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1 Introduction and preliminaries

Our goal in this first chapter is to set the stage for the remainder of this thesis.
We begin with a heuristic overview of the present status of theoretical high-energy
physics, gradually building up to string theory and the swampland program. This
introduction includes a rudimentary outline of asymptotic Hodge theory, which forms
the main arena of the work carried out in this thesis. We conclude with a review on
the four-dimensional supergravity theories that arise from string compactifications.

1.1 The quest for a theory of quantum gravity
In its current state, theoretical physics has already been highly successful in explain-
ing a wide range of observed physical phenomena. At one of the smallest length
scales probed so far (around 10−19 m) it is capable of describing the interactions
detected by particle accelerators such as the Large Hadron Collider in Geneva. On
the other end, at the largest scales (roughly 1027 m) our present understanding of
cosmology gives a good account of the structures we see in the observable universe.
Throughout this spectrum the main principles used by theoretical physicists follow
the same approach: determine the dominant effects at play in a physical system, and
build an effective theory around them. For particle physics this means we take three
out of the four fundamental forces (the electromagnetic, weak and strong nuclear
forces), while ignoring the effect of gravity in scattering processes. In contrast,
for cosmology the gravitational force plays a central role, while the simplifying
assumption typically takes matter to be distributed as some homogeneous and
isotropic fluid.
These recent successes of theoretical physics can be traced back to two major

breakthroughs that happened in the beginning of the 20th century: the development
of quantum mechanics and the theory of relativity. First, Max Planck was able to
describe the radiation emitted by a black body, interpolating from the low-frequency
behavior in the infrared covered by Rayleigh-Jeans law up to Wien’s law at high
energies in the ultraviolet. This spectrum was explained by the realization that
radiation is absorbed and emitted in discrete energy packets, sparking the underlying
theory of quantum mechanics to be formalized in the following years. Roughly in
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1 Introduction and preliminaries

the same timeframe the theory of relativity was developed. First special relativity
abandoned the principle of an absolute time was abandoned, and it postulated that
the speed of light should be the same in every reference frame. Subsequently Albert
Einstein introduced the equivalence principle, culminating into the theory of general
relativity. General relativity predicted physical phenomena such as gravitational
waves (so-called ripples in spacetime) and black holes, which were recently confirmed
with the detection of gravitational waves by LIGO in 2016 [10] and the first image
of a black hole by the Event Horizon Telescope in 2019 [11].

In its advancements, physics appears to have a tendency to move towards unified
descriptions. To take a classical example, Maxwell was able to take the until then
separate notions of electricity and magnetism and bring them into a combined
framework, where his equations govern the theory of electrodynamics. Also general
relativity itself can be viewed as how Newton’s version of gravity was embedded
into the setting of special relativity. This naturally leads one to ponder about the
point of convergence for this sequence of events: is there a theory of everything at
the end of our road?

A first leap in this direction was taken with the unification of quantum mechanics
and special relativity, leading in the end to quantum field theory. This coalescence
began with the conception of quantum electrodynamics (QED), which brings
Maxwell’s laws of electrodynamics – as described by special relativity – together
with the principles of quantum mechanics, and marks the first moment of conjunction
between the two revelations of the early 1900s. QED has been tested to extreme
lengths as of today, with predictions for quantities such as the anomalous magnetic
moment of the electron matching to unreasonably great precision. In turn, by
suitably generalizing this framework quantum field theory was developed, and in
this setting two of the other fundamental forces – the weak and strong nuclear
force – were encompassed within what we know now as the Standard Model of
particle physics. This catalog contains all known elementary particles and describes
how they can interact with each other. Its final piece and one of its most crucial
components, the Higgs boson, was confirmed about 10 years ago in 2012 with the
measurement of its mass by the LHC [12,13]. This particle plays an important role
in the Standard Model, where by means of the Brout-Englert-Higgs mechanism it
gives mass to some of its particles.

It leaves us in the peculiar situation where we have two by now well-established
theories – quantum field theory and general relativity – which together cover (most
of) the broad spectrum of physical phenomena we observe. The trend in the past
suggests that there should be some means to bring these two sides together into
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1.1 The quest for a theory of quantum gravity

a unified framework. However, a direct approach to quantize gravity by using
quantum field theory techniques fails spectacularly. The standard method is to
apply so-called renormalization schemes: scattering amplitudes in particle physics
are plagued by divergencies, and by introducing counterterms one is able to remedy
these infinities. For the three forces in the Standard Model this approach has been
used with great success, however, if one uses the same strategy for gravity this leads
to an infinite number of counterterms, rendering the theory non-renormalizable.
Roughly speaking, each counterterm would require the measurement of a new
coupling constant for the theory, and from this point of view we would thus have
an infinite number of parameters to fit with experiments.
A modern take on these issues is to describe physics by means of effective field

theories (EFTs): these theories are valid up to a finite energy cutoff scale we denote
by Λ, after which a more fundamental theory should take over. In the context of
our Standard Model of particle physics this means we can view it as an EFT with
ΛLHC ∼ 104 GeV as cutoff scale, roughly the energy scale probed by colliders such
as the LHC. Beyond this energy scale new effects could come into play – such as
heavier particles – giving us a hint at how our Standard Model should be extended.
From the birds eye view of a UV theory the low-energy EFT arises by integrating
out all high-energy degrees of freedom with an energy E > Λ, as prescribed by the
Wilson’s renormalization group. In this top-down approach the couplings at low
energies are modified by the UV physics through loop diagrams with high-energy
states running in the cycle, resulting in the EFT with cutoff scale Λ. Conversely,
in the bottom-up approach one writes down the most general low-energy theory
compatible with the symmetries the system possesses, e.g. the chiral symmetry of
quantum chromodynamics, up to a satisfactory order. From this perspective it is
not clear how the EFT can be embedded into a UV theory, or if it admits such
a completion at all. Figuring out the criteria that distinguish EFTs with a UV
completion into quantum gravity is one of the founding principle of the so-called
swampland program, which we review in section 1.3. For gravity the expected cutoff
scale is set by the Planck scale ΛPlanck ∼ 1019 GeV (with 10−35 m as associated
length scale), leaving us with a large window yet unexplored where quantum gravity
effects could remedy its non-renormalizable nature.
Before we speculate on what kind of new physics we expect, let us take a

step back and ask ourselves why we need a theory of quantum gravity to begin
with. Independently quantum field theory and general relativity have been highly
successful in explaining physical phenomena, and at first sight they seem to work
at the complete opposites of the spectrum: the former concerns itself with physics
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1 Introduction and preliminaries

at the smallest length scales such as particle scatterings, while the latter describes
gravitational effects between large objects in our universe. A challenging arena
where these two meet is in the physics of black holes. These mysterious objects
were found as solutions to the equations of general relativity by Schwarzschild
almost immediately after its conception and have some bizarre properties, such as
the presence of event horizons which even light itself cannot escape,1 hence their
name. Moreover, the interior of a black hole contains a gravitational singularity,
where the laws of general relativity completely break down. General relativity offers
some sort of protection with principles such as cosmic censorship, which suggest
that naked singularities never occur and are always shrouded behind such event
horizons. Nevertheless, a complete description of these black holes necessitates a
deeper understanding of quantum gravity.
There are more hints that our current Standard Model of particle physics is,

as it stands now, not yet complete. A first clue follows from neutrino oscillation
experiments: in the SM such particles are massless, but these measurements
suggest a tiny mass instead, and it is not yet clear if there is an underlying
mechanism that explains this phenomenon. Another recent suggestion comes from
the measurement of the anomalous magnetic dipole moment of muons, where
experiments by Fermilab indicate a value for g − 2 that deviates by 4.2σ from the
Standard Model prediction – almost sufficient to deem it strong evidence for new
physics. Even larger discrepancies arise in cosmological estimates on the energy
content of our universe: it is expected that only some 5% of the physical universe is
accounted for by the ordinary matter we know, while respectively about 26% and
69% are made up of dark matter and dark energy. For dark matter there have been
speculations about new particles that could explain this large portion, although
no conclusive evidence has been found so far. For the dark energy component the
Standard Model prediction is off by even more dramatic proportions, known as
the cosmological constant problem: the measured amount of dark energy suggests
a value for the cosmological constant in the equations of general relativity, and
the theoretical prediction for this value coming from the Standard Model is 10−120

orders smaller.
Putting all of the above observations together, we realize there is yet much to

learn about the physics underlying our universe. On the one hand, our quantum
1As an aside, let us note that semi-classically it was found by Hawking that black holes do in
fact emit radiation, allowing them to evaporate slowly over time. This has led to the so-called
information paradox, where information thrown into the black hole somehow gets lost over the
course of its evaporation. Recently there has been much progress into understanding this process,
where in [14,15] it was shown how to reproduce the Page curve describing the black hole entropy.
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1.2 String theory, compactification and fluxes

field theory understanding of particle physics is still lacking in some corners, where
the precise nature of some experimental observations do not yet have a satisfactory
explanation. On the other, general relativity does not yield to a direct attempt at
quantization, and in extreme settings its description of gravity even breaks down.
Faced by these adversities, it is remarkable to note that consistent formulations of
quantum gravity do in fact exist at all. This thesis will consider string theory as its
candidate for quantum gravity. In this setting for instance some aspects of black
hole physics have been elucidated, such as a microscopic computation [16] of their
Bekenstein-Hawking entropy. However, let us already note that it presents us with
numerous challenges as well: for instance, we observe an expanding universe, but it
has proven to be difficult to construct vacua with the requisite de Sitter spacetime
in string theory; moreover, string theory requires us to introduce extra dimensions
for consistency reasons, which presents us with choices that affect the physics we
observe from a four-dimensional point of view. In the following sections we lay out
the framework underlying string theory, where we highlight key aspects that will
play an important role later in this thesis.

1.2 String theory, compactification and fluxes
Let us begin with a brief sketch of the main idea behind string theory. At its core
it is a remarkably simple program, where we use extended one-dimensional objects –
strings – instead of particles to describe our fundamental degrees of freedom. These
strings can oscillate in different modes, where each mode replaces a kind of particle
we observe, allowing us to use a single string to describe a variety of particles.
Compared to particles which are localized in spacetime, also note that strings carry
an intrinsic length scale with them. This length scale is typically given by the
Regge slope α′,2 which has units of length squared. The tension of the string is
then computed in natural units as

T = 1/2πα′ . (1.1)

It is enticing to take this energy scale as a suggestion for the scale at which quantum
gravity effects set in, i.e. ΛPlanck ∼ (α′)−1/2, although the string scale could in
principle be anywhere between the energy scale of modern colliders and the Planck
2This terminology stems from the origins of string theory in the late 1960s, where it saw the
light of day as a framework intended to describe the strong force, modeling interactions between
hadrons such as protons and neutrons. It was quickly abandoned for quantum chromodynamics,
the current description of the strong force in the Standard Model.
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1 Introduction and preliminaries

scale ΛLHC < (α′)−1/2 . ΛPlanck. Moreover, this small length would also give an
explanation for why we have not yet detected their extended nature, since any
scattering process with energy E � (α′)−1/2 does not probe these characteristics.

Figure 1.1: Comparison of an interaction between three particles and three closed strings.
The worldlines of the particles meet at an interaction point, while the worldsheets of the
strings smoothen this process by tracing out a pair of pants.

One of the main advantages of working with string theory over standard particle
physics becomes apparent when we look at interactions between states. Where the
motion of a particle traces out a one-dimensional wordline in spacetime, strings
trace out a two-dimensional worldsheet. This means that if two particles collide
and combine into a new particle, there is a junction where these three wordlines
meet. To contrast, string theory ameliorates this situation by smoothing out
the process: two strings that form another string trace out the shape of a pair
of pants, see figure 1.1. From a more computational point of view, recall that
quantum field theory amplitudes suffer from divergencies that have to be cured
by renormalization schemes. These divergencies can be traced back to integrals
over the high-momentum regimes, or equivalently, small length scales. Heuristically
string theory puts a natural cutoff on these integration limits with the finite size of
its strings, and hence it is by construction free of such infinities.

So far we have postponed specifying a shape for the string, but there is a choice
in its topology: we can have closed strings with no endpoints and open strings
with two endpoints. Depending on whether a string is open or closed we encounter
different kinds of excitations in its oscillation modes. For open strings there are
massless spin-one excitations, while for closed strings we find a massless spin-two
excitation, both of which would fit naturally into our current picture of particle
physics. Massless spin-one particles are gauge bosons such as the photon and gluon
in our Standard Model. On the other hand, a massless spin-two particle would give
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1.2 String theory, compactification and fluxes

rise to a graviton, the force carrier of gravity. String theory is therefore inherently
a theory of gravity, and thus gives us a promising window into quantum gravity.
Even if one were to start from a situation with only open strings, then these strings
can merge to produce closed strings, thereby giving rise to gravity after all.

The endpoints of open strings deserve some further attention, because in contrast
to closed strings propagating freely through spacetime, open strings are attached
to objects known as D-branes. These D-branes are stable objects in their own
right, and in fact can be thought of as the fundamental degrees of freedom of
string theory in appropriate regimes of the physical couplings. We can even study
the physical theory living on the worldvolume of these D-branes, which are gauge
theories arising from the spin-one modes of the open strings, and look remarkably
similar to their counterparts in our Standard Model. Crucially, note that this also
makes string theory into not just a theory describing strings, but rather a theory
that encompasses extended objects of any dimension.
The next step in setting up string theory is to quantize the theory living on

the two-dimensional worldsheet of the string, in order to make a connection with
quantum gravity. The position coordinates of the string in the ambient spacetime are
then parametrized by scalar fields living on the string worldsheet. At a classical level
this worldsheet theory possesses a conformal symmetry group, but this symmetry
only persists at the quantum level for a particular number of scalar fields. In
other words, since these scalars parametrize the position of the string, we obtain a
requirement for the dimension of spacetime itself. For the bosonic strings this leads
to a 26-dimensional spacetime, while for the superstring it is 10-dimensional.3 In
this thesis we will focus on the so-called Type II superstrings, so we have to deal
with a ten-dimensional spacetime.

r � Λ−1
LHC

Figure 1.2: Depiction of a circle compactification.

In order to connect with the four-dimensional spacetime we observe, we have to
explain why these extra dimensions are absent from our viewpoint. In a similar
3Bosonic strings and supersymmetric strings differ in the field content of the worldsheet theory:
bosonic strings only have scalar fields, while superstrings pair these up with fermions in order to
make the spectrum supersymmetric.
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1 Introduction and preliminaries

spirit to the extended nature of the string, we can argue that as long as the length
scale associated to the extra dimensions is small enough, particle accelerators do
not detect these additional degrees of freedom. More concretely, this means we
take the coordinates that parametrize the extra dimensions to lie on some compact
space, whose volume is sufficiently small compared to the collider scale ΛLHC ∼ 104

GeV. In order to make this more intuitive, let us consider an example and say we
compactify one dimension on a circle as depicted in figure 1.2. A useful analogy here
is to consider both a cord walker and an ant: while the cord walker can only move
forwards or backwards, an ant the same size as the circle can also walk around it.
In other words, the extra rolled up dimensions only become visible at the smallest
length scales, or equivalently the highest energy scales.

Figure 1.3: Depiction of a compactification manifold as a genus-two Riemann surface.
The independent 1-cycles of this geometry have been colored in red and blue.

The presence of extra dimensions presents us with a choice of internal manifold.
While in the one-dimensional case the only possible topologies are either homeomor-
phic to a line or a circle, in higher dimensions the number of options is much larger.
For instance, in the two-dimensional case one could a priori pick a Riemann surface
of any genus as a compact space – any number of holes – as depicted in figure 1.3.
Requiring supersymmetry to remain unbroken in this process leads us to consider a
particular class of compactification geometries known as Calabi-Yau manifolds.
Furthermore, as we will make more precise later in section 1.6, the deformation

parameters of the compactification space descend to neutral scalar fields in the
four-dimensional effective theory. For our example at hand, this means the size
of each of the 1-cycles in figure (1.3) would give rise to such a scalar field.4 In a
compactification of string theory without any extra effects these scalar fields are
massless, and are thus free to take any value, while we would for instance like
the volume of the internal manifold to take a small value. Moreover, for a typical
4While the only Riemann surface that is Calabi-Yau has genus one, i.e. a torus, the structure
of cycles depicted in figure 1.3 does give us an intuitive sketch of the nature of deformation
parameters in higher-dimensional geometries.
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1.2 String theory, compactification and fluxes

Calabi-Yau manifold there are O(100) so-called deformation moduli, while our
current Standard Model contains only a single scalar particle, the Higgs particle,
which is massive and charged under the weak interaction. Finally, scalars would
mediate an attractive force between particles proportional to e−mr/r2, with m the
mass of the scalar field and r the distance between them. In the massless case
m = 0 this gives rise to long-range interactions that would be picked up by fifth
force experiments. To reconcile these issues, we have to set up a mechanism that
generates a mass for these deformation moduli and thereby fixes them to suitable
values. This program goes under the name of moduli stabilization.

In this thesis we will study one such approach to moduli stabilization: turning
on background fluxes. We will sketch a heuristic picture here, and refer to section
1.6 for how this works in practice. The spectrum of the ten-dimensional superstring
contains, among its massless modes, some higher-form field strengths. We can take
the vacuum expectation values of these field strengths to vanish everywhere, but
we can also choose to turn them on along certain cycles of the compactification
geometry. The kinetic terms of these higher-form fields in the ten-dimensional
action then generate a scalar potential for the moduli fields in four dimensions. For
definiteness, let us take a two-form gauge potential B2 as an example, and denote
its three-form field strength by H3 = dB2. Schematically the scalar potential can
then be written as an integral over the Calabi-Yau manifold Y3 as5

V4d '
∫
Y3

H3 ∧ ∗H3 , (1.2)

where the Hodge star operator ∗ on Y3 induces a dependence on the Calabi-Yau
moduli. This is seen most intuitively by writing the integral out in local coordinates,
and in turn noting that deformations of the geometry affect the metric factors
coming from the Hodge star.6 By picking a suitable choice of background flux H3

one can then search for vacua where such a scalar potential is minimized.
Studying compactifications of string theory thus brings us into a mathematical

arena where many aspects of the four-dimensional physics are encoded in the
geometry of the internal manifold. This connection has led to many fruitful
exchanges between research in physics and mathematics, with mirror symmetry
between Calabi-Yau manifolds [17] as one of the most prominent examples. More
concretely, this setting requires us to develop a toolkit to explore the moduli spaces
5For ease of demonstration we chose to leave out a slightly complicated overall factor, and hence
did not write a strict equal sign.

6We can write out (1.2) in local coordinates as
∫
Y3

d6x
√
g gkpglqgmr(H3)klm(H3)pqr up to some

overall factor, with gkp denoting the Calabi-Yau metric and its indices run over 1, . . . , 6.
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1 Introduction and preliminaries

of these geometries – the spaces parametrized by their deformation parameters. For
simple geometries such as a circle this would just be the interval [0,∞) parametrized
by its radius, but for more complicated cases such as Calabi-Yau manifolds one is
compelled to look for a deeper underlying structure. In this thesis we will turn to
the framework of asymptotic Hodge theory [18, 19], which describes the asymptotic
regimes in moduli space close to points where the Calabi-Yau manifold degenerates,
see for instance figure 1.7 for an illustration. It provides us with the necessary tools
to probe these corners, and in particular gives us the asymptotic behavior of the
Hodge star in the four-dimensional scalar potential (1.2).

1.3 The swampland program
Let us for the moment take a step back from string theory, and wonder what
requirements an EFT should meet in order to admit a UV completion into a
theory of quantum gravity. In other words, what distinguishes EFTs that can be
coupled consistently to quantum gravity from those that cannot. This question was
originally posed in [20], and the line of research intending to address it is known as
the swampland program: the set of all EFTs that can be completed into a theory
of quantum gravity are referred to as the landscape, while those that cannot are
said to be in the swampland. We included a sketch of this decomposition of the
set of effective theories in figure 1.4. For some recent reviews we refer the reader
to [21,22].
The criteria that aim to delineate the border between the swampland and the

landscape go under the name of swampland conjectures. These conjectures propose
general properties that any EFT which can be embedded into quantum gravity
should (or should not) have. By continually testing, refining and interconnecting
these conditions this program attempts to uncover the fundamental structures that
underlie a theory of quantum gravity. As a result, it also yields an increasingly
stringent web of requirements that cause tension with bottom-up constructions of
phenomenological models. In practice, these swampland criteria are often inspired
either by semi-classical black hole arguments or observations based on string theory.
Within the swampland program much effort has been put into examining the validity
of these conjectures in Calabi-Yau compactifications of string theory [2,5,23–61].
These setups yield lower-dimensional effective theories that feature for instance
complicated scalar field spaces, thereby providing us with a landscape of challenging
testing grounds. Below we introduce the swampland conjectures that are most
relevant to the work carried out in this thesis.

10
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quantum gravity

energy scale

−→

swampland

landscape

Figure 1.4: Set of all consistent (anomaly-free) effective field theories based on whether
they admit a UV completion into quantum gravity (the landscape) or not (the swampland).

Perhaps the oldest swampland conjecture, even predating the establishment of
the swampland program itself, stems from the expectation that a theory of quantum
gravity does not have any global symmetries:

No Global Symmetries Conjecture [62]: any effective field theory coupled
to quantum gravity cannot possess exact global symmetries.

In other words, the embedding of an EFT into quantum gravity must either break
or gauge a global symmetry. The original motivation for this conjecture comes
directly from string theory, where global symmetries on the worldsheet always
appear as gauge symmetries in the target spacetime. Recently, this conjecture was
also shown to hold true in the setting of AdS/CFT [63, 64], where it was argued
that the presence of any global symmetry in the bulk, be it broken or discrete, lead
to inconsistencies in the dual CFT.
The most intuitive argument for this absence of global symmetries in quantum

gravity comes from black hole physics, see for instance [65] for a more detailed
discussion. Say we have an effective field theory with a global U(1) symmetry, such
as the B-L symmetry in the Standard Model. We can then imagine we create a
black hole with the collapse of some baryonic matter, i.e. we started from a state
with a large global charge. Subsequently, we allow the black hole to evaporate

11
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through Hawking radiation, which is neutral with respect to the global charge. This
leads us to a contradiction, where the initially large baryonic charge seems to have
disappeared completely, and is thus in particular not conserved.7 For our Standard
Model this suggests the B-L symmetry must be broken at some higher energy scale,
for instance by a scattering process.
Our next swampland criterion gives a prediction for the strength of gravity

compared to the other forces. It suggests that gravity should always be the weakest
force, and quantifies this into the following statement:

Weak Gravity Conjecture (WGC) [66]: in any consistent theory of quantum
gravity with a U(1) gauge field there should exist a superextremal particle of
mass m and charge q such that

|q|
m
≤ |Q|

M

∣∣∣∣
extr

, (1.3)

with the charge-to-mass ratio of an extremal black hole on the right-hand side.

In other words, in appropriate units it requires the presence of a particle whose mass
is lower than or equal to its charge. The interpretation of gravity as the weakest
force becomes apparent by noting that if all particles were to violate the bound,
then the gravitational attraction between two identical particles would overwhelm
the repulsion under the gauge force; the WGC thus gives us a superextremal particle
on which gravity acts weaker than the gauge force. Moreover, due to the different
directions in which gauge forces and gravity act, the WGC particle is self-repulsive
instead of self-attractive, so the WGC can also be stated as a demand for the
presence of a self-repulsive particle.8

In a similar fashion as the argument against global symmetries, the WGC can be
motivated with a black hole argument. We now begin with an extremal black hole,
replacing the baryonic matter content from before by a large amount of electric
charge. The black hole again decays through Hawking radiation. This radiation
can be electrically charged, but if it only contains subextremal particles then the
black hole can never emit all of its charge. The WGC thus ensures the absence of
remnants in the evaporation of these extremal black holes.
7As an alternative, the black hole could also not decay completely but instead form some remnant,
which are known to lead to other sorts of inconsistencies in the EFT.

8This situation is slightly different when scalar fields are present, which also mediate an attractive
force between identical particles. In this case a superextremal particle could still be self-attractive
due to this scalar field interaction, and an appropriate refinement was proposed with the Scalar
WGC [67], also referred to as the Repulsive Force Conjecture.

12



1.3 The swampland program

By applying electromagnetic duality we can obtain a magnetic version of the
WGC. The analogous bound on the monopole mass mmon . Mp/g can then be
used to obtain an upper bound on the cutoff scale of the effective theory itself as

Magnetic WGC [66]: the cutoff scale of an EFT with a U(1) gauge field has
to satisfy

Λ . gMp . (1.4)

Remarkable, this would suggest new physics to occur around Λ ∼ 1017 GeV –
well below the Planck scale – by plugging in the value of the gauge couplings
near the unification scale. Also note that in the limit g → 0 where the gauge
symmetry becomes global we recover the No Global Symmetries Conjecture: the
EFT breaks down completely because its cutoff Λ must go to zero. Let us note that
the WGC also admits various generalizations: a convex hull condition [68] when
there are multiple U(1) gauge fields; stronger versions requiring sublattices [69–71]
and towers [72] of WGC particles; and extensions from ordinary 1-form gauge
symmetries to the case of p-form gauge fields.

Our next swampland conjecture addresses large excursions in scalar field spaces.
It predicts an infinite tower of states to become massless at infinite distance points
in field space. To be more precise, it relates the mass scale of the tower with the
geodesic distance traveled as

Swampland Distance Conjecture [73]: For two points P,Q in field space
there exists an infinite tower of states whose masses become exponentially
small in the geodesic distance d(P,Q) as

m(P ) = m(Q)e−γd(P,Q) , (1.5)

where γ denotes some O(1) constant in units of Mp.

Here we assume that Q is fixed as a reference point in the middle of field space
with m(Q) some associated mass scale, while P is the point that is moved towards
an infinite distance singularity in field space. The infinite tower of states becoming
exponentially light signals a breakdown of the EFT near these points, because
increasingly many light states have to be incorporated in the EFT below its fixed
energy cutoff Λ. There have been proposed refinements [74] and closely related
conjectures [35,42,52].
The precise nature of the tower of states depends on the large field limit under

consideration. Evidence for this distance conjecture stems from string theory, where
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the field space typically is the moduli space of some compactification manifold. A
simple example, which we discuss in more detail in section 1.6, is a circle compacti-
fication: the tower at infinite radius is made up of Kaluza-Klein modes, while the
tower at vanishing radius consists of winding modes of the string. Considering a
more complicated setup: for Calabi-Yau compactifications of Type IIB string theory,
near infinite distance boundaries in complex structure moduli space, infinite towers
of BPS states arising from D3-brane wrapped on vanishing three-cycles have been
constructed using asymptotic Hodge theory in [23]. Another instructive example
is the weak-coupling limit for the dilaton of the ten-dimensional Type II strings,
where the massless states are the modes of the fundamental string itself. In fact,
the Emergent String Conjecture of [35] proposes that any infinite distance limit
is either a decompactification limit with a corresponding Kaluza-Klein tower, or
a limit where a weakly coupled fundamental string (possibly in some dual frame)
becomes tensionless. Another interesting perspective is given by the emergence
proposal [23,28,75], which states that the infinite distance in the IR couplings arises
from integrating out the infinite tower of massive states in the UV theory.

Finally we consider one of the more controversial swampland conjectures, which
imposes bounds on scalar potentials by which it forbids any meta-stable de Sitter
vacua. To be more precise, the conjecture states that

de Sitter conjecture [76,77]: the scalar potential in any EFT compatible
with quantum gravity should satisfy

|∇V | ≤ c

Mp
V , (1.6)

or
min(∇i∇jV ) ≤ − c′

M2
p

V , (1.7)

where c, c′ are some order one constants. The left-hand side of (1.6) denotes
the norm of the gradient ∇V with respect to the scalar fields computed with
the field space metric, while for (1.7) we consider the smallest eigenvalue of its
Hessian in an orthonormal frame of this metric.

The first condition (1.6) was proposed in the original conjecture [76] and clearly
prohibits any models of slow-roll inflation. The second condition was included later
in the refinement [77] to allow the scalar potential to have maxima as e.g. occur in
the Higgs potential, as was pointed out in [78].
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1.4 Superstrings, M-theory and dualities

1.4 Superstrings, M-theory and dualities
Let us now switch gears a little bit and return to the setting of string theory. In this
section we introduce the set of supersymmetric string theories in ten dimensions
(and M-theory), and discuss in detail the low-energy limits of those theories most
relevant to our work. In particular, we highlight the axio-dilaton field space of the
Type IIB string and how it fits with asymptotic Hodge theory.

1.4.1 Overview of supersymmetric string theories
We begin with a brief overview of the set of possible string theories. Bosonic
string theories do not give rise to fermions living in the ambient spacetime, so we
focus our attention on the supersymmetric strings. To be precise, there are five
ten-dimensional supersymmetric string theories,9 which we will introduce here. A
special role is played by a hypothetical eleven-dimensional called M-theory, which
is expected to be related to each of these superstring theories in some limits via a
web of dualities, see figure 1.5

Type II strings. There are two superstring theories in ten dimensions with 32
supercharges: the Type IIA and Type IIB superstrings. The IIA string has
N = (1, 1) supersymmetry and therefore is non-chiral, while the IIB string is chiral
having N = (2, 0) supersymmetry. The low-energy limits of these superstring
theories can be matched precisely to the two ten-dimensional N = 2 supergravity
theories according to their supersymmetries. Both Type II strings contain closed and
open strings, where open strings in Type IIA end on D-branes of odd dimensions
and in Type IIB of even dimensions. These objects play an important role in
string phenomenology because they allow us to engineer gauge groups in the
four-dimensional effective theories arising from compactifications.

Type I string. The Type I string theory is a theory of open and closed unoriented
strings, which has N = 1 supersymmetry and an SO(32) gauge group. In its low-
energy limit it is described by ten-dimensional N = 1 supersymmetric Yang-Mills
theories with an SO(32) gauge group coupled to the Type I supergravity. From a
modern point of view the Type I string theory is understood as Type IIB string
theory with 32 D9-branes and an orientifold projection.
9We focus on string theories supersymmetric in the ten-dimensional target space. Note that there
are more superstring theories which are supersymmetric on the worldsheet, but these do not give
rise to supersymmetry in the target space.
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1 Introduction and preliminaries

Heterotic strings. These strings have 16 supercharges, i.e. minimal N = 1 su-
persymmetry, in ten dimensions. They are a hybrid between the bosonic string
in the left-moving sector and the superstring in the right-moving sector. The
heterotic string theories contain only closed strings, and have either an E8 × E8

or SO(32) gauge group. In their low-energy limits these are described by ten-
dimensional N = 1 supersymmetric Yang-Mills theories with the corresponding
gauge groups, coupled to the Type I supergravity. Historically heterotic strings
played an important role in the first superstring revolution due to their attrac-
tiveness for phenomenology: potential for building a grand unified theory (GUT)
(SU(5), SO(10) and E6 are subgroups of the ten-dimensional gauge groups) and a
low amount of supersymmetry.

M-theory. Finally, M-theory is a hypothetical eleven-dimensional theory intro-
duced by Witten in 1995. In contrast to the above, it is a theory of membranes –
M2-branes and M5-branes – rather than strings, which in its low-energy limit is
described by the unique eleven-dimensional supergravity. It is expected that all
five superstring theories arise as special limits of M-theory, and there is compelling
evidence for this web of dualities. For instance, the Type IIA supergravity is
recovered upon compactifying the eleven-dimensional supergravity on a circle, and
conversely there is support for M-theory as the strong-coupling limit of Type IIA
string theory.

1.4.2 Supergravity actions
We now discuss the low-energy limits of the Type II superstrings and M-theory.
The spectrum of the strings can be divided into four sectors – R-R, NS-NS, R-NS
and NS-R – of which the first two describe bosons in the ten-dimensional spacetime
and the latter two fermions.10 For our purposes we will focus on the bosonic sectors,
with the fermionic terms in the action fixed by supersymmetry.

We begin with the NS-NS sector, which yields the same description for the Type
IIA and IIB strings at low energies. Its field content consists of the spacetime
metric, a dilaton φ and the Kalb-Ramond field B2 with field strength H3 = dB2.
The corresponding action can be written as

S(NS,NS) = 1
2κ2

10

∫
M10

e−2φ
(
R ∗ 1− 1

2H3 ∧ ∗H3 + 4dφ ∧ ∗dφ
)
, (1.8)

10These sectors correspond to the boundary conditions for the left- and right-moving modes of
the fermions living on the string worldsheet, where the Ramond (R) sector is periodic and the
Neveu-Schwarz is anti-periodic.
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where κ10 denotes the ten-dimensional gravitational coupling, related to the string
length scale via κ−2

10 = 4π`−8
s with `s = 2π

√
α′. The two-form potential B2 couples

electrically to the worldsheet of the string, while its magnetic dual is a six-form
sourcing an object known as the NS5-brane.

Type IIA

For the R-R sector the low-energy spectrum does depend on the Type II string
under consideration. For the Type IIA string the action is given by a sum of kinetic
terms and Chern-Simons terms as

S(R,R) = − 1
4κ2

10

∫
M10

(
F2 ∧ ∗F2 + F4 ∧ ∗F4 +B2 ∧ dC3 ∧ dC3

)
, (1.9)

with the field strenghts for the R-R potentials C1, C3 given by

F2 = dC1 , F4 = dC3 +H3 ∧ C1 . (1.10)

These potentials together with their magnetic duals C5 and C7 source the D0, D2,
D4 and D6-branes on which open strings end. Including D8-branes requires us
to introduce another non-dynamical field strength F10 = F0 dvol10 in the theory,
where F0 is known as Roman’s mass.

Type IIB

For the IIB string the low-energy field content of the R-R sector is made up of an
axion C0, a two-form potential C2 and a four-form C4. The action is given by

S(R,R) = − 1
4κ2

10

∫
M10

(
F1 ∧∗F1 +F3 ∧∗F3 + 1

2F5 ∧∗F5 +C4 ∧H3 ∧F3

)
, (1.11)

with field strengths

F1 = dC0 , F3 = dC2−C0 dB2 , F5 = dC4−
1
2C2 ∧ dB2 + 1

2B2 ∧ dC2 . (1.12)

Here D1 and D3-branes are charged electrically under C2 and C4 respectively, while
these R-R potentials source D7 and D5-branes magnetically.

Let us also note that the action of the Type IIB supergravity – the sum of (1.8)
and (1.11) – is only a pseudo-action. In addition to the equations of motions coming
from the action we have to impose a self-duality condition on the five-form field
strength as

F5 = ∗F5 . (1.13)
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By combining the equations of motions coming from (1.8) and (1.11) with this
self-duality condition we obtain the complete set of equations describing the IIB
supergravity. Note in particular that (1.13) cannot be imposed at the level of the
action, since the kinetic term in (1.11) for C4 would then vanish.

M-theory

In its low-energy limit M-theory is described by the unique eleven-dimensional
supergravity. This theory contains a metric and a three-form potential C3 described
by the action

SM = 1
2κ2

11

∫
M11

(
R ∗ 1− 1

2G4 ∧ ?G4 −
1
6C3 ∧G4 ∧G4

)
, (1.14)

with field strength G4 = dC3, and gravitational coupling κ−2
11 = 4π`−9

M with `M the
eleven-dimensional Planck length. Three-dimensional objects known as M2-branes
couple electrically to C3, while this potential sources M5-branes magnetically.

1.4.3 Dualities

Let us now elaborate on how these ten- and eleven-dimensional theories are related
under dualities. For simplicity we restrict ourselves to M-theory, Type IIA and Type
IIB. We motivate our discussion from the perspective of the swampland program,
with the distance conjecture (1.5) as our guide: moving to other corners of the
M-theory star in figure 1.5 typically requires an infinite distance in field space, and
hence we expect an infinite tower of states to arise. This infinite tower signals that
a dual description takes over, requiring a reformulation in terms of the fundamental
degrees of freedom at this other corner.

M-theory and Type IIA

Let us begin from the perspective of the Type IIA string. The supergravity action
contains the dilaton φ, for which the field space metric in the Einstein frame11 is
constant as can read off from (1.8). This means we have two infinite distance points:
weak-coupling at φ→ −∞ and strong-coupling at φ→∞. The weak-coupling limit
is easily explained as the limit where the modes of the Type IIA string become
light. The strong-coupling requires us to change perspective and replace the modes
11Going to the Einstein frame corresponds to sending the ten-dimensional spacetime metric to
gµν → eφ/2gµν such that the dilaton prefactor of the Ricci scalar in the action disappears.
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11d supergravity

heterotic E8 × E8

heterotic SO(32)

Type I

Type IIB

Type IIA

M-theory

on S1/Z2

T-duality

S-duality
orientifold

S-duality

T-duality

on S1

Figure 1.5: M-theory star with the various ten- and eleven-dimensional theories as limits
in special corners, with dualities among them indicated.

of the Type IIA string as fundamental degrees of freedom by D0-branes: its mass is
given by

mD0 = 2π
`s
e−φ , (1.15)

which indeed becomes massless in the limit φ→∞. By forming bound states of n
D0-branes we obtain a tower of states that becomes light. The spacing of the masses
in this tower is given bym2

n = m2
D0n

2, so we find a quadratic scaling in n rather than
linear as occurs for a tower of string excitations. It hints that a decompactification
limit occurs, and indeed this turns out to be the case: in the strong-coupling
limit we decompactify to eleven-dimensional M-theory, with the tower of bound
D0-branes as Kaluza-Klein modes. The radius of the circle as computed with the
eleven-dimensional metric fixes the string coupling as r = `Me

2φ/3. One can verify
this more explicitly by dimensionally reducing the eleven-dimensional supergravity
action (1.14) on a circle and reproducing the Type IIA action (1.8) and (1.9).

T-duality between Type II strings

T-duality is a duality between string theories compactified on circles, or more
generally, on manifolds that admit continuous isometries. Let us consider the
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compactification of Type II strings on a circle of radius r. Closed strings can then
carry a momentum p along this circle direction, which must be quantized as p = n/r

with n some integer. We can also allow strings to wind around the circle as

X(τ, σ + 2π) = X(τ, σ) + 2πwr , (1.16)

with winding number w, and X(τ, σ) parametrizes the position on the circle as a
function of the worldsheet coordinates τ, σ, with σ ∼ σ + 2π. The excitations of
the closed string can thus be labeled by two quantum numbers n,w indicating the
momentum along and winding around the circle. Schematically the masses of these
modes are given by

m2 =
(n
r

)2
+
(wr
α′

)2
+ . . . , (1.17)

where the ellipsis represents terms coming from oscillator modes irrelevant for our
analysis here. The first term is the Kaluza-Klein mass due to the momentum along
the circle, while the second is the mass of a string of tension 1/2πα′ winded w times
around a circle of length 2πr. The idea of T-duality is to relate Type IIA string
theory on a circle of radius r to Type IIB string theory on a circle of radius α′/r,
where momentum and winding modes are exchanged (n,w)→ (w, n). Notice that
this indeed leaves the mass spectrum (1.17) unchanged.
It is instructive to investigate this duality from the perspective of the distance

conjecture in the nine-dimensional effective theory. The radius r can then be
viewed as a dynamical field, and its field space [0,∞) has a metric proportional
to Grr ∼ 1/r2 as follows from a later computation (1.54). This field space has an
infinite distance point at both of its boundaries:

• limit r →∞: the Kaluza-Klein modes (n,w) = (n, 0) become massless,

• limit r → 0: the winding modes (n,w) = (0, w) become massless,

as can be seen from the mass formula (1.17). T-duality then tells us that while the
physics at these boundaries seems at first sight quite different – Kaluza-Klein modes
or winding modes – they are actually two faces of a similar set of fundamental
degrees of freedom. It is only a matter of perspective based on what theory we
started from (Type IIA or IIB) and what regime of field space we consider (large
or small compactification radius).

M-theory and Type IIB string theory

We can now combine the previous two dualities – M-theory to Type IIA and T-
duality from Type IIA to IIB – in order to establish a duality between M-theory
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and Type IIB. Throughout this chain of dualities we will keep track of the string
couplings, because the Type IIB string coupling turns out to have an elegant
geometric interpretation. In order to make the match between M-theory and Type
IIB precise we compactify M-theory on a rectangular two-torus T 2 = S1

M×S1
A with

radii rM, rA. The compactification of M-theory on the circle S1
M yields Type IIA

string theory, while subsequently T-dualizing along S1
A brings us to Type IIB string

theory. The string couplings are related as12

gIIB
s =

√
rB

rA
gIIA
s = rM

rA
, (1.18)

where we used that rB = α′/rA. This allows us to interpret the string coupling of
the Type IIB string as the imaginary part of the complex structure τ of the torus,
i.e. gIIB

s = 1/ Im τ .
In order to recover ten-dimensional Type IIB string theory we decompactify by

sending rB →∞, which on the Type IIA side corresponds to rA = α′/rB → 0. We
would like to achieve this limit while keeping the string coupling gIIB

s finite, so the
radius rM has to be sent to zero as well. From the perspective of the two-torus this
means we send its volume – which is proportional to rMrA – to zero while keeping
the imaginary part of the complex structure parameter τ – the ratio rM/rA – of
the torus finite. In other words, there exists a duality between M-theory and Type
IIB string theory given by

M-theory on T 2

vol(T 2)→ 0
←→

Type IIB string theory
with gs = 1

Im τ

(1.19)

While the sketch we gave here only used rectangular two-tori this duality holds
more generally: we can use non-rectangular tori – tori with non-vanishing Re τ –
and even consider geometries with torus fibrations on the M-theory side, where τ
is allowed to vary over (part of) the underlying nine-dimensional spacetime. This
geometric interpretation of some of the dynamics of Type IIB string theory forms
the basis for the framework of F-theory [79], where in particular D7-brane physics
is encoded in the torus fibration. We will return to this matter later in light of the
S-duality group of Type IIB when we have put all the pieces into place.

12Recall that the Type IIA string coupling is fixed in terms of the radius of the M-theory circle as
gIIA
s = (rM/`M)3/2.
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S-duality for Type IIB

We previously studied the strong-coupling limit for Type IIA, upon which we
encountered a decompactification to eleven-dimensional M-theory, and we now
intend to take the same limit for the Type IIB string. Rather than the emergence of
another theory with a new set of fundamental degrees of freedom, Type IIB string
theory appears to be dual to itself in the strong-coupling limit. In fact, it is expected
that Type IIB string theory possesses an SL(2,Z)-duality group, an element of which
maps gs → 1/gs (when C0 = 0), relating the weak and strong-coupling regimes.
In order to make this S-duality group for the Type IIB string theory become

more apparent, let us first reformulate the terms in the IIB supergravity action
given by (1.8) and (1.11). By performing a Weil rescaling to the Einstein frame
gE
µν = e−φ/2gµν we can bring this action into the form

SIIB = 1
2κ2

10

∫
M10

(
RE ∗ 1− 1

2
dτ ∧ ∗dτ̄

(τ2)2 − 1
2
G3 ∧ ∗Ḡ3

τ2

− 1
4F5 ∧ ∗F5 −

i

4τ2
C4 ∧G3 ∧ Ḡ3

)
,

(1.20)

with RE the Einstein frame Ricci scalar, and we redefined our field content as

τ = τ1 + iτ2 = C0 + ie−φ , G3 = F3 − ie−φH3 = dC3 − τdB2 . (1.21)

The action of the S-duality group takes a simple form in terms of these redefined
fields. For an element of the symmetry group given by(

a b

c d

)
∈ SL(2,R) , (1.22)

we find that the duality transformation acts as

τ → aτ + b

cτ + d
,

(
C2

B2

)
→

(
a b

c d

)(
C2

B2

)
, (1.23)

while all other fields are invariant. Non-perturbative effects coming from D(−1)-
instantons are expected to break this duality group down to the discrete subgroup
SL(2,Z); it is believed this remaining duality group persists as a symmetry of the
full Type IIB spectrum, beyond the low-energy supergravity regime.
It is instructive to inspect the action of the S-duality transformations on the

axio-dilaton τ a bit closer. We can consider the generators

S =
(

0 1
−1 0

)
, T =

(
1 1
0 1

)
, S, T ∈ SL(2,Z) . (1.24)
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The duality between weak and strong-coupling regimes is implemented by the
generator S, which for a background with C0 = 0 indeed maps gs → 1/gs. On the
other hand, the axion shift symmetry C0 → C0 + 1 is generated by T . Together
the elements S, T can be used to generate any element in the discrete subgroup
SL(2,Z). In fact, these can be used to bring the axio-dilaton τ from the upper-half
plane – where the string-coupling gs = 1/τ2 is well-defined – to the fundamental
domain given in figure 1.6, sometimes loosely referred to as the keyhole domain.

Re τ

Im τ

−1 − 1
2 11

2

Figure 1.6: Depiction of the fundamental domain (colored in blue) of SL(2,Z).

Let us now consider S-duality from a swampland perspective with the distance
conjecture (1.5). The field space metric for the axio-dilaton τ is read off from
its kinetic term in (1.20) as Gττ̄ = 1/(τ2)2. Taking τ to lie anywhere on the
upper-half plane there are two infinite distance limits: strong-coupling τ2 = 0 and
weak-coupling τ2 =∞. Depending on the choice of limit either the fundamental
F1-string of Type IIB or D1-branes become tensionless

TF1 = 2π
`2s

√
gs , TD1 = 2π

`2s

1
√
gs
. (1.25)

In the weak-coupling limit the F1-string becomes tensionless and its excitations
give rise the infinite tower of states, while for strong-coupling it is the D1-brane.
According to (1.23) S-duality under the generator S in (1.24) switches B2 and C2,
so it precisely interchanges the F1-string and the D1-brane. The infinite tower of
states arising in the strong-coupling limit can thus indeed be understood as coming
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from the weakly-coupled Type IIB string in a dual frame.

F-theory. An insightful perspective on the above discussion is given by the geomet-
rical framework of F-theory [79]. The main idea behind this reformulation is to view
the axio-dilaton τ of Type IIB string theory as the complex structure parameter
of an auxiliary torus. This interpretation can be made more precise through the
duality chain from M-theory to Type IIB (1.19), where by compactifying M-theory
on a torus of vanishing volume we recovered Type IIB string theory, with its string
coupling set by the imaginary part of the complex structure parameter (1.18). In a
similar spirit the SL(2,Z) symmetry group of S-duality we just encountered can
be understood as the modular group acting on the complex structure parameter
of the torus. Furthermore, this correspondence extends to Type IIB backgrounds
with a varying axio-dilaton, which from the perspective of F-theory can be viewed
as a geometry with a torus fibration over the underlying spacetime. Crucially,
this allows us to encode D7-brane physics – objects which induce a non-trivial
axio-dilaton profile – in terms of the compactification geometry, see e.g. [80, 81]
for reviews. From a phenomenological point of view, this allows us to consider
compactifications of F-theory on elliptically fibered Calabi-Yau fourfolds rather
than Type IIB on threefolds, both of which give rise to four-dimensional effective
theories. Phenomenologically the upshot of the F-theory perspective is that by the
inclusion of torus fibrations we automatically have D7-branes in our setup, giving
us a richer arena for model building.

Asymptotic Hodge theory. Let us also note that the axio-dilaton field space –
or equivalently the complex structure moduli space of the torus – we encountered
here already gives us a glimpse into asymptotic Hodge theory [18,19], a branch of
mathematics that plays a central role in this thesis. This framework captures the
structure that underlies limits in the moduli space of Kähler manifolds, i.e. when we
move towards points where the geometry degenerates. For our purposes, it can be
used in the context of string compactifications on these manifolds, where asymptotic
Hodge theory then tells us how physical couplings behave in these regimes. In
the case at hand a torus is a simple (complex one-dimensional) example of such a
Kähler manifold, with τ parametrizing its complex structure moduli space, i.e. the
keyhole domain in figure 1.6. The regime of interest to asymptotic Hodge theory
is the weak-coupling region Im τ � 1, where the torus degenerates as pictured in
figure 1.7. The dilaton-dependent couplings in the action (1.20) (the kinetic terms
of τ and G3) can be viewed as determined by this underlying structure. Even the

24
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S-duality group SL(2,Z) has a natural counterpart on the side of asymptotic Hodge
theory, where the sl(2)-orbit theorem of [19] associates an sl(2,R)-algebra to every
limit. The upshot of asymptotic Hodge theory is that it associates these structures
to any limit in any moduli space; while the complex structure moduli space of a
torus is rather well-controlled, for more complicated geometries this need not be the
case. In other words, we can thus think of asymptotic Hodge theory as a framework
that describes asymptotic regimes in any complex structure moduli space by some
generalized notion of a weak-coupling limit.

1.5 Calabi-Yau manifolds and asymptotic moduli
Having encountered some examples of circle compactifications, we next want to
compactify the ten-dimensional string theories down to four dimensions. Previously
we put one or two dimensions on a circle, but now we have to pick a real six-
dimensional manifold in order to make contact with our four-dimensional universe.
The choice of internal manifold here will have significant influence on the outcome
of the effective theory. For instance, the straightforward generalization is to take
a product of circles – a six-torus T 6 = (S1)6 – however, this would preserve all
supercharges, leading to an effective theory with N = 4 or N = 8 supersymmetry in
four dimensions.13 While as of yet we have not observed any supersymmetry with
experiments at all, these extended versions do not even allow for the chiral fermions
present in our Standard Model. On the other hand, it would be beneficial to keep
at least some supersymmetry around: from a technical point of view it provides
us with computational control over certain corrections, and phenomenologically
it helps for instance in embedding the Standard Model into a GUT. A generic
background would break all supersymmetry, so we have to find the right balance in
selecting our internal manifold. This brings us to the class of Calabi-Yau manifolds,
which are special in the sense that they lead us to four-dimensional theories with
minimal N = 1 or N = 2 supersymmetry.

Holonomy group. The amount of supersymmetry preserved by a compactification
background can be traced back to the holonomy group of the manifold. This
group keeps track of how objects can transform under parallel transport when
we move along closed loops in the manifold. A simple example is the two-sphere,
whose tangent vectors are rotated by SO(2). For our purposes we look at how
13This is correlated with whether we started from an N = 1 or N = 2 supersymmetric string
theory in ten dimensions, i.e. the Type I and heterotic strings or the Type II strings.
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supercharges – which transform as spinors – precisely behave along these loops:
when they undergo a non-trivial rotation, this means the spinor cannot be defined
globally, and thus some of the supersymmetry associated to this supercharge would
be broken. In the case of a toroidal compactification on T 6 the holonomy group
is trivial, so all supercharges are preserved. However, in general the holonomy
group of a six-dimensional orientable Riemannian manifold is contained in SO(6),
and a geometry with exact SO(6) holonomy would break all supersymmetry. The
right balance is then provided by manifolds with exact SU(3) ⊂ SO(6) holonomy –
Calabi-Yau threefolds – which admit precisely one (covariantly constant and globally
defined) spinor. This story extends naturally to Calabi-Yau manifolds of complex
dimension D with SU(D) holonomy. It was famously proven by Yau that these
manifolds admit a Ricci-flat metric.

Hodge decomposition. One of the aspects of these Calabi-Yau manifolds that we
will consider more closely are their cohomology groups. To be precise, recall that for
any complex manifold these can be decomposed into so-called Dolbeault cohomology
classes of differential forms with mixed holomorphic and anti-holomorphic indices.
This splitting can be written out as

Hk(YD) =
⊕
p+q=k

Hp,q(YD) . (1.26)

We refer to the dimensions hp,q = dimCH
p,q(YD) of these subspaces as the Hodge

numbers. For any Kähler manifold these have the symmetries

hp,q = hq,p , hp,q = hD−q,D−p , (1.27)

which follow from complex conjugation and duality under the Hodge star operator
respectively. For Calabi-Yau manifolds we have the additional conditions that
hD,0 = 1 and hp,0 = 0 for 0 < p < D: the first condition corresponds to the fact
that a Calabi-Yau threefold has an (up to rescaling) unique holomorphic (D, 0)-form
Ω; the second can be argued from the fact that a harmonic (p, 0)-form transforms as
a rank p anti-symmetric tensor, while for exact SU(D) holonomy it must transform
as a singlet. Altogether we find that for a Calabi-Yau threefold the Hodge diamond
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reduces to

h0,0
h0,1

h0,2
h0,3

h1,0
h1,1

h1,2
h1,3

h2,0
h2,1

h2,2
h2,3

h3,0
h3,1

h3,2
h3,3

=

1
0

0
1

0
h1,1

h2,1
0

0
h2,1

h1,1
0

1
0

0
1

. (1.28)

1.5.1 Moduli spaces

The moduli of Calabi-Yau manifolds are geometric deformations which preserve the
Calabi-Yau condition. For definiteness we work with Calabi-Yau threefolds here,
but these results can straightforwardly be extended to other dimensions. We can
study the deformations most easily from the perspective of the metric, where by
Yau’s theorem one can then impose Ricci flatness on the perturbed metric g + δg.
The moduli can then be divided into two classes: Kähler structure deformations
corresponding to perturbations δgαβ̄ , and complex structure deformations of the
form δgᾱβ̄ . Infinitesimally one can expand the perturbations with mixed indices in
h1,1 harmonic (1, 1)-forms spanning H1,1(Y3), while the perturbations with purely
anti-holomorphic indices can be written in terms of h2,1 harmonic (2, 1)-forms.14

Moreover, it has been shown that these infinitesimal perturbations can be integrated
into finite deformations. Hence we get a moduli space that factorizes into an h1,1-
dimensional and an h2,1-dimensional part, which we refer to as the Kähler and
complex structure moduli spacesMks(Y3) andMcs(Y3) respectively.

BothMks(Y3) andMcs(Y3) can be viewed in their own regard as Kähler manifolds.
This means these geometries come equipped with a Kähler potential from which
we can compute the metrics on these moduli spaces by taking moduli derivatives.
The Kähler potentials can be computed from geometrical data of the Calabi-Yau
manifolds: the Kähler moduli space is encoded in the Kähler two-form J of the
Calabi-Yau manifold, while for the complex structure moduli space we take the
holomorphic (3, 0)-form Ω. In the following we give a brief summary on both of
these moduli spaces.
14To be precise, these deformations in terms of (1,1)-forms ωa and (2,1)-forms χi are given by

δgᾱβ = ya(ωa)ᾱβ , δgᾱβ̄ =
1

2|Ω|2
zi(χi)ᾱγδΩ̄γδβ̄ , (1.29)

with index ranges a = 1, . . . , h1,1 and i = 1, . . . , h2,1, and |Ω|2 = 1
3! ΩαβγΩαβγ .
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Kähler moduli space. The deformations of the Kähler form give rise to h1,1 real
scalar fields ya by expanding J = yaωa in a basis of real harmonic (1, 1)-forms.
The metric on this field space is computed from the volume V of the Calabi-Yau
manifold as

Kab̄ = −1
2
∂

∂ya
∂

∂yb
logV , V =

∫
Y3

J ∧ J ∧ J = Kabcyaybyc , (1.30)

where we defined intersection numbers

Kabc =
∫
Y3

ωa ∧ ωb ∧ ωc . (1.31)

The scalar field space spanned by the volume moduli ya is a real manifold, but in
string compactifications these naturally combine with another set of real scalars
into complexified Kähler moduli. These scalar fields arise from expanding the
Kalb-Ramond field of the ten-dimensional string theories as B2 = xaωa in the same
harmonic (1, 1)-form basis, such that the complex coordinates are given by

ta = xa + iya . (1.32)

The complexified Kähler moduli space spanned by the ta is then a Kähler manifold,
as becomes apparent by noting that we can define a Kähler potential as

Kks(t, t̄) = − log[Kabcyaybyc] . (1.33)

Notice that the scalar fields xa coming from the Kalb-Ramond field do not appear
here, and hence can be viewed as axions in the four-dimensional effective theory
possessing a continuous shift symmetry. This shift symmetry is expected to be
broken to a discrete version by worldsheet instanton corrections to the Calabi-Yau
volume proportional to e−2πya , arising from strings wrapped on 2-cycles.

Complex structure moduli space. Deformations in the complex structure of a
Calabi-Yau manifold can be detected in the Hodge decomposition (1.26) of the
middle cohomology H3(Y3), since such variations amount to changing what we call
holomorphic and anti-holomorphic. Denoting the complex structure moduli by zi,
one finds for instance that under a derivative with respect to zi the holomorphic
(3, 0)-form Ω acquires a (2, 1)-form piece χi as

∂

∂zi
Ω = χi −

∂Kcs

∂zi
Ω . (1.34)
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The second term involves the Kähler potential for the complex structure moduli
space, which is given by

Kcs(z, z̄) = − log
[
i

∫
Y3

Ω ∧ Ω̄
]
. (1.35)

The Kähler metric is then straightforwardly computed to be

Kij̄ = ∂

∂zi
∂

∂z̄j
Kcs = − 1∫

Y3
Ω ∧ Ω̄

∫
Y3

χi ∧ χ̄j . (1.36)

Notice that the Kähler metric is invariant under so-called Kähler transformations
Ω→ efΩ, with f(z) a holomorphic function in the complex structure moduli. In
this sense (1.34) gives us a Kähler covariant derivative χi = DiΩ ≡ ∂iΩ + (∂iKcs)Ω,
transforming as DiΩ→ efDiΩ under this holomorphic rescaling.

Periods. The dependence of the holomorphic (3, 0)-form on the complex structure
moduli in the above is rather hidden, but we can make this more explicit by ex-
panding Ω in terms of a harmonic three-form basis γI ∈ H3(Y3,Z). The coefficients
in this expansion are then given by so-called period integrals ΠI , or periods for
short, which are integrals of Ω over dual three-cycles ΓI ∈ H3(Y3,Z). To be more
precise, this expansion reads

Ω = ΠIγI , ΠI(z) =
∫

ΓI
Ω . (1.37)

For later reference, a practical choice of basis for studying four-dimensional effective
theories later is given by γI = (αI , βI) satisfying symplectic properties∫

Y3

αI ∧ βJ = δ JI ,

∫
Y3

αI ∧ αJ = 0 ,
∫
Y3

βI ∧ βJ = 0 . (1.38)

The dependence of the periods ΠI on the moduli is, in general, given by complicated
functions in the zi such as hypergeometrics. In practice one can compute these
periods for examples by solving so-called Picard-Fuchs equations [82–84]. Near
boundaries in complex structure moduli space where the Calabi-Yau manifold
degenerates this behavior simplifies, and it can be described by means of asymptotic
Hodge theory. This latter perspective plays a central role in this thesis, and in fact
will be used to set up a method to construct general models for these asymptotic
periods in chapter 6 near any one- or two-moduli boundary. For now, let us close
off by noting that these periods allow us to write out the Kähler potential (1.35) as

Kcs(z, z̄) = − log
[
iΠI(z)ηIJ Π̄J(z̄)

]
, (1.39)
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where we wrote ηIJ =
∫
Y3
γI ∧ γJ for the intersection pairing.15 This discussion of

periods so far was rather abstract, but in a moment we will give an explicit example
by using mirror symmetry.

Mirror symmetry. Mirror symmetry [17] relates two distinct Calabi-Yau manifolds
by identifying the Kähler moduli space of one with the complex structure moduli
space of another and vice versa. In the Hodge diamond (1.28) this corresponds
to a reflection with respect to the diagonal, i.e. interchanging h2,1 and h1,1. With
the above descriptions of both moduli spaces we can make the action of mirror
symmetry more explicit. Let us denote the mirror of our Calabi-Yau manifold by
Ỹ3, and focus on the relationMcs(Y3) 'Mks(Ỹ3). The complex structure moduli
space contains a special region known as the large complex structure regime, which
according to mirror symmetry we can identify with the large volume regime in the
Kähler moduli space. To be precise, we parametrize these points as

• large complex structure point inMcs(Y3): zi = 0 for all i = 1, . . . , h2,1,

• large volume point inMks(Ỹ3): ya =∞ for all a = 1, . . . , h̃1,1,

where we wrote h̃1,1 = h1,1(Ỹ3). Using that h̃1,1 = h2,1 (so we can relate the index
ranges), mirror symmetry then asserts that these two patches are identified as16

e2πiti = zi . (1.40)

Circling the singularity corresponds to sending zi → e2πizi, which in the language
of the Kähler moduli space is understood as shifting the axion by xi → xi + 1. The
periods in this large complex structure regime take the form

Π =
(
1, ti , 1

6Kijkt
itjtk + iχζ(3)

8π3 , −1
2Kijkt

jtk
)
. (1.41)

where the term with the Euler characteristic χ denotes an α′-correction on the Kähler
side we included for later reference. Notice that the Kähler potential ofMcs(Y3) in
(1.39) indeed reproduces the one ofMks(Ỹ3) in (1.33) upon plugging in these periods
(1.41) with pairing (1.38). The aforementioned worldsheet instanton corrections on
the Kähler side appear in (1.41) as exponentially suppressed corrections e2πit to
the periods.

15For the choice of basis given in (1.38) this takes the standard symplectic form η =
(

0 1

−1 0

)
.

16In general this mirror map contains an infinite series of higher-order terms in zi on the right-
hand side, and one can then invert these relations order by order to switch between the two
descriptions. For the purposes of our presentation here these details are not relevant, and hence
we omitted such corrections.
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Hodge norm. Finally we want to introduce a norm on the space of harmonic
three-forms H3(Y3). We can construct such a norm by introducing the Hodge star
operator, whose action on the middle cohomology H3(Y3) is defined via the spitting
(1.26) as

∗ωp,q = ip−qωp,q , (1.42)

for an element ωp,q ∈ Hp,q(Y3). A natural choice of norm is then provided by
integrating a three-form ω ∈ H3(Y3) and its complex conjugate over the Calabi-Yau
threefold with the Hodge star operator as

‖ω‖2 =
∫
Y3

ω ∧ ∗ ω̄ . (1.43)

In string compactifications this norm computes for instance the scalar potential
induced by fluxes as we wrote down before in (1.2) by setting ω = H3, but also other
physical quantities such as the physical charge of a BPS state (1.71). It depends
implicitly on the complex structure moduli via the Hodge star operator, which
varies overMcs(Y3). We can make this dependence more explicit by decomposing
in (p, q)-form pieces as

‖ω‖2 = eK
cs
(∫

Y3

Ω ∧ ω
∫
Y3

Ω̄ ∧ ω̄ +Kij̄

∫
Y3

DiΩ ∧ ω
∫
Y3

Dj̄Ω̄ ∧ ω̄
)
, (1.44)

with Kij̄ the inverse of the Kähler metric (1.36). The first term corresponds to
the (3, 0) and (0, 3)-form part of the three-form ω, and the second its (2, 1) and
(1, 2)-form part. Via the expansion (1.37) this Hodge norm can be expressed purely
in terms of the periods Π and its derivatives, allowing for an explicit description in
the dependence on the moduli.

1.5.2 Asymptotic Hodge theory
As mentioned, couplings appearing in the four-dimensional effective theories, such
as the Kähler potential (1.35) and the Hodge norm (1.43), in general depend in a
very complicated way on the moduli through the periods. In asymptotic regimes of
the moduli space – near points where the Calabi-Yau manifold degenerates – this
behavior simplifies, and can be made precise with the techniques of asymptotic
Hodge theory. So far we have encountered two such examples in complex structure
moduli space: the weak-coupling limit in Type IIB in section 1.4 describing how a
torus degenerates, and the large complex structure point for Calabi-Yau manifolds.
A sketch of this degeneration has been depicted in figure 1.7. Asymptotic Hodge
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theory provides us with a general framework that describes the asymptotic behavior
near any such boundary. Applying these techniques to learn lessons about the
effective theories arising in string compactifications is one of the main goals of this
thesis. Let us also mention that with [85] it has provided strong evidence for the
Hodge conjecture.

Figure 1.7: Example of how a Kähler manifold, here depicted as a two-torus, varies over
its complex structure moduli space. In the bulk it takes a regular shape, while along
infinite tails towards the boundary it degenerates by pinching.

