
Eur. Phys. J. C         (2022) 82:1015 
https://doi.org/10.1140/epjc/s10052-022-10970-1

Regular Article - Theoretical Physics

Majorana propagator on de Sitter space

Tomislav Prokopec1,a, Vishnu Hari Unnithan1,b

1 Institute for Theoretical Physics and EMMEPH, Faculty of Science, Utrecht University, Princetonplein 5, 3584 CC Utrecht, The Netherlands

Received: 17 August 2022 / Accepted: 28 October 2022
© The Author(s) 2022

Abstract We study the dynamics of Majorana fermions in
an expanding de Sitter space and to that aim, by making use
of the method of mode sums, we construct the vacuum Feyn-
man propagator for Majorana fermions in de Sitter space. The
Majorana condition implies nontrivial identities for the mode
functions, which we carefully implement. We note that, under
charge conjugation, the propagator transforms to minus itself,
but do not discuss in detail the topological implications of
this observation. We construct the propagator for a general
complex mass and find that it is identical to the correspond-
ing Dirac propagator, meaning that the coupling of fermions
to the classical de Sitter gravitational background does not
violate charge symmetry, i.e. it respects the Majorana condi-
tion. The complex mass propagator differs from its real mass
counterpart in that the usual positive and negative energy pro-
jectors acquire a chiral rotation which depends on the phase
of the mass term. We use our propagator to calculate the one-
loop effective action for Majorana fermions, and find that it
differs from that of Dirac fermions by a factor of 1/2, which
accounts for the reduced number of degrees of freedom of
the Majorana particle. Finally, we derive the Majorana and
Dirac propagators for mixing n fermionic flavors and show
that the number of CP-violating phases for Dirac fermions
exceeds that of the Majorana fermions by n (n − 1)/2. This
is vital for understanding how the dynamics of Dirac and
Majorana fermions generate different CP-violating effects in
the multi-flavor case.

1 Introduction

Understanding Majorana particles has attracted considerable
interest in the last few decades. Understanding its dynam-
ics have consequences for important questions such as the
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nature of dark matter [1–3], the origin and nature of matter
anti-matter asymmetry, the origin of neutrino masses, infla-
tionary models, etc. The field of quantum computing, topo-
logical insulators and other fields in low energy physics have
also wrestled with Majorana particles [4], as pairs of Majo-
rana particles could provide topologically protected quantum
gates.

The Dirac fermion propagator on de Sitter space was orig-
inally constructed by Candelas and Raine [5], and then sub-
sequently generalized to accelerating, homogeneous cosmo-
logical spaces in Ref. [6].1 How to construct Majorana prop-
agators in de Sitter space and in cosmological spaces was
discussed in Refs. [7,8], where the Majorana propagator was
obtained by acting the left-handed chiral projectors on the
Dirac propagator.

In this work we provide an alternative derivation of the
Majorana propagator by using the method of mode sums and
discuss in detail how to impose the Majorana condition. We
point out in particular at the difference that arises when Majo-
rana condition is imposed on-shell and off-shell, and stress
the importance of imposing it off-shell, as it can be important
for accurate perturbative calculations. One of the advantages
of using the technique of mode sums is that it brings to fore
how the reduced number of degree of freedom of Majorana
particles influences construction of the propagator, which is
not evident in the procedure in Refs. [7,8].

Due to the Majorana nature of neutrinos, leptogenesis [9]
(see Ref. [10] for a review) is a key motivator for under-
standing the dynamics of Majorana fermions as we know that
leptogenesis is concerned with lepton number generation in
extensions of the standard model that include heavy Majo-
rana neutrinos. Lepton asymmetry produced via the neutrinos
is important for our understanding of the baryon asymmetry

1 The Dirac propagator was constructed in spacetimes of a constant
acceleration parameter, ε = −Ḣ/H2 (Ḣ = dH/dt), where H(t)
denotes the expansion rate of the Universe and assuming that the
fermionic mass squared scales as the Ricci curvature scalar.

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-022-10970-1&domain=pdf
http://orcid.org/0000-0002-8768-6222
mailto:t.prokopec@uu.nl
mailto:vishnuhari5@outlook.com


 1015 Page 2 of 20 Eur. Phys. J. C          (2022) 82:1015 

of the Universe, as the one-loop decay processes are stud-
ied by making use of the resummed thermal propagator for
Majorana neutrinos [11–14]. This motivates a careful con-
sideration of the Majorana propagator in out-of-equilibrium
conditions in which CP-violating processes play an impor-
tant role, one notable example being time dependent back-
grounds of the expanding Universe. Since leptogenesis pro-
cess involves mixing of lepton flavors, here we also consider
the multiflavor Majorana propagator in de Sitter space and
compare it with that of the Dirac fermions.

Motivated by the advances in precision observations of
cosmic microwave background radiation and Universe’s
large scale structure, in recent decades we have witnessed
progress in perturbative results for interacting matter and
gravitational fields both in de Sitter space (which serves as
the model space for cosmological inflation), as well as in
more general cosmological spacetimes. The most important
ingredient of these studies are the propagators, as they are
the essential building block for perturbative studies. Scalar
propagators in de Sitter space were first derived in [15], also
see [16], [17]. Next, the vector propagators on de Sitter space
were initially constructed in covariant Fermi gauges in [18],
for massive vectors of scalar electrodynamics in exact Lorenz
gauge in [19], and some subtleties related gauge fixing were
subsequently discussed in Ref. [20]. The graviton propagator
was constructed and discussed at length in Refs. [21–29]. Our
knowledge on the propagators in more general cosmological
spacetimes is rather limited. The massless scalar propagator
for inflarionary spaces with constant deceleration parameter
was obtained in Ref. [30] and the massive vector propagator
for scalar electrodynamics was recently constructed in Ref.
[31], where the authors discussed the subtleties of unitary
gauge and various simpler limits of the propagator. These
propagators have been used to study various perturbative pro-
cesses in inflation, but the list of references is large, and so
we refrain from presenting it here.

The paper is organised as follows. In Sect. 2 we define the
model that we intend to study, and define Majorana fields in
the helicity basis and solve for the mode functions. Section 3
is devoted to the construction of the propagator, which we
check by showing that it reduces to the correct Minkowski
space propagator. In the same section we also investigate how
the propagator transforms under charge conjugation, as that
is of interest for understanding CP violation. As a simple
application of the propagator in Sect. 4 we compute the one-
loop effective action and show that it equals 1/2 of that for the
Dirac fermions. In order to better understand fermionic CP
violation (which is important for leptogenesis), in Sect. 5 we
construct the propagator for multiflavor Majorana fermions
and compare with the corresponding propagator for Dirac
fermions. Our main results are discussed in Sect. 6, where
we also present an outlook to possible applications of the

propagator. Finally, in Sect. 7 we present various technical
derivations.

2 The model

To describe the dynamics of Majorana fermions in de Sit-
ter space, we begin by recalling the Lagrangian of Dirac
fermions in general gravitational backgrounds in D space-
time dimensions, as this allows one to perform perturba-
tive calculations with renormalization and regularisation that
respects all the symmetries of the problem. The action and
Lagrangian of the free massive Dirac fermion in D dimen-
sions are,

S[�, �̄] =
∫

dDx
√−gL ; L = 1

2
i�̄γ μ

↔∇μ � − �̄M�, (2.1)

where �(x) denotes the Dirac spinor, �̄ = �†γ 0, �̄γ μ
↔∇μ

� = �̄γ μ
[∇μ�

]− [∇μ�̄
]
γ μ� (we use chiral representa-

tion for the Dirac matrices, whose basic properies are listed
in Appendix A), andM is the (complex) mass matrix defined
as:

M = (m112D/2×2D/2 + im2γ5)

=
(
m∗12(D−2)/2×2(D−2)/2 0

0 m12(D−2)/2×2(D−2)/2

)
, (2.2)

with m = m1 + im2, with m1,m2 ∈ R. The metric of a
spatially flat, homogeneous universe can be written in terms
of the time-dependent scale factor a = a(t) as,

gμν = diag
(
−1, a2, a2...., a2

)
D

, (2.3)

such that its determinant equals, g = −a2(D−1). The covari-
ant derivative operator ∇μ acts on a spinor as,

∇μ� = (
∂μ − �μ

)
�, (2.4)

and spin(or) connection �μ can be obtained from,

�μ = −1

8
eν
c

(
∂μeνd − �α

μνeαd
) [

γ c, γ d
]
. (2.5)

where eν
c denote vielbein (used to project vectors (and ten-

sors) on tangent space, Vμ(x) = eμ
a (x)V a , where we use

Latin letters to denote indices on flat tangent space). By trans-
forming to conformal time η as,

dt = a(η)dη, (2.6)

in which the metric becomes, gμν = a2(η)ημν (ημν denotes
Minkowski metric in D dimensions) and using vielbein for-
malism [6] one arrives at,

iγ μ∇μ�(x) = a− D+1
2 (η)iγ b∂b

(
a

D−1
2 (η)�(x)

)
. (2.7)
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Here a(η) is the scale factor for a spatially flat homoge-
neous expanding universe and η is conformal time. The rela-
tion (2.7) is very useful as it relates the covariant derivative
acting on a spinor to the partial derivative in (flat) tangent
space.

2.1 Dirac equation

The Dirac equation which follows from Eq. (2.1) is given by,
(
iγ μ∇μ − M)

�(x) = 0. (2.8)

Using Eq. (2.7) and upon performing a conformal rescaling
of the fermion field,

�(x) → a
D−1

2 (η)�(x) = �̃(x), (2.9)

the Dirac equation (2.8) can be recast as,(
iγ b∂b − aM

)
�̃(x) = 0. (2.10)

2.2 Majorana fermions

The motivation to carefully investigate the dynamics of Majo-
rana particles in de Sitter space also arises, as stated above,
from the observation that there is a lack of conserved vector
currents for Majorana particles. To see this we can define the
Dirac field in terms of its two chiral spinors as follows,

�(x) =
(

χL (x)
χR (x)

)
. (2.11)

The Lagrangian (2.1) then becomes (cf. Appendix A),

L = iχ†
L
σ̄ μ∇μχL + iχ†

R
σμ∇μχR − m∗χ†

R
χL − mχ†

L
χR ,

(2.12)

where σμ = (1, σ i ) and σ̄ μ = (1,−σ i ), where σ i denote
Pauli matrices, iσμ∇μχR = a− D+1

2 iσμ∂μ

[
a

D−1
2 χR

]
and

i σ̄ μ∇μχL = a− D+1
2 i σ̄ μ∂μ

[
a

D−1
2 χL

]
. Under a global U(1)

transformation, χL ,R → e−iθχL ,R , and therefore the fields
� and �̄ transform infinitesimally as, � → � + θ
θ and
�̄ → �̄ + θ
̄θ , with 
θ = −i� and 
̄θ = i�̄, from
which it follows that the Lagrangian (2.12) remains invari-
ant. These transformations imply the following conserved
(Noether) vector current for Dirac particles,

jμ(x) ≡ ∂L
∂∂μ�


θ + ∂L
∂∂μ�̄


̄θ = �̄(x)γ μ�(x). (2.13)

Let us now consider the Majorana particles, defined by
the Majorana condition:

�(x) = −iγ 2�∗(x) =
(

0 −ε

ε 0

)(
χ∗

L
(x)

χ∗
R
(x)

)
. (2.14)

Here we have defined iσ 2 = ε, where εab denotes the anti-
symmetric tensor in two dimensions, defined by ε12 = 1 =

−ε21 and ε11 = ε22 = 1. Thus, the Majorana field �M (x)
is defined as

�M (x) =
(

χL (x)
εχ∗

L
(x)

)
. (2.15)

The simplest way to arrive at the Lagrangian for Majorana
fermions is to to replace � by �M into (2.15), which results
in the following Lagrangian, 2

LM = −iχT
L

εσμε ∇μχ∗
L

+ iχ†
L
σ̄ μ∇μχL

+m∗χT
L

εχL − mχ†
L
εχ∗

L
, (2.16)

It is clear that this Lagrangian is not invariant under the global
U(1) transformation discussed above, as the Majorana condi-
tion (2.14) is inconsistent with the symmetry transformation
discussed above.

