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NALYTICAL thinking and mathematical reasoning abilities contrib-

ute to the development of problem-solving skills (Gravemeijer et al.,

2017). Both arithmetic fluency (Fuchs et al., 2006, 2016; Geary, 2004;

Swanson & Beebe-Frankenberger, 2004) and executive functioning (Lee
et al., 2009; Viterbori et al., 2017) have been shown to be predictive for mathematical
problem-solving. In some studies, mathematical problem-solving has been under-
stood as solving nonroutine mathematical problems that challenge children to come
up with their own solution strategy or strategies (Doorman et al., 2007; Polya, 1957).
Mathematical problem-solving has mostly been assessed using single-step or multi-
step word problems “that are better simulations of the modeling problems people en-
counter in their personal or professional lives” (Verschaffel et al., 2020, p. 2). The
scope of the present research is mathematical problem-solving defined as solving
problems with mathematical notation, text, and/or pictures, which have been com-
monly seen in mathematics education.

However, most of the relevant research has focused on only the mathematical
problem-solving of relatively young students (up to the age of about 7 years; e.g., Ras-
mussen & Bisanz, 2005; Swanson et al., 2008). As a result, only the solution of simple,
single-step math problems has been studied (e.g., Fuchs et al., 2006; Swanson &
Beebe-Frankenberger, 2004; Zheng et al., 2011). Relatively little is known about the pre-
dictive roles of arithmetic fluency and executive functioning for advanced mathemat-
ical problem-solving (e.g., multistep problems in the domains of fractions, ratio, and
percentage). However, both of these are important in light of the complexity of
problem-solving tasks requiring advanced mathematical problem-solving and mul-
tistep calculations for their solution. In addition, in grade 4 new domains of mathe-
matics are being taught that also include certain necessary knowledge and skills (e.g.,
mastery of multiplication and fractions). Development of advanced mathematical
reasoning and analytic thinking may not be a matter of simply mastering the required
mathematical knowledge; it is possible that there is also a need for sufficient arithme-
tic fluency and executive cognitive functioning. Additional research on the roles of
arithmetic fluency and executive functioning in the mathematical problem-solving
skill of older elementary school children is thus needed.

Arithmetic Fluency and Mathematical Problem-Solving

During early elementary school, teachers focus on number, counting, and simple
arithmetic competence (Geary, 2011). Students gradually master key arithmetic facts
for quick and accurate responding (Andersson, 2008; Fuchs et al., 2006). When solv-
ing more advanced mathematical problems, students must be able to quickly retrieve
these arithmetic facts from long-term memory and store this information in short-
term memory (Baddeley, 2000). To be able to solve mathematical problems, it is nec-
essary that students understand mathematical concepts (conceptual knowledge), know
the procedural steps to solve a problem (procedural knowledge), and have sufficient
knowledge of basic facts (factual knowledge; Geary, 2004, 2011; Geary & Hoard, 2005).
Cragg et al. (2017) offered a framework presenting a refined hierarchical structure
for mathematical development, based on the framework of Geary (2004). In that
framework, the underlying cognitive system that supports factual knowledge, proce-
dural knowledge, and conceptual understanding also plays a crucial role in advanced
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mathematical problem-solving. In light of that hierarchical structure, studies present-
ing both simple, single-step mathematical problems and more complex, multistep
problems have demonstrated clear associations between arithmetic fluency and math-
ematical problem-solving (Fuchs et al., 2006; Viterbori et al., 2017; Zheng et al., 2011).
In other words, arithmetic fluency or knowing key arithmetic facts accurately and
quickly (addition, subtraction, multiplication, division) has been shown to be crucial
for more advanced mathematical problem-solving.

Role of Executive Functioning

Along with domain-specific factual knowledge, procedural skill, and conceptual un-
derstanding, domain-general cognitive skills also contribute to mathematics achieve-
ment. Many studies involving primary school-aged children have shown consensus
on at least three components of executive cognitive functioning that are critical for
advanced mathematical problem-solving: updating of information, inhibition of in-
formation, and shifting of attention (Bull & Lee, 2014; Miyake et al., 2000).

With regard to the updating of information, a distinction can be made between
visuospatial and verbal updating (see also Baddeley, 2000). Visuospatial updating
refers to the ability to monitor, manipulate, and retain information presented in a
visual form or as objects in space, whereas verbal updating involves the ability to
monitor, manipulate, and retain information presented in a verbal auditory form.
Inhibition is the ability to suppress irrelevant information and/or inappropriate re-
sponses. Shifting is the capacity for flexible thinking and adeptly switching between
alternative tasks or strategies (Miyake et al., 2000).

Executive functioning has been found to be linked to both arithmetic fluency and
mathematical problem-solving in several ways. During the mathematical problem-
solving process, information must be held in memory, manipulated, and regularly
updated (Best & Miller, 2010; Bull & Lee, 2014). A representation of the required
problem-solving strategy must be formed and stored in working memory. Irrelevant
information or inappropriate, misleading responses must be ignored at times, and
alternative strategies must be considered and switched to, on occasion. Just how—
and the extent to which—visuospatial and verbal updating, inhibition, and shifting
(i.e., three important components of executive functioning) contribute to students’
developing mathematical problem-solving is not completely clear.

