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THE COHOMOLOGY OF THE ELLIPTIC TANGENT BUNDLE

ALDO WITTE

Abstract. In this note we compute the cohomology of the elliptic tangent bundle, a Lie al-

gebroid introduced in [1, 2] used to describe singular symplectic forms arising from generalized

complex geometry.
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Introduction

Generalized complex structures [8, 6] are a simultaneous generalisation of symplectic and

complex structures. Infinitesimally these structures decompose each tangent space as the direct

sum of a complex and a symplectic vector space. However, the number of complex directions,

called the type, might vary throughout the manifold. A well-behaved and interesting class of

structures for which the type changes, called self-crossing stable generalized complex structures,

was defined in [1, 2]. These are generalized complex structures which have type zero on an open

and dense set and allow the type to change along an immersed codimension-two submanifold.

In [2] it is shown that these self-crossing stable generalized complex structures are in one-

to-one correspondence with (a subset of) self-crossing elliptic symplectic structures. These are

symplectic structures with well-behaved singularities, and can be described as Lie algebroid

symplectic forms for a certain Lie algebroid: the self-crossing elliptic tangent bundle.

Much research on Lie algebroid symplectic structures has been carried out over the past few

years. Examples include b-symplectic [7], scattering-symplectic [10], c-symplectic [11] (or self-

crossing b-symplectic). In the algebraic/complex setting holomorphic log symplectic structures,

which are holomorphic forms with logarithmic singularities in the sense of [4], are well-studied.
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In [1] deformations of stable generalized complex structures with embedded type change

locus and the corresponding elliptic symplectic structures are described. It is shown there that

deformations are completely controlled by the cohomology of the relevant Lie algebroid.1

If we allow the type change locus to be immersed this will no longer be the case, still the

computation of the Lie algebroid cohomology is the first step in understanding the deformation

theory.

In this note we compute the cohomology of the self-crossing elliptic tangent bundles. This

cohomology is determined by the topological data of the manifold, of the type change locus and

of the normal bundle.

Organisation of the paper: This paper is organized as follows: In Section 1 we recall the

notion of self-crossing elliptic divisors and their associated Lie algebroids. In Section 2 we

describe the geometric structure a self-crossing elliptic divisor induces on the directions normal

to its degeneracy locus. In Section 3 we will use this geometric structure to define residue

maps, which we will use in Section 4 to compute the Lie algebroid cohomology of the elliptic

tangent bundle. In Section 5 we compute this cohomology in some explicit examples. We end

this section by giving an outlook on the deformation theory of self-crossing stable generalized

complex structures.

Acknowledgements. The author would like to thank his supervisor Gil Cavalcanti and

Ralph Klaasse for useful discussions. The author was supported by the NWO through the

Utrecht Geometry Centre Graduate Programme.

1. Elliptic divisors

The singularities we encounter are governed by the notion of a real divisor, a notion which

is inspired by the notion of divisor in algebraic geometry. In this section we will recall the

definition of elliptic divisors, and their associated Lie algebroids, the elliptic tangent bundles.

We will keep our discussion brief and refer to [1, 2] for more information.

Definition 1.1. A real divisor (R, q) consists of a real line bundle R together with a section q

with nowhere dense zero-set. Its associated ideal Iq is the image of the map q : Γ(R∗) → R. ♦

An isomorphism of divisors (Li, qi) is a vector bundle isomorphism Φ : R1 → R2 covering

the identity and intertwining the sections, Φ∗(q2) = q1. A real divisor is, up to isomorphism,

determined by its associated ideal and therefore we may use ideals and divisors interchangeably.

Definition 1.2 ([1]). A smooth elliptic divisor is a real divisor (R, q) such that the critical

set of q is a codimension two submanifold along which the normal Hessian is positive definite.

We call D = q−1(0) the vanishing locus. ♦

1The description of deformations of stable generalized complex structures was obtained independently in [5].
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The normal Hessian is the leading part of the Taylor expansion of q around D, and defines a

section Hessν q ∈ Γ(Sym2N∗D⊗R). Phrased in other words, Definition 1.2 states that q locally

defines a particular type of Morse-Bott function.

Definition 1.3 ([2]). A self-crossing elliptic divisor is a real divisor |D| = (R, q) on M

such that for every point p ∈ M there exists a neighbourhood U of p such that

Iq(U) = I1 · . . . · Ij ,

where the I1, . . . , Ij are smooth elliptic divisors with transversely intersecting vanishing loci. ♦

We call I1, . . . , Ij as above a choice of local normal crossing elliptic divisors near a point

p. If Iq is globally of the form I1 · . . . · Ij , then say that Iq is a global normal crossing elliptic

divisor.

In what follows if we write “elliptic divisor” it is understood to have self-crossings, if it is a

smooth elliptic divisor we will explicitly state this.

The vanishing locus of an elliptic divisor is an immersed submanifold, stratified by the

amount of submanifolds intersecting:

Definition 1.4. Let I|D| be an elliptic divisor on M . The intersection number of a point

p ∈ M is the minimum of the integers j from Definition 1.3 over all neighbourhoods U of p.

