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Abstract. We consider the random f-transformation Kz, defined on {0, 1}"
x [0, }3@%]7 that generates all possible expansions of the form z = > 227 where
a; € {0,1,...,|8]}. This transformation was introduced in [3-5], where two nat-
ural invariant ergodic measures were found. The first is the unique measure of
maximal entropy, and the second is a measure of the form my X pg, with my,
the Bernoulli (p,1 — p) product measure and pg is a measure equivalent to the
Lebesgue measure. In this paper, we give an uncountable family of Kg-invariant
exact g-measures for a certain collection of algebraic 8’s. The construction of these
g-measures is explicit and the corresponding potentials are not locally constant.

1. Introduction

Let 8> 1 be a non-integer and let Iz = [0, B@l] . It is a well known
fact that Lebesgue almost all x € Iz have uncountably many different 3-
expansions (see [12]). These expansions can all be generated by iterating a
certain dynamical system, called the random S-transformation. Define the
maps {7} }o<r<|s) by Tk(z) = Bx — k. These maps together partition the
interval I3 in a natural way:

1 18] 16l -1 (8]

B=l0p) B=(s5-y* 5 sla)
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On {0,1} x Iy we define the random B-transformation Kz by

(w,Tk(x)), ifeeEy, 0<k<|f],

Kg(w, z) = {(O'(W),Tk—1+w1(x))7 if z€ Sy, 1<k <[B],

where o denotes the left shift on sequences, i.e., o(wp)p>1 = (Wnt1)n>1. See
Figure 1 for a picture. To see the expansion, we first define

k, ife e Eyforkeo,...,[f]
dy = dy(w,x) = or (w,z) €{wy =1} xS forkel,...,|5],
E—1, if (w,z) € {w1 =0} x S forkel,...,|B].

Define, for each n € N, d,, = d,(w, x) := dl(Kg_l(w,x)), and let mp: Q2 x Iy

— I be the canonical projection onto the second coordinate. Thus

(1) mo(Kj(w, x) x—ZB” ‘d;,

giving that

" d;  m(Kj(w,z))
T = E .+ .
i=1 A B"

As 0 < mp(Kj(w, ) < [B]/(B—1) for all n, we thus have

(2) T = " oix)
> =2
Define ¢: Q x Iy — {0,1,..., 8]} by

o(w,z) = (di(w, z),da(w, x),...).

In [3] it was shown that if m is the uniform Bernoulli measure on {0,1,...,
| 3]}, then vg = m o ¢ is the unique measure of maximal entropy for Kg,
with entropy log[/3]. Moreover, ¢ is a measurable isomorphism between
Kpg, under the measure vg, and o on {0,1,..., S|}, under the measure m.
Furthermore, in [4], it was shown that K also admits an invariant ergodic
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measure of the form m,, x pg, where pg is equivalent to the Lebesgue mea-
sure on Ig.

EO Sl E1 SQ E2 53 E3
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Fig. 1: The intervals Ej and Sk for B~ 3.515 given by B* —38% — 82 —28 -3 =0. The
red and green lines indicate the orbits of the points 1 and ﬁil — 1 respectively.

Our aim is to give an uncountable family of Kg-invariant g-measures.
This will be done for a special class of §’s that will be introduced in Sec-
tion 3. In Section 2, we give a brief overview of g-measures and we state
the important theorems that will be used in this article. In Section 4, an
explicit family of g-measures is exhibited.

2. g-measures and the transfer operator

The first appearance of g-measures as an object of strictly mathematical
study occurred in Michael Keane’s seminal paper [8]. The objects of interest
are dynamical systems (X, T'), where (X, d) is a compact metric space, and
T is an n > 2 covering transformation. That is, T satisfies the following four
conditions:

(i) T is n-to-one.

(ii) T is a local homeomorphism.

(iii) There exists a constant C' > 1 and ¢ > 0 such that for any z,y € X
with d(z,y) <0, we have d(Tz,Ty) > Cd(z,y).

(iv) For each € > 0 there is N. € N such that 77" (z) is € dense for every
r € X and n > N;.
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In contemporary literature g-measures are generally defined with respect
to the transfer operator. For a ¢ € C'(X) the associated transfer operator

Ly: C(X) — C(X) is defined by

(3) Lof(x) = Y_ e®Wf(y).

yeT 1z

It is easy to verify that L is a bounded linear operator for every ¢ € C'(X).
For any € M(X) and ¢ € C(X) there exists, by the Riesz-representation,
a unique measure p7,, € M(X) such that

(4) [ pofdn= [ fa,

for all f € C(X). In fact, a simple argument shows that equation (4) holds
for any bounded f € L*(pup,). For convenience we use L to denote Lg. In
[8] g-measures are defined to be probability measures u satisfying a cer-
tain Radon—Nikodym derivative relation with respect to a locally lifted (by
T) measure Qu, defined by Qu = py. In particular d(é;u =g, where g is a
member of the class

G = {g: X=[0,1: ) gy)=1p a.e.}.

yeT 1z

Members of G are known as g-functions, although in the literature this
nomenclature is sometimes reserved exclusively for continuous and strictly
positive members of G. We shall denote continuous, strictly positive mem-
bers of G by G.. We can now formally present the two most common defini-
tions of a g measure:

DEFINITION 2.1. A T-invariant probability measure p is called a g-
measure if, for some g € G,
Likog gt = K-

Definition 2.1 is perhaps the most commonly found definition in the lit-
erature, however the orginal definition is more general:

DEFINITION 2.2. A probability measure p on (X, B) is called, for some
g € G, a g-measure if u < Qu and d(é;u =g.

