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Abstract: Single-molecule localization microscopy has developed into a widely used technique
to overcome the diffraction limit and enables 3D localization of single-emitters with nanometer
precision. A widely used method to enable 3D encoding is to use a cylindrical lens or a phase
mask to engineer the point spread function (PSF). The performance of these PSFs is often assessed
by comparing the precision they achieve, ignoring accuracy. Nonetheless, accurate localization is
required in many applications, such as multi-plane imaging, measuring and modelling of physical
processes based on volumetric data, and 3D particle averaging. However, there are PSF model
mismatches in the localization schemes due to how reference PSFs are obtained, look-up-tables
are created, or spots are fitted. Currently there is little insight in how these model mismatches
give rise to systematic axial localization errors, how large these errors are, and how to mitigate
them. In this theoretical and simulation work we use a vector PSF model, which incorporates
super-critical angle fluorescence (SAF) and the appropriate aplanatic correction factor, to analyze
the errors in z-localization. We introduce theory for defining the focal plane in SAF conditions
and analyze the predicted axial errors for an astigmatic PSF, double-helix PSF, and saddle-point
PSF. These simulations indicate that the absolute axial biases can be as large as 140 nm, 250 nm,
and 120 nm for the astigmatic, saddle-point, and double-helix PSF respectively, with relative
errors of more than 50%. Finally, we discuss potential experimental methods to verify these
findings and propose a workflow to mitigate these effects.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Single-molecule localization microscopy (SMLM) [1-3] is a super-resolution microscopy
modality that overcomes the diffraction limit by localization of sparse emitting fluorophores.
The lateral position of a single-molecule is estimated from a blinking event by fitting the spot
with a 2D Gaussian which resembles an ideal unmodified point spread function (PSF). More
advanced SMLM implementations modify or engineer the PSF to encode for other parameters
of interest, such as the z-position [4], emission wavelength [5] or orientation [6]. The most
common way for z-encoding in 3D SMLM is the use of PSF engineering by a cylindrical lens for
astigmatic z-encoding. Other popular engineered PSFs are the double-helix PSF (DH-PSF) [7-9]
and TetraPod [10] or saddle-point PSF (SP-PSF) [11]. For 3D SMLM with PSF engineering, a
calibration PSF is obtained by scanning a small fluorescent bead with a z-stage over a suitable
range. This calibration PSF is then used to create a look-up-table (LUT) [4], a cubic spline model
[12], or used as input to create a PSF with a scalar model used for direct fitting [11] or for training
a neural network [13].

However, the calibration PSF is obtained by acquiring a through focus scan of a small fiducial
marker by moving the z-stage. This stage-movement PSF differs from the PSF a fluorophore
would exhibit with different z-positions inside the sample while the z-stage remains static. This
results in a different defocus aberration and therefore a different PSF. Moreover, often high NA
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TIRF objectives are used which capture the super-critical angle fluorescence (SAF) alongside
the under-critical angle fluorescence (UAF). The SAF depends strongly on the absolute distance
from the cover slip, following an exponential falloff within ~ 1 wavelength, resulting in a strong
z-dependent apodization in the pupil. The through-focus calibration PSF therefore differs in SAF
and defocus aberration from the “true” PSF of an emitter as a function of depth inside the sample.
Current implementations using engineered PSFs either do not make such a distinction between
calibration and emitter PSF or use simplified PSF models. These simplified PSF models are
either scalar, don’t include SAF or Fresnel reflections, don’t use the correct aplanatic correction
factor, or ignore a combination of these effects.

Another method to estimate the z-position of the fluorophore is to measure the ratio between
the UAF and SAF [14-16]. This method enables accurate z-position estimation but can only
be used close to the cover slip (< 500 nm) and requires a complicated set-up. Therefore the
currently most popular method for 3D localization is astigmatic PSF engineering, which can be
easily implemented by inserting a cylindrical lens at the emission port of the microscope.