The intersection number of the divisor is the maximum of the intersection numbers of all

points p ∈ M . If I|D| has intersection number equal to n, the sets D(j) of points of intersection

number at least j induce a filtration of M :

M = D(0) ⊃ D(1) = D ⊃ · · · ⊃ D(n) ⊃ D(n+ 1) = ∅,

with induced stratification D[j] := D(j)/D(j + 1). These strata are embedded submanifolds

and consist of the points with intersection number precisely j. ♦

The fact that the D(i) indeed induce a stratification follows readily from the normal forms

of the elliptic divisor in Lemma 1.6 below.

Restricting the divisor to the set of points with at most a given intersection number produces

another divisor:

Lemma 1.5. If I|D| is an elliptic divisor with intersection number n and i ≤ n, then the

restriction I|D||M\D(i+1) defines a divisor with intersection number i.

Note that on a manifold Mm the maximum intersection number of an elliptic divisor is

⌊m/2⌋. Using the Morse–Bott lemma inductively we can establish the following local normal

form for elliptic divisors:

Lemma 1.6 ([2]). Let |D| = (R, q) be an elliptic divisor with intersection number n ≤ ⌊m/2⌋ on

Mm, and let x ∈ D[i] with i ≤ n. Then there exists coordinates (x1, y1, . . . , xi, yi, w2i+1, . . . , w2i+l)

around x such that (R, q) is isomorphic to the elliptic divisor defined by the ideal I|D| =〈
(x21 + y21) · . . . · (x

2
i + y2i )

〉
.
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We call I|D| as above, the standard elliptic divisor with intersection number i on R
2i×R

l.

If (R, q) is an elliptic divisor, then R is trivialisable away from the codimension-two subman-

ifold D[1] and thus globally trivialisable:

Lemma 1.7. Let (R, q) be an elliptic divisor on M . Then R is trivialiasible, and consequently

Iq = 〈f〉 for some f ∈ C∞(M).

Although R is trivialisable, it is not canonically so and thus we prefer to work with the ideal

Iq rather then one particular function generating it.

Remark 1.8 (Metrics). Let (R, q) be a smooth elliptic divisor with vanishing locus D, and

let f be any global function generating I|D|. Because f is nowhere vanishing on M\D, and D

has codimenion-two in M the sign of f is constant on the entirety of M . Consequently, we can

always choose a non-negative representative of the elliptic ideal. Therefore the normal Hessian

of f , Hessν f ∈ Γ(Sym2N∗D) is positive definite, and thus defines a metric. ♦

Definition 1.9. Let |D| = (R, q) be an elliptic divisor. The vector fields preserving I|D| define

a Lie algebroid A|D| → TM , called the elliptic tangent bundle. ♦

The existence of this Lie algebroid is established through the Serre–Swan theorem: if x ∈

D[i], then in the coordinates of Lemma 1.6 vector fields preserving I|D| are given by

Γ(A|D|) =
〈
r1∂r1 , ∂θ1 , . . . , ri∂ri , ∂θi , ∂w2i+1

, . . . , ∂w2i+l

〉
,

where rj∂rj := xj∂xj
+ yj∂yj and ∂θj := xj∂yj − yj∂xj

. Consequently, vector fields preserving

I|D| define a locally free sheaf and thus induce a Lie algebroid.

Lie algebroid forms for the elliptic tangent bundle are locally given by

Γ(A∗
|D|) = 〈d log r1, dθ1, . . . , d log ri, dθi, dw2i+1, . . . , dw2i+l〉 ,

with d log rj = (x2j + y2j )
−1(xjdxj + yjdyj) and dθj = (x2j + y2j )

−1(xjdyj − yjdxj).

Definition 1.10. Let |D| = (R, q) be an elliptic divisor. A (self-crossing) elliptic symplectic

structure is a Lie algebroid symplectic form for the elliptic tangent bundle: That is, a two-form

ω ∈ Ω2(A|D|) which is non-degenerate (ω♭ : (A|D|)x → (A|D|)
∗
x is an isomorphism) and closed

(dA|D|
ω = 0). ♦

In [2] we study these structures and show that a subset corresponds to a class of generalized

complex structures, called self-crossing stable.

2. Geometric structure on the normal bundle

In this section we study the geometric structure present on the normal bundles of the strata

of the vanishing locus of an elliptic divisor. In the next section, this geometric structure will be

used to describe the Lie algebroid cohomology of the elliptic tangent bundle.
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Remark 1.8 explains how a smooth elliptic divisor (R, q) induces a metric on the normal

bundle toD. The metric depends on the choice of particular trivialisation of R, but the conformal

class does not. Phrased in another way, ND inherits a canonical O(2) × R+ structure group

reduction. For self-crossing elliptic divisors we have the following result:

Proposition 2.1. Let I|D| be an elliptic divisor with intersection number n. Then ND[n] admits

a canonical structure group reduction to (O(2) ×R+)
n
⋊ Sn.