Executive Functioning in Relation to Arithmetic Fluency

With practice, the arithmetic fluency of elementary school students increases, and
their mathematical problem-solving becomes more efficient and sophisticated as a
result (Geary, 2004). Arithmetic fluency requires not only the quick and accurate re-
trieval of arithmetic facts from long-term memory but also the efficient updating of
information, the suppression of incorrect responding (inhibition), and accurate
shifts between operations (+, —, x, +; Bull & Scerif, 2001; Bull et al., 1999; Swanson &
Beebe-Frankenberger, 2004). Consider, for example, a student who has to solve 6 x
8 and needs an intermediate step. The student is able to use the strategy of splitting
the problem into subproblems (5 x 8,1 x 8). The well-known arithmetic fact that
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5 x 8 = 40 has to be retrieved from memory, and the student has to keep the answer in
mind. Then, the student has to complete the other subproblem (1 x 8 = 8) and switch
operations by adding the outcomes (40 + 8) to produce the answer to 6 x 8. During
this process, the student has to inhibit responses that may have already been activated
or other irrelevant stimuli (e.g., suppressing the answer 14 for the number combination
of 6 and 8).

Considerable insight has been gained into the associations between executive
functioning and arithmetic fluency. In particular, a number of studies have shown
that visuospatial and verbal updating are significant predictors of arithmetic fluency
(e.g., Cragg et al., 2017; Lee & Bull, 2016; LeFevre et al., 2013; Van de Weijer-Bergsma
et al,, 2015). However, studies have shown inconsistent findings with regard to the
role of visuospatial and verbal updating in relation to age/school grade. In two studies
involving only verbal updating, no significant associations with arithmetic fluency
were found (Balhinez & Shaul, 2019; Fuchs et al., 2006). In the study by Balhinez
and Shaul (2019), moreover, verbal updating was not related to arithmetic fluency
in third grade but was in the grades before. Their explanation was that young stu-
dents who have to solve simple arithmetic problems possibly use different proce-
dures that rely particularly on verbal updating. During the first years of school, arith-
metic is based on the representation of a given number quantity through serial
counting. Verbal updating plays an important role in arithmetic performance. When
strategies become more efficient and students keep practicing, they get faster and
more accurate. Arithmetic fluency mastery relies mainly on automatic retrieval and
to a lesser extent on verbal updating.

In a study in which visuospatial and verbal updating were included in the analyses,
Andersson (2008) found that verbal updating contributed to arithmetic fluency. Lon-
gitudinal studies have shown associations between visuospatial and verbal updating
and arithmetic fluency, but the studies have not shown consistent findings. In a study
by LeFevre et al. (2013), visuospatial and verbal updating jointly predicted arithmetic
fluency in grades 2 through 4. Van de Weijer-Bergsma et al. (2015) showed visuo-
spatial and verbal updating to be equally strong predictors of arithmetic fluency
through grade 4 with verbal updating later prevailing in grades 5 and 6. In this same
study, however, the updating of information showed no significant connections to
individual differences in the development of arithmetic fluency within one school
year. Finally, Lee and Bull (2016) also showed visuospatial and verbal updating to
jointly and strongly predict arithmetic fluency through grade 4 but only weakly
thereafter (i.e., in grades 5 through 9). Assuming that arithmetic fluency has fully de-
veloped by the end of grade 4, the authors suggest that updating also then has a less
prominent role to play.

With regard to the contribution of inhibition and shifting to arithmetic fluency,
previous research showed mixed findings. Several studies found relationships be-
tween inhibition and arithmetic fluency (Bull & Scerif, 2001; Cragg et al., 2017;
LeFevre et al,, 2013; Van der Sluis et al., 2007), but a study by Balhinez and Shaul
(2019) did not. In the study by Bull and Scerif (2001), shifting was shown to contribute
to arithmetic fluency, but in other studies, shifting was not shown to be related to
arithmetic fluency (Cragg et al., 2017; Van der Sluis et al., 2007). The mixed findings
with regard to particularly the roles of inhibition and shifting in arithmetic fluency
may be due to the increasingly quick and easy retrieval of stored arithmetic facts from
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long-term memory, making inhibition less needed and facilitating the shifting re-
quired for more complex mathematical problem-solving (Bull & Scerif, 2001; Bull
et al., 1999; Cragg et al., 2017).

Executive Functioning in Relation to Mathematical Problem-Solving

Mathematical problem-solving requires the following skills, among others: iden-
tification of relevant information and key words after the reading of a problem and
selection and application of most suitable strategies, operations, and algorithms
across multiple contexts (Boonen et al., 2013; Fuchs et al., 2008; Verschaffel et al.,
2020). School textbooks typically have students solve mathematical problems involv-
ing real-world contexts depicted using mathematical notation, text, and/or pictorial
representations (Verschaffel et al., 2020).

Visuospatial updating and verbal updating have indeed been found to help stu-
dents integrate the information identified as relevant to thereby solve advanced
mathematical problems requiring multiple steps (Cragg et al., 2017). Inhibition and
shifting may also be required when learning new concepts and mastering the proce-
dures needed for new domains of mathematics and for solving more complex math-
ematical problems, as is the case in grade 4. To prevent irrelevant information from
interfering with a new and otherwise unfamiliar problem-solving process, for exam-
ple, inhibition is needed. In addition, students must be able to readily shift between
various procedures for more advanced mathematical problem-solving, such as apply-
ing conceptual knowledge of fractions and factual knowledge of addition and multi-
plication when solving a multistep problem (Lee et al., 2009).

The roles of visuospatial and verbal updating in mathematical problem-solving ap-
pear to be most consistent. Studies consistently report significant associations of visuo-
spatial and verbal updating with not only simple, single-step mathematical problem-
solving (Swanson, 2011; Swanson & Beebe-Frankenberger, 2004; Swanson et al., 2008;
Zheng et al,, 2011) but also more complex, multistep mathematical problem-solving
(Agostino et al., 2010; Cragg et al., 2017; Fuchs et al., 2016; Passolunghi & Pazzaglia,
2004). In addition, Cragg et al. (2017) found both visuospatial and verbal updating
to play similar roles across different components of mathematics and different age
groups. In contrast, St. Clair-Thompson and Gathercole (2006) found only visuo-
spatial updating to be strongly related to mathematical problem-solving performance.

