∕𝜌 > ℎ𝑒𝐾 ,

(4) 𝜒(𝜌, 𝑐1,
1

2
𝑐2
1
− 𝑐2) > (𝜌 − 2)𝜒.

Let𝑃(𝔼) be apolynomial expression in slant products such that𝑃(𝔼) = 𝑃(𝔼 ⊗ ) for any ∈ Pic(𝑆 ×
𝑀). Then

∫[𝑀]vir 𝑃(𝔼) = (−1)
𝜌−1𝜌

∑
(𝑎1,…,𝑎𝜌)

(𝑛1,…,𝑛𝜌)

𝜌−1∏
𝑖=1

SW(𝑎𝑖)∫𝑆[𝒏] Ψ(𝒂, 𝒏),

where the sum is over all (𝑎1, … , 𝑎𝜌) ∈ 𝐻2(𝑆, ℤ)𝜌 and (𝑛1, … , 𝑛𝜌) ∈ ℤ
𝜌
⩾0
satisfying

𝑐1 = 𝑎1 +⋯ + 𝑎𝜌

𝑐2 = 𝑛1 +⋯ + 𝑛𝜌 +
∑

1⩽𝑖<𝑗⩽𝜌

𝑎𝑖𝑎𝑗

ℎ
(1,𝑎𝑖 ,

1
2
𝑎2
𝑖
−𝑛𝑖)

<
1

𝜌 − 𝑖

∑
𝑗>𝑖

ℎ
(1,𝑎𝑗,

1
2
𝑎2
𝑗
−𝑛𝑗)

∀𝑖 = 1, … , 𝜌 − 1.

(8)

2.2 Main theorems

FromMochizuki’s formula, we derive two theorems,which give universal functions for the virtual
Segre and Verlinde numbers of smooth projective surfaces satisfying 𝑏1(𝑆) = 0 and 𝑝g (𝑆) > 0.

Theorem 2.2. Let 𝜌 ∈ ℤ>1 and 𝑠 ∈ ℤ. There exist𝐴𝑐1(𝛼)2,𝑠,𝐴𝑐1(𝛼)𝐿,𝑠,𝐴𝑐1(𝛼)𝐾,𝑠,𝐴𝑐2(𝛼),𝑠,𝐴𝐿2,𝑠,𝐴𝐿𝐾,𝑠,
𝐴pt,𝑠, 𝐴𝐾2,𝑠, 𝐴𝜒,𝑠, 𝐴𝑎𝑖𝑐1(𝛼),𝑠, 𝐴𝑎𝑖𝐿,𝑠, 𝐴𝑎𝑖𝐾,𝑠, 𝐴𝑎𝑖𝑎𝑗,𝑠 ∈ 1 + 𝑞ℚ((𝑡1, … , 𝑡𝜌−1))[[𝑞]] for all 1 ⩽ 𝑖 ⩽ 𝑗 ⩽ 𝜌
with the following property. Let (𝑆,𝐻) be a smooth polarized surface such that 𝑏1(𝑆) = 0 and𝑝g (𝑆) >

0. Let 𝑐1 ∈ 𝐻2(𝑆, ℤ) algebraic, 𝑐2 ∈ 𝐻4(𝑆, ℤ), and consider𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2). Let 𝛼 ∈ 𝐾(𝑆) with

rk 𝛼 = 𝑠 and 𝐿 ∈ Pic(𝑆). Assume the following:

(i) 𝑀 does not contain strictly semistable sheaves,
(ii) there exists a universal sheaf 𝔼 on 𝑆 ×𝑀,
(iii) ℎ

(𝜌,𝑐1,
1
2
𝑐2
1
−𝑐2)

∕𝜌 > ℎ𝑒𝐾 ,

(iv) 𝜒(𝜌, 𝑐1,
1

2
𝑐2
1
− 𝑐2) > (𝜌 − 2)𝜒,

(v) for any 𝑎1, … , 𝑎𝜌 ∈ 𝐻2(𝑆, ℤ) satisfying 𝑎1 +⋯ + 𝑎𝜌 = 𝑐1, such that 𝑎1, … , 𝑎𝜌−1 are Seiberg–
Witten basic classes and 𝑎𝑖𝐻 ⩽

1

𝜌−𝑖

∑
𝑗>𝑖 𝑎𝑗𝐻 for all 𝑖 = 1, … , 𝜌 − 1, these inequalities are

strict.†

Then ∫[𝑀]vir 𝑐(𝛼𝑀) exp(𝜇(𝐿) + 𝜇(pt)𝑢) equalsCoef f 𝑡01 ⋯Coef f 𝑡0
𝑟−1

of the coefficient of 𝑧
1
2
vd(𝑀) of the

following expression

(−1)𝜌−1𝜌
∑

(𝑎1,…,𝑎𝜌)

𝜌−1∏
𝑖=1

SW(𝑎𝑖)𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

𝜌∏
𝑖=1

(1 + 𝑇𝑖)
−𝜒(𝛼⊗𝑆(𝑎𝑖− 𝑐1

𝜌
))
𝑒−(𝑎𝑖𝐿) 𝑇𝑖−

1
2
𝑇2
𝑖
𝑢

†Here 𝑎𝑖𝐻 denotes the intersection number of the elements 𝑎𝑖, 𝐻 ∈ 𝐻2(𝑆, ℤ).
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2573

⋅
∏

1⩽𝑖<𝑗⩽𝜌

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗−𝑎𝑖)−𝜒(𝑎𝑗)(𝑇𝑖 − 𝑇𝑗)

𝜒(𝑎𝑖−𝑎𝑗)𝐴
𝑐1(𝛼)

2

𝑐1(𝛼)
2,𝑠
𝐴
𝑐1(𝛼)𝐿

𝑐1(𝛼)𝐿,𝑠
𝐴
𝑐1(𝛼)𝐾

𝑐1(𝛼)𝐾,𝑠
𝐴
𝑐2(𝛼)

𝑐2(𝛼),𝑠
𝐴𝐿

2

𝐿2,𝑠
𝐴𝐿𝐾𝐿𝐾,𝑠𝐴

𝑢
pt,𝑠

⋅𝐴𝐾
2

𝐾2,𝑠
⋅ (𝑧−

𝜌2−1

2 𝐴𝜒,𝑠)
𝜒

𝜌∏
𝑖=1

𝐴
𝑎𝑖𝑐1(𝛼)

𝑎𝑖𝑐1(𝛼),𝑠
𝐴
𝑎𝑖𝐿

𝑎𝑖𝐿,𝑠
𝐴
𝑎𝑖𝐾

𝑎𝑖𝐾,𝑠
⋅ (𝑧−

𝜌−1

2 𝐴𝑎𝑖𝑎𝑖 ,𝑠)
𝑎2
𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑧𝐴𝑎𝑖𝑎𝑗,𝑠)
𝑎𝑖𝑎𝑗 ,

where 𝑇𝑖 was defined in (7), the sum is over all (𝑎1, … , 𝑎𝜌) ∈ 𝐻2(𝑆, ℤ)𝜌 satisfying 𝑎1 +⋯ + 𝑎𝜌 = 𝑐1

and 𝑎𝑖𝐻 ⩽
1

𝜌−𝑖

∑
𝑗>𝑖 𝑎𝑗𝐻 for all 𝑖 = 1, … , 𝜌 − 1, and all power series are evaluated at 𝑞 = 𝑧𝜌.

Proof. The proof is divided into three steps.
Step 1. Applying Grothendieck–Riemann–Roch to the projection 𝜋 ∶ 𝑆 ×𝑀 → 𝑀, we obtain a
polynomial expression 𝑃(𝔼) in slant products such that

𝑐(𝛼𝑀) 𝑒
𝜇(𝐿)+𝜇(pt)𝑢 = 𝑃(𝔼).

Step 2. By Step 1 and Theorem 2.1

∫[𝑀]vir 𝑐(𝛼𝑀) 𝑒
𝜇(𝐿)+𝜇(pt)𝑢

equals Coef f 𝑡0
1
⋯Coef f 𝑡0

𝑟−1
of

(−1)𝜌−1𝜌
∑

𝑎1+⋯+𝑎𝜌=𝑐1

𝑎𝑖𝐻⩽
1
𝜌−𝑖

∑
𝑗>𝑖 𝑎𝑗𝐻 ∀𝑖

∑
𝑛1+⋯+𝑛𝜌=𝑐2−

∑
𝑖<𝑗 𝑎𝑖𝑎𝑗

𝜌−1∏
𝑖=1

SW(𝑎𝑖)∫𝑆[𝒏] Ψ̃(𝒂, 𝒏, 𝒕),

where we used assumption (v) in order to simplify (8). Note that Ψ̃ also depends on 𝛼, 𝐿, 𝑢 (though
our choice of 𝑃(𝔼)) but we suppress this dependence. Consider

∑
(𝑛1,…,𝑛𝜌)∈ℤ

𝑛
⩾0

𝑞𝑛1+⋯+𝑛𝜌 ∫𝑆[𝒏] Ψ̃(𝒂, 𝒏, 𝒕).

The perturbative term 𝖯𝖾𝗋𝗍 ∶= Ψ̃(𝒂, 𝟎, 𝒕) is defined as its constant term, which arises by taking
𝑛1 =⋯ = 𝑛𝜌 = 0. Explicitly, 𝖯𝖾𝗋𝗍 equals

𝜌−1∏
𝑖=1

𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗−𝑎𝑖)−𝜒(𝑎𝑗)(𝑇𝑖 − 𝑇𝑗)

𝜒(𝑎𝑖−𝑎𝑗)

⋅ 𝑐𝑇(−𝑅Γ(𝑆, 𝛼 ⊗ 𝑆(−𝑐1∕𝜌) ⊗
𝜌⨁
𝑖=1

𝑆(𝑎𝑖) ⊗ 𝔗𝑖))

⋅ exp

⎛⎜⎜⎜⎝∫𝑆(𝑐1(𝐿) + 𝑢[pt])
⎧⎪⎨⎪⎩𝑐

𝑇
2

(
𝜌⨁
𝑖=1

𝑆(𝑎𝑖) ⊗ 𝔗𝑖

)
−
𝜌 − 1

2𝜌
𝑐𝑇1

(
𝜌⨁
𝑖=1

𝑆(𝑎𝑖) ⊗ 𝔗𝑖

)2⎫⎪⎬⎪⎭
⎞⎟⎟⎟⎠,
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2574 GÖTTSCHE and KOOL

where 𝑐𝑇 denotes 𝑇-equivariant Chern class and ∫𝑆 denotes 𝑇-equivariant integration. Using∑
𝑖 𝑇𝑖 = 0, this can be simplified to

𝖯𝖾𝗋𝗍 =

𝜌−1∏
𝑖=1

𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗−𝑎𝑖)−𝜒(𝑎𝑗)(𝑇𝑖 − 𝑇𝑗)

𝜒(𝑎𝑖−𝑎𝑗)

⋅
𝜌∏
𝑖=1

(1 + 𝑇𝑖)
−𝜒(𝛼⊗𝑆(𝑎𝑖− 𝑐1

𝜌
))
𝑒−(𝑎𝑖𝐿) 𝑇𝑖−

1
2
𝑇2
𝑖
𝑢.

Step 3. Let 𝑆 be any possibly disconnected smooth projective surface. Take any 𝛼 ∈ 𝐾(𝑆) and
arbitrary divisor classes 𝐿, 𝑎1, … , 𝑎𝜌 on 𝑆. Consider the generating function

𝖹𝑆(𝛼, 𝐿, 𝒂, 𝒕, 𝑢, 𝑞) ∶=
1

𝖯𝖾𝗋𝗍

∑
(𝑛1,…,𝑛𝜌)∈ℤ

𝜌
⩾0

𝑞𝑛1+⋯+𝑛𝜌 ∫𝑆[𝒏] Ψ̃(𝒂, 𝒏, 𝒕), (9)

which has constant term equal to 1. For any (𝑆′, 𝛼′, 𝐿′, 𝒂′) and (𝑆′′, 𝛼′′, 𝐿′′, 𝒂′′) we have

𝖹𝑆′⊔𝑆′′ (𝛼
′ ⊕ 𝛼′′, 𝐿′ ⊕ 𝐿′′, 𝒂′ ⊕ 𝒂′′, 𝒕, 𝑢, 𝑞) = 𝖹𝑆′(𝛼

′, 𝐿′, 𝒂′, 𝒕, 𝑢, 𝑞)𝖹𝑆′′ (𝛼
′′, 𝐿′′, 𝒂′′, 𝒕, 𝑢, 𝑞). (10)

Consider the decomposition

𝑆[𝑛1] ×⋯ × 𝑆[𝑛𝜌] =
⨆

𝑛′
1
+𝑛′′

1
=𝑛1

⋯
⨆

𝑛′𝜌+𝑛
′′
𝜌 =𝑛𝜌

𝑆′[𝑛
′
1
] ×⋯ × 𝑆

′[𝑛′𝜌] × 𝑆′′[𝑛
′′
1
] ×⋯ × 𝑆

′′[𝑛′′𝜌 ]

𝜌⨁
𝑖=1

𝑖(𝑎𝑖) ⊗ 𝔗𝑖
|||𝑆×𝑆′[𝒏′]×𝑆′′[𝒏′′] = 𝜌⨁

𝑖=1

𝑗′∗(′𝑖 (𝑎′𝑖 ) ⊗ 𝔗𝑖) ⊕ 𝑗′′∗ (′′𝑖 (𝑎′′𝑖 ) ⊗ 𝔗𝑖),

where 𝑗′ ∶ 𝑆′ × 𝑆′[𝒏
′] × 𝑆′′[𝒏

′′] ↪ 𝑆 × 𝑆′[𝒏
′] × 𝑆′′[𝒏

′′], 𝑗′′ ∶ 𝑆′′ × 𝑆′[𝒏
′] × 𝑆′′[𝒏

′′] ↪ 𝑆 × 𝑆′[𝒏
′] ×

𝑆′′[𝒏
′′] denote the inclusions, and we suppress various pull-backs. The multiplicative property

(10) follows from these decompositions combined with

𝑐(𝐸 + 𝐹) = 𝑐(𝐸)𝑐(𝐹), 𝑒(𝐸 + 𝐹) = 𝑒(𝐸)𝑒(𝐹)

exp(𝜋∗(𝛽 ⋅ ch2(𝐸 + 𝐹))) = exp(𝜋∗(𝛽 ⋅ ch2(𝐸))) exp(𝜋∗(𝛽 ⋅ ch2(𝐹))).

The multiplicative property (10) combined with universality of intersection numbers on
Hilbert schemes [2, Thm. 4.1] implies the existence of the universal functions 𝐴𝑐1(𝛼)2,𝑠, … , 𝐴𝑎𝑖𝑎𝑗,𝑠
depending only on 𝜌, 𝑠 and satisfying†

𝖹𝑆(𝛼, 𝐿, 𝒂, 𝒕, 𝑢, 𝑞) =𝐴
𝑐1(𝛼)

2

𝑐1(𝛼)
2,𝑠
𝐴
𝑐1(𝛼)𝐿

𝑐1(𝛼)𝐿,𝑠
𝐴
𝑐1(𝛼)𝐾

𝑐1(𝛼)𝐾,𝑠
𝐴
𝑐2(𝛼)

𝑐2(𝛼),𝑠
𝐴𝐿

2

𝐿2,𝑠
𝐴𝐿𝐾𝐿𝐾,𝑠𝐴

𝑢
pt,𝑠𝐴

𝐾2

𝐾2,𝑠
𝐴
𝜒
𝜒,𝑠

𝜌∏
𝑖=1

𝐴
𝑎𝑖𝑐1(𝛼)

𝑎𝑖𝑐1(𝛼),𝑠
𝐴
𝑎𝑖𝐿

𝑎𝑖𝐿,𝑠
𝐴
𝑎𝑖𝐾

𝑎𝑖𝐾,𝑠

∏
1⩽𝑖⩽𝑗⩽𝜌

𝐴
𝑎𝑖𝑎𝑗
𝑎𝑖𝑎𝑗,𝑠

,

(11)

† This part of the argument is well known and has been used in many settings, for example, [8–10, 13, 19, 21, 22]. Also note
that we use a slight enhancement of [2, Thm. 4.1] to intersection numbers on products of Hilbert schemes, which was first
treated in [13].
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for any (𝑆, 𝛼, 𝐿, 𝒂). Finally, we note that

vd = 2𝜌𝑐2 − (𝜌 − 1)𝑐
2
1 − (𝜌

2 − 1)𝜒

= 2𝜌
∑
𝑖

𝑛𝑖 + 2
∑
𝑖<𝑗

𝑎𝑖𝑎𝑗 − (𝜌 − 1)
∑
𝑖

𝑎2𝑖 − (𝜌
2 − 1)𝜒.

Referring to Equation (9), this implies that we obtain the desired result bymaking the substitution
𝑞 = 𝑧𝜌 □

Theorem 2.3. Let 𝜌 ∈ ℤ>1 and 𝑟 ∈ ℤ. There exist 𝐵𝐿2,𝑟, 𝐵𝐿𝐾,𝑟, 𝐵𝐾2,𝑟, 𝐵𝜒,𝑟, 𝐵𝑎𝑖𝐿,𝑟, 𝐵𝑎𝑖𝐾,𝑟, 𝐵𝑎𝑖𝑎𝑗,𝑟 ∈
1 + 𝑞ℚ((𝑡1, … , 𝑡𝜌−1))[[𝑞]], for all 1 ⩽ 𝑖 ⩽ 𝑗 ⩽ 𝜌, with the following property. Let (𝑆,𝐻) be a smooth
polarized surface such that 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Let 𝑐1 ∈ 𝐻2(𝑆, ℤ) algebraic,
𝑐2 ∈ 𝐻

4(𝑆, ℤ), and consider𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2). Assume that the hypotheses (i)–(v) of Theorem 2.2

hold. Then 𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) equals Coef f 𝑡0
1
⋯Coef f 𝑡0

𝑟−1
of the coefficient of 𝑤

1
2
vd(𝑀) of the

following expression

(−1)𝜌−1𝜌
∑

(𝑎1,…,𝑎𝜌)

𝜌−1∏
𝑖=1

SW(𝑎𝑖)𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

𝜌∏
𝑖=1

𝑒
−( 𝑟

2
𝑎2
𝑖
+(𝐿− 𝑟

𝜌
𝑐1)𝑎𝑖)𝑇𝑖

⋅
∏

1⩽𝑖<𝑗⩽𝜌

(1 − 𝑒−(𝑇𝑗−𝑇𝑖))𝜒(𝑎𝑗−𝑎𝑖)(1 − 𝑒−(𝑇𝑖−𝑇𝑗))𝜒(𝑎𝑖−𝑎𝑗)

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗)

⋅ 𝐵𝐿
2

𝐿2,𝑟
𝐵𝐿𝐾𝐿𝐾,𝑟𝐵

𝐾2

𝐾2,𝑟
⋅ (𝑤−

𝜌2−1

2 𝐵𝜒,𝑟)
𝜒

𝜌∏
𝑖=1

𝐵
𝑎𝑖𝐿

𝑎𝑖𝐿,𝑟
𝐵
𝑎𝑖𝐾

𝑎𝑖𝐾,𝑟
⋅ (𝑤−

𝜌−1

2 𝐵𝑎𝑖𝑎𝑖 ,𝑟)
𝑎2
𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑤𝐵𝑎𝑖𝑎𝑗,𝑟)
𝑎𝑖𝑎𝑗 ,

where the sum is over all (𝑎1, … , 𝑎𝜌) ∈ 𝐻2(𝑆, ℤ)𝜌 satisfying 𝑎1 +⋯ + 𝑎𝜌 = 𝑐1 and 𝑎𝑖𝐻 ⩽
1

𝜌−𝑖

∑
𝑗>𝑖 𝑎𝑗𝐻 for all 𝑖 = 1, … , 𝜌 − 1, and all power series are evaluated at 𝑞 = 𝑤𝜌.