Nilpotent orbit approximation. One of the main pillars of asymptotic Hodge
theory is the nilpotent orbit theorem by Schmid [18]. It gives us an asymptotic
expansion for the periods of any harmonic (p, q)-form in H3(Y3) near boundaries
in complex structure moduli space. For the moment let us just focus on the
holomorphic periods of the (3, 0)-form Ω. Parametrizing these boundaries as
located at ti = xi + iyi = i∞ (analogous to the large complex structure/volume
regime before) its period vector can then be written as

Π(ti) = et
iNi
(
a0 +O(e2πiti)

)
, (1.45)

with Ni nilpotent matrices. This form of the periods generalizes several observations
we made previously for the large complex structure point to any boundary. Again
we have a shift symmetry xi → xi + 1 when we circle the boundary, which for
the period vector induces a so-called monodromy transformation Π→ eNiΠ. Also
there is a clear separation between leading polynomial terms in ti – which arise
from expanding the exponential in Ni – and exponentially suppressed corrections.
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For completeness, let us read off from (1.41) the nilpotent orbit data of the large
complex structure regime as

Na =


0 0 0 0
δai 0 0 0
0 0 0 −δaj
0 −κaij 0 0

 , a0 =
(

1 , 0 , 0 , iχζ(3)
8π3

)T
. (1.46)

Let us also mention that approximations similar to (1.45) can be made for elements
of the other subspaces Hp,q(Y3). Their asymptotic forms retain the monodromy be-
havior under axion shifts and separation in polynomial and exponentially suppressed
terms in x, y, losing only the holomorphicity which was special to the (3, 0)-form.
While we do not write these other (slightly more cumbersome) expansions explicitly
here, we note that this leading polynomial behavior of the elements spanning the
subspaces Hp,q(Y3) straightforwardly carries over to the Hodge star operator (1.42).
In turn, this yields a similar behavior for the Hodge norm (1.43), and hence physical
couplings such as scalar potentials are described to leading order as polynomials
in the complex structure fields xi, yi near the boundary. We give a more precise
description of their behavior under the next approximation.

Sl(2)-orbit approximation. The nilpotent orbit theorem was followed up by the
multi-variable sl(2)-orbit theorem by Cattani, Kaplan and Schmid [19]. This
approximation implements a hierarchy between the fields y1 � y2 � . . .� yn � 1,
with n the number of moduli involved in this ordered limit towards the boundary.
Each modulus is then associated to an sl(2,R)-triple (N±i , N0

i ), where the nilpotent
matrix Ni is closely related to the lowering operator. Crucially, the weight operator
N0
i captures the parametrical scaling in the yi of the Hodge norm (1.43) as

N0
i ω` = `iω` : ‖ω`‖2 ∼ (y1)`1 · · · (yn)`n , (1.47)

with ` = (`1, . . . , `n) the vector containing all weights. This approximation via the
nilpotent and sl(2)-orbit brings the initially complicated, typically transcendental
behavior of periods stepwise down to a manageable polynomial scaling in the
complex structure moduli near the boundary.

Essential exponential corrections. So far we have been mostly agnostic about the
exponential terms in the periods (1.45), but these corrections can be of essential
importance near some boundaries [1]. This can be traced back to the fact that
one has to be careful with derivatives in limiting procedures. Recall from (1.34)
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that we obtain the periods of a (2, 1)-form by taking a moduli space derivative
of the (3, 0)-form. However, one has to be careful with the order of taking limits
and derivatives here: if one first plugs in the leading polynomial terms in (1.45)
and then takes a derivative, the resulting (2, 1)-form would for instance vanish
if Nia0 = 0 for all i, i.e. to leading order the periods would be constant. This
happens near certain boundaries such as a conifold point [86,87], and in order to
resolve this conundrum one has to include essential exponential corrections in the
periods when taking derivatives. A concrete situation where one has to be careful
is for instance the computation of the Kähler metric (1.36), which from a physical
perspective is crucial in order to have well-defined kinetic terms for the scalars (see
the discussion below (3.44) for an explicit example). We refer for more details to
chapter 6, where we explicitly construct asymptotic models for periods including
essential exponential corrections. For now, we want to leave the reader with the
cautionary remark that the approximations stated here are only applicable for
the physical couplings themselves, and do not necessarily suffice to describe their
derivatives.

Large complex structure lamppost. With the above comments regarding essential
exponential corrections in mind, let us return to the setting of the large complex
structure point. Here one can always drop worldsheet instanton corrections consis-
tently, meaning there are no essential exponential terms which have to be taken
into account. Moreover, in this regime one has the advantage that it is relatively
easy to describe the periods: one can bypass the computation of the periods with
Picard-Fuchs methods by simply plugging in the topological data of the mirror
Calabi-Yau manifold into (1.41). In fact, there exist large databases [88, 89] of
Calabi-Yau threefolds from which this data can be computed using e.g. toric ge-
ometry methods [90, 91]. In the physics literature this has led to the situation
where much of the focus in studying string compactifications is set on these large
complex structure regime. However, lessons learned from these effective theories do
not necessarily carry over from this lamppost to other boundaries in moduli space,
with essential exponential corrections that cannot be dropped as one of the prime
examples. A complete overview of the string landscape thus requires us to shed
light on the other corners of the complex structure moduli space, and asymptotic
Hodge theory does so without any preference for particular regimes.
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1.6 String theory compactifications

1.6 String theory compactifications
In this section we lay out the details that go into the study of string compact-
ifications. We already briefly touched upon this subject and its importance to
string phenomenology in section 1.2, and now we take the time to explain how this
procedure works in practice. As a warm-up we work out the simple case of a circle
compactification first, setting the stage for more general string compactifications
that make contact with the realm of four-dimensional effective theories.

1.6.1 Compactification on a circle
The study of circle compactifications goes back to the early days after the conception
of general relativity. Kaluza in 1921 and later Klein in 1926 studied how general
relativity in five spacetime dimensions could give rise to both Einstein gravity
and electrodynamics in four dimensions by compactifying on a circle. While this
attempt itself was not very successful, the main principles at play still go to the
heart of the string phenomenology program today.
We first consider a (d+ 1)-dimensional theory describing only Einstein gravity.

The action is then made up of just the Ricci scalar Rd+1, and can be written as

SEH,d+1 = 1
2κ2

d+1

∫
Md+1

Rd+1 ∗ 1 . (1.48)

In turn, we want to compactify one dimension on a circle, meaning the spacetime
topologically takes the formMd+1 'Md × S1. This allows us to decompose the
higher-dimensional metric as

ds2 = gmndxmdxn = gµνdxµdxν + r2dy2 , y ∼ y + 2π . (1.49)

where the indices m = 0, . . . , d label the coordinates in d + 1 dimensions, which
we split as xm = (xµ, y) with µ = 0, . . . , d − 1. For simplicity we have set any
mixed components gµd, gdν to zero, although in principle one could include these
terms.17 We are mainly interested in r, which can be promoted to a scalar field in
d dimensions by allowing it to fluctuate overMd. This parameter gives the radius
of the compactification circle as measured with the (d+ 1)-dimensional metric

2πr =
∫ 2π

0

√
gdd dy . (1.50)

17In fact, we can view gµd as a massless vector living in d dimensions – a U(1) gauge field – and
it was this insight that led Kaluza and Klein to use Einstein gravity in one dimension more as a
means of unifying gravity and electrodynamics in the lower-dimensional setting.
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Next we reduce the (d+ 1)-dimensional action (1.48) to d dimensions by plugging
in the ansatz for the metric (1.49) and integrating over the circle, resulting in

SEH,d = 1
2κ2

d

∫
Md

r Rd ∗ 1 , (1.51)

where we relate the gravitational couplings as κ2
d = κ2

d+1/(2π). Notice that this
Einstein-Hilbert action is not written in the canonical form, but a dilaton-like
coupling to the radius r appears. We can get rid of this coupling by performing a
Weyl rescaling of the metric as

gµν → r−
2
d−2 gµν , (1.52)

under which the action rewrites to

SEH,d = 1
2κ2

d

∫
Md

(
Rd ∗ 1− d− 1

d− 2d log r ∧ ∗ d log r
)
. (1.53)

The scalar field r in this effective theory takes values in the interval [0,∞). We
can read off the metric on this one-dimensional field space as the coefficient of the
kinetic term − 1

2dr ∧ ∗dr, meaning we find

Grr = 2(d− 1)
d− 2

1
r2 . (1.54)

For this metric we find two infinite distance points on [0,∞): r → 0 and r →∞.
To gain some intuition for the dynamics that can appear in these two limits, it is
instructive to add a massless scalar field Φ in the (d+ 1)-dimensional theory. Since
it must be periodic on the circle, i.e. Φ(xd + 2π) = Φ(xd), we can expand this scalar
field as

Φ(xµ, xd) =
∞∑

n=−∞
φn(xµ)e2πinxd . (1.55)

The modes φn are then typically referred to as the Kaluza-Klein modes, with
φ0 being the zero-mode. The equation of motion for this massless scalar field
∂m∂mΦ = 0 can then be written out individually for these modes

∂µ∂µφn = n2

r2 φn , (1.56)

where for ease of computation we worked with the metric (1.49) instead of the Weyl
rescaled version (1.52). From these equations of motion we recognize the masses of
the Kaluza-Klein modes as

M2
n = n2

r2 . (1.57)
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1.6 String theory compactifications

These Kaluza-Klein masses teach us multiple lessons about compactifications. First
of all, the scaling in the radius is proportional to Mn ∼ 1/r, so detection of the
Kaluza-Klein tower – a signal of an extra dimension – would require energies at
least of order E & 1/r. Secondly, in the large radius limit we see that this infinite
tower becomes massless, confirming the distance conjecture expectations. This
leaves us, as a final lesson, to wonder about the small radius limit and what kind
of physics dominates in this regime. The answer is to consider a quantum theory
of gravity that contains extended objects – strings – winding around the circle,
thereby give rise to light states when the circle becomes small. This is precisely
what happens in string theory as we saw in (1.17): winding modes become light at
small r, and are T-dual to KK modes of another string theory at large radius α′/r.

1.6.2 Type IIB compactifications on Calabi-Yau threefolds

By compactifying Type IIB supergravity on Calabi-Yau threefolds we obtain four-
dimensional N = 2 supergravities. Here we briefly summarize the relevant aspects
of these theories, and refer to [92–97] for more extensive reviews.

For this thesis it will suffice to focus on the gravity and vector multiplet sectors
of these supergravity theories. The scalar field space is then spanned by the h2,1

complex structure deformations ti of the Calabi-Yau threefold, while the h2,1 + 1
vectors arise from the ten-dimensional R-R four-form potential. To be precise, by
expanding C4 in a symplectic three-form basis αI , βI ∈ H3(Y3,Z) we obtain

C4 = V IαI − UIβI , (1.58)

with intersections given by (1.38). The self-duality condition (1.13) eliminates half
the degrees of freedom in C4, allowing us to choose to use the one-forms V I over
the UI . Denoting the corresponding field strengths by F I = dV I one obtains the
effective N = 2 supergravity action

S(4) =
∫
M4

(
1
2R ? 1−Kī dti ∧ ? dt̄j + 1

4IIJF
I ∧ ?F J + 1

4RIJF
I ∧ F J

)
, (1.59)

where ? denotes the 4d Hodge star. It is well known that these supergravity theories
enjoy electro-magnetic duality for which Sp(2(h2,1 + 1),Z) is the relevant symmetry
group. The coupling functions in this action are the Kähler metric Kī and the
gauge kinetic functions IIJ ,RIJ , all depending on the scalars ti, t̄i. We first describe
these couplings with the N = 2 supergravity formalism of special geometry, and
only thereafter establish the geometrical connection with the underlying Calabi-Yau
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threefold. The Kähler potential that computes Kī is given by

K = − log
[
iX̄IFI − iXIF̄I

]
. (1.60)

Here the XI ,FI are holomorphic functions in the complex scalar fields ti. As
explained in [95] one can always choose a symplectic frame such that the FI are
obtained from a holomorphic prepotential F(XI) that is homogeneous of degree
two. To be precise, one then finds that

F = 1
2X

IFI , FI = ∂IF , FIJ = ∂IFJ , FI = FIJXJ . (1.61)

The IIJ ,RIJ are straightforwardly computed from the prepotential as

N = R+ iI , NIJ = FIJ + 2i Im(FIM )XM Im(FJN )XN

XP Im(FPQ)XQ
. (1.62)

Now let us make precise how these couplings are described geometrically on the
side of the Calabi-Yau manifold. The holomorphic functions XI ,FI are the periods
of the (3, 0)-form, as can be seen by assembling them into a period vector as

Π =
(
XI

−FI

)
, η =

(
0 +1
−1 0

)
. (1.63)

By plugging these periods into (1.39) we indeed recover the Kähler potential written
in (1.60). On the other hand, recovering the gauge kinetic functions requires a
bit more work. We can first express the Hodge star operator of the Calabi-Yau
manifold in terms of the RIJ , IIJ as

C =
(
RI−1 −I −RI−1R
I−1 −I−1R

)
, (1.64)

with C the matrix representative of the Hodge star ∗ acting on the basis (αI , βJ).
In a similar fashion we can write down a matrix expression for the Hodge star norm
(1.43) as

M = η C =
(
−I −RI−1R −RI−1

−I−1R −I−1

)
. (1.65)

In turn, we can now read off the gauge kinetic functions explicitly as integrals∫
Y3

αI∧∗αJ = −MIJ ,

∫
Y3

βI∧∗βJ = −MIJ ,

∫
Y3

αI∧∗βJ = −M J
I . (1.66)

which correspond respectively to the top left, bottom right and top right sub-blocks
ofM in (1.65), as can be seen from the index positioning.
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1.6 String theory compactifications

Finally, let us point out that the above gauge kinetic functions can also be
computed outside of the prepotential frame. Assuming the periods are kept in the
symplectic basis Π = (XI ,−FI), one then finds

NIJ =
(
FI , Dı̄F̄I

) (
XJ , Dı̄X̄

J
)−1 (1.67)

For our work it is important to stress the presence of this identity. For instance,
the asymptotic periods we derive in chapter 6 are not formulated in a prepotential
frame, and in that case it is much easier to compute the coupling functions via
(1.67) rather than deriving a prepotential first and subsequently using (1.62).

BPS states. We will in particular be interested in extremal black hole solutions
in these N = 2 supergravities that are BPS, see [98] for a review. The electric and
magnetic charges of these black holes are computed as

P I =
∫
S∞

F I , QI = 1
4π

∫
S∞

?F I . (1.68)

where S∞ denotes a two-sphere at spatial infinity. Geometrically these BPS states
arise from D3-branes wrapping special Lagrangian three-cycles of the Calabi-Yau
manifold. Quantized charges qI , pI then specify a Poincaré dual three-form as
q = qIαI − pIβI , which are related to the black hole charges as

P I = pI , QI = −
(
I−1 · q

)I +
(
I−1 · R · p

)I
. (1.69)

The mass of this BPS state follows by definition from its central charge M = |Z|,
which is computed as

Z(q) = eK/2q ηΠ , (1.70)

The physical charge of a BPS state is given by (see for instance [67])

Q2 = −1
2 qTMq = 1

2‖q‖
2 , (1.71)

with the charge matrix given by (1.65). Note that this is precisely the Hodge norm
(1.43) of the quantized charge q of the BPS state, which can be controlled near
boundaries of the moduli space by using asymptotic Hodge theory. There is a useful
identity in N = 2 supergravity theories that relates this physical charge to the
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central charge via [99]18

Q2 = |Z|2 +KīDiZD̄Z̄ , (1.73)

where the Kähler covariant derivative acts on Z as DiZ = ∂iZ+ 1
2 (∂iK)Z. Geomet-

rically this is again just the splitting into (3,0) and (2,1)-form pieces as described
by (1.44).

1.6.3 Type IIB Calabi-Yau orientifold compactifications

As a next step in the direction towards constructing phenomenologically compelling
string vacua we consider Calabi-Yau orientifold compactifications with fluxes,
see [100–103] for some original literature and reviews. The orientifold projection
brings down the supersymmetry to N = 1 supergravity, while turning on three-form
background fluxes for H3 and F3 generates a potential for the axio-dilaton and the
complex structure moduli. This discussion allows us to set the stage for detailed
studies of moduli stabilization in chapter 8. Let us note that we will again mostly
ignore Kähler moduli in the following, although there are suitable approaches to
induce a scalar potential for these as well.

Orientifold projection

An orientifold of a Type II string theory is defined as a projection imposed on the
string spectrum which involves the worldsheet parity operator Ωp. For a closed
string Ωp exchanges the left- and right-moving sectors, and for open strings it swaps
the endpoints. There is a choice of parity operator on the string worldsheet here,
which we fix by including a factor (−1)FL , with FL the left-moving fermion number.
For the massless modes in the Type IIB spectrum one then finds that the fields
split under (−1)FLΩp as

even: gµν , φ , C0 , C4 , odd: B2 , C2 . (1.74)

Subsequently we combine this worldsheet parity operator with a holomorphic and
isometric involution σ of the Calabi-Yau manifold, i.e. σ2 = 1. This involution then
18Let us note that there is a clever rewriting of (1.73) by using the fact that Di(ZZ̄) = ∂i(ZZ̄),
i.e. the squared norm of the central charge has zero Kähler weight. One obtains the form

Q2 = |Z|2 + 4Kī∂i|Z|∂̄|Z| , (1.72)

which will be useful later in chapter 7.
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1.6 String theory compactifications

acts on the Kähler form and on the holomorphic three-form of Y3 as

σ∗J = +J , σ∗Ω = −Ω . (1.75)

Furthermore, the cohomology groups of Y3 split into even and odd eigenspaces as

Hp,q(Y3) = Hp,q
+ (Y3)⊕Hp,q

− (Y3) . (1.76)

For the complex structure moduli this means h2,1
+ fields are projected out, keeping

only h2,1
− complex structure moduli. A scalar potential for these fields is generated

by turning on three-form fluxes H3 and F3 along odd 3-cycles of the Calabi-Yau
threefold, since both B2 and C2 are odd under (−1)FLΩp. We expand these fluxes
as

H3 = hIαI − hIβI , F3 = f IαI − fIβI , (1.77)

where (αI , βI) ∈ H3
−(Y3) denotes an odd symplectic basis with pairings given by

(1.38). For the scope of this thesis we will not be concerned with these details of the
orientifold projection and simply assume that h2,1

+ = 0, meaning we set h2,1
− = h2,1

in the following.
Fixed loci of the involution σ in the Calabi-Yau manifold correspond to space-

time filling orientifold-planes, or O-planes for short. For our choice of orientifold
projection these are O3- and O7-planes, which carry negative electric charge under
C4 and negative magnetic charge under C0 respectively – opposite to their coun-
terpart D3-branes and D7-branes. When integrated over compact submanifolds
the resulting total charges must cancel, leading to so-called tadpole cancelation
conditions. For the O7-planes these are most easily canceled by stacking eight
D7-branes on top of it. For the D3-brane tadpole the cancelation condition also
involves a (positive) contribution coming from the fluxes and reads

Nflux =
∫
Y3

F3 ∧H3 = hIf
I − hIfI , ND3 −

1
4NO3 + 1

2Nflux = 0 , (1.78)

where for convenience we omitted induced charges from D7-branes and O7-planes.

Four-dimensional N = 1 supergravities

By imposing the orientifold projection we obtain four-dimensional N = 1 super-
gravities. We will mainly be interested in the scalar field content of these theories,
for which the Kähler potential reads

K = − log
[
−i(τ − τ̄)

]
− log

[
+i
∫
Y3

Ω ∧ Ω̄
]
− 2 logV , (1.79)
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where we recall that Ω depends on the complex structure moduli and the volume V
on the Kähler moduli. For ease in notation we will write out the axio-dilaton as
τ = c+ is from now onwards in this setting.

The NS-NS and R-R three-form fluxes H3 and F3 induce a superpotential in this
four-dimensional N = 1 effective theory, which can be written out in terms of the
holomorphic (3, 0)-form Ω as [104]

W =
∫
Y3

Ω ∧G3 . (1.80)

where we recall the complex combinationG3 = F3−τH3. By means of standardN =
1 identities one can then write the scalar potential in terms of the superpotential.
Using the no-scale property of the Kähler moduli we can write it out as

V = eKKIJ̄DIWDJ̄W̄ = 1
4V2s

(
〈Ḡ3, ∗G3〉 − i〈Ḡ3, G3〉

)
, (1.81)

where I runs over the complex structure moduli and axio-dilaton, with KIJ̄ denotes
the inverse of the Kähler metric and DIW = ∂IW +KIW . For the second equal
sign we recognized that the scalar potential corresponds to the (2,1)- and (1,2)-form
part of the three-form flux, and hence can be rewritten in terms of the Hodge star
norm as described by (1.44).

One can now study the minima of this flux potential in two equivalent ways. The
standard N = 1 supergravity approach is to solve for vanishing F-terms, yielding
as constraints

DIW = ∂IW +KIW = 0 . (1.82)
Alternatively one considers the imaginary self-duality condition for the three-form
flux G3, which reads

∗G3 = iG3 . (1.83)
From both approaches one sees that the scalar potential (1.81) vanishes at the
minimum, giving rise to a Minkowski-type vacuum. A vanishing superpotential
W = 0 at the minimum corresponds to supersymmetric vacuum (including the
Kähler moduli sector), while the second possibility is important for the KKLT and
Large Volume Scenarios [105,106]. In particular, for KKLT it is needed that the
vacuum superpotential takes an exponentially small value (see [3,107–115] for some
recent constructions of such flux vacua), which we investigate further in chapter 8.

1.6.4 F-theory compactifications on Calabi-Yau fourfolds
As our final setup we consider Calabi-Yau fourfold compactifications of F-theory, and
in particular the flux potential arising in the four-dimensional N = 1 supergravity
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1.6 String theory compactifications

theory. This can conveniently be studied by compactifying M-theory on the same
Calabi-Yau fourfold to a three-dimensional N = 1 supergravity, where turning on
G4 flux induces a scalar potential for the complex-structure and Kähler structure
moduli [116]. One can then lift this setting to a four-dimensional N = 1 supergravity
theory by requiring Y4 to be elliptically fibered and shrinking the volume of the
torus fiber [80,81,117]. The scalar potential obtained in this way reads

V = 1
V3

4

(∫
Y4

G4 ∧ ∗G4 −
∫
Y4

G4 ∧G4

)
, (1.84)

where V4 denotes the volume of the Calabi-Yau fourfold Y4 and ∗ is the corresponding
Hodge-star operator. The scalar potential (1.84) depends both on the complex-
structure and Kähler moduli through the ∗ in the first term, and the overall volume
factor V4 gives an additional dependence on the Kähler moduli. We also note that
the flux G4 is constrained by the tadpole cancellation condition as [118]

1
2

∫
Y4

G4 ∧G4 +ND3 = χ(Y4)
24 . (1.85)

In this formulation the NS-NS and R-R fluxes H3, F3, as well as D7-brane fluxes
in Type IIB are combined into a four-form field strength G4. In particular, it
generalizes the D3-brane tadpole condition written in (1.78) to the F-theory setting.
In [119] it was conjectured that stabilization of a large number h3,1 of complex
structure moduli requires the flux contribution to grow as h3,1/3. This tadpole
conjecture thereby places vacua with all these complex structure moduli stabilized
in the swampland, since the Euler characteristic scales as χ(Y4) ∼ 6h3,1.
Let us now describe the dependence on the complex structure moduli more

explicitly, where we (mostly) ignore the Kähler moduli in the following. This requires
us to assume that G4 is an element of the primitive cohomology H4

p(Y,Z) [116],
which can be expressed as the condition J ∧ G4 = 0 with J being the Kähler
two-form of Y4. The Kähler potential K = −3 logV4 + Kcs and superpotential
giving rise to the scalar potential (1.84) can then be written as [104,116]

Kcs = − log
∫
Y4

Ω ∧ Ω̄ , W =
∫
Y4

Ω ∧G4 . (1.86)

Minima of the scalar potential (1.84) are found by either solving for vanishing
F-terms or imposing a self-duality condition on G4 [116], and these constraints read

DIW = ∂IW +KIW = 0 , ∗G4 = G4 , (1.87)
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with zI the complex structure moduli of Y4. One easily checks that this leads to
a vanishing potential (1.84) at the minimum, giving rise to a Minkowski vacuum.
Remarkably, it has been proven recently in [45, 56, 59] that the total number of
vacua satisfying the tadpole bound (1.85) in any complex structure moduli space is
finite.
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Part I

Toolbox for Asymptotic Hodge Theory

The first part of this thesis is devoted to introducing the mathematical background
underlying the bulk of our work: asymptotic Hodge theory. Our purpose is to
familiarize the reader with the main ideas underlying this abstract framework, and
explain how these techniques can be used in the study of string compactifications.
This discussion is illustrated with examples that helped the author understand
various parts of the story. To give a more precise outline, chapter 2 provides a
quick sketch of the main principles, intended to give some guidance through later
chapters. Chapter 3 establishes Hodge theory itself, describes limits in moduli
space and how physical couplings behave in these asymptotic regimes. Chapter 4
covers the formal structure underlying these limits, introducing key concepts such
as Deligne splittings. Finally, chapter 5 reviews one of the most powerful results of
asymptotic Hodge theory, the multi-variable sl(2)-orbit theorem [19], and explains
both how this approximation works and how to construct it in examples.
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2 Lightning review of asymptotic Hodge
theory

In this chapter we introduce the main ideas underlying asymptotic Hodge theory. In
particular, we describe the behavior of the period vector (1.37) and the Hodge star
(1.43) near boundaries in complex structure moduli space (see also (1.63) and (1.65)
for their supergravity formulations). For simplicity, we send only one modulus to
the boundary here, and cover the general case in the subsequent chapters.

Boundaries and monodromy symmetries

In complex structure moduli space one can naturally associate to each boundary a
discrete symmetry, known as a monodromy symmetry. Sending only a single modu-
lus to the boundary we can choose local coordinates such that z = 0 corresponds to
the boundary locus, but a more useful parametrization is given by

t = x+ iy = 1
2πi log z , (2.1)

where the boundary corresponds to the limit t→ i∞. The monodromy symmetry
is realized by encircling the boundary as z → e2π iz, which corresponds to a shift of
the coordinate x of the form x→ x+ 1. But, even though the effective theory is
invariant under this shift, certain quantities transform non-trivially. A prominent
example is the period vector Π of the holomorphic three-form Ω shown in (1.37),
which behaves as

Π x→x+1−−−−−−−→ Π′ = T Π , (2.2)

where matrix notation is understood. Here, T denotes an integer-valued monodromy
matrix which in order for the Kähler potential (1.35) to be invariant has to satisfy

TT η T = η , T ∈ Sp(2h2,1 + 2,Z) . (2.3)

Although not obvious, it turns out that for Calabi-Yau threefolds Y3 the monodromy
matrices T can always be made unipotent [120], that is (T − 1)m+1 = 0 for some
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2 Lightning review of asymptotic Hodge theory

m ≥ 0.1 Furthermore, to each T we can associate a so-called log-monodromy matrix
defined as N = log T , which is an element of the Lie algebra sp(2h2,1 + 2,R) and
therefore satisfies

N = log T , (ηN)− (ηN)T = 0 , N ∈ sp(2h2,1 + 2,R) . (2.4)

Since the monodromy matrices T are unipotent, it follows that the log-monodromy
matrices N are nilpotent: Nm+1 = 0 for some m ≥ 0. Note that the symmetry N
might induce an approximate continuous shift symmetry of the moduli space metric
near certain boundaries. This is familiar, for example, from the large complex
structure regime. In order to simplify the naming we will refer to x as being the
axion and y the saxion, even if no continuous symmetry is restored in the limit.

Nilpotent orbit theorem

The nilpotent orbit theorem [18] allows us to describe the moduli dependence of
differential forms close to the boundary. An example is the holomorphic three-form
Ω, and one finds that in the limit t→ i∞ the period vector Π can be expressed as

Π(t) = etNeΓ(z) a0 , (2.5)

where Γ(z) ∈ sp(2h2,1 + 2,C) (with Γ(0) = 0) is a matrix varying holomorphically
in z = e2π it. The (2h2,1 + 2)-component vector a0 is a reference point independent
of t, but in general depends holomorphically on the other moduli kept finite.2 We
have therefore expressed the dependence of Π on t near the boundary in a simple
form. Expanding the second exponential in (2.5) we find a natural split of Π(t) as

Π(t) = Πpoly + Πexp = etN a0 +O(e2πit) (2.6)

where we have collected all polynomial terms in Πpoly = etN a0 while all exponen-
tially suppressed terms reside in Πexp. It will be crucial below that the nilpotent
orbit theorem implies that an expansion of the form (2.6) also occurs for all its
holomorphic derivatives.
Let us furthermore recall that for a Calabi-Yau threefold Ω is an element of

H3,0(Y3). Taking a holomorphic (covariant) derivative of Ω lowers its holomorphic
degree by one, and hence the fourth (covariant) derivative of Ω has to vanish.
1This might require sending z → zn and amounts to removing a possible semi-simple part of a
general monodromy matrix T .

2Let us note one can also choose to encode the dependence on these spectator moduli in the map
Γ, see for instance [48] for more details.
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Combining this observation with (2.5) and ignoring some technical subtleties, we
find the necessary condition N4 = 0. The highest non-vanishing power m of N
depends on the boundary under consideration. We find the four choices

Nm 6= 0 , Nm+1 = 0 , for 0 ≤ m ≤ 3 , (2.7)

where for m = 0 there is no unipotent monodromy associated to the boundary.

Essential exponential corrections

As stressed in (2.7) the nilpotency order of N does not have to be maximal,
i.e. m = 3. This implies that the polynomial Πpoly = etN a0 appearing in the
expansion (2.6) can be of any degree smaller or equal three and is given by the
highest k with non-vanishing Nka0. For a Calabi-Yau threefold the full middle
cohomology can be obtained by taking holomorphic derivatives of Ω. However,
if k < 3 the derivative of Πpoly with respect to t cannot generate all three-forms.
This implies that some of the exponential corrections in Πexp have to be present.
Such corrections are thus essential near any boundary with k < 3 and were termed
essential exponential corrections or essential instantons in [1]. A more precise
statement can be made by introducing the expansion

Π(t) = etN
(
a0 + e2πita1 + e4πita2 + . . .

)
. (2.8)

Denoting by ki the lowest integer such that Nkiai = 0, one finds that the term ai+1

has to be included whenever k0 + . . .+ ki < 3.3 Essential instanton corrections are
thus needed at almost all boundaries. While they can be constructed systematically
as shown in [1] (see chapter 6), we will use their presence in a more indirect way in
the following.

Nilpotent matrices and sl(2)

As we have seen above, N is a nilpotent matrix which belongs to a symplectic
Lie algebra sp(2h2,1 + 2,C). The classification of nilpotent elements of semi-
simple Lie algebras is a well-studied mathematical problem, and in the following
we want to outline the main ideas of this classification. The classifications for
N ∈ sp(2h2,1 + 2,R) is slightly more involved and we will only quote the result
3Technically this only applies to one-modulus limits in one-dimensional moduli spaces, i.e. h2,1 = 1.
Otherwise one also has to consider derivatives with respect to moduli not sent to the boundary,
which can generate other three-forms as well. For the moment we ignore these subtleties, and
refer to chapter 6 for a more detailed discussion.
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2 Lightning review of asymptotic Hodge theory

in the following. For a clearer presentation, let us for this paragraph denote the
nilpotent Lie algebra element by N− and let us use m instead of h2,1 + 1.

• Let N− ∈ sp(2m,K) be a nilpotent element of the Lie algebra sp(2m,C).
Here K can be either R or C. A theorem by Jacobson and Morozov states
that one can always find elements N0, N+ ∈ sp(2m,K) such that the algebra
generated by {N−, N+, N0} is isomorphic to sl(2,K). Recall that sl(2,K) is
generated by a triple {n−, n+, n0} that satisfies the commutation relations

[n0, n+] = +2n+ , [n0, n−] = −2n− , [n+, n−] = n0 . (2.9)

Here, n+ is a raising operator, n− is a lowering operator and n0 is the weight
operator, and we note that sl(2,K) is closely related to the Lie algebra su(2).

• The triple {n−, n+, n0} ∈ sl(2,K) is represented by 2m × 2m dimensional
matrices {N−, N+, N0} acting on a 2m-dimensional vector space V over
K. However, this representation of sl(2,K) is in general reducible and can
therefore be expressed as a direct sum of irreducible representations of sl(2,K).
Concretely, this means that up to conjugation we can write each N−, N+, N0

as

N−, N+, N0 =



∗

∗

∗
. . .


, (2.10)

where each block corresponds to an irreducible sl(2,K) representation of
{n−, n+, n0} of a certain dimension. Note that typically some of these blocks
correspond to the one-dimensional representation of sl(2,K) which is simply
a zero. Also, the dimensions of the blocks have to add up to 2m.

• The classification of all possible nilpotent matrices N− becomes a combinato-
rial problem of how these can be decomposed in irreducible pieces. Considering
N− ∈ sp(2m,C) it is well-known that Young diagrams classify irreducible
representations. In the case of N− ∈ sp(2m,R) this problem is solved using
so-called signed Young diagrams as explained, for example, in [27,121,122].

Let us now apply the above discussion to our situation. The nilpotent sp(2h2,1 + 2)
matrix N introduced in (2.4) can be identified with the representation N− of
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n− acting on the vector space V = H3(Y3,K). Therefore, there exists a matrix
S ∈ Sp(2h2,1 + 2) such that S−1NS has a block-diagonal form where each block ν
is a matrix representation N−[ν] of the sl(2)-lowering operator n−, that is

S−1NS =



N−[1]

N−[2]

N−[3]

. . .


. (2.11)

Let us finally note that the weight operators N0
[ν] in each irreducible block are

determined only up to conjugation. This freedom will be fixed in asymptotic
Hodge theory by picking a certain Deligne splitting to be discussed in chapter
4. Furthermore, we have suppressed in this discussion that the nilpotent matrix
N and the associated triple {N− = N,N+, N0} has to be compatible with the
Hodge decomposition in the limit t→ i∞. This aspect will be also relevant in the
discussion of the Hodge star and will be more central in chapter 5.

Weight-space decomposition

We now want to get a better understanding of how a nilpotent matrix acts on
vectors, for instance how in (2.5) the matrix N acts on a0. This leads us to
the weight-space decomposition under the action of sl(2,K), where again we can
consider K being either R or C. We start with a single irreducible n-dimensional
representation {N−,N+,N0} of sl(2,K), which corresponds to one particular block
in (2.10). (We suppress the subscript [ν] for now.) As is known from Lie-algebra
representation theory, the vector space V on which the n× n-dimensional matrices
{N−,N+,N0} are acting can be decomposed into one-dimensional weight spaces as

V = Vd ⊕ Vd−2 ⊕ . . .⊕ V−d , V` = {v ∈ V : N0 v = `v} , (2.12)

where the eigenvalues ` of N0 are the weights and d = n− 1 is the highest weight.
The raising and lowering operators N+ and N− then map between these spaces as
N+ : V` → V`+2 and N− : V` → V`−2. From this decomposition we find that N−

satisfies

(N−)d+1 = (N+)d+1 = 0 . (2.13)
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2 Lightning review of asymptotic Hodge theory

So far we have focused on a single block of the decomposition (2.10), but we can
now combine these building blocks as follows. The triple of 2m× 2m dimensional
matrices {N−, N+, N0} is a sum of triples {N−[ν],N

+
[ν],N

0
[ν]}, which is therefore

acting on a 2m-dimensional vector space that can be decomposed as

V = V[1] ⊕ V[2] ⊕ . . . . (2.14)

The nilpotent matrix N = N− satisfies (2.7), and therefore the largest allowed high-
est weight of the subspaces satisfies d(i) ≤ 3. In other words, in the decomposition
(2.10) at most four-dimensional irreducible representations of sl(2,K) can appear.

Hodge star

The nilpotent orbit theorem can be used to determine the periods (2.5) of the
holomorphic three-form near the boundary. From this expression one can, in
principle, determine the Hodge-star operator in that limit for every asymptotic
regime. However, this approximation can be still too involved to be of practical use
for moduli stabilization, since it will generally contain many sub-leading polynomial
and exponential corrections. We are therefore going to perform other approximations
as follows:

• Let us focus again on one particular block in the decomposition (2.10), and
consider the weight-space decomposition shown in (2.12). For a given triple
{N−,N+,N0} we now introduce a real operator C∞ satisfying the relations
C−1
∞ N+C∞ = N−, C−1

∞ N0 C∞ = −N0 and the requirement C2
∞ = −1. This

operator maps the subspaces V` as

C∞ : V` → V−` . (2.15)

While these conditions significantly constrain C∞ they do not fix it completely.
In order to fix C∞ we require that it corresponds to the Hodge star opera-
tor acting on this representation after being appropriately extended to the
boundary. To make this more precise, we combine the C∞ of the individual
irreducible representations of sl(2,C) into a C∞ ∈ sp(2m,R) acting on the
full vector space V given in (2.14). C∞ is then obtained from the full Hodge
star operator C via the limiting procedure

C∞ = lim
y→∞

eC e−1 , e = exp
[ 1

2 log y N0] , (2.16)

where y = Im t is send to the boundary and where N0 denotes the weight
operator in the triple {N,N+, N0}. Let us note that the simple expression
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(2.16) is somewhat deceiving, since the construction of an appropriate N0

requires to check for compatibility of the choice with the Hodge decomposition.
In practice, as we will see in section 5.3, we will construct C∞ and the triple
{N,N+, N0} at the same time.

• The operator C∞ in (2.15) does not contain any dependence on the complex
structure variable y = Im t which is send to the boundary. We therefore
introduce a so-called sl(2)-approximated Hodge star operator by

Csl(2) : V` → V−` , Csl(2)v = y`C∞v , (2.17)

where v ∈ V` and the power in the variable y corresponds to the weight of the
weight-space V`. Using e defined in (2.16) we can make (2.17) more precise
as follows

Csl(2) = e−1C∞ e , (2.18)

which produces precisely the type of mapping shown in (2.17). Again, the
action on the full vector space V is obtained by combining the action in
each subspace. Note that in (2.18) we set the axion to zero, which can be
re-installed by replacing Csl(2) → e+xNCsl(2)e

−xN . Finally, the relation to
the Hodge-star matrix (1.65) is

Msl(2) = ηCsl(2) . (2.19)

• So far much of the above discussion was possible on the real vector space
V = H3(Y3,R). As soon as one aims to talk about the Hodge decomposition
and the compatibility with the construction of the sl(2,C) representation
one is forced to work over C. Let us denote by Q the operator acting on
elements of Hq,3−q with eigenvalue q − 3

2 . Since Hp,q = Hq,p the operator
Q is imaginary and we have Q ∈ i sp(2m,R). It follows from (1.42) that the
Hodge star operator C can be written in terms of Q as C = eπiQ = (−1)Q. In
analogy to (2.16) one can then extract the information about the boundary
Hodge decomposition by evaluating

Q∞ = lim
y→∞

eQ e−1 . (2.20)

As we will explain in subsection 5.3, also Q∞ should actually be constructed
together with the triple {N,N+, N0}, since these operators are linked through
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2 Lightning review of asymptotic Hodge theory

non-trivial compatibility conditions. To display these compatibility relations
it is useful to introduce a complex triple {L−1, L0, L+1} by setting

L±1 = 1
2(N+ +N− ∓ iN0) , L0 = i(N− −N+) . (2.21)

The algebra satisfied by {L−1, L0, L+1, Q∞} then reads

[L0, L±1] = ±2L±1 , [L1, L−1] = L0 , [Q∞, Lα] = αLα . (2.22)

Note that this is the algebra of sl(2,C)⊕ u(1) if one introduces the operator
Q̂ = Q∞ − 1

2L0 as the generator of the u(1).

Summary of main steps

Let us finally summarize the necessary steps to construct the sl(2)-approximated
Hodge-star operator shown in equation (2.18):

1. One has to choose a modulus y = Im t which approaches the boundary of
moduli space. Associated to this boundary, the corresponding axion x = Re t
admits a discrete symmetry corresponding to the monodromy transformation
of the period vector shown in (2.2).

2. The associated monodromy matrix T can be made unipotent, and induces a
nilpotent log-monodromy matrix N = log T . For Calabi-Yau threefolds each
boundary has an 0 ≤ m ≤ 3 with Nm 6= 0 and Nm+1 = 0.

3. The log-monodromy matrix N can be interpreted as a lowering operator in
an sl(2,C) triple {N− = N,N+, N0}. Then, the weight operator N0 needs
to be constructed which is used in the definition of the sl(2)-approximated
Hodge-star operator shown in (2.18).

4. The sl(2,C) triple {N− = N,N+, N0} has to be compatible with the Hodge
decomposition extended to the boundary. The latter can be encoded by an
operator Q∞ that is constructed jointly with the triple.

Let us emphasize that the above steps apply when sending a single modulus to the
boundary. Additional complications arise when two or more moduli ti are considered.
More concretely, even though the corresponding log-monodromy matrices Ni can
be shown to commute, when including the associated weight operators N0

i these
operators generically do not all commute with each other and hence one cannot
construct a consistent weight-space decomposition immediately. How to deal with
this situation will be explained in section 5.3.
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3 Hodge theory and asymptotic regimes

In this chapter we set the premise for asymptotic Hodge theory. First we specify
the regimes of interest and describe how to parametrize asymptotic regimes near
boundaries in the moduli space of Calabi-Yau manifolds. We then introduce the
Hodge structures varying over these spaces, and explain how to switch from a
physical formulation using period integrals to mathematical formulations with
Hodge filtrations and period mappings. Combining these two stories, we explain
how the behavior of Hodge structures near boundaries is captured by the nilpotent
orbit theorem [18]. In particular, we show how this nilpotent orbit approximation
can be used to describe the asymptotic form of physical couplings appearing in
string compactifications.

3.1 Limits in complex structure moduli space
Asymptotic Hodge theory describes the behavior of Hodge structures near singular
loci in the moduli space of Kähler manifolds. In the setting of this thesis we
consider the complex structure moduli space of Calabi-Yau manifolds, with as
Hodge structure the Hodge decomposition of their middle cohomology groups. Let
us start by giving the reader some feeling for these moduli spaces, and show how to
parametrize loci where the geometry becomes singular as boundaries.

One-modulus limits

It is instructive to first recall the complex structure moduli space of a torus, given
by the fundamental domain of SL(2,Z) in figure 1.6. Here the complex structure
parameter τ specifies the shape of the torus, which is simply the ratio of its two
radii when Re τ = 0. The torus becomes singular when we take the limit τ → i∞ –
it pinches – and we can circle this locus by sending τ → τ + 1. To put it in simpler
terms, the moduli space is shaped like an infinite tail towards this singular point,
which is located at the very tip. This intuitive picture has been sketched in figure
1.7, and extends straightforwardly to Calabi-Yau manifolds of higher dimension.
From a practical point of view, it allows us to divide the moduli space into a
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3 Hodge theory and asymptotic regimes

compact subregion in the middle where the manifold is smooth, with on the outside
infinite tails along which the manifold degenerates. It is along these tails, when we
move close to a singular point, where asymptotic Hodge theory comes into play.

To take a slightly more complicated example, we can consider the complex struc-
ture moduli space of the (mirror) quintic [17]. This moduli space is parametrized
by a single complex coordinate z lying on P1\{0, 1,∞}. In other words, it can be
viewed as a sphere with three punctures. These punctures correspond to special
points in moduli space where the Calabi-Yau manifold degenerates or takes some
special shape. In this particular case the degenerations are

• z = 0: large complex structure point,

• z = 1: conifold point,

• z =∞: Landau-Ginzburg point.

These three points differ in their singular nature – e.g. the large complex structure
point lies at infinite distance, while the other two points are at finite distance with
respect to the moduli space metric. Nevertheless, this help us in making our earlier
sketch more explicit. We see that we can separate the moduli space into tails
towards these special points, merged together by a compact bulk in the middle.
Throughout this thesis we will loosely refer to these singularities as boundaries of
the moduli space, and moving towards these boundaries as limits.

z → 0
y →∞

(a) (b)

Figure 3.1: Local patch in the spaceM represented as Poincaré disc, figure (a), and upper
half-plane, figure (b). The regime near the boundary at z = 0 in the disc is mapped to
t = i∞ on the upper half plane by (3.1).

Let us now give coordinate patches to make the infinite tails in the setting of the
quintic more explicit. For the coordinate z above we can straightforwardly bring the
location of the singularity to the form z = 0 – for the large complex structure point
this is already the case, while for the conifold point we can shift z → z − 1, and
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3.1 Limits in complex structure moduli space

for the Landau-Ginzburg point we map z → 1/z. Circling the singularity in these
patches then corresponds to z → e2πiz. However, from a physical point of view it
is more convenient to work with a slightly different coordinate by moving to the
so-called universal cover of the boundary. This simply amounts to reparametrizing
as

z = e2πit , t = x+ iy . (3.1)

Similar to the fundamental domain of the torus, the boundary is then located at
t = i∞, while circling around the boundary corresponds to t→ t+ 1. The real and
imaginary parts of this complex coordinate t have a natural physical interpretation:
x can be thought of as an axion field, since close to the boundary typically a
continuous shift symmetry emerges when circling the boundary; its counterpart y
we refer to as a saxion, which has to be large in order to be close to the boundary.
The two different coordinate patches have been pictured in figure 3.1.

3.1.1 Multi-moduli limits
Having discussed the one-modulus case, let us now move to the general multi-moduli
setting. Similar to the one-modulus case we can describe singular components of
co-dimension one as some locus of the form zk = 0. Intersecting n such boundaries
can then be locally described as some normal intersection z1 = . . . = zn = 0
(after appropriately reordering the coordinates). A two-modulus example of such
an intersection has been depicted in figure 3.2. The remaining coordinates ζa
(a = n + 1, . . . , hD−1,1) we keep away from any loci corresponding to further
intersections of boundaries, and shall therefore be referred to as spectator moduli.

z1 = 0

z2 = 0

Figure 3.2: Two boundaries z1 = 0 and z2 = 0 inMcs(YD) intersecting at z1 = z2 = 0.

We can make the same switch of coordinates as in the one-modulus case (3.1),
which reads

ti = xi + iyi = 1
2πi log[zi] , i = 1, . . . , n , (3.2)
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3 Hodge theory and asymptotic regimes

where again xi and yi have the physical interpretation of axion and saxion fields,
with xi → xi + 1 a rotation around the boundary and yi → ∞ the limit to the
boundary. The relation (3.2) should be kept in mind as we will use these two
coordinate patches interchangeably throughout this work.

3.2 Hodge structures, periods and period mappings
The complex structure moduli space of Calabi-Yau manifolds is accompanied by
an underlying structure that varies with changes in the moduli. There are three
equivalent formulations – some more physical and some more mathematical – given
by Hodge structures, period integrals and period mappings. Below we introduce
each of these descriptions and explain how one can switch between them.

3.2.1 Hodge structures
We begin with pure Hodge structures. This perspective describes a decomposition
of a complex vector space H into D + 1 complex subspaces as

H = HD,0 ⊕ . . .⊕H0,D =
⊕

p+q=D
Hp,q , (3.3)

where Hp,q = Hq,p. The integer D we refer to as the weight of the Hodge structure.
Geometrically this splitting corresponds to the Hodge decomposition of the middle
cohomology H(YD,C) of the Calabi-Yau manifold into (p, q)-forms. To be precise,
the vector spaces of interest are

• Calabi-Yau threefolds: the three-form cohomology H = H3(Y3,C),

• Calabi-Yau fourfolds: the primitive1 four-form cohomology H = H4
p(Y4,C).

The variation of these Hodge structures with the complex structure moduli can be
understood as follows. Moving through complex structure moduli space amounts to
changing what we call holomorphic and anti-holomorphic. This means that while
the total space H remains unchanged the orientation of the subspaces Hp,q inside
can vary. As an example, the complex vector space HD,0 is one-dimensional and
can be represented by a line passing through the origin in H, and by varying the
complex structure moduli we rotate this line.
1This refers to taking four-forms ω ∈ H4(Y4,C) that satisfy the primitivity condition ω ∧ J = 0
under the Kähler two-form J of Y4.
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3.2 Hodge structures, periods and period mappings

Charge operator and Hodge star. We can naturally introduce a charge operator
Q which encodes this splitting into Hp,q. We define it by the action

ωp,q ∈ Hp,q : Qωp,q = (p−D/2)ωp,q . (3.4)

We can use this Q to define a Hodge star C for the above Hodge decomposition,
also referred to as the Weil operator in the math literature.2 To be precise, we
write C = eπiQ such that

ωp,q ∈ Hp,q : Cωp,q = ip−qωp,q . (3.5)

Note that since the splitting Hp,q varies over the complex structure moduli space,
the Hodge star operator must do so as well.

Hodge filtration. We can repackage the splitting Hp,q in terms of a so-called
Hodge filtration F p. The idea is to collect all Hr,s with r ≥ p into a vector space F p.
In other words, we take differential three-forms with at least p dz’s when writing
them out locally. We recover the old splitting Hp,q from the Hodge filtration by
intersecting F p with F̄ q, i.e. we take three-forms with at least p dz’s and q dz̄’s.
The two formulations are thus related as

F p =
D⊕
k=p

Hk,D−k , F p ∩ F̄ q = Hp,q , p+ q = D . (3.6)

Note that the set of vector spaces F p forms a decreasing filtration of H as

0 ⊂ FD ⊂ FD−1 ⊂ . . . ⊂ F 1 ⊂ F 0 = H . (3.7)

The upshot of working with the vector spaces F p of the Hodge filtration is that these
vary in a holomorphic manner with the complex structure moduli space – in contrast
to the Hp,q, where only H3,0 varies holomorphically. This holomorphic dependence
can be made explicit by the following rules for holomorphic and anti-holomorphic
derivatives

ωp ∈ F p : ∂ωp

∂z
∈ F p−1 ,

∂ωp

∂z̄
∈ F p . (3.8)

We thus see that by taking derivatives with respect to the holomorphic complex
structure moduli we move down the filtration but only by one degree at a time.
This property is generally referred to as horizontality.
2Technically speaking, the Hodge star operator acts on any differential form, while the Weil
operator only acts on cohomology classes in Hp,q. This means the Weil operator does not see
shifts by exact pieces under which cohomology classes are invariant. Throughout this thesis we
will be more loose with our formulation, and refer to the operator acting on elements of H simply
as the Hodge star operator.
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3 Hodge theory and asymptotic regimes

Polarization. Next we move on to polarized Hodge structures. By a polarization
we here mean that the vector space H is equipped with a bilinear pairing 〈 · , · 〉,
under which the Hodge structure Hp,q satisfies certain polarization conditions. In
practice this bilinear pairing arises from integration over the Calabi-Yau manifold
as

〈u, v〉 =
∫
YD

u ∧ v , ηIJ = 〈γI , γJ 〉 . (3.9)

where u, v ∈ H, and ηIJ denotes a matrix representative in terms of a basis
γI ∈ H.3 Note that the pairing satisfies 〈u, v〉 = (−1)D〈v, u〉, i.e. it is symmetric
(skew-symmetric) for D even (odd). Requiring a Hodge structure to be polarized
now amounts to

〈Hp,q, Hr,s〉 = 0 , if (p, q) 6= (s, r) ,
〈ω,Cω̄〉 > 0 , for ω ∈ Hp,q and ω 6= 0 .

(3.10)

These two conditions are referred to as the Hodge-Riemann bilinear relations. The
first condition asserts that only integrals with integrands of Hodge type (D,D) are
non-vanishing. The second condition can be understood as a positivity condition
for the Hodge norm (3.11) we will define shortly. Notice that we can reformulate
the first condition in terms of the Hodge filtration (3.6) as 〈F p, FD+1−p〉 = 0.4

Hodge norm and product. We can combine the Hodge star operator C and the
bilinear pairing 〈·, ·〉 to construct a positive-definite inner product and norm on H.
To be precise, these are given by

(u, v) = 〈ū, Cv〉 , ‖u‖2 = (u, u) . (3.11)

where u, v ∈ H. Note that in the setting of Calabi-Yau threefolds these objects
– when written as matrices for a symplectic three-form basis – correspond to the
charge matrix (1.65) and physical charge (1.71) in the supergravity language.

Symmetry groups. The above bilinear pairing (3.9) has a symmetry group of real
transformations which we shall denote by G, and we write g for its corresponding
Lie algebra. To be concrete, these are defined by

g ∈ G : 〈gu, v〉 = 〈u, g−1v) ,
X ∈ g : 〈Xu, v〉 = −〈u, Xv〉 ,

(3.12)

3For Calabi-Yau threefolds one can always choose a harmonic three-form basis that brings this
pairing to the standard symplectic form, see (1.38).

4A cute observation is that the vector space F p is then completely determined as the orthogonal
complement F p = (FD+1−p)⊥ with respect to the bilinear pairing (assuming p 6= (D + 1)/2).
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3.2 Hodge structures, periods and period mappings

for u, v ∈ H. Depending on the dimension D of the Calabi-Yau manifold this group
changes, since for instance the bilinear pairing can be symmetric or skew-symmetric.
For Calabi-Yau three- and fourfolds the symmetry groups are

G =
{

Sp(2h2,1 + 2) , D = 3 ,
SO(h2,2

p + 2, 2h3,1) , D = 4 .
(3.13)

Likewise the Hodge product (·, ·) in (3.11) has a symmetry group K, with k its
corresponding algebra. This group is given by

K =
{

U(2h2,1 + 2) , D = 3 ,
SO(2h3,1 + h2,2

p + 2) ∩
(
O(h2,2

p + 2)×O(2h3,1)
)
, D = 4 .

(3.14)

Let us note that K is a maximal compact subgroup of G, and in particular C ∈ K
and Q ∈ ik.

3.2.2 Periods

Much of our discussion on asymptotic Hodge theory will concern vector spaces
such as Hp,q, but in the physics literature we are more used to working with the
differential forms represented by elements of these vector spaces. For instance,
the vector space HD,0 is spanned by the holomorphic (D, 0)-form Ω of the Calabi-
Yau manifold. The way to pass between these two descriptions is to represent a
differential form by its period integrals, or periods for short. By integrating Ω over
a basis of three-cycles ΓI ∈ HZ we can expand it as

Ω = ΠIγI , ΠI =
∫

ΓI
Ω , (3.15)

where γI ∈ H3(Y3,Z) denotes the Poincaré dual three-form basis. The components
ΠI(z) then are the periods, which for Ω are holomorphic functions in the moduli.
One can straightforwardly extend (3.15) to any of the other subspacesHp,q, however,
holomorphicity will in general not be retained.

Completeness principle. The horizontality property (3.8) provides us with a useful
method to derive the whole middle cohomology H from just the period vector of
Ω. For Calabi-Yau threefolds there is a completeness principle, which states that
we can obtain any (p, q)-form in the middle cohomology by taking derivatives of
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3 Hodge theory and asymptotic regimes

the (3, 0)-form periods.5 To be precise, this means we can reproduce the Hodge
filtration F p as

F p = span [∂i1 · · · ∂imΠ | 0 ≤ m ≤ 3− p] . (3.16)

In other words, the vector space F p is spanned by the period vector Π and its first
3 − p derivatives. In this basis we can recast the orthogonality identities in the
polarization conditions (3.10) as

〈Π, ∂iΠ〉 = 0 , 〈Π, ∂i∂jΠ〉 = 0 . (3.17)

The pairing with the third order derivative does not vanish in general, and is related
to the so-called Yukawa coupling.

3.2.3 Period mappings

As final formulation, we briefly want to mention the so-called period mapping. While
in our review of asymptotic Hodge theory here we will not utilize this perspective
often, these object play an important role in the holographic description of the
moduli space [7, 45,125] (for related work see [40,126]). The period mapping can
then be viewed as a set of matter fields living in the bulk, and in fact in [125] it
was shown to be described by a deformed Wess-Zumino-Witten model.

The idea of the period mapping is to introduce a group-valued operator h(t, t̄)
that interpolates between a reference Hodge structure at the boundary and the
Hodge structure in the interior of the moduli space. For this boundary Hodge
structure Hp,q

∞ we introduce a charge operator

ωp,q ∈ Hp,q
∞ : Q∞ωp,q = (p−D/2)ωp,q , (3.18)

with corresponding boundary Hodge star C∞ = eπiQ∞ . We denote the subgroup of
G that stabilizes the subspaces Hp,q

∞ by K as6

V = {g ∈ G | gHp,q
∞ = Hp,q

∞ } =
{

U(1)×U(h2,1) , D = 3 ,
U(h3,1)× SO(h2,2) , D = 4 .

(3.19)

5For Calabi-Yau fourfolds one can only recover the horizontal part of the middle cohomology
H4

H(Y4) with derivatives of the (4, 0)-forms [92,123]. The embedding into the primitive cohomology
H4

H(Y4) ⊂ H4
p(Y4) is in general much more involved [124].

6We can equivalently view V as the subgroup generated by operators which commute with Q∞,
implying that V is contained in K.

62



3.3 Approximation by the nilpotent orbit

This brings us in the position to define h(t, t̄) as

Hp,q(t, t̄) = h(t, t̄)Hp,q
∞ . (3.20)

It assigns to each point in the moduli space an element in the coset space G/V ,7
which determines the periods of the (p, q)-forms through this relation. The stabilizer
subgroup V accounts for the local right multiplication of h(t, t̄) that leaves the
boundary Hodge structure Hp,q

∞ in (3.20) invariant. We can use this period mapping
to conveniently rewrite the Hodge star operator as

C(t, t̄) = h−1(t, t̄)C∞ h(t, t̄) . (3.21)

Note in particular that its dependence on the complex structure moduli is cap-
tured completely by the period mapping h(t, t̄). In fact, the theorems underlying
asymptotic Hodge theory are built around finding suitable approximations for this
matrix-valued function h(t, t̄) near the boundary.

3.3 Approximation by the nilpotent orbit
Let us now put the previous two sections on limits and Hodge structures together,
and investigate how Hodge structures behave near boundaries in complex struc-
ture moduli space. This behavior is described by the nilpotent orbit theorem of
Schmid [18], which we introduce here. We will also use this opportunity to give a
near-boundary example of the three equivalent formulations of Hodge structures
introduced in the previous section.

Monodromies. To prepare for this discussion, we first study what happens to the
vector spaces F p when we circle around a boundary. Circling the boundary at tk =
i∞ corresponds to shifting tk → tk + 1 and induces a monodromy transformation
on elements of the Hodge filtration8

ωp ∈ F p : ωp(tk + 1) = Tk ω
p(tk) , (3.22)

where the Tk is the matrix generator of the monodromy that lies in the symmetry
group G of the bilinear pairing (3.13). It follows from [120] that these generators
7To be more precise, when the moduli space is not simply connected – there are singularities
forbidding the contraction of loops to a point – we have to take the monodromy group Γ around
these loci into account. This restricts h(t, t̄) to the double coset Γ\G/V .

8The matrix action on a form is understood as an action on the vector of coefficients when
expanded in a given three-form basis.
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are unipotent,9 i.e. (T − 1)m = 0 for some positive integer 0 ≤ m ≤ D. From these
generators we can define the so-called log-monodromy matrices as

Ti = eNi : [Ni, Nj ] = 0 , NT
i η = −ηNi , (3.23)

The first condition assures that monodromies around two boundaries ti = tj = i∞
commute with each other, while the second condition guarantees that the log-
monodromies are elements of the Lie algebra Ni ∈ g of the bilinear pairing η. Given
the unipotency of the monodromy generators Ti one checks that the log-monodromy
matrices are nilpotent of degree 0 ≤ m ≤ D.

Nilpotent orbit approximation of periods. We are now in the position to state
the nilpotent orbit theorem of [18].10 Let us first write it out for the periods Π of
the holomorphic (D, 0)-form before discussing the general behavior for the Hodge
filtration F p. It tells us that the period vector admits an expansion

Π(t, ζ) = et
iNi
(
a0(ζ) +

∑
ri≥0

e2πiritiar1···rn(ζ)
)
, (3.24)

where rk > 0 for at least some k, and the terms ar1...rn are independent of the
coordinates t1, . . . , tn taken close to the boundary, but in principle can depend on
the spectator moduli ζk. Note that the monodromy symmetry under ti → ti + 1
has now been made manifest by the exponential factor of log-monodromy matrices.
Moreover, due to the order of the nilpotent log-monodromy matrices being bounded
from above by D, we find that the leading term reduces to a degree D polynomial
in ti at most.

Essential exponential corrections. We also want to point out that there is a
clear separation in the periods between polynomial terms in ti arising from a0 and
exponentially suppressed terms associated with ar1...rn . Borrowing the nomenclature
familiar from large complex structure and applying it to any boundary in complex
structure moduli space, we loosely refer to a0 as the perturbative term, while the
other exponentially suppressed terms resemble the instanton expansion. However,
let us already stress that near other boundaries in moduli space one can have
essential exponential corrections which cannot be dropped no matter how close one
9In general, we could have quasi-unipotent matrices, i.e. (T q − I)m+1 = 0 for some integers q,m.
However, we can always make them unipotent, i.e. setting q = 1 by coordinates redefinitions of
the form z → zq .

10The name for this theorem comes from the period mapping h(t, t̄) in (3.20), which is approximated
by an orbit of a nilpotent group in G/V .
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3.3 Approximation by the nilpotent orbit

moves to the boundary. For instance, these corrections can be needed in certain
physical couplings such as the Kähler metric to obtain well-defined kinetic terms,
in which case we refer to them as metric-essential. From the perspective of the
Hodge filtration these corrections are needed to reproduce the lower-lying elements
FD−1, . . . , F 0 via (3.16). Such behavior is rather surprising from the point of view
of the large complex structure point, and we will therefore review some enlightening
examples later in this chapter.

Nilpotent orbit approximation of Hodge filtrations. Having discussed the asymp-
totic expansion of the (D, 0)-form periods, let us now discuss the nilpotent orbit
theorem for the Hodge filtration F p. It follows that these can be approximated as

F pnil(t, ζ) = et
iNiF p0 (ζ) , (3.25)

where the limiting filtration F p0 is independent of ti and only varies in the spectator
moduli ζk. The key insight of Schmid was that the filtration F pnil still defines a
polarized Hodge structure on H provided that the saxions are sufficiently large
yi � 0. Moreover, [18] also shows that the distance between F pnil and F p with
respect to the Hodge norm decays at an exponential rate in yi, hence the form of
the corrections in (3.24).

Limiting filtration. The vector spaces F p0 can be obtained by considering the
Hodge filtration F p that lives in the bulk of the moduli space and taking the limit
to the boundary. To be precise, we rotate out the divergent part involving the
log-monodromy matrices such that

F p0 = lim
ti→i∞

e−t
iNiF p(t) . (3.26)

In practice it can be quite involved to work out these limits explicitly – they are
taken at the level of vector spaces, so one has to be careful with overall factors that
are exponentially small when working with the periods. From the horizontality
property (3.8) one can easily show that the nilpotent matrices Ni have to act on
the limiting filtration as

NiF
p
0 ⊆ F

p−1
0 . (3.27)

Previously we saw that taking derivatives can only take us down by one degree at
a time, and now it follows that this applies to the log-monodromy matrices as well.
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3 Hodge theory and asymptotic regimes

Hodge star. We can use the Hodge filtration F pnil to obtain a nilpotent orbit
approximation for the Hodge star operator. Let us first write down the Hodge
structure in this approximation as

Hp,q
nil = F pnil ∩ F

q
nil , p+ q = D . (3.28)

The polynomial structure of the vector spaces F pnil in xi, yi carries over to the
Hodge structure Hp,q

nil . Consequently the corresponding Hodge star Cnil is made up
such polynomial functions as well, while all exponential corrections are dropped.
Moreover, the filtrations F pnil and F

q

nil share a common axion-dependent factor
ex
kNk as can be seen from (3.25), which we can rotate out of Cnil as

Cnil(x, y) = ex
kNk Ĉnil(y)e−x

kNk , (3.29)

where clearly Cnil(0, y) = Ĉnil(y).

An example
To illustrate this discussion on the nilpotent orbit approximation, let us consider
a one-modulus example in explicit detail: the conifold point for a Calabi-Yau
threefold. We begin with the periods of the (3, 0)-form, which are given by (see
appendix 6.B for the relation to the prepotential formulation)

Π =
(
1, b e2πit, b e2πit(t− 1

2πi ), i+ b2

4πie
4πit), (3.30)

where b ∈ C is some model-dependent coefficient.

