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CHAPTER 1

Introduction

Qual e ’l geometra che tutto s’affige
per misurar lo cerchio, e non ritrova,
pensando, quel principio ond’elli
indige,

tal era io a quella vista nova:

veder voleva come si convenne

I'imago al cerchio e come vi s’indova

Paradiso, Canto XXXIII, Dante

1.1. A bit of history

Enumerative Geometry deals with the classical problem of counting — or better,
enumerating — geometric objects. Some simple problems were already addressed and
solved by the Greeks, such as the number of circles tangent to three given circles in
general positions (Apollonius’ problem) or the number of quadrics tangent to five given
lines in the plane. These classical problems were solved with ad hoc techniques, which
would not generalize to a more comprehensive framework. At the end of the nineteenth’s
century, these problems had been formulated as finding invariants of a moduli space —
often a projective space, where one can employ Bézout’s Theorem. Despite not being
fully rigorous, this was the first appearance of intersection theory, which allowed to
systematically formulate counting problems as intersection of classes in cohomology.
This program reached its apex with Schubert calculus and its later rigorous treatment
(Hilbert’s fifteenth problem), which essentially dealt with the intersection theory of
Grassmannians — something that we might consider a precursor of Gromouv-Witten
theory. Nevertheless, soon it was realized that as soon as the moduli space is no longer
smooth, studying its geometry and intersection theory gets incredibly hard and explicit
results were difficult to produce. As an example, a question that remained unsolved for
decades was the number of rational plane curves of degree d passing through 3d — 1
points in general position. For d = 1, there is only one line passing through 2 points,
for d = 2 there is only one smooth quadric passing through 5 points and for d = 3 there

9



10 1. INTRODUCTION

are precisely 12 (singular!) cubics passing through 8 points; explicit computations were
done for d = 4,5. The question remained dormant for some time, until Kontsevich
proved in 1994 that

Nd = Z NdANdBd?AdB (dB (3361(1 _42) — dA (336161 _41)> ’
da+dp=d

where we denote by N, the enumerative answer we are looking for. Quite amazingly,
this formula recursively reduces to the elementary fact that through 2 points passes
a unique line, and more importantly reflects the associativity of a certain quantum
product. That is, the classical problem is solved by changing point of view and merging
Enumerative Geometry with Mathematical Physics and String Theory. This is the first
interesting example of a Gromov- Witten invariant.

A different source of interesting invariants to consider are topological invariants,
which are invariants that depend on the topology of a geometric object, rather than on
its algebraic structure, as intersection numbers. The most elementary example is the
following. Let X be a a smooth algebraic variety, and consider its symmetric powers
X If we package together all topological Euler characteristics, we obtain

> e(xMygr =] —q) %,

n>0 n>1
which is known as the Macdonald’s formula [124]. Symmetric powers parametrize
unordered collection of points (possibly coinciding) on a variety, but do not keep track
of the possible non-reduced subscheme structure of these fat points, and are singular if
the dimension of X is at least two. The Hilbert scheme of points X" of a variety X
parametrizes zero-dimensional subschemes of length n, and maps to the symmetric power
via the Hilbert-Chow morphism X" — X ™ by forgetting the subscheme structure.
Equivalently, the Hilbert scheme parametrizes ideal sheaves with fixed Chern character.
The Hilbert scheme of points is a nicer moduli space for studying configurations of
points on a variety; in dimension one the Hilbert-Chow is an isomorphism, and in
dimension two is a resolution of singularities. Their generating series of topological
Euler characteristics is

S e(X1)q" = Mg x(0),

n>0

where My(q) is the generating series of d-dimensional partitions. The topological Euler
characteristic features motivic behaviour, meaning that it behaves well under cut-and-
paste operations. All above formulas admit natural refinements to motivic invariants,
and we shall study some of those in Chapter 8.

In dimension three, the Hilbert scheme of points is in general singular and its naive
motivic invariants are not the correct answer, meaning that they do not match the
predictions from String Theory, in analogy with Gromov-Witten theory. The correct
framework is to consider the wvirtual structure on the Hilbert scheme on a threefold
and its virtual intersection numbers. This overcomes at once the issue of performing
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intersection theory on a singular space — acting as if it were smooth — and matching
predictions from Physics. This is the first instance of Donaldson-Thomas theory, intro-
duced in Thomas’ thesis [176].

What is extraordinary and surprising is that the two theories we introduced —
Gromov-Witten and Donaldson-Thomas — correspond and fit in a broader framework
of theories, which conjecturally relate curve-counting invariants to sheaf-counting
invariants

GW +— DT

[T

GV «+—— PT

We briefly sketch the main actors playing a role in this diagram. Gromov-Witten
(GW) invariants count stable curves mapped to a target variety. Gopakumar-Vafa (GV)
invariants are mysteriously defined in String Theory by counting BPS bound states
[82, 83] and relate to GW with a multiple cover formula. Donaldson-Thomas (DT)
invariants count Gieseker stable sheaves and relate to GW via a certain change of variable.
Pandharipande-Thomas (PT) invariants count stable pairs in the derived category and
can be expressed in terms of DT through wall-crossing. See Pandharipande-Thomas
[154] for a nice survey on the relation among these counting theories.

The left-hand-side of the diagram (GW/GV) counts curves and depends on the
symplectic structure of the target variety; the right-hand-side (DT /PT) counts sheaves
and depends a priori on the complex structure of the target variety. This mysterious
correspondence should be seen as an expression of S-duality in String Theory, intertwin-
ing A-model and B-model of Topological String Theory'. This is perhaps an analogue
of the relation between Fukaya categories and derived categories of coherent sheaves on
Calabi-Yau varieties predicted by Mirror Symmetry, though here S-duality does not
swap the variety with its mirror dual.

In this thesis, we explore the right-hand-side of this story, dealing with sheaf-counting
theories, with two goals in mind: provide closed expressions for refined DT and PT
invariants and find new refined relations among the four counting theories playing a
major role in modern Enumerative Geometry.

1.2. Donaldson-Thomas theory

Donaldson-Thomas theory is a sheaf-theoretic enumerative theory originally designed
for smooth projective threefolds, which first appeared in Thomas’ thesis [176]. Roughly
speaking, the theory is defined as follows. Let (X, O(1)) be a smooth projective variety
with a fixed polarization and let v € H*(X, Q) be a fixed Chern character. The moduli
space M (X,v) of Gieseker stable sheaves on X with Chern character v is — under
reasonable assumptions — a projective moduli scheme, whose deformations-obstructions

1See the following impassioned discussion on MathOverflow [126].



12 1. INTRODUCTION

at every point [E] € M(X,~y) are controlled by the Ext groups
Ext'(E,E), Ext*(E,E), Ext}(E,E),

When the deformation theory is controlled by only two terms — that is, there are no
higher obstructions — M (X, ) is endowed with a perfect obstruction theory in the sense
of Behrend-Fantechi and Li-Tian [12, 123], induced by the truncated Atiyah class [95].
See [94] for a complete introduction on Gieseker stability. This is usually the case if X is
a Calabi-Yau or Fano threefold or for suitable choices of the Chern character. The perfect
obstruction theory induces a virtual fundamental class [M(X,~y)]'" € A,(M(X,~)) and
one defines invariants by integrating Chow cohomology classes a € A*(M(X,7v),Q)
against the virtual fundamental class

/ a € Q.
[M(X,y)]vir

We call such intersection numbers Donaldson-Thomas invariants of X. In particular,
DT invariants are deformation invariants, as the virtual class does not vary if we deform
X in a family.

In this thesis we are interested in capturing invariants of smooth quasi-projective
varieties. Unfortunately, without properness assumption, defining invariants through
intersection theory is not directly possible. To remedy this deficiency, we assume that
X is acted on by an algebraic torus T, whose action canonically lifts to the moduli
space M (X, ). If the fixed locus M (X, ~)T is proper, we define the invariants through
Graber-Pandharipande virtual localization formula

| pr(x )T
= — 2 e Hi (P oc.
/[]\/[(Xﬁ)}vir /[M(Xy,y)T]vir GT(NVH) T ¢

Here « is a T-equivariant Chow cohomology class, NV is the virtual normal bundle,
eT(—) is the equivariant Euler class and Hj(pt)ie C Q(s1, ..., s,), where r is the rank
of T — see Chapter 2 for an introduction to equivariant localization. If M (X, ~) was
already proper, the left-hand-side would be well-defined and the equality would follow
by the virtual localization formula.

A refinement of such invariants are K-theoretic invariants. In simple words, the
perfect obstruction theory induces a virtual structure sheaf O™ € Ko(M(X,)), and
instead of pushing-forward classes in (equivariant) cohomology, we push-forward class
in (equivariant) K -theory, which means computing holomorphic Euler characteristics
X(M(X,7), 0" @V) € Ky(pt), where V € Ko(M(X,7)). As before, if X is only quasi-
projective but endowed with an action of an algebraic torus, we define the invariants
equivariantly by the virtual localization formula.

We will mostly deal with fine moduli spaces of coherent sheaves on quasi-projective
varieties that do not arise from a Gieseker stability condition, but that can be explicitly
characterized and whose deformation theory behaves similarly to the one of M (X, 7).
In Chapter 4 we study the Quot scheme, which is a generalization of the Hilbert scheme
to higher rank and in Chapter 3 we consider the moduli space of stable pairs.
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1.3. Pandharipande-Thomas theory of local curves

We study from a new perspective the local Pandharipande-Thomas theory of curves.
A local curve X = Toto(L1 @ Lg) is the total space of two line bundles Lq, Ly on a
smooth projective curve C, and if L1 ® Ly = K¢, we say that X is Calabi-Yau. Let n € Z
and d > 1. A stable pair on X is a pair (F,s) where F' is a pure, 1-dimensional sheaf
with proper support [Supp(F)] = d[C], x(F) = n and s is a section with 0-dimensional
cokernel. The moduli space of stable pairs P, (X, d) was introduced and studied by Le
Potier [121] for any smooth quasi-projective variety, while later Pandharipande-Thomas
[152] reinterpreted P,(X,d) as parametrizing complexes [Ox = F] € DP(X) with
trivial determinant in the derived category. Their main motivation was to give a
geometric understanding of the Gromov-Witten/Donaldson-Thomas correspondence
studied in [127] — we are going to review and formulate such a correspondence directly
in the language of stable pairs.

As in the case of Donaldson-Thomas theory, the moduli space P, (X, d) is represented
by a quasi-projective scheme, whose deformation theory at a point I* = [Ox 5F | €
P,(X,d) is controlled by

Ext'(1°,1%)o, BExt*(I*,I%),

where (—)o denotes the trace-free part. In particular, P, (X, d) is endowed with a perfect
obstruction theory, which induces a virtual structure by which we define Pandharipande-
Thomas (or stable pairs) invariants. The local curve X is acted on by the torus
T = (C*)? which scales the fibers of the line bundles, and the action naturally lifts on
P,(X,d) making the perfect obstruction theory T-equivariant. Define the partition
function of stable pair invariants equivariantly as

PTaXia) =Y a" [ 1eQus)a)

e S

where s1, s9 are the equivariant parameter. Analogously, Bryan-Pandharipande [29]
studied the generating series of Gromov-Witten invariants GWy(X;u) for a genus g
curve C, where u keeps track of the genus, and conjectured that

(_Z'>d(2729+degL1+degL2) . GWd<X, u) _ (_q)f%-d(272g+degL1+degL2)PTd(X’ Q),

after the change of variable ¢ = —e™. An important part of the conjecture is that the
right-hand-side is a rational function in ¢, so that the change of variable is well-defined.
More precisely, Bryan-Pandharipande [29] conjectured a GW /DT correspondence,
motivated by the analogous GW /DT correspondence conjectured in [127] for projective
Calabi-Yau threefolds, as PT invariants had not been introduced yet. This conjecture —
in its GW /DT formulation — was solved in combination with the results of Okounkov-
Pandharipande [148], who study the Donaldson-Thomas theory of a local curve. Their
techniques involve a TQFT approach and a degeneration argument to reduce to relative
GW/DT invariants with C' = P

Our main result is that the generating series PT4(.X; ¢) of such invariants is controlled
by some universal series and determine them under the anti-diagonal restriction s, +s, =
0.
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Theorem 1.3.1 (Theorem 3.1.3). There are universal series Ayx(q), BA(q),Cx(q) €
Q(s1, s2)[q]] such that

PT.(X:0) = 3 (M An(@)” - ("W Ba(a) ™ - (¢ D)

A-d

where \ is a partition of d, X is the conjugate partition of A, n()\) = Zi(/\o i- A and

g = g(C). Moreover, under the anti-diagonal restriction s + sy = 0

Ax(g, 81, —81) = DN Hh

Oer
By(=¢,s1,—s1) = (-1 1) ‘/\I Hh H (1—q e ))
Oex Dex
Ci(=¢q,81,—s1) = (— 1)n()\) Al Hh H (1—q e ))
Oex Dex

In particular, combined with [29] the GW/PT correspondence holds for s; + s3 = 0.

The novelty of our proof is the different approach which only relies on the Graber-
Pandharipande localization — without degenerating the curve C' and invoking relative
invariants. In fact, we identify the connected components of the fixed locus P, (X, d)T
with double nested Hilbert schemes of points C'™ which parametrize flags of zero-
dimensional subscheme of C' nesting in two directions dictated by a reversed plane
partition ny. On each C™I we construct a virtual fundamental class by realizing C'™
as the zero locus of a section of a vector bundle on a smooth ambient space in a natural
way, and prove that it coincides with the one induced by the deformation theory of
stable pairs. Each localized contribution to the invariants is expressed in terms of three
universal series, which reduce the computations to the case of C = P!, L1 = Ly = Op
— the trivial vector bundle case — and L1 ® Ly = Kp1 — the Calabi-Yau case. In both
cases, the invariants are computed by further localizing the invariants with the respect
the C*-action on P!. Contrary to the degeneration approach of [148], our methods
easily generalize to include insertions and refinement to K-theoretic invariants.

As a byproduct, we introduce and study double nested Hilbert schemes of points,
which are a generalization of the nested Hilbert scheme of points widely studied in the
literature and whose geometry we believe to be of independent interest.

1.4. Higher rank K-theoretic Donaldson-Thomas theory of points

Let X be a smooth quasi-projective threefold and F' a locally free sheaf on X. We
consider the Quot scheme Quot y (F,n) which parametrizes classes of quotients [F' — Q)],
where the support of @ is zero-dimensional with prescribed length x(Q) = n and we
identify two quotients if their kernels coincide. In general, () is not the structure sheaf of
a subscheme of X, unless F' is a line bundle and in such case the Quot scheme is simply
isomorphic to the Hilbert scheme of points Hilb"(X'). The Hilbert scheme of points on
a threefold is in general a very singular scheme, but it admits a perfect obstruction
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theory — induced by the deformation of the ideal sheaves — and therefore a virtual
structure.

In the higher rank case — that is, for the general Quot scheme — it was shown by
Beentjes-Ricolfi [9] and Ricolfi [165] that a perfect obstruction theory exists if X = C?
and F' = (’)g , if X is a projective Calabi-Yau threefold and F' simple and rigid, or
if H'(X,0x) =0 for ¢ > 0 and F' is exceptional. Moreover, the perfect obstruction
theory is symmetric as soon as X is Calabi-Yau. In particular, in the local case — for
C3 — the Quot scheme is globally a critical locus

Quotes (Ogs, n) = Z(df),

where f is a function (called the superpotential) on a smooth ambient variety (called the
non-commutative Quot scheme). A nice feature of critical loci is that, if we denote by
Kir the wvirtual canonical bundle, they naturally admit a square root Kji/f as a genuine
line bundle. Inspired by M-Theory, Nekrasov-Okounkov [142] define the twisted virtual
structure sheaf
O™ — 0 oK.

Furthermore, in the local case the Quot scheme is acted on by the torus (C*)? x (C*)",
which moves the support of the quotients and scales the fibers of Og . Therefore we
define the higher rank K-theoretic Donaldson-Thomas invariants by

DTX(C? . t,w) = ¢"x(Quotes (0%, 1), 0™) € Z(t, (titats) 7, w)]q],
n>0
where t = (t1,19,t3), w = (wy,...,w,) are the equivariant parameters. These invariants
should be considered as an algebro-geometric analogue of the A-genus of a spin manifold,
with the twist Kvli/f playing the role of the spin structure. Our main theorem is the
following.
Theorem 1.4.1 (Theorem 4.1.1). The rank r K-theoretic DT partition function of C?

is given by

K (3 " _ [t1ts][trt5][Lts] [t']
DT, (1t = e (M i)

where t = t,tqt3 is the Calabi-Yau weight and [z] = 2Y/? — 27 1/2.

Here the plethystic exponential is defined for an arbitrary power series f(p1, ..., )
as
1
E =e —f(r .. .,p) |-
xp (f) = exp (;0 ~f - ))

This expression had been initially conjectured in rank one by Nekrasov [138] in the
context of String Theory, and later proved by Okounkov [149], while the higher rank
case was conjectured by Awata-Kanno [6], again in String Theory. In string-theoretic
terms, K-theoretic DT invariants describe the quantum mechanics of a system of D0-D6
branes, where r D6-branes wrap the target threefold. Notice that these invariants
should in principle depend on the framing parameters w, but they do not. Something
remarkable and mysterious in its nature is that the K-theoretic invariants feature the
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same factorization properties and a similar structure of motivic DT invariants studied
by Behrend-Bryan-Szendréi [11] and Ricolfi [163].

The proof essentially goes as follows. To each fixed point of the Quot scheme
corresponds a tuple of plane partitions. We develop a higher rank vertex formalism,
which is a generalization of the classical topological vertex, in terms of which we express
the localized contribution of the invariants. We crucially prove that the generating
series does not depend on the framing parameters, which allows us to send the framing
parameters w to infinity, which recovers our final expression.

The K-theoretic partition function contains refined information and recovers many
other interesting result. For instance, define the cohomological DT invariants as

DT, g5.0)i= 3o | 1€ Qs o).
TL>0 [Quotcg ((’)@T,n)]‘”r

By taking a limit of the K-theoretic DT partition function, we obtain the following
result on the cohomological DT partition function.

Theorem 1.4.2 (Theorem 4.1.2). The rank r cohomological DT partition function of
C3 is given by
(s1+s2)(s1+s3)(sg+s3)

DTN(C3,q,5) = M((=1)"¢) " s15253 :
where M(q) = [],,>,(1 — ¢™)™™ is the MacMahon function.

This solves a conjecture of Szabo [173], once more in String Theory. By glueing the
contribution of toric charts, we extend this formula to any projective toric variety and
choice of equivariant exceptional vector bundle, partially proving a conjecture of Ricolfi
[165].

Finally, we introduce the virtual chiral elliptic genus, which is a variation of elliptic
genus which includes the twist K ! L/2

vir

and recovers the elliptic DT invariants studied by
Benini-Bonelli-Poggi-Tanzini [16] in String Theory.

1.5. Donaldson-Thomas theory of Calabi-Yau 4-folds

As we already mentioned, Donaldson-Thomas theory is classically defined for smooth
projective threefolds, essentially because the deformation theory of sheaves is controlled
by only two terms — at least in the Calabi-Yau or Fano case. If X is a Calabi-Yau
4-fold, the deformations-obstructions at every point [E] € M (X, ~) are controlled by
the Ext groups

Ext'(E,E), Ext*(E,E), Ext}(E,E)

and a perfect obstruction theory does not exist in the sense of Behrend-Fantechi. Already
Donaldson-Thomas [66] wondered about extending Donaldson-Thomas theory to four
compler dimensions, motivated by gauge theory. Their gauge-theoretic approach was
later considered by Cao-Leung [38], who constructed DT theory of Calabi-Yau 4-folds
in special examples. The key point in their construction is a notion of orientability of
the moduli space of coherent sheaves, without which the theory could not be considered.
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The first complete theory appeared in Borisov-Joyce seminal work [23], based on
Derived Differential Geometry and Pantev-Téen-Vaquié-Vezzosi [160] theory of shifted
symplectic structures. The key idea of Borisov-Joyce is to choose at every point
E € M(X,~) a half-dimensional real subspace

Ext? (E, E) C Ext*(E, E)

of the usual obstruction space Ext?(E, E), on which the quadratic form @ defined by
Serre duality is real and positive definite. Then one glues local Kuranishi-type models
of the form

Ky =74 ok Ext'(E, E) — Ext? (B, E),

where x is the Kuranishi map for M(X,~) at E and 7, denotes projection on the
first factor of the decomposition Ext*(E, E) = Ext? (E, E) & v/—1 - Ext® (E, E). This
glueing procedure is where the technicality is hidden, making it hard to apply their
machinery.

More recently — after most of this thesis was written — Oh-Thomas [147] con-
structed an algebraic virtual fundamental class on the moduli space of coherent sheaves
on a Calabi-Yau 4-fold, which lifts the Borisov-Joyce class, modulo the technical
assumption to invert 2. Morally, the local model of their construction is the following

&

[y

M(X,7) = Z(s) —— A,

where s is an isotropic section of a SO(r, C)-bundle £ over a smooth ambient space .A.
This would be true globally from a gauge-theoretic perspective, where A is allowed to
be infinite-dimensional, but unfortunately such a model is forbidden in the algebraic
setting.

By the same construction of Behrend-Fantechi [12], the obstruction theory deter-
mines an isotropic cone € C &£. The virtual fundamental class and twisted virtual
structure sheaf are defined via the square root Gysin-type maps

[M(X, )] =/ 0:[€] € A (M(X,9),Z[5]),

~ Vvir

: 1/2
Oyiixqy = V0EO] @ K € Ky (M(X,5),Z[1]),
where Og: X < & is the zero section of the vector bundle E. As expected, both the vir-
tual fundamental class and the twisted virtual structure sheaf are deformation invariants.
The square-root operator /- is defined using Edidin-Graham square-root characteristic
classes [68] and represents the trickiest aspect of DT theory for Calabi-Yau 4-folds.

Notice that, in particular, only the twisted virtual structure sheaf is well-defined, and
that we need to invert 2.
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1.5.1. DT/PT correspondence For a Calabi-Yau 4-fold X, a curve class €
Hy(X,Z) and n € Z, the machinery of Oh-Thomas induces a virtual structure on the
Hilbert scheme of points and curves Hilb"(X, 8) and the moduli space of stable pairs
P,(X, ). In both cases, the virtual dimension is n, so we morally need to include
insertions. To any line bundle L on X there is an associated tautological rank n complex

L on Hilb"(X, B) and P,(X, B). We define K -theoretic invariants by

+1/2 ,41/2 ,41/2 i1/2)

I5(X,L,y) == Y00 " - X(Hﬂb”(}g B), 0 @ A*(LI" ®y—1)) e b e q],

and similarly Ps(X, L, y) for stable pairs, where A* () := A*(-)@det(-)"/2. If the moduli
spaces involved are only quasi-projective, the invariants are defined equivariantly by

means of virtual localization.

This definition is motivated by the work of Nekrasov and Nekrasov-Piazzalunga
[140, 143] in String Theory, who considered the case of Hilb"(C*). In fact, from a
string-theoretic perspective these invariants appear as the result of supersymmetric
localization of U(1) super-Yang-Mills theory with matter on a Calabi—Yau 4-fold and
describe the quantum mechanics of a system of D0-D2-D8 branes, with the tautological
insertion of L[ corresponding to a matter bundle. Nekrasov conjectures the following
closed formula.

Conjecture 1.5.1 (Conjecture 6.1.5). The K-theoretic partition function for C* is

[t185][t185][t2t3][y] )

Iy (C4, O(c4, = Ex 1 1
( v = (ww talltallyidlvra ]

where [z] = z'/? — 271/2,

The proof of this conjecture will appear in the upcoming work of Kool-Rennemo
[115).

Inspired by the DT/PT correspondence for Calabi-Yau threefolds, we conjecture the
following DT /PT correspondence for K-theoretic invariants with tautological insertions.

Conjecture 1.5.2 (Conjecture 6.1.7). Let X be a Calabi-Yau 4-fold and L a line
bundle. Then there exist orientations such that

]B(X7L7y) = IO(X7L7y) ' PB(X7L7y)

See Chapter 6 for the proper notation and assumptions of this conjecture. To be
precise, in Chapter 6 we formulate our conjectures always in the toric setting, but it
is natural to believe such a correspondence should hold for the projective case as well.
We develop a vertex/edge formalism which computes the invariants through the virtual
localization and check the conjecture in some cases up to some orders. We remark that
it is important that L is a line bundle, as other analogous tautological insertions would
feature a DT/PT correspondence — cf. Remark 6.2.17. Our DT/PT correspondence
contains, as a specialization, many other conjectural DT /PT correspondences. In fact,
the cohomological limit of this conjecture is the DT /PT correspondence for tautological
insertions studied by Cao-Kool [33] and a further limit is the DT/PT correspondence
with no insertions. Instead, if we specialize y = t4, we dimensionally reduce our theory
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and recover Nekrasov-Okounkov DT /PT correspondence for Calabi-Yau threefolds
[142].

The nastiest aspect of this theory is the localization formula. While for DT theory
of threefolds the localization formula reduces the invariants to some localized contri-
butions expressed by the vertex formalism, in DT theory of Calabi-Yau 4-folds this
happens only up to a sign, for each component of the fixed locus. Existence of a unique
suitable choice of signs is guaranteed by Oh-Thomas work, but any not-so-low-order
computation is not feasible and leads to cumbersome computations, as the number of
fixed points rapidly grows. To remedy this deficiency, we propose several sign rules that
conjecturally compute DT invariants and prove they are canonical. A proof of the sign
rule for Hilb"(C*) will appear in Kool-Rennemo [115].

During the final writing of this thesis, Bae-Kool-Park [7] exploited Oh-Thomas
machinery to develop surface sheaf-counting DT/PT theories. Among their many
results, they extend our vertex formalism to include surfaces and conjecture a series of
DT /PT-type correspondences, both in the toric and projective setting. For another
recent development in surface sheaf-counting theories see Gholampour-Jiang-Lo [80].

1.5.2. PT invariants of local surfaces Gromov-Witten invariants are rational
numbers, which are virtual counts of stable maps from curves to a fixed algebraic
variety. Due to multiple cover contributions, they are in general not integers. For
a Calabi-Yau 4-fold X, Klemm-Pandharipande [108] defined Gopakumar-Vafa type
invariants using Gromov-Witten theory and conjectured their integrality — cf. [102]
for the analogues conjectures for Calabi-Yau threefolds. For v € H*(X,Z), the genus
zero Gopakumar-Vafa type invariants

nos(7) € Q

are defined by the identity

> GWos() @’ =D nos(y) Y d ¢,
d=1

B8>0 B8>0

where GW, g(7) are the usual Gromov-Witten invariants. With a similar multiple-cover
type formula Klemm-Pandharipande define genus one Gopakumar-Vafa type invariants
ny 3, where no insertions are needed. For dimensional reasons, genus g > 2 invariants
automatically vanish.

Inspired by its threefold analogue, Cao-Maulik-Toda [39, 40] proposed a sheaf-
theoretic interpretation of GV invariants of Calabi-Yau 4-folds as Donaldson-Thomas and
Pandharipande-Thomas (stable pair) invariants, using Borisov-Joyce virtual fundamental
class. The stable pair invariants of X with primary insertions are defined by

Pop(y) = / T()"
[Prn (X,B)]ViF

see Chapter 7 for the definition of 7(-). Cao-Maulik-Toda [40] conjecture the following
GV/PT correspondence.
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Conjecture 1.5.3 (Conjectures 7.1.1, 7.1.2). Let X be a smooth projective Calabi-Yau
4-fold, B € Hy(X,Z), v € HY(X,Z), and n > 1. Then there exist orientations such that

Pog(v) = > P [[ros (),
=1

Bo+By+++fn=p
80,150 >0

where the sum is over all effective decompositions of 5. If n = 0

Zpoﬁ qﬂ — HM(qﬁ)nl’ﬁ,

=0 £>0
where M(q) = [],>,(1 — ¢*)~* denotes the MacMahon function.

The first part of Conjecture 1.5.3 can be interpreted as a wall-crossing formula in the
category of D0-D2-D8 bound states in Calabi-Yau 4-folds [42], while the second part
seems to be more mysterious. In [40], these conjectures were verified in the some cases,
mainly for irreducible curve classes and n = 0, 1, where the geometry turns accessible.

In this thesis we produced examples and instances of this conjecture for non-trivial
cases, and develop techniques that allow to compute PT invariants for arbitrary curve
class 8 — in particular non-irreducible — and arbitrarily high n (modulo computational
complexity). We focus on local surfaces, that are quasi-projective Calabi-Yau 4-folds of
the form Totg(L; @ Ls), where S is a toric surface and Ly, Lo are line bundles such that
Ly ® Ly = Kg. We classify when the moduli space of stable pairs of such local surfaces
happens to be proper and when all the stable pairs are scheme-theoretically supported
on the zero-section. Within this classification, we prove the following theorem, by means
of which we compute all the invariants and check the Cao-Maulik-Toda conjectures.

Theorem 1.5.4 (Theorem 7.1.5). Assume P,(X, ) = P,(S, f) and some extra techni-
cal assumption on (S, 3). Denote by [pt| € H*(X,Z) the pull-back of the Poincaré dual
of the point class on S. Then there exist an orientation such that

) n - hn(1+h)x(L1(ﬂ))(1,h)x(L2(B))C(T w1 (L1))
Pos([pt]) = (=172 [o s m(Os (BN (1) = e e

where m :=n + g(f) — 1 and h := ¢;(O(1)). Moreover, P, 5([pt]) = 0 when 3? < 0.