Proof. The proof is similar to that of Theorem 2.2. We indicate the differences.
Step 1: By the virtual Hirzebruch–Riemann–Roch theorem [3], we have

𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) = ∫[𝑀]vir 𝑒
𝑐1(𝜆𝔼(𝑣)) td(𝑇vir𝑀 ),

where 𝑣 and 𝜆𝔼(𝑣) = det(𝜋𝑀!(𝜋∗𝑆𝑣 ⋅ [𝔼]))
−1 were defined in the introduction. The virtual tangent

bundle is given by

𝑇vir𝑀 = 𝑅𝑜𝑚𝜋(𝔼, 𝔼)0[1],

where 𝜋 ∶ 𝑆 ×𝑀 → 𝑀 denotes projection. Applying Grothendieck–Riemann–Roch gives

ch(𝑇vir𝑀 ) = 𝜋𝑀∗
(
(1 − ch(𝔼)∨ ⋅ ch(𝔼)) ⋅ 𝜋∗𝑆td(𝑇𝑆)

)
.
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2576 GÖTTSCHE and KOOL

Hence td(𝑇vir
𝑀
) can be written as a polynomial in expressions of the form

𝜋𝑀∗
(
ch𝑖(𝔼) ch𝑗(𝔼) ⋅ 𝜋

∗
𝑆𝛽

)
, (12)

for certain classes 𝛽. Expression (12) can be written as a polynomial expression in slant products
as follows. Consider 𝑆 × 𝑆 ×𝑀 and denote by 𝜋𝑖 projection onto the 𝑖th component and by 𝜋𝑖𝑗
projection onto components 𝑖 and 𝑗. Then (12) equals

𝜋3∗
(
𝜋∗1𝛽 ⋅ 𝜋∗13 ch𝑖(𝔼) ⋅ 𝜋

∗
23 ch𝑗(𝔼) ⋅ 𝜋

∗
12PD(Δ)

)
,

where Δ is the diagonal inside 𝑆 × 𝑆. Consider the Künneth decomposition

PD(Δ) =
∑
𝑎+𝑏=4

𝜃
(𝑎)
1
⊠ 𝜃

(𝑏)
2
,

where 𝜃(𝑎)
𝑖
∈ 𝐻𝑎(𝑆, ℚ). Then we can write (12) as

∑
𝑎+𝑏=4

(
ch𝑖(𝔼)∕(𝛽 ⋅ 𝜃(𝑎)

1
)
)
⋅
(
ch𝑗(𝔼)∕𝜃

(𝑏)
2

)
.

Since 𝑐1(det 𝐸) = 𝑐1(𝐸), for any complex of sheaves 𝐸, we find

𝑐1(𝜆(𝑣)) = −𝑐1(𝜋𝑀!(𝜋
∗
𝑆𝑣 ⋅ [𝔼])),

which, using Grothendieck–Riemann–Roch, can also be expressed in slant products.
Step 2: The perturbative term 𝖯𝖾𝗋𝗍 = Ψ̃(𝒂, 𝟎, 𝒕) is given by

𝜌−1∏
𝑖=1

𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗−𝑎𝑖)−𝜒(𝑎𝑗)(𝑇𝑖 − 𝑇𝑗)

𝜒(𝑎𝑖−𝑎𝑗) ⋅ 𝑒−𝑐
𝑇
1
(det 𝜋!(𝑣⋅

∑𝜌
𝑖=1

𝑆(𝑎𝑖)⊗𝔗𝑖))

∏
1⩽𝑖<𝑗⩽𝜌

td𝑇(−𝑅Γ(𝑆,𝑆(𝑎𝑗 − 𝑎𝑖)) ⊗ 𝔗𝑗𝔗
−1
𝑖 − 𝑅Γ(𝑆,𝑆(𝑎𝑖 − 𝑎𝑗)) ⊗ 𝔗𝑖𝔗

−1
𝑗 ),

where 𝑐𝑇
1
denotes 𝑇-equivariant first Chern class and 𝜋 ∶ 𝐾𝑇(𝑆) → 𝐾𝑇(pt) is 𝑇-equivariant push-

forward to a point. Using
∑
𝑖 𝑇𝑖 = 0, this simplifies to

𝜌−1∏
𝑖=1

𝑡

∑
𝑗⩾𝑖(

1
2
𝑎𝑗(𝑎𝑗−𝐾)+𝜒)

𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(𝑇𝑗 − 𝑇𝑖)
𝜒(𝑎𝑗−𝑎𝑖)−𝜒(𝑎𝑗)(𝑇𝑖 − 𝑇𝑗)

𝜒(𝑎𝑖−𝑎𝑗)

⋅
𝜌∏
𝑖=1

𝑒
−( 𝑟

2
𝑎2
𝑖
+(𝐿− 𝑟

𝜌
𝑐1)𝑎𝑖)𝑇𝑖

∏
1⩽𝑖<𝑗⩽𝜌

(
𝑇𝑗 − 𝑇𝑖

1 − 𝑒−(𝑇𝑗−𝑇𝑖)

)−𝜒(𝑎𝑗−𝑎𝑖)( 𝑇𝑖 − 𝑇𝑗

1 − 𝑒−(𝑇𝑖−𝑇𝑗)

)−𝜒(𝑎𝑖−𝑎𝑗)

.

Step 3: Analogous to Step 3 of Theorem 2.2. This time, the multiplicative property (10) requires
the following identity

td(𝐸 + 𝐹) = td(𝐸)td(𝐹). □
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2577

Remark 2.4. We now show that Condition (ii), that is, the existence of a global universal sheaf 𝔼
on 𝑆 ×𝑀, can be dropped from Theorem 2.3. Without the existence of a global universal sheaf,
there still exists a homomorphism as in [17, Section 8.1] and [14, Section 1.1]

𝜆 ∶ 𝐾𝑐 ⟶ Pic(𝑀)

with the following property. Take a universal sheaf 𝔼 on 𝑆 ×𝑀′, where 𝜙 ∶ 𝑀′ → 𝑀 is an étale
cover (such a “twisted” universal sheaf always exists). Then

𝜙∗𝜆(𝑣) = 𝜆𝔼(𝑣)

for all 𝑣 ∈ 𝐾𝑐, where 𝜆𝔼 is defined as in (3)with𝑀 replaced by𝑀′. Therefore,we can define𝜇(𝐿) ⊗
𝐸⊗𝑟 as in (4) with 𝜆𝔼 replaced by 𝜆. Hence the virtual Verlinde numbers are defined without
assuming the existence of a global universal sheaf. The original version of Mochizuki’s formula
[29, Thm. 7.5.2] holds on the Deligne–Mumford stack of oriented sheaves, that is, pairs (𝐹, 𝜒)
where [𝐹] ∈ 𝑀 and 𝜒 ∶ 𝐹 ≅ (𝑐1). Consider the degree 1𝜌 ∶ 1 étale morphism 𝑓 ∶→ 𝑀. Then

𝑓∗[]vir = 1

𝜌
[𝑀]vir. There always exists a universal sheaf  on 𝑆 × and we have

𝑓∗𝑇vir𝑀 ≅ 𝑇vir , 𝑓∗𝜆(𝑣) = 𝜆 (𝑣),

for all 𝑣 ∈ 𝐾𝑐. Hence

𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) = 𝜌 ⋅ ∫[]vir
𝑒𝑐1(𝜆 (𝑣)) td(𝑇vir )

and one can simply repeat the proof of Theorem 2.3 usingMochizuki’s formula on. This shows
that Condition (ii) can be dropped from Theorem 2.3.

Remark 2.5. We now show that Condition (ii), that is, the existence of a global universal sheaf 𝔼
on 𝑆 ×𝑀 can be dropped from Theorem 2.2 as well. Recall that ch(𝛼𝑀) was defined by a formal
application of the Grothendieck–Riemann–Roch formula in the introduction

ch(𝛼𝑀) ∶= −𝜋𝑀∗

(
ch(𝔼) ⋅ ch(det(𝔼))

− 1
𝜌 ⋅ 𝜋∗𝑆 ch(𝛼) ⋅ 𝜋

∗
𝑆td(𝑆)

)
∈ 𝐴∗(𝑆)ℚ. (13)

When 𝔼 does not exist globally on 𝑆 ×𝑀, the sheaf 𝔼⊗𝜌 ⊗ det(𝔼)−1 still exists globally on 𝑆 ×𝑀
(essentially because this expression is invariant under replacing 𝔼 by 𝔼 ⊗  so it glues from local
étale patches). Hence ch(𝔼⊗𝜌 ⊗ det(𝔼)−1)1∕𝜌 ∈ 𝐴∗(𝑆)ℚ is defined and we simply replace ch(𝔼) ⋅

ch(det(𝔼))
− 1
𝜌 by this expression in (13). Obviously, when 𝔼 exists globally on 𝑆 ×𝑀, we have

ch(𝔼⊗𝜌 ⊗ det(𝔼)−1)
1
𝜌 = ch(𝔼) ⋅ ch(det(𝔼))

− 1
𝜌

and we recover the previous definition. Hence the virtual Segre numbers are defined without
assuming the existence of a global universal sheaf. Using the morphism 𝑓 ∶→ 𝑀 from the
previous remark and noting 𝑓∗(𝔼⊗𝜌 ⊗ det(𝔼)−1) ≅ ⊗𝜌 ⊗ det()−1, the virtual Segre numbers
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2578 GÖTTSCHE and KOOL

can be lifted to and one can repeat the proof of Theorem 2.2 using Mochizuki’s formula on.
This shows that Condition (ii) can be dropped from Theorem 2.2.

Remark 2.6. Conjecturally, Conditions (iii) and (v) can also be dropped from Theorems 2.2 and
2.3 and the sum in the formula can be replaced by the sum over all classes (𝑎1, … , 𝑎𝜌) ∈ 𝐻2(𝑆, ℤ)𝜌
satisfying 𝑎1 +⋯ + 𝑎𝜌 = 𝑐1. See also [8–10, 12, 13]. In some of the calculations described in
Sections 3.2 and 4, we use this strong form of Mochizuki’s formula.

Remark 2.7. Condition (iv) is essential and can be equivalently stated as

𝑐2 <
1

2
𝑐1(𝑐1 − 𝐾) + 2𝜒.

At first glance, this appears a very strong restriction. However, applying −⊗ 𝑆(𝓁𝐻) induces an
isomorphism of moduli spaces of Gieseker𝐻-stable sheaves

𝑀𝐻
𝑆 (𝜌, 𝑐1, 𝑐2) ≅ 𝑀

𝐻
𝑆 (𝜌, 𝑐1 + 𝜌𝓁𝐻, 𝑐2 + (𝜌 − 1)𝓁𝐻𝑐1 +

1

2
𝜌(𝜌 − 1)𝓁2𝐻2)

leaving corresponding virtual Segre/Verlinde numbers unchanged. Under this isomorphism,
Condition (iv) becomes

𝑐2 <
1

2
𝑐1(𝑐1 − 𝐾) + 2𝜒 + (𝐻𝑐1 −

1

2
𝜌𝐻𝐾)𝓁 + 1

2
𝜌𝐻2𝓁2,

so the upper bound on 𝑐2 can be made arbitrarily large by taking 𝓁 ≫ 0. Therefore, Condition (iv)
cannot be dropped, but it can always be made to be satisfied.

Next, we prove Theorem 1.8 on topological invariance of canonical virtual Segre and Verlinde
numbers from the introduction.

Proof of Theorem 1.8. We give the proof for canonical virtual Segre numbers. The case of canonical
virtual Verlinde numbers is similar. The case 𝜌 = 1 follows at once from Theorem 1.1 and the
fact that 𝜒 and 𝐾2 can be expressed in terms of 𝑒(𝑆) and 𝜎(𝑆), so we take 𝜌 ∈ ℤ>1. Let 𝑆 be a
smooth projective surface satisfying 𝑏1(𝑆) = 0 and 𝐾 very ample. Then 𝑆 is minimal of general
type, so its only Seiberg–Witten basic classes are 0 and𝐾 ≠ 0, and SW(0) = 1, SW(𝐾) = (−1)𝜒 [30,
Thm. 7.4.1]. Suppose that furthermore 𝐻 = 𝐾. For any 𝝀 = (𝜆1, … , 𝜆𝑚) ∈ ℤ𝑚, 𝝁 = (𝜇1, … , 𝜇𝑚) ∈
ℤ𝑚, we write

𝝀(𝐾)⊗𝝁 ∶=
𝑚∑
𝑖=1

𝜆𝑖[(𝐾)⊗𝜇𝑖 ] ∈ 𝐾(𝑆).

For any 𝝀, 𝝁 ∈ ℤ𝑚, 𝑛 ∈ ℤ, consider the following generating function of canonical virtual Segre
numbers of 𝑆

𝖦𝜌,𝝀,𝝁,𝑛,𝑆 ∶=
∑

𝓁,𝑐2∈ℤ

gcd(𝜌,𝓁𝐾2)=1

𝑤𝓁𝑧
vd(𝑀)
2 ∫[𝑀]vir 𝑐((𝝀(𝐾)

⊗𝝁)𝑀) 𝑒
𝜇((𝐾)⊗𝑛)+𝜇(pt)𝑢,

where 𝑀 ∶= 𝑀𝐾
𝑆
(𝜌,𝓁𝐾, 𝑐2) and vd(𝑀) = 2𝜌𝑐2 − (𝜌 − 1)𝓁

2𝐾2 − (𝜌2 − 1)𝜒. The condition
gcd(𝜌,𝓁𝐾2) = 1 implies that Gieseker and 𝜇-stability coincide and there are no strictly
semistable sheaves in𝑀 for any 𝑐2 [17, Lem. 1.2.13, 1.2.14]. Moreover, tensoring by multiples of 𝐾
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is an isomorphism on these moduli spaces and does not change the integrands, so it suffices to
only sum over

𝓁 ∈ {𝑁,𝑁 + 1,… ,𝑁 + 𝜌 − 1} such that gcd(𝜌,𝓁𝐾2) = 1,

for any fixed 𝑁 ∈ ℤ, and consider the powers of 𝑤 as elements of ℤ∕𝜌ℤ.
Consider the conditions of Theorem 2.2. Conditions (i), (iii), and (v) are automatically satisfied

(taking𝑁 ≫ 0) andCondition (ii) can be dropped byRemark 2.5. Taking𝑁 → ∞, the upper bound
on 𝑐2 in Condition (iv) becomes arbitrarily large.We conclude that𝖦𝜌,𝝀,𝝁,𝑛,𝑆 , modulo an arbitrarily
large power of 𝑧, is determined by a universal function which only depends on 𝜌, 𝝀, 𝝁, 𝑛, 𝜒,
𝐾2 (recall that the only Seiberg–Witten basic classes of 𝑆 are 0 and 𝐾 ≠ 0). Since 𝜒, 𝐾2 can be
expressed in terms of 𝑒(𝑆), 𝜎(𝑆), the result follows. □

2.3 Main conjectures

In Section 2.2, we mostly worked with arbitrary smooth projective surfaces 𝑆 satisfying 𝑝g (𝑆) > 0

and 𝑏1(𝑆) = 0. Accordingly, we formulate more general versions of Conjectures 1.4 and 1.6, for
which we present verifications in Section 3 by applying Theorems 2.2 and 2.3.

Conjecture 2.8. Let 𝜌 ∈ ℤ>0 and 𝑠 ∈ ℤ. There exist 𝑉𝑠, 𝑊𝑠, 𝑋𝑠, 𝑄𝑠, 𝑅𝑠, 𝑇𝑠 ∈ ℂ[[𝑧]], 𝑌𝑠, 𝑍𝑠,
𝑌𝑗,𝑠, 𝑍𝑗𝑘,𝑠, 𝑆𝑠, 𝑆𝑗,𝑠 ∈ ℂ[[𝑧

1
2 ]] for all 1 ⩽ 𝑗 ⩽ 𝑘 ⩽ 𝜌 − 1 with the following property.† Let (𝑆,𝐻)

be a smooth polarized surface satisfying 𝑏1(𝑆) = 0 and 𝑝g (𝑆) > 0. Suppose 𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2)

contains no strictly semistable sheaves. For any 𝛼 ∈ 𝐾(𝑆) with rk(𝛼) = 𝑠 and 𝐿 ∈ Pic(𝑆),
∫[𝑀]vir 𝑐(𝛼𝑀) exp(𝜇(𝐿) + 𝜇(pt)𝑢) equals the coefficient of 𝑧

1
2
vd(𝑀) of‡

𝜌2−𝜒+𝐾
2
𝑉
𝑐2(𝛼)
𝑠 𝑊

𝑐1(𝛼)
2

𝑠 𝑋
𝜒
𝑠 𝑌

𝑐1(𝛼)𝐾
𝑠 𝑍𝐾

2

𝑠 𝑒𝐿
2𝑄𝑠+(𝑐1(𝛼)𝐿)𝑅𝑠+(𝐿𝐾)𝑆𝑠+𝑢 𝑇𝑠

⋅
∑

(𝑎1,…,𝑎𝜌−1)

𝜌−1∏
𝑗=1

𝜀
𝑗𝑎𝑗𝑐1
𝜌 SW(𝑎𝑗) 𝑌

𝑐1(𝛼)𝑎𝑗
𝑗,𝑠

𝑒(𝑎𝑗𝐿)𝑆𝑗,𝑠
∏

1⩽𝑗⩽𝑘⩽𝜌−1

𝑍
𝑎𝑗𝑎𝑘
𝑗𝑘,𝑠

,

where the sum is over all (𝑎1, … , 𝑎𝜌−1) ∈ 𝐻2(𝑆, ℤ)𝜌−1. Moreover

𝑉𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)1−𝑠(1 + (2 − 𝑠

𝜌
)𝑡)𝑠(1 + (1 − 𝑠

𝜌
)𝑡)𝜌−1,

𝑊𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)

1
2
𝑠−1(1 + (2 − 𝑠

𝜌
)𝑡)

1
2
(1−𝑠)(1 + (1 − 𝑠

𝜌
)𝑡)

1
2
− 1
2
𝜌,

𝑋𝑠(𝑧) = (1 + (1 −
𝑠

𝜌
)𝑡)

1
2
𝑠2−𝑠(1 + (2 − 𝑠

𝜌
)𝑡)−

1
2
𝑠2+ 1

2 (1 + (1 − 𝑠

𝜌
)(2 − 𝑠

𝜌
)𝑡)−

1
2 (1 + (1 − 𝑠

𝜌
)𝑡)

−
(𝜌−1)2

2𝜌
𝑠
,

𝑄𝑠(𝑧) =
1

2
𝑡(1 + (1 − 𝑠

𝜌
)𝑡), 𝑅𝑠(𝑧) = 𝑡, 𝑇𝑠(𝑧) = 𝜌𝑡(1 +

1

2
(1 − 𝑠

𝜌
)(2 − 𝑠

𝜌
)𝑡),

† These universal power series depend on 𝜌 and 𝑠. We suppress the dependence on 𝜌.
‡We stress that here (and similarly elsewhere), the coefficients 𝑗 and 𝑘 of 𝑍𝑗𝑘,𝑠 are placed adjacent (and not multiplied).
They are not separated by another comma in order to avoid cluttered notation.
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2580 GÖTTSCHE and KOOL

where

𝑧 = 𝑡(1 + (1 − 𝑠

𝜌
)𝑡)

1− 𝑠
𝜌 .