Hodge filtration. Let us now show how to derive the Hodge filtration F p from
these periods according to (3.16). By taking derivatives of this period vector we
can generate a basis for the spaces F p as

1
2πi∂tΠ = b e2πit(0 , 1 , t , b

2πie
2πit) ,

1
2πie

2πit∂t(e−2πit∂tΠ) = b e2πit(0 , 0 , 1 , b e2πit) ,
1

(2πi)2 e
4πit∂2

t (e−2πit∂tΠ) = b e4πit(0 , 0 , 0 , 1
)
,

(3.31)

where we made some clever choices of differential operators involving exponential
factors to simplify the resulting expressions.11 The vector spaces F p are spanned
by the first 3− p derivatives of Π, e.g. F 2 is spanned by Π and ∂tΠ above.
11To highlight the technicalities with exponential factors in extracting the spaces F p0 , we chose to
reinstate those overall factors afterwards.
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3.3 Approximation by the nilpotent orbit

Nilpotent orbit approximation. In turn, we want to take the limit t → i∞ as
prescribed by (3.26) in order to obtain the nilpotent orbit approximation. Taking
this limit directly for the elements in (3.31) does not work due to the exponentially
suppressing factors, but we can rescale them since we are working with vector
spaces. Collecting the vectors that span the F p0 in a period matrix we write

Πnil = etN
−


1 0 0 0
0 1 0 0
0 0 1 0
i 0 0 1

 , (3.32)

where the first k columns span the vector space F 3−k
pol . The vectors spanning the

spaces F 3−k
0 can be read off as the first k columns in the matrix on the right-hand

side. Note that while the period vector in (3.30) contained exponential factors,
this data has been mapped into a purely polynomial form by considering the
nilpotent orbit formulation in (3.32). Moreover, exponentially suppressed terms
in the periods of the (3, 0)-form were essential in deriving the vectors spanning
the other F p0 with p < 3. This is precisely the necessity we foreshadowed earlier:
exponential corrections are needed in the (3, 0)-form periods in order to obtain all
vector spaces F p0 of the Hodge filtration.12

Hodge decomposition and Hodge star. For the example at hand the Hodge
decomposition associated to (3.32) can be computed via (3.28). The resulting vector
subspaces are spanned by

H3,0
nil :

(
1, 0, 0, i

)
, H2,1

nil :
(
0, 1, t, 0

)
, (3.33)

with the other two fixed by complex conjugation. The corresponding Hodge star is
given by

Cnil =


0 0 0 −1
0 x y 0
0 −x

2

y −
1
y −x 0

1 0 0 0

 . (3.34)

Note that this Hodge star operator could have equivalently followed from the period
mapping in (3.20). Below we give this description, where we primarily give the
form of the various boundary and bulk objects, and refer to [7] for their explicit
computation.
12By a slight reformulation of the nilpotent orbit in chapter 6 we will make this notion more
precise as a rank condition.
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3 Hodge theory and asymptotic regimes

Boundary data. The boundary Hodge structure for the conifold point of the
Calabi-Yau threefold takes the form

H3,0
∞ :

(
1, 0, 0, i

)
, H2,1

∞ :
(
0, 1, i, 0

)
, (3.35)

with again the other two fixed by complex conjugation. The corresponding charge
operator (3.18) and boundary Hodge star are

Q∞ =


0 0 0 − 3i

2
0 0 − i

2 0
0 i

2 0 0
3i
2 0 0 0

, C∞ = eπiQ∞ =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 . (3.36)

Period mapping. Now we can finally lift this boundary Hodge structure to the
Hodge structure of the nilpotent orbit living in the asymptotic regime near the
conifold point. The appropriate period mapping is given by

h(x, y) =


1 0 0 0
0 1√

y 0 0
0 x√

y

√
y 0

0 0 0 1

 , (3.37)

which indeed reproduces the Hodge star (3.34) via the relation (3.21).

3.4 Physical couplings in asymptotic regimes
To illustrate the above discussion on asymptotic regimes and nilpotent orbits, let
us use this technology to describe couplings arising in string compactifications. We
will both use the nilpotent orbit approximation to give their general asymptotic
behavior, as well as consider some explicit examples to show how these couplings
behave in practice. We will be especially careful with our treatment of exponentially
suppressed terms appearing in the periods (3.26) and, in particular, demonstrate
how essential corrections can become of importance from a physical point of view.

Kähler potential. Let us begin with Kähler potential. By inserting the period
expansion (3.24) back into (1.39), we can split the contributions into two parts

Kcs = − log[Kpol +Kinst] , (3.38)

with
Kpol = i〈ā0, e

2iyiNia0〉 ,

Kinst =
∑

ri,si≥0
e−2π[yi(si+ri)+ixi(si−ri)]i〈ār1...rn , e2iyiNias1...sn〉 ,
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3.4 Physical couplings in asymptotic regimes

where the sum runs over integers with either ri 6= 0 or si 6= 0 for some index i. This
partition separates the polynomial terms from the exponentially suppressed terms.
Note in particular that the axions only appear in Kinst through sines and cosines.

Infinite distance example. Let us momentarily consider an example boundary
with a non-trivial Kpol and ignore exponential corrections. We take a simple
one-modulus Kähler potential

Kcs
pol = − log yd , Ktt̄ = d

y2 , (3.39)

where d = 1, . . . , D is some integer that depends on the choice of boundary. For
the distance in the metric we then find that

d(yf , yi) =
∫ yf

yi

√
Kyy dy =

∫ yf

yi

√
d

y
dy =

√
d log[yf/yi] , (3.40)

where yi, yf denote the starting point and ending point of the path respectively.
Clearly this distance diverges as we move the endpoint to the boundary yf →∞.13

Finite distance example. To contrast, let us also consider a one-modulus point
at finite distance. The conifold point we discussed above is an example of such a
boundary, and by computing its Kähler potential from the periods (3.30) we find

K = − log[2− 2a2 y e−4πy] , Kpol = 2 , Kinst = −2a2 y e−4πy . (3.41)

Here the Kpol is simply a constant, so the exponential corrections Kinst are essential
to obtain a non-degenerate Kähler metric

Ktt̄ = 2πa2e−4πy(2πy − 1) +O(e−8πy) . (3.42)

Thus we see that the exponential corrections near the conifold point are not just
essential as commented below (3.32), but even metric-essential. By inspection of
this metric one can straightforwardly show that the limit y →∞ is at finite distance
for a conifold boundary.14

13It has been proven in [127] that one-modulus boundaries with Na0 6= 0 are at infinite distance.
14The integral for this distance can be bounded as∫ ∞√

Kyy dy ∼
∫ ∞

e−2πy√y <
∫ ∞

y−p <∞ , (3.43)

where we used that exponential decay is faster than any power law behavior, and by taking
p > 1 the last integral is finite.
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3 Hodge theory and asymptotic regimes

From these examples we learn that infinite distance boundaries have a non-trivial
Kpol, while for finite distance boundaries the dependence on the saxions enters
only through Kinst. For some infinite distance boundaries such as large complex
structure one finds that Kinst can be dropped consistently, but away from this
lamppost that is not necessarily the case. The perturbative metric resulting from
the polynomial part Kpol can be degenerate near certain boundaries, i.e. it has a
vanishing eigenvalue, resulting in ill-defined kinetic terms.

Two-moduli example. To demonstrate the above point, let us consider a two-
moduli infinite distance boundary. We borrow the Kähler potential from (6.34),
which will be studied in more detail later. Its polynomial part reads

Kcs
pol = − logKpol = − log[y1 + n2y2] , (3.44)

where n2 ≥ 0 is some model-dependent integer. Picking an example with n2 > 0
leads to a boundary where y1 →∞ or y2 →∞ (or any combination) produces an
infinite distance limit. However, by a holomorphic change of variables (t′1, t′2) =
(t1 + n2t2, n2t1 − t2) one easily checks that the dependence on y′2 drops out. We
can equivalently see this degeneracy by explicitly computing the Kähler metric

Kij̄ = 1
(y1 + n2y2)2

(
1 n2

n2 (n2)2

)
. (3.45)

Its determinant vanishes, so taking just (3.44) as Kähler potential leads to ill-defined
kinetic terms for the complex structure moduli in this asymptotic regime. To be
more precise, the eigenvector (1, n2) has a polynomial eigenvalue, while (n2,−1)
has a vanishing eigenvalue. By requiring the presence of exponential corrections to
(3.44) we can cure this degeneracy. The relevant part of the exponential corrections
takes the form

Kinst = −2a2e−4πy2(n1y1 + y2) (3.46)

where a ∈ R and an integer n1 ≥ 0 are some model-dependent coefficients. By
including these terms one can check that the eigenvalue for (n2,−1) takes an
exponentially small value proportional to e−4πy2 instead, so these metric-essential
exponential corrections indeed cure the degenerate Kähler metric.
One important sidenote we should make is that not every essential instanton is

also metric-essential. In the above example we can verify this explicitly: there are
further essential corrections in (6.34) for the Kähler potential. We can understand
this difference by following where derivatives of the (3, 0)-form end up in the
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cohomology. For the Kähler metric we took only a single holomorphic derivative, so
the necessary corrections are those needed to spanH2,1. In contrast, in order to span
the middle cohomology H via (3.16) we also look at higher-order derivatives, which
might require further corrections to span the other spaces H1,2, H0,3. Therefore
the mathematical notion of completeness that requires the derivatives of Ω to span
the middle cohomology leads to a larger set of essential instantons than just those
required by the Kähler metric.

Flux superpotential. Having investigated the Kähler metric in detail, we next
turn to the flux superpotential (1.80). Similar to the Kähler potential we can use
the expansion (3.24) for the periods, and separate the terms in the superpotential
into two parts

W = Wpol +Winst ,

Wpol = 〈G3 , e
tiNia0〉 , Winst =

∑
ri

e2πiriti〈G3 , e
tiNiar1···rn〉 ,

(3.47)

where the sum over ri runs over at least one ri 6= 0. Similar to the expansion
of the Kähler potential (3.38), essential instantons in the periods can play an
important role for the superpotential, meaning one cannot drop all terms in Winst

near every boundary. For instance, one can find that some flux quanta only enter
the superpotential through Winst, as is the case for the two-moduli example above
we borrowed from section 6.2.2.2.

Scalar potential. We now want to study the behavior of the scalar potential (1.81).
Formulating it via the Hodge star tells us that in the asymptotic regime we can
approximate it by algebraic functions in the moduli

V = 1
4V2s

(
〈Ḡ3, Cnil(x, y)G3〉 − i〈Ḡ3, G3〉

)
. (3.48)

where s denotes the dilaton of Type IIB and V the Kähler moduli-dependent
volume of the Calabi-Yau threefold. The algebraic dependence of V on the complex
structure moduli ti follows directly from how the Hodge star operator Cnil of the
nilpotent orbit varies in the moduli as described below (3.28). Moreover, we can
rotate out the axion-dependence via (3.29) as

V = 1
4V2s

(
〈ρ̄(x), Ĉnil(y) ρ(x)〉 − i〈Ḡ3, G3〉

)
, (3.49)
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where we defined flux axion polynomials15

ρ(x) = e−x
kNkG3 . (3.50)

Note that ρ is invariant under monodromy transformations xi → xi + 1 when we
shift the fluxes according to G3 → eNiG3. Let us also mention that by going to
F-theory one could straightforwardly include the axion c into a complex structure
modulus of the Calabi-Yau fourfold, while its counterpart s would be part of its
Cnil. Finally, we want to remark that Cnil as a matrix is already non-degenerate
when taking just its polynomial part, so in contrast to the Kähler metric we could
safely drop exponential corrections to the scalar potential without losing essential
information.

Two-moduli example. To see how this last observation fit with a flux superpo-
tential that contains essential instantons, let us return to our two-moduli example.
Turning on a flux for a metric-essential instanton in (6.35) we find as superpotential

W = Winst = a e2πit2 . (3.51)

The F-term along the eigenvector with an exponential eigenvalue reads

n2Dt1Winst −Dt2Winst = 2πi a e2πit2 . (3.52)

By plugging this F-term into (1.81) we find that the exponential scaling of the
inverse Kähler metric cancels off the scaling of the F-terms as

V = 1
n1y1 + y2

+O(e−2πy) . (3.53)

The lesson we learn is that metric-essential instantons have to be included in
the superpotential as well: these exponential terms in the superpotential produce
polynomial order terms in the scalar potential via cancellations with the inverse
Kähler metric, so they cannot be dropped at the leading perturbative level. We
refer to section 8.4 for a discussion in the general setting.

15Such redefinitions have also been used extensively in [4, 36, 48, 128–130] in studying moduli
stabilization.
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4 Mixed Hodge structures and boundary
classifications

In this chapter we discuss the formal structures underlying the asymptotic regimes
of the nilpotent orbit approximation. To be precise, by using the nilpotent orbit
data – the log-monodromy matrices Ni and the limiting filtration F p0 – we can
construct a finer splitting of the middle cohomology compared the standard Hodge
decomposition. We explain how to determine this so-called Deligne splitting, and
illustrate how it can be used as a classification device for boundaries in the complex
structure moduli space of Calabi-Yau threefolds. We also describe how singularities
can enhance when additional moduli are send to a limit by using this formalism.

4.1 Mixed Hodge structures: Deligne splittings
So far we have focused on pure Hodge structures: the Hodge filtration F p gave
rise to a decomposition of the middle cohomology via intersections of the form
Hp,q = F p∩ F̄ q with p+ q = D. A natural question to ask is then whether a similar
structure underlies the limiting filtration F p0 – and indeed, the relevant framework
in this case is that of a mixed Hodge structure. Concretely, this means we consider
another splitting of the middle cohomology H known as the Deligne splitting – a
set of vector spaces Ip,q with 0 ≤ p, q ≤ D. In this section we introduce this finer
splitting that characterizes boundaries in moduli space.

Monodromy weight filtration. The Deligne splitting requires us to introduce
another set of vector spaces based on the log-monodromy matrices Ni. For definite-
ness, say we are interested in a limit involving the first k saxions y1, . . . , yk →∞.
The so-called monodromy weight filtration for N is then given by1

N = N(k) = N1+. . .+Nk : W`(N) =
∑

j≥max(−1,`−D)

kerN j+1∩imgN j−`+D . (4.1)

1In fact, one can consider any element N = c1N1 + . . . + ckNk in the linear cone ci > 0. The
resulting vector spaces W`(N) are independent of the choice of ci.
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The idea of this monodromy weight filtration is to gather elements of H based on
the action of the nilpotent matrix N . To be more precise, one can check that the
log-monodromy matrix N acts on this filtration by moving down two steps as2

NW` ⊆W`−2 , (4.2)

which in fact applies to any Ni (1 ≤ i ≤ k). It can sometimes also be helpful to
introduce the vector space quotients Gr` = W`/W`−1: the nilpotent matrix N then
defines an isomorphism

N ` : GrD+` → GrD−` , (4.3)

assuming ` ≥ 0. Intuitively, it gives us an identification between the upper part
and the lower part of the weight filtration. To pre-empt our discussion of the
sl(2)-approximation in chapter 5, it is instructive to compare these vector spaces
with the weight decomposition (2.12) under an sl(2,R)-triple. We can then write
out W` by collecting all sl(2)-eigenspaces Vm up to weight `−D as

W` =
`−D⊕
m

Vm . (4.4)

The relation (4.2) is then explained by identifying N as the lowering operator of the
sl(2,R)-triple, which lowers the weight by two. Meanwhile, for the graded subspaces
Gr` we can simply take the sl(2)-eigenspaces V`−D as representatives, and (4.3)
then just relates V` and V−` under the action of N `.

Deligne splitting. The Deligne splitting Ip,q is constructed out of the monodromy
weight filtration W` and limiting filtration F p0 as the following intersection of vector
spaces3

Ip,q = F p0 ∩Wp+q ∩
(
F̄ q0 ∩Wp+q +

∑
j≥1

F̄ q−j0 ∩Wp+q−j−1

)
, (4.5)

where we have p, q = 0, . . . , D. These vector spaces can be arranged into a diagram,
which we have shown in figure 4.1 for a Calabi-Yau threefold. The limiting filtration
2This follows by using that N kerNj+1 ⊆ kerNj and N imgNj−`+D = imgNj−`+D+1 – the
power of N is decreased by one in the kernel and increased by one in the image. By relabeling
terms j → j + 1 to reinstate the kernel as kerNj+1 this can be understood as a shift `→ `− 2.

3Let us stress that et
k+1Nk+1+...+tnNnF p0 should be considered rather than F p0 for the Deligne

splitting associated to N(k): the coordinates yk+1, . . . , yn have then not yet been taken to the
boundary and are therefore technically spectator moduli. For ease of notation we assume that
all n moduli are send to the limit for the remainder of this section. In later sections we will
explicitly indicate the coordinates taken to the boundary by writing F p(k) instead of F p0 .
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F p0 as well as the monodromy weight filtrationW` can be recovered from the Deligne
splitting via the relations

F p0 =
⊕
r≥p

⊕
s

Ir,s , W` =
⊕
p+q=`

Ip,q . (4.6)

The spaces W` then have the straightforward interpretation of the sum of the first
` horizontal rows in figure 4.1, while the F p0 corresponds to the first D − p + 1
diagonal columns when counting from the top-left.

I0,3

I0,2

I0,1

I0,0

I1,3

I1,2

I1,1

I1,0

I2,3

I2,2

I2,1

I2,0

I3,3

I3,2

I3,1

I3,0

Figure 4.1: Arrangement of the Deligne splitting Ip,q for Calabi-Yau threefolds.

An example

The expression (4.5) for the Deligne splitting is rather involved, so let us pause our
discussion for a moment and look at a simple example with D = 1. Geometrically
we can then think of this Deligne splitting as characterizing the degeneration of a
two-torus T 2. As nilpotent matrix we take

N =
(

0 0
1 0

)
, (4.7)

while for the limiting filtration we consider

F 1
0 = span

[
(1, 0)

]
, F 0

0 = span
[
(1, 0) , (0, 1)

]
. (4.8)

We can straightforwardly compute the monodromy weight filtration (4.1) from the
kernels and images of N to be

W2 = H = span
[
(1, 0) , (0, 1)

]
,

W1 = kerN + imgN = span
[
(0, 1)

]
,

W0 = kerN ∩ imgN = span
[
(0, 1)

]
.

(4.9)
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Here it is instructive to verify the two properties of the weight filtration described
below (4.1). As a first check we easily see that NW2 = W0. On the other hand, for
the vector space quotients we find that Gr2 = W2/W1 is spanned by the equivalence
class of (1, 0), while Gr0 = W0/W−1 is spanned by (0, 1) – and indeed the nilpotent
matrix N is an isomorphism between these two.

Let us now return to the task at hand and compute the Deligne splitting according
to (4.5) as

I1,1 = F 1
0 ∩ F̄ 1

0 ∩W2 = span
[
(1, 0)

]
, I0,0 = F 0

0 ∩ F̄ 0
0 ∩W0 = span

[
(0, 1)

]
, (4.10)

while the vector spaces I1,0 = I0,1 are empty since F 1
0 ∩W1 = 0. We can collect

our findings nicely as

Ip,q =

(1, 0)

(0, 1)

. (4.11)

Symmetries of the Deligne splitting

After this brief detour, let us return to the general setting and try to make some
further helpful remarks regarding the Deligne splitting. A first question is to wonder
how these subspaces Ip,q are related to each other under complex conjugation. For
a pure Hodge structure we found that we simply had to interchange indices as
Hp,q = Hq,p, but the form of the Deligne splitting (4.5) already hints that this is
slightly more subtle for mixed Hodge structures. More precisely, from (4.5) one
can argue that Ip,q and Iq,p are related to each other under complex conjugation
modulo lower-positioned elements as

Īp,q = Iq,p mod
⊕

r<q,s<p

Ir,s . (4.12)

The case where the vector spaces are related by a simple interchange of indices as
Īp,q = Iq,p is referred to as R-split. In fact, there always exists a complex rotation of
the limiting filtration F p0 to an R-split, due to Deligne. Moreover, there is a further
rotation to a special R-split known as the sl(2)-split. Both these rotations play an
important role in the sl(2)-approximation, and we elaborate on their construction
in section 5.3. In the R-split case (4.5) reduces to the much simpler form

Ip,qR-split = F p0 ∩ F̄
q
0 ∩Wp+q . (4.13)
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In a similar spirit, a simple check we can carry out is to see how pure Hodge
structures (3.6) arise as special cases of mixed Hodge structures. We recover a pure
Hodge structure when the log-monodromy matrix is trivial N = 0: the monodromy
around the boundary has no unipotent part, only a finite order semi-simple piece
such as e.g. the Landau-Ginzburg point of the quintic. For this case the monodromy
weight filtration (4.1) is given by W` = 0 for ` < D and W` = H for ` ≥ D. In
turn, the Deligne splitting reduces to Ip,q = F p0 ∩ F̄

q
0 for p+ q = D while all others

are empty – we indeed find the splitting of a pure Hodge structure.
Another feature to wonder about is whether the dimensions ip,q = dimC I

p,q

of the Deligne splitting admit any symmetries or other constraints. For instance,
from the Hodge diamond of a Calabi-Yau manifold (see figure 4.1) we are used
to identifications under certain reflections. One such symmetry we have already
observed: following (4.12) the dimensions admit a symmetry ip,q = iq,p, even though
the spaces themselves are only related modulo lower-positioned elements. The full
symmetry pattern of the Deligne splitting is given by

ip,q = iq,p = iD−q,D−p , (4.14)

where the horizontal reflection follows from the fact that Np+q−D is an isomorphism
between Ip,q and ID−q,D−q (assuming p + q > D), as follows from (4.3). These
symmetries are complemented by the inequalities

ip−1,q−1 ≤ ip,q , p+ q ≤ D , (4.15)

which follows from the fact that NIp,q ⊆ Ip−1,q−1.4 Finally, it is also insightful to
point out that the dimensions ip,q of the Deligne splitting can be related to the
Hodge numbers hp,q = dimCH

p,q of the underlying pure Hodge structure by

hp,D−p =
D∑
q=0

ip,q . (4.16)

One can see this from the relation between the limiting filtration F p0 – whose
dimensions are determined by the hp,q – and the Deligne splitting in (4.6).

Operator decompositions

It will also be convenient to introduce decompositions for operators based on their
action on the Deligne splitting Ip,q, i.e. raising or lowering the indices p, q. Prime
4This can be seen from the definition of the Deligne splitting (4.5) by using that NF p0 ⊆ F

p−1
0 ,

NF̄ q0 ⊆ F̄
q−1
0 and NW` ⊆W`−2, which follow from (3.27) and (4.2).
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4 Mixed Hodge structures and boundary classifications

examples of such operators are the log-monodromy matrices. Namely, recall that

NiI
p,q ⊆ Ip−1,q−1 . (4.17)

In other words, application of log-monodromy matrices lowers elements by two rows
in the Hodge-Deligne diamond in figure (4.1). This motivates us to set up a more
general notation for operator decompositions as

Op,q ∈ Λp,q : Op,qIr,s ⊆ Ir+p,s+q . (4.18)

where Λp,q denotes the space of operators that increase the indices of an element by
(p, q). The Ni we can then refer to as (−1,−1)-maps with respect to the Deligne
splitting, located in the operator subspace

Ni ∈ Λ−1,−1 . (4.19)

It is now interesting to reflect on the fact that N gives an isomorphism between
the quotients GrD+` and GrD−` described below (4.1). On the level of the Deligne
splitting this property can be understood in simpler terms as an identification
between the sum of vector spaces Ip,q with p + q = D + ` and p + q = D − `.
Combining this with N being a (−1,−1)-map, it means that N gives an isomorphism
between Ip,q and ID−q,D−p. In particular, note that this explains precisely the
symmetry ip,q = iD−q,D−p we pointed out before in (4.14).

Primitive subspaces and polarization conditions

Finally, we would like to introduce a helpful decomposition of the Deligne splitting:
we can separate the vector spaces Ip,q into primitive and non-primitive components
with respect to the nilpotent matrix N . This allows us to focus our attention just
on primitive elements and their descendants under N when necessary, instead of
working with more generic elements of Ip,q. Let us also briefly point out an analogy
here with the decomposition of differential forms on Kähler manifolds, where the
nilpotent matrix N here replaces the role of the Kähler form J there. We define
the primitive component of Ip,q as

P p,q(N) = Ip,q(N) ∩ kerNp+q+1−D , (4.20)

with p+ q ≥ D. The other components of Ip,q can be recovered by acting with N
on the higher-lying primitive spaces as

Ip,q(N) = ⊕kNkP p+k,q+k(N) . (4.21)
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4.2 Boundary classification for Calabi-Yau threefolds

Recalling our example in (4.27): the vector (1, 0) would span P 1,1 = I1,1 ∩ kerN2

(since N2 = 0) while (0, 1) is an element of NP 1,1.
We can now use this decomposition into primitive subspaces P p,q to state the

polarization conditions for a mixed Hodge structure in a concise way. For a pure
Hodge structure we previously wrote these conditions as (3.10). The positivity
condition is translated to

v ∈ P p,q : ip−q〈Np+q−Dv̄ , v〉 > 0 . (4.22)

It is instructive to see in what subspaces these elements are located: on the right
we have simply v ∈ Ip,q, while on the left we find Np+q−Dv̄ ∈ Ip−D,q−D – in other
words, the bilinear pairing is non-vanishing when the indices add up to (D,D). This
suggests an analogy with how only integrals of top-degree forms are non-vanishing,
and indeed from conditions such as 〈F p0 , F

D+1−p
0 〉 = 0 one can show that5

〈Ip,q, Ir,s〉 = 0 , (r, s) 6= (D − p,D − q) . (4.23)

4.2 Boundary classification for Calabi-Yau threefolds
An interesting take on asymptotic Hodge theory is that it can be used to classify
what boundaries can occur in complex structure moduli space [122,131]. Moreover,
we can make a classification of allowed splittings Ip,q of the middle cohomology H
of the Calabi-Yau manifold. In this section we discuss the application to Calabi-
Yau threefolds, although many observations straightforwardly generalize to Hodge
structures of any weight. For explicit work on the extension to Calabi-Yau fourfolds
we refer the reader to [36].

Singularity types

We first work out what splittings Ip,q are allowed – in other words, what shapes
can the Hodge-Deligne diamond in figure 4.1 take. Let us begin with the outer
edge of the diamond. For a Calabi-Yau threefold we know that h3,0 = 1, since the
holomorphic (3, 0)-form is unique up to rescalings. The relation (4.16) between the
Hodge numbers and the Deligne numbers then implies that only one of the numbers
i3,d can be non-vanishing. Exploiting the symmetries (4.14) of the Hodge-Deligne

5By writing out the limiting filtration via (4.6) we find that 〈F p0 , F
D+1−p
0 〉 = 0 implies that

〈Ip,q , Ir,s〉 = 0 for p+ r > D. The case p+ r < D is slightly more non-trivial, but can be argued
for via for instance the SL(2)-orbit theorem.
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4 Mixed Hodge structures and boundary classifications

diamond one then finds for the outer edge

i3,d = id,3 = i0,3−d = i3−d,0 = 1 , (4.24)

with all other i3,q = ip,3 = i0,q = iq,0 = 0. The integer d for which i3,d = 1 can be
read off straightforwardly from the leading behavior of the (3, 0)-form periods (3.24):
the leading term a0 spans I3,d, and N can act at most d times on it (otherwise we
end up below I3−d,0).6 Thus we find that

Nda0 6= 0 , Nd+1a0 = 0 , (4.25)

which tells us that the polynomial part of the periods in (3.24) is of degree d. This
motivates us to define principal types of singularities as

Type I : Na0 = 0 , Type II : N2a0 = 0 ,
Type III : N3a0 = 0 , Type IV : N4a0 = 0 .

(4.26)

The remainder of the Hodge-Deligne diamond is then made up by the middle
components ip,q with 1 ≤ p, q ≤ 2 as

Ip,q = i2,1i2,1

i2,2

i2,2

, (4.27)

where we already used the symmetries in (4.14) which yield i2,2 = i1,1 and i2,1 = i1,2.
Invoking the sum of all ip,q to be equal to the total dimension 2h2,1 + 2, only i2,2
remains as a free index for the singularity type, and i2,1 is fixed via

Type I , IV : 2i2,1 + 2i2,2 + 2 = 2h2,1 + 2 ,
Type II , III : 2i2,1 + 2i2,2 + 4 = 2h2,1 + 2 .

Attaching the dimension i2,2 as a subscript to the principal types, we end up with
4h2,1 possible types of singularities. This classification has been summarized in table
4.1. Note that there are non-trivial restrictions on the index range i2,2 depending
on the type of singularity. For instance, for a IVd singularity we see that d ≥ 1:
since NI3,3 ⊆ I2,2 and NI3,3 6= ∅, the dimension of I2,2 should be at least one.
6From the relation between the periods and the limiting filtration we know that a0 spans F 3

0 .
Since F 3

0 is one-dimensional, one finds by inspecting (4.5) that I3,d = F 3
0 , so a0 spans I3,d. The

action of N on a0 then follows from the fact that Nd is an isomorphism between I3,d and I3−d,0.
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singularity Ia IIb IIIc IVd

HD diamond a′ a′

a

a

b′

b

b′
b

c′ c′

c

c

d

d′ d′
d

index
a+ a′ = h2,1

0 ≤ a ≤ h2,1

b+ b′ = h2,1 − 1
0 ≤ b ≤ h2,1 − 1

c+ c′ = h2,1 − 1
0 ≤ c ≤ h2,1 − 2

d+ d′ = h2,1

1 ≤ d ≤ h2,1

(signed)
Young diagram

+ − ⊗ a
⊗ 2a′ + 2

+ − ⊗ b
− + ⊗ 2

⊗ 2b′

⊗ 2
+ − ⊗ c

⊗ 2c′ − 2

− + − + ⊗ 1
+ − ⊗ d− 1

⊗ 2d′

rk(N,N2, N3) (a, 0, 0) (2 + b, 0, 0) (4 + c, 2, 0) (2 + d, 2, 1)

eigvals ηN a negative b negative
2 positive

not needed not needed

Table 4.1: Classification of singularity types in complex structure moduli space based on
the 4h2,1 possible different Hodge-Deligne diamonds. In each Hodge-Deligne diamond we
indicated non-vanishing ip,q by a dot on the roster, where the dimension has been given
explicitly when ip,q > 1. In the last two rows we listed the characteristic properties of
the log-monodromy matrix N and the symplectic pairing η that are sufficient to make a
distinction between the types.

Geometrical interpretation

To give some intuition for these singularities, let us briefly sketch what they
correspond to geometrically by using mirror symmetry (we refer to [6] for a more
detailed study). This perspective allows us to give a precise meaning to these
degenerations based on the fiber structure of the mirror manifold. Note in particular
that the Kähler potential (3.38) – which now describes the (negative logarithm
of) the volume of the geometry – scales with power d in the volume modulus.
From this dimensional analysis one can then infer the following rule of thumb: the
integer d gives the dimension of the base of the fibration, and the degeneration
limit corresponds to sending the base volume to infinity.

We can make this rule of thumb more explicit by discussing geometric realizations
of these degenerations. The type I singularities are finite distance boundaries, while
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4 Mixed Hodge structures and boundary classifications

the others are an infinite distance away when measuring in the Kähler metric. The
most famous example of a type I boundary is the conifold point [17] of the mirror
quintic. The type II boundaries signal the presence of a K3 fibration in the mirror
geometry [132] – which are relevant for the geometric engineering of Seiberg-Witten
theories [133, 134] from a physical point of view – or a T 4 fibration. Type III
boundaries signal the presence of an elliptic fibration at large complex structure.
Finally, type IV boundaries corresponds to sending the overall volume of the mirror
Calabi-Yau manifold itself to infinity, and are not related to any underlying fiber
structure.
In the large complex structure regime these observations can be made more

precise with the intersection numbers Kijk of the mirror Calabi-Yau threefold.
Recall the nilpotent orbit data from (1.46) with the log-monodromy matrices given
in terms of the Kijk. Let us define sums of the intersection numbers as

K(k)
ij ≡

k∑
a=1
Kaij , K(k)

i ≡
k∑

a,b=1
Kabi and K(k) ≡

k∑
a,b,c=1

Kabc . (4.28)

The powers of N(k) = N1 + . . .+Nk are then computed to be

(
N(k)

)2 =


0 0 0 0
0 0 0 0
0 K(k)

j 0 0
−K(k)

i 0 0 0

 , (
N(k)

)3 =


0 0 0 0
0 0 0 0
K(k) 0 0 0

0 0 0 0

 . (4.29)

It is now straightforward to use table 4.1 and translate the rank conditions into
conditions on the intersection numbers. The results are presented in table 4.2.

Type rkK(k) rkK(k)
i rkK(k)

ij

IIb 0 0 b

IIIc 0 1 c+ 2
IVd 1 1 d

Table 4.2: List of types in the large complex structure regime in the limit ti1 , ..., tik → i∞.
For numbers and vectors, we define the ranks rk(K(k)) and rk(K(k)

i ) to be either 0 or 1,
depending on whether K(k) = 0 and K(k)

i = 0 for all i.

Minimal form of boundary data

As a complementary perspective to the above scheme with Deligne splittings, it is
useful to point out that nilpotent elements N ∈ g – infinitesimal isometries of the
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4.2 Boundary classification for Calabi-Yau threefolds

bilinear pairing – admit a classification as well [135] (see [136] for an introductory
review). This allows us to understand many aspects of the classification by Deligne
splittings in terms of this representation theoretic language [121]. The idea is to
use signed Young diagrams to classify conjugacy classes of nilpotent elements under
the adjoint action of the isometry group

g ∈ G : N → gNg−1 . (4.30)

In table 4.1 we listed what signed Young diagrams correspond to each of the
Hodge-Deligne diamonds. The upshot of mapping our classification to signed Young
diagrams is that these can be represented by simple matrices in a Jordan normal
form: we have given all the required building blocks for the Calabi-Yau threefold
case in table 4.3 for completeness.

signed Young diagram N− N0(
0 0
0 0

) (
0 0
0 0

)
+ −

(
0 0
−1 0

) (
1 0
0 −1

)
− +

(
0 0
1 0

) (
1 0
0 −1

)


0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 0 0 0 0





2 0 0 0 0 0
0 0 0 0 0 0
0 0 −2 0 0 0
0 0 0 −2 0 0
0 0 0 0 0 0
0 0 0 0 0 2



− + − +


0 0 0 0
1 0 0 0
0 0 0 −1
0 1 0 0




3 0 0 0
0 1 0 0
0 0 −3 0
0 0 0 −1


Table 4.3: Building blocks for the lowering and weight operators N−, N0 for all relevant
signed Young diagrams, where we assume the pairing matrix always takes the standard
form (1.38). We can obtain simple normal forms for these matrices by combining the
building blocks into the complete signed Young diagrams given in table 4.1.

Let us now elaborate on this correspondence between Deligne splittings and signed
Young diagrams. For the moment we forget about the signing of these diagrams,
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4 Mixed Hodge structures and boundary classifications

and study conjugacy classes of N under GC.7 By Jacobson-Morosov we know that
we can think of the nilpotent matrix N as a lowering operator N− = N , and
complete it into an sl(2,C)-triple with a weight operator N0 (the raising operator
N+ is then fixed by commutation relations (2.9)). Under this sl(2,C)-triple we can
perform a decomposition of the vector space H into highest-weight components

H =
⊕
`

⊕̀
k=0

NkP` , (4.31)

where P` is spanned by highest-weight state as

v ∈ P` : N0v = `v , (N−)`+1v = 0 . (4.32)

This information can now be encoded in terms of a Young diagram: irreducible
representations are represented by rows, which are made up of `+ 1 blocks corre-
sponding to the elements Nkv, k = 0, . . . , `. As an example, for a decomposition
with dimP1 = 1 and dimP0 = 2 we write

u Nu

v

w

(4.33)

where u ∈ P1 and v, w ∈ P0 are linearly independent. In order to keep notation
concise, we drop the labels of the blocks and can simply use the empty Young
diagram to classify the nilpotent element N . Taking v, u, w,−Nu as a basis, we
see that we can write a simple representative for the conjugacy class of N as

N =


0 0 0 0
0 0 0 0
0 0 0 0
0 −1 0 0

 . (4.34)

To see how signs in the Young diagrams come in the game, we have to look at the
signature of the bilinear pairing. To be more precise, we introduce a non-degenerate
bilinear on the vector space P` as

u, v ∈ P` : 〈u, v〉` ≡ 〈N `u, v〉 . (4.35)

Depending on the parity of D + ` we find that
7The difference between working with signed or unsigned Young diagrams amounts to whether we
work over respectively R or C, i.e. with conjugacy classes under GR or its complexification GC.
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• D+ ` odd: the bilinear form (4.35) is skew-symmetric. The dimension dimP`
must therefore be even, and in turn the Young diagram has an even number
of rows of length `. Also note that this means we do not have to keep track
of a signature.

• D + ` even: the bilinear form (4.35) is symmetric. Now there is a choice in
signature for 〈·, ·〉`. We can encode this signature in the Young diagram as
signs on its blocks: we sign the first column by the signature of 〈·, ·〉` on P`,
after which we alternate for the subsequent blocks in these rows.

Minimal form of boundary data: an example

Here we illustrate the above discussion of representation theory with an example.
In particular, we show how to obtain the signed Young diagram from the Deligne
splitting. We consider a one-modulus I1 limit, which for simplicity we take to be
R-split. The Deligne splitting of this singularity can then be spanned by

Ip,q =
e1 + ie3

e4

e2
e1 − ie3 (4.36)

where e1, . . . , e4 denote a real basis for H. We can take e4 = −Ne2, since N is an
isomorphism between I2,2 and I1,1, and furthermore Ne1 = Ne3 = Ne4 = 0. As
primitive spaces we identify P0 = span

[
e1, e3

]
and P1 = span

[
e2
]
. The polarization

conditions (4.22) on these spaces imply that

i3〈e1 − ie3, e1 + ie3〉 > 0 =⇒ 〈e1, e3〉 > 0 ,
〈Ne2, e2〉 > 0 .

(4.37)

In other words, we find two one-dimensional sl(2,R) states e1, e3 in P0 with a
skew-symmetric pairing, while on P1 we find that (4.35) is positive-definite. The
signed Young diagram therefore is made up of three rows: two rows with one block,
and one row with two blocks, starting with a plus sign. This indeed matches with
the signed Young diagram given in table 4.1

+ − . (4.38)
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The nilpotent matrix corresponding to the basis e1, . . . , e4 matches precisely with
(4.34) given before. To conclude, let us write down the remaining data associated
to this I1 boundary: the bilinear pairing η and weight operator N0 are given by

η =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , N0 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 −1

 , (4.39)

where the weight operator acts as N0ωp,q = (p+ q− 3)ωp,q for ωp,q ∈ Ip,q in (4.36).

4.3 Enhancements of singularities
In this section we review how singularity types can change when we send additional
moduli to the boundary. We first explain from a general perspective how Deligne
splittings can enhance, and summarize the corresponding rules for Calabi-Yau three-
folds. This includes an instructive example where we show how these enhancement
rules work in practice. We then close off our discussion with chains of enhancements
and restrictions on boundary types in the two-moduli case.

Enhancement rules

It turns out that singularity types cannot jump arbitrarily, but there is an underlying
ordering for what can happen. In table 4.4 we have summarized the restrictions
for how singularity types of Calabi-Yau threefolds can enhance. In particular, note
that we have a partial order on the principal types I, II, III, IV, which can only stay
the same or increase via enhancements. On the other hand, when we look more
closely we see that we could have II0 → II1 → IV2 while II0 6→ IV2 is not allowed,
so the enhancement rules are not transitive when we include subindices.

The underlying structure of these singularity enhancements can be described via
the Deligne splittings.8 Without loss of generality, let us assume that one saxion y1

has been sent to the boundary, and we denote the corresponding Deligne splitting by
Ip,q(1) . We then want to investigate how the log-monodromy matrix N2 can enhance
this Deligne splitting as

Ip,q(1) → Ip,q(2) . (4.40)

8This can also be described from the representation theoretic perspective discussed previously,
where there are similar rules for how signed Young diagrams can enhance. For our discussion it is
more natural to work with the Deligne splittings, so let us simply refer to [121] for more details.
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starting type enhanced type

Ia

Iâ for a ≤ â
IIb̂ for a ≤ b̂, a < m

IIIĉ for a ≤ ĉ, a < m

IVd̂ for a < d̂, a < m

IIb
IIb̂ for b ≤ b̂
IIIĉ for 2 ≤ b ≤ ĉ+ 2
IVd̂ for 1 ≤ b ≤ d̂− 1

IIIc
IIIĉ for c ≤ ĉ
IVd̂ for c+ 2 ≤ d̂

IVd IVd̂ for d ≤ d̂

Table 4.4: List of all allowed enhancements of degeneration types [122], with m = 2h2,1 + 2.

It suffices to restrict our attention to the primitive subspaces P p,q(1) of the first
Deligne splitting (see (4.20)), since the other components descend via N1 by (4.21).
Moreover, we can single out a particular row p+ q = D+ `: the primitive subspaces
on this row define a pure Hodge structure of weight D + ` on

PD+`
(1) =

⊕
p+q=D+`

P p,q(1) , (4.41)

polarized by the bilinear pairing

u, v ∈ PD+`
(1) : 〈u, v〉` = 〈N `u, v〉 . (4.42)

Note that this indeed provides a non-degenerate bilinear pairing by using (4.22).
The enhancement of a Deligne splitting can then be understood as follows. The
nilpotent operator N2 induces a mixed Hodge structure on each row of pure Hodge
structures P p,q(1) , i.e. at each weight p+ q = D + `. In turn, these decompose as

P p,q(1) → P p,q(2) , N2P
p,q
(2) , . . . , (N2)DP p,q(2) , (4.43)

i.e. primitive components under N2 and their descendants. The set of Ip,q(2) is
then completed by applying N1 on these vector spaces, by which we recover the
descendants we momentarily ignored.
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To be slightly more concrete, we can also describe how dots in the Deligne
diamond can be moved by enhancements. From the classification of the threefolds
we already learn some lessons here: the dot corresponding to the perturbative term
a0 can only be moved to the top-right, since i3,d = 1 can only be replaced by some
other i3,d′ = 1 with d ≤ d′. This rule of thumb can be used in general, where dots
at (p, q) (assuming p+ q > D and p > q) can only move up to some other (p, q′)
with q ≤ q′ and q′ ≤ p. In simpler terms, the dots can move along diagonal steps
to the top-right, and never across the middle. More explicitly, we can draw it for a
Calabi-Yau threefold as

. (4.44)

In these enhancements one is also allowed to move up multiple steps at the same
time, even though we did not show this. Let us also stress that, while this rule
gives us some intuition, one is not able to move up dots freely. The descendants
under N2 also must be present, i.e. for each dot we move up another one must go
down, so there are some further restrictions at play.

Singularity enhancement: an example

Let us illustrate the above discussion on enhancements by considering an example.
We will investigate how the Deligne splitting can enhance from a IIb singularity.
For a detailed study of these and other enhancements in the literature we refer
the reader to [27]. Let us begin by decomposing the vector space into primitive
subspaces under N1 for a IIb singularity as

H3 = P 3
(1) ⊕ P

4
(1) ⊕N1P

4
(1) . (4.45)

We can draw this decomposition in the Deligne diamond as

Ip,q(1) = b′

b

b′
b

, (4.46)
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where we explicitly depicted the action of the log-monodromy matrix N1. To figure
out how this Deligne splitting can enhance, we then study how N2 can induce a
mixed Hodge structure on the primitive components P 3

(1) and P 4
(1).

We begin with P 3
(1) since it is slightly simpler. We can decompose P 2,1

(1) such that
elements either stay in this position (2, 1), or produce together with its conjugate
at (1, 2) new elements in (2, 2) and (1, 1). This means the primitive component
enhances as

b′ b′ =⇒ b′ − k b′ − k

k

k

N2 , (4.47)

where 0 ≤ k ≤ b′ keeps track of the number of elements that move up to (2, 2). It is
interesting to point out that the k elements that move down to (1, 1) – previously
primitive with respect to N1 – are no longer primitive with respect to N2, since
they lie in N2P

2,2
(2) .

Next we consider the primitive component P 4
(1). Here we have a choice: the dot

at (3, 1) can either stay in the same position, or move to one of the positions (3, 2)
or (3, 3). Note in particular that it cannot move towards (3, 0): we have a pure
Hodge structure of weight 4 with non-vanishing hp,q for 1 ≤ p, q ≤ 3, and one can
check that the resulting Deligne splitting should have the same index range. We
thus find that it either stays the same, or enhances as

b

=⇒

b− 2
N2N2

,

b

N2

N2 , (4.48)

Let us also point out that some of the elements in (2, 2) had to combine with the
(3, 1) and (1, 3) elements to make this possible: for the first enhancement we had to
produce two new elements at (2, 1) and (1, 2), while for the second the primitive
state at (3, 3) has a descendant at (2, 2) and (1, 1). This in particular implies that
we should have b > 2 for the first enhancement and b > 1 for the second.
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4 Mixed Hodge structures and boundary classifications

Finally, we can reassemble the Deligne splitting Ip,q(2) . We first put the above
findings (4.47), (4.48) for the primitive components together. In turn, we obtain the
bottom half of the Deligne diamond by using the symmetry under ip,q = i3−q,3−p.
In the end we find that IIb can enhance in one of the following two ways

b̂′

b̂

b̂′
b̂

,
ĉ′

ĉ

ĉ′
ĉ

,
d̂′

d̂

d̂′
d̂

. (4.49)

where we defined integers b̂ = b+ k, ĉ = b− 2 + k and d̂ = b+ k. From the index
range 0 ≤ k ≤ b′ we recover the conditions from table 4.4 as

• b̂ ≥ b for a IIb̂ enhancement,

• 2 ≤ b ≤ ĉ+ 2 for a IIIĉ enhancement,

• 1 ≤ b ≤ d̂− 1 for a IVd̂ enhancement,

where the lower bounds on the IIIĉ and IVd̂ enhancements follows from the discussion
below (4.48). Finally, let us point out that in section 5.4 we consider an explicit
II1 → IV2 enhancement: it is an instructive for the reader to verify how the spaces
in the Deligne splitting (5.92) of the II1 combine into the spaces (5.84) of the IV2.

Enhancement chains. We can now generalize the above discussion on one-step
enhancements to enhancement chains when several moduli are sent to the boundary
in a sequence. For each saxion we get a singularity type, from y1 →∞, y2 →∞, up
to yn →∞. In other words, we can think of this limit as sending y1, . . . , yn →∞
while implementing some hierarchy y1 � y2 � . . .� yn, where the ratios between
successive saxions also diverge asymptotically as yi/yi+1 →∞. At each step one
then classifies the limit involving y1, . . . , yk by the type associated with the sum
of log-monodromy matrices N(k). Sending additional coordinates to their limit
enhances the type, so we can combine the types of an ordered limit as

I0
y1→∞−−−−−→ Type A(1)

y2→∞−−−−−→ Type A(2)
y3→∞−−−−−→ . . .

yn→∞−−−−−−→ Type A(n) . (4.50)

We always start in the non-degenerate case I0 in the interior of the moduli space,
and the types A(k) in the subsequent steps indicate the singularities associated with
taking the limit y1, . . . , yk →∞.
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4.3 Enhancements of singularities

Two-cubes. Let us close our discussion by pointing out a complete classification
of two-moduli boundaries for Calabi-Yau threefolds [122]. For such a singularity
in moduli space there are two enhancement chains at play for y1, y2 → ∞, one
for y1 � y2 and another for y2 � y1. The insight of [122] was that one cannot
simply take any two singularity types A1, A2 that both can enhance to some A(2)
for y1, y2 →∞ according to (4.4), but there are instead some restrictions on this
pattern coming from asymptotic Hodge theory. They combined these singularity
types into a so-called 2-cube as 〈A1|A(2)|A2〉, and enumerated all possible 2-cubes.
We do not review the details of this classification here, but will simply present the
exhaustive set of 2-cubes that was obtained

I2 class : 〈I1|I2|I1〉 , 〈I2|I2|I1〉 , 〈I2|I2|I2〉 ,
Coni-LCS class : 〈I1|IV2|IV1〉 , 〈I1|IV2|IV2〉 ,

II1 class : 〈II0|II1|I1〉 , 〈II1|II1|I1〉 , 〈II0|II1|II1〉 , 〈II1|II1|II1〉 , (4.51)
LCS class : 〈II1|IV2|III0〉 , 〈II1|IV2|IV2〉 , 〈III0|IV2|III0〉 , 〈III0|IV2|IV1〉 ,

〈III0|IV2|IV2〉 , 〈IV1|IV2|IV2〉 , 〈IV2|IV2|IV2〉 ,

where we chose to sort 2-cubes with similar geometric characteristics together. The
I2 class corresponds to the intersection of two finite distance divisors; an example of
such a singularity has been considered in [137] as the collision of two conifold divisors.
The boundaries of the coni-LCS class arise when one starts at the large complex
structure point and sends one modulus away to a conifold locus; examples of such
singularities have recently been considered in the physics literature in [108, 109].
The II1 class includes the Seiberg-Witten point that played an important role in
the geometrical engineering of field theories [133]. Finally, each of the 2-cubes in
the LCS class can be realized for particular values of the intersection numbers Kijk
of some mirror Calabi-Yau manifolds. For illustration, we have depicted how a
2-cube characterizes the intersection of two boundary divisors in figure 4.2.

I1
IV1

IV2

Figure 4.2: Example of the 2-cube 〈I1|IV2|IV1〉 that characterizes a two-moduli coni-LCS
boundary: A I1 and IV1 divisor in moduli space intersect at a IV2 singularity.
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5 Hodge theory in strict asymptotic regimes

In this section we discuss the final component of asymptotic Hodge theory we need:
the sl(2)-orbit theorem of Cattani, Kaplan and Schmid [19]. It provides us with a
powerful framework to describe how couplings behave near the boundary in strict
asymptotic regimes – a refinement over the asymptotic regimes yi � 1 used in the
nilpotent orbit approximation before. The proof of this theorem is rather involved,
so let us simply present its results here first and explain how to put them to use.
The procedure to construct the sl(2)-orbit approximation in the multi-moduli case
is postponed to section 5.3. We give a reformulated version of the one-modulus
proof in a physical language in [7]. For our purposes, the main structures underlying
the sl(2)-orbit theorem are

1. a set of n commuting sl(2,R)-algebras,

2. a pure Hodge structure Hp,q
∞ on H associated to the boundary.

The sl(2,R)-algebras allow us to pick a special real basis that decomposes H
such that elements grouped in the same subspace are characterized by similar
asymptotic behavior as we approach the boundary. On the other hand, the Hodge
decomposition into spaces Hp,q

∞ associated to the boundary allows us to fix the
order one coefficients that appear with these parametrical scalings.

5.1 sl(2,R)-triples and boundary Hodge structures
In this section we describe the algebraic structures associated to the boundary under
consideration. We introduce the sl(2,R)-triples and boundary Hodge structure, and
explain how this data arises from the Deligne splittings associated to the boundary.
We also include several useful decompositions and identities using these structures,
which will prove to be useful in later chapters of this thesis.

Strict asymptotic regimes

Let us begin by introducing the regime of validity for this sl(2)-orbit approximation,
or sl(2)-approximation for short. In addition to taking large saxion values yi � 1,
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we implement a hierarchy among the individual saxions as y1 � y2 � . . . � yn,
which we refer to as the strict asymptotic regime. We can formalize this limit into
the notion of a growth sector near the singularity, given by

R12···n =
{
ti = xi + iyi

∣∣∣ y1

y2 > λ , . . . ,
yn−1

yn
> λ , yn > λ, |xi| < 1

}
, (5.1)

where we restricted the axions xi to a finite interval. Within these sectors the sl(2)-
approximation describes how physical couplings grow parametrically; corrections
appear at order 1/λ or higher, so by taking λ� 1 we ensure that it gives a good
estimate in the strict asymptotic regime. Let us also point out the similarity
between this growth sector and the sequential limits we took in (4.50), allowing us
to naturally associate an enhancement chain to each strict asymptotic regime. For
a different ordering of the saxions this chain changes, and accordingly the boundary
data changes as well. We therefore associate the algebraic data to the boundary
of the strict asymptotic regime (5.1), with the understanding that other orderings
produce different results even though the limits all end up at t1, . . . , tn = i∞.

sl(2,R)-triples

Given a growth sector, we next describe the structures we can associate to its
asymptotic boundary. The first structure is provided by sl(2,R)-algebras. Taking
the defining data of the nilpotent orbit as input – the log-monodromy matrices Ni
and the limiting filtration F p0 – it was shown in [19] that one can construct

n commuting sl(2,R)-triples: (N−i , N+
i , N

0
i ) , i = 1, . . . , n . (5.2)

These sl(2,R)-triples satisfy the standard commutation relations

[N0
i , N

±
i ] = ±2N±i , [N+

i , N
−
i ] = Yi , (5.3)

with N0
i the weight operator, and N±i the raising and lowering operators. The

procedure to obtain these sl(2,R)-triples is rather non-trivial, and is reviewed in
detail in section 5.3 including an illustrative example in section 5.4.
Let us nevertheless give a brief sketch of the origin of this algebraic structure.

Recall that the log-monodromy matrices Ni act on the Deligne splitting Ip,q by
lowering the row p+ q by two as in (4.17). This suggests one can think of the Ni
as lowering operators, with the row p+ q as the weight under the sl(2,R)-algebras.
Although this intuition is not far off, we have to take care of some subtleties first.
For instance, recall that the Deligne splitting is not necessarily R-split (4.12), so
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5.1 sl(2,R)-triples and boundary Hodge structures

the resulting weight operator would not be real. The crucial insight is that we can
always rotate a Deligne splitting to a special R-split known as the sl(2)-split. This
is accomplished by introducing two algebra-valued matrices ζ, δ that rotate the
filtration F p0 as

F̃ p0 = eζe−iδF p0 . (5.4)

The purpose of the phase operator δ is to rotate the Deligne splitting to an R-split
(4.13). However, such an R-split is not unique. This choice is made by ζ, which
selects a particular R-split known as the sl(2)-split. We can fix this ζ componentwise
in terms of δ via (5.55). The idea is now that we get an sl(2)-split Deligne splitting
for each singularity in the enhancement chain (4.50) as

Ĩp,q(k) , k = 1, . . . , n . (5.5)

The weight operators N0
(k) = N0

1 + . . . N0
k are then indeed defined by

ωp,q ∈ Ĩp,q(k) : N0
(k)ωp,q = (p+ q −D)ωp,q . (5.6)

In practice one has to start from the last Deligne splitting Ĩp,q(n) and go iteratively
through the Deligne splittings at the previous steps and make them sl(2)-split. Let
us stress that the rotation by the ζ to the sl(2)-splits here is crucial to ensure that
the resulting sl(2,R)-triples commute. For now let us simply take a shortcut and
assume that the sl(2)-data has been constructed: the sl(2)-split Deligne splittings
are then related via their limiting filtrations as1

F̃ p(k) =
⊕
r≥p

⊕
s

Ĩr,s(k) : F̃ p(k) = eiN
−
k+1 F̃ p(k+1) . (5.7)

To gain some intuition for the above rotation, let us replace N−k+1 by the log-
monodromy matrix Nk+1 for a moment. We can then think of this recursion as
taking the nilpotent orbit (3.25) and setting a saxion to one yk+1 = 1. In other
words, we can interpret it as a limit for the first k saxions y1, . . . , yk while the others
are kept finite, for which we should indeed recover the Deligne splitting at step
k, see also footnote 3 in chapter 4. The precise relation between this exponential
factor eiN

−
k+1 and the saxion dependence will be given later with (5.42), when we

describe the parametrical behavior in the strict asymptotic regime.
1Note that knowing the limiting filtrations F̃ p(k) is sufficient to fix the Deligne splittings, since the
monodromy weight filtration W (N(k)) is already fixed by the Ni. Moreover, we point out that
the monodromy weight filtrations of the log-monodromy matrices and lowering operators agree:
W (N(k)) = W (N−(k)).
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5 Hodge theory in strict asymptotic regimes

Finally, let us justify this identification between the lowering operators N−i and
the log-monodromy matrices Ni. For the first element one indeed has N−1 = N1,
while for the others this relation is slightly more intricate. We can decompose Ni
into eigenstates Ni,−` of the previous weight operator N0

(i−1) as

Ni = N−i +
∑
`≥2

Ni,−` , [N0
(i−1), Ni,−`] = −`Ni,−` , (5.8)

with N−i = Ni,0. This allowed us to remove precisely the pieces of Ni that do not
commute with this weight operator, such that the remainder N−i does commute.
And as a simple check, the identity for N1 is then understood by noting we have a
trivial weight operator N0

(0) = 0.

Decomposition into sl(2)-eigenspaces

We can now use these sl(2,R)-algebras to decompose H into real eigenspaces of
their weight operators N0

i . This decomposition can be written out as2

HR =
⊕
`∈E

V` , E = {` = (`1, . . . , `n) : −D ≤ `i ≤ D} , (5.9)

where we introduced an index set E to denote the allowed values for the weights `i.
The eigenspaces V` are then defined by the action of the weight operator as

v` ∈ V` : N0
(i)v` = `iv` . (5.10)

The range for the weights in (5.9) follows from the fact that the weight operators are
constructed with the sl(2)-split Deligne splittings via (5.6), for which 0 ≤ p+q ≤ 2D.
One can refine this index set by noting that the ranges ranges can be correlated
with the singularity types occurring in the enhancement chain (4.50). Concretely,
for the Calabi-Yau threefold classification in table 4.1 we have that a singularity
type at step k yields

I, II : −1 ≤ `(k) ≤ 1 , III : −2 ≤ `(k) ≤ 2 , IV : −3 ≤ `(k) ≤ 3 , (5.11)

where we wrote `(k) = `1 + . . . + `k. Let us also write down how the lowering
operators N−i act on these sl(2)-eigenspaces V`. From the commutation relations of
the sl(2,R)-triples (5.3) one can straightforwardly show that

N−i V` ⊆ V`−2δi , (5.12)
2This decomposition is independent of ti but can vary with changes in the spectator moduli ζk.
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5.1 sl(2,R)-triples and boundary Hodge structures

where δi = (0, . . . , 0, 1, 0, . . . , 0) denotes the n-dimensional unit vector in the i-
th direction. And as a final observation, we point out that we can write down
orthogonality conditions between the subspaces V` under the bilinear pairing. For
two elements v` ∈ V` and vr ∈ Vr we find that

〈v`, vr〉 = 0 , unless ` = −r , (5.13)

which can be shown by using that the weight operator is an infinitesimal isometry,
i.e. it obeys 〈·, N (0)

i ·〉 = −〈N (0)
i ·, ·〉.

Boundary Hodge structure

Having discussed the sl(2,R)-triples and the corresponding sl(2)-decomposition, we
next introduce the pure Hodge structure associated to the boundary. It is given by
a Hodge decomposition of the middle cohomology as3

H =
⊕

p+q=D
Hp,q
∞ , (5.14)

where Hp,q
∞ = Hq,p

∞ . For later reference it is convenient to introduce a boundary
charge operator Q∞ that acts on these subspaces as

vp,q ∈ Hp,q
∞ : Q∞ vp,q =

(
p−D/2

)
vp,q . (5.15)

The boundary Hodge star C∞ associated to (5.14) is then obtained by exponentiating

C∞ = eπiQ∞ , (5.16)

such that it acts on the vector spaces Hp,q
∞ as

vp,q ∈ Hp,q
∞ : C∞v

p,q = ip−qvp,q . (5.17)

The origin of this pure Hodge structure can be traced back to the sl(2)-split Deligne
splittings (5.5) we encountered before with the sl(2,R)-triples. We already noticed
we can move between singularities in the enhancement chain (4.50) via application
of the lowering operators N−i as described by (5.7). In particular, it allows us to
consider the Deligne splitting associated with the first type I0, which is a pure
Hodge structure. This leads us to single out a particular element in this recursion

F p∞ = e
iN−(n) F̃ p0 , (5.18)

3This decomposition is independent of the moduli ti sent to their limit, but can still vary with
changes in the moduli ζk that are kept finite, similar to (5.9).
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5 Hodge theory in strict asymptotic regimes

with F̃ p0 the sl(2)-split limiting filtration at step n.4 It determines the pure Hodge
structure associated to the boundary of the strict asymptotic regime via the usual
intersection Hp,q

∞ = F p∞ ∩ F̄ q∞.

Boundary Hodge structure and the sl(2)-decomposition

Next let us look at how the sl(2,R)-algebras and the boundary Hodge structure
cooperate. We can summarize this succinctly by writing down the commutation
relations between the charge operator (5.15) and the elements of the sl(2,R)-triples
(5.2) as

[Q∞, N0
i ] = i(N+

i +N−i ) , [Q∞, N±i ] = − i2N
0
i . (5.19)

For our purposes, it will be particularly useful to know how the operator C∞ acts
on the sl(2)-eigenspaces V` introduced in (5.9). To this end, we can show from
(5.19) by using the Baker-Campbell-Hausdorff formula that

N0
i C∞ = −C∞N0

i , N+
i C∞ = −C∞N−i . (5.20)

From the first relation one then immediately obtains

v` ∈ V` : C∞v` ∈ V−` . (5.21)

We can also use this boundary Hodge star operator C∞ to define an inner product
on H as 〈·, C∞·〉. From the orthogonality conditions on the bilinear pairing (5.13)
and the way C∞ acts on the sl(2)-eigenspaces we then find that

〈C∞v`, vr〉 = 0 , unless ` = r . (5.22)

with v` ∈ V` and vr ∈ Vr.

Primitive subspaces

It will also prove to be useful to break down the sl(2)-decomposition (5.9) further
into primitive components and their descendants under the sl(2,R)-triples. The
highest-weight states with respect to N−1 , . . . , N−n are then defined as

P` = V` ∩ ker[(N−1 )`1+1] ∩ . . . ∩ ker[(N−n )`n+1] . (5.23)

4In fact, note that one can write down (5.18) more generally as F p∞ = e
iN−(k) F̃ p(k) for any step k.
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5.1 sl(2,R)-triples and boundary Hodge structures

On a given primitive subspace P` the lowering operators N−i can thus act at most
`i times. This allows us to write out the sl(2)-decomposition (5.9) in terms of these
primitive subspaces and their images under N−i as

HR =
⊕

`∈Eprim

`1⊕
k1=0
· · ·

`n⊕
kn=0

(N−1 )k1 · · · (N−n )knP` , (5.24)

where Eprim denotes the index set for the primitive states

Eprim = {` = (`1, . . . , `n) :
∑

`i ≤ D , `i ≥ 0 } . (5.25)

In (5.25) the condition on the sum of the `i’s follows from the relation (5.6) between
the Deligne splitting and the weights under the sl(2,R)-triples, similar to the
index set E in (5.9). Note that by going to the decomposition into primitive
components and descendants we see a much more restricted pattern on the allowed
weights. As an example, in the case D = 2 of a K3 surface we find as descendants
for the possible highest-weight states given in table 5.1. We see that only two
weights can be non-vanishing at most: when one weight is non-vanishing it can
take any value −2 ≤ `i ≤ 2, while if two weights are non-vanishing we can only
have −1 ≤ `i ≤ 1. Similar restrictions on the pattern of weights carry over to
higher-dimensional Calabi-Yau manifold, only the set of allowed highest-weight
states becomes significantly larger.

primitive subspace descendants sl(2)-eigenspaces

P0 V0

Pδi N−i Pδi Vδi , V−δi
P2δi N−i Pδi , (N−i )2Pδi V2δi , V0 , V−2δi

Pδi+δj N−i Pδi+δj , N−j Pδi+δj , N−i N−j Pδi+δj V−δi+δj , Vδi−δj , V−δi−δj

Table 5.1: All possible primitive subspaces occurring for Deligne splittings of K3 sur-
faces. We indicated their descendants, and moreover cross-referenced the matching
sl(2)-eigenspaces with colors by using (5.12).