The few studies examining inhibition and/or shifting as executive functions in re-
lation to children’s mathematical problem-solving have shown mixed results (Jacob &
Parkinson, 2015). Regarding inhibition, Lee et al. (2009) found no significant associ-
ations for multistep problem-solving. In two other studies, in contrast, significant as-
sociations were found between inhibition and the solving of both single-step and
multistep mathematical problems (Passolunghi & Pazzaglia, 2004; Swanson, 2011).
Specifically, students showing better inhibition of irrelevant information showed bet-
ter mathematical problem-solving. To date, the evidence regarding the role of shift-
ing in students’ mathematical problem-solving is limited and mixed. Some studies
(Andersson, 2007; Cantin et al., 2016) found shifting to be a significant predictor of
mathematical problem-solving, whereas Cragg et al. (2017) did not.

Finally, the possible associations of updating, inhibition, and shifting—consid-
ered together—with students’ advanced mathematical problem-solving have only
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been examined in a few studies (Agostino et al., 2010; Cragg et al., 2017; Viterbori et al,,
2017). The findings have again been consistent with regard to the predictive role of up-
dating but not about the roles of inhibition or shifting. Agostino et al. (2010) found not
only visuospatial and verbal updating but also inhibition (and not shifting) to be sig-
nificant predictors, whereas Cragg et al. (2017) found only visuospatial and verbal up-
dating (and not inhibition and shifting) to be significantly related to mathematical
problem-solving. Viterbori et al. (2017) found inhibition and shifting to play a role
while third graders devised a problem-solving plan and selected the required calcula-
tions but not during their actual problem-solving. When the accuracy of their actual
mathematical problem-solving was examined, only verbal updating played a role. And
similarly, in a very recent study in which only updating was included, Allen and Giofre
(2021) found verbal updating to play a more important role than visuospatial updating
in the mathematical problem-solving of third-grade students (78 years old).

Overall, updating is most frequently identified as a significant predictor of math-
ematical problem-solving performance and thus students’ ability to update, hold,
and manipulate information deemed to be essential. Verbal updating is judged to be
of particular importance for grade 4 students. Not all studies distinguish between
visuospatial and verbal updating, however. And the findings regarding inhibition
and shifting in relation to student’s mathematical problem-solving are less consistent
than those for updating. It should be noted that when both updating and inhibition
were examined in the same study, updating played a more prominent role in the chil-
dren’s mathematical problem-solving (Wiley & Jarosz, 2012).

Relationships between visuospatial and verbal updating, inhibition, and shifting
and mathematical problem-solving performance and growth in grade 4 are not yet
clear. Most of the relevant research has included only young students and only simple
as opposed to more complex mathematical problems. Very little is known about the
direct and indirect contributions of executive functioning and arithmetic fluency to
mathematical problem-solving in grade 4 when the degree of mathematical complex-
ity and abstraction increases.

The Present Study

To date, the vast majority of studies have been directed at performance in mathematical
problem-solving, not at changes over time (growth), and most studies have not included
the executive functions of visuospatial and verbal updating, inhibition, and shifting.
There is a marked need for further understanding of the direct and indirect contribu-
tions of executive functioning to mathematical problem-solving in grade 4 to extend
previous research. The present study therefore takes the following into account when
studying performance and growth of students’ mathematical problem-solving abilities:
(a) the specific roles of visuospatial and verbal updating, inhibition, and shifting (i.e.,
aspects of their executive functioning) in their mathematical problem-solving and
(b) the possibly mediating role of arithmetic fluency in their mathematical problem-
solving. In light of what is known to date, the following research questions then arise.

1. Is students’ mathematical problem-solving performance at the end of grade 4 pre-
dicted by their arithmetic fluency and executive functioning?
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2. Is the association between executive functioning and growth in mathematical
problem-solving, if any, mediated by students’ arithmetic fluency?

For the present study, a longitudinal design was adopted to monitor students’
mathematical problem-solving from the start to the end of fourth grade of elemen-
tary school, with nonverbal reasoning ability controlled for as a critical factor under-
lying mathematical problem-solving ability (Fuchs et al., 2006).

With regard to the first research question, we hypothesized that arithmetic fluency
would directly predict mathematical problem-solving when measured at the end of
grade 4. Being arithmetically fluent and capable of applying factual math knowledge
is clearly necessary to solve advanced mathematical problems. We also hypothesized
that both visuospatial and verbal updating would directly and significantly predict
mathematical problem-solving at the end of grade 4. In light of the literature, verbal
updating might prove more important than visuospatial updating. The roles to be ex-
pected for inhibition and shifting were not clear but nevertheless of interest.

With regard to the second research question, we hypothesized that arithmetic flu-
ency would mediate the associations between executive functioning and growth in
the students’ mathematical problem-solving during fourth grade. We specifically ex-
pected both visuospatial and verbal updating to contribute to the mediating function
of arithmetic fluency and thus indirectly to the growth in mathematical problem-
solving during grade 4 but also directly. We had no specific hypotheses about the di-
rect influences of inhibition and shifting on growth in mathematical problem-solving
or possibly indirect influences via associations with arithmetic fluency. The roles of
these aspects of executive cognitive functioning are nevertheless of great interest in
light of the gradually more advanced mathematics presented during the fourth grade
of elementary school.

The present study will pinpoint the different contributions of visuospatial and
verbal updating and of inhibition and shifting (in combination with inhibition) to
mathematical problem-solving in fourth-grade students, along with the roles of
arithmetic fluency and prior mathematical problem-solving achievement. Knowing
more about the contributions of these different components may lead to more insight
into how upper elementary students can be supported in their mathematics learning.