Furthermore, 𝑌𝑠, 𝑌𝑗,𝑠 , 𝑍𝑠, 𝑍𝑗𝑘,𝑠, 𝑆𝑠, 𝑆𝑗,𝑠 are all algebraic functions.

Conjecture 2.9. Let 𝜌 ∈ ℤ>0 and 𝑟 ∈ ℤ. There exist 𝐺𝑟, 𝐹𝑟 ∈ ℂ[[𝑤]],𝐴𝑟, 𝐵𝑟,𝐴𝑗,𝑟, 𝐵𝑗𝑘,𝑟 ∈ ℂ[[𝑤
1
2 ]]

for all 1 ⩽ 𝑗 ⩽ 𝑘 ⩽ 𝜌 − 1 with the following property. Let (𝑆,𝐻) be a smooth polarized surface sat-
isfying 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Suppose 𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) contains no strictly

semistable sheaves. Then 𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) equals the coefficient of 𝑤
1
2
vd(𝑀) of

𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟 𝐴𝐿𝐾𝑟 𝐵𝐾
2

𝑟

∑
(𝑎1,…,𝑎𝜌−1)

𝜌−1∏
𝑗=1

𝜀
𝑗𝑎𝑗𝑐1
𝜌 SW(𝑎𝑗)𝐴

𝑎𝑗𝐿

𝑗,𝑟

∏
1⩽𝑗⩽𝑘⩽𝜌−1

𝐵
𝑎𝑗𝑎𝑘
𝑗𝑘,𝑟

, (14)

where the sum is over all (𝑎1, … , 𝑎𝜌−1) ∈ 𝐻2(𝑆, ℤ)𝜌−1. Furthermore, 𝐴𝑟, 𝐵𝑟, 𝐴𝑗,𝑟, 𝐵𝑗𝑘,𝑟 are all
algebraic functions.

Remark 2.10. These conjectures were partially inspired by the universal formulae before tak-
ing Coef f 𝑡0

1
⋯Coef f 𝑡0

𝑟−1
in Theorems 2.2 and 2.3, and similar universal formulae for Vafa–Witten

invariants [11].

These conjectures imply Conjectures 1.4 and 1.6 from the introduction as follows. For all 𝜌 ∈
ℤ>1 and any, possibly empty, subset 𝐽 ⊂ [𝜌 − 1] ∶= {1, … , 𝜌 − 1}, define

𝑌𝐽,𝑠 ∶= 𝑌𝑠
∏
𝑗∈𝐽

𝑌𝑗,𝑠, 𝑍𝐽,𝑠 ∶= 𝑍𝑠
∏
𝑖⩽𝑗∈𝐽

𝑍𝑖𝑗,𝑠, 𝑆𝐽,𝑠 ∶= 𝑆𝑠 +
∑
𝑗∈𝐽

𝑆𝑗,𝑠,

𝐴𝐽,𝑟 ∶= 𝐴𝑟
∏
𝑗∈𝐽

𝐴𝑗,𝑟, 𝐵𝐽,𝑟 ∶= 𝐵𝑟
∏
𝑖⩽𝑗∈𝐽

𝐵𝑖𝑗,𝑟.
(15)

Suppose 𝑆 is a smooth projective surface 𝑆 with 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and suppose that its only
Seiberg–Witten basic classes are 0 and 𝐾 ≠ 0 (e.g., minimal surfaces 𝑆 of general type satisfying
𝑏1(𝑆) = 0 and 𝑝g (𝑆) > 0 [30, Thm. 7.4.1]). Then SW(0) = 1 and SW(𝐾) = (−1)𝜒 and the formulae
in the conjectures of the introduction follow.
We note that knowing the power series 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠, 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 is equivalent to knowing the

power series 𝑌𝑠, 𝑌𝑖,𝑠, 𝑍𝑠, 𝑍𝑖𝑗,𝑠, 𝑆𝑠, 𝑆𝑖,𝑠, 𝐴𝑟, 𝐴𝑖,𝑟, 𝐵𝑟, 𝐵𝑖𝑗,𝑟. For example, for 𝑍𝐽,𝑠, indeed 𝐽 = ∅
determines 𝑍𝑠, 𝐽 = {𝑖} then determines 𝑍𝑖𝑖,𝑠, and 𝐽 = {𝑖 < 𝑗} then determines 𝑍𝑖𝑗,𝑠. We provide
numerous conjectural formulae (and verifications) for these power series in Section 4.

3 VERIFICATIONS

3.1 Rank 1

We start with two propositions, which can be seen as (much easier) rank 1 analogs of the Witten
conjecture for SU(2) Donaldson invariants.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2581

Proposition 3.1. For any smooth projective surface 𝑆 and 𝐿 ∈ Pic(𝑆), we have

∞∑
𝑛=0

𝑧𝑛 ∫𝑆[𝑛] 𝑒
𝜇(𝐿)+𝜇(pt)𝑢 = 𝑒(

1
2
𝐿2+𝑢)𝑧.

Proof. The universal sheaf 𝔼 on 𝑆 × 𝑆[𝑛] is the ideal sheaf  of the universal subscheme  ⊂

𝑆 × 𝑆[𝑛]. Therefore 𝑐2(𝔼) = [], that is, the (Poincaré dual of the) fundamental class of. Consider
the symmetric product 𝑆(𝑛) and the Hilbert–Chow morphism

𝜌 ∶ 𝑆[𝑛] → 𝑆(𝑛)

and denote the universal 2𝑛-cycle by  ⊂ 𝑆 × 𝑆(𝑛). Analogous to the 𝜇-insertion 𝜇(𝜎) =

𝜋𝑆[𝑛]∗(𝜋
∗
𝑆
𝜎 ⋅ []), we define

𝜏(𝜎) ∶= 𝜋𝑆(𝑛)∗
(
𝜋∗𝑆𝜎 ⋅ []) ∈ 𝐻∗(𝑆(𝑛), ℚ),

for all 𝜎 ∈ 𝐻∗(𝑆, ℚ). Note that (1𝑆 × 𝜌)∗[] = [], or more generally
(1𝑆𝓁 × 𝜌)∗

(
𝜋∗
1,𝓁+1[]⋯𝜋∗𝓁,𝓁+1[]

)
= 𝜋∗

1,𝓁+1[]⋯𝜋∗𝓁,𝓁+1[], (16)

where𝜋𝑖,𝓁+1 ∶ 𝑆𝓁 × 𝑆[𝑛] → 𝑆 × 𝑆[𝑛] denotes the projection onto the factors (𝑖,𝓁 + 1) and similarly
on 𝑆𝓁 × 𝑆(𝑛). Therefore

𝜌∗(𝜇(𝜎1)⋯𝜇(𝜎𝓁)) = 𝜏(𝜎1)⋯ 𝜏(𝜎𝓁), (17)

for all 𝜎1, … , 𝜎𝓁 ∈ 𝐻∗(𝑆, ℚ). Hence

∫𝑆[𝑛] 𝑒
𝜇(𝐿)+𝜇(pt)𝑢 = ∫𝑆(𝑛) 𝑒

𝜏(𝐿)+𝜏(pt)𝑢.

Next, consider the natural degree 𝑛!morphism

𝜀 ∶ 𝑆𝑛 → 𝑆(𝑛).

On 𝑆 × 𝑆𝑛, we consider the 2𝑛-cycle

Δ ∶=

𝑛+1∑
𝑖=2

Δ1𝑖,

where Δ1𝑖 ∶= {𝑝 ∈ 𝑆 × 𝑆𝑛 ∶ 𝑝1 = 𝑝𝑖}. Analogous to the 𝜇- and 𝜏-insertions, we define

𝜈(𝜎) ∶= 𝜋𝑆𝑛∗
(
𝜋∗𝑆𝜎 ⋅ [Δ]

)
= 𝜋∗1𝜎 +⋯ + 𝜋∗𝓁𝜎 ∈ 𝐻

∗(𝑆𝑛, ℚ),
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2582 GÖTTSCHE and KOOL

for all 𝜎 ∈ 𝐻∗(𝑆, ℚ) andwhere𝜋𝑖 ∶ 𝑆𝓁 → 𝑆 denotes projection on the 𝑖th component. Using (1𝑆 ×
𝜀)∗[Δ] = 𝑛![] (and the analog of (16)), we find

𝜀∗(𝜈(𝜎1)⋯ 𝜈(𝜎𝓁)) = 𝑛!𝜏(𝜎1)⋯ 𝜏(𝜎𝓁).

Therefore

∫𝑆(𝑛) 𝑒
𝜏(𝐿)+𝜏(pt)𝑢 =

1

𝑛! ∫𝑆𝑛 𝑒
𝜈(𝐿)+𝜈(pt)𝑢

=
1

𝑛! ∫𝑆𝑛 𝑒
𝜋∗
1
(𝐿+pt 𝑢)+⋯+𝜋∗𝑛(𝐿+pt 𝑢)

=
1

𝑛!

(
∫𝑆 𝑒

𝐿+pt 𝑢

)𝑛

=
1

𝑛!

(
1

2
𝐿2 + 𝑢

)𝑛
.

□

Proposition 3.2. For any smooth projective surface 𝑆 and , 𝐿 ∈ Pic(𝑆), we have
∞∑
𝑛=0

𝑧𝑛 ∫𝑆[𝑛] 𝑐(
[𝑛]) 𝑒𝜇(𝐿)+𝜇(pt)𝑢 = 𝑒(

1
2
𝐿2+𝐿+𝑢)𝑧.

Proof. For any 𝑛, we denote the Hilbert–Chow morphism by

𝜌 ∶ 𝑆[𝑛] → 𝑆(𝑛).

Let ℍ ∶=
⨁

𝑛⩾0 𝐻
∗(𝑆[𝑛], ℚ). For any 𝜎 ∈ 𝐻∗(𝑆, ℚ) and 𝑖 > 0, we recall the definition of the

Nakajima creation operator [31]

𝔮𝑖(𝜎) ∶ ℍ → ℍ

defined on𝐻∗(𝑆[𝑛], ℚ) by the correspondence

𝔮𝑖(𝜎)(−) = 𝜋𝑆[𝑛+𝑖]∗

(
𝜋∗𝑆𝜎 ⋅ 𝜋∗

𝑆[𝑛]
(−) ⋅ [𝑛,𝑛+𝑖]),

where

and 𝑛,𝑛+𝑖 ⊂ 𝑆[𝑛] × 𝑆 × 𝑆[𝑛+𝑖] is the incidence locus of triples (𝑍, 𝑝, 𝑍′) satisfying 𝑍 ⊂ 𝑍′ and
𝜌(𝑍′) = 𝜌(𝑍) + 𝑖𝑝. Then [24, Thm. 4.6]

∞∑
𝑛=0

𝑐([𝑛])𝑧𝑛 = exp
(

∞∑
𝑖=1

(−1)𝑖−1

𝑖
𝔮𝑖(𝑐())𝑧𝑖

)
𝟙, (18)

where 𝟙 denotes the fundamental class of 𝑆[0] = pt.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2583

We denote by 𝑛,𝑛+𝑖 ⊂ 𝑆(𝑛) × 𝑆 × 𝑆(𝑛+𝑖) the incidence locus of triples (𝑍, 𝑝, 𝑍′) satisfy-
ing 𝑍′ = 𝑍 + 𝑖𝑝. Note that the natural projection 𝑛,𝑛+𝑖 → 𝑆(𝑛) × 𝑆 is an isomorphism. On⨁

𝑛⩾0 𝐻
∗(𝑆(𝑛), ℚ) we consider operators 𝔭𝑖(𝜎) defined on𝐻∗(𝑆(𝑛), ℚ) by the correspondence

𝔭𝑖(𝜎)(−) = 𝜋𝑆(𝑛+𝑖)∗

(
𝜋∗𝑆𝜎 ⋅ 𝜋∗

𝑆(𝑛)
(−) ⋅ [𝑛,𝑛+𝑖]

)
.

Consider the commutative diagram

The general fibre of themap 𝜌 × 1𝑆 × 𝜌 ∶ 𝑛,𝑛+𝑖 → 𝑛,𝑛+𝑖 is irreducible of dimension 𝑖 − 1 (Bri-
ançon). For any𝑊 ∈ 𝐻𝑘(𝑆

[𝑛] × 𝑆, ℚ), we have (𝜋𝑆[𝑛] × 𝜋𝑆)∗(𝑊) ∈ 𝐻𝑘+2𝑖−2(𝑛,𝑛+𝑖, ℚ). However,
the dimension of the support of (𝜌 × 1𝑆 × 𝜌)∗(𝜋𝑆[𝑛] × 𝜋𝑆)∗(𝑊) is at most 𝑘. Thus for any 𝑖 > 1, we
get that

(𝜌 × 1𝑆 × 𝜌)∗◦(𝜋𝑆[𝑛] × 𝜋𝑆)
∗ ∶ 𝐻∗(𝑆[𝑛] × 𝑆, ℚ) → 𝐻∗(𝑛,𝑛+𝑖, ℚ)

is the zero map. This gives 𝜌∗(𝔮𝑖(𝜎)(𝛽)) = 0, for all 𝑖 > 1, 𝜎 ∈ 𝐻∗(𝑆, ℚ), 𝛽 ∈ 𝐻∗(𝑆[𝑛], ℚ).
As the creation operators 𝔮𝑖(𝜎𝑖) commute, this implies that

𝜌∗

(
𝔮𝑖1(𝜎1)⋯ 𝔮𝑖𝓁 (𝜎𝓁)𝟙

)
= 0,

for all 𝜎1, … , 𝜎𝓁 ∈ 𝐻∗(𝑆, ℚ) and 𝑖1, … , 𝑖𝓁 ⩾ 1 with at least one 𝑖𝑘 > 1. Therefore we get from (18)
that 𝜌∗𝑐([𝑛]) = 𝜌∗ exp(𝔮1())𝟙.
On the other hand, in case 𝑖 = 1, let 𝜎 ∈ 𝐻∗(𝑆, ℚ), 𝛽 ∈ 𝐻∗(𝑆(𝑛), ℚ), then the map 𝜌 × 1𝑆 × 𝜌

restricted to the inverse image in 𝑛,𝑛+1 of the support of a cycle 𝛽 × 𝜎 is generically one-to-one.
Thus

(𝜌 × 1𝑆 × 𝜌)∗(𝜋𝑆[𝑛] × 𝜋𝑆)
∗(𝜌 × 1𝑆)

∗(𝛽 × 𝜎) = 𝜋∗(𝛽 × 𝜎).

This gives 𝜌∗(𝔮1(𝜎)𝜌∗(𝛽)) = 𝔭1(𝜎)𝛽, and thus inductively 𝜌∗((𝔮1(𝜎))𝑛𝟙) = (𝔭1(𝜎))𝑛𝟙. Note that for
𝜎 ∈ 𝐻∗(𝑆, ℚ) we have 𝜇(𝜎) = 𝜌∗𝜏(𝜎). Therefore, by (18) and the projection formula, we get

∫𝑆[𝑛] 𝑐(
[𝑛]) 𝑒𝜇(𝐿)+𝜇(pt)𝑢 =

1

𝑛! ∫𝑆[𝑛] 𝑒
𝜇(𝐿)+𝜇(pt)𝑢(𝔮1(𝑐()))𝑛𝟙

=
1

𝑛! ∫𝑆(𝑛) 𝑒
𝜏(𝐿)+𝜏(pt)𝑢(𝔭1(𝑐()))𝑛𝟙.
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2584 GÖTTSCHE and KOOL

Finally, using the morphism 𝜀 ∶ 𝑆𝑛 → 𝑆(𝑛), we have

(𝔭1(𝜎))
𝑛𝟙 = 𝜀∗

(
𝜋∗1𝜎⋯𝜋∗𝑛𝜎

)
,

for all 𝜎 ∈ 𝐻∗(𝑆, ℚ), where 𝜋𝑖 ∶ 𝑆𝑛 → 𝑆 denotes projection on the 𝑖th component. Using the
notation of the proof of Lemma 3.1, we have 𝜈(𝜎) = 𝜀∗𝜏(𝜎), for all 𝜎 ∈ 𝐻∗(𝑆, ℚ). This implies that

∫𝑆[𝑛] 𝑐(
[𝑛]) 𝑒𝜇(𝐿)+𝜇(pt)𝑢 =

1

𝑛! ∫𝑆𝑛 (𝜋
∗
1𝑐()⋯𝜋∗𝑛𝑐()) 𝑒𝜈(𝐿)+𝜈(pt)𝑢

=
1

𝑛! ∫𝑆𝑛 (𝜋
∗
1𝑐()⋯𝜋∗𝑛𝑐()) 𝑒𝜋∗1 (𝐿+pt 𝑢)+⋯+𝜋∗𝑛(𝐿+pt 𝑢)

=
1

𝑛!

(
∫𝑆 𝑐()𝑒

𝐿+pt 𝑢

)𝑛

=
1

𝑛!