Most assessments of localization method performance focus on the best possible precision, as
quantified by the Cramér-Rao lower bound, while little attention is paid to accuracy, the absence
of bias in the parameter estimation. In some cases inaccurate 3D SMLM is sufficient to gain
basic insight, but accurate z-localization is important in many biological cases and studies. It
is crucial to have accurate 3D information when the super-resolution volume is used for the
modelling of physical processes and forces, for instance in focal adhesion sites [17] or neuronal
synapses [18]. This is especially the case when these 3D nano-organizations can be correlated to
other measurable quantities, such as action potentials [19] or diffusion [20,21]. Axial accuracy is
also important for multi-plane SMLM [22,23], where multiple focal planes have to be stitched
together. Lastly, accurate localization is important in 3D particle averaging, where even small
relative axial biases are noticeable, as these methods can achieve resolutions down to 10 nm [24].

To date, z-accuracy in 3D SMLM has not been quantified or explored in great detail, but there
have been attempts to address this issue. Recently proposed experimental calibration methods
use a sample with fluorescent beads embedded in a gel or on top of polymer coating in order
to create LUTs at different depths [25,26]. However, the method by Li et al. [25] can only be
applied for astigmatic PSFs and relates the LUTs with respect to the position when a bead is in
focus by stage movement. There is therefore a mismatch between the LUT and the emitter PSF.
The calibration method proposed by Petrov and Moerner [26] does not have these pitfalls as the
imaging depth is well defined and arbitrary PSFs can be used. However, in that case the PSF is
acquired by stage-movement, which again induces a mismatch between the calibration PSF and
the true emitter PSF.

For that reason there is a need for accurate z-localization with PSF engineering and, in general,
insight in how large these axial errors are. In this theory and simulation work we use a vector
PSF model, which includes SAF and the appropriate aplanatic correction factor, to analyze the
accuracy in z-localization. We introduce theory for defining the plane of best focus in SAF
conditions and analyze the predicted axial errors for an astigmatic PSF, DH-PSF and SP-PSF.
Finally we discuss potential experimental methods to verify these findings and propose a workflow
to mitigate these effects.

2. Theory
2.1. Vector PSF model

A vector PSF model that includes Fresnel coefficients has been described in earlier work [27]. In
short, the rotation matrix R(g) describes how the x, y, and z-component of the emitted electric
field E°®°° in the object plane are transferred by the objective lens (see Fig. 1(b)) to the electric
field in the pupil plane EPUP!

EP(5) = RGEP(5) (M
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with g = (px, py) the normalized pupil coordinates, shown in Fig. 1(a). The z-component of the
electric field in the pupil is ignored, as this component gives a contribution to the spot focused by
the tube lens on the camera that scales with the square of the (low) NA of the tube lens, which
can therefore be neglected. The 6 components of the electric field at the pupil with (additional)
phase aberration W(g) are given by

il 5 1 RPN
Ez;.’p‘ W,p) = W_ACIIJ exp [iW(p)]
ln @)
= W_ACIl,j exp [iWeng(ﬁ) + i(dk; - ZStagekg - Zposk?)]
n

with Weng () the phase corresponding to the engineered PSF, ¢;; the polarization vector component
that includes the Fresnel-coefficients for the interfaces between the different media (sample, cover
slip, immersion oil) with refractive index n,. The definitions of g;; and the Fresnel-coefficients

can be found in Ref. [27], Eqgs. (4)—(7). % is the wave-vector with ky/y = 2eNApy/y/A and

kY = 2m\[n2 — NA2p2 /A, with @ = 1 for the mounting medium and @ = 3 for the immersion
oil. d is the distance between the coverslip and the focal plane inside the sample, zs.ge denotes
the corresponding z-stage position with that focal plane, and zp is the difference of the emitter
with respect to the focal plane either by movement of the stage (k& = kg’) or movement inside the
mounting medium (k¢ = kzl) and w), is a normalized factor. We refer to Fig. 2(a) for an illustration
for the definitions of the relevant axial positions. In the case of movement inside the mounting
medium, zp,s needs to be smaller than the imaging depth d to have a physically meaningful result.
A is a correction factor for imaging with a refractive index medium mismatch and is given by

imm

1/4
2 2 2
Himm €08 (Bimm) 1 (2~ NAZ2)