Throughout the rest of the paper, unless otherwise specified, we will be
using Definition 2.2 when talking about g-measures. We denote by P(X),
as usual, the set of Borel probability measures on X, and by Pr(X) the sub-
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collection of T-invariant Borel probability measures. Recall that a measure
p € Pr(X) is an equilibrium state for ¢ € C(X) if

h(T) + p(¢) = S {n(T) +v()}

The right-hand side of the above equation is often called the pressure of T'
with respect to ¢, which we shall denote by Pr(¢). We should also note that
the notion of pressure and equilibrium states are still perfectly well defined if
we consider bounded measurable potentials instead of just continuous ones.
It then makes sense, for a given Y C X, to define the pressure of T with
respect to a potential ¢ concentrated on Y by

PY(¢):= sup {h(T)+v(p):v(Y)=1}.

vePr(X)

We thus have the following theorem about concentrated pressures and mea-
sure isomorphisms:

THEOREM 2.3. If u € Pp(X) is an equilibrium state for ¢ € C(X), and
there exists measure isomorphism F from (X, o, B, i) to another measurable
dynamical system (Y, S, F, Fu) where F: X' — F(X') is a bijection, and
T(X"YCT, and u(X') =1 then Pr(¢) = Pg(x )(¢F), where ¢p = ¢po F~1
Fip a.e., and Fyu is an equilibrium state for ¢p.

PROOF. Note that ¢ o F~! is only defined on F(X'), but we can extend
it to a potential, say ¢p € L'(F,u), by defining brlrxy = ¢oF~1 and
¢rly\r(x) = 0. By our assumption,h,(T) = hr,,(S). Furthermore, noting
that Fou(F(X') = p(F~1F(X')) =1,

Fanlor) = [

60PN dFy= [ (6o F )0 F du=u(o)
F(X")

’

Now assume there exists another S invariant probability measure on Y sup-
portedon X', say v. Define G: Y — X by G|px) = F~', and Gly\p(x) = «
for an arbitrary x € X. Clearly G,v is then a probability measure on X with
G.v(X') = 1. Thus the systems (Y, S, F,v) and (X, T, B, G.v) are measur-
ably isomorphic. Hence, h,(S) = hq.,(T), and

G* = OGd = OF_l: .
)= [ oocw=[  gor=uior)

By definition we know hg,,(T) + G.v(¢) < Pr(¢), so the above equalities
mean that h,(¢r) + v(¢pr) < Pr(¢), which proves the theorem. [

As most dynamical systems can be translated into an appropriate shift
space, we now restrict our attention to (X, o)—a topologically mixing-subshift
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of finite type, with o the left-shift operator, and X C AN, where A is some
finite alphabet. X is a compact metrisable space when equipped with the
topology generated from cylinder sets, which are sets of the form

lag,...,an] :={z € X z;=q;foralli=0,...,n},

for a; € A and n € Ny. We equip X with the standard metric inducing the
product topology, d: X x X — R*, defined by

1
dlz,y) = min{i:z; #y}+1°

Ledrappier [9] found an interesting link between g-measures, conditional ex-
pectations and equilibrium states in this setting.

THEOREM 2.4. For g € G. and p € P(X) the following are equivalent:
(i) p is a g-measure.
(ii)) p € Py(X) and

B (flo”'BX)) (=)= Y g)fly) p-ae

yeo~loox
for all f € L' ().
(iii) p € Py(X) and p is an equilibrium state for log g.

A useful technical lemma, which we will need later, also follows from
Ledrappier’s Theorem 2.4.

LEMMA 2.5 [13, Lemma 2.1]. (i) If g € G. then every g-measure has full
support.
(ii) If 91,92 € G. share a g-measure i, then g1 = ga.

The following equivalent definitions of g-measures also prove useful. As
far as the authors know this proof is only found in Kieran Power’s master’s
thesis [10], so we include the proof for convenience.

PROPOSITION 2.6. For g € G. and pu € P(X) the following are equiva-
lent:

(i) p is a g-measure.

(ii) u € P,(X), and for every f € L'(u).

/deuz/xyg:lzf(y)g(y) dp(x).
(iii) p € Py(X), and for every f € L*(u)
/deu = /X > fWely) du().

yEo~ltox
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PRrROOF. (i) = (ii). A classic theorem of Keane [8, p. 2] implies g € P,(X).
Furthermore Theorem 2.4 implies that

/deuz/XyE;Mf(y)g(y)du(x)-

o-invariance thus implies that

(ii) = (iii). Suppose that for every f € L'(u) we have
du = d .
/X fdp /Xyg:lm F)9(y) dp()
o-invariance means that for any f € L'(p)
F()gly) du(z) = FW)g(y) du(z)
/X yeglx /X y€;az

(iii) = (i). For any f € L'(u) and measurable A € B we have fl4 €
L' (i), where 14 is the indicator function of A. In particular: for any o~ B
€ 0~ 1B C B we thus have

/(,led“:/X Y TWo-sW)g(y) dulz)