(
1

2
𝐿2 + 𝐿 + 𝑢)𝑛

.
□

We summarize what is known for rank 1 Segre integrals:

Theorem 3.3 (Marian–Oprea–Pandharipande+𝜀). There exist 𝑉𝑠,𝑊𝑠, 𝑋𝑠, 𝑌𝑠, 𝑍𝑠 ∈ 1 + 𝑧ℚ[[𝑧]],
𝑄𝑠, 𝑅𝑠, 𝑆𝑠, 𝑇𝑠 ∈ 𝑧ℚ[[𝑧]] with the following properties. Let 𝑆 be a smooth projective surface, 𝛼 ∈ 𝐾(𝑆)
such that rk(𝛼) = 𝑠, and 𝐿 ∈ Pic(𝑆). Then

∞∑
𝑛=0

𝑧𝑛 ∫𝑆[𝑛] 𝑐(𝛼
[𝑛]) 𝑒𝜇(𝐿)+𝜇(pt)𝑢 = 𝑉

𝑐2(𝛼)
𝑠 𝑊

𝑐1(𝛼)
2

𝑠 𝑋
𝜒
𝑠 𝑌

𝑐1(𝛼)𝐾
𝑠 𝑍𝐾

2

𝑠 𝑒𝐿
2𝑄𝑠+(𝑐1(𝛼)𝐿)𝑅𝑠+(𝐿𝐾)𝑆𝑠+𝑢 𝑇𝑠 .

By [27], under the formal change of variables 𝑧 = 𝑡(1 + (1 − 𝑠)𝑡)1−𝑠, we have

𝑉𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1−𝑠(1 + (2 − 𝑠)𝑡)𝑠,

𝑊𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1
2
𝑠−1(1 + (2 − 𝑠)𝑡)

1
2
(1−𝑠),

𝑋𝑠(𝑧) = (1 + (1 − 𝑠)𝑡)
1
2
𝑠2−𝑠(1 + (2 − 𝑠)𝑡)−

1
2
𝑠2+ 1

2 (1 + (2 − 𝑠)(1 − 𝑠)𝑡)−
1
2 .

Also by [27], under the same change of variables, 𝑌𝑠 is determined for 𝑠 ∈ {−2,−1, 1, 2} and 𝑍𝑠 for
𝑠 ∈ {−2,−1, 0, 1, 2}. Furthermore

𝑄0(𝑧) =
1

2
𝑧, 𝑆0(𝑧) = 0, 𝑇0(𝑧) = 𝑧,

𝑄1(𝑧) =
1

2
𝑧, 𝑅1(𝑧) = 𝑧, 𝑆1(𝑧) = 0, 𝑇1(𝑧) = 𝑧.

Proof. Universality follows from (a more elementary analog of) Steps 1–3 in the proof of
Theorem 2.3. Setting 𝐿 = 𝑢 = 0, the statements about 𝑉𝑠,𝑊𝑠, 𝑋𝑠, 𝑌𝑠, 𝑍𝑠 follow from [27]. Fur-
thermore, 𝑋0(𝑧) = 𝑋1(𝑧) = 𝑍0(𝑧) = 𝑍1(𝑧) = 1 [27]. Hence the rest of the theorem follows from
Propositions 3.1 and 3.2. □
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2585

Remark 3.4. We verified the formulae for 𝑄𝑠, 𝑅𝑠, 𝑇𝑠 of Conjecture 1.4 for 𝜌 = 1 modulo 𝑧11. For
this, we choose a collection of triples (𝑆, 𝛼, 𝐿) such that the corresponding vectors

(𝑐2(𝛼), 𝑐1(𝛼)
2, 𝜒, 𝑐1(𝛼)𝐾, 𝐾

2, 𝐿2, 𝑐1(𝛼)𝐿, 𝐿𝐾)

are ℚ-linearly independent. Taking 𝑆 a toric surface with torus 𝑇, we obtain a lift of
the 𝑇-action to 𝑆[𝑛] with isolated reduced fixed points indexed by collections of mono-
mial ideals. By taking 𝛼 and 𝐿 with 𝑇-equivariant structure, one can calculate the Segre
numbers with 𝜇-insertions for (𝑆, 𝛼, 𝐿) by Atiyah–Bott localization. Specifically, we choose
(𝑆, 𝛼, 𝐿) = (ℙ2,⊕𝑠,), (ℙ1 × ℙ1,⊕𝑠,), (ℙ2,(1) ⊕ ⊕𝑠−1,), (ℙ2,⊕𝑠,(1))), (ℙ2,(1) ⊕
⊕𝑠−1,(1)), (ℙ2,(1)⊕2 ⊕ ⊕𝑠−2,), (ℙ1 × ℙ1,(0, 1) ⊕ ⊕𝑠−1,), (ℙ1 × ℙ1,⊕𝑠,(0, 1)) and
calculate their Segre numbers with 𝜇-insertion up to order 10.

3.2 Higher rank: calculations

We want to explicitly calculate the first few coefficients of the universal power series of
Theorems 2.2 and 2.3 for ranks 𝜌 = 2, 3, 4. The definition of the generating function

𝖹𝑆(𝛼, 𝐿, 𝒂, 𝒕, 𝑢, 𝑞)

in (9) makes sense for any smooth projective surface 𝑆 and any 𝛼 ∈ 𝐾(𝑆), 𝐿 ∈ Pic(𝑆), and
𝒂 = (𝑎1, … , 𝑎𝜌) ∈ 𝐴

1(𝑆)𝜌. Consider any finite collection  containing (𝑆, 𝛼, 𝐿, 𝒂) such that the
corresponding vectors

(𝑐1(𝛼)
2, 𝑐1(𝛼)𝐿, 𝑐1(𝛼)𝐾, 𝑐2(𝛼), 𝐿

2, 𝐿𝐾, 𝐾2, 𝜒, {𝑎𝑖𝑐1(𝛼)}, {𝑎𝑖𝐿}, {𝑎𝑖𝐾}, {𝑎𝑖𝑎𝑗})

are ℚ-linearly independent. Then the universal function of Theorem 2.2 is determined by
𝖹𝑆(𝛼, 𝐿, 𝒂, 𝒕, 𝑢, 𝑞) on this finite collection  via Equation (11).
Now take (𝑆, 𝛼, 𝐿, 𝒂) such that 𝑆 is a toric surfacewith torus𝑇 and 𝛼, 𝐿,𝒂 are𝑇-equivariant. The

action of𝑇 on 𝑆 lifts to 𝑆[𝒏] for any𝒏 = (𝑛1, … , 𝑛𝜌) ∈ ℤ
𝜌
⩾0
. Therefore, we can apply theAtiyah–Bott

localization formula to explicitly determine 𝖹𝑆(𝛼, 𝐿, 𝒂, 𝒕, 𝑢, 𝑞) up to some order in 𝑞. We carried
this out for 𝑆 = ℙ2, ℙ1 × ℙ1 and certain choices of 𝛼, 𝐿, 𝒂 similar to Remark 3.4. The reader can
consult [8–10, 12, 21] for more details on Atiyah–Bott calculations in closely related settings. This
discussion holds analogously in the Verlinde case of Theorem 2.3.
We determined the universal functions of Theorems 2.2 and 2.3 up to the following orders:

∙ Rank 𝜌 = 2. Keeping 𝑠 as a variable, we determined𝐴∙,𝑠(𝑞) (i.e.,𝐴𝐽,𝑠 for all 𝐽 ⊂ [𝜌 − 1])modulo
𝑞11. For 𝑠 = 5, 6 we determined 𝐴∙,𝑠(𝑞) modulo 𝑞26. Keeping 𝑟 as a variable, we determined
𝐵∙,𝑟(𝑞)modulo 𝑞16.

∙ Rank 𝜌 = 3. For 𝑠 ∈ {−3,… , 12}, we determined𝐴∙,𝑠(𝑞)modulo 𝑞10. For 𝑠 = 5, 6we determined
𝐴∙,𝑠(𝑞)modulo 𝑞26. For 𝑟 ∈ {−11, … , 3}, we determined 𝐵∙,𝑟(𝑞)modulo 𝑞9.

∙ Rank 𝜌 = 4. For 𝑠 ∈ {0, … , 8}, we determined 𝐴∙,𝑠(𝑞) modulo 𝑞8. For 𝑠 = −1, we also deter-
mined 𝐴𝑎2

4
,𝑠, 𝐴𝑎4𝐾,𝑠, 𝐴𝐾2,𝑠, 𝐴𝜒,𝑠 modulo 𝑞

8. For 𝜌 = 4, the Verlinde calculations are harder and

we determined no coefficients of the 𝐵∙,𝑟(𝑞).
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2586 GÖTTSCHE and KOOL

With this data, we can verify Conjectures 2.8, 2.9, and 1.7 in the following cases (always for certain
values of𝐻, 𝑐1 such that there are no strictly semistable sheaves):
Rank 𝜌 = 2.

∙ Conjecture 2.8 holds for 𝑆 a𝐾3 surface and virtual dimension up to 16, for 𝑆 an elliptic surface†
of types 𝐸(3), 𝐸(4), 𝐸(5) up to virtual dimension 16, for 𝑆 a double cover of ℙ2 branched along
a smooth octic up to virtual dimension 14, for 𝑆 a double cover of ℙ1 × ℙ1 branched along a
smooth curve of bidegree (6,6) up to virtual dimension 14, and for 𝑆 a general quintic in ℙ3 up
to virtual dimension 12. Conjecture 2.8 also holds for 𝑆 the blow-up of one of the above surfaces
in a point, with the same bounds on the virtual dimension. Conjecture 2.8 also holds for 𝑆 an
elliptic surface of type 𝐸(3) up to virtual dimension 18.

∙ Conjecture 2.9 holds for 𝑆 a 𝐾3 surface and virtual dimension up to 18, for the blow-up of a
𝐾3 surface in a point up to virtual dimension 13, for 𝑆 an elliptic surface of type 𝐸(3) up to
virtual dimension 18, for 𝑆 an elliptic surface of type 𝐸(4) up to virtual dimension 12, for 𝑆 an
elliptic surface of type 𝐸(5) up to virtual dimension 10, for 𝑆 a double cover of ℙ2 branched
along a smooth octic up to virtual dimension 12, and for 𝑆 a general quintic in ℙ3 up to virtual
dimension 10.

∙ Conjecture 1.7 holds up to virtual dimension 18.

Rank 𝜌 = 3.

∙ Let 𝑠 ∈ {−3,… , 12}. Then Conjecture 2.8 holds for 𝑆 a 𝐾3 surface up to virtual dimension 14,
for 𝑆 the blow-up of a 𝐾3 surface in a point up to virtual dimension 14, for 𝑆 an elliptic surface
of type 𝐸(3) up to virtual dimension 12, for 𝑆 a double cover of ℙ2 branched along a smooth
octic up to virtual dimension 6. Conjecture 2.8 also holds with the same dimension bounds for
blow-ups of these surfaces in one point.

∙ Let 𝑟 ∈ {−11, … , 3}. Then Conjecture 2.9 holds for 𝑆 a𝐾3 surface up to virtual dimension 12, for
𝑆 the blow-up of a 𝐾3 surface in a point up to virtual dimension 12, for 𝑆 an elliptic surface of
type 𝐸(3) up to virtual dimension 8, and for 𝑆 a double cover of ℙ2 branched along a smooth
octic up to virtual dimension 6. Conjecture 2.9 also holds with the same dimension bounds for
blow-ups of these surfaces in one point.

∙ Conjecture 1.7 holds for 𝑠 ∈ {−3,… , 6}, 𝑟 ∈ {−6,… , 3} up to virtual dimension 12.

We expect that Conjectures 1.4 and 1.6 hold for all “virtual surfaces” satisfying

2 − 𝜒 + 𝐾2 ⩾ 0.

This inequality ensures that the first term in our conjectural formulae is integer. By this we mean
one formally calculates the virtual Segre and Verlinde numbers using Theorems 2.2 and 2.3 for
values of 𝐾2, 𝜒 for which there exist no minimal general type surfaces 𝑆 satisfying 𝑏1(𝑆) = 0
and 𝑝g (𝑆) > 0 with these values of 𝐾2, 𝜒, but one nonetheless obtains the numbers given by
the conjectures.

Rank 𝜌 = 4.

∙ Let 𝑠 ∈ {0, … , 8}. Then Conjecture 2.8 holds for 𝑆 a𝐾3 surface up to virtual dimension 6 and for
𝑆 the blow-up of a 𝐾3 surface in a point up to virtual dimension 6. The following can be seen

†An elliptic surface of type 𝐸(𝑛) is an elliptic surface 𝑆 → ℙ1 with section, 12𝑛 rational 1-nodal fibres, and no further
singular fibres.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2587

as indirect evidence: Conjecture 1.4 holds for 𝑆 a “virtual” surface with 𝐾2 = −1, 𝜒 = 0 up to
virtual dimension 9 and for 𝑆 a “virtual” surface with 𝐾2 = −1, 𝜒 = 1 up to virtual dimension
8.

∙ Let 𝑆 be a𝐾3 surface, 𝑐2
1
= 8, 𝛼 = −[𝑆] (so 𝑠 = −1), and 𝐿 = 𝑢 = 0. Then Conjecture 2.8 holds

for 𝑐2 = 7 (yielding virtual Segre number
15

4
).†

The computations support a further conjecture on the dependence of the universal power series
in Conjectures 2.8 and 2.9 on 𝑠 and 𝑟.

Conjecture 3.5.

(1) For all 𝑛 ∈ ℤ⩾0, the coefficient of 𝑧
𝑛
2 in the universal power series 𝑉𝑠,𝑊𝑠, 𝑋𝑠, 𝑌𝑠, 𝑌𝑗,𝑠 , 𝑍𝑠, 𝑍𝑖𝑗,𝑠

𝑄𝑠, 𝑅𝑠, 𝑆𝑠, 𝑆𝑗,𝑠, 𝑇𝑠 is a polynomial in 𝑠 of degree at most 𝑛.
(2) For all 𝑛 ∈ ℤ⩾0, the coefficient of 𝑤

𝑛
2 in the universal power series 𝐹𝑟, 𝐺𝑟, 𝐴𝑟, 𝐴𝑗,𝑟, 𝐵𝑟, 𝐵𝑖𝑗,𝑟 is a

polynomial in 𝑟 of degree at most 𝑛.

It is easy to see that the formulae for 𝑉𝑠,𝑊𝑠, 𝑋𝑠, 𝑄𝑠, 𝑅𝑠, 𝑇𝑠, 𝐹𝑟, 𝐺𝑟 of Conjectures 2.8 and 2.9
satisfy Conjecture 3.5. As mentioned above, for 𝜌 = 2, we have computed the universal power
series of Theorems 2.2 and 2.3, up a certain order in 𝑞, for arbitrary 𝑠 and 𝑟. Using these to compute
the universal power series of Conjectures 2.8 and 2.9, up to certain orders in 𝑧 and 𝑤, verifies
Conjecture 3.5 in these cases. For 𝜌 = 3 and 4we can use Conjecture 3.5 to determine the universal
power series for all 𝑠 and 𝑟 up to certain orders in 𝑧 and 𝑤 by interpolation.‡ The coefficients of
the power series are determined as solutions of overdetermined systems of linear equations; the
existence of solutions gives further support for the conjecture.

4 ALGEBRAICITY

4.1 Rank 1

In this section, we give several conjectural expressions for the remaining power series in
Conjecture 1.4 for 𝜌 = 1. We conjecture

𝑆−1(𝑧) =
1

2
((1 + 4𝑡) − (1 + 2𝑡)

1
2 (1 + 6𝑡))

1
2 ),

𝑆2(𝑧) = 0,

𝑆3(𝑧) =
1

2𝑡
((1 + 𝑡)(1 − 2𝑡) − (1 − 𝑡)(1 − 4𝑡2)

1
2 ),

𝑌3(𝑧) = (
1

2
+ 1

2
(1 − 4𝑡2)

1
2 )

1
2 ,

𝑍3(𝑧) =
1

2𝑡3
((1 − 𝑡)2(𝑡 + 2𝑡) − (1 − 𝑡2)(1 − 4𝑡2)

1
2 ),

† This case “probes” the power − (𝜌−1)2

2𝜌
𝑠 = 9

8
in 𝑋𝑠(𝑧).

‡As mentioned above, we have no direct data for the rank 4 virtual Verlinde series. However, using the virtual Segre–
Verlinde correspondence (Conjecture 1.7), one can obtain such data indirectly from the rank 4 virtual Segre series.
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2588 GÖTTSCHE and KOOL

where 𝑧 = 𝑡(1 + (1 − 𝑠)𝑡)1−𝑠 and, in each case, 𝑠 is specialized to the value in the subscript.
Moreover, 𝑆4(𝑧) conjecturally satisfies the following quartic equation

𝑥4 − 8(1 − 3𝑡)𝑥3 + 1

𝑡
(1 − 3𝑡)(1 + 16𝑡 − 60𝑡2)𝑥2 − 4

𝑡
(1 − 3𝑡)2(1 − 12𝑡2)𝑥 − 16𝑡(1 − 3𝑡)3 = 0.

We verified these formulae up to order 35 in 𝑡 using the method described in Section 3.1.

4.2 Rank 2

In this section, we give conjectural expressions for some of the remaining power series in Con-
jectures 1.4 and 1.6 for 𝜌 = 2. For 𝜌 = 2, we conjecture in addition that the universal power series
satisfy the following relations:

𝑌{1},𝑠(𝑧
1
2 ) = 𝑌∅,𝑠(−𝑧

1
2 ), 𝑍{1},𝑠(𝑧

1
2 ) = 𝑍∅,𝑠(−𝑧

1
2 ), 𝑆{1},𝑠(𝑧

1
2 ) = 𝑆∅,𝑠(−𝑧

1
2 ),

𝐴{1},𝑟(𝑤
1
2 ) = 𝐴∅,𝑟(−𝑤

1
2 ), 𝐵{1},𝑟(𝑤

1
2 ) = 𝐵∅,𝑟(−𝑤

1
2 ),

for all 𝑠, 𝑟 ∈ ℤ. We can therefore focus on the power series 𝑌𝑠 ∶= 𝑌∅,𝑠, 𝑍𝑠 ∶= 𝑍∅,𝑠, 𝑆𝑠 ∶= 𝑆∅,𝑠,
𝐴𝑟 ∶= 𝐴∅,𝑟, and 𝐵𝑟 ∶= 𝐵∅,𝑟.

Segre series

𝒔 = 𝟎. For 𝑧 = 𝑡(1 + 𝑡), we conjecture

𝑌0 =
((1 + 𝑡)

1
2 + 𝑡

1
2 )(1 + 𝑡)2

(1 + 2𝑡)
1
2

, 𝑍0 = 1, 𝑆0 = 𝑡
1
2 (1 + 𝑡)

1
2 .