Whenever the stable pairs are not scheme-theoretically supported in the zero section,
we exploit the vertex formalism developed in Chapter 6 to compute the invariants by
means of virtual localization. We stress once more that our techinques allow to compute
PT invariants of local (toric) surfaces for possibly non-reduced curves classes.

1.6. Nested Quot schemes

Let Ky(Varg) be the Grothendieck ring of varieties over an algebraically closed field
k, not necessarily of characteristic zero. If Y is a k-variety, its motivic zeta function

Cy(q) =1+ Z [Y(n)}qn € Ko(Var)[q]

n>0
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is a generating series introduced by Kapranov in [101], where he proved that for smooth
curves it is a rational function in ¢. The motivic zeta function universally comprises all
possible motivic invariants of Y™, in particular topological Euler characteristic.

The motive of a moduli space — its class in Ky(Vary) — provides interesting
information on its geometry, altought it is usually extremely difficult to compute it. We
variate on the theme of Quot schemes, by computing the motive of the nested Quot
scheme of points Quot(E,m) on a smooth curve C, entirely in terms of (¢(q). Here,
E is a locally free sheaf on C', and n = (0 < ny < --- < ny) is a non-decreasing tuple
of integers, for some fixed d > 0. The scheme Quot.(E,n) generalises the classical
Quot scheme of Grothendieck (recovered when d = 1): it parametrises flags of quotients
E — T;— --- — T) where T; is a 0-dimensional sheaf of length n;. Our main result is
the following.

Theorem 1.6.1 (Theorem 8.1.1). Let C' be a smooth curve over k, let E be a locally
free sheaf of rank r on C'. Then

r d
Z [QuotC(E, n)} ¢tegyt = H H Co (L“’qu_”l) € Ko(Varw)[q, -, qd,

0<n1<---<ng a=11i=1

where I = [A] is the Lefschetz motive. In particular, this generating function Z¢,, 4(q)
is rational in ¢, . . ., qq. Moreover it can be expressed through the plethystic exponential
as

d
Zcra(q) = Exp ([C’ x Pyt qud-&-l—i) .
=1

To prove this theorem we exploit the Biatynicki-Birula decomposition, which relies
on a suitable torus action on the nested Quot scheme of points and its smoothness
over a smooth curve. Motivated by the latter, we extended Cheah’s classification of
smoothness of the nested Hilbert scheme of points to the nested Quot scheme of points
in any dimension.

The cohomology ring of the nested Quot scheme on a curve has been studied by
Mochizuki [131]. Moreover, our main result on the motive of the nested Quot scheme
relates to the computation of the Voevodsky motive with rational coefficients of the
scheme of iterated Hecke correspondences perfomed by Hoskins—Lehalleur [92, Section 3],
which features a similar factorisation property as the one we proved — indeed, our
nested Quot scheme can be defined via the scheme of Hecke correspondences. Their
main motivation is the computation of the motive of the stack Bun, 4(C) of vector
bundles of rank n and degree d on a smooth projective curve C, but their work fits
in the general framework of the geometric Langlands program and the study of Higgs
bundles on a curve — see e.g. [79, 93|, and in particular [79, Corollary 4.10] for a
formula related to our main result.
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1.7. Organization of the thesis

1.7.1. Chapter 2 We provide a gentle introduction to virtual localization formulas,
which are the main technical tool of the thesis. We define equivariant analogues of
cohomology, Chow groups and K-theory, and explain how to operatively deal with the
localization theorems after Atiyah-Bott, Edidin-Graham and Thomason in the smooth
setting. In the second part, we introduce virtual structures a la Behrend-Fantechi and
the virtual localization formulas after Graber-Pandharipande, Fantechi-Go6ttsche and

Qu.

1.7.2. Chapter 3 We solve the stable pair theory of local curves. We show that
the fixed locus of the moduli space of stable pairs on a local curve is a disjoint union
of double nested Hilbert schemes — a new moduli space we introduce and study —
and compute the localized contributions to the virtual invariants via an universality
argument, as predicted by the GW /DT correspondence.

1.7.3. Chapter 4 We solve the higher rank K-theoretic Donaldson-Thomas theory
of points, defined as virtual intersection numbers on the Quot scheme of zero-dimensional
quotients of a locally free sheaf of rank r. We develop the higher rank topological
vertex, which reduces the problem to the combinatorics of plane partitions. This solves
conjectures of Awata-Kanno, Szabo and Benini-Bonelli-Poggi-Tanzini (in String Theory)
and Ricolfi (in the toric case).

1.7.4. Chapter 5 We summarize the novel construction of Oh-Thomas of virtual
structures on moduli spaces of sheaves on Calabi-Yau 4-folds. We describe the Edidin-
Graham square-root classes and how they are used by Oh-Thomas to construct a virtual
fundamental class, a virtual structure sheaf and the relevant localization formulas.

1.7.5. Chapter 6 We study K-theoretic Donaldson-Thomas and Pandharipande-
Thomas theory of a toric Calabi-Yau 4-fold, inspired by the work of Nekrasov in String
Theory. We develop a vertex/edge formalism computing invariants with tautological
insertions and conjecture a DT/PT correspondence. We apply this machinery to
compute invariants of Hilbert scheme of toric varieties and propose a conjecture on the
K-theoretic PT invariants of the local resolved conifold.

1.7.6. Chapter 7 We study PT invariants of local toric surfaces. We develop
two techniques to compute such invariants with primary and descendent insertions,
respectively with intersection theory and equivariant cohomology. This provides a
larger class of examples of the Cao-Maulik-Toda GV /PT conjectural correspondence
for Calabi-Yau 4-folds.

1.7.7. Chapter 8 We introduce and study the nested Quot scheme of points. We
describe its tangent space and prove that the nested Quot scheme is smooth over a
smooth curve. Finally we compute its motive in the Grothendieck group of varieties
and show it factors in shifted motivic zeta functions.

1.7.8. Chapter 9 We classify the smoothness of the nested Quot scheme of points,
extending Cheah’s classification for nested Hilbert scheme of points.
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1.9. Conventions

We work over C. A scheme is a separated scheme of finite type over C. We denote
by C* the multiplicative group G,,. If X is a scheme, we let DI*?(X) (resp. DP(X))
denote the derived category of coherent sheaves on X, whose objects are complexes with
vanishing cohomology sheaves outside the interval [a, b] (resp. some interval). Chow
groups A*(X) and cohomology groups H*(X) are taken with rational coefficients. We
denote by (-)" the derived dual and by (-)* the dual of a coherent sheaf. Whenever it is
clear from the context, we may omit pullbacks from the notation, in particular for the
case of restrictions and projections.
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CHAPTER 2

Localization in Equivariant

Enumerative (Geometry

Es o no es
el sueno que olvidé
antes del alba?

Haiku, J.L. Borges

2.1. Une promenade equivariante

2.1.1. Equivariant cohomology Equivariant cohomology is a generalization of
singular cohomology, that takes into consideration topological spaces and group actions
on them. Let G be a topological group and M be a topological space with a G-action.
Naively, one may hope to recover relevant information looking at the space of G-orbits,
that is the topological quotient M /G, and its cohomology. This approach has several
drawbacks:

e Any geometric structure we may consider on M (smooth manifold, algebraic va-
riety, etc.) could be lost when passing to the quotient M /G, whose cohomology
would not be as well behaved as expected.

e If the G-action on M is trivial then the cohomology of the quotient completely
forgets about the group acting:

H*(M/G) = H*(M).

The problem is solved by substituting the topological quotient M /G by the homotopical
quotient. Recall that a principal G-bundle P — @) is called universal if any principal
G-bundle £ — M fits into a cartesian diagram

E——P
Il
M —— Q,

27
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for a suitable map f: M — @, unique up to homotopy. In other words, any principal
G-bundle E can be realized as the pullback £ = f*P of a universal G-bundle (again,
up to homotopy). Remarkably, as soon as P is contractible, the principle G-bundle
P — @ is universal, and unique up to homotopy — see [169] for the construction of
universal principal bundles.

Definition 2.1.1. Let EG — BG be the universal principal G-bundle. The homotopical
quotient of M is

MG:EG XgM:(EGXM)/N,
where G acts on the right of EG and on the left on M, and the equivalent relation is
defined identifying (pg,q) ~ (p, gq) for p € EG,q € M,g € G.

This definition induces a natural fibration
m: Mg — BG
with fiber M, fitting in the commutative diagram

PG +— FGxM — M

| | |

BG Mg —2— M/G.

™

Here o will not be in general a fibration: the fiber of an equivalence class of an element
m € M is

o Y([m]) = EG/G,, = BG,,,
where (5, is the stabilizer of m. This shows how the homotopical quotient Mg carries
refined information and controls how far the G-action is from being free.

Definition 2.1.2. Let M be a topological space with the action of a topological group
G. The equivariant cohomology of M is

HEL(M) = H*(Mg).

The definition is independent of the choice of the universal bundle EG — BG, as
any two such universal bundles are homotopically equivalent.

Equivariant cohomology satisfies all expected functorial features one would expect
from a cohomology theory. The most basic object is the equivariant cohomology of the
point, that is

H{ = H[(pt) = H*(BG).
The natural projection M — pt induces a pullback Hf(pt) — HE (M) and therefore
a structure of Hj-module on H}(M). If f: M — N is a map of compact oriented
manifolds with the action of a compact Lie group, there is a natural equivariant
pushfoward

f.  Hy(M) — HZ (N,
where ¢ = dim M — dim N. If N = pt, this map is the equivariant integration and
denoted by

/ . Hi(M) — H,.
X
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The inclusion of any fiber M — Mg induces a map
He (M) — H*(M),

which we should think of as the restriction of some equivariant data over Mg to
some ordinary data over its fiber M. Be careful that in general it is not true that
H} (M) = H*(M) ® Hg. When this happens, the G-action on M is said to be formal.

Example 2.1.3. Let M be a topological space with the trivial G-action. Then
H:{(M) = H (M) ® Hg.

Finally there are equivariant version of characteristic classes, such as Chern classes
and Euler classes, satisfying all the usual axioms and properties.

2.1.2. Equivariant cohomology of tori As an intermezzo, we compute the equi-
variant cohomology of real tori T = (S!)” and algebraic tori T = (C*)".

The universal principal S'-bundle is obtained by the direct limit of the bundles
Sl pr

Esl — Goo — @SZnJrl
BS' = Py = limP,

while the universal principal C*-bundle is obtained by the direct limit of the bundles
C"\{0} — Pz

FC = ©\{0} = ligC*\{0}
BC* = Pz = hﬂ]%-
In both cases, the equivariant cohomology of the point is
. . wmooy _ 1o QA
Hi = Hi = H(PY) = @a D) = QM.

In the higher rank case it follows by the Kunneth decomposition
Hy = Hy = Q) Q\i] = QA .., A/,
i=1

Remark 2.1.4. The fact that the S' and C*-equivariant cohomologies coincide should
not come as a surprise, as the algebraic torus C* is simply the complexification of the
compact Lie group S*.

2.1.3. Atiyah-Bott localization formula We consider now only smooth com-
plex projective varieties X acted by an algebraic torus T = (C*)". For simplicity, we
consider T-equivariant cohomology with coefficients in C, but analogues statements
can be deduced for suitable algebraic extensions of Q.
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The inclusion of the T-fixed locus ¢ : XT < X — by a result of Iversen [99], the
T-fixed locus is still a smooth projective variety — induces equivariant pushforward
and pullback in cohomology

Lo Hn(XT) — Hy (X))
CHA(X) = HA(XT),

where ¢ = dim X — dim X7, and the equivariant version of the self-intersection formula
reads

L*L*l = BT(NXT/X),

where Ny, x is the normal bundle and eT(-) is the equivariant Euler class. We start
with the classical statement of Atiyah-Bott abstract localization formula [5].

Theorem 2.1.5 (Atiyah-Bott abstract localization). Let X be a smooth projective

variety with a T-action, and denote by H7 .. the fraction field of Hy}. Then there is an

Joc

isomorphism

bt Hy(XT) @ Hyp joe = Hyp(X) @ Hy

JJoc

Clearly, the inverse of the isomorphism of Theorem 2.1.5 is given by

1

—— HA(X) @ Hi o = Hi (X)) @ H
GT(NXT/X) T( ) T, T( ) T

Joc*

Composing the isomorphism induced by ¢, with its inverse, Atiyah-Bott localization
expresses every cohomological class on X as a sum of localized contribution on its
T-fixed locus XT.

Corollary 2.1.6 (Atiyah-Bott localization formula). Let X be a smooth projective
variety with a T-action and denote by X, the connected components of the T-fixed
locus XT. Then the fundamental class can be expressed as

Y

and any equivariant cohomology class « € H5(X) can be expressed as

NX x)

a—ZL* NX/X)

In particular, the following integration formula holds

(0% X;
o= — -

The integration formula in Corollary 2.1.6 can be applied to a wide range of

situations.
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Example 2.1.7. Atiyah-Bott localization formula can be applied to compute ordinary
integrals. In fact, consider the commutative diagram

H*(X) ——— H*(pt) = C,

where ,, 7% denote the (equivariant) integration maps and the vertical maps are
forgetting the equivariant structure. Say that there is a lift of an ordinary cohomology
class @ € H*(X) to an equivariant class & € Hj(X) — unfortunately, the map from
equivariant to ordinary cohomology is not always surjective. Then we can compute the

fe=(/a)],
(s ) x|

Remark 2.1.8. Often the restriction of the equivariant parameters \; = 0 is not needed

integral as

Ai=0

— a phenomenon we refer to as rigidity principle. For instance, suppose that X T consists
in finitely many fixed points { p; },. Then we have

/a_ pi(A)
X p ¢i(A) o

%

Y

where p;(A), ¢;(A) € C[\, ..., \] are some homogeneous polynomials in the equivariant

parameters and ¢;(\) have degree at most dim X. Moreover, the sum ) _, q

poles in \; = 0. Therefore, if degp;(A) < dim X, the sum has to be already a constant
before setting \; = 0.

Example 2.1.9.If X is not proper, the integration over X does not make sense.
Suppose instead that X is acted by an algebraic torus T with proper T-fixed locus X T.

Oé|XT %
/Oé _/ 2N N E HT,IOC’
XT € XT/X

where the right-hand-side is defined equivariantly. If X is proper, this definition is

We may formally define

consistent with the usual integration over X by the Atiyah-Bott localization. Clearly, if
X is not proper, we cannot specialize the equivariant parameters \; = 0.

Example 2.1.10 (Topological Euler characteristic). It is classically know that the
Euler characteristic of a variety X with a T-action is the same of its T-fixed locus.
Atiyah-Bott localization formula provides a simple proof in the case the variety is
smooth and projective.

The inclusion XT <+ X induces an exact sequence of vector bundles on X T

0—>TXT —>TX‘XT %NXT/X —>07
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and we can compute the topological Euler characteristic of X by the Poincaré-Hopf
Theorem

unlX) = [ ()

- /X e(Ty)

= €t0p(XT).

2.1.3.1. A vademecum on Atiyah-Bott localization formula We try to give a rough
account on how to operatively use the Atiyah-Bott localization, at least when integrating
equivariant Chern classes of vector bundles on a smooth projective variety.

Say that X carries a trivial T-action, for T = (C*)" — the main scenario is when
X is a T-fixed locus. Remember that the character group of a torus is T = 7", and
denote by ty,...,t. the irreducible characters corresponding to the standard basis of
7". Any T-equivariant vector bundle £ on X admits an eigenbundle decomposition

E=Pe. ot

WELT

where &, is the vector bundle corresponding to the weight ;1 € T and we introduced
the short-cut

o=
The equivariant Chern classes of £
ci (€) € Hyp(X) = H*(X) ® Hy(pt)

satisfy the same multiplicative properties of ordinary Chern classes, by seeing the irre-
ducible characters t* as equivariant line bundles O x ® t*. For example, the equivariant
Euler class of £ is computed as

rk &y

=] D ci€) - F ()™ 5= € H*(X) [\, A

peZ” =0

The first Chern class of the equivariant line bundles are the generators of the equivariant
cohomology

cf(t) =N € QAL ..., A,
and the previous expression can be simplified to

rk &y

S 1 IRV

HEZT i=0

where - A denotes the standard scalar product.



2. UNE PROMENADE EQUIVARIANTE 33

Example 2.1.11. How do we perform explictly equivariant integration? Let’s consider
the projective space P" for a concrete example. Consider the action of the torus
T = (C*)"™!, acting on the homogeneous coordinates of P = P(C"™!) as

(toy - ytn) o s -t xy] = [towo -+ -ty
The n + 1 T-fixed points are p; = [0:---:0:1:0---: 0] (where the 1 is in position i),
for = 0,...,n. The normal bundle at every fixed point splits as

where (xij = i—ﬂ) are local affine coordinates around p; and % is the dual of the
L) j#i Y

Kahler differential dz;;. Equivariantly it decomposes as
n
N, =EPC -t
j=0
J#i
therefore its equivariant Euler class is

n

e"(N,) =[] = A) € Qs - Al
=0
i#i
The line bundle Opx (1) fits into the Euler exact sequence
0 — Qpa (1) = Opn @C™ — Opa (1) — 0,

which presents Opn (1) as a quotient of Opn @C"*1| by which we deduce that the fibers
over the fixed points have weight

Opn(D)]p, =C® .

Performing the simplest intersection number

0, k<n
COn].k: ’ ’
[ e {1, .

yields the nice combinatorial identity

i A )0, k<n,
=0 H?=Q(Ai =) 1, k=n.
J#i
The left-hand-side is a homogeneous rational expression of total degree less than 0,
which cannot have poles in A\; — A\; = 0, by which we conclude that the expression
is constant on \; before the specialization \; = 0. This is an instance of the rigidity
principle described in Remark 2.1.8.



34 2. LOCALIZATION IN EQUIVARIANT ENUMERATIVE GEOMETRY

2.1.4. Equivariant Chow groups All the contents of the previous section could
be formulated in a purely algebraic fashion. We briefly summarize the construction of
equivariant Chow groups and localization formula in Chow groups, following Edidin-
Graham [69, 70].

Let X be a scheme acted by a g-dimensional algebraic group G and V' be a G-
representation of dimension [, containing an open U C V such that a principal bundle
quotient U — U/G exists, and that V' \ U has codimension more than n —i. Then
G acts freely on X x U and — under some mild hypotheses satisfied in our case of
interest, see [69, Prop. 23] — the quotient X = (X x U)/G exists as a scheme.

Definition 2.1.12. The i-th equivariant Chow group is
AF(X) = Ainiy(Xa).

This definition is independent of V' and U as long as V \ U has sufficiently high
codimension.

Equivariant Chow groups enjoy — once more — all the functorial features of ordinary
Chow groups, which comprises the equivariant upgrade of proper pushforward, flat
pullback, and Chern classes. Using equivariant Chern classes, one may naturally define
Chow cohomology (or operational Chow group) A% (X), which comes equipped with an
intersection product turning A% (X) into a ring. If X is smooth of dimension n, this is
simply A% (X) =2 AY ,(X). If X is a projective variety, equivariant Chow cohomology
comes equipped with a cycle map

Ag(X) = Hg(X),

in complete analogy with the ordinary case, which is an isomorphism in many cases of
interest [78, Example 19.1.11], among which there are toric varieties. In the case of an
algebraic torus T = (C*)" we have

Az(pt) = QM. A

2.1.4.1. Edidin-Graham localization An algebraic version of Theorem 2.1.5 holds.
Let X be a scheme acted by an algebraic torus T = (C*)" and ¢ : XT < X be the
inclusion of the T-fixed locus.

Theorem 2.1.13 (Edidin-Graham localization). Denote by At the fraction field of
A% (pt). Then there is an isomorphism

by ATI‘(XT) ® A:’i‘,loc % A:kI‘(X) ® A#’i‘,loc'

Moreover if X is a smooth variety, the fundamental class can be expressed as

X;
R ]

and any Chow class a € A%(X) can be explicitly written as

o
o= by———,
Z eT(NXi/X)

i
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where X; are the connected components of the fixed locus XT. In particular, if X is a
smooth projective variety, the integration formula holds

O./|X
/ ‘- Z/X eT(Nx,/x) /x)

2.1.5. Equivariant K-theory For a complete discussion of equivariant algebraic
K-theory we refer the reader to Chriss-Ginzburg [57, Sec. 5] and Okounkov’s wonderful
lectures [149, Sec. 2|. Let X be an scheme acted by a (linearly) reductive group G.
We denote by Cohg(X) the category of G-equivariant sheaves on X and by D2(X) the
bounded derived category of G-equivariant sheaves on X. By equivariant K-theory
of X we refer to the Grothendieck group of equivariant coherent (resp. locally free)
sheaves K§(X) (resp. K&(X)). There is always a map relating the two Grothendieck
groups

Kg(X) = K§(X),

which is an isomorphism if X is a smooth. A G-equivariant coherent sheaf over a point
is the same as a finite-dimensional G-representation, thus the K-theory of the point is
simply the representation ring

Ke(pt) = Z[G),

which consists of wirtual representations, that is the formal difference of two G-
representations. We already observed that the character group of the algebraic torus
= (C*)"is T = Z", yielding

Kx(pt) = Z[t", ... 7],

where t;,...,t. — the coordinates of T — are seen as irreducible 1-dimensional complex
representations of T.

Equivariant K-theory enjoys all the usual functorial properties, which descent
from the functoriality in Cohg(X) and D2(G). For example, let f : X — Y be a
flat morphism and F a sheaf on Y. The equivariant flat pullback of [F] is the class
[f*F] € K§(X). If fis not flat, but only finitely many L!f*F are non-zero, the
equivariant pullback in K-theory is defined as

Lf*[F] =Y (-1)[L'f*F] € K§(X).
i=0
Similarly, let f: X — Y be a proper map of quasi-projective schemes. The equivariant
proper pushforward of a sheaf F on X is

o0

RfF] =) (F1)'[R'f.F] € KS(Y),

=0

which is a well-defined class as only finitely many R’ f,F can be non-zero. For simplicity,
we will often denote Rf, by f. keeping in mind that it comes from a derived functor'.

1Often in the literature R f, is denoted by fi, see e.g. [78].
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If Y = pt, f. plays the role of the integration map in equivariant K-theory and we
denote the pushforward by the equivariant homolorphic Euler characteristic
X(X,F) = f[F] =Y (1) H'(X, F) € Z[G],

=0
in complete analogy with the ordinary case. Here the cohomology groups H(X, F) are
seen as finite-dimensional complex G-representations, leading to much more refined

invariants with respect to the bare numbers computed by the ordinary holomorphic
Euler characteristic.

Remark 2.1.14. If the map is not proper, we may not directly define the pushforward
in (ordinary) K-theory. Equivariantly, there is still hope. In fact, suppose that R f,F
decomposes in (possibly infinitely-many) finite-dimensional weight spaces. Then we may
define the pushforward f,[F] in a completion of K§(Y) as the (possibly infinite) direct
sum of all the finite-dimensional weight spaces. For instance, this situation happens
whenever X is a quasi-projective variety with a proper T-fixed locus, generalizing the
situation of Example 2.1.9.

2.1.5.1. K-theoretic localization Let X be a quasi-projective scheme and £ a locally
free sheaf on X. Define the total wedge power

rk &
A =) pNE € KY(X),

=0

which satisfies A, (€ @& E') = A,(€) ® A,(E') for any two locally free sheaves £, £’ and
extend it linearly to any class £ € K&(X). If p = —1, we denote it by A_; = A®. If
X=pt, T=(C*H" and V = Zu t" is a T-representation, it satisfies

AV =TJ—pt) ezl 6.
w

A version of the localization theorem in K-theory has been proven by Thomason?® [179,
Thm. 2.1], taking place in the localization of K% (pt)

1 ~
K’%(pt)loc = Z[tida s 7t}1] [m pe T:| :

Theorem 2.1.15 (K-theoretic localization). Let X be a scheme acted by an algebraic
torus T, with T-fixed locus ¢ : XT < X. Then there is an isomorphism

by : K(’)T<XT) ® K’%,loc % K(’)I‘(X) ® K’%,loc'

Moreover if X is a smooth, any K-theory class V € KY(X) can be explicitly written as

oV
V= b o e
; A.(NXi/X>

2See also Edidin-Graham [71] for a nonabelian version of the K-theoretic localization formula.
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where X; are the connected components of the fixed locus XT. In particular, if X is a
smooth projective variety, the integration formula holds

As for the case of equivariant Cohomology, Theorem 2.1.15 can be applied to

compute ordinary Euler holomorphic characteristics. Say that V € Ky(X) admits a lift
Ve K{F(X), then thanks to the commutative diagram

and the ordinary holomorphic Euler characteristic is computed as

X<X7 V) = X<X7 V)

ti=1

‘ZX< WX))

X;/X

=1

Now differently than the case of equivariant cohomology, the rigidity of the equi-
variant parameters in K-theory features much rarely and essentially depends on which
elements of the form 1 — t* we actually need to invert. Arbesfeld [3, Sec. 3.1] proved a
nice criterion to determine the denominators in the localization.

Let X be a smooth quasi-projective scheme acted by a torus T with proper T-fixed
locus XT — equivariant holomorphic Euler characteristic is well-defined by Remark
2.1.14. We say that a weight t* € T is compact if the T-fixed locus X T¢ is proper,
and non-compact otherwise. Here, Ty C T denote the maximal torus contained in
ker(t*) C T. In particular, for every non-zero n € Z, we have Ty = Tnu.

Proposition 2.1.16 ([3, Prop. 3.2]). Let F € K} (X) be a class in K-theory. We
have®

XX, F) ezt .. ] : t* non-compact weight| .

11—t

In other words, we can express

where p(t),q(t) € Z[t", ..., t*'] are Laurent polynomials and q(t) is a product of
elements of the form (1 — t"), with ¥ a non-compact weight.

We end the section with some examples.

3This result holds in more generality in the virtual setting described in Section 2.2.
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Example 2.1.17 (A local example). Consider A™ with the standard action of T = (C*)".
As an infinite-dimensional vector space, the global sections of Ogn are

(1—z1) (1 —x,)

where in the last line we just formally expand the geometric series. As there is no
higher cohomology, the equivariant holomorphic Euler characteristic is simply the global
sections seen as a T-representation

X(An>OA") = (1 —t1)<1 _tn)

The same quantity can be also computed with the K-theoretic localization, as the only
T-fixed point of A" is the origin, which also confirms that the non-compact weights of
A" are of the form t¥, for k € Z.

Example 2.1.18 (A global example). With the same notation as in Example 2.1.11,
consider P" with the action of T = (C*)"*! and let d > 0. As a C-vector space, the
global section of Opn(d) are

HO(IPm7OIP’”(d)) :C[ZEOP‘W:L‘TJ(CI) - @ (ngoxin

As there is no higher cohomology, the equivariant holomorphic Euler characteristic is
simply the global sections seen as a T-representation

X", Op(d) = P C-to-- -t

do+-++dn=d

The right-hand-side can be computed via the K-theoretic localization theorem

x(F”, Or-(d anol—tlf)

yielding the identity

d n
ZHyol—t PV S

do+tdp=d

In fact, by Proposition 2.1.16 the left-hand-side cannot have poles of the form (1—t; ' t;)
- as confirmed by the right-hand-side - as all weights are compact. If we specialize t; = 1,
we recover the ordinary holomorphic Euler characteristic

W 0m@) = (" 7).

n
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2.2. Une promenade virtuelle

2.2.1. Perfect obstruction theories Performing intersection theory on a singular
scheme is a hard job. A way to bypass this problem (algebraically!) is to introduce
virtual structures & la Behrend-Fantechi and Li-Tian [12, 123].

Definition 2.2.1. A perfect obstruction theory on a scheme X is the datum of a
morphism

¢: E — Ly

in DI7Y(X), where E is a perfect complex of perfect amplitude contained in [—1, 0],
such that

e h%(¢) is an isomorphism,
o h1(9) is surjective.

Here, Ly = 7>_1L% is the cut-off at —1 of the full cotangent complex L% €
DI=%(X) introduced by Illusie [96]. A perfect obstruction theory is called symmetric
(see [13]) if there exists an isomorphism 6: E = EV[1] such that § = §V[1]. The
virtual dimension of X with respect to (E, ¢) is the integer vd = rk[E. This is just
rk £ —rk B! if one can write E = [E~! — E°], where E°, E~! are locally free sheaves
on X.

A perfect obstruction theory determines a cone
¢ F = (Eil)*.

Letting Og, : X — Ej be the zero section of the vector bundle Fy, the induced virtual
fundamental class on X is the refined intersection

[X]™ = 0, [€] € Aw(X).

By a result of Siebert [171, Thm. 4.6], the virtual fundamental class depends only on
the K-theory class of E.

On the K-theoretic side, it was observed in [12, Sec. 5.4] that a perfect obstruction
theory induces also a wvirtual structure sheaf

¥ = [LO0}, Oc] € Ko(X).

Its construction first appeared in [110, 58] in the context of dg-manifolds and in [75]
in the (algebraic) language of perfect obstruction theories. More recently, Thomas
gave a description of OY' in terms of the K -theoretic Fulton class, showing that it only
depends on the K-theory class of E [177, Cor. 4.5]. Both the virtual class and the
virtual structure sheaf are deformation invariants.

Locally, all perfect obstruction theories are of the following form.
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Example 2.2.2 (Kuranishi global model?). Let a scheme Z
&
7 :=Z(s) —— A,

be the zero locus of a section s € I'(A, £), where £ is a vector bundle over a smooth
quasi-projective variety A. Then there exists a induced perfect obstruction theory on Z

E = [8*’2 L QA’Z]
¢J/ s*\[ \[id
Ly = [Z/7? —%— Qul/]

in DI719(Z), where we represented the truncated cotangent complex by means of the
exterior derivative d constructed out of the ideal sheaf Z C Oy of the inclusion Z — A.
Moreover
L[Z]™" = e(&) N [A] € A,(A),
= NE* € K(A).
In other words, the virtual fundamental class [Z]'" and the virtual structure sheaf

O push to the smooth ambient space A as if the section is regular, that is as if the
intersection is transverse.