An important consequence of this observation is that there
is no conserved vector current for Majorana fermions. This
can be understood in terms of Clifford algebra and the accom-
panying symmetry generators for Dirac and Majorana par-
ticles. It can be noted that (in D = 4) the Dirac particles
have 16 generators of Clifford algebra whereas the Majorana
particles have 15 generators, precisely due to the fact that the
Majorana condition (2.14) is inconsistent with the symmetry
transformation discussed above. This means that the symme-
try algebra of Majorana particles is the Clifford algebra minus
the unity matrix, resulting in the symmetry generators of con-
formal group in D = 4 [32]. As a step towards understading
ramifications of the lack of conserved vector current for the
dynamics of Majorana fermions, in this paper we construct
the Majorana propagator in de Sitter space, thereby paying
special attention to the implementation of the Majorana con-
dition (2.14). This will allow us to compare the Majorana
propagator with that of Dirac fermions originally constructed
by Candelas and Raine in Ref. [5] and to the more general
propagator discussed in Ref. [6]. We already know that the
absence of vector current plays an important role for the CP-
violating dynamics of mixing fermions, as the baryogenesis
mechanism from Ref. [33] would be fundamentally changed
in the absence of a conserved vector current (cf. Eq. (5) of
Ref. [33]).

2.2.1 Canonical quantization

The above considerations and Eq. (2.1) suggest the follow-
ing action and Lagrangian for the Majorana fermions in its
canonical form,

SM [�] =
∫

dDx
√−gLM ; LM = 1

4
�̄Miγ μ

↔∇μ�M

−1

2
�̄MM�M , (2.17)

2 As argued below, there is a better way to write the Majorana lagrangian
as the normalization of the kinetic terms in (2.16) is not canonical.

123



 1015 Page 4 of 20 Eur. Phys. J. C          (2022) 82:1015 

The additional factor 1/2 can be justified by noting that – due
to the Majorana condition – �M and �̄M are not independent
fields, which can be clearly seen from,

�M = (−iγ 2)�∗
M = (−iγ 2)γ 0 [�̄M

]T
	⇒ �̄M = �T

Mγ 0(iγ 2). (2.18)

Since the condition is imposed at the level of the action,
we refer to it as the off-shell Majorana condition. This then
means that, varying the action (2.17) with respect to �(x)
results in the Dirac equation that has the same form as in
Eq. (2.8), but with the Majorana condition imposed on �M ,
(
iγ μ∇μ − M)

�M (x) = 0, �̄M = �T
Mγ 0(iγ 2). (2.19)

It is now quite easy to show that, transposing (2.19) and
inserting γ 0(iγ 2)(−iγ 2)γ 0 = 1 and commuting (−iγ 2)γ 0

with
[
i(γ μ)T∇μ − M]

(MT = M) results in

�̄M (x)
(
−iγ μ

←∇μ −M
)

= 0, (2.20)

which is therefore not independent from Eq. (2.19). 3

The canonically normalized Lagrangian for the Majorana
field �M (x) in (2.17) (when recast in terms of 2(D−2)/2-
spinor fields) reads,

LM = −1

4
χT
L

εiσμε
↔∇μ χ∗

L

+1

4
χ†
L
i σ̄ μ

↔∇μ χL + 1

2
m∗χT

L
εχL − 1

2
mχ†

L
εχ∗

L
. (2.21)

Notice the 1/2 difference when compared with the naîve
Majorana Lagrangian (2.16). The Majorana condition was
already used when writing (2.20) (to remove χR ), and there-
fore the spinors χL and χ∗

L
in (2.21) are independent com-

plex spinor fields. The corresponding canonical momenta are
obtained by varying the action SM with respect to ∂0χL (x)

and ∂0χ
∗
L
(x) resulting in

[
πχ∗

L

]
b

= 1
2a

D−1i
[
χT
L

]
b and[

πχL

]
b = 1

2a
D−1i

[
χ

†
L

]
b, where b denotes a spinor index.

When these are promoted to operators, χ̂L (x), χ̂∗
L
(x), π̂χL

and π̂χ∗
L
, canonical quantization then implies the following

anticommutators (h̄ = 1),

{χ̂L (η, �x), π̂χL
(η, �x ′)}bc = iδD−1(�x − �x ′)δbc

{χ̂∗
L
(η, �x), π̂χ∗

L
(η, �x ′)}bc = iδD−1(�x − �x ′)δbc, (2.22)

3 A simple and well studied analogy to the situation at hand is the case of
complex and real scalar fields. The canonically normalized Lagrangian
for a complex scalar 
 is, L
 = −gμν(∂μ
∗)(∂ν
)−m2
∗
, where

∗ and 
 are considered independent degrees of freedom. On the other
hand, the canonically normalized Lagrangian for a real scalar field φ

is, Lφ = − 1
2 g

μν(∂μφ)(∂νφ) − 1
2m

2φ2, where the reality condition
φ∗(x) = φ(x) plays the role of the Majorana condition for fermions,
which is just the charge transformation for scalar fields.

or equivalently,

{χ̂L (η, �x), χ̂†
L
(η, �x ′)}bc = 2δD−1(�x − �x ′)

a(η)D−1 δbc

{χ̂∗
L
(η, �x), χ̂T

L
(η, �x ′)}bc = 2δD−1(�x − �x ′)

a(η)D−1 δbc, (2.23)

and all other anti-commutators vanish. Note the conspicu-
ous factor 2 on the right hand side of these relations, which
is absent in canonical quantization of Dirac fermions. This
factor is a consequence of our requirement to canonically
normalize the kinetic term for Majorana fermions, and it will
affect the normalization of our mode functions, and thus the
propagator. There is no deep physical meaning in it as this
factor can be absorbed by a suitable rescaling of χL and χ∗

L .
Finally, note that even though the Lagrangian (2.21) sug-
gests that there are two independent canonical momenta, the
canonical quantization reveals that there is only one inde-
pendent anti-commutator (they are related by transposition).
This is to be contrasted with the Dirac fermions, for which
there are two independent canonical momenta, each of them
associated with the left and right handed fermion fields,
respectively. The Majorana condition imposes a dependency
between the right- and left-handed fermions, thus reducing
the number of independent canonical momenta to just one.

2.2.2 Helicity decomposition of Majorana fields

In this section we represent Majorana spinors in terms of
mode sums, where the modes are helicity eignespinors. Some
attention is given to how to construct helicity eigenspinors
in D dimensions, in which they are 2(D−2)/2−component
vectors.

Using the Majorana condition in Eq. (2.14) we can define
the (conformally rescaled) Majorana fields as follows,

ˆ̃
�M,α(x) =

∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·�x

[
b̂h(�k) + b̂†

h(−�k)
]
Ah,α(η, �k), (2.24)

ˆ̄̃
�M,α(x) =

∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·�x

[
b̂h(−�k) + b̂†

h(
�k)
]
Āh,α(η, �k) , (2.25)

the derivation of which is presented in Appendix B. ˆ̃
�M,α(x)

is the rescaled Majorana field,

ˆ̃
�M,α(x) =

(
a

D−1
2 χ̂L (x)

εa
D−1

2 χ̂∗
L
(x)

)
=
(

ρ̂(x)
ερ̂∗(x)

)
, (2.26)

and
ˆ̄̃
�M,α(x) = ˆ̃

�
†
M,β(x)γ 0

βα . From (2.23) one infers the
(only) nontrivial anti-commutation relation for the rescaled
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spinors,

{ρ̂(η, �x), ρ̂†(η, �x ′)}ab = {χ̂L (η, �x), aD−1χ̂†
L
(η, �x ′)}ab

= 2δD−1(�x − �x ′)δab (2.27)

The operators b̂h(�k) and b̂†
h(

�k) in the mode decomposi-
tion (2.24) are the Majorana fermion annihilation and cre-
ation operators, respectively. b̂h(�k) annihilates the vacuum
state |�〉, b̂h(�k)|�〉 = 0, and b̂†

h(
�k) creates a particle of

momentum �k and helicity h, and can be used to construct
states that span the Hilbert space of the problem. Note that
the creation and annihilation operators in Eq. (2.24) are iden-
tical, which is due to the fact that the positive and negative
frequency states (related by charge conjugation) do not inde-
pendently fluctuate, as it is dictated by the Majorana con-
dition. The operators obey the following anti-commutation
relation,

{b̂h(�k), b̂†
h′(�k′)} = (2π)D−1δD−1(�k − �k′)δhh′

{b̂h(�k), b̂h′(�k′)} = 0, {b̂†
h(

�k), b̂†
h′(�k′)} = 0. (2.28)

Ah,α(η, �k) and Āh,α(η, �k) in Eqs. (2.24) and (2.25) are
defined as,

Ah,α(η, �k) =
(

ρh(η, �k)
ερ∗(η,−�k)

)
=
(

Lh(η, �k)ξh(�k)
L∗
h(η,−�k)εξ∗

h (−�k)
)

,

Āh,α(η, �k) =
(
−ρT

h (η,−�k)ε ρ
†
h(η, �k)

)

=
(
−Lh(η,−�k)ξ Th (−�k )ε Lh(η,−�k)ξ†

h (�k )

)
,

(2.29)

where ρh(η, �k) is the rescaled helicity eigenspinor in momen-
tum space, Lh(η, �k) is the Majorana particle mode function,
and ξh(�k) is the helicity eigenspinor defined by,

ĥξh(�k) = hξh(�k); h = ±1, (2.30)

where ĥ is the helicity operator, which in D = 4 has the
simple form, ĥ = (�k/‖�k‖) · �σ 4 and using Eq. (6.22) we can
write Ah(η, �k) and Āh(η, �k),

Ah(η, �k) =
(

Lh(η, �k )

heiθ(k̂x ,k̂y )L∗
h(η,−�k )

)
⊗ ξh(�k )

Āh(η, �k) =
(
he−iθ(k̂x ,k̂y )Lh(η,−�k ) L∗

h(η, �k )

)
⊗ ξ

†
h (�k ), (2.31)

4 We have defined the Majorana fields in D dimensions and the chiral-
ity operators can be readily generalized to higher dimensions as was
carefully done in Ref. [6]. The properties listed for the helicity 2-spinor
in Appendix (1) Eqs. (6.22–6.24) and Eq. (6.26) stay the same in gen-
eral D dimensions. Thus, the definitions in D = 4 that we use in this
section for the construction of the propagator remain valid in D dimen-
sions.We also point out that our analytical extension to D dimensions
is valid when starting from even dimensions, which is the relevant case
as we are primary interested in using the propagator for dimensional
regularization near D = 4. Analytical extension from odd dimensions
requires further study and will not be pursued here.

where θ(k̂x , k̂y) = tan−1
(
k̂y/k̂x

)
(see Eq. (6.21)).

In order to progress towards normalization of the Majo-
rana mode functions, note that the following identity for the
chiral eigenvectors holds,
∑
h=±

(
ξ

†
h,a(

�k) ⊗ ξh,b(�k)
)

= δab,

(− ∞ < ki < +∞ ; i ∈ {x, y, z}), (2.32)

which is proved in Appendix C. Next, since the helicity eigen-
states L±(η, �k) do not couple to the vacuum, their normal-
ization should be independent on helicity,

|L+(η, �k)|2 = |L−(η, �k)|2. (2.33)

Making use of Eqs. (2.27, 2.28) along with the definitions
in Eqs. (2.24) and (2.26), one can see that the normalisation
condition is given by,
∑
h=±

[
|Lh(η, �k)|2

(
ξ

†
h,a(

�k) ⊗ ξh,b(�k)
)]

= δab,
(− ∞ < ki < +∞ ; i ∈ {x, y, z}). (2.34)

Finally, from Eqs. (2.32) and (2.33) from the above equation
it follows that,

|L±(η, �k)|2 = 1 (−∞ < ki < ∞ ; i ∈ {x, y, z}) .

