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THE GAUSS PROBLEM FOR CENTRAL LEAVES

TOMOYOSHI IBUKIYAMA, VALENTIJN KAREMAKER, AND CHIA-FU YU

ABSTRACT. We solve two related Gauss problems. In the arithmetic setting, we consider genera

of maximal O-lattices, where O is the maximal order in a definite quaternion Q-algebra, and we

list all cases where they have class number 1. We also prove a unique orthogonal decomposition

result for more general O-lattices. In the geometric setting, we study the Siegel modular variety

Ag ⊗ Fp of genus g, and we list all x in Ag ⊗ Fp for which the corresponding central leaf C (x)
consists of one point, that is, such that x is the unique point in the locus consisting of the points

whose associated polarised p-divisible groups are isomorphic to that of x. The solution to the

second Gauss problem involves mass formulae, computations of automorphism groups, and a

careful analysis of Ekedahl-Oort strata in genus g = 4.

1. INTRODUCTION

For a given family of finite sets which typically arise from an arithmetic source and whose

cardinalities are naturally called class numbers – for example, the family of ideal class groups

indexed by a class of number fields – the Gauss problem asks for the determination of the

subfamily in which every member has class number one. As the most famous result, there are

9 imaginary quadratic fields of class number one, due to Heegner and proved independently by

Baker and Stark around 1966. Masley and Montgomery [33] determined the cyclotomic fields

of class number one; there are 29 of them, cf. Washington [45, Chapter 11] for an exposition

and historical background. The family of imaginary abelian fields has been determined by

K. Yamamura [46] in 1994. Since then, solving the Gauss problem for normal CM fields

has been a major undertaking by various authors. In 2006 the best bound for the degree d of a

normal CM field of class number one was given by Lee-Kwon [30], who showed that d satisfies

d ≤ 96 under the Generalised Riemann Hypothesis (GRH). In 2007, Park-Kwon [38] and Park-

Yang-Kwon [39] determined all the remaining cases of d ≤ 48 among all possible values of d in

{2, 4, . . . , 48} ∪ {64, 96}. The last two cases have been determined by Hofmann-Sircana [18],

who showed that there is no normal CM field of degree d = 64 or d = 96 of class number one.

Besides 172 abelian CM fields determined by Yamamura, there are 55 non-abelian normal CM

fields with class number one under GRH.

The present paper solves two related Gauss problems: the first one comes from positive-

definite quaternion Hermitian forms and the second one from the reduction modulo some

prime p of Siegel modular varieties. For the first Gauss problem, let B be a definite quaternion

Q-algebra of discriminant D and let O be a maximal order in B. Let V be a left B-module of

rank n, and f : V × V → B be a positive-definite quaternion Hermitian form with respect to

the canonical involution x 7→ x̄. For each O-lattice L in V denote by h(L, f) the class number

of the isomorphism classes in the genus containing L. As the main result of the first, arithmetic,

part of this paper, in Theorem 2.9 we determine precisely when h(L, f) = 1 for all maximal

O-lattices L. For the rank one case, the list of definite quaternion Z-orders of class number one

has been determined by Brzezinski [5] in 1995.
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For the second Gauss problem, let p a prime number and let Ag denote the moduli space

over Fp of g-dimensional principally polarised abelian varieties. Let k be an algebraically

closed field of characteristic p. For each point x = [(X0, λ0)] ∈ Ag(k), denote by

C (x) := {[(X, λ)] ∈ Ag(k) : (X, λ)[p
∞] ≃ (X0, λ0)[p

∞]}
the central leaf of Ag passing through the point x. Our goal is to determine the set of all points x
in Ag(k) such that C (x) = {x}.

Let Sg ⊆ Ag denote the supersingular locus of Ag, which is the closed subvariety parametris-

ing all supersingular abelian varieties in Ag. For each abelian variety X over k, the a-number

of X is defined by

(1) a(X) := dimHom(αp, X),

where αp is the kernel of the Frobenius morphism on the additive group Ga. The a-number of

a point x in Ag is denoted by a(x).
The main result of the second, geometric, part of the paper is the following solution to the

Gauss problem.

Theorem A. (Theorem 5.20) Let x = [X0, λ0] ∈ Ag(k) and C (x) be the central leaf of Ag

passing through the point x.

(1) (Chai [7]) The set C (x) is finite if and only if X0 is supersingular, that is, X0 is isoge-
nous to a product of supersingular elliptic curves.

(2) Assume that x ∈ Sg. Then C (x) has one element if and only if one of the following
three cases holds:

(i) g = 1 and p ∈ {2, 3, 5, 7, 13};
(ii) g = 2 and p = 2, 3;

(iii) g = 3, p = 2 and a(x) ≥ 2.

The result of Chai (cf. Theorem A.(1)) shows that the above two Gauss problems are related.

Theorem A.(2)(i) is well-known; Theorem A.(2)(ii) is a result due to the first author [21]. We

prove the remaining cases; namely, we show that |C (x)| > 1 for g ≥ 4, and that when g = 3,

(iii) lists the only cases such that |C (x)| = 1. When g = 3 and a(x) = 3 (the principal genus
case), the class number one result is known due to Hashimoto [15]. Hashimoto first computes

an explicit class number formula in the principal genus case and proves the class number one

result as a direct consequence.

Our method instead uses mass formulae and the automorphism groups of certain abelian

varieties, which is much simpler than proving explicit class number formulae. Mass formulae

for dimension g = 3 were very recently provided by F. Yobuko and the second and third-named

authors [23]. In addition, we perform a careful analysis of the Ekedahl-Oort strata in dimension

g = 4; in Proposition 5.13 we show precisely how the Ekedahl-Oort strata and Newton strata

intersect. It is worth mentioning that we don’t use any computers in this paper (unlike most

papers that treat the Gauss problem); the only numerical data we use is the well-known table in

Subsection 2.3.

In the course of our proof of Theorem A, we define the notion of minimalE-isogenies (Def-

inition 4.13). This generalises the notion of minimal isogenies for supersingular abelian vari-

eties in the sense of Oort [31, Section 1.8]. This new construction of minimal isogenies even

shows a new (and stronger) universal property for minimal isogenies since the test object is not

required to be an isogeny; see Remark 4.14. We also extend the results of Jordan et al. [22]

on abelian varieties isogenous to a power of an elliptic curve to those with a polorisation; see

Corollary 4.6 and Theorem 4.22.
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We remark on some clear connections between the arithmetic and the geometric setting. By

the Albert classification of division algebras, the endomorphism algebra B = End0(A) of any

simple abelian variety A over any field K is either a totally real field F , a quaternion alge-

bra over F (totally definite or totally indefinite), or a central division algebra over a CM field

over F . The results in Subsection 2.1 apply to all these classes of algebras, except for totally

indefinite quaternion algebras and non-commutative central division algebras over a CM field.

Notably, Theorem 2.1 provides a very general statement about unique orthogonal decompo-

sition of lattices, which enables us to compute the automorphism groups of such lattices via

Corollary 2.2. On the geometric side (in Section 4), we obtain general unique decomposition

results for abelian varieties which are isomorphic to a power of an elliptic curve (therefore

including superspecial abelian varieties), since only these abelian varieties admit a natural de-

scription in terms of lattices, as was investigated in [37, 7.12-7.14].

On the other hand, on the geometric side we are mostly interested in supersingular abelian va-

rieties, which are by definition isogenous to a power of a supersingular elliptic curve; hence, the

most important algebras for us to study are the definite quaternion Q-algebras B = End0(E)
for some supersingular elliptic curve E over an algebraic closed field. We specialise to these

algebras in the remaining arithmetic parts (Subsections 2.2 and 2.3) and solve the arithmetic

Gauss problem for these in Theorem 2.9. And indeed, we solve the geometric Gauss prob-

lem for all supersingular abelian varieties, including those which are not directly governed by

lattices.

Finally, for solving the arithmetic Gauss problem, we restrict to maximal lattices for the

maximal orderO in a definite quaternion Q-algebra B. When B = End0(E) andO = End(E)
as above, on the geometric side these lattices correspond to polarised superspecial abelian vari-

eties in either the principal genus or the non-principal genus; see Corollary 4.9. This is how we

can reduce our geometric Gauss problem immediately to the lower-dimensional cases (g ≤ 4).

On the other hand, when B is a more general definite Q-algebra, this provides an extension of

our geometric Gauss problem from Siegel modular varieties to fake Siegel modular varieties,

which are direct generalisations of fake modular curves (that is, Shimura curves).

The structure of the paper is as follows. The arithmetic theory is treated in Section 2, building

up to the main result in Theorem 2.9. Theorem 2.1 is the unique orthogonal decomposition

result for lattices, and Corollary 2.2 gives its consequence for automorphism groups of such

lattices. The geometric theory starts in Section 3, which recalls mass formulae due to the second

and third authors as well as other authors. Section 4 treats automorphism groups and provides

the geometric analogue of the unique decomposition results in Subsection 2.1, including their

consequence for the determination of automorphism groups in Corollary 4.8. Finally, Section 5

solves the geometric Gauss problem for central leaves (Theorem 5.20), using mass formulae

for the case g = 3 (Subsection 5.2) and explicit computations on Ekedahl-Oort strata for the

hardest case g = 4 (Subsection 5.3).

1.1. Acknowledgements. The first author is supported by JSPS Kakenhi Grant Number JP19K-

03424. The second author is supported by the Dutch Research Council (NWO) through grant

VI.Veni.192.038. The third author is partially supported by the MoST grant 109-2115-M-001-

002-MY3.

2. THE ARITHMETIC THEORY

2.1. Uniqueness of orthogonal decomposition.

Let F be a totally real algebraic number field, and let B be either F itself, a CM field over F
(i.e., a totally imaginary quadratic extension of F ), or a totally definite quaternion algebra
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over F (i.e., such that any simple component ofB⊗R is a division algebra). We may regardBn

as a left B-vector space. As a vector space over F , we see that Bn can be identified with F en,

where e = 1, 2, or 4 according the choice of B made above. Let OF be the ring of integers

of F . A lattice in Bn is a finitely generated Z-submodule L ⊆ Bn such that QL = Bn (i.e.,

L contains a basis of Bn over Q); it is called an OF -lattice if OFL ⊆ L. A unitary subring O

ofB is called an order ofB if it is a lattice in B; O is called an OF -order if O also containsOF .

Any element of O is integral over OF .

We fix an order O of B. Put V = Bn and let f : V × V → B be a quadratic form, a

Hermitian form, or a quaternion Hermitian form according to whether B = F , B is CM, or B
is quaternionic. This means that f satisfies

f(ax, y) = af(x, y) for any x, y ∈ V , a ∈ B,

f(x1 + x2, y) = f(x1, y) + f(x2, y) for any xi, y ∈ V ,

f(y, x) = f(x, y)∗ for any x, y ∈ V ,

(2)

where ∗ is the main involution of B over F , that is, the trivial map for F , the complex conjuga-

tion for a fixed embedding B ⊆ C if B is a CM field, or the anti-automorphism of B of order 2
such that x + x∗ = TrB/F (x) for the reduced trace TrB/F . By the above properties, we have

f(x, x) ∈ F for any x ∈ V . We assume that f is totally positive, that is, for any x ∈ V and for

any embedding σ : F → R, we have f(x, x)σ > 0 unless x = 0. A lattice L ⊆ V is said to

be a left O-lattice if OL ⊆ L. An O-submodule M of an O-lattice L is called an O-sublattice

of L; then M is an O-lattice in the B-module BM of possibly smaller rank. We say that a left

O-lattice L 6= 0 is indecomposable if whenever L = L1 + L2 and f(L1, L2) = 0 for some left

O-lattices L1 and L2, then L1 = 0 or L2 = 0.

For quadratic forms over Q, the following theorem is in [27, p. 169 Theorem 6.7.1] and [28,

Satz 27.2]. The proof for the general case is almost the same.

Theorem 2.1. Assumptions and notation being as above, any left O-latticeL ⊆ Bn has a finite
orthogonal decomposition

L = L1 ⊥ · · · ⊥ Lr

for some indecomposable left O-sublattices Li. The set of lattices {Li}1≤i≤r is uniquely deter-
mined by L.

Proof of Theorem 2.1. Any non-zero x ∈ L is called primitive if there are no y,z ∈ L such that

y 6= 0, z 6= 0, and x = y + z with f(y, z) = 0. First we see that any 0 6= x ∈ L is a finite sum

of primitive elements of L. If x is not primitive, then we have x = y + z with 0 6= y, z ∈ L
with f(y, z) = 0. So we have f(x, x) = f(y, y) + f(z, z) and hence

TrF/Q(f(x, x)) = TrF/Q(f(y, y)) + TrF/Q(f(z, z)).

Since f is totally positive, we have TrF/Q(f(x, x)) =
∑

σ:F→R f(x, x)
σ = 0 if and only if

x = 0. So we have TrF/Q(f(y, y)) < TrF/Q(f(x, x)). If y is not primitive, we continue the

same process. We claim that this process terminates after finitely many steps. Since L 6= 0
is a finitely generated Z-module, f(L, L) is a non-zero finitely generated Z-module. So the

module TrF/Q(f(L, L)) is a fractional ideal of Z and we have TrF/Q(f(L, L)) = eZ for some

0 < e ∈ Q. This means that TrF/Q(f(x, x)) ∈ eZ>0 for any x ∈ L. So after finitely many

iterations, TrF/Q(f(y, y)) becomes 0 and the claim is proved.

We say that primitive elements x, y ∈ L are connected if there are primitive elements z1, z2,

. . . , zr ∈ L such that x = z0, y = zr, and f(zi−1, zi) 6= 0 for i = 1,. . . , r. This is an equivalence

relation. We denote by Kλ (λ ∈ Λ) the set of equivalence classes of primitive elements in L.

By definition, elements of Kλ and Kκ for λ 6= κ are orthogonal. We denote by Lλ the left
4



O-module spanned by elements of Kλ. Then we have

L =⊥λ∈Λ Lλ.

Since FO = B, we see that Vλ = FLλ is a left B-vector space and Lλ is an O-lattice in Vλ.

Since dimB

∑
λ∈Λ Vλ = n, we see that Λ is a finite set. Hence any primitive element in Lλ

belongs to Kλ. Indeed, if y ∈ Lλ ⊆ L is primitive, then y ∈ Kµ for some µ ∈ Λ, but if

λ 6= µ, then y ∈ Kµ ⊆ Lµ, so y = 0, a contradiction. Now if Lλ = N1 ⊥ N2 for some left

O-modules N1 6= 0, N2 6= 0, then whenever x + y with x ∈ N1, y ∈ N2 is primitive, we have

x = 0 or y = 0. So if 0 6= x ∈ N1 is primitive and if f(x, z1) 6= 0 for some primitive element

z1 ∈ Lλ, then z1 ∈ N1. Repeating the process, any y ∈ Kλ belongs to N1, so N1 = Lλ, so Lλ
is indecomposable. Now if L =⊥κ∈K Mκ for other indecomposable lattices, then any primitive

element x of L is contained in some Mκ by definition of primitivity. By the same reasoning as

before, if x ∈ Mκ is primitive, then any primitive y ∈ L connected to x belongs to Mκ. This

means that there is a injection ι : Λ → K such that Lλ ⊆Mι(λ). Since

L =⊥λ∈Λ Lλ ⊆⊥λ∈Λ Mι(λ) ⊆ L

we have Lλ =Mι(λ) and ι is a bijection. �

Corollary 2.2. Assumptions and notation being as before, suppose that L has an orthogonal
decomposition

L =⊥r
i=1 Mi

where Mi =⊥ei
j=1 Lij for some indecomposable left O-lattices Lij such that Lij and Lij′ are

isometric for any j, j′, but Lij and Li′j′ are not isometric for i 6= i′. Then we have

Aut(L) ∼=
r∏

i=1

Aut(Li1)
ei · Sei

where Sei is the symmetric group on ei letters and Aut(Li1)
ei · Sei is a semi-direct product

where Sei normalises Aut(Li1)ei .

Proof. By Theorem 2.1, we see that for any element ǫ ∈ Aut(L), there exists τ ∈ Sei such that

ǫ(Li1) = Liτ(1), so the result follows. �

Remark 2.3. The proof of Theorem 2.1 also works in the following more general setting:

B =
∏

iBi is a finite product of Q-algebras Bi, where Bi is either a totally real field Fi, a CM

field over Fi, or a totally definite quaternion algebra over Fi. Denote by ∗ the main involution

on B and F =
∏

i Fi the subalgebra fixed by ∗. Let O be any order in B, and let V be a faithful

left B-module equipped with a totally positive Hermitian form f , which satisfies the conditions

in (2) and is totally positive on each factor in V = ⊕Vi with respect to F =
∏

i Fi.