_ /X yegz;ﬂf(y)]lB(ay)g(y) du(x) = /X lB(ax)yG;mf(y)g(y) dpu(x)
- / > fwgly) du(w).
0_1By€0’*10r

Equivalence (ii) of Theorem 2.4 thus gives that g must be a g-measure. [

Equivalence (ii) of the above proposition essentially says that we can
leave out the T-invariance requirement in definition 2.1. We want to find
conditions on g-functions on (X, o) guaranteeing unique corresponding equi-
librium states. To that end we define, for any ¢ € C(X) and n € N, the
nth-variation

var, (¢) :==sup {|¢(z) — d(y)| s yi = a3, 0<i<n—1}.
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We introduce the function o, : C(X) — C(X) with the definition

n—1

ond(z) = Z ¢(O'jx)'

J=0

We say that ¢ satisfies the so-called Bowen condition [15] if there exists a
k € N such that

sup var, (¢ oo") < oo.
n>1

We denote by Bow(X, o) the space of all ¢ € C(X) satisfying the Bowen
condition. Finally we say that ¢ € C'(X) has summable variation if

Z vary, (¢) < oco.
n=1

The utility of g-measures arises in light of the following classic theories.
Walters [13] adapted a proof of Keane’s [8] to prove the following:

THEOREM 2.7 [13, Theorem 3.1]. If g € G. and log g has summable vari-
ation then there exists a unique g-measure i, and the sequence (Lﬁggf) con-

verges uniformly to p(f) for every f € C(X).

The above theorem implies that there is a strong connection between
g-measures and the ergodic properties of o.

THEOREM 2.8 [13, Theorem 3.2]. Let (X, o) be a one-side topologically
mixing subshift of finite type, and g € G. have logg finite variation. Then
the unique g-measure, p, given by Theorem 2.7, has a Bernoulli natural ex-
tension. Thus o is strongly mizing with respect to n, and is an exact endo-
morphism.

This leads to a fundamental theorem, crucial to studying equilibrium
states [13]:

THEOREM 2.9 (Ruelle’s Operator Theorem [13, Theorem 3.3]). If ¢
€ C(X) has summable variation, then there exists a A > 0, strictly posi-
tive h € C(X), and v € P(X) such that v(h) =1, Lsh = Ah, Ljv = Av, and
||L’(Zf/)\” —v(f)h|lso = 0 for all f € C(X).

The importance of Ruelle’s operator theorem is made clear by the fol-
lowing corollary [13]:

COROLLARY 2.10 [13, Corollary 3.3(i)]. Let ¢ € C(X) have summable
variation. ¢ has a unique equilibrium state, pg, with full support, satisfying
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pe(f) =v(hf) for any f € C(X), with v and h as in Theorem 2.9. Further-
more, [y 18 the unique g-measure of

eh

"= Nhoo)

with X as in Theorem 2.9. o is an exact endomorphism with respect to jis,
with Bernoulli natural extension. X is the spectral radius of Ly, and Py(p) =
log .

In a subsequent paper [15] Walters proved a strengthening of the above,
for potentials satisfying the Bowen condition (sup,,>; var,+x(¢oo") < oo for
some k € N) and not just finite summability.

THEOREM 2.11. If g € G.NBow(X, o) then there exists a unique g-mea-
sure .

The proof of Theorem 2.11 relies on tools developed in an earlier paper of
his, [14], which deals with equilibrium states of more general compact metric
spaces and maps on them which expand distances. In fact Theorem 2.11
itself is applicable to more general spaces and maps then just subshifts of
finite type. It is also actually part of a convergence theorem akin to Ruelle’s
Operator Theorem. In our restricted case it was actually proven earlier by
Rufus Bowen in his monograph [2].

We end this section by stating a known result that any Markov measure
is a g-measure (see [8]). To be more precise, let (X,o) be as above (with
|A| =n), and let P be a transition matrix with a strictly positive left sta-
tionary distribution 7. Let Y be the subshift of finite type induced on X
by the Markov chain. By this we mean that y € Y if and only if P, ,, ., >0
for all i € Ny. Let u be the Markov measure on Y generated by (P, 7). We
know that y is o-invariant. As Keane shows in [8] we can explicitly find the
g-function corresponding to u:

PROPOSITION 2.12. The function gp: Y — R defined by

o Mo Pro,a: _ /L([ZL‘Oaxl])
opl) = T )

is an element of G., and u is a g-measure corresponding to the g function
gp-
3. Random (-transformations and Markov partitions

In this section, we examine the collection of 5’s for which the dynamics
of the Kg transformation can be described by a topological Markov chain.
To this end, let S = ;<4< ) int(Sk), where int(S) denotes the interior of

the interval Sj.
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DEFINITION 3.1. Let B C (1,00) be the set of non-integers 5 > 1 with

the following two properties:
(B1) the set

e (ko ) (oo L 2))
ke{0,....|8]} n>0, weQ}

is finite, and
(B2) FnS=0.