Proof. For a point x ∈ D[n], let I|D1|, . . . , I|Dn| be any choice of local normal crossing divisors

and let the fi be any representatives of the I|Di|, which we may choose to be all non-negative.

Because the Di all intersect transversely, we have

Nx(D[n]) ≃
n⊕

i=1

Nx(Di)|D[n].

If ui = (ui1 , ui2) forms a local frame for NDi|D[n], then (u11 , u12 , . . . , un1
, un2

) forms a local

frame for N(D[n]). We consider all such local frames for which ui is orthonormal with respect

to Hessν(fi). There are two important points to remark. First, the choice of representatives fi is

not canonical. Secondly, the ordering of the local divisors is not well-defined, and instead there

is an Sn-symmetry present which permutes the divisors. Therefore we consider the frames with

respect to all these choices of representatives fi and all orderings for the local divisors. This

provides a reduction of the structure group to (O(2) × R+)
n
⋊ Sn. �

Corollary 2.2. Let I|D| be an elliptic divisor with intersection number n, then

• the structure group of ND[n] reduces to O(2)n ⋉ Sn.

• If I|D| is a global normal crossing divisor, then a choice of non-negative representatives

f1, . . . , fn of the smooth elliptic divisor ideals induces a further structure group reduction

to O(2)n.

• If D[1] is furthermore co-orientable, then a further choice of co-orientation of D[1] in-

duces a structure group reduction to T n.

Proof.

• The quotient of (O(2) × R+)
n
⋊ Sn by O(2)n ⋉ Sn is (R+)

n, and thus contractible.

Therefore the required structure group reduction exists.

• Let I|D1|, . . . , I|Dn| be global smooth elliptic divisors for I|D|. We consider frames (u1, . . . , un)

of ND[n], where ui is a local frame of NDi|D[n] orthonormal with respect to Hessν(fi).

This will give the required O(2)n-reduction.

• The co-orientation on D[1] induces a co-orientation on each Di away from a codimension-

two submanifold, and therefore a co-orientation on the entirety of Di. Proceeding as in

the previous point with oriented frames provides a structure group reduction to SO(2)n.

�

Remark 2.3. By Lemma 1.5 the restriction of an elliptic divisor I|D| to M\D(i + 1) is an

elliptic divisor of intersection number i. The highest stratum of this divisor is precisely D[i],
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and consequently we can apply the results in this section to obtain structure group reduction of

ND[i]. ♦

3. Residue maps

In this section we describe residue maps for elliptic divisors. These are maps which pick

out the coefficient of a singular generator of a Lie algebroid form, much akin to the residue of

a meromorphic differential form. In [9] a general theory of residue maps of Lie algebroids is

described. We will first recall the general definition and then specialise to the case of elliptic

divisors.

Let 0 → A → B → C → 0 be a short exact sequence of vector spaces with l = dimA. A

splitting of this sequence induces an isomorphism B ≃ A⊕ C. Consequently ∧kB∗ decomposes

as a direct sum ⊕i(∧
k−iC∗⊗∧kA∗). The projections from ∧kW ∗ to each of these factors depend

on the particular splitting, however, the projection to ∧k−lC∗ ⊗ ∧lA∗ does not. We define the

residue map to be this projection:

Res : ∧kB∗ → ∧k−lC∗ ⊗ ∧lA∗.

Let 0 → A → B → C → 0 be a short exact sequence of Lie algebroids with rk(A) = l.

Applying the residue map fibre-wise gives a map Res : Ωk(B) → Ωk−l(C; det(A∗)). To endow

Ω•(C; det(A∗)) with a differential one needs a flat C-connection on det(A∗). We now describe

a situation in which such a connection exists and the residue map is a cochain morphism with

respect to this differential.

Proposition 3.1. Let B → M be a Lie algebroid and let i : A →֒ B be an abelian ideal

subalgebroid of rank l. Then there is a canonical flat (B/A)-connection on det(A∗).

Furthermore assume that for every point x ∈ M , there exists a neighbourhood U of p and

closed sections β1, . . . , βl ∈ Ω1(B|U ) such that i∗β1, . . . , i
∗βl generate Ω1(A|U ). Then Res :

Ωk(B) → Ωk−l(B/A; det(A∗)) is a cochain morphism.

Proof. Let σ : B/A → B be any splitting and define:

∇c(a) = [σ(c), a], c ∈ Γ(B/A), a ∈ Γ(A).

It is straightforward to verify that this is connection is flat and does not depend on the choice

of splitting. If we let β1, . . . , βl ∈ Ω1(B) be local closed forms with the property that their

restriction to A defines a local frame for Ω1(A), then

Res(β1 ∧ . . . ∧ βl ∧ γ) = γ ⊗ (β1 ∧ . . . ∧ βl),

and one easily verifies that Res is a cochain morphism. �

If I|D| is an elliptic ideal with intersection number n then the restriction of the anchor of

the elliptic tangent bundle to D[n] has image inside TD[n], and hence A|D||D[n] is again a Lie
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algebroid. We will describe this Lie algebroid using the language of Atiyah algebroids, which we

recall in Appendix A.