2.2. Quaternionic unitary groups and mass formulae.

For the rest of this section, we let B be a definite quaternion Q-algebra central over Q with

discriminant D and let O be a maximal order in B. Then D = q1 · · · qt is a product of an odd

number t of primes. The canonical involution on B is denoted by x 7→ x̄. Let (V, f) be a

positive-definite quaternion Hermitian space over B of rank n. By definition, f : V × V → B
is a Q-bilinear form such that

(i) f(ax, y) = af(x, y) and f(x, ay) = f(x, y)ā,

(ii) f(y, x) = f(x, y), and

(iii) f(x, x) ≥ 0 and f(x, x) = 0 only when x = 0,

for all a ∈ B and x, y ∈ V . The isomorphism class of (V, f) over B is uniquely determined by

dimB V . We denote by G = G(V, f) the group of all similitudes on (V, f); namely,

G = {α ∈ GLB(V ) : f(xα, yα) = n(α)f(x, y) ∀ x, y ∈ V },
5



where n(α) ∈ Q× is a scalar depending only on α. For each prime p, we writeOp := O⊗Z Zp,
Bp := B ⊗Q Qp and Vp := V ⊗Q Qp, and let Gp = G(Vp, fp) be the group of all similitudes on

the local quaternion Hermitian space (Vp, fp).
Two O-lattices L1 and L2 are said to be equivalent, denoted L1 ∼ L2, if there exists an

element α ∈ G such that L2 = L1α; the equivalence of two Op-lattices is defined analogously.

Two O-lattices L1 and L2 are said to be in the same genus if (L1)p ∼ (L2)p for all primes p.

The normN(L) of an O-lattice L is defined to be the two-sided fractional O-ideal generated by

f(x, y) for all x, y ∈ L. If L is maximal among theO-lattices having the same normN(L), then

it is called a maximalO-lattice. The notion of maximalOp-lattices in Vp is defined analogously.

Then an O-lattice L is maximal if and only if the Op-lattice Lp := L ⊗Z Zp is maximal for all

prime numbers p.

For each prime p, if p ∤ D, then there is only one equivalence class of maximal Op-

lattices in Vp, represented by the standard unimodular lattice (On
p , f = In). If p|D, then

there are two equivalence classes of maximal Op-lattices in Vp, represented by the princi-

pal lattice (On
p , f = In) and a non-principal lattice ((ΠpOp)

⊕(n−c) ⊕ O⊕c
p , Jn), respectively,

where c = ⌊n/2⌋, and Πp is a uniformising element in Op with ΠpΠp = p, and Jn =
anti-diag(1, . . . , 1) is the anti-diagonal matrix of size n. Thus, there are 2t genera of maxi-

mal O-lattices in V when n ≥ 2.

For each positive integer n and a pair (D1, D2) of positive integers with D = D1D2, de-

note by Ln(D1, D2) the genus consisting of maximal O-lattices in (V, f) of rank n such that

for all primes p|D1 (resp. p|D2) the Op-lattice (Lp, f) belongs to the principal class (resp. the

non-principal class). We denote by [Ln(D1, D2)] the set of equivalence classes of lattices in

Ln(D1, D2) and byHn(D1, D2) := #[Ln(D1, D2)] the class number of the genus Ln(D1, D2).
The mass Mn(D1, D2) of [Ln(D1, D2)] is defined by

(3) Mn(D1, D2) = Mass([Ln(D1, D2)]) :=
∑

L∈[Ln(D1,D2)]

1

|Aut(L)| ,

where Aut(L) := {α ∈ G : Lα = L}. Note that if α ∈ Aut(L) then n(α) = 1, because

n(α) > 0 and n(α) ∈ Z× = {±1}.

Let G1 := {α ∈ G : n(α) = 1}. The class number and mass for a G1-genus of O-lattices

are defined analogously to the case of G: two O-lattices L1 and L2 are said to be isomorphic,

denoted L1 ≃ L2, if there exists an element α ∈ G1 such that L2 = L1α; similarly, two Op-

lattices L1,p and L2,p are said to be isomorphic, denoted L1,p ≃ L2,p if there exists an element

αp ∈ G1
p such that L2,p = L1,pαp. TwoO-lattices L1 and L2 are said to be in the sameG1-genus

if (L1)p ≃ (L2)p for all primes p. We denote by L 1
n (D1, D2) the G1-genus which consists of

maximal O-lattices in (V, f) of rank n satisfying

(Vp, fp) ≃
{
(On

p , In) for p ∤ D2;

((ΠpOp)
n−c ⊕ Oc

p, Jn) for p | D2,

where c := ⌊n/2⌋. We denote by [L 1
n (D1, D2)] the set of isomorphism classes of O-lattices

in L 1
n (D1, D2) and by H1

n(D1, D2) := #[L 1
n (D1, D2)] the class number of the G1-genus

L 1
n (D1, D2). Similarly, the mass M1

n(D1, D2) of [L 1
n (D1, D2)] is defined by

(4) M1
n(D1, D2) = Mass([L 1

n (D1, D2)]) :=
∑

L∈[L 1
n (D1,D2)]

1

|AutG1(L)| ,

where AutG1(L) := {α ∈ G1 : Lα = L}, which is also equal to Aut(L).
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Lemma 2.4. The natural map ι : [L 1
n (D1, D2)] → [Ln(D1, D2)] is a bijection. In particular,

we have the equalities

(5) M1
n(D1, D2) =Mn(D1, D2) and H1

n(D1, D2) = Hn(D1, D2).

Proof. Fix an O-lattice L0 in Ln(D1, D2) and regard G and G1 as algebraic groups over Q.

Denote by Ẑ =
∏

ℓ Zℓ the profinite completion of Z and by Af = Ẑ⊗Z Q the finite adele ring

of Q. We have natural isomorphisms of pointed sets

[Ln(D1, D2)] ≃ U\G(Af )/G(Q), [L 1
n (D1, D2)] ≃ U1\G1(Af)/G

1(Q),

where U is the stabiliser of L0 ⊗ Ẑ in G(Af) and U1 := U ∩G1(Af). Via these isomorphisms,

the natural map ι : [L 1
n (D1, D2)] → [Ln(D1, D2)] is nothing but the map induced by the

identity map

ι : U1\G1(Af)/G
1(Q) → U\G(Af )/G(Q).

The map n induces a surjective map U\G(Af )/G(Q) → n(U)\A×
f /Q

×
+. One shows that

n(U) = Ẑ× so the latter term is trivial. Then every double coset in U\G(Af )/G(Q) is pre-

sented by an element of norm one. Therefore, ι is surjective. Let g1, g2 ∈ G1(Af ) such that

ι[g1] = ι[g2] in the G-double coset space. Then g1 = ug2γ for some u ∈ U and γ ∈ G(Q).
Applying n, one obtains n(γ) = 1 and hence n(u) = 1. This proves the injectivity of ι. �

For each n ≥ 1, define

(6) vn :=
n∏

i=1

|ζ(1− 2i)|
2

,

where ζ(s) is the Riemann zeta function. For each prime p and n ≥ 1, define

(7) Ln(p, 1) :=

n∏

i=1

(pi + (−1)i)

and

(8) Ln(1, p) :=

{∏c
i=1(p

4i−2 − 1) if n = 2c is even;
(p−1)(p4c+2−1)

p2−1
·∏c

1=1(p
4i−2 − 1) if n = 2c+ 1 is odd.

Proposition 2.5. We have

(9) Mn(D1, D2) = vn ·
∏

p|D1

Ln(p, 1) ·
∏

p|D2

Ln(1, p).

Proof. When (D1, D2) = (D, 1), the formula (9) is proved in [16, Proposition 9]. By Lemma (2.4),

we may replace Mn(D1, D2) by M1
n(D1, D2) in (9). We have

(10)
M1

n(D1, D2)

M1
n(D, 1)

=
∏

p|D2

vol(AutG1
p
(On

p , In))

vol(AutG1
p
((ΠpOp)n−c ⊕ Oc

p, Jn))
,

where c = ⌊n/2⌋ and where vol(Up) denotes the volume of an open compact subgroupUp ⊆ G1
p

for a Haar measure on G1
p. The right hand side of (10) does not depend on the choice of the

Haar measure. It is easy to see that the dual lattice ((ΠpOp)
n−c⊕Oc

p)
∨ of (ΠpOp)

n−c⊕Oc
p with

respect to Jn is equal to Oc
p ⊕ (Π−1

p Op)
n−c. Therefore,

AutG1
p
((ΠpOp)

n−c ⊕ Oc
p, Jn) = AutG1

p
((ΠpOp)

c ⊕On−c
p , Jn).

7



On the other hand, in the notation of Theorem 3.1, we have

(11)
vol(AutG1

p
(On

p , In))

vol(AutG1
p
((ΠpOp)c ⊕On−c

p c, Jn))
=

Mass(Λn,pc)

Mass(Λn,p0)
=
Ln,pc

Ln,p0
=
Ln(1, p)

Ln(p, 1)

by (24). Then the formula (9) follows from (10), (11) and (9) for (D1, D2) = (D, 1). �

2.3. The Gauss problem for definite quaternion Hermitian maximal lattices.

In this subsection we determine for which n and (D1, D2) the class number Hn(D1, D2) is

equal to one. The Bernoulli numbers Bn are defined by (cf. [43, p. 91])

(12)
t

et − 1
= 1− t

2
+

∞∑

n=1

B2n
t2n

(2n)!
.

For each n ≥ 1, we have

(13) B2n = (−1)(n+1) 2(2n)!

(2π)2n
ζ(2n)

and

(14)
|ζ(1− 2n)|

2
=

|B2n|
4n

=
(2n− 1)!ζ(2n)

(2π)2n
.

Below is a table of values of |B2n| and |ζ(1− 2n)|/2:

n 1 2 3 4 5 6 7 8 9 10 11 12

|B2n| 1
6

1
30

1
42

1
30

5
66

691
2730

7
6

3617
510

43867
798

174611
330

864513
138

236364091
2730

|ζ(1−2n)|
2

1
24

1
240

1
504

1
480

1
264

691
2730·24

1
24

3617
510·32

43867
798·36

174611
330·40

864513
138·44

236364091
2730·48

|ζ(1−2n)|
2

1
24

1
240

1
504

1
480

1
264

691
2730·24

1
24

0.222 1.527 13.228 142.38 1803.8

We have (cf. (6))

v1 =
1

23 · 3 , v2 =
1

27 · 32 · 5 , v3 =
1

210 · 34 · 5 · 7 ,

v4 =
1

215 · 35 · 52 · 7 , v5 =
1

218 · 36 · 52 · 7 · 11 .
(15)

Lemma 2.6. If n ≥ 6, then either the numerator of vn is not one or vn > 1.

Proof. Put An = |ζ(1− 2n)|/2. First, by

ζ(2n) < 1 +

∫ ∞

2

1

x2n
dx = 1 +

1

22n+1
,

we have
An+1

An
>

(2n+ 1)(2n)

(2π)2 · ζ(2n) >
(
2n

2π

)2

· 1 + 1
2n

1 + 1
22n+1

> 1 for n ≥ 3.

From the table and the fact that An is increasing for n ≥ 4 which we have just proved, we have

vn =
6∏

i=1

Ai ·
11∏

i=7

Ai ·
n∏

i=12

Ai >
1

5046
· 1 · (1803)n−11 for n ≥ 12.

Thus, vn > 1 for n ≥ 17.

By a classical result of Clausen and von Staudt (see [3, Theorem 3.1, p. 41]), B2n ≡
−∑

p−1|2n(1/p) mod 1 where p are primes. So if n ≤ 17 (even for n ≤ 344), then B2n

has denominators only for primes such that p− 1 ≤ 34 (or p− 1 ≤ 344 · 2) and this does not

include 691. Thus, for 6 ≤ n ≤ 344, we have 691|vn. This proves the lemma. �

Corollary 2.7. For n ≥ 6, we have Hn(D1, D2) > 1.
8



Proof. By Lemma 2.6, either vn > 1 or the numerator of vn is not one. From the mass for-

mula (3), either Mn(D1, D2) > 1 or the numerator of Mn(D1, D2) is not one. Therefore,

Hn(D1, D2) > 1. �

Proposition 2.8. We have H3(2, 1) = 1, H3(1, 2) = 1, and H4(1, 2) = 1.

Proof. It follows from Proposition 2.5 and Equations (8) and (15) that

M3(1, 2) =
1

210 · 32 · 5 and M4(1, 2) =
1

215 · 32 · 52 .

It follows from [21, Section 5] that the unique lattice (L, h) in the non-principal genus H2(1, 2)
has an automorphism group of cardinality 1920 = 27 · 3 · 5.

Consider the lattice (O, pI1)⊕ (L, h) contained in L3(1, 2). By Corollary 2.2 we see that

Aut((O, pI1)⊕ (L, h)) ≃ Aut((O, pI1)) · Aut((L, h)) = O× · Aut((L, h)).
Since O× = E24 ≃ SL2(F3) has cardinality 24 (cf. [23, Equation (57)]), it follows that

|Aut((O, pI1)⊕ (L, h))| = 24 · 1920 = 210 · 32 · 5 =
1

M3(1, 2)
,

showing that the lattice (O, pI1)⊕ (L, h) is unique and hence that H3(1, 2) = 1.

Next, consider the lattice (L, h)⊕2 contained in L4(1, 2). Again by Corollary 2.2 we see that

Aut((L, h)⊕2) ≃ Aut((L, h))2 · C2

which has cardinality

19202 · 2 = 215 · 32 · 52 = 1

M4(1, 2)
,

showing that also (L, h)⊕2 is unique and therefore H4(1, 2) = 1. Finally, we compute that

M3(2, 1) =
1

210 · 34 =
1

243 · 3! =
1

|Aut(O3, I3)|
, and therefore H3(2, 1) = 1.

�

Theorem 2.9. The class number Hn(D1, D2) is equal to one if and only if D = p is a prime
number and one of the following holds:

(1) n = 1, (D1, D2) = (p, 1) and p ∈ {2, 3, 5, 7, 13};
(2) n = 2, and either (D1, D2) = (p, 1) with p = 2, 3 or (D1, D2) = (1, p) with p ∈

{2, 3, 5, 7, 11};
(3) n = 3, and either (D1, D2) = (2, 1) or (D1, D2) = (1, 2);
(4) n = 4 and (D1, D2) = (1, 2).

Proof. (1) When n = 1 we only have the principal genus class number and H1(D, 1) is

the class number h(B) of B. The corresponding Gauss problem is a classical result:

h(B) = 1 if and only if D ∈ {2, 3, 5, 7, 13}; see the list in [44, p. 155]. We give an

alternative proof of this fact for the reader’s convenience. Suppose that H1(D, 1) = 1.

Then

(16) M1(D, 1) =

∏
p|D(p− 1)

24
=

1

m
, where m ∈ 2N.

The discriminant D has an odd number of prime divisors, since B is a definite quater-

nion algebra. That the numerator of M1(D, 1) is 1 implies that every prime factor p
of D must satisfy (p − 1)|24 and hence p ∈ {2, 3, 5, 7, 13}. Suppose that D has more

9



than one prime divisor; using the condition (16), D must then be 2 · 3 · 7 = 42. Using

the class number formula (see [9, 44], cf. Pizer [40, Theorem 16, p. 68])

H1(D, 1) =

∏
p|D(p− 1)

12
+

1

4

∏

p|D

(
1−

(−4

p

))
+

1

3

∏

p|D

(
1−

(−3

p

))
,

we calculate thatH1(42, 1) = 2. Hence,Dmust be a prime p, which is in {2, 3, 5, 7, 13}.

Conversely, we check that H1(p, 1) = 1 for these primes.

(2) See Hashimoto-Ibukiyama [16, p. 595], [17, p. 696]. One may still want to verify

H2(D1, D2) > 1 for pairs (D1, D2) not in the data there. Using the class number

formula in [17] we compute that M2(1, 2 · 3 · 11) = 1/2 and H2(1, 2 · 3 · 11) = 9. For

the remaining cases, one can show that either the numerator ofM2(D1, D2) is not equal

to 1 or M2(D1, D2) > 1, by the same argument as that used below for n ≥ 3.