So the values of § that satisfy the conditions of Definition 3.1 are those
values for which the orbits of all the endpoints of the intervals Ej, and S
are ultimately periodic and do not enter S under iterations of the random
map Ky with any possible driving sequence w. In [3] it was shown that the
dynamics of Kz can be described by a topological Markov chain, which we
will quickly summarise, and refer the reader to [3,4] for further details. We
start by considering the partition of

£={Eo, 5, E,...S5, B}

of Ig. We refine £ with the orbits of 1 and Bllj Jl — 1 under Tp, i.e. by elements
of F'. We arrange the endpoints of each element of £ along with Tﬂil and
Té(LBJ/(ﬁ — 1) — 1) in ascending order, and then form a new partition

C:= {Co,...,CK}.

with the intervals determined by these endpoints. To decide the openness of
these intervals, we choose them to satisfy, for all i € {0,...,n — 2}:
e Thl e C; if and only if T3lis a left endpoint of Cj.
o Tﬁi(ﬁ@1 —1) € C} if and only if Té(ﬁ@l — 1) is a right endpoint of C}.
The partition C has the following properties, which we list without proof.
PROPOSITION 3.2. The following properties hold for the partition C:

(i) Co = [0, [8]/(B = 1) = 1] and Cx = [L, [ B]/(5 —1)].
(ii) We can write, for anyi € {0,..., 8]}, Ei = UjeMi C; where { Mo, ...,
‘j\]@m} z"s a disjoint collection of subsets of {0,..., K}. Furthermore |M;| =
pl=il-
%iii) To each switch-region S; there corresponds a single
15
si€{0,.... KN\ | My

k=0
such that S; = Cs,.
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(iv) If, for some i,j, C; C E; then T3(C;) = Sp(Cj) = ngl C;, for some

1€{0,...,K}. Purthermore Ts(Cx—;) = U_, Cx_j,.
(v) If C; = S; for some i, j, then T3(C;) = Cy and Sp(C;) = Ck.

On € x Iz we consider the partition

15
P = {Qij:je UMk}U{{wozi}ij:ie{O,l},je{l,...,LﬁJ}}.

k=0
We can now define the (K 4 1) x (K + 1) adjacency matrix A = (a; ;) defin-
ing the subshift of finite type underlying Kpg:
1 ifi e U My, and C; N TsC; = C;
0 ifie Uy My and Cin 505 =0
1 ifiefo,.... K} e U My and j € {0, K}
0 ifie{0,..., K} e U, My and j & {0, K}.

(5) ij =

Let Y be the subshift of finite type determined by A. (Y, o) is topologi-
cally mixing, because A is irreducible, and there is always a positive entry
on the main diagonal, namely ago = 1, which means that A is aperiodic.
An irreducible, aperiodic matrix is primitive and a subshift of finite type
with a primitive matrix is topologically mixing. We want to define a map
P:Y — Q x Ig, so that the dynamics of Kz are essentially represented by
the dynamics of the left shift on Y, oy. For convenience we denote by s; the
states corresponding to the switch regions S;, for i € {1,...,[5]}. We first
define how 1 maps onto the second coordinate: To each y € Y we associate

(ei(y)) € {0,..., | B]}" given by

7 if y; € Mj
(6) ei(y) =7 ify; = sj and y;41 =0
j—1 ify, =s;and y41 = K.

We can now associate an x, to y by setting

o €i(y)
(7) Ty 1= .
Yy ; ,6

Unfortunately we cannot associate a unique w, to y € Y if y does not contain
infinitely many entries of the form s;. For that reason define

Y':={(yi) €Y :y; € {s1,...,5p,} for infinitely many ¢'s}.
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For y € Y’ we define n;(y) to be the i-th time that y; € {s1,...5)} for some
J € N. That is y; € {s1,...,s|g/} if and only if j = n;(y) for some i € N, and
n;(y) < niy1(y) for all i € N. With this we can associate an w¥ € Q with y by

1 ify,, =0
] WY = ' n;(y)+1
( ) ! {0 if ym(y)—i-l =K.

Note that this is well defined by Proposition 3.2(v). Finally we can define
P Y = Qx[0,]8]/(8—1)] by ¥(y) = (w¥, xy), with 2, and w¥ defined by
(7) and (8) respectively. We can extend the domain of ¢ to Y by defin-
ing, for y € Y\Y’, ¢(y) = (w, z), where w; is defined as in definition (8) for
all ¢ where n;(y) is defined (these will be the first entries up to some finite
point). For the other i we set w; = 1. The set Y’ has the following properties
(see [3]).

LEMMA 3.3. Fory' €Y the following hold:
(i) If y1 =k fork € Uz@o M; then xy € Cj,.
(ii) If, for some i € {1,...,|B]}, y1 = i, yo =0 thenzy € S; and wy =1
(iii) If, for somei e {1,...,|B]}, y1 = i, y2 = K thenz, € S; andw; = 0.
(iv) ¢ conjugates Kz and oy restricted to Y'. That is for any y € Y’

Kgo(y) =1 ooy(y).

This allows us to conclude this section with an isomorphism theorem,
the proof of which is a simple adaptation of Theorem 4 in [3]. Recall that
Bi1 x By is the product Borel o algebra on €2 x I, and let F be the Borel
(which is also the product) o algebra on Y.

THEOREM 3.4. If u € P,(Y) satisfies n(Y') = 1, then the dynamical sys-
tems

(Q X Iﬁagl X B2,M*¢7Kﬁ) and (Y7F7M7O')

are measurably isomorphic.