Example 2.2.3 (Perturbing the equations). The simplest instance of the Kuranishi
global model is the following affine situation

Op2 D Ope

L)
Al = Z(5) —— A?%
where s = (z,2) € C[z,y]®2. The section s is clearly not regular, as the two equations
are not linearly independent; however, we shall perturbe it to a regular section s’

(r,z) ~ (z,x+€-y),
where 0 # ¢ € C. Now, the zero locus of s is simply the origin (0,0) € A? with its
Kozsul resolution
Op0) = A*Clz,y|** = [Clz, y] = Clz,y]** = Cla, y]].

We remarked before that the virtual structure sheaf just depends on the K-theory
class of the perfect obstruction theory: in other words, we may forget the maps of the
complex defining it. Therefore we showed that the induced virtual structure sheaf on
Al satisfies

Ly OK{ = 0(070) S KO(AQ)

T borrowed this terminology from Richard Thomas, but it may be not standard in Algebraic
Geometry.
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The slogan of this example is

"The virtual structure sheaf of X is the class of the Kozsul resolution of a perturbation
of the section defining X.”

Remark 2.2.4. The Kuranishi global model of Example 2.2.2 enjoys a more conceptual
understanding in the framework of Derived Algebraic Geometry — see [182] for an
introduction to the subject. The zero section Z(s) < A is realized as the fiber product

Z(s) —— A

L

— £.

If we consider the fiber product in the category of schemes Sch, then Z(s) is an (ordinary)
scheme with structure sheaf O ). However, we can enlarge our category of schemes to
the co-category of derived schemes dSch and take the fiber product as a derived scheme.
This results in a derived scheme Z, whose truncation recovers the ordinary zero section
der
Z

Z(s), but comes naturally equipped with a sheaf (in the derived sense) OF" satisfying

(cf. [182, pag. 192])
OF" = O3, € Ko(Z(s)),

and whose truncation recovers the structure sheaf Oz. In other words, we should
more naturally see the virtual structure sheaf of an ordinary scheme as the ordinary
structure sheaf of a derived scheme (as long as such a derived enhancing is possible).

2.2.2. Virtual localization formulas Let X be a scheme acted by an algebraic
torus T with a T-equivariant perfect obstruction theory E and denote by Ty" := EY €
K%(X) the virtual tangent bundle®. Graber-Pandharipande [85, Prop. 1] showed that
there exists an induced perfect obstruction theory on the T-fixed locus X T, with virtual
tangent bundle T)V(ié = T)V(ir ﬁ;‘T the T-fixed part of the virtual tangent bundle. Denote

by N;’(ifr X = Ty T — the movable part of the virtual tangent bundle — the virtual
normal bundle. Graber-Pandharipande [85] generalized the Atiyah-Bott localization

formula in the virtual setting®.

Theorem 2.2.5 (Graber-Pandharipande virtual localization). Denote by ¢ : XT < X
the inclusion of the fixed locus. The virtual fundamental class can be expressed as

) [Xi]vir
[X]wr _ b
; eT(NXi/X>

5Strictly speaking, for this to be a virtual bundle one should at least ask for a resolution [Ny — Nq]
of N}’(i/rxT, which could a priori not exist [52, Rem. 3.6], [107, Ass. 5.4]. For instance, without this
assumption, eT (N)V(i/rXT) would not be well-defined.

6See also Chang-Kiem-Li [52] for an independent proof using Kiem-Li cosection localization [103],
where some global assumptions of [85] are weakened, and Kresch [120, Thm. 5.3.5].
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where X; are the connected components of the fixed locus XT. In particular, if X is a
proper scheme, for any Chow class o € A%(X) the integration formula holds

Oé|X
a = .
/X]vur Z/ ]vnr 6 N;’(IF/X)

In the K-theoretic setting, the virtual localization formula has been proved” by
Fantechi-Gottsche [75, Prop. 7.1] and Qu [162, Thm. 3.3].

Theorem 2.2.6 ( K-theoretic virtual localization). Denote by ¢ : XT — X the inclusion
of the fixed locus. The virtual structure sheaf can be explicitly written as

i Ovir
X = by W7
2 R

where X; are the connected components of the fixed locus X*. In particular, if X is a
proper scheme, for any K-theory class V € K§ (X) the integration formula holds

OVII’
v oop) - oo
Z A*(Nx)x)

Xi/X

"See also Kiem-Savvas [107] for an independent proof using K-theoretic cosection localization
for almost perfect obstruction theories, where some global assumptions of [75] are weakened, and
Kiem-Park [106] where the torus localization is proved for a general virtual intersection theory.



CHAPTER 3

Double nested Hilbert schemes and

the local PT theory of curves

Ombre sui colori volano
sussulta in silenzio
la nostalgia di un ciliegio

Haiku, Andrea Pavlov

3.1. Introduction

3.1.1. Double nested Hilbert scheme of points Let X be a quasi-projective

scheme over C. We denote by X[ the Hilbert scheme of n points on X, which
parametrizes O-dimensional closed subschemes Z C X of length n. Given a tuple of
non-decreasing integers n = (ng < --- < ny), the nested Hilbert scheme of points X™
parametrizes flags of zero-dimensional subschemes (Zy C --- C Z,;) of X, where each
Z; has length n;. The scheme structure of these moduli spaces has been intensively
studied in the literature, see for example [54, 135].
We propose a variation of this moduli space, by parametrizing flags of subschemes
nesting in two directions. Let A be a Young diagram and ny = (ng)gey a reversed plane
partition, that is a labelling of A by non-negative integers non-decreasing in rows and
columns. We denote by X\ the double nested Hilbert scheme of points, the moduli
space parametrizing flags of 0-dimensional closed subschemes (Zp)gey C X

Zoo C Lot C ZLoa C Zopg C ...

N N N N
Zio C Zyy C Zig C Z1z3 C ...
N N N N
Zog C Zoy C Zag C ...

N N N

43
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where each Z has length ng. If A is a horizontal or vertical Young diagram, the nesting
is linear and we recover the usual nested Hilbert scheme of points.

The scheme structure of these moduli spaces is interesting already in dimension one,
for a smooth curve C. Cheah proved [54] that the nested Hilbert scheme CI is
smooth, being isomorphic to a product of symmetric powers of C' via a Hilbert-Chow
type morphism. However, as soon as we allow double nestings, C™ can have several
irreducible components (see Example 3.2.6), therefore failing to be smooth.

Our first result is a closed formula for the generating series of topological Euler charac-
teristic of ™\ in terms of the hook-lengths h(CJ) of .

Theorem 3.1.1 (Theorem 3.2.10). Let C' be a smooth quasi-projective curve and A a
Young diagram. Then

Z e(CMA) gl = H(l — ")l

ny OeA

This is achieved by exploiting the power structure on the Grothendieck ring of
varieties Ko(Varc), by which we reduce to the combinatorial problem of counting the
number of reversed plane partitions of a given Young diagram, which was solved by
Stanley and Hillman-Grassl [172, 91]. Motivic analogues of this formula are studied in
[134].

3.1.2. Virtual fundamental class The double nested Hilbert scheme C™V is in
general singular, making it hard to perform intersection theory. To remedy this, we
show that C™I admits a perfect obstruction theory in the sense of Behrend-Fantechi
and Li-Tian [12, 123]. In fact, we can (globally!) realize C'™) as the zero locus of a
section of a vector bundle over a smooth ambient space.

Theorem 3.1.2 (Theorem 3.2.7). Let C' be an irreducible smooth quasi-projective
curve. There exists a section s of a vector bundle £ over a smooth scheme Ac,, such

that
E

C[nk] = Z(S) — AC,nA-

By this construction O™ naturally admits a perfect obstruction theory (see Example
2.2.2) and in particular carries a virtual fundamental class [C™]]¥"" which recovers the
usual fundamental class in the case where the nesting is linear. We pause a moment
to explain this construction in the easiest interesting example, that is for the reversed

plane partition

Tpo|Mo1

N1o0|M11

The embedding in the smooth ambient space is

C’[HA] N ACn,\ — C[noo] > C[mo—noo] > C«[nu—nm] « C[nm—noo] > C[nu—mo]’

(Z007 2017 ZlOa le) — (Z007 ZlO - ZOOa le - ZOla ZOl - ZOO7 le - ZlO)-
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In other words, Ay, records the subscheme in position (0,0) and all possible vertical
and horizontal differences of subschemes, where sum and difference are well-defined
by seeing the closed subschemes Z;; as divisors on C. At the level of closed points,
the image of the embedding is given by all (Zyo, X1, Xo,Y1,Ys) € Acn, such that
X1 +Y, =Y; + Xy — again, as divisors. Notice that X; + Y5 and Y; + X, are effective
divisors of the same degree, therefore they are equal if and only if one is contained into
the other, say X; + Y, C Y] + Xo.

This relation is encoded into a section of a vector bundle £, as we now explain. Denote
by X1, Xy, V1, Vs the universal divisors on Ac,, X C and set

=Y + X,
I =X + D
The vector bundle £ is defined as
£ =7, Op:(T),

where m: Acn, X C' — Acn, is the projection. The section s of £ is the one induced —
via 7. — by the section of O, xc(I'"") which vanishes on I'' and then restricted to
.

3.1.3. Stable pair invariants of local curves Let C' be a smooth projective

curve and Ly, Ly two line bundles over C. We denote by local curve the total space
X = Tote(Ly @ Lo) with its natural T = (C*)2-action on the fibers.
For d > 0 and n € Z, we denote by Px = P,(X,d[C]) the moduli space of stable pairs
[Ox = F] € D*(X) with curve class d[C] and x(F) = n. The moduli space Px has a
perfect obstruction theory [152], but is in general non-proper. Still, the T-action on X
induces one on Py with proper T-fixed locus Py, therefore we can define invariants via
Graber-Pandharipande virtual localization [85]

PTyn(X) := / !

o € Q(s1, 82),
[P;]vir BT(NVH)

where s, s, are the generators of the T-equivariant cohomology and NV is the virtual
normal bundle. We denote its generating series by

PTu(X;q) =) ¢"-PTyn(X) € Q(s1,52)((q)).
nez

Pandharipande-Pixton extensively studied stable pair theory on local curves [157, 156]
using degeneration techniques and relative invariants, focusing on the rationality of
the generating series, including the case of descendent insertions. The novelty here is
the different approach which only relies on the Graber-Pandharipande localization —
without degenerating the curve C'— and the virtual structure constructed on the double
nested Hilbert schemes C™\. This is in particular useful to address the K-theoretic
generalizations of stable pair invariants (cf. Section 3.1.8).

Our main result is that the generating series PT4(.X; ¢) of such invariants is controlled

by some universal series and determine them under the anti-diagonal restriction s, +s, =
0.
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Theorem 3.1.3 (Theorems 3.8.2, 3.8.1). There are universal series Ax(q), Bx(q), C\(q) €
Q(s1, s2)[q]] such that

PTa(X50) = 3 (7 MAn@) "™ (O Ba@) ™" - (D)

A-d

where \ is the conjugate partition of \, n(\) = Zig‘gz -\ and g = g(C). Moreover,
under the anti-diagonal restriction s; + s, = 0

Ax(g, 51, —51) = (=s)M - T[ m(D)?

Oex
Bx(=q, 51, —s1) = (—=1)"V - s7% e Ta-¢"),
Oex OeA
Ci(=¢,51,—s1) = (— 1)n()\) —hl Hh H (1—q e ))
Dex Oex

We sketch now the main steps required in proving Theorem 3.1.3.

3.1.4. Proof of the main theorem The connected components of the T-fixed
locus P,(X,d[C])T are double nested Hilbert schemes of points C™\ for suitable re-
versed plane partitions n, and Young diagram A. In fact, pushing forward via X — C' a
T-fixed stable pair [Ox = F], corresponds a decomposition D jyezOc SN F;j] on C,
where every Fj; is a line bundle with section s;;. These data produce divisors Z;; C C
satisfying the nesting conditions dictated by )\, in other words an element of C™.

On each connected component, there is an induced virtual fundamental class [CTA]¥E
coming from the deformation of stable pairs. This virtual cycle coincides with the one
constructed by the zero-locus construction of Theorem 3.1.2. By determining the class
in K-theory of the virtual normal bundle, stable pair invariants on X are reduced to
(T-equivariant) virtual intersection numbers on C™) namely

(3.1.1) [ TN L) € Qo).
[C[n)\]wr

The generating series of these invariants, for every fixed Young diagram A, is controlled
by three universal series (Theorem 3.5.1)

g™ /c[ ] — NS L) = AL BRYER - ORE R € Qs1, 9)[g].
nA vir

This universal structure is proven by following the strategy of [72]. In fact, these invari-
ants are multiplicative on triples of the form (C, Ly, Ly) = (C'UC”, L} & LY, L, & LY)
and are polynomial in the Chern numbers of (C, Ly, Ly). The latter is obtained by
pushing the virtual intersection number to C™ on the smooth ambient space Acn, —
a product of symmetric powers of C'— and later to a product of Jacobians Pic™ (C),
where the integrand is a polynomial on well-behaved cohomology classes.

By the universal structure any computation is reduced to a basis of the three-
dimensional Q-vector space of Chern numbers of triples (C, L1, Ly). A simple basis
consists of the Chern numbers of (P!, O, O) and any two (P, L, Ly) with L1 ® Ly = Kpr.
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In both cases, the invariants are explictly determined under the anti-diagonal restriction
s1 4 so = 0 by further applying the virtual localization formula.

3.1.5. Toric computations The C*-action on P! canonically lifts to the double

nested Hilbert scheme P* [n*], with only finitely many C*-fixed points, therefore we can
further C*-localize the invariants (3.1.1) to obtain

O AR R (D DR L A |
[Pl[“k]]

1[ny],C*
ZeP s3=0

where s3 is the generator of the C*-equivariant cohomology and Téir is the virtual
tangent bundle of P'™/ at the fixed point Z.

Under the anti-diagonal restriction s; + so = 0, this translates the computation of the
invariants into a purely combinatorial problem, which we explictly solve in the trivial
vector bundle case L = Ly = Op and in the Calabi-Yau case L1 ® Ly = Kp1. A few
remarks are in order. In the trivial vector bundle case, the solution is equivalent to the
vanishing

T vir _
/ et (= IPl,0,0> =0,
[]P)l[“,\]]vir

s1+852=0
for every reversed plane partition of positive size |ny| > 0. This relies on the vanishing
e (=T — N3, 1,.z) = 0, which comes from a simple vanishing property of the
topological vertex in stable pair theory proved in [130].

In the Calabi-Yau case, the invariants turn out to be topological, under the anti-diagonal

restriction.

Theorem 3.1.4 (Theorem 3.7.3). Let X be Calabi-Yau. Then the generating series of
the invariants (3.1.1) coincides, up to a sign, with the generating series of the topological
FEuler characteristic

ZHA Q‘n)\l ' <f[]13’1[n,\]}vir eT(_N]l\ﬁl:Ll’LZ)>

where ¢ = 3 5\ (J —9)-

— (1)t AHN LS (gl (P“"”) ,

s1+s2=0

This happens as, under the anti-diagonal restriction, each C*-fixed point Z con-
tributes with a sign

(3.1.2) e (T — Hg}thL%Z)\MSFO = (—1)%e LaleatRADHAFm

which is independent of Z and the invariants amount to a (signed) count of the C*-fixed
points. It is not a priori clear how to obtain the the same sign through the vertex
formalism for stable pairs developed by Pandharipande-Thomas [155].

Nevertheless, the topological nature of the invariants in the Calabi-Yau case is not
surprising also for a non-toric curve C. If X is Calabi-Yau and P, (X, d[C]) is proper —
which happens only in rare cases — the anti-diagonal restriction would compute its
virtual Euler characteristic and Behrend’s weighted Euler characteristic, which is a
purely topological invariant of a scheme with a symmetric perfect obstruction theory
[10].
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3.1.6. Gromov-Witten/stable pairs correspondence In the seminal work [127],

a conjectural correspondence - known as the MNOP conjecture - between Gromov-
Witten invariants and Donaldson-Thomas invariants of projective threefolds is formu-
lated, proven for toric varieties in [127, 128, 129] for primary insertions. By defining
the GW/DT invariants via equivariant residues, the conjecture has been extended to
local curves in [29] and proven by combining the results of [29, 148].

Stable pair invariants were later introduced by Pandharipande-Thomas [152] to give a
more natural geometric interpretation of the MNOP conjecture through the DT /PT
correspondence proved by Toda and Bridgeland in [180, 27] using wall-crossing and
Hall algebra techniques. The Gromov-Witten/stable pairs correspondence has been
subsequently extended to include descendent insertions and to quasi-projective varieties
whenever invariants can be defined through virtual localization. The correspondence
had been confirmed by Pandharipande-Pixton for Calabi-Yau and Fano complete inter-
sections in product of projective spaces and toric varieties [159, 158] and had been
recently addressed in [145]. See [151] for a complete survey on the subject.

3.1.7. The local GW theory of curves For X = Totc(L; @ Ls) a local curve,
let H,:(X ,d[C]) denote the moduli space of stable maps (with possibly disconnected
domain) of genus h and degree d[C]. Define the partition function of Gromov-Witten
invariants of X (with a shifted exponent)

GWa(g| deg Ly, deg Ly;u) = u? 2ot birdsla 57, ) 2072 [ o gienrpr arevem € Qo1 52) (),

where the dependence is only on the genus g = g(C), the degrees of the line bundles
and the degree d. The Gromov-Witten theory of local curves had been solved by
Bryan-Pandharipande [29, Theorem 7.1] using a TQFT approach. Moreover they
deduced an explicit closed formula for the partition function under the anti-diagonal
restriction s; + sy = 0.

Theorem 3.1.5 (Bryan-Pandharipande). The partition function of Gromov-Witten

invariants satisfies

GWa(glk, ka; u)| (—1)d(9717k2)sfugﬁ*kﬁb).

S1+s2=0 =

Lo (k1 —k h(0) R(O) \ k1+k2
E QaCA( 1—ks2) H h(D>2g—2—k1—k2 jhi—ke (QT o ) ’
A-d Oex

where we set () = €™ and i = /—1.

With this explicit expression it is immediate to check the Gromov-Witten/stable
pairs correspondence under the anti-diagonal restriction.

Corollary 3.1.6 (Corollary 3.8.3). Let X be a local curve. Under the anti-diagonal
restriction s; + sy = 0 the GW /stable pair correspondence holds

(—i) @20t ktk) L GW (g, kayu) = (—q)~ 29320t HRIPT (X g),

after the change of variable ¢ = —e™ and k; = deg L;.
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3.1.8. K-theoretic refinement K-theoretic refinement of Donaldson-Thomas the-
ory and stable pair theory attracted much attention recently, both in Mathematics and
String Theory: see for example [178, 1, 3, 76] for Calabi-Yau threefolds, [140, 143, 36]
for Calabi-Yau fourfolds and [142, 149, 109, 150] for local curves.

A scheme X with a perfect obstruction theory is endowed not only with a virtual
fundamental class, but also with a virtual structure sheaf O%* € Ko(X). If X is proper,
K-theoretic invariants are simply of the form

X(X,0¢ ®V) € Z,

where V' € Ky(X). If X is a local curve the moduli space of stable pairs Py is in general
not proper and K-theoretic stable pair invariants are defined by virtual localization
[75] on the proper T-fixed locus P§¥, that is one set

| O RV |
X(Px, Op, ®V) = x (Pga /CTVH*X € Q(ty, ta).

In Section 3.9 we show that, also in the K-theoretic setting, the invariants are controlled
by universal series.

The naive generalization of cohomological invariants is for V' = Ox, that is no insertions.
However, we learn from Nekrasov-Okounkov [142] that it is more natural to consider
the twisted virtual structure sheaf

~Vir

0" =0 ek,

vir
where Kii/f is a square root! of the virtual canonical bundle. Denote by PTX (X q) the
generating series of K-theoretic invariants with V' = K L/2

Theorem 3.1.7 (Corollary 3.9.5). There exist universal series Az ,(q), Bg ,(9), C ,(q)
€ Q(t}/z, t§/2)[[q]] such that

PTX(X;q) = > (q_l/\lAf{,)\(Q)>gl : (q‘”“)Bg,A(QD

deg L1 (X deg Lo
: <q ()\)CIA(J\(Q)> :

Moreover, the universal series are explicitly computed under t; to = 1.

We are not aware of a K-theoretic Gromov-Witten refinement for which a refined
GW //stable pairs correspondence holds.

3.2. Double nested Hilbert schemes

3.2.1. Young diagrams By definition, a partition A of d € Z~ is a finite sequence
of positive integers

A= N=d

()

where

IThis square root may not exist as a line bundle, but it does exists as a class in K-theory after
inverting 2.
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The number of parts of A is called the length of A and is denoted by [(A). A partition A
can be equivalently described by its associated Young diagram, which is the collection
of d boxes in Z?* located at (i, j) where 0 < j < ;.2

Given a partition A, a reversed plane partition ny = (no)oex € Z> is a collection of
non-negative integers such that ng < ngy for any [, € X such that 0 < [J'. In other
words, a reversed plane partition is a Young diagram labelled with non-negative integers
which are non-decreasing in rows and columns. The size of a reversed plane partition is

|Il)\| = an.

OeA

The conjugate partition X is obtained by reflecting the Young diagram of A\ about the

1]1]
2
2

‘cnw»—uo

FIGURE 1. On the left, a Young diagram of size 8. On the right, a
reversed plane partition of size 14.

1 = J line.

In the chapter we will require the following standard quantities. Given a box in
the Young diagram A, define the content ¢(d) = j — i and the hooklength h(O) =
Ai + Xj — 14— j — 1. The total content

ey = Z c(0)
OeA
satisfies the following identities (cf [125, pag. 11]):

(3.2.1) Z h(O) = n(A) +n(N\) + A, ex=nA) —n(N),
where
1)
n(\) = Zz i

For any Young diagram A there is an associated graph, where any box of A corresponds
to a vertex and any face common to two boxes correspond to an edge connecting the
corresponding vertices. A square of this graph is a circuit made of four different edges.

Lemma 3.2.1. Let A be a Young diagram and denote by V, E,(Q respectively the
number of vertices, edges and squares of the associated graph. Then
V-E+Q-1=0.
PRrOOF. We prove the claim by induction on the size of A. If |A| = 1, this is clear.

Suppose it holds for all A with |A\| <n — 1. Then we construct A of size n by adding a
box with lattice coordinates (7, j) to a Young diagram A of size n — 1. There are two

2This notation was borrowed by [29, Sec. 3.1]; however, in our conventions, (4, j) labels the box’s
corner closest to the origin.
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FI1GURE 2. A Young diagram and its associated graph, with 8 vertices, 9
edges and 2 squares.

possibilities: either one of i, j is zero, so we added one vertex and one edge, or both
1,7 are non-zero, so we added one vertex, one square and two edges. In both cases the
claim is proved. [

3.2.2. Double nested Hilbert schemes Let X be a projective scheme and O(1)
a fixed ample line bundle. The Hilbert polynomial of a closed subscheme Y C X is
defined by

m — x(Oy @ O(m)).

Given a polynomial p(m), the Hilbert scheme is the moduli space parametrizing closed
subschemes Y C X with Hilbert polynomial p(m), which is representable by a projective
scheme (e.g. by [87]). We consider here a more general situation, where we replace
closed subschemes by flags of closed subschemes, satisfying certain nesting conditions
dictated by Young diagrams.

Let A be a Young diagram and py = (po)oex € Z[z] be a collection of polynomials
indexed by A. If all po are non-negative integers which are non-decreasing in rows and
columns, p) = n, is a reversed plane partition.

Definition 3.2.2. Let X be a projective scheme and p, as above. The double nested
Hilbert functor of X of type py is the moduli functor

HilbP* (X)) : Sch®® — Sets,

T (Z0)oex C X X T | 25 a T-flat closed subscheme with Hilbert polynomial pp,
such that Zg C Zm for O < 7. '

Remark 3.2.3.If |A\| = 1 we recover the classical Hilbert scheme, while if A is a
horizontal (or vertical) Young diagram we recover the nested Hilbert scheme, already
widely studied in the literature.

Proposition 3.2.4. Let X be a projective scheme and py as above. Then Hilb?*(X)
is representable by a projective scheme HilbP*(X'), which we call the double nested
Hilbert scheme.
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Proor. We prove our claim in the case p, is

Poo|Po1
P1o|P11

as the general case will follow by an analogous reasoning. There are forgetful maps
between nested Hilbert functors

HilbPeo-por-pil(x) — HilbPoorul( X)
Hilb/Poospio:p11] (X) — Hilppoo-p11] ()()7

which forget the second subscheme of the corresponding flag. Consider their fiber
product

Hﬂb[poo,pm,pu] (X) XHilb[POO»PH](X) Hﬂb[poo,pw,pu] (X) } Hﬂb[pooypm,pu] (X)

! !

Hﬂb[poomm,pn] (X) N Hﬂb[poo,pu] (X)

There is an obvious morphism of functors
HilbP> (X) N Hﬂb[poo,pm,plﬂ (X) Xm[momn](x) Hﬂb[poo,pm,pn} ()()7

which is easily checked to be an isomorphism by comparing each flat family of flags over
every scheme T'. We conclude by the fact that the nested Hilbert functors (and their
fiber products) are representable by a projective scheme by [170, Thm. 4.5.1]. ]

Thanks to representability, double nested Hilbert schemes are equipped with univer-
sal subschemes, for any [J € )\,

25 C X x HilbP (X),
such that the fiber over a point Z = (Zg)gex € HilbP* (X)) is
Zoly =20 C X.

Remark 3.2.5. If p, = n,, Definition 3.2.2 generalizes to X quasi-projective. In fact,
let X C X be any compactification of X. We define the double nested Hilbert scheme
points as the open subscheme

XM= Hilb™ (X) ¢ Hilb™ (X))
consisting of the 0-dimensional subschemes supported on X C X.

Double nested Hilbert schemes of points are rarely smooth varieties. Some smooth
examples consist of

e |A\| =1, X a smooth quasi-projective curve or surface (see e.g. [137]),

e )\ a vertical /horizontal Young diagram, X a smooth quasi-projective curve (see
e.g. [54]).

In general, X[™\ is singular even for X a smooth quasi-projective curve.
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01
112

Example 3.2.6. Let C' be a smooth curve and consider the reversed plane partition
L)
There are two types of flags of divisors, of the form

1%} C P %} C P
N N N N
Q C P+Q, P C P+Q,

where P, ) € C. Therefore its reduced scheme structure consists of two irreducible
components C' x C'UC x C, intersecting at the diagonals of C' x C.

Singularities make it hard to perform intersection theory on X™I To remedy
this we construct, in special cases, virtual fundamental classes in A, (X [n*}), using the
machinery described in Section 2.2.

3.2.3. Points on Curves Let C be an irreducible smooth quasi-projective curve
and ny a reversed plane partition. In this section we show that C™\! is the zero locus
of a section of a vector bundle over a smooth ambient space, and therefore admits a
perfect obstruction theory as in Example 2.2.2.

We define
Acn, = C'lnoo] H Cnii—ni-15] « H Clrie—ni k-1
(4,7)EX (Lk)eX
i>1 k>1

As O = 0™ is a symmetric product via the Hilbert-Chow morphism, Acy,, is a
smooth quasi-projective variety of dimension

dim(Acpn, ) = noo + Z (nij — ?hel,j) + Z (g — Mug—1)-

(4,7)EX (Lk)ex
i>1 k>1

To ease the notation, we denote its elements by Z = ((Zoo, Xij, Yir))ijuk € Acon,, Where
Zpo C C is a divisor of length ngy and X;; C C (resp. Yy, C C) is a divisor of length

Mg — Ni—1,5 (resp. Nk — nl,k—l)-
Acn, comes equipped with universal divisors, which we denote by

Z00, Xij, Vi C C X Acn, s
with fibers are
Zo0lz = Zoo,
Xijlz = Xijy 121,
Vielz=Y, k>1
For every (i,j) € A with 4,7 > 1 define the universal effective divisors
F}j =X+ Vi1,
F?j =Vij+ Xij1.
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Theorem 3.2.7. Let C be an irreducible smooth quasi-projective curve, 7 : Cx Acpn, —
Acn, be the natural projection and define the vector bundle

€= P m Or (I},
(i.d)€X
4,j>1

Then there exists a section s of & whose zero set is isomorphic to C™\

&
C[HA] = Z(S) — AC,nA‘
PRrOOF. Notice that £ is a vector bundle, as by cohomology and base change all
higher direct images vanish
R, Op (T};) =0, k> 0.
There is a closed immersion
o <y Acn,,
given on closed points (Zi;)(j)ex € Cl ag
(Zij) . pyexr = (Zoos (Zij — Zic15), (Zij — Zijj-1))ex) € Aoy -

Define sections §;; € H°(C' X Agpn,, Or= (I'j;)) as the composition
ij

s}
8ij 1 Ocxagn, — Ocxacn, (T};) — Orfj@}j),

where s}, is the section vanishing on I’le while the second morphism is the restriction
along j : F2 — Acpny, X C; in other words, §;; = j.j"s;;. The sections §;; induce sections
Sij = TuSij of 7. Orz. (T};) and we set s = (s45);; € H'(Acpn,, €). We claim that

ol >~ 7 (s).
To prove it, we follow the strategy of [33, Prop. 2.4]. For (i,j) € A with 4,5 > 1,
consider the universal divisors

FQ ‘—> AC Ny

/\l

ACn/\

Let Z; = (2%, Xg;, V) ijk be any T-flat family with corresponding classifying mor-

phism f : T = Acn,, where Zg,, X5, Y;i C T x C have zero-dimensional fibers of

appropriate length. Consider the commutative diagram

o imf

where FZIJT, FZT are the pullbacks of the universal divisors I'j;, T';; along f x id¢. To

prove the clalm it suffices to show that Z, is a T-point of C'™ if and only if f factors
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through Z(s).