Method

Participants were 458 fourth-grade students from 27 mainstream elementary schools
in the Netherlands. Schools were recruited via social media (Twitter) and direct mail-
ing to the school principals and fourth-grade teachers (contact information gathered
via public websites from schools). Twenty-seven schools signed up to participate for
two school years. Due to internal school affairs, 22 schools participated throughout
the 2-year study period. The participating schools were located in rural and urban
areas spread across the Netherlands and were diverse in terms of school size, pupil
population, and mathematics curriculum used.

As part of a larger longitudinal research project, the data for this study were col-
lected from a randomly selected sample of 458 out of 1,062 students. This sample
comprises an even distribution of low, average, and high math achieving students
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(based on standardized national mathematics test scores). Of the 458 students com-
posing the sample, 50.3% were male and 49.7% female. The mean age of the students
was 9; 1 years (SD = 0.43), with a range of 8; 02 to 10; 10 (years; months). The spread
in age was due to either having skipped a year of school or repeating a year. For 89.9%
of the students, Dutch was the language used in the home. Due to absences or incom-
plete task performance, the amount of data collected varied from N = 388 to N = 453
per test. Only complete responding was included in the data analyses.

The Raven’s Standard Progressive Matrices were administered at the start of the
school year to check on participants’ nonverbal reasoning and ensure that none of
the participants had scores 2 or more standard deviations below the mean (Raven,
2000; Raven et al., 1998). None of them did. The mean nonverbal reasoning score
found for the students at the beginning of fourth grade (N = 450) was 36.58 (SD =
6.99), skewness —0.73, and kurtosis 1.37. The sample was treated in accordance
with institutional guidelines as well as American Psychological Association ethical
standards.

Procedure

After recruitment of participants, an information meeting was organized in two dif-
ferent regions of the Netherlands. During the meeting, the schools were presented
both verbal and printed information about the purpose of the study, duration of
the study, and data collection methods to be used. The parents of the recruited stu-
dents were provided information about the study by the school. Both the schools and
the parents provided their written consent for the participation of the students prior
to data collection.

The Cito (Dutch national standardized mathematics test) mathematics achieve-
ment data were obtained from the schools. Measures of arithmetic fluency (start
of grade 4) and nonverbal intelligence (start of grade 4) were administered in class
using paper and pencil. The students sat in a test setup, so they could not copy from
each other. The first author gave test instructions and stayed in the classroom. The
teacher also remained in the classroom. The testing took about 45 minutes, excluding
a short break between the administration of the two measures.

The executive functioning of each student (visuospatial and verbal updating, in-
hibition, and shifting in combination with inhibition) was tested individually in a
quiet room in the student’s school by an educational psychologist (i.e., the first au-
thor) at the start of grade 4.

Baseline Measure (Start of Grade 4) and Outcome Measure (End of Grade 4)

To measure students’ mathematical problem-solving performance the criterion-
based mathematics test at the end of grade 4 was adopted as the outcome measure.
Standardized Dutch national tests are commonly administered at the middle and
end of each school year to monitor student progress (Cito; Janssen et al., 2005). The
mathematics test is made up of a mixture of computation problems (e.g., 7,500 +
250 =) and word problems. Some translated examples of word problems are as fol-
lows: “The zookeeper has 75 fish. Each penguin gets 3 fish. How many penguins can
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the zookeeper feed?” “Elsa wants to paint the wall of her room a different color. To
know how much paint she needs, she must know the surface area of the wall. The
wall is 6 yards long and 2.50 yards wide. What is the surface area of the wall?” Math-
ematical problems are presented using mathematical notation, text, and/or text with
pictures. These pictures are not just decorations but provide additional information
needed to solve the problem. The majority of the mathematical problems have a
picture in combination with text: How many jars of powdered milk are in this
box? __jars (accompanying picture depicts a full box in which only some of the jars
are visible); Dad’s birthday is on June 28. He will celebrate his birthday on the follow-
ing Saturday. That is on __ (accompanying picture depicts the calendar for the month
of June).

The following mathematics domains are covered: (1) numbers, number relations,
and operations (addition, subtraction, multiplication, and division); (2) proportions
and fractions; and (3) measurement and geometry. The reliability coefficients for the
different versions of the test (middle and end) ranged from 0.91 to 0.97 (Janssen et al.,
2010); in the present study, & = 0.86. The test scores at the end of grade 4 were used
as the outcome measure (T2); the test scores at the start of grade 4 were used as a
baseline measure (T1). It must be noted that the baseline measure was actually in-
cluded as part of standardized testing at the end of grade 3, but for clarity and con-
sistency, we are using this as the level at the start of grade 4. The mathematical problem-
solving measure was a longitudinal measure (T1 and T2), whereas all other measures
were collected before T2.

Mediator Measure (Start of Grade 4)

To measure students’ arithmetic fluency performance the Speeded Arithmetic
Test (TempoTest Automatiseren; De Vos, 2010) was used. This is a standardized
paper-and-pencil test frequently used in Dutch education to measure speeded
arithmetic skill (arithmetic fluency). The test consists of four categories of 50 fact
problems: addition (tasks with a range of difficulty level from 6 + o to 29 + 28), sub-
traction (range from 4 — 2 to 84 — 38), multiplication (range from 4 X 1to5 x 9), and
division (range from 8 + 2 to 72 + 9). Students are given 2 minutes to solve as many
problems as possible within a given category. Each correct answer yields 1 point, for a
total of 50 possible points per category and a total possible score of 200. The number
of problems answered correctly for each category was adopted as the domain score.
The total for the four domains was used in the analyses. The test was administered
at the start of grade 4. And the reliability and validity of testing were judged to be good
(o« = 0.88; De Vos, 2010); in the present study, & = 0.92.