4. g-measures for the random B-transformations

As a motivation for the choice of potentials that we will be consider-
ing in this section, we start with the Dyson model. Consider X = {—1,1}"
with o the left shift on X. This space is of great importance for thermo-
dynamic formalism, as it can be used to model lattices of particles with
opposite parity [11], [6]. In particular it serves as the underlying structure
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for Dyson models of Ising spins [1]. The long-range interaction potential
Yo € C(X) for 1 < a< 2 and J > 0 defined by

;T4
(paJ —J Z ‘ _Z ‘]|o¢
(4,§)EN2 J
i#]

is useful in the study of ferromagnetic lattices. Bissacot et.al. [1] showed
that under certain conditions there exists so-called Gibbs measures for ¢, s
which are not g-measures. The theory of Gibbs measures, even formally
defining them, is out of the scope of this paper, and we direct the inter-
ested reader to [11]. Clearly ¢, s does not have summable variation, so the
power of the Ruelle Operator Theorem can not be brought to bear. The in-
vestigation into the conditions under which ¢, ; has a unique g-measure is
still ongoing, although Pollicott et. al. have shown that there exists non-
unique g-measures under certain conditions [7]. Closely related are the local
versions of such potentials:

(pon :_']Zxoxn‘

If J > 0 we can use the standard integral comparison test from real analysis
to calculate, for 1 < a < 2:

[e.e]

1
ZVarn@baJ >2‘]Z/ xa:a_lzna—l’

n=1

which clearly diverges. Thus such cpg’ s do not have summable variation.
The existence of unique g-measures for @27 s is still an open problem. The

above calculation does show that if a > 2 then cpg’ ; does have summable
variation and so does possess a unique g-measure.

Defining the potentials <,0 s as we have was for purely physical reasons,
of which have little relevance to our study of random f-transformations. We
are thus motivated to define the potential ¢ € C'(X) by

x
<p($) - Z 2: :
n=0
Clearly ¢ is continuous, because if d(z,y) < ,1, then
P U |
p@) —pwl< D 27F= > 2=
n=k+1 n=0
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This argument shows that var,(p) = 27"*!, and so ¢ has summable varia-
tion. In light of Ruelle’s Operator Theorem 2.9 thus gives us the existence
of some h € C(X), v € P(X) satisfying the properties of the theorem. For
this particular ¢ it is possible to explicitly construct the h:

LEMMA 4.1. The function h € C(X) defined by
h(zx) = ()

is an eigenfunction of L, with eigenvalue e? +e2.

ProOOF. For any z € X we have

L,h(z) = Z W) e (y)

yco~lz

_ eap(—l,rg,ml,...)eap(—l,mg,ml,...) + ego(l,mg,rl,...)eap(l,xo,xl,...)

= Ml 4 2Pz an = (e + e D)@ = (2 + e 2)h(x). O

The fact that we are able to so easily construct a potential with summable
variation, and construct an eigenfunction, motivates the rest of this section.

Let 8 € B and let Y be the corresponding subshift of finite type as de-
scribed in Section 3. However, instead of Y = {0,..., K} we redefine Y
to equal {0,..., K} in order to be consistent with the machinery devel-
oped in Section 2. There is a natural homeomorphism between {0, ..., K}
and {0,..., K} which preserves the action of o, so this new definition in
no way affects Y’s role as a Markov partition of ({0, 1} x I, Kj). To each
y €Y we associate an (e;(y)) € {0,...,|B]} with the appropriate modi-
fication of formula (6) (i.e. just shifting the coordinates by one). Recall
that we equip Y with the standard product topology, which is generated by
cylinder sets, and is compatible with the metric

1
1+ min{k : yp # x}

Let us define v: Y — {0,..., 3]} by v(y) = (ei(y)). Let us define a po-
tential p € C(Y) by

d(fL‘,y) =

ww=§jiﬁf
n=0

Before discussing ¢ further, we need the following lemma:

LEMMA 4.2. For any y = (yo,y1-..) € Y:

Yo (y) = { (i,eo(y), e1(y),...) i =0,....[8]}.
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PROOF. o~ !(y) consists of all z €Y of the form (4,yq,...), such that
a;y, = 1, where A is the adjacency matrix (5). Now a;,, = 1 if and only if
i e U M, and C,, € TC; or i€ {0,..., K\ U, M and yo € {0, K.
If yo € {0, K} then 7 can be any value associated to a switch region, so each
i €{s1,...,s|5} defines an element (i,yo,...) € 0~ 'y, so by definition (6)

4 {1,181y ify=0
(7@ (y)))OD{{o,...,LﬁJ—u ifygzK-'

Furthermore we know ago = 1, because Cy C TgCy by Proposition 3.2(i).
Thus if yo =0 we conclude that (y(o=(y)))o = {0,...,|3]}. Similarly
ar.r = 1, because Cx C T3Ck, from which we conclude that (y(o(y)))o =
{0,..., 18]} if yo=K. 1If yo&{0,K} then a;y, can only equal 1 if
i€ U,EBZJO Mj, and Cy, C TsC;. As yo # K then Cy #[1,[8]/(8 —1)], so
T/J’_ leO consists of exactly |5 + 1 disconnected intervals, and from Propo-
sition 3.2, because C,, # Cy, Cx we know none of these intervals contain
switch regions, so from the same proposition we know that they must
be intervals of the form Cj; for ¢ € U]E,B:JO Mj, and no two of the C; can
have their index from the same My, as they will then be contained in
the same equality region, on which Tj is injective. From this we have
again (v(c71(y)))o={0,...,[B]}. From (6), we have in all cases that
o () = {(i.eo(y), e1(y),...) i =0,...,[B]}. O