Boundary Hodge star. As next step, we can study the action of the boundary
Hodge star operator C∞ on the highest-weight states. To this end, it is convenient
to first introduce the splitting over the last Deligne diamond Ip,q(n) as

P` =
⊕

p+q=`n+D
P p,q` . (5.26)
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5 Hodge theory in strict asymptotic regimes

From the definition of the boundary Hodge filtration (5.18) one can then relate
these primitive subspaces to the boundary Hodge structure Hp,q

∞ as5

e
iN−(n)P p,q` ⊆ Hp,D−p

∞ , p ≥ q . (5.27)

The action of C∞ on this primitive subspace is then described via (5.17) as

vp,q` ∈ P p,q` : C∞ e
iN−(n)vp,q` = i2p−D e

iN−(n)vp,q` . (5.28)

again assuming p ≥ q. Combined with (5.21) we can then show by expanding the
exponentials and identifying sl(2)-eigenspaces that6

vp,q` ∈ P p,q` : C∞

n∏
i=1

(iN−i )ki
ki!

vp,q` = i2p−D
n∏
i=1

(iN−i )`i−ki
(`i − ki)!

vp,q` . (5.29)

with again p ≥ q. Thus the action of the boundary Hodge star C∞ can be described
in a very precise way in a basis of primitive subspaces and their descendants. To
give some intuition, let us note the similarity of this relation with the Kähler form
identity ?Jk/k! = JD−k/(D− k)! on a D-dimensional Kähler manifold. In fact, for
Calabi-Yau manifolds this is precisely one of the manifestations of mirror symmetry
between their Kähler and complex structure moduli space, where the operation of
wedging with Kähler form J is replaced by acting with the log-monodromy matrices.

Perturbative term a0 in the periods

To close off our discussion on the algebraic structures that underlie the boundary, let
us specialize the above findings to the vector a0. This vector determines the leading
part of the periods (3.24), fixing for instance the leading polynomial behavior of
the Kähler potential in (3.38), so it is deserving of some special attention. We can
locate it as the element that spans the one-dimensional vector space FD0 . Going to
the sl(2)-split with the matrices ζ, δ means that

ã0 ≡ eζeiδa0 ∈ F̃D0 . (5.30)
5The fact that this subspace lies in F p∞ follows directly by using (5.7). On the other hand, it
requires slightly more work to show that it lies in F̄D−p∞ . To see this, note that descendants of
P̄ q,p
`

= P p,q
`

arise by acting at most p+ q −D times with the N−i . It means this highest-weight
state and all its descendants lie in F̄D−p∞ (since we lower to q − (p+ q −D) = D − p), and thus
in particular the linear combination in (5.27).

6This identity is derived by expanding the exponential in eiN
−
(n)vp,q

`
. The weights of the various

terms with respect to N0
i follow by starting with ` for the highest-weight state, and lowering

according to (5.12) under the action of N−i . By using that the Weil operator acts as C∞V` ⊆ V−`
one can then match terms with the same weights, resulting in the given identity.
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5.2 Approximation by the sl(2)-orbit

This D-form ã0 has a well-defined location in the sl(2)-eigenspaces as

Re ã0 , Im ã0 ∈ PD,dnd , (5.31)

where d = (d1, d2 − d1, . . . , dn − dn−1), with the di defined by (4.25) for each Ni.
Following (5.18) we can apply lowering operators N−i to construct another D-form
out of a0. This differential form can be placed in one of the subspaces Hp,q

∞ of the
boundary Hodge decomposition according to (5.27) as

Ω∞ ≡ eiN
−
(n) ã0 ∈ HD,0

∞ . (5.32)

This means that according to (5.17) the boundary Hodge star operator acts on this
boundary (D, 0)-form as C∞Ω∞ = iDΩ∞. Analogous to (5.29) we can then fix how
C∞ acts on the highest-weight state ã0 and its descendants. Its action is compactly
summarized by the identity

C∞

n∏
i=1

iki

ki!
(N−i )ki ã0 = −i

n∏
i=1

idi−di−1−ki

(di − di−1 − ki)!
(N−i )di−di−1−ki ã0 . (5.33)

This identity will prove to be very useful in fixing the charge-to-mass ratios of a
particular set of BPS states in chapter 7.

5.2 Approximation by the sl(2)-orbit
Having covered the intricacies of the boundary data, we are ready to utilize these
algebraic structures to describe how couplings behave parametrically in the strict
asymptotic regime with the sl(2)-orbit theorem of Cattani, Kaplan and Schmid [19].
The sl(2)-decomposition (5.9) together with the boundary Hodge structure (5.14)
allows us to write down simple asymptotic behaviors. For our purposes here the
statement of the sl(2)-orbit theorem can be formulated in two equivalent ways,
either by using the Hodge star operator C or the Hodge structure Hp,q itself.

sl(2)-approximated Hodge star operator

Let us begin with the more practical result from a physical point of view, which
gives us an approximation for the Hodge star in the strict asymptotic regime λ� 1.
It then states that a good estimate is given by the sl(2)-approximated operator

Csl(2) = ex
iN−

i e−1(y)C∞e(y)e−x
iN−

i , (5.34)

101



5 Hodge theory in strict asymptotic regimes

where we introduced a saxionic scaling operator

e(y) = exp
[ 1

2
∑
i

log[yi]N0
i

]
. (5.35)

This operator encodes the parametrical scaling in yi for the Hodge star. For instance,
it acts on elements of one of the sl(2)-eigenspaces by multiplication as

v` ∈ V` : e(y)v` = (y1)`1/2 · · · (yn)`n/2v` . (5.36)

On the other hand, the dependence on the axions xi arises in a similar way compared
to the nilpotent orbit approximation (3.29), only with the log-monodromy matrices
Ni replaced by the lowering operators N−i .
To gain some intuition for the sl(2)-approximated Hodge star in (5.34), let us

investigate how it acts on elements of sl(2)-eigenspaces, where we set the axions to
zero xi = 0 for simplicity. We then find by a straightforward computation for the
sl(2)-Hodge norm that

v` ∈ V` : ‖v`‖2sl(2) ≡ 〈v`, Csl(2)v`〉 = (y1)`1 · · · (yn)`n〈v`, C∞v`〉 . (5.37)

Here we clearly see the advantage of working with the sl(2)-approximation: (1) the
scaling in the saxions is determined by the weights under the sl(2,R)-triples, and
(2) the corresponding leading coefficient is fixed by the Hodge star norm with C∞
on the boundary. This scaling behavior suggests to make the following split in the
weights of the sl(2)-eigenspaces

Vheavy =
⊕

`∈Eheavy

V` , Vlight =
⊕

`∈Elight

V` , Vrest =
⊕
`∈Erest

V` , (5.38)

where we defined index sets

Eheavy = {` ∈ E : `(1) ≥ 0 , . . . , `(n) ≥ 0, and at least one `(i) ≥ 1} ,
Elight = {` ∈ E : `(1) ≤ 0 , . . . , `(n) ≤ 0, and at least one `(i) ≤ −1} ,

(5.39)

where we wrote `(k) =
∑k
i=1 `i. The remainder of sl(2)-eigenspaces is contained

in Erest = E − (Eheavy ∪ Elight). The purpose of this split is that the integers `(i)
describe precisely whether one of the ratios yi/yi−1 > λ� 1 in the growth sector
(5.1) appears with a positive or negative exponent in the growth estimate (5.37).
When we require all of them to be non-negative and one strictly positive, we are
guaranteed to have a diverging Hodge norm for elements in Vheavy along any path
within the growth sector with λ→∞. Similarly the vector space Vlight contains all
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5.2 Approximation by the sl(2)-orbit

sl(2)-eigenspaces for which the Hodge norm vanishes asymptotically for any such
path. The remainder Vrest is made up of elements whose Hodge norm increases or
decreases asymptotically (or stays finite) depending on the choice of path in the
strict asymptotic regime.

sl(2)-approximated Hodge structure

Let us now back up the above observations by considering the limit λ→∞ of the
strict asymptotic regime (5.1), and argue that the nilpotent orbit approximation
converges to the sl(2)-approximation given here. In order to do this, let us first
write down the more formal formulation of the sl(2)-orbit theorem that typically
appears in the math literature, in contrast to the Hodge star approximation in
(5.34). It works from the perspective of the Hodge filtration, and states that we
can approximate the nilpotent filtration F pnil in the strict asymptotic regime by

F psl(2)(t) = et
iN−

i F̃ p0 . (5.40)

where F̃ p0 is the sl(2)-split filtration defined in (5.4). The sl(2)-approximated Hodge
star operator we introduced in (5.34) is then precisely the Weil operator associated
with the Hodge decomposition Hp,q

sl(2) = F psl(2) ∩ F̄
q
sl(2). This can be made manifest

by cleverly rewriting (5.40) with the saxionic scaling operator as

F psl(2) = ex
iN−

i e−1(y)F p∞ , (5.41)

where we rewrote in terms of the boundary Hodge filtration (5.18). This can be
seen by using the Baker-Campbell-Hausdorff formula to show that

e−1(y)eiN
−
(n)e(y) = eiy

iN−
i , (5.42)

and the fact that e(y)F̃ p0 = F̃ p0 .7 In (5.41) the axion- and saxion-dependent factors
now appear explicitly. Moreover, since these are real they both appear in F psl(2) and
its conjugate, and can therefore be extracted as a common factor as

Hp,q
sl(2) = ex

iN−
i e−1(y)Hp,q

∞ . (5.43)

We can now note that when applying Csl(2) on these spaces this common factor
directly cancels off against its inverse factor appearing on the right in (5.34). The
7It is instructive for the reader to check this last identity for the element ã0 spanning F̃D0 . It has
a well-defined location (5.31) in the sl(2)-eigenspaces, and thus e(y) simply acts by multiplication
with an overall saxion-dependent factor as in (5.36), which is irrelevant for vector spaces.
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boundary Hodge star C∞ can then act on the boundary Hodge structure Hp,q
∞

according to the standard multiplication rule, after which the common moduli-
dependent factor is reinstated. A summary of the different regimes and the relevant
operators and subspaces has been provided in table 5.2.

regime asymptotic strict asymptotic boundary

validity e2πiti � 1 y1 � ...� yn � 1 ti = i∞

filtration F pnil F psl(2) F p∞

Hodge star Cnil Csl(2) C∞

Table 5.2: Summary of the different regimes. We indicated the corrections that can be
dropped in each of these regimes, as well as what Hodge star ((3.29), (5.34) and (5.16))
and limiting subspaces ((3.25), (5.40) and (5.18)) should be used to describe these regimes.

The strict asymptotic limit

Having established how the Hodge star (5.34) and Hodge filtration formulation
(5.40) of the sl(2)-approximation are related, we can now get to the limit λ→∞ in
the strict asymptotic regime. The idea is that the saxionic scaling operator (5.35)
encodes how periods diverge or vanish asymptotically as we approach the boundary
of the strict asymptotic regime. In particular, by multiplying with this operator
we can strip off this singular behavior. For the moment we will set the axions to
zero again xi = 0, which we will later justify with (5.45). Then we find in the limit
λ→∞ that

lim
λ→∞

e(y)F pnil = F p∞ . (5.44)

For the details we refer to the original article [19], but let us nevertheless give a
heuristic argument:

• As a first check, we can verify that this identity is self-consistent for the sl(2)-
orbit: indeed by replacing F pnil with F

p
sl(2) in (5.41) we see that the saxionic

scaling operators cancel out, and hence the boundary Hodge filtration F p∞
remains. In particular, taking the limit λ→∞ to the boundary of the strict
asymptotic regime was not even needed here, as this equation holds identically
for the sl(2)-orbit when the axions are dropped.

• The strict asymptotic limit becomes important when we consider corrections
of the nilpotent orbit to the sl(2)-orbit approximation. One can work out a
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5.2 Approximation by the sl(2)-orbit

similar identity as (5.42), but with the log-monodromy matrices Ni instead:
the lower-weight pieces in Ni under sl(2,R)-triples given in (5.8) then produce
corrections of the order 1/λ under application of the saxionic scaling operator.
The limit λ→∞ therefore ensures that we can drop precisely these corrections
between the sl(2)-orbit and the nilpotent orbit, hence resulting in (5.44).

Let us next elaborate on the axion dependence in this limit, where for simplicity we
work just with the sl(2)-orbit. Including the axion-dependent factor in (5.41) then
amounts to considering its adjoint under the group element e(y), since by moving
this saxionic scaling operator to the right we reduce to our discussion above. For
this adjoint we can show by a similar computation as in (5.42) that

e(y)ex
iN−

i e−1(y) = e
xi

yi
N−
i . (5.45)

Since our axions are bounded in (5.37), this factor clearly approaches the identity
matrix in the limit λ→∞, which sends all yi →∞. Hence the axion-dependent
factor can be ignored in the strict asymptotic limit, justifying why we set xi = 0
earlier. Similar arguments can be made when one works with the log-monodromy
matrices Ni in the nilpotent orbit rather than the lowering operators N−i , see for
instance [48] for a detailed discussion in the physics literature. The extra terms in
the relation (5.8) between these operators then lead again to suppressed corrections,
since they are by construction of a lower weight under the sl(2,R)-triples.

Leading behavior of periods and the Kähler potential

The above discussion was rather abstract, so let us specialize to the periods of the
(D, 0)-form for a moment, which for instance specify the leading behavior of the
Kähler potential via (3.38). By taking the element Ω∞ ∈ HD,0

∞ we can lift it to its
sl(2)-approximated version in the strict asymptotic regime by using (5.41) as

Ωsl(2) = (y1)
d1
2 (y2)

d2−d1
2 · · · (yn)

dn−dn−1
2 ex

iN−
i e−1(y)Ω∞ . (5.46)

Here we included an overall saxion-dependent factor which normalizes the term ã0

appropriately, i.e. it precisely cancels out the saxionic scaling of e−1(y)ã0.
Next we can use this leading behavior to obtain an estimate for the parametrical

scaling of the Kähler potential in the strict asymptotic regime. By a straightforward
computation we find that

Ksl(2) = − log
[
i−D〈Ω∞, Ω̄∞〉 (y1)d1(y2)d2−d1 · · · (yn)dn−dn−1

]
, (5.47)
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where the integers di are defined by (4.25). For later reference, let us record the
precise form of this coefficient 〈Ω∞, Ω̄∞〉 as

〈Ω∞, Ω̄∞〉 = (2i)dn〈
∏
i

(N−i )di−di−1

(di − di−1)! ã0, ¯̃a0〉 . (5.48)

Notice that the polarization conditions (4.22) with ã0 ∈ PD,dn then assure us that
the leading coefficient of the Kähler potential (5.47) is positive.

It is tempting to now try to compute the Kähler metric by taking derivatives of
(5.47). However, as we stressed before, one should be careful with interchanging the
order of taking derivatives and taking limits. In fact, the Kähler metric provides
us with a good example why this order matters. Namely, (5.47) does not depend
on the coordinate yi whenever di − di−1 = 0. The integers di are bounded by
0 ≤ di ≤ di+1 ≤ D, so this already happens if one considers limits where D + 1 or
more moduli are scaled at different rates. In particular, note that di − di−1 = 0
is therefore not only specific to finite distance singularities, but can also occur
for infinite distance singularities such as the large complex structure point. Thus
simply taking (5.47) can result in a degenerate Kähler metric, and one should
include corrections when necessary in order to resolve this issue. These corrections
can have a polynomial nature, but can also be of an exponentially small order as
occurred in the example in (3.46) we encountered before.

5.3 Algorithmic approach to the sl(2)-approximation

In this section we give the algorithmic procedure for the construction of the sl(2)-
approximation in explicit examples. It is built around the rotation of any Deligne
splitting to a special R-split version, the sl(2)-splitting. This complex rotation is
iterated over the steps in the enhancement chain (4.50), i.e. at each hierarchy of the
saxions. Here we explain how to run this program, and how the relevant boundary
data can be read off in the end.

Algorithm I: rotation to the sl(2)-splitting

A crucial observation relevant for the sl(2)-orbit theorem [19] is that any Deligne
splitting can be rotated to a special R-split, known as the sl(2)-split. This rotation
is implemented by rotating the limiting filtration F p0 and consists of two steps: first
we use a real phase operator δ to rotate to an R-split, and then we rotate to the
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sl(2)-split via another real operator ζ

Ip,q
δ−−−−→ Îp,q = R-split Ip,q ζ−−−−→ Ĩp,q = sl(2)-split Ip,q (5.49)

R-split. Let us begin by performing the rotation to the R-split. We introduce
a grading operator N 0 to ascertain how the complex conjugation rule Īp,q = Iq,p

is modified by (4.12). This grading operator will serve as a starting point for the
weight operator of an sl(2)-triple. To be precise, the grading operator N 0 acts on
an element of Ip,q as follows

N 0 ωp,q = (p+ q − 3)ωp,q , ωp,q ∈ Ip,q . (5.50)

Clearly this means that when the Deligne splitting is not R-split, i.e. Īp,q 6= Iq,p,
then N 0 is not a real operator since Ip,q and Iq,p are part of the same eigenspace
of N 0. In fact, we can use the way that N 0 transforms under complex conjugation
to determine how the F p0 should be rotated. We can achieve this by writing the
transformation rule conveniently as

N̄ 0 = e−2iδN 0 e+2iδ , δ ∈ sp(2h2,1 + 2,R) , (5.51)

where δ denotes the phase operator of the rotation. Let us also note that δ
commutes with all log-monodromy matrices Ni, i.e. [δ,Ni] = 0. This operator can
be decomposed with respect to its action on Ip,q as follows

δ =
∑
p,q≥1

δ−p,−q , δ−p,−q I
r,s = Ir−p,s−q . (5.52)

The fact that δ only has components with p, q ≥ 1 follows from the fact that under
complex conjugation the Ip,q are related only modulo lower-positioned elements, as
can be seen from (4.12). One can then proceed and solve (5.51) for the components
δ−p,−q of the phase operator for a weight 3 Hodge structure as8

δ−1,−1 = i

4(N̄ 0 −N 0)−1,−1 , δ−1,−2 = i

6(N̄ 0 −N 0)−1,−2 ,

δ−1,−3 = i

8(N̄ 0 −N 0)−1,−3 , δ−2,−2 = i

8(N̄ 0 −N 0)−2,−2 ,

δ−2,−3 = i

10(N̄ 0 −N 0)−2,−3 −
i

5 [δ−1,−2, δ−1,−1] ,

δ−3,−3 = i

12(N̄ 0 −N 0)−3,−3 −
i

3 [δ−2,−2, δ−1,−1] ,

(5.53)

8Here we used eXY e−X = Y + [X,Y ] + 1
2! [X, [X,Y ]] + . . . and [H, δ−p,−q ] = −(p+ q)δ−p,−q .
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and the other components follow by complex conjugation. The rotation of the
limiting filtration F p0 to the R-split is then straightforwardly given by (as shown in
(5.49), we use a hat to distinguish the R-split case from the non-R-split case)

F̂ p0 ≡ e−iδF
p
0 . (5.54)

sl(2)-split. Next we want to rotate from the R-split to the sl(2)-split. We
parametrize this rotation by an algebra element ζ ∈ g, which is fixed compo-
nentwise in terms of δ as9 (see also [138])

ζ−1,−2 = − i2δ−1,−2 , ζ−1,−3 = −3i
4 δ−1,−3 ,

ζ−2,−3 = −3i
8 δ−2,−3 −

1
8 [δ−1,−1, δ−1,−2] , ζ−3,−3 = −1

8 [δ−1,−1, δ−2,−2] ,
(5.55)

and all other components either vanish or are fixed by complex conjugation. The
sl(2)-split is obtained by applying ζ on the limiting filtration in the following way

F̃ p0 = eζF̂ p0 = eζe−iδF p0 , (5.56)

where we used a tilde to distinguish the sl(2)-split from the other two cases. The
sl(2)-split Ĩp,q is then straightforwardly computed by using (4.5) for F̃ p0 , similar to
how the R-split Îp,q was obtained.

Fixing ζ. Let us briefly elaborate on how the rotation by ζ to the sl(2)-split is
precisely fixed, see for instance [45] for a more extensive discussion. The central
identity of importance reads

eiδ = eζ
(
1 +

∑
k≥1

Pk(C2, . . . , Ck+1)
)
, (5.57)

where the polynomials Pk(C2, . . . , Ck+1) are defined recursively as

P0 = 1 , Pk = −1
k

k∑
j=1

Pk−jCj+1 , (5.58)

9These relations apply for Calabi-Yau threefolds, and their extended version for Calabi-Yau
fourfolds is given in (5.102). Let us note that these (p, q)-decompositions are computed with
respect to the R-split Îp,q obtained from (5.54) and not Ip,q . In particular, this means that one
cannot use the components δ−p,−q from (5.53) directly, since these were evaluated with respect
to the starting Deligne splitting Ip,q . One should rather compute the R-split Îp,q first explicitly
by using (4.5) for F̂ p0 , and subsequently decompose δ with respect to Îp,q to determine ζ.
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and coefficients Ck are given in terms of some operator η ∈ g as

Ck+1(η) =
∑

p,q≥1, p+q≥k+1
i bk−1
p−1,q−1η−p,−q , (1− x)p(1 + x)q =

p+q∑
k=0

bkp,qx
k . (5.59)

The operators ζ and η can then be determined in terms of components of δ by
expanding the operators in (5.57) with respect to the real R-splitting Îp,q. Below
we consider an explicit example where we show how this fixes these two operators.

K3 example. The above set of conditions needed to derive ζ is rather abstract, so
as an exercise let us work it out for a weight D = 2 Hodge structure – the middle
cohomology of a K3 surface. The coefficients Ck+1 are then given by

C2 = iη−1,−1 + iη−1,−2 + iη−2,−1 + iη−2,−2 ,

C3 = iη−1,−2 − iη−2,−1 , C4 = −iη−2,−2 .
(5.60)

For the polynomials we then get

P1 = −C2 = −iη−1,−1 − iη−1,−2 − iη−2,−1 − iη−2,−2 ,

P2 = −1
2(P1C2 + P0C3) = −1

2η−1,−1η−1,−1 + i

2η−2,−1 −
i

2η−1,−2 ,

P3 = −1
2(P2C2 + P1C3 + P0C4) = 1

3η−2,−2 ,

(5.61)

where all higher-order polynomials vanish: these are made up of terms below degree
(−2,−2), which must vanish for D = 2. We are now finally prepared to read off
(5.57) componentwise as

δ−1,−1 = ζ−1,−1 − iη−1,−1 ,

iδ−1,−2 = ζ−1,−2 − 3i
2 η−1,−2 , iδ−2,−1 = ζ−2,−1 − i

2η−2,−1 , (5.62)
iδ−2,−2 − 1

2 (δ−1,−1)2 = ζ−2,−2 − 2i
3 η−2,−2 + 1

2 (ζ−1,−1)2 − iζ−1,−1η−1,−1 − 1
2 (η−1,−1)2 .

These conditions are solved for ζ by

ζ−1,−2 = − i2δ−1,−2 , ζ−2,−1 = i

2δ−2,−1 , (5.63)

and for η by

η−1,−1 = −δ−1,−1 , η−1,−2 = −δ−1,−2 ,

η−2,−1 = −δ−2,−1 , η−2,−2 = −3
2δ−2,−2 .

(5.64)
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Algorithm II: iterating through the saxion hierarchies

We now iterate the above procedure through all saxion hierarchies in order to
obtain the sl(2)-approximation in the regime y1 � y2 � . . . � yn � 1 specified
by (5.1). We start from the lowest hierarchy where all saxions are taken to be
large y1, . . . , yn →∞, and move one saxion at a time up to the highest hierarchy
y1 → ∞. A flowchart illustrating how this iteration runs has been provided in
figure 5.1. Our construction follows the same steps as [19, 27, 138], in particular,
we point out that [27] already contains some examples that have been worked out
explicitly.

input:
F p0 , Ni

Ip,q(n)

Ĩp,q(n)

Ip,q(n−1)

Ĩp,q(n−1)

. . .

Ip,q(1)

Ĩp,q(1)

eζneiδn

eiNn

eζn−1eiδn−1 eiNn−1

eiN2

eζ1eiδ1

Figure 5.1: Flowchart illustrating the algorithm for constructing the sl(2)-approximation.
This figure focuses on the construction of the sl(2)-split Deligne splittings Ĩp,q(k) . We labelled
each arrow by the rotation that has to be applied on the limiting filtration F p0 according to
(5.66). In particular, each downward arrow corresponds to an iteration of the sl(2)-splitting
algorithm for the Deligne splitting Ip,q(k) , where δk, ζk are determined by (5.53) and (5.55).

1. Our starting data from the periods is given by the limiting filtration F p0
obtained from (3.26), together with the log-monodromy matricesNi. We begin
from the lowest hierarchy where all saxions are taken to be large. This means
we consider the monodromy weight filtration (4.1) of N(n) = N1 + · · ·+Nn.
By using (4.5) we subsequently compute the Deligne splitting Ip,q(n), where we
included a subscript to indicate that it involves all n limiting coordinates.
We then apply the algorithm I above to compute rotation operators δn, ζn by
using (5.53) and (5.55) in order to obtain the sl(2)-split Ĩp,q(n) through (5.56).

2. As next step we consider the Deligne splitting for the limit y1, . . . , yn−1 →∞.
Similar to the previous step we can compute the monodromy weight filtration
(4.1) for N(n−1) = N1 + · · ·+Nn−1. However, the limiting filtration we should
consider requires slightly more work. Let us denote the limiting filtration of
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the sl(2)-split obtained in the previous step by F̃ p(n). Rather than taking this
limiting filtration, we should apply Nn in the following way

F p(n−1) = eiNn F̃ p(n) . (5.65)

Roughly speaking this can be understood as fixing the saxion yn to a value –
yn = 1 – while keeping the other saxions large. We then take this limiting
filtration and compute the Deligne splitting Ip,q(n−1) at hierarchy n− 1.

3. From here on the construction continues in the same manner as for the
previous step, where we start from Ip,q(n−1). We first determine the rotation
matrices δn−1, ζn−1 to obtain the sl(2)-split Ĩp,q(n−1), and then move on to the
next hierarchy by applying Nn−1.

To summarize, the full iterative process can therefore be described by the two
recursive identities

F̃ p(k) = eζkeiδkF p(k) , F p(k−1) = eiNk F̃ p(k) . (5.66)

Algorithm III: constructing the sl(2)-triples and boundary Hodge star

We now discuss the final steps in constructing the sl(2)-approximation. The above
iteration of the sl(2)-splitting algorithm already provided us the necessary data
in the form of the Deligne splittings Ĩp,q(k) . The remaining task is now to read off
the relevant boundary data. The strategy is to first determine a set of mutually
commuting sl(2)-triples

{N−k , N
+
k , N

0
k} , k = 1, ..., n , (5.67)

one associated to each log-monodromy Nk. Subsequently we will read off the charge
operator Q∞ and the boundary Hodge star C∞.

Weight operator. We first determine the weight operators N0
(k) = N0

1 + . . .+N0
k .

Their action on the sl(2)-split Ĩp,q(k) is given as grading operators that multiply
elements as

N0
(k) ωp,q = (p+ q − 3)ωp,q , ωp,q ∈ Ĩp,q(k) . (5.68)

Since the iteration of the sl(2)-splitting algorithm provides us with explicit expres-
sions for the vector spaces Ĩp,q(k) , this property suffices to write down the grading
operators N(k) explicitly. The weight operators associated with the individual
saxions are then determined via

N0
k = N0

(k) −N
0
(k−1) , N0

(0) = 0 . (5.69)
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Lowering operators. Next we determine the lowering operators N−k of the com-
muting sl(2)-triples. The idea is to construct these lowering operators out of the
log-monodromy matrices Nk. However, while the Nk commute with each other,
generally they do not yet commute with the weight operators N0

k′ of the other
sl(2)-triples. This can be remedied by projecting each Nk onto its weight-zero piece
under N0

(k−1). We can write this projection out as

Nk = N−k +
∑
`≥2

Nk,−` , [N0
(k−1), Nk,−`] = −`Nk,−` , (5.70)

where ` specifies the weight under N0
(k−1), and the lowering operator N−k = Nk,0 is

fixed as the weight-zero piece. By projecting out the other components Nk,−` we
ensure that the resulting sl(2)-triples are commuting. It is now straightforward to
complete the sl(2)-triples (5.67) by solving [N0

k , N
+
k ] = 2N+

k and [N+
k , N

−
k ] = N0

k

for the raising operators N+
i . For our purposes this will not be necessary.

Boundary Hodge star. Besides the sl(2)-triples we also need the boundary Hodge
structure to construct the sl(2)-approximation. The defining Hodge filtration
F p∞ can be obtained from any of the sl(2)-split filtrations F̃ p(k). By applying
N−(k) = N−1 + . . .+N−k on this filtration in a similar manner as the second equation
in (5.66) (also recall (5.18)) we obtain

F p∞ = e
iN−(k) F̃ p(k) . (5.71)

The pure Hodge structure is then obtained straightforwardly through (3.6) and we
can read off the operator Q∞ by

Q∞ω = 1
2
(
p− q

)
ω , ω ∈ Hp,q

∞ = F p∞ ∩ F̄ q∞ . (5.72)

Intuitively the appearance of this pure Hodge structure (rather than a mixed Hodge
structure) follows from the fact that it corresponds to the Deligne splitting with a
trivial nilpotent element N−(0) = 0, so it reduces to a pure Hodge structure. The
boundary Hodge star operator can obtained through

C∞wp,q = ip−qwp,q , wp,q ∈ Hp,q
∞ , (5.73)

or by recalling that C∞ = eiπQ∞ . Altogether the above boundary data suffices to
write down the sl(2)-approximation, for instance for the Hodge star in (5.34).
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5.4 Example construction of the sl(2)-approximation
In this subsection we work out in detail the sl(2)-approximation for a two-moduli
example. We consider the large complex structure region for the mirror of the
Calabi-Yau hypersurface inside P1,1,2,2,2

4 [8], which in this context was studied
originally in [82, 83, 139]. A similar two-moduli model, P1,1,1,6,9

4 [18] of [82, 140], has
been worked out in [27] to which we refer for an additional example. The relevant
topological data for our example can be found for instance in [139], which we recall
as follows10

κ122 = 4 , κ222 = 8 , χ = −168 , (5.74)

and all other intersection numbers vanishing. The log-monodromy matrices (1.46)
are then given by

N1 =



0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 0
0 0 −4 0 0 0


, N2 =



0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 −1
0 0 −4 0 0 0
0 −4 −8 0 0 0


. (5.75)

In the following we work out the construction of the sl(2)-approximation in explicit
detail for the asymptotic regime y1 � y2 � 1.

Step 1: sl(2)-splitting of Ip,q(2)

We begin our analysis with both saxions y1 and y2 being large, which corresponds
to considering the sum of log-monodromy matrices

N(2) = N1 +N2 . (5.76)

In order to write down the associated Deligne splitting Ip,q(2) we need to determine the
monodromy weight filtration W`(N(2)) and the limiting filtration F p0 . We discuss
these structures in turn.

Monodromy weight filtration. The monodromy weight filtration for the nilpotent
operator (5.76) is computed using (4.1). Since N(2) is a finite-dimensional and
10For a clearer presentation, we chose to interchange the complex structure moduli t1 ↔ t2 as
compared to [139].
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explicitly-known matrix this can easily be done using a computer-algebra program,
and we find

W0(N(2)) = W1(N(2)) = span
[
(0, 0, 0, 1, 0, 0)

]
,

W2(N(2)) = W3(N(2)) = span
[
(0, 0, 0, 0, 1, 0) , (0, 0, 0, 0, 0, 1)

]
⊕W0(N(2)) ,

W4(N(2)) = W5(N(2)) = span
[
(0, 1, 0, 0, 0, 0) , (0, 0, 1, 0, 0, 0)

]
⊕W2(N(2)) ,

W6(N(2)) = span
[
(1, 0, 0, 0, 0, 0)

]
⊕W4(N(2)) .

(5.77)

Note that this filtration corresponds to the decomposition of the even homology
into zero-, two-, four- and six-cycles on the mirror dual. To be precise, W2p(N(2))
is spanned by all even cycles of degree 2p or lower, which turns out to be a general
feature for the monodromy weight filtration of N(h2,1) at large complex structure.

Limiting filtration. For the limiting filtration (3.26) we recall that the vector space
F p is spanned by the first 3− p derivatives of the period vector. At large complex
structure the derivative with respect to ti simply lowers a log-monodromy matrix Ni
in (2.5), since we can ignore derivatives of Γ(z) near this boundary. Subsequently
multiplying by e−tiNi from the left we find we are left with the vectors a0, Nia0, . . .

to span the spaces F p0 . In other words, the vector space F p0 is obtained by taking
the span of up to 3− p log-monodromy matrices Ni acting on a0. We can represent
this information about the limiting filtration F p0 succinctly in terms of a period
matrix as

Π(2) =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

− 21iζ(3)
π3 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0


. (5.78)

Here the first column corresponds to F 3
0 , the first three columns to F 2

0 , the first
five columns to F 1

0 , and all six columns F 0
0 = H3(Y3).

Deligne splitting. Given the monodromy weight filtration (5.77) and the limiting
filtration (5.78), we can now compute the Deligne splitting via equation (4.5).
Expressed in the diagrammatic form introduced in figure 4.1, with the associated
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vectors understood as spanning the corresponding subspace, this yields

Ip,q(2) =

(0, 0, 0, 1, 0, 0)

(0, 0, 0, 0, 1, 0)(0, 0, 0, 0, 0, 1)

(0, 1, 0, 0, 0, 0) (0, 0, 1, 0, 0, 0)

(1, 0, 0,− 21iζ(3)
π3 , 0, 0)

(5.79)

However, note that that the Deligne splitting (5.79) is not R-split. Indeed, under
complex conjugation I3,3

(2) is shifted by a piece in I0,0
(2) as

Ī3,3
(2) = span

[
(1, 0, 0,+ 21iζ(3)

π3 , 0, 0)
]

(5.80)

= span
[
(1, 0, 0,− 21iζ(3)

π3 , 0, 0)
]
mod span

[ 42iζ(3)
π3 (0, 0, 0, 1, 0, 0)

]
= I3,3

(2) mod I0,0
(2) ,

and hence the complex-conjugation rule shown in (4.12) follows. We now want to
perform a complex rotation of the period matrix Π(2) to make the Deligne splitting
R-split. This procedure is outlined between equations (5.50) and (5.54).

Grading operator. To begin with, we determine the grading operator N 0
(2) as

defined by (5.50) for the Deligne splitting (5.79). Using for instance a computer
algebra progam, this operator is computed as

N 0
(2) =



3 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

− 126iζ(3)
π3 0 0 −3 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1


, (5.81)

where the imaginary component of N 0
(2) corresponds to the breaking of the R-split

property of the Deligne splitting Ip,q(2) in (5.80).

Phase operator. Next, we recall that the rotation is implemented through a phase
operator δ2, which is fixed by the grading operator N 0

(2) through (5.51), and δ2 can
be computed explicitly by using (5.53). For the derived grading operator (5.81)
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and Deligne splitting (5.79) we then find the phase operator

δ2 = (δ2)−3,−3 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

− 21ζ(3)
π3 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, (5.82)

where we stressed that δ2 only has a (−3,−3)-component with respect to Deligne
splitting Ip,q(2) . By using (5.55) one therefore can already see that ζ2 = 0, so our
rotation by δ will directly rotate us to the sl(2)-split. Following (5.66), the period
matrix of this limiting filtration F̃ p(2) is given by

Π̃(2) = eiδ2Π(2) =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0


. (5.83)

Sl(2)-splitting. Combining this result with the monodromy weight filtration (5.77),
one straightforwardly shows that the sl(2)-splitting at the lowest hierarchy is spanned
by

Ĩp,q(2) =

(0, 0, 0, 1, 0, 0)

(0, 0, 0, 0, 1, 0)(0, 0, 0, 0, 0, 1)

(0, 1, 0, 0, 0, 0) (0, 0, 1, 0, 0, 0)

(1, 0, 0, 0, 0, 0)

. (5.84)

Notice that the resulting sl(2)-split Ĩp,p(2) can be interpreted precisely as the decom-
position into (p, p)-forms on the mirror dual Kähler side, similar to our comment
on the filtration W (N(2)) below equation (5.77).

Step 2: sl(2)-splitting of Ip,q(1)

Following the algorithm outlined in figure 5.1, we next consider the hierarchy set
by y1 with y2 � y1. From a practical perspective this means we will be working
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5.4 Example construction of the sl(2)-approximation

with the Deligne splitting Ip,q(1) associated with the log-monodromy matrix N1. We
determine this splitting as follows.

Monodromy weight filtration. Similarly as above, we first compute the mon-
odromy weight filtration (4.1) associated with N1. It takes the following form

W0(N1) = W1(N1) = 0 ,

W2(N1) = W3(N1) = span
[
(0, 1, 0, 0, 0, 0) , (0, 0, 0, 0, 0, 1) , (0, 0, 0, 1, 0, 0)

]
, (5.85)

W4(N1) = W5(N1) = span
[
(1, 0, 0, 0, 0, 0) , (0, 0, 1, 0, 0, 0) , (0, 0, 0, 0, 1, 0)

]
⊕W2(N1) ,

W6(N1) = W4(N1) .

Limiting filtration. Next, we determine F p(1) from the sl(2)-split filtration F̃ p(2) of
the previous hierarchy through equation (5.66). At the level of the period matrix
this means we rotate (5.83) as

Π(1) = eiN2Π̃(2) = eiN2eiδ2Π(2) =



1 0 0 0 0 0
0 1 0 0 0 0
−i 0 1 0 0 0
4i
3 −2 −4 0 −i 1
2 0 4i 1 0 0
4 4i 8i 0 1 0


. (5.86)

Deligne splitting. Using the definition of the Deligne splitting given in (4.5)
together with the monodromy weight filtration (5.85) and the limiting filtration
(5.86), we find that the Deligne splitting is spanned by

Ip,q(1) =

(0, 1, 0,−2, 0, 4i) (0, 1, 0,−2, 0,−4i)
(0, 1, 0, 2, 0, 0)

(1,− 2i
3 , 0,−

4i
3 ,−2,− 4

3 )
(1, 0,−i, 4i

3 , 2, 4) (1,− 4i
3 , i,

4i
3 , 2,−

4
3 )

. (5.87)

Note that none of the spaces in the upper part of the Deligne splitting (5.87) obey
the R-split conjugation rule. In particular, under complex conjugation I2,2 is related
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to itself up to a shift in I1,1, while I1,3 is related to I3,1 up to a piece in I2,0 and
vice versa. To be precise, we find

Ī2,2
(1) = span

[
(1,+ 2i

3 , 0,+
4i
3 ,−2,− 4

3 )
]

= span
[
(1,− 2i

3 , 0,−
4i
3 ,−2,− 4

3 )
]
mod span

[
4i
3 (0, 1, 0, 2, 0, 0)

]
= I2,2

(1) mod I1,1
(1) ,

Ī3,1
(1) = span

[
(1,+ 4i

3 ,−i,−
4i
3 , 2,−

4
3 )
]

(5.88)

= span
[
(1, 0,−i,+ 4i

3 , 2, 4)
]
mod span

[
4i
3 (0, 1, 0,−2, 0, 4i)

]
= I3,1

(1) mod I2,0
(1) ,

which is in accordance with the complex conjugation rule (4.12). We can now
perform the rotation to the sl(2)-split Ĩp,q(1) .

Grading operator. As before we first compute the grading operator defined in
(5.50) for the above Deligne splitting (5.87). This grading operator is found to be

N 0
(1) =



1 0 0 0 0 0
− 4i

3 −1 − 4
3 0 0 0

0 0 1 0 0 0
0 0 0 −1 4i

3 0
0 0 0 0 1 0
0 0 16i

3 0 4
3 −1


. (5.89)

Phase operator. Next, using (5.53), δ is then computed from N 0
(1) as

δ1 = (δ1)−1,−1



0 0 0 0 0 0
− 2

3 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 2

3 0
0 0 0 0 0 0
0 0 8

3 0 0 0


. (5.90)

Note that similar to the Deligne splitting Ip,q(2) discussed above, we find that ζ1 = 0
by using (5.55), since δ1 only has a (−1,−1)-component. Therefore by rotating to
the R-split we again directly rotate to the sl(2)-split. At the level of the period
matrix (5.86) this means that F̃ p(1) can be represented as

Π̃(1) = eiδ1Π(1) =



1 0 0 0 0 0
2i
3 1 0 0 0 0
−i 0 1 0 0 0
0 −2 − 4

3 − 2i
3 i 1

2 0 4i 1 0 0
4
3 4i 16i

3 0 1 0


. (5.91)
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Sl(2)-splitting. Finally, using (4.5) for the filtration F̃ p(1) we obtain

Ĩp,q(1) =

(0, 1, 0,−2, 0,−4i)(0, 1, 0,−2, 0, 4i)
(0, 1, 0, 2, 0, 0)

(1, 0, 0, 0,−2,− 4
3 )

(1,− 2i
3 , i, 0, 2,

4
3 )(1, 2i

3 ,−i, 0, 2,
4
3 )

. (5.92)

It is also worthwhile to reflect back on our earlier discussion of the IIb → IVd

enhancement in section 4.3, and in particular how the primitive component of
weight four (4.48) enhances. We can see precisely here how all three elements at the
fourth row in (5.92) are needed to make the linear combination ã0 = (1, 0, 0, 0, 0, 0)
spanning I3,3

(2) in (5.84). Similarly we can obtain its descendants (0,− 2
3 , 1, 0, 0, 0) at

(2, 2) and (0, 0, 0, 0, 1, 2
3 ) at (1, 1) from these elements.

Step 3: constructing the sl(2)-approximation

We now construct the sl(2)-approximated Hodge star from the two sl(2)-splittings
(5.92) and (5.84) determined above.

Sl(2)-triples. The weight operators N0
(i) are fixed by the multiplication rule (5.68)

on the two sl(2)-splittings. For (5.92) and (5.84) these grading operators are
respectively given by

N0
(1) =



1 0 0 0 0 0
0 −1 − 4

3 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 0 0 4

3 −1


, N0

(2) =



3 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −3 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1


. (5.93)

In order to construct the lowering operators N−i we need to decompose the log-
monodromy matrices Na with respect to the weight operators as described in (5.70).
For the first lowering operator we find simply that N1 = N−1 , since N0

(0) = 0. On
the other hand, for N2 we find that it decomposes with respect to N0

(1) as

N2 = (N2)0 + (N2)−2 , (5.94)
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where

(N2)0 =



0 0 0 0 0 0
− 2

3 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 2

3 −1
0 0 −4 0 0 0
0 −4 − 16

3 0 0 0


, (N2)−2 =



0 0 0 0 0 0
2
3 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 − 2

3 0
0 0 0 0 0 0
0 0 − 8

3 0 0 0


. (5.95)

We then identify the lowering operator with the weight-zero piece as N−2 = (N2)0.

Boundary Hodge star. Next we construct the boundary Hodge star C∞. The
Hodge filtration F p∞ associated with this boundary Hodge structure follows from
(5.71), and we can write the period matrix associated to these vector spaces F p∞ as

Π̃(0) = eiN
−
1 Π̃(1) = ei(N

−
1 +N−2 )Π̃(2) =



1 0 0 0 0 0
i
3 1 0 0 0 0
i 0 1 0 0 0
−2i −2 − 16

3 − i
3 −i 1

2 0 −4i 1 0 0
16
3 −4i − 28i

3 0 1 0


. (5.96)

From this boundary Hodge filtration one finds that the boundary (p, q)-spaces
Hp,q
∞ = F p∞ ∩ F q∞ are spanned by

H3,0
∞ = span

[
(1,− i

3 ,−i, 2i, 2,
16
3 )
]
,

H2,1
∞ = span

[
(1, 0,− 3i

8 ,−2i,− 1
2 ,−

11
6 ) , (0, 1,− 3

8 , 0,−
3i
2 ,

i
2 )
]
,

(5.97)

and the other spaces follow by complex conjugation. The corresponding Hodge star
operator is then determined by the multiplication rule (5.73) as

C∞ =



0 0 0 1
2 0 0

0 0 0 0 11
18 − 1

6
0 0 0 0 − 1

6
1
4

−2 0 0 0 0 0
0 −2 − 4

3 0 0 0
0 − 4

3 − 44
9 0 0 0


. (5.98)

Having constructed the necessary building blocks, we are now ready to put together
the sl(2)-approximated Hodge star operator according to (5.34). Setting the axions
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to zero for simplicity, that is xi = 0, we find that

Csl(2) =



0 0 0 − 1
2y1y2

2
0 0

0 0 0 0 − y1
2y2

2
− 1

9y1
1

6y1

0 0 0 0 1
6y1

− 1
4y1

2y1y
2
2 0 0 0 0 0

0 2y2
2

y1

4y2
2

3y1
0 0 0

0 4y2
2

3y1

8y2
2

9y1
+ 4y1 0 0 0


, (5.99)

and the Hodge-star matrixMsl(2) is then again obtained asMsl(2) = ηCsl(2).

It is instructive to compare the sl(2)-approximated Hodge star operator (5.99)
to the full Hodge star operator (1.64) computed via the LCS periods (1.41). In
particular, this allows us to see which terms are dropped in the sl(2)-approximation.
We find that the full Hodge star operator is given by

C =


0 0 6

K 0
0 0 0 3

2KK
ij

−K6 0 0 0
0 − 2K

3 Kij 0 0

 (5.100)

=



0 0 0 − 3
6y1y2

2+4y3
2

0 0
0 0 0 0 − 3y2

1+4y1y2+2y2
2

6y1y2
2+4y3

2

1
6y1+4y2

0 0 0 0 1
6y1+4y2

− 3
12y1+8y2

2
3y

2
2(3y1 + 2y2) 0 0 0 0 0

0 6y2
2

3y1+2y2

4y2
2

3y1+2y2
0 0 0

0 4y2
2

3y1+2y2

4(3y2
1+4y1y2+2y2

2)
3y1+2y2

0 0 0


,

with K = Kijkyiyjyk − 3χζ(3)
16π3 and Kähler metric

Kij =

 144y4
2

(8y2
2(3y1+2y2)−3ε)2

96y4
2+36y2ε

(8y2
2(3y1+2y2)−3ε)2

96y4
2+36y2ε

(8y2
2(3y1+2y2)−3ε)2

96y2
2(3y2

1+4y1y2+2y2
2)+36ε(y1+2y2)

(8y2
2(3y1+2y2)−3ε)2

 , (5.101)

where in the second line of (5.100) we dropped the ε = χζ(3)
8π3 correction. Note by

comparing (5.99) and (5.100), we see that the sl(2)-approximation is more involved
than simply dropping ε, and in the limit y1 � y2 � 1 we exclude further polynomial
corrections in y2/y1.
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Appendices

5.A Operator relations for Calabi-Yau fourfolds
In this appendix we summarize the relations fixing the operators η and ζ in terms
of δ for Calabi-Yau fourfolds [4]. Recall that the central identity relating the three
operators was given by (5.57). In the mathematics literature [138] this was solved
for the components of ζ for threefolds.11 These results were extended in [7], where
the components of η were given in the threefold case. Following the strategy laid
out in section 5.3, we proceed and derive the componentwise expressions for η, ζ for
fourfolds. We can express ζ componentwise in terms of δ as

ζ−1,−1 = ζ−2,−2 = 0 , ζ−1,−2 = −
i

2
δ−1,−2 , ζ−1,−3 = −

3i
4
δ−1,−3 , ζ−1,−4 = −

7i
8
δ−1,−4 ,

ζ−2,−3 = −
3i
8
δ−2,−3 +

1
8

[δ−1,−2, δ−1,−1] , ζ−2,−4 = −
5i
8
δ−2,−4 +

1
4

[δ−1,−3, δ−1,−1] ,

ζ−3,−3 =
1
8

[δ−2,−2, δ−1,−1] , (5.102)

ζ−3,−4 = −
5i
16
δ−3,−4 +

3
16

[δ−2,−3, δ−1,−1] +
3
16

[δ−1,−3, δ−2,−1] +
i

48
[δ−1,−1, [δ−1,−1, δ−1,−2]] ,

ζ−4,−4 =
3
16

[δ−3,−3, δ−1,−1] +
3
32

[δ−3,−2, δ−1,−2] +
3
32

[δ−2,−3, δ−2,−1]

+
i

32
[δ−1,−1, [δ−2,−1, δ−1,−2]] ,

while η is expressed componentwise as

η−1,−1 = −δ−1,−1 , η−1,−2 = −δ−1,−2 , η−1,−3 = −
3
4
δ−1,−3 , η−1,−4 = −

1
2
δ−1,−4 ,

η−2,−2 = −
3
2
δ−2,−2 , η−2,−3 = −

3
2
δ−2,−3 +

i

2
[δ−1,−1, δ−1,−2] ,

η−2,−4 = −
5
4
δ−2,−4 +

5i
8

[δ−1,−1, δ−1,−3] , η−3,−3 = −
15
8
δ−3,−3 +

5i
4

[δ−2,−1, δ−1,−2] ,

η−3,−4 = −
15
8
δ−3,−4 +

3i
8

[δ−1,−1, δ−2,−3] (5.103)

+
3i
2

[δ−2,−1, δ−1,−3] +
3i
4

[δ−2,−2, δ−1,−2] +
1
8

[δ−1,−1, [δ−1,−1, δ−1,−2]] ,

η−4,−4 = −
35
16
δ−4,−4 +

63i
32

[δ−3,−1, δ−1,−3] +
21i
16

[δ−3,−2, δ−1,−2] +
21i
16

[δ−2,−1, δ−2,−3]

+
7
48

[δ−1,−1, [δ−1,−1, δ−2,−2]] +
7
24

[δ−2,−1, [δ−1,−1, δ−1,−2]]

+
7
24

[δ−1,−2, [δ−1,−1, δ−2,−1]] .

11Furthermore, general expressions for the components ζ−p,−q and η−p,−q in terms of δ−p,−q
were derived, modulo commutators of δ−r,−s (r ≤ p and s ≤ q) left undetermined.
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Part II

Geometrical Applications

In this second part we apply the machinery of asymptotic Hodge theory in a
geometrical situation. In chapter 6 we study the (3, 0)-form periods of Calabi-Yau
threefolds near boundaries in complex structure moduli space. We explain that
near most boundaries exponentially suppressed corrections must be present for
consistency of e.g. the Kähler metric. We develop a procedure to construct general
models for these asymptotic periods including these essential terms, which we
explicitly carry out for all possible one- and two-moduli boundaries.
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6 Constructing general models for asymptotic
periods

In this chapter our main focus will be the derivation of the period vector of the
(3, 0)-form of Calabi-Yau threefolds. It is well-known that these periods can be
computed by using Picard-Fuchs equations [82–84]1 whose solutions are in general
complicated functions of the complex structure moduli. While this strategy to
study periods has been employed successfully for many Calabi-Yau examples in
the past, we employ asymptotic Hodge theory here in order to construct general
models for the asymptotic periods near boundaries in complex structure moduli
space. For the large complex structure point such expressions are already available
by using mirror symmetry, which writes the periods in terms of topological data of
the mirror manifold. The goal of our work is to provide such lampposts near other
boundaries in moduli space, which have received less attention so far in the string
theory literature.
While it is straightforward to use the nilpotent orbit to determine the leading

polynomial part of the period vector, we show that this polynomial approximation
only suffices for boundaries of large complex structure type. For all other boundaries
we find that exponential corrections to the period vector have to be included. This
generalizes the observation already made in [45] and nicely complements [40,142],
in that we now note the importance of exponentially suppressed corrections near
boundaries away from large complex structure. One way to see the necessity of
these non-perturbative terms is that the Kähler metric derived from the polynomial
periods can be singular. More generally, these issues can be traced back to a
completeness principle: it is a fundamental result for Calabi-Yau threefolds Y3

that it is possible to span the entire three-form cohomology H3(Y3,C) from the
period vector and its derivatives. The necessity of exponentially suppressed terms
is expected from finite distance boundaries such as the conifold point, but we show
that it extends to infinite distance boundaries as well. More precisely, we are able
to systematically characterize which correction terms are needed depending on the
1See also [141] for recently developed methods that take a different approach, which in particular
does not require one to embed the Calabi-Yau manifold in some ambient space.
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boundary type by using the underlying structure provided by asymptotic Hodge
theory.

Our construction of the periods uses the techniques laid out in the mathematical
works [121, 143–146]. We begin by constructing the most general nilpotent orbit
compatible with the sl(2,R)n boundary data, following the approach of [121,143,144].
In particular, this procedure captures how to get the monodromy transformations
from a given set of sl(2,R)n-data. We then turn to [145,146] where the holomorphic
expansion of the periods was encoded in terms of an analytic matrix-valued function
Γ. This function generates the exponential corrections to the polynomial periods,
hence we dub it the instanton map. The form of this instanton map is constrained
by imposing consistency with the boundary Hodge decomposition. Furthermore,
its coefficients must obey certain differential equations following from orthogonality
relations between derivatives of the periods. We then derive a rank condition on
this instanton map which ensures that the entire three-form cohomology H3(Y3,C)
can be spanned by the period vector and its derivatives. This allows us to determine
precisely which coefficients in Γ are needed, consequently indicating the essential
instanton terms required in the periods.

We explicitly carry out this program for all possible one- and two-moduli bound-
aries in complex structure moduli space. In the one-modulus case boundaries are
classified by their singularity type, while for two moduli one has to deal with intersec-
tions of divisors where the type can enhance. Nevertheless the two-moduli case can
also be completely classified, as was worked out in [122]. At the one-modulus level
we find two classes of boundaries that require instantons, which cover the conifold
point of the (mirror) quintic [17] and the so-called Tyurin degeneration [147]. For
two moduli we encounter three classes, among them the recently studied coni-LCS
boundaries [108,109]. As a more involved example, we show how our results cover
a degeneration for the Calabi-Yau threefold in P1,1,2,2,6 which played an important
role in the geometrical engineering of Seiberg-Witten models [133].

An interesting application is that the resulting periods can be used in the study of
four-dimensional N = 2 and N = 1 supergravity theories arising from Calabi-Yau
(orientifold) compactifications – recall from sections 1.6.2 and 1.6.3 that the periods
encode part of the Kähler potential and superpotential. For the Kähler potential
we find the crucial instanton terms that remedy the singular behavior of the metric.
Furthermore, we observe the emergence of a continuous axion shift symmetry near
all boundaries we considered, only broken by terms subleading compared to these
instantons. For the flux superpotential we find that these metric-essential terms
are needed to couple all the fluxes, both for finite and even some infinite distance
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boundaries. In contrast, for the corresponding scalar potential all fluxes already
appear at leading polynomial order.2

This chapter is organized as follows. In section 6.1 we first argue that exponentially
suppressed terms are required away from large complex structure, and give a lower
bound on the required number based on the boundary data. We then lay out
the procedure to construct the periods using the instanton map. In section 6.2
we provide general models for period vectors for all possible one- and two-moduli
boundaries. In sections 6.3.1 and 6.3.2 we go through the explicit construction of
the one- and two-moduli models respectively. In appendix 6.A we construct the
nilpotent orbit data for the two-moduli periods, and in appendix 6.B we embed
some geometrical examples from the literature into our models for the periods.

6.1 Instanton expansion of the periods
In this section we elucidate the structure behind exponentially suppressed corrections
in the periods. We begin by explaining why these instanton terms are expected to
be present from the perspective of asymptotic Hodge theory. To be concrete, we
obtain in section 6.1.1 a criterion (6.1) for the presence of instanton terms and a
lower bound (6.3) on the number required. We then turn to the techniques used to
construct asymptotic expressions for the periods. In 6.1.2 we explain how to write
down the most general nilpotent orbit compatible with a given set of sl(2,R)n-data,
i.e. how to construct the log-monodromy matrices Ni and the filtration F p0 . In
6.1.2 we describe the instanton map Γ(z) that encodes the instanton expansion
the period vector (3.24). In particular, we discuss a rank condition (6.17) for Γ(z)
indicating the essential instanton terms necessary for recovering the entire filtration
F p0 from just the (3, 0)-form periods. Finally, let us note that we focus on boundary
components of codimension h2,1 in this chapter, i.e. points, so we set n = h2,1 in
the following.

6.1.1 Presence of instanton terms
By using the classification of boundary types based on the dimensions of Deligne
splittings in table 4.1, we can already infer non-trivial information about the
instanton terms ar1...rn in the period vector expansion (3.24). We find that only
one type of boundary region does not require the presence of instanton terms, while
2Let us also mention that we have control over more instanton terms than just those required
for the leading polynomial physical quantities. These subleading terms correct for instance the
polynomial scalar potential at exponentially suppressed order.
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6 Constructing general models for asymptotic periods

sl(2,R)n-splitting

F̃ p0 , (N±i , N
0
i )

nilpotent orbit

F p0 , Ni

periods w/ instantons

F 3
0 , Γ(z), Ni

Figure 6.1: Flowchart illustrating the steps in constructing the periods. We start by
writing down the sl(2,R)n-data that characterizes a strict asymptotic regime near the
boundary. We then extend from this strict asymptotic regime by constructing the most
general nilpotent orbit compatible with this data. As final step we lift the data encoded
in the nilpotent orbit F p0 into the leading terms of an instanton map Γ(z) acting only on
F 3

0 , resulting in essential exponential corrections to the periods.

all other types need these terms in order to be able to recover the full mixed Hodge
structure from the period vector. We can state this result as

Every period vector Π near a co-dimension h2,1 boundary component, not
of type IVh2,1 , must contain instanton terms ar1···rn in its expansion (3.24).

(6.1)

Before we argue for this result, let us try to put it into a broader perspective.
First, let us stress that such a simple statement cannot generally be formulated
for periods near lower co-dimension boundary components. While we can apply a
similar strategy near boundary components of lower co-dimensions, the necessity
of instantons will depend on more details of the local period vector (for instance
spectator moduli) that are not captured by simply stating the boundary type.
Second, we recall that a well-known class of type IVh2,1 boundaries are the large
complex structure points. These points evade the above statement, and indeed do
not require the presence of instanton terms for consistency. Mathematically this
follows from the fact that the vector a0 and its descendants obtained by applying
Ni suffice to span the complete vector space H3(Y3,C). Interestingly, there is
another closely-related class of IVh2,1 boundaries, which we dub coni-LCS points.
These boundary components can be obtained, in certain examples, by considering
a large complex structure point and then sending one modulus away to a conifold
locus. In terms of the associated mixed Hodge structure one then finds that this
one-modulus limit results in a Ia boundary component, whereas additionally sending
the remaining moduli to the large complex structure regime can still yield a IVh2,1

point at the intersection. While these coni-LCS points evade the above theorem
as well, the type Ia mixed Hodge structure does require us to consider instanton
terms for the conifold modulus. In fact, we will study these points later explicitly
in section 6.2.2.3 as the intersection of I1 and IV1,2 divisors in two-dimensional
moduli spaces.
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6.1 Instanton expansion of the periods

Let us now argue for the statement (6.1). We know that the vector a0 spans
the vector space I3,d

(n) in the Deligne splitting. Application of the log-monodromy
matrices Ni then lowers us within the same column according to (4.19). This
implies that the dimension of the vector space spanned by a0 and its descendants
is bounded from above by

dimC
(
spanC(Ni1 · · ·Nika0)

)
≤

d∑
k=0

i3−k,d−k , (6.2)

where the span runs over all values k = 0, 1, 2, 3 and 0 ≤ i1, i2, i3 ≤ n. In other
words, the vector a0 and its descendants span at most the column of I3,d

(n) in the
Deligne splitting. Looking at table 4.1, this means that we can only generate the
vector space H3(Y3,C) in its entirety via a0 for type IVh2,1 singularities. In order
to span the other columns of the Deligne splitting, we need other elements to enter
in the input F p0 . These enter through the instanton terms ar1...rn in the period
vector expansion, thereby completing H3(Y3,C). Thus we find that we must require
the presence of instanton terms whenever a singularity is not of type IVh2,1 .
From (6.1) we do know whether instanton terms ar1...rn must be present for a

given boundary type, but let us now try to make the minimal number required
more precise. We need additional elements in the boundary filtration F p0 in order
to span the other columns of the Deligne splitting Ip,q(n), besides the column of I3,d

(n)
corresponding to a0. Roughly speaking each instanton term ar1...rn can only be
identified with one column, since descendants via application of Ni end up in the
same column according to (4.19). Therefore we only need to count the number of
columns in order to get a lower bound on the number of instanton terms required.
Looking at table 4.1 we find that

Ia : 2h2,1 − a+ 1 , IIb : 2h2,1 − b− 1 , IIIc : c+ 1 , IVd : 2(h2,1 − d) . (6.3)

Note that in this counting scheme we interpret ip,q > 1 at the top of a column
as having ip,q columns. Namely, in this case we need at least ip,q instanton terms
ar1...rn in order to span the ip,q-dimensional space Ip,q.

6.1.2 Reconstructing the periods
In this subsection we lay out how to reverse engineer asymptotic periods that
include these essential instanton terms. We first summarize how to work out the
first step in figure 6.1, i.e. construct the nilpotent orbit. Subsequently we explain
in detail how to lift this data into the essential instantons in the periods.
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6 Constructing general models for asymptotic periods

sl(2,R)n-data. Our construction starts from a given sl(2)-splitting. Recall from
section 5.1 that this splitting is encoded in a set of commuting sl(2,R)-triples
(N±i , N0

i ) and an sl(2,R)-split Deligne splitting Ĩp,q(n). This data characterizes the
boundary in a strict asymptotic regime of the form y1 � . . .� yn. Crucially for
us, the possible sl(2,R)-splittings that can arise are classified through the limiting
mixed Hodge structures given in table 4.1. Furthermore, there is a systematic
procedure to write down simple expressions for the defining data of these sl(2,R)-
splittings. This procedure translates the classifying Deligne splittings into signed
Young diagrams as discussed in chapter 4.2. For our purposes here the details in
this correspondence are not important, but we simply note that there exists a set of
simple building blocks given in table 4.3 that can be used to assemble the defining
elements of the sl(2,R)-splitting.

Nilpotent orbit data. Our procedure to reconstruct the nilpotent orbit follows the
approach taken in the study of Deligne systems in the mathematics literature, see
for instance example 6.61 in [121] and also [143,144]. These systems formalize the
structure behind the log-monodromy matrices Ni and sl(2,R)-triples (N±i , N0

i ) into
a purely linear algebraic setup, without any reference to an underlying geometrical
origin. The task of writing down the most general nilpotent orbit compatible with
the sl(2,R)-splitting is then twofold:

• We want to construct the most general log-monodromy matrices Ni that
match with the lowering operators N−i in the strict asymptotic regime: this is
prescribed by the decomposition (5.70), where one has to solve for the most
general set of maps Nk,−` to complete the log-monodromy matrices.3

• We want to consider the most general rotation away from the sl(2)-split Ĩp,q(n)
for the Deligne splitting: we can parametrize this by writing down the most
general real phase operator δ that rotates the sl(2)-split Deligne splitting
according to (5.4), with ζ fixed by (5.55).4

3To be precise, one has to impose that we have isometries of the symplectic pairing and log-
monodromies commute with each other, i.e. (Nk,−`)T η + ηNk,−` = 0 and [Nk, Nr] = 0. Addi-
tionally, we have to require that Nk is a (−1,−1)-map with respect to the sl(2)-split Deligne
splitting Ĩp,q(k) as described by (4.19), for each k = 1, . . . , n.