(3)+(4) The principal genus part for n = 3 with D = p a prime is due to Hashimoto [15],

based on an explicit class number formula. We shall prove directly that for n ≥ 3,

(3) and (4) are the only cases for which Hn(D1, D2) = 1. In particular, our proof of

the principal genus part of (3) is independent of Hashimoto’s result. By Corollary 2.7,

it is enough to treat the cases n = 3, 4, 5, so we assume this. We have Ln+1(p, 1) =
Ln(p, 1)(p

n+1 + (−1)n+1), and

L2(1, p) = (p2 − 1), L3(1, p) = (p− 1)(p6 − 1),

L4(1, p) = (p2 − 1)(p6 − 1), L5(1, p) = (p− 1)(p6 − 1)(p10 − 1).

In particular, (p3 − 1) divides both Ln(p, 1) and Ln(1, p) for n = 3, 4, 5. Observe that

if Ln(p, 1) or Ln(1, p) has a prime factor greater than 11, then Hn(D1, D2) > 1 for

all (D1, D2) with p|D1D2; this follows from Proposition 2.5 and (15). We list a prime

factor d of p3 − 1 which is greater than 11:

p 3 5 7 11 13

d|p3 − 1 13 31 19 19 61

Thus, Hn(D1, D2) > 1 for n = 3, 4, 5 and p|D for some prime p with 3 ≤ p ≤ 13.

It remains to treat the cases p ≥ 17 and p = 2. We compute that M3(17, 1)
.
= 7.85

and M4(1, 17)
.
= 4.99. One sees that M3(1, 17) > M3(17, 1), M5(17, 1) > M3(17, 1)

and M4(17, 1) > M4(1, 17). Therefore Mn(p, 1) > 1 and Mn(1, p) > 1 for p ≥ 17.

Thus, Hn(D1, D2) = 1 implies that D = 2. One checks that 31|L5(2, 1), 31|L5(1, 2)
and 17|L4(2, 1). Thus

H5(2, 1) > 1, H5(1, 2) > 1, and H4(2, 1) > 1.

It remains to show that H3(2, 1) = 1, H3(1, 2) = 1 and H4(1, 2) = 1, which is done in

Proposition 2.8.

�

3. THE GEOMETRIC THEORY: MASS FORMULAE AND CLASS NUMBERS

3.1. Set-up and definition of masses.

For the remainder of this paper, let p be a prime number, let g be a positive integer, and let k
be an algebraically closed field of characteristic p. Unless stated otherwise, k will be the field

of definition of abelian varieties.

The cardinality of a finite set S will be denoted by |S|. Let αp be the unique local-local finite

group scheme of order p over Fp; it is defined to be the kernel of the Frobenius morphism on the

additive group Ga over Fp. As before, denote by Ẑ =
∏

ℓ Zℓ the profinite completion of Z and

by Af = Ẑ⊗Z Q the finite adele ring of Q. Let Bp,∞ denote the definite quaternion Q-algebra
10



of discriminant p. Fix a quaternion Hermitian Bp,∞-space (V, f) of rank g, let G = G(V, f)
be the quaternion Hermitian group associated to (V, f) and G1 ⊆ G the subgroup consisting of

elements g ∈ G of norm n(g) = 1. We regard G1 and G as algebraic groups over Q.

For any integer d ≥ 1, let Ag,d denote the (coarse) moduli space over Fp of g-dimensional

polarised abelian varieties (X, λ) with polarisation degree deg(λ) = d2. An abelian variety

over k is said to be supersingular if it is isogenous to a product of supersingular elliptic curves;

it is said to be superspecial if it is isomorphic to a product of supersingular elliptic curves.

For any m ≥ 1, let Sg,pm be the supersingular locus of Ag,pm , which consists of all polarised

supersingular abelian varieties in Ag,pm . Then Sg := Sg,1 is the moduli space of g-dimensional

principally polarised supersingular abelian varieties.

If S is a finite set of objects with finite automorphism groups in a specified category, the

mass of S is defined to be the weighted sum

Mass(S) :=
∑

s∈S

1

|Aut(s)| .

For any x = (X0, λ0) ∈ Sg,pm(k), we define

(17) Λx = {(X, λ) ∈ Sg,pm(k) : (X, λ)[p
∞] ≃ (X0, λ0)[p

∞]},
where (X, λ)[p∞] denotes the polarised p-divisible group associated to (X, λ). We define a

group scheme Gx over Z as follows. For any commutative ring R, the group of its R-valued

points is defined by

(18) Gx(R) = {α ∈ (End(X0)⊗Z R)
× : αtλ0α = λ0}.

Since any two polarised supersingular abelian varieties are isogenous, i.e., there exists a quasi-

isogeny ϕ : X1 → X2 such that ϕ∗λ2 = λ1, the algebraic group Gx ⊗ Q is independent of x
(up to isomorphism) and it is known to be isomorphic to G1. We shall fix an isomorphism

Gx ⊗ Q ≃ G1 over Q and regard Ux := Gx(Ẑ) as an open compact subgroup of G1(Af).
By [47, Theorem 2.1], there is a natural bijection between the following pointed sets:

(19) Λx ≃ G1(Q)\G1(Af)/Ux.

In particular, Λx is a finite set. The mass of Λx is then defined as

(20) Mass(Λx) =
∑

(X,λ)∈Λx

1

|Aut(X, λ)| .

If U is an open compact subgroup of G1(Af), the arithmetic mass for (G1, U) is defined by

(21) Mass(G1, U) :=
h∑

i=1

1

|Γi|
, Γi := G1(Q) ∩ ciUc−1

i ,

where {ci}i=1,...,h is a complete set of representatives of the double coset spaceG1(Q)\G1(Af )/U .

The definition of Mass(G1, U) is independent of the choices of representatives {ci}i. Then we

have the equality (cf. [47, Corollary 2.5])

(22) Mass(Λx) = Mass(G1, U).

3.2. Superspecial mass formulae.

For each integer c with 0 ≤ c ≤ ⌊g/2⌋, let Λg,pc denote the set of isomorphism classes

of g-dimensional polarised superspecial abelian varieties (X, λ) whose polarisation λ satisfies

ker(λ) ≃ α2c
p . The mass of Λg,pc is

Mass(Λg,pc) =
∑

(X,λ)∈Λg,pc

1

|Aut(X, λ)| .

11



Note that the p-divisible group of a superspecial abelian variety of given dimension is unique

up to isomorphism. Furthermore, the polarised p-divisible group associated to any member

in Λg,pc is unique up to isomorphism, cf. [31, Proposition 6.1]. Therefore, if x = (X0, λ0) is

any member in Λg,pc, then we have Λx = Λg,pc (cf. (17)). In particular, the mass Mass(Λg,pc)
of the superspecial locus Λg,pc is a special case of Mass(Λx).

We fix a supersingular elliptic curve E over Fp2 such that its Frobenius endomorphism πE
satisfies πE = −p, and let Ek = E ⊗F

p2
k. It is known that every polarisation on Eg

k is defined

over Fp2 , that is, it descends uniquely to a polarisation on Eg over Fp2 . For each integer c
with 0 ≤ c ≤ ⌊g/2⌋, we denote by Ppc(E

g) the set of isomorphism classes of polarisations

µ on Eg such that ker(µ) ≃ α2c
p ; we define Ppc(E

g
k) similarly, and have the identification

Ppc(E
g
k) = Ppc(E

g). As superspecial abelian abelian varieties of dimension g > 1 are unique

up to isomorphism, there is a bijection Ppc(E
g) ≃ Λg,pc when g > 1. For brevity, we shall also

write P (Eg) for P1(E
g).

Theorem 3.1. For any g ≥ 1 and 0 ≤ c ≤ ⌊g/2⌋, we have

Mass(Λg,pc) = vg · Lg,pc ,
where vg is defined in (6) and where

(23) Lg,pc =

g−2c∏

i=1

(pi + (−1)i) ·
c∏

i=1

(p4i−2 − 1) ·
∏g

i=1(p
2i − 1)∏2c

i=1(p
2i − 1)

∏g−2c
i=1 (p2i − 1)

.

Proof. This follows from [14, Proposition 3.5.2] by the functional equation for ζ(s). See [10,

p. 159] and [16, Proposition 9] for the case where c = 0 (the principal genus case). See also [48]

for a geometric proof in the case where g = 2c (the non-principal genus case). �

Clearly, Lg,p0 = Lg(p, 1). One can also see from (23) that for c = ⌊g/2⌋,

(24) Lg,pc =

{∏c
i=1(p

4i−2 − 1) if g = 2c is even;
(p−1)(p4c+2−1)

p2−1
·∏c

1=1(p
4i−2 − 1) if g = 2c+ 1 is odd,

and therefore Lg,pc = Lg(1, p), cf. (8). For g = 5 and c = 1, one has

(25) Mass(Λ5,p) = v5 · (p− 1)(p2 + 1)(p3 − 1)(p4 + 1)(p10 − 1),

noting that this case is different from either the principal genus or the non-principal genus case.

Lemma 3.2. For any g ≥ 1 and 0 ≤ c ≤ ⌊g/2⌋, the local component Lg,pc in (23) is a
polynomial in p over Z of degree (g2+4gc−8c2+g−2c)/2. Furthermore, the minimal degree
occurs precisely when c = 0 if g is odd and when c = g/2 if g is even.

Proof. It suffices to show that the term

A :=

∏g
i=1(p

2i − 1)∏2c
i=1(p

2i − 1)
∏g−2c

i=1 (p2i − 1)

is a polynomial in p with coefficients in Z. Notice that A = [g; 2c]p2, where

[n; k]q :=

∏n
i=1(q

i − 1)
∏k

i=1(q
i − 1) ·∏n−k

i=1 (q
i − 1)

, n ∈ N, k = 0, . . . , n.

It is known that [n; k]q ∈ Z[q]; cf. [11]. Alternatively, one considers the recursive relation

[n + 1 ; k]q = [n; k]q + qn−k+1[n; k − 1]q and concludes that [n, k]q ∈ Z[q] by induction.
12



The degree of Lg,pc is

g−2c∑

i=1

i+

c∑

i=1

(4i− 2) +

g∑

i=g−2c+1

2i−
2c∑

i=1

2i

=
1

2
[(g − 2c)(g − 2c+ 1) + c · 4c+ 2c · (4g − 4c+ 2)− 2c(4c+ 2)]

=
1

2

[
g2 + 4gc− 8c2 + g − 2c

]
.

(26)

The degree is a polynomial function of degree 2 in c with negative leading coefficient. So the

minimum occurs either at c = 0 or at c = ⌊g/2⌋; the former happens if g is odd and the latter

happens if g is even. �

If g = 2m is even, then the polynomial Lg,1 has degree g(g + 1)/2 = 2m2 +m and Lg,pm
has degree 2m2.

3.3. Mass formulae and class number formulae for supersingular abelian surfaces and

threefolds.

3.3.1. Non-superspecial supersingular abelian surfaces.
Let x = (X0, λ0) be a principally polarised supersingular abelian surface over k. If X0 is

superspecial, then Λx = Λ2,p0 and the class number formula for |Λ2,p0| is obtained in [16].

We assume that X0 is not superspecial, that is, a(X0) = 1. In this case there is a unique

(up to isomorphism) polarised superspecial abelian surface (Y1, λ1) such that ker(λ1) ≃ α2
p

and an isogeny φ : (Y1, λ1) → (X0, λ0) of degree p which is compatible with polarisa-

tions. Furthermore, there is a unique polarisation µ1 on E2 such that ker(µ1) ≃ α2
p such

that (Y1, λ1) ≃ (E2, µ1) ⊗F
p2
k. Then x corresponds to a point t in P1(k) = P1

µ1(k) := {φ1 :

(E2, µ1)⊗k → (X, λ) an isogeny of degree p}, called the Moret-Bailly parameter for (X0, λ0).
The condition a(X0) = 1 implies that t ∈ P1(k) \ P1(Fp2) = k \ Fp2 . We consider two

different cases, corresponding to the structures of End(X0): the case t ∈ k \ Fp4 , which we

call the first case (I), and the case t ∈ Fp4 \ Fp2 , called the second case (II). The following

explicit formula for the class number of a non-superspecial supersingular “genus” Λx is due to

the first-named author [21].

Theorem 3.3. Let x = (X0, λ0) be a principally polarised supersingular abelian surface over k
with a(X0) = 1 and let h be the cardinality of Λx.

(1) In case (I), i.e., when t ∈ k \ Fp4 , we have

h =

{
1 if p = 2;
p2(p4−1)(p2−1)

5760
if p ≥ 3.

(2) In case (II), i.e., when t ∈ Fp4 \ Fp2 , we have

h =





1 if p = 2;
p2(p2−1)2

2880
if p ≡ ±1 mod 5 or p = 5;

1 + (p−3)(p+3)(p2−3p+8)(p2+3p+8)
2880

if p ≡ ±2 mod 5.

(3) For each case, we have h = 1 if and only if p = 2, 3.

Proof. Parts (1) and (2) follow from Theorems 1.1 and 3.6 of [21]. Part (3) follows from the

table in Section 1 of [21]. �
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Theorem 3.4. Let x = (X0, λ0) and t ∈ P1(k) be as in Theorem 3.3. Then

(27) Mass(Λx′) =
Lp
5760

,

with

Lp =

{
(p2 − 1)(p4 − p2), if t ∈ P1(Fp4) \ P1(Fp2);

2−e(p)(p4 − 1)(p4 − p2) if t ∈ P1(k) \ P1(Fp4),

where e(p) = 0 if p = 2 and e(p) = 1 if p > 2.

Proof. See [51, Theorem 1.1]; also cf. [21, Proposition 3.3]. �

Corollary 3.5. Let p = 2, and let x′ = (X ′, λ′) be a principally polarised supersingular
abelian surface over k with a(X ′) = 1. Let ϕ : (E2

k , µ1) → (X ′, λ′) be the minimal isogeny
with Moret-Bailly parameter t ∈ P1(k)− P1(Fp2), where µ1 is a polarisation on E2 such that
ker(µ1) ≃ α2

p. Then

(28) |Aut(X ′, λ′)| =
{
160, if t ∈ P1(Fp4) \ P1(Fp2);

32 if t ∈ P1(k) \ P1(Fp4).

Proof. By Theorem 3.3, we have |Λx′| = 1 in both cases. The mass formula (cf. Theorem 3.4)

for p = 2 yields

Mass(Λx′) =

{
1/160, if t ∈ P1(Fp4) \ P1(Fp2);

1/32 if t ∈ P1(k) \ P1(Fp4).

This proves (28). �

3.3.2. Supersingular abelian threefolds.
We briefly describe the framework of polarised flag type quotients as developed in [31]. Let

E/Fp2 be the elliptic curve fixed in Section 3.2. An α-group of rank r over an Fp-scheme S is

a finite flat group scheme which is Zariski-locally isomorphic to αrp. For an abelian scheme X

over S, put X(p) := X ×S,FS
S, where FS : S → S denotes the absolute Frobenius morphism

on S. Denote by FX/S : X → X(p) and VX/S : X(p) → X be the relative Frobenius and

Verschiebung morphisms, respectively. If f : X → Y is a morphism of abelian varieties, we

also write X [f ] for ker(f).

Definition 3.6. (cf. [31, Section 3]) Let g be a positive integer.

(1) For any polarisation µ on Eg such that ker(µ) = Eg[F ] if g is even and ker(µ) = 0
otherwise, a g-dimensional polarised flag type quotient (PFTQ) with respect to µ is a

chain of polarised abelian varieties over a base Fp2-scheme S

(Y•, ρ•) : (Yg−1, λg−1)
ρg−1−−→ (Yg−2, λg−2) · · · ρ2−→ (Y1, λ1)

ρ1−→ (Y0, λ0),

such that:

(i) (Yg−1, λg−1) = (Eg, p⌊(g−1)/2⌋µ)×Spec F
p2
S;

(ii) ker(ρi) is an α-group of rank i for 1 ≤ i ≤ g − 1;

(iii) ker(λi) ⊆ Yi[V
j ◦ F

i−j] for 0 ≤ i ≤ g − 1 and 0 ≤ j ≤ ⌊i/2⌋, where F = FYi/S
and V = VYi/S .