Now Z; is a T-point of C!™ if and only if T%;" = I';;" for all (i,j) € A such that
(7,7) > 1. Notice that the inclusion F?J’-T C FilJ?T is enough to have the equality, as all
fibers are divisors in C' of the same degree.

On the other hand, we have that f factors through Z(s) if and only if f*s is the zero
section of f*£, ie. if f*s;; = 0 for all (4,5) € A such that (¢,j) > 1. Repeatedly
applying flat base change, we obtain

frsij = mujr(f x ide)"s);.

Therefore f*s;; is the zero section if and only if FiQJ?T C Filj’-T as required. O

Thanks to Theorem 3.2.7, C™\! falls in the situation of Example 2.2.2 and we obtain
a virtual fundamental class.

Corollary 3.2.8. Let C be a smooth quasi-projective curve and ny a reversed plane
partition. Then O™ has a perfect obstruction theory

(322) [S*yc[n/\] — Q}4C,n)\ yc[n/\]] — Lc[n/\]
In particular there exists a virtual fundamental class
[O[nxl]vir c A*(C[n/\})_

3.2.4. Topological Euler characteristic Recall that we can view Euler character-
istic weighted by a constructible function as a Lebesgue integral, where the measurable
sets are constructible sets, measurable functions are constructible functions and the
measure of a set is given by its Euler characteristic (cf. [28, Sec. 2]). In this language
we have

e(X):/Xl-de,

for any constructible set X. The following lemma is reminiscent of the existence of a
power structure on the Grothendieck ring of varieties.

Lemma 3.2.9 (|28, Lemma 32]). Let B be a scheme of finite type over C and e(B) its
topological Euler characteristic. Let g : Z>o — Z((p)) be any function with g(0) = 1.
Let G : Sym™ B — Z((p)) be the constructible function defined by

Glax) = [T glar,

for all ax = ), a;x; € Sym" B, where x; € B are distinct closed points. Then

oo 00 e(B)
z:% q”/s G- de = <; g(a)qa) )

Using Lemma 3.2.9 we compute the topological Euler characteristic of double nested

ym"™ B

Hilbert schemes of points of any quasi-projective smooth curve.
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Theorem 3.2.10. Let C' be a smooth quasi-projective curve and A\ a Young diagram.
Then

Z e(CIA) gl = H<1 — MO,
nx Oex
Proor. Consider the constructible map
Pn - |_| c — Sym™ C,
[nx|=n
defined, for Z = (Zg)gex € C™| by
pn(Z) = Z Zn € Sym" C.
Dex

In other words, p just forgets the distribution and the nesting of the divisor ) ., Zg
among all L1 € \.

Let ax = ). a;x; € Sym" C, with z; different to each other. The fiber p,!(ax) is clearly
0-dimensional and satisfies

(32:3) put(@x) = | [ o (@),

In particular the Euler characteristic of the fiber p,(nz) does not depend on the point
x € C and counts the number of reversed plane partition of size n and underlying
Young diagram A

(3.2.4) e(p,'(nz)) = Y 1.

[nx|=n

/ 1-de:/ Pnil - de,
|—|\n>\\:n clal Sym™ C

where for any ax € Sym" C' with z; different to each other, using (3.2.3) and (3.2.4)

Consider now

pn.1(ax) = e(p, ' (ax))

Now, g(a) = s, |=a | and G(ax) = p,,1(ax) satisfy the hypotheses of Lemma 3.2.9
and therefore

Z Z e(C’[“A])q" = Zq”/ 1-de

n=0 Iny|=n n=0 I—l\nA\:n Clml
oo
n=0 Sym"™ C'

e(C)

n=0 |n,|=n
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A closed formula for the generating series of reversed plane partitions was given by
Stanley [172, Prop. 18.3] and by Hillman-Grassl [91, Thm. 1] using hook-lengths

DD DR | (P

n=0 |ny|=n Oex

by which we conclude the proof. O]

3.2.5. Double nesting of divisors We conclude this section with a generalization
of the zero-locus construction of Theorem 3.2.7.

Let X be a smooth projective variety of dimension d and B = (8n)mex be a collection
of homology classes S € Hag—o(X,Z). Denote by Hg, the double nested Hilbert scheme
of effective divisors on X, which parametrizes flags of divisors (Zg)gey C X satisfying
the nesting condition dictated by 3,. Denote by

AXn@A = Hpg,, ¥ H Hﬁij—ﬂi—m X H Hﬂlk—ﬁl,kﬂ?

(3,7)EN (Lk)ex
i>1 k>1

where Hp is the usual Hilbert scheme of divisors on X of class 8. Analogously to Section
3.2.3, Ax g, comes equipped with universal (Cartier) divisors Zy, Xij, Yix C X x Ax g,
and for every (i,7) € X with 4,7 > 1 we define the universal effective divisors
1
Ly=Xij+ Vi,
F?j =Vij+Xij-1.
Define the coherent sheaf
€= P mOr: (I},
(4,5)eX
ij>1
where 7 : X X Ax g, — Ax g, is the natural projection. Under some extra assumptions
on X and B, Theorem 3.2.7 generalizes.

Proposition 3.2.11. Assume that Ax g, is smooth and £ is a vector bundle. Then
there exists a section s of €& such that

&
[y
Hg, = Z(s) — Axg,-

In particular, Hg, has a perfect obstruction theory.

Corollary 3.2.12. Let X =P™ x --- x P". Then there exists a virtual fundamental
class [Hg,|'™ € A.(Hg,).

PRrROOF. The smoothness of Ax g, follows by the smoothness of the space Hg =
P(H(X,0x(B))) for every 8 € H, o(X,Z). Let Dy, Dy be two effective divisors on
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X such that [Dy] = [Ds] € H,—2(X,Z); in particular, Dy, Dy are linearly equivalent.
Combining the long exact sequence in cohomology of the short exact sequence

0— O(Dy — D) — O(Dy) — Op, (D) — 0
and the vanishings

H¥X,0(D,)=0, k=1,...,dimX —1,

H¥(X,0(D, — Dy)) =0, k=2,...dimX,

yields that H*(X,Op,(D;)) = 0 for k > 1; cohomology and base implies that
RFr, Opgj(F}j) = 0 for k > 1. Finally, We have that, if dim X > 2,

dim HO(X, Op,(D,)) = dim HO(X, Ox(Dy)) — 1,

which depends only on the degree [D;] = [Dy] € Hy(X,Z) and implies that the
dimension of the fibers of £ is constant, thus £ is a vector bundle. O

3.3. Moduli space of stable pairs

3.3.1. Moduli space of stable pairs Moduli spaces of stable pairs were intro-
duced by Pandharipande-Thomas [152] in order to give a geometric interpretation of
the MNOP conjectures [127], through the DT/PT correspondence proved by Toda (for
Euler characteristic) and Bridgeland in [180, 27| using wall-crossing and Hall algebra
techniques.

For a smooth quasi-projective threefold X, a curve class g € Hy(X,Z) and n € Z, we
define P,(X, 3) to be the moduli space of pairs

I*=[0x > F] € D"(X)

in the derived category of X where F'is a pure 1-dimensional sheaf with proper support
[supp(F')] = B with x(F) = n and s is a section with 0-dimensional cokernel.

By the work of Huybrechts-Thomas [95], the Atiyah class gives a perfect obstruction
theory on P, (X, B)

(3.3.1) E = RA#om (I, 1);[~1] = Lp, (x5,

where (-)o denotes the trace-free part, 7 : X x P,(X, ) — P,(X, ) is the canonical
projection and I* = [O — F] is the universal stable pair on X x P,(X, ().
If X is projective, the perfect obstruction theory induces a virtual fundamental class
[P.(X,8)]"" € A.(P.(X,B)) and one defines stable pair (or PT) invariants by in-
tegrating cohomology classes v € H*(P,(X,3),Z) against the virtual fundamental
class
(3.3.2) PTs.(X,7) = / v € Z.

[P (X8
We focus here in the case of X a local curve, i.e. X = Totc(Ly @ L) the total space
of the direct sum of two line bundles L, L, on a smooth projective curve C' and
p =d[C]| € Hy(X,Z) = Hy(C,Z) a multiple of the zero section of X — C.
X is a smooth quasi-projective threefold, therefore the moduli space of stable pairs
P, (X, /) is hardly ever a proper scheme and one cannot define invariants as in (3.3.2).
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Nevertheless, the algebraic torus T = (C*)? acts on X by scaling the fibers and the
action naturally lifts to P,(X,d[C]), making the perfect obstruction theory naturally
T-equivariant by [166, Example 4.6]. Moreover, the T-fixed locus P, (X, d[C])7T is
proper (cf. Prop. 3.3.1), therefore by Graber-Pandharipande [85] there is naturally an
induced perfect obstruction theory on P,(X,d[C])T and a virtual fundamental class
[P, (X, d[C)T]" € A.(P,(X,d[C])T). We define T-equivariant stable pair invariants
by Graber-Pandharipande virtual localization formula
/ 1

P (X dicTpir €7 (NVY)
where sy, s are the generators of T-equivariant cohomology and the virtual normal
bundle

(3.3.3) PTan(X) = € Q(s1, 52),

(3.3.4) NY" = (E

JVD,L(X,d[C])T)mOV € Kqp(Pu (X, d[C)T)

is the T-moving part of the restriction of the dual of the perfect obstruction theory.
Stable pair invariants with descendent insertions on local curves have been studied in
[156, 157, 144].

3.3.2. The fixed locus In this section we prove that the T-fixed locus P,(X, d[C])T
is a disjoint union of double nested Hilbert schemes of points C™, for suitable reversed
plane partitions ny, where A are Young diagram of size |\| = d. Our strategy is similar
to Kool-Thomas [119, Sec. 4] for local surfaces.

Given a T-equivariant coherent sheaf on X, its pushdown along p : X — C' decomposes
into weight spaces (e.g. by [90, Ex. 11.5.17, 11.5.18])

nF= P Fett,
(i,5)€z?
where Fj; is a coherent sheaf on C' and t;, t; are the generators of K3.(pt). For example
pOx =P L'l @'’
i,j>0
Since p is affine, the pushdown does not lose any information, and we recover the
O x-module structure of F' by the p, Ox-action that p,F carries. This is generated

by the action of the —1 pieces L' @ t;*, Ly ® t; ', so we find that the Ox-module
structure is determined by the maps

<@Fij®t§tg) Lot - PF; o6,

(3.3.5) H H
<@FJ ®t§t§) oLly'ot' > PF; et
1,9 i,J

which commute with both the actions of O¢ and T. In other words, (3.3.5) are
T-equivariant maps of Og-modules. By T-equivariance, they are sums of maps
F; @ LT' — Fi_yy,

(3.3.6) L
E] ® L2 — E,jfl'
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Let now (F,s) € P,(X,d[C])T be a T-fixed stable pair. Then s is a T-equivariant
section of a T-equivariant coherent sheaf F on X. Applying p, to Ox - F gives a
graded map which commutes with the maps (3.3.6). Writing

Gy=F., oL &L,

we find that the T-fixed stable pair (F,s) on X is equivalent to the following data of
sheaves and commuting maps on C

Oc¢ Oc¢ Oc =
OC OC OC -
(3.3.7)
— G07_1 —_— | — GOO —_— | — G01 — | — G02 -
K e e e
- Gl,—l > G10 > G11 > G12 —
/ L /

By the purity of I, each Gj; is either zero or a pure 1-dimensional coherent sheaf on C,
and the "vertical” maps are generically isomorphisms. In particular, for every (i, j) such
that either ¢ < 0 or j < 0, it follows that G;; is zero-dimensional and therefore vanishes
by the purity assumption. Moreover, if G;; is non-zero, it is a rank 1 torsion-free
sheaf on a smooth curve, that is a line bundle on C' (with a section). Finally, any
T-equivariant stable pair on X is set-theoretically supported on C', thus is properly
supported on X and only finitely many G;; can be non-zero. This results in a diagram
of the following shape

(3.3.8)
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where Z;; are divisors on C' and all "horizontal” maps are injections of line bundles.
Therefore, a T-fixed stable pair (F,s) is equivalent to a nesting of divisors

Zoo C Zn C Zyp C  Zy C

N N N N

Ziy C Znu C Zin C Ziz C
(3.3.9) N N A N

Zoo C Zm C Zyp C

N N N

where the nesting is dictated by a Young diagram A. This results into a point of the
double nested Hilbert scheme C™I, where by Riemann-Roch

X(F) = |ny| + £ 4(deg Ly, deg Lo),
where for a Young diagram \ and g, k1, ky € Z we define
frgbr k) = > (L—g—i-ki—j-k)
(3.3.10) (1.1)EA
= [A(1—g) = k1 -n(A) — ks - n(X)
Conversely, any nesting of divisors as in (3.3.9) corresponds to a diagram of sheaves

as in (3.3.8), which corresponds to a T-fixed stable pair on X. Therefore we have a
bijection of set:
(3.3.11) Py(x,diCc)™ = || ™),

A-d ny
where the disjoint union is over all Young diagrams A of size d and all reversed plane
partitions n) satisfying n = |n,| + f) ;,(deg L1, deg Lo). We mimic [119, Prop. 4.1] to
prove that the above bijection on sets is an isomorphism of schemes.

Proposition 3.3.1. There exists an isomorphism of schemes
P(X.d[C)™ = | [ e,
AEd ny
where the disjoint union is over all Young diagrams A of size d and all reversed plane
partitions ny satisfying
n = |n,| + £ 4(deg L1, deg Lo).
In particular, P,(X,d[C])T is proper.

PROOF. Let B be any (connected) scheme over C. We need to adapt the construction
of this section to a T-fixed stable pair on X x B, flat over B. Pushing down by the
affine map p: X x B — C x B gives a graded sheaf @” F;; on C x B, flat over B
(therefore so are all its weight spaces Fj;). The original sheaf ' on X x B can be
reconstructed from the maps (3.3.6). Therefore a T-fixed pair (F,s) on X x B, flat
over B, is equivalent to the data (3.3.7), with each G;; on C' x B, flat over B.
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If (F, s) is a stable pair, over each closed fiber C'x {b}, where b € B, we showed that each
(non-zero) G;; is a line bundle. By [94, Lemma 2.1.7], this shows that each (non-zero)
Gi; is a line bundle on C x B. Together with its non-zero section, this defines divisors
Z;; C C x B, flat over B, satistying the nesting condition of (3.3.9), which yields a
B-point B — | |,,, C™\ . Conversely, any B-point B — L, C™ defines a diagram
(3.3.8), equivalent to a T-fixed stable pair (F,s) on X x B, flat over B. O

As a corollary, we compute the generating series of the topological Euler characteristic
of the moduli space of stable pairs on a local curve.

Corollary 3.3.2. Let C' be a smooth projective curve of genus g, Ly, Ly line bundle on
C and set X = Totc(L1 @ Lo). Then for any d > 0 we have

Ze(Pn(X,d q _ Z q|)\\ (1—g)—deg Lin(\)—deg Lan()\) H 29—2'

nez I\|=d Oex

ProOF. The topological Euler characteristic of a T-scheme is the same of its T-fixed
locus, therefore

> e(Pu(X,d[C]) - q" =Y e (Pu(X,d[C])T) - ¢

nez nez
DD SRR
neZ |\|=d [ny|=n—

fy,g(deg L1,deg L2)

_ Z qu g(deg L1,deg L2) Z q\n,\l C’[n/\]

N=d
_ Z qfk’g (deg L1,deg L2) H(1 _ qh(lj))29727
I\=d DE

where in the second line we applied Proposition 3.3.1 and in the last line Theorem
3.2.10. ]

3.4. K-theory class of the perfect obstruction theory

Let C be an irreducible smooth projective curve. On each connected component
Cml ¢ P,(X,B)T of the T-fixed locus there exists and induced virtual fundamental
class [C]¥r coming from the perfect obstruction theory (3.3.1). We show in this
section that [CIN]ME agrees with the virtual fundamental class constructed in Corollary
3.2.8 and compute the class in K-theory of the virtual normal bundle NV¥.

We start by describing the class in K-theory of (the restriction of) the perfect
obstruction theory E € KT (C™]). To ease readability we will omit various pullbacks
whenever they are clear from the context. Recall the following identities in K-theory

E = —Rm.R#om(L 1)) € KX(P,(X,B)7),

F= > i.00cmi(Z5) @ L' ® Ly @47 7 € K (X x Ct),
(4,5)EN
I=0Oxyp,xpr —F € Ky (X x P,(X,)7T),
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where the various maps fit in the diagram

C /1\) X ¢ X x O] Ty na]
\ z‘(lp /

C x Cl]

Again, to ease notation, we keep denoting ¢ X idgm,1, p X idom, by 4, p and by 7 the
composition 7w oi. We compute
EY = Rr,.R#om (O, F) + Rr.Rom(F, O) — R, R#om(F, F)
= Rr.F — (R7,(F® Kx))' @ t, t, —Rr,RFom(F,F),
where in the second equality we applied Grothendieck duality® and the projection
formula and Ky = K¢ ® L7 ® Ly, Define A*(V) = Zig’(—l)i/\iv for a locally free
sheaf V' and extend it by linearity to any class in K%(C). By [57, Lemma 5.4.9] , for
every T-equivariant coherent sheaf F € KX (C), we have
Li*i, F = AN x ® F € Kq (O),

where No/x = L1 ® t; @ Ly ® ty is the T-equivariant normal bundle of i : C' — X; an
analogous statement holds for i : C' x O — X x C™I Therefore

Rr.RAom(F,F) = Y RmRAomx(is Ocycmn (Zig)ix O o (Zi) ® L L) 67 7"
(2,7),(Lk)EX
= Y RamRAome(Lii, Oc, iy (Zi): Oy omn (Zi) ® LT L) 671 47"
(4,3),(Lk)EX
= > R ((O-Liti—Lat+Lilati6)(Zn - Z) @ LT LM 67 47),
(2,7),(L,k)EX

where in the second line we used adjunction in the derived category. To simplify the
notation, for any (¢,7), ([, k) € A set A, = Zi, — Z;;, which is an effective divisor if

(i,7) < (I, k). Putting all together we have the following identity in K (C™)

(34.1) EV = 3 R (Opyem(Z) ® LT Ly7) 7 87

(4,9)EX
—i7—j =i —3\\V
- Z (RW*(OCxO[“A](Zij)®KX®L1 L23t1 tQJ)) @ty
(3,7)EX
= > Ru((O-Liti—Lyb+Lils b 6)(Aya) @ LTI 47 4.
(3,9),(LE)EX

Theorem 3.4.1. There is an identity of virtual fundamental classes
(CI)g = (O] € A4,(C),

where the class on the left-hand-side is induced by (3.3.1) by Graber-Pandharipande
localization and the one on the right-hand-side is constructed in Corollary 3.2.8.

3Even though X is not proper, we can pass to a compactification X < X and use Grothendieck
duality exploiting the fact that the sheaves involved have proper support, see [33, footnote 4].
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PROOF. By a result of Siebert [171, Thm. 4.6] any two virtual fundamental classes
coincide if the classes in K-theory of their perfect obstruction theory agree. The class
in K-theory of the dual of the induced PT perfect obstruction theory is the T-fixed
part of EV by [85, Prop. 1]

(]Ev)ﬁx = Rm, Ocycimi(Z00) — Z R7, Oc i + Z R7, Oy cm (Bimiij)

(i) EA (i,7) EX
i>1
+ E R Opy i (D jo1i) E R, Opycimy (Di1j-1565)-
(i,5)EX (i,5)EX
P21 ij>1

We explained in Section 3.2.1 how to associate a graph to any Young diagram . Notice
that boxes (7,7) € A are in bijection with the vertices V', boxes (i,j) € A, such that
i > 1 (resp. j > 1) are in bijection with vertical (resp. horizontal) edges E and boxes
(7,7) € A, such that 4,7 > 1 are in bijection with squares @) of the associated graph. By
Lemma 3.2.1

(3.4.2) V-E+Q-1=0.
Combining this identity with the universal exact sequences
00— 0 — O(20) = Oz, (200) — 0,
0—= O — O(Ajuk) = On,.(Dijux) — 0,

whenever A;;, is an effective divisor, one gets

(3.4.3)

ijilk

(Ev)ﬁx R7T>k OZOO ZOO Z Rﬂ-* OAZ 1,5:ij (Az 1,7; Zj)

(3,5)EX
i>1
+ E R, OAi,jfl;ij (Aid—l;ij) - E : R, OAifl,jflgij (Ai—lJ—l;ij)'
(i,) €A (6,5) €A
j>1 3,j>1

Moreover, in the expression above, all higher direct images R*r, vanish for k > 0 by
cohomology and base change, therefore

(]E'v)flx = Tx OZOO ZOO Z T OAZ 1,55 l] Al 1,7; Z])

(i,5)EX
i>1
+ E e Onp g (Dijo1ii) — E T On;y o (D1 j-155)-
(i,5)EX (1,3)EX
7>1 i,7>1

We finally show that this is precisely the same class in K-theory as
TAc,nA |C[n>\] — S‘C[“A] c KO(C[HA])’

where & — Acp, is the vector bundle constructed in Theorem 3.2.7. In fact, in the
notation of Section 3.2.3, we have

Xijlomwe = Dic1jij, 1> 1,
Vijletaixe = Dij-1gs 721,

1 2 .
Fij|C["A]><C = Pij|C[“A]><C = Az‘—l,j—l;z‘j; 1,j > 1.
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Moreover, the explicit description of the tangent bundle of the Hilbert scheme of points
on a smooth curve in terms of its universal subscheme [2, Lemma IV.2.3] yields

TAC,n)\ = Ty OZOO (ZOO) D @ Tx OXij (XU) D @ T« Oyij (yij)a

(,5)€EA (4,4)EX
i>1 7>1

by which we conclude that
(EV)™ = Tag, |y = Elom € Ko(C™).
O

In virtue of Proposition 3.4.1, we denote now on by Tgf[ﬁu] the class in K-theory of
the dual of the perfect obstruction theory (3.2.2) and the one induced by the fixed part
of (3.3.1), which we showed to agree.

In order to compute stable pair invariants (3.3.3) one needs to express the virtual
normal bundle (3.3.4) in terms of K-theoretic classes which are easier to handle. For
instance, we could express NV in terms of pullbacks of the line bundles L;, Lo, K¢ and
the universal divisors A;j.;, but that would lead to cumbersome expressions difficult to

manipulate.

Example 3.4.2. As a concrete example, we compute the weight space of EV relative
to the character t; to, which we denote by ]Etv1 ty*

An application of Grothendieck duality and projection formula on 7 : C' x C™ —
C?a yields

(3.4.4) R, L(A) = —(Rm,(Ke @ L7H(—=A)))Y € Ko(Cm),

for any divisor A C C x C!™\ and any line bundle L on C. As in the proof of Proposition
3.4.1, combining (3.4.2), (3.4.3), (3.4.4), the identity Kx = K¢ ® L] ® Ly and some
vanishing of higher direct images yields

E’Yl ty — _(’N*(KX ® OZOD(ZOO>>>\/ - Z (W*<KX ® OAifl,j;ij (Aifl,jﬂ'j)))v

iz
= Y (m(BEx ® 04, (Aijra) + Y (m(Kx @ Oay - (Aisyjo1g)))Y
(3,4)EA (i,5)€X
j>1 3,j>1

The situation notably simplifies if we impose X to be Calabi-Yau.
Proposition 3.4.3. If X is Calabi-Yau, we have an identity
NV = —Tg{f;j] Dt +Q— QY @4t € KY(CM),

where ,QV € K$(C™I) have no weight spaces corresponding to the characters
(t82)% b to.

Proor. If X is Calabi-Yau, the perfect obstruction theory (3.3.1) satisfies

(3.4.5) EY = —E®t t, € KX(CM™J)
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by T-equivariant Serre duality. Setting BV = W, — W_, where W,, W_ € K3(CM)
are classes of T-equivariant vector bundles, (3.4.5) implies that

W_:W_i\f@tlfg.

We have that (EV)™ = TV |, therefore

B = T T 9L b0 - 0o L,

which concludes the argument. O]

Remark 3.4.4. A simple computation shows that we could take € to be of the form

Q= > Rm(Op,cmi(Zy) @ Li'LyY) 7' 1
(3,7)EN
(1,4)#(0,0)
- Y Rn (O(Aij;lk)ébL’f’L%_k) gl gk
(4,9),(Lk)EX
(i) (k)
(4,5)#(I+1,k+1)
+ Y Rnm, (O(Aij;lk) ® Li‘l“Lg"“) gk
(4,9),(LE)EX

(ivj)7é(l_17k)
(6:5)#(Lk+1)

All other choices Q must be of the form
Q=0+A+ A" t,

for any A € K3%(C™I) having no weight spaces corresponding to the characters
(t;t2)% t; to. In particular, this implies that the parity of rk€) is independent by
the choice of €.

3.5. Universality

3.5.1. Universal expression In this section we fix a Young diagram A. In the
previous sections, given a triple (C, Ly, Ls) with C' an irreducible smooth projective
curve and Ly, Ly line bundles on C', we reduced stable pair invariants (with no insertions)
of Tote(Ly @ Ls) to the computation of

(35.) o N, 1) € Qo)

[CAl]vir
where n) is a reversed plane partition and the virtual normal bundle NgifL \.L, 18 the
T-moving part of the class in K-theory (3.4.1).
We state our main results, describing the generating series of (3.5.1) in terms of three
universal functions exploiting the universality techniques used in [72, Thm. 4.2] for
surfaces. Furthermore, we find explicit expressions for these universal series under the
anti-diagonal restriction s; + s = 0.
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Theorem 3.5.1. Let C be a genus g smooth irreducible projective curve and Ly, Ly
line bundles over C'. We have an identity

> g / T (=N ) = AT BREP - O3 € Qs1, 99) 4]

[C[nA]]ViT

where Ay, By,Cy € Q(s1,52)[q] are fixed universal series for i = 1,2,3 which only
depend on \. Moreover

Ax(s1, 82) = Ax(s2, 51),
B)\<81,82) = CX(SQ,Sl).

PROOF. The proof is similar to [72, Thm. 4.2]. Consider the map
Z K :={(C,Ly, Ls) : C curve, Ly, Ly line bundles } — Q(sy, s2)[q]

given by

Z(C, Ly, Ly) = gdengdeng qu'/ ( Ng'lrLlL2>

n)\]]vur

where Cj deg 1, deg L, 18 the leading term of the generating series of the integrals (3.5.1).
By Proposition 3.5.2 the integral (3.5.1) is multiplicative and by Corollary 3.5.4 it
is a polynomial on g, deg Lq, deg Ly. This implies that Z factors through

K2 Q* % Q(s1, 52)[dl,

where v(C, L1, Ly) = (g — 1,deg Lq,deg Ly) and Z’ is a linear map.
A basis of Q? is given by the images

=7(P1,0,0), ex=7(P,0(1),0), es=7(P",0,0(1)),
and the image of a generic triple (C, Ly, Ly) can be written as
Y(Cy Ly, Lg) = (1 — g —deg Ly — deg Ly) - ey + deg Ly - e5 + deg Ly - e3.
We conclude that
Z'(C, Ly, Ly) = Z'(e1)' ™0 - (Z'(e1) 7' Z'(e2))* %1 - (Z'(e2) 7' Z' (e5)) 2 2,

which gives the universal series we were looking for. The second claim just follows by
interchanging the role of L, and L. O]

We devote the remainder of Section 3.5 to prove the multiplicativity and polynomi-
ality of (3.5.1). In Section 3.6 we compute the leading term of the generating series of
(3.5.1), while in Section 3.7 we explicitly compute the integral (3.5.1) in the toric case
under the anti-diagonal restriction. These computations will lead to the proof of the
second part of the main Theorem 3.1.3 (see Theorem 3.8.1).
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3.5.2. Multiplicativity We show now that the integral (3.5.1) is multiplicative.
First of all, notice that if C = C" U C” is a smooth projective curve with two connected
components, the construction of Theorem 3.2.7 does not directly work and we need to
adjust it to define a virtual fundamental class.

For any reversed plane partition n, there is an induced stratification

O] — |_| O’ oy
n) +n{=n,
We set
Aemy = || Acrmy ¥ Aoy,
n)+nf/=n,
which is a smooth projective variety. Let Eorn, Ecv ny denote the vector bundles over

Acin A yAcr n v of Theorem 3.2.7. We define a vector bundle Ecn, over Ay, by declaring
its restrlctlon to any connected component Acx,n& X AC//7n&/ to be

EC nk’AC/ / XAC,, ,/ (c:c’/ / EEI gC// //
By Theorem 3.2.7, there exists a section s of £x,, such that

C[n)‘} = Z(S) — AC’,nM

and therefore an induced virtual fundamental class [CI™\]VI" satisfying
(352 O sy = [ & [

By iterating this construction, there exists a natural virtual fundamental class on O]
for any smooth projective curve C' (with any number of connected components).