𝒔 = 𝟏. For 𝑧 = 𝑡(1 + 1

2
𝑡)

1
2 , we conjecture

𝑌1 = (1 + 𝑡) + 𝑡
1
2 (1 + 3

4
𝑡)

1
2 , 𝑍1 =

1 + 3

4
𝑡 − 1

2
𝑡
1
2 (1 + 3

4
𝑡)

1
2

1 + 1

2
𝑡

, 𝑆1 = −
1

2
𝑡 + 𝑡

1
2 (1 + 3

4
𝑡)

1
2 .

𝒔 = 𝟐. For 𝑧 = 𝑡, we conjecture

𝑌2 = 𝑡
1
2 + (1 + 𝑡)

1
2 , 𝑍2 = 1 + 𝑡 − 𝑡

1
2 (1 + 𝑡)

1
2 , 𝑆2 = −𝑡 + 𝑡

1
2 (1 + 𝑡)

1
2 .

𝒔 = 𝟑. For 𝑧 = 𝑡(1 − 1

2
𝑡)−

1
2 , we conjecture

𝑌3 = 1 + 𝑡
1
2 (1 − 1

4
𝑡)

1
2 ,

𝑍3 =
(1 + 1

2
𝑡)((1 − 1

4
𝑡)(1 + 1

2
𝑡) − 3

2
𝑡
1
2 (1 − 1

4
𝑡)

1
2 (1 − 1

6
𝑡))

(1 − 1

2
𝑡)3

,
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2589

𝑆3 =
−3

2
𝑡(1 − 1

6
𝑡) + 𝑡

1
2 (1 − 1

4
𝑡)

1
2 (1 + 1

2
𝑡)

1 − 1

2
𝑡

.

𝒔 = 𝟒. For 𝑧 = 𝑡(1 − 𝑡)−1, we conjecture

𝑌4 = (1 − 𝑡)
1
2 + 𝑡

1
2 , 𝑍4 =

1 − 2𝑡
1
2 (1 − 𝑡)

1
2 )

(1 − 2𝑡)2
, 𝑆4 =

−2𝑡(1 − 𝑡) + 𝑡
1
2 (1 − 𝑡)

1
2

1 − 2𝑡
.

𝒔 = 𝟓. Consider the unique solutions 𝑥, 𝑦 of

𝑥4 − 2(1 − 𝑡)𝑥3 + (1 − 3

2
𝑡)2𝑥2 − 2𝑡2(1 − 𝑡)𝑥 + 𝑡4 = 0

𝑦4 − 2(1 + 3

4
𝑡)𝑦3 + (1 − 1

2
𝑡)(1 + 3

4
𝑡)𝑦2 − 𝑡(1 − 11

2
𝑡)(1 + 3

4
𝑡)2 = 0

having leading terms 𝑥 = 1 + 𝑡
1
2 + 𝑂(𝑡) and 𝑦 = 1 + 3

2
𝑡
1
2 + 𝑂(𝑡), respectively. Then conjecturally

we have

𝑥 = 𝑌5, 𝑦 =
𝑍5𝑌

4
5

(1 − 1

2
𝑡)3
,

where 𝑧 = 𝑡(1 − 3

2
𝑡)−

3
2 .

𝒔 = −𝟏. Consider the unique solutions 𝑥, 𝑦 of

𝑡4𝑥4 − 2𝑡2(1 + 2𝑡)𝑥3 + (1 + 3

2
𝑡)2𝑥2 − 2(1 + 2𝑡)𝑥 + 1 = 0

𝑦4 − 2(1 + 15

4
𝑡)𝑦3 + (1 + 5

2
𝑡)(1 + 15

4
𝑡)𝑦2 − 𝑡(1 − 5

2
𝑡)(1 + 15

4
𝑡)2 = 0

having leading terms 𝑥 = 1 + 𝑡
1
2 + 𝑂(𝑡) and 𝑦 = 1 − 3

2
𝑡
1
2 + 𝑂(𝑡), respectively. Then conjecturally

we have

𝑥 =
𝑌−1

(1 + 3

2
𝑡)2
, 𝑦 =

(1 + 3

2
𝑡)3𝑍−1

𝑌2
−1

,

where 𝑧 = 𝑡(1 + 3

2
𝑡)

3
2 .

Verlinde series

𝒓 = 𝟐. For 𝑤 = 𝑣, we conjecture

𝐴2 =
1 + 𝑣

1
2

1 + 𝑣
, 𝐵2 =

1 + 𝑣

(1 + 𝑣
1
2 )2
.
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2590 GÖTTSCHE and KOOL

𝒓 = 𝟏. For 𝑤 = 𝑣(1 + 𝑣)−
3
4 , we conjecture

𝐴1 =
1 + 1

2
𝑣 + 𝑣

1
2 (1 + 1

4
𝑣)

1
2

1 + 𝑣
,

𝐵1 = (1 + 𝑣)((1 + 𝑣)(1 +
1

4
𝑣) − 3

2
𝑣
1
2 (1 + 1

3
𝑣)(1 + 1

4
𝑣)

1
2 ).

𝒓 = 𝟎. For 𝑤 = 𝑣(1 + 𝑣)−1, we conjecture

𝐴0 = 1 +
𝑣
1
2

(1 + 𝑣)
1
2

, 𝐵0 = 1 + 𝑣 − 𝑣
1
2 (1 + 𝑣)

1
2 .

𝒓 = −𝟏. For 𝑤 = 𝑣(1 + 𝑣)−
3
4 , we conjecture

𝐴−1 = 1 +
1

2
𝑣 + 𝑣

1
2 (1 + 1

4
𝑣)

1
2 , 𝐵−1 = 1 +

1

4
𝑣 − 1

2
𝑣
1
2 (1 + 1

4
𝑣)

1
2 .

𝒓 = −𝟐. For 𝑤 = 𝑣, we conjecture

𝐴−2 =
1

1 − 𝑣
1
2

, 𝐵−2 = 1.

𝒓 = −𝟑, 𝟑. Consider the unique solutions 𝑥1, 𝑥2 of

𝑥4 − (2 + 𝑣)𝑥3 + 𝑥2 − 𝑣2(2 + 𝑣)𝑥 + 𝑣4 = 0

having leading terms 𝑥1 = 1 + 𝑣
1
2 + 𝑂(𝑣) and 𝑥2 = 𝑣2(1 + 𝑣

1
2 ) + 𝑂(𝑣3). In addition, consider the

unique solutions 𝑦1, 𝑦2 of

𝑦4 − 2(1 + 9

4
𝑣)𝑦3 + (1 + 𝑣)(1 + 9

4
𝑣)𝑦2 − 𝑣(1 − 4𝑣)(1 + 9

4
𝑣)2 = 0

having leading terms 𝑦1 = 1 +
3

2
𝑣
1
2 + 𝑂(𝑣) and 𝑦2 = 1 −

3

2
𝑣
1
2 + 𝑂(𝑣). Then conjecturally we have

𝑥1 = (1 + 𝑣)
2𝐴3, 𝑥2 =

𝑣2

1 + 𝑣
𝐴−3,

𝑦1 = (1 + 𝑣)
5𝐵3𝐴

4
3, 𝑦2 = (1 + 𝑣)

2 𝐵−3

𝐴2
−3

,

where 𝑤 = 𝑣(1 + 𝑣)
5
4 .

Using Theorems 2.2 and 2.3, and the method described in Section 3.2, we verified that the con-
jectural formulae of this subsection produce the correct virtual Segre and Verlinde numbers for
the following surfaces up to the following virtual dimensions (always for certain values of 𝐻, 𝑐1
such that there are no strictly semistable sheaves):
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2591

∙ elliptic surface of type 𝐸(3), blow-up of a 𝐾3 surface, the blow-up of either of the previous two
surfaces in one point, elliptic surface of type 𝐸(4); all up to virtual dimension 18,

∙ double cover of ℙ2 branched along a smooth octic, its blow-up in one point, elliptic surface of
type 𝐸(5), double cover of ℙ1 × ℙ1 branched along a smooth curve of bidegree (6,6); all up to
virtual dimension 16,

∙ smooth quintic in ℙ3 up to virtual dimension 13.

4.3 Rank 3

Based on experimentation, we conjecture that

𝑌{1,2},𝑠(𝑧
1
2 ) = 𝑌∅,𝑠(−𝑧

1
2 ), 𝑌{2},𝑠 = 𝜏(𝑌{1},𝑠),

where 𝜏 denotes complex conjugation of the coefficients, and the same with 𝑌𝐽,𝑠 replaced by the
corresponding 𝑍𝐽,𝑠, 𝑆𝐽,𝑠, 𝐴𝐽,𝑟, and 𝐵𝐽,𝑟. Therefore, we sometimes restrict attention to 𝑌∅,𝑠, 𝑍∅,𝑠,
𝑆∅,𝑠, 𝐴∅,𝑟, 𝐵∅,𝑟 and 𝑌{1},𝑠, 𝑍{1},𝑠, 𝑆{1},𝑠, 𝐴{1},𝑟, 𝐵{1},𝑟.

Segre series

𝒔 = 𝟎. For 𝑧 = 𝑡(1 + 𝑡), we conjecturally have

𝑆∅,0 = −3
1
2 𝑡

1
2 (1 + 𝑡)

1
2 , 𝑆{1},0 = 0, 𝑍∅,0 = 2, 𝑍{1},0 = 1,

𝑌∅,0 =
(1 + 𝑡)3

(1 + 2𝑡)
3
2 + 3

1
2 𝑡

1
2 (1 + 𝑡)

1
2 (1 + 2𝑡)

1
2

, 𝑌{1},0 =
(1 + 𝑡)3

(1 + 2𝑡)
1
2 (1 − 𝜀3𝑡)

,

where we recall that 𝜀3 = exp(2𝜋𝑖∕3) with 𝑖 ∶=
√
−1.

For 𝑠 = 1, 2, 4, 5 we found explicit power series 𝑠1, … , 𝑠4, 𝑦1, … , 𝑦4, 𝑧1, … , 𝑧4, with 𝑠2 = 0, such
that we conjecturally have

𝑆∅,𝑠 =
1

2

(
𝑠1 + 𝑠2 − 3

1
2 𝑡

1
2

(
1

3𝑡
(𝑠3 + 𝑠4)

) 1
2

)
, 𝑆{1},𝑠 =

1

2

(
𝑠1 − 𝑠2 + 3

1
2 𝑖𝑡

(
− 1

3𝑡2
(𝑠3 − 𝑠4)

) 1
2

)
,

𝑌∅,𝑠 =
1

2

(
𝑦1 + 𝑦2 − 3

1
2 𝑡

1
2

(
1

3𝑡
(𝑦3 + 𝑦4)

) 1
2

)
, 𝑌{1},𝑠 =

1

2

(
𝑦1 − 𝑦2 + 3

1
2 𝑖𝑡

(
− 1

3𝑡2
(𝑦3 − 𝑦4)

) 1
2

)
,

𝑍∅,𝑠 =
1

2

(
𝑧1 + 𝑧2 + 3

1
2 𝑡

1
2

(
1

3𝑡
(𝑧3 + 𝑧4)

) 1
2

)
, 𝑍{1},𝑠 =

1

2

(
𝑧1 − 𝑧2 − 3

1
2 𝑖𝑡

(
− 1

3𝑡2
(𝑧3 − 𝑧4)

) 1
2

)
.

Here we choose roots as follows: we write the term inside the brackets of (∙)
1
2 as a power series

in 𝑡 starting with 𝑎2, with 𝑎 ∈ ℚ>0, then (∙)
1
2 is a power series in 𝑡 starting with 𝑎. Below, we list

𝑠1, … , 𝑠4, 𝑦1, … , 𝑦4, 𝑧1, … , 𝑧4 for 𝑠 = 1, 2.
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2592 GÖTTSCHE and KOOL

𝒔 = 𝟏. In this case 𝑧 and 𝑡 are related by 𝑧 = 𝑡(1 + 2

3
𝑡)

2
3 . Conjecturally, the power series 𝑆∅,1, 𝑆{1,2},1,

𝑆{1},1, 𝑆{2},1 are the four solutions of

𝑥4 + 2𝑡𝑥3 − (3𝑡 + 𝑡2)𝑥2 − (3𝑡2 + 2𝑡3)𝑥 − (𝑡3 + 2

3
𝑡4) = 0.

Conjecturally, 𝑌∅,1, 𝑌{1,2},1, 𝑌{1},1, 𝑌{2},1 are the four solutions of

𝑥4 − (4 + 17

3
𝑡)(1 + 2

3
𝑡)

1
2 𝑥3 + (6 + 18𝑡 + 16𝑡2 + 31

9
𝑡3)𝑥2 − (4 + 17

3
𝑡)(1 + 2

3
𝑡)

7
2 𝑥 + (1 + 2

3
𝑡)6 = 0.

Conjecturally, 𝑍∅,1, 𝑍{1,2},1, 𝑍{1},1, 𝑍{2},1 are the four solutions of

𝑥4 − 6
1 + 10

9
𝑡

1 + 2

3
𝑡
𝑥3 +

(13 + 58

3
𝑡 + 55

9
𝑡2)(1 + 10

9
𝑡)

(1 + 2

3
𝑡)3

𝑥2 +
(4 + 5

3
𝑡)(1 + 10

9
𝑡)2

(1 + 2

3
𝑡)3

(−3𝑥 + 1) = 0.

Explicitly, using the notation introduced above, this can be written as

𝑠1 = −𝑡, 𝑠3 = 6𝑡(1 +
5

6
𝑡), 𝑠4 = 6𝑡(1 +

2

3
𝑡)

1
2 (1 + 10

9
𝑡)

1
2 ,

𝑦1 = (2 +
17

6
𝑡)(1 + 2

3
𝑡)

1
2 , 𝑦2 =

3

2
𝑡(1 + 10

9
𝑡)

1
2 ,

𝑦3 = 6𝑡 +
25

2
𝑡2 + 20

3
𝑡3, 𝑦4 = (6𝑡 +

17

2
𝑡2)(1 + 2

3
𝑡)

1
2 (1 + 10

9
𝑡)

1
2 ,

𝑧1 =
3 + 10

3
𝑡

1 + 2

3
𝑡
, 𝑧2 =

(1 + 5

3
𝑡)(1 + 10

9
𝑡)

1
2

(1 + 2

3
𝑡)

3
2

, 𝑧3 =
6𝑡 + 35

3
𝑡2 + 50

9
𝑡3

(1 + 2

3
𝑡)3

, 𝑧4 =
6𝑡(1 + 10

9
𝑡)

3
2

(1 + 2

3
𝑡)

5
2

.

Remark 4.1. We briefly sketch the method we use to find these power series, and those for 𝑠 =
2, 4, 5 below. The same method is used to find the power series for the virtual Verlinde numbers
for 𝑟 = −2,−1, 1, 2 below. Let 𝐿𝐽,𝑠 be any of the power series 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠. Then we expect that
the four power series

𝐿∅,𝑠 + 𝐿{1,2},𝑠 + 𝐿{1},𝑠 + 𝐿{2},𝑠, (𝐿∅,𝑠 + 𝐿{1,2},𝑠)(𝐿{1},𝑠 + 𝐿{2},𝑠),

𝐿∅,𝑠𝐿{1,2},𝑠 + 𝐿{1},𝑠𝐿{2},𝑠, 𝐿∅,𝑠𝐿{1,2},𝑠𝐿{1},𝑠𝐿{2},𝑠

are simple algebraic functions, for which we can guess a formula from their coefficients modulo
𝑡7. Moreover, by Conjectures 2.8 and 2.9 (and the discussion at the end of Section 2.3), we also
have

𝑌∅,𝑠𝑌{1,2},𝑠 = 𝑌{1},𝑠𝑌{2},𝑠, 𝑆∅,𝑠 + 𝑆{1,2},𝑠 = 𝑆{1},𝑠 + 𝑆{2},𝑠.

Then the explicit expressions for 𝐿∅,𝑠, 𝐿{1,2},𝑠, 𝐿{1},𝑠, 𝐿{2},𝑠 are found from those of the above
four series by double extraction of square roots. The algebraic equations for 𝑠 = 1, 2, 4, 5 and
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2593

𝑟 = −2,−1, 1, 2 are then just obtained as the product

(𝑥 − 𝐿∅,𝑠)(𝑥 − 𝐿{1,2},𝑠)(𝑥 − 𝐿{1},𝑠)(𝑥 − 𝐿{2},𝑠).

Indeed we find modulo 𝑡7

𝑆∅,1 + 𝑆{1,2},1 + 𝑆{1},1 + 𝑆{2},1 = −2𝑡, (𝑆∅,1 + 𝑆{1,2},1)(𝑆{1},1 + 𝑆{2},1) = 𝑡
2,

𝑆∅,1𝑆{1,2},1 + 𝑆{1},1𝑆{2},1 = −3𝑡(1 +
2

3
𝑡), 𝑆∅,1𝑆{1,2},1𝑆{1},1𝑆{2},1 = −𝑡

3(1 + 2

3
𝑡),

𝑌∅,1 + 𝑌{1,2},1 + 𝑌{1},1 + 𝑌{2},1 = (4 +
17

3
𝑡)(1 + 2

3
𝑡)

1
2 ,

(𝑌∅,1 + 𝑌{1,2},1)(𝑌{1},1 + 𝑌{2},1) = 4 + 14𝑡 +
40

3
𝑡2 + 77

27
𝑡3,

𝑌∅,1𝑌{1,2},1 = 𝑌{1},1𝑌{2},1 = (1 +
2

3
𝑡)3,

𝑍∅,1 + 𝑍{1,2},1 + 𝑍{1},1 + 𝑍{2},1 =
6 + 20

3
𝑡

1 + 2

3
𝑡
,

(𝑍∅,1 + 𝑍{1,2},1)(𝑍{1},1 + 𝑍{2},1) =
(2 + 7

3
𝑡)(4 + 5

3
𝑡)(1 + 10

9
𝑡)

(1 + 2

3
𝑡)3

,

𝑍∅,1𝑍{1,2},1 + 𝑍{1},1𝑍{2},1 =
5(1 + 10

9
𝑡)

1 + 2

3
𝑡
, 𝑍∅,1𝑍{1,2},1𝑍{1},1𝑍{2},1 =

(4 + 5

3
𝑡)(1 + 10

9
𝑡)2

(1 + 2

3
𝑡)3

.

𝒔 = 𝟐. In this case 𝑧 and 𝑡 are related by 𝑧 = 𝑡(1 + 1

3
𝑡)

1
3 . Conjecturally, the power series 𝑆∅,2, 𝑆{1,2},2,

𝑆{1},2, and 𝑆{2},2 are the four solutions of

𝑥4 + 4𝑡𝑥3 + (−3𝑡 + 4𝑡2)𝑥2 − 6𝑡2𝑥 − 4𝑡3 − 4

3
𝑡4 = 0.