With this lemma we can prove the following:
PROPOSITION 4.3. The function H € C(Y) defined by H(y) = e¥W) is

an eigenfunction of Ly, with the eigenvalue ezL:;izl_l
Proor. For any y € Y:
18]
LSDH(y) = Z 62<p(z) = 26290(1'7310,---)7
z€0 7y i=0

where the last equality follows from lemma 4.2. Thus
18] T L] o
L@H(y) = Z €2i+2 2250 Jizi e Z e2i+zﬁ0 i
i=0 i=0

Bl 21842 _
—eny e =
=0

The ease of the above calculations suggests an approach of generating
uncountably infinitely many unique equilibrium states for ¢ on Y. Fix an
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arbitrary function 6 : {0, ..., 3]} — R. We claim that there exists a poten-
tial @y € C(Y') of summable variation and a corresponding eigenfunction of
L,,, say H € C(Y), corresponding to the eigenvalue ZZLEJO e,

PROPOSITION 4.4. Define w9, H € C(Y) b

poly) = e, H(y) = W

2J
3=0

H is an eigenvector of L, corresponding to the eigenvalue ZZBJ() e200)

PROOF. For convenience we set ¢ := ¢y. Due to Lemma 4.2, for any
yey,

9(!’ (r))
= D, @

reo—ly

18] 18]

0(ej(v) .
LS R )3 e
1=0

1=0

Although motivated by the Dyson model for the long range interaction
of dipoles, the potentials ¢y have a glaring difference in that their depen-
dence of the tail decreases exponentially, instead of at a polynomial rate.
This is necessary to ensure that the potentials have summable variation, al-
lowing us to bring Ruelle’s Operator Theorem to bear. Although we can not
define a potential with strict polynomial decay on the terms, the following
proposition shows that we can get arbitrarily close in some sense.

PROPOSITION 4.5. Fiz some a > 1 and 0: {0,...,[5|} = R. Define
(pg,a,Hgﬂ S C(Y) b

= 0(e; a—1)7 B
poaw) =3 T gy ) = o),
7=0

Then Zm () s the eigenvalue of Ly, . with eigenvector Hg .
PRrOOF. For any y € Y we have, by Lemma 4.2

o E ea 1 sOea eSDch E ea@ﬂa Zyov
9&

reoly

0(ej_1())(a—1)J e<e (¥)(a—1)i+1 LA

o - - 0(i) o .
= E ea( =1 adtl o ) — eli= Qi+l E O]
i =0
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N
= @ Ve N 0 =N 0 m, (y). O
i=0 =0

To apply Ruelle’s Operator Theorem we first need to check whether ¢y
has summable variation:

PROPOSITION 4.6. g o possesses summable variation for any o > 1 and
0:40,...,18]} = R.

PROOF. By definition we have for every n € N,

o0 o0

(a—1) (a—1)
vara(na) < 20000 > 7 <oy Y

A direct calculation gives

)I) DRUNREED SENLD DS

n=1j=n n=1 7=0

Thus, Y o7 var,(gga) < oo. O

The natural question, and indeed the desired conclusion, from finding
uncountably many potentials with different eigenvalues for the correspond-
ing transfer operator, is whether we can find uncountably many associated
unique g-measures. To that end, we would like to be able to bring to bear
the machinery developed in Section 2.

THEOREM 4.7. Fiz a vy € C(Y) as in Proposition 4.5. The eigenvalue
in that proposition is the same eigenvalue guaranteed by Ruelle’s Operator
Theorem 2.9 and the eigenvector Hy . is, up to a normalising constant, the
same as the eigenvector hg o guaranteed by Ruelle’s Operator Theorem.

PRrROOF. Let us denote the eigenvalue corresponding to Hy . by Ag, ..,
and the one coming from Ruelle’s Operator Theorem by A. Let 14, be the
probability measure coming from Ruelle’s Operator Theorem. As Hy, €
C(Y), Ruelle’s Operator Theorem gives that

||LZO’QH97O¢/)\H - V@,a(HG,a)hG,aHoo — O,

meaning that (g, ./A)"Hg . converges uniformly to vp.(Hga)hga. As
v9,0(Hg,o)ho,o > 0 (because Hg o, > 0), this is only possible if Ay, , = A. This
immediately implies that hg o = Hgo/vg.o(Hpq). O

REMARK 4.8. The reader will note that nowhere in the above proof did
we use any intrinsic property of ¢g o, or of Hg, or Ay,  , except for the
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fact that Hp , is strictly positive. Thus the above theorem is valid for any
potential ¢ with summable variation, and any strictly positive eigenvalue
and normalized (with respect to v) stictly positive eigenvector one can find
for the associated transfer operator Lg. In fact nowhere do we need to utilise
any machinery specific to the dynamics of random [S-transformations, and
the results of Theorem 4.7 actually hold analogously for any subshift of finite
type that is n-to-1. Finally we should note that the proof also implies that
if any eigenfunction of Ly for some ¢ with summable variation is strictly
positive, then the associated eigenvalue must also be strictly positive.

For any ¢y o, Corollary 2.10 guarantees the existence of a unique equilib-
rium state (g o, which is the g-measure corresponding to the g-function

ewe’ahe,a
997 = .
“ )\He’a (he,a o U)

Theorem 4.7 immediately gives the equality

9 S
96,04 T )\He,a (Hg’a o O') .

This allows us to prove the following uniqueness criterion.