Proposition 3.5.2. Let (C, Ly, Ls) be a triple where C = C' U C" and L; = L, & L
for i = 1,2, where L] are line bundles on C'" and L} are line bundles on C". Then

\nA\ VH‘ )
CL17L2

Cnal ]Vlr

_ Z g /

Cl n)\] vir

T( /rL/ L’ qun)‘/ ( Vl/l; L",L’Q’)‘

C//[n/\]]vur

PROOF. Let ny be a fixed reversed plane partition. We claim that the restriction of
the virtual normal bundle to the connected component C'?x x C"I"X] © €A decomposes
as

vir _ vir vir
(353) NCLl L2 //[n,)(] — N /7LII7LI2 Bﬂ o LII7L/2/.

| o) o
In fact, Nger 1, 18 a linear combination of K-theoretic classes of the form

R (Opcm (A) ® LiLy) @ ¢ € Ky (CM),

where A is a Z-linear combination of the universal divisors Z;; on C' x C e beZ
and t* is a T-character and notice that

LeLh = LIy @ LI LY € Pie(C'u ™).



3. UNIVERSALITY 69

Counsider the induced stratification
Cxcl=" || (C'uc”)xclx ol

i "_
n, +ny=ny

Denote by A’, A” the corresponding universal divisor on C’ x C'™\ C" x "] and
consider the projection maps

g : C' x O™« "X ¢ x oA
g : " x O/[n’A] % C«//[n;’] SO x Oﬂ[n/}(].

On every component (C' LI C") x C' x C"I3] we have

* !/ * 1
OCXC[nA] (A)|(C’LIC’”)><C'I[n/>\]><C“[n/)\,] = OC/XCJ[“I)\] (A ) D D) OC//XCH[“I){] (A )7

and similarly

OCXC[“A] (A) ® L(llLl2)|

(CruCmyxc'PAl x o]
b . b
6 (O oy () © L1 ) @65 (O, oy (M) @ LI L")
Consider the cartesian diagram given by the natural projections

O’ % C«/[n’A] % O//[n&/] q O % C«/[n’A]

I I

4l s md] @ s O]
Flat base change yields

Rr.q; (Oo/xc'[n&I(A/) ® L’laL/2b> = ¢;Rmy, (Oaxc'ln&] (A) ® L’la[/Qb) ’

and analogously for C”; which implies

R (Ocyctmn(A) @ L{L3) ® t* |cf[n&JXc”[“&’J

arrb arnb
=Rm1.(O,, oy (A) @ L1 Ly) @ ¢ BR72.(0,, oy (A") @ LT L) @ ¢,

and proves the claim (3.5.3). Combining (3.5.2) and (3.5.3) yields

T vir _ T vir T vir
/ A e (_NC,Ll,Lg) - § / o ] (& (_N /7L’17L’2) : / v (& (_ C”,L’l’,L’Q’)’
[C[n)\]}vlr N [C 2 }v1r [C A }Vlr

/ "__
n>\+n>\—n

which concludes the proof. O]

3.5.3. Chern numbers dependence We now show that the integral 3.5.1 is a
polynomial in the Chern numbers of the triple (C, L1, Ly). Our strategy is to express
the integral on a product of Picard varieties Pic"(C') — via the Abel-Jacobi map —
where the integrand is a polynomial expression on tautological classes. Through this
section, we follow the notation as in [2, Sec. VIII.2] and [119, Sec. 9, 10.1].
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3.5.8.1. Tautological integrals on Pic"(C) Let C' be a smooth curve of genus g¢. If
n > 2g — 2, the Abel-Jacobi map

AJ: C™ - Pic(C)
Z = [0c(Z)]
is a projective bundle. In fact, consider the diagram
c x ¢ 224 picr(0) x C
I Iy
cm — AL pic"(C)
and the Poincaré line bundle P on Pic"(C') x C', normalized by fixing
Plpicr )i} = Opicn(cy
for a certain ¢ € C. Then
Cc" = P(7,P).
The universal divisor Z ¢ C™ x C satisfies [119, eqn. (67)]
O(2) = (AJxid)"P @ 7" O(1) and O(1) = O(Z)|cm xie}s
and we denote the first Chern class of the latter by
w =, (0(1)) € H*(C™, 7).
Consider now the product of Abel-Jacobi maps
AJ:CM™) x ... x 0™ 5 Pic™(C) x - -+ x Pic™(0),

where each n; > 2g — 2. We denote by P; (the pullback of) the Poincaré line bundle on
Pic"(C') x C, each normalized at a point ¢; € C, and by w; the first Chern classes of
the tautological bundles on C™). Finally we denote by Z; € C) x C the universal

divisors and by Z; (the pullback of) their ideal sheaves, which in this case are line
bundles.
We are interested in studying integrals of the form

(3.5.4) / f
(1) x...xC(ns)

where f is a polynomial in the Chern classes of the K-theoretic classes

R, R om (@ 7,R L @ Lk) :

el jeJ
Ly, are line bundles on C' and [, J are families of indices (possibly with repetitions).

We assume now that n; > 0 for all i = 1,...,s. Applying the projection formula and
flat base change yields

Rr.R#om (®I Xz Lk)

iel  jeJ
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iel jeJ

— Rr.Rtom (@(AJ X 1d)* P @ 7 Opnp (—1), (AT x id)*PF @ 7° O ) (—1) & Lk>

= F @ R, (@(AJ xid)*P; @ R)(AJ x id)*P; ® Lk>

i€l jeJ
=FATR7. | QP QP @ L |,
i€l jeJ
where F = @);c; Ocinn (1) Qe s Opin (—1). The Chern classes of the last expression
are a linear combination of

li‘[wlmi . AJ*Chl (Rﬁ* <®’Pl & ®Pj* & Lk)> s
i=1 el JjeJ

where ch denotes the Chern character for certain m; € Z>(. Integrating this class yields

/C f[w;”i AT chy (Rﬁ* ((X) Pio QP @ Lk,)>

(n1) x...x C(ns) i=1 el jeJ
- an Tt (e (@7 e @7 o 1) ).
Pic"1(C)x---xPic™s (C) i=1 i€l JjeJ
Using a standard identity [78, Sec. 3.1] we can express the pushforward AJ, w;" in

terms of Segre classes (and therefore Chern characters) of 7, P;. These Chern characters
appearing in the integral are computed by Grothendieck-Riemann-Roch

ch (Rﬁ* <® Pie Q)P @ Lk>> =7, (H ch(P;) [ ch(Py) - er (4. td(TC)> .
iel jeJ il jeJ
The Chern character of the Poincaré line bundle is (cf. [2, pag. 335])
ch(P;) = 1+ nilei] + vi — b;[c;) € H*(Pic"(C) x C,Z).
Here, in the decomposition
H?*(Pic"™(C) x C) = H*(Pic™(C)) @ (H'(Pic™ (C)) ® H'(C)) & H*(C),
we have
le;] € H*(C),
0, € H2(Pic™(C)),
v = [A]" € HY(C) @ H'(C) =2 H'(Pic™ (C)) ® H'(C),

where A C C' x C is the diagonal and 6; is the theta divisor. All of this results in

f= [
/C(nl)x---xc(”s) /Pic”l(C)x---xPic”S(C)xC

where f is a polynomial in the classes

0;, [Ci], Vis Cl(TC)a Cl(Lk)'
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3.5.8.2. Extension to all n In the previous section we assumed that all n; > 2g — 2;
we explain now how to remove this assumption, following closely [119, Sec. 10.1].

Let n € Zso and N > 2g — 2. Then C") = P(7,P), where P is the Poincaré line
bundle on Pic" (C) x C normalized at ¢ € C. We can embed C'™ in C®) as the zero
section of a vector bundle

T O(W)|C(N)><(N—n)c

CM >~ 7(s) et OW),
by sending Z + Z + (N — n)c, where W C C®™) x C' is the universal divisor and
(N —n)c C C'is an Artinian thickened point. Moreover, the section is regular, therefore

0] = e(@) N[C™M] € H(C™),

where G = m, OOWV)| o) x (N —nye- Finally, if we denote by Z € C™ x C' the universal
divisor, we have that (v x id)*W = Z((N — n)c).

Recall that we are interested in the integrals (3.5.4). Choose N; > 2g — 2, denote by
T/ the universal ideal sheaves of the universal divisors W; on CV) x ... x W) x ¢
and by 7’ the projection map. By base change we can write

Rm.R5%om <®IZ-, ®Ij ® Lk) =

i€l jeJ
LR, R#om <®I£(_(Ni —n;)Ci), ®I]/'(_(Nj —n;)cj) ® Lkr) ,
el jeJ

therefore

s

/ =/ 7 TLe@).
Cc(n1) x...xC(ns) C(N1) x...x C'(Ns) =

1

where each G; = 1. OW:)|cvi) (v, —ny)e; and f” is a polynomial in the Chern classes of
R . RAom <®Z{, ®I]/ ® ® O((N; —ny)e;) ® ® O(—=(N; —nj)c;) ® Lk> :
el jeJ i€l jeJ
The exact sequence
0— O(WZ — (NZ — TLZ)CZ> — O(WZ) — O<Wi)‘C(Ni)><(Ni—ni)ci —0
yields the identity in K-theory
G = Rm.Z;" — R, (Z;" ® O((N; — ni)ci))

by which we conclude that we can apply the construction in Section 3.5.3.1 to express

f= /s
/C(”l)x--'xC("s) /Pich(C)x~~~><PicNS(C)><C
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where f is a polynomial in the classes

(3.5.5) i, [ci], v, c1(Te), e1(Lg), c1(O((N; — ni)ey)).

Smooth projective curves of the same genus are diffeomorphic to each other, therefore
Pic"(C) is diffeomorphic to a g-dimensional complex torus. By the intersection theory
on Pic"(C) developed in [2, Sec. VIII.2] we immediately obtain the following result.

Proposition 3.5.3. Let f be a polynomial in the Chern classes of the K-theory classes

Rr.RAom (@ 7.,R L @ Lk) :

iel  jeJ
where Ly, are line bundles on C' and I, J are families of indices (possibly with repetitions).
Then

f= [
/C(”l)x-nx()("s) /Picnl(C')X~~~><Pic"S(C)><C

where f is a polynomial in the classes (3.5.5). In particular, the integral is a polynomial
in the genus g = g(C) and the degrees of the line bundles {Ly}.

As a corollary, we obtain that the localized contributions on C™\ only depend on
the Chern numbers of (C, Ly, Ls).

Corollary 3.5.4. Let C' be a genus g irreducible smooth projective curve and L, Ly line
bundles on C'. Then the intersection numbers (3.5.1) are polynomials in g, deg L1, deg Ls.

PROOF. Let i : C™ — Acn, be the embedding of Theorem 3.2.7 and to ease the
notation set Acn, = C) % ... x C) We claim that

vir ek ATVIT
Nery, =1 Now, 1y

vir

for a certain class N§% ;, € K§(Agn,). In fact, N3, ; is a linear combination of
classes in K-theory of the form

R (Opycim (A) ® LILY) @ t € K3.(C™)),

where A is a Z-linear combination of the universal divisors Z;; on C' X c abeZ
and t* is a T-character. Each of such universal divisors A can be expressed, in the
Picard group of C™] as a linear combination of the divisors i* Z, 1" Xij, 1" Vi, with
notation as in Section 3.2.3; applying base change proves the claim. Therefore the
integral (3.5.1) can be expressed as an intersection number on the product of symmetric
powers of curves Ac n,

/ (=N L) = / eT(E NI L),
(Ot Acm,

where & is the vector bundle of Theorem 3.2.7. In particular, the K-theory class of
& — Ng{th 1, 18 a linear combination of classes of the form

Rr.Rom (@L, ®Ij & Lk> ®

iel jeJ
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where Ly are line bundles on C' and I, J are families of indices (possibly with repetitions).
By Proposition 3.5.3 this integral is a polynomial in g and the degrees of L. We conclude
the proof by noticing that all line bundles L, possibly occuring are a linear combination
of Ly, Lo, Ke. [

3.6. The leading term

We compute the leading term of the generating series of the integrals (3.5.1), which
is essential for the computation of the full generating series in Theorem 3.8.1. Recall
that the fixed a Young diagram A.

Proposition 3.6.1. Let C' be a smooth projective curve of genus g and Ly, Ly line
bundles on C'. Then under the anti-diagonal restriction s, + s = 0 we have

T i IA(g—1+deg La)+n(\) deg Li+n(X) deg Ly [ 2g~2~degLi~deg Ly
vIr J— — € n € n €,
fc[o/\] e (_NC,Ll,LQ) - (_1) g g g g (51 : HDG)\ h(D)) )

where 0y, is the unique reversed plane partition of size 0 and underlying Young diagram
A

PROOF. We have that C0 22 pt and [CIOV]Y" = [pt] € A,(pt), therefore EV is
completely T-movable and

/C:[o ] eT(_Ng’ile,Lz) = €T<_Ng'i7rLl7L2) [ @<51’ 82)7
A

where by (3.4.1), (3.4.4) we express the class in K-theory of the virtual normal bundle
as

. NN I
N, = Z (RF<L1 L)' — (RT(Ke L™ Ly Nt t7) ®f1f2>

(4,7)EX

- Y (RF((OC—thl)Ling’“)tgltg’“
(4,9),(Lk)EX

. . . . \%
— (RP((OC —Li4) KoLt et t]{k> ®t tg).

Applying Riemann-Roch, every line bundle L on C' satisfies
RI'(L) =Cd&L+179 ¢ K%pt) = Z,

therefore we can write the virtual normal bundle as

(3.6.1) N, =Y (Crwtlmogn —Cmutorizdeslizdesl =iy, )
o

. Z(Cmu+1—g i _Cmy—i—g—l—deng—deng v tl fg),

v

where the weights p range among

(3.6.2)
(—i,—7) € Z* such that (i,5) € A, (,7) # (0,0),

(i—1+1,j — k) € Z% such that ((i — j),(I — k)) € \, (i,5) # (L — 1, k)1, k + 1)),
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the weights v range among

(3.6.3)
(i —1,j — k) € Z* such that ((i — j),(l — k)) € X\, (4,7) # (I, k), 1+ 1,k + 1)),

and, for a weight p = (p1, p12), we set m,, = py deg Ly + po deg L. In particular, the
weights 1, t; t; do not appear in (3.6.1), as the virtual tangent bundle of the T-fixed
locus has rank 0 and by the explicit description of the weight space of t; t; in Example
3.4.2. For every weight u, we compute

(p - s)metis

(_'u -5+ 851+ 82>mu+g—1—degL1—degL2’

eT((Cmqulfg g _(Cm“Jrgflfdengfdeng H tl tz)

where s = (s1, $2) and p - s is the standard inner product. With a simple manipulation
we end up with

GT(— g‘i,rLl,L2> — (_1)Zu¢(a,a) Mu+32 2 b,p) Mut(1—g+deg Li+deg La)(#{ v#(a,a) }—#{ n#(b,0) })

[l ooy (v 8)™H 91 s — 51 — 59) TMvimotdesfutde Lz
v#(a,a

. leé(b’b)(,u . S)mu-l-l—g('u .5 — 81 — 82)—mu+1—g+degL1+degL2

H ( aa(degL1+degL2)+1—g(1 _ a)(l—a)(degL1-i-degL2)-i—1—g(S1 + 82)2—29+degL1+degL2
v=(a,a

H,u:(b,b) bb(degL1+degL2)+1—g(1 _ b)(1—b)(degL1+degLz)-‘rl—g(sl + 52)2—25]+degL1+degL2

Following the proof of Lemma 3.10.1, we see that for any weight v = (a, a) (with a € Z)
there is either a weight u = (a,a) or p = (1 —a,1 — a) (and viceversa). This implies
that

#{v="(0,0)} =#{pn=1(b0)}

and
Hu—(a,a &a(deg Li+deg L2)+1—g(1 o a) (1—a)(deg L1+deg L2)+1—g (31 + SZ)Z—Qg—i—deg Li+deg Lo

b(deg L1+deg L2)+1—g(1 — })(1—b)(deg L1+deg La)+1—g 2—2g+deg Li+deg Lo
[Tt (1-1b) (s1+ s2)
In particular, the anti-diagonal restriction s; + s, = 0 is well-defined; we get

[l sgaay (v 8)™ 790 s — 51 — s5p) 7wl motdesfardesls
v#(a,a

. 1— e _ — 1—g+deg L1+deg L
[y (e )™ 179(p - s — 51 — s9)~muti-gtdenlutdeg Lo s1452=0

2—2g+deg L1+deg L2
_ <S#V—#u HV:(Vl,Vz)(Vl _— )
- 1 .

Hu:(mm)('ul — H2)

where the product is over all u,v # (a,a). Moreover, it is immediate to check that
#u — #v = |\|. By Lemma 3.10.2, we conclude that the last expression equals to

J()\)degL1+degL2 . (81)\| X H h(D)_l

OeA

) 2—2g+deg L1+deg Lo
)

where o(\) is defined in Lemma 3.10.2. We are only left with a sign computation; we
conclude by Lemma 3.10.3

<_1)Zy;ﬁ(a,a) Myt (b0 mu+(1*9+k1+k2)|/\|U(/\)k1+k2 _ (_1)ﬂ(>\)+|/\\(k1+k2+9—1)0()\)k1+k2

_ (_1)\)\|(k2+g71)+n()\)k1+n(X)k27
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where p(\) was defined is Lemma 3.10.3 and we set k; = deg L;. O

3.7. Toric computations

3.7.1. Torus action Let Uy, U, be the standard open cover of P'. The torus C*
acts on the coordinate functions of P! as t -z = tx (resp. ¢ -z = t'x) in the chart Uy
(resp. Us). The C*-representation of the tangent space at the C*-fixed points of P! is

Tp170 - (C ® t_l,
Tpl,oo — (C ® t

We prove some identities of C*-representations that will be useful later in this section.

Lemma 3.7.1. Let Z = Zy U Z,, C P! be a closed subscheme, where Zy (resp. Zs,) is
a closed subscheme of length ng (resp. n) supported on 0 (resp. oo). For any a € Z,
we have the following identities in K. (pt)

a Z;:(la tl a S 07

i=—a+1

RNO4(2) =S € 43¢,
=1 =1

no—1 Noo—1
RF(OZ ®K§1) — Z taJri + Z tfafi7
i=0 i=0
no—1 TNoo—1
RHom(Oy, Kpi) = — Z il _ Z (atitl
=0 i=0

ProoOF. We have that
RI(Kg) = x(P', K¢1)

e
1—t 1—+tt

where in the second line we applied the classical K-theoretic localization [179] on P!
Secondly, we have

RI(0z(2)) = H (P, 04(2))
= H°(Us, O2,(Z0)|vy) + H(Uss, Oz, (Zoo)|v..)
- HO(U(), OZO ®K]P’1’Uo>* —|— HO(UOO, OZOO ®K]P>1’UOO)*

= iti + ni t,
i=1 i=1

where in the second line we used Cech cohomology and in the third line we used (149,
Ex. 3.4.5].



3. TORIC COMPUTATIONS 7

Thirdly, by applying Cech cohomology as before we have

RI(Oz ®Kf) = H(Uy, Oz, @K |v,) + H(Uso, Oz, @K 0.,

no—1 Noo—1

— Z ta+2+ Z t*(l*l’ .
i=0 i=0
Finally, combining Serre duality and the previous result yields

RHOHI(Oz, 51) — —RF(OZ ®K]}1D1_a)*

no—1 Noo—1

_ i1 _ gatitl
O

The C*-action on P! naturally lifts to a C*-action on the Hilbert scheme of point
P! [n], whose C*-fixed locus consists of length n closed subschemes Z C P! supported
on 0,00. Therefore, there is an induced C*-action on Ap: ,,,, whose C*-fixed locus is
0-dimensional and reduced. This C*-action restricts to a C*-action on ]P’l[m], whose C*-
fixed locus is necessarily 0-dimensional and reduced. Moreover, the perfect obstruction
theory (3.2.2) is naturally C*-equivariant, as all the ingredients of Theorem 3.2.7 are.

C*

Proposition 3.7.2. Let Z € P! AIE" be a C*-fixed point. Then Tglir[nﬂz is completely

C*-movable. In particular, the induced perfect obstruction theory on PHE s trivial,
PrROOF. We need to show that the class in K-theory
Tagnlz—€lz € K¢-(pt)
does not have C*-fixed part. Recall that we have an identity in K2.(pt)
Tacn lz=RI(P', 0z, (Zo0)) + > RI(P', Oy, ( + ) RI(P', Oy, (Yy)),
(4,4) €N (i,5)EX
i>1 i>1

where for simplicity we denoted by X;; = Z;; —Z;_1 j and by Y}; = Z;; —Z; j_1. Moreover
we have

= 37 RI(P, Oy, (W) € K2 (pt).
(1,5)EX
ij>1
where for simplicity we denoted by W;; = Z;; — Z;_1 j_1. Therefore the virtual tangent
space is a sum of classes of the form RI'(P!, O4(Z)), with Z C P! a closed subscheme,
which is entirely C*-movable by the description in Lemma 3.7.1. O

3.7.2. Case I: Calabi-Yau We compute the integral (3.5.1) for C' = P! in the
case of Ly ® Ly = Kp1, showing that it coincides (up to a sign) with the topological
Euler characteristic e (Pl[n*])
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Theorem 3.7.3. Let Ly, Ly be line bundles on P! such that Ly ® Ly = Kpi. For any
reversed plane partition ny, we have

/ vir eT(_ IE;;I;LLLQ)
[]pl[lu]]

ProoOF. By Graber-Pandharipande [85], there is an induced perfect obstruction
theory and virtual fundamental class on the C*-fixed locus primlC , both trivial by

= (_1)degL1(c>\+|)\\)+\)\|+|nA| e (Pl[nk]> .

s1+s2=0

Proposition 3.7.2. By Proposition 3.4.3
N, = T @b +Q - QY @tk € Ky (Pﬂnx}) ’

pilma

and applying the virtual localization formula with respect to the C*-action yields

TxC* vir,V «
/ T( vir ) Z et (Tpl[m\]’z ®th t2) eT*C (Q % QY tg)
vie € \TpL L 1) = ——— : o
[]pu[n)\q ,L1,L2 e ¢TxC (T[;:ir[nﬂ,g) eTxC (Q|Z) .

s3=0

Z STXC* (Vé@fl ’tg)
e eTxC* (VZ) i )

s3=0

where s3 is the generator of the equivariant cohomology H¢.(pt) and we denoted by

Vz = Tglir[“)\]’z +Qlz € Kiye(pt)

the C*-equivariant lift of the K-theoretic class TI;flh["nA]JrZ, Q|z € K3%(pt). Under the
Calabi-Yau restriction s; + s, = 0, we have by Lemma 3.7.6

<€TXC*(V%® t t2>>

€T><(C* (VZ)

= (-1

s1+s2=0
Moreover, by Lemma 3.7.5

tkVy =deg Li(cx + |A|) + |A| + |ny| mod 2.
Therefore, we conclude that

€T><(C* (V% &® tl tg) KV
Z eTxc:<VZ) = Z (=12

ZeP! [ny],C* ZeP! [ny],C*

s4+52=0

— (—1)des LRI+ L <P1[nﬂ) 7

as the Euler characteristic of a C*-scheme coincides with the Euler characteristic of its
C*-fixed locus (in our case the number of fixed points). O

Exploiting the close formula for the generating series of the topological Euler
characteristic proved in Theorem 3.2.10, we derive the following close expression in the
Calabi-Yau case.

Corollary 3.7.4. Let Ly, Ly be line bundles on P! such that Ly ® Ly, = Kp1 and \ be
a Young diagram. We have

an gl (f[Pl[nn]vir 6T(_Ng'i,rLl,L2)> = (_l)deng(CAH)\DHM e (1 — (_q)h(D))ﬂ’

s1+s2=0
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where the sum is over all reversed plane partition ny.

We devote the remainder of this section to prove the technical lemmas we used in
Theorem 3.7.3.

Lemma 3.7.5. Let C' be a smooth projective curve of genus g, L1, Ly be line bundles
on C such that L1 ® Ly = K¢ and let Q € K$(C™) be the K-theory class of Remark
3.4.4. Then

tk (Tgh,) + Q) = deg Li(ex + [A)) + (1 = g)|Al +ny|  mod 2.

PROOF. Let Z € C™). Then
rk T(‘}i[fu] =rk Tg’i[ixl |Z

=m0+ > (g —mioa)+ Y (g —nija)— > (g —mni1)
(

1,5)EA (3,5)EX (,5) €A
i>1 j>1 i,5>1

For any line bundle L on C and A a Z-linear combination of the universal divisors Z;;
on C' x O™ Riemann-Roch yields

rkR7,(O(A)® L) = x(C,L ® O(Aly))
=degL+degAlz+1—g.

Since 2 is a sum of K-theoretic classes of the form Rm,.(O(A) ® L), for suitable L, A,
we have

rkQ = Z (ngj—i-degLy —j-(29g—2—degLy)+1—g)
(3,5)eX
(4,5)#(0,0)
— Y (e —ny—(i—1)deg Ly — (j — k)(29 — 2 —deg L) + 1 — g)

(4,9),(LE)EN
(,9)#(L,k)

(4,5)#(1+1,k+1)

(3,9),(LE)EX

(L.ﬂ#(lilvk)
(4,5)#(Lk+1)

Denote by = the congruence modulo 2. We have

Ngy — Z nij = ny|.

(4,7)EX
(4,9)#(0,0)

Denote by V. E, Q) respectively the number of vertices, edges and squares of the graph
associated to A as in Lemma 3.2.1. We have

o= > 1+ Y 1=V-1-(\-V-Q)+(\N*-E)

(4,5)€A (4,3),(LE)EX (&3),(Lk)EX
(4,3)#(0,0) (6,5)# (LK) (4,5)#(I=1,k)
(4,5)#(+1,k+1) (6,5)#(Lk+1)

= ‘)"7
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where in the last line we used Lemma 3.2.1. The coefficient of deg L; in rk2 is

dooli-H- D —j-l+k+ D (i—j+l-k+1)

(1,5)EX (4,9),(L,k)eX (4,9),(l,k)eX
(ivj)7é(070) (17])7£(lvk) (ivj)#(lflvk)
(4,)#(+1,k+1) (3,7)#(Lk+1)
= > (i+4)+ > (iFjHl+R)+ ) (IR + 1
(3,5)€X (3,9),(LE)EX (4,9),(LE)EX (4,9),(Lk)EX
(i.3)=(14+1,k+1) (i,)=(l,k+1) (i,)#(Lk+1)
=)+ 2E + |\
=c)+ ‘)\’
Finally
Yoo (w—ng)+ Y (e —ny)
(4,9),(LE)EX (3,9),(Lk)EX
(i.5)#(L k) (1.5)#(1—1,k)
(i) #+1k+1) (i) (kA1)
Z Nij — Ni—1,j) + Z (Mij — Mij—1) — Z (nij —ni—15-1) = 0.
i,j)EA (4,4)EA (4.9)EA
K i>1 ij>1
Combining all these identities together, we conclude that
rk( gi[fu] + Q) =deg Li(cx + |A|) + |A[(1 —g) + ny] mod 2.
O

Lemma 3.7.6. Let Z € pLmAlC

be a C*-fixed point and set
Vg =Tlz + Qz € Kpe-(pt),

where Q € K(P'™V) is as in Remark 3.4.4. Then we have
GTXC* (Vé (024 tl tg)
eTXC* (V)
PROOF. Denote by ng the sub-representation of V consisting of weight spaces

corresponding to the characters (t; t2)%, for all a € Z, with respect to the T x C*-action.
We claim that VZY is of the form

= (-1

S1+s52=0

ng =Az + Aé@ t to,

for a suitable Ay € K3, . (pt).
Step I: Assuming the claim, set

Vg =Vyz— Vg

and Vy = Yt => e K3, c-(pt), where none of the characters t*,t” is a power of
t to. Write e (##) = - s, where s = (s1, 82, 53). Then we conclude that

eTXC* (Vé & tl tQ) o GTXC* (\72 X tl tg)
eTxC* (V) o eTxC* (\7;)

$1+52=0
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- H_M'S+Sl+82' V-S
n n-s » —V -5+ 81+ S2

I

$1+s2=0
— (_1)rkvl,

where we used that no p - s, v - s is a multiple of s; + s, and that rkVz =rk \7Z mod 2.
Step II: We prove now our claim on ng. Firstly, by Proposition 3.7.2 TI;IH,IA is
C*-movable, which implies that there are no weight spaces corresponding to a power of
tl tQ.

It is clear that the T x C*-weight spaces of §2|z relative to the characters (t; t2)* are
given by €|z, where

> R (Oprpuinsl (Zaa) @ Kp?) (t112) ™

(a,a)EN
a#0
- Z R, (O(Aijur) ® Kf) (t t2)*+ Z R, (O(Aijk) © K (t1t2)%,
(4,5)=(+a,k+a) (i,j)=(l+a—1,k+a)
a##0,1 a##0,1

as we just considered the weight spaces of (t; t3)® in Q of Remark 3.4.4. We notice that
Y|z is a sum of T x C*-representations of the form

RI'(Op1(Z,) @ Kp*) @ (titp) ™, if a > 1, or
RI(Op1(—Z,) @ Kfa) @ (4 )", if a > 2,

where Z, C P! are effective divisors. We have the following identities of C*-representations

RI'(Opi(Z,) ® Kp") = RI(KL") — RHom(Oy,, Kp"), a>1,
RINOp(—Z,) @ K1) = RI(Kp) — RI'(Oz, ®Kp1), a> 2.

a<—1,
{ 1 a>2,
0,
0,

By Lemma 3.7.1, their C*-fixed part is

(RT

flx
(RHom(0Oy,, K;,*))™
(RT'(Og, ®K p ))“X

a>1,
a > 2.