An isomorphism of g-dimensional polarised flag type quotients is a chain of isomor-

phisms (αi)0≤i≤g−1 of polarised abelian varieties such that αg−1 = idYg−1
.

(2) A g-dimensional polarised flag type quotient (Y•, ρ•) is said to be rigid if

ker(Yg−1 → Yi) = ker(Yg−1 → Y0) ∩ Yg−1[F
g−1−i], for 1 ≤ i ≤ g − 1.
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(3) Let Pµ (resp. P ′
µ) denote the moduli space over Fp2 of g-dimensional (resp. rigid)

polarised flag type quotients with respect to µ.

Now let g = 3. According to [31, Section 9.4], Pµ is a two-dimensional geometrically

irreducible scheme over Fp2 . The projection to the last member gives a proper Fp-morphism

pr0 : Pµ → S3,1,

(Y•, ρ•) 7→ (Y0, λ0).

Moreover, for each principally polarised supersingular abelian threefold (X, λ) there exist a

µ ∈ P (E3) and a polarised flag type quotient y ∈ Pµ such that pr0(y) = [(X, λ)] ∈ S3,1,

cf. [25, Proposition 5.4]. Put differently, the morphism

(29) pr0 :
∐

µ∈P (E3)

Pµ → S3,1

is surjective and generically finite. We define the mass function on Pµ(k) as follows:

(30) Mass : Pµ(k) → Q, Mass(y) := Mass(Λx), x = pr0(y).

We now describe the structure of Pµ. First of all, this structure is independent of the choice

of µ; see [31, Section 3.10]. The map

π : ((Y2, λ2) → (Y1, λ1) → (Y0, λ0)) 7→ ((Y2, λ2) → (Y1, λ1))

induces a morphism π : Pµ → P2 whose image is isomorphic to the Fermat curve C defined

by the equationXp+1
1 +Xp+1

2 +Xp+1
3 = 0. Moreover, as a fibre space overC, Pµ is isomorphic

to PC(O(−1)⊕ O(1)); see [31, Sections 9.3-9.4] and [23, Proposition 3.5]. According to [31,

Section 9.4] (cf. [23, Definition 3.14]), there is a section s : C ։ T ⊆ Pµ of π. Furthermore,

one has P ′
µ = Pµ − T .

We pull back the a-numbers of the points of S3 to the a-numbers of the points of Pµ, by

setting a(y) := a(pr0(y)) for y ∈ Pµ(k). We shall write a point y ∈ Pµ(k) as (t, u), where

t = π(y) and u ∈ π−1(t) =: P1
t (k).

Lemma 3.7. Let y = (t, u) ∈ Pµ(k) be a point corresponding to a PFTQ.

(i) If y ∈ T then a(y) = 3.
(ii) If t ∈ C(Fp2), then a(y) ≥ 2. Moreover, a(y) = 3 if and only if u ∈ P1

t (Fp2).
(iii) We have a(y) = 1 if and only if y /∈ T and t 6∈ C(Fp2).

Proof. See [31, Sections 9.3-9.4]. �

Theorem 3.8. Let y = (t, u) ∈ Pµ(k) be a point such that t ∈ C(Fp2). Then

Mass(y) =
Lp

210 · 34 · 5 · 7 ,

where

Lp =





(p− 1)(p2 + 1)(p3 − 1) if u ∈ P1
t (Fp2);

(p− 1)(p3 + 1)(p3 − 1)(p4 − p2) if u ∈ P1
t (Fp4) \ P1

t (Fp2);

2−e(p)(p− 1)(p3 + 1)(p3 − 1)p2(p4 − 1) if u 6∈ P1
t (Fp4),

where e(p) = 0 if p = 2 and e(p) = 1 if p > 2.

Proof. See [23, Theorem A]. �
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Theorem 3.8 gives the mass formula for points with a-number greater than or equal to 2. To

describe the mass formula for points with a-number 1, we need the construction of an auxiliary

divisor D ⊆ P ′
µ, cf. [23, Definition 5.16], and a function d : C(k) \ C(Fp2) → {3, 4, 5, 6},

cf. [23, Definition 5.12] that is proven in [23, Proposition 5.13] to be related to the field of

definition of the parameter t. The function d is surjective when p 6= 2, and it only takes value 3
when p = 2.

Theorem 3.9. Let y = (t, u) ∈ P ′
µ(k) be a point such that t 6∈ C(Fp2). Then

Mass(y) =
p3Lp

210 · 34 · 5 · 7 ,
where

Lp =





2−e(p)p2d(t)(p2 − 1)(p4 − 1)(p6 − 1) if y /∈ D ;

p2d(t)(p− 1)(p4 − 1)(p6 − 1) if t /∈ C(Fp6) and y ∈ D ;

p6(p2 − 1)(p3 − 1)(p4 − 1) if t ∈ C(Fp6) and y ∈ D .

Proof. See [23, Theorem B]. �

Remark 3.10. In [23] the authors define a stratification on Pµ and S3 which is the coarsest

one so that the mass function is constant. Using Theorem 3.8, the locus of S3 with a-number

≥ 2 decomposes into three strata: one stratum with a-number 3 and two strata with a-number 2.

In the locus with a-number 1, the stratification depends on p. When p = 2, the d-value is

always 3 and Theorem 3.9 gives three strata, which are of dimension 0, 1, 2, respectively. When

p 6= 2, the d-value d(t) = 3 if and only if t ∈ C(Fp6), cf. [23, Proposition 5.13]. In this case,

Theorem 3.9 says that the mass function depends only on the d-value of t and on whether or not

y ∈ D , and hence it gives eight strata. The largest stratum is the open subset whose preimage

consists of points y = (t, u) with d(t) = 6 and y 6∈ D , and the smallest mass-value stratum

is the zero-dimensional locus whose preimage consists of points y = (t, u) with d(t) = 3
and y ∈ D . Note that the mass-value strata for which the points y = (t, u) have d-value less

than 6 and are in the divisor D are also zero-dimensional. Besides the the superspecial locus,

in which points have a-number three, the smaller mass-value stratum with a-number 2 also has

dimension 0.

For every point x in the largest stratum, one has

(31) Mass(Λx) ∼
p27

211 · 34 · 5 · 7 as p→ ∞.

On the other hand, for every point x in the superspecial locus, one has

(32) Mass(Λx) ∼
p6

210 · 34 · 5 · 7 as p→ ∞.

From all known examples, we observe that the mass Λx is a polynomial function in p with

Q-coefficients. It is plausible to expect that this holds true as well for any x in Sg and for

arbitrary g. Under this assumption, it is of interest to determine the largest degree of Mass(Λx),
viewed as a polynomial in p. By all known examples, the smallest degree should occur exactly

when x is superspecial and be g(g + 1)/2. This is indeed the case for any g. We will give a

proof of this elsewhere.
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4. THE GEOMETRIC THEORY: AUTOMORPHISM GROUPS OF POLARISED ABELIAN

VARIETIES

4.1. Powers of an elliptic curve.

Let E be an elliptic curve over a field K with canonical polarisation λE and let (X0, λ0) =
(En, λcan), where λcan = λnE equals the product polarisation on En. Denote by R := End(E)
the endomorphism ring ofE overK and byB = End0(E) its endomorphism algebra;B carries

the canonical involution a 7→ ā. ThenB is either Q, an imaginary quadratic field, or the definite

Q-algebra Bp,∞ of prime discriminant p. We identify the endomorphism ring End(Et) = {at :
a ∈ End(E)} with End(E)opp. Via the isomorphism λE, the (anti-)isomorphism End(Et) =

End(E)opp
∼−→ End(E) maps at to λ−1

E atλE = ā. In other words, using the polarisation λE
we identify End(E)opp = End(Et) with {ā : a ∈ End(E)}.

The set Hom(E,X0) = Rn is a free right R-module whose elements we view as column

vectors. It carries a left End(X0)-module structure and it follows that End(X0) = Matn(R) =
EndR(R

n) and End0(X0) = Matn(B) = EndB(B
n), where Bn naturally identifies with

Hom(E,X0) ⊗ Q. The map End(X0) → End(X t
0), sending a to its dual at, induces an iso-

morphism of rings End(X0)
opp ≃ End(X0). The Rosati involution on End0(X0) = Matn(B)

induced by λ0 is given by A 7→ A∗ = ĀT . Let Hn(B) be the set of positive-definite Hermitian1

matrices H in Matn(B), satisfying H = H∗ and v∗Hv > 0 for every non-zero vector v ∈ Bn.

Let P(X0)Q denote the set of fractional polarisations on X0.

Lemma 4.1. The map λ 7→ λ−1
0 λ gives a bijection P(X0)Q

∼−→ Hn(B), under which λ0
corresponds to the identity In.

Proof. This is shown in [37, 7.12-7.14] for the case where X0 is a superspecial abelian variety

over an algebraically closed field of characteristic p and the same argument holds for the present

situation. �

For each H ∈ Hn(B), we define a Hermitian form on Bn by

(33) h : Bn × Bn → B, h(v1, v2) := v∗1 ·H · v2, v1, v2 ∈ Bn.

If H = λ−1
0 λ is the corresponding Hermitian form for λ, then the Rosati involution induced

by λ is the adjoint of h: A 7→ H−1 · A∗ ·H . The correspondence mentioned above induces an

identification of automorphism groups

(34) Aut(X0, λ) = Aut(Rn, h) := {A ∈ GLn(B) s.t. A(Rn) = Rn and A∗ ·H ·A = H}.
In particular, the identification (34) induces an identification of automorphism groups

(35) Aut(X0, λ0) = Aut(Rn, In),

and we know that

Aut(Rn, In) = {A ∈ GLn(R) s.t. A∗ · A = In}
≃ (R×)n · Sn,

(36)

where the last equality follows from the analogous result in [23, Theorem 6.1].

If E is the unique supersingular elliptic curve over F2 up to isomorphism, then R× = E24 ≃
SL2(F3) (cf. [23, (57)]) and the automorphism group Aut(X0, λ0) has (24)nn! elements by

(35) and (36). We expect that this is the maximal size of Aut(X, λ) for any n-dimensional

principally polarised abelian variety (X, λ) over any field K. We show a partial result towards

confirming this expectation.

1Strictly speaking, one should call such a matrix H symmetric, Hermitian or quaternion Hermitian according

to whether B is Q, an imaginary quadratic field, or Bp,∞.
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Proposition 4.2. For n ≤ 3, the number (24)nn! is the maximal order of the automorphism
group of an n-dimensional principally polarised abelian variety (X, λ) over any field K.

Proof. Since any principally polarised abelian variety(X, λ) is of finite type over the prime field

ofK, it admits a model (X1, λ1) over a finitely generated Z-algebra S such that AutK(X, λ) =
AutS(X1, λ1). Taking any Fp-point s of S with residue field k(s), one has AutS(X1, λ1) ⊆
AutFp

((X1, λ1) ⊗S k(s)). Thus, without loss of generality we may assume that the ground

field K is the algebraically closed field Fp for some prime p. Further we can assume that

(X, λ) is defined over a finite field Fq with End(X) = End(X ⊗Fp). Note that Aut(X, λ) is a

finite subgroup of Aut(X) and hence a finite subgroup of End0(X)×. We will bound the size

of Aut(X, λ) by a maximal finite subgroup G of End0(X)×.

When n = 1, it is well known that 24 is the maximal cardinality of Aut(E) of an elliptic

curve E over Fp for some prime p and it is realised by the supersingular elliptic curve over F2,

cf. [44, V. Proposition 3.1, p. 145] .

Suppose n = 2. If X simple, then X is either ordinary or almost ordinary. By Tate’s

Theorem, the endomorphism algebra End0(X) is a CM field andG consists of its roots of unity,

so |G| ≤ 12. If X is isogenous to E1 × E2 where E1 is not isogenous to E2, then End0(E1 ×
E2) = End0(E1)×End0(E2) and any maximal finite subgroupG of End0(E1)

××End0(E2)
×

is of the form Aut(E ′
1) × Aut(E ′

2) for elliptic curves E ′
i isogenous to Ei. This reduces to the

case n = 1 and hence |G| ≤ 242. Suppose now that X ∼ E2. If L = End0(E) is imaginary

quadratic, then End0(X) ≃ Mat2(L) ≃ End0(Ẽ2) for a complex elliptic curve Ẽ with CM by

L. By [4], G has order ≤ 96. Thus, we may assume that E is supersingular so L is a quaternion

algebra. If X is superspecial, then the classification of Aut(X, λ) has been studied by Katsura

and Oort; we have |Aut(X, λ)| ≤ 1152 by [24, Table 1, p. 137]. If X is non-superspecial, then

Aut(X, λ) < Aut(X̃, λ̃), where (X̃, λ̃) is the superspecial variety determined by the minimal

isogeny of (X, λ). The classification of Aut(X̃, λ̃) has been studied by the first author [20].

By [20, Lemma 2.1 p. 132 and Remark 1, p. 343] Aut(X̃, λ̃) has order ≤ 720 if p > 2 and has

order 1920 if p = 2. For the case p = 2 and a(X) = 1, the automorphism group Aut(X, λ) has

order either 32 or 160 by Corollary 3.5. This proves the case n = 2.

Now let n = 3. Write X ∼ ∏r
i=1X

ni

i as the product of isotypic components up to isogeny,

where the Xi’s are mutually non-isogenous simple factors. By induction and by the same

argument as for n = 2, we reduce to the case where r = 1, that is, X is elementary. Thus, we

need to bound the size of maximal finite subgroupsG in the simple Q-algebra End0(X). Finite

subgroups in a division ring or in a certain simple Q-algebra have been studied by Amitsur [2]

and Nebe [34]. A convenient list for our case is given by Hwang-Im-Kim [19, Section 5].

From this list we see that |G| ≤ 243 · 6 and that equality occurs exactly when End0(X) ≃
Mat3(B2,∞); see Theorem 5.13 of loc. cit. This proves the proposition. �

Remark 4.3. Similarly, ifE is the unique elliptic curve with CM by Z[ζ3] over C up to isomor-

phism, then R× = Z[ζ3]
× = µ6 and the automorphism group Aut(X0, λ0) has 6nn! elements

by (35) and (36). We expect that this is the maximal size of Aut(X, λ) for any n-dimensional

principally polarised abelian variety (X, λ) over any field K of characteristic zero.

4.2. Varieties isogenous to a power of an elliptic curve.

Let E/K and R = End(E) be as in the previous subsection. Let A denote the category of

abelian varieties over K and A pol denote that of abelian varieties (X, λ) together with a frac-

tional polarisation over K; we call (X, λ) a Q-polarised abelian variety. Let AE (resp. A
pol
E )

be the full subcategory of A (resp. of A pol) consisting of abelian varieties that are isogenous

to a power of E over K. By an R-lattice we mean a finitely presented torsion-free R-module.

Denote by LatR and RLat the categories of rightR-lattices and left R-lattices, respectively. We
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may write Ropp = {aT : a ∈ R} with multiplication aT bT := (ba)T . For a right R-module M ,

we write Mopp := {mT : m ∈ M} for the left Ropp-module defined by aTmT = (ma)T for

a ∈ R and m ∈ M . The functor I : M 7→ Mopp induces an equivalence of categories from

LatR to RoppLat. A Hermitian form on M here will mean a non-degenerate Hermitian form

h : MQ ×MQ → B in the usual sense, where MQ := M ⊗ Q. If h takes R-values on M , we

say h is integral. Let LatHR (resp. RoppLatH) denote the category of positive-definite Hermitian

right R-lattices (resp. left Ropp-lattices). The functor

I : LatHR → RoppLatH

induces an equivalence of categories.

To each Q-polarised abelian variety (X, λ) in A
pol
E , we associate a pair (M,h), where

(37) M := Hom(E,X)

is a right R-lattice, and where

(38) h = hλ :MQ ⊗MQ → B, hλ(f1, f2) := λ−1
E f t1λf2

is a pairing on MQ.

Lemma 4.4. (1) The pair (M,h) constructed above is a positive-definite Hermitian R-
lattice. The Hermitian form h is integral on M if and only if λ is a polarisation, and it
is perfect if and only if λ is a principal polarisation.

(2) Let λ be a fractional polarisation on X0 = En. Then the associated Hermitian form hλ
on M := Hom(E,X0) = Rn defined in (38) is the Hermitian form defined in (33).