Nimed €OS (Omed) /11meq COS (Omeq) (nz NAzpz) 12

Alp) = 3

med

where the factor \/nimm €08 (Bimm) /Mmed €0S (Omeq) corrects for the wave compression between
the mounting medium — glass — immersion oil interface and the factor 1/+/nmed COS (Omed) is
the aplanatic amplitude correction factor. Here Oped/imm denotes the angle of a light ray in the
mounting medium or immersion oil corresponding to the scaled polar coordinate p = n, sin(6,).

The incoherent PSF H, arising from emission from a dipole that experiences no orientational
constraint and rotates quickly compared to the exposure time, is then computed by quadratically
adding the 6 Fourier transforms of the electric field components in the pupil

H(x,y) = %’ Z Z

[=x,y j=x,y,z

2
/| , 1E}j.lp‘1 exp [—i(kex + kyy)| dp )
%<

with N the number of photons emitted. To illustrate the effects of high NA imaging on the PSF
we compared this to a scalar model. This scalar model has the same correction factor A and
includes Fresnel-coefficients in order to include the SAF (see Figs. 1(c),(d) for the amplitude
and the phase of the electric field). The comparison of the two models (see Figs. 1(e),(f)) shows
that the scalar model significantly deviates from the vector model and exhibits more interference
fringes. The vector PSF does not resemble an Airy disk, but is more akin to a Gaussian with a
shoulder.

2.2. Focal plane in SAF conditions

In order to quantify axial biases it is important to define the focal plane of the microscope.
The plane of best focus of an imaging system is commonly defined as the plane where the
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Fig. 1. Tlustration of the vector PSF model and the difference with a scalar PSF model.
(a) The electric field emitted at the object plane is rotated by the objective lens to the pupil
plane, resulting in 6 electric field components in the pupil plane. The electric field in the
image plane is computed by a Fourier transform. (b) The amplitude of the 6 components
of the electric field in the pupil plane for an emitter at the coverslip (d = 0 nm) with a
TIRF objective (1.49 NA, 1 = 550 nm, n| = 1.33, np = n3 = 1.52). Plots are shown with
normalized pupil coordinates ranging [—1, 1]. (c),(d) The amplitude (c) and phase (d) of the
electric field in the case of a scalar model. (e) Scalar and vector PSF of the models shown in
(b) and (c),(d) with stage movement. (f) Comparison of the scalar and vector PSF model in
focus.
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Fig. 2. Effect of super-critical angle fluorescence (SAF) on the focal plane. (a) Illustration
of the definitions in this work. (b) The maximum intensity occurs at a z-stage position of 40
nm when the SAF is included. (c) Comparison between the PSF with only under-critical
angle fluorescence (UAF) and in the case of UAF and SAF. The latter exhibits a more
compact PSF and is axially asymmetric. (d) The imaging depth d as function of the z-stage
position.

root-mean-square wave-front distortion W, is minimal [28]. However, when imaging in a
condition with a strong apodization in the pupil plane, not all aberrations contribute equally to
the PSF. To incorporate both the amplitude and phase variations across the pupil, we propose an
optimization metric based on the Strehl ratio to find the actual focal plane. The optimal z-stage
position corresponding to a focal plane with an imaging depth d from the cover slip (see Fig. 2(a))
according to this metric can be found by

max S (Weng + dkzl - Zstagekg, Weng) o)