(2.35)

This normalization differs from the usual one for the Dirac
fermions, in which the mode functions squared are normal-
ized to 1/2, see e.g.Ref. [6,34]. This difference can be traced
back to the factor 2 in the anticommutation relation (2.27).
Eq. (2.33) can then be written as follows,
∑
h=±

[
|Lh(η, �k)|2 + |Lh(η,−�k)|2

]
= 2

(0 < ki < ∞; i ∈ {x, y, z}) . (2.36)

Here it is important to notice that, due to the hemispherical
construction of helicity eigenmodes (discussed in detail in
Sect. 2.2.3 below), for a given helicity and momentum (h =
±, �k), only one of the mode function densities contributes
(the other is zero). For example, for h = +1, |L+(η, �k)|2
contributes and |L−(η, �k)|2 is zero. This observation is of
an essential importance for the correct normalization of the
Majorana propagator, which is one property that can be used
to distinguish between the Dirac and Majorana particles.

2.2.3 Mode function solutions

We can now describe the equations of motion for Majo-
rana particles. For this we use the Dirac equation given by
Eq. (2.10) which gives the following equations of motion for
the mode functions for kz ≥ 0:

i∂ηL
∗
h(η,−�k) − h‖�k‖L∗

h(η,−�k) − ahm∗Lh(η, �k)e−iθ = 0
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i∂ηLh(η, �k) + h‖�k‖Lh(η, �k) − ahmL∗
h(η, −�k)eiθ = 0. (2.37)

Upon writing h = ei
π
2 (1−h) = e−i π

2 (1−h) and m = |m|eiφ ,
Eq. (2.37) becomes,

ie
i φ̄
2 ∂ηL

∗
h(η,−�k) − e

i φ̄
2 h‖�k‖L∗

h(η,−�k)
−e− i φ̄

2 a|m|Lh(η, �k) = 0

ie− i φ̄
2 ∂ηLh(η, �k) + e− i φ̄

2 h‖�k‖Lh(η, �k)
−e

i φ̄
2 a|m|L∗

h(η,−�k) = 0, (2.38)

where we have defined φ̄ = θ(k̂x , k̂y) + π
2 (h − 1) + φ. It

is convenient to transform to the positive/negative frequency
basis,

uh±(η, �k ) = 1√
2

(
e− i φ̄

2 Lh(η, �k ) ± e
i φ̄
2 L∗

h(η,−�k )

)
,

(2.39)

in which the mode functions uh± obey a Bessel’s differential
equation,

∂2
ηuh±(η, �k ) +

⎛
⎜⎝‖�k‖2 +

1
4 −

(
1
2 ∓ i |m|

H

)2

η2

⎞
⎟⎠ uh±(η, �k ) = 0.

(2.40)

The Bunch–Davies vacuum solutions5 can be written in terms
of Hankel functions as follows (cf. Ref. [34]),

uh+(η, �k) = e
iπν+

2

√
−π‖�k‖η

4
H (1)

ν+ (−‖�k‖η)

uh−(η, �k) = he
iπν−

2

√
−π‖�k‖η

4
H (1)

ν− (−‖�k‖η). (2.41)

Here H (1)
ν (−‖�k‖η) is Hankel function of the first kind, which

in the ultraviolet (equivalently in a distant past, kη → −∞),
reduces to the positive frequency vacuum solution. The
indices ν± are given by,

ν± = 1

2
∓ iζ, ζ = |m|

H
. (2.42)

We can then write the set of equations in Eq. (2.38) for kz ≤ 0
as follows,

ie
i φ̄
2 ∂ηL

∗
h(η, �k ) − e

i φ̄
2 h‖�k‖L∗

h(η, �k )

+e− i φ̄
2 a|m|Lh(η,−�k ) = 0

5 By judiciously introducing Bogolyubov coefficients, one can quite
straightforwardly construct positive and negative frequency mode func-
tions for more general (pure) Gaussian states. Details of such a construc-
tion for Dirac fermions can be found in Ref. [6]. Here we are primarily
interested in the vacuum propagator in de Sitter, for which the Bunch–
Davies choice (2.41) sufficies.

ie− i φ̄
2 ∂ηLh(η,−�k ) + e− i φ̄

2 h‖�k‖Lh(η,−�k )

+e
i φ̄
2 a|m|L∗

h(η, �k ) = 0, (2.43)

for which we again transform into the positive/negative fre-
quency basis,

uh±(η,−�k) = 1√
2

(
Lh(η,−�k)e− i φ̄

2 ± L∗
h(η, �k)e i φ̄

2

)
,

(2.44)

where

uh+(η,−�k ) = e− iπν−
2

√
−π‖�k‖η

4
H (2)

ν− (−‖�k‖η)

uh−(η,−�k ) = −he
−iπν+

2

√
−π‖�k‖η

4
H (2)

ν+ (−‖�k‖η). (2.45)

Here H (2)
ν (−‖�kη‖) is Hankel function of the second kind,

which in the ultraviolet regime reduces to the negative fre-
quency vacuum solution. From Eq. (2.36) one can infer that
this set of solutions satisfies the following normalization con-
dition,

|uh+(η, �k)|2 + |uh−(η, �k)|2
+|uh+(η,−�k)|2 + |uh−(η,−�k)|2 = 2. (2.46)

From Eqs. (2.41)) and (2.45) one finds a complete set of
solutions for the mode functions,

e− i φ̄
2 Lh(η, �k) =

√
−π‖k‖η

8

[
e
iπν+

2 H (1)
ν+ (−‖�k‖η)

+he
iπν−

2 H (1)
ν− (−‖�k‖η)

]
, (2.47)

e
i φ̄
2 L∗

h(η,−�k) =
√

−π‖�k‖η
8

[
e
iπν+

2 H (1)
ν+ (−‖k‖η)

−he
iπν−

2 H (1)
ν− (−‖�k‖η)

]
, (2.48)

e− i φ̄
2 Lh(η,−�k) =

√
−π‖�k‖η

8

[
e

−iπν−
2 H (2)

ν− (−‖�k‖η)

−he
−iπν+

2 H (2)
ν+ (−‖�k‖η)

]
, (2.49)

e
i φ̄
2 L∗

h(η, �k) =
√

−π‖�k‖η
8

[
e

−iπν−
2 H (2)

ν− (−‖�k‖η)

+he
−iπν+

2 H (2)
ν+ (−‖�k‖η)

]
. (2.50)

Solutions in Eqs. (2.47), (2.48) are valid for kz ≥ 0 and in
Eqs. (2.49), (2.50) are valid for kz ≤ 0. To see this, we
can look at Fig. 1 (left panel) where we see that on the
upper hemisphere, the solutions are described by uh±(η, �k),
which are given in terms of Hankel functions of the first

kind H (1)
ν (−‖�k‖η) and thus, the solutions for e− i φ̄

2 Lh(η, �k)
and e

i φ̄
2 L∗

h(η,−�k) are also defined on this hemisphere, as
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Fig. 1 Left panel shows the
positive and negative frequency
solutions uh±(η, �k), defined on
the upper hemisphere (kz > 0)
and given by uh+(η, �k) =
e

iπν+
2

√
− π‖�k‖η

4 H (1)
ν+ (−‖�k‖η),

uh−(η, �k) =
he

iπν−
2

√
− π‖�k‖η

4 H (1)
ν− (−‖�k‖η).

Hence the solutions to the
corresponding mode functions
(right panel) are also defined on
the upper hemisphere

can be seen in Fig. 1 (right panel). However, when we con-
sider �k → −�k, then the solutions are defined on the lower
hemisphere, shown in Fig. 2 (left panel), and described by
uh±(η,−�k), which in turn are given in terms of Hankel func-
tions of the second kind H (2)

ν (−‖k‖η), and therefore the solu-

tions for e− i φ̄
2 Lh(η,−�k) and e

i φ̄
2 L∗

h(η, �k) are also defined on
the lower hemisphere, which is illustrated in Fig. 2 (right
panel).

3 Majorana propagator

Before we begin with construction of the Majorana propa-
gator, let us define some important quantities for de Sitter
space. Firstly, the scale factor on the expanding (Poincaré)
patch of de Sitter space reads,

a(η) = − 1

Hη

(
η < 0, H = const.

)
. (3.1)

Next, the following invariant distance (biscalar) functions are
useful,

y++(x; x ′) = �x2++(x; x ′)
ηη′

= 1

ηη′
(
− (|η − η′| − iε

)2 + ‖��x‖2
)

(3.2)

y+−(x; x ′) = 1

ηη′
(
− (

η − η′ + iε
)2 + ‖��x‖2

)
(3.3)

y−+(x; x ′) = 1

ηη′
(
− (

η − η′ − iε
)2 + ‖��x‖2

)
(3.4)

y−−(x; x ′) = 1

ηη′
(
− (|η − η′| + iε

)2 + ‖��x‖2
)

, (3.5)

where iε denotes an imaginary infinitesimal time shift (ε �
1), which are useful for definition of various two-point func-

tions on de Sitter. Eqs. (3.1–3.4) imply the following identi-
ties,

y++(x; x ′) = �(η − η′)y−+(x; x ′) + �(η′ − η)y+−(x; x ′)
y−−(x; x ′) = �(η − η′)y+−(x; x ′) + �(η′ − η)y−+(x; x ′).

(3.6)

These distance functions are related to the geodesic distance
on de Sitter space �(x; x ′) as follows, 4 sin2[H�(x; x ′)/2] =
yab(x; x ′)|ε→0 (a, b = ±).

3.1 Construction of the propagator

The Majorana propagator obeys the equation,
√−g

[
iγ μ∇μ − M]

i SF (x; x ′) = iδD(x − x ′), (3.7)

and it ought to be symmetric under the exchange of x and x ′.
To solve for the propagator on de Sitter space, we shall con-
struct the propagator by inserting the mode function decom-
position (2.24) into the definition of the propagator,

i Sαβ(x; x ′) = a− D−1
2 (η)a− D−1

2 (η′)i S̃αβ(x; x ′), (3.8)

i S̃αβ(x; x ′) =
〈
�

∣∣∣T
[ ˆ̃
�M,α(x)

ˆ̄̃
�M,β(x ′)

]∣∣∣�
〉

= �(η − η′)
〈
�

∣∣∣ ˆ̃
�M,α(x)

ˆ̃̄
�M,β(x ′)

∣∣∣�
〉

−�(η′ − η)
〈
�

∣∣∣ ˆ̃̄
�M,β(x ′) ˆ̃

�M,α(x)
∣∣∣�
〉
. (3.9)

This results in,

i S̃αβ(x; x ′) = �(η−η′)
∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·(�x−�x ′)

×Ah,α(η, �k) Āh,β(η′, �k)
−�(η′−η)

∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·(�x−�x ′)Ah,α(η,−�k)

× Āh,β(η′,−�k), (3.10)
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Fig. 2 Left panel shows the
positive and negative frequency
solutions uh±(η,−�k) defined on
the lower hemisphere (kz < 0)
and given by uh+(η,−�k) =
e

iπν−
2

√
− π‖�k‖η

4 H (2)
ν− (−‖�k‖η),

uh−(η,−�k) =
−he

iπν+
2

√
− π‖�k‖η

4 H (2)
ν+ (−‖�k‖η).

Right panel depicts the solutions
to the mode functions, which are
also defined on the lower
hemisphere

where Ah,α(η, �k) and Āh,β(η′, �k) are defined in Eq. (2.31)
and we have used the anti-commutation relation in Eq. (2.28)
(with the help of which we have performed one of the momen-
tum integrals).

Further steps in the construction of the propagator are
analogous to those in Ref. [6]. The propagator is computed,
component-by-component, using the solutions for the mode
functions from Eqs. (2.47–2.50). The propagator components
are defined in terms of the projection operators using the
following identity,

(
iγ b∂b + a|m|

) 1 ± γ 0

2

= 1

2

(±i∂η ± iσ i∂i + a|m| i∂η + iσ i∂i ± |m|
i∂η − iσ i∂i ± a|m| ±i∂η ∓ iσ i∂i + a|m|

)
.