Predictor Measures (Start of Grade 4)

The dot matrix and backward dot matrix subtests from the Alloway Working
Memory Assessment (AWMA) were used to assess so-called visuospatial updating
(Alloway, 2012; Van Berkel & Van der Zwaag, 2015). The AWMA is an online assess-
ment tool for use with students 9—17 years of age; the dot matrix is a span task that
calls upon visuospatial updating. In the dot matrix, the student is required to watch
a red dot in a sequence of locations on a four-by-four square matrix on a computer
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screen. The student is then asked to indicate the sequential order of locations of the
red dot on a blank square on the computer screen. The number of red dots presented
increases from one to nine red dots on subsequent trials and had to be recalled in the
order they were presented. In the backward dot matrix subtest, sets of three geomet-
rical shapes arranged in three square frames are presented. The respondent must
identify the odd-one-out shape by pointing to it and then must memorize its location
(left, middle, or right). Following presentation of one or more sets of three shapes
(i.e., a block composed of a minimum of one and maximum of seven sets of three
shapes), the locations of the odd-one-out shapes must be recalled in the same order
as presented. The subtest starts with a block containing one set of shapes and in-
creases to a block containing seven sets of shapes. When a student made three or more
mistakes within a block, the test stopped automatically. The total number of correct
answers for the two AWMA subtests was used as a measure of visuospatial updating.
The reliability coefficients for the dot matrix (0.83) and backward dot matrix (0.82)
were judged to be good in the past and also in the present study (o« = 0.85 and 0.84).

The digit span subtest from the Wechsler Intelligence Scale for Students
(WISC-III) was used to measure verbal updating (Wechsler, 2003). First, the student
is asked to repeat a sequence of digits in forward order as read aloud by the exam-
iner. The number of digits of a sequence increases from two to nine on subsequent
trials. Then, the student is asked to repeat different sequences of digits in backward
order. This task increases in difficulty from two to eight digits on subsequent trials.
Every item on the digit span consists of two trials, each of which is scored 1 or o points.
The test was completed when the student failed both trials of the same length. The
sum of scores was calculated. Higher scores indicate better performance. The reliabil-
ity coefficient for this test was found to be .88 in the past (Kaufman, 1993) and was 0.65
in the present study, which is acceptable. Forward digit span requires rote memory
and auditory sequential processing, whereas backward digit span also requires the
use of working (i.e., short-term) memory for the transformation and manipulation
of information.

To assess inhibition and shifting, the Color Word Interference Test (CWIT) was
used. This test is part of the Delis-Kaplan Executive Function System (DKEFS; Delis
et al,, 2001), an age-normed battery of tests designed to measure executive functions
in students and adults, ages 8—89. The CWIT has four conditions: color naming (con-
dition 1), word reading (condition 2), inhibition (condition 3), and shifting + inhi-
bition (condition 4). Condition 1 involves naming the color of colored squares and
condition 2 involves reading words (names of colors) aloud. Conditions 3 and 4 were
used to measure inhibition and shifting. In the inhibition condition (condition 3),
students must suppress a prepotent response (i.e., predisposition) by stating the color
of the ink used to present a word rather than reading the word itself (which may be a
color word). For example, the word “green” is printed in red ink. The correct answer
in this case is “red,” not “green.” This task is based on the Stroop (1935) procedure. In
the shifting + inhibition condition (condition 4), the student is presented with a page
containing the words red, green, and blue written in red, green, or blue ink. Half of
the words are presented in boxes. The respondent is asked to state the color of the ink
in which the word is printed (just as in the inhibition condition) or, when the word
appears within a box, instead to read the word aloud (and not name the ink color).
The student has to switch between reading the word and naming the color of the ink.
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This must be done as quickly and accurately as possible. Each condition has two prac-
tice rows, with a total of 10 items. The 50 items were presented in five rows of 10 items
each. The student has to complete each condition in a maximum of 180 seconds.
When the student completed each condition in less than 180 seconds, the completion
time for each condition is noted in seconds. Raw scores were used as measures for
inhibition and shifting + inhibition, consisting of completion time and correct words
named for each of the two conditions. For both the inhibition and shifting + inhibi-
tion conditions, faster completion times and fewer errors indicate better performance;
the lower the score, the better. In the present study, the reliability for the CWIT (all
four conditions) was found to be generally acceptable (0.76) but questionable to ac-
ceptable for both the inhibition (0.62) and shifting + inhibition (0.68) conditions.

Data Analyses

The data and descriptive statistics for all of the measures were first screened for po-
tential errors and outliers. We discovered five outliers when checking for normality.
We used boxplots as well as z-scores with a standard cutoff value of +3.00 from o.
Outliers were then removed from the data (one nonverbal reasoning score, one in-
hibition, three shifting + inhibition). All of the variables were normally distributed
with acceptable values of skewness and kurtosis (Field, 2009). We next computed the
Pearson’s correlations between the predictor and outcome measures.

To address the first research question, a multiple hierarchical regression analysis
was conducted with mathematical problem-solving at the end of grade 4 as the out-
come variable. Arithmetic fluency and the measures of executive functioning were the
independent variables.

To address the second research question, we computed mediation analyses using
the PROCESS add-on by Hayes, version 3.5, model 4, with a default bootstrapping at
5,000 cycles (Hayes, 2018). Mathematical problem-solving at the end of grade 4 was
the outcome variable. The four measures of executive functioning were the indepen-
dent variables, arithmetic fluency at the start of grade 4 was a mediating variable, and
mathematical problem-solving at the start of grade 4 was included as a covariate. We
estimated the direct, indirect, and total effects for each of the independent variables.
The direct effects are the influences of the measures of executive functioning on
mathematical problem-solving at the end of grade 4 without inclusion of the medi-
ator arithmetic fluency. The indirect effects are the influences of the measures of ex-
ecutive functioning when arithmetic fluency is included as a mediating variable. The
total effect is the impact of the measures of executive functioning on mathematical
problem-solving at the end of grade 4 without inclusion of the mediator and not con-
trolled for mathematical problem-solving performance at the start of grade 4.