Lemma 3.2. Let I|D| be an elliptic divisor with intersection number n and let P denote the

(O(2)×R+)
n
⋊ Sn-structure group reduction of ND[n] from Proposition 2.1. Then A|D||D[n] ≃

At(P ).

Proof. Let I1, . . . , In be local normal crossing elliptic divisors and let f1, . . . , fn by representatives

of these ideals. Let Qfi ∈ C∞(NDi) denote the quadratic approximations of these functions,

and define the ideal I
ND[n]
|D| = 〈Qf1 · · ·Qfn〉. Although the representatives fi are not unique

nor global this ideal is and thus defines an elliptic divisor on ND[n]. Let A
ND[n]
|D| denote the

corresponding elliptic tangent bundle. And let Γ(A
ND[n]
|D| )lin denote the sections which are send

to linear vector fields by the anchor. Remark that Γ(A
ND[n]
|D|

)lin is only a C∞(D[n])-module, not

a C∞(ND[n])-module.

Given X ∈ Γ(A|D||D[n]) one can show that there exists a unique linear vector field X̃ ∈

Γ(A
ND[n]
|D| )lin with X̃|D[n] = X. Existence of such a vector field is obtained by linearising any

extension X ′ ∈ Γ(A|D||U ) of X and observing that because X ′ preserves the ideal I|D| its

linearisation X̃ preserves the ideal I
ND[n]
|D| . We thus obtain a map

ϕ : Γ(A|D||D[n]) → Γ(A
ND[n]
|D| )lin, X 7→ X̃.

This map is a bijection and bracket preserving. To finish the argument we are left to show that

sections of the right-hand side coincide with sections of At(P ). Let F be a representative of

I
ND[n]
|D| , then

Γ(A
ND[n]
|D| )lin = {X ∈ X1(ND[n])lin : LX(F ) = λF for some λ ∈ C∞(D[n])}.

Note that a priori for an element of Γ(A
ND[n]
|D| ) we only have LX(F ) = λF with λ ∈ C∞(ND[n]),

however because X is linear we must have λ ∈ C∞(D[n]).

As F is locally of the form Qf1 · · ·Qfn and all these functions are functionally indivisible,

we must have that for all i there exists precisely one j such that LX(Qfi) = λi
jQfj for some

function λi
j ∈ C∞(D[n]).

On the other side, using Lemma A.4 one can show that

At(P ) = {X ∈ X(ND[n])lin : ∀ i ∃! j s.t. LX(Hessν(fi)) = λi
j Hess

ν(fj), for some λi
j ∈ C∞(D[n])}.

Using the fact that for a linear vector field X and definite Morse–Bott functions f, g we have

LX(Hessν f) = g if and only if LX(Qf ) = Qg we see that indeed Γ(A
ND[n]
|D| )lin = Γ(At(P )),

which finishes the proof. �

3.1. Residues for smooth elliptic divisors. In this section we describe the radial residue

map for a smooth elliptic divisor. The radial residue map was already used in [1] to compute the
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Lie algebroid cohomology of the elliptic tangent bundle of a smooth elliptic divisor. We recall

their construction and add some details which are especially important in the general case.

Lemma 3.3. Let I|D| be a smooth elliptic divisor on a manifold M , and let ρ : A|D| → TM be

the corresponding elliptic tangent bundle. There exists a unique nowhere vanishing section ED
in ker ρ|D with the property that every extension is an Euler like vector field2.

Proof. Let U be any tubular neighbourhood of D, and let E be the corresponding Euler vector

field. Let f ∈ I|D| be a local representative of the ideal, and pick local Morse–Bott coordinates

in which f = r2. In these coordinates E is given by r∂r. Therefore, E defines a section of the

elliptic tangent bundle and its restriction to D defines a section ED of ker ρ|D. It is readily

verified that ED is the unique vector field with the given property. �

Because Lr = R · ED is an ideal of A|D||D we can consider the quotient Lie algebroid, which

can be described as follows:

Lemma 3.4. Let I|D| be a smooth elliptic divisor with non-negative generator f ∈ I|D|. Let

Q = O(2)ND denote the induced structure group reduction from Corollary 2.2. Then

A|D||D/Lr → At(Q)

[X] 7→ X −
LX(f)

f
ED

is an isomorphism of Lie algebroids.

Because Lr is an abelian ideal of A|D||D we may apply Proposition 3.1 to obtain a residue

map Ω•(A|D||D) → Ω•−1(At(O(2)ND);L∗
r). By Lemma 1.6 Ω1(A|D|) is locally generated by

closed forms and therefore Proposition 3.1 implies that the residue map is a cochain morphism.