(3.11)

After several steps,6 and in particular upon making use of
Eq. (2.7), one arrives at the Majorana propagator in the form,

[
i SF (x; x ′)

]rot = a
(
iγμ∇μ+|m|) HD−2

√
aa′[

1 + γ 0

2
i S+(x; x ′) + 1 − γ 0

2
i S̃+(x; x ′)

]
, (3.12)

where HD−2 = (
aa′ηη′) 2−D

2 and H is the Hubble rate,
which is constant on de Sitter. The functions i S+(x; x ′) and
i S̃+(x; x ′) are biscalars defined as follows,

i S+(x; x ′) = �
( D

2 +iζ
)
�
( D−2

2 −iζ
)

(4π)D/2�( D2 )

×2F1

(
D

2
+iζ,

D − 2

2
−iζ ; D

2
; 1 − y++(x; x ′)

4

)

i S̃+(x; x ′) = �
( D

2 −iζ
)
�
( D−2

2 +iζ
)

(4π)D/2�( D2 )

×2F1

(
D

2
−iζ,

D − 2

2
+iζ ; D

2
; 1− y++(x; x ′)

4

)
, (3.13)

6 For details we refer to Ref. [6].

where 2F1 denote Gauss’ hypergeometric functions and we
have used the definitions listed in Eq. (3.6). To calculate the
integral we have also made use of the properties of Hankel
functions in Appendix D (the details of the calculation can be
found in an Appendix B of [6], Eq. (B.1) and (B.4–B.6)) and
the relevant integrals needed for integration of products of
Bessel functions can be found in identity (6.578.10) of Ref.
[35].

The propagator (3.12) is still in the basis in which the phase
φ = Arctan[m2/m1] (m = m1 + im2) of the mass term
is removed, and it is the propagator for Majorana fermions
on de Sitter whose mass is real. When the mass is complex
however, one ought to bring it back to the standard form by
performing an additional chiral rotation,

i SF (x; x ′) = e− iφ
2 γ 5 [

i SF (x; x ′)
]rot e− iφ

2 γ 5
. (3.14)

When commuted through the kinetic operator in (3.12), this
then gives,

i SF (x; x ′) = a
(
iγμ∇μ + M†

) HD−2

√
aa′

×
[

1+eiφγ 5
γ 0

2
i S+(x; x ′)+ 1−eiφγ 5

γ 0

2
i S̃+(x; x ′)

]
,

(3.15)

where we made use of, e− iφ
2 γ 5 (

iγμ∇μ

+|m|) = (
iγμ∇μ + M†

)
e
iφ
2 γ 5

. This means that the split
between the positive and negative frequency poles in (3.15) is
not facilitated by the usual positive an negative energy projec-
tors, P± = 1

2 (1 ± γ 0), but instead by more complicated pro-

jectors that involve chiral rotations, P5± = 1
2 (1 ± eiφγ 5

γ 0).7

This is a new result for the vacuum propagators of both Dirac
fermions and Majorana fermions on de Sitter space.

When compared with the corresponding Dirac propagator
on de Sitter, we see that – in the special case when the mass

7 Notice that these operators are still proper projectors, in the sense that
they obey, [P5±]2 = P5± and P5+P5− = 0 = P5−P5+, where we made use

of eiγ
5φ = cos(φ) + iγ 5 sin(φ).
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is real – our Majorana propagator (3.13–3.15) becomes iden-
tical to the Dirac propagator of Refs. [5,6], with the remark
that our propagator represents generalization to the complex
mass case. The fact that the two propagators agree should not
surprise us in retrospect, because the propagators measure
statistical properties of vacuum fluctuations, which – in the
absence of CP violation – are identical for positive and neg-
ative frequency modes for Dirac particles, thus yielding sta-
tistically identical contributions from both frequency poles
in the de Sitter vacuum. The same is true by construction8

for Majorana particles, cf. footnote 3.

3.2 Minkowski limit of the propagator

Here we consider the Minkowski limit of the propagator con-
structed in the previous section in Eq. (3.15). To do this, we
will first expand the hypergeometric functions i S+(x; x ′) and
i S̃+(x; x ′) in Eq. (3.15) using the identity (9.131.2) from Ref.
[35],

i S+(x; x ′) = �
( D

2 + iζ
)
�
( D−2

2 − iζ
)

(4π)D/2 �( D2 )

×
{

�( D2 )�
( D

2 − 1
)

�
( D−2

2 − iζ
)
�
( D

2 + iζ
)
(
y++(x; x ′)

4

) 2−D
2

×2F1

(
1 + iζ,−iζ ; 4 − D

2
,
y++(x, x ′)

4

)

+ �( D2 )�
( 2−D

2

)
� (1 + iζ ) � (−iζ )

×2F1

(
D − 2

2
− iζ,

D

2
+ iζ ; D

2
,
y++(x; x ′)

4

)}
(3.16)

i S̃+(x; x ′) = �
( D

2 − iζ
)
�
( D−2

2 + iζ
)

(4π)D/2 �( D2 )
(3.17)

×
{

�( D2 )�
( D

2 − 1
)

�
( D−2

2 + iζ
)
�
( D

2 − iζ
)
(
y++(x, x ′)

4

) 2−D
2

×2F1

(
1 − iζ,+iζ ; 4 − D

2
,
y++(x; x ′)

4

)

+ �( D2 )�
( 2−D

2

)
� (1 − iζ ) � (iζ )

× 2

×F1

(
D − 2

2
+ iζ,

D

2
− iζ ; D

2
,
y++(x; x ′)

4

)}
, (3.18)

which transforms the propagator to the form that is conve-
nient near the lightcone, where y++(x; x ′) ∼ 0.

The Minkowski limit is defined by H → 0 and
a(η), a(η′) → 1, which also means that, when expanding the
hypergeometric functions we can use that (1±iζ )n(∓iζ )n �
(|m|/H)2n and (y++(x; x ′)/4)n � H2n(�x2++)n , where

8 Recall that the creation and annihilation operators are identical for
both frequency poles.

�x2++ ≡ �x2++(x; x ′) is defined in Eq. (3.2). Inserting these
into (3.16, 3.17) yields (in the Minkowski limit),

i S+(x; x ′) = i S̃+(x; x ′)

�
�
( D−2

2

)
�
( 4−D

2

) ( |m|
H

)D−2

2 (2π)D/2

I D−2
2

(
|m|

√
�x2++

)
+ I− D−2

2

(
|m|

√
�x2++

)

(
|m|

√
�x2++

) D−2
2

, (3.19)

where I±ν(z) denote modified Bessel functions of the first
kind. To get the last piece ∝ I− D−2

2
in Eq. (3.19) we made use

of the following asymptotic property of the gamma functions,

�
( D

2 − iζ
)
�
( D−2

2 + iζ
)

� (1 − iζ ) � (iζ )
≈ (iζ )D−2

(correct when |iζ | → ∞). (3.20)

Now using the following definition,

Iν(z) + I−ν(z) = 2

� (ν) � (1 − ν)
Kν(z), (3.21)

where Kν(z) denotes modified Bessel’s function of the sec-
ond kind, one can recast Eq. (3.19) as,

i S+(x; x ′) = i S̃+(x; x ′) �
( |m|

H

)D−2

(2π)D/2

K D−2
2

(
|m|

√
�x2++

)

(
|m|

√
�x2++

) D−2
2

. (3.22)

From this it follows that the Minkowski limit the propaga-
tor (3.15) is,

i SF (x; x ′) −→ [
i SF (x; x ′)

]
Mink

=
(
iγ μ∂μ + M†

)
i�|m|(x; x ′), (3.23)

where i�|m|(x; x ′) denotes the massive scalar propagator in
Minkowski space (whose mass equals |m|),

i�|m|(x; x ′) = |m|D−2

(2π)D/2

K D−2
2

(
|m|

√
�x2++

)

(
|m|

√
�x2++

) D−2
2

. (3.24)

The propagator (3.23) obeys the Minkowski space Dirac
equation with the correct source,(
iγ μ∂μ − M) [

i SF (x; x ′)
]

Mink = iδD(x−x ′). (3.25)

As it is evident, the chiral parts of the projectors from
Eq. (3.15) do not contribute in the Minkowski limit. It is
important to ask whether the chiral part of the projector in the
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Majorana propagator in (3.15) can contribute to CP-violation.
This question can be properly addressed only when the prop-
agator is used in loop calculations, in which vertices contain
CP violation. Since such calculations are quite involved, this
question is beyond the scope of this paper.

3.3 Charge conjugation

Charge conjugation (CP) of the Majorana propagator is
important for understanding leptogenesis which often involves
CP-violating processes during the decay of massive Majo-
rana neutrinos. To understand this better let us look at the CP
transformation of the propagator given by,

i SF (x; x ′) CP−→ (−iγ2)
(
i SF (x; x ′)

)∗
(−iγ2)

= −i SF (x; x ′), (3.26)

which immediately follows from the Majorana conditions,

�(x) = (−iγ 2)�∗(x), �̄(x) = −�̄∗(x)(−iγ 2) (3.27)

and the propagator definition (3.9).
To see how the property (3.26) pans out for our prop-

agator (3.15), it is instructive to go through the mode
decomposition (2.24, 2.25) to understand how CP-violation
realises (3.26). Let us begin our analysis with Eq. (3.10),
〈
T [ ˆ̃

�M,α(x)
ˆ̄̃
�M,β(x ′)]

〉
�(η − η′)

=
∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·(�x−�x ′)Ah,α(η, �k) Āh,β(η′, �k)

−�(η′ − η)
∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·(�x−�x ′)

×Ah,α(η,−�k) Āh,β(η′,−�k), (3.28)

where Ah,α(η,−�k) and Āh,β(η′,−�k) are defined as,

Ah,α(η,−�k) =
(

Lh(η,−�k)ξh(−�k)
−heiθ(k̂x ,k̂y)L∗

h(η, �k)ξh(−�k)

)
(3.29)

Āh,β(η′,−�k) =
(

−he−iθ(k̂x ,k̂y)Lh(η
′, �k)ξ†

h (−�k)
L∗
h(η

′,−�k)ξ†
h (−�k)

)
. (3.30)

We can also see how Ah,α( �k, η) Āh,β(η′, �k) and Ah,α(− �k, η)

Āh,β(η′,−�k) transform to each other under charge conjuga-
tion,

(−iγ2)αλ

(
Ah,λ(η, �k) Āh,δ(η

′, �k)
)∗

(−iγ2)δβ

= −Ah,α(η,−�k) Āh,β(η′,−�k) (3.31)

(−iγ2)αλ

(
Ah,λ(η,−�k) Āh,δ(η

′,−�k)
)∗

(−iγ2)δβ

= −Ah,α(η, �k) Āh,β(η′, �k). (3.32)

Applying the charge conjugation transformation to Eq. (3.28)
one obtains,

(−iγ2)αλ

(〈
T
[ ˆ̃
�M,λ(x)

ˆ̄̃
�M,δ(x

′)
]〉)∗

(−iγ2)δβ (3.33)

= �(η − η′)
∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·(�x−�x ′)(−iγ2)αλ

×
(
Ah,λ(η, �k) Āh,δ(η

′, �k)
)∗

(−iγ2)δβ

−�(η′ − η)
∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·(�x−�x ′)(−iγ2)αλ

×
(
Ah,λ(η,−�k) Āh,δ(η

′,−�k)
)∗

(−iγ2)δβ

= −
[
�(η − η′)

∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·(�x−�x ′)

×Ah,α(η,−�k) Āh,β(η′,−�k)
−�(η′ − η)

∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·(�x−�x ′)

×Ah,α(η, �k) Āh,β(η′, �k)
]
. (3.34)

If we were to calculate the integrals in Eq. (3.34), we would
obtain,

(
aa′)− D−1

2 (−iγ2)αλ

(〈
T
[ ˆ̃
�M,λ(x)

ˆ̄̃
�M,δ(x

′)
]〉)∗

(−iγ2)δβ

=
{
a
(
iγ μ∇μ + |m|)HD−2

√
aa′

[(
1 + γ 0

2

)
S−(x; x ′)