Results
Descriptives

Descriptive statistics are displayed in Table 1. The correlation results showed all
of the measures to correlate highly significantly with each other; see Table 2. Each of
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Table 1. Descriptive Statistics

Measures N M (SD) Skewness Kurtosis
Visuospatial updating 388 19.54 (6.20) .01 a1
Verbal updating 454 11.64 (2.44) 35 72
Inhibition 452 87.02 (19.73) .46 1.61
Shifting + inhibition 451 85.38 (18.70) 44 1.72
Arithmetic fluency 452 106.90 (34.49) 18 —.58
Mathematical problem-solving T1 453 215.67 (28.27) .05 .51
Mathematical problem-solving T2 446 239.41 (25.82) —.09 25

Note—T1 = start of grade 4; T2 = end of grade 4.

the predictor measures correlated significantly with the outcome measure. The cor-
relations between arithmetic fluency and mathematical problem-solving were mod-
erate. The other correlations were low but significant. Some of the correlations
showed up negative, given that for some of the measures, a lower score indicated
better performance (e.g., inhibition and shifting + inhibition speed and number of
errors).

Predicting Mathematical Problem-Solving Performance

To answer the first research question, namely, whether students’ mathematical
problem-solving at the end of grade 4 is predicted by their arithmetic fluency and their
executive functioning at the start of grade 4 (or not), the results of the multiple regres-
sion analyses were examined (see Table 3). As can be seen, 23.6% of the variance in the
students’ mathematical problem-solving at the end of grade 4 could be explained by
their arithmetic fluency alone. When the components of executive functioning were
added to the model, 31.4% of the variance in mathematical problem-solving was ac-
counted for. Examination of the individual contributions of the predictors in Model 2
showed arithmetic fluency, visuospatial updating, and verbal updating to be significant
predictors. Inhibition and shifting + inhibition at the start of grade 4 did not predict
mathematical problem-solving at the end of grade 4.

Predicting Mathematical Problem-Solving Growth

Our second research question was whether or not any association between exec-
utive functioning and growth (i.e., changes) in the students’ mathematical problem-
solving during grade 4 was mediated by students’ arithmetic fluency (measured at the

Table 2. Correlations between Measures

Measures 1 2 3 4 5 6 7
1. Visuospatial updating -

2. Verbal updating 218 -

3. Inhibition —.206 —311 -

4. Shifting + inhibition —.268 —.230 .600 -

5. Arithmetic fluency 258 238 —.366 —.349 -

6. Mathematical problem-solving T1 374 383 —.235 —.203 547 -

7. Mathematical problem-solving T2 334 316 —172 —177 490 759 -

Note—p < .001 for all correlations.
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Table 3. Multiple Regression Analysis for Contributions of
Components of Executive Functioning and Arithmetic Fluency
to Mathematical Problem-Solving at the End of Grade 4

B SE I t
Model 1
F(1,363) = 112.310, p < .001, R* = .236
Arithmetic fluency 362 .034 486%F* 10.598
Model 2
F(4,360) = 33.028, p < .001, R* = 314, AR* = .079
Arithmetic fluency 311 .036 418 8.603
Visuospatial updating .821 189 20344 4.351
Verbal updating 1.989 493 189 4.032
Inhibition .093 .075 .071 1.244
Shifting + inhibition .010 .076 .008 132
*p <.ool

start of grade 4) after controlling for the level of mathematical problem-solving at the
start of grade 4. The mediation results are presented in Figure 1.

The mediation (see Fig. 1) with visuospatial updating, verbal updating, inhibition,
and shifting + inhibition as predictors and arithmetic fluency at the start of grade 4
as a mediator, and initial level of mathematical problem-solving as control explained
57.2% of the variance in the growth of the students’ mathematical problem-solving
during grade 4. The indirect effects of visuospatial and verbal updating via arithmetic
fluency on mathematical problem-solving at the end of grade 4 were not found to be
significant, a,b, = 0.027, 95% CI = [-0.014, 0.084], a,b, = 0.043, 95% CI = [-0.064,
0.185]; the bootstrapped 95% confidence intervals did cover zero. Similarly, the direct
effects of visuospatial and verbal updating on mathematical problem-solving at the
end of grade 4 (c) were not found to be significant, 3, = 0.270, SE = 0.150, t = 1.797,

Arithmetic fluency start grade 4

Visuospatial updating

091**

Verbal updating

Inhibition Mathematical problem-solving end
grade 4

Shifting + inhibition

678%**

Mathematical problem-solving start
grade 4

Figure 1. Results of mediation analyses with measures of executive functioning (at the start of
grade 4) as predictors, arithmetic fluency (at the start of grade 4) as mediator, mathematical problem-
solving (at the start of grade 4) as covariate, and mathematical problem-solving at the end of grade 4
as outcome. **p < .01, **p < .o0L
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p = .073; 8. = 0375, SE = 0.359, t = 1.044, p = .297. The total effects of visuo-
spatial and verbal updating on mathematical problem-solving at the end of grade 4
(c") were also not found to be significant, 3, = 0.297, SE = 0.151, t = 1.962, p = .051;
B. = 0.418, SE = 0.362, t = 1155, p = .249.