Proof. (1) One checks that

(39) h(f1a, f2) = λ−1
E atf t1λf2 = (λ−1

E atλE)λ
−1
E f t1λf2 = āh(f1, f2)

and h(f1, f2a) = h(f1, f2)a. Moreover,

(40) h(f1, f2) = λ−1
E (λ−1

E f t1λf2)
tλE = λ−1

E f t2λf1λ
−1
E λE = h(f2, f1),

so theR-lattice is indeed Hermitian. For f 6= 0 ∈M , we have h(f, f) = λ−1
E f ∗λ. Since

f ∗λ is a fractional polarisation on E, the composition λ−1
E f ∗λ is a positive element in

B, which is a positive rational number in our case. This shows that h is positive-definite.

The last two statements are clear as the polarisation λE is principal.

(2) For f1, f2 ∈ Hom(E,X)Q = Bn, we have h(f1, f2) = λ−1
E f t1λ0λ

−1
0 λf2. If we write

f1 = (a1, . . . , an)
T ∈ Bn and λ−1

0 λf2 = (b1, . . . , bn)
T =: b, then λ−1

E f t1λ0 = (ā1, . . . , ān)
T

and h(f1, f2) =
∑n

i=1 āibi = f ∗
1 · b = f ∗

1 ·H · f2 for H = λ−1
0 λ.

�

The sheaf Hom functor H omR(−, E) : RLat
opp → AE produces a fully faithful functor

whose essential image will be denoted by AE,ess. We refer to [22] for the construction and

properties of H omR(−, E). The functor Hom(−, E) : AE → RLat
opp provides the inverse

on AE,ess. The following result can be regarded as a polarised version of the construction

in [22].

Proposition 4.5. The functor (X, λ) 7→ (M,h) introduced in Equations (37) and (38) induces
an equivalence of categories

A
pol
E,ess −→ LatHR .

Moreover, λ is a polarisation if and only h is integral, and it is a principal polarisation if and
only h is a perfect pairing on M .
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Proof. Let T : AE → AEt be the functor sending X to X t; it induces an anti-equivalence of

categories. The composition Hom(−, Et) ◦ T sends X to Hom(X t, Et) and I ◦ Hom(E,−)
sends X to Hom(E,X)opp. The map that sends f ∈ Hom(E,X) to f t ∈ Hom(X t, Et) gives

a natural isomorphism I ◦ Hom(E,−) → Hom(−, Et) ◦ T . Restricted to AE,ess, the functor

Hom(−, Et)◦T is an equivalence of categories. Therefore, Hom(E,−) induces an equivalence

of categories from AE,ess to LatR.

The dual M t := HomR(M,R) of a right R-lattice M , which a priori is a left R-lattice, may

be regarded as a right R-lattice via f · a := āf . This is simply the right Ropp-module (M t)opp

with the identification Ropp = {ā : a ∈ R}. Suppose that M = Hom(E,X) is in the essential

image of the equivalence, coming from some (X, λ) ∈ AE,ess. We claim that the map

ϕ : Hom(E,X t) →M t

α 7→ (ϕα : m 7→ λ−1
E αtm)

(41)

is an isomorphism of right R-lattices. Indeed, it is injective by construction. For surjectivity,

pick any ψ ∈ M t. Since ψ ∈ Hom(Hom(E,X),Hom(E,E)) and the functor Hom(E,−) is

fully faithful, there exists a unique map ψ̃ ∈ Hom(X,E) such that ψ(f) = ψ̃ ◦ f for all maps

f ∈ Hom(E,X) =M .

E E

X

ψ(f)

f
ψ̃

Then ψ(m) = ψ̃m and we have ψ̃t ∈ Hom(Et, X t). Considering α = ψ̃tλE ∈ Hom(E,X t),
it follows from the construction that

ϕα(m) = λ−1
E αtm = λ−1

E λEψ̃m = ψ(m)

for all m ∈M , hence ψ = ϕα, which proves the claim.

To prove the proposition, it remains to show that for any X ∈ AE,ess we have a bijection

between fractional polarisations on X in Hom(X,X t) ⊗ Q and positive-definite Hermitian

forms on MQ in Hom(M,M t) ⊗ Q. By the definition Hom(E,X) = M , the isomorphism

Hom(E,X t) ≃ M t, and the fact that the functor Hom(E,−) is fully faithful, the natural

map Hom(X,X t) → Hom(M,M t) is an isomorphism. Note that the induced isomorphism

Hom(X,X t) ⊗ Q → Hom(M,M t) ⊗ Q is the same as the construction in Equation (38).

Hence, for every positive-definite Hermitian form h on MQ, there exists a unique symmetric

element λ1 ∈ Hom(X,X t)Q such that hλ1 = h and it suffices to show that λ1 is a fractional

polarisation on X .

Any quasi-isogeny β : X → En induces an isomorphism β∗ :M⊗Q → Hom(E,En)⊗Q =
Bn of B-modules. Let λ := β∗λ1 be the pushforward map in Hom(En, (En)t) ⊗ Q, and let

hλ : Bn × Bn → B be the Hermitian form defined by (38). Then β∗ : (MQ, h) → (Bn, hλ)
is an isomorphism of B-modules with pairings. Since h is a positive-definite Hermitian form

by assumption, so is the pairing hλ. Let H ∈ Hn(B) be the positive-definite Hermitian matrix

corresponding to hλ with respect to the standard basis. By Lemma 4.4(2), H is equal to λ−1
canλ.

Since H ∈ Hn(B), by Lemma 4.1 the map λ is a fractional polarisation and therefore λ1 is a

fractional polarisation, as required. �

By [22, Theorem 1.1] we obtain the following consequence.
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Corollary 4.6. Let E be an elliptic curve over a finite field K = Fq with Frobenius endomor-

phism π and endomorphism ring R = End(E). The functor Hom(E,−) : A
pol
E → LatHR

induces an equivalence of categories if and only if one the following holds:

• E is ordinary and Z[π] = R;
• E is supersingular, K = Fp and Z[π] = R; or
• E is supersingular, K = Fp2 and R has rank 4 over Z.

Remark 4.7. A few results similar to Proposition 4.5 exist in the literature. The first case of

Corollary 4.6 is proven in [26]. More precisely, when E is ordinary and R = Z[π], in [26,

Theorem 3.3] the constructions of [22] are used to derive an equivalence of categories between

A
pol
E and LatHR .

When R = Z[π], Serre’s tensor construction (cf. [29]) gives an analogue of Corollary 4.6 in

some cases, when replacing H om with ⊗RE. The tensor construction is used in [1, Theorem

A] for a ring R with positive involution, a projective finitely presented right R-module M with

an R-linear map h : M → M t, and an abelian scheme A over a base S with R-action via

ι : R →֒ EndS(A) and an R-linear polarisation λ : A→ At, to prove that h⊗ λ : M ⊗R A →
M t⊗RA

t is a polarisation if and only if h is a positive-definiteR-valued Hermitian form. Also,

for a superspecial abelian variety X over an algebraically closed field k of characteristic p it is

shown in [37, 7.12-7.14] that the functors X 7→ M = Hom(E,X) and M 7→ M ⊗R E = X
yield bijections between principal polarisations on X and positive-definite perfect Hermitian

forms on M .

For any elliptic curve E over a field K, we know that B = End0(E) satisfies the conditions

in Section 2 and in particular those of Corollary 2.2. This means that when E is defined over

a finite field and is in one of the cases of Corollary 4.6, then we may apply the categorical

constructions above to automorphism groups, in order to obtain the following result.

Corollary 4.8. (1) For any (X, λ) ∈ A
pol
E,ess, the lattice (M,h) associated to (X, λ) admits

a unique orthogonal decomposition

(M,h) =⊥r
i=1⊥ei

j=1 (Mij, hi).

Hence, we have that

(42) Aut(X, λ) ≃ Aut(M,h) ≃
r∏

i=1

Aut(Mi1)
ei · Sei.

(2) Let E be an elliptic curve over a finite field K = Fq such that Corollary 4.6 applies.

Then for any (X, λ) ∈ A
pol
E , the automorphism group Aut(X, λ) can be computed as

in Equation (42).

Corollary 4.9. Let R be a maximal order in the definite quaternion Q-algebra Bp,∞. Let Sppol

be the category of fractionally polarised superspecial abelian varieties over an algebraically
closed field k of characteristic p. Then there is an equivalence of categories between Sppol and
LatHR. Moreover, for any object (X, λ) in Sppol, the automorphism group Aut(X, λ) can be
computed as in Equation (42).

Proof. Choose an elliptic curve E over Fp2 with Frobenius endomorphism π = −p and endo-

morphism ring End(E) ≃ R. Then the category AE is the same as that of superspecial abelian

varieties over Fp2 with Frobenius endomorphism −p, because every supersingular abelian va-

riety with Frobenius endomorphism −p is superspecial. The functor sending each object X
in AE to X ⊗F

p2
k induces an equivalence of categories between AE and the category of su-

perspecial abelian varieties over k (cf. [50, Proposition 5.1]). Thus, it induces an equivalence
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of categories between A
pol
E and Sppol. By Corollary 4.6, there is an equivalence of categories

between Sppol and LatHR. The last statement of the corollary follows from Corollary 4.8. �

4.3. Unique decomposition property.

Definition 4.10. Let (X, λ) be a Q-polarised abelian variety over K. We say (X, λ) indecom-
posable if whenever we have an isomorphism (X1, λ1) × (X2, λ2) = (X1 × X2, λ1 × λ2) ≃
(X, λ), either dimX1 = 0 of dimX2 = 0.

By induction on the dimension of X , every object (X, λ) in A pol decomposes into a product

of indecomposable objects.

Definition 4.11. (1) An object (X, λ) in A pol is said to have the Remak-Schmidt property
if for any two decompositions into indecomposable objects (X, λ) ≃ ∏r

i=1(Xi, λi) and

(X, λ) ≃ ∏s
j=1(X

′
j , λ

′
j), we have r = s and there exist a permutation σ ∈ Sr and an

isomorphism (Xi, λi) ≃ (X ′
σ(i), λ

′
σ(i)) for every 1 ≤ i ≤ r.

(2) An object (X, λ) in A pol is said to have the strong Remak-Schmidt property if for any

two decompositions into indecomposable objects φ = (φi)i :
∏r

i=1(Xi, λi)
∼−→ (X, λ)

and φ′ = (φ′
j)j :

∏s
j=1(X

′
j, λ

′
j)

∼−→ (X, λ), we have r = s and there exist a permutation

σ ∈ Sr and an isomorphism αi : (Xi, λi)
∼−→ (X ′

σ(i), λ
′
σ(i)) such that φi = φ′

σ(i) ◦αi for

every 1 ≤ i ≤ r.

Lemma 4.12. Let X be an object in AE. Then there exist an object X̃ in AE,ess and an isogeny

γ : X → X̃ such that for any morphism φ : X → Y with object Y in AE,ess, there exists a

unique morphism α : X̃ → Y such that α ◦ γ = φ. Dually, there exist an object X̃ in AE,ess

and an isogeny ϕ : X̃ → X that satisfies the similar universal property.

Proof. We first construct a morphism γ : X → X̃ , where X̃ is an object in AE,ess. It will

be more convenient to adopt the contravariant functors. Let M := Hom(X,E) and let X̃ :=

H omR(M,E). The abelian variety X̃ represents the functor

S 7→ HomR(M,E(S)), M = Hom(X,E)

for any any K-scheme S. Define a morphism γ : X → X̃ by

(43) γ : X(S) → X̃(S) = HomR(M,E(S)) mapping x 7→ (γx : f 7→ f(x) ∈ E(S)) ,

for all f ∈M = Hom(X,E).
Now let Y be an object in in AE,ess and φ : X → Y be a morphism. Using (43), we also

have a morphism γY : Y → Ỹ which is an isomorphism as the functor Hom(−, E) induces

an equivalence on AE,ess. The morphism φ : X → Y induces a map MY := Hom(Y,E) →
M = Hom(X,E) by precomposition with φ. This map also induces, after applying the functor

H omR(−, E), a morphism β : X̃ → Ỹ . We claim that the diagram

(44)

X
γ−−−→ X̃yφ

yβ

Y
γY−−−→
∼

Ỹ

commutes; we will show this by proving it on S-points for any K-scheme S. Let x ∈ X(S)
and g : Y → E. We have β(γx)(g) = γx(g ◦ φ) = g(φ(x)). On the other hand γY (φ(x))(g) =

g(φ(x)). This shows the claim. Let α := γ−1
Y ◦ β : X̃ → Y , so we have α ◦ γ = φ by

commutativity.
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Finally, take Y = En and any isogeny φ : X → En and let α : X̃ → En be the unique

morphism satisfying α ◦ γ = φ. Since dimX = dim X̃ = dimEn = n, it follows that γ is an

isogeny. The dual construction is entirely analogous. �

Definition 4.13. LetX be an object in AE. We call the isogeny γ : X → X̃ (resp. ϕ : X̃ → X)

constructed in Lemma 4.12 the minimal E-isogeny of X and the abelian variety X̃ the E-hull
of X .

Remark 4.14. IfE/K is a supersingular elliptic curve over an algebraically closed fieldK = k
of characteristic p, then AE is the category of supersingular abelian varieties over k and AE,ess

is the category of superspecial abelian varieties over k. In this case, a minimal E-isogeny γ :

X → X̃ or ϕ : X̃ → X of a supersingular abelian variety X is precisely the minimal isogeny

of X in the sense of Oort, cf. [23, Definition 2.11]. By Lemma 4.12, the minimal isogeny

(X, γ : X → X̃) satisfies the stronger universal property where the test object φ : X → Y
does not have to be an isogeny.

Lemma 4.15. Let X be an object in AE.ess. Suppose there are abelian varieties X1, . . . , Xr

in AE and there is an isomorphism φ : X1 × · · · ×Xr
∼−→ X . Then each abelian variety Xi

lies in AE.ess.

Proof. According to the construction of minimal E-isogenies, let

M := Hom(X,E) ≃
r∏

i=1

Mi and X̃ := H omR(M,E) ≃
r∏

i=1

X̃i,

where

Mi := Hom(Xi, E) and X̃i := H omR(Mi, E).

By the definition of γ in Equation (43), we have

γ = (γi)i : X ≃ X1 × · · · ×Xr −→ X̃ ≃ X̃1 × · · · × X̃r, where γi : Xi → X̃i.

By applying the universal property of the minimal E-isogeny with Y = X and φ = id, there

is a unique isogeny α : X̃ → X such that α ◦ γ = id. This shows that γ is an isomorphism,

which means that each γi : Xi → X̃i is an isomorphism. In particular, every abelian variety Xi

lies in AE,ess. �

Lemma 4.16. Let X1, . . . , Xr be objects in AE . Then (γi)i : X =
∏r

i=1Xi →
∏r

i=1 X̃i is the
minimal E-isogeny of X .

Proof. For any Y ∈ AE,ess, as in Equation (44), we obtain the following commutative diagram:

(45)

∏r
i=1Xi

(γi)i−−−→ ∏r
i=1 X̃iy∑

i φi

yβ=∑
i βi

Y
γY−−−→
∼

Ỹ .

Then the unique morphism α = γ−1
Y ◦ β satisfies the desired property α ◦ (γi)i =

∑
i φi. �

Theorem 4.17. Every object (X, λ) in A
pol
E,ess has the strong Remak-Schmidt property.

Proof. Let φ = (φi)i :
∏r

i=1(Xi, λi)
∼−→ (X, λ) and φ′ = (φ′

j)j :
∏s

i=1(X
′
j , λ

′
j)

∼−→
(X, λ) be two decompositions of (X, λ) into indecomposable polarised abelian varieties. Let

(M,h) = (Hom(E,X), hλ) be the positive-definite Hermitian R-lattice associated to (X, λ).

By Lemma 4.15, every (Xi, λi) and (X ′
j, λ

′
j) is an object in A

pol
E,ess, and we let (Mi, hi) and
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(M ′
j , h

′
j) be the associated positive-definite Hermitian R-lattices, respectively. Applying the

functor Hom(E,−), we obtain two decomposition of (M,h), namely φ∗ :
∏r

i=1(Mi, hi)
∼−→

(M,h) and φ′
∗ :

∏s
j=1(M

′
j , h

′
j)

∼−→ (M,h). Since the functor (X, λ) 7→ (M,h) from A
pol
E,ess to

LatHR induces an equivalence of categories, every (Mi, hi) and (M ′
j , h

′
j) is an indecomposable

sublattice of (M,h). Therefore, there are two orthogonal decompostions of indecomposable

sublattices of (M,h):

M =⊥r
i=1 φ∗(Mi) and M =⊥s

j=1 φ
′
∗(M

′
j).