Istage

where we define the relative Strehl-ratio S(W;, W) as

DAY

I=x,yj=x,y.2

PINDY

I=x,yj=x,y.2

. 2
2 -pupil
/llp2|<1d pElJ (Wl)‘

S(W1,Wy) =

. ©)
[ o, d2oEPP (W, )2
2l<1 47 P52

We implemented this optimization scheme by computing this ratio over a range of z-positions
near an initial estimated value (Zsage = dn3/n1). The optimum is found by fitting a second order
polynomial around the maximum value. The results of this procedure are shown in Fig. 2(b).
This analysis reveals that for focusing an dipole that has an average emission over the exposure
time that is isotropic, the optimal z-stage position deviates 40 nm from zero. To illustrate that
this effect is purely caused by the SAF we simulated a PSF with z-stage movement with only
UAF (NA = 1.33) and UAF + SAF (NA = 1.49) as shown in Fig. 2. The UAF PSF is symmetric
around the focal plane, whereas the focal plane for the SAF + UAF PSF is shifted and the PSF
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appears asymmetric. Therefore, the z-stage needs to be adjusted to reduce the phase difference
between the SAF and the UAF for optimal focusing. As expected, the difference between the
SAF+UAF and UAF actual focus planes reduces when focusing deeper into the sample as shown
in Fig. 2(d).

It turns out that optimizing the proposed relative Strehl ratio for finding the actual focus plane
only works when the phase for PSF engineering is small compared to the wavelength (W;<0.12)
and does not contain a phase singularity in the centre. The procedure maximizes the intensity at
the center of the PSF. Therefore this method can find the correct focal plane in the case of an
astigmatic PSF, but fails to find the focal plane in the case of a SP or DH PSF because these do
not contain the maximum intensity in the center of the PSF in focus. To find the focal plane in
these cases the PSF engineering phase should be disregarded during the optimization, except
modes which affect the focal plane position (i.e., Zernike modes with azimuthal order of 0 such

as Z), 7)), etc.).

3. Simulation results

We next explored the effect of the SAF and spherical aberration on z-encoding for three types
of engineered PSFs: an astigmatic PSF, a SP-PSF, and a DH-PSF. So far we examined the
PSF when the z-stage is moved. However, during a SMLM experiment the z-stage remains
fixed, while emitters have a different position with respect to the focal plane. This change
in position has a different associated z-component of the wave-vector as well as a z-position
dependent apodization due to the SAF. The calibration PSF acquired by moving the z-stage
is therefore inherently different than the true PSF that represents the 3D position inside the
mounting medium. In the following we term the PSF obtained by movement of the z-stage at zero
imaging depth “stage-movement PSF” and the true emitter PSF representing 3D position inside
the mounting medium “emitter PSF”. This corresponds to a multiplication of the z-position
with the z-component of the wave-vector in either immersion oil (kg’) or mounting medium (kzl)
respectively [Eq. (2)]. All simulations are, unless specified differently, carried out with the
following parameters: A = 550 nm, pixel size = 100 nm, NA = 1.49, npeq = 1.33, and nimm
= 1.52. We have simulated the error in the estimated z-position when not correcting for these
differences in axial wave-vector components and examine the absolute error in z-position as well
as the relative error, the derivative of the absolute error.