In contrast, the indirect effects of inhibition and shifting + inhibition via arithmetic
fluency on the students’ mathematical problem-solving at the end of grade 4 were sig-
nificant, a,b, = —0.045, 95% CI = [-0.078, —0.017]; a,b, = —0.043, 95% CI = [-0.078,
—0.014]. The bootstrapped 95% confidence intervals did not cover zero. The direct ef-
fects of inhibition and shifting + inhibition on mathematical problem-solving (c) were
not found to be significant, 3, = 0.051, SE = 0.043, t = 1.172, p = .242; 3, = 0.009,
SE = 0.046,t = 0.196, p = .845. The total effects of inhibition and shifting + inhibition
on mathematical problem-solving at the end of grade 4 (c") were also not found to be
significant, 8, = 0.006, SE = 0.042,t = 0.134, p = .893; 3, = —0.034, SE = 0.044,t =
—0.774, P = .439.

The association between arithmetic fluency at the start of grade 4 and mathematical
problem-solving at the end of grade 4 was significant (8 = .091, p < .01). The asso-
ciation between mathematical problem-solving at the start of grade 4 and mathemat-
ical problem-solving at the end of grade 4 was also significant (8 = 0.678, p < .oo1).

In sum, visuospatial updating, verbal updating, and arithmetic fluency signifi-
cantly predicted mathematical problem-solving at the end of grade 4. At least some
of the growth in mathematical problem-solving during the fourth grade was medi-
ated by the students’ arithmetic fluency (as measured at the start of grade 4 and after
controlling for mathematical problem-solving at the start of grade 4). Inhibition and
shifting + inhibition related directly and significantly to arithmetic fluency and
therefore only indirectly with the growth in the student’s mathematical problem-
solving during grade 4. Only arithmetic fluency directly affected the growth in stu-
dents’ mathematical problem-solving during grade 4.

Discussion

The purpose of the present study was to identify the roles of student’s arithmetic fluency
and executive cognitive functioning—including visuospatial updating, verbal updating,
inhibition, and shifting—in students’ fourth-grade mathematical problem-solving.
Arithmetic fluency, visuospatial updating, and verbal updating proved predictive of
mathematical problem-solving at the end of grade 4, whereas inhibition and shifting
(in combination with inhibition) did not. With regard to the changes (i.e., growth) in
the students’ mathematical problem-solving during fourth grade, only arithmetic flu-
ency showed a strong and direct effect on performance at the end of grade 4 and after
controlling for mathematical problem-solving at the start of grade 4. Inhibition and
shifting (in combination with inhibition) were now found to indirectly relate to the
students’ mathematical problem-solving at the end of grade 4 via arithmetic fluency
and to thus play a role in the growth of the students’ mathematical problem-solving.

Mathematical Problem-Solving Performance

The present finding that arithmetic fluency is predictive of mathematical problem-
solving at the end of grade 4 is consistent with previous findings (Fuchs et al., 2006;
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Viterbori et al., 2017; Zheng et al., 2011). Being arithmetically fluent and thus able to
quickly access and apply factual knowledge is clearly necessary for the solution of ad-
vanced mathematical problems. Of the components of executive cognitive function-
ing, visuospatial updating and verbal updating were predictive for the student’s
mathematical problem-solving at the end of grade 4; inhibition and shifting (in com-
bination with inhibition) were not. This finding is also consistent with the findings of
previous studies showing principal roles for visuospatial and verbal updating in
mathematical problem-solving (e.g., Andersson, 2007; Cragg et al,, 2017; Passolunghi &
Pazzaglia, 2004; Zheng et al., 2011). Indeed, mathematical problems with more abstract
and predominantly verbal information are increasingly presented in grade 4. Verbal
updating gains importance, in addition to visuospatial updating (Andersson, 2007;
Van de Weijer-Bergsma et al., 2015). It should be noted that we did not have specific
expectations about the possible contributions of inhibition and shifting (in combina-
tion with inhibition) to the prediction of the fourth-grade students’ mathematical
problem-solving and did not find significant contributions. In a meta-analysis of pre-
vious studies that included visuospatial updating, verbal updating, inhibition, and
shifting to examine students’ mathematical problem-solving, the executive functions
of visuospatial updating and verbal updating were also found to predominate—just as
in the present study—over inhibition and shifting in the prediction of mathematical
problem-solving (Friso-van den Bos et al., 2013).

Mathematical Problem-Solving Growth

With regard to the changes/growth in the students’ mathematical problem-solving
during grade 4, we hypothesized—on the basis of a more recent study by Fuchs et al.
(2016)—that starting arithmetic fluency would mediate any associations between the
executive functioning of the students and changes in their mathematical problem-
solving. This was indeed found to be the case. Unexpectedly, however, the executive
functions of inhibition and shifting (in combination with inhibition) as opposed to
visuospatial updating and verbal updating were found to indirectly contribute to
mathematical problem-solving at the end of grade 4 via starting arithmetic fluency
and after controlling for the students’ mathematical problem-solving at the start of
grade 4. Declining importance for visuospatial updating and verbal updating has also
been found in a few other studies when mastery of the relevant mathematical content
within a given domain can be assumed to have increased (e.g., mastery of basic arith-
metic in grade 4; Balhinez & Shaul, 2019; Fuchs et al., 2006). In the present study, we
nevertheless expected both visuospatial and verbal updating to continue to play both
direct and indirect roles in the changes/growth of students’ mathematical problem-
solving during grade 4, which did not prove to be the case. The finding of significant
roles for inhibition and shifting + inhibition was unexpected. The students in our
study had to solve increasingly more advanced, multistep mathematical fact and word
problems, with and without pictures, requiring a variety of calculations within a single
problem. To solve such multiple step problems, inhibition and shifting may be more
critical than visuospatial and verbal updating (Bull & Scerif, 2001; Cantin et al., 2016;
Verschaftfel et al., 2020). For example, when students confront a new domain of math-
ematics entailing increasingly complex and abstract mathematical problems, inhibi-
tion may be increasingly needed to suppress irrelevant information (e.g., irrelevant
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textual information) and prior learning experiences (e.g., ignoring a counting on
strategy when applying a multiplication strategy is more appropriate). In addition,
shifting is increasingly needed to switch between procedures (e.g., going from addi-
tion to multiplication, a shift to another strategy; Wiley & Jarosz, 2012). At this point
in the student’s learning, visuospatial and verbal updating may still be important but
not as important as when the student is less arithmetically fluent. In other words, the
roles of inhibition and shifting in mathematical problem-solving may increase in
grade 4 but remain indirect as they still depend on arithmetic fluency (Cragg et al.,
2017). As students learn to solve a wider variety of mathematical problems in grade 4,
greater flexibility in the determination of solution strategies and conduct of calcula-
tions is needed (Fuchs et al., 2006, 2016; Geary, 2011; Wiley & Jarosz, 2012). The exec-
utive function of inhibition and/or shifting comes to play an increasingly important
role in students’ mathematical problem-solving as found in the present study.