After pre-composing with the restriction to D to obtain the the radial residue map:

Resr : Ω
•(A|D|) → Ω•−1(At(O(2)ND);L∗

r) = Ω•−1(At(O(2)ND)),

where we used that L∗
r is trivial as an At(O(2)ND)-representation. Note that this residue

map depends on the choice of representative f ∈ I|D|, but any two different choices result into

isomorphic Atiyah algebroids. In the local coordinates (x1, y1, w3, . . . , wn) of Lemma 1.6 the

radial residue map is given by:

Resr(α) = (ιr1∂r1α)|D, α ∈ Ω•(A|D|).

3.2. Residues for self-crossing elliptic divisors. We will now describe residue maps for the

self-crossing elliptic tangent bundle. As before, the Euler vector fields generate an abelian ideal:

Lemma 3.5. Let I|D| be an elliptic divisor with intersection number n. Then there exists a

canonical abelian ideal subalgebroid Lr of A|D||D[n]. In local coordinates of Lemma 1.6 we have

Γ(Lr) ≃
〈
r1∂r1 |D[n], . . . , rn∂rn |D[n]

〉
.

2That is, a vector field which vanishes along D and has linearisation the Euler vector field.
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Proof. Let x ∈ D[n], and let I|D1|, . . . , I|Dn| be local normal crossing divisor on a neighbourhood

U of x and let ρi : A|Di| → TU be the corresponding elliptic tangent bundles. By transverality

of the loci Di we obtain the following splitting:

ker ρ|D[n]∩U ≃ ker ρ1|D[n]∩U ⊕ · · · ⊕ ker ρn|D[n]∩U .

By Lemma 3.3 there exist canonical vector subbundles Lri of ker ρi|D(n) with generators EDi
.

Define Lr|U as the direct sum of these vector subbundles. Although each of the summands Lri

is not globally defined and neither is their order, Lr does define a global vector bundle. Finally,

in the local coordinates of Lemma 1.6 we have EDi
= ri∂ri as desired. �

Because Lr is an ideal we can consider the quotient Lie algebroid which can be described as

follows:

Lemma 3.6. There is an O(2)n ⋊ Sn-principal bundle Q such that At(Q) = A|D||D[n]/Lr.

Proof. Let P = (O(2)×R+)
n
⋊Sn be structure group reduction from Proposition 2.1. As locally

the sections of Lr are generated by the Euler vector fields of the normal bundles to the local loci

Di we have that Lr generates an (R+)
n-action on P . If x ∈ M and (u1, . . . , un) ∈ Px is a frame

with ui a frame ofNxDi, then this action is given by (λ1, . . . , λn)·(u1, . . . , un) = (λ1u1, . . . , λnun).

We can consider the quotient bundle Q := P/(R+)
n, which is an O(2)n ⋊ Sn-principal bundle.

Consequently A|D||D[n]/Lr = At(Q) which finishes the proof. �

As in the smooth case we apply Proposition 3.1 to obtain a residue map, which we compose

with the restriction to D[n] to obtain the total radial residue map:

Resnr : Ω•(A|D|) → Ω•−n(At(Q); det(L∗
r)),

In the local coordinates of Lemma 1.6 we have that the total radial residue map is given by

Resnr (α) = (ιr1∂r1∧···∧rn∂rnα)|D[n].

When the elliptic divisor is a global normal crossing divisor the situation simplifies signifi-

cantly:

Lemma 3.7. Let I|D| = I|D1| · . . . · I|Dn| be a global normal crossing elliptic divisor. Let Q =

O(2)nND[n] denote the structure group reduction from Corollary 2.2. Then A|D||D[n]/Lr ≃

At(Q).

Proof. Let f1, . . . , fn be non-negative representatives of the smooth elliptic ideals. Let Lr =

Lr1 ⊕ · · · ⊕ Lrn be the ideal subalgebroid from Lemma 3.5 and let ED1
, . . . , EDn denote the

preferred generators. Let f1, . . . , fn be non-negative representatives of I|D1|, . . . , I|Dn|. Then

A|D||D[n]/Lr → At(Q),

[X] 7→ X −
LX(f1)

f1
ED1

− . . .−
LX(fn)

fn
EDn ,

is the desired isomorphism. �
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In this case det(L∗
r) is trivial as an At(O(2)n)-representation and we conclude that the total

radial residue map becomes a map:

Resnr : Ω•(A|D|) → Ω•−n(At(O(2)nND[n])).

4. Cohomology of the elliptic tangent bundle

Using the total radial residue map introduced in the previous section, we will compute the

Lie algebroid cohomology of the elliptic tangent bundle.

Let I|D| be an elliptic divisor of intersection number n, in this section we will write An
|D| to

keep track of this number and to simpify notion we write:

Ω•
res(A

n
|D|) := Ω•(At(Q)); det(L∗

r)),

and denote its cohomology by H•
res(A

n
|D|).