+
(

1 − γ 0

2

)
S̃−(x; x ′)

]}
αβ

, (3.35)

where i S−(x; x ′) and i S̃−(x; x ′) in contrast to i S+(x; x ′)
and i S̃+(x; x ′) are given by,

i S−(x; x ′) = �
( D

2 +iζ
)
�
( D−2

2 − iζ
)

(4π)D/2�( D2 )
2

×F1

(
D

2
+iζ,

D−2

2
−iζ ; D

2
; 1− y−−(x; x ′)

4

)

i S̃−(x; x ′) = �
( D

2 −iζ
)
�
( D−2

2 +iζ
)

(4π)D/2�( D2 )
2

×F1

(
D

2
−iζ,

D−2

2
+iζ ; D

2
; 1− y−−(x; x ′)

4

)
. (3.36)

Notice that, upon the charge conjugation transformation, we
have the propagator in terms of S−(x; x ′) and S̃−(x; x ′),
which is obtained when the time ordering for the Dyson prop-
agator is imposed. In order to understand this result, recall the
Stückelberg rule, which states that propagation of particles
in the positive time direction (governed by the time order-
ing in the Feynman propagator) is identical to propagation
of antiparticles in the negative time direction. Reversing the
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direction of time, the rule tells us that propagation of particles
in the negative time direction is equivalent to propagation of
antiparticles in the positive time direction, which explains
the Dyson time order in Eq. (3.36). Since we are dealing
with Majorana fermions, propagation of antiparticles in the
positive time direction must be related in a simple way to
propagation of particles in the positive time direction. To see
that, let us have a look at Eq. (3.34), in which we see that
the momentum integrals contain opposite phases when com-
pared with that in Eq. (3.10). This is cured by flipping the
sign of the integrated momenta resulting in,

(−iγ2)αλ

(〈
T
[ ˆ̃
�M,λ(x)

ˆ̄̃
�M,δ(x

′)
]〉)∗

(−iγ2)δβ

= −
[
�(η − η′)

∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·(�x−�x ′)

×Ah,α(η, �k) Āh,β(η′, �k)
−�(η′ − η)

∑
h=±

∫
dD−1k

(2π)D−1 e
−i �k·(�x−�x ′)

×Ah,α(η,−�k) Āh,β(η′,−�k)
]
. (3.37)

Evaluating this integral we get the result that we calculated
before in Eq. (3.15), however with an overall negative sign,
as expected,

(−iγ2)αλ

(〈
T
[ ˆ̃
�M,λ(x)

ˆ̄̃
�M,δ(x

′)
]〉)∗

(−iγ2)δβ

= −
{
a
(
iγ μ∇μ + |m|)HD−2

√
aa′

×
[

1 + γ 0

2
S+(x; x ′) + 1 − γ 0

2
S̃+(x; x ′)

]}
αβ

= −
〈
T
[ ˆ̃
�M (x)

ˆ̄̃
�M (x ′)

]〉
. (3.38)

Now our result is in accordance with our expectation in
Eq. (3.26), in which it is expressed in terms of time ordered
S+(x; x ′) and S̃+(x; x ′), which compose the Feynman prop-
agator (3.14, 3.15).

An important question is whether the minus sign (3.38)
can have any physical significance. Here we refrain from
making any detailed analysis, but just remark that fermionic
signs can lead to observable effect in two dimensional (D =
1 + 2 = 3) topological systems, a notable example being
fermionic systems considered for building quantum comput-
ers in which braiding of the fermionic wave function plays
an important role [38,39]. The charge conjugation opera-
tion of the Majorana propagator can be seen as the half-
braiding9 operation between two Majorana fermions in two

9 The operation performed here is an exchange and thus it corresponds
to a half-braid. A full braid involves the majorana fermion going around
the other fermion, back to its original site.

spatial dimensions, such that the transformation C ˆ̃
�M (x) and

ˆ̄̃
�M (x ′)C† is similar to exchange of particles as shown in
Fig. 3 (left panel). After this half-braiding transformation, the
particles exchange their position, however, one of the Majo-
rana fermion operator incurs a negative sign which can be
seen in Fig. 3 (right panel). Therefore the half-braiding oper-

ation follows the transformation rule ˆ̃
�M (x) → ˆ̃

�M (x ′) and
ˆ̃
�M (x ′) → − ˆ̃

�M (x). It must be noted that the negative sign
that we see in the half-braiding operation in two dimensions
is physically realized as different qubit states that are topo-
logically protected [41]. The question whether the charge
conjugation operation of Majorana fermions in general D
dimensions has any physical relevance, and whether it can be
related to the braiding operation in 2+1 dimensions requires
further analysis.

4 One-loop effective action

The one-loop effective action for Majorana fermions is given
by10

�
(1)
Maj = − i

2
Tr
[
log

(√−g
(
iγ μ∇μ − M̃

))]

= − i

2
Tr
[
log

(√−g
(
iγ μ∇μ − |m|))] , (4.1)

where the second equality follows from Eq. (3.14) and the
observation that Tr[γ 5] = 0. Taking a derivative of (4.1) with
respect to |m| and integrating over |m| gives an equvalent
expression (up to an irrelevant integration constant),

�
(1)
Maj = 1

2

∫ |m|
dm̃Tr

[√−gi SabF (x; x ′)
]
. (4.2)

where m̃ > 0 is a real mass parameter. Since the integral
in (4.2) is idential to that which occurs for the Dirac fermions,
we can use Eq. (93) from Ref. [6],

�
(1)
Maj = 1

2

∫
dDx

√−g
HD−2

(2π)D/2

{
�

(
1 − D

2

)

×
∫ |m|

dm̃
m̃�

(
D
2 +i ζ̃

)
�
(
D
2 − i ζ̃

)

�
(

1+i ζ̃
)

�
(

1−i ζ̃
)

⎫⎬
⎭ , (4.3)

10 When compared with the Dirac fermions, the one-loop effective
action for the Majorana fermions (4.1) contains a factor 1/2 in front
of the trace, which can be understood by noting that ψ̄M and ψM are
dependent variables. Recall that analogous difference occurs between
effective actions for real and complex scalar fields, as the effective action
for a complex scalar field is equivalent to that of two real scalars.
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Fig. 3 Left panel shows that the two Majorana fermions �(x) and
�(x ′) confined in two spatial dimensions at positions x and x ′, denoted
by blue and red dots, respectively. The arrows indicated how they are
exchanged (half-braided) with each other. Right panel shows that, after

the exchange: �(x) → �(x ′) and �(x ′) → −�(x). Although the
exchange can be visualised by how the blue and red dots have changed
their position, this is only for a visual representation. However, in reality
such a distinction is not possible

where ζ̃ = m̃/H . This action can be expanded around D =
4, and its convenient rewriting is,

�
(1)
Maj =

∫
dDx

√−g

{
μD−4

2(2π)D/2 �

(
1 − D

2

)

∫ |m|
dm̃m̃

[
H2+m̃2 + D−4

2
H2

(
ψ
(

1+i ζ̃
)

+ψ
(

1−i ζ̃
)

+ 2 + ln
(H2

μ2

))]}
, (4.4)

where we made use of HD−2 = μD−4H2
[
1 + D−4

2 ln
(
H2/

μ2
)+ O((D − 4)2

)]
. Now, keeping in mind that,

�
(

1 − D

2

)
= 2

D − 4
+ γE − 1, (4.5)

where γE = ψ(1) ≈ 0.57 · · · is the Euler–Mascheroni con-
stant, one sees that the divergences in (4.4) can be removed
by adding the counterterm action of the form,

Sct =
∫

dDx
√−g

[
α

R

D(D − 1)
+ β

]
,

R = D(D − 1)H2, (4.6)

where

α = − μD−4

4(2π)D/2 �

(
1 − D

2

)
m2 + αf ,

β = − μD−4

8(2π)D/2 �

(
1 − D

2

)
m4 + βf , (4.7)

resulting in the following renormalized one-loop effective
action,

�
(1)ren
Maj =

∫
d4x

√−g

{
H2

8π2

[ ∫ |m|
dm̃m̃

(
ψ
(

1+i ζ̃
)

+ψ
(

1 − i ζ̃
))

+m2+m2

2
ln

(
H2

μ2

)]}

+SHE, (4.8)

where SHE is the Hilbert–Einstein action with a renormalized
Newton constant and cosmological constant, whereas the
finite parts of the counterterm couplings αf and βf from (4.7)
were absorbed in the (renormalized) Newton constant and
cosmological constant, respectively. The one-loop effective
action (4.8) equals 1/2 of the corresponding Dirac field one-
loop effective action, cf. Ref. [6]. This factor 1/2 can be
attributed to the reduced number of degrees of freedom car-
ried by the Majorana particle. In the above renormalization
we used a non-minimal subtraction scheme and assumed that
the Majorana mass is a parameter. If the mass is generated
by a scalar field condensate, which is what was assumed in
Ref. [6], a different (more complicated) counterterm action is
needed. For details of the renormalization procedure in that
case we refer to Ref. [6].

5 Multiflavor fermions and CP violation

After analyzing the propagator for a single Majorana fermion
on de Sitter space, here we extend the analysis to many mix-
ing Majorana particles, which can serve as a starting point
for a better understanding of CP violation.

5.1 Multiflavor Majorana fermions

The Lagrangian for the multiflavor Majorana fermion,
�I (x), (I = 1, 2, . . . , n), where n is the number of flavors,
is the following natural generalization of Eq. (2.17),

L = 1

4
i�̄I (x)γ

μ
↔∇μ �I (x) − 1

2
�̄I (x)MI J �J (x) + Lint, (5.1)

where MI J is a complex symmetric Majorana mass matrix,

MMM =
(
m† 0
0 m

)
, (5.2)

123



Eur. Phys. J. C          (2022) 82:1015 Page 13 of 20  1015 

wherem is a symmetric complex scalar (non-spinorial) n×n
mass matrix, and Lint is an interaction Lagrangian, which in
the simple case of Yukawa couplings can be written as,

Lint = �̄I (x)φ(x)YI J �J (x), (5.3)

where YI J is the symmetric complex Yukawa matrix of cou-
plings,

YYY =
(
y† 0
0 y

)
, (5.4)

where y is a symmetric scalar complex matrix of couplings,
and φ(x) is a scalar field condensate (which in general situ-
ations could be a matrix). Next, after rescaling the Majorana

fields as, �I (x) → a
D−1

2 �I (x) = �̃I (x). The Majorana
field obeys the Majorana condition ,

�̃I (x) = �̃c
I
(x) = −iγ 2�̃∗

I
(x), (5.5)

from which we can define �̃I (x) as,

�̃I (x) =
(

λI (x)
ελ∗

I
(x)

)
, (5.6)

and the Dirac equation that results from Eq.(5.1) is given by,
(
iγ b∂b − aM

)
I J

�̃J (x) = 0, (5.7)

where we neglected the Yukawa term (5.3). Here the Majo-
rana field �̃J (x) is in the flavor mixing basis and we can
write it in the mass diagonal basis as follows,

�̃J (x) = V †
J K

�(d)
K

(x) =
[
V† · ���(d)(x)

]
J
, (5.8)

and

¯̃
�J (x) = ¯̃

�(d)
K

(x)UK J =
[
�̄��

(d)
(x) · U

]
J
, (5.9)

where unitary matrices V and U are defined as follows,

V =
(
UL 0
0 UR

)
, U =

(
UR 0
0 UL

)
. (5.10)

These matrices are used for the bi-unitary diagonalization of
the flavor mass matrix in the case of Dirac fermions. How-
ever in the case of Majorana fermions, due to the Majo-
rana condition the mass matrix is symmetric and there-
fore we do not need a general bi-unitary transformation. In
order to understand the implication of this fact, note first
that both ��� and ���(d) should obey the Majorana condition,
V† · � = −iγ 2VT · �∗, which translates to UR = U∗

L
, such

that Eq. (5.10) simplifies to,

V → X =
(
UL 0
0 U∗

L

)
, U → Y =

(
U∗

L
0

0 UL

)
. (5.11)