4To be precise, δ has to admit an expansion (5.52) with respect to the Deligne splitting Ĩp,q(n), and
furthermore commute with the log-monodromy matrices.
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6.1 Instanton expansion of the periods

Instanton map

We now turn to the instanton map Γ(z). We use this map to describe the expansion
in instanton terms z = e2πit for the period vector. This map has originally been
studied in great detail in [145, 146], and we review the relevant aspects of their
work here. Let us first state how we can recover the Hodge filtration F p from the
boundary structure by using Γ(z). We can write it in terms of the limiting filtration
F̃ p0 of the sl(2)-splitting Ĩp,q(n) as5

F p = eiδe−ζet
iNieΓ(z) F̃ p0 , (6.4)

where Γ(z) is a matrix-valued function holomorphic in z = e2πit with Γ(0) = 0.
Vanishing at z = 0 ensures that the nilpotent orbit etiNiF p0 provides a good
approximation for F p for yi � 1. To be more precise, Γ(z) is a map valued in the
Lie algebra sp(2h2,1 + 2,C), located in

Γ(z) ∈ Λ− =
⊕
p<0

⊕
q

Λp,q , (6.5)

where we consider the operator spaces Λp,q with respect to the sl(2)-splitting Ĩp,q(n).
From a practical perspective this means one needs to determine a basis for elements
of Λ− that lie in the Lie algebra sp(2h2,1 + 2,C). One can then write out Γ(z) by
expanding in terms of this basis, where holomorphic functions vanishing at z = 0
are taken as coefficients. Later we find that these holomorphic coefficients can be
constrained by differential equations obtained from (6.13) and (6.15).

For the purposes of this work we want to translate the vector space relation (6.4)
into an expression for the period vector. By taking a representative ã0 of F̃ 3

0 , we
find that we can write the period vector Π as

Π(t) = eiδe−ζet
iNieΓ(z) ã0 . (6.6)

Horizontality. In order to constrain the instanton map Γ(z), we can now use the
horizontality property of the Hodge filtration as described by (3.8). The idea is
that besides (6.5) the instanton map should satisfy certain differential conditions
to produce a consistent period vector. To obtain these conditions, it is convenient
5In comparison to [145] we chose to expand F p0 = eiδe−ζ F̃ p0 , and rewrite in terms of the filtration
F̃ p0 of the sl(2)-split mixed Hodge structure instead of F p0 . Furthermore we commuted the
exponentials involving δ and ζ to the left, which means that the instanton maps are related by
Γ|here = eζe−iδΓ|theree

iδe−ζ .
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6 Constructing general models for asymptotic periods

to first combine the exponential maps acting on F̃ p0 in (6.4) (respectively on ã0 in
(6.6)) into a single Sp(2h2,1 + 2,C)-valued matrix. We define this matrix as

E(t) = exp[X(t)] ≡ eiδe−ζet
iNieΓ(z) , (6.7)

where X(t) is valued in sp(2h2,1 + 2,C) and Λ−, since δ, ζ,Ni,Γ(z) are all valued
in these operator subspaces. For later reference let us write out the component in
Λ−1 =

⊕
q Λ−1,q explicitly as

X−1(t) = iδ−1 − ζ−1 + tiNi + Γ−1(z) , (6.8)

which follows simply from expanding the exponentials in (6.7). The horizontality
property (3.8) can now be recast into a condition on E(t) by rewriting the Hodge
filtration F p with (6.4). This leads to a vector space relation that reads(

E−1∂iE
)
F̃ p0 ⊆ F̃

p−1
0 . (6.9)

From writing out the exponentials in (6.7) it already follows that E−1∂iE ∈ Λ−.
However, we also know that the F̃ p0 can be split into Ĩp,q(n) according to (4.6), so
E−1∂iE can only be valued in the operator subspaces Λ−1,q. Therefore we must
impose

E−1∂iE ∈ Λ−1 . (6.10)

By expanding the exponentials in (6.7) we find that this implies

E−1∂iE = ∂iX−1 , (6.11)

since higher order terms are valued in the operator subspaces Λ−2,q or lower. Note
in particular from (6.7) and (6.8) that the operators δ and ζ drop out of this relation,
which can be seen immediately on the right-hand side since they are constant, while
on the left-hand side they can be moved past the partial derivative.

Horizontality conditions. The differential constraint (6.11) on the instanton map
Γ(z) ensures that we can integrate the boundary data into a consistent period
vector. However, imposing (6.11) directly is not the most practical way to constrain
this instanton map. In [145] a convenient approach was given to reduce (6.11). The
idea is to first derive a necessary and sufficient condition (6.13) on the component
Γ−1(z) of the instanton map. Subsequently the lower-charged components Γ−p(z)
with p ≥ 2 can be fixed recursively through (6.15). The differential condition on
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6.1 Instanton expansion of the periods

Γ−1(z) is obtained by taking another derivative ∂j of (6.11) and antisymmetrizing
in i, j, which yields6

∂[iX−1∂j]X−1 = 0 . (6.12)

By using (6.8) we can formulate this as a differential constraint on Γ−1(z) as

[Ni, ∂jΓ−1(z)] + [∂iΓ−1(z), Nj ] + [∂iΓ−1(z), ∂jΓ−1(z)] = 0 , (6.13)

where we used that [Ni, Nj ] = 0 since the log-monodromy matrices commute. Next
we need to obtain constraints on the lower-charged components Γ−q(z) with q > 2
of the instanton map. First we write out (6.11) by multiplying from the left with
exp[Γ(z)] as

∂i exp[Γ(z)] = [exp[Γ(z)], Ni] + exp[Γ(z)]∂iΓ−1(z) . (6.14)

This condition can be translated into a constraint on the components in the
subspaces Λ−p =

⊕
q Λ−p,q as

∂i exp[Γ(z)]−p = [exp[Γ(z)]−p+1, Ni] + exp[Γ(z)]−p+1∂iΓ−1(z) . (6.15)

From the left-hand side we obtain the term Γ−p(z) by expanding the exponential,
while the other terms that appear in the equation are of charge Γ−p+1(z) or lower.
This means we can fix Γ−p(z) uniquely in terms of the lower-charged components
Γ−1(z), . . . ,Γ−p+1(z). By induction we thus find that the entire map Γ(z) is
uniquely determined by its piece Γ−1(z), provided this piece solves the consistency
requirement (6.13).

Coordinate changes. It is worthwhile to check how coordinate redefinitions affect
the instanton map Γ(z) and δ, since these transformations can later be used to
reduce the number of arbitrary components for both. We can understand their
effect most naturally by looking at X−1(t) given in (6.8). The most general divisor-
preserving coordinate redefinition takes the form zi → zif(z), where f(z) is any
holomorphic function with f(0) 6= 0. In terms of the coordinates ti defined in
(3.2) this amounts to shifting 2πiti → 2πiti + log f(z). Applying this shift to tiNi
produces two terms, a constant term involving log[f(0)] and a holomorphic term
involving log[f(z)/f(0)] which vanishes at z = 0. Taking f(0) to be real we can

6This condition is more naturally obtained by introducing an exterior derivative d = ∂idt
i on the

moduli space.
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6 Constructing general models for asymptotic periods

absorb the former into the phase operator δ, and the latter into Γ(z). To be precise,
from (6.8) we find the following shifts

δ−1,−1 → δ−1,−1 −
1

2π log[f(0)]Ni ,

Γ−1(z)→ Γ−1(z) + 1
2πi log

[f(zi)
f(0)

]
Nj .

(6.16)

Later we will expand both of these maps into a basis for sp(2h2,1 + 2,K) (with
K = R,C respectively) that is valued in the appropriate operator subspaces Λp,q.
From these shifts we learn that we are free to set the components along the
log-monodromy matrices Ni to zero, effectively reducing the number of arbitrary
coefficients that have to be dealt with. Let us also note that we did not yet exploit
the full set of coordinate redefinitions: we can still rotate f(0) by a complex phase,
corresponding to a shift of the axion xi in ti = xi + iyi. A shift xi → xi + ci can
then partially be absorbed by a basis transformation ecNi for the Deligne splitting
Ĩp,q(n), while it also rotates the complex phase of exponentially suppressed terms in
the periods. The latter feature will prove to be useful in the explicit construction
of the periods in one- and two-moduli settings in section 6.3, since it allows us to
set the leading instanton coefficients to real values.

Completeness condition. Finally, let us discuss the precise conditions that need
to be imposed on Γ(z) in order to realize the instanton terms required by (6.1). For
Calabi-Yau threefolds we want that derivatives of the period vector together span
the vector space H3(Y3,C). In terms of the Hodge filtration F p this amounts to
putting an equality sign in (6.9) when we take all possible linear combinations of the
partial derivatives E−1∂iE into account on the left-hand side. Following [146] we
can translate this statement into a more concrete condition involving the instanton
map Γ(z). The vector space F̃ 3

0 = Ĩ3,d
(n) is one-dimensional, while the span of all

E−1∂iE needs to be able to generate all lower lying spaces Ip,q with p < 3. The
total dimension of these spaces is given by 2h2,1 + 1, so we find that

dim
(⊕

i

img(Ni + ∂iΓ−1)
)

= 2h2,1 + 1 , (6.17)

where we wrote out E−1∂iE in terms of Ni and ∂iΓ−1 according to (6.11) and
(6.8). This condition can be understood intuitively by considering the Hodge-
Deligne diamond in figure 4.1. It implies that either a log-monodromy matrix Ni
or the instanton map Γ−1 should map into every space Ĩp,q(n) in the Deligne splitting
apart from Ĩ3,d

(n). Since the log-monodromy matrices Ni are (−1,−1)-maps and
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6.2 Models for one- and two-moduli periods

therefore only act vertically on the diamond, this means we need Γ−1 to generate
the horizontally separated columns. In practice, we will use (6.17) to determine
which components of Γ−1 are required to be non-vanishing. For the one-modulus
setups discussed in section 6.3.1 we find that Γ−1 has only one functional degree
of freedom, so (6.17) dictates if this function must be non-vanishing. For the
two-modulus setups studied in section 6.3.2 we find that Γ−1 consists of several
holomorphic functions, and (6.17) will generically only indicate for some of these
whether they must be non-vanishing.

6.2 Models for one- and two-moduli periods
Here we present general expressions for the periods near one- and two-moduli
boundaries. We refer to sections 6.3.1 and 6.3.2 for the construction of these periods
to avoid distracting the reader by technical details. Crucially, we include the essential
instanton terms for boundaries away from large complex structure in accordance
with our discussion in section 6.1. This section is written such that it can be read
without understanding the ingredients that go into this derivation. In particular,
these periods can be used directly in studying four-dimensional supergravity theories,
and to illustrate this point we readily compute the corresponding Kähler potentials,
flux superpotentials and scalar potentials.

6.2.1 Models for one-modulus periods
In this section we present general expressions for the periods near boundaries in
one-dimensional moduli spaces, and refer to section 6.3.1 for the details. Based on
the classification reviewed in section 4.2 there are three possible types of boundaries
for h2,1 = 1, given by

I1 : conifold point , II0 : Tyurin degeneration , IV1 : LCS point . (6.18)

As indicated, each of these types of boundaries has a natural geometrical interpre-
tation in the complex structure moduli space of Calabi–Yau threefolds. The type I1

characterizes conifold points, which arise for instance in the moduli space of the mir-
ror quintic [17]. Type II0 boundaries arise from so-called Tyurin degenerations [147],
see also [148] for a recent study of these periods in the context of the swampland
program. Finally, IV1 boundaries correspond to large complex structure points,
where the periods can be expressed in terms of the triple intersection numbers
of the mirror Calabi–Yau manifold. By using (6.3) we find that instanton terms
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6 Constructing general models for asymptotic periods

play a crucial role in the asymptotic regime of I1 and II0 boundaries, so these
provide us with an excellent setting to demonstrate how the formalism discussed
in section 6.1.2 describes periods. In contrast, instanton terms are insignificant in
the asymptotic regime of IV1 boundaries, as follows from (6.1). Since these periods
are already well-understood from the study of mirror symmetry anyway, we do not
include the periods at these boundaries in this chapter.

6.2.1.1 Type I1 boundaries

We begin by writing down the periods for I1 boundaries. From the analysis of
section 6.3.1.1 we find that these periods can be expressed as

Π =
(

1 + a2

8π z
2, az, i− ia2

8π z
2, ia

2π z log[z]
)
, (6.19)

where a ∈ R is a model-dependent coefficient. These periods contain two instanton
terms, i.e. terms exponentially suppressed in the saxion y in t = x+ iy = log[z]/2πi.
The periods depend on the complex structure modulus t solely through these
exponentially suppressed terms, so instanton terms clearly cannot be ignored for
these boundaries. In fact, one can verify that Π, ∂zΠ, ∂2

zΠ, ∂3
zΠ together span a

four-dimensional space only when we include the terms at order z2, so including
just the terms at order z does not suffice. This matches nicely with (6.3), which
indicates two instanton terms for these I1 boundaries.

For illustration, we compute the Kähler potential (1.39) from the above periods

e−K = 2− 2a2e−4πyy − a4

32π2 e
−8πy , (6.20)

where we wrote z = e2πit with t = x+ iy. Let us now inspect this Kähler potential
carefully. It depends exponentially on y, so by computing the Kähler metric one
can straightforwardly verify that I1 boundaries are at finite distance. Also note
that it does not depend on the axion x even though these exponential terms are
present, so close to the boundary a continuous shift symmetry x→ x+ c emerges
for the Kähler metric.7 Looking at the sign of the terms in the Kähler potential, we
note that the subleading terms are fixed to be negative, which ensures the resulting
Kähler metric is positive definite. From the perspective of asymptotic Hodge theory
7Interestingly this differs from the usual Kähler potential one encounters through the prepotential
(6.113), where a cosine type term arises at order |z|2. Compared to our formulation we have
effectively removed this term by a Kähler transformation, so it does not make a difference at the
level of the Kähler metric.
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these signs follow from the polarization conditions (4.22) that the symplectic form
satisfies.8

Next we consider the flux superpotential (1.80). From the above we obtain

W = ig1 − g3 − ae2πit
(
g2t+ g4

)
− a2e4πit

8π (ig1 + g3) , (6.21)

where we wrote out the fluxes as G3 = (g1, . . . , g4). In turn we find the leading
polynomial scalar potential (1.81) to be

4V2sVlead = Ḡ3 e
−xNT


1 0 0 0
0 y − 1

2π 0 0
0 0 1 0
0 0 0 1

y− 1
2π

 e−xNG3 , (6.22)

where the log-monodromy matrix N is given in (6.42). We dropped exponentially
suppressed terms in y, and left out the 〈G3, Ḡ3〉 term for convenience. The 1/2π
is an artefact of setting the phase operator equal to δ = −N/2π to simplify the
periods, and could in principle be removed by a coordinate redefinition as discussed
above (6.16). It is interesting to point out that all fluxes appear at polynomial
order in the scalar potential, while ig1 + g3, g2, g4 were exponentially suppressed in
the superpotential (6.21). In order to obtain (6.22) it is therefore crucial to include
the terms linear in e−2πy in the superpotential, while the terms at order e−4πy lead
to exponentially suppressed corrections.

6.2.1.2 Type II0 boundaries

Next we consider the periods near II0 boundaries. From the analysis of section
6.3.1.2 we find that these periods can be written as

Π =
(

1 + az, i− iaz, log[z]
2πi + az

2πi (log[z]− 2), log[z]
2π − az

2π (log[z]− 2)
)
, (6.23)

where a ∈ R is a model-dependent coefficient. Note that these periods do have
polynomial terms in t = log[z]/2πi, but we also have a restricted form for the
periods at order z = e2πit. One needs this exponentially suppressed term in t in
order to span a four-dimensional space with Π, ∂zΠ, ∂2

zΠ, ∂3
zΠ. This matches nicely

with (6.3), which indicates one instanton term for II0 boundaries.
8To be precise, one finds that a0 ∈ P 3,0, a1 ∈ P 2,2 and a2 ∈ P 0,3. The respective polarization
conditions then imply that the coefficients of these terms satisfy i〈a0 , ā0〉 > 0, 〈a1 , Nā1〉 < 0
and i〈a2 , ā2〉 < 0.
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For illustration, let us again compute the Kähler potential (1.39) from the periods

e−K = 4y + 4a2(1 + πy)
π

e−4πy , (6.24)

where we wrote z = e2πit with t = x + iy. Similar to I1 boundaries the Kähler
potential does not depend on the axion x, both at leading and subleading order, so a
continuous shift symmetry x→ x+ c emerges close to the boundary. Inspecting the
sign of the terms in the Kähler potential, we note that both the leading polynomial
term as the exponentially suppressed term are fixed to be positive. This ensures
that the Kähler metric is positive definite, and these signs can again be traced back
to the polarization conditions (4.22) of the symplectic form.9 Finally, by computing
the Kähler metric from (6.20) one finds that II0 singularities are at infinite distance,
as is expected from Kähler potentials that depend through polynomial terms on
the saxion y in the large field limit.
Next we consider the flux superpotential (1.80). From the above we obtain

W = −g3 − ig4 + (g1 + ig2)t+ ae2πit(t− 1
πi

)
(g1 − ig2)− ae2πit(g3 − ig4) . (6.25)

In turn, we find the leading polynomial scalar potential (1.81) to be

4V2sVlead = Ḡ3e
−xNT


y 0 0 0
0 y 0 0
0 0 1

y 0
0 0 0 1

y

 e−xNG3 , (6.26)

where the log-monodromy matrix N is given in (6.50). We again dropped expo-
nentially suppressed terms in y, and left out the 〈G3, Ḡ3〉 term for convenience.
Interestingly all fluxes now appear at polynomial order in (6.26), while before the
linear combinations g1 − ig2 and g3 − ig4 were exponentially suppressed in the
superpotential. However, g1 + ig2 and g3 + ig4 do appear at polynomial order in the
superpotential, so one finds that the instanton terms do not contribute at leading
order, but instead result in exponential corrections to the leading polynomial scalar
potential.

6.2.2 Models for two-moduli periods
Having discussed the one-modulus periods, we now turn to periods in a two-moduli
setting. We refer to section 6.3.2 for the construction of these periods, to avoid
9To be precise, one finds that a0 ∈ P 3,1 and (1 + N/πi)a1 ∈ P 1,3, which implies that the
coefficients satisfy 〈a0, Nā0〉 > 0 and 〈a1, Nā1〉 > 0.
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6.2 Models for one- and two-moduli periods

distracting the reader with technical details. Recall from section 4.2 that two-moduli
boundaries are characterized by three types of limiting mixed Hodge structures,
written as a 2-cube 〈A1|A(2)|A2〉, two for the divisors y1 =∞ and y2 =∞ and one
for their intersection. Let us repeat the exhaustive set of [122] given in (4.51) as

I2 class : 〈I1|I2|I1〉 , 〈I2|I2|I1〉 , 〈I2|I2|I2〉 ,
Coni-LCS class : 〈I1|IV2|IV1〉 , 〈I1|IV2|IV2〉 ,

II1 class : 〈II0|II1|I1〉 , 〈II1|II1|I1〉 , 〈II0|II1|II1〉 , 〈II1|II1|II1〉 , (6.27)
LCS class : 〈II1|IV2|III0〉 , 〈II1|IV2|IV2〉 , 〈III0|IV2|III0〉 , 〈III0|IV2|IV1〉 ,

〈III0|IV2|IV2〉 , 〈IV1|IV2|IV2〉 , 〈IV2|IV2|IV2〉 ,

where we chose to sort 2-cubes with similar characteristics together. For the first
three classes we find that instanton corrections are needed in Π in order to recover
the information in the nilpotent orbit F pnil. We determine the general models for the
corresponding period vectors in section 6.3.2, and give a summary of the obtained
results here. The fourth subset of 2-cubes consists of cases that can be realized
for particular values of the coefficients Kijk describing a large complex structure
region and hence specify the intersection numbers of a candidate mirror Calabi-Yau
threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone
restrictions, so we will not discuss the periods for these two-moduli setups later.

6.2.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 6.3.2.1
we found that we can write the periods near these boundaries as

Π =



1− a2

8πk2
z2k1

1 z2k2
2 − b2

8πm1
z2m1

1 z2m2
2

azk1
1 zk2

2
bzm1

1 zm2
2

i+ ia2

8πk2
z2k1

1 z2k2
2 + ib2

8πm1
z2m1

1 z2m2
2

− a
2πiz

k1
1 zk2

2
(
n1 log[z1] + log[z2]− 1/k1

)
+ ibδ1z

m1
1 zm2

2
− b

2πiz
m1
1 zm2

2
(

log[z1] + n2 log[z2]− 1/m2
)

+ iaδ1z
k1
1 zk2

2


. (6.28)

Let us briefly discuss the parameters that appear in these periods, whose properties
have been summarized in table 6.1. The numbers n1, n2 ∈ Q≥0 parametrize the
monodromy transformations under zi → e2πizi. The integers k1, k2 ∈ N and
m1,m2 ∈ N specify the order in the instanton expansion. These orders are fixed to
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6 Constructing general models for asymptotic periods

be the (smallest) integers such that n1 = k1/k2 and n2 = m2/m1 (with m1, k2 > 0),
which follows from the horizontality property (3.17) of the periods. We must
furthermore require n1n2 6= 1 to ensure that the derivatives of the periods together
span a six-dimensional space, i.e. the full three-form cohomology H3(Y3,C). Finally,
we have real coefficients δ1 ∈ R and a, b ∈ R. The coefficient δ1 coming from the
phase operator is always real, while the instanton coefficients a, b have been rotated
to real values using shifts of the axions xi in xi + iyi = log[zi]/2πi as explained
below (6.16).

parameters 〈I1|I2|I1〉 〈I2|I2|I1〉 〈I2|I2|I2〉

log-monodromies n1, n2 n1 = n2 = 0 n1 ∈ Q>0, n2 = 0 n1, n2 ∈ Q>0, n1n2 6= 1

instanton orders k1, k2 k1 = 0, k2 = 1 k1 = n1k2 k1 = n1k2

instanton orders m1,m2 m1 = 1,m2 = 0 m1 = 1,m2 = 0 m2 = n2m1

instanton coefficients a, b a, b ∈ R− {0}

phase operator δ δ1 ∈ R

Table 6.1: Summary for the properties of the parameters in the periods (6.28) for each of
the possible boundaries of class I2.

Let us now compute the Kähler potential (1.39) from these periods. We find that

e−K = 2− 2a2e−4πk1y1−4πk2y2
(
n1y1 + y2 + 1

2πk2

)
− 2b2e−4πm1y1−4πm2y2

(
y1 + n2y2 + 1

2πm1

)
(6.29)

+ 4δ1abe−4π(k1+m1)y1−4π(k2+m2)y2 cos[2π(k1 −m1)x1 + 2π(k2 −m2)x2] ,

where we only included terms up to square order in the two instanton expansions,
i.e. in e−2π(k1y1+k2y2) and e−2π(m1y1+m2y2), and we used 2πiti = 2πi(xi+yi) = log zi
for convenience. Note that the sign of the first two non-constant terms is fixed to
be negative similar to the one-modulus I1 boundaries, which again follows from the
polarization conditions (4.22) that the symplectic form satisfies. The parameter
δ1 of the phase operator controls the mixing between the two different instanton
terms in the periods, i.e. one coming from azk1

1 zk2
2 and the other from bzm1

1 zm2
2 .

This mixing term breaks the continuous shift symmetry for a particular linear
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6.2 Models for one- and two-moduli periods

combination of the axions (k1 − m1)x1 + (k2 − m2)x2, while for the direction
(k1−m1)x1 = −(k2−m2)x2 we still find that a continuous shift symmetry emerges
near the boundary for the Kähler potential. Finally, one can straightforwardly
verify by computing the Kähler metric from (6.29) that class I2 boundaries are at
finite distance for any large field limit in y1, y2 due to the exponential dependence.

Next we consider the flux superpotential (1.80). By using the above periods we
find that

W = ig1 − g4 − a
(
g2
(
n1t1 + t2 −

1
2πik1

)
− iδ1g3 + g5

)
e2πi(k1t1+k2t2)

− b
(
g3
(
t1 + n2t2 −

1
2πim2

)
− iδ1g2 + g6

)
e2πi(m1t1+m2t2)

+ a2

8πk2
(ig1 + g4)e4πi(k1t1+k2t2) + b2

8πm1
(ig1 + g4)e4πi(m1t1+m2t2) ,

(6.30)

where we wrote out the fluxes as G3 = (g1, . . . , g6). In turn we find the leading
polynomial scalar potential (1.81) to be

4V2sVlead = ρ̄



1 0 0 0 0 0

0 n1y1 + y2 δ1 0 0 0

0 δ1 y1 + n2y2 0 0 0

0 0 0 1 0 0

0 0 0 0 y1+n2y2
∆

δ1
∆

0 0 0 0 δ1
∆

n1y1+y2
∆



ρ , (6.31)

where we wrote ρ = e−x
iNiG3 (with the Ni given in (6.58)) and ∆ = (n1y1+y2)(y1+

n2y2)− δ2
1 . We dropped exponentially suppressed corrections in y1, y2 and left out

the 〈G3, Ḡ3〉 term. Note in particular that the linear combination of fluxes ig1 + g4

as well as g2, g3, g5, g6 are exponentially suppressed in y1, y2 in the superpotential,
while all fluxes appear at polynomial order in the scalar potential. We can trace
these terms in the scalar potential back to the terms at orders e−2π(k1y1+k2y2)

and e−2π(m1y1+m2y2) in the superpotential, while the subleading corrections in the
superpotential do produce exponential corrections in the scalar potential.
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6.2.2.2 Class II1 boundaries

We continue with the class of II1 boundaries. Within this class, it is interesting
to point out that the periods near the boundary 〈II0|II1|II1〉 cover a well-studied
degeneration for the K3-fibered Calabi-Yau threefold in P1,1,2,2,6

4 [12] [35,82,133,137,
149]. The precise match between the two sets of periods is included in appendix
6.B.3. As outlined in section 6.3.2.2, the period vector for boundaries of class II1

can be written as

Π =



1 + czm1
1 zm2

2 + 1
4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
)

i− iczm1
1 zm2

2 − i
4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
)

bn2z1 + az2

log[z1]+n2 log[z2]
2πi

(
1 + czm1

1 zm2
2 + 1

4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
))

+ f(z)

log[z1]+n2 log[z2]
2π

(
1− czm1

1 zm2
2 − 1

4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
))
− if(z)

i(bn2z1 + az2)n1 log[z1]+log[z2]
2π − 1−n1n2

2πi (bz1 − az2)



, (6.32)

where we wrote

f(z) = ic zm1
1 zm2

2
m1π

+ 1− n1n2

8πi

(
a2z2

2 + 2ab z1z2
1 + n2

2
1− n2

+ b2n2z
2
1

)
. (6.33)

The information about the parameters in these periods has been summarized in
table 6.2. In the construction it was assumed that the coefficients a, b or a, c are
non-vanishing, which ensures the presence of essential instanton terms needed in
order to span the entire space H3(Y3,C). Furthermore a, b have been rotated to
real values using the residual axion shift symmetry as discussed below (6.16). The
parameters n1, n2 control the form of the log-monodromy matrices (6.70) under
zi → e2πizi, and hence determine which member of the II1 boundary class we are
looking at. Also note that there is an interplay between the parameter n2 and the
orders of the instanton expansion m1,m2 similar to the class I2 boundaries, owing
to the horizontality property of the periods (3.17).
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6.2 Models for one- and two-moduli periods

parameters 〈II0|II1|I1〉 〈II1|II1|I1〉 〈II0|II1|II1〉 〈II1|II1|II1〉

log-mon. n1 = n2 = 0 n1 ∈ Q>0, n2 = 0 n1 = 0, n2 ∈ Q>0 n1, n2 ∈ Q>0, n1n2 6= 1

inst. orders m1 = 1,m2 = 0 m2 = n2m1

inst. coeff. a, b ∈ R, c ∈ C : a, b 6= 0 ‖ a, c 6= 0

Table 6.2: Summary for the properties of the parameters in the periods (6.32) for each of
the possible boundaries of class II1.

Using these periods we compute the Kähler potential (1.39) for these boundaries

e−K = 4(y1 + n2y2)− 2a2e−4πy2
(
n1y1 + y2 + 1−n1n2

2π

)
− 2n2b

2e−4πy1
(
n2(n1y1 + y2)− 1−n1n2

2π

)
(6.34)

+ 4|c|2e−4πy1
(
y1 + n2y2 + 1

m1π

)
− 4abe−2πy1−2πy2

(
n2(n1y1 + y2)− (1−n2)(1−n1n2)

4π

)
cos(2π(x1 − x2)) ,

where we used the coordinates 2πti = 2πi(xi + iyi) = log[zi] for convenience,
and dropped subleading corrections in the exponential expansion of order e−6πy.
For n2 = 0 the coordinate dependence on y2 enters only through exponentially
suppressed terms as one would expect from the presence of an I1 boundary associated
with this coordinate. A noteworthy feature is also that the Kähler metric derived
from the above potential does not require all instanton terms to become non-
degenerate. The instanton term involving a cures this degeneracy, while the one
involving b only does so for n2 6= 0. The instanton term involving c does not suffice
to fix the Kähler metric. This can be understood more precisely by looking at the
derivatives ∂1Π and ∂2Π out of which the Kähler metric is constructed. For a 6= 0
or b, n2 6= 0 these derivatives span a two-dimensional space, while if only c 6= 0
they are linearly dependent. Finally, the signs of the first four leading terms in
the Kähler potential are fixed by the polarization conditions (4.22), similar to the
examples we encountered previously. The remaining term breaks the continuous
shift symmetry for the linear combination of axions x1 − x2 at the level of the
Kähler potential.
Next we consider the flux superpotential (1.80) and the corresponding scalar
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6 Constructing general models for asymptotic periods

potential (1.81). We find that the flux superpotential is given by

W = (g1 + ig2)(t1 + n2t2)− (g4 + ig5)

− a e2πit2
(
g3

(
n1t1 + t2 − 1−n1n2

2πi

)
+ g6

)
− b e2πit1

(
g3

(
n2(n1t1 + t2) + 1−n1n2

2πi

)
+ n2g6

)
+ c e2πim1t1e2πim2t2

((
t1 + n2t2 + i

m1π

)
(g1 − ig2)− (g4 − ig5)

)
,

(6.35)

where we expanded up to first order in the instanton expansion, dropping e−4πy

and higher. In turn, we find as leading polynomial scalar potential

4V2sVlead = ρ̄



y1 + n2y2 0 0 0 0 0

0 y1 + n2y2 0 0 0 0

0 0 n1y1 + y2 0 0 0

0 0 0 1
y1+n2y2

0 0

0 0 0 0 1
y1+n2y2

0

0 0 0 0 0 1
n1y1+y2



ρ , (6.36)

where we absorbed the axion-dependence as ρ = e−x
iNiG3 with Ni given in (6.70).

We again dropped exponentially suppressed corrections in y1, y2 and left out the
〈G3, Ḡ3〉 term. Note that only the linear combinations of fluxes g1 + ig2 and g4 + ig5

appear at polynomial order in ti = log[zi]/2πi in the superpotential (6.35). In
particular the fluxes g3, g6 only appear through exponential corrections in the
superpotential, while they appear at polynomial order in the scalar potential. In
the computation of (6.36) these exponential factors cancel out against factors in
the Kähler metric, resulting in polynomial terms for the scalar potential. In other
words, we find that class II1 boundaries require us to include essential exponential
corrections in the superpotential, even though these are at infinite distance. To be
more precise, the terms at first order in e−2πyi in the superpotential contribute to
the leading polynomial scalar potential, while the other instanton terms lead to
exponential corrections.

6.2.2.3 Coni-LCS class boundaries

Finally we come to the class of coni-LCS boundaries. While these boundaries are
characterized by a IV2 singularity type similar to large complex structure points, one
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6.2 Models for one- and two-moduli periods

has to include essential instanton terms in the periods. Recently the periods near
such boundaries have been considered in the context of small flux superpotentials
in [108,109] (see also [107] for the original study at large complex structure). The
period vector that we construct in section 6.3.2.3 is given by

Π =
(
1, az1,

log[z2]
2πi , − i log[z2]3

48π3 − ia2nz2
1 log[z2]
4π + a2

4πiz
2
1 + iδ2 + iδ1az1,

− az1
log[z1] + n log[z2]

2πi + iδ1,
log[z2]2

8π2 − 1
2a

2nz2
1
)
. (6.37)

Note that the modulus t1 = log[z1]/2πi only appears in terms with exponential
factors e2πit1 , while t2 = log[z2]/2πi appears polynomially. The former we typically
attribute to conifold points in the moduli space, while the latter is familiar from
large complex structure points, hence the term coni-LCS boundary.

The information about the different parameters is summarized in table 6.3. It is
assumed that the coefficient a is non-vanishing as this is required in order to span
the entire three-form cohomology H3(Y3,C) from derivatives of the period vector.
Furthermore, we have used the residual axion shift symmetry to set a to a real
value as discussed below (6.16). The parameter n controls which member of the
coni-LCS class we are considering.

parameters 〈I1|IV2|IV1〉 〈I1|IV2|IV2〉

log-monodromies n1, n2 n = 0 n ∈ Q>0

instanton coefficient a a ∈ R− {0}

phase operator δ δ1, δ2 ∈ R

Table 6.3: Summary for the properties of the parameters in the periods (6.37) for each of
the possible boundaries of the coni-LCS class.

Using these periods we calculate the Kähler potential (1.39) for coni-LCS class
boundaries

e−K = 4y3
2

3 + 2δ2 + 4aδ1e−2πy1 cos[2πx1]

− 2a2e−4πy1
(
y1 + ny2 − (ny2 − 1/4π) cos[4πx1]

)
,

(6.38)
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where we used the coordinates 2πti = 2πi(xi + iyi) = log[zi] for convenience. The
signs of the terms without parameters δi are fixed by the polarization conditions
(4.22) similar to the previous examples. Note in particular that, as expected from
the presence of a finite distance I1 divisor, the associated field y1 only appears
in exponentially suppressed terms. Furthermore, we can understand the role of
the phase operator parameters δ1, δ2 by inspecting this Kähler potential. We find
that δ2 gives rise to a constant term in the Kähler potential, similar to the Euler
characteristic term at large complex structure. Interestingly, the parameter δ1
produces an axion-dependent term at order e−2πy1 , which is leading compared to
the usual term at order e−4πy2 . See appendix 6.B.2 for a more careful comparison
with the standard large complex structure expressions.

We next compute the flux superpotential (1.80) by inserting the above periods as

W = −g4 + ig2δ1 + ig1δ2 − g6t2 + 1
2g3t

2
2 −

1
6g1t

3
2 (6.39)

+ ae2πit1
(
− g2(t1 + nt2)− g5 + ig1δ1

)
− a2e4πit1

2
(
g3n+ g1(nt2 + 1

2πi )
)
.

We compute the corresponding scalar potential (1.81) to be

4V2s Vlead = Ḡ3e
−xiNTi



y3
2
6 0 0 0 0 0

0 y2
2 0 0 0 0

0 0 y1 + ny2 0 0 0

0 0 0 6
y3

2
0 0

0 0 0 0 2
y2

0

0 0 0 0 0 1
y1+n2y2



e−x
iNiG3 , (6.40)

where the log-monodromy matrices Ni are given in (6.82). We again dropped
exponentially suppressed corrections in y1 and left out the 〈G3, Ḡ3〉 term for
convenience. Note that the fluxes g1, g2, g5 as well as the linear combination
g4− iδ1g2− iδ2g1 appear at polynomial order in the superpotential, while the other
fluxes are exponentially suppressed. In computing (6.40) the terms at order e−2πy1

in the superpotential are crucial to obtain the polynomial terms for the fluxes
g3, g6 in the scalar potential, while the other instanton terms lead to exponential
corrections. This is similar to the corrections for the one-modulus I1 boundary, and
can be traced back to the fact that the divisor y1 =∞ is at finite distance.
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6.3 Construction of one- and two-moduli periods

Here we construct the asymptotic periods for all possible boundaries in one- and
two-dimensional complex structure moduli spaces. We begin by writing down the
nilpotent orbit data that characterizes these boundaries. For the one-modulus case
this data has been constructed in [150], and for the two-moduli case we refer to our
analysis in appendix 6.A. From the given nilpotent orbits we then construct the
most general compatible periods following the procedure laid out in section 6.1.2.

6.3.1 Construction of one-modulus periods

In this section we explicitly construct general expressions for the periods near
boundaries in one-dimensional moduli spaces. Recall from section 6.2.1 that there
are three possible singularity types for boundaries in complex structure moduli
space when h2,1 = 1: I1, II0 and IV1. Conveniently, we do not need to construct
the boundary data from scratch as this was already done in [150], so we are simply
going to record the results expressed in a different basis more suitable to us. With
this information at hand, we write down the instanton map Γ(z) as explained in
section 6.1.2, and use it to construct the periods including the necessary instanton
terms. These results are nothing inherently new in the sense that the periods for
the one-modulus cases can also be systematically constructed by using the so-called
Meijer G-functions, see e.g. [148,151]. However, we find the exercise of re-deriving
these periods useful as it serves to illustrate the method we are also going to employ
to tackle the two-moduli cases, where there is no systematic construction for periods
away from the large complex structure lamppost. Furthermore, it allows us to fix
our notation for these expressions as they are also used for computations in section
6.2.1.

6.3.1.1 Type I1 boundaries

Let us begin by studying I1 boundaries. The Hodge-Deligne diamond representing
these boundaries has been depicted in figure 6.2. The nilpotent orbit data consists
of the sl(2)-split Deligne splitting Ĩp,q, the log-monodromy matrix N and a phase
operator δ. The vector spaces Ĩp,q of the Deligne splitting are spanned by

Ĩ3,0 :
(
1, 0, i, 0

)
, Ĩ2,2 :

(
0, 1, 0, 0

)
,

Ĩ1,1 :
(
0, 0, 0, 1

)
, Ĩ0,3 :

(
1, 0, −i, 0

)
,

(6.41)
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while the log-monodromy matrix and phase operator can be written as

N =



0 0 0 0

0 0 0 0

0 0 0 0

0 −1 0 0


, δ = δ1N . (6.42)

Note that the phase operator is proportional to the log-monodromy matrix N .
According to (6.16) we can therefore tune the parameter δ1 to simplify the periods
later.

Figure 6.2: The Hodge-Deligne diamond that classifies I1 boundaries. We included colored
arrows to denote the different components Γ−1,Γ−2 and Γ−3 of the instanton map Γ by
red, green and blue respectively. We also used a black arrow to denote the action of the
log-monodromy matrix N .

Now let us follow the procedure of section 6.1.2 to construct the most general
periods compatible with this boundary data. First we construct the instanton
map Γ(z). Let us write down the most general Lie algebra-valued map in Λ− with
holomorphic coefficients, which reads

Γ(z) = 1
2



c(z) ib(z) −ic(z) −ia(z)

a(z) 0 −ia(z) 0

−ic(z) b(z) −c(z) −a(z)

b(z) 0 −ib(z) 0


, (6.43)
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where a(z), b(z) and c(z) make up the charge Γ−1,Γ−2 and Γ−3 components respec-
tively, with a(0) = b(0) = c(0) = 0. Note that we set the piece proportional to the
log-monodromy matrix N to zero by using (6.16). The periods can then be written
in terms of these coefficients as

Π =
(
1 + c(z), a(z), i− ic(z), ia(z)

2π log[z] + b[z]− iδ1
)
. (6.44)

The holomorphic functions a(z), b(z) and c(z) that appear in these periods must sat-
isfy the recursion relations (6.15). We can write them out as differential constraints
on the coefficients as

zb(z)′ = 1
2πia(z) , c(z)′ = i

2a(z)′b(z) . (6.45)

Since these coefficients are required to vanish at z = 0, one finds that b(z), c(z) are
determined completely by a(z), as can be verified by performing a holomorphic
expansion in z. In order to obtain a more concrete model for the periods, let us
include only the leading order term for a(z) in this instanton expansion. We write
as ansatz

a(z) = az . (6.46)

Plugging this ansatz into the differential equations (6.45) we can solve for the other
two functions

b(z) = a

2πiz , c(z) = a2

8π z
2 . (6.47)

We then obtain the following expression for the asymptotic periods near I1 bound-
aries

Π =
(
1 + a2

8π z
2, az, i− ia2

8π z
2,

ia

2π z log[z]
)
, (6.48)

where we set δ1 = −1/2π.

6.3.1.2 Type II0 boundaries

Next we consider II0 boundaries. The Hodge-Deligne diamond representing these
boundaries has been depicted in figure 6.3. Again let us begin by writing down the
nilpotent orbit data. The spaces Ĩp,q of the sl(2)-split Deligne splitting are spanned
by

Ĩ3,1 :
(
1, i, 0, 0

)
, Ĩ2,0 :

(
0, 0, 1, i

)
,

Ĩ1,3 :
(
1, −i, 0, 0

)
, Ĩ0,2 :

(
0, 0, 1, −i

)
,

(6.49)
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6 Constructing general models for asymptotic periods

while the log-monodromy matrix can be written as

N =



0 0 0 0

0 0 0 0

1 0 0 0

0 1 0 0


, (6.50)

and the phase operator δ = δ1N has been set to zero by a coordinate shift (6.16).

Figure 6.3: The Hodge-Deligne diamond that classifies II0 boundaries. We included
colored arrows to denote the different components Γ−1,Γ−2 and Γ−3 of the instanton map
Γ by red, green and blue respectively, and black arrows for the log-monodromy matrix N .

Using the procedure of section 6.1.2 we now want to write down the most general
periods compatible with this boundary data. We again begin by constructing the
instanton map Γ(z). In this case the most general Lie algebra-valued map in Λ−
with holomorphic coefficients reads

Γ = 1
2



b(z) −ib(z) ia(z) a(z)

−ib(z) −b(z) a(z) −ia(z)

c(z) −ic(z) −b(z) ib(z)

−ic(z) −c(z) ib(z) b(z)


, (6.51)

where a(z), b(z) and c(z) make up the charge Γ−1,Γ−2 and Γ−3 components re-
spectively, with a(0) = b(0) = c(0) = 0. Note that we have again used coordinate
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6.3 Construction of one- and two-moduli periods

transformations (6.16) to set the piece proportional to N to zero. We can then
write the periods in terms of these coefficients as

Π =
(
1 + b(z), i− ib(z),

(
1 + b(z)

) log[z]
2πi + c(z), i

(
1− b(z)

) log[z]
2πi + c(z)

)
. (6.52)

The functions a(z), b(z) and c(z) that appear in the periods must satisfy the
recursion relations (6.15). These can be written out as differential constraints

zb′(z) = 1
2πa(z) , zc′(z) = i

π
b(z) . (6.53)

Note that while a(z) did not appear in the periods directly, it does determine
b(z) and c(z) uniquely similar to I1 boundaries. In order to obtain more concrete
expressions for the periods near the boundary, let us include only the leading order
term a(z) in the holomorphic expansion. We write as ansatz

a(z) = 2πaz , (6.54)

where we included a factor of 2π for later convenience. By using (6.53) the other
two functions are then found to be

b(z) = az , c(z) = i

π
az . (6.55)

By plugging these expressions into (6.52) we find as asymptotic periods for II0

boundaries

Π =
(
1 + az, i− iaz, log[z]

2πi + az

2πi (log[z]− 2), log[z]
2π − az

2π (log[z]− 2)
)
. (6.56)

6.3.2 Construction of two-moduli periods
In this section we derive general expressions for the periods near all possible
two-moduli boundaries. Recall from section 6.2.2 that there are three classes of
boundaries we focus on: I2, II1 and coni-LCS class. The boundary data character-
izing these classes has been constructed in appendix 6.A. We use the techniques
discussed in section 6.1.2 to construct the most general periods compatible with
these sets of data. Before we begin, let us already note that we now find that (6.12)
imposes non-trivial constraints on the coefficients of the component Γ−1(z) of the
instanton map. In contrast to the one-modulus case, this means that one cannot
consider any choice of holomorphic functions for these coefficients, but there will
be some differential equations that have to be satisfied. For this reason we choose
to make a simplified leading order ansatz for Γ−1(z), which allows us to illustrate
the qualitative features of the models more easily.
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6 Constructing general models for asymptotic periods

6.3.2.1 Class I2 boundaries

Let us begin by considering the class of I2 boundaries. The Hodge-Deligne diamond
representing these boundaries has been depicted in figure 6.4. The nilpotent orbit
data has been constructed in appendix 6.A.1, and is again given by the sl(2)-split
Deligne splitting Ĩp,q(2) together with the log-monodromy matrices Ni and the phase
operator δ. The Deligne splitting is spanned by

Ĩ3,0
(2) :

(
1, 0, 0, i, 0, 0

)
, Ĩ0,3

(2) :
(
1, 0, 0, −i, 0, 0

)
,

Ĩ2,2
(2) :

(
0, 1, 0, 0, 0, 0

)
,
(
0, 0, 1, 0, 0, 0

)
,

Ĩ1,1
(2) :

(
0, 0, 0, 0, 1, 0

)
,
(
0, 0, 0, 0, 0, 1

)
,

(6.57)

while the log-monodromy matrices and phase operator are written as

N1 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 n1 0 0 0


, N2 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 n2 0 0 0 0

0 0 1 0 0 0


, δ =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 δ1 0 0 0

0 δ1 0 0 0 0


. (6.58)

Figure 6.4: The Hodge-Deligne diamond that classifies I2 boundaries. Note that we split
up Ĩ1,1

(2) , Ĩ
2,2
(2) according to the basis vectors in (6.57), where left (right) vertices correspond

to the first (last) two vectors. On the left we included colored arrows to denote the
different components of Γ−1(z) of the instanton map Γ(z), where we labeled a(z), b(z)
and c(z) by red, green and blue respectively. On the right the purple and black arrow
denote the action of N1 and N2 respectively (setting n1, n2 = 0 for simplicity).

Now we want to write down the most general periods compatible with this
boundary data. As explained in section 6.1.2 we begin by considering the most
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6.3 Construction of one- and two-moduli periods

general instanton map Γ(z). For the above data the most general Lie algebra-valued
map in Λ− with holomorphic coefficients is given by

Γ(z1, z2) = 1
2



f(z) −id(z) −ie(z) −if(z) −ia(z) −ib(z)

a(z) 0 0 −ia(z) 0 0

b(z) 0 0 −ib(z) 0 0

−if(z) −d(z) −e(z) −f(z) −a(z) −b(z)

−d(z) 0 −c(z) id(z) 0 0

−e(z) −c(z) 0 ie(z) 0 0



, (6.59)

where a, b, c make up the charge component Γ−1, d, e correspond to Γ−2 and f to
Γ−3. Note that we set the coefficients proportional to the log-monodromy matrices
N1, N2 to zero by using coordinate redefinitions (6.16), where it is important that
n1n2 6= 1. For illustration we depicted the action of the Γ−1 coefficients on the
Deligne splitting in figure 6.4. We can then use (6.6) to write the periods in terms
of these coefficients as

Π =
(
1 + f(z) + i

12a(z)b(z)c(z), a(z), b(z), i− if(z) + 1
12a(z)b(z)c(z),

− a(z)n1 log[z1]+log[z2]
2πi + iδ1b(z)− d(z)− 1

4b(z)c(z),

− b(z) log[z1]+n2 log[z2]
2πi + iδ1a(z)− e(z)− 1

4a(z)c(z)
)
. (6.60)

The holomorphic functions appearing in these periods are constrained by several sets
of differential equations. Recall from section 6.1.2 that we must first impose (6.12)
on the coefficients a, b, c of Γ−1. Subsequently the coefficients d, e, f of Γ−2,Γ−3 are
fixed uniquely by a, b, c through (6.15). Let us write out these equations explicitly
in terms of the holomorphic coefficients. We find that (6.12) imposes

z1a
(1,0) − n1z2a

(0,1) = iπz1z2
(
b(0,1)c(1,0) − b(1,0)c(0,1)) ,

z2b
(0,1) − n2z1b

(1,0) = iπz1z2
(
a(1,0)c(0,1) − a(0,1)c(1,0)) . (6.61)

Inspecting these differential equations carefully, we note that the right-hand side
only contains mixed terms in z1, z2 after expanding the holomorphic functions
around z1 = z2 = 0. Therefore we obtain the following relations on their coefficients

ak0 = 0 , b0l = 0 , n1a0l = 0 , n2bk0 = 0 . (6.62)
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6 Constructing general models for asymptotic periods

For the remainder of the coefficients we have the relations
(n1l − k)akl = πi

∑
m,n

(k −m)n bk−m,l−ncmn − πi
∑
m,n

(l − n)mbk−m,l−ncmn ,

(n2k − l)bkl = πi
∑
m,n

(k −m)nak−m,l−ncmn − πi
∑
m,n

(l − n)mak−m,l−ncmn .
(6.63)

Note that coefficients akl with k = n1l and bkl with l = n2k do not appear on the
left-hand side of this equation, so they are unfixed by these differential constraints.

Next let us write down the differential equations that fix d, e, f uniquely in terms
of a, b, c. We find that (6.15) imposes the following set of constraints

z1d
(1,0) = − n1

2πia+ 1
4z1
(
b(1,0)c− bc(1,0)) , z1e

(1,0) = − 1
2πib+ 1

4z1
(
a(1,0)c− ac(1,0)) ,

z2d
(0,1) = − 1

2πia+ 1
4z2
(
b(0,1)c− bc(0,1)) , z2e

(0,1) = − n2

2πib+ 1
4z2
(
a(0,1)c− ac(0,1)) ,

if (1,0) = − 1
24a

(1,0)bc+ 1
2a

(1,0)d− 1
24ab

(1,0)c+ 1
12abc

(1,0) + 1
2 b

(1,0)e , (6.64)

if (0,1) = − 1
24a

(0,1)bc+ 1
2a

(0,1)d− 1
24ab

(0,1)c+ 1
12abc

(0,1) + 1
2 b

(0,1)e .

Now we want to find out what (6.17) imposes on the functions a, b, c that make up
the Γ−1 component of the instanton map. The dimension of the image of this set
of matrices must be equal to 5. By inspecting (6.59) we find that the function c is
irrelevant, since they span the same part of the vector space as N1 and N2. On
the other hand we can satisfy (6.17) by turning on a, b. This can also be seen from
figure 6.4, because in order to span Ĩ2,2

(2) and Ĩ0,3
(2) we need the components of a, b.

Let us therefore take the following ansatz for the Γ−1 coefficients

a(z) = a zk1
1 zk2

2 , b(z) = b zm1
1 zm2

2 , c(z) = 0 , (6.65)

where a, b ∈ C. Some comments are in order here. When (k1, k2) 6= (m1,m2) we
can use shifts of the axions xi to set a, b ∈ R, while for (k1, k2) = (m1,m2) this is
generally only possible for one of the two. Also note that vanishing of c(z) was not
required by (6.17). Nevertheless c only appear in products with a(z), b(z) in the
periods (6.60), so it would lead only to subleading corrections. Finally, we only
wrote down one leading term for a(z) and b(z). We are however expanding with
respect to two coordinates z1, z2, so there could in principle be two different leading
terms for the two expansions. We will see shortly that (6.61) fixes the orders k1, k2

and m1,m2 for the leading terms, justifying the above expansion.
Let us now solve the differential constraints that the functions of Γ(z) must

satisfy. We begin with (6.61), which reduces to the following two conditions on our
ansatz

n1 = k1/k2 , n2 = m2/m1 . (6.66)
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6.3 Construction of one- and two-moduli periods

Thus the orders of the leading terms in the instanton expansion are fixed as the
pairs of coprime integers k1, k2 ∈ Z and m1,m2 ∈ Z such that (6.66) holds. We can
then continue and solve (6.64), which yields

d(z) = ia

2πk2
zk1

1 zk2
2 , e(z) = ib

2πm1
zm1

1 zm2
2 ,

f(z) = a2

8πk2
z2k1

1 z2k2
2 + b2

8πm1
z2m1

1 z2m2
2 .

(6.67)

By inserting these expressions into (6.60) we obtain the periods

Π =
(
1 + a2z

2k1
1 z

2k2
2

8πk1
+ b2z

2m1
1 z

2m2
2

8πm2
, azk1

1 zk2
2 , bzm1

1 zm2
2 , i− ia2z

2k1
1 z

2k2
2

8πk1
− ib2z

2m1
1 z

2m2
2

8πm2

− azk1
1 zk2

2
n1 log[z1]+log[z2]−1/k1

2πi + ibδ1z
m1
1 zm2

2 ,

− bzm1
1 zm2

2
log[z1]+n2 log[z2]−1/m2

2πi + iaδ1z
k1
1 zk2

2
)
. (6.68)

6.3.2.2 Class II1 boundaries

Next we study class II1 boundaries. The Hodge-Deligne diamond representing such
boundaries has been depicted in figure 6.5. The relevant boundary data has been
constructed in appendix 6.A.2, and is again given by the sl(2)-split Deligne splitting
Ĩp,q(2) together with the log-monodromy matrices Ni and the phase operator. The
Deligne splitting is spanned by

Ĩ3,1
(2) :

(
1, i, 0, 0, 0, 0

)
, Ĩ2,0

(2) :
(
0, 0, 0, 1, i, 0

)
,

Ĩ2,2
(2) :

(
0, 0, 1, 0, 0, 0

)
, Ĩ1,1

(2) :
(
0, 0, 0, 0, 0, 1

)
,

Ĩ1,3
(2) :

(
1, −i, 0, 0, 0, 0

)
, Ĩ0,2

(2) :
(
0, 0, 0, 1, −i, 0

)
,

(6.69)

while the log-monodromy matrices are given by

N1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 −n1 0 0 0


, N2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

n2 0 0 0 0 0

0 n2 0 0 0 0

0 0 −1 0 0 0


, (6.70)

where n1, n2 ∈ Q and n1, n2 ≥ 0. The phase operator δ has been set to zero by
using coordinate transformations (6.16).
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6 Constructing general models for asymptotic periods

Figure 6.5: The Hodge-Deligne diamond that classifies II1 boundaries. On the left included
colored arrows to denote the different components of Γ−1(z) of the instanton map Γ(z),
where we labeled a(z), b(z) and c(z) by red, green and blue respectively. On the right the
purple and black arrows denote the action of N1 and N2 respectively (setting n1, n2 = 0
for simplicity).

Now we want to write down the most general expressions for the periods compat-
ible with this boundary data. Following section 6.1.2 we begin by writing down the
most general instanton map Γ(z). It is the most general Lie algebra-valued map in
Λ− with respect to (6.69) that has holomorphic coefficients

Γ(z) = 1
2



e(z) −ie(z) b(z) c(z) −ic(z) 0

−ie(z) −e(z) −ib(z) −ic(z) −c(z) 0

a(z) −ia(z) 0 0 0 0

f(z) −if(z) −d(z) −e(z) ie(z) −a(z)

−if(z) −f(z) id(z) ie(z) e(z) ia(z)

−d(z) id(z) 0 −b(z) ib(z) 0



, (6.71)

where a(z), b(z), c(z) make up the Γ−1 component of the instanton map, d(z), e(z)
the Γ−2 component and f(z) the Γ−3 component. Note that we used coordinate
redefinitions (6.16) to set the pieces along N1 and N2 to zero. The period vector
then reads

Π =
(

1 + 1
4a(z)b(z) + e(z), i− i

4a(z)b(z)− ie(z), a(z),
log[z1]+n2 log[z2]

2πi
(
1 + 1

4a(z)b(z) + e(z)
)

+ f(z), (6.72)
log[z1]+n2 log[z2]

2π
(
1− 1

4a(z)b(z)− e(z)
)
− if(z), −a(z)n1 log[z1]+log[z2]

2πi − d(z)
)
.
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6.3 Construction of one- and two-moduli periods

Note in particular that the function c(z) does not explicitly appear in the period
vector. This can be attributed to the fact that we only read off how exp[Γ(z)]
acts on a0, not the full matrix. Nevertheless, c(z) enters indirectly in the periods
through the recursion relations (6.15), as we will see shortly.

From (6.12) we obtain two differential constraints on the Γ−1 coefficients

z2n1a
(0,1) − z2b

(0,1)(z) = z1a
(1,0)(z)− n2z1b

(1,0)(z) ,
z2c

(0,1)(z)− n2z1c
(1,0)(z) = 2iπz1z2

(
a(0,1)(z)b(1,0)(z)− a(1,0)(z)b(0,1)(z)

)
.
(6.73)

By expanding the holomorphic functions around z1 = z2 = 0 we then obtain

k(akl − n2bkl) = l(n1akl − bkl) , (6.74)

l ckl − n2k ckl = 2πi
∑
m,n

(k −m)nak−m,l−nbmn − 2πi
∑
m,n

(l − n)mbk−m,l−namn .

In particular, for k = 0 or l = 0 we find that

n1a0l = b0l , ak0 = n2bk0 , c0l = 0 , n2ck0 = 0 . (6.75)

Next we consider the component-wise constraints given in (6.15). These result in
the following set of relations

2iπz1d
(1,0)(z) = b(z)− n1a(z) , 2iπz2d

(0,1)(z) = n2b(z)− a(z) ,
4iπz1e

(1,0)(z) = 2c(z) + iπz1
(
a(1,0)(z)b(z)− a(z)b(1,0)(z)

)
,

4iπz2e
(0,1)(z) = 2n2c(z) + iπz2

(
a(0,1)(z)b(z)− a(z)b(0,1)(z)

)
,

iπz1f
(1,0)(z) = −e(z) + iπz1a

(1,0)(z)d(z) ,
iπz2f

(0,1)(z) = −n2e(z) + iπz2a
(0,1)(z)d(z) .

(6.76)

Similarly these relations can be cast into expressions for the series coefficients
ekl, fkl, gkl, but for brevity we do not write them down here.

We then make a leading order ansatz for the components of Γ−1. Turning on as
many linear terms in z1, z2 as possible without violating (6.73), we write for these
coefficients

a(z) = n2b z1 + a z2 , b(z) = b z1 + n1a z2 ,

c(z) = 2πim1c z
m1
1 zm2

2 + πi ab
1− n1n2

1− n2
z1z2 ,

(6.77)

where a, b, c ∈ C, and we have non-negative integers m1,m2 with m1 > 0 that
satisfy

n2 = m2/m1 . (6.78)
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When n1n2 6= 1 we can use axion shifts as discussed below (6.16) to set a, b ∈ R,
while for n1n2 = 1 this is generally only possible for one of the two. The rank
condition (6.17) tells us that we must always require a 6= 0, and additionally b 6= 0
or c 6= 0 should hold. Note that the second term in c(z) is ill-defined for n2 = 1,
meaning we should set b = 0. In this special case the term at order z1z2 in c(z)
then already follows from the first term by m1 = m2 = 1.

We can now solve the recursive differential equations (6.76) for the components
of Γ−q with q < −1, from which we obtain

d(z) = 1− n1n2

2πi (b z1 − a z2) , e(z) = c zm1
1 zm2

2 + ab
(1 + n2)(1− n1n2)

4(1− n2) z1z2 ,

f(z) = ic zm1
1 zm2

2
πm1

+ 1− n1n2

8πi

(
a2z2

2 + b2n2z
2
1 + 2ab z1z2

1 + n2
2

1− n2

)
.

(6.79)
Putting all this together we get as asymptotic period vector

Π =



1 + czm1
1 zm2

2 + 1
4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
)

i− iczm1
1 zm2

2 − i
4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
)

bn2z1 + az2

log[z1]+n2 log[z2]
2πi

(
1 + czm1

1 zm2
2 + 1

4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
))

+ f(z)

log[z1]+n2 log[z2]
2π

(
1− czm1

1 zm2
2 − 1

4
(
a2n1z

2
2 + 2abz1z2

1−n1n
2
2

1−n2
+ b2n2z

2
1
))
− if(z)

i(bn2z1 + az2)n1 log[z1]+log[z2]
2π − 1−n1n2

2πi (bz1 − az2)



, (6.80)

with f(z) given in (6.79).

6.3.2.3 Coni-LCS class boundaries

Finally we study coni-LCS class boundaries. Such boundaries are characterized by
a IV2 Hodge-Deligne diamond, which has been depicted in figure 6.6. The nilpotent
orbit data has been constructed in section 6.A.3, and is again given by the Deligne
splitting Ĩp,q(2) together with the log-monodromy matrices Ni and the phase operator
δ. Recall that the Deligne splitting is spanned by

Ĩ3,3
(2) :

(
1, 0, 0, 0, 0, 0

)
, Ĩ0,0

(2) :
(
0, 0, 0, 1, 0, 0

)
,

Ĩ2,2
(2) :

(
0, 1, 0, 0, 0, 0

)
,
(
0, 0, 1, 0, 0, 0

)
,

Ĩ1,1
(2) :

(
0, 0, 0, 0, 1, 0

)
,
(
0, 0, 0, 0, 0, 1

)
,

(6.81)
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while the log-monodromy matrices and phase operator are

N1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0


, N2 =



0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 −1

0 −n 0 0 0 0

0 0 1 0 0 0


, δ =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

δ2 δ1 0 0 0 0

δ1
1

2π 0 0 0 0

0 0 0 0 0 0


. (6.82)

where we chose to set δ3 = 1/2π and δ4 = 0.

Figure 6.6: The Hodge-Deligne diamond that classifies IV2 boundaries of coni-LCS type.
On the left we included colored arrows to denote the different components of Γ−1(z) of
the instanton map Γ(z), where we labeled a(z), b(z) and c(z) by red, green and blue
respectively. On the right we included purple and black arrows to indicate the action of
the log-monodromy matrices N1, N2 respectively, where we considered n = 0 for simplicity.
Note that we split up Ĩ1,1

(2) , Ĩ
2,2
(2) according to the vectors that span the spaces given in

(6.81), where left (right) vertices correspond to the first (last) two vectors.

We now construct the most general periods compatible with this boundary data.
Following section 6.1.2 we first consider the most general instanton map Γ(z). For
the above boundary data the most general Lie algebra-valued map in Λ− is

Γ =



0 0 0 0 0 0

a(z) 0 0 0 0 0

0 0 0 0 0 0

f(z) e(z) d(z) 0 −a(z) 0

e(z) 0 b(z) 0 0 0

d(z) b(z) c(z) 0 0 0



, (6.83)
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where the holomorphic coefficients a(z), b(z), c(z) specify the Γ−1 component, while
d(z), e(z) and f(z) correspond to Γ−2 and Γ−3 respectively. Note that we used
coordinate shifts (6.16) to set coefficients associated with N1, N2 to zero. Next we
can use (6.6) to write the periods in terms of the holomorphic coefficients as

Π =
(
1, a(z), log[z2]

2πi , iδ2 + iδ1a(z) + f(z) +
i( 1

2a(z)c(z) + d(z)) log[z2]
2π − i log[z2]3

48π3

iδ1 + e(z)− a(z)(log[z1] + n log[z2])
2πi ,

1
2a(z)c(z) + d(z)− log[z2]2

8π2

)
. (6.84)

The coefficients of the instanton map Γ now must satisfy several differential
equations. The Γ−1 coefficients obey (6.12), while in turn the Γ−2,Γ−3 coefficients
are fixed uniquely by (6.15). We can write out (6.12) as

z2a
(0,1)(z) = z1(na(1,0)(z)b(1,0)(z)) ,
c(1,0)(z) = 2πiz2(a(1,0)(z)b(0,1)(z)− a(0,1)(z)b(1,0)(z)) ,

(6.85)

while (6.15) imposes

2d(1,0)(z) = a(1,0)(z)b(z)− a(z)b(1,0)(z) ,
2πiz2d

(0,1)(z) = c(z) + πiz2(a(0,1)(z)b(z)− a(z)b(0,1)(z)) ,
2πiz1e

(1,0)(z) = a(z) , 2πiz2e
(0,1)(z) = b(z) + na(z) ,

f (1,0)(z) = a(1,0)(z)e(z) , πf (0,1)(z) = πa(0,1)(z)e(z)− id(z) .