Recall that by Lemma 1.5 if i ≤ n, then the restriction of I|D| to M\D(i + 1) defines an

elliptic divisor of intersection number i, which we denote by I|D\D(i+1)|. Therefore the inclusion

ιi : M\D(i+ 1) →֒ M induces a cochain map:

ι∗i : Ω
•(An

|D|) → Ω•(Ai
|D\D(i)|).

Consequently, we can consider the radial residue map for the divisor I|D\D(i+1)| and the compo-

sition:

Resir ◦ ι
∗
i : Ω

•(An
|D|) → Ω•−i

res (A
i
|D\D(i+1)|),

for each 1 ≤ i ≤ n− 1.

Theorem 4.1. Let I|D| be an elliptic divisor with intersection number n. Then

Hk(An
|D|) → Hk(M\D) ⊕

n⊕

i=1

Hk−i
res (Ai

|D\D(i+1)|)(4.1)

[α] 7→ (ι∗0[α],Res
1
r ◦ι

∗
1[α], . . . ,Res

n−1
r ◦ι∗n−1[α],Res

n
r [α])

is an isomorphism.

Proof. The argument uses the observation from [4], that it suffices to proof that the above

map induces an isomorphism in sheaf cohomology. Therefore, let x ∈ D[l] and let U be a

neighbourhood of x as in Lemma 1.6, that is U ∩D[l + 1] = ∅, U = R
2l × R

m and I|D| is the

standard elliptic divisor of intersection number l; I|D1| · . . . · I|Dl|.

Below we will implicitly push-forward sheaves using the inclusion maps ιj whenever required.

The left hand side of equation (4.1) can be easily described as the following free algebra:

H•(U,An
|D|) = 〈1, d log r1, . . . , d log rl, dθ1, . . . , dθl〉 .

Now let i ≤ l. By Lemma 3.7 Ω•
res(A

i
|D\D(i+1)|) = Ω•(At(O(2)iND[i])). Because D[i] is ori-

entable, Lemma A.5 furthermore implies Ω•
res(A

i
|D\D(i+1)|) = Ω•(At(T iND[i])). And using
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invariant invariant cohomology H•(At(T iND[i])) = H•
dR(T

iND[i]). We will thus view Resir ◦ι
∗
i

as a map into the latter cohomology.

First, let us consider the map ι∗0. By an elementary argument U\D is homotopic to T l, and

ι∗0 sends the forms α, with α ∈ 〈1, dθ1, . . . , dθl〉 precisely to the generators of H•(T l), proving

that ι∗0 is surjective. For i > l, ι∗i : H•(U,An
|D|) → H•

res(U,A
i
|D\D(i+1)|) is the zero map as

Ai
|D\D(i+1)| = TU on U and U is contractible.

We will prove that all maps ι∗i ◦Res
i
r with 1 ≤ i ≤ l are surjective and have disjoint kernels.

First we need to establish the homotopy type of D[i]; remark that

D[i] =
·⋃

(j1,...,ji)

(Dj1 ∩ · · · ∩Dji)\D(i+ 1),

where the sum runs over all multi-indices of length i. By an elementary argument, (Dj1 ∩ · · · ∩

Dji)\D(i + 1) is homotopic to T l−i. Moreover, ND[i] decomposes as a direct sum, and thus so

does the associated T i-bundle:

T iND[i] =
⊕

(j1,...,ji)

S1NDj1 |D[i] ⊕ · · · ⊕ S1NDji |D[i]

Because each Djk is contractible, the above is a sum of trivial circle bundles, and thus T iND[i] =

T i ×D[i]. Combining this with the description of the homotopy type of D[i] we conclude that:

(4.2) H•
res(U,A

i
|D\D(i+1)|) ≃

⊕

(j1,...,ji)

H•(T l).

Given α ∈ Ωk(Ai
|D\D(i+1)|), then Resir(α) is only non-zero if α contains a term of the form

d log rj1 ∧ · · · ∧ d log rji ∧ β, with β ∈ 〈1, dθ1, . . . dθl〉. Moreover, Resir takes forms of this form

precisely to the generators of the H•(T n) in (4.2) corresponding to the multi-index (j1, . . . , ji).

This shows that ι∗i ◦Res
i
r is surjective, and that the kernels of these maps for different values of i

are all disjoint. We conclude that (ι∗0, ι
∗
1 ◦ Res

1
r, . . . , ι

∗
n−1 ◦Res

n−1
r ,Resnr ) is an isomorphism. �

When the elliptic divisor is a co-orientable normal crossing divisor the cohomology becomes

easier to describe:

Corollary 4.2. If I|D| is a global normal crossing elliptic divisor for which D[1] is co-orientable.

Then

Hk(A|D|) ≃ Hk(M\D)⊕
n⊕

i=1

Hk−i(T iN(D[i])).