Eq. (5.7) can be diagnonalized11 by writing it as follows,
(
iγ b∂b1 − aMMM

)
· X† · ���(d)(x) = 0, (5.12)

then we can multiply this equation by Y from the left which
gives us the following result,

iY · γ b∂bX† · ���(d)(x) − aY ·MMM · X† · ���(d)(x) = 0. (5.13)

The term Y · γ b∂bX† can be reduced as follows,

Y · γ b∂bX† =
(
U∗

L
0

0 UL

)
·
(

0 σμ∂μ

σ̄μ∂μ 0

)
·
(
U†

L
0

0 UT
L

)

=
(

0 σμ∂μ

σ̄μ∂μ 0

)
= γ b∂b1, (5.14)

and thus Eq. (5.13) can be written as,
(
iγ b∂b1 − a|MMM(d)|

)
· ���(d)(x) = 0, (5.15)

where |MMM(d)| is the diagonalized mass matrix, which is real
and non-negative. The diagonalization of the mass matrix
from Eq. (5.13) is given in Appendix E, from which we have
made use of the result in Eq. (6.40). We can then express
the multiflavor Majorana fermion field operator in the mass
diagonal basis as follows,

�̂��
(d)

(x) =
∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·�xA(d)

h (η, �k)

·
[
b̂h(�k) + b̂†

h(−�k)
]
, (5.16)

where b̂h(�k) and b̂†
h(

�k) are the annihilation and creation oper-

ators, which are vectors in the flavor space, A(d)
h (η, �k) is the

mode function matrix, which is diagonal in the basis in which
the mass is diagonal, and it is defined by,

A(d)
h (η, �k) =

(
L(d)
h (η, �k) · ξξξh(�k)

hL∗(d)
h (η,−�k) · ξξξ∗

h(−�k)

)

=
(

L(d)
h (η, �k) · ξξξh(�k)

eiφ
′
L∗(d)
h (η,−�k) · ξξξ h(�k)

)
, (5.17)

where ξξξh(�k) builds an n-component flavor vector,

[ξξξh(�k)]T = [
ξh(�k), ξh(�k), · · ·

]
n
, (5.18)

and similarly L(d)
h (η, �k) is the mode function (n × n) matrix

in the diagonal basis,

L(d)
h (η, �k) = diag

[
L(d)

h,11
, L(d)

h,11
, ...., L(d)

h,nn

]
. (5.19)

11 The diagonalization of the Majorana mass matrix uses the Tak-
agi diagonalization, for which the mass matrix is complex and sym-
metric and the resulting diagonalized mass matrix is real and non-
negative. Some details of the diagonalization procedure can be found
in Appendix E, see in particular Eqs. (6.41, 6.42).
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In Eq. (5.17) φ′ = π(h−1)
2 + θ(k̂x , k̂x ), and it is identical to

the phase in Eq. (2.31), making use of the property in (6.22)

and the fact that helicity h can be written as h = ei
π(h−1)

2 .
Furthermore, the solutions of the Dirac equation in the mass
diagonal basis in Eq. (5.15) can be found in the same way as
we have done for the single flavor case in Sect. 3,

e− iφ′
2 L(d)

h (η, �k) = 1

2

√
−π‖k‖η

4

[
e
iπννν†

2 ·HHH(1)

ννν† (−‖k‖η)

+he
iπννν

2 ·HHH(1)
ννν (−‖k‖η)

]
(5.20)

e
iφ′
2 L∗(d)

h (η,−�k) = 1

2

√
−π‖k‖η

4

[
e
iπννν†

2 ·HHH(1)

ννν† (−‖k‖η)

−he
iπννν

2 ·HHH(1)
ννν (−‖k‖η)

]
(5.21)

e
iφ′
2 L∗(d)

h (η, �k) = 1

2

√
−π‖k‖η

4

[
e

−iπννν
2 ·HHH(2)

ννν (−‖k‖η)

+he
−iπννν†

2 ·HHH(2)

ννν† (−‖k‖η)

]
(5.22)

e
−iφ′

2 L(d)
h (η,−�k) = 1

2

√
−π‖k‖η

4

[
e

−iπννν
2 ·HHH(2)

ννν (−‖k‖η)

−he
−iπννν†

2 ·HHH(2)

ννν† (−‖k‖η)

]
, (5.23)

where e
iπννν

2 · HHH(1),(2)
ννν (−‖k‖η) and e

iπννν†
2 · HHH(1),(2)

ννν† (−‖k‖η)

denote diagonal Hankel function matrices,

e
iπννν

2 ·HHH(1),(2)
ν (−‖k‖η) =

⎛
⎜⎜⎝

e
iπν11

2

. . .

e
iπνnn

2

⎞
⎟⎟⎠

×

⎛
⎜⎜⎝
H(1),(2)

ν11 (−‖k‖η)

. . .

H(1),(2)
νnn (−‖k‖η)

⎞
⎟⎟⎠ (5.24)

e
iπννν†

2 ·HHH(1),(2)

ννν† (−‖k‖η) =

⎛
⎜⎜⎜⎝

e
iπν

†
11

2

. . .

e
iπν

†
nn

2

⎞
⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎝
H(1),(2)

ν
†
11

(−‖k‖η)

. . .

H(1),(2)

ν
†
nn

(−‖k‖η)

⎞
⎟⎟⎟⎠ . (5.25)

where (cf. Eq. (6.41)),

ννν = 1

2
+ iζζζ (d), ννν† = 1

2
− iζζζ (d), ζζζ (d) = |mmm(d)|

H
(5.26)

are n × n diagonal matrices in flavor space.

5.2 Multiflavor Majorana propagator

The multiflavor Majorana propagator obeys the equation of
motion,(
iγ b∂b − aM

)
I P

i SP J (x; x ′) = iδI J δ
D(x−x ′), (5.27)

where δI J denotes the Kronecker delta in flavor space and
the propagator i SP J (x; x ′) is defined as (see Eq. (3.9)),

i SP J (x; x ′) = [
iSF (x; x ′)

]
P J ,

iSF (x; x ′) =
〈
T
[ ˆ̃
���(x)

ˆ̄̃
���(x ′)

]〉
= �(η − η′)

〈 ˆ̃
���(x)

ˆ̄̃
���(x ′)

〉

−�(η′ − η)
〈 ˆ̄̃
���(x ′) ˆ̃

���(x)
〉
. (5.28)

Making use of Eqs. (5.8, 5.9) and (5.11) we can write this as
follows,

iSF (x; x ′) = X† · 〈T[�̂��(d)
(x) ˆ̄���(d)(x ′)

]〉 · Y
= X† · iS(d)

F (x; x ′) · Y, (5.29)

where the propagator iS(d) is in the mass diagonal basis and
satisfies the following equation,
(
iγ b∂b − a|M(d)|

)
I P

i S(d)
P J

(x; x ′) = iδI J δ
D(x−x ′),

(5.30)

and |M(d)| (see Eqs. (6.41, 6.42) in Appendix E) is the real
mass matrix obtained after diagonalization and is defined as,

|MMM(d)| =
(|m(d)| 0

0 |m(d)|
)

. (5.31)

Thus we can see that the propagator in Eq. (5.29) can be
rotated to remove the phases arising from X and Y, therefore
these phases are not observable (at tree level) and there is
no CP-violation at tree level. Finally from the mode function
solutions in Eq. (5.20–5.23) we can find the propagator solu-
tion by following the same method that we used in Sect. 3 to
obtain,

iSF (x; x ′) = X† ·
{
a
(
iγ μ∇μ+|MMM(d)|

) HD−2

√
aa′

×
[

1+γ 0

2
iS+(x; x ′)+ 1−γ 0

2
i S̃+(x; x ′)

]}
·Y, (5.32)

where iS+(x; x ′) and i S̃+(x; x ′) denote a (diagonal) matrix
generalization of solutions in Eq. (3.13),

iS+(x; x ′) = �
( D

2 +iζζζ (d)
)
�
( D−2

2 −iζζζ (d)
)

(4π)D/2�
( D

2

)

×2FFF1

(
D

2
+iζζζ (d),

D−2

2
−iζζζ (d); D

2
; 1 − y++(x; x ′)

4

)

i S̃+(x; x ′) = �
( D

2 −iζζζ (d)
)
�
( D−2

2 +iζζζ (d)
)

(4π)D/2�
( D

2

)
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×2FFF1

(
D

2
− iζζζ (d),

D − 2

2
+iζζζ (d); D

2
; 1− y++(x; x ′)

4

)
,

(5.33)

where ζζζ (d) is the diagonal matrix defined in Eq. (5.26).
For completeness and for comparison, here we sketch how
to construct the multiflavor Dirac propagator iGF (x; x ′).
Firstly, one introduces unitary rotation matrices R and Q,
which act on the propagator as,

R·iGF (x; x ′)·Q = iG(d)(x; x ′), (5.34)

where iG(d)(x; x ′) denotes the diagonal Dirac propagator
and the rotation matrices are given by,

R = e
i
2θθθ(d)γ 5

V, Q = U†e− i
2θθθ(d)γ 5

, (5.35)

where

e± i
2θθθ(d)γ 5 = cos

(
θθθ(d)

2

)
± iγ 5 sin

(
θθθ(d)

2

)
(5.36)

are the diagonal chiral matrices with n arbitrary phases,
which can be used to rotate away the phases from the diag-
onal elements of M(d). The propagator can then be written
as,

iG(x; x ′) = V†e− i
2θθθ(d)γ 5

{
a
(
iγ μ∇μ+|MMM(d)|

) HD−2

√
aa′

×
[

1+γ 0

2
iSSS+(x; x ′)+ 1−γ 0

2
i S̃SS

+
(x, x ′)

]}
e

i
2θθθ(d)γ 5

U,

= V†

{
a
(
iγ μ∇μ+MMM(d)

) HD−2

√
aa′

[
1+eiθθθ

(d)γ 5
γ 0

2

× iSSS+(x; x ′)+ 1 − eiθθθ
(d)γ 5

γ 0

2
i S̃SS

+
(x, x ′)

]}
U, (5.37)

where MMM(d) is a diagonal complex matrix, iSSS+(x; x ′) and

i S̃SS
+
(x; x ′) are defined in Eq. (5.33) and the unitary rotation

matrices U and V are given by,

U =
(
UR 0
0 UL

)
, V† =

(
U†

L
0

0 U†
R

)
. (5.38)

One should keep in mind thatU andV are not general unitary
matrices, but from each of them n common phases have been

removed by factoring out the diagonal matrices e
i
2θθθ(d)γ 5

. This
means that we have used 2n2 parameters from the two uni-
tary matrices to diagonalize the Dirac mass matrix, for which
n2 +n(n−1) = 2n2 −n parameters are needed (n2 do diag-
onalize the symmetric part of the mass matrix and n(n−1) to
diagonalize the antisymmetric part), such that n parameters
remain unused. However, none of these n parameters can be
used to remove phases in the Yukawa mass matrix. To see
this let us first look at the simplest case when n = 1, the
rotation ‘matrices’ have the form, UL = eiφ and UR = eiψ ,
such that a complex mass m = m1 + im2 = ρeiμ can be

diagonalized by ULm(UR)† = eiφρeiμe−iψ = ρ. This fixes
the phase difference, ψ −φ = μ, but leaves their sum φ +ψ

unconstrained. In the general case of n Dirac flavors we have
mi j = ρi jeiμi j . Let us for simplicity consider how the unitary
matrices of the form (UR)i j = eiφ j δi j and (UL)i j = eiψ j δi j

(such that (U †
L)i j = e−iψi δi j ) act,

[(UR) · m ·U †
L ]i j = (UR)ikmkl(U

†
L)l j

= δikeiφkρkle
iμkl e−iψl δl j

= eiφi ρi je
iμi j e−iψ j . (5.39)

This then implies that, out of the 2n phases {φi , ψi } (i =
1, 2, · · · , n), one can only use n of the differences φi − ψ j

to remove some of the phases in μi j . However, the n remain-
ing linearly independent combinations φi + ψ j cannot be
used to remove any phases as they appear with a ‘wrong
sign’ in (5.39). For the same reason, none of the remaining
n phases φi + ψ j can be used to remove any of the phases
in the Yukawa matrix yi j (cf. Eq. (5.4)). This means that the
group that diagonalizes a general Dirac mass matrix is not
direct product of the two unitary groups, UL(n)⊗UR(n), but
instead it is the quotient group, [UL(n)⊗UR(n)]/U(1)n . This
consideration also shows that, even though after the diago-
nalization of the mass matrix the unitary matricesUL andUR

possess n redundant parameters, none of them can be used
to remove any of the phases from the Yukawa matrix. With
this remark we conclude our analysis of the Dirac fermion
propagator for mixing flavors, which shows that there are CP
violating effects at the tree level, as was expected.