THEOREM 4.9. Two potentials g o, 0o .o € C(Y) have the same unique
equilibrium state if and only if 6 =6,

Proor. We know via Corollary 2.10 that ¢g, and ¢g o have unique
equilibrium states p9 and pg o respectively, which are g-measures of the
g-functions gg o and gg o as in the equation (9). If pp o = oo then gp o =
9o« by Lemma 2.5. We now calculate, for any y = (yo,41,...) € Y,

9.0 () gla=1)ps,a(y) 1 3
e P VI A
Hp o€ o« He,o
o Olej(m)(a—1)7 o Olejy1(w)(a—1)d
:)\1 e( o e —(a=1) 3552, TN )
Hy o

o O, M@-1)F oo 6(e; W) (am1)i O(eo(y))
L (ot o0 ey e

al j=1 al

AH, .. Zz@o IO

This calculation holds for any & > 1 and 6 : {0,...,|3]} = R,andanyy € Y.
Thus gp = 9o« if and only if 6 = 6’. This also proves the converse, for
if  =0" we have gy o = gp .o, and because pp o and pg o are the unique
g-measures for gg o and gg o they must indeed be equal. [
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4.1. The importance of explicit eigenfunctions. We have now
calculated an uncountable family of unique g-measures on (Y, o) by con-
structing explicit potentials in C'(Y). Although the measures we construct
from Ruelle’s Operator Theorem arise from the Schauder—Tychonoff fixed
point theorem, the fact that we have calculated explicit eigenfunctions in
conjunction with Theorem 4.7 allows us to deduce some of the measures’
behaviour. In particular we know for any ¢y , with equilibrium state g q,
eigenfunction Hy , and corresponding measure v o, which from now on we
denote by ¢, u, H and v respectively, that, due to Corollary 2.10 and The-
orem 4.7, for any bounded measurable f we can calculate:

1 1
ulf) = V(H)/YfHdV= Ay(}g)/waI)dv

1 aplx
) o @) ),

r€olx

In particular for any set A possessing the property, that for any a € A we
have o~ ta = UZLEJO(CZ',CL(), ...) for a fixed set {CZ}Z@O c {0,...,K}, we have,
denoting by I 4 the indicator function of the set A,

1]
_ 1 0(i)+32524 0(es (y))a™ 7~ (a—1)7H!
u(A) = E/e a=0 P\ La(ci,y) duv(y

1 & 06) [ (a—1)e(w)
— O [ el VW, (¢;, 1) du(y
) 2 / (civy) du(y)

15
1 70 / 1 70
= ! H(y)la(c,y)d = (AN [e)),
() ;6 | HWLay) dv(y) = oy >_"uAnie])
where in the last equality we applied ¢ invariance of p.

5. Kg-invariant measures

Theorem 4.9 shows that there exists uncountably many distinct o-
invariant measures on Y with full support. The next question to ask is
how these measures relate to the dynamics of K3g? Above we followed the
construction in [3], and created a set Y’ C Y, which we identified with Q x I
via the bijection . Unfortunately this map is not in general continuous, so
the pullback of continuous potentials are generally not continuous via this
map. However, if we can show that 119 ,(Y’) =1 then ¢ is a measurable
isomorphism between (Y, F, tg.o,0) and (Q x Ig, By X B, ¥y fig o, K3).
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THEOREM 5.1. u(Y') =1 for any g-measure p with g € G.

PRrROOF. We first note by Theorem 2.5 that p is strictly positive on open
sets, and also by Theorem 2.8 that u is strongly mixing on (Y, o) which
means that it is also ergodic. For any switch symbol s; set

Yy, = {(yn) €Y : y, = s; for infinitely many n}.

Clearly Y, C Y'. As cylinder sets are open we have pu([s;]) > 0. Birkhoff’s
FErgodic Theorem gives that for p a.e. y € Y

n—1

1 .

lim E ljg ) 007 (y) >0,
J=0

n—00 N 4

but this is only possible if for u a.e. y we have I, o o’ (y) = 1 for infinitely
many j € N, which means that y; = s; for infinitely many j € N, which means
y €Yy, for pae. y. Thus pu(Ys,) =1,s0 p(Y')=1. O

As each pyg o is a g-measure for g € G, it follows that there exist uncount-
ably many distinct K invariant probability measures on (§2 x Ig, By x Ba).
In light of Theorem 2.3 and Corollary 2.10 we can construct a Kz invariant
probability measure with arbitrary concentrated pressure on ¢)(Y”’). Further-
more each of these measures is strong mixing and has a Bernoulli natural
extension.