Proof. By Corollary 2.2 ND[i] admits a T i-structure group reduction, and using Lemma A.5 we

see that Ω•
Res(A

i
|D\D(i+1)|) = Ω•(At(T iND[i])). Therefore by Theorem 4.1 we obtain that the

cohomology is isomorphic to

Hk(A|D|) ≃ Hk(M\D) ⊕
n⊕

i=1

Hk−i(At(T iN(D[i])))
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Using invariant cohomology we have H•(At(T iND[i])) = H•
dR(T

iND[i]), and therefore we arrive

at the required result. �

In applications we are often interested in the case when the manifold is four-dimensional,

and hence D[2] consists of a collection of points. In this case the cohomology also simplifies for

general divisors:

Corollary 4.3. Let I|D| be an elliptic divisor on M4 for which D[1] is co-orientable. Then

Hk(A|D|) ≃ Hk(M\D)⊕Hk−1(S1ND[1]) ⊕Hk−2(T 2)(#D[2]).

5. Examples and outlook

In this section we give some explicit examples of elliptic divisors and compute their associated

cohomology. One class of examples arises through complex divisors:

Definition 5.1. A smooth complex log divisor (L, σ) consists of a complex line bundle L

together with a transversely vanishing section σ. ♦

Definition 5.2. A (self-crossing) complex log divisor (L, σ) is a complex divisor on M

with the property that for every point p ∈ M there exists a neighbourhood U of p such that

Iσ(U) = I1 · · · . . . · · · Ij ,

where the I1, . . . , Ij correspond to complex log divisors with transversely intersecting vanishing

loci. ♦

Remark 5.3. Let (L, σ) be a complex log divisor on M . Then then (L ⊗ L, σ ⊗ σ) is the

complexification of a real line bundle (R, q). For every point p ∈ D there exists local coordinates

z1, . . . , zn such that σ corresponds to the function z1 · . . . ·zn. Consequently, q corresponds to the

function |z1|
2 · . . . · |zn|

2 and thus (R, q) defines an elliptic divisor. We call this the associated

elliptic divisor. ♦

Just as for the elliptic tangent bundle, we can define a Lie algebroid associated to a complex

divisor:

Definition 5.4. Let (L, σ) be a complex log divisor. The complex vector fields presering Iσ

define a complex Lie algebroid AD → TCM , called the complex log tangent bundle. ♦

In [2] we use this Lie algebroid to study certain generalized complex structures. There, we

also compute the Lie algebroid cohomology:

Theorem 5.5. Let (L, σ) be a complex log divisor on a manifold M . Then the inclusion ι :

M\D →֒ M induces an isomorphism:

H•(AD) ≃ H•(M\D;C).

The following example plays an important role in constructing examples of stable generalized

complex structures in [2]:
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Example 5.6. Let M = CP 2 and let D be a normal crossings divisor consisting of three lines

intersecting transversely, for instanceD = {z0z1z2 = 0}. The associated holomorphic line bundle

with section (L, σ) is a complex log divisor, and let (R, q) be the associated elliptic divisor. We

will now compute the cohomology of the associated elliptic tangent bundle:

• The complement M\D = (C∗)2 and thus homotopic to T 2.

• The stratum D[1] consists of three disjoint cylinders, and therefore every complex line

bundle on it is trivial. Consequently S1ND[1] is homotopic to three disjoint tori.

• The stratum D[2] consists of three points.

Corollary 4.3 now gives us the following description of the elliptic cohomology:

k 0 1 2 3 4 otherwise

Hk(A|D|) R R
5

R
10

R
9

R
3 0

The comohology of the complex log tangent bundle is much simpler and given by:

k 0 1 2 otherwise

Hk(AD) C C
2

C 0

△

The following example plays an important role in the construction of codimension-one sym-

plectic foliations in work in progress of Cavalcanti and Crainic:

Example 5.7. Let M = CP 2 and let D be the smooth complex divisor given by the zero-set

of a smooth cubic, for instance D = {z30 + z31 + z32 = 0}. By the genus-degree formula we know

that D is isomorphic to a torus. The cohomology of the complement can be computed using the

long exact sequence associated to the inclusion D →֒ M :

0 → R
id
→ R → H0(CP 2,D) → 0 → R

2 → H1(CP 2,D) → R
f
→ R → H2(CP 2,D) → 0.

Because D is a complex submanifold of a Kahler manifold it is also a symplectic submanifold

with respect to ωFS. Therefore the map H2(CP 2) → H2(D) is an isomorphism, and the map

f becomes the identity, and we can easily read of the cohomology of M\D form the above

sequence. To compute the cohomology of P = S1ND we employ the Thom-Gysin sequence,

which takes the following form:

0 → R → H0(P ) → 0 → R
2 → H1(P ) → R

∪ e
→ R → H2(P ) → R

2 → 0.