Conjecturally, 𝑌∅,2, 𝑌{1,2},2, 𝑌{1},2, and 𝑌{2},2 are the four solutions of

𝑥4 − (4 + 7

3
𝑡)(1 + 4

3
𝑡)

1
2 𝑥3 + (6 + 8𝑡)(1 + 1

3
𝑡)2𝑥2 − (4 + 7

3
𝑡)(1 + 4

3
𝑡)

1
2 (1 + 1

3
𝑡)3𝑥 + (1 + 1

3
𝑡)6 = 0.

Conjecturally, 𝑍∅,2, 𝑍{1,2},2, 𝑍{1},2, and 𝑍{2},2 are the four solutions of

𝑥4 −
(6 + 5𝑡)(1 + 4

3
𝑡)(1 + 4

9
𝑡)

(1 + 1

3
𝑡)3

𝑥3 +
13(1 + 4

3
𝑡)2(1 + 4

9
𝑡)

(1 + 1

3
𝑡)3

𝑥2 +
4(1 + 4

3
𝑡)2(1 + 4

9
𝑡)2

(1 + 1

3
𝑡)4

(−3𝑥 + 1) = 0.

Explicitly, using the notation introduced above, this can be written as

𝑠1 = −2𝑡, 𝑠3 = 6𝑡 + 4𝑡
2, 𝑠4 = 6𝑡(1 +

4

3
𝑡)

1
2 (1 + 4

9
𝑡)

1
2 ,

𝑦1 = (2 +
7

6
𝑡)(1 + 4

3
𝑡)

1
2 , 𝑦2 =

3

2
𝑡(1 + 4

9
𝑡)

1
2 ,
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2594 GÖTTSCHE and KOOL

𝑦3 = 6𝑡 +
17

2
𝑡2 + 8

3
𝑡3, 𝑦4 = (6𝑡 +

7

2
𝑡2)(1 + 4

3
𝑡)

1
2 (1 + 4

9
𝑡)

1
2 ,

𝑧1 =
3(1 + 5

6
𝑡)(1 + 4

9
𝑡)(1 + 4

3
𝑡)

(1 + 1

3
𝑡)3

,

𝑧2 =
(1 + 25

6
𝑡 + 16

9
𝑡2)(1 + 4

3
𝑡)

1
2 (1 + 4

9
𝑡)

1
2

(1 + 1

3
𝑡)3

,

𝑧3 =
(24𝑡 + 101

2
𝑡2 + 98

3
𝑡3 + 20

3
𝑡4)(1 + 4

3
𝑡)(1 + 4

9
𝑡)

(1 + 1

3
𝑡)6

,

𝑧4 =
(24𝑡 + 59

2
𝑡2 + 26

3
𝑡3)(1 + 4

3
𝑡)

3
2 (1 + 4

9
𝑡)

3
2

(1 + 1

3
𝑡)6

.

𝒔 = 𝟑. For 𝑧 = 𝑡, we conjecturally have

𝑆∅,3 = −
3

2
𝑡 − 3

1
2 𝑡

1
2 (1 + 3

4
𝑡)

1
2 , 𝑆{1},3 = −

1

2
(3 + 3

1
2 𝑖)𝑡,

𝑌∅,3 = 1 +
3

2
𝑡 − 3

1
2 𝑡

1
2 (1 + 3

4
𝑡)

1
2 , 𝑌{1},3 = 1,

𝑍∅,3 =
2(1 + 𝑡)(1 + 3

4
𝑡)

1
2

(1 + 3𝑡)(1 + 3

4
𝑡)

1
2 − 3

2
3
1
2 𝑡

1
2 (1 + 𝑡)

, 𝑍{1},3 = 1 + 𝑡.

𝒔 = 𝟒. In this case 𝑧 and 𝑡 are related by 𝑧 = 𝑡(1 − 1

3
𝑡)−

1
3 . Conjecturally, the power series 𝑆∅,4,

𝑆{1,2},4, 𝑆{1},4, and 𝑆{2},4 are the four solutions of

𝑥4 + 2𝑡𝑥3 − (3𝑡 + 𝑡2)𝑥2 − (3𝑡2 + 2𝑡3)𝑥 − (𝑡3 + 2

3
𝑡4) = 0.

Conjecturally, 𝑌∅,4, 𝑌{1,2},4, 𝑌{1},4, and 𝑌{2},4 are the four solutions of

𝑥4 − (4 − 1

3
𝑡)(1 + 2

3
𝑡)

1
2 𝑥3 + (6 + 4𝑡)(1 − 1

3
𝑡)2𝑥2 − (4 − 1

3
𝑡)(1 − 1

3
𝑡)3(1 + 2

3
𝑡)

1
2 𝑥 + (1 − 1

3
𝑡)6 = 0.

Conjecturally, 𝑍∅,4, 𝑍{1,2},4, 𝑍{1},4, and 𝑍{2},4 are the four solutions of

𝑥4 −
(6 + 14𝑡 − 7

3
𝑡2)(1 − 2

9
𝑡)(1 + 2

3
𝑡)3

(1 − 1

3
𝑡)6

𝑥3 +
(13 + 36𝑡 + 23

3
𝑡2 − 298

27
𝑡3)(1 − 2

9
𝑡)(1 + 2

3
𝑡)4

(1 − 1

3
𝑡)8

𝑥2

+
4(1 − 2

9
𝑡)2(1 + 2

3
𝑡)8

(1 − 1

3
𝑡)10

(−3𝑥 + 1) = 0.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2595

𝒔 = 𝟓. In this case 𝑧 and 𝑡 are related by 𝑧 = 𝑡(1 − 2

3
𝑡)−

2
3 . Conjecturally, the power series 𝑆∅,5,

𝑆{1,2},5, 𝑆{1},5, and 𝑆{2},5 are the four solutions of

𝑥4 +
2𝑡(5 − 20

3
𝑡 + 11

9
𝑡2)

(1 − 2

3
𝑡)2

𝑥3 +
−3𝑡 + 45𝑡2 − 305

3
𝑡3 + 740

9
𝑡4 − 220

9
𝑡5 + 193

81
𝑡6

(1 − 2

3
𝑡)4

𝑥2

−
3𝑡2(5 − 20

3
𝑡 + 11

9
𝑡2)(1 − 14

3
𝑡 + 𝑡2)

(1 − 2

3
𝑡)3

𝑥 −
𝑡3(5 − 20

3
𝑡 + 11

9
𝑡2)2

(1 − 2

3
𝑡)3

= 0.

Conjecturally, 𝑌∅,5, 𝑌{1,2},5, 𝑌{1},5, and 𝑌{2},5 are the four solutions of

𝑥4 − (4 + 1

3
𝑡)(1 − 2

3
𝑡)

1
2 𝑥3 + (6 − 6𝑡 − 1

9
𝑡3)𝑥2 − (4 + 1

3
𝑡)(1 − 2

3
𝑡)

7
2 𝑥 + (1 − 2

3
𝑡)6 = 0.

Conjecturally, 𝑍∅,5, 𝑍{1,2},5, 𝑍{1},5, and 𝑍{2},5 are the four solutions of

𝑥4 −
(6 + 22𝑡 − 7

3
𝑡2)(1 − 2

9
𝑡)(1 + 1

3
𝑡)4

(1 − 2

3
𝑡)7

𝑥3

+
(13 + 14

3
𝑡 − 851

9
𝑡2 + 1943

27
𝑡3 + 5455

81
𝑡4 − 19009

243
𝑡5 + 11623

729
𝑡6 − 202

2187
𝑡7 − 689

6561
𝑡8)(1 − 2

9
𝑡)(1 + 1

3
𝑡)6

(1 − 2

3
𝑡)15

𝑥2

+
4(1 − 2

9
𝑡)2(1 + 1

3
𝑡)12(1 − 11

12
𝑡)

(1 − 2

3
𝑡)15

(−3𝑥 + 1) = 0.

𝒔 = 𝟔. For 𝑧 = 𝑡(1 − 𝑡)−1, we conjecturally have

𝑆∅,6 =
1 − 2𝑡

1 − 3−
1
2 𝑡−

1
2 (1 − 𝑡)−

1
2

, 𝑆{1},6 =
4𝑡(1 − 𝑡)

2𝑡 − 1 − 3−
1
2 𝑖
,

𝑌∅,6 = 1 − 3
1
2 𝑡

1
2 (1 − 𝑡)

1
2 , 𝑌{1},6 = 1 −

1

2
(3 + 3

1
2 𝑖)𝑡,

𝑍∅,6 =
2(

1 − 3
1
2 𝑡

1
2 (1 − 𝑡)

1
2

)3 , 𝑍{1},6 =
1(

1 − 1

2
(3 + 3

1
2 𝑖)𝑡

)3 .

Verlinde series

𝒓 = 𝟎. For 𝑤 = 𝑣(1 + 𝑣)−1, we conjecturally have

𝐴∅,0 =
(1 + 3

2
𝑣) − 3

1
2 𝑣

1
2 (1 + 3

4
𝑣)

1
2

1 + 𝑣
, 𝐴{1},0 = (1 + 𝑣)

−1,

𝐵∅,0 = 2(1 + 𝑣)(1 + 3𝑣)(1 +
3

4
𝑣) + 3

3
2 𝑣

1
2 (1 + 𝑣)2(1 + 3

4
𝑣)

1
2 , 𝐵{1},0 = (1 + 𝑣).
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2596 GÖTTSCHE and KOOL

𝒓 = −𝟏, 𝟏. In this case 𝑤 and 𝑣 are related by 𝑤 = 𝑣(1 + 𝑣)−
8
9 . Conjecturally, 𝐴∅,−1, 𝐴{1,2},−1,

𝐴{1},−1, and 𝐴{2},−1 are the four solutions of

𝑥4 − (4 + 𝑣)𝑥3 + 6𝑥2 −
4 + 𝑣

1 + 𝑣
𝑥 +

1

(1 + 𝑣)2
= 0.

Conjecturally, 𝐵∅,−1, 𝐵{1,2},−1, 𝐵{1},−1, and 𝐵{2},−1 are the four solutions of

𝑥4 − 6(1 + 𝑣)(1 + 1

2
𝑣)(1 + 1

9
𝑣)𝑥3 + 13(1 + 𝑣)2(1 + 1

9
𝑣)𝑥2 + (1 + 𝑣)2(1 + 1

9
𝑣)2(−12𝑥 + 4) = 0.

Similarly, 𝐴∅,1, 𝐴{1,2},1, 𝐴{1},1, and 𝐴{2},1 are the four solutions of

𝑥4 −
4 + 𝑣

1 + 𝑣
𝑥3 +

6

(1 + 𝑣)2
𝑥2 −

4 + 𝑣

(1 + 𝑣)4
𝑥 +

1

(1 + 𝑣)6
= 0

and 𝐵∅,1, 𝐵{1,2},1, 𝐵{1},1, and 𝐵{2},1 are the four solutions of

𝑥4 − (6 + 18𝑣 + 3𝑣2)(1 + 𝑣)3(1 + 1

9
𝑣)𝑥3 + (13 + 49𝑣 + 36𝑣2 − 4𝑣3)(1 + 𝑣)4(1 + 1

9
𝑣)𝑥2

+ (1 + 𝑣)8(1 + 1

9
𝑣)2(−12𝑥 + 4) = 0.

𝒓 = −𝟐, 𝟐. In this case 𝑤 and 𝑣 are related by 𝑤 = 𝑣(1 + 𝑣)−
5
9 . Conjecturally, 𝐴∅,−2, 𝐴{1,2},−2,

𝐴{1},−2, are 𝐴{2},−2 are the four solutions of

𝑥4 − (4 + 3𝑣)𝑥3 + (6 + 6𝑣 − 𝑣3)𝑥2 − (4 + 3𝑣)𝑥 + 1 = 0.

Conjecturally, 𝐵∅,−2, 𝐵{1,2},−2, 𝐵{1},−2, and 𝐵{2},−2 are the four solutions of

𝑥4 − 6(1 + 4

9
𝑣)𝑥3 + (13 + 2𝑣 − 𝑣2)(1 + 4

9
𝑣)𝑥2 + (1 − 1

4
𝑣)(1 + 4

9
𝑣)2(−12𝑥 + 4) = 0.

Conjecturally, 𝐴∅,2, 𝐴{1,2},2, 𝐴{1},2, and 𝐴{2},2 are the four solutions of

𝑥4 −
4 + 3𝑣

(1 + 𝑣)2
𝑥3 +

6 + 6𝑣 − 𝑣3

(1 + 𝑣)4
𝑥2 −

4 + 3𝑣

(1 + 𝑣)6
𝑥 +

1

(1 + 𝑣)8
= 0.

Conjecturally, 𝐵∅,2, 𝐵{1,2},2, 𝐵{1},2, and 𝐵{2},2 are the four solutions of

𝑥4 − 6(1 + 𝑣)4(1 + 4

9
𝑣)(1 + 5𝑣 + 5

2
𝑣2)𝑥3 + (1 + 𝑣)6(1 + 4

9
𝑣)(13 + 74𝑣 + 89𝑣2 − 47𝑣3 − 95𝑣4

− 11𝑣5 + 17𝑣6 + 2𝑣7 − 𝑣8)𝑥2 + (1 − 1

4
𝑣)(1 + 𝑣)12(1 + 4

9
𝑣)2(−12𝑥 + 4) = 0.

𝒓 = −𝟑, 𝟑. In this case 𝑤 = 𝑣. Recall 𝜀3 ∶= exp(2𝜋𝑖∕3) = −
1

2
+ 3

1
2 𝑖

2
. Then we conjecturally have

𝐴∅,−3 =
1

1 + 3
1
2 𝑣

1
2 + 𝑣

, 𝐴{1},−3 =
1

1 + 𝜀−1
3
𝑣
, 𝐵∅,−3 = 2, 𝐵{1},−3 = 1,
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2597

𝐴∅,3 =
1 − 3

1
2 𝑣

1
2 + 𝑣

(1 + 𝑣)2
, 𝐴{1},3 =

1 + 𝜀−1
3
𝑣

(1 + 𝑣)2
, 𝐵∅,3 =

2(1 + 𝑣)3

(1 − 3
1
2 𝑣

1
2 + 𝑣)3

, 𝐵{1},3 =
(1 + 𝑣)3

(1 + 𝜀−1
3
𝑣)3

.

Using𝐴∅,𝑟𝐴{1,2},𝑟 = 𝐴{1},𝑟𝐴{2},𝑟, these expressions are related by the two different factorizations

1 + 𝑣3

1 + 𝑣
= (1 + 𝜀3𝑣)(1 + 𝜀

−1
3 𝑣) = (1 + 3

1
2 𝑣

1
2 + 𝑣)(1 − 3

1
2 𝑣

1
2 + 𝑣).

Using Theorems 2.2 and 2.3, and the method described in Section 3.2, we verified that the con-
jectural formulae of this subsection produce the correct virtual Segre and Verlinde numbers for
the following surfaces up to the following virtual dimensions (always for certain values of 𝐻, 𝑐1
such that there are no strictly semistable sheaves):

∙ Segre case. For 𝑆 a 𝐾3 surface up to virtual dimension 14, for 𝑆 the blow-up of a 𝐾3 surface
up to virtual dimension 14, for 𝑆 an elliptic surface of type 𝐸(3) up to virtual dimension 12, for
𝑆 a double cover of ℙ2 branched along a smooth octic up to virtual dimension 6, and for the
blow-ups of these surfaces in one point with the same dimension bounds.

∙ Verlinde case. For 𝑆 a 𝐾3 up to virtual dimension 12, for 𝑆 the blow-up of a 𝐾3 surface up
to virtual dimension 12, for 𝑆 an elliptic surface of type 𝐸(3) up to virtual dimension 8, for 𝑆 a
double cover of ℙ2 branched along a smooth octic up to virtual dimension 6, for blow-ups of
these surfaces in one point with the same dimension bounds

4.4 Rank 4

We also have some partial results in the case of rank 𝜌 = 4. We computed the universal power
series modulo 𝑡7 for the virtual Segre series. Recall that for 𝜌 = 4, we have no direct data for the
rank 4 virtual Verlinde series, so we assume that the virtual Segre–Verlinde correspondence (Con-
jecture 1.7) in order to obtain such data from the rank 4 virtual Segre series. This determines the
virtual Verlinde series modulo 𝑣5.
Let 𝐿𝐽,𝑠 be any of the power series 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, or 𝑆𝐽,𝑠. Based on experimentation, we conjecture

the following:

𝐿𝐽,𝑠 ∈ ℚ(𝑖, 2
1
2 )[[𝑧

1
2 ]], ∀𝐽 ⊂ [3], 𝑠 ∈ ℤ

𝐿{1,2,3},𝑠(𝑧
1
2 ) = 𝐿∅,𝑠(−𝑧

1
2 ), 𝐿{1,3},𝑠 = 𝜎(𝐿∅,𝑠), 𝐿{2},𝑠(𝑧

1
2 ) = 𝜎(𝐿∅,𝑠)(−𝑧

1
2 ),

𝐿{1,2},𝑠(𝑧
1
2 ) = 𝐿{1},𝑠(−𝑧

1
2 ), 𝐿{3},𝑠 = 𝜏(𝐿{1},𝑠), 𝐿{2,3},𝑠(𝑧

1
2 ) = 𝜏(𝐿{1},𝑠)(−𝑧

1
2 ).

Here 𝜎 is the involution of ℚ(𝑖, 2
1
2 )[[𝑧

1
2 ]], that replaces 2

1
2 by −2

1
2 in the coefficients of the power

series, and 𝜏 is complex conjugation of the coefficients. We expect the analogs of these statements
to hold on the Verlinde side as well. Therefore, in what follows, we restrict attention to 𝑌∅,𝑠, 𝑍∅,𝑠,
𝑆∅,𝑠, 𝐴∅,𝑟, 𝐵∅,𝑟 and 𝑌{1},𝑠, 𝑍{1},𝑠, 𝑆{1},𝑠, 𝐴{1},𝑟, 𝐵{1},𝑟.
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2598 GÖTTSCHE and KOOL

Segre series

𝒔 = 𝟎.
For 𝑧 = 𝑡(1 + 𝑡), we conjecturally have

𝑆∅,0 = (1 + 2
1
2 )𝑡

1
2 (1 + 𝑡)

1
2 , 𝑆{1},0 = 𝑡

1
2 (1 + 𝑡)

1
2 , 𝑍∅,0 = 2(2 + 2

1
2 ), 𝑍{1},0 = 2,

𝑌∅,0 =
(1 + 𝑡)4((1 + 𝑡)

1
2 + 𝑡

1
2 )

(1 + 2𝑡)
1
2

(
(1 + 2𝑡) − 2

1
2 𝑡

1
2 (1 + 𝑡)

1
2

) , 𝑌{1},0 =
(1 + 𝑡)4((1 + 𝑡)

1
2 + 𝑡

1
2 )

(1 + 2𝑡)
1
2 (1 + (1 − 𝑖)𝑡)

.