(6.86)

We now want to construct asymptotic models for the periods by performing a leading
order expansion for the Γ−1 coefficients. First we consider the rank condition (6.17),
which gives us an indication which coefficients have to be turned on. In terms of
the Hodge-Deligne diamond it implies that there should be an ingoing arrow due to
Γ−1 or Ni for every vertex apart from Ĩ3,3

(2) . Looking at figure 6.6 this means that
a(z) must be turned on. In order to solve (6.12) we find that we must also turn on
b(z). Let us therefore make as ansatz

a(z) = az1 , b(z) = bz1 , c(z) = 0 , (6.87)

where a ∈ R has been rotated to a real value using the axion shift symmetry
described below (6.16). We then find that (6.85) reduces on our ansatz to

b = −na . (6.88)

Consequently we can solve (6.86) for the coefficients of Γ−2,Γ−3 as

d(z) = 0 , e(z) = a

2πi , f(z) = a2

4πiz
2
1 . (6.89)
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6.A Nilpotent orbit data for two-moduli periods

Inserting these leading order behaviors into (6.84) we find as asymptotic model for
the periods

Π =
(
1, az1,

log[z2]
2πi , − i log[z2]3

48π3 − ia2nz2
1 log[z2]
4π + a2

4πiz
2
1 + iδ2 + iδ1az1,

− az1
log[z1] + n log[z2]

2πi + iδ1, −
log[z2]2

8π2 − 1
2a

2nz2
1
)
. (6.90)

Appendices

6.A Nilpotent orbit data for two-moduli periods

In this section we construct the nilpotent orbits of the two-moduli periods. Following
figure 6.1, we begin by writing down an sl(2)-splitting each boundary. Recall from
section 5 that the sl(2,R)n-boundary data is encoded in a set of commuting
sl(2,R)-triples (N±i , N0

i ) and the sl(2)-split Deligne splitting Ĩp,q(2) characterizing the
intersection. By using the building blocks given in table 4.3 we can straightforwardly
obtain simple expressions for this sl(2,R)n-data. The main task in this appendix
is then to complete this sl(2,R)n-boundary data into the most general compatible
nilpotent orbit, which comes in two parts. First we construct the most general log-
monodromy matrices Ni out of the lowering operators N−i . Secondly we determine
the most general phase operator δ that rotates the sl(2)-split Ĩp,q(2) into a generic
Deligne splitting. This construction follows the approach laid out in section 6.1.2.

6.A.1 Class I2 boundaries

Let us begin by considering boundaries of class I2, which consists of the 2-cubes
〈I1|I2|I1〉, 〈I2|I2|I1〉 and 〈I2|I2|I2〉. For 〈I1|I2|I1〉 we consider the enhancement
chain I1 → I2, while we consider I2 → I2 for 〈I2|I2|I1〉 and 〈I2|I2|I2〉. Both these
enhancement chains have the singularity type I2 for y1 = y2 =∞ in common. We
span the vector spaces Ĩp,q(2) of this sl(2)-split Deligne splitting by

Ĩ3,0
(2) :

(
1, 0, 0, i, 0, 0

)
, Ĩ0,3

(2) :
(
1, 0, 0, −i, 0, 0

)
.

Ĩ2,2
(2) :

(
0, 1, 0, 0, 0, 0

)
,
(
0, 0, 1, 0, 0, 0

)
,

Ĩ1,1
(2) :

(
0, 0, 0, 0, 1, 0

)
,
(
0, 0, 0, 0, 0, 1

)
,

(6.91)
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Enhancement step I1 → I2

Here we construct the nilpotent orbit data for the 2-cube 〈I1|I2|I1〉. Let us begin
by writing down the commuting sl(2,R)-triples as

N1 = N−1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 −1 0 0 0



, Y1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 −1



,

N−2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 −1 0 0 0 0

0 0 0 0 0 0



, Y2 =



0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 −1 0

0 0 0 0 0 0



,

(6.92)

where we did not include N+
i since the raising operators are irrelevant for our

discussion. Let us point out that the sign of the coefficients in the lowering operators
is fixed by (4.22), which requires ηN−1 and ηN−2 to have negative eigenvalues.
Next we want to write down the most general log-monodromy matrix N2 com-

patible with the above boundary data. From (5.70) we find that we must identify
matrices with eigenvalue ` ≤ −2 under the adjoint action of Y1. The only map that
satisfies this property is proportional to N1, so we find that

N2 = N−2 + nN1 . (6.93)

Similar to the lowering operators we find that (4.22) requires N2 to have two
negative eigenvalues, so we must impose n ≥ 0. For n = 0 we find that N2 produces
a I1 singularity type for the y2 = ∞ divisor, while for n > 0 it produces a I2

singularity. Thus for the 2-cube 〈I1|I2|I1〉 one can simply take N−1 and N−2 as
log-monodromy matrices.
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Enhancement step I2 → I2

Here we construct the nilpotent orbit data for the 2-cubes 〈I2|I2|I1〉 and 〈I2|I2|I2〉.
Let us begin by writing down the commuting sl(2,R)-triples as

N1 = N−1 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0



, Y1 =



0 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1



, (6.94)

while the second sl(2,R)-triple is trivial, i.e. N−2 = Y2 = 0. The sign of the
coefficients in N1 is fixed by the requirement of the polarization conditions (4.22)
that ηN1 has two negative eigenvalues.

Next we want to determine the most general log-monodromy matrix N2 compati-
ble with the above boundary data. There are three matrices with eigenvalue ` = −2
under the adjoint action of Y1 that are infinitesimal isometries of the symplectic
pairing 〈·, ·〉. These matrices map from Ĩ2,2

(2) to Ĩ1,1
(2) , and the most general linear

combination is given by

N2 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 n1 n3 0 0 0

0 n3 n2 0 0 0



. (6.95)

We now want to simplify this expression by considering a change of basis. First
we want to diagonalize the 2× 2 block that appears in N2 by a symplectic basis
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transformation (while keeping N1 the same). This yields

N2 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 λ1 0 0 0 0

0 0 λ2 0 0 0



, (6.96)

where the 2× 2 matrix needs to have at least one non-zero eigenvalue, which we
take to be λ1 6= 0. This allows us to rescale by the symplectic basis transformation
M = diag(1,

√
λ1, 1, 1, 1/

√
λ1, 1), after which our log-monodromy matrices become

N1 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 n1 0 0 0 0

0 0 1 0 0 0



, N2 = −



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 n2 0 0 0



, (6.97)

by relabeling n1 = 1/λ1 and n2 = λ2. From the polarization conditions (4.22) we
find that ηN2 needs to have one positive and one non-negative eigenvalue, so n2 ≥ 0.
For n2 = 0 we are dealing with a I1 divisor at y2 =∞, while for n2 > 0 it is a I2

divisor. Note that the log-monodromy matrices for the 〈I1|I2|I1〉 boundary in the
I1 → I2 enhancement step take the same form with n1 = n2 = 0. This conveniently
allows us to use the same form for the log-monodromy matrices for all boundaries
of I2 class.

Construction of the phase operator

Based on the above data let us write down the phase operator δ. The only possible
matrices that are valued in Λ−p,−q with p, q > 0 map from Ĩ2,2

(2) to Ĩ1,1
(2) , effectively

reducing δ to a 2× 2 sub-block. We therefore find that the most general δ takes
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the form

δ =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 δ2 δ1 0 0 0

0 δ1 δ3 0 0 0



, (6.98)

where the off-diagonal components of the sub-block are equal because δT η+ ηδ = 0.
One can reduce δ further by using coordinate shifts (6.16), setting δ2 = δ3 = 0.

6.A.2 Class II1 boundaries
Next we consider boundaries of class II1, which consists of the 2-cubes 〈II0|II1|I1〉,
〈II0|II1|II1〉, 〈II1|II1|I1〉 and 〈II1|II1|II1〉. For the first two we reconstruct the
nilpotent orbit data starting from the enhancement chain II0 → II1, while for the
latter two boundaries we consider II1 → II1. In either case the enhancement chains
have the singularity type II1 at y1 = y2 =∞ in common. Let us therefore begin by
writing down basis vectors for Ĩp,q(2) of this sl(2,R)-split Deligne splitting as

Ĩ3,1
(2) :

(
1, i, 0, 0, 0, 0

)
, Ĩ2,0

(2) :
(
0, 0, 0, 1, i, 0

)
,

Ĩ2,2
(2) :

(
0, 0, 1, 0, 0, 0

)
, Ĩ1,1

(2) :
(
0, 0, 0, 0, 0, 1

)
,

Ĩ1,3
(2) :

(
1, −i, 0, 0, 0, 0

)
, Ĩ0,2

(2) :
(
0, 0, 0, 1, −i, 0

)
.

(6.99)

Enhancement step II0 → II1

Here we construct the nilpotent orbit data for the 2-cubes 〈II0|II1|I1〉 and 〈II0|II1|II1〉.
Let us begin by writing down the sl(2,R)-triples as

N1 = N−1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0



, Y1 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 0



, (6.100)
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N−2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 −1 0 0 0



, Y2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 −1



, (6.101)

where the signs in N−1 , N−2 are fixed by the polarization conditions (4.22).10

Next we determine the most general log-monodromy N2: there are three real
maps with eigenvalue ` ≤ −2 under Y1, which means we find

N2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

n2 n4 0 0 0 0

n4 n3 0 0 0 0

0 0 −1 0 0 0



. (6.102)

Also recall that N2 is a (−1,−1)-map with respect to the Deligne splitting (6.99),
which requires n2 = n3 and n4 = 0. Polarization conditions (4.22) tell us that ηN2

should have two non-negative and one negative eigenvalue, which sets n2 ≥ 0. For
n2 = 0 we encounter a I1 divisor at y2 =∞, while for n2 > 0 a II1 divisor.

Enhancement step II1 → II1

Here we construct the nilpotent orbit data for the 2-cubes 〈II1|II1|I1〉 and 〈II1|II1|II1〉.
Let us begin by writing down the sl(2,R)-triples as

N1 = N−1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0



, Y1 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1



, (6.103)

10To be precise, ηN−1 must have two positive eigenvalues and ηN−2 one negative eigenvalue.
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while the second sl(2,R)-triple is trivial, i.e. N−2 = Y2 = 0. The signs of N1 are
fixed by the polarization conditions (4.22), which requires ηN−1 to have two positive
and one negative eigenvalue.

We now want to construct the most general log-monodromy matrix N2 compatible
with the above boundary data. The most general map with eigenvalue ` ≤ −2
under the adjoint action with Y1 is given by

N2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

n1 n4 n5 0 0 0

n4 n2 n6 0 0 0

n5 n6 −n3 0 0 0



. (6.104)

where we required the 3× 3 block to be symmetric to ensure that NT
2 η + ηN2 = 0.

Additionally we must require that N2 is a (−1,−1)-map with respect to the Deligne
splitting (6.99). This requires us to set n1 = n2 and n4 = n5 = n6 = 0. Polarization
conditions (4.22) then require us to put n1 > 0 and n3 > 0.
Let us now try to bring these log-monodromy matrices into a similar form as

we found for the enhancement chain II0 → II1. We can apply a symplectic basis
transformation M = diag(1, 1,√n3, 1, 1, 1/

√
n3), which yields

N1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 −n1 0 0 0



, N2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

n2 0 0 0 0 0

0 n2 0 0 0 0

0 0 −1 0 0 0



, (6.105)

where we relabeled n1 = 1/n3.

Construction of the phase operator

Based on the above data let us write down the most general phase operator δ. For
the above Deligne splitting there are two real maps δ−p,−q with p, q > 0 that satisfy
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δT−p,−qη + ηδ−p,−q = 0, one mapping Ĩ3,1
(2) , Ĩ

1,3
(2) to Ĩ2,0

(2) , Ĩ
0,2
(2) and another from Ĩ2,2

(2) to
Ĩ1,1
(2) . Taking δ1, δ2 ∈ R as proportionality constants for these two maps we find

δ =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

δ1 0 0 0 0 0

0 δ1 0 0 0 0

0 0 δ2 0 0 0



. (6.106)

Note that this matrix is precisely of the same form as the log-monodromies N1, N2,
so we can use coordinate shifts (6.16) to set δ1 = δ2 = 0.

6.A.3 Coni-LCS class boundaries
Finally we consider coni-LCS class boundaries, which consists of the 2-cubes
〈I1|IV2|IV1〉 and 〈I1|IV2|IV2〉. These boundaries share a IV2 singularity type at
the intersection y1 = y2 =∞. Let us begin by writing down a basis for the vector
spaces Ĩp,q(2) of this sl(2,R)-split Deligne splitting as

Ĩ3,3
(2) :

(
1, 0, 0, 0, 0, 0

)
, Ĩ0,0

(2) :
(
0, 0, 0, 1, 0, 0

)
.

Ĩ2,2
(2) :

(
0, 1, 0, 0, 0, 0

)
,
(
0, 0, 1, 0, 0, 0

)
,

Ĩ1,1
(2) :

(
0, 0, 0, 0, 1, 0

)
,
(
0, 0, 0, 0, 0, 1

)
,

(6.107)

Enhancement step I1 → IV2

Here we construct the log-monodromy matrices for the 2-cubes 〈I1|IV2|IV1〉 and
〈I1|IV2|IV2〉. Let us begin by writing down the sl(2,R)-triples as

N1 = N−1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 −1 0 0 0 0

0 0 0 0 0 0



, Y1 =



0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 −1 0

0 0 0 0 0 0



, (6.108)
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N−2 =



0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 −1

0 0 0 0 0 0

0 0 1 0 0 0



, Y2 =



3 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 −3 0 0

0 0 0 0 0 0

0 0 0 0 0 −1



. (6.109)

The signs of the coefficients of the lowering operators N−1 , N−2 are fixed by the
polarization condition (4.22). We must require ηN−1 and η(N−2 )3 both to have one
negative eigenvalue. In turn the condition that N2 is an infinitesimal isomorphic
of the symplectic product (N−2 )T η + ηN−2 = 0 fixes the sign of the other two
coefficients of N2.

Next we construct the most general log-monodromy matrix N2 compatible with
the above boundary data. There is only one map with weight ` ≤ −2 under the
adjoint action of Y1, which is N1. By using (5.70) we therefore find

N2 = N−2 + nN1 , (6.110)

where polarization conditions require n ≥ 0. For n = 0 we encounter a IV1 divisor
at y2 =∞, while for n > 0 it is a IV2 divisor.

Construction of the phase operator

Based on the above data let us construct the most general phase operator δ. For
the given Deligne splitting there are four real maps δ−p,−q with p, q ≥ 0 we can
write down that are infinitesimal isometries of 〈·, ·〉. Taking their linear combination
gives us

δ =



0 0 0 0 0 0

0 0 0 0 0 0

δ4 0 0 0 0 0

δ2 δ1 0 0 0 −δ4

δ1 δ3 0 0 0 0

0 0 δ4 0 0 0



. (6.111)
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The components related to the coefficients δ3, δ4 are proportional to N1 and N2, so
these can be tuned by using (6.16).

6.B Embedding periods for geometrical examples
In this appendix we show how the periods constructed in our work relate to some
familiar geometrical examples. We rewrite the periods of the one-modulus I1

boundary and two-modulus coni-LCS class boundaries in terms of the prepotential
formulation of the conifold and coni-LCS periods. Furthermore we show how the
periods found for the 2-cube 〈II0|II1|II1〉 cover the periods for the Calabi-Yau
threefold in P1,1,2,2,6

4 [12] near a particular degeneration.

6.B.1 Conifold point
We begin by rewriting the periods (6.19) of I1 boundaries in terms of the prepotential
formulation in e.g. [86, 87, 152]. In this frame the periods can be written as
Π = (X0, X1,F0,F1), where the Fi = ∂XiF are obtained by taking derivatives of
the prepotential F(Xi). In order to bring our periods into this frame, one has to
perform Kähler transformations and basis changes. We typically set X0 = 1, so
let us first rescale the periods by an overall factor Π→ efΠ with f = 1− a2z2

8π to
set the first entry equal to one. Next we want to set the second entry equal to
the special coordinate X1 = z, so we also apply a symplectic basis transformation
M = diag(1, 1/a, 1, a). Consequently the transformed period vector reads

Π =
(
1, z, i− ia2

4π z
2,

ia2

2π z log[z]
)
, (6.112)

up to corrections in z3. One can straightforwardly verify that these periods indeed
match with the prepotential

F = i

2(X0)2 + ia2

4π (X1)2 log
[
X1/X0]− ia2

8π (X1)2 , (6.113)

where afterwards we can set X0 = 1 and X1 = z = e2πit. Note in particular that
a2 > 0 now fixes the sign of the second term in this prepotential.

6.B.2 Coni-LCS point
Next we rewrite the periods (6.37) near coni-LCS boundaries in the prepotential
formulation, see e.g. [108, 109] for recent constructions using different methods.
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Again we want to set one period proportional to the conifold modulus as X1 = z1, so
let perform a symplectic basis transformation M = diag(1, 1/a, 1, 1, a, 1) analogous
to the I1 boundaries. The periods then read

Π =
(
1, z1,

log[z2]
2πi , − i log[z2]3

48π3 − ia2nz2
1 log[z2]
4π + a2

4πiz
2
1 + iδ2 + iδ1az1,

− a2z1
log[z1] + n log[z2]

2πi + iδ1a, −
log[z2]2

8π2 − 1
2a

2nz2
1
)
. (6.114)

Equivalently these periods can be obtained from the prepotential

F = 1
6
KijkXiXjXk

X0 − 1
2AijX

iXj +BiX
0Xi + C(X0)2 +D(X1)2 log[X1/X0] ,

(6.115)
where we set X0 = 1, X1 = z1 and X2 = log[z2]

2πi afterwards. The coefficients in the
periods are then related by

K112 = −a2n , K222 = 1 , A11 = ia2

4π , B1 = iδ1a , C = iδ2
2 , D = ia2

4π , (6.116)

and all other coefficients vanish. Note that the sign of the imaginary piece of D is
again fixed by a2 > 0, similar to the I1 boundary.

6.B.3 Degeneration for the Calabi-Yau threefold in P1,1,2,2,6
4 [12]

In this appendix we illustrate how the period vector near the Seiberg-Witten
point of the K3-fibered Calabi-Yau threefold in P1,1,2,2,6

4 [12] can be embedded
into our models. This geometry has been studied in detail in the literature, see
e.g. [35, 82, 133,137,149], and we will follow the analysis of the periods of [35] here.
In our models this Seiberg-Witten point corresponds to the 〈II0|II1|II1〉 boundary,
whose periods have been constructed section 6.3.2.2. The period vector as computed
from the relevant Picard-Fuchs equations takes the form

ΠP12 = 1
π

(
1 + 5

36z1, z1, −
√
z1,

i

π
(log[z2]− 6 log[2] + 7)√z1 (6.117)

i

2π (5 + 2 log[z1] + log[z2])(1 + 5
36z1), i

2π (1 + 2 log[z1] + log[z2])z1

)
.

One observation that we can immediately make is that the period vector depends on
square roots of the coordinates, which results in monodromy transformations that are
only quasi-unipotent. We remedy this by an appropriate coordinate transformation
further below. As generic solutions to the Picard-Fuchs equations, these periods are
not in a symplectic basis. To find the appropriate basis transformation one uses the

171



6 Constructing general models for asymptotic periods

fact that such a basis can naturally be found at the LCS point and then by analytic
continuation one can compute the transition matrix. The latter is also given in [35].
Furthermore, we require another basis transformation to bring the periods into the
symplectic basis we use in this work. The combined transition matrix is given by

MP12 =
√

2
X



1 − 5
36 +X2 0 0 0 0

i −i( 5
36 +X2) 0 0 0 0

0 0 X 0 0 0

5i
8π

5i(36X2−1)
288π 0 0 −1

4
1

144 (5− 36X2)

− 5
8π

5(36X2+1)
288π 0 0 − i

4
i

144 (5 + 36X2)

0 0 3iX
2π (log[4]− 1) −X2 0 0



, (6.118)

where X = Γ(3/4)4
√

3π2 . In addition, we perform the divisor preserving coordinate
redefinition

z1 → z2
1 exp

( 5
16z2 + 131

2048z
2
2

)
, z2 → z2 exp

(
− 5

8z2 −
131
1024z

2
2

)
, (6.119)

that, among other things, makes the monodromies unipotent. After these transfor-
mations the period vector takes the form

ΠP12 =
(

1 +X2z2
1 , i− iX2z2

1 , −Xz1,

− i
8π (4 log[z1] + log[z2]) + iX2

8π (4− 4 log[z1]− log[z2])z2
1 , (6.120)

1
8π (4 log[z1] + log[z2]) + X2

8π (4− 4 log[z1]− log[z2])z2
1 , − iX2π (4 + log[z2])z1

)
.

Our model (6.32) reproduces the periods given in (6.120) upon identifying

n1 = 0 , n2 = 1/4 , b = −4X , a = c = 0 . (6.121)
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Part III

Applications in String
Compactifications

In this third part we discuss two applications of asymptotic Hodge theory in string
compactifications. In chapter 7 we investigate the bounds put by the WGC in Type
IIB Calabi-Yau compactifications. We focus on the extremality region of electric
BPS black holes, which is formed by an ellipsoid. We compute the values of its radii
in strict asymptotic regimes, thereby giving us a non-trivial order one coefficient for
the WGC in infinite distance limits. Chapter 8 studies moduli stabilization near
boundaries in complex structure moduli space. We use the self-duality condition to
set up a systematic procedure for finding flux vacua using the sl(2)-structures. On
the other hand, for the F-terms we explain how to include essential exponential
corrections in the extremization conditions. We also present a method for finding
vacua with a small flux superpotential, including some explicit examples.
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7 Weak Gravity Conjecture in Type IIB
Calabi-Yau compactifications

The main focus of this chapter will be the WGC (1.3) in Type IIB Calabi-Yau
compactifications. To be precise, we want to determine the order one coefficients
set by the extremality bound of black holes. Recall from section 1.6.2 that in this
setting there are multiple U(1) gauge fields present, which arise from expanding the
R-R four-form potential C4 along harmonic three-forms of the Calabi-Yau threefold
as described by (1.58). Instead of requiring the existence of a single superextremal
particle, the WGC then has to be satisfied for every direction in the charge lattice.
In [68] this observation was formalized into the statement that there should exist a
set of electrically charged particles whose charge-to-mass vectors span a convex hull
that contains the black hole extremality region. The BPS states charged under the
R-R gauge fields arise from D3-branes wrapped on three-cycles of the Calabi-Yau
manifold. It is then natural to pose the question whether one can in fact identify
these D3-brane states, and moreover if charge lattice sites populated by BPS states
suffice or if non-BPS states are also necessary in order to satisfy the convex hull
condition. In this chapter we set ourselves a more modest goal, and we merely aim
to make the bounds put by the extremality region of electrically charged BPS black
holes as precise as possible.1

As a first step in approaching WGC bounds we single out a special set of candidate
BPS states that are elementary with respect to the asymptotic sl(2,R)n-structure,
i.e. they sit in a single eigenspace under the sl(2)-decomposition. If in addition these
particles couple to the graviphoton asymptotically, we find that their asymptotic
charge-to-mass ratio is given by

lim
λ→∞

(
Q

M

)−2∣∣∣∣
qG

= 21−dn
n∏
i=1

(
∆di

(∆di − `i)/2

)
×

{
1 for dn = 3 ,
1
2 for dn 6= 3 .

(7.1)

In this formula the di and `i correspond to discrete data characterizing the candidate
BPS state and the type of limit: recall that ∆di = di − di−1 specify the weights
1For an enlightening discussion on subtleties regarding the charge-to-mass ratio of BPS states and
the black hole extremality bound we refer the reader to [153].
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

of the leading term a0 of the periods (see (5.31)) and similarly `i the weights of
the charge qG under the N0

i . The notation qG stands for sl(2)-elementary charges
that couple asymptotically to the graviphoton. Our results significantly extend
the recent formula of [41], which was derived using asymptotic Hodge theory for a
large class of infinite distance limits. While the two formulas look rather different
we find that they agree in most cases, with some particular exceptions where our
formula contains additional terms.
The formula (7.1) will be essential in establishing actual bounds on the charge-

to-mass spectrum of electric BPS states in four-dimensional N = 2 supergravities
in the asymptotic regime. In order to do this we elaborate on a result of [41]
that the charge-to-mass vectors of electric BPS states lie on an ellipsoid with two
non-degenerate directions γ1, γ2. We will compute the asymptotic values of these
radii using the above general formula for all limits in complex structure moduli
space, both at finite and infinite distance. We find that there are only three possible
sets of values for these radii corresponding to the three ellipsoids depicted in figure
7.1. We note that for finite distance singularities γ−2

2 = 0, so another direction
of the ellipsoid degenerates, and only a single non-degenerate direction remains.
Besides specifying a structure for the charge-to-mass spectrum, the smallest radius
of this ellipsoid also serves as a lower bound on the charge-to-mass ratio for electric
BPS states. Inserting the numerical values for the radii, we find that for infinite
distance singularities the asymptotic charge-to-mass ratio of electric BPS states is
bounded from below by 2/

√
3.

(a) γ1 = 2/
√

3, γ2 = 2 (b) γ−2
1 = γ−2

2 = 1/2 (c) γ2
1 = 1, γ−2

2 = 0

Figure 7.1: The three possible asymptotic shapes of the ellipsoid that forms the extremality
region of electric BPS black holes. Figures 7.1a and 7.1b occur for asymptotic regions at
infinite distance, whereas figure 7.1c occurs for finite distance limits.

Having obtained a numerical bound for the charge-to-mass ratio, it is natural to
investigate how this relates to order one coefficients in other swampland conjectures.
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7.1 Charge-to-mass ratios and limits in moduli space

In that sense, we are able to determine asymptotic values for the relevant order-one
coefficients appearing in the asymptotic de Sitter [76, 77, 154] and Swampland
Distance Conjectures [73,74]. A relation with the de Sitter conjecture is established
by making particular flux choices and rewriting the flux potential such that the
order-one coefficient of the de Sitter conjecture can be evaluated by using the above
general formula (7.1). We find bounds that are known from the literature (see [39,42]
and references therein) depending on which contributions to the flux potential are
taken into account, i.e. we separate the contributions coming from the axio-dilaton,
complex structure and tree-level Kähler moduli. In particular, we are able to
saturate the recently proposed Trans-Planckian Censorship Conjecture bound [155]
c ≥

√
2/3, when we only consider complex structure moduli for infinite distance

singularities. Furthermore, we use the relation of the Weak Gravity Conjecture
with the Swampland Distance Conjecture suggested in [23,26,41,67]. This allows
us to match the order-one coefficients as outlined in [26, 41]. We find agreement
with results from the literature [23,39,41] and in particular with the lowest value
of λ = 1/

√
6, which matches with the recently proposed relation λ = c/2 [39].

The chapter is structured as follows. In section 7.1 we discuss the charge-to-mass
spectrum of BPS states in 4d N = 2 supergravity theories, and we look at two
examples to gain some intuition for the question at hand. Next we put the full
machinery of asymptotic Hodge theory to use in section 7.2 to perform a general
analysis of the charge-to-mass spectrum at asymptotic regions in complex structure
moduli space. Finally, in section 7.3 we discuss connections between the Weak
Gravity Conjecture and the de Sitter and Distance Conjectures, and how bounds
obtained for the former relate to those of the latter two.

7.1 Charge-to-mass ratios and limits in moduli space
In this section we discuss the structure of the charge-to-mass spectrum of BPS
states in four-dimensional N = 2 supergravity theories. We outline a remarkable
observation made by the authors of [41], namely that the so-called charge-to-mass
vectors (defined in 7.3) of electric BPS states of these theories lie on a degenerate
ellipsoid with exactly two finite radii. Furthermore, we provide two examples where
these radii can be computed explicitly as the prepotential is known. Studying these
examples gives a feeling for the task at hand and serves as a precursor to section
7.2, where we perform a general analysis that holds for any type of singularity in
complex structure moduli space and does not rely on a prepotential formulation of
the underlying supergravity theory.
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

7.1.1 Charge-to-mass spectrum of BPS states
First let us clarify what we mean by charge-to-mass vectors. In our setting we
compute the physical charge of a BPS state via (1.71). For electric states q = (0, qI)
this physical charge then follows from the right-bottom block of the matrixM in
(1.65). In order to determine the individual electric charges of this state, we have
to decompose the matrix IIJ that appears in this expression. By introducing a
symmetric matrix G such that

−2 IIJ = GKI δKLG
L
J , (7.2)

we then define the charge-to-mass vectors as

zI = |Q|
M

Q̂I , (7.3)

where QI = (G−1)JI qJ and Q̂I denotes the unit vector in this direction.
The interest for these charge-to-mass vectors zI stems from the electric Weak

Gravity Conjecture. In the case of considering only a single gauge field, this
conjecture states that there should always exist an electric state whose charge-
to-mass ratio is larger than the black hole extremality bound. In a setting with
multiple gauge fields, e.g. for the general theory that we consider in (1.59), one
has to consider the ratio between multiple electric charges and the mass of a
state. In [68] a generalized version of the Weak Gravity Conjecture with multiple
gauge fields is proposed. Motivated by black hole remnant arguments the authors
formulate a convex hull condition, which states that there should exist a set of
particles such that the convex hull spanned by their charge-to-mass vectors contains
the black hole extremality region.
It is a non-trivial task to obtain the form of the extremality region in a general

4d N = 2 supergravity. A first step is to restrict to electric BPS black holes and
determine the charge-to-mass spectrum of electric BPS states. In this case the
defining equation for the shape of the charge-to-mass spectrum is the BPS condition
|Z|2 = M2, which can be written as

eK
(qT ηΠ)(Π̄T ηq)

M2 = 1 . (7.4)

Specializing to electric states q = (0, qI) and using (7.3), we can express the
quantized charge vectors qI in terms of the charge-to-mass vectors zI via qI =
MGJI zJ . The BPS condition then tells us that the charge-to-mass vectors obey

eK
(
zJG

J
IX

I
)(
X̄KGLKzL

)
= 1 . (7.5)
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7.1 Charge-to-mass ratios and limits in moduli space

where we plugged in the periods as (1.63). This condition can now be interpreted
as a matrix equation for the charge-to-mass vectors. It can be written as

zIAIJzJ = 1 , (7.6)

with the matrix A given by

AIJ = eKGIK

(
ReXK ReXL + ImXK ImXL

)
GJL . (7.7)

This tells us that the eigenvalues of this matrix specify the shape of the charge-to-
mass spectrum. Looking at the form of A, we notice that this matrix has at most
two non-zero eigenvalues, since there are only two independent vectors in its image.
Denoting these eigenvalues by γ−2

1 and γ−2
2 , and expanding the charge-to-mass

vectors in terms of an eigenbasis for A writing z̃I , we can write the BPS condition
as

γ−2
1 z̃21 + γ−2

2 z̃22 = 1 , (7.8)

where the components z̃i with i 6= 1, 2 are unconstrained. Viewed as an equation
constraining z̃I the condition (7.8) describes an ellipsoid with two non-degenerate
directions if γ1, γ2 <∞. We can determine its radii γ1,2 by computing the eigenval-
ues of the matrix A. This problem reduces to finding the eigenvalues of a 2 × 2
matrix, by noting that only linear combinations of GIK ReXK and GIK ImXK can
be eigenvectors of A with non-zero eigenvalues. Its eigenvalues are given by

γ−2
1,2 = eK

R2I2

(
(R2 + I2)(R2I2 + P 2)±

√
∆
)
, (7.9)

with

∆ = 2R2I2(I4 + 6R2I2 +R4)P 2 +
(
R4I4 + P 4)(R2 − I2)2 , (7.10)

and where we used short-hands

R2 = −IIJ ReXI ReXJ , I2 = −IIJ ImXI ImXJ , P = IIJ ReXI ImXJ . (7.11)

In general, we have that P 6= 0. In order to set P to zero one has to rescale2 the
period vector by Π→ efΠ, which maps XI → efXI . Note in particular that the
2To be precise, this rescaling is given by f = −(i/2) arctan(2P/(I2−R2)). This can be verified by
checking how this rescaling acts on IIJXIXJ = I2 −R2 + 2iP , since it cancels out its complex
phase and therefore sets the imaginary part to zero. Let us point out that this f need not
be holomorphic for our purposes, since the structure of the charge-to-mass spectrum does not
involve derivatives. In particular the rescaling that sets P to zero is generically not a holomorphic
rescaling, and is therefore not a Kähler transformation.
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

defining equation for the shape of the charge-to-mass spectrum (7.5) is invariant
under such rescalings, and therefore so are the formulas for the radii given in (7.9).
By using this rescaling to set P = 0, the expressions for the radii (7.9) reduce to

γ−2
1 = −2eKIIJ ReXI ReXJ , γ−2

2 = −2eKIIJ ImXI ImXJ . (7.12)

This provides us with a simple way to compute the radii of the charge-to-mass
spectrum from the supergravity data, i.e. the Kähler potential K, the gauge kinetic
functions IIJ and the periods XI . Note in particular that the general N = 2 special
geometry identity −2eKIIJ XIX̄J = 1 implies

γ−2
1 + γ−2

2 = 1 . (7.13)

In other words the ellipsoid (7.8) is not general but restricted by the N = 2 condition
(7.13).3

Let us close this subsection with two remarks. Firstly, the symplectic frame
used to formulate this data is not necessarily the frame in which a prepotential
formulation exists. Namely, we want to choose a symplectic frame in which we
obtain a weakly-coupled description for the U(1) gauge fields. In other words, we
pick our electric charges based on the behavior of the physical charge (1.71), since a
small physical charge for electrically charged states indicates that the gauge kinetic
functions IIJ in the action (1.59) are large. For now we assume that this choice of
electric charges or symplectic frame has already been made for us. How to make
this choice will be discussed in more detail in section 7.2.2, where we make use of
an alternative manner to compute these radii that follows from (7.12), namely via
the charge-to-mass ratios of a particular set of electric states (7.50).

BPS states with generic charge. Secondly, we can also study the charge-to-mass
spectrum of BPS states with generic charge. In order to define their charge-to-mass
vectors we have to decompose the matrixM that appears in the physical charge
(1.71) via a symmetric matrix G as 2M−1 = −ZZT . The charge-to-mass vectors
are then given by z = MZTq.4 Following similar steps as in the analysis of electric
states, the BPS condition can be rewritten as zTZz = 1, where the matrix Z is
given by

Z = eK Zη
(

Re Π Re ΠT + Im Π Im ΠT
)
ηZT . (7.14)

3Recently in [142,156–159] supersymmetry and duality groups have been used as guiding principles
in studying the Swampland.

4Note that we do not recover the electric charge-to-mass vectors (0, zE) viaMZT (0,qE) due to the
off-diagonal components ofM. Namely, we find that ZT (0,qE) 6= (0, GTqE) since application
of GT on (0,qE) generally results in a non-vanishing piece in the first component.
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7.1 Charge-to-mass ratios and limits in moduli space

Again we find a matrix with a two-dimensional image, in this case spanned by the
vectors ZηRe Π and Zη Im Π, so Z has only two non-vanishing eigenvalues. Let
us denote these eigenvalues by r−2

1 and r−2
2 to avoid confusion with the eigenvalues

γ−2
1 and γ−2

2 that were found for the electric charge-to-mass spectrum. We then
obtain a similar relation for the charge-to-mass vectors by expanding in terms of
an eigenbasis for Z as

r−2
1 z̃2

1 + r−2
2 z̃2

2 = 1 , (7.15)

where the components z̃α with α 6= 1, 2 are unconstrained. This means we are again
dealing with an ellipsoid with two non-degenerate directions. We can determine
the radii by computing the eigenvalues of the 2 × 2 matrix by projecting onto
the subspace spanned by GηRe Π and Gη Im Π. After some slightly involved
computations, we find as radii r1 = r2 = 1. So we find that the ellipse forms a circle
with unit radius at any point in moduli space. Note that this puts Q/M ≥ 1 as
lower bound on the charge-to-mass ratio of any BPS state, which is also expected
from (1.73).

7.1.2 Examples

As promised, we now turn to two examples where we calculate the (7.12) explicitly
using the known prepotential formulations. We will highlight some of the ingredients
that will play a central role in the more sophisticated general analysis of section
7.2. Let us stress that the general approach is also essential to draw conclusions
when a prepotential is hard to determine or unavailable.

7.1.2.1 Example 1: conifold point

Here we study the behavior of the charge-to-mass spectrum for an example of a finite
distance singularity, namely the one-modulus conifold point. Such a singularity is
realized in e.g. the complex structure moduli space of the quintic [17]. Other than
for the obvious reason, which is the knowledge of the prepotential, we chose this
example because in [41] only infinite distance singularities were treated. We show
that the charge-to-mass spectrum of electric BPS states consists of two parallel
lines separated from each other by a distance of 2. For the general asymptotic
analysis of finite distance singularities, we refer to section 7.2 and appendix 7.A.2.

The conifold prepotential is given by (see for instance [152])

F(X0, X1) = −ic1(X0)2 − ic2(X1)2 log X
1

X0 , (7.16)
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

with c1, c2 real positive constants. Then we obtain from (1.63) the period vector

Π =


1

e2πit

−2ic1 + ic2e
4πit

− c2
2π te

2πit − ic2e2πit

 (7.17)

where we set X0 = 1 and X1 = e2πit. Under t→ t+ 1 the period vector undergoes
a monodromy transformation Π(t+ 1) = MΠ(t), with monodromy matrix

M =


1 0 0 0
0 1 0 0
0 0 1 0
0 − c2

2π 0 1

 . (7.18)

The associated log-monodromy matrix is given by N = logM = M − I.
From now on we will write t = +iy and set b = 0 for simplicity, i.e. the axions

will not be relevant in what follows. By plugging the prepotential (7.16) into (1.62)
we find as polynomial part of the gauge kinetic functions

IIJ =
(
−2c1 0

0 −4πc2y

)
, (7.19)

while the RIJ = 0 because we set the axion to zero. Then we find that the leading
order part of (1.71) becomes

M =


−2c1 0 0 0

0 −4πc2y 0 0
0 0 − 1

2c1 0
0 0 0 − 1

4πc2y

 . (7.20)

Let us examine the form of this matrix in detail in light of asymptotic Hodge theory.
We observe that M takes a diagonal form, and that each diagonal component
scales as a power-law in the modulus y. This is precisely the behavior that is
predicted by asymptotic Hodge theory in (5.37), and it is one of the features that
makes this formalism so powerful. Namely, one is able to control the asymptotic
behavior of couplings without any reference to a prepotential, which allows for
general statements instead of being restricted to a particular example.

In our current choice of symplectic frame we take the electric charges to be of the
form qE = (0, 0, q0, q1). Note that these are charges for which the physical charge
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7.1 Charge-to-mass ratios and limits in moduli space

becomes small (or finite) at the conifold point according to (7.20), which ensures a
weakly-coupled description for the U(1) gauge fields.5 Then the electric part of the
period vector that couples to these charges is given by

XI =
(
1, e−2πy) . (7.21)

By inserting (7.20) and (7.21) into the matrix (7.7) we obtain

A = 1
2c1

(
2c1 0
0 4πc2ye−4πy

)
. (7.22)

The eigenvalues of this matrix give the radii of the ellipsoid, and we find as
asymptotic values

γ−2
1 = 1 , γ−2

2 = 0 . (7.23)

This structure of the charge-to-mass spectrum could also have been expected from
the charge-to-mass ratios of the two states q0 = (0, 0, 1, 0) and q1 = (0, 0, 0, 1).
From the perspective of emergence, note that the state q1 is precisely the state
that has to be integrated out to produce the conifold singularity [152]. It does
not couple to the polynomial part of the period vector in t but to one of the
exponentially suppressed terms, and this state therefore becomes massless at the
singularity. Furthermore the monodromy matrix acts trivially on the charge vector,
so the log-monodromy matrix annihilates q1 as Nq1 = 0. This indicates that we
are only dealing with a single state that has to be integrated out, instead of an
entire tower that can be generated via monodromy transformations as was found
for infinite distance limits in [23, 27]. We find that the leading order behavior of
the charge-to-mass ratios of the states q0,q1 is given by(

Q

M

)2∣∣∣∣
q0

= 1 ,
(
Q

M

)2∣∣∣∣
q1

= c1
2πc2y

e4πy . (7.24)

These ratios match nicely with the structure observed for the charge-to-mass
spectrum from the radii of the ellipse. On the one hand, we found that there is
a state that attains the lowest value possible value for its charge-to-mass ratio.
Namely, as can be seen from (1.73), the charge-to-mass ratio of BPS states in 4d
N = 2 supergravities is always bounded from below by 1. On the other hand,
5More generally, one could pick qE = (q0 sin θ, 0, q0 cos θ, q1) as electric charges: in the corre-
sponding symplectic frame one finds P = IIJ ReXI ImXJ 6= 0. This means that (7.12) for the
radii no longer hold, but one should use (7.9) instead. However, instead of computing the radii
via this formula there is another way to see that the radii do not depend on θ: one can rescale
Π→ eiθΠ – setting P = 0 – which can be understood as a rotation back to qE → (0, 0, q0, q1).
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

we found a state for which its charge-to-mass ratio diverges at the conifold point.
Together these results combine into a compelling picture: one radius diverges, and
the ellipsoid degenerates into two lines separated from each other by a distance of
2. This shape can also be inferred from the radii, since the asymptotic value of the
second radii is given by γ−2

2 = 0, which means that this radius must diverge at the
conifold point. It turns out that this behavior is characteristic for finite distance
singularities, and we find in section 7.2 that the ellipsoid always degenerates in this
manner at finite distance points.

7.1.2.2 Example 2: large complex structure point

For our next example we turn to the large complex structure point, considering
an arbitrary number of moduli. This choice of singularity allows us to study a
large class of infinite distance limits all at once, since the prepotential always takes
a cubic form at this point. Before we begin we should note that, depending on
the form of the intersection numbers Kijk and the choice of path, there arise some
subtleties in the choice of electric charges. To avoid distraction from the main
purpose of the examples, we give here only the calculation for one of the two kinds
of paths explicitly. The other path involves more technical details and will therefore
not be considered here, but it is covered by the general analysis in section 7.2.

The prepotential at the large complex structure point can be conveniently written
as

F(XI) = −KijkX
iXjXk

6X0 , (7.25)

with XI = (X0, Xi), and Kijk the intersection numbers of the mirror dual of the
Calabi-Yau threefold Y3. We can then write the period vector (1.63) as

Π =


1
ti

1
6Kklmt

ktltm

− 1
2Kiklt

ktl

 , (7.26)

where we used special coordinates XI = (1, ti). We again write out ti = xi + iyi

and set xi = 0 for simplicity. The Kähler potential (1.60) then reads

K = − log
(4

3Kijky
iyjyk

)
. (7.27)

Now we want to study electric BPS states at large complex structure. We can
distinguish electric charges from magnetic charges by asking for what charges BPS
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states become light. Note that this approach deviates slightly from the prescription
that will be used in section 7.2.2, where we look directly at how the physical charge
(1.71) behaves asymptotically. Looking at the mass of states can become a problem
when exponentially suppressed contributions to the period vector are important.
These contributions can cause the mass associated with magnetic charges to vanish
asymptotically, while their physical charge does diverge. For the large complex
structure point this is not an issue and the two methods agree, but it can be an
issue at e.g. the conifold point, which is why we motivated our choice of electric
charges via the physical charge in the previous subsection. Taking a closer look at
the mass of a BPS state (1.70), we find that

M2 = 3
4Kijkyiyjyk

∣∣q0 + iqiy
i + 1

6p
0iKijkyiyjyk −

1
2 iKiklp

iyjyk
∣∣2 , (7.28)

where we wrote q = (q0, qi, p
0, pi). The most natural choice of electric charges is

given by q0, qi, and then p0, pi form their dual magnetic charges. BPS states with
these charges become light when asymptotically

yi√
Kijkyiyjyk

→ 0 . (7.29)

However, note that if K11i = 0 for all i, then one can send the modulus y1 to large
complex structure at a rate much faster than all other moduli, say y1 � (yi)2. In
that case the charge q1 is not electric, but one should consider p1 as electric charge
instead. One can then view (7.29) as a constraint that specifies a certain sector of
the moduli space around the large complex structure point. We only consider the
charges q0, qi to be electric in the following, and refer to the general analysis in
section 7.2 for other sectors around this singularity.
Having identified the electric charges, the electric periods that couple to these

charges are simply the periods XI . To compute the radii of the ellipsoid from (7.12),
we need to know the gauge kinetic functions. By plugging the cubic prepotential
into (1.62) we find that RIJ = 0 and

I = −K6

(
1 0
0 4Kij

)
, Kij = ∂i∂j̄K = −3

2
(Kij
K
− 3

2
KiKj
K2

)
, (7.30)

where we wrote Kij = Kijkyk, Ki = Kijkyjyk and K = Kijkyiyjyk.
We next evaluate the expressions for the radii (7.12) by writing XI = (1, iyi)

and using (7.30) to find

γ−2
1 = 3

2K
K
6 = 1

4 , γ−2
2 = 3

2K
K
2 = 3

4 . (7.31)
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Let us also note that if one looks at paths that do not lie in the sector given by
(7.29), then the radii are found to be γ1 = γ2 =

√
2 instead, and we elaborate

further on this matter in section 7.2.2.

Even though large complex structure points form only a subset of all possible
infinite distance singularities, we can already draw some lessons from our study
of this singularity. First, note that the lower bound put by (1.73) (Q2/M2 ≥ 1)
cannot be saturated, but that the charge-to-mass ratio of an electric BPS state
is bounded from below by 2/

√
3 or

√
2 instead for these infinite distance limits.

Secondly, although the large complex structure point provides us with a large variety
of infinite distance limits, we only find two different shapes that the ellipsoid can
take. Quite remarkably, we will find that many of the observations made for the
conifold point and large complex structure point apply generally, as we will see in
section 7.2. For instance, the three allowed shapes of the charge-to-mass spectrum
found here constitute all possibilities that can arise in any infinite distance limit.

To conclude, we discuss how the large complex structure point provides us with
infinite distance paths for which the analysis of [41] is not applicable. The reason
for this was already stated by the authors of the latter work. For each modulus yi
that is scaled at a different rate compared to the others, one introduces an integer
di. Assuming an ordered limit by yi � yj for i > j, these integers need to satisfy
di ≥ dj if i > j. Furthermore, these integers are bounded from below by di ≥ 0,
and from above by the complex dimension of the Calabi-Yau manifold, so here
di ≤ 3. In the asymptotic analysis of [41] it was crucial that these integers satisfy
di 6= di−1. However, this condition can clearly not be realized if one takes a limit
with four different scalings of the moduli, and might not even be realized for a
lower number of scalings depending on the values that the integers di take. From
this perspective, one can always find limits that are not covered by this analysis in
moduli spaces with dimension h2,1 ≥ 4. It is then interesting to point out that our
above analysis of the large complex structure point did not require this assumption,
and one is free to pick any relative scalings for the moduli. Even for the simple
computation presented here that requires limits to obey (7.29), one can scale as
many moduli at different rates as one wants, only how much these rates can differ
is constrained. In the study of higher-dimensional moduli spaces there is thus a
large class of limits still left unexplored, which will be the subject of section 7.2.
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7.2 Asymptotic analysis of the charge-to-mass
spectrum

Here we study the charge-to-mass spectrum of BPS states for any limit in complex
structure moduli space, both at finite and infinite distance. In order to perform
this analysis we apply the machinery of asymptotic Hodge theory. First we derive a
formula for the charge-to-mass ratio of sl(2)-elementary BPS states. We then apply
this formula to give general bounds on the electric charge-to-mass spectrum. These
bounds are obtained by computing the radii of the ellipsoid that is spanned by the
charge-to-mass vectors of electric BPS states. The values found for these radii are
listed in table 7.1. To illustrate these results, we conclude by considering some
examples where we demonstrate how to use this formula for charge-to-mass ratios.

7.2.1 Formula for asymptotic charge-to-mass ratios
We want to put bounds on the charge-to-mass spectrum of BPS states. In general
one finds that the charge-to-mass ratio of a state depends in a highly non-trivial
manner on the complex structure moduli. This behavior simplifies when we move
towards the boundary of moduli space, where we can precisely describe how the
charges and masses of BPS states scale in the moduli via asymptotic Hodge theory.
The aim of this section is thus to study BPS states in these limits in moduli space,
and thereby obtain asymptotic bounds on their charge-to-mass ratios.

Sl(2)-elementary states. For a BPS state with a generic set of charges, it is
however still a rather complicated problem to give its asymptotic charge-to-mass
ratio. In order to simplify this problem, we turn to the sl(2)n-splitting (5.9) that
plays a central role in asymptotic Hodge theory. This splitting decomposes the
charge space H3(Y3,R) into irreducible sl(2)n representations, where the weights `i
(i = 1, . . . , n) of a charge fix the scaling in the moduli via equations such as (5.37).
We restrict our attention for now to states that can be specified by a single set of
weights `i, which were referred to as single-charge states in [41], but we will adopt
the name sl(2)-elementary states. We want to emphasize that these states do not
need to be BPS, but rather they are a convenient basis in which any BPS state can
be expanded. Let us denote the set of charges for the sl(2)-elementary by

Qsl(2) = {q ∈ H3(Y3,R) | q ∈ V` for some `} . (7.32)

The space Qsl(2) is a union of vector spaces if we consider the charges to be
continuous. We note that this split can also be performed over the rationals to
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accommodate quantized charges, but we will not address this issue any further in the
following. At first, the restriction to this particular set of states limits the generality
of our results. However, let us point out that a formula for the charge-to-mass
ratio of these sl(2)-elementary states suffices to obtain the asymptotic shape of the
charge-to-mass spectrum of all electric BPS states, as we will see in section 7.2.2.

Asymptotic behavior of couplings. Let us examine the asymptotic behavior of
the charge-to-mass ratio for a candidate sl(2)-elementary BPS state q` ∈ V` piece
by piece. By using the growth theorem (5.37) we find that the physical charge
(1.71) of this state asymptotes in the strict asymptotic regime (5.1) to

Q2 = −1
2(y1)`1(y2)`2 · · · (yn)`n〈q`, C∞q`〉 , (7.33)

where we remind the reader that C∞ is the Weil operator associated with the
boundary. The mass of a BPS state M(q`), given in (1.70), consists of two factors.
The first one involves the Kähler potential, and by using (5.47) we find that its
leading term is given by

e−K = (y1)d1(y2)d2−d1 · · · (yn)dn−dn−1 i〈Ω∞, Ω̄∞〉 . (7.34)

The second factor asymptotes to

|〈q`,Ω〉|2 = (y1)`1+d1(y2)`2+d2−d1 · · · (yn)`n+dn−dn−1 |〈q`,Ω∞〉|2 . (7.35)

This follows by using the sl(2)-orbit approximation for the (3, 0)-form Ω given in
(5.46) which is valid in the strict asymptotic regime (5.1). The operator e−1(y)
defined in (5.35) can be moved to the other side via 〈e(y)·, ·〉 = 〈·, e−1(y)·〉, after
which it can be applied on the charge q` to obtain part of the parametrical scaling.

Asymptotic graviphoton. Now we can put the pieces of the charge-to-mass ratio
back together. When we compare their scalings in the moduli, we find that the
factors of yi cancel out precisely. However, this relies crucially on the coefficients of
these leading terms being non-zero. The coefficients of |Q|2 and e−K are indeed
non-zero, since both can be interpreted as a vector norm computed with the metric
〈·, C∞ ·̄〉, where we note that C∞Ω∞ = −iΩ∞. However, the coefficient in (7.35) is
trickier, and we require that

〈q`, Ω∞〉 6= 0 . (7.36)

This quantity has the natural interpretation as the asymptotic coupling of the state
to the graviphoton. We can see this by looking at the scaling of the charge-to-mass
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ratio for states for which (7.36) vanishes. Namely, when this product is zero, a term
subleading to (7.35) sets the asymptotic behavior of the massM(q`). Previously the
scaling of the different pieces of the charge-to-mass ratio precisely matched, so now
|Q| grows parametrically compared to M(q`). This means that the charge-to-mass
ratio of such states must diverge along the limit, which leads us to consider (7.36)
as the asymptotic coupling to the graviphoton.

Charge-to-mass ratio. For sl(2)-elementary states with a non-vanishing coupling
to the graviphoton, we find that the charge-to-mass ratio is given by(

Q

M

)2∣∣∣∣
q`

= 〈q`, C∞q`〉 i〈Ω∞, Ω̄∞〉2|〈q`,Ω∞〉|2
+O

(vi+1

vi

)
. (7.37)

To compute this ratio, one first has to identify the sl(2)-elementary states that
have a non-vanishing coupling to the graviphoton, i.e. charges satisfying (7.36).
However, this condition does not fix a unique set of charges. One is free to add any
charges with a vanishing coupling to charges with a non-vanishing coupling to the
asymptotic graviphoton, so we have to specify how we pick these charges. A natural
choice is to consider charges that sit in the same irreducible sl(2)n representation
as the asymptotic graviphoton. These charges can be obtained from ã0 by applying
lowering operators N−i . We write this set of charges as

QG = {q ∈ Qsl(2) | q = (N−1 )k1 · · · (N−n )kn (aRe ã0 + b Im ã0), a, b ∈ R} . (7.38)

For the remaining charges we define the set of so-called field theory states

QF = {q ∈ Qsl(2) | 〈q, Ω∞〉 = 0} . (7.39)

Together QG and QF provide us with a complete basis for the charges of BPS states
and have been discussed in [23,27] in the context of the distance conjecture. One
can then apply identity (5.17) to compute the charge-to-mass ratio for the states
in QG, the details of which have been moved to appendix 7.A.1. In the end, one
finds that the charge-to-mass ratio of an sl(2)-elementary state with non-vanishing
coupling to the graviphoton is given by the formula

lim
λ→∞

(
Q

M

)−2∣∣∣∣
qG

= 21−dn
n∏
i=1

(
∆di

(∆di − `i)/2

)
×

{
1 for dn = 3 ,
1
2 for dn 6= 3 ,

(7.40)

where γ denotes the constant involved in the definition of the strict asymptotic
regimes (5.1) and we used the abbreviation ∆di = di−di−1. We stress that sending
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λ→∞ can also be viewed as performing a consecutive limit sending y1 →∞, then
y2 → ∞, up to yn → ∞. A different order of limits requires to consider another
choice of sector (5.1) and will, in general, change the integers appearing in (7.40).
The formula (7.40) admits a straightforward generalization for any Calabi-Yau
D-fold as we show in appendix (5.17). Explicitly, we find

lim
γ→∞

(
Q

M

)−2∣∣∣∣
qG

= 21−dn
n∏
i=1

(
∆di

(∆di − `i)/2

)
×

{
1 for dn = D ,

1
2 for dn 6= D ,

(7.41)

which trivially agrees with (7.40) when setting D = 3. While we will not use this
formula in this generality any further, it is nice to see that the same general pattern
arises in any dimension.

Intermediate summary. Before we continue, let us briefly summarize our findings.
We studied the asymptotic behavior of the charge-to-mass ratio for sl(2)-elementary
BPS states. We found that this behavior depends crucially on whether the charges
of these states couple to the asymptotic graviphoton via (7.36) or not. When this
coupling vanishes the charge-to-mass ratio diverges, whereas if this coupling is
non-vanishing the charge-to-mass ratio stays finite and is given by (7.40). This
formula expresses the charge-to-mass ratio purely in terms of the discrete data di, `i
that characterizes the limit and the choice of sl(2)-elementary state. In particular,
note that these charge-to-mass ratios are independent of the spectator moduli ζk
that are not taken to a limit and therefore remain constant to leading order, up to
suppressed corrections in yi+1/yi and 1/yn.

Electromagnetic duality. Let us now take a closer look at these charge-to-mass
ratios given in (7.40). First of all, it is interesting to point out that this formula
even applies for limits with ∆di = 0, since it involves binomial coefficients. This is
the upshot of working with the boundary Hodge structure via identities such as
(5.33), instead of an asymptotic approximation for the Kähler metric that follows
from (5.47). Secondly, notice that the charge-to-mass ratios are symmetric under

∆`i → −∆`i : Q

M
→ Q

M
. (7.42)

This symmetry has a natural interpretation from a physics perspective, since
it tells us that dual electric and magnetic states have the same charge-to-mass
ratio. Namely, recall from the orthogonality condition (5.13) that dual electric
and magnetic charges are related by `i → −`i, which is equivalent to sending
∆`i → −∆`i.
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The formula we presented in (7.40) is only applicable for the charge-to-mass ratios
of sl(2)-elementary states, but one might wonder if it can be extended to apply for
BPS states with generic charges. Ideally one could simply identify its elementary
charge with the largest parametrical growth according to (5.37), and argue that
this elementary charge fixes its charge-to-mass ratio. However, when looking more
carefully at the spaces V` in which these elementary charges reside, one realizes that
things can become more complicated. The first issue arises when the parametrical
growth associated with two (or more) of these spaces via (5.37) is the same for a
given path. In that case both charges contribute to the charge-to-mass ratio of the
state, such that one ends up with some combination between their charge-to-mass
ratios. Another issue arises when we try to add one of the charges in (7.39) that
does not couple to the asymptotic graviphoton to a charge in (7.38) that does have
a non-vanishing coupling. Assuming that both charges lie in the same eigenspace
V`, we find that this added charge does contribute asymptotically to the physical
charge of the state but not its mass, so the charge-to-mass ratio changes. It would
be interesting to see what the generalized formula for the charge-to-mass ratio that
resolves these issues looks like, but this lies beyond the scope of this work. We
will, however, argue in the next subsection that our results for sl(2)-elementary
states allows us to make statements about the asymptotic shape of the general
charge-to-mass spectrum of electric BPS states.

7.2.2 Asymptotic shape of the electric charge-to-mass spectrum

Now that we have derived a formula for the charge-to-mass ratio of sl(2)-elementary
BPS states with (7.40), we can put it to use to determine more properties of the
charge-to-mass spectrum of electric BPS states. An elegant way to do so was given
in [41], where it was shown that the charge-to-mass vectors of electric BPS states
lie on an ellipsoid with at most two nondegenerate directions. We will determine
the asymptotic shape of this ellipsoid, by deriving the asymptotic values for its
radii. It turns out that these radii can then be determined from the charge-to-mass
ratios of electric sl(2)-elementary states via (7.50). Besides specifying a structure
for the electric charge-to-mass spectrum, this also provides the limiting value for
the smallest radius as lower bound on the asymptotic charge-to-mass ratio of any
electric BPS state.

Electric charges. In order to study the charge-to-mass spectrum of electric BPS
states, we first have to establish how we can identify electric charges. When we
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look at the prepotential formulation of 4d N = 2 supergravities, a natural choice is
to pick the charges qI that couple to the periods XI in the central charge (1.70).
However, this method is not suitable for our purposes. First of all, the general
techniques that we borrow from asymptotic Hodge theory simply do not make use
of a prepotential. Secondly, one wants the physical charge (1.71) of an electric
BPS state to be small in order to provide a weakly-coupled description for the
U(1) gauge fields. For instance, if we recall our analysis of the large complex
structure point in section 7.1.2.2, we found that some of the charges qI had to
be replaced by pI as electric charges when considering limits outside the sector
(7.29). This teaches us that we should study the asymptotic behavior of the physical
charge (1.71) carefully in order to identify the electric charges correctly. As a first
step let us therefore take sl(2)-elementary states as basis for the electric charges,
since the parametrical behavior of their physical charges is described by (5.37). A
complication that can then arise is that the physical charge of a BPS state does
not diverge or vanish asymptotically, but stays finite instead. In that case one can
use that sl(2)-elementary states with finite physical charge come in pairs that are
each others electro-magnetic dual, as can be seen by using (5.13) and (5.37). This
allows us to pick the electric charge out of each pair by hand, which in particular
means that our choice of electric charges is not necessarily unique.

Sector-dependence. The task that remains is then to fix a sector in complex
structure moduli space such that we know precisely what sl(2)-elementary charges
are electric and magnetic. We find that we can specify these sectors simply by
imposing constraints on the scalings of the moduli. To begin with we limit ourselves
to considering strict asymptotic regimes, which already restricts the saxions vi via
the constraints given in (5.1) with λ � 1. Subsequently we want electric states
to have an asymptotically vanishing physical charge, which leads to additional
conditions such as (y1)2 � (yi)2 by imposing (5.37) to decrease for a given set of
`i. In practice the allowed values for `i are fixed by the type of singularity under
consideration, so one can systematically determine all possible subsectors. While
we do not outline a procedure to construct these subsectors here, let us refer to
appendix 7.A.2 where we have to make such divisions in the general analysis.

To be more precise, let us summarize the above conditions that specify the choice
of electric charges in terms of an equation. We define the set of elementary electric
charges in a given sector by

Qel = {q, q′ ∈ Qsl(2) | ‖q‖2, ‖q′‖2 <∞ and 〈q, q′〉 = 0} , (7.43)

192



7.2 Asymptotic analysis of the charge-to-mass spectrum

where the mutual non-locality condition makes sure that among the electric charges
we picked, none of the ones with finite physical charge are dual to each other. As
stated above, there can of course be more than one possibility to make this choice,
so this definition of Qel does not define a unique set. Having defined our space of
elementary electric charges, we can define the dual magnetic charges by application
of C∞ as follows

Qmag = C∞Qel . (7.44)

Note that this choice of magnetic charges ensures that products between electric and
magnetic charges computed with the asymptotic Hodge norm 〈·, C∞·〉 vanish, as
can be shown by using that C2

∞ = −1. In other words, the gauge kinetic functions
RIJ that describe the coupling between electric and magnetic charges via (1.65)
vanish in the strict asymptotic regime. This follows from the asymptotic behavior
of the Hodge norm (5.37), and by expressing the Hodge norm in terms of the gauge
kinetic functions via (1.66).

Three-form basis. In order to compute the radii of the electric charge-to-mass
spectrum we now want to make a particular choice of symplectic basis (α̃I , β̃J),
I = 1, ..., h2,1 + 1. We first pick linearly independent (α̃I , β̃J) such that

α̃I ∈ Qel , β̃I ∈ Qmag . (7.45)

Crucially, we make sure that these elements satisfy a number of further conditions
that will be useful below. As a start we pick a basis that preserves the splitting in
terms of the sets QG and QF, the reasons for which are twofold. On the one hand,
this splits the charges based on whether they couple to the asymptotic graviphoton
or not, which provides us with a precise description of their charge-to-mass ratios via
expressions such as (7.40). On the other hand, it proves to be useful to pick a basis
that diagonalizes the gauge kinetic functions IIJ in the strict asymptotic regime.
The advantage of splitting our basis elements in QG and QF is then that mixed
terms between these subsets vanish in this setting. This follows from expressing the
gauge kinetic functions in terms of the Hodge norm via (1.66), which in turn can
be described by the boundary Hodge norm 〈·, C∞·〉 via the approximation (5.37).6

6It can then be argued that mixed terms vanish from the fact that C∞ maps QG back into QG as
follows from (5.33), and that charges in QF have a vanishing symplectic product with elements
of QG by construction.
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Graviphoton coupling. Let us now construct a particular basis for the charges in
Qel ∩ QG in detail. This basis will make up parts of the elements α̃I . From the
expressions for the radii given in (7.12) we know that the coupling of these charges
to the real and imaginary parts of the holomorphic (3, 0)-form Ω plays an important
role. This motivatives us to define our basis elements via

QRe = {q ∈ Qel ∩QG | linearly independent and 〈q, Im(Ω∞)〉 = 0} ,
QIm = {q ∈ Qel ∩QG | linearly independent and 〈q,Re(Ω∞)〉 = 0} . (7.46)

It can be argued that this choice of basis provides us with a diagonalization for the
boundary Hodge norm 〈·, C∞·〉.7 In principle one can then complete the basis α̃I
for Qel by picking linearly independent elements of Qel ∩QF that also diagonalize
〈·, C∞·〉, but for our purposes we do not need to derive more explicit expressions
for these charges.

Diagonal gauge kinetic functions. The above choice of basis α̃I for the electric
charges allows us to diagonalize the gauge kinetic functions IIJ in the strict
asymptotic regime, since they can be expressed in terms of the Hodge norm via
(1.66). The appropriate quantity to describe the Hodge norm in the strict asymptotic
regime is the sl(2)-norm 〈·, Csl(2)·〉 introduced in (5.37), so let us write the gauge
kinetic functions as

〈α̃I , Csl(2)α̃I〉 = (ĨII)−1 , (7.47)

where the matrix ĨIJ is (the imaginary part of) the gauge coupling functions
associated to the sl(2)-orbit.