Combining everything together, we conclude that

VI = ) (i) + Y sen(a)(tib) — > sgn(a)(t )%,

(a,a)EX (6:3),(Lk)EX (4.3),(L,k)EA
a#0 (4,5)=(+a,k+a) (4,7)=(4+a—1,k+a)
a#0,1 a#0,1
where sgn is the usual sign function. Our claim follows by Lemma 3.10.1. O]

3.7.3. Case II: trivial vector bundle If L; = Ly = Op1, the integral (3.5.1)
amounts to the leading term computation of Section 3.6 and a vanishing result, which

relies on a combinatorial fact about the topological vertex formalism for stable pairs
developed in [155].



82 3. DOUBLE NESTED HILBERT SCHEMES AND THE LOCAL PT THEORY OF CURVES

Proposition 3.7.7. Under the anti-diagonal restriction s; + s = 0 we have an identity
Sam [ Ne)| = (s T
ny, [Pl [n)\]}wr

s1+s2=0 OeA
PRrROOF. The leading term is computed in Proposition 3.6.1, therefore we just need

to prove that the integral vanishes for |ny| > 0. We apply Graber-Pandharipande

virtual localization [85] with respect to the C*-action on pim]

T vir _ TxC* vir vir
e (- JP’%O,O) - § : € (= pilaal z IF”,O,O,Z) )
[PLIPAlvir A

1[my],C*
VAS Sl s3=0

where s3 is the generator of Hf. (pt). The C*-action on prim g just the restriction of
the natural T x C*-action on B,(P! x C?,d[P']), where d = |\| and n = |\| + |ny|. This
means that, as T x C*-representation,

\Y __ wir vir 0
EY|z = piml z T VPL00,2 € Ky c-(pt)

can be described via the topological vertex formalism of Pandharipande-Thomas [155,
Thm. 3], which states

EY|z =Voz + Veoz + Ez € K, - (pt),

where Vo z, Voo z are the vertex terms corresponding to the two toric charts of P! x C?
and Ez is the edge term. By [130, Lemma 22] we have that eT*® (=Vy 7z — V. z) is
divisible by (s1 + s9) if [ny| > 0, while €T (—E) is easily seen to be coprime with
(s1 + s2).* This implies that the anti-diagonal restriction s; + sy = 0 is well-defined on
every localized term and satisfies

(B 0,

S1+s2=0 =

by which we conclude the required vanishing. O]

Remark 3.7.8. We could prove Proposition 3.7.7 without relying on the vertex formal-
ism for stable pairs, by simply carrying out a detailed (but probably longer) analysis of
the weight space of t; t; as in Lemma 3.7.6.

3.8. Summing the theory up

3.8.1. Anti-diagonal restriction We combine the computations in Section 3.6,
3.7 to prove the second part of Theorem 3.1.3 from the Introduction.

Theorem 3.8.1. Under the anti-diagonal restriction s; + s = 0 the three universal

series are

Ax(g, s1,—s1) = (=) - T w(O)?,

Oex

“In fact, Ez is the T-representation of the tangent space at a T-fixed point of HilbM (C?). The claim
follows by noticing that the T-fixed locus coincides with the fixed locus of the subtorus {t;to =1} C T
preserving the Calabi-Yau form of C2, which is 0-dimensional and reduced.



3. SUMMING THE THEORY UP 83

By(=¢,s1,—s1) = (-1 n(A) M' H h(Od H (1—¢ (D))

Oex Oex

(=g 51, =s1) = (=1)"V - (=s)) M- TT (@) [T = "),

OeA OeA

PROOF. Let Cygeg 1y deg 1, € Q(51,52) be the leading term of the generating series
of Theorem 3.5.1. We can write

[ny| vir A9—1  jdegLi jdeglLo
g deg LidegLo * E : NC’ L1, Lz) A)\,l A/\,Q A)\,3

n)\]]vn

= exp <(g —1)-log fl,\,l + deg L; - log flm + deg Ly - log A)\,g) ,

for suitable flM € 14+ Q(s1, s2)[¢], where log A; are well-defined as A; are power series
starting with 1. The claim is therefore reduced to the computation of the leading term
(under the anti-diagonal restriction s; + s3 = 0) and to the solution of a linear system.
The leading term is computed in Proposition 3.6.1, which also shows that it is invertible
in Q(s1,s2). The linear system is solved by computing the generating series of the
integrals (3.5.1), under the anti-diagonal restriction, on a basis of Q®. The classes

7(P17 Oa O)a 7<P17 O<_1)’ O<_1))> ’Y(]P)17 O? O(_2>)

are linearly independent and we computed their generating series in Proposition 3.7.7
and Corollary 3.7.4. O

3.8.2. Degree 1 In degree 1, we consider the Young diagram consisting of a single
box and the corresponding double nested Hilbert scheme is C") 22 C(™ the symmetric
power of a smooth projective curve C, with universal subscheme Z C C' x C™. Given
line bundles Ly, Ly on C| the class (3.4.1) in K-theory of the virtual normal bundle is

N 1, = —Rr(LiLy @ Oz) @ i ta +Rm L1 @ 4y +Rm Ly @ ty

—(LiL)™ @ty ty + OFE T @4 + OB I @ ty,

where (L L,)[" is the tautological bundle with fibers (L;Ly)"|, = H*(C, L1 Ly ® Oy).
This yields

vir —1—deg L —1—deg L n
/ . €T<_NC,L1,L2) = s{ ETsg ® 2/ e((L1Ly)™).
[C ny ]v1r C(n)

By the universal structure of Theorem 3.5.1, we just need to compute the (generating
series of the) last integral for L; = Ly = O¢ and Ly ® Ly = K¢, which yields the
explicit universal series

AD(Q731732> = 8152,
Bo(g, s1,52) = s7' (1 + q),
Co(q, s1,52) = 85 (14 q).
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3.8.3. GW/PT correspondence Let X = Totc(L; @ Ls) be a local curve. Com-
bining Theorem 3.5.1, Theorem 3.8.1 and the description of the T-fixed locus of
P,(X,d[C]) in Proposition 3.3.1, we obtain our main result.

Theorem 3.8.2. The generating series of stable pair invariants satisfies

PT4(X;q) = Z (q_‘/\le(q))g_l ‘ (q_n()\)B)\(q))deng . <q_n(/\)C,\(q)>degL2 |

where Ay ; are the universal series of Theorem 3.5.1. Moreover, under the anti-diagonal
restriction sy + s = 0

PTa(X5 =5, 165=0 =
(—1)ddeg L2 Z ¢ (1=9)=deg Lin(3)~deg Lan(Y) H (s1h(00))29~2—deg Li—deg Ly (1 _ gh(0)ydeg Li+deg Lz
A-d OeA
Comparing with Bryan-Pandharipande’s results — cf. Theorem 3.1.5 and [29, Sec.
8] for the fully equivariant result in degree 1 — we obtain a proof of the Gromov-
Witten /stable pairs correspondence for local curves.

Corollary 3.8.3. Let X be a local curve. Under the anti-diagonal restriction s;+ss = 0
the GW /stable pair correspondence holds

(—i)terordeslatdes o). GW,(g| deg Ly, deg Losu) = (—q) 2 4G 20rdesitdes lIpT, (X g),
after the change of variable ¢ = —e®™. Moreover it holds fully equivariantly in degree 1.

3.8.4. Resolved conifold In some cases, the moduli space P, (X, d[C]) happens
to be proper, for example whenever H°(C, L;) = 0 for i = 1,2; see [37, Prop. 3.1] for a
similar setting for local surfaces. Under this assumption, the invariants are computed as

PT4(X;q) = PT4(X;q)]|

s1=52=0
and can be deduced from the anti-diagonal restriction. The resulting invariants are
interesting - that is, non-zero - only in the Calabi-Yau case; in this case, they coin-
cide with the virtual Euler characteristic and Behrend’s weighted Euler characteristic
of P,(X,d[C]) [10]. Applying Riemann-Roch, this situation may appear only when
HYC,L;) =0forl=0,1and degL; =g — 1 fori =1,2.

An interesting example is the resolved conifold X = Totp:1 (O(—1) & O(—1)); in this
case, the invariants can be further packaged into a generating series

1+ Z Qd PT(X;—q) = Z(_Qq)dzqn(/\)Jrn(X) H(l _ qh(D))f2

d>1 d>0 A-d Oe
qn(X)

"™
= 2 L =) [ = )
= (—Qq)"sx(q)s5(q)

= 1 —a¢,

n>1
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where we used some identities involving the Schur function s, (see e.g. [125]). This
last generating series agrees with the expression of the unrefined limit of the topological
vertex of Igbal-Kozgaz-Vafa [98] and can be seen as a specialization both of the motivic
invariants of Morrison-Mozgovoy-Nagao-Szendréi [136] and of the K-theoretic invariants
of Kononov-Okounkov-Osinenko [109].

3.9. K-theoretic refinement

3.9.1. K-theoretic invariants Let X = Totc(L; @ Ly) be a local curve. The
perfect obstruction theory on Py := P,(X,d[C]) induces a (T-equivariant) virtual
structure sheaf Oy € K{ (Py) [75] which depends only on the K-theory class of the
perfect obstruction theory [177, Cor. 4.5]. K-theoretic PT invariants are defined by
virtual K-theoretic localization [75] for any V € K (Px)

OVi’Ii‘ ®V|PT
=X (Pn(X7 d[C])*, W) € Qt, t),

where A*(V) 1= SV (=1)'A'V is defined for every locally free sheaf V and then
extended by linearity to any class in K-theory.

Remark 3.9.1. Differently than the case of equivariant cohomology, x(M,F) €
K (pt)oe is well-defined for any T-equivariant coherent sheaf F on a non-proper
scheme M, as long as the weight spaces of F are finite-dimensional; in this case, the
virtual localization formula is an actual theorem, rather than an ad-hoc definition of
the invariants.

Using the description of the T-fixed locus (P,(X,d[C))T of Proposition 3.3.1, K-
theoretic stable pair invariants on X (with no insertions) are reduced to intersection
numbers on C™I. The same techniques of Section 3.5 can be applied in this setting,
yielding the following result.

Proposition 3.9.2. Let C' be a genus g smooth irreducible projective curve and Ly, Lo
line bundles over C'. We have an identity

n O [ny] — € €
> d™ix (C[ Y #) = Afx - Bi5™ - Oi5™ € Qt, )[a],
1 C,Ly,L2

where Ak, B, Cxx € Q(t1,t2)[q] are fixed universal series for i = 1,2,3, only
depending on A. Moreover

At ta) = A s(ta, 1),

Bra(t, t2) = Crx(te, t).

PROOF. The proof follows the same strategy as Theorem 3.5.1. We just need to
notice that A®(-) is multiplicative and that, via virtual Hirzebruch-Riemann-Roch [75],
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we can express
n OVifn ] ® \TVir,* vir
X (C[ Al #) = /[C[n)\]}"ir ch(—A NC,L71,L2) A (Teiny)

7 A @ N\TVIL,*
A NC7L1aL2
-[ =
Ac,n)\

where f is a polynomial expression of classes of the same form as in Proposition
3.5.3. u

Denote by PTY(X;q) = 3,5 q"PTffn(X) the generating series of K-theoretic
stable pair invariants.

Corollary 3.9.3. Let X = Totc(Ly @ La) be a local curve. We have

_ e 1 Y de L2
PTE(X5) = (4 M Aka(@)”™ - (6" Bra(@) ™™ (" VCral9)
A-d

3.9.2. Nekrasov-Okounkov Let M be a scheme with a perfect obstruction theory

E. Define the virtual canonical bundle to be Ky;, = det E € Pic(M). Assume that K,

admits a square root Kii/rg, that is a line bundle such that (Kvli/f)®2 = K.i. Nekrasov-

Okounkov [142] teach us that it is much more natural to consider the twisted virtual
structure sheaf

0, =0 oK.

In [142], Nekrasov-Okounkov show existence of square roots for Px (and uniqueness, up
to 2-torsion). Nevertheless, even if square roots could not exists on Px as line bundles,
they exist as a class Kii/fPX € K°(Px,Z[}]) and are unique [147, Lemma 5.1]. In our
setting, we define Nekrasov-Okounkov K -theoretic stable pair invariants as®

PTE (X): = PTE (X, K/%.)

vir, Px

O‘zgi)% ®K1/2 ’P§

vir, Px

AoNVir,*

= x | B.(X, d[O)7, € Q4% /),

which are an algebro-geometric analogue of the g—genus of a spin manifold. On the
T-fixed locus, we have an identity in K$(PF, Z[1])ioc

O\IQ;T ®K1/2 |P§ O}S}% ®K1/2 ® (det NVir,*) 1/2

vir, Px Vir,P}E
A® N vir* o A® N vir*
~Vir
_
= — —,
Ao NVlr,*

where we define A*(+) = A*(-) @ det(-)"Y/2. Again, the same techniques of Section 3.5
and Proposition 3.9.2 and can be applied in this setting, yielding the following result.

To take square roots equivariantly, we need to replace the torus T with the minimal cover where

the characters t}/z,’ém are well-defined, see [142, Sec. 7.2.1].
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Theorem 3.9.4. Let C be a genus g smooth irreducible projective curve and Ly, Ly
line bundles over C'. We have an identity

T
qunﬂx C[II)\]’ A. jljf* :AK B?;g)\Ll Cdeng @(t1/2 {1/2)[[q]]
A*NeTr, o

where Ag \, Bg ,,Cr , € @(t1/2 1/2)[[<]]] are fixed universal series for i = 1,2,3. More-

over

=)

AK)\( ) ( )7
Bg At to) (t2, t1).

Denote by PT§ (X5q9) = Yhez q"PTfn(X ) the generating series of Nekrasov-
Okounkov K-theoretic stable pair invariants.

> \

)

A
C-

> \

)

Corollary 3.9.5. Let X = Totc(Ly @ La) be a local curve. We have

PTE (X ) =Y (q*'A'Ak,A(Q))g g (q"(”Bf(,A(q))deng : (q”(*)Cf(,A(Q))deng-
A-d

The techniques of Section 3.6, 3.7 can be adapted to compute the generating series of
Nekrasov-Okounkov K-theoretic invariants under the anti-diagonal restriction t; to = 1.
In fact, as in the proof of Theorem 3.8.1, we just need to compute the leading term of
the generating series and the cases ¢ =0, L1 ® Ly = Kp1 and Ly = Ly = Op1. Similarly
to the proof of Theorem 3.7.3, as we work with C' = P!, applying the K-theoretic
virtual localization formula [75] on (P')P yields

~vir
[ P PE _ Y x|z= 1
-~ : - 9
o N\TVIr,* o (Vi * vir,*
A NC Ly,Lo Zep1[PalC* A (Tpl Al z + Vp L1,L2,Z)

t3=1
where t3 is the equivariant parameter of the C*-action. For a character t* € K3, . (pt),

define the operator [t*] = t> —t~2 and extend it by linearity to any V € K%, . (pt). It
is proven in [76, Sec. 6.1] that

X(pt, At (V) = [V],
which satisfies [V*] = (—=1)%V[V], therefore

~ Vir
1[na] P; _ vir vir
X P ’—]\\‘NVir’* = Z [— pilaxl z = VP L1, Lo, Z
C,Ly1,La Zep1malLCr
A tz=1
Explicit computations yields

-1 A —2

A}?V\((Ltl?tl ) = (_1)| E F)\ ;

Bz a(—a.t, 7" = (=1)"™ - By - T - @),
OeX

Cral—at, 1) = (=) R T - ),
Oex
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where

[T epawer | 2 -t

( li—g+k—1| ij+2kl)
1 i
) H _ ) (6,5)#(I+a,k+a)

o \J;\ _@ [14i—j+k—1| ikl
(i,5)€A £ -4 H (i,5),(LE)EX (fl 2 -4 : )
(4,5)#(a,a) (6,)#(I+a—1,k+a)

3.10. Appendix: The combinatorial identities

In this appendix we collect the proofs of some technical results on the combinatorics
of Young diagrams we have used.

Lemma 3.10.1. Let A be a Young diagram and consider the Laurent polynomials in
Z[t:tl]

a(t) = Z 7+ Z sgn(a) t* — Z sgn(a) t*,

a#0,a€Z (4,7)=(4a,k+a) (4,5)=(4+a—1,k+a)
a#0,1,a€Z a#0,1,a€Z
= > - Y 4+ ) @
a#0,a€Z (3,7)=(4a,k+a) (3,7)=(4+a—1,k+a)
a#0,1,a€Z a#0,1,a€Z

Then we have

where Ay (t), Bx(t) € Z[t*1].

PRrOOF. We prove the first claim by induction on the size of A. If |A\| = 1 this is
clear. Suppose now the claim holds for all Young diagrams of size |A\| = n and consider

a Young diagram of size |5\| = n + 1 obtained by adding to a Young diagram \ a box
whose lattice coordinates are (i, j) € Z2.

e (i,7) = (i,0) or (4,7) = (0,4), with 7,5 # 0. We have
9z = 9x
e (i,j) = (i,1),i > 1. We have
B=g+t =t
= 9x
e (i,7) =(1,7),7 > 2. We have
B=g -t -t
=g -t —(tH .
e (1,7) = (i,1),7 > 2. We have

% i 7 i—1
=gt =D ) - (Ztl —Zt‘l>
=1 =2 =2 =1

= Ggx-
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o (i,7),i > 7 > 2. We have

j j j j
g = 9gx — Zf_l+Ztl — (Ztl —Zt_l>
I=1 1=2 1=2 =1
= 9x
e (i,7),7 >1>2. We have
i i i+1 i1
=g — Y Y - <Ztl —Ztl>
1=1 1=2 1=2 =1
— gy — T — it
Therefore the induction step is proven in all possible cases and we conclude the proof.
With an analogous analysis one proves the second claim as well. O

Lemma 3.10.2. Let A be a Young diagram. Then the following identity holds
1 Giamer (+i—j+k—1)

| | P (i,4)#(I+a—1,k+a)
(id)ex I pwer (—j+E=1) JEL
(i) (aa) (i) £(1+ak-ra)

where

U(/\) = H (i.7)EA sgn(j — ’L) . H (i.7),(LE)EX sgn(l +i—j+k— l) . H (i,7),(L,k)EX sgn(i —j+k- l)
(i,5)#(a,a) (4,)#(+a—1,k+a) (3,)#(+a,k+a)

PROOF. The sign () is easily determined, so we just need to compute the absolute
value. To ease the notation, we adopt the following convention for the remainder of the
proof: we set |0| = 1, which is merely a formal shortcut to include in the productory
trivial factors we would have otherwise excluded. The claim therefore becomes

o 1+i—j+k—1
(3.10.1) IT1i-4- 1] - =[] 0.
- g ji—j+k =1
(i,7) €A (4:9),(LE)EX Dex
Denote the left-hand-side of (3.10.1) by H,. We prove this claim on the induction on
the size of \. If |A\| = 1, the claim is trivially satisfied. Assume it holds for all Young

diagrams of size n and consider a Young diagram N of size n + 1 obtained by a Young
diagram of size A by adding a box with lattice coordinates (i, j) € Z?. We have
o 1+i—j4+k=1| |-1+i—7+k—1
M=t il |z‘—jik—l| 8 |i—j+]k—l| |
(k)X

To avoid confusion, we denote by h(0) (resp. h'(00)) the hooklength of OJ € A\ (resp.
O € X). The strategy now is to divide the boxes of A" in sub-collections and compute
separately each contribution of the product on the right-hand-side.

Step I: Fix a box (i,7) € A, with ¢ < i. The contribution of all boxes on the right (on
the same row) of (7, 7) is

-1 ~ . ~
H li—j+k—i+1]-|i—j+k—1—1|

i—i+ 1] li—i=1] Ji—i42-li—i] it XN gl it N2
i —i|-|i— i li—i+1-Ji—i+1 |i—i+X—F—1-li—i+N—j—1]




90 3. DOUBLE NESTED HILBERT SCHEMES AND THE LOCAL PT THEORY OF CURVES

Ci—i— 1] i -+ A —
li—d|-i—i+X—j—1]
_li—i=1] W(i,))

We multiply now the last expression for all boxes (5, j) with i=0,...,i—1
i—1 . ~ <. . . i—1 <.
H\z—z—1| ‘ R (i,7) _ li — 1] ‘ li — 2| "‘M‘Hh/@’j)
=0 li—ad k(L) !i\ i=10 [ 2 h(i))

h’zj

~|H
E‘

=0

This is the contribution of all boxes (I, k) € A such that k > j. By symmetry, we get
that the contribution of all boxes (I, k) € A such that [ > ¢ is given by
8 & Q)
il & 53
Step II: The contribution of the remaining boxes is given by
o N+i—j+k—=1 |—14i—j+k—1|
i—al- 11 i+ k1 li—jtk—1
(k)X J J
1<i
k<j
i—1 j—1 . .
. 1+i—j+k—1 |-14+i—j+k—]
:‘Z_j"HH i—j+k—1] i—j+k—1]
1=0 k=0 J J
_ |”__\|U|‘.
= li—Jjl- H i = J il - 11
1 i = Jl
Step III: Using Step LII and the 1nduct10n step we have
i—1 ~ . j—1 Lo~
h (i, h (i,
Hy = Hh Hh( j). h(. z)
Oex i—0 (27]) 5=0 (27])
=[O
Dex’
which concludes the proof. O

Lemma 3.10.3. Let A be a Young diagram and ki, ke € Z. Set

p(N) = > (iki+jk)+ > (=14 Dk + (- k)ko)
(i,5)EX (4.9),(Lk)EA
(izj)#(a’a) (ivj)7é(l+a717k+a)

+ > (= DE+ (G — k).
(4,9),(Lk)EX
(4,5)#(l+a,k+a)

We have
(_1)p()\)+\)\|(k1+k2)0,()\)k1+k2 _ (_1>\,\|k2+n(,\)k1+n(X)k2

Y
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where o(\) was defined in Lemma 3.10.2.

PROOF. Let = denote congruence modulo 2. We have

PN+ | A (k1+k2) = Z (ik1+ k) + (k1 +k2) Z a+ Z a+ Z a
(4,5)EX (i,5)EN (4,9),(Lk)EX (4,7),(Lk)EX
(i,5)=(a,a) (4,5)=(+a—1,k+a) (4,5)=(+a,k+a)

th Y LAk + k)
(2,7),(L.K)EX

=n(\k +n(Nka + Mk + (k1 + k) | Y a+ > a+ > al,
(,5)EX (4,3),(Lk)EX (4,7),(Lk)EX
(i,5)=(a,a) (4,5)=(+a—1,k+a) (4,5)=(+a,k+a)

therefore the statement of the lemma reduces to the following claim

X Gex 9T (ih)(Lk)ex  9TX (ig),1k)ex @
(3.10.2) (_1) (4,5)=(a,a) (4,§)=(l+a—1,k+a) (4,7)=(4a,k+a) ~U()\):1.

Given a lattice point pu = (1, u2) € Z* define
(=1)m 1 = fiz,
(1) =
sgn(pn — pa)  pn F po
Notice that the left-hand-side of (3.10.2) can be rewritten as

Il ~—i-5) JI G-ti-krQ+i-1j-k),

(3,7)EN (3,9),(Lk)EX

and denote this last expression by F\. We prove the claim (3.10.2) on induction on the
size of \. If |A| = 1, the result is clear. Assume it holds for all Young diagrams of size
n and consider a Young diagram )\’ of size n + 1 obtained from a Young diagram of size
A by adding a box with lattice coordinates (i, j) € Z?; we have

Fy=Fy-7(—i,—j) [[ rG—1j—k)rl—ik—)r(+i—1j—krQ+1—ik-j).
(LE)EN

We analyze the contribution of every box (I, k) € A in the product above. We say that
a box (I, k) is in the same diagonal as (i, j) if it is of the form

(Lk)=(i+a,j+a), aclZ.
The contribution of the boxes on the same diagonal of (i, j) is
7(—a,—a)r(a,a)7(1 —a,—a)7(1 4+ a,a) = 1.

We say that a box (I, k) is in the lower diagonal of (i, j) if it is of the form
(Lk)y=(G+a,j+a—-1), acZ

The contribution of the boxes in the lower diagonal of (i, j) is

7(—a,1 —a)t(a,a—1)7(1 —a,1 —a)T(l +a,a— 1) = (—1)°

We say that a box (I, k) is in the upper diagonal of (i, j) if it is of the form

(LLk)=(i+a—1,j+a), acZ.
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The contribution of the boxes in the upper diagonal of (i, j) is
(1 —a,—a)7(a —1,a)7(2 — a, —a)T(a,a) = (—1)**".
A completely analogous analysis shows that all other boxes (7,j) € A do not contribute

to the product. Therefore the contribution to the sign in the product is just given by
the boxes in the upper or lower diagonal of (i, j), as displayed in the picture

1[1]1]1]
111
1114
1

‘HH}—‘P—‘H

FiGURE 3. The label £1 in every box represents the contribution to the
final sign, with (7, 7) = (2, 3).

If we denote by d.,_ respectively the number of boxes in the upper diagonal and
lower diagonal, we conclude that

S 6_
[ 7G—tj—krl—ik—j)r+i—1j—krQ+i—ik—j)=(-1)=H=]
(I,k)EA
where [-], |-] denote the ususal ceiling and floor functions. One readily proves that
(G+1.7) 1>
(6r,6)=3Gi)  i=
(Gi+1) i<j.
With a direct analysis we can show that
§ 5_
(~)FE ) (i, —j) = 1

in all the three cases, by which we conclude the inductive step. O



CHAPTER 4

Higher rank K-theoretic

Donaldson-Thomas theory of points

Black hole sun

won’t you come

and wash away the rain?
Black hole sun

won’t you come

won’t you come

Black Hole Sun, Soundgarden

4.1. Introduction

4.1.1. Overview Classical Donaldson-Thomas (DT in short) invariants of a smooth
complex projective Calabi-Yau 3-fold Y, introduced in [176], are integers that virtually
count stable torsion free sheaves on Y, with fixed Chern character v. However, the
theory is much richer than what the bare DT numbers

(4.1.1) DT(Y,7) € Z

can capture: there are extra symmetries subtly hidden in the local structure of the
moduli spaces of sheaves giving rise to the classical DT invariants (4.1.1). This idea
has been present in the physics literature for some time [98, 65].

These hidden symmetries suggest that there should exist more refined invariants,
of which the DT numbers (4.1.1) are just a shadow. These branch out in two main
directions:

e motivic Donaldson-Thomas invariants, and
e K-theoretic Donaldson—Thomas invariants.

For the former, which at date includes a number of interesting subbranches, the
papers by Kontsevich and Soibelman [111, 112] are a good starting point, and Szendr6i’s
survey [174] contains an extensive bibliography on the subject. For the latter, see
some recent developments after Nekrasov—Okounkov [142], such as [149, 3, 178] and

93
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[140, 143, 36| for a generalisation to Calabi—Yau 4-folds. In this chapter we deal with
K-theoretic DT theory. The relationship between motivic and K-theoretic, which we
briefly sketch in Section 4.5.3, will be investigated in future work.

The subtle structure of the DT moduli spaces is most evident in the local case,
i.e. when the theory is applied to the simplest Calabi—Yau 3-fold of all, namely the
affine space A®. See [11, 61] for the rank 1 motivic DT theory of A and [165] for a
higher rank version. We solve the K-theoretic Donaldson-Thomas theory of points of
A3. In [9] it is shown that the main player in the theory, the Quot scheme

(4.1.2) Quot s (09" n)

of length n quotients of the free sheaf O%", is a global critical locus, i.e. it can be
realised as {df =0}, for f a regular function on a smooth scheme. This structural
result, revealing in bright light the symmetries we were talking about, is used to define
the higher rank K-theoretic DT theory of points that is the central character in this
chapter. The rank 1 theory, corresponding to Hilb™(A3), was already defined, and it was
solved by Okounkov [149, Sec. 3], proving a conjecture by Nekrasov [138]. Our first
main result (Theorem 4.1.1) can be seen as an upgrade of his calculation, completing
the study of the degree 0 K-theoretic DT theory of A3.

In physics, remarkably, the definition of the K-theoretic DT invariants studied
here already existed, and gave rise to a conjecture that we — again, Theorem 4.1.1 —
prove mathematically. More precisely, our formula for the K-theoretic DT partition
function DTX of A® was first conjectured by Nekrasov [138] for 7 = 1 and by Awata and
Kanno [6] for arbitrary r as the partition function of a quiver matrix model describing
instantons of a topological U(r) gauge theory on D6 branes.

We also study higher rank cohomological DT invariants of A3. As we show in
Corollary 4.6.1, these can be obtained as a suitable limit of the K-theoretic invariants.
Motivated by [6, 139], a closed formula for their generating function DT®" was
conjectured by Szabo [173, Conj. 4.10] as a generalisation of the = 1 case established
by Maulik—Nekrasov—Okounkov—Pandharipande [128, Thm. 1]. We prove this conjecture
as our Theorem 4.1.2. To get there, in Section 4.4 we develop a higher rank topological
vertez formalism based on the combinatorics of 7-colored plane partitions,' generalising
the classical vertex formalism of [127, 128].

We pause for a second to explain a key step in this chapter. The Quot scheme
(4.1.2), which gives rise to most of the invariants we study here, is acted on by an
algebraic torus

T = (C*)3 % (C*)r’
and by their very definition, both the K-theoretic and the cohomological DT invariants

depend, a priori, on the sets ¢t = (t1,%2,t3) and w = (wy,...,w,) of equivariant
parameters of T. A technical result, which is proved as Theorem 4.5.5, states that

(4.1.3) The K-theoretic DT invariants do not depend on the framing parameters w.

n this chapter, an r-colored plane partition is an r-tuple of classical plane partitions, see Definition
4.2.10.
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This will allow us to take arbitrary limits to evaluate our formulae. We emphasise that
this independence, automatic if r = 1 (see Remark 4.5.2), is quite surprising and highly
nontrivial if r > 1.