3.1. Astigmatic z-encoding

For the case of astigmatic z-encoding we simulated a calibration PSF of a small bead on the
cover slip (imaging depth = 0 nm) with stage-movement and compared this to the emitter PSFs
at three imaging depths (250, 500, and 750 nm), see Fig. 3. The stage-movement PSF has an
almost axially symmetric ellipticity (Fig. 3(a)), resulting in a linear LUT as shown in Fig. 3(b).
In contrast, the emitter PSF with an imaging depth of 250 nm exhibits large deviations from
a 2D Gaussian function near the cover slip. This effect reduces for larger imaging depths
(500 and 750 nm), but deviations from the LUT now occur away from the cover slip (negative
z-positions) caused by spherical aberration and the reduction of the effective NA caused by the
diminishing SAF. Using the calibration LUT for z-localization of the estimated width ratios result
in underestimation of the true z-position up to 140 nm (56%). Furthermore, the relative axial
errors range between 0.3 nm and 0.5 nm per nm distance over a range of hundreds of nanometers,
see Fig. 3(d). This implies that medium sized structures of 100 nm can already accumulate up to
50% of relative axial error.
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Fig. 3. (a) Astigmatic PSF with an astigmatism level of 60 nm (rms amplitude) with
stage-movement at an imaging depth of O nm (left) and different axial position with respect
to the focal plane for imaging depths of 250, 500, and 750 nm (right). (b) LUTs of the PSFs
of (a) by Gaussian fitting. (c) Absolute z-error when using a LUT of the stage movement
PSF for estimating the z-position at different imaging depths. (d) Relative axial error of (c)
in nm error per nm distance.
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3.2. Saddle-point and double-helix PSF

We made similar analyses for the SP and DH PSFs, optimized for an axial range of 1500 nm. We
simulated the stage-movement PSF and compared this to the emitter PSF with an imaging depth
of 750 nm and z-range of +750 nm.

We will first discuss the SP PSF. We engineered the SP-PSF with Zernike modes Z§ and ZZ
with amplitude 150 mA and —148 mA respectively (rms amplitude), values that were obtained
by CRLB optimization. The phase of this SP-PSF is shown in Fig. 4(a). The stage-movement
PSF deviates in a visually striking way from the emitter PSF as shown in Fig. 4(b). The emitter
PSF exhibits a different pattern in the focal plane and has differently structured lobes in the
extreme z-positions. To quantify the axial accuracy we simulated N = 100 noisy emitter PSFs
per z-position with 2500 signal photon counts and 10 background photon counts per pixel and
fitted these with the calibration PSF model. Figure 4(c) shows the fitted z-position as function of
the true axial position. The z-accuracy appears to be non-linear over the axial range and deviates
strongly close to the coverslip (<500nm). Strikingly, this analysis predicts absolute z-errors of
more than 250 nm. Around focus, the relative error is about 0.5 nm/nm over a 500 nm range,
which would result in a 250 nm sized structure to be overestimated by 125 nm.
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Fig. 4. (a) Phase profile of the SP PSF. (b) Stage-movement PSF at an imaging depth of
0 nm (top) and emitter PSF (bottom) at an imaging depth of 750 nm. Z-position denotes
either the movement with the stage or position inside the mounting medium. Pixel size = 10
nm. (c) Estimated z-position for the SP PSF using the stage-movement PSF model to fit the
true emitter PSF. Colored region indicates standard deviation of the estimated positions. (d)
Absolute axial error of (c). (e) Relative axial error of (c). Shaded region indicates standard
error of the mean.

We next explored the accuracy for the DH PSF. There are two popular ways to construct this
PSF; using Gaussian-Laguerre modes [7] or using rings of azimuthal ramps [8,9]. Here we
engineered the DH-PSF with 3 rings of azimuthal ramps with increasing slope with a ring radius
ratio @ of 4/5 resulting in a 2x rotation in 1500 nm. The phase of this PSF is shown in Fig. 5(a).

In the case of the DH-PSF there were no striking visual differences when comparing the
stage-movement PSF and emitter PSF (see Fig. 5(b)), but there was a noticeable difference in the
angle between the lobes. We measured the axial accuracy by analyzing the angle between the
position of the maximum intensity of the two lobes as function of the z-position. Figure 5(c)
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Fig. 5. (a) Phase profile of the DH PSF. (b) Stage-movement PSF at an imaging depth of 0
nm (top) and emitter PSF (bottom) at an imaging depth of 750 nm. Z-position denotes either
the movement with the stage or position inside the mounting medium. Pixel size = 10 nm.
(c) Angle between the two lobes for the stage-movement and emitter PSF. (d) Absolute axial
error of (¢). (e) Relative axial error.

shows that the angle of the emitter PSF deviates from the stage movement PSF and even rotates
outside the calibration range near the coverslip. The largest measured absolute axial error is
120 nm, which is similar to the astigmatic PSF, but this axial error is accumulated over a larger
z-range. The relative error for this DH-PSF is small compared to both the astigmatic PSF and
SP-PSF, especially near the focus plane (+250 nm). The DH-PSF is therefore the most accurate
form of PSF engineering out of these three PSFs.