Radii computations. We now express the radii (7.9) in terms of charge-to-mass
ratios of sl(2)-elementary electric charges in the strict asymptotic regime (see table
5.2 for a reminder of this notion). As the derivation is analogous for both radii we
will only be explicit for γ1. We start by rewriting the expression for γ−2

1 in the
sl(2)-basis outlined above as

γ−2
1 = −2eKsl(2) Im ÑII Re X̃I Re X̃I +O

(vi+1

vi

)
, (7.48)

where the X̃I are obtained by expanding Ωsl(2) along α̃I , and the quantities
Ksl(2), ÑII are the N = 2 data associated to the sl(2)-orbit. We can now manipulate
7To be precise, this follows from the action of C∞ on elements of QG as given by (5.33), where
one also needs to use that C∞ is a real map together with the orthogonality conditions (5.13)
and polarization conditions (7.69) and (7.70).
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this strict asymptotic expression using the techniques introduced in section 5, which
gives

−2eKsl(2) Im ÑII Re X̃I Re X̃I = −2eKsl(2)
∑
I

〈α̃I ,Re Ωsl(2)〉2

〈α̃I , Csl(2)α̃I〉

= −2eKsl(2)
∑
I

〈e(y)α̃I , e(y) Re Ωsl(2)〉2

〈e(y)α̃I , C∞e(y)α̃I〉

= −2
∑
I

〈α̃I ,Re Ω∞〉2

〈Ω∞, Ω̄∞〉〈α̃I , C∞α̃I〉

= −2
∑

α̃I∈QRe

〈α̃I ,Ω∞〉2

〈Ω∞, Ω̄∞〉〈α̃I , C∞α̃I〉
. (7.49)

In the first step, we used (7.47) and reformulated things in the language of forms.
In the second step, we inserted the identity in the form of e−1(y)e(y) into the
symplectic products and used that 〈e−1(y)·, ·〉 = 〈·, e(y)·〉. For the third equality,
we used (5.46)-(5.48) which makes clear that all the parametrical scaling cancels
out. In the last step, we used the defining property of the set QRe. We want to
emphasize that the basis charges sitting in Qel ∩ QF can be safely ignored here as
they give a vanishing contribution to the sum. We recognize that (7.49) is a sum
over the inversed of strict asymptotic charge-to-mass ratios (7.37). As the strict
asymptotic expression for γ−2

2 can be rewritten in a similar manner, we directly
state the result from [41]

γ−2
1 =

∑
α̃I∈QRe

(
Q

M

)−2∣∣∣∣
q=α̃I

, γ−2
2 =

∑
α̃I∈QIm

(
Q

M

)−2∣∣∣∣
q=α̃I

. (7.50)

where corrections in yi+1/yi are dropped. We can provide a quick check of our
formula for the charge-to-mass ratios of sl(2)-elementary states (7.40) by verifying
the N = 2 constraint (7.13) on the radii. To derive this relation, we will make use
of a well known identity for binomial coefficients, which in our specific setup reads

∑
∆`i

(
∆di

∆di−∆`i
2

)
= 2∆di . (7.51)

The sum γ−2
1 + γ−2

2 amounts to adding up the inverse squares of charge-to-mass
ratios for all electric states, as can be seen from (7.50). Since we found that the
charge-to-mass ratios are the same for dual electric and magnetic charges, we can
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just as well sum over all charges and compensate by dividing by two, which yields

γ−2
1 + γ−2

2 = 1
2
∑
`

(
Q

M

)−2
×

{
1 for dn = 3 ,
2 for dn 6= 3 ,

= 2−dn
n∏
i=1

∑
∆`i

(
∆di

∆di−∆`i
2

)

= 2−dn
n∏
i=1

2∆di = 1 ,

(7.52)

Here the extra factor of two in the first line for the case that dn 6= 3 follows from
the fact that each sl(2)-level site is populated by two states. Namely, one has both
states coming from applying lowering operators N−i on Re ã0 and on Im ã0, whereas
for dn = 3 they only come from the real three-form ã0. In the next line this factor
of two cancels against the factor of two that has to be included in the expression
for the charge-to-mass ratio in (7.40).

This relation already gives us some insight into the bounds for the charge-to-mass
ratio. As mentioned before, the smallest radius of the ellipsoid serves as lower
asymptotic bound on the charge-to-mass spectrum via

Q

M

∣∣∣∣
asym

& min(γ1, γ2) . (7.53)

Let us briefly explain what we mean by this asymptotic bound. Firstly, we can
consider the bound after taking the asymptotic limit, i.e. to the boundary of
the moduli space, by taking the limit λ → ∞ in (5.1) or sending consecutively
y1, ..., yn → ∞. In this limit (7.53) turns into a proper inequality and we can
replace & with ≥. However, as soon as we go away from the boundary, there are
corrections to the ratio of the order yi+1/yi. These are suppressed in the strict
asymptotic regime (5.1), but we did not infer any information about the signs of
these corrections. Therefore, also any bound on the general expression for Q/M for
an electric state can have already in the strict asymptotic regime small corrections
that become increasingly irrelevant near the boundary. In the following we will
compute the radii γ1, γ2 for all possible asymptotic limits. Before doing so let us
briefly note that (7.13) implies that the radii are bounded from below by γ1,2 ≥ 1.
This tells us that the charge-to-mass ratio of any electric BPS state is bounded by

Q

M
≥ 1 . (7.54)

This nicely agrees with our knowledge from 4d N = 2 supergravities, since (1.73)
predicts the same lower bound.
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enhancement chain subsector γ−2
1 γ−2

2

I 1 0
I→ II 1/2 1/2
I→ III 3/4 1/4

I→ II→ III 1/2 1/2
I→ IV 3/4 1/4

I→ II→ IV yII � (yIV)2

yII � (yIV)2
1/2
3/4

1/2
1/4

I→ III→ IV 3/4 1/4

I→ II→ III→ IV yII � yIIIyIV

yII � yIIIyIV
1/2
3/4

1/2
1/4

Table 7.1: Asymptotic values for the radii of the ellipsoid that forms the charge-to-mass
spectrum of electric BPS states, depending on the enhancement chain that characterizes
the limit, and subsector of the strict asymptotic regime (5.1) considered. The latter we
indicated the constraints on scaling of the saxions when relevant, where yA corresponds
to the saxion that sources an increase to roman numeral A for the enhancement chain.

Radii classification. Let us now make the bound (7.53) precise by explicitly
computing the radii. In order to do that we apply (7.50) to determine the radii
from the charge-to-mass ratios of sl(2)-elementary states. We can then turn to
our formula for charge-to-mass ratios (7.40), and go through all possible limits by
considering all possible enhancement chains. These results are summarized in table
7.1, and the details are included in appendix 7.A.2. We found only three different
sets of values for the radii

(γ−2
1 , γ−2

2 ) = (1, 0), (3
4 ,

1
4), (1

2 ,
1
2) . (7.55)

Let us briefly elaborate on the sector-dependence of the results in table 7.1. The
underlying reason is that depending on in what subsector of the strict asymptotic
regime we are, we pick different electric charges. To be more precise, the constraints
given in 7.1 ensure that for each eigenspace V` we can make a definite statement
about whether its asymptotic Hodge norm given in (5.37) diverges, stays finite or
vanishes asymptotically. We need this information because we require the physical
charge of our electric states to be bounded as described by (7.43). In fact, the
limits towards large complex structure that we ignored in section 7.1.2.2 – outside
of the sector (7.29) – are precisely those that lie in yII � (yIV)2 or yII � yIIIyIV,
for which the radii according to table 7.1 are γ1 = γ2 =

√
2.
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

Having determined the radii for all possible limits, let us first look at the differences
between finite and infinite distance limits. Finite distance limits only involve Ia
singularities, whereas infinite distance limits include one of the other types of
singularities, i.e. IIb, IIIc or IVd. Then we observe from table 7.1 that one of the
radii always diverges for finite distance singularities, resulting in an ellipse that
degenerates into two lines, separated from each other by a distance of 2. On the
other hand, for infinite distance limits both radii remain finite, and we find either
an ellipse with radii γ1 = 2/

√
3 and γ2 = 2, or a circle with radius γ1 = γ2 =

√
2.

WGC bounds. We can now use these values for the radii to bound the charge-
to-mass ratio of electric BPS states based on the singularity under consideration.
For finite distance limits we find that the lower bound for charge-to-mass ratios
given in (7.54) can be saturated, since the smallest radius is given by γ1 = 1,
so we do not obtain a new bound. For infinite distance limits we do find new
bounds, and depending on the limit we obtain Q/M ≥ 2/

√
3 or Q/M ≥

√
2 for

the charge-to-mass ratio. In either case, the charge-to-mass ratio is bounded from
below by

Q

M
≥ 2√

3
. (7.56)

It is interesting to point out that the state with minimal charge-to-mass ratio need
not be a sl(2)-elementary state. Namely, when the sum over charge-to-mass ratios
for one of the radii in (7.50) runs over only one state, then the charge-to-mass ratio
of this state is equal to the radius. But once the sum runs over multiple states, we
find that for none of these states the charge-to-mass ratio can be equal to the radius.
In fact, since there are h2,1 + 1 electric charges, one finds for h2,1 > 1 that for at
least one of the radii multiple charges should contribute, so the state corresponding
to this radius cannot be sl(2)-elementary. 8 It is quite remarkable that the charge-
to-mass ratios of sl(2)-elementary states fix this minimal charge-to-mass ratio via
(7.50), even though the formula for the charge-to-mass ratio (7.40) only applies for
sl(2)-elementary states.

8As an example we want to point out the LCS point discussed in section 7.1.2.2. There the
smallest radius γ2 in equation (7.31) is obtained by summing over multiple electric periods,
and thus the state with minimal charge-to-mass must be realized as a linear combination of
sl(2)-elementary states.
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7.3 Remarks on other swampland conjectures
In this section we discuss connections between the order-one coefficients in various
swampland conjectures. In the previous section we derived a formula for the charge-
to-mass ratio of sl(2)-elementary BPS states that applies to any limit in complex
structure moduli spaceMcs(Y3), which provides us with an order-one coefficient
for the Weak Gravity Conjecture in the strict asymptotic regime. First, we point
out that these charge-to-mass ratios also appear in the order-one coefficient in the
asymptotic de Sitter conjecture for a particular class of flux potentials. Then we
review the connection between the Weak Gravity Conjecture and the Swampland
Distance Conjecture, and comment on the order-one coefficient that we obtain for
the Swampland Distance Conjecture via this connection.

7.3.1 Bounds for the de Sitter conjecture
We first study the order-one coefficients in the asymptotic de Sitter conjecture [76]
for flux potentials (1.81) arising in Type IIB Calabi-Yau orientifolds. To be precise,
we focus on the parameter c in (1.6) in asymptotic regimes of the moduli space,
and we do not investigate c′ in (1.7) signalling the presence of an unstable direction
of the potential. Our goal is to establish a link between the order-one coefficients
that appear in the Weak Gravity Conjecture and the one appearing in the de Sitter
conjecture. For this we will rewrite a specific class of flux potentials – arising from
picking just F3 or just H3 flux – in terms of charge-to-mass ratios of some BPS
state9. This will allow us to use our asymptotic expression for the charge-to-mass
ratio (7.40) in order to evaluate the order-one constant c from (1.6) numerically at
the boundary of complex structure moduli space.
The calculation for both flux choices is similar and only differs slightly in the

dilaton factor. So we will only be explicit for the case where F3 = q and H3 = 0.
By using the expressions for the charge (1.71) and mass (1.70) for a BPS state that
would be associated with this charge q, we can suggestively rewrite the potential
(1.81) as

V = 1
2V2

(
Q

M

)2
eφM2 . (7.57)

We are now restricting to fluxes for which the above ‘charge-to-mass’ ratio approaches
9Let us note that we use the term BPS state here very loosely, since for our argument to work we
do not need to make sure that the charge lattice site we pick is actually populated by a physical
BPS state. In fact, it would be more appropriate to view these potentials as sourced by domain
walls, as recently considered in [42].
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

a constant value along the limit. As explained in section 7.2, this can be realized
by requiring the charge q to belong to QG defined in (7.38). In the following we
will assume that ∣∣∣∣∇ Q

M

∣∣∣∣2
q∈QG

= 2Kij̄∂i
Q

M
∂j̄
Q

M
→ 0 , (7.58)

along the limit. It should be noted, however, that we inferred this condition from
studying a number of examples, and did not yet manage to show it rigorously in
the framework of asymptotic Hodge theory. From there, we can see that the ratio
that is of interest in the de Sitter conjecture reduces to10∣∣∇V ∣∣2

V 2 = 2KAB̄∂AV ∂B̄V

V 2 = 2KAB̄∂A(V−2eφM2)∂B̄(V−2eφM2)
V−4e2φM4 , (7.59)

with the indices A, B̄ running over all the moduli, i.e. the complex structure moduli,
the Kähler structure moduli and the axio-dilaton. Furthermore, by making use of
the identity (1.72) we then find that asymptotically11

lim
λ→∞

∣∣∇V ∣∣2
V 2

∣∣∣∣
F3∈QG

= 2
[(

Q

M

)2
− 1
]

+ 2 + 6 . (7.60)

where the last two terms represent the positive contribution that arise from including
the axio-dilaton and Kähler moduli respectively. We choose to neglect contributions
from the Kähler moduli, as their stabilization would anyway require including
quantum corrections to source a non-trivial profile. Depending on the type of
singularity, we found different lowest values for the charge-to-mass ratios that we
can now use. To keep things compact, we will only distinguish between the finite
and infinite distance singularities, which gives∣∣∇V ∣∣

V

∣∣∣∣
asym

&

{√
2 finite distance

2
√

2/3 infinite distance
, (7.61)

where the bound is to be understood as explained below (7.53). A more refined
analysis can of course be performed for the infinite distance case by considering the
different enhancement chains. The bounds we obtain here coincide with bounds
that were found recently in [39, 42], and also with previously established no-go
theorems [160, 161]. Ignoring contributions coming from the axio-dilaton, note
10The Cauchy-Schwarz inequality tells us that we do not have to consider the mixed term between
∂I(Q/M) and ∂I(VeφM2).

11By making the flux choice F3 = 0 and H3 = q instead, one would obtain the same numbers on
the right-hand side.
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that we recover the recently proposed Trans-Planckian Censorship Conjecture
bound [155], i.e. c ≥

√
2/3 for infinite distance boundaries.

In our analysis, we also neglected D7-brane moduli which would also give a
contribution to the superpotential (1.80) and enter in the Kähler potential at the
next to leading order in the string coupling. A systematic way to include these
moduli would be to look at F-theory flux vacua where they become – together with
the axio-dilaton – complex structure moduli of the relevant Calabi-Yau fourfold [162].
In fact, such setups were already studied within the framework of asymptotic Hodge
theory in [36], and it would be interesting to revisit these flux potentials in the
future.

7.3.2 Comments on the Swampland Distance Conjecture

We next turn to the order-one coefficient of the Swampland Distance Conjecture
[73, 74], stated in (1.5). For our purposes it is important to point out the towers
of wrapped D3-brane states constructed in [23, 27], since these form the infinite
towers of states that become massless at infinite distance loci in complex structure
moduli space for Type IIB Calabi-Yau compactifications. This construction starts
from a particular sl(2)-elementary state that belongs to QG, i.e. it couples to the
asymptotic graviphoton. This state becomes light close to the singular loci, and
the infinite tower of states is generated by acting with monodromy transformations
on this ‘seed charge’. In studying the bounds put by the Swampland Distance
Conjecture it then suffices to consider the mass of this sl(2)-elementary state, since
it sets the parametrical behavior for the masses of all states in this infinite tower.
Our goal is now to relate the order-one coefficient we computed for the Weak

Gravity Conjecture to its counterpart for the Swampland Distance Conjecture. The
connection between these conjectures has already been studied before, and how to
relate their order-one coefficients was spelled out in [26, 41]. Following [41], we can
express λ in terms of the gradient of the mass of the sl(2)-elementary state as

λ = 2
∣∣∣Kij ∂iM

M
uj

∣∣∣ , (7.62)

where ui denotes the unit vector that points along the geodesic. By making use of
(1.72) one can then bound the coefficient λ via a Cauchy-Schwarz inequality. By
picking a geodesic with ui = ∂i logM

|∇ logM | one can saturate this bound which yields

λ2 = 2
∣∣∣Kij ∂iM∂jM

M2

∣∣∣ = 1
2

(( Q
M

)2
− 1
)
. (7.63)
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One can then try to study the coefficient λ of the Swampland Distance Conjecture
either directly from (7.62), or indirectly via the bound given in (7.63). For the
former approach one needs to have control over the asymptotic behavior of the
inverse Kähler metric Kij , which is achieved to some extend by approximations such
as (5.47). However, as mentioned before this approximation does not necessarily
provide the complete picture of the Kähler metric, and in particular it can lead to a
mismatch for charge-to-mass ratios. We therefore take for the latter approach, and
provide an upper bound for λ via the charge-to-mass ratio of the sl(2)-elementary
state. By using (7.40) we obtain the bound

λ2 =


2dn−2∏n

i=1
1

( ∆di
(∆di−`i)/2)

− 1
2 for dn = 3 ,

2dn−1∏n
i=1

1
( ∆di
(∆di−`i)/2)

− 1
2 for dn 6= 3 .

(7.64)

In comparison to [41] this extends the bounds obtained for λ to limits characterized
by discrete data with di = di−1 for some i. Overall we find that the lowest value
attained by λ is still given by

λ ≥ 1√
6
. (7.65)

Another way to obtain the order-one coefficient of the Swampland Distance Conjec-
ture has been noted in [39], where it was conjectured that it can be related to the
order-one coefficient of the de Sitter Conjecture via λ = c/2. In our setting this
relation holds true when contributions from the Kähler moduli and axio-dilaton
to the gradient of the Type IIB flux potential are ignored, cf. (7.60). We only
considered infinite distance limits that involved complex structure moduli for the
SDC, so it would be interesting to see if limits that also involve the axio-dilaton
and/or Kähler moduli lead to a matching value for λ.12

Summary. In this chapter we have studied the asymptotic charge-to-mass spectrum
of BPS states in 4d N = 2 supergravity theories. Specifically we focused on Calabi–
Yau threefold compactifications of Type IIB string theory, where these BPS states
arise from D3-branes wrapped on three-cycles. Both the physical charges and the
masses of such states vary with changes in the complex structure moduli. Using
powerful tools from asymptotic Hodge theory we can make their leading behavior
12Work in this direction has already been performed in [30], where they studied the Swampland
Distance Conjecture in the mirror Type IIA setup and found tensionless branes when the dilaton
was also sent to a limit. Moreover in [42] connections between swampland conjectures were
studied by looking at such extended objects, and it would be interesting to see if the approach
taken in our work for computing order-one constants leads to new insights into this matter.
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explicit when moving towards the boundary of the moduli space with the sl(2)-
approximation. This description relies on the universal structure that emerges at
every such limit and can be formulated without referring to specific examples. We
used this structure to derive a general formula (7.40) for the charge-to-mass ratios
of a particular set of states, which we called sl(2)-elementary, at strict asymptotic
regimes in complex structure moduli space. Given this formula we were then able
to obtain numerical bounds for the Weak Gravity Conjecture, and also indirectly
for the asymptotic de Sitter Conjecture and Swampland Distance Conjecture.

Appendices

7.A Computations on charge-to-mass ratios
In this appendix we include some computations on the charge-to-mass spectrum of
BPS states. We first compute the charge-to-mass spectrum of sl(2)-elementary BPS
states that couple to the asymptotic graviphoton in appendix 7.A.1. In appendix
7.A.2 we then use these results to determine the radii of the charge-to-mass spectrum
of electric BPS states.

7.A.1 Derivation of the formula for charge-to-mass ratios
In this appendix we derive formula (7.40) for the charge-to-mass ratio of sl(2)-
elementary BPS states that couple asymptotically to the graviphoton. For the sake
of generality we perform these computations for Calabi-Yau manifolds of arbitrary
complex dimension D. In this work we consider D = 3, but it turns out to be fairly
simple to compute quantities such as (7.37) for generic dimension D. We make a
separation of cases based on the integer dn that characterizes the limit, since the
value that this integer takes matters for the construction of our charges. Namely,
when a limit ends with dn = D one can take ã0 to be real, whereas for dn 6= D

we have that Re ã0 and Im ã0 are linearly independent. Recalling the definition of
charges that couple to the asymptotic graviphoton from (7.38), we notice that we
have to ‘double’ the amount of charges we consider for QG when dn 6= D.
Before we make this separation of cases, let us make some general comments

about computing the charge-to-mass ratios first. To begin we recall expression
(7.37) for the charge-to-mass ratio, which reads(

Q

M

)2∣∣∣∣
q

= 〈q, C∞q〉 i
D〈Ω̄∞ , Ω∞〉

2|〈q, Ω∞〉|2
, (7.66)
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where we replaced the factor of i3 by iD. This expression serves as our starting
point for computing the charge-to-mass ratios. Without knowledge of the form of
the charges, we can already write out the second factor of the numerator as (see
also (5.48))

〈Ω∞, Ω̄∞〉 = (−2i)dn〈ã0,
∏
i

(N−i )di−di−1

(di − di−1)!
¯̃a0〉 , (7.67)

where we expanded the exponentials in Ω∞ = e
iN−(n) ã0 and its conjugate into

lowering operators N−i . We also used the relation 〈·, N−i ·〉 = −〈N−i ·, ·〉, and the
powers of each N−i are fixed by the orthogonality condition (5.13).

Then remain the other two factors that appear in the charge-to-mass ratio, both
of which involve the charge q. For convenience in notation we write the charges as

qrk = (N−1 )k1 . . . (N−n )kn Re ã0 , qik = (N−1 )k1 . . . (N−n )kn Im ã0 . (7.68)

The integers k = (k1, . . . , kn) that label the charges should not be confused with the
eigenvalues of the level operators N0

i , which follow from `i − `i−1 = di − di−1 − 2ki.
In the case that ã0 is real only the charges qrk matter, which in turn allows us to
ignore the superscript.

In order to evaluate the remaining two factors in the charge-to-mass ratio, let us
introduce some relations relevant for the above charges. It is useful to specialize
the polarization conditions (4.22) to the leading polynomial term ã0 of the periods.
To be precise, by using (5.31) these read

−(−i)D+dn〈ã0, (N−1 )d1(N−2 )d2−d1 · · · (N−n )dn−dn−1 ¯̃a0〉 > 0 . (7.69)

In the case that dn 6= D this positivity condition can be supplemented by the
vanishing constraint

〈ã0, (N−1 )d1(N−2 )d2−d1 · · · (N−n )dn−dn−1 ã0〉 = 0 . (7.70)

Finally, also recall the action of C∞ on ã0 and its descendants as (5.33). Together
these relations suffice to evaluate products between charges of BPS states constructed
out of Re ã0, Im ã0 and its descendants. In the following two subsections we now
write out the remaining two factors of the charge-to-mass ratios in (7.66) for the
cases dn = D and dn 6= D.

7.A.1.1 Limits with dn = D

Let us first consider the case where the limit is characterized by an integer dn = D.
For a Calabi-Yau threefold this corresponds to an enhancement chain that ends
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with a IV singularity. In this case ã0 is real, so we only need to consider the charges
qrk, and therefore we drop the superscript label r in this subsection.

Let us begin with the factor appearing in the denominator in (7.66). By expanding
e
iN−(n) in terms of lowering operators N−i we find that

|〈qk, e
iN−(n) ã0〉| =

∏
i

1
(di − di−1 − ki)!

|〈ã0,
∏
i

(N−i )di−di−1 ã0〉| , (7.71)

where we used that we needed di − di−1 − ki factors of N−i in this expansion to
satisfy the orthogonality condition (5.13). Then remains the first factor in the
numerator of (7.66). By using (5.33) for the action of C∞ on the charges, it reduces
to

〈qk, C∞qk〉 = −
∏
i

ki!
(di − di−1 − ki)!

|〈ã0,
∏
i

(N−i )di−di−1 ã0〉| , (7.72)

Putting all factors together ((7.67), (7.71) and (7.72)), we find the charge-to-mass
ratio to be (

Q

M

)2
= 2dn−1

∏
i

(di − di−1 − ki)!ki!
(di − di−1)! . (7.73)

7.A.1.2 Limits with dn 6= D

Now we consider the case where the limit is characterized by an integer dn 6= D.
For threefolds this corresponds to an enhancement chain that ends with Ia, IIb or
IIIc. Here the computations become slightly more involved, but in the end the
factors only differ by some factors of two compared to the previous subsection.
First let us exploit the polarization conditions (7.69) and (7.70) to write down

conditions for products involving the vectors Re ã0 and Im ã0. These identities
will be useful for computing the charge-to-mass ratio. Depending on the choice
of dn, these identities look different. In the case that D + dn is odd we find from
〈v, w〉 = (−1)D〈w, v〉 and 〈v,N−i w〉 = −〈N−i v, w〉 that

〈Re ã0,
∏
i

(N−i )di−di−1 Re ã0〉 = 0 , 〈Im ã0,
∏
i

(N−i )di−di−1 Im ã0〉 = 0 , (7.74)

whilst from (7.69) we know that

−iD+dn+1〈Re ã0,
∏
i

(N−i )di−di−1 Im ã0〉 > 0 . (7.75)

On the other hand when D + dn is even we find that

〈Re ã0,
∏
i

(N−i )di−di−1 Im ã0〉 = 0 . (7.76)
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which follows as a non-trivial constraint from the vanishing of the imaginary part
of (7.69). Meanwhile by combining the polarization conditions (7.69) and (7.70)
we find for D + dn even that

〈Re ã0,
∏
i

(N−i )di−di−1 Re ã0〉 = 〈Im ã0,
∏
i

(N−i )di−di−1 Im ã0〉 ,

(−i)D+dn〈Re ã0,
∏
i

(N−i )di−di−1 Re ã0〉 < 0 ,
(7.77)

where (7.70) implied that the products involving Re ã0 and Im ã0 are equal to one
another. For threefolds the case D + dn odd corresponds to a Ia or IIIc singularity,
while the case D+dn even corresponds to a IIb singularity. Keeping these identities
in mind, we now write out the remaining two factors of the charge-to-mass ratio
below.

We begin with the factor that appears in the denominator of the charge-to-mass
ratio in (7.66). By expanding eiN

−
(n) in terms of lowering operators N−i we find that

|〈qr,ik , e
iN−(n) ã0〉| =

1
2
∏
i

1
(di − di−1 − ki)!

|〈ã0,
∏
i

(N−i )di−di−1 ¯̃a0〉| , (7.78)

where we divide by two in comparison to (7.71). This division by two was necessary
because when writing out the right-hand side, either the product in (7.75) appears
twice if D + dn is odd, or both products in (7.77) appear when D + dn is even,
whereas these products appear only once on the left-hand side.

Then remains the first factor that appears in the numerator in (7.66), and we
find that

〈qr,ik , C∞q
r,i
k 〉 = 1

2
∏
i

ki!
(di − di−1 − ki)!

|〈ã0,
∏
i

(N−i )di−di−1 ¯̃a0〉| , (7.79)

where we take either both charges with superscript r or both with superscript
i. In deriving this expression we made use of (5.33) and that C∞ is a real map.
Furthermore we divided by two in comparison to (7.72) for reasons similar to (7.78).
If we now put all the different factors together ((7.67), (7.78) and (7.79)), we

find for the charge-to-mass ratio(
Q

M

)2
= 2dn

∏
i

(di − di−1 − ki)!ki!
(di − di−1)! . (7.80)

Note that in the end we picked up an additional factor of two compared to the case
dn = D in (7.73).
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7.A.2 Computation of radii of the ellipsoid

In this appendix we determine the radii of the electric charge-to-mass spectrum
for limits in complex structure moduli spaceMcs(Y3). We go through all possible
enhancement chains that classify these limits, and compute the radii from the
charge-to-mass ratios of sl(2)-elementary states via (7.50). The states relevant
for this computation are the ones that couple to the asymptotic graviphoton as
described by (7.38), since their charge-to-mass ratio stays finite. The discrete
data di associated with the enhancement chain suffices to characterize this subset
of sl(2)-elementary states. This means that the relevant information about the
enhancement chain is captured by just the presence or absence of the segments II, III
and IV, so the problem reduces to considering eight different kinds of enhancement
chains in total. Let us note that for boundaries ending on a IIIc our formula for
the charge-to-mass ratio differs from [41].13

Before we go through each of these kinds of enhancement chains, let us briefly
summarize how one can obtain the relevant properties of the sl(2)-elementary states
under consideration (7.68). The first thing we need to know are their eigenvalues
under the weight operators N0

i of the sl(2,R)-algebras. These follow from the level
of ã0 as indicated by (5.31), together with how the lowering operators N−i lower
these levels according to (5.12). The charge-to-mass ratios of these states can then
be obtained simply by evaluating (7.40) for their discrete data. We next need to
determine whether charges are electric or magnetic. This distinction is based upon
whether the physical charge of these states diverges or vanishes asymptotically,
which in turn can be deduced from the sl(2)-data by making use of (7.33).14 The
last thing we need for the computation of the radii is whether charges couple to the
real or imaginary part of the asymptotic graviphoton Ω∞, cf. (7.46). This follows
from the polarization conditions (7.69) and (7.70). To be more precise, one finds for
even dn (odd dn + 3) that charges obtained from Re ã0 couple to charges obtained
from Im ã0, whereas for odd dn (even dn + 3) charges obtained from Re ã0 couple
to other charges obtained from Re ã0 and similarly for charges obtained from Im ã0.

13The underlying reason is that IIIc singularities have a non-empty space I2,3 in the Deligne
splitting (see table 4.1). In [41] they took derivatives of only the leading polynomial periods of
the (3, 0)-form, while as we know from chapter 6 we need essential exponential corrections (or
spectator moduli) to span this vector space. We take these extra terms into account by working
with the Hodge star instead of period derivatives to compute the physical charge (1.71). We
refer to [2] for more details, where we explain how this works with some examples.

14For some particular elementary charges this method does not lead to a definite statement,
e.g. when the physical charge is finite asymptotically. In these cases we clarify whether
elementary charges are electric or magnetic on the spot.
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

Keeping in mind that each application of an N−i on ã0 comes together with an
i for Ω∞, one can then straightforwardly determine whether a charge couples to
the real or imaginary part of the asymptotic graviphoton. Having gathered all
this information on the sl(2)-elementary states in QG, one is then finally ready to
compute the radii of the ellipsoid.

Enhancement chain I

Here we consider limits characterized by enhancement chains of the form I, i.e. it
consists only of Ia singularities. This sort of limit is a finite distance limit, and the
discrete data of such a limit is given by d1, . . . , dn = 0. From this discrete data
we can infer that all lowering operators N−i annihilate the 3-form ã0, so we only
have to consider the sl(2)-elementary charges Re ã0 and Im ã0. Their properties
have been summarized in table 7.2. From this information we can straightforwardly
compute the radii via (7.50) to be

γ−2
1 = 0 , γ−2

2 =
( Q
M

)−2∣∣∣
Re ã0

= 1 . (7.81)

charges sl(2)-level Q/M electric/magnetic period

Re ã0 3 1 electric imaginary

Im ã0 3 1 magnetic real

Table 7.2: Properties of the charges that couple to the asymptotic graviphoton for I. The
choice of electric and magnetic charge was picked by hand since the physical charges of
both states are finite asymptotically.

Enhancement chain I → II

Here we consider limits characterized by enhancement chains of the form I→ II.
The discrete data of such a limit is given by d1, . . . , dk−1 = 0 and dk, . . . , dn = 1.
The enhancement to a IIb singularity occurs at step k, and we denote the lowering
operator N−k therefore by NII. From the discrete data we can infer that NII can be
applied once on ã0. Moreover, charges obtained from Re ã0 and Im ã0 are linearly
independent, so there are four charges to consider in total. Their properties have
been summarized in table 7.3. From this information we can straightforwardly
compute the radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
N Re ã0

= 1
4 , γ−2

2 =
( Q
M

)−2∣∣∣
N Im ã0

= 1
4 .

(7.82)
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7.A Computations on charge-to-mass ratios

charges sl(2)-level Q/M electric/magnetic period

Re ã0 1
√

2 magnetic imaginary

Im ã0 1
√

2 magnetic real

NII Re ã0 −1
√

2 electric real

NII Im ã0 −1
√

2 electric imaginary

Table 7.3: Properties of the charges that couple to the asymptotic graviphoton for I→ II.

Enhancement chain I → III

Here we consider limits characterized by enhancement chains of the form I→ III.
The discrete data of such a limit is given by d1, . . . , dk−1 = 0 and dk, . . . , dn = 2.
The enhancement to a IIIc singularity occurs at step k, and we denote the lowering
operator N−k therefore by NIII. From the discrete data we can infer that NIII can be
applied twice on ã0. Moreover, charges obtained from Re ã0 and Im ã0 are linearly
independent, so there are six charges to consider in total. Their properties have
been summarized in table 7.4. From this information we can straightforwardly
compute the radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
N Re ã0

+
( Q
M

)−2∣∣∣
N2 Im ã0

= 1
2 + 1

4 = 3
4 ,

γ−2
2 =

( Q
M

)−2∣∣∣
N2 Re ã0

= 1
4 .

(7.83)

charges sl(2)-level Q/M electric/magnetic period

Re ã0 2 2 magnetic imaginary

Im ã0 2 2 magnetic real

N Re ã0 0
√

2 electric real

N Im ã0 0
√

2 magnetic imaginary

N2 Re ã0 −2 2 electric imaginary

N2 Im ã0 −2 2 electric real

Table 7.4: Properties of the charges that couple to the asymptotic graviphoton for I→ III.
The parametrical scaling of the physical charges of N Re ã0 and N Im ã0 allows us to pick
the electric charge by hand, and we chose N Re ã0 as electric charge and N Im ã0 as dual
magnetic charge.
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

Enhancement chain I → II → III

Here we consider limits characterized by enhancement chains of the form I→ II→
III. The discrete data of such a limit is given by d1, . . . , dk−1 = 0, dk, . . . , dl−1 = 1
and dl, . . . , dn = 2. The enhancements to IIb and IIIc singularities occur at steps k
and l respectively, and we denote the lowering operators N−k and N−l therefore by
NII and NIII. From the discrete data we can infer that NII and NIII can both be
applied once on ã0. Moreover, charges obtained from Re ã0 and Im ã0 are linearly
independent, so there are eight charges to consider in total. Their properties have
been summarized in table 7.5. From this information we can straightforwardly
compute the radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
NII Re ã0

+
( Q
M

)−2∣∣∣
NIINIII Im ã0

= 1
4 + 1

4 = 1
2 ,

γ−2
1 =

( Q
M

)−2∣∣∣
NII Im ã0

+
( Q
M

)−2∣∣∣
NIINIII Re ã0

= 1
4 + 1

4 = 1
2 ,

(7.84)

charges sl(2)-level Q/M electric/magnetic period

Re ã0 (1, 1) 2 magnetic imaginary

Im ã0 (1, 1) 2 magnetic real

NII Re ã0 (−1, 1) 2 electric real

NII Im ã0 (−1, 1) 2 electric imaginary

NIII Re ã0 (1,−1) 2 magnetic real

NIII Im ã0 (1,−1) 2 magnetic imaginary

NIINIII Re ã0 (−1,−1) 2 electric imaginary

NIINIII Im ã0 (−1,−1) 2 electric real

Table 7.5: Properties of the charges that couple to the asymptotic graviphoton for I →
II→ III.

Enhancement chain I → IV

Here we consider limits characterized by enhancement chains of the form I→ IV.
The discrete data of such a limit is given by d1, . . . , dk−1 = 0 and dk, . . . , dn = 3.
The enhancement to a IVd singularity occurs at step k, and we denote the lowering
operator N−k therefore by NIV. From the discrete data we can infer that NIV

can be applied three times on ã0, so there are four charges to consider in total.
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7.A Computations on charge-to-mass ratios

Their properties have been summarized in table 7.6. From this information we can
straightforwardly compute the radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
N3ã0

= 3
4 , γ−2

2 =
( Q
M

)−2∣∣∣
N2ã0

= 1
4 .

(7.85)

charges sl(2)-levels Q/M electric/magnetic period

ã0 3 2 magnetic imaginary

Nã0 1 2/
√

3 magnetic real

N2ã0 −1 2/
√

3 real imaginary

N3ã0 −3 2 electric real

Table 7.6: Properties of the charges that couple to the asymptotic graviphoton for I→ IV.

Enhancement chain I → II → IV

Here we consider limits characterized by enhancement chains of the form I→ II→
IV. The discrete data of such a limit is given by d1, . . . , dk−1 = 0, dk, . . . , dl−1 = 1
and dl, . . . , dn = 3. The enhancements to IIb and IVd singularities occur at s k and
l respectively, and we denote the lowering operators N−k and N−l therefore by NII

and NIV. From the discrete data we can infer that NII can be applied once on ã0

and NIV twice, so there are six charges to consider in total. Their properties have
been summarized in table 7.7. The computation of the radii for these limits depends
on the subsector of the growth sector (5.1) we consider, since moving between these
sectors changes what charges we consider to be electric. Below we go through both
sectors.

Subsector 1: yII � (yIV)2. In this subsector we find that the charge N2
IVã0 has a

decreasing physical charge and is therefore electric, whereas the dual charge NIIã0

is magnetic. From the information in table 7.7 we then compute the radii via (7.50)
to be

γ−2
1 =

( Q
M

)−2∣∣∣
NIIã0

+
( Q
M

)−2∣∣∣
NIIN2

IVã0
= 1

4 + 1
4 = 1

2 ,

γ−2
2 =

( Q
M

)−2∣∣∣
NIINIVã0

= 1
4 .

(7.86)

Subsector 2: yII � (yIV)2. In this subsector we find that the charge NIIã0 has a
decreasing physical charge instead and is therefore electric, whereas the dual charge
N2

IVã0 is now magnetic. From the information in table 7.7 we then compute the
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

charges sl(2)-levels scaling Q/M electric/magnetic period

ã0 (1, 2) yII(yIV)2 2 magnetic imaginary

NIIã0 (−1, 2) (yIV)2

yII
2 sector-dep. real

NIVã0 (1, 0) yII
√

2 magnetic real

NIINIVã0 (−1, 0) 1
yII

√
2 electric imaginary

N2
IVã0 (1,−2) yII

(yIV)2 2 sector-dep. imaginary

NIIN
2
IVã0 (−1,−2) 1

yII(yIV)2 2 electric real

Table 7.7: Properties of the charges that couple to the asymptotic graviphoton for I →
II→ IV.

radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
NIIN2

IVã0
= 1

4 ,

γ−2
2 =

( Q
M

)−2∣∣∣
NIINIVã0

+
( Q
M

)−2∣∣∣
N2

IVã0
= 1

4 + 1
2 = 3

4 .
(7.87)

Enhancement chain I → III → IV

Here we consider limits characterized by enhancement chains of the form I→ III→
IV. The discrete data of such a limit is given by d1, . . . , dk−1 = 0, dk, . . . , dl−1 = 2
and dl, . . . , dn = 3. The enhancements to IIIc and IVd singularities occur at steps k
and l respectively, and we denote the lowering operators N−k and N−l therefore by
NIII and NIV. From the discrete data we can infer that NIII can be applied twice
on ã0 and NIV once, so there are six charges to consider in total. Their properties
have been summarized in table 7.8. From this information we can straightforwardly
compute the radii via (7.50) to be

γ−2
1 =

( Q
M

)−2∣∣∣
NIIIN2

IVã0
= 1

4 ,

γ−2
2 =

( Q
M

)−2∣∣∣
N2

IIIã0
+
( Q
M

)−2∣∣∣
NIIINIVã0

= 1
4 + 1

2 = 3
4 .

(7.88)

Enhancement chain I → II → III → IV

Finally we consider limits characterized by enhancement chains of the form I →
II → III → IV. The discrete data of such a limit is given by d1, . . . , dk−1 = 0,
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7.A Computations on charge-to-mass ratios

charges sl(2)-levels scaling Q/M electric/magnetic period

ã0 (2, 1) (yIII)2yIV 2 magnetic imaginary

NIIIã0 (0, 1) yIV
√

2 magnetic real

NIVã0 (2,−1) (yIII)2

yIV
2 magnetic real

N2
IIIã0 (−2, 1) yIV

(yIII)2 2 electric imaginary

NIIINIVã0 (0,−1) 1
yIV

√
2 electric imaginary

N2
IIINIVã0 (−2,−1) 1

(yIII)2yIV
2 electric real

Table 7.8: Properties of the charges that couple to the asymptotic graviphoton for I →
III→ IV.

dk, . . . , dl−1 = 1, dl, . . . , dm−1 = 2 and dm, . . . , dn = 3. The enhancements to IIb,
IIIc and IVd singularities occur at steps k, l and m respectively, and we denote
the lowering operators N−k , N−l and N−m therefore by NII, NIII and NIV. From the
discrete data we can infer that NII, NIII and NIV each can be applied once on ã0,
so there are six charges to consider in total. Their properties have been summarized
in table 7.9. The computation of the radii for these limits depends on the subsector
of the growth sector (5.1) we consider, since moving between these sectors changes
what charges we consider to be electric. Below we go through both sectors.

charges sl(2)-levels scaling Q/M electric/magnetic period

ã0 (1, 1, 1) yIIyIIIyIV 2 magnetic imaginary

NIIã0 (−1, 1, 1) yIIIyIV
yII

2 sector-dep. real

NIIIã0 (1,−1, 1) yII
yIIIyIV

2 magnetic real

NIVã0 (1, 1,−1) yIIyIII
yIV

2 magnetic real

NIINIIIã0 (−1,−1, 1) yIV
yIIyIII

2 electric imaginary

NIINIVã0 (−1, 1,−1) yIII
yIIyIV

2 electric imaginary

NIIINIVã0 (1,−1,−1) yII
yIIIyIV

2 sector-dep. imaginary

NIINIIINIVã0 (−1,−1,−1) 1
yIIyIIIyIV

2 electric real

Table 7.9: Properties of the charges that couple to the asymptotic graviphoton for I →
II → III → IV. The distinction between NIIã0 and NIIINIVã0 as electric or magnetic
charge depends on the subsector of the growth sector that is being considered.

Subsector 1: yII � yIIIyIV. In this subsector we find that the charge NIIINIVã0

has a decreasing physical charge and is therefore electric, whereas the dual charge
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7 Weak Gravity Conjecture in Type IIB Calabi-Yau compactifications

NIIã0 is magnetic. From the information in table 7.9 we then compute the radii
via (7.50) to be

γ−2
1 =

(
Q

M

)−2∣∣∣∣
N−IIN

−
IIIN

−
IVã0

= 1
4 , (7.89)

γ−2
2 =

(
Q

M

)−2∣∣∣∣
N−IIN

−
IIIã0

+
(
Q

M

)−2∣∣∣∣
N−IIN

−
IVã0

+
(
Q

M

)−2∣∣∣∣
N−IIIN

−
IVã0

= 1
4 + 1

4 + 1
4 = 3

4 .

Subsector 2: yII � yIIIyIV. In this subsector we find that the charge NIIã0 has a
decreasing physical charge instead and is therefore electric, whereas the dual charge
NIIINIVã0 is now magnetic. From the information in table 7.9 we then compute
the radii via (7.50) to be

γ−2
1 =

(
Q

M

)−2∣∣∣∣
N−IIN

−
IIIN

−
IVã0

+
(
Q

M

)−2∣∣∣∣
N−II ã0

= 1
4 + 1

4 = 1
2 ,

γ−2
2 =

(
Q

M

)−2∣∣∣∣
N−IIN

−
IIIã0

+
(
Q

M

)−2∣∣∣∣
N−IIN

−
IVã0

= 1
4 + 1

4 = 1
2 .

(7.90)
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8 Moduli stabilization in asymptotic regimes

In this chapter we investigate the stabilization of complex structure moduli after
introducing background fluxes. Recall from sections 1.6.3 and 1.6.4 that compactifi-
cations of Type IIB on Calabi-Yau orientifolds and F-theory on Calabi-Yau fourfolds
yield N = 1 supergravity theories. The for us relevant part of the superpotential
W and Kähler potential K can be evaluated by determining how the holomorphic
(D, 0)-form Ω varies with a change of the complex structure via the periods. Alter-
natively, the resulting scalar potential can be written down in terms of the Hodge
star operator on YD acting on three- or four-form fluxes in the middle cohomology
HD(YD,Z). This allows for two equivalent approaches to moduli stabilization:

• demanding vanishing F-terms: DiW = ∂iW + (∂iK)W = 0,

• solving an (imaginary) self-duality condition: ∗G3 = iG3 or ∗G4 = G4.

These complementary strategies allow us to highlight different aspects of how
asymptotic Hodge theory captures the dependence on the complex structure moduli.
To be precise, the self-duality condition exploits the sl(2)-approximation of the
Hodge star operator to the fullest, while the F-terms emphasize the importance
of essential exponential corrections in the periods. Below we utilize the sl(2)-
approximation to set up a systematic algorithm for finding flux vacua, and the
essential instantons to construct vacua with a small superpotential.

Approach using the self-duality condition

In the first part of this chapter we develop a systematic algorithm for performing
moduli stabilization near any boundary of moduli space by using the self-duality
condition. The moduli dependence of the Hodge star is, in general, given by
very complicated transcendental functions that depend on many details of the
compactification geometry. However, in the asymptotic regime there exists an
approximation scheme to extract the moduli dependence in essentially three steps:

(1) sl(2)-approximation
(2) Nilpotent orbit
approximation

(3) Full series of
exponential corrections
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8 Moduli stabilization in asymptotic regimes

It is important to stress that it is a very non-trivial fact that such approximations
exist in all asymptotic regimes. In particular, this is remarkable because from the
analysis in chapter 6 we observed that in almost all asymptotic regimes exponential
corrections are essential when deriving the Hodge star from the period integrals of
the unique (3, 0)-form or (4, 0)-form of the Calabi-Yau manifold. The determination
of the approximated Hodge star is non-trivial, but can be done explicitly for any
given example following the methods we laid out in Part I of this thesis.

The different degrees of approximation given break down the moduli dependence
of the scalar potential. By using the sl(2)-approximation as a first step we reduce
to polynomial terms in the complex structure moduli. This allows us to solve
the relevant extremization conditions for the vevs of the moduli straightforwardly.
Subsequently, we can include corrections to this polynomial behavior by switching
to the nilpotent orbit approximation. Roughly speaking, this amounts to dropping
all exponential corrections in the scalar potential,1 but including corrections to the
simple polynomial terms of the sl(2)-approximation, yielding algebraic equations in
the moduli. Taking the flux vacua found in the sl(2)-approximation as input, we
then iterate a numerical program to extremize the scalar potential in the nilpotent
orbit approximation. Finally, one can include exponentially small terms in the
saxions in the scalar potential. In this work we aim to stabilize all moduli at the
level of the nilpotent orbit, but in principle one could use these corrections to lift
flat directions in the first two steps.
We demonstrate our moduli stabilization algorithm on a set of Type IIB and

F-theory examples. For the Calabi-Yau threefold examples we consider not only
the large complex structure regime, but also so-called conifold-large complex struc-
ture boundaries that are not straightforwardly accessible via large complex struc-
ture/large volume mirror symmetry. We compare the sl(2)-approximation with the
nilpotent orbit approximation, and find that the former actually provides a rather
good approximation, even for a mild hierarchy among the moduli. For the Calabi-
Yau fourfold examples we consider the large complex structure regime, and to be
more precise the so-called linear scenario recently proposed in [163]. This proves to
be an interesting case where the sl(2)-approximation possesses a flat direction that
is subsequently lifted by corrections in the nilpotent orbit approximation.

1We should stress that one has to be careful where these exponential corrections are dropped.
While we can drop corrections at these orders in the scalar potential, essential exponential
corrections have to be included in its defining Kähler potential and flux superpotential. These
terms are required to be present for consistency of the period vector following the discussion in
chapter 6, and will also have to be included in the F-terms later in this chapter.
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Approach using the F-terms

The second part of this chapter concerns the F-term approach, where for definiteness
we restrict our attention to Calabi-Yau threefolds. The dependence of the F-terms
on the complex structure moduli is encoded in the unique (3, 0)-form Ω, which can
be conveniently captured by the period integrals of Ω over a basis of three-cycles
of Y3. There are a number of techniques available to derive these period integrals.
While most of them require the explicit construction of the Calabi-Yau manifold, we
build upon the general models for the asymptotic periods we constructed in chapter
6 using asymptotic Hodge theory. Our goal is to use the essential exponential
corrections in these periods to engineer vacua with a small flux superpotential,
which are important in certain phenomenological constructions.

One of the most prominent moduli stabilization scenarios, the KKLT scenario
[105], requires to find vacua in complex structure moduli space, such that the
vacuum superpotential is taking a very small, non-zero value.2 It was recently
suggested in [107] and further explored in [108–115] that, in fact, exponentially small
vacuum superpotentials can be found near large complex structure and conifold-large
complex structure boundaries.3 It was argued that the construction proceeds by
introducing fluxes that preserve a continuous version of the monodromy symmetry at
some leading order with a vanishing superpotential, while then including instanton
corrections generates an exponentially small superpotential. We will explain how
this construction is understood in asymptotic Hodge theory and how it can be
generalized to other boundaries that have not been consider in the literature before.
This will be done both in a hands-on way by considering explicit examples as well
as by explaining how the abstract mathematical methods are useful. We will then
see that our powerful techniques also allow us to control the moduli masses and
identify alternative scenarios to the ones of [107, 108]: in our new constructions
the scaling of the masses is polynomial, rather than exponential, in the vacuum
expectation values of the moduli, so these are parametrically heavier compared to
the masses of the Kähler moduli.
Using the classification of asymptotic regimes [6, 27,122] we are able to identify

a specific class of regions that generally admits essential instanton corrections
that can set the scale of the vacuum superpotential. To be precise, our vacua
arise near Type II points according to table 4.1 (signalling the presence of a K3
fibration in the mirror manifold) away from the large complex structure regime.
2In the mathematical literature, the vacua with exponentially small superpotential are a special
case of the so-called extended locus of Hodge classes [164].

3See [165,166] for statistical arguments about the abundance of vacua in these regions.
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8 Moduli stabilization in asymptotic regimes

Among the set of essential instantons in the flux superpotential we then identify
a subset that enters the scalar potential already at polynomial order. These are
precisely the metric-essential instanton corrections that are required to ensure a
non-degenerate moduli metric, and induce the polynomial behavior of the moduli
masses in the vacuum. We exemplify this discussion with one and two-moduli
examples from chapter 6, allowing us to work out the moduli stabilization explicitly.
We should mention that the period models used in this thesis are given in a real
rather than a rational symplectic basis. Our vacua do not require any fine-tuning
of the flux quanta in contrast to e.g. a racetrack potential, so we do not expect any
technical issues to arise here. Nevertheless it would be interesting to work out the
quantization of the fluxes in the future.
This chapter is organized as follows. In section 8.1 we reduce the self-duality

condition for the fluxes to the nilpotent orbit and sl(2)-approximation, the two
regimes of interest for our moduli stabilization scheme. In section 8.2 and 8.3 we
then demonstrate this algorithmic approach on explicit Type IIB and F-theory
examples. In section 8.4 we outline our strategy for constructing vacua with a small
flux superpotential by using the F-terms, for which in section 8.5 we include some
one- and two-moduli examples.

8.1 Moduli stabilization using the self-duality condition

In this section we show how the self-duality condition simplifies when moving to
asymptotic regimes in the moduli space. For simplicity we stick to the Type IIB
setting here, although one can easily generalize to the F-theory setting by replacing
G3 with G4 and removing factors of i for the imaginary self-duality condition.

Sl(2)-approximation

As a starting point, we study the extremization conditions for flux vacua in the
sl(2)-approximation (5.1) for the saxions, i.e. y1 � y2 � . . . � yn. Recall that
the Hodge star in this regime can be approximated by the operator Csl(2) given by
(5.34). By writing the self-duality condition with Csl(2) we then obtain

Csl(2)(x, y) G3 = iG3 . (8.1)

This approximation drastically simplifies how the Hodge star operator depends on
the moduli. For the axions the dependence enters only through factors e−xkN−k . It
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8.1 Moduli stabilization using the self-duality condition

is therefore useful to absorb these into G3 by defining flux axion polynomials

ρsl(2)(x) ≡ e−x
kN−

k G3 . (8.2)

Note that ρsl(2) is invariant under monodromy transformations xi → xi + 1 when
we shift the fluxes according to G3 → eN

−
i G3.

For the saxions we can make the dependence explicit by decomposing into
eigenspaces of the weight operators N0

i of the sl(2,R)-triples. By applying this
decomposition for ρsl(2) we obtain

ρsl(2)(xi) =
∑
`∈E

ρ`(xi) , N0
i ρ`(xi) = `iρ`(xi) , (8.3)

where ` = (`1, . . . , `n), and E denotes the index set that specifies which values
the `i can take. Generally one has bounds −d ≤ `i ≤ d, with d the complex
dimension of the underlying Calabi-Yau manifold, which here is d = 3. This
decomposition (8.3) allows us to write out the self-duality condition (8.1) in terms
of the sl(2)-approximated Hodge star (5.34) componentwise as

y`11 · · · y`nn C∞ ρ`(xi) = ρ−`(xi) , ` ∈ E , (8.4)

where C∞ is the boundary Hodge star operator independent of the limiting coordi-
nates.4 With (8.4) we now have obtained a simple set of polynomial equations that
one can solve straightforwardly.

Nilpotent orbit approximation

For the next step in our approximation scheme we proceed to the nilpotent orbit,
which amounts to dropping some exponential corrections. Generally speaking,
the corresponding Hodge star operator Cnil then depends on these coordinates
through algebraic functions, in contrast to more general transcendental functions
when exponential corrections are included. On the other hand, in comparison to
the sl(2)-approximation one finds that Cnil contains series of corrections to Csl(2)
when expanding in y1/y2, . . . , yn−1/yn, 1/yn � 1. For now, let us simply state the
self-duality condition at the level of the nilpotent orbit as

CnilG3 = iG3 . (8.5)
4The operator (5.73) is also constructed as a product of the sl(2)-approximation. It can be
understood as a Hodge star operator attached to the boundary for the Hodge structure (5.71)
arising in the asymptotic limit.

219



8 Moduli stabilization in asymptotic regimes

Next, we write out the dependence of Cnil on the coordinates in a similar manner as
we did for the sl(2)-approximation. The dependence on the axions again factorizes
as

Cnil(xi, yi) = ex
kNk Ĉnil(yi) e−x

kNk , Ĉnil(yi) = Cnil(0, yi) , (8.6)

where here the log-monodromy matrices Ni appear instead of the lowering operators
N−i of the sl(2,R)-triples in (5.34). In analogy to (8.2) we then absorb the axion
dependence into flux axion polynomials as

ρnil(xi) = e−x
kNkG3 , (8.7)

which are invariant under monodromy transformations xi → xi + 1 if we redefine
the fluxes according to G3 → eNiG3. The dependence of Ĉnil on the saxions yi
is considerably more complicated than that of the sl(2)-approximated Hodge star
operator Csl(2), so we do not write this out further.5 The self-duality condition
(8.5) can then be rewritten as

Ĉnil(yi) ρnil(xi) = iρnil(xi) . (8.8)

This extremization condition can be expanded in any basis of choice for the fluxes
by writing out ρnil componentwise, yielding a system of algebraic equations in the
moduli. Our approach in this work is to take solutions of (8.4) as input, and then
slowly vary the moduli vevs to find a solution to (8.8).
In the following two sections we exemplify the proposed moduli stabilization

scheme in Type IIB and F-theory. In Type IIB we consider examples where we
stabilize all moduli, and compare the accuracy of our approximations by looking at
the displacement of the vacua. In F-theory we consider the so-called linear scenario
and show how flat directions in the sl(2)-approximations are lifted by corrections
in the nilpotent orbit. We also make some comments about these vacuum loci
regarding swampland conjectures, with a particular focus on the tadpole conjecture
for (the Type IIB version of) the linear scenario.

8.2 Self-duality: Type IIB examples
We first demonstrate our strategy on a set of Type IIB examples. We consider an
example at large complex structure with h2,1 = 2 and another where one modulus
is sent close to a conifold locus with h2,1 = 3.
5A systematic approach to incorporate these corrections in y1/y2, . . . , yn−1/yn, 1/yn to the Hodge
star operator was put forward in the holographic perspective of [7, 45].
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8.2 Self-duality: Type IIB examples

8.2.1 Large complex structure limit for h2,1 = 2

Let us consider the example discussed in section 5.4. We recall the triple intersection
numbers of the mirror threefold from (5.74) as

κ122 = 4 , κ222 = 8 , (8.9)

which specify the Kähler metric in the complex structure sector via the periods
(1.41). The sl(2)-approximated Hodge-star operator in the regime y1 � y2 � 1 has
been shown in (5.99), where we note that the full polynomial periods contain more
detailed information about the moduli-space geometry than the sl(2)-approximation.
In order to compare these two approaches, we define the relative difference

∆ = ||φ
nil − φsl(2)||
||φnil||

, (8.10)

where φ = (yi, xi, s, c) and where for simplicity we used the Euclidean norm. To
illustrate this point, let us give an explicit example:

fluxes sl(2)-approximation large complex structure
hI = (0, 0, 1) yi = (9.72, 2.79) yi = (7.85, 2.79)
hI = (−162, 0, 0) xi = (0.00, 0.00) xi = (0.00, 0.00)
f I = (1, 0, 0) s = 0.93 s = 0.93
fI = (0, 1, 37) c = 0.00 c = 0.00
Nflux =−199 ∆ = 0.22

The choice of H3 and F3 fluxes together with their tadpole contribution (c.f. equa-
tion (1.78)) is shown in the first column, in the second column we show the location
of the minimum in the sl(2)-approximation, and in the third column the location
of the minimum determined using the full polynomial periods (i.e. the nilpotent
orbit) is shown. These two loci agree reasonably-well even for the small hierarchy
of three, and their relative difference ∆ is 22%.

Next, we want to investigate how well the sl(2)-approximation to the Hodge-star
operator agrees with the large complex structure result depending on the hierarchy
of the saxions. We implement the hierarchy through a parameter λ as follows

y1 = λ2 , y2 = λ , (8.11)

and for larger λ we expect a better agreement between the two approaches. We
have considered three different families of fluxes characterized by different initial
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8 Moduli stabilization in asymptotic regimes

choices for hI , f I and the axions xi. The dependence of the relative difference ∆
on the hierarchy parameter λ is shown in figure 8.1a, and in figure 8.1b we shown
the dependence of the (absolute value) of the tadpole contribution Nflux on λ. We
make the following observations:

• As it is expected, for a large hierarchy λ the sl(2)-approximation agrees better
with the large complex structure result. Somewhat unexpected is however
how quickly a reasonable agreement is achieved, for instance, for a hierarchy
of λ = 6 the two approaches agree up to a difference of 15%.

• Furthermore, it is also expected that when approaching the boundary in
moduli space the tadpole contribution increases, however, the rate with
which the tadpole increases is higher than naively expected. For the family
corresponding to the green curve in figures 8.1 the tadpole dependence can
be fitted as

Nflux = 8.27λ3.99 + 34.69 , (8.12)

which is in good agreement with the data for λ ≥ 2. Thus, for these examples,
when approaching the large complex structure limit the tadpole contribution
increases rapidly. The scaling in λ of the tadpole can also be understood
from the weights of the fluxes under the sl(2)-triples. The heaviest charge is
(1, 0, 0, 0, 0, 0) with weights (`1, `2) = (1, 2) under N0

1 , N
0
2 . Using (5.34) for

the asymptotic behavior of the Hodge star and plugging in (8.11) for the
saxions we find that

Nflux ∼ (y1)`1(y2)`2 = λ4 . (8.13)

8.2.2 Conifold–large complex structure limit for h2,1 = 3

As a third example we consider a combined conifold and large complex structure
limit. We choose h2,1 = 3, and send one saxion to a conifold locus in moduli space
and the remaining two saxions to the large complex structure point. This example
has been considered before in [109], but here we neglect some of the instanton
contributions to the prepotential. In particular, for our purposes it is sufficient to
consider the following prepotential

F = − 1
3!
KijkXiXjXk

X0 + 1
2 aijX

iXj + biX
iX0 + c

(
X0)2 − (X3)2

2π i log
[
X3

X0

]
, (8.14)

222



8.2 Self-duality: Type IIB examples

0 2 4 6 8 10

0.1

0.2

0.3

0.4

λ

∆

(a) Dependence of ∆ on λ.

2 4 6 8 10

10

100

1000

104

105

λ

Nflux

(b) Log-dependence of Nflux on λ.

Figure 8.1: Large complex structure limit for h2,1 = 2 for three families: dependence of the
relative difference ∆ and of the tadpole contribution Nflux on the hierarchy parameter λ.

where i, j, k,= 1, . . . , 3. The non-trivial triple intersection numbers Kijk and
constants aij and bi are given by

K111 = 8 ,
K112 = 2 ,
K113 = 4 ,
K123 = 1 ,
K133 = 2 ,

a33 = 1
2 + 3−2 log[2π]

2π i ,

b1 = 23
6 ,

b2 = 1 ,
b3 = 23

12 .

(8.15)

The constant c can be set to zero for the limit we are interested in for simplicity.
After computing the periods ∂IF and the matrix ∂I∂JF , we set ti = Xi/X0 and
X0 = 1, and we perform a further field redefinition of the form

t1 → t̃1 , t2 → t̃2 + 4 t̃3 , t3 → e2π i t̃3 , (8.16)

where the tildes will be omitted in the following.
Let us now consider the sl(2)-approximation in the regime y3 � y2 � y1 � 1.

Using the periods following from the prepotential (8.14) and the algorithm of section
5.3 we construct the sl(2)-approximated Hodge star (5.34). The relevant building
blocks are the sl(2,R)-triples

N−1 =



0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
− 4

3 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
5 0 0 0 0 −1 4

3 0
0 − 16

3 −2 − 8
3 0 0 0 0

0 −2 0 −1 0 0 0 0
0 − 8

3 −1 − 4
3 0 0 0 0


, N0

1 =



2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 8

3 2 4
3 0 0 0 0

0 0 0 0 0 0 0 0
0 31

3 4 31
6 −2 0 0 0

31
3 0 0 0 0 0 − 8

3 0
4 0 0 0 0 0 −2 0
31
6 0 0 0 0 0 − 4

3 0


,
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8 Moduli stabilization in asymptotic regimes

N−2 =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1

2 0 0 0 0


, N0

2 =



0 0 0 0 0 0 0 0
0 0 0 − 1

2 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 1

2 0 −1


, (8.17)

N−3 =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
8 0 0 0 0 0 −4 0
0 −8 0 −4 0 0 0 0
0 0 0 0 0 0 0 0
0 −4 0 −2 0 0 0 0


, N0

3 =



1 0 0 0 0 0 0 0
0 1 0 1

2 0 0 0 0
0 − 8

3 −1 − 4
3 0 0 0 0

0 0 0 0 0 0 0 0
0 5 0 5

2 −1 0 0 0
5 0 0 0 0 −1 8

3 0
0 0 0 0 0 0 1 0
5
2 0 0 0 0 − 1

2
4
3 0


,

and the boundary Hodge star

C∞ =



0 − 23
24 − 1

4 − 23
48

1
4 0 0 0

− 5
16 0 0 1

2 0 5
8 − 1

6 −1
− 43

12 0 0 0 0 − 1
6

38
9 0

0 0 0 −1 0 −1 0 2
− 281

32 0 0 0 0 5
16

43
12 0

0 − 1745
144 − 31

24 − 1745
288

23
24 0 0 0

0 − 31
24 − 1

2 − 31
48

1
4 0 0 0

0 − 1745
288 − 31

48 − 2321
576

23
48 − 1

2 0 1


. (8.18)

To compare moduli stabilization within the sl(2)-approximation and the nilpotent
orbit approximation in the conifold-large complex structure limit (coni-LCS), we
consider first the following example

fluxes sl(2)-approximation coni-LCS

hI = (1, 0, 0, 1) yi = (1.88, 3.78, 8.20) yi = (1.88, 2.61, 6.92)
hI = (3,−60, 1,−30) xi = (−0.14,−1.27, 0.99) xi = (−0.14,−1.27, 1.35)
fI = (0, 1, 0, 0) s = 1.05 s = 1.05
fI = (132, 32, 0, 18) c = 0.07 c = 0.07

N =−210 ∆ = 0.22

The hierarchy in the sl(2)-approximation has been chosen as a factor of two, the
relative difference to the moduli stabilized via the coni-LCS prepotential (8.14) for
this example is 22%.
Next, we want to study how well the sl(2)-approximation of the Hodge-star

operator captures moduli stabilization via the coni-LCS prepotential. We follow a
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8.3 Self-duality: F-theory examples

strategy similar to the previous example and implement a hierarchy for the saxions
through a parameter λ as

y1 = λ , y2 = λ2 , y3 = λ3 . (8.19)

As before, we expect that for larger λ the agreement between the two approaches
improves. We have again considered three different families of fluxes characterized
by different initial choices for hI , f I and the axions xi. The dependence of the
relative difference ∆ on the hierarchy parameter λ is shown in figure 8.2a, and
in figure 8.2b we shown the dependence of the (absolute value) of the tadpole
contribution Nflux on λ. Our observations agree with the previous example, in
particular:

• we see that even for a small hierarchy of λ = 4 the relative difference between
the stabilized moduli is only around 10%.