4.1.2. Main results We briefly outline here the main results obtained in this
chapter.

4.1.2.1. K-theoretic DT invariants As we mentioned above, the Quot scheme (4.1.2)
is a critical locus, thus it carries a natural symmetric (T-equivariant, as we prove)
perfect obstruction theory in the sense of Behrend-Fantechi [12, 13]. As we recall
in Section 4.3.1.1, there is also an induced twisted virtual structure sheaf 0" €
KF(Quot,s (O, n)), which is a twist, by a square root of the virtual canonical bundle,
of the ordinary virtual structure sheaf O'". The rank r K-theoretic DT partition
function of the Quot scheme of points of A3, encoding the rank r K-theoretic DT
invariants of A3, is defined as

DTX(A% g, t,w) = ¢"x(Quot,s (0%, n),0™) € Z(t, (titats)?, w))]q],
n>0

where the half power is caused by the twist by the chosen square root of the virtual
canonical bundle (this choice does not affect the invariants, cf. Remark 4.3.3).

Cranting Theorem 4.5.5, stated informally in (4.1.3), we shall write DTK(A3 ¢, t) =
DTX(A%, ¢, t,w), ignoring the framing parameters w. In Section 4.5.2 we determine
a closed formula for this series, proving the conjecture by Awata—Kanno [6]. This
conjecture was checked for low number of instantons in [16, Sec. 4].

To state our first main result, we need to recall the definition of the plethystic
exponential. Given an arbitrary power series

f=Ff, . pesur, ... u) € Qpr, ..., pe)w, - .., u,

one sets
1
(4.1.4) Exp (f) = exp (Z ~f b ,uz>> ,

viewed as an element of Q(p1, ..., pe)[u1,. .., us]. Consider, for a formal variable z, the
operator [r] = x1/2 — x71/2. In Section 4.5.1 we consider this operator on KT (pt). We
are now able to state our first main result.

Theorem 4.1.1 (Theorem 4.5.3). The rank r K-theoretic DT partition function of A®
is given by

(4.1.5) DTX(A3, (=1)"q,t) = Exp (F.(q, t1,t2,t3))

where, setting t = tytot3, one defines

[t'] [t1to][t1t3][tats]
[tzqlltzqt]  [ta][ta][ts]

The case r = 1 of Theorem 4.1.1 was proved by Okounkov in [149]. The general

Fr(q, t1,t2,t3) =

case was proposed conjecturally in [6, 16].



96 4. HIGHER RANK K-THEORETIC DONALDSON-THOMAS THEORY OF POINTS

It is interesting to notice that Formula (4.1.5) is equivalent to the product decom-
position

(4.1.6) DTE(A%, (—1)"¢ H DTE(A%, —qt ™= 1),

that we obtain in Theorem 4.5.9. This is precisely the product formula [143, Formula
(3.14)] appearing as a limit of the (conjectural) 4-fold theory developed by Nekrasov
and Piazzalunga.

Formula (4.1.6) is also related to its motivic cousin: as we observe in Section
4.5.3, the motivic partition function DT™" of the Quot scheme of points of A® (see |9,
Prop. 2.7] and the references therein) satisfies the same product formula (4.1.6), after
the transformation t/2 — —IL1/2,

4.1.2.2. Cohomological DT invariants The generating function of cohomological DT
invariants is defined as

DT (AL g,5,0) = 3" / 1 € Qs v)d]

n>0 [Quot 3 (OO n)]vir

where s = (s1, 9, 53) and v = (vy,...,v,), with s; = ¢ (¢;) and v; = [ (w;) respectively,
and the integral is defined in Equation (4.3.2) via T-equivariant residues. It is a
consequence of (4.1.3) that DT"(A3, ¢, s, v) does not depend on v, so we will shorten
it as DTﬁOh(Ag’,q,s). In Section 4.6.1 we explain how to recover the cohomological
invariants out of the K-theoretic ones. This is the limit formula (Corollary 4.6.1)

DT(A% ¢, 5) = lim DT(A% ¢, ™),
b—0

essentially a formal consequence of our explicit expression for the K-theoretic higher
rank verter (cf. Section 4.4) attached to the Quot scheme Quot,s(O%", n).

Theorem 4.1.2 (Theorem 4.6.2). The rank r cohomological DT partition function of
A3 is given by

(s1+s2)(s1+s3)(s2+s3)

DT;zoh(Afi’ q,5) =M((=1)"q)”" 515293 ,

where M(t) = [[,,>,(1 — ™)™ is the MacMahon function.

The case r = 1 of Theorem 4.1.2 was proved by Maulik—Nekrasov—Okounkov—
Pandharipande [128, Thm. 1]. Theorem 4.1.2 was conjectured by Szabo in [173] and
confirmed for 7 < 8 and n < 8 in [16]. The specialisation DT;"" (A3, ¢, s)|
M((—1)"q)" was already computed in physics [59].

4.1.2.3. Elliptic DT invariants In Section 4.7 we define the wvirtual chiral elliptic
genus for any scheme with a perfect obstruction theory, which recovers as a special case

s1+sa+s3=0

the virtual elliptic genus defined in [75]. By means of this new invariant we introduce
a refinement DT of the generating series DTY, providing a mathematical definition
of the elliptic DT invariants studied in [16]. We propose a conjecture (Conjecture
4.7.8) about the behaviour of Dij11 and, granting this conjecture, we obtain a proof of
a conjecture formulated by Benini-—Bonelli-Poggi—-Tanzini (Theorem 4.7.10).
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4.1.2.4. Global geometry So far we have only discussed results concerning local
geometry. When X is a projective toric 3-fold and F' is an equivariant exceptional locally
free sheaf, by [165, Thm. A] there is a 0-dimensional torus equivariant (cf. Proposition
4.8.2) perfect obstruction theory on Quot y(F,n). Therefore the higher rank Donaldson—

DTy, = / 1eZ
[Quot x (Fn)]¥ir

can be computed via the Graber—Pandharipande virtual localisation formula [85]. The

Thomas invariants

next result confirms (in the toric case) a prediction [165, Conj. 3.5] for their generating
function. Before stating it, recall that an exceptional sheaf on a variety X is a coherent
sheaf F' € Coh X such that Hom(F, F) = C (i.e. F is simple), and Ext’(F, F)) = 0 for
1> 0.

Theorem 4.1.3 (Theorem 4.8.7). Let (X, F) be a pair consisting of a smooth projective
toric 3-fold X along with an exceptional equivariant locally free sheaf F' of rank r. Then

Z DTqu” _ M((_l)rq)rfx Cs(Tx®KX)‘

n>0

The corresponding formula in the Calabi—Yau case was proved in [165, Sec. 3.2],
whereas the general rank 1 case was proved in [128, Thm. 2] and [122, Thm. 0.2].

4.1.3. Plan of the chapter Sections 4.2—4.7 are devoted to the “local Quot
scheme” Quot,s(O%",n). In Section 4.2 we recall its critical structure and we define a
T-action on it, whose fixed locus is parametrised by the finitely many r-colored plane
partitions (Proposition 4.2.12); we study the equivariant critical obstruction theory on
the Quot scheme and prove that the induced virtual class on the T-fixed locus is trivial
(Corollary 4.2.15). In Section 4.3.3 we introduce cohomological and K-theoretic DT
invariants of Quot,s(O%",n). In Section 4.4 we develop a higher rank vertex formalism
which we exploit to write down a formula (Proposition 4.4.2) for the virtual tangent
space of a T-fixed point in the Quot scheme. In Section 4.5 we prove Theorem 4.1.1
as well as Formula (4.1.6). In Section 4.6 we prove Theorem 4.1.2 and we show that
DT does not depend on any choice of possibly nontrivial (C*)3-weights on O®". In
Section 4.7, we give a mathematically rigorous definition of a “chiral” version of the
virtual elliptic genus of [75] and use it in Section 4.7.2 to define elliptic DT invariants.
In Section 4.7.3 we also give closed formulae for elliptic DT invariants in some limiting
cases, based on the conjectural independence on the elliptic parameter — see Conjecture
4.7.8 and Remark 4.7.11. In particular Theorem 4.7.10 proves a conjecture recently
appeared in the physics literature [16, Formula (3.20)]. In Section 4.8 we prove Theorem
4.1.3 by gluing vertex contributions from the toric charts of a projective toric 3-fold.

4.2. The local Quot scheme: critical and equivariant structure

4.2.1. Overview In this section we start working on the local Calabi-Yau 3-fold
A3. Fix integers r > 1 and n > 0. Our focus will be on the local Quot scheme

QuOtA3 (O@T ’ n) ’
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whose points correspond to short exact sequences
0-S—=0Y=T-0

where T is a 0-dimensional O gs-module with x(7") = n.
We shall use the following notation throughout.

Notation 4.2.1. If F'is a locally free sheaf on a variety X, and F — T is a surjection
onto a 0-dimensional sheaf of length n, with kernel S C F', we denote by

[S] € Quotx (F,n)
the corresponding point in the Quot scheme.

In this section, we will:

o recall from [9] the description of the Quot scheme as a critical locus (Sec.
4.2.2),

o describe a T-action (for T = (C*)? x (C*)" a torus of dimension 3 + r) on
Quot s (O%", n), with isolated fixed locus consisting of direct sums of monomial
ideals (Sec. 4.2.3),

o reinterpret the fixed locus Quot,s (O, n)T in terms of colored partitions (Sec.
4.2.4),

o prove that the critical perfect obstruction theory on Quot,s(O%", n) is T-
equivariant (Lemma 4.2.13), and that the induced T-fixed obstruction theory
on the fixed locus is trivial (Corollary 4.2.15).

The content of this section is the starting point for the definition (see Sec. 4.3.3) of
virtual invariants on Quot,s(O%" n), as well as our construction (see Sec. 4.4) of the
higher rank vertex formalism.

4.2.2. The critical structure on the Quot scheme Let VV be an n-dimensional

complex vector space. Consider the space R,, = Rep(m)(tg) of r-framed (n,1)-
dimensional representations of the 3-loop quiver L3, depicted in Figure 1. The notation
“(n,1)” means that the main vertex (the one belonging to the 3-loop quiver, labelled “0”
in the figure) carries a copy of V', whereas the framing vertex (labelled “cc0”) carries a

Ul Al
SEBol
U As

FiGURE 1. The r-framed 3-loop quiver [3.

copy of C.

We have that R,.,, is an affine space of dimension 3n?+rn, with an explicit description
as

Rr,n = { (Al,AQ,Ag,Ul, A ,U,T) | Aj € End(V), U; € V}



4. THE LOCAL QUOT SCHEME: CRITICAL AND EQUIVARIANT STRUCTURE 99

=End(V)® o V.

By [9, Prop. 2.4|, there exists a stability parameter ¢ on the 3-loop quiver such
that -stable framed representations (Ay, As, A3, us, ..., u,) € R,,, are precisely those
satisfying the condition:

the vectors uy,...,u, € V jointly generate (A;, A2, A3) € Rep,,(Ls).
Imposing this stability condition on R, , we obtain an open subscheme
Uwn CRp,
on which GL(V') acts freely by the rule
g- (A1, Ay, As,ur, .. uy) = (gAY, gAsg™t, gAsg™ Y guy, . .., gu,).
The quotient
(4.2.1) Quot, = U,,,/ GL(V)

is a smooth quasiprojective variety of dimension 2n? 4+ rn. In [9] the scheme Quot!” is
referred to as the non-commutative Quot scheme, by analogy with the non-commutative
Hilbert scheme, i.e. the moduli space of left ideals of codimension n in C(xy, x5, x3)
(which of course exists for an arbitrary number of free variables).

On R, ,, one can define the function
hn: Rr,n — Al, (Ala AQ, Ag,ul, . ,UT) — Tr Al[AQ, A3]7
induced by the superpotential W = A;[A,, A3] on the 3-loop quiver. Note that this

function

e is symmetric under cyclic permutations of A;, A, and As, and
e does not touch the vectors u;, which are only used to define its domain.

Moreover, h,|y,,, is GL(V)-invariant, and thus descends to a regular function
(4.2.2) fn: Quot” — A,
Proposition 4.2.2 ([9, Thm. 2.6]). There is an identity of closed subschemes

Quot s (0", n) = crit(f,) C Quot.

Dr

In particular, Quot,s(O%" n) carries a symmetric perfect obstruction theory.

We use the notation crit(f) for the zero scheme {df =0}, for f a function on a
smooth scheme. The embedding of the Quot scheme inside a non-commutative quiver
model had appeared (conjecturally, and in a slightly different language) in the physics
literature [59].

Every critical locus crit(f) has a canonical symmetric obstruction theory, determined
by the Hessian complex attached to the function f. It will be referred to as the critical
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obstruction theory throughout. In the case of Q = Quot,s(O%", n), this symmetric
obstruction theory is the morphism

Eeric = [TQuot? ‘Q Pessl/n) QQuot? |Q}

(4.2.3) ¢l (dfn)v|Q\[ lid

Lo = [Z/ —"— Qquzlq)

in D[_LO](Q), where we represented the truncated cotangent complex by means of the
exterior derivative d constructed out of the ideal sheaf Z C Oquoi» of the inclusion
Q — Quot,".

Remark 4.2.3. As proved by Cazzaniga-Ricolfi in [50], for any integer m > 3, the
Quot scheme Quot . (O%", n) is canonically isomorphic to the moduli space of framed
sheaves on P i.e. the moduli space of pairs (E, @) where E is a torsion free sheaf on
P™ with Chern character (r,0,...,0,—n) and ¢: E|p = O% is an isomorphism, for
D C P™ a fixed hyperplane.

4.2.3. Torus actions on the local Quot scheme In this section we define a
torus action on the Quot scheme. Set

(424) Tl = (C*)d, TQ = (C*)r, T = Tl X TQ.
The torus T, acts on A3 by the standard action
(4.2.5) bz = 1T,

and this action lifts to an action on Quot,s(O®",n). At the same time, the torus
Ty = (C*)" acts on the Quot scheme by scaling the fibres of O%". Thus we obtain a
T-action on Quot,s (O n).

Remark 4.2.4. The fixed locus Quot,s(O®",n)™ is proper. Indeed, a Ti-invariant
surjection O%" —» T necessarily has the quotient T entirely supported at the origin
0 € A3. Hence

Quot s (0%, )™ — Quot s (O, n)g
sits inside the punctual Quot scheme as a closed subscheme. But Quot,s(O%", n)g is
proper, since it is a fibre of the Quot-to-Chow morphism Quot s (0%, n) — Sym™ A3,
which is a proper morphism.

We recall, verbatim from [9, Lemma 2.10], the description of the full T-fixed locus
induced by the product action on the local Quot scheme.

Lemma 4.2.5. There is an isomorphism of schemes

(4.2.6) Quot s (0% n)T = H ﬁ Hilb™ (A®)™,

ni+-+nr=n1=1
In particular, the T-fixed locus is isolated and compact. Moreover, letting To C T be
the subtorus defined by titats = 1, one has a scheme-theoretic identity

(4.2.7) Quot 45 (O n)™ = Quot,: (O, n)T.
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PROOF. The main result proved by Bifet in [18] (in greater generality) implies that

(4.2.8) Quot,s (0% )™ = [  []Hib™(A%).

nyenp=n i=1
The isomorphism (4.2.6) follows by taking T)-invariants. Since Hilb*(A%)™ is isolated
(a disjoint union of reduced points, each corresponding to a monomial ideal of colength
k), the first claim follows. Let now Ty C T; be the subtorus defined by tytsts = 1,
so that Ty = Ty x Ty. Equation (4.2.7) follows combining Equation (4.2.8) and the
isomorphism Hilb*(A%)™ = Hilb*(A%)™ proved in [13, Lemma 4.1]. O

Remark 4.2.6. The T-action on Quot,s(O%" n) just described can be seen as the
restriction of a T-action on the larger space Quot;. Indeed, a torus element t =
(t1,ta, t3,wy, ..., w,) € T acts on (A1, Ay, As, ug,...,u,) € Quot! by

(429) t-P= (tlAla tQAQ, t3A3, wilyy .- ,wru,,).

The critical locus crit(f,) is T-invariant, and the induced action is precisely the one we
described earlier in this section.

4.2.4. Combinatorial description of the T-fixed locus The T-fixed locus
Quot 5 (0%, n)T is described purely in terms of r-colored plane partitions of size n, as
we now explain.

We first recall the definition of a partition of arbitrary dimension.

Definition 4.2.7. Let d > 1 and n > 0 be integers. A (d — 1)-dimensional partition
of n is a collection of n points A = {ay,...,a,} C Z%O with the following property:
if a; = (as,...,a,q) € A, then whenever a point y = (yi,...,y4) € Z%, satisfies
0<vy; <ayforalj=1,...,d, one hasy € A. The integer n = |A| is called the size
of the partition.

There is a bijective correspondence between the sets of

o (d — 1)-dimensional partitions of size n,
o (C*)?-fixed points of Hilb"(A%), and
o monomial ideals I C C[xy,. .., x4 of colength n.
We will be interested in the case d = 3, corresponding by definition to plane

partitions. These can be visualised (cf. Figure 2) as configurations of n boxes stacked
in the corner of a room (with gravity pointing in the (—1, —1,—1) direction).

FIGURE 2. A plane partition of size n = 16.
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Example 4.2.8.If A is a (d — 1)-dimensional partition of size n as in Definition 4.2.7,
the associated monomial ideal is

14 = <l‘§1"'x2d’(i1,...,’id> EZ%O\/O C C[l‘l,...,ﬂid].

For instance, if d = 3, in the case of the plane partition pictured in Figure 2, the
associated monomial ideal of colength 16 is generated by the monomials shaping the
staircase of the partition, and is thus equal to

4 2 2 5 .2 2 3.3 4
<Qf3, X1y, L1X3, L1, L1T2, L1T2X3, X2Lg, L1Lo, T3, $2> C (C[iL'l, Ta, SC3].
Here is an alternative definition of plane partitions.

Definition 4.2.9. A (finite) plane partition is a sequence m = {m;; | 1,7 >0} C Zxg
such that m;; = 0 for ¢, 7 > 0 and

Uryi Z Ti+1,55 T Z T, 5+1 for all Z,j Z 0.

Definition 4.2.10. An r-colored plane partition is a tuple T = (my, ..., 7. ), where each
m; is a plane partition.

Denote by
ml =) 7
i,j>0
the size of a plane partition (i.e. the number n in Definition 4.2.7) and by |7] = >__, |7
the size of an r-colored plane partition.
In the light of Definition 4.2.9, the monomial ideal associated to a plane partition 7
is

— (o d i
I = <x1x2$3

7:7]. Z 0> C (C['Tlux27x3]'
It is clear that the colength of the ideal I is ||

Remark 4.2.11. A general plane partition may have infinite legs, each shaped by
(i.e. asymptotic to) a standard (1-dimensional) partition, or Young diagram. We are
not concerned with infinite plane partitions here, since we only deal with quotients
O%" — T with finite support.

Proposition 4.2.12. There is a bijection between T-fixed points [S] € Quot,s (O%",n)T
and r-colored plane partitions T of size n.

PrROOF. For » = 1 this is well known: as we recalled above, monomial ideals
I C C[xq,x9, 23] are in bijective correspondence with plane partitions. Similarly, to each
r-colored plane partition 7 = (my, ..., m,) there corresponds a subsheaf Sz = @;_, I, C
O%". But these are the T-fixed points of the Quot scheme by Lemma 4.2.5. n

4.2.4.1. Computing the trace of a monomial ideal Recall the map tr sending a torus
representation to its weight space decomposition. Consider the 3-dimensional torus Ty
acting on the coordinate ring R = C[zy, 9, x3] of A%, Then we have

o 1
trp = 9 = ttth = .
tR= ) >ttt 1 —t)(1—t2)(1—t3)

m] eZ%O (i,5,k) ezgo
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For a cyclic monomial ideal mg,. = x‘fmgxg - R C R, one has

. tatbtc
fr = £k — e :
e = D D I = T A )

i>a j>b k>c

More generally, for a monomial ideal I, C C[zy, xo, 3], one has

(4.2.10) try, = »  th

(i.g,k) ¢
These are the building blocks needed to compute trg for an arbitrary sheaf S = @;_, I,
corresponding to a T-fixed point [S] € Quot s (0%, n)T.

4.2.5. The T-fixed obstruction theory Recall from [85, Prop. 1] that a torus
equivariant obstruction theory on a scheme Y induces a canonical perfect obstruction
theory, and hence a virtual fundamental class, on each component of the torus fixed
locus. In this subsection we show that the reduced isolated locus

Quot s (0%, n)T — Quot s (O, n)

carries the trivial T-fixed perfect obstruction theory, so the induced virtual fundamental
class agrees with the actual (0-dimensional) fundamental class.

We first need to check the equivariance of the critical obstruction theory E;;
obtained in Proposition 4.2.2. In fact, this follows from the general fact that the critical
obstruction theory on crit(f) C Y, for f a function on a smooth scheme Y, acted on
by an algebraic torus T, is naturally T-equivariant as soon as f is T-homogeneous.
However, for the sake of completeness, we include a direct proof below for the case at
hand.

Lemma 4.2.13. The critical obstruction theory on Q = Quot s (O%", n) is T-equivariant.

PrRoOOF. We start with two observations:

(1) The potential f,, = Tr A;[Ag, A3] recalled in (4.2.2) is homogeneous (of degree
3) in the matrix coordinates of the non-commutative Quot scheme.
(2) The potential f,, satisfies the relation

(4.2.11) Fult- P) = titoty - fu(P)

for every t = (t1,t2,t3) € Ty and P € Quot;.
Fix a point p € Q = crit(f,) C Quot”. Then, setting N = 2n? 4+ rn = dim Quot”, let
x1,...,xy be local holomorphic coordinates of Quot,’ around p. Let the torus T act
on these coordinates as prescribed by Equation (4.2.9), i.e. t; (resp. to and t3) rescales
each z corresponding to the entries of the first (resp. second and third) matrix, and
w; rescales the coordinates of the vector w;, for [ = 1,... r. Formally, for a matrix
coordinate xj, we set

(t1,ta, ts, Wy, .. wy) - T = Ly T

where ¢(k) € {1,2,3} depends on whether z;, comes from an entry of A;, As or As.
We also have to prescribe an action on tangent vectors and 1-forms. For a matrix



104 4. HIGHER RANK K-THEORETIC DONALDSON-THOMAS THEORY OF POINTS

coordinate xj, we set

0 titaots O
ti,to, T3, w1, ..., W) - =
(4.2.12) (b1, 0n ) Bwr =ty O
(tl,tg, tg,’u)l, e ,wr) . dl‘k = tg(k)dl‘k.

If 21, comes from a vector component of the [-th vector, we set

(t1,ta,1 ) 0 19
Wy, ..., W) — = W,  ——
<4213) 1,02, 03, W1, ) 8.1’].3 l al'k
(t1,ta, t3, wy, ..., w,) - doy = wydxy.

However, the Ty-action (4.2.13) will be invisible in the Hessian since the function f,
does not touch the vectors.
The Hessian can be seen as a section

Hess(f,) € T (Q>T5u0t¢|Q ® T(Suot?’Q> :

In checking the equivariance relation

t - Hess(f,)(§) = Hess(fu)(t - ), teT,

we may ignore local coordinates x; corresponding to vector entries, because the Hessian
is automatically equivariant in these coordinates (equivariance translates into the
identity 0 = 0).

So, let us fix an z; coming from one of the matrices. The (i, j)-component of the
Hessian applied to 0/0xy is given by

a) 821,

axk = (xl,...,xN)dxj.

Hess;;( fn) ( = 100,
ULy

This will vanish unless k € {4, j }. Without loss of generality we may assume k = i. In
this case we obtain, up to a sign convention,

titats O ) _ titats 0% fy
tg(k) afL‘k tg(k) ka&rj

(1, ...,xN)dz;.

(4.2.14) Hess;;(fn) (

On the other hand, combining the observations (1) and (2) with (4.2.12), we obtain

19) 32fn
t - Hess;: ([, - N tonda;
essiy(fu) (axkz) (3te(k)$k)(3te(j>%)( 4 )TN e,

titots 0 fn
— 0(i
tg(k)tg(j) () kaaxj

(21,...,2N)dx;,

which agrees with the right hand side of Equation (4.2.14). Thus we conclude that the
Hessian complex is T-equivariant, as well as the morphism (4.2.3) to the cotangent
complex. This finishes the proof. O

The property (4.2.11) of f,, exhibits the differential d f,, as a GLs-equivariant section

dfn X t_li OQuotf} — QQuot;‘ X f_l,
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where t7! = (f1tat3)”" is the determinant representation of C* = @, 4t - C.
Therefore, explicitly, the morphism in D[*l’o](Coha) lifting the critical obstruction
theory (4.2.3) is

[t ® TQuotZ} |QHi(f7>L)QQuotf ‘

(4.2.15) (df"MQl lid

[Z/Iz % QQuot;’}‘Q}

ol

where 7 is the ideal sheaf, so that, in particular, the equivariant K-theory class of the
virtual tangent bundle attached to the (equivariant) perfect obstruction theory (4.2.15)
is

(4.2.16) T8" = Tauotr | g — Qauot | ® 71 € K3(Q).

This fact will be recalled and used in Propositions 4.4.2 and 4.8.3.
Lemma 4.2.13 implies the existence of a “T-fixed” obstruction theory
fix
(4217) Ecrit ‘QuOtA3(O®7',n)T — LQuotAg (O@TW)T
on the fixed locus of the Quot scheme. We proved in Lemma 4.2.5 that this fixed
locus is O-dimensional, isolated and reduced. The next result will imply that the

virtual fundamental class induced by (4.2.17) on the fixed locus agrees with the actual
fundamental class.

Proposition 4.2.14. Let [S] € Quot s (O, n)T be a torus fixed point. The deforma-
tions and obstructions of Quot,s(O%" n) at [S] are entirely T-movable. In particular,
the virtual tangent space at [S]| can be written as

(4.2.18) Tor =Y., '{g‘}"’ = TQ‘[S] — QQ‘[S} @t € Ki(pt).

PROOF. The perfect obstruction theory Egy on Q = Quot s (O, n), made explicit
in Diagram (4.2.15), satisfies Eqy = EY,[1] ® t. Its equivariant K-theory class is

crit
therefore

Eain = Qq —To®t € Ky (Q).
We know by Equation (4.2.7) in Lemma 4.2.5 that no power of t is a weight of T4, for
any fixed point p € QT, which implies that

fix .
(4.2.19) (Tal,® )" =0, Qqf; =0,
The claim follows. O
Corollary 4.2.15. There is an identity

vir

[Quot,s (0%, n)T]™ = [Quotys (0%, n)T] € A (Quot s (OF", n)T).
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4.3. Invariants attached to the local Quot scheme

In this section we introduce cohomological and K-theoretic DT invariants of A3, the
main object of study of this chapter, starting from the Quot scheme Quot,:(O%", n)
studied in the previous section. We first need to introduce some notation and terminol-

ogy.

4.3.1. Some notation Recall the tori T; = (C*)? and Ty = (C*)" from (4.2.4).
We let t1,t5,t5 and wy, ..., w, be the generators of the representation rings K%l(pt) and
K%Q(pt), respectively. Then one can write the equivariant cohomology rings of T; and
T, as

Hﬁ :Q[81732783]7 H’I‘Q :Q[Ul,...,er
where s; = C11r1 (t;) and v; = cqlb(wj). For a virtual T-module V' € K% (pt), we let

try € Z((tl, to, t3, w1, . .. ,U)r))

denote its character, i.e. its decomposition into weight spaces. We denote by (-) the
involution defined on Z((t1, t2, t3, wy, . .., w;)) by

P(ty, to, ts, w1, ... w,) = Pyttt wr o w) b,

4.8.1.1. Tunsted virtual structure sheaf For any scheme X endowed with a perfect
obstruction theory E — Ly, define as in [75, Def. 3.12], the virtual canonical bundle
Kxvir = det E = det(TY")".
This is just det E° @ (det E71)Y if E = E° — E~! € K°(X). We will simply write K,

when X is clear from the context.

Lemma 4.3.1. Let A be a smooth variety equipped with a regular function f: A — A,
and let X = crit(f) C A be the critical locus of f, with its critical (symmetric) perfect
obstruction theory E.; — Lx. Then Kx iy € Pic(X) admits a square root, i.e. there
exists a line bundle

1
K i € Pic(X)

whose second tensor power equals det E;;.
PRrROOF. The K-theory class of the critical perfect obstruction theory is
IEcrit = QA|X - TA‘Xa

and by definition one has

detQA|X detQA\X
Kxvir = = =K K . L]
X = ot Tale (et a1~ Al @ Kaly

Let X be a scheme endowed with a perfect obstruction theory, and let O%" € Ko(X)
be the induced virtual structure sheaf. Assume the virtual canonical bundle admits a
square root. Following [142], we define the twisted (or symmetrised) virtual structure
sheaf as

@vir o Ovir ®K:%
X - X X,vir*
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. . . . ~\Vir .
In case X carries a torus action, we will see in Remark 4.3.2 that O acquires a
canonical weight.

4.3.2. Classical enumerative invariants This chapter is concerned with the
general theory of Quot schemes, hence in the (virtual) enumeration of O-dimensional
quotients of locally free sheaves on 3-folds.