It follows from Theorem 2.1 that r = s and that there is an permutation σ ∈ Sr such that

φ∗(Mi) = φ′
∗(M

′
σ(i)) for all i. For any i, let ᾱi : (Mi, hi)

∼−→ (Mσ(i), hσ(i)) be the unique

isomorphism such that φ′
i,∗ ◦ ᾱi = φ′

σ(i),∗. The unique lifted isomorphism of ᾱi, say αi :

(Xi, λi)
∼−→ (X ′

σ(i), λ
′
σ(i)), then satisfies φi = φ′

σ(i) ◦ αi. �

Corollary 4.18. Let E be an elliptic curve over a finite field K = Fq such that Corollary 4.6

applies. Then every object (X, λ) ∈ A
pol
E has the strong Remak-Schmidt property.

Proof. This follows from Corollary 4.6 and Theorem 4.17. �

Remark 4.19. For the application of computing the automorphism groups of polarised abelian

varieties, Theorem 4.17 and Corollary 4.18 actually do not provide any new useful informa-

tion compared to Corollary 4.6. However, the significance of Theorem 4.17 lies in providing

the possibility that there may be more polarised abelian varieties having the strong Remak-

Schmidt property than those abelian varieties which can be described directly in terms of

(skew-)Hermitian lattices. We have not yet seen this phenomenon explored in the literature.

Lemma 4.20. Let (X, λ) ∈ A
pol
E and let ϕ : (X̃, λ̃) → (X, λ) be the minimal E-isogeny

of (X, λ), where λ̃ is chosen to be ϕ∗λ. Then

(46) Aut(X, λ) = {α ∈ Aut(X̃, λ̃) : α(H) = H},
where H := ker(ϕ) is the kernel of the morphism ϕ.

Proof. By the universal property of minimal E-isogenies, every σ0 ∈ Aut(X, λ) uniquely lifts

to an automorphism σ ∈ Aut(X̃, λ̃). Since X = X̃/H , an element σ ∈ Aut(X̃, λ̃) descends

to an element σ0 ∈ Aut(X, λ) if and only if σ(H) = H . �

4.4. Abelian varieties that are quotients of a power of an abelian variety over Fp.
In this subsection, we let E denote an abelian variety over K = Fp such that its endomor-

phism algebra B = End0(E) is commutative. This means that E does not have a repeated

simple factor (i.e., it is squarefree) nor a factor that is a supersingular abelian surface with

Frobenius endomorphism
√
p. Since every abelian variety over a finite field is of CM type, the

algebra B is a product of CM fields. Denote again by a 7→ ā the canonical involution of B. Let

R = End(E) and fix a polarisation λE on E. We will use the same notation and terminology

as in previous subsections, except that we let AE (resp. A
pol
E ) be the full subcategory of A

(resp. A pol) consisting of abelian varieties which are quotients of a power of E over Fp.
Recall that an R-module M is called reflexive if the canonical map M → (M t)t is an iso-

morphism, where M t := HomR(M,R). If Z[πE , π̄E] = R, where πE denotes the Frobenius

endomorphism of E, then R is Gorenstein and every R-lattice is automatically reflexive [6,

Theorem 11 and Lemma 13].
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Theorem 4.21. ( [22, Theorem 8.1], [6, Theorem 25]) Let E be an abelian variety over Fp
as above and assume that Z[πE , π̄E] = R. Then the functor H omR(−, E) induces an anti-
equivalence of categories

(47) RLat −→ AE

and Hom(−, E) is its inverse functor. Moreover, the functor H omR(−, E) is exact, and it is
isomorphic to the Serre tensor functor M 7→ M t ⊗ B.

Also see [49, Theorem 3.1] for a construction of a bijection from the set of isomorphism

classes in RLat to that in AE . The category AE contains more objects than those which are

isogenous to a power of E in the case where E is not simple. Note that an abelian variety X/Fp
lies in AE if and only if there is a Q-algebra homomorphism Q[πE ] → Q[πX ] mapping πE
to the Frobenius endomorphism πX of X . Let RLat

f (resp. LatfR) denote the full subcategary

consisting of left (resp. right) R-lattices M such that M ⊗Q is a free B-module of finite rank.

Similarly, let RLat
f,H ⊆ RLat

H (resp. Latf,HR ⊆ LatHR ) be the full subcategory of positive-

definite Hermitian left (resp. right) R-lattices (M,h) with free B-module M ⊗Q. The functor

H omR(−, E) induces an anti-equivalence from RLat
f to the subcategory A f

E consisting of

abelian varieties isogenous to a power of E. Moreover, we prove the following result about

polarised varieties.

Theorem 4.22. Let (E, λE) be a principally polarised abelian variety over Fp with the as-
sumptions as in Theorem 4.21. Then the following hold.

(1) The functor (X, λ) 7→ (M,h) introduced in Equations (37) and (38) induces an equiv-
alence of categories

A
pol
E −→ LatHR .

(2) For any Q-polarised abelian variety (X, λ) over Fp in A
pol
E , the automorphism group

Aut(X, λ) can be computed as in Equation (42).
(3) Every Q-polarised abelian variety (X, λ) overFp in A

pol
E has the strong Remak-Schmidt

property.

Proof. (1) We first show that (M,h) is a positive-definite Hermitian R-lattice. By Equa-

tions (39) and (40) in Lemma 4.4, h is Hermitian and it remains to show that h is

positive-definite. Let Ei (1 ≤ i ≤ r) be the simple abelian subvarieties of E and let

ϕ =
∑

i ιi :
∏r

i=1Ei → E be the canonical isogeny with inclusions ιi : Ei ⊆ E.

Then we have an inclusion M ⊆ ⊕r
i=1Mi, where Mi = Hom(Ei, X). Let λEi

be

the restriction of the polarisation λE to Ei. The isogeny ϕ induces an isomorphism

from B ≃ ∏
iBi onto a product of CM fields Bi = End0(Ei), and the decompo-

sition MQ =
⊕r

i=1Mi,Q respects the decomposition B ≃ ∏
iBi. Moreover, we

have (MQ, h) =⊥r
i=1 (Mi,Q, hi), where hi is the restriction of h, which is also in-

duced from the polarisation λEi
. Let f = (fi) ∈ MQ be a non-zero vector. Then

h(f, f) = (hi(fi, fi))i = (λ−1
Ei
f ∗
i λ)i and λ−1

Ei
f ∗
i λ is a totally positive element whenever

fi 6= 0. This shows that h is positive-definite. Then the same argument as in Proposi-

tion 4.5 proves the equivalence. Note that the principal polarisation λE ensures there is

a natural isomorphism Hom(E,X t) ≃M t.

(2)+(3) These follow from Theorem 2.1 and Corollary 2.2 in the extended setting where B is a

product of CM fields; see Remark 2.3.

�

Question 4.23. Is it true that any Q-polarised abelian variety admits the strong Remak-Schmidt

property?
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5. THE GEOMETRIC THEORY: THE GAUSS PROBLEM FOR CENTRAL LEAVES

5.1. First results and reductions.

Let x = [(X0, λ0)] ∈ Ag(k) be a point and let C (x) the central leaf passing through x.

Proposition 5.1 (Chai). The central leaf C (x) is finite if and only if X0 is supersingular. In
particular, a necessary condition for |C (x)| = 1 is that x ∈ Sg(k).

Proof. It is proved in [7, Proposition 1] that the prime-to-p Hecke orbit H (p)(X0, λ0) (i.e.,

the points obtained from (X0, λ0) by polarised prime-to-p isogenies) is finite if and only if

X0 is supersingular. Since H (p)(X0, λ0) ⊆ C (x), the central leaf C (x) is finite only if X0

supersingular. When X0 is supersingular, we have C (x) = Λx by definition and hence C (x) is

finite, cf. (19) . �

From now on we assume that x ∈ Sg(k). In this case

C (x) = Λx ≃ G1(Q)\G1(Af)/Ux,

where Ux = Gx(Ẑ) is an open compact subgroup. Similarly, for 0 ≤ c ≤ [g/2] we have

Λg,pc ≃ G1(Q)\G1(Af)/Ug,pc,

where Ug,pc = Gxc(Ẑ) for a base point xc ∈ Λg,pc.

Lemma 5.2. For every point x ∈ Sg(k), there exists a (non-canonical) surjective morphism
π : Λx ։ Λg,pc for some integer c with 0 ≤ c ≤ ⌊g/2⌋. Moreover, one can select a base
point x′c in Λg,pc so that Gx(Zp) is contained in Gx′c(Zp) and π is induced from the the identity
map

(48) G1(Q)\G1(Af)/Ux −→ G1(Q)\G1(Af)/Ux′c .

Proof. We have

Gxc(Zp) ≃ AutG1(Qp)(ΠpOp)
n−c ⊕ Oc

p, Jg) =: Pc.

By [41, Theorem 3.13, p. 150], the subgroups Pc for c = 1, . . . , [g/2] form a complete set

of representatives of maximal parahoric subgroups of G1(Qp) up to conjugacy. So Gx(Zp)
is contained in g−1

p Gxc(Zp)gp for some integer c with 0 ≤ c ≤ ⌊g/2⌋ and some element

gp ∈ G1(Qp). Thus, we we have a surjective map

(49) G1(Q)\G1(Af )/Ux ։ G1(Q)\G1(Af)/g
−1
p Ug,pcgp

·gp−→ G1(Q)\G1(Af )/Ug,pc.

This gives a surjective map Λx ։ Λg,pc. �

Let ϕ : x̃ = (X̃0, λ̃0) → x = (X0, λ0) the be minimal isogeny for x, cf. [23, Definition 2.11]

and [31, Lemma 1.8]. Then Ux ⊆ Ux̃ and we have a surjective map Λx ։ Λx̃ which is induced

from the natural map

(50) G1(Q)\G1(Af)/Ux −→ G1(Q)\G1(Af)/Ux̃.

If the open compact subgroup Ux̃ is maximal, then Ux̃ is conjugate to Ug,pc for some 0 ≤ c ≤
⌊g/2⌋ and the map π : Λx ։ Λg,pc in Lemma 5.2 is realised by the minimal isogeny ϕ.

Lemma 5.3. Let x be a point in Sg(k). If g = 1, then |Λx| = 1 if and only if p ∈ {2, 3, 5, 7, 13}.

Proof. In this case, the orbit Λx is the supersingular locus Λ1,1. The assertion is well-known

and also follows from Theorem 2.9.(1). �

Lemma 5.4. Let x be a point in Sg(k). If g = 2, then |Λx| = 1 if and only if p ∈ {2, 3}.
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Proof. For the superspecial case, by the first part of Theorem 2.9.(2) we have H2(p, 1) = 1
if and only if p = 2, 3. For the non-superspecial case, it follows from Theorem 3.3.(3) that

|Λx| = 1 for every non-superspecial point x ∈ S2(k) if and only if p = 2, 3. �

Lemma 5.5. Let x be a point in Sg(k). If g ≥ 5, then |Λx| > 1.

Proof. We first show that |Λg,pc| > 1 for all primes p and all integers c with 0 ≤ c ≤ ⌊g/2⌋.

From Theorem 3.1 we have Mass(Λg,pc) = vg · Lp,pc . Using Lemma 2.6 and the proof of

Corollary 2.7, we show that |Λg,pc| > 1 for all g ≥ 6, all primes p and all c. By Theorem 2.9,

we have |Λ5,p0| = H5(p, 1) > 1 and |Λ5,p2| = H5(1, p) > 1 for all primes p. Using Theorem 3.1

and (25), we have Mass(Λ5,p) = v5 · L5,p1 = Mass(Λ5,p0)(p
5 + 1) and (p3 − 1) divides L5,p.

From this the same proof of Theorem 2.9 shows that |Λ5,p| > 1 for all primes p. By Lemma 5.2,

for every point x ∈ Sg(k) we have |Λx| ≥ |Λg,pc| for some 0 ≤ c ≤ ⌊g/2⌋. Therefore,

|Λx| > 1. �

For any matrix A = (aij) ∈ Matg(Fp2), write A∗ = A
T
= (apji), where A = (apij) and T

denotes the transpose. Let

Ug(Fp) := {A ∈ Matg(Fp2) : A ·A∗ = Ig}
denote the unitary group of rank g associated to the quadratic extensionFp2/Fp. Let Symg(Fp2) ⊆
Matg(Fp2) be the subspace consisting of all symmetric matrices and Symg(Fp2)

0 ⊆ Symg(Fp2)
be the subspace consisting of matrices B = (bij) with bii = 0 for all i.

Definition 5.6. Let E ⊆ Matg(Fp2) be a maximal subfield of degree g over Fp2 stable under

the involution ∗. Let

G :=

{(
Ig 0
B Ig

)(
A 0
0 A

)
∈ GL2g(Fp2) : A ∈ Ug(Fp), B ∈ Symg(Fp2)

}
;(51)

E
1 := {A ∈ E

× : A∗A = Ig} = E
× ∩ Ug(Fp);(52)

H :=

{(
Ig 0
B Ig

)(
A 0
0 A

)
: A ∈ E

1, B ∈ Symg(Fp2)
0

}
;(53)

Γ :=

{(
Ig 0
B Ig

)(
A 0
0 A

)
: A ∈ diag(F1

p2, . . . ,F
1
p2) · Sg, B ∈ diag(Fp2, . . . ,Fp2)

}
,(54)

where F1
p2 ⊆ F×

p2 denotes the subgroup of norm one elements and Sg denotes the symmetric

group of {1, . . . , g}.

Lemma 5.7. Using the notation introduced in Definition 5.6, the following statements hold.

(1) Up to isomorphism, the double coset space (diag(F1
p2, . . . ,F

1
p2) · Sg)\Ug(Fp)/E 1 is

independent of the choice of E .
(2) For p = 2, up to isomorphism, the double coset space Γ\G/H is independent of the

choice of E .

Proof. (1) We know that E 1 is a cyclic group of order pg + 1 and choose a generator η
of E 1. One has η∗η = 1 and E = Fp2[η]. Suppose that E1 is another maximal subfield

stable under ∗. We will first show that E1 is conjugate to E under Ug(Fp). By the

Noether-Skolem theorem, there is an element γ ∈ GLg(Fp2) such that E1 = γE γ−1.

Clearly, E1 = Fp2[η1] is generated by η1 := γηγ−1 and η1 has order pg + 1. We also

have η∗1η1 = 1; this follows from the fact that the norm-one subgroup E 1
1 ⊆ E

×
1 is the

unique subgroup of order pg + 1 and that η1 has order pg + 1. It follows from η∗η = 1
that γ∗η∗γ∗γηγ−1 = 1. Putting α = γ∗γ, we find that

η∗αη = α and αηα−1 = η.
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That is, α commutes with E , and α ∈ E × because E is a maximal subfield. Asα = γ∗γ,

α lies in the subfield F ⊆ E fixed by the automorphism ∗ of order 2. Since the norm

map N : E × → F×, x 7→ x∗x is surjective, we have α = β∗β for some β ∈ E ×. Let

γ1 := γβ−1. Then

γ∗1γ1 = (γβ−1)∗(γβ−1) = (β−1)∗γ∗γβ−1 = (β−1)∗αβ−1 = (β−1)∗β∗ββ−1 = 1.

Therefore, E1 = γ1E γ
−1
1 and γ1 ∈ Ug(Fp). The right translation by γ−1

1 gives an iso-

morphism (diag(F1
p2, . . . ,F

1
p2)·Sg)\Ug(Fp)/E 1 ≃ (diag(F1

p2, . . . ,F
1
p2)·Sg)\Ug(Fp)/E 1

1 .

This proves (1).

(2) We may regard Ug(Fp) as a subgroup of G via the map A 7→
(
A 0
0 A

)
. Conjugation

by G gives an action of Ug(Fp) on Symg(Fp2) by A · B = ABA
T

, where A ∈ U(Fp)
and B ∈ Symg(Fp2). Suppose that E1 is another maximal subfield stable under ∗ and

H1 ⊆ G is the extension of Symg(Fp2)
0 by E 1

1 . To show H1 is conjugate to H under G,

it suffices to show they are conjugate under Ug(Fp), since this is a subgroup of G.