• The tadpole contribution (1.78) grows rapidly with the hierarchy parameter
λ. For instance, for the orange curve in figure 8.2b we obtain a fit

Nflux = 4.29λ4.97 + 96.71 , (8.20)

which is in good agreement with the data for λ ≥ 3. Therefore, also for this
example the tadpole contribution increases rapidly when approaching the
boundary in moduli space. Again this scaling is understood from the growth
of the Hodge star for the heaviest charge (1, 0, 0, 0, 0, 23/6, 1, 23/12). Using
(5.34) we find that

Nflux ∼ (y1)`1(y2)`2(y3)`3 = λ5 , (8.21)

where we used that its weights under the N0
i are (`1, `2, `3) = (2, 0, 1), and

plugged in the scaling (8.19) of the saxions in λ.

8.3 Self-duality: F-theory examples
We now want to apply the techniques discussed in the above sections to F-theory
compactifications on elliptically fibered Calabi-Yau fourfolds. We study one example
in great detail, where we show how flat directions in the sl(2)-approximation are
lifted by corrections from the nilpotent orbit. We also comment on some relations
of these vacua to swampland conjectures, with a particular focus on the tadpole
conjecture.
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Figure 8.2: Conifold–large complex structure limit: dependence of the relative difference ∆
and of the tadpole contribution Nflux on the hierarchy parameter λ. The plots show three
different families, which all show a similar behaviour.

8.3.1 Large complex structure regime

To make our discussion here more explicit, we specialize to a particular region in
complex structure moduli space. More concretely, we consider the large complex
structure regime of a Calabi-Yau fourfold Y4. We first review the details of these
asymptotic regimes here, and in the next subsection move on to the study of moduli
stabilization in explicit examples.

Moduli space geometry

Using homological mirror symmetry the superpotential can be expressed in terms of
the central charges of B-branes wrapping even-degree cycles of the mirror-fourfold
X4, and we refer to the references [167–170] for a more detailed discussion. Following
the conventions of [163], we expand the periods of the holomorphic four-form Ω
around the large complex structure point as

Π =


1
−tI

1
2ηµνζ

ν
IJ t

ItJ

− 1
6KIJKLt

J tKtL + iK
(3)
I

1
24KIJKLt

ItJ tKtL − iK(3)
I tI

 , (8.22)
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where KIJKL are the quadruple intersection numbers of X4 and the coefficients
K

(3)
I arise from integrating the third Chern class. In formulas this reads

KIJKL = DI ·DJ ·DK ·DL , K
(3)
I = ζ(3)

8π3

∫
X4

c3(X4) ∧ JI , (8.23)

where DI denotes a basis of divisor classes for X4 that generate its Kähler cone6 and
JI ∈ H2(X4,Z) denote their Poincaré dual two-forms. Under mirror symmetry the
h1,1(X4) Kähler moduli ti of X4 are identified with the h3,1(Y4) complex structure
moduli of Y4, and the coefficients K(3)

I can be interpreted as perturbative corrections
to the periods, similar to the correction involving the Euler characteristic in the
periods (1.41) for the threefold case. Furthermore, we introduced a tensor ζµIJ to
expand all intersections of divisor classes DI ·DJ into a basis of four-cycles Hµ as

DI ·DJ = ζµIJHµ . (8.24)

The intersection of two four-cycles Hµ ·Hν is denoted by

ηµν = Hµ ·Hν , (8.25)

and comparing with (8.23) leads to the following relation for the intersection
numbers

KIJKL = ζµIJ ηµν ζ
ν
KL . (8.26)

The superpotential (1.86) shown above can be expressed as W = G4 ΣΠ, where Σ
is the matrix coupling the periods to the flux quanta which is given by

Σ =


0 0 0 0 1
0 0 0 −δIJ 0
0 0 ηµν 0 0
0 −δJI 0 0 0
1 0 0 0 0

 . (8.27)

Note that we used I, µ to label the rows and J, ν for columns. The G4-flux written
in these conventions takes the form

G4 =
(
m, mI , m̂µ , eI , e

)
, (8.28)

where the flux-quanta are (half-)integer quantized , and the contribution of the
fluxes to the tadpole cancellation condition is given by

Nflux = 1
2

∫
Y4

G4 ∧G4 = 1
2G4ΣG4 . (8.29)

6We assume the Kähler cone to be simplicial, i.e. the number of generators is equal to h1,1(X4).
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8 Moduli stabilization in asymptotic regimes

Let us stress that the period vector (8.22) is not expanded in an integral basis,
which means that special care has to be taken with the quantized fluxes coupling
to these periods in the superpotential (1.86). This quantization was worked out
in [169], and has been reformulated as a rational shift of the flux quanta in [163].
For our purposes implementing this shift will not be important, however, we still
require the flux quanta in (8.28) to take integer values. From the perspective of
moduli stabilization these rational shifts typically only affect the moduli vevs and
their masses slightly, while we merely want to demonstrate the effect of corrections
to the sl(2)-approximation on aspects such as flat directions. Also for the minimal
tadpole these shifts only add a small rational term, while we are interesting in the
scaling in large h3,1.
Finally, it is instructive to decompose the periods in (8.22) according to the

nilpotent orbit form similar to the threefold case discussed above. In particular, we
can read off the log-monodromy matrices NA and leading term a0 of the periods as

Π = et
INIa0 , NA =


0 0 0 0 0
−δAI 0 0 0 0

0 −ηµρζρAJ 0 0 0
0 0 −ζνAI 0 0
0 0 0 −δAJ 0

, a0 =


1
0
0

K
(3)
I

0

 . (8.30)

Periods for an elliptically fibered mirror

Let us now specialize to an elliptically fibered mirror fourfold X4, which corresponds
to the example considered in the following section. For fourfolds with this fibration
structure the topological data of X4 is determined by the base B3, and one can
explicitly construct a basis for the four-cycles Hµ as discussed in [170]. In the
following we work in the conventions of [163]. We start by constructing a basis for
the two- and six-cycles of X4 from the base B3. For the generators of the Mori
cone of B3 corresponding to two-cycles we write C ′a, while the dual four-cycles
that generate the Kähler cone are denoted by divisors D′a. The index runs as
a = 1, . . . , h1,1(B3) with h1,1(B3) = h1,1(X4)− 1. Denoting the projection of the
fibration by π and the divisor class of the section by E, we can then generate the
Mori cone of X4 by

C0, Ca = E · π−1C ′a , (8.31)

where C0 corresponds to the class of the fiber. We generate the Kähler cone of X4

by the dual basis of divisor classes

D0 = E + π∗c1(B3) , Da = π∗D′a , (8.32)
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where c1(B3) = ca1D
′
a denotes the first Chern class of the base B3. We can recover

the intersection numbers of B3 from those of X4 as

Kabc = D′a ·D′b ·D′c = D0 ·Da ·Db ·Dc = K0abc . (8.33)

Having constructed a basis for the two- and six-cycles, let us next consider the
four-cycles Hµ. We can generate these four-cycles via the divisors D′a and curves
C ′a of B3 as

Ha = D0 ·π−1(D′a) = D0 ·Da , Hâ = π−1(C ′a) , a, â = 1, . . . , h1,1(B3) , (8.34)

where we split µ = (a, â). As a final task we construct the tensors ζµij and ηµν
appearing in the periods (8.22). The tensor ζµIJ relating intersections of two-cycles
DI ·DJ to the four-cycle basis Hµ by (8.24) is found to be

ζa0b = δab , ζ âbc = Kabc , ζa00 = ca1 , (8.35)

and all other components either vanish or are fixed by symmetry. The intersections
ηµν between the four-cycles Hµ are given by

ηab = Kabccc1 , ηab̂ = δab , ηâb̂ = 0 . (8.36)

8.3.2 The linear scenario – construction
With the expressions introduced above, we can now discuss a more concrete setting.
We consider the triple fibration T 2 → P1 → P1 → P1 as the mirror fourfold, and for
the toric construction we refer to [171]. In [163] this geometry was used to realize a
particular moduli stabilization scheme called the linear scenario. Here we discuss
this setup from the perspective of the sl(2)-approximation, and we comment on the
scaling of the corresponding tadpole-contribution of the fluxes.

Moduli space geometry

The relevant topological data of the above fourfold X4 can be summarized by the
following intersection numbers

KABCDyAyByDyD = yL(32y3
0 + 24y0y1y2 + 12y0y

2
2 + 24y2

0y1 + 26y2
0y2)

+ 64y2
0y1y2 + 24y0y

2
1y2 + 8y0y

3
2 + 24y0y1y

2
2 + 64y3

0y1

+ 24y2
0y

2
1 + 36y2

0y
2
2 + 72y3

0y2 + 52y4
0

= 4yLKL + f(yα) , (8.37)
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and by the integrated third Chern class

K
(3)
A yA = −ζ(3)

8π3

(
3136y0 + 480yL + 960y1 + 1080y2

)
, (8.38)

and the base B3 of the elliptic fibration has first Chern class

c1(B3) = D1 + 2D2 . (8.39)

The divisor D0 corresponds to the zero section of the elliptic fibration as given in
the basis (8.32), while DL corresponds to the class of the Calabi-Yau threefold fiber
over P1. In the last line of (8.37) we singled out the terms dependent on the saxion
yL by writing

KL =
∑
α,β,γ

KLabcyαyβyγ , f(ya) =
∑

α,β,γ,δ

Kαβγδyαyβyγyδ , (8.40)

where f(ya) contains the remaining terms only depending on yα = y0, y1, y2. Let
us also note that we sort our complex structure moduli in the order (t0, tL, t1, t2)
for the construction of the log-monodromy matrices as described by (8.30), and
split the indices as A = (L,α) with α = 0, 1, 2. Furthermore, we use the four-cycle
basis as described by (8.34), where we let the indices run as a, â = L, 1, 2.7

Saxion hierarchies and the sl(2)-approximation

Let us now introduce particular scalings for the saxions yA. For the linear scenario
of [163] there is a hierarchy yL � yα which we realize by

yL = λ3 , yα = λ ŷα . (8.41)

In order to understand this regime from the perspective of the sl(2)-approximation
we need to consider a further hierarchy yL � y1 � y2 � y0, which we implement
via an additional scaling parameter ρ as

yL = λ3ρ , y0 = λ , y1 = λρ2 , y2 = λρ . (8.42)

Setting for instance ρ = λ we find scalings (yL, y0, y1, y2) = (λ4, λ, λ3, λ2) as needed
for the hierarchy of the sl(2)-approximation, while for ρ = 1 we reduce to a scaling
of the form of (8.41). Typically we will keep both the scaling in ρ and λ explicit
rather than making a choice for ρ. We can then use the scaling in λ found in the
7Note that this four-cycle basis differs from the one used in [163], where another basis was taken
using the fibration structure of the threefold fiber rather than the elliptic fiber.
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weights charges

(−1,−3) (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1)

(−1,−1)
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0)
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0)

(−1, 1)
(0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
(0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)
(0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0)

(−1, 3) (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(1,−3) (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1
2 , 0)

(1,−1)
(0, 0, 0, 0, 0, 1, 0, 0,− 1

2 , 1,−1, 0, 0, 0, 0, 0)
(0, 0, 0, 0, 0, 0, 1, 0, 1,− 3

2 , 1, 0, 0, 0, 0, 0)
(0, 0, 0, 0, 0, 0, 0, 1,−1, 1, 0, 0, 0, 0, 0, 0)

(1, 1)
(0, 1, 0, 0,−2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
(0, 0, 1, 0,−2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
(0, 0, 0, 1,−2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(1, 3) (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

Table 8.1: Eigenspaces of the weight operators given in (8.92). In order to connect to
the scaling of the linear scenario (8.41) we grouped the weights `α under N0

α together as
(`L, `0 + `1 + `2).

sl(2)-approximation to make statements about the linear scenario. In order to keep
the discussion here concise we included the data specifying the sl(2)-approximated
Hodge star in appendix 8.A. It is, however, instructive to give the eigenspaces of
the weight operators N0

i , which have been summarized in table 8.1.

Parametric scaling of the tadpole

Regarding this model, the aim in [163] was to make a flux-choice which keeps the
tadpole contribution Nflux finite asymptotically. The parametric growth of the
tadpole due to a flux is specified by its weights under the sl(2,R)-triples and we
recall that for a charge in the eigenspace q ∈ V`1`2`3`4 its Hodge norm (5.34) grows
as

‖q‖2 ∼ y`LL y`00 y`11 y`22 . (8.43)

231



8 Moduli stabilization in asymptotic regimes

Using the scalings of the saxions shown in (8.42), we find for large λ that 3`L +
`0 + `1 + `2 ≤ 0 must hold for our flux quanta. From (8.92) we can compute that
`A = ±1 for all weights, so the fluxes with weights `L = 1 and `0 + `1 + `2 = −1, 1, 3
should be turned off. Inspecting table 8.1 we then find that this corresponds to the
flux choice

m = 0 , mi = (0,mL, 0, 0), m̂µ = (0, m̂1, m̂2, m̂L̂, 0, 0) , (8.44)

and all other fluxes unconstrained. This matches precisely with the fluxes that were
turned off in [163], motivated from the sl(2)-approximation. (Note that we chose a
different four-cycle basis as compared to [163] so the choice of m̂µ takes a slightly
different form.)

Flat directions

Given the above choice of fluxes, we can now investigate the stabilization of the
saxions within various approximation schemes. Via the self-duality condition of the
G4-flux, the axions are fixed as as [163]

xα = − m̂
α

mL
, xL = − e

eL
− 1

3eL(mL)2

(
KLabcm̂am̂bm̂c − 3eam̂amL

)
.

(8.45)
However, for simplicity we set these axions to zero in the following, that is xL =
x0 = x1 = x2 = 0, which means we impose e = m̂1 = m̂2 = m̂L̂ = 0 on the flux
quanta in addition to (8.44).

• sl(2)-approximation: For the specified choice of fluxes (8.44) with vanishing
axions we find (1,−3) and (−1, 3) as allowed weights for (`L, `0 + `1 + `2).
Using the sl(2)-approximated Hodge star (5.34) in the self-duality condition
(1.87), this leads to

eL = −y0 y1 y2

2yL
mL , eα = 2eL . (8.46)

Notice that the saxions only appear as the combination y0y1y2/yL, so there
are three saxionic directions left unconstrained. In particular, when plugging
in the scaling of the linear scenario (8.41) we see that λ drops out completely.
We can stabilize these seemingly flat directions by including corrections to
the sl(2)-approximation.

• Nilpotent orbit approximation: We next include the full set of polynomial
terms in the periods, in particular, we investigate the difference between
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8.3 Self-duality: F-theory examples

including the corrections K(3)
i or not. The relevant extremization conditions

for the saxions now read [163]

eL = −K6 gLLm
L =

(
− KL

tL
+ f

24t2L
−
K

(3)
L ζ(3)

64π3tL

)
mL +O

( 1
λ4

)
,

eα = mL

6 KL∂α
( f

4KL

)
−

9K(3)
L KLαmL

8KL
+O

( 1
λ2

)
,

(8.47)

where KLα =
∑
β,γ KLαβγyβyγ . We also specified the order in λ at which

corrections to these equations enter under the scaling (8.41). Note that only
K

(3)
L appears here, so it dominates over the other corrections K(3)

α in the
expansion in λ. Since it is rather difficult to solve (8.47) explicitly for the
saxions, we will instead consider some specific flux quanta eL, eα to exemplify
that the saxions can indeed be stabilized. As flux quanta we take

mL = 623 , eA = (−4698,−3072,−2760,−1566) , (8.48)

for which the saxions (8.41) are stabilized at

λ = 6 , ŷα = 1 . (8.49)

• Nilpotent orbit approximation without K(3)
L : We also compute the eigenvalues

of the mass matrix Kab∂a∂bV while formally setting K(3)
L = 0 and K(3)

α = 0.
This yields the canonically-normalized masses

m2 =
(
3.4 · 1018, 1.7 · 1013, 1.7 · 1013, 1.7 · 1013,

1.6 · 1013, 3.8 · 1011, 2.7 · 1011, 0
)
,

(8.50)

and hence for this setting there is one flat direction.

• Nilpotent orbit approximation with K(3)
L : We then include the correction K(3)

L

but still set K(3)
α = 0 and find that the flat direction now acquires a mass

m2 =
(
3.4 · 1018, 1.7 · 1013, 1.7 · 1013, 1.7 · 1013,

1.6 · 1013, 3.6 · 1011, 2.5 · 1011, 2.3 · 107), (8.51)

while the other masses are only affected slightly. The now non-zero mass is
significantly smaller as compared to the other moduli, since its mass scale is
set by the correction K(3)

L rather than the leading polynomial terms.
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Type IIB2 case

In order to understand the above observations better, let us reduce the F-theory
setting to Type IIB string theory. This brings us to the IIB2 moduli stabilization
scheme of [163], which was originally considered in [172]. In order to match the two
configurations we set f = 0 and K(3)

α = 0, and identify KLαβγ with the intersection
numbers of the Calabi-Yau threefold and K(3)

L as the Euler characteristic correction.
Furthermore, the dilaton tL is interpreted as the axio-dilaton τ . We will keep the
notation of the F-theory setting, and simply drop the terms that are absent in the
Type IIB setup, for which the self-duality condition (8.47) reduces to

eL =
(
− 1

6
KL
yL
−
K

(3)
L ζ(3)

64π3yL

)
mL , eα = −9K(3)

L KLαmL

8KL
. (8.52)

When we drop the correction K(3)
L and plug in the saxion scaling (8.41) we see that

λ cancels out of these equations. However, subsequently including the correction
fixes λ as

λ3 = 64π3

K
(3)
L ζ(3)

(
− 1

6KLαβγ ŷ
αŷβ ŷγ − eL

mL

)
. (8.53)

Thus in the IIB2 scenario the modulus λ parametrizes precisely the flat direction
we encountered before, which is stabilized by including perturbative corrections. In
the general F-theory setup this symmetry was more difficult to spot in (8.41) due to
the presence of the function f(ŷα) which alters this parametrization. Nevertheless,
by studying the effect of K(3)

L on the masses in (8.50) and (8.51) we were able to
observe this feature. We should also point out that, in contrast to the general
F-theory setting, there is more than one flat saxionic direction present when K(3)

L is
dropped here. In this case (8.52) only imposes a single constraint on the saxions, so
in addition to λ there are h2,1 − 1 other saxionic directions that remain flat. This
shows how λ is stabilized by corrections to the sl(2)-approximation, but we will not
look further into these other flat directions.

8.3.3 The linear scenario – discussion
We now want to discuss the linear scenario in view of relations to swampland
conjectures, to the finiteness theorem and to the tadpole conjecture.

Relations to swampland conjectures and finiteness theorem

The above hierarchy in the masses of the linear scenario is quite interesting in
light of some swampland conjectures. Say we place a cutoff scale between the
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8.3 Self-duality: F-theory examples

moduli masses stabilized in (8.50) and the field direction stabilized by the K(3)
L

effect in (8.51). From the mass hierarchy it then follows that we can integrate out
all axion fields (and three saxion fields), while one runaway direction remains. In
the IIB2 case this direction is parametrized via the saxionic modulus λ by (8.41),
while in the more general F-theory setup this parametrization is slightly more
involved. Either way, by restricting to this valley of the scalar potential we obtain a
pseudomoduli space containing a single saxion field and no axions. In turn, we can
send λ→∞, resulting in an infinite distance limit. Generically this path does not
lift to a geodesic in the original higher-dimensional moduli space, so this provides
us with an interesting class of examples for the Convex Hull Distance Conjecture
of [47]. On the other hand, this infinite distance limit is rather intriguing from
the perspective of the Distant Axionic String Conjecture [42,52]. It predicts the
emergence of asymptotically tensionless strings coupled to axion fields, but in this
effective field theory all axions have already been integrated out due to the cutoff.
It would be interesting to return to this puzzle in the near future, and see if a
more detailed study of axion strings in the background of such scalar potentials
elucidates this matter.

Let us also comment on the linear scenario in the context of the general finiteness
theorems for flux vacua satisfying the self-duality condition [45, 56, 59]. A first
observation is that the tadpole Nflux = −eLmL seems to be independent of the flux
eα. However, it is not hard to see that eα cannot be chosen freely and there are
only finitely many choices allowed in this setting. The second equation in (8.52)
implies that if we want to increase eα, we either have to increase mL or decrease
the moduli. In the former case, we immediately see that the tadpole grows, while
in the latter case we reach a point where our use of the asymptotic results are no
longer applicable. Furthermore, we check that the possible vevs for the saxions
are bounded from above, which is another necessary condition for the finiteness
of solutions. Inserting the scaling (8.41) into the first equation of (8.52) we see
that the ŷα are bounded from above. Namely, otherwise eL grows as we increase
the volume KLαβγ ŷαŷβ ŷγ , resulting in a diverging tadpole Nflux = −eLmL. Using
similar reasoning we find that λ is bounded through the condition (8.53).

Finally, let us also have a closer look at the flux vacuum loci themselves. In
particular, consider the case K(3)

L = 0. For such geometries the modulus λ is unfixed
due to the absence of corrections in the nilpotent orbit approximation. This means
the resulting flux vacua are not point-like, but rather infinite lines stretching to
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8 Moduli stabilization in asymptotic regimes

the boundary of moduli space.8 It is interesting to point out that vacuum loci of
this type do not need to be algebraic. This implies that if one aims to describe
the structure of all flux vacua one has to leave the world of algebraic geometry.
Remarkably, a delicate and powerful extension of algebraic geometry that can be
use to describe flux vacua is provided by using tame topology and o-minimality [56].
The resulting tame form of geometry manifest the notion of finiteness and removes
many pathologies that are allowed in geometric settings based on ordinary topology.

Tadpole conjecture I – without axions

We now focus on the tadpole contribution of the fluxes and its scaling with the
number of moduli [119,173]. For simplicity we restrict our attention to the IIB2
case, and our discussion follows closely the line of arguments first presented in
[174]. In particular, we will be using statistical data for Calabi-Yau threefolds
obtained in [175] to show that the linear scenario is, under certain genericity
assumptions, compatible with the tadpole conjecture. Our main argument can then
be summarized as follows:

• Since we restrict our discussion to the large complex structure limit and
ignore instanton corrections, we need to ensure that the latter are sufficiently
suppressed. To implement this constraint on the mirror-dual side, we require
that all holomorphic curves C have a volume greater than a constant c.
Similarly we require that all divisors D and the mirror threefold Ỹ3 itself
to have volumes greater than c, and we use these conditions to define the
stretched Kähler cone [175], i.e. we consider those J that satisfy∫

C

J > c ,
1
2

∫
D

J2 > c ,
1
6

∫
Ỹ3

J3 > c . (8.54)

Note that (after applying mirror-symmetry) the asymptotic regime introduced
at the beginning of section 5.3 lies in the stretched Kähler cone with c = 1.

• In [175] the authors analyzed the Kreuzer-Skarke list [89] and determined
properties associated with the stretched Kähler cone. Via mirror symmetry,
these results on the Kähler-moduli side then translate to the large complex
structure limit we are interested in.

8It could be the case that the inclusion of exponential corrections stabilizes this flat direction.
There are, however, examples where such corrections are absent [56]. In that regard it is
interesting to point out the work of [142], where the absence of instantons in special cases was
related to higher-supersymmetric settings.
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8.3 Self-duality: F-theory examples

• We note that the Kähler form J can be expanded in any basis of the second
cohomology. For example, we can use the generators ωα of a simplicial
subcone as discussed in more detail in [6] and write J = yαωα. Setting c = 1
in (8.54) then implies yα > 1 and we obtain the above parametrization of
the asymptotic regime. However, in [175] the analysis was carried out in a
basis naturally arising in the explicit construction of Calabi-Yau threefold
examples. Denoting this basis by [Dα] we expand J = vα[Dα]. We note
that the vα now obey certain non-trivial inequalities for J to be an element
of the stretched Kähler cone (8.54). Clearly, also the intersection numbers
Kαβγ = Dα · Dβ · Dγ have to be evaluated in this different basis and the
statistical statements of [175] concerning their behaviour is generically true
in this ‘special’ basis.

• Of interest to us are the number of non-zero entries in the triple intersection
numbers καβγ and a measure for how stretched the Kähler cone is at large h1,1.
To associate a number to the latter, we introduce the distance |v| =

√∑
a(va)2

from the origin of the Kähler cone to a Kähler form J = va[Da], and denote
by dmin the minimal distance between the origin of the Kähler cone and the
tip of the stretched Kähler cone. In [175] these have been determined for the
Kreuzer-Skarke database and their dependence on h1,1 have been determined.
Under mirror symmetry this dependence translates into9

#(καβγ 6= 0) & 6.5h2,1 + 25 , dmin ' 10−1.4 (h2,1)2.5 . (8.55)

Furthermore, for large h2,1 the size of the entries of καβγ is of order O(10)
which can be inferred from figure 2 of [175]. For generic situations and in the
large h2,1 limit we then obtain the following rough scaling behavior (see [174]
for details on the derivation)

KL ∼ (h2,1)−1/2 |v|3 , KLα ∼ (h2,1)−1 |v|2, K(3)
L ∼ h

2,1 . (8.56)

The scaling behaviour of KLα can be determined using (8.55) together with
vα = |v|eα and eα ∼ (h2,1)−1/2, and we included here the quantity K

(3)
L

which contains the Euler characteristic. Note that this scaling behaviour
matches roughly the statistical analysis presented in [175] for the minimal
total volume and divisor volumes in the stretched Kähler cone when replacing
|v| with dmin.

9When using the basis ωα to expand the Kähler form then the dependence of the quantities in
(8.55) on h2,1 will be different. Since this information is not readily available, we use the basis
employed in [175].

237



8 Moduli stabilization in asymptotic regimes

Let us now use (8.56) and determine the moduli-dependent expression in the second
relation in equation (8.52). For generic situations and for large h2,1 we can make
the following estimate

9K(3)
L KLα
8KL

∼ (h2,1)1/2 |v|−1 . (h2,1)−2 , (8.57)

where in the second step we applied the bound |v| ≥ dmin and where we ignored
numerical factors. This scaling can now be used in the self-duality condition (8.52),
where the second condition together with (8.57) translates to

eα . (h2,1)−2mL . (8.58)

However, since the fluxes eα and mL are integer quantized it follows that for
non-zero eα and mL the flux mL has to scale at least as (h2,1)2. For the tadpole
contribution this implies

Nflux = −eLmL ∼ (h2,1)2 , (8.59)

which is in agreement with the tadpole conjecture.
While this result is non-trivial, let us emphasize that we have used fitted statistical

data to make this estimate. Some of our steps, most notably (8.57), are true only
approximately and are made under the assumption that conspicuous cancellations
are absent. Comparing (8.56) with statistical results on the divisor volumes obtained
in [175] shows agreement, but ideally we would like to have available results on
the minimal value that KL/KLα can take in the stretched Kähler cone directly.
Moreover, it is conceivable that certain families of compactification spaces exist
that show a slightly different scaling behaviour. Hence, we do not claim that the
IIB2 moduli stabilization scheme of [163] cannot produce examples that violate
the tadpole conjecture – however, under the assumptions stated above the scheme
of [163] generically satisfies the tadpole conjecture (in the case of vanishing axions).
Note that a similar observation has been made independently in [176].

Tadpole conjecture II – including axions

We finally want to discuss the case of non-vanishing axions. Having non-zero fluxes
m̂µ introduces additional terms, and the modified self-duality equation in F-theory
reads

mLeα −
1
2KLαβγm̂

βm̂γ = (mL)2
(

1
6KL∂α

( f

4KL

)
−

9K(3)
L KLα
8KL

)
. (8.60)
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For the type IIB limit we set f = 0, and together with the first relation in (8.52)
the self-duality condition can be expressed as

eL =
(
− 1

6
KL
yL
−
K

(3)
L ζ(3)

64π3yL

)
mL ,

mLeα −
1
2KLαβγm̂

βm̂γ = −9K(3)
L KLα(mL)2

8KL
.

(8.61)

We now want to repeat our reasoning from above, for which we have to distinguish
two cases:

• We first consider the case in which the combination mLeα − 1
2KLαβγm̂

βm̂γ

appearing in the second relation of (8.61) is generic, in particular, for large
mL this combination is a (half-)integer of order mL (or larger). Using then
the scaling (8.57), we conclude again that

mL ∼ (h2,1)2 =⇒ Nflux ∼ (h2,1)2 , (8.62)

as in our discussion for vanishing axions. Hence, also in this situation the
tadpole conjecture is satisfied.

• As a second case we consider a situation where the combination mLeα −
1
2KLαβγm̂

βm̂γ is fine-tuned to a non-vanishing O(1) half-integer. Here we
only need to require a linear scaling of mL with h2,1, which leads to

mL ∼ h2,1 =⇒ Nflux ∼ h2,1 . (8.63)

The scaling behaviour of the tadpole conjecture is therefore satisfied also in
this non-generic situation.

8.4 Moduli stabilization using the F-terms
We now lay out our strategy for engineering vacua with a small flux superpotential.
This construction relies on first searching for solutions to the F-term equations
coming from the polynomial periods Πpol and supplementing them accordingly with
constraints involving essential instantons in order to stabilize all moduli. As a result
we will have Wpol = 0, which by essential exponential corrections will be lifted to a
small vacuum superpotential |W0|. This procedure is then explicitly applied to the
one- and two-moduli type II models in sections 8.5.1 and 8.5.2 respectively.
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8 Moduli stabilization in asymptotic regimes

Let us begin by writing down the relevant extremization conditions at polynomial
level for our flux vacua. As we want to engineer vacua with an exponentially small
superpotential, we require the polynomial part in the expansion of the superpotential
(3.47) to vanish

Wpol
∣∣
∗ = 0 , (8.64)

where we used a star to denote the evaluation of moduli at their vevs. At the
polynomial level of the superpotential the vanishing F-term constraints (1.82) can
then be written as

〈F3 − τ∗H3, e
ti∗NiNaa0〉 = 0 , 〈H3, e

ti∗Nia0〉 = 0 , 〈F3, e
ti∗Nia0〉 = 0 . (8.65)

The first set of equations follows from ∂aWpol
∣∣
∗ = 0, while the latter two follow

from ∂τWpol
∣∣
∗ = 0. Note that we replaced the covariant derivative by a partial

derivative for all constraints since Wpol
∣∣
∗ = 0 for the flux vacua we are interested

in.
It is important to stress that these polynomial level conditions (8.65) do not suffice

to obtain the vacua of the scalar potential. The vectors Naa0 can be parallel or
even vanishing resulting in a insufficient set of F-term conditions at the polynomial
level. Another way to observe this is by looking at the scalar potential Vpol obtained
from the complete V defined in (1.81) by dropping all exponentially suppressed
corrections in the final expression. We now look for a combination φ of moduli that
is not constrained by the condition (8.65). If such an unfixed direction φ exists,
two possibilities can occur:

(1) The direction φ is a flat direction of the polynomial scalar potential Vpol.
This implies that φ is massless at polynomial order, but might obtain an
exponentially small mass upon including either essential or non-essential
instanton corrections.

(2) The direction φ is not a flat direction of the polynomial scalar potential Vpol,
but rather has a mass term already at polynomial order. This implies that
their mass term must arise from metric-essential instantons correcting the
periods.

Let us comment on these two cases in turn. First, note that for case (1) the
field t∗ not appearing in Vpol might still be stabilized after including instanton
corrections. If non-essential instantons are used in order to ensure the stabilization
one needs to check if such corrections are actually present for a given Calabi-Yau
geometry and implement an appropriate stabilization scheme, such as a racetrack
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potential. To make this concrete in explicit examples was one of the successes
of [107–109]. In particular, it was shown that this can be done at large complex
structure point in [107]. While there are no essential instantons in this asymptotic
limit, it is well-known that generically instanton corrections arise and contribute
to the superpotential. Second, we note that realization of case (2) is primarily
dependent only on the type of asymptotic regime, since we have a systematic
classification in which asymptotic regime certain essential instanton corrections
have to be present. One has thus a stabilization mechanism that is independent of
the actual Calabi-Yau geometry that realizes this limit. In the following we will
focus on case (2) and explain in detail how such situations can be engineered.
To gain a better understanding of what happens in case (2), let us note that

such vacua exactly arise if the polynomial part of the Kähler potential Kpol yields
a degenerate Kähler metric, i.e. when the full Kähler metric has exponential
eigenvalues. To see this we recall from the discussion below (3.47) that such a
Kähler metric allows exponentially suppressed contributions in the F-terms to enter
the scalar potential (1.81) at polynomial order. Hence, the stabilization of the
moduli at polynomial order requires a more careful treatment of the complete F-
terms supplementing (8.65) by additional constraints coming from metric-essential
instantons.
Let us outline an approach to read off these additional constraints by a more

careful treatment of the F-terms. The exponentially suppressed contributions in the
F-terms appear in the polynomial scalar potential through exponential eigenvalues
of the Kähler metric, so it is convenient to expand DIW in an eigenbasis for the
Kähler metric. The eigenvectors relevant for the supplementary constraints then
have a vanishing eigenvalue under the polynomial part of the Kähler metric

(∂i∂̄̄ logKpol)V j = 0 , (8.66)

For boundaries with a linear Kpol such as in section 8.5.2 these eigenvectors V i will
always be independent of the saxions, but for more general boundaries this need
not be the case. Letting ar1···rn denote the essential instanton term corresponding
to a given eigenvector V i, then the relevant F-term constraint can be written as

V iDiW = V i∂iWinst = e2πiriti〈F3 − τ∗H3, V
i(2πiri +Ni)et

i
∗Niar1···rn〉 = 0 ,

(8.67)
where we used that V i∂iWpol = 0, and replaced the covariant derivative by a
partial derivative because V iKcs

i Winst is subleading in the instanton expansion.
Furthermore, note that we dropped correction terms subleading compared to the
essential instanton ar1···rn . The complete set of extremization conditions to stabilize
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the moduli at polynomial order of the scalar potential is then given by (8.65) and
as many equations of the form (8.67) as there are metric-essential instantons. Since
the exponential factor in (8.67) is simply an overall factor, this yields a system of
polynomial equations in the moduli.10

An interesting feature of the vacua constructed according to the above scheme is
a natural hierarchy of mass scales. All moduli are stabilized by the polynomial part
of the scalar potential, so the eigenvalues of the hessian ∂I∂JV will be polynomial
as well. Recall that the inverse Kähler metric either has polynomial or exponentially
large eigenvalues, and that the canonically normalized masses are then computed as
the eigenvalues of KIC∂C∂JV . This means that the moduli masses take polynomial
or exponentially large values in the vevs of the saxions. Either way, this separates
the mass scale of the complex structure moduli and the axio-dilaton from the
exponentially small scale of |W0|2. This hierarchy makes our flux vacua particularly
attractive from the perspective of the KKLT scenario [105], since it allows one
to consistently integrate out the complex structure and axio-dilaton sector before
dealing with the Kähler moduli. This point separates our construction from other
findings [107–109], where the mass of the lightest complex structure modulus was
of the same scale then |W0|2, requiring a more refined analysis.

We end this general discussion by commenting on the application of our procedure
near the different types of boundary points. Given a type I point our method does
not work. Roughly speaking, this is due to the fact that there is too little information
contained in the polynomial piece of the period vector and as a consequence there
is not enough freedom in the fluxes to stabilize all moduli at the polynomial level
of the scalar potential as a result. We elaborated on this point in [3]. Near type II
points, we have a polynomial Kähler potential that is at most linear in the complex
structure moduli, which makes it the simplest and most natural candidate for our
procedure. In section 8.5.1 and 8.5.2, we explicitly apply our method to the one
and two moduli cases respectively. A type III point does not occur in complex
structure moduli spaces of dimension less than three. As the models developed
in [1] only had a maximum of two moduli, we did not have an explicit realization
of this scenario at our disposal. There is, however, no obvious reason for which
the construction should not go through in that case. For a type IV that is not at
LCS, the simplest scenario occurs for two moduli. In that case there is a technical

10This polynomial structure of the extremization conditions is natural from the perspective of
the self-duality condition (1.83). The dependence on the complex structure moduli then enters
through the Hodge star operator, whose polynomial part is already non-degenerate as discussed
below (3.47).
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obstruction to the success of our method, but this problem should be solvable given
more than two moduli. These last two types deserve more concrete investigations
in the future.

8.5 F-terms: Type IIB examples with small W0

In this section we illustrate our method for finding flux vacua with exponentially
small superpotentials by studying one- and two-moduli boundaries in complex
structure moduli space. Our search uses asymptotic models for the periods near
these boundaries constructed in chapter 6. We emphasize that, since all possible
one- and two-moduli boundaries have been classified [1, 27,122], this construction
yielded an exhaustive set of asymptotic periods.

8.5.1 One-modulus asymptotic region near a type II point

We start with the simplest case, namely the one-modulus asymptotic regions that
are near type II boundaries. These have already been systematically studied in
the math literature [147], and such boundaries correspond to so-called Tyurin
degenerations. The period vectors near these boundaries have been computed for
an explicit example in the physics literature in [148], and general models for these
periods including essential instantons have been constructed in chapter 6. Using
the results from the latter, we recall that the Kähler potential (6.24)

Kpol = 4y , Kinst = 4a2(1 + πy)
π

e−4πy , (8.68)

where a ∈ R 6=0 is some model-dependent coefficient that controls the essential
instanton term and we have dropped all the non-essential instanton corrections.
The polynomial and exponential parts of the flux superpotential (6.25) take the
respective forms

Wpol = −g3 − ig4 + (g1 + ig2)t ,

Winst = a e2πit(t− 1
πi

)(g1 − ig2)− a e2πit(g3 − ig4) ,
(8.69)

where the gi = fi − τhi are the components of the three-form fluxes with τ =
c + is being the axio-dilaton. We now proceed to stabilizing the moduli at the
polynomial level. The vanishing F-term conditions for the polynomial part of the
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flux superpotential can conveniently be written as

yDtWpol − sDτWpol = (f1 + if2)y − (h3 + ih4)s = 0 ,
yDtWpol + sDτWpol = −i(f3 + if4)− i(h1 + ih2)sy = 0 ,

(8.70)

where we dropped exponentially suppressed terms and set the axions to zero,
i.e. c = x = 0. We chose not to impose Wpol = 0 at first, leaving us with the full
covariant derivatives at polynomial level in the above extremization conditions.
The solution to these constraints is given by

s =
√
− f1f3

h1h3
, y =

√
−f3h3

f1h1
, f2h3 = f1h4 , f4h1 = f3h2 , (8.71)

where we require f1/h3 > 0 and f3/h1 < 0 in order to get positive values for the
saxions. Plugging this solution back into the superpotential (8.69) we find that
Wpol = 0 holds when

h2 = −f1

√
−h1h3

f1f3
, h4 = −f3

√
−h1h3

f1f3
. (8.72)

Implementing the constraints (8.71) and (8.72), we obtain flux vacua that have
Wpol = 0. Thus, the scale of the superpotential is set by

|W | = |Winst| ∼ a e−2πy = a exp
(
− 2π

√
−f3h3

f1h1

)
. (8.73)

We want to emphasize that the exponentially small scale of the superpotential is set
by an essential instanton term that is required by consistency of the theory, i.e. the
coefficient a cannot vanish for any geometric example. Furthermore, we can now
relate the saxion masses and their vevs to the tadpole. The latter takes the form

QD3 = f1h3 − f3h1 . (8.74)

Computing the masses from the scalar potential as the eigenvalues of Kac∂c∂bV we
find that they are given by the compact expression

m2
t = m2

τ = 1
V2 (f1h3 − f3h1) = QD3

V2 , (8.75)

where m2
t ,m

2
τ denote the canonically normalized moduli masses associated with

the complex structure modulus and the axio-dilaton respectively. Let us also stress
that this one-modulus case is rather non-generic as there are no metric-essential
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8.5 F-terms: Type IIB examples with small W0

instantons required, which have to be present in the multi-moduli case as we will
see below. Furthermore, the saxion vev y is bounded from above by the tadpole as

y ≤ 2(f1h3 − f3h1) = 2QD3 , (8.76)

which is saturated for f3 = h3 and f1 = h1 = 1. As the scale of |W0| is set by
e−2πy, we cannot make it arbitrarily small by tuning the vev of the saxion y, i.e.

|W0| & e−2πQD3 . (8.77)

To be more concrete, we consider a specific set of fluxes that satisfy the above
equations. Given H3 = (−1,−2, 4,−2) and F3 = (8,−4, 8, 16), we find that

s = 4 , y = 2 , |W0| ∼ a e−4π , m2
t = m2

τ = QD3 = 40 , (8.78)

where we dropped the volume factor 1/V2 in the masses for convenience.

8.5.2 Two-moduli asymptotic region near a type II point
Next we consider the more involved class of two-moduli boundaries that intersect
on a type II point. Such asymptotic regions are realized, for example, in the
moduli space of the Calabi-Yau threefold in P1,1,2,2,6

4 [12] near a Seiberg-Witten
point [35,133,134,137]. Using the asymptotic model from chapter 6, we find that
the Kähler potential (6.34) near these boundaries takes the form

Kpol = 4(y1 + n2y2) ,

Kinst = −2a2e−4πy2
(
n1y1 + y2 + 1− n1n2

2π

)
(8.79)

− 2n2b
2e−4πy1

(
n2(n1y1 + y2)− 1− n1n2

2π

)
− 4abe−2πy1−2πy2

(
n2(n1y1 + y2) + (n2 − 1)(1− n2n2)

4π

)
cos(2π(x1 − x2)) ,

where a, b ∈ R 6=0 and n1, n2 ∈ Q≥0 are model-dependent parameters that control
the essential instanton terms. The polynomial and exponential parts of the flux
superpotential (6.35) take the respective forms

Wpol = (g1 + ig2)(t1 + n2t2) + (g1 + ig2)− (g4 + ig5) ,

Winst = a e2πit2
(
ig3

1− n1n2

2π − g3n1n2t1 − g3n2t2 − g6n2

)
+ b e2πit1

(
ig3

n1n2 − 1
2π − g3n1t1 − g3t2 − g6

)
+O(e−4πy) .

(8.80)
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8 Moduli stabilization in asymptotic regimes

Let us already point out that the polynomial part of the Kähler potential and flux
superpotential is very similar to those of the one-modulus II0 boundaries given in
(8.68) and (8.69), for which we only need to replace t by t1 + n2t2 and relabel some
of the fluxes. By computing the Kähler metric for (8.79) one sees that Kpol yields a
degenerate polynomial metric, as elaborated upon below (3.45) . This degeneracy
is cured by the exponentially suppressed term involving a2 in Kinst, which therefore
is a metric-essential instanton. Note that the essential instanton term involving b
can also cure this degeneracy unless n2 = 0.
Now let us turn to the extremization conditions that have to be solved. The

vanishing F-term conditions can conveniently be written as

(y1 + n2y2)Dt1W − sDτW = (y1 + n2y2)(f1 + if2)− s(h4 + ih5) = 0 ,
(y1 + n2y2)Dt1W + sDτW = −if4 + f5 + s(y1 + n2y2)(−ih1 + h2) = 0 ,

n2Dt1W −Dt2W

2π(ae−2πy2 − n2
2be
−2πy1) = if6 + sh6 − (n1y1 + y2)(f3 − ish3) = 0 .

(8.81)

The first two conditions take a similar form as (8.70) found near one-modulus II
boundaries, where the saxion y is now replaced by the linear combination y1 +n2y2

and some fluxes are relabeled. Proceeding in the same fashion as the one-modulus
setup, these two equations fix the saxions y1 + n2y2 and s, and furthermore impose
two relations on the fluxes that ensure their axionic partners have vanishing vevs

y1 + n2y2 =

√
−f4h4

f1h1
, s =

√
− f1f4

h1h4
, f2h4 = f1h5 , f5h1 = f4h2 , (8.82)

where we require f1/h4 > 0 and f4/h1 < 0 in order to get sensible values for the
saxions.
The relevance of the third equation in (8.81) is a bit more subtle. While this

F-term is exponentially suppressed, it does contribute to the polynomial part of
the scalar potential. This can be seen by carefully inspecting the Kähler potential
(8.79), which yields a Kähler metric with an exponentially small eigenvalue for
the eigenvector (n2,−1). This scaling then cancels against the scaling of the F-
term when computing the scalar potential through (1.81), hence contributing at
polynomial order. Therefore we must require the third F-term given in (8.81) to
vanish as well, which is solved by

n1y1 + y2 =

√
−f6h6

f3h3
, f3f6h1h4 = f1f4h3h6 . (8.83)

where we must require f3/h6 > 0 and f6/h3 < 0 to have positive saxion vevs
compatible with the positivity conditions given below (8.82).
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8.5 F-terms: Type IIB examples with small W0

Together (8.82) and (8.83) specify all vacua (with vanishing axion vevs) of the
polynomial scalar potential arising from the flux superpotential (8.80). We are
interested in constructing vacua with Wpol = 0, which amounts to additionally
imposing

h2 = −f1

√
−h1h4

f1f4
, h5 = −f4

√
−h1h4

f1f4
. (8.84)

It is now instructive to compare the scale of the moduli masses and the vacuum
superpotential again with the D3-brane tadpole. The tadpole contribution due to
the fluxes can be split into two parts as

QD3 = f1h4 − f4h1︸ ︷︷ ︸
Qpol

D3

+ 1
2(f3h6 − f6h3)︸ ︷︷ ︸

Qinst
D3

, (8.85)

where we separated the fluxes that appear in the superpotential (8.80) at polynomial
order from the fluxes that enter at exponential order. From the positivity conditions
on the fluxes given below (8.82) and (8.83) we see that all terms in the contributions
Qpol

D3 and Qinst
D3 are positive. For the canonically normalized masses of the moduli

we then compute the eigenvalues of Kac∂c∂bV and find that

m2
τ = m2

t1+n2t2 = f1h4 − f4h1

V2 = Qpol
D3
V2 ≤

QD3

V2 , (8.86)

where we dropped the overall volume factor 1/V2 for convenience. We do not write
down the mass associated with the modulus n2t1− t2 here, but note that it takes an
exponentially large value in the fluxes, since this field corresponds to an exponential
eigenvalue of the Kähler metric.

For the scale of the vacuum superpotential we need to study the saxion vevs. By
using (8.82) and (8.83) we find the following two bounds through the D3-brane
tadpole

y1 + n2y2 ≤
1
2Q

pol
D3 , n1y1 + y2 ≤ Qinst

D3 (8.87)

which are saturated for f1 = h1 = 1, f4 = −h4 and f3 = h3 = 1, f6 = −h6

respectively. The vacuum superpotential is then set by the smallest saxion vev as

|W0| ∼ e−2πmin(y1,y2) ≥ e−2πQD3 . (8.88)

Given both this bound on the vacuum superpotential and (8.77) in the one-modulus
setup, it is tempting to speculate that |W0| can be bounded from below by the
D3-brane tadpole near any type II point, also in higher-dimensional moduli spaces.
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8 Moduli stabilization in asymptotic regimes

In light of the tadpole conjecture [119, 173] this hints at an interesting tradeoff.
Recall from the discussion below (1.85) that the allowed tadpole charge QD3 grows
linearly with the number of moduli, so for a geometry with large h2,1 one is able to
achieve smaller values for |W0|. In turn, the tadpole conjecture indicates that for
such geometries one cannot stabilize all moduli while satisfying the tadpole bound,
so the catch is that there remain some flat directions.

To make the above story more concrete, let us consider the Seiberg-Witten point
in the moduli space of the Calabi-Yau threefold in P1,1,2,2,6

4 [12] as an example.
Following [1], we find that this boundary corresponds to the monodromy data
n1 = 0, n2 = 1/4. As flux quanta we pick

F3 = (−4,−8, 10, 16,−8,−8) , H3 = (−2, 1, 1,−2,−4, 5) . (8.89)

The scalar potential then has a minimum at

s = 4 , y1 = 1.5 , y2 = 2 , |W0| = 7.3 · 10−5 , (8.90)

where we used that b = −4Γ(3/4)4/(
√

3π2), and ignored the coefficient a in the
expansion of the superpotential (8.80) since e−2πy1 � e−2πy2 . The canonically
normalized moduli masses are then computed to be

m2
n2t1−t2 = 1.3 · 1010 , m2

t1+n2t2 = m2
τ = 40 = Qpol

D3 , (8.91)

where we dropped the volume factor 1/V2 in the moduli masses for convenience.
Note in particular that there is one exponentially large mass, which corresponds to
the eigenvector of the Kähler metric with an exponential eigenvalue. Furthermore,
all moduli masses are orders of magnitude larger than the exponentially small
|W0|2.

Summary. In this chapter we have studied moduli stabilization near boundaries in
complex structure moduli space. On the one hand, for the self-duality condition we
found that the nilpotent orbit and sl(2)-approximations reduce the extremization
conditions to a simple set of algebraic equations. On the other, for the F-terms
metric-essential corrections to the superpotential had to be taken into account.
The equivalence of the two approaches became apparent upon noting that the
inverse Kähler metric in the scalar potential (1.81) cancels the exponential scaling
of these corrections in the F-terms, thereby producing polynomial terms in the
Hodge star formulation. Both these methods allowed for interesting constructions
from a phenomenological point of view:
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8.A Sl(2)-approximation for the F-theory example

• For the self-duality condition we found that asymptotic Hodge theory turns
the original very complicated problem of solving the flux vacuum conditions
into a tractable polynomial task. We explicitly carried out its construction
for a number of examples, and showed that the vacua found with the sl(2)-
approximation resemble the vacua found in the nilpotent orbit approximation
rather well — even if one imposes only a moderate hierarchy of the saxions.
We expect that the step-wise approach reduces the computational complexity
(see [177,178] for an in-depth discussion of the arising challenges). Furthermore,
it would be exciting to combine our approach with recent efforts to use machine
learning algorithms in studying the string landscape [173,179–186].

• For the F-term approach we proposed a method for constructing Type IIB
flux vacua away from large complex structure with an exponentially small
vacuum superpotential. These constructions relied on the insights of chapter
6 regarding essential exponential corrections to the (3, 0)-form periods near
such boundaries. The takeaway message was that there is a conceptual
difference in whether the exponentially small value of the superpotential is
induced by essential or non-essential instantons. Non-essential instantons
are well-known to arise in most explicit geometric examples, but lead to
mass matrices with exponentially small eigenvalues [107–109]. In contrast,
essential instantons that induce an exponentially small W0 combine in the
superpotential and Kähler potential such that they enter at polynomial level
in the scalar potential. Consequently, the masses of the moduli stabilized
by these terms are at least of O(1), thus making it possible to study moduli
stabilization at polynomial level while keeping the vacuum superpotential
exponentially small.

Appendices

8.A Sl(2)-approximation for the F-theory example

In this section we summarize the relevant building blocks for the sl(2)-approximated
Hodge star (5.34). This consists of the weight and lowering operators N0

i , N
−
i of

the sl(2)-triples, and the boundary Hodge star C∞. The weight operators are given
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8 Moduli stabilization in asymptotic regimes

by

N0
0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 −2 −3 0 0 0 0 0
0 0 0 0 0 0 1 0 −2 −4 −6 0 0 0 0 0
0 0 0 0 0 0 0 1 −3 −6 −6 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 −1 −2 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



,

N0
L=



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 −1 −2 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 2 −1 0 0 0 2 0 0 0 0 0
0 0 0 0 0 1 0 −1 0 2 3 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 −2 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 2 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



,

N0
1 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 1 2 1 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 −2 1 0 0 0 2 0 0 0 0 0
0 0 0 0 0 −1 1 −1 2 2 3 0 0 0 0 0
0 0 0 0 0 0 0 0 1 2 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 −2 2 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −2 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 1 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



,

N0
2 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 2 1 0 0 0 0 0
0 0 0 0 0 0 −1 0 2 4 2 0 0 0 0 0
0 0 0 0 0 0 −1 1 1 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 −1 2 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



.

(8.92)
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The lowering operators are given by

N−0 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 −1 − 3

2 0 0 0 0 0 0 0 0 0 0 0
0 −4 −1 −2 −3 0 0 0 0 0 0 0 0 0 0 0
0 − 9

2 − 3
2 −3 −3 0 0 0 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 − 1

2 0 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 − 1

2 −1 2 4 9
2 0 0 0 0 0

0 0 0 0 0 −1 0 0 0 1 3
2 0 0 0 0 0

0 0 0 0 0 0 −1 0 1 2 3 0 0 0 0 0
0 0 0 0 0 0 0 −1 3

2 3 3 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 1

2 1 0



,

N−L =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −3 0 −1 −1 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0



,

N−1 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −3 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 −1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0



,

N−2 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 −1 − 1

2 0 0 0 0 0 0 0 0 0 0 0
0 −4 −1 −2 −1 0 0 0 0 0 0 0 0 0 0 0
0 − 5

2 − 1
2 −1 − 1

2 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1

2 −1 0 0 1
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 −1 − 1
2 0 0 0 0 0

0 0 0 0 0 0 0 0 −1 −2 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 − 1

2 −1 − 1
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1
2 −1 0



.

(8.93)
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Finally, the Hodge star operator of the boundary Hodge structure is given by

C∞ =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 2 1 0 0 0 0 0
0 0 0 0 0 0 −1 0 2 4 2 0 0 0 0 0
0 0 0 0 0 0 −1 1 1 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 −1 2 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



. (8.94)
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Summary

In this thesis we have studied various applications of asymptotic Hodge theory
in string compactifications. This mathematical framework captures how physical
couplings of the resulting effective theories behave near boundaries in the scalar
field space where the internal Calabi-Yau manifold degenerates. Here we conclude
by giving a summary of each of the three parts in which this thesis is divided.

Part I introduced the techniques from asymptotic Hodge theory we used through-
out this thesis. We reviewed the results of the nilpotent orbit theorem of Schmid
and the multi-variable sl(2)-orbit theorem of Cattani, Kaplan and Schmid. This
discussion was tailored to applications in the study of string compactifications,
explaining how to describe important physical couplings such as Kähler potentials
and flux superpotentials near boundaries in moduli spaces. The nilpotent orbit ap-
proximation yields an asymptotic expansion divided into leading polynomial terms
with exponential corrections. In turn, the sl(2)-orbit approximation implements a
hierarchy in the large field limit towards this boundary, enabling the use of algebraic
structures such as sl(2,R)-triples to describe asymptotic behavior.

Part II discussed a geometrical application of asymptotic Hodge theory with the
construction of general models for asymptotic periods. To be precise, we studied
the (3, 0)-form periods of the Calabi-Yau manifold near boundaries in complex
structure moduli space. These periods determine for instance the N = 2 vector
sector of Type IIB compactifications and encode part of the N = 1 Kähler potential
and flux superpotential in Type IIB orientifolds. Taking the constraints imposed by
asymptotic Hodge theory as consistency principles, we developed new methods for
constructing these periods. We explicitly carried out our program for all possible
one- and two-moduli boundaries and constructed general models for their asymptotic
periods. One key finding was that near almost all boundaries exponential corrections
played an essential role: for instance, such corrections can be needed to render the
Kähler metric on the field space non-degenerate – a surprising feature compared to
well-studied corners such as the large complex structure regime.

Part III discussed two applications of asymptotic Hodge theory in string com-
pactifications. Chapter 7 focused on bounds put by the Weak Gravity Conjecture,
which predicts the existence of states whose charge must larger than or equal
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to its mass compared to the black hole extremality bound. More concretely, we
studied the charge-to-mass ratios of BPS black holes in four-dimensional N = 2
supergravity theories arising from Type IIB Calabi-Yau threefold compactifications.
Geometrically these states arise from D3-branes wrapped on certain three-cycles of
the internal geometry, and the asymptotic behavior of their physical charges and
masses can be described precisely by means of the sl(2)-approximation. We applied
these techniques to compute asymptotic charge-to-mass ratios for a particular set
of sl(2)-elementary states that couple to the asymptotic graviphoton. In turn, we
determined the radii of the ellipsoid that forms the extremality region of electric
BPS black holes, thereby giving us precise order one bounds.

Chapter 8 studied moduli stabilization in asymptotic regimes in complex structure
moduli space. The setting was given by Calabi-Yau orientifold compactifications of
Type IIB string theory and Calabi-Yau fourfold compactifications of F-theory with
fluxes. We compared two equivalent sets of extremization conditions: a self-duality
for the fluxes or demanding vanishing F-terms. The former is formulated via the
Hodge star of the underlying geometry, while the latter are computed via the (D, 0)-
form periods. By the nilpotent orbit approximation the self-duality condition (or
equivalently the scalar potential) then admits a leading polynomial approximation
where all exponential corrections can be consistently dropped. In contrast, the
F-terms (or equivalently the superpotential) required us to take metric-essential
exponential corrections into account. These complementary perspectives allowed
for two concrete phenomenological applications:

• Using the self-duality condition we set up a three-step approximation scheme
for finding flux vacua: (1) the sl(2)-approximation, (2) the nilpotent orbit
approximation, and (3) the fully corrected result. The first two approximations
turn moduli stabilization into a straightforward algebraic problem, where we
can gradually incorporate corrections into the extremization conditions. It
also gives a precise understanding of how flat directions in one approximation
are lifted by corrections coming from another.

• For the F-terms we used the fact that essential exponential corrections are
controlled by asymptotic Hodge theory to set up a method for engineering
vacua with a small flux superpotential. Our vacua feature O(1) moduli masses
because the scalar fields are stabilized by the polynomial scalar potential,
making them particularly interesting for the KKLT scenario. We demonstrated
our method on the one and two-parameter models constructed in part II.
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In dit proefschrift hebben we verschillende toepassingen van asymptotische Hodge-
theorie in snaartheorie compactificaties bestudeerd. Dit wiskundige raamwerk legt
vast hoe koppelingen van effectieve theorieën zich gedragen nabij randen in de
scalaire veldruimte waar de Calabi-Yau variëteit degenereert. Hier sluiten we af
met een samenvatting van de drie delen waarin dit proefschrift is verdeeld.

Deel I introduceerde de technieken uit asymptotische Hodge-theorie die we in dit
proefschrift hebben gebruikt. We hebben een overzicht gegeven van de nilpotente
baanstelling van Schmid en de sl(2)-baanstelling van Cattani, Kaplan en Schmid,
toegespitst op toepassingen in snaartheorie compactificaties, waarbij werd uitgelegd
hoe belangrijke koppelingen zoals de Kähler potentiaal en flux superpotentiaal
zich gedragen nabij randen in moduliruimte. De nilpotente baanbenadering levert
een asymptotische expansie op, verdeeld in leidende polynomiale termen met
exponentiële correcties. Vervolgens implementeert de sl(2)-baanbenadering een
hiërarchie in de limiet naar deze rand, waardoor algebraïsche structuren zoals
sl(2,R)-algebras het mogelijk maken om asymptotisch gedrag te beschrijven.

Deel II besprak een geometrische toepassing van asymptotische Hodge-theorie met
de constructie van modellen voor periodes. We bestudeerden de (3, 0)-vormperiodes
van Calabi-Yau variëteiten nabij randen in de complexe-structuur moduliruimte.
Deze periodes bepalen bijvoorbeeld de N = 2 vector sector van Type IIB compacti-
ficaties en een deel van de N = 1 Kähler potentiaal en flux superpotentiaal in Type
IIB orientifolds. Door de beperkingen opgelegd door asymptotische Hodge-theory
op te vatten als consistentieprincipes ontwikkelden we nieuwe methoden om deze
periodes te bepalen. We voerden ons programma uit voor alle mogelijke randen met
één of twee moduli en bouwden algemene modellen voor hun asymptotische periodes.
Een belangrijke bevinding was dat bij bijna alle randen exponentiële termen een
essentiële rol speelden: dergelijke correcties kunnen bijvoorbeeld nodig zijn voor de
Kähler-metriek op de veldenruimte – een verrassend kenmerk vergeleken met goed
bestudeerde randen zoals het grote complex-structuur regime.

Deel III besprak twee toepassingen van asymptotische Hodge-theorie in snaarthe-
orie compactificaties. Hoofdstuk 7 concentreerde zich op de grenzen die gesteld
worden door het zwakke zwaartekrachtsvermoeden, dat het bestaan voorspelt van
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toestanden met lading groter of gelijk aan massa in vergelijking met de extremaliteits-
grens van zwarte gaten. We hebben de lading-tot-massaverhoudingen van BPS
zwarte gaten bestudeerd in vierdimensionale N = 2 superzwaartekrachttheorieën
die voortkomen uit Type IIB Calabi-Yau compactificaties. Geometrisch komen deze
tot stand als D3-branen gewikkeld op bepaalde drie-cycli van de interne geometrie,
en het asymptotische gedrag van hun fysieke ladingen en massa’s kan nauwkeurig
worden beschreven door middel van de sl(2)-benadering. We hebben de asympto-
tische lading-tot-massaverhoudingen berekend voor sl(2)-elementaire toestanden
die gekoppeld zijn aan het asymptotische gravifoton. Vervolgens bepaalden we de
stralen van de ellipsoïde die het extremaliteitsgebied van elektrische BPS zwarte
gaten vormt, waardoor we een precieze extremaliteitsgrens kregen.
Hoofdstuk 8 bestudeerde moduli-stabilisatie nabij randen in complex-structuur

moduliruimte. De setting werd gegeven door Calabi-Yau orientifold compactifi-
caties van Type IIB snaartheorie en Calabi-Yau viervariëteit compactificaties van
F-theorie. We vergeleken twee equivalente sets aan extremisatievergelijkingen: een
zelfdualiteitseis voor de fluxen of de F-termen gelijk aan nul zetten. De eerste
wordt geformuleerd via de Hodge-operator van de onderliggende geometrie, ter-
wijl de laatste wordt berekend via de (D, 0)-vormperiodes. Door de nilpotente
baanbenadering laat de zelfdualiteitseis (of equivalent de potentiaal) dan een poly-
noombenadering toe waarbij alle exponentiële correcties consequent kunnen worden
weggelaten. Daarentegen eisten de F-termen (of equivalent de superpotentiaal)
dat we metriek-essentiële exponentiële correcties meenamen. Deze complementaire
perspectieven maakten twee concrete fenomenologische toepassingen mogelijk:

• Met behulp van de zelf-dualiteitsvoorwaarde hebben we een driestaps benader-
ingsschema opgesteld voor het vinden van flux vacua: (1) de sl(2)-benadering,
(2) de nilpotente baanbenadering, en (3) het volledig gecorrigeerde resultaat.
De eerste twee benaderingen maken van moduli-stabilisatie een algebraïsch
probleem, waarbij we geleidelijk correcties in de extremisatiecondities kunnen
opnemen. Het geeft ook een nauwkeurig begrip van hoe vlakke richtingen in
de ene benadering worden opgeheven door correcties uit een andere.

• Voor de F-termen gebruikten we de controle van asymptotische Hodge-theorie
over essentiële exponentiële correcties om vacua te vinden met een kleine
superpotentiaal. Onze vacua hebben O(1) moduli-massa’s omdat de scalaire
velden worden gestabiliseerd door de polynome potentiaal, wat ze bijzonder
interessant maakt voor het KKLT-scenario. We hebben onze methode getest
op de één en twee parameter-modellen die in deel II waren geconstrueerd.
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