Finally, the results of the present study indicate that although the level of mathe-
matical problem-solving at the start of grade 4 is predictive for the development of
mathematical problem-solving ability (and therefore used as a control variable in
some of our analyses), the level of arithmetic fluency is equally important and con-
tinues to be important. These findings are in line with the hierarchical frameworks
for understanding changes in students’ mathematics achievement over time and the
assumption that the influences of various aspects of students’ executive functioning
are mediated during their development by the concomitant development of domain-
specific mathematical competencies (Cragg et al., 2017; Geary, 2004; Geary & Hoard,
2005).

Study Strengths, Limitations, and Directions for Future Research

A major strength of the present study is the large and representative sample size of
458 students from 27 elementary schools, with also control for the students’ nonver-
bal reasoning capacities. Another strength of the study is the use of students from
grade 4 or, in other words, students facing the challenge of solving increasingly com-
plex and more abstract mathematical problems but also expanding their knowledge
and skills to include new domains of mathematics. Direct measures of executive
functioning were used and important aspects of executive functioning were distin-
guished in doing this: visuospatial updating, verbal updating, inhibition, and shifting
(in combination with inhibition). Two mathematics tests that have been proven to be
reliable were also used: one for arithmetic fluency and one for more advanced fact and
contextual mathematical problem-solving.

The present study also has some possible limitations. Multiple measures were not
used to assess the four components of executive functioning, although doing this
might have yielded more reliable results (e.g., use of two different tests per executive
function and use of a measure that focuses exclusively on shifting). Furthermore, for
follow-up research, we recommend including the measurement of arithmetic fluency
at the end of grade 4 and using a structural equation model to examine the direct and
indirect effects over time, in a cross-lagged design. In addition, we did not explore
just how the students went about solving the mathematical problems presented to
them. Observational methods might therefore be incorporated into future studies
to provide a process measure of students’ mathematical problem-solving. By doing
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this, for example, Kotsopoulos and Lee (2012) found that executive updating (with
no distinction between visuospatial and verbal updating) was most challenging dur-
ing the phase of understanding a mathematical problem, inhibition during the plan-
ning phase, and shifting during the reflection/evaluation phase. Another possible
limitation on the present study is that other potentially relevant factors—such as stu-
dents’ reading comprehension, task approach, and (in)adequate identification of
problem-solving strategies—were not included. Consideration of these factors in fu-
ture research is therefore recommended.

Implications for Practice

Solid mastery of starting mathematical knowledge and skills obviously facilitates
later learning and mathematical problem-solving (Watts et al., 2014). Careful atten-
tion should therefore be paid in the teaching of mathematics to the establishment of a
solid mathematical foundation during the early elementary school years. Students
with poor arithmetic fluency especially require explicit instruction and intensive
training to improve their arithmetical knowledge and efficient strategy use (Koponen
et al., 2018). Students need arithmetic fluency and sufficient prior mathematical knowl-
edge for successful mathematics learning in grade 4 and subsequent grades.

With regard to executive functions, attempts to improve executive functioning
have shown limited transfer to other domains, and long-term effects from interven-
tions are largely unknown (Diamond, 2012). Based on a recent study by Gunzenhauser
and Niickles (2021), supporting executive functioning during daily mathematics les-
sons in several ways can be suggested. One suggestion is modeling by the teacher; that
is, the teacher can demonstrate how to make a plan and monitor its implementation
in solving a complex mathematical problem. Another suggestion is informed training;
that is, the teacher provides information about how, when, and why to enact a partic-
ular skill. Furthermore, it is important that teachers consider the specific executive
functions that might help students to solve mathematical problems and scaffold the
students during instruction (e.g., break complex problems into manageable parts
and teach strategies to deal with irrelevant information).

Conclusion

The present research findings provide further insight into the roles of arithmetic
fluency and specific aspects of executive functioning in the mathematical problem-
solving of students. Arithmetic fluency and the visuospatial and verbal updating
aspects of executive functioning appear to be most important for mathematical problem-
solving measured at the end of grade 4. When mathematical problem-solving mea-
sured at the start of grade 4 is controlled for and the growth in students’ mathematical
problem-solving during grade 4 is considered, the executive functions of inhibition
and shifting (in combination with inhibition) are now seen to directly relate to arith-
metic fluency and indirectly to growth in mathematical problem-solving. An impor-
tant finding in this study is the continued and unique contribution of arithmetic flu-
ency to the mathematical problem-solving of students in grade 4, which required a
more advanced level of mathematical problem-solving than in previous studies using
younger students.
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