By (1), it then suffices to show that Symg(Fp2)
0 is stable under the action of Ug(Fp).

When p = 2, one checks directly that the diagonal entries of the matrix A(Iij + Iji)A
T

are all zero, where Iij is the matrix whose entries are 1 at (i, j) and zero elsewhere.

Since the Iij + Iji generate Symg(Fp2)
0, we find that it is indeed stable under the action

of Ug(Fp). This proves (2).

�

Let Fq be a finite field of characteristic p. Let (V0, ψ0) be a non-degenerate symplectic space

over Fq of dimension 2c and denote by A 7→ A† the symplectic involution on End(V0) with

respect to ψ0. For any k-subspace W of V0 ⊗Fq
k, the endomorphism algebra of W over Fq is

defined as

(55) End(V0,W ) := {A ∈ End(V0) : A(W ) ⊆W},
and the automorphism group of W in the symplectic group Sp(V0) is defined as

(56) Sp(V0,W ) := Sp(V0) ∩ End(V0,W ).

Proposition 5.8. If W is a non-zero isotropic k-subspace of V0 ⊗Fq
k such that Sp(V0,W ) ⊇

Cqc+1, then End(V0,W ) ≃ Mat2c/d(Fqd) for some positive integer d|2c such that ord2(d) =
ord2(2c). Moreover, if 2c is a power of 2, then End(V0,W ) ≃ Fq2c and Sp(V0,W ) = Cqc+1.

Proof. Let η be a generator of Cqc+1 and let E = Fq[η] be the Fq-subalgebra of End(V0)
generated by η. Since |Cqc+1| is prime to q, the group algebra Fq[Cqc+1] is semi-simple and

it maps onto E . On the other hand, the finite field Fq2c is the smallest field extension of Fq
which contains an element of order qc + 1, so E contains a copy F of Fq2c in End(V0). Since

dimV0 = 2c = [Fq2c : Fq], we see that F is a maximal subfield of End(V0) and hence E = F .

Since Cqc+1 ⊆ Sp(V0) and ord(η) = qc + 1, we have that η† = η−1 ∈ Cqc+1 and η† 6= η.

So E is stable under †, and † is an automorphism of E of order 2. Moreover, Cqc+1 is equal to

the subgroup E 1 = {a ∈ E × : NE /E0
(a) = 1} of norm one elements in E ×, where E0 is the

subfield of E fixed by †.

Let ΣE := HomFq
(E ,Fp) denote the set of embeddings of E into Fp; it is equipped with

a left action by Gal(Fq2c/Fq) = Gal(E /Fq) = 〈σ〉 ≃ Z/2cZ, which acts simply transitively.

Arrange ΣE = {σi : i ∈ Z/2cZ} in such a way that σ · σi = σi+1 for all i ∈ Z/2cZ and denote

by V i the σi-isotypic eigenspace of V0 ⊗ k. Then V0 ⊗Fq
k = ⊕i∈Z/2cZV

i is a decomposition

into simple (E ⊗Fq
k)-submodules. Since W ⊆ V0 ⊗Fq

k is an (E ⊗Fq
k)-submodule, there is
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a unique and non-empty subset J ⊆ Z/2cZ such that W = ⊕i∈JV
i. Note that the involution †

acts on ΣE from the right and one has σ†
i = σi+c.

We claim that J ∩ J† = ∅. For i, j ∈ Z/2cZ, one computes that

σi(a)ψ(v1, v2) = ψ(a · v1, v2) = ψ(v1, a
† · v2) = σj+c(a)ψ(v1, v2)

for any a ∈ E , v1 ∈ V i and v2 ∈ V j . It follows that ψ(V i, V j) = 0 if i − j 6= c in Z/2cZ.

Since ψ is non-degenerate, the latter is also a necessary condition. Since W is isotropic, J does

not contain {i, i+ c} for any i and therefore J ∩ J† = ∅, as claimed.

We represent the matrix algebra End(V0) over Fq as a cyclic algebra, cf. [42, Theorem 30.4]:

End(V0) = E [z], z2c = 1, zaz−1 = σ(a) for all a ∈ E .

Multiplication by z maps V i onto V i−1:

a · zv = z(σ−1(a) · v) = zσi−1(a)v = σi−1(a)zv, ∀ a ∈ E , v ∈ V i.

Consider an element x =
∑

i∈Z/2cZ aiz
i ∈ End(V0,W ); if ai 6= 0, then J is stable under the

shift by −i. Let d ≥ 1 be the smallest integer with d|2c such that J is stable under the shift by

−d. Then End(V0,W ) = E [zd] ≃ Mat2c/d(Fqd). Since J ∩J† = ∅, we have d ∤ c, Therefore, d
is a positive divisor of 2c such that ord2(d) = ord2(2c). This proves the first statement. When

2c is a power of 2, the condition on d implies d = 2c and therefore End(V0,W ) = E . This

implies that Sp(V0,W ) = E 1 = Cqc+1 and hence proves the second statement. �

5.2. The case g = 3.

Lemma 5.9. We use the notation for G,Γ, H defined in Definition 5.6. For g = 3 and p = 2,
we have |Γ\G/H| = 2.

Proof. Put U := Symg(Fp2), embedded into GL2g(Fp2) viaB 7→
(

Ig 0
B Ig

)
. Then UΓ := U∩Γ ≃

diag(Fp2, . . . ,Fp2) and UH := U ∩H ≃ Symg(Fp2)
0. Consider the surjective map induced by

the natural projection

pr : Γ\G/H → (diag(F1
p2, . . . ,F

1
p2) · Sg)\Ug(Fp)/E 1.

One shows directly that the fibre of the double coset (diag(F1
p2, . . . ,F

1
p2) · Sg) · A · E 1 for an

element A ∈ Ug(Fp) is isomorphic to UΓ + AUHA
T

. Since AUHA
T

= UH for p = 2 by

Lemma 5.7.(2), we have UΓ + AUHA
T
= UΓ + UH = U and hence pr is an isomorphism.

Now let g = 3 and p = 2; we need to show that the target of pr has two double cosets. Put

F4 = F2[ζ ] with ζ2 + ζ + 1 = 0 and

(57) η :=



0 0 ζ
1 0 0
0 1 0


 , A :=



1 ζ ζ
ζ 1 ζ
ζ ζ 1


 .

We choose E 1 = 〈η〉 and verify directly that

U3(F2) =
(
diag(F×

4 ,F
×
4 ,F

×
4 )S3 · 1 · E 1

) ∐ (
diag(F×

4 ,F
×
4 ,F

×
4 )S3 · A · E 1

)
.

This shows that |Γ\G/H| = 2; recall from Lemma 5.7.(2) that the double coset space is

independent of the choices made. �

Proposition 5.10. Let p = 2, let x = (X, λ) ∈ S3(k) with a(x) = 1 and let y = (t, u) ∈
P ′

µ(k) be a point over x for the unique element µ = µcan in P (E3). Assume that y ∈ D and
t ∈ C(Fp6). Then |Λx| = 2. Moreover, the two members (X ′, λ′) and (X ′′, λ′′) of Λx have
automorphism groups

Aut(X ′, λ′) ≃ C3
2 ⋊ C9, Aut(X ′′, λ′′) ≃ C3

2 × C3,
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where C9 acts on C3
2 by a cyclic shift.

Proof. Let x2 = (X2, λ2) → x = (X, λ) be the minimal isogeny for (X, λ). As a(X) = 1 and

the class number H3(2, 1) = 1, we have (X2, λ2) ≃ (E3, pµcan). Again using H3(2, 1) = 1,

one has |G1(Q)\G1(Af )/Ux2| = 1 so G1(Af) = G1(Q)Ux2 ; recall that Ux = Gx(Ẑ) for any x.

Hence,

Λx ≃ G1(Q)\G1(Af)/Ux = G1(Q)\G1(Q)Ux2/Ux = G1(Z)\Gx2(Zp)/Gx(Zp),

where G1(Z) = G1(Q) ∩ Ux2 = Aut(X2, λ2), as Gx2(Zℓ) = Gx(Zℓ) for all primes ℓ 6= p.

Let M 2 = (M2, 〈 , 〉2) and M = (M, 〈 , 〉) be the polarised Dieudonné modules associated

to (X2, λ2) and (X, λ), respectively. Regarding Gx2(Zp) = AutDM(M 2), we have a reduction-

modulo-p map:

mp : Gx2(Zp) = AutDM(M 2) → Aut(M2/pM2);

we write GM2
for its image. For Gx(Zp) = AutDM(M) it then follows from the construction

that

Gx(Zp) = {h ∈ Gx2(Zp) : mp(h)(M/pM2) =M/pM2}.
Therefore, Gx(Zp) contains the kernel ker(mp) ⊆ Gx2(Zp) and we obtain

(58) Λx ≃ Γ\GM2
/GM ,

where GM is the image mp(Gx(Zp)) and Γ := mp(G
1(Z)). It follows from [23, Lemma 6.1]

that reduction modulo p gives an exact sequence

1 −−−→ C3
2 −−−→ Aut(X2, λ2)

mp−−−→ Γ −−−→ 1.

Let O = End(E) be a maximal order of End0(E) ≃ Bp,∞ and let Π ∈ O be the Frobenius en-

domorphism. Clearly,GM2
= mp(AutDM(M 2)) is a subgroup of GL3(O/pO) = GL3(Fp2[Π]).

In fact, the group GM2
is isomorphic to the group G of Definition 5.6; cf. [23, Definition 5.3].

By further reduction modulo Π, we obtain an exact sequence

1 −−−→ U := Sym3(F4) −−−→ GM2

mΠ−−−→ U3(F2) −−−→ 1.

Let E be the image of EndDM(M) inmΠ(EndDM(M 2)). Since p = 2 and t ∈ C(F26), E ≃ F43

is a subalgebra of Mat3(F4) of degree 3 which is stable under the induced involution ∗, and

U ∩GM = Sym3(F4)
0. Therefore, GM is isomorphic to the group H in Definition 5.6. As

G1(Z) = Aut(X2, λ2) ≃ Aut(E3, µcan) ≃ (O×)3 · S3,

we further see that Γ is the same as in Definition 5.6. So by Lemma 5.9, for x = (X, λ), the set

Λx ≃ Γ\G/H has two elements,

represented by

(59) (X ′, λ′) ↔ G1(Z) · 1 ·Gx(Zp) and (X ′′, λ′′) ↔ G1(Z) · Ã ·Gx(Zp),

where Ã is a lift of A as in Equation (57). That is, we may take

Ã :=
1

a



1 ζ ζ
ζ 1 ζ
ζ ζ 1


 , for 1 6= ζ ∈ O× such that ζ3 = 1 and a = 2 + ζ ∈ O.

The coset representation in (59) also immediately implies that

Aut(X ′, λ′) ≃ G1(Z) ∩Gx(Zp) and Aut(X ′′, λ′′) ≃ G1(Z) ∩ ÃGx(Zp)Ã
−1.

The group G1(Z) ∩Gx(Zp) sits in the short exact sequence

1 C3
2 G1(Z) ∩Gx(Zp) E 1 1

mΠ
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and one has |Aut(X ′, λ′)| = 8 · 9. From the mass Mass(Λx) = 1/(2 · 32) and the fact that

|Λx| = 2, we immediately see that |Aut(X ′′, λ′′)| = 8 · 3.

To determine the automorphism groups precisely, we argue as follows. We have that x =
(X, λ) either equals (X ′, λ′) or equals (X ′′, λ′′). In either case, the group Aut(X, λ) is the

subgroup of Aut(X2, λ2) consisting of elements h such that mp(h) ∈ H . Since UΓ ∩ UH = 0,

its image mp(Aut(X, λ)) is the same as its image mΠ(Aut(X, λ)) ⊆ E 1 ≃ C9. Moreover, we

know that G1(Z) = (O×)3 · S3 and that

Gx(Zp) = m−1
p (H) = m−1

p (Sym3(F4)
0
E

1) = m−1
Π (E 1),

where

C3
2 ≃ diag(±1,±1,±1) = ker(mp) ∩ (O×)3 · S3 ⊆ ker(mΠ) ∩ (O×)3 · S3

and C9 ≃ E 1 = 〈η〉 ⊆ (O×)3 · S3 by construction. For (X ′, λ′) we therefore must have

Aut(X ′, λ′) ≃ G1(Z) ∩Gx(Zp) = C3
2 ⋊ C9

of cardinality 8 · 9, since the conjugation action by η on diag(±1,±1,±1) is non-trivial.

For (X ′′, λ′′), we note that Ã ∈ Gx2(Zp) normalises ker(mΠ) = m−1
p (Sym3(F4)

0) by con-

struction and compute that

ÃηÃ−1 =
1

2 + ζ



1 1 1
1 ζ ζ
ζ 1 ζ


 =: B,

where ζ = ζ−1. Hence, we get

Aut(X ′′, λ′′) ≃ G1(Z) ∩ ÃGx(Zp)Ã
−1 = diag(±1,±1,±1) · {B3, B6, B9 = 1} ≃ C3

2 × C3

of cardinality 8 · 3, since the conjugation action by {1, B3, B6} is trivial. �

Proposition 5.11. Let p = 2, choose x = (X, λ) ∈ S3(k) and let y = (t, u) ∈ P ′
µ(k) be a

point over x for the unique element µ = µcan in P (E3).

(1) Suppose that t ∈ C(Fp2), that is, a(x) ≥ 2. Then |Λx| = 1 and we have that

(60) |Aut(X, λ)| =





243 · 6 = 210 · 34 if u ∈ P1
t (Fp2);

24 · 160 = 28 · 3 · 5 if u ∈ P1
t (Fp4) \ P1

t (Fp2);

24 · 32 = 28 · 3 if u 6∈ P1
t (Fp4).

(2) Suppose that t 6∈ C(Fp2), that is, a(x) = 1. Then

(61) |Λx| =





4 if y /∈ D ;

4 if t /∈ C(Fp6) and y ∈ D ;

2 if t ∈ C(Fp6) and y ∈ D .

Proof. (1) If u ∈ P1
t (Fp2), then a(x) = 3 and |Λx| = H3(2, 1) = 1, and one computes that

Mass(Λx) = 1/(210 · 34). Therefore, |Aut(X, λ)| = 243 · 6. Alternatively, this also

follows from [23, Lemma 7.1]. Now we assume that a(x) = 2. Using the mass formula

(cf. Theorem 3.8), we compute that

(62) Mass(Λx) =

{
1/(28 · 3 · 5) if u ∈ P1

t (Fp4) \ P1
t (Fp2);

1/(28 · 3) if u 6∈ P1
t (Fp4).

Let (E3
k , pµ)

ρ2−→ (Y1, λ1)
ρ1−→ (Y0, λ0) ≃ (X, λ) be the PFTQ corresponding to the point

y = (t, u). Since t ∈ C(Fp2), Y1 is superspecial and (Y1, λ1) ≃ (Ek, λE) × (E2
k , µ1),

where λE is the canonical principal polarisation of E and µ1 ∈ P1(E
2). Since p = 2,
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we have |Aut(E, λE)| = |Aut(E)| = 24 and |Aut(E2, µ1)| = 1920, cf. [20]. By

Corollary 4.9 and Equation (42), we have |Aut((E, λE)× (E2, µ1)| = |Aut(E, λE)|×
|Aut(E2, µ1)| = 24 · 1920. Notice that ker(ρ1) is contained in ker(µ1) since ker(λE) is

trivial. Therefore, (X, λ) is isomorphic to (E, λE)×(X ′, λ′), whereX ′ = E2
k/ ker(ρ1).

The computation of Aut(X, λ) is now reduced to computing Aut(X ′, λ′). By Corol-

lary 3.5, we have

|Aut(X ′, λ′)| =
{
160, if u ∈ P1(Fp4)− P1(Fp2);

32 if u ∈ P1(k)− P1(Fp4).

Therefore,

|Aut(X, λ)| =
{
24 · 160 = 28 · 3 · 5 if u ∈ P1(Fp4)− P1(Fp2);

24 · 32 = 28 · 3 if u ∈ P1(k)− P1(Fp4).

Comparing this result with the values of Mass(Λx) in (62), we conclude that |Λx| = 1
in both cases.