5.1. Novelty of the equilibrium states. Finally, we would like to
verify that for any fixed 8 € B the measures 1,19, are not just the Kg-
invariant measures m,;, X ug that were already discovered in [4]. It was shown
in [4] that for any choice of p € [0, 1], the dynamical system (Q x Ig, By x B,
my X pg, Kg) is isomorphic to (Y, F,ups»,0), where pps» is the Markov
measure associated to the transition matrix P?P, defined by

NG NT; CH/NCy) it i e Uply My

5p_ ) D if i€ {0,..., K\ Uy My and j =0
g 1—p ifie{0,..., KU yMyand j = K
0 it ie{0,..., K}\Us My, and j¢{0, K}.

and the stationary distribution 7P, which is strictly positive and satisfies
aPP PP = 8P Proposition 2.12 thus gives that pups.» is a g-measure for
the function gps.»(y) = Mofyyo‘yl . As (Qx Ig,B1 X Ba, Y19 o, K ) is measur-
ably isomorphic to (Y, F, ,u(;,a, o) for all choices of # and «, Lemma 2.5(ii)
implies that pps» is equal to some pg, if and only if gps.» = ggo. Sup-

pose that for some 6: {0,...,[5]} — R there exists a m, x ug such that
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my X fig = Pyl o For convenience set P = PP? and m = 7P, From the
proof of Theorem 4.9 this would then require, for all y € Y,
0(eo
(10) e (eo@)) — 7TZ/OP907Z/1 )
Zz@o 0(0) Ty,

We now note that that Proposition 3.2 implies the following transition
matrix P:
p ifi=0
Po=1qp ifie{o,... . KU M,

0 otherwise,

é ifi=K
Pix=S1-p ifie{0,...,KN\U M,
0 otherwise.

Since the elements of {0, ..., K }\ Uz@o M, correspond to entries in the switch
regions, we shall denote this set by {s1,...,5/3}. As P = 7 this allows us
to calculate the following equalities:

ﬁ 1 -1
(11) Zﬂ-81 = (1 _p)ﬁﬂ'K.

The definition of e along with our assumption (10) means that for any j
e{l,...,[f]} and y € Y with yo = sj and y; = K

19 ee(j_l) - 66(60(517K7y27-“)) - (1 — p)ﬂ'sj
(12) Bl o) Bl o) 0w ’
Do € ® dico€ © K
and for any y € Y with yo = s and y; =0,
eg(tﬁJ) eg(eo(stﬂj 707y27'“)) P
(13) B o0~ Al =
Zz‘:O 60(1) Z 69(2 0

Finally, we combine the equations (11), (12) and (13) to calculate:

18] 00)

pﬂ's
1= Z = Z 7TSJ L8]
j=0 Ez@o e?)

_ﬂ_1+pﬂ5w _[3—1 0B8]

B 0 B ZLBJ
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Thus if g9 o = gps» for any p € (0,1), we must have that

1 (18
foos e

but there are infinitely many 6 for which this relationship does not hold, from
which we can conclude that there are infinitely many measures 9,9 o which
are not equal to any of the previously discovered Kg-invariant measures of
the form my, x pg.

Acknowledgement. The authors thank the editor, as well as the
anonymous referees for their valuable comments.

References

[1] R. Bissacot, E. O. Endo, A. C. D. van Enter, and A. Le Ny, Entropic repulsion and
lack of the g-measure property for Dyson models, Comm. Math. Phys., 363
(2018), 767-788.
[2] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms,
Lecture Notes in Math., Vol. 470, Springer-Verlag (Berlin-New York, 1975).
[3] K. Dajani and M. de Vries, Measures of maximal entropy for random [-expansions,
J. Eur. Math. Soc. (JEMS), 7 (2005), 51-68.
[4] K. Dajani and M. de Vries, Invariant densities for random [-expansions, J. Eur. Math.
Soc. (JEMS), 9 (2007), 157-176.
[5] K. Dajani and C. Kraaikamp, Random [-expansions, Ergodic Theory Dynam. Sys-
tems, 23 (2003), 461-479.
[6] H.-O. Georgii, Gibbs Measures and Phase Transitions, 2nd ed., De Gruyter (2011).
[7] A. Johansson, A. Oberg, and M. Pollicott, Phase transitions in long-range Ising mod-
els and an optimal condition for factors of g-measures, Ergodic Theory Dynam.
Systems, 39 (2019), 1317-1330.
[8] M. Keane, Strongly mixing g-measures, Invent. Math., 16 (1972), 309-324.
[9] F. Ledrappier, Principe variationnel et systémes dynamiques symboliques,
Z. Wahrsch. Verw. Gebiete, 30 (1974), 185-202.
[10] K. Power, g-measures in the study of random fS-transformations, Master’s thesis, Uni-
versiteit Utrecht (2020).
[11] D. Ruelle, Thermodynamic Formalism, Cambridge Mathematical Library, 2nd ed.,
Cambridge University Press (Cambridge, 2004).
[12] N. Sidorov, Almost every number has a continuum of S-expansions, Amer. Math.
Monthly, 110 (2003), 838-842.
[13] P. Walters, Ruelle’s operator theorem and g-measures, Trans. Amer. Math. Soc., 214
(1975), 375-38T.
[14] P. Walters, Invariant measures and equilibrium states for some mappings which ex-
pand distances, Trans. Amer. Math. Soc., 236 (1978), 121-153.
[15] P. Walters, Convergence of the Ruelle operator for a function satisfying Bowen’s con-
dition, Trans. Amer. Math. Soc., 353 (2001), 327-347.

Acta Mathematica Hungarica 166, 2022



	EQUILIBRIUM STATES FOR THE RANDOMβ-TRANSFORMATION THROUGHg-MEASURES
	Abstract
	1. Introduction
	2. g-measures and the transfer operator
	3. Random β-transformations and Markov partitions
	4. g-measures for the random β-transformations
	5. Kβ-invariant measures
	5.1. Novelty of the equilibrium states

	Acknowledgement
	References