𝒔 = 𝟒. We write

𝑧1 = ((1 + 2𝑡 + 2𝑡
2) + 2𝑡

3
2 (1 + 𝑡)

1
2 )(1 + 1

2
𝑡)

1
2 , 𝑧2 = −

1

2
(1 − 2𝑡 − 2𝑡2)(1 + 𝑡)

1
2 + 𝑡

1
2 (1 + 𝑡)2.

For 𝑧 = 𝑡, we conjecture the following formulae to hold

𝑆∅,4 = −2𝑡 + 𝑡
1
2

(
(1 + 𝑡)

1
2 + 2

1
2 (1 + 1

2
𝑡)

1
2

)
, 𝑆{1},4 = (−2 − 𝑖)𝑡 + 𝑡

1
2 (1 + 𝑡)

1
2 ,

𝑍∅,4 =
2(1 + 𝑡)2(1 + 1

2
𝑡)

1
2

𝑧1 + 2
1
2 𝑧2

, 𝑍{1},4 = 2(1 + 𝑡)
2
(
(1 + 2𝑡) − 2𝑡

1
2 (1 + 𝑡)

1
2

)
,

𝑌∅,4 = ((1 + 𝑡)
1
2 + 𝑡

1
2 )((1 + 𝑡) + 2

1
2 𝑡

1
2 (1 + 1

2
𝑡)

1
2 ), 𝑌{1},4 = (1 + 𝑡)

1
2 + 𝑡

1
2 .

Verlinde series

𝒓 = −𝟒, 𝟒. In this case 𝑤 = 𝑣. Conjecturally, we have the following attractive formulae

𝐴∅,−4 =
1

(1 − 𝑣
1
2 )(1 − 2

1
2 𝑣

1
2 + 𝑣)

, 𝐴{1},−4 =
1

(1 − 𝑣
1
2 )(1 − 𝑖𝑣)

,

𝐵∅,−4 = 2(2 + 2
1
2 ), 𝐵{1},−4 = 2,

𝐴∅,4 =
(1 + 𝑣

1
2 )(1 + 2

1
2 𝑣

1
2 + 𝑣)

(1 + 𝑣)3
, 𝐴{1},4 =

(1 + 𝑣
1
2 )(1 − 𝑖𝑣)

(1 + 𝑣)3
,

𝐵∅,4 = 2(2 + 2
1
2 )

(1 + 𝑣)6

(1 + 𝑣
1
2 )3(1 + 2

1
2 𝑣

1
2 + 𝑣)3

, 𝐵{1},4 = 2
(1 + 𝑣)6

(1 + 𝑣
1
2 )3(1 − 𝑖𝑣)3

.

Using𝐴∅,𝑟𝐴{1,2,3},𝑟 = 𝐴{1},𝑟𝐴{2,3},𝑟, these expressions are related by the twodifferent factorizations

1 − 𝑣4

1 + 𝑣
= (1 − 𝑣

1
2 )(1 + 𝑣

1
2 )(1 + 𝑖𝑣)(1 − 𝑖𝑣) = (1 − 𝑣

1
2 )(1 + 𝑣

1
2 )(1 + 2

1
2 𝑣

1
2 + 𝑣)(1 − 2

1
2 𝑣

1
2 + 𝑣).
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2599

Using Theorem 2.2, and the method described in Section 3.2, we verified that the conjectural
formulae of this subsection produce the correct virtual Segre numbers for the following surfaces
up to the following virtual dimensions (always for certain values of 𝐻, 𝑐1 such that there are no
strictly semistable sheaves):

∙ Segre case. For 𝑆 a 𝐾3 surface up to virtual dimension 6, for 𝑆 the blow-up of a 𝐾3 surface in
a point up to virtual dimension 6, for 𝑆 a “virtual surface” with 𝐾2 = −1, 𝜒 = 0 up to virtual
dimension 9, and for 𝑆 a “virtual surface” with 𝐾2 = −1, 𝜒 = 1 up to virtual dimension 8.

Assuming the virtual Segre–Verlinde correspondence (Conjecture 1.7), the conjectural formulae
of this subsection produce the correct virtual Verlinde numbers for the following surfaces up to
the following virtual dimensions (always for certain values of𝐻, 𝑐1 such that there are no strictly
semistable sheaves):

∙ Verlinde case. For 𝑆 a 𝐾3 surface up to virtual dimension 5, for 𝑆 the blow-up of a 𝐾3 surface
in a point up to virtual dimension 5, for 𝑆 a “virtual surface” with 𝐾2 = −1, 𝜒 = 0 up to virtual
dimension 8, and for 𝑆 a “virtual surface” with 𝐾2 = −1, 𝜒 = 1 up to virtual dimension 6.

4.5 Galois actions

In Conjectures 1.4 and 1.6, we stated that the coefficients of the universal power series have ℂ-
coefficients. The power series for whichwe provided an explicit formula in these conjectures have
ℚ-coefficients. For the remaining power series, studied in the previous sections, we found that
their coefficients appear to lie in certain Galois extensions of ℚ. This leads to further conjectures,
which we will state for the Segre case, but which can be similarly formulated for the Verlinde case
(Remark 4.6).
Consider the universal function of Conjecture 1.4

Φ ∶=𝜌2−𝜒+𝐾
2
𝑉
𝑐2(𝛼)
𝑠 𝑊

𝑐1(𝛼)
2

𝑠 𝑋
𝜒
𝑠 𝑒
𝐿2𝑄𝑠+(𝑐1(𝛼)𝐿)𝑅𝑠+𝑢 𝑇𝑠

∑
𝐽⊂[𝜌−1]

(−1)|𝐽|𝜒𝜀‖𝐽‖𝐾𝑐1𝜌 𝑌
𝑐1(𝛼)𝐾

𝐽,𝑠
𝑍𝐾

2

𝐽,𝑠 𝑒
(𝐾𝐿)𝑆𝐽,𝑠 .

𝝆 = 𝟐. For rank 𝜌 = 2 all universal power series of Section 4.2 have rational coefficients and we
conjecture this is always the case:

Conjecture 4.2. Let 𝜌 = 2. Then 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 ∈ ℚ[[𝑧
1
2 ]] for all 𝐽, 𝑠.

𝝆 = 𝟑. Consider the following generators of Gal(ℚ(𝑖, 3
1
2 )∕ℚ) ≅ ℤ2 × ℤ2

𝜎 ∶ 3
1
2 ↦ −3

1
2 , 𝑖 ↦ 𝑖,

𝜏 ∶ 3
1
2 ↦ 3

1
2 , 𝑖 ↦ −𝑖.

For any formal power series 𝐹 with ℚ(𝑖, 3
1
2 )-coefficients, we denote by 𝜎(𝐹) the power series

obtained by acting by 𝜎 ∈ Gal(ℚ(𝑖, 3
1
2 )∕ℚ) on its coefficients. In accordance with the expressions

of Section 4.3, we conjecture the following:
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2600 GÖTTSCHE and KOOL

Conjecture 4.3. Let 𝜌 = 3. Then 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 ∈ ℚ(3
1
2 )[[𝑧

1
2 ]] for 𝐽 = ∅, {1, 2} and all 𝑠 ∈ ℤ and

𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 ∈ ℚ(3
1
2 𝑖)[[𝑧

1
2 ]] for 𝑗 = {1}, {2} and all 𝑠 ∈ ℤ. Moreover for any 𝐿𝐽,𝑠 = 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠

and 𝑠 ∈ ℤ, we have

𝜎(𝐿∅,𝑠) = 𝐿{1,2},𝑠, 𝜎(𝐿{1},𝑠) = 𝐿{2},𝑠, 𝜏(𝐿{1},𝑠) = 𝐿{2},𝑠.

Assuming Conjecture 4.3, a direct calculation shows that

𝜎(Φ) = Φ, 𝜏(Φ) = Φ.

Hence Φ is invariant under Gal(ℚ(𝑖, 3
1
2 )∕ℚ). So for any 𝑆, 𝛼, 𝐿, the power series Φ has rational

coefficients (as it should). This provides a consistency check on Conjecture 1.4.
𝝆 = 𝟒. Consider the following generators of Gal(ℚ(𝑖, 2

1
2 )∕ℚ) ≅ ℤ2 × ℤ2

𝜎 ∶ 2
1
2 ↦ −2

1
2 , 𝑖 ↦ 𝑖,

𝜏 ∶ 2
1
2 ↦ 2

1
2 , 𝑖 ↦ −𝑖.

Based on the expressions of Section 4.4, we conjecture the following:

Conjecture 4.4. Let 𝜌 = 4. Then𝑌𝐽,𝑠 , 𝑍𝐽,𝑠 , 𝑆𝐽,𝑠 ∈ ℚ(2
1
2 )[[𝑧

1
2 ]] for ‖𝐽‖ even and all 𝑠 ∈ ℤ, and𝑌𝐽,𝑠 ,

𝑍𝐽,𝑠 , 𝑆𝐽,𝑠 ∈ ℚ(𝑖)[[𝑧
1
2 ]] for ‖𝐽‖ odd and all 𝑠 ∈ ℤ. Moreover for any 𝐿𝐽,𝑠 = 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 and 𝑠 ∈ ℤ,

we have

𝜎(𝐿∅,𝑠) = 𝐿{1,3},𝑠, 𝜎(𝐿{2},𝑠) = 𝐿{1,2,3},𝑠, 𝜏(𝐿{1},𝑠) = 𝐿{3},𝑠, 𝜏(𝐿{1,2},𝑠) = 𝐿{2,3},𝑠.

Assuming Conjecture 4.4, a direct calculation shows that

𝜎(Φ) = Φ, 𝜏(Φ) = Φ.

HenceΦ is invariant underGal(ℚ(𝑖, 2
1
2 )∕ℚ). As in the rank 3 case, for any 𝑆, 𝛼, 𝐿, the power series

Φ has rational coefficients—another consistency check of Conjecture 1.4.

Remark 4.5. We found another interesting symmetry involving the formal parameter 𝑡 (defined
via the change of variables 𝑧 = 𝑡(1 + (1 − 𝑠

𝜌
)𝑡)

1− 𝑠
𝜌 ). Consider the two commuting involutions of

ℂ[[𝑡
1
2 ]] determined by 𝜐 ∶ 𝑡

1
2 → −𝑡

1
2 and 𝜏 ∶ 𝑖 → −𝑖. Based on our calculations, for 𝜌 = 2, 3, 4 and

𝐿𝐽,𝑠 equal to 𝑌𝐽,𝑠, 𝑍𝐽,𝑠, 𝑆𝐽,𝑠 for any 𝐽 ⊂ [𝜌 − 1] and 𝑠 ∈ ℤ, we conjecture the relation

𝜐𝜏(𝐿𝐽,𝑠) = 𝐿[𝜌−1]⧵𝐽,𝑠.

It seems natural to expect that this relation holds for all ranks 𝜌.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2601

Remark 4.6. We conjecture that the statements of this subsection hold (verbatim) on the Verlinde
side with Φ replaced by the the universal function of Conjecture 1.6

Ψ ∶=𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟

∑
𝐽⊂[𝜌−1]

(−1)|𝐽|𝜒𝜀‖𝐽‖𝐾𝑐1𝜌 𝐴𝐾𝐿𝐽,𝑟 𝐵
𝐾2

𝐽,𝑟 ,

and 𝑌𝐽,𝑠, 𝑍𝐽,𝑠 replaced by 𝐴𝐽,𝑟, 𝐵𝐽,𝑟.

5 𝑲𝟑, SERRE DUALITY, MARIÑO–MOORE CONJECTURE

5.1 𝑲𝟑 surfaces

Let (𝑆,𝐻) be a polarized 𝐾3 surface and fix 𝜌 > 0, 𝑐1, 𝑐2 such that 𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2) only

contains Gieseker𝐻-stable sheaves. Then𝑀 is deformation equivalent to 𝑆[𝑛] [16, 33, 36], where

𝑛 ∶= 1

2
vd(𝑀) = 𝜌𝑐2 −

1

2
(𝜌 − 1)𝑐21 − (𝜌

2 − 1).

Let 𝛼 ∈ 𝐾(𝑆) be a class of rank rk(𝛼) and with Chern classes 𝑐1(𝛼) and 𝑐2(𝛼). We define

vd(𝛼) ∶= 2 rk(𝛼)𝑐2(𝛼) − (rk(𝛼) − 1)𝑐1(𝛼)
2 − 2(rk(𝛼)2 − 1).

It is natural to ask whether the insertion 𝑐(𝛼𝑀) on𝑀 deforms along to 𝑆[𝑛]. In this section, we
describe a conjectural answer. Let 𝐿 ∈ Pic(𝑆) and let

𝛽 ∶= 𝛽( 1
𝜌
rk(𝛼), 𝑐1(𝛼)

2, 𝑐1(𝛼)𝐿, vd(𝛼)) ∈ 𝐾(𝑆) ⊗ ℚ

be a 𝐾-theory class satisfying

rk(𝛽) = 1

𝜌
rk(𝛼), 𝑐1(𝛽)

2 = 𝑐1(𝛼)
2, 𝑐1(𝛽)𝐿 = 𝑐1(𝛼)𝐿, vd(𝛽) = vd(𝛼).

Such a class can be constructed from

1

𝜌
𝛼 + (1 − 1

𝜌
)([𝑆(𝑐1(𝛼))] − [𝑆]) + 𝑐 ⋅ [𝑃]

for appropriate 𝑐 ∈ ℚ and where 𝑃 ∈ 𝑆. We conjecture the following:†

Conjecture 5.1. Let (𝑆,𝐻) be a polarized K3 surface and fix 𝜌 > 0, 𝑐1, 𝑐2 such that 𝑀 ∶=

𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2) only contains Gieseker𝐻-stable sheaves. Then for any 𝛼 ∈ 𝐾(𝑆)

∫𝑀 𝑐(𝛼𝑀)𝑒
𝜇(𝐿)+𝜇(pt)𝑢 = ∫𝑆[𝑛] 𝑐(𝛽

[𝑛])𝑒𝜇(𝐿)+𝜌𝜇(pt)𝑢,

where 𝑛 ∶= vd(𝑀)

2
and 𝛽 ∶= 𝛽( 1

𝜌
rk(𝛼), 𝑐1(𝛼)

2, 𝑐1(𝛼)𝐿, vd(𝛼)) ∈ 𝐾(𝑆) ⊗ ℚ.

†Conjecture 5.1 was recently proved by Oberdieck [32].
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2602 GÖTTSCHE and KOOL

Corollary 5.2. For 𝐾3 surfaces and 𝑢 = 𝐿 = 0, Conjecture 5.1 implies Conjecture 2.8. Moreover, for
𝐾3 surfaces, Conjecture 2.8 for 𝜌 = 1 and Conjecture 5.1 together imply Conjecture 2.8 for all 𝜌 > 0.

Proof. The Segre numbers ∫𝑆[𝑛] 𝑐(𝛽[𝑛]) are calculated by [27, Thm. 1] (Theorem 1.1). The rank and
Chern classes of 𝛽 are expressed in terms of the rank and Chern classes of 𝛼 as follows

rk(𝛽) = 1

𝜌
rk(𝛼), 𝑐1(𝛽)

2 = 𝑐1(𝛼)
2,

𝑐2(𝛽) = 𝜌𝑐2(𝛼) +
1

2
(1 − 𝜌)𝑐1(𝛼)

2 − 𝜌 rk(𝛼) + 1

𝜌
rk(𝛼).

The resulting expression is precisely the formula of Conjecture 2.8 for a 𝐾3 surface and rank 𝜌,
where we recall that the only Seiberg–Witten basic class of 𝑆 is 0 and SW(0) = 1. This proves the
first part of the corollary. The second part follows similarly. □

Remark 5.3. Let 𝑆 be a 𝐾3 surface with polarizations 𝐻,𝐻′ and 𝐿 ∈ Pic(𝑆). Let 𝜌, 𝜌′ ∈ ℤ>0 and
𝑐1, 𝑐

′
1
, 𝑐2, 𝑐

′
2
be such that 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2), 𝑀𝐻′

𝑆
(𝜌′, 𝑐′

1
, 𝑐′
2
) contain no strictly semistable sheaves. Let

𝛼, 𝛼′ ∈ 𝐾(𝑆) such that

rk(𝛼)

𝜌
=
rk(𝛼′)

𝜌′
, 𝑐1(𝛼)

2 = 𝑐1(𝛼
′)2, 𝑐1(𝛼)𝐿 = 𝑐1(𝛼

′)𝐿, vd(𝛼) = vd(𝛼′).

Then Conjecture 5.1 implies

∫𝑀𝐻
𝑆
(𝜌,𝑐1,𝑐2)

𝑐(𝛼𝑀)𝑒
𝜇(𝐿)+𝜇(pt)𝑢∕𝜌 = ∫𝑀𝐻′

𝑆
(𝜌′,𝑐′

1
,𝑐′
2
)
𝑐(𝛼′𝑀)𝑒

𝜇(𝐿)+𝜇(pt)𝑢∕𝜌′ .

5.2 Virtual Serre duality

Applying virtual Serre duality [3, Prop. 3.13] to the virtual Verlinde numbers discussed in the
introduction gives

𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) = (−1)vd(𝑀)𝜒vir(𝑀, 𝜇(−𝐿) ⊗ 𝐸⊗−𝑟 ⊗ 𝐾vir𝑀 )

= (−1)vd(𝑀)𝜒vir(𝑀, 𝜇(−𝐿 + 𝜌𝐾𝑆) ⊗ 𝐸⊗−𝑟),
(19)

where 𝐾vir
𝑀
∶= Λvd(𝑀)Ωvir

𝑀
and the second equality follows from 𝑐1(𝑇

vir
𝑀
) = −𝜌𝜇(𝐾𝑆) [17,

Prop. 8.3.1]. This gives relations among the coefficients of the universal functions of Theorem 1.2
and Conjecture 1.6. Clearly, by (5), we have

𝑓−𝑟∕𝜌 = 𝑓𝑟∕𝜌, g−𝑟∕𝜌 = g𝑟∕𝜌,

for all 𝜌, 𝑟. Furthermore, for 𝜌 = 1 (see also [2])

𝐴𝑟 =
𝐵−𝑟
𝐵𝑟
.
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2603

for all 𝑟 ∈ ℤ (where we dropped the subscript 𝐽 = ∅). In general, using the fact that 𝑎𝐾 = 𝑎2
for Seiberg–Witten basic classes 𝑎 ∈ 𝐻2(𝑆, ℤ), virtual Serre duality (19) suggests the following
relations:

Conjecture 5.4. For any 𝜌 > 0, we have

𝐴𝐽,−𝑟(𝑤
1
2 ) = g𝑟∕𝜌(𝑤)

1−𝜌𝐴𝐽,𝑟(−𝑤
1
2 )−1,

𝐵𝐽,−𝑟(𝑤
1
2 ) = g𝑟∕𝜌(𝑤)

(𝜌2)𝐴𝐽,𝑟(−𝑤
1
2 )𝜌𝐵𝐽,𝑟(−𝑤

1
2 ),

for all 𝐽 ⊂ [𝜌 − 1] and 𝑟 ∈ ℤ.