(2) If y /∈ D , by [23, Corollary 7.5.(1)] we have that |Λx| = 4. Suppose then that y ∈ D

and t /∈ C(Fp6). For every point x′ in Λx, consider the corresponding polarised abelian

variety (X ′, λ′) satisfying (X ′, λ′)[p∞] ≃ (X, λ)[p∞]. If y′ ∈ P ′
µ(k) is a point over x′,

then again y′ ∈ D and t′ /∈ C(Fp6). Thus, by [23, Theorem 7.9.(1)], we have that

Aut(X ′, λ′) ≃ C3
2×C3. Using the mass formula (cf. Theorem 3.9), noting that d(t) = 3

when p = 2, we compute that

Mass(Λx) =
1

6
.

Therefore, |Λx| = |C3
2 × C3| ·Mass(Λx) = 4.

For the last case, where y ∈ D and t ∈ C(Fp6), the assertion |Λx| = 2 follows

directly from Proposition 5.10.

�

5.3. The case g = 4.

Definition 5.12. (1) An elementary sequence is a map ϕ : {1, . . . , g} → Z≥0 such that

ϕ(0) = 0 and ϕ(i) ≤ ϕ(i + 1) ≤ ϕ(i) + 1 for all 0 ≤ i < g, cf. [37, Definition 5.6].

With each elementary sequence we associate an Ekedahl-Oort stratum Sϕ, which is a

locally closed subset of the moduli space Ag,1,n ⊗ Fp of principally polarised abelian

varieties with level-n structure. Roughly speaking, it consists of those varieties whose

p-torsion has a canonical filtration described by ϕ. On Sg we consider the stratification

induced by Sϕ ∩ Sg.

(2) The p-divisible group of an abelian variety of dimension g is determined up to isogeny

by its Newton polygon, which can be described as a set of slopes (λ1, . . . , λ2g) with

0 ≤ λi ≤ 1 for all 1 ≤ i ≤ 2g and
∑

i λi = g, cf. [32]. These slopes moreover satisfy

that λi + λ2g+1−i = 1 for all 1 ≤ i ≤ 2g and that the denominator of each λi divides

its multiplicity. All abelian varieties with the same Newton polygon form a Newton
stratum of Ag.

(3) For 1 ≤ a ≤ g, we will denote the a-number locus of Sg by Sg(a) := {x ∈ Sg(k) :
a(x) = a}.

Proposition 5.13. (1) The Ekedahl-Oort strata in dimension g = 4 of p-rank zero are pre-
cisely the Sϕ for those ϕ appearing in Figure 1.
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(0, 1, 2, 3)

(0, 1, 2, 2)

(0, 1, 1, 2)

(0, 1, 1, 1) (0, 0, 1, 2)

(0, 0, 1, 1)

(0, 0, 0, 1)

(0, 0, 0, 0)

FIGURE 1. Ekedahl-Oort strata of p-rank zero in dimension g = 4. The blue

stratum has a-number 1, the orange strata have a-number 2, the red strata have

a-number 3 and the green stratum has a-number 4. Strata are connected by a

line if the lower one is contained in the Zariski closer of the upper one.

(2) The stratum Sϕ forϕ = (0, 1, 2, 3) has a-number 1, those forϕ = (0, 1, 2, 2), (0, 1, 1, 2),
and (0, 0, 1, 2) have a-number 2, those for ϕ = (0, 1, 1, 1), (0, 0, 1, 1), and (0, 0, 0, 1)
have a-number 3 and that for ϕ = (0, 0, 0, 0) has a-number 4.

(3) The strata fully contained in the supersingular locus S4 are precisely the Sϕ for
ϕ = (0, 0, 0, 0), (0, 0, 0, 1), (0, 0, 1, 1), and (0, 0, 1, 2).

(4) The Newton strata of p-rank zero are those corresponding to the slope sequences
(
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,
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2
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2
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1
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1

4
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1

4
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3

4
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3

4
,
3

4
,
3

4

)
,

which we denote respectively by N 1
2
, N 1

3
, and N 1

4
.

(5) We have

S4 = N 1
2
=

(
S(0,1,2,3) ∩ S4

)
⊔ S(0,0,0,0) ⊔ S(0,0,0,1)

⊔ S(0,0,1,1) ⊔ S(0,0,1,2) ⊔
(
S(0,1,1,2) ∩ S4

)
,

and S(0,1,2,3) ∩ S4 is dense. In particular, we have

S4(4) = S(0,0,0,0),

S4(3) = S(0,0,0,1) ⊔ S(0,0,1,1),

S4(2) = S(0,0,1,2) ⊔
(
S(0,1,1,2) ∩ S4

)
.
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(6) We have

N 1
3
=

(
S(0,1,2,3) ∩ N 1

3

)
⊔ S(0,1,1,1) ⊔

(
S(0,1,1,2) ∩ N 1

3

)
,

and S(0,1,2,3) ∩ N 1
3

is dense.
(7) We have

N 1
4
=

(
S(0,1,2,3) ∩ N 1

4

)
⊔ S(0,1,2,2),

and S(0,1,2,3) ∩ N 1
4

is dense.
All intersections appearing in (5)–(7) are non-empty.

Proof. The p-rank of an Ekedahl-Oort stratum Sϕ is max{i : ϕ(i) = i} and its a-number

is g − ϕ(g), proving (1) and (2). By [8, Step 2, p. 1379] we have Sϕ ⊆ S4 if and only if

ϕ(2) = 0, proving (3). The p-rank of a Newton stratum is the number of non-zero slopes,

which implies (4).

We read off from Figure 1 that S(0,1,2,3) ∩ S4, S(0,1,2,3) ∩ N 1
3
, and S(0,1,2,3) ∩ N 1

3
are the

respective a-number 1 loci of S4, N 1
3
, and N 1

3
. Hence, density of these intersections follows

from [31, Theorem 4.9(iii)] for S4, and from combining [36, Remark 5.4] with [8, Theorem

3.1] for N 1
3
, and N 1

3
.

By [13, Corollary 4.2 and Lemma 5.12] we see that S(0,1,2,2) ⊆ N 1
4

by minimality of the

associated p-divisble group, concluding the proof of (7). Similarly, from [13, Corollary 4.2 and

Proposition 7.1], we obtain that S(0,1,1,1) ⊆ N 1
3
, again by minimality. Finally, we read off from

Figure 1 that

S(0,1,1,2) =
(
S(0,1,1,2) ∩ N 1

3

)
⊔
(
S(0,1,1,2) ∩ S4

)
.

Now [12, Theorem 4.17] implies that S4(2) has H4(1, p) +H4(p, 1) many irreducible compo-

nents of two types, of which those of the type corresponding to S(0,0,1,2) yield H4(1, p) many;

see also [31, §9.9]. Hence, the intersection S(0,1,1,2)∩S4 must yield the otherH4(p, 1) compo-

nents and thus be non-empty. On the other hand, since S(0,1,1,2) 6⊆ S4 by (2), the intersection

S(0,1,1,2) ∩ N 1
3

is also non-empty. This finishes the proof of (5) and (6) and hence of the

proposition. �

By Lemma 5.2, for every point x ∈ S4(k), there exists an integer 0 ≤ c ≤ 2 such that there

exists a surjective morphism π : Λx ։ Λg,pc. For Ekedahl-Oort strata with g = 4 we have the

following result:

Lemma 5.14. We have c = 0 for x ∈ S(0,0,0,0), and c = 1 for x ∈ S(0,0,0,1), and c = 2 for
x ∈ S(0,0,1,1) ∪ S(0,0,1,2).

Proof. This follows from [14, Proposition 3.3.2]; the Deligne-Lusztig varieties X(w′) in loc.
cit. are given by w′ = id when c = 0, by w′ = (12) when c = 1 and by w′ = (1342) or

(13)(24) when c = 2. �

Remark 5.15. For any x ∈ S4(k), the surjection Λx ։ Λ4,pc is realised through the minimal

isogeny x̃ ։ x for x, i.e., Λx̃ = Λ4,pc for the appropriate value of c. This is not necessarily

true in Sg(k) with g 6= 4. If x is contained in a supersingular Ekedahl-Oort stratum (i.e., one

of the strata in Proposition 5.13.(3)) this follows directly, cf. [14]. Otherwise, we have either

x ∈ S(0,1,2,3)∩S4 or x ∈ S(0,1,1,2)∩S4. In the former case, we have a(x) = 1, so Λx̃ ≃ Λ4,p2 ,

as will see in the proof of Theorem 5.19. In the latter case, it follows from [12, Proposition 7.1]

that Λx̃ ≃ Λ4,1.

Lemma 5.16. Let x ∈ S4(k). When a(x) = 4, we have |C (x)| > 1.
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Proof. By Proposition 5.13.(5), we have x ∈ S(0,0,0,0), so by Lemma 5.14, there exists a surjec-

tion Λx ։ Λ4,p0 . As observed in Subsection 3.2, it holds that |Λ4,p0| = H4(p, 1), so it follows

from Theorem 2.9.(4) that H4(p, 1) > 1. This implies the result. �

Lemma 5.17. Let x ∈ S4(k). When a(x) = 3 and x ∈ S(0,0,0,1), we have |C (x)| > 1.

Proof. By Lemma 5.14, there exists a surjection Λx ։ Λ4,p. By Theorem 3.1 we get that

Mass(Λ4,p) =
(p− 1)(p2 + 1)(p4 + 1)(p6 − 1)2

215 · 35 · 52 · 7 .

Since (p3 − 1) divides the numerator of Mass(Λ4,p), we may argue as in the proof of The-

orem 2.9.(3)+(4) to conclude that this numerator is always larger than 1. This implies that

|Λ4,p| > 1, so the result follows. �

Lemma 5.18. Let x ∈ S4(k). When a(x) = 2 and x 6∈ S(0,0,1,2), we have |C (x)| > 1.

Proof. By Proposition 5.13.(5), we know that x ∈ S(0,1,1,2)∩S4. By [12, Main results, p. 164]

every generic point of S(0,1,1,2) ∩ S4 has a minimal isogeny from (Eg, pµ) with a principal

polarisation µ. It follows that the minimal isogeny x̃ = (X̃, λ̃) for x = (X, λ) is either isomor-

phic to (E4, pµ) or there exists an isogeny (E4, pµ) → (X̃, λ̃) for some principal polarisation µ
on E4. Therefore, |Λx̃| = |Λ4,1| or |Λx̃| = |Λ4,p|. These two numbers are both greater than one

as shown in Theorem 2.9.(4) and in Lemma 5.17. Thus, |C (x)| ≥ |Λx̃| > 1. �

Theorem 5.19. For every x ∈ S4(k), we have |C (x)| > 1.

Proof. It follows from Proposition 5.13.(5) and Lemmas 5.16–5.18 that it suffices to consider

x ∈ S4(k) such that one of the following holds:

(i) x ∈ S(0,0,1,2) ⊔ S(0,0,1,1), or

(ii) a(x) = 1.

In Case (i), by Lemma 5.14, there exists a surjection Λx ։ Λ4,p2, i.e., c = 2. In Case (ii),

by [35, Theorem 2.2] (also see [25, Lemma 4.4]), there exists of unique four-dimensional rigid

PFTQ

(Y•, ρ•) : (Y3, λ3) → (Y2, λ2) → (Y1, λ1) → (X0, λ0) = x

extending (X0, λ0). The construction in loc. cit. also shows that the composition

y3 = (Y3, λ3) → (X0, λ0) = x

is the minimal isogeny for x, and hence so is y3 = (Y3, λ3) → y2 = (Y2, λ2) for y2. By

Definition 3.6, the polarisation λ3 is p times a polarisation µ on E4. Dividing the polarisation

by p therefore gives an isomorphism Λy3 ≃ Λ4,p2 . Thus, the minimal isogeny gives rise to

surjective maps Λx ։ Λy2 ։ Λ4,p2 . Hence, to show that |C (x)| > 1, it suffices to show that

|Λy2| > 1. Replacing x with y2, we now also have a surjection Λx ։ Λ4,p2 in Case (ii).

Since we have L4,pc = L4(1, p) from Equation (24), it follows immediately from Theo-

rem 2.9.(4) that |C (x)| > 1 when p > 2. So from now on, we assume that p = 2.

We use the same notation as in Subsection 5.1. Since Λ4,4 ≃ G1(Q)\G1(Af)/Ux2 where

the base point x2 ∈ Λ4,4 is taken from the minimal isogeny for x, and |Λ4,4| = 1, we get that

G1(Af ) = G1(Q)Ux2 . Hence,

Λx ≃ G1(Q)\G1(Q)Ux2/Ux ≃ G1(Z)\Gx2(Zp)/Gx(Zp),

where Gx(Zp) is the automorphism group of the polarised Dieudonné module associated to x.

Applying the reduction-modulo-Π map mΠ , we obtain mΠ(Gx2(Zp)) = Sp4(F4).
Further, let (X2, λ2) be the superspecial abelian variety corresponding to the unique el-

ement x2 ∈ Λ4,4. Then by Proposition 2.8, and using the same notation, we know that
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G1(Z) = Aut(X2, λ2) ≃ Aut((L, h)⊕2) ≃ Aut(L, h)2 · C2 and Aut(L, h) is the group

of cardinality 1920 described in [21, Section 5]. By [21, Section 5, p. 1178] the reduction

modulo Π induces a surjective homomorphism φ0 : Aut(L, h) ։ SL2(F4) whose kernel

ker(φ0) has order 32 (also see loc. cit. for the description of ker(φ0)). Then it follows that

mΠ(G
1(Z)) = mΠ(Aut(X2, λ2)) ≃ SL2(F4)

2 · C2.

Writing G := mΠ(Gx(Zp)), we obtain

(63) Λx ≃ (SL2(F4)
2 · C2)\Sp4(F4)/G,

since ker(mΠ) ⊆ Gx(Zp) (cf. the proof of Proposition 5.10). Thus,

(64) Mass(Λx) = Mass(Λ4,4) · [Sp4(F4) : G].

We compute that

(65) Mass(Λ4,4) =
1

215 · 32 · 52
from Theorem 3.1, using Equation (15). Standard computations also show that

(66) |Sp4(F4)| = 28 · 32 · 52 · 17
and that

(67) |SL2(F4)
2 · C2| = 25 · 32 · 52.

By (65) and (66), Equation (64) reduces to

(68) Mass(Λx) =
17

27 · |G|
.

We deduce that |Λx| > 1 whenever 17 ∤ |G|. Suppose therefore that 17 | |G|, so that G contains

a cyclic group C17 of order 17. We claim that then G = C17. This finishes the proof, since if

|Λx| = 1, Equation (63) would imply that Sp4(F4) = (SL2(F4)
2 ·C2) G = (SL2(F4)

2 ·C2) C17.

Comparing the cardinalities from (66) and (67) would then yield a contradiction.

Finally, we prove the claim. Let (M2, 〈 , 〉2) be the polarised Dieudonné module attached

to x2, and fix V = M2/VM2 together with a non-degenerate symplectic form ψ induced by

p〈 , 〉2. The four-dimensional symplectic space (V, ψ) over k admits an F4-structure V0 induced

by the skeleton of M2. Inside V we have an isotropic k-subspace W = M/VM2, where

M ⊆ M2 is the Dieudonné module associated to x and the inclusion is induced from the

minimal isogeny. Note that dimW = 2 in Case (i) and dimW = 1 in Case (ii), respectively.

According to our definition,

G := {A ∈ Sp4(F4) : A(W ) =W } = Sp(V0,W ).

Thus, it follows from Proposition 5.8 for g = 4 that G = C17. This completes the proof of the

claim and hence of the theorem. �

5.4. Proof of the main result.

Theorem 5.20. Let x = [X0, λ0] ∈ Sg(k) and C (x) be the central leaf of Ag passing through
the point x. Then C (x) has one element if and only if one of the following three cases holds:

(i) g = 1 and p ∈ {2, 3, 5, 7, 13}.
(ii) g = 2 and p = 2, 3.

(iii) g = 3, p = 2, and a(x) ≥ 2.
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Proof. The cases where g = 1, 2, 4 or g ≥ 5 follow from Lemma 5.3, Lemma 5.4, Theo-

rem 5.19 and Lemma 5.5, respectively.

Suppose then that g = 3. By Lemma 5.2, either |Λx| ≥ |Λ3,1| = H3(p, 1) or |Λx| ≥ |Λ3,p| =
H3(1, p). Thus, by Theorem 2.9, |Λx| = 1 occurs only when p = 2. Further assuming p = 2,

by Proposition 5.11, C (x) has one element if and only if a(x) ≥ 2. �
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