We have ND = O(3)|D, because O(3) is non-trivial and H2(CP 2) → H2(D) is an isomorphism,

we have that the Euler-class of P is non-trivial. Therefore the map ∪ e is an isomorphism, and

we can easily read of the cohomology of P from the sequence. Corollary 4.3 now gives us the

following description of the elliptic cohomology:

k 0 1 2 3 otherwise

Hk(A|D|) R R
3

R
2

R
2 0

Again, this is quite different from the complex log tangent bundle:
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k 0 1 otherwise

Hk(AD) C C
2 0

△

Example 5.8. Let f : M4 → Σ2 be a Lefschetz fibration with singular value p and corresponding

singular fibre F = f−1(p). Let (E, s) be the complex divisor on Σ corresponding to the divisor

{p} ⊂ Σ, and define a self-crossing complex log divisor on M by (f∗E, f∗s). This divisor has

as vanishing locus precisely the singular fibre F , and D[2] consist precisely of the critical points

on F .

Let n be the number of critical points of F . Then D[1] consist of a disjoint union of n

cylinders, and consequently S1ND[1] is homotopic to n tori.

Corollary 4.3 now gives us the following description of the elliptic cohomology:

Hk(A|D|) = Hk(M\F ) ⊕
k 1 2 3 4 otherwise

R
n

R
3n

R
3n

R
n 0

△

5.1. Outlook: Deformation theory. We end by given an outlook on studying the defor-

mation theory of self-crossing stable generalized complex structures and self-crossing elliptic

symplectic structures.

Already the deformation theory of all smooth elliptic symplectic structures is more difficult

than that of smooth stable generalized complex structures. The reason is that smooth complex

log divisors are very rigid: if one deforms a complex function which vanishes transversely a

bit, than one again obtains a function which vanishes transversely. This is used in [1] to show

that any two smooth complex log divisors which are deformations of each other are in fact

isomorphic. Therefore, deformations of smooth stable generalized complex structures can be

reduced to deformations on a fixed Lie algebroid, simplifying the discussion significantly. In

the end, this ensures that deformations of smooth stable generalized complex structures are

completely controlled by the cohomology of the Lie algebroid.

Smooth elliptic divisors are much less rigid than smooth complex log divisors. If I|D| is a

smooth elliptic ideal with non-negative generator f then for all ǫ > 0, the function f + ε will

be nowhere vanishing. Therefore small deformations of elliptic divisors will not necessarily be

isomorphic to the original divisor, which significantly complicates the deformation theory of

general elliptic symplectic structures.

Allowing for self-crossings allows for even more flexibility, so that in this case also complex

log divisors are no longer rigid. The reason is that the self-crossings can be smoothend. Take

for instance the complex divisor ID = 〈z1z2〉 on C
2, which has as vanishing locus the coordinate

hyperplanes. The divisor IDt = 〈z1z2 + t〉 is a smooth complex log divisor for all t ∈ [0, 1] and

provides a deformation between ID and a complex log divisor with embedded vanishing locus.

This shows that for self-crossing complex log divisors, deformation equivalent divisors need not

be isomorphic.
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One might restrict the discussion to deformations for which the divisors are isomorphic. We

have good reasons to believe that in that case the results of [1] can be generalized and the

deformations will be controlled by the cohomology. However, deformations as the one above are

very important to the theory. The particular deformation IDt is used in [2] to show that in four

dimensions any self-crossing stable generalized complex structure can be deformed into one with

embedded degeneracy locus.

Therefore it is most natural to study general deformations, which would thus combine the

deformation theory of the Lie algebroid with that of the elliptic symplectic structures. To study

this one will have to combine the cohomology governing the deformations of the Lie algebroid,

which is the deformation cohomology of Crainic-Moerdijk ([12]) together with the Lie algebroid

cohomology of the elliptic tangent bundle.

Appendix A. Atiyah algebroids

This section recalls some results on Atiyah algebroids needed in this paper. These results

are all classical and can be found in the literature, see for instance [3].

Definition A.1. Let P be a principal G-bundle over M . The Atiyah algebroid of P , is

defined as At(P ) = TP/G. The anchor is induced by the differential of the projection P → M .

The bracket is obtained by viewing sections of At(P ) as G-invariant vector fields on P . ♦

Given a vector bundle E, we can consider its frame bundle Fr(E) and its associated Atiyah

algebroid, which we will denote by At(E). We can describe its sections as fibre-wise linear vector

fields:

Lemma A.2. Let E → M be a vector bundle. Then Γ(At(E)) ≃ X1(E)lin = {X ∈ X1(E) :

[X, E ] = 0}.

We are mainly interested in the case of metrics, for which we have the following descriptions:

Lemma A.3. Given a metric g on a vector bundle E let Q denote the corresponding O(n)

structure group reduction of Fr(E). We have

Γ(At(Q)) ≃ {X̃ ∈ X1(E)lin : L
X̃
g = 0}.

Lemma A.4. Given a conformal class of metrics [g] let Q denote the corresponding O(n)×R+

structure group reduction of Fr(E). We have

Γ(At(Q)) ≃ {X̃ ∈ X1(E)lin : L
X̃
g = λg, for some λ ∈ C∞(M)}.

The Atiyah algebroid cannot detect discrete parts of the structure group:

Lemma A.5. If P is a principal G-bundle and Q is a structure group reduction to H, and g ≃ h

then At(P ) ≃ At(Q).
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