In particular, the universal power series 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 with 𝑟 < 0 are determined by the universal
power series with 𝑟 > 0 (and vice versa).
We can combine virtual Serre duality and the virtual Segre–Verlinde correspondence in order

to obtain interesting relations among the universal power series for the virtual Segre numbers. A
direct calculation shows the following:

Corollary 5.5. Assuming Conjectures 1.7 and 5.4, we obtain

𝑌𝐽,2𝜌−𝑠(𝑧
1
2 ) =

(1 + (1 − 𝑠

𝜌
)𝜏)𝜌

(1 + 2(1 − 𝑠

𝜌
)𝜏)

𝜌

2

𝑌𝐽,𝑠(−𝜁
1
2 )−1,

𝑍𝐽,2𝜌−𝑠(𝑧
1
2 ) =

(1 + (2 − 𝑠

𝜌
)𝜏)

1
2
𝜌(𝜌−𝑠)

(1 + (1 − 𝑠

𝜌
)𝜏)

1
2
𝜌(2𝜌−𝑠)

𝑌𝐽,𝑠(−𝜁
1
2 )𝜌𝑍𝐽,𝑠(−𝜁

1
2 ),

for all 𝐽 ⊂ [𝜌 − 1] and 𝑠 ∈ ℤ, where 𝑧 = 𝑡(1 − (1 − 𝑠

𝜌
)𝑡)

−1+ 𝑠
𝜌 , 𝜁 = 𝜏(1 + (1 − 𝑠

𝜌
)𝜏)

1− 𝑠
𝜌 , and 𝜏 =

𝑡(1 − 2(1 − 𝑠

𝜌
)𝑡)−1.

In particular, the universal power series 𝑌𝐽,𝑠, 𝑍𝐽,𝑠 with 𝑠 < 𝜌 are determined by the universal
power series with 𝑠 > 𝜌 (and vice versa). In all the cases where we conjectured explicit formulae
for the universal power series 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 and 𝑌𝐽,𝑠, 𝑍𝐽,𝑠 in Section 4, we verified that they satisfy the
formulae of Conjecture 5.4 and Corollary 5.5.

5.3 Mariño–Moore conjecture

Donaldson invariants [1] are diffeomorphism invariants of differentiable 4-manifolds. Let (𝑆,𝐻)
be a smooth polarized surface satisfying 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Suppose𝑀 ∶=

𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2) does not contain strictly semistable sheaves. In algebraic geometry, one can define

the corresponding SU(𝜌) Donaldson invariants of 𝑆 by
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2604 GÖTTSCHE and KOOL

𝐷𝑆,𝐻𝜌,𝑐1,𝑐2
(𝐿 + pt 𝑢) ∶= ∫[𝑀𝐻

𝑆
(𝜌,𝑐1,𝑐2)]

vir
𝑒𝜇(𝐿)+𝜇(pt)𝑢,

𝐷𝑆,𝐻𝜌,𝑐1
(𝐿 + pt 𝑢) ∶=

∑
𝑐2

𝐷𝑆,𝐻𝜌,𝑐1,𝑐2
(𝐿 + pt 𝑢) 𝑧

vd
2 ,

where pt ∈ 𝐻4(𝑆, ℤ) denotes the (Poincaré dual of the) point class, 𝑢 is a formal variable, and
vd is given by (2). As mentioned in Section 2.1, 𝑆 has finitely many Seiberg–Witten basic classes
𝑎 ∈ 𝐻2(𝑆, ℤ) satisfying𝑎2 = 𝑎𝐾 and SW(𝐾 − 𝑎) = (−1)𝜒SW(𝑎).When𝑎 is a Seiberg–Witten basic
class of 𝑆, we define

𝑎 ∶= 2𝑎 − 𝐾.

Then 𝑎 corresponds to a Seiberg–Witten basic class in the sense of differential geometry and
SW(𝑎) = S̃W(𝑎), where S̃W denotes the Seiberg–Witten invariant from differential geometry [30].
In the rank 1 case, Proposition 3.1 gives

𝐷𝑆,𝐻
1,𝑐1
(𝐿 + pt 𝑢, 𝑧) = 𝑒(

1
2
𝐿2+𝑢)𝑧. (20)

The Witten conjecture [35] for the SU(2) Donaldson invariants of 𝑆 can be stated as follows:
𝐷𝑆,𝐻
2,𝑐1,𝑐2

(𝐿 + pt 𝑢) equals the coefficient of 𝑧vd(𝑀)∕2 of

22−𝜒+𝐾
2
𝑒(
1
2
𝐿2+2𝑢)𝑧

∑
𝑎∈𝐻2(𝑆,ℤ)

SW(𝑎)(−1)𝑎𝑐1𝑒−𝑎𝐿𝑧
1
2 . (21)

This was proved in [15] for complex smooth projective surfaces with 𝑏1(𝑆) = 0 and 𝑝g (𝑆) > 0,
and (under a technical assumption) for all differentiable 4-manifolds 𝑀 with 𝑏1(𝑀) = 0, odd
𝑏+(𝑀), and of Seiberg–Witten simple type in [4, 5]. In [28], Mariño and Moore predicted the exis-
tence of SU(𝜌) Donaldson invariants and a higher rank Witten conjecture was proposed. See also
[23, (10.107)]. The gauge theoretic definition of higher rank Donaldson invariants was given by
Kronheimer [20].
In the special case 𝛼 = 0, Conjecture 2.8 implies a structure formula for the higher rank Don-

aldson invariants of 𝑆. Then 𝑠 = 0 andwe have universal power series𝑋0, 𝑄0, 𝑇0, 𝑍0, 𝑍𝑗𝑘,0, 𝑆0, 𝑆𝑗,0,
for all 1 ⩽ 𝑗 ⩽ 𝑘 ⩽ 𝜌 − 1, satisfying

𝑋0(𝑧) = 1, 𝑄0(𝑧) =
1

2
𝑧, 𝑇0(𝑧) = 𝜌𝑧.

Moreover, in Section 3, we conjecturally found for 𝜌 = 2, 3, 4 that 𝑍0, 𝑍𝑗𝑘,0 are certain constants

and 𝑆0, 𝑆𝑗,0 are certain multiples of 𝑧
1
2 . This leads us to the following explicit “SU(3) and SU(4)

Witten conjectures.”
Let (𝑆,𝐻) be a smooth polarized surface with 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Suppose

𝑀 ∶= 𝑀𝐻
𝑆
(𝜌, 𝑐1, 𝑐2) does not contain strictly semistable sheaves. Then, for 𝜌 = 3 and 𝜌 = 4, the

Donaldson invariant 𝐷𝑆,𝐻𝜌,𝑐1,𝑐2 (𝐿 + pt 𝑢) is given by the coefficient of 𝑧
vd(𝑀)∕2 of (respectively)
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2605

32−𝜒+𝐾
2
𝑒(
1
2
𝐿2+3𝑢)𝑧

∑
(𝑎1,𝑎2)

SW(𝑎1)SW(𝑎2)𝜀
(𝑎1+2𝑎2)𝑐1
3

𝑒

√
3

2
(𝑎1+𝑎2)𝐿𝑧

1
2
2
1
4
(𝑎1+𝑎2)

2
,

42−𝜒+𝐾
2
𝑒(
1
2
𝐿2+4𝑢)𝑧

∑
(𝑎1,𝑎2,𝑎3)

SW(𝑎1)SW(𝑎2)SW(𝑎3)𝑖
(−𝑎1+2𝑎2−3𝑎3)𝑐1𝑒

( √
2

2
𝑎1−𝑎2+

√
2

2
𝑎3

)
𝐿𝑧

1
2

× 2𝐾
2+ 1

4
(𝑎1+𝑎2)(𝑎1+𝑎3)

(
1 −

√
2

2

) 1
2
𝑎2(𝑎1+𝑎3)

.

(22)

In the rank 4 case, we used some slight rewriting involving the relations 𝑎2 = 𝑎𝐾 and SW(𝐾 −
𝑎) = (−1)𝜒SW(𝑎) for Seiberg–Witten basic classes 𝑎 ∈ 𝐻2(𝑆, ℤ).
Based on this, it is natural to conjecture the following, which can be seen as an algebro-

geometric version of the Mariño–Moore conjecture [28, (9.17)], [23, (10.107)].

Conjecture 5.6. For any 𝜌 ∈ ℤ>0, there are universal algebraic numbers 𝛾, 𝛾𝑗𝑘 , 𝛿𝓁 ∈ ℚ for all 𝑗 <
𝑘,𝓁 ∈ {1, … , 𝜌 − 1}with the following property. Let (𝑆,𝐻) be a smooth polarized surfacewith𝑏1(𝑆) =
0, 𝑝g (𝑆) > 0, and let 𝐿 ∈ Pic(𝑆). Suppose 𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) does not contain strictly semistable

sheaves. Then 𝐷𝑆,𝐻𝜌,𝑐1,𝑐2 (𝐿 + pt 𝑢) equals the coefficient of 𝑧
vd(𝑀)∕2 of

𝜌2−𝜒+𝐾
2
𝛾𝐾

2
𝑒(
1
2
𝐿2+𝜌𝑢)𝑧

∑
(𝑎1,…,𝑎𝜌−1)

𝜌−1∏
𝑗=1

𝜀
𝑗(𝑎𝑗𝑐1)

𝜌 SW(𝑎𝑗)𝑒
𝛿𝑗(𝑎𝑗𝐿)𝑧

1
2

∏
1⩽𝑗<𝑘⩽𝜌−1

𝛾
𝑎𝑗𝑎𝑘
𝑗𝑘

,

where the sum is over all (𝑎1, … , 𝑎𝜌−1) ∈ 𝐻2(𝑆, ℤ)𝜌−1.

Remark 5.7. For 𝑐1 = 0, the previous expressions manifestly only depend on the oriented diffeo-
morphism type of 𝑆 (by expression 𝜒, 𝐾2 in terms of 𝑒(𝑆), 𝜎(𝑆)). In this case, the “stable equals
semistable” assumption can be satisfied by taking gcd(𝜌, 𝑐2) = 1. If in addition vd(𝑀) = 0, we
obtain intriguing expressions for the “virtual point count” ∫[𝑀]vir 1 = 𝑒vir(𝑀) ∈ ℤ.
Remark 5.8. For fixed 𝜌, 𝑆,𝐻, 𝐿, 𝑐1, the power series in Conjecture 5.6 is (a priori) an element of
ℚ[[𝑢, 𝑧

1
2 ]]. From the definition of Donaldson invariants, we also know it should be an element of

ℚ[[𝑢, 𝑧
1
2 ]]. For ranks 𝜌 = 1 and 𝜌 = 2, note that (20) and (21) manifestly have rational coefficients.

However, for 𝜌 = 3 and 𝜌 = 4, the power series in (22) a priori are elements ofℚ(𝑖, 3
1
2 )[[𝑢, 𝑧

1
2 ]] and

ℚ(𝑖, 2
1
2 )[[𝑢, 𝑧

1
2 ]]. If 𝑆 isminimal of general type, then theGalois invariance discussed in Section 4.5

shows that they indeed have rational coefficients.

From the perspective of Donaldson theory and Nekrasov partition functions, Conjecture 2.8,
and the corresponding algebraic functions in Section 4, can be seen as a Witten type conjecture
for gauge group SU(𝜌) and fundamental matter insertions.

5.4 Disconnected canonical curve

Proposition 5.9. Let 𝑆 be a smooth projective surface such that 𝑏1(𝑆) = 0, 𝑝g (𝑆) > 0, and |𝐾𝑆| con-
tains an element of the form 𝐶1 +⋯ + 𝐶𝑚, where 𝐶𝑗 ⊂ 𝑆 are mutually disjoint irreducible reduced
curves. Fix𝐻, 𝜌 > 0, 𝑐1, 𝑐2 such that𝑀 ∶= 𝑀𝐻

𝑆
(𝜌, 𝑐1, 𝑐2) contains no strictly semistable sheaves. Let
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2606 GÖTTSCHE and KOOL

𝐿 ∈ Pic(𝑆), 𝑟 ∈ ℤ, and assume that Conjecture 2.9 holds for 𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟). Then it is given
by the coefficient of 𝑤vd(𝑀)∕2 of

𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟

𝑚∏
𝓁=1

∑
𝐽⊂[𝜌−1]

(−1)
|𝐽|ℎ0(𝑁𝐶𝓁∕𝑆)𝜀‖𝐽‖𝐶𝓁𝑐1𝜌 𝐴

𝐿𝐶𝓁
𝐽,𝑟
𝐵
𝐶2
𝓁
𝐽,𝑟
,

where𝑁𝐶𝓁∕𝑆 denotes the normal bundle of 𝐶𝓁 in 𝑆.

Proof. For any 𝐽 ⊂ [𝑚] ∶= {1, … ,𝑚}, define 𝐶𝐽 ∶=
∑
𝑗∈𝐽 𝐶𝑗 , where 𝐶∅ ∶= 0. For any 𝐽, 𝐾 ⊂ [𝑚],

we define 𝐽 ∼ 𝐾 when𝐶𝐽 and𝐶𝐾 are linearly equivalent. This defines an equivalence relation and
we denote the equivalence class corresponding to 𝐽 by [𝐽]. By [10, Lem. 5.14], the Seiberg–Witten
basic classes of 𝑆 are {𝐶𝐽}[𝐽], SW(0) = 1, and

SW(𝐶𝐽) = |[𝐽]| ∏
𝑗∈𝐽

(−1)
ℎ0(𝑁𝐶𝑗∕𝑆

)
, ∀∅ ≠ 𝐽 ⊂ [𝑚].

By Conjecture 1.6, 𝜒vir(𝑀, 𝜇(𝐿) ⊗ 𝐸⊗𝑟) equals the coefficient of 𝑤vd(𝑀)∕2 of

𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟 𝐴𝐿𝐾𝑟 𝐵𝐾
2

𝑟

∑
(𝐽1,…,𝐽𝜌−1)

𝐽1,…,𝐽𝜌−1⊂[𝑚]

𝜌−1∏
𝑗=1

𝜀
𝑗𝐶𝐽𝑗

𝑐1

𝜌 (−1)
ℎ0(𝑁𝐶𝐽𝑗∕𝑆

)
𝐴
𝐿𝐶𝐽𝑗
𝑗,𝑟

∏
1⩽𝑗⩽𝑘⩽𝜌−1

𝐵
𝐶𝐽𝑗

𝐶𝐽𝑘
𝑗𝑘,𝑟

.

For any choice of 𝐽1, … , 𝐽𝜌−1 ⊂ [𝑚] one obtains a partitioning of [𝑚] as follows. Define 𝑃[𝜌−1] ∶=⋂
𝑗∈{1,…,𝜌−1} 𝐽𝑗 . Then, for any 𝐽 ⊊ [𝜌 − 1], we inductively define

𝑃𝐽 ∶=

(⋂
𝑗∈𝐽

𝐽𝑗

)
⧵

⋃
𝐽⊊𝐾

𝑃𝐾

⋯

𝑃∅ ∶= [𝑚] ⧵
⋃
∅≠𝐾

𝑃𝐾.

By inclusion–exclusion, we have

[𝑚] =
⨆

𝐽⊂[𝜌−1]

𝑃𝐽.

We can therefore replace the sum
∑
(𝐽1,…,𝐽𝜌−1)

above by the sum

∑
[𝑚]=

⨆
𝐽⊂[𝜌−1] 𝑃𝐽

over all partitionings of [𝑚]. Writing the summands in terms of the 𝑃𝐽 , we obtain

𝜌2−𝜒+𝐾
2
𝐺
𝜒(𝐿)
𝑟 𝐹

1
2
𝜒

𝑟 𝐴𝐿𝐾𝑟 𝐵𝐾
2

𝑟

𝑚∏
𝓁=1

∑
𝐽⊂[𝜌−1]

∏
𝑗∈𝐽

((−1)
ℎ0(𝑁𝐶𝓁∕𝑆

)
𝜀
𝑗𝐶𝓁𝑐1
𝜌 𝐴

𝐿𝐶𝓁
𝑗,𝑟
)

∏
(𝑗⩽𝑘)∈𝐽×𝐽

𝐵
𝐶2
𝓁
𝑗𝑘,𝑟
,
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VIRTUAL SEGRE AND VERLINDE NUMBERS 2607

where we define the product over 𝐽 = ∅ to be equal to 1. The result follows from the definition of
the power series 𝐴𝐽,𝑟, 𝐵𝐽,𝑟 in (15). □

5.5 Blow-up formula

Proposition 5.10. Let 𝑆 be a smooth projective surface satisfying 𝑏1(𝑆) = 0 and 𝑝g (𝑆) > 0. Let
𝜌 ∈ ℤ>0, 𝑐1 ∈ 𝐻2(𝑆, ℤ), 𝐿 ∈ Pic(𝑆), and 𝑟 ∈ ℤ. Denote formula (14) by 𝜓𝑆,𝜌,𝑐1,𝐿,𝑟. Let 𝜋 ∶ 𝑆 → 𝑆 be
the blow-up of 𝑆 in one point with exceptional divisor𝐸 and set 𝑐1 = 𝜋∗𝑐1 − 𝑚𝐸, and 𝐿̃ = 𝜋∗𝐿 − 𝓁𝐸.
Then

𝜓𝑆,𝜌,𝑐1,𝐿̃,𝑟
=

1

𝜌𝐺
(𝓁+12 )
𝑟

[ ∑
𝐽⊂[𝜌−1]

𝜀
‖𝐽‖𝑚
𝜌

𝐴𝓁
𝐽,𝑟

𝐵𝐽,𝑟

]
𝜓𝑆,𝜌,𝑐1,𝐿,𝑟.

Proof. By [30, Thm. 7.4.6], the set of Seiberg–Witten basic classes of 𝑆 is given by {𝜋∗𝑎, 𝜋∗𝑎 + 𝐸},
where 𝑎 runs over all Seiberg–Witten basic classes of 𝑆, and

SW(𝜋∗𝑎) = SW(𝜋∗𝑎 + 𝐸) = SW(𝑎).

The result now follows from an easy calculation using𝐾𝑆 = 𝜋∗𝐾𝑆 + 𝐸, 𝜒(𝑆) = 𝜒(𝑆), and 𝐸2 =
−1. □
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