To understand the question of CP violation a bit better, let
us summarize the principal differences between the Majorana
and Dirac fermions. The mass matrix and Yukawa coupling
matrix for multiflavor Majorana fermions are complex sym-
metric matrices which consist of n(n − 1) off-diagonal real
parameters and n diagonal phases (totalling n2 parameters),
which can be all removed by the Tagaki diagonalization pro-
cedure by making use of a unitary matrix which contains
n2 real parameters. Since this completely fixes the unitary
matrix, diagonalization of the mass matrix leaves the Majo-
rana Yukawa matrix completely general. Such a symmet-
ric complex matrix has n(n + 1)/2 phases and n(n + 1)/2
real parameters, meaning that Majorana fermions can har-
bor n(n + 1)/2 CP-violating phases in the Yukawa matrix.
This is to be contrasted with the Dirac fermions, for which
both the mass matrix and Yukawa matrix are general com-
plex matrices with 2n2 real parameters in total. The diago-
nalization requires two independent unitary matrices, each
of them having n2 real parameters, such that diagonaliza-
tion requires 2n2 − n real parameters (after diagonalization
n real eigenvalues remain), leaving n parameters unfixed. As
we have shown above, all of these n parameters are redun-
dant, meaning that they cannot be used to remove any of
the CP phases in the Yukawa matrix. The general Yukawa
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matrix for Dirac fermions contains 2n2 parameters, which
can be decomposed into a symmetric matrix (with n(n + 1)

real parameters, n(n + 1)/2 are phases) and an antisymmet-
ric matrix (with n(n − 1) real parameters, n(n − 1)/2 are
phases), such that in general Dirac fermions harbor at most
n(n + 1)/2 + n(n − 1)/2 = n2 CP violating phases. When
this is compared with Majorana fermions, Dirac fermions
can harbor n2 −n(n+1)/2 = n(n−1)/2 more CP violating
phases than Majorana fermions.

6 Conclusion and discussion

In this paper we construct the Majorana propagator in de Sit-
ter space for a complex Majorana mass (3.13–3.15), as well as
for more general multiflavor Majorana fields (5.32, 5.33).12

Our work is relevant for the dynamics of neutrinos in the
early Universe setting, and more generally for the dynamics
of Majorana particles that may be involved e.g. in leptoge-
nesis scenarions, which constitute a popular explanation for
the observed matter-antimatter asymmetry of the Universe.
In spite of various subtleties involved in construction of the
Majorana propagator,13 the final result (3.13–3.15) is iden-
tical to the Dirac propagator. This can be understood as fol-
lows. Even though at the operator level there is a clear distinc-
tion between the Dirac fermions (for which the positive and
negative frequency poles fluctuate independently) and the
Majorana fermions (for which the same operator is respon-
sible for fluctuations at the positive and negative frequency
poles), their statistical properties are the same because the
(gravitational) coupling of fermions to de Sitter space does
not violate CP symmetry. In other words, differences between
Majorana and Dirac fermions would arise in CP-violating
backgrounds. Such CP-violating backgrounds can occur, for
example, during first order phase transitions in the early Uni-
verse, and which may be suitable for dynamical baryogene-
sis. One example of such a CP-violating background was con-
sidered in Ref. [40], in which the dynamics of Dirac fermions
in presence of such a CP-violating background was stud-
ied, and in which indeed Dirac fermions exhibit CP-violating
effects. Our generalization to the case of multiflavor Majo-
rana fields (5.32, 5.33) was done in the prescience of quantum
loop studies, in which the Majorana phases are expected to
show CP-violating effects. For comparison, we also quote

12 Our results differ from earlier works [7,8], where the Majorana prop-
agator was constructed by imposing the left chiral projector PL =
(1 − γ 5)/2 on the Dirac propagator in de Sitter. While this projection
correctly reduces the number of degrees of freedom, it is inconsistent
with the Majorana condition, and therefore, in our opinion, question-
able.
13 These subtleties include an off-shell imposition of the Majorana con-
dition, a careful account of canonical quantization, a splitting of the
momentum space mode functions into two hemispheres, etc.

the mutiflavor Dirac propagator, and emphasise that mix-
ing Dirac fermions contain more CP violating phases than
Majorana fermions, which could be a way to distinguish
whether the nature of fermions is Dirac or Majorana. One
of these phases is the chiral phase, φ = Arctan[m2/m1], of
the complex mass term m = m1 + im2, which is present
already at the single fermion level. Curiously, this phase
modifies the positive and negative frequency projectors,
P± = (1 ± γ 0)/2, in the propagator (3.15) to give them
a chiral nature, P5± = (

1 ± eiγ
5φγ 0

)
/2. Understanding the

full significance of this observation requires quantum loop
studies, and it is thus beyond the scope of this work.

Even though the Dirac and Majorana vacuum propagators
in de Sitter are identical, one ought to be careful when using
them in loop studies. To illustrate this, in Sect. ?? we com-
pute the one-loop effective action �

(1)
Maj for Majorana parti-

cles (4.8), and show that it differs from that of Dirac fermions
(calculated earlier in e.g. Refs. [5,6]) by a factor 1/2,

�
(1)
Maj = 1

2
�

(1)
Dirac, (6.1)

which was to be expected since the Majorana fermions carry
1/2 of the degrees of freedom when compared with the Dirac
fermions.
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Appendix A: Dirac’s matrices in chiral representation

In this paper we use chiral representation for Dirac’s gamma
matrices, which in flat (tangent) space and in D = 4 are of
the form,
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γ a =
(

0 σ a

σ̄ a 0

)
, σ a =

(
1, σ i

)
,

σ̄ a =
(
1,−σ i

)
, (a = 0, 1, 2, 3), (6.2)

where σ i are Pauli matrices. They obey the anti-commutation
relation, {γ a, γ b} = 2ηab and γ 5 = diag(−1,1). The
following commutation properly is useful for Majorana
fermions,

γ 0(−iγ 2)
[
γ a]T = −γ aγ 0(−iγ 2). (6.3)

Charge conjugation operator is given by the following,

C = −iγ 2 =
(

0 −ε

ε 0

)
, ε = iσ 2 =

(
0 1

−1 0

)
,

ε2 = −12×2C† = C (6.4)

where ε is an antisymmetric matrix and the following prop-
erty satisfied by the charge conjugation operator comes in
handy

(−iγ 2)(−iγ 2)† = (−iγ 2)(−iγ 2) = 14×4. (6.5)

In what follows we introduce some transformations of pro-
jection operators,

P± = 1 ± γ 0

2
, P5± = 1 ± eiθγ 5

γ 0

2
. (6.6)

These operators transform under the charge conjugation as
follows,

CP±C† = P∓, CP5±C† =
(
P5∓
)†

. (6.7)

Appendix B: Mode decomposition for Majorana fields

The rescaled classical Dirac field �̃α,D(x) can be represented
in the spatial momentum space as folows,

ˆ̃
�α,D(x) =

( ˆ̃χL (x)ˆ̃χR (x)

)
=
∫

dD−1k

(2π)D−1 ei
�k·�xCh(η, �k), (6.8)

where ˆ̃χL (x) and ˆ̃χR (x) are the rescaled chiral 2-spinors and
Ch(η, �k) is the momentum and helicity eigenspinor defined
by,

Ch(η, �k) =
(
Lh(η, �k)ξh(�k)
Rh(η, �k)ξh(�k)

)
, (6.9)

where Lh(η, �k) and Rh(η, �k) are complex chiral mode func-
tions ξh(�k) are the helicity eigenspinors, whose detailed prop-
erties are discussed in Appendix C. The decomposition (6.8)
is particularly convenient in spatially homogeneous spaces
such as de Sitter space, as ei �k·�x are eigenstates of the spatial
derivative operator ∂i with the eigenvalue iki . It is convenient
(and customary) to recast the rescaled quantum Dirac field

ˆ̃
�α,D(x) in terms of the mode operators decomposed into
distinct creation (d̂ †

h (�k)) and annihilation (b̂h(�k)) operators,

ˆ̃
�α,D(x) =

∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·�x [Ch,α(η, �k)b̂h(�k)

+Dh,α(η,−�k)d̂ †
h (−�k)

]
, (6.10)

where Dh,α(η,−�k) = −iγ 2C∗
h,α(η,−�k). In contrast, the

rescaled Majorana fermions can be described by imposing
the Majorana condition on Eq. (6.8),

ˆ̃
�α,D(x) = −iγ 2 ˆ̃

�∗
α,D(x). (6.11)

From this condition we find the following relation between
the two spinors that form the Dirac spinor in Eq. (6.9)

ˆ̃χR (x) = ε ˆ̃χ∗
L
(x). (6.12)

After imposing the condition in Eq. (6.11) and the subsequent
relation in Eq. (6.12) in Eq. (6.8) we have for the rescaled

Majorana field ˆ̃
�M,α(x),

ˆ̃
�D,α(x)

Maj. condition−→ ˆ̃
�M,α(x) =

(
ρ̂(x)

ερ̂∗(x)

)
, (6.13)

Thus the classical momentum decomposition for ˆ̃
�M,α(x) is

defined by,

ˆ̃
�M,α(x) =

∫
dD−1k

(2π)D−1 e
i �k·�x Ah(η, �k), (6.14)

where the momentum eigenspinor Ah(η, �k), which gives the
positive energy solutions, is defined as,

Ah(η, �k) =
(

Lh(η, �k)ξh(�k)
L∗
h(η,−�k)εξ∗

h (−�k)
)

. (6.15)

The quantized rescaled Majorana fermion field is then
decomposed as,

ˆ̃
�M,α(x) =

∑
h=±

∫
dD−1k

(2π)D−1

[
ei

�k·�x Ah(η, �k)b̂h(�k)

+e−i �k·�x Bh(η, �k)b̂†
h(

�k)
]
, (6.16)

with b̂h(�k) and b̂†
h(

�k) are the identical annihilation and cre-
ation operators. The momentum eigenspinor Bh(η, �k) obeys
the Majorana condition,

Bh(η, �k) = −iγ 2A∗
h(η, �k) = Ah(η,−�k). (6.17)

We can now use this result to write Eq. (6.16) as,

ˆ̃
�M,α(x) =

∑
h=±

∫
dD−1k

(2π)D−1

[
ei

�k·�x Ah(η, �k)b̂h(�k) + e−i �k·�x

Ah(η,−�k)b̂†
h(

�k)
]
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=
∑
h=±

∫
dD−1k

(2π)D−1 e
i �k·�x [b̂h(�k) + b̂†

h(−�k)
]

Ah(η, �k), (6.18)

which is the form used in the main text in Eqs. (2.24, 2.25).

Appendix C: Properties of helicity 2-eigenspinor

Here we elucidate the properties of the helicity 2-eigenspinor
in D = 4 dimensions for the purposes of keeping the calcu-
lations simple. This can be extended to D dimensions as was
done in Ref. [6]. We have seen the definition of helicity 2-
eigenspinor in Eq. (2.30). However εξ∗

h (−�k) can be written
as follows

εξ∗
h (−�k) = 1√

2
(

1 + hk̂z
)
(

0 1
−1 0

)(−h
(
k̂x + i k̂y

)
1 + hk̂z

)

	⇒ εξ∗
h (−�k) = 1√

2
(

1 + hk̂z
)
(

1 + hk̂z
h
(
k̂x + i k̂y

)
)

.