4. Discussion

Despite the need for accurate axial localization to extend the usability of 3D SMLM, this topic
has not yet been studied in great detail. The simulations performed in this work show that using
the calibration PSF acquired by stage movement results in significant biases in the estimated
z-position when performing 3D SMLM. These biases result from apodization in the pupil due
to super-critical angle fluorescence and spherical aberration induced by the mismatch between
immersion oil and the mounting medium. This leads to sizeable inaccuracies in z, which can
amount to absolute z-errors of more than 140 nm in the case of an astigmatic PSF, 250 nm in the
case of SP-PSF, and 120 nm in the case of DH-PSF. The relative z-errors with an astigmatic PSF
and SP-PSF differ across the z-range but can be as large as 50% over ranges of tenths to hundreds
of nanometers. Therefore, relative axial errors can accumulate to 50 nm or more. When using
PSFs engineered for larger axial ranges, axial biases can possibly accumulate up to hundreds of
nanometers. These simulations furthermore indicate that the DH-PSF has the best axial accuracy,
especially in a £250 nm range around the focal plane. This is in line with other work analyzing
aberration sensitivity [29,30].

The specific contributions of the spherical aberration and SAF to the axial biases cannot
be decoupled using this model because both effects arise from the refractive index mismatch
between the mounting medium and the coverslip/immersion oil. Even far away from the coverslip
where SAF is minimal (> wavelength), axial biases can still be introduced by SAF because the
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calibration PSF (stage-movement PSF) is acquired in SAF conditions. Therefore, for accurate
axial localization both effects need to be taken into account. It also points to the practical
importance of avoiding or accurately characterizing the refractive index mismatch.

The substantial biases predicted by this model can be experimentally verified in a number
of ways. One option is to use a large coated spherical surface, where the axial position can be
derived from the lateral position [31]. It is important that the refractive index of the bead matches
with the mounting medium in order to reduce aberrations introduced by the bead. Polystyrene
beads with a high refractive index (n = 1.7) will therefore likely introduce aberrations as the
fluorescence is collected partially through the bead. Another verification method is to use a setup
which uses the ratio of the UAF and UAF + SAF to accurately measure the axial position while
simultaneously measure the engineered PSF in a third channel. A downside of this method that it
only works within a few wavelengths of the coverslip. Nonetheless, with such an approach it
would be possible to verify a substantial part of the predictions in this work.

If these findings are indeed experimentally verified, all these effects can in principle be
mitigated by fitting the spots directly with the vector PSF model. However, due to the complexity
of this model, this is slow compared to other fitting algorithms. We therefore propose to use the
following work flow (see Fig. 6). First a calibration PSF is acquired using a bead on the cover
slip in the sample. Next a vector PSF based phase retrieval algorithm is used to estimate the
aberrations precisely and accurately. This phase is then used to compute the emitter PSF for
a certain z-stage position. This emitter PSF can then be used to create a LUT, a cubic spline
model or train a neural network for fitting. We anticipate that this and related future work will
contribute to improve axial accuracy in SMLM to improve 3D reconstructions and gain better
insight into biological processes.

( Acquire through focus ] 1. Create LUT
scan of bead 2. Create spline model
3. Train neural network
Phase retrieval v
[with vector PSF model )
Y Fit & reconstruct SMLM
Compute PSF super-resolution image
at z-stage position

Fig. 6. Proposed workflow for accurate 3D single-molecule localization microscopy with
PSF engineering.
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