(6.19)

After massaging the terms in the matrix in Eq. (6.19), we can
write it as follows

εξ∗
h (−�k) = h

√√√√ k̂x + i k̂y

k̂x − i k̂y
ξh(�k) (6.20)

Then we can write the factor h

√
k̂x+i k̂y
k̂x−i k̂y

as a phase,

√√√√ k̂x + i k̂y

k̂x − i k̂y
=
√

|k̃|ei θ̃
|k̃|e−i θ̃

= eiθ(k̂x ,k̂y), (6.21)

where we have defined, |k̃| =
√
k̂2
x + k̂2

y and θ(k̂x , k̂y) =
tan−1

(
k̂y
k̂x

)
. Now we can see that

εξ∗
h (−�k) = heiθ(k̂x ,k̂y) ξ(�k) (6.22)

(εξ∗
h (−�k))† = he−iθ(k̂x ,k̂y)ξ†(�k), (6.23)

where we have made use of Eq. (6.21). We also find the
following property useful
∑
h=±

ξ
†
h,a(

�k) ⊗ ξh,b(�k) = δab, (6.24)

which can be proved for the helicity 2-eigenspinor (a, b ∈
{1, 2}) as follows,

∑
h=±

ξ
†
h,a(

�k) ⊗ ξh,b(�k) =
∑
h=±

1

2
(

1 − hk̂z
)

×
(
h
(
k̂x + i k̂y

)
1 − hk̂z

)

⊗
⎛
⎝h

(
k̂x − i k̂y

)
(

1 − hk̂z
)
⎞
⎠

=
∑
h=±

⎛
⎜⎝

1+hk̂z
2

h
(
k̂x−i k̂y

)
2

h
(
k̂x+i k̂y

)
2

1−hk̂z
2

⎞
⎟⎠

=
(

1 0
0 1

)
= δab. (6.25)

We also make note of the following property which is going
to be crucial when we discuss the equations of motion in

Section 2.2.3. heiθ(k̂x ,k̂y)ξh(�k) under �k → −�k transforms as
follows,

he
iθ
(
k̂x ,k̂y

)
ξh(�k) �k→−�k−−−−→ −he

iθ
(
k̂x ,k̂y

)
ξh(−�k). (6.26)

This can be seen either by calculating εξ∗
h (�k), which yields

−he
iθ
(
k̂x ,k̂y

)
ξh(−�k), or we can understand this from a topo-

logical viewpoint where under �k → −�k we have the follow-
ing transformation of the phase θ(k̂x , k̂y),

θ(k̂x , k̂y)
�k→−�k−−−−→ θ(k̂x , k̂y) + π. (6.27)

Appendix D: Properties of Hankel Functions

For convenience here we list some of the properties of Hankel
functions used in this work. Firstly we have,

H (1)
−ν (z) = eiπνH (1)

ν (z) (6.28)

H (2)
−ν (z) = e−iπνH (2)

ν (z) (6.29)

{H (1)
ν (z)}∗ = H (2)

ν∗ (z∗) (6.30)

H (1)
ν (eiπ z) = −H (2)

−ν (z) = −e−iπνH (2)
ν (z), (6.31)

H (2)
ν (e−iπ z) = −H (1)

−ν (z) = −eiπνH (1)
ν (z). (6.32)

The Wronskian and the recurrence relation are given by,

W [H (1)
ν , H (2)

ν ] = − 4i

π z
(6.33)

H (i)
ν−1(z) = d

dz
H (i)

ν (z) + ν

z
H (i)

ν (z). (6.34)

The Hankel functions are related to MacDonald functions
Kν(z) through the following identities,

H (1)
ν (z) = −2i

π
e− iπν

2 Kν(−i z) (6.35)

H (2)
ν (z) = 2i

π
e
iπν

2 Kν(i z). (6.36)
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From Eqs. (6.28–6.34) we can also write the following prop-
erties,

H (1)
ν+ (−‖k‖η) = −eiπν−

‖k‖
[
∂η + ν−

η

]
H (1)

ν− (−‖k‖η)

H (1)
ν− (−‖k‖η) = −eiπν+

‖k‖
[
∂η + ν+

η

]
H (1)

ν+ (−‖k‖η) (6.37)

H (2)
ν+ (−‖k‖η) = −e−iπν−

‖k‖
[
∂η + ν−

η

]
H (2)

ν− (−‖k‖η)

H (1)
ν− (−|k|η) = −e−iπν+

‖k‖
[
∂η + ν+

η

]
H (2)

ν+ (−‖k‖η).

(6.38)

Appendix E: Diagonalization of the Majorana mass
matrix

We consider the mass matrix for the multiflavor Majorana
mass from Eq. (5.1) to be Hermitian and the Dirac equation
in Eq. (5.7) can be written as,

(
iγ b∂b111 − Y ·MMM · X†

)
· �(d)(x) = 0. (6.39)

Consider the term Y ·MMM · X† (see Eq. (5.2)):

Y·MMM·X† =
(
U∗

L
0

0 UL

)
·
(
m† 0
0 m

)
·
(
U†

L
0

0 UT
L

)

=
(
U∗

L
·m† ·U†

L
0

0 UL ·m·UT
L

)
, (6.40)

then we can use Takagi diagonalization [36,37] which says
that for every symmetric complex mass matrixm, there exists
a unitary matrix UL such that,

UL ·m·UT
L

= |m(d)| = diag
[
m(d)

11 ,m(d)
22 , · · · ,m(d)

nn

]
, (6.41)

where |m(d)| is real and non-negative as given from the Tak-
agi theorem (a special care must be taken when the mass
matrix is degenerate [37]). And subsequently taking the her-
mitian conjugate of Eq. (6.41) gives,

U∗
L
·m† ·U†

L
= |m(d)†| = |m(d)|, (6.42)

therefore, we can write Eq. (6.40) as follows

Y·M·X† = |MMM(d)| =
(|m(d)| 0

0 |m(d)|
)

, (6.43)

and subsequently Eq. (6.39) can be written as,

(
111iγ b∂b − |MMM(d)|

)
·�(d)(x) = 0. (6.44)
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31. D. Glavan, A. Marunović, T. Prokopec, Z. Zahraee, Abelian Higgs
model in power-law inflation: the propagators in the unitary gauge.
JHEP 09, 165 (2020). https://doi.org/10.1007/JHEP09(2020)165.
arXiv:2005.05435 [gr-qc]

32. M. Barroso Mancha, Electroweak baryogenesis in scale-invariant
extensions of the Standard Model. Master thesis Utrecht University
(2019)

33. B. Garbrecht, T. Prokopec, M.G. Schmidt, SO(10)-GUT coherent
baryogenesis. Nucl. Phys. B 736, 133–155 (2006). https://doi.org/
10.1016/j.nuclphysb.2005.10.042. arXiv:hep-ph/0509190

34. B. Garbrecht, T. Prokopec, Fermion mass generation in de Sitter
space. Phys. Rev. D 73, 064036 (2006). https://doi.org/10.1103/
PhysRevD.73.064036. arXiv:gr-qc/0602011

35. Izrail Solomonovich Gradshteyn and Iosif Moiseevich Ryzhik,
Table of integrals, series, and products (Academic Presss, 2014)

36. T. Hahn, Routines for the diagonalization of complex matrices.
arXiv:physics/0607103

37. S.Y. Choi, H.E. Haber, The mathematics of fermion mass diagonal-
ization. (2022). http://scipp.ucsc.edu/∼haber/ph218/ch2_short.pdf

38. J. Aliciea, Y. Oreg, G. Refael, F. von Oppen, M.P.A. Fisher, Non-
Abelian statistics and topological quantum information processing
in 1D wire networks. Nat. Phys. 7, 412–417 (2011). https://doi.org/
10.1038/nphys1915. arXiv:1006.4395 [cond-mat.mes-hall]

39. D.A. Ivanov, Non-abelian statistics of half-quantum vortices in p-
wave superconductors. Phys. Rev. Lett. 86(2), 268 (2001). https://
doi.org/10.1103/PhysRevLett.86.268. arXiv:cond-mat/0005069

40. T. Prokopec, M.G. Schmidt, J. Weenink, Exact solution of
the Dirac equation with CP violation. Phys. Rev. D 87(8),
083508 (2013). https://doi.org/10.1103/PhysRevD.87.083508.
arXiv:1301.4132 [hep-th]

41. C.W.J. Beenakker Search for non-Abelian Majorana braiding
statistics in superconductors. SciPost Phys. Lect. Notes, https://
doi.org/10.21468/SciPostPhysLectNotes.15. arXiv:1907.06497v2
[cond-mat.mes-hall]

123

https://doi.org/10.1063/1.2738361
https://doi.org/10.1063/1.2738361
http://arxiv.org/abs/gr-qc/0608069
https://doi.org/10.1063/1.4879496
https://doi.org/10.1063/1.4879496
http://arxiv.org/abs/1305.3421
https://doi.org/10.1063/1.529381
https://doi.org/10.1063/1.529381
https://doi.org/10.1007/BF02102015
https://doi.org/10.1103/PhysRevD.34.3670
https://doi.org/10.1016/0550-3213(87)90672-9
https://doi.org/10.1016/0550-3213(87)90672-9
https://doi.org/10.1088/0264-9381/18/20/311
https://doi.org/10.1088/0264-9381/18/20/311
http://arxiv.org/abs/gr-qc/0107036
https://doi.org/10.1063/1.3664760
http://arxiv.org/abs/1106.0925
https://doi.org/10.1063/1.4764882
http://arxiv.org/abs/1205.4468
https://doi.org/10.1103/PhysRevD.93.124006
https://doi.org/10.1103/PhysRevD.93.124006
http://arxiv.org/abs/1603.07338
https://doi.org/10.1007/JHEP10(2019)096
http://arxiv.org/abs/1908.06064
https://doi.org/10.1088/0264-9381/25/24/245013
https://doi.org/10.1088/0264-9381/25/24/245013
http://arxiv.org/abs/0808.2449
https://doi.org/10.1007/JHEP09(2020)165
http://arxiv.org/abs/2005.05435
https://doi.org/10.1016/j.nuclphysb.2005.10.042
https://doi.org/10.1016/j.nuclphysb.2005.10.042
http://arxiv.org/abs/hep-ph/0509190
https://doi.org/10.1103/PhysRevD.73.064036
https://doi.org/10.1103/PhysRevD.73.064036
http://arxiv.org/abs/gr-qc/0602011
http://arxiv.org/abs/physics/0607103
https://doi.org/10.1038/nphys1915
https://doi.org/10.1038/nphys1915
http://arxiv.org/abs/1006.4395
https://doi.org/10.1103/PhysRevLett.86.268
https://doi.org/10.1103/PhysRevLett.86.268
http://arxiv.org/abs/cond-mat/0005069
https://doi.org/10.1103/PhysRevD.87.083508
http://arxiv.org/abs/1301.4132
https://doi.org/10.21468/SciPostPhysLectNotes.15
https://doi.org/10.21468/SciPostPhysLectNotes.15
http://arxiv.org/abs/1907.06497v2

	Majorana propagator on de Sitter space
	Abstract 
	1 Introduction
	2 The model
	2.1 Dirac equation
	2.2 Majorana fermions
	2.2.1 Canonical quantization
	2.2.2 Helicity decomposition of Majorana fields
	2.2.3 Mode function solutions


	3 Majorana propagator
	3.1 Construction of the propagator
	3.2 Minkowski limit of the propagator
	3.3 Charge conjugation

	4 One-loop effective action
	5 Multiflavor fermions and CP violation
	5.1 Multiflavor Majorana fermions
	5.2 Multiflavor Majorana propagator

	6 Conclusion and discussion
	Acknowledgements
	Appendix A: Dirac's matrices in chiral representation
	Appendix B: Mode decomposition for Majorana fields
	Appendix C: Properties of helicity 2-eigenspinor
	Appendix D: Properties of Hankel Functions
	Appendix E: Diagonalization of the Majorana mass matrix
	References