The naive (topological) Euler characteristic of the Quot scheme Quot, s (O%", n) is
computed via the Gholampour-Kool formula [81, Prop. 2.3|

> e(Quot (0% m))g" = M(q)'.

n>0
where M(q) = [],,>,(1 —¢™)™™ is the MacMahon function, the generating function
for the number of plane partitions of non-negative integers. On the other hand, the
Behrend weighted Euler characteristic of the Quot scheme can be computed via the
formula

(4.3.1) > ewr(Quots (0. n))g" = M((=1)7q)",
n>0

proved in [9, Cor. 2.8]. For a complex scheme Z of finite type over C, we have set
evie(Z) = e(Z,vz), where vz is Behrend’s constructible function [10]. See [9, Thm. A]
for a proof of the analogue of (4.3.1) for an arbitrary pair (Y, F') consisting of a smooth
3-fold Y along with a locally free sheaf F' on it. It was shown by Toda [181] that, on
a projective Calabi-Yau 3-fold Y, the wall-crossing factor in the higher rank DT /PT
correspondence is precisely M((—1)"q)"*). The relationship between Toda’s wall-
crossing formula [181] and the Gholampour—Kool’s formula for Euler characteristics of
Quot schemes on 3-folds [81] was clarified in [9] via a Hall algebra argument.

4.3.3. Virtual invariants of the Quot scheme The scheme Quot,s(O%", n) is
not proper, but carries a torus action with proper fixed locus. Thus we may define
virtual invariants via equivariant residues, by setting

1
(4.3.2) / 1= —5 7 € Q((s,v),
[Quot, 3 (0P n)]vir Z eT(T3")

[S]eQuot, 3 (0% n)T

where s = (s1, $9,53) and v = (vy,...,v,) are the equivariant parameters of the torus
T and T¢" is the virtual tangent space (4.2.18). The sum runs over all T-fixed points
[S], which are isolated, reduced and with the trivial perfect obstruction theory induced
from the critical obstruction theory on the Quot scheme (cf. Corollary 4.2.15). We refer
to these invariants as (degree 0) cohomological rank r DT invariants, as they take value
in (an extension of) the fraction field Q(s,v) of the T-equivariant cohomology ring H.
We will study their generating function

(4.3.3) DT;*" (A%, ¢, 5,0) Zq/ 1€ Qs v)ldl

n>0 [Quot 3 (O®T n)]vir

in Section 4.6. On the other hand, K-theoretic invariants arise as natural refinements
of their cohomological counterpart. Naively, one would like to study the virtual
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holomorphic Euler characteristic

x(Quot s (0" n), OV") = Z tr <ﬁ) € Z(t,w)),
[S]€Quot 3 (O ,n)T S
where t = (t1,1s,t3), w = (w1, ..., w,), and via the trace map tr we identify a (possibly
infinite-dimensional) virtual T-module with its decomposition into weight spaces. It
turns out that guessing a closed formula for these invariants is incredibly difficult and,
after all, not what one should look at. Instead, Nekrasov—Okounkov [142] teach us that
we should focus our attention on

(4.3.4)
x(Quot s (0% n),0") = tr (—A.val‘fr*> € Z(t, (tltﬂfg)%, w)), 2
[S]€Quot, 3 (0" )T s

where the twisted virtual structure sheaf O™ is defined in Section 4.3.1.1 — a square
root, of the virtual canonical bundle exists by Lemma 4.3.1 and Proposition 4.2.2. The
generating function of rank r K-theoretic DT invariants

(4.3.5)  DTE(A% ¢, t,w) = Z q"x(Quot,s (0% n), @Vir) € Z(t, (tlt?tg)%’ w))[q]
n>0

will be studied in Section 4.5.

Remark 4.3.2. To be precise, we should replace the torus T with its double cover T,

the minimal cover of T where the character t~1/2 is defined, as in [142, Sec. 7.1.2].

dim Quot)*)/2 )

Then ICii/f is a T-equivariant sheaf with character t=( To ease the notation,

we keep denoting the torus acting as T.

Remark 4.3.3. As remarked in [142, 3], choices of square roots of Ky differ by a
2-torsion element in the Picard group, which implies that x(Quot s (O%", n), @Vlr) does
not depend on such choices of square roots. Thus there is no ambiguity in (4.3.5).

4.4. Higher rank vertex on the local Quot scheme

4.4.1. The virtual tangent space of the local Quot scheme By Lemma 4.2.5,
we can represent the sheaf corresponding to a T-fixed point

[S] € Quot s (O, n)T

as a direct sum of ideal sheaves
.
S = @Iza c 0%,
a=1

with Z, C A? a finite subscheme of length n, supported at the origin, and satisfying
n =) 1<,<, Na- 10 this subsection we derive a formula for the character of

X(O%,0%7) = x(S,5) € Kx(pt),

%In theory all equivariant weights could appear with half powers. However, by Remark 4.3.2,
(tltgtg)% is the only one that truly appears.
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where for F' and G in K%(pt), we set
X(F,G) = RHom(F,G) = Y (~1)' Ext'(F, G).
i>0
Our method follows the approach of [127, Sec. 4.7]. Moreover, we show in Proposition

4.4.2 that such character agrees with the virtual tangent space T3" induced by the
critical obstruction theory.

Let Q, be the T-character of the a-summand of O%" /S, i.e. (cf. Equation (4.2.10))
Qa = tro, = Z tit%tlg?
(4,4,k) € Tar

where 7, C Z;O is the plane partition corresponding to the monomial ideal Z; C R =
Clz,y, z]. Let Py(t1,t2,t3) be the Poincaré polynomial of Z,_ . This can be computed
via a Ty-equivariant free resolution

0= FEas— -+ — Eqy1— FEoqo— 1Ly, — 0.
Writing
Eoi =D Rlday):  day € 27,
J
one has, independently of the chosen resolution, the formula
Pa<t1, tz, t3) = Z(—l)itda”j.
2
By [127, Sec. 4.7] we know that there is an identity
1+ P,
(1 —t1)(1 —to)(1 —t3)
For each 1 < o, 8 < r, we can compute
X(Zz.,Tz,) = Y (1) Homp(R(da,;), R(ds )
ijkl

= > (1™ R(dg 1 — dagy),

i7j7k“7l

(4.4.1) Qo =

which immediately yields the identity

£ PsPa €
I‘ g
MEzaz) = (T2 1) (1= o)(1 — t3)

It follows that, as a T-representation, one has

X(S, S) =X (Zwa ®IZQ72UJ5 ®IZ3>
o B

= Z X(wa ®IZa7wﬂ ®‘,Z’.Zg)7

1<a,B<r

Z((tq,ta,t3)).

which yields

(4.4.2) try(s,s) = Z

1<a,B8<r

w; wg - PgP,
(1—t)(1 —ta)(1 —t3)
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On the other hand,

(4.4.3) tr 3 w, W
. . O@r’o@r = .
h ) 1<a,B<r (1 o tl)(l - t2)(1 - tS)

Combining Formulae (4.4.2) and (4.4.3) with Formula (4.4.1) yields the following result.

Proposition 4.4.1. Let [S] € Quot,s(O%" n)T be a torus fixed point. There is an
identity
(4.4.4)
Q. 1—t)(1—to) (1 — ¢ —
try o8r 0oy Z W w,é’ (Qﬁ T + ( 1) 2)( 3>QﬁQa)

\Capr 1tats titats

in Z((tl, tQ, t3, Wi, - .. ,’LUT)).

For every T-fixed point [S] we define associated vertex terms

B Q; 1—t) (1 —to)(1 —t3) « =
(445) Vij =w; 1wj (Q] - titots + ( 1)<t1t2t§>( 3) Q]Qz)

for every i,5 = 1,...,r. It is immediate to see that for » = 1 (forcing ¢ = j) we recover
the vertex formalism developed in [127].
Proposition 4.4.1 can then be restated as

tryoer 0o — thyss) = Y Vi
1<¢,5<r

We now relate this to the virtual tangent space 73" of a point [S] € Quot,s (0", n)T.

Proposition 4.4.2. Let [S] € Quot,s(O%",n)T be a T-fixed point. Let Ty = ths]
be the virtual tangent space induced by the T-equivariant critical obstruction theory.
Then there are identities

T§" = (0%, 0°7) = x(5,8) = > Vi € Kj (pt).
1<4,5<r

PROOF. Let Quot,’ be the non-commutative Quot scheme defined in (4.2.1). The
superpotential f,,: Quot! — A! defined in (4.2.2) is equivariant with respect to the
character (ty,tq,t3) — t1tats, so it gives rise to a GLz-equivariant section

(4.4.6) Oguotr T2 Quorn @ 7

where, starting from the representation C* = @,_,,t; ' - C € K3 (pt), we have set
L =det C* = (tytat3) "

Here, and throughout this proof, we are identifying a representation with its own
character. The zero locus of the section (4.4.6) is our Quot scheme

Q = Quot s (0%, n),

endowed with the T-action described in Section 4.2.3. According to Equation (4.2.16),
the virtual tangent space computed with respect to the critical T-equivariant obstruction
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theory on Q is

(4.4.7) 75" = (Tquoty — Qquoty @ t71) |[S]'

The tangent space to the smooth scheme Quot, can be written, around a point S —
0% -V, as

(4.4.8) Tauotr |1 = (C* = 1) @ (V@ V) + @ Hom(w,C, V),

a=1
where

é Hom(w,C, V) = é w,' @V
a=1 a=1

represents the r framings on the 3-loop quiver. Let V' be written as a direct sum of

V=@
a=1

where the a-summand has T-character w,Q,. Substituting
ity + bty + oty — Litaty
t1tats

structure sheaves

CP—1=t7"+t;"+t3' -1

V= i waQa
a=1

into Formula (4.4.8) yields

Tquor | = Y wrwsQaQs Y wiwsQs,
bitats 1<a,B<r 1<a,B<r
and hence
_ b+t +1i3—1 1~ 1 Qo
Qouotr @ 71 = w, wgQ,Qg + w, T wg—,
( Quoty )’[S] ttots Z a ﬂQ QB Z a ﬁtltgtg
1<a,B8<r 1<a,B<r

which by Formula (4.4.7) yields

= Y wytws (Qﬁ - tQ”‘ Tl Gt e tB)GaQﬁ) .

| pr 1tats titats

The right hand side is shown to be equal to x(O%", O%") — x(S,S) in Proposition
4.4.1. ]

4.4.2. A small variation of the vertex formalism All locally free sheaves on A3
are trivial, but this is not true equivariantly. For example, we have K s = Oys Qt tots €
K3 (A®), even though the ordinary canonical bundle is trivial. Consider

(4.4.9) F=@D 0w e K7 (A?)

i=1
where A = ()\;); are weights of the T;-action, i.e. monomials in the representation ring of
T;. Let [S] € Quotys(F,n)T be a T-fixed point. It decomposes as S = @P;_, Lz, ® \;i €
K%l (A%), where the weights \; are naturally inherited from F. This generalises the
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discussion in Section 4.4.1, which can be recovered by setting all weights \; to be trivial.
Just as in Proposition 4.4.2, we can compute

§3 = X(F, F) = x(8,5) € Kq.(pt).
We find

Tg}; =X <@ OA3 ®>\7,w7,7 @ OAB ®)\jwj) — X (@ IZZ- ® )\iwi, @Izj & )\jwj> .
j=1 i=1

i=1 Jj=1

Therefore we derive the same expression for the vertex formalism as before, just
substituting w; with A\;w;. This variation will be crucial in Section 4.8.3 where we
indentify the Quot scheme of the local model with the restriction of Quoty(F,n) to an
open toric chart, with X a toric projective 3-fold and F' a T-equivariant exceptional
locally free sheaf.

Define, for A = (A1, ..., \,) as above and F as in (4.4.9), the equivariant integral

1
(4.4.10) / 1= —wy € Qs ),
[Quot 3 (Fyn)]vir Z eT(TgS)

[S]€Quot 3 (0P )T S,A
and let
@41) DT (4% g 5.0n = 30" | 1
n>0 [Quot 3 (F,n)]vir

be the generating function of the invariants (4.4.10). We shall see (cf. Corollary 4.6.4)
that this expression does not depend on the equivariant weights \;.

4.5. The higher rank K-theoretic DT partition function

4.5.1. Symmetrised exterior algebras and brackets We recall some construc-
tions is equivariant K-theory which will be used to prove Theorem 4.1.1. For a recent
and more complete reference, the reader may consult [149, Sec. 2].

Let T be a torus, V = }_ ¢ a T-module. Assume that det(V) is a square in
K% (pt). Define the symmetrised exterior algebra of V as

AV
It satisfies the relation

Define the operator [-| by
[t =t5 — 75,
One can compute

(A vY) =] ! t__z_# =[[c -5 =]

2 J

For a virtual T-representation V = Zu th — % t7, where the weight v = 0 never
appears, we extend A* and [-] by linearity and find
I1.[#]
IL["]

tr(A°VY) =
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4.5.2. Proof of Theorem 4.1.1 By the description of the T-fixed locus given in
§4.2.4, every colored plane partition T = (7, ..., m,) corresponds to a unique T-fixed
point S = @)_, Zz, € Quot,s(O®",n)T, for which we defined in Equation (4.4.5) the
vertex terms V;; by

Vi; = w; 'w; (Qj QL (L—t)(1—t)(1 = t3)Qj6i>

tltgtg t1t2t3

with notation as in Section 4.4.1. The generating function (4.3.3) of higher rank
cohomological DT invariants can be rewritten in a purely combinatorial fashion as

DTe (A% g 5. v) quH (=Vy)).

1,7=1

Similarly, the generating function (4.3.5) of the K-theoretic invariants can be rewritten
as

DT (A% g, t,w) = Zq'”‘]’[
t,j=1

A closed formula for DTX(A?, ¢, ¢, w) was conjectured in [138] and has recently been
proven by Okounkov.

Theorem 4.5.1 ([149, Thm. 3.3.6]). The rank 1 K-theoretic DT partition function of
A3 is given by

DT (A% —g,t,w) = Exp (Fi(g, t1, b, 13))
where, setting t = tytst3, one defines

1 [tato] [tits][tats]
[qltzg]  [ta][t2][ts]

Remark 4.5.2. It is clear from the expression of the vertex in rank 1 that there is no

Fl(q7 tla t?a t3) =

dependence on w;. This can in fact be seen as a shadow of the fact that Ty = C* acts
trivially on Quot! and on df,,. Surprisingly, the same phenomenon occurs in the higher
rank case (cf. Theorem 4.5.5).

We devote the rest of this section to proving a generalisation of Theorem 4.5.1 to
higher rank.

Theorem 4.5.3. The rank r K-theoretic DT partition function of A® is given by
DTE“((A?)? (_1)Tq’ t7 w) = EXp (FT‘(Q7 tlv tQa t3)) ;

where, setting t = tytot3, one defines

[t'] [t1ta][t1t3][tats]
[tzq][tzq™]  [t][t2][ts]

Remark 4.5.4. This result was conjectured in [6] by Awata and Kanno, who also

Fr(g, ti,t2,t3) =

proved it modg?, i.e. up to 3 instantons. The conjecture was confirmed numerically up
to some order by Benini-Bonelli-Poggi—Tanzini [16].
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The proof of Theorem 4.5.3 will follow essentially by taking suitable limits of the
weights w;. To perform such limits, we prove the slogan (4.1.3), already anticipated in
the Introduction.

Theorem 4.5.5. The generating function DTE(A?’,q,t,w) does not depend on the
weights w1, . .., w,.

PROOF. The n-th coefficient of DTX (A%, ¢, ¢, w) is a sum of contributions
-7, 7@ =n
A simple manipulation shows that

1 — w; hw;thid)

. W — wjt’“f i
(4.5.1) [T = A(¢) H 1., — A(t) H I1 ]E

- 1 N
W; — W .tl’z] _ ; FVij
1<i<j<r Hlfz‘j v J 1<i<j<r H L —w; wjt )

vij
where A(t) € Q((t1, b, ts, (t1tats)?)) and the number of weights ;; and v;; is the same.
Thus, DT?(A?),q,t,w) is a homogeneous rational expression of total degree 0 with
respect to the variables wy, ..., w,. We aim to show that DTE(Ag’, q,t,w) has no poles
of the form 1 — w; 1wjt”ij, implying that it is a degree 0 polynomial in the w;, hence
constant in the w;. This generalises the strategy of [6, Sec. 4].

Set w = w;let” for fixed i < j and v € '/I[\'l. To see that 1 — w is not a pole, we use
[3, Prop. 3.2], which asserts the following: if M is a quasiprojective T-scheme with a
T-equivariant perfect obstruction theory and proper (nonempty) fixed locus, then for
any V € KT (M), the only poles of the form (1 —w) that may appear in x(M,V @ O'")
arise from noncompact weights w € T. A weight w is called compact if the fixed locus
M™ C M is proper, where T,, is the maximal torus in ker(w) C T, and is called
noncompact otherwise [3, Def. 3.1].

We of course want to apply [3, Prop. 3.2] to M = Q = Quot,s(O%",n), T = T, x T,
and V = IC\I,{TQ. By Equation (4.5.1), our goal is to prove that w = w; 'w;#” is a compact
weight for all 1 < j and v € 'ifl.

First of all, we observe that T,, = ker(w). Indeed w is not a product of powers of
weights of T, hence

O(kerw) = O(T)/(w; 'w;t” — 1) 2 C [t7', 31, 5w, . wiE wiEl, . wl],

which shows that ker(w) is itself a torus (of dimension 3 + r — 1). Next, consider the
automorphism 7,,: T— T defined by

(tl,tg,tg,wl, - ,U},«) — (tl,tg,tg,wl, R ,wit_”, ce, Wy ,U)T).

It maps T,, C T isomorphically onto the subtorus T; x {w; = w; } C T. This yields
an inclusion of tori

(4.5.2) T, ST x {(L,...,1)} = 7(T4).

We consider the action o,: T x Q — Q where T, translates the support of the quotient
sheaf in the usual way, the i-th summand of O%" gets scaled by w;t* and all other
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summands by wy for & # 4. In other words, in terms of the matrix-and-vectors
description of Q), we set

O',/(t, (Ah A27 A3, Upy e >u7‘)) = (tlAh t2A27 t3A37 wily, ... awityu’h L awrur>7

just a variation of Equation (4.2.9) in the i-th vector component. Then, upon restricting
this action to T,,, we have a commutative diagram

TWXQ#Q

N

7, (Ty) x Q —2 Q

where o is the restriction of the usual action (4.2.9). This diagram induces a natural
isomorphism QT = Q7 (™) which combined with (4.5.2) yields an inclusion

QTW = QTV(TW) N Q?IH,

where Q™ is the fixed locus with respect to the action o,. But by the same reasoning
as in Remark 4.2.4, this fixed locus is proper (because, again, a T;-fixed surjection
O%" — T necessarily has the quotient T entirely supported at the origin 0 € A?). Thus
w is a compact weight, and the result follows. O

Remark 4.5.6. After a first draft of this thesis was already finished, we were informed
of an alternative way to prove Theorem 4.5.5, which, in a nutshell, goes as follows: one
exploits the (proper) Quot-to-Chow morphism Quot s (O%" n) — Sym”™ A® to express
the K-theoretic DT invariants as equivariant holomorphic Euler characteristics on
Sym™ A3, where the framing torus T, is acting trivially on the symmetric product. One
concludes by an application of Okounkov’s rigidity principle (149, Sec. 2.4.1]. This
strategy will be carried out in [4].

Thanks to Theorem 4.5.5, we may now specialise wq, ..., w, to arbitrary values and
take arbitrary limits. We set w; = L? for ¢ = 1,...,r and compute the limit for L — oo.

Lemma 4.5.7. Let ¢ < j. Then we have

1 I\l —|ms
LIEEO[_V”H_V]HUJZ:LZ — (_tz)l 311 |
PRroor. Notice that all monomials in V;; are of the form w;” 1w]-)\ for A a monomial
in tl, tg, tg. Then
[wihwiAl|, = (D7) 2 (1 — LA™Y,

Write Q; = > s and Q; = ) t”. Taking limits, we obtain
oo = Hm [~ wi(Q) — QT+ QiQitTH (1 — 1) (1 — £2)(1 — t3))] \wi:y

lim [—VZJ] e
bk 1
i iy L1 (02 672)
2

L—oo

= lim L™

L—oo HV

Similarly, we obtain

~+

= (=1)™=Vid) Tim [V

L—oo

lim [_Vji] ‘

L—oo

wi;=L" w;=L"
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= (=)l Tim [~ w(Q = Qi — QiQj (1 — 1) (1 — t2) (1 — t3))]], _ .

L—oo
v l
B (i 1)) S PG
L—oo It 5
We conclude, as required, that
: 1 Ti|— |74
Jim [V ][Vl |, o= () O
Lemma 4.5.8. Let x be a variable and c¢; € Z, for v = 1,...,r. Then we have
H 2%~ cZ_Ha: r1+21c
1<i<y<r

PRrROOF. The assertion holds for » = 1 as the productory on the left hand side is
empty. Assume it holds for » — 1. Then we have:

r—1
i=1

1<i<j<r 1<i<j<r—1
r—1

_ x(r—l)c,« H x(—'r—1+2i)ci
=1
r

_ H x(—r—1+2i)ci‘ H

i=1

Combining Lemma 4.5.7 with Lemma 4.5.8 we can express the rank r K-theoretic

DT theory of A3 as a product of r copies of the rank 1 K-theoretic DT theory. This

product formula already appeared as a limit of the (conjectural) 4-fold theory developed
by Nekrasov and Piazzalunga [143, Formula (3.14)].?

Theorem 4.5.9. There is an identity

DTX(A?, (—1)7q, t,w) = HDTK £ ).

PROOF. Set w; = L. The generating series DTX (A%, ¢, ¢, w) can be computed in
the limit L — oo:

lim DTX(A® ¢, t,w) = lim Zq‘”' H i)

L—o0 e 1l
-2 HQ"”' 1 IT ViVl
a 1<i<j§7‘
_S LV T (e
7 i=1 1<icj<r
- Z ﬁ Q‘m| [—Vyi] ﬁ(_té)(ruzi)m
T =1 i=1

3Typo warning: N. Piazzalunga kindly pointed out to us that in [143, Formula (3.14)] one should
read ‘% — I’ instead of ‘N +1 —2[’.
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-y H g (= 1) Dlmilf(Z57 4l

T 1=1

- ZH ( 1) +D gt 21+i>7”
T i=1

= [[DTHA?, (—1)r gt . O
=1

We can now prove Theorem 4.5.3 (i.e. Theorem 4.1.1 from the Introduction).
Proof of Theorem /.5.3. Define
Gri(g t1,ta, t3) = Fl(qf%+i;t1,t2,t3)-
We have
DTE(AY, g5+ 1) — exp (Z ! 1 _[Bglie) [i§t§]>
n (s g ) [is g Ce 0] [t7] (5] [¢5]
= Exp (G,;(q,t1,t2,13)) .

By Theorem 4.5.9 and Theorem 4.5.1 it is enough to show that F, = >'_ G,;, or
equivalently

- 1 ']

S (gt g T [{Edlte ]
It is easy to check this is true for r = 1,2. Let now r > 3: we perform induction
separately on even and odd cases. Assume the claimed identity holds for » — 2. In both

cases we have

T

> 1
[tzqt 2 +z] r+1

[trg 1t ]
— 1 1 1
N Z < [gt— 2 [t g1 ) T g e e
I 2] 1 1
(gt g Y] [t g [teg Y] [t3q][tF q]
_ 1 27 5 el 1 2 et el O 0|
[ltzq][tq ] [t ql[t= ¢ ]
I
[{][t2q][tzq]
by which we conclude the proof. O]

4.5.3. Comparison with motivic DT invariants Let f: U — A! be a regular
function on a smooth scheme U, and let i be the group of all roots of unity. The critical
locus Z = crit(f) C U inherits a canonical virtual motive [11], i.e. a fi-equivariant
motivic class

[Z)oe = L% [¢5] € ME = K§(Vare)[L 2]
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such that e[Z]yi; = eyir(Z), where e, (—) is Behrend weighted Euler characteristic and
the Euler number specialisation prescribes e(IL."*/2) = —1. The motivic class [¢] is the
(absolute) motivic vanishing cycle class introduced by Denef-Loeser [63].

The virtual motive of Quot,s(O%", n) = crit(f,), with respect to the critical struc-
ture of Proposition 4.2.2, was computed in [163, Prop. 2.3.6]. The result is as fol-
lows. Let DT™'(A3, q) € Mc[q] be the generating function of the virtual motives
[Quot 5 (O%",n)]vir. Then one has

rm—1

(4.5.3) DT (A% q) = [T T (1 —L**%¢™) .

m>1 k=0

The case r = 1 was computed in [11]. The general proof of Formula (4.5.3) is obtained
in a similar fashion in [163, 47], and via a wall-crossing technique in [49]. Moreover,
it is immediate to verify that DT satisfies a product formula analogous to the one
proved in Theorem 4.5.9 for the K-theoretic invariants: we have

(4.5.4) DT™ (A3, ¢q) = H DT (AS, qL‘Z‘1+i> .
i=1

In particular, up to the substitution t2 — —L%, the factorisation (4.5.4) is equivalent to
the K-theoretic one (Theorem 4.5.9). As observed in [165, Sec. 4], the (signed) motivic
partition function admits an expression in terms of the motivic exponential, namely

) |

Given their structural similarities, we believe it is an interesting problem to compare

(—1)rqL> L —L-
(1= (=)L) (1 = (=1)rql72) L2 — L~

[N B S

(4.5.5) DT™(A? (~1)"q) = Exp (

the K-theoretic partition function with the motivic one.

It is worth noticing that Formula (4.5.5) can be recovered from the factorisation
(4.5.4), just as we discovered in the K-theoretic case during the proof of Theorem 4.5.3.
This fact follows immediately from the properties of the plethystic exponential.

Remark 4.5.10. A virtual motive for Quot, (F,n) was defined in [165, Sec. 4] for
every locally free sheaf F' on a 3-fold Y. Just as in the case of the naive motives of
the Quot scheme [164], the resulting partition function DT**(Y, ¢) only depends on
the motivic class [Y] € Ky(Varc) and on r = rk F'. See also [49] for calculations of
motivic higher rank DT and PT invariants in the presence of nonzero curve classes:
the generating function DT™'(Y, ¢), computed easily starting with Formula (4.5.3), is
precisely the DT /PT wall-crossing factor.

4.6. The higher rank cohomological DT partition function

4.6.1. Cohomological reduction One should think of K-theoretic invariants as
refinements of the cohomological ones, as by taking suitable limits one fully recovers
DT (A3, ¢, s) from DTX (A3, ¢,). We make this precise in the remainder of this section.

Let T = (C*)? be an algebraic torus and let ¢y,...,t, be its coordinates. Recall

that the Chern character gives a natural transformation from (equivariant) K-theory
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to the (equivariant) Chow group with rational coefficients by sending ¢; — €%, where
s; = c} (t;). We can formally extend it to

Z[H, ..t — L Q[s1,- .., 8]

! !

Z[t?, . .. 1500 € C] — s Clsa, ..+, 8]

by sending t +— €% where b € C.
In Section 4.5.1 we defined the symmetrised transformation [t*] = t2 —t~ 2. We
bu-s bu-s

set [ch(t*)] = e — e~ 2 as an expression in rational cohomology, which enjoys the
following linearisation property:

[ch(t?)] = e (1 — e %) = be™ () + o(b?).

In other words, eT(-) is the first-order approximation of [-] in T-equivariant Chow
groups. For a virtual representation V = Zu t— >t € KJ(pt), denote by V® =
> i o — 5™ 1% the virtual representation where we formally substitute each weight
with t%*. We have the identity

[T, [ch(t)] _ ey LI (T () + 0(B))
[T, [eh(#*)] [L,(eT(#) + (b))

If rkV = 0, by taking the limit for b — 0 we conclude

[ch(V*)] =

(4.6.1) lim [ch(V?)] = eT(V).
b—0
It is clear from the definition of ch(-) and [-] that these two transformations

commute with each other. This proves the following relation between K-theoretic
invariants and cohomological invariants of the local model.

Corollary 4.6.1. There is an identity
DT (A3, ¢, 5,v) = lim DTX(A?, ¢, €%, ™).
b—0
ProOOF. Follows from the description of the generating series of K-theoretic invari-

DTX(A% ¢, t, w) Zq Z [—T3™)

n>0 [S]€Quot, 3 (0%r n)T

ants as

and by noticing that tk T¢" = 0. O
Thanks to the v-independence, we can now rename
DT (A3, ¢, 5) = DT (A2, ¢, 5, v).
We are ready to prove Theorem 4.1.2 from the Introduction.

Theorem 4.6.2. The rank r cohomological DT partition function of A® is given by

p81452)(s1+s3)(sa+53)

DT (A% ¢,5) = M((=1)"q)" 12
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Proor. By Corollary 4.6.1 and Theorem 4.5.3, we just need to compute the limit

lim DTY (A% (—1)"q,e”) = llg]% Exp (F, (g, 10, 15,3)) -

b—0

Denote for ease of notation s = ¢ (t) = s; + s + s3. By the definition of plethystic

exponential, recalled in (4.1.4), we have

. b 4b 4b
})g’l(l) EXp (FT<QJ tl? t27 t3))

bkrs bk(s14s2) ][ bk(s1+53)1[bk(s2+s3)
- expz fi ]bkr [6 bk]s[e bks ]b[li ]
b—>() [ebks][e"2 5gk] [e "2 Sq+] [ebks1][ebks2][ebks3]
We have
-~ [ebk(sﬁ-sz)][ebk‘(81+s3)][ebk(sz+sg)] _ (Sl +52)(81 + 83>(52 —|—S3)
b—0 [ebks1][ebks2][ebkss] $18283 ’
and
[ebkrs] r ¢
kel o1 % i Tafla—F (1 — k)2
b0 [ebhs] [e 2" 5gk][e "2 5K [a¥][g*] (1—q*)

Recall the plethystic exponential form of the MacMahon function

M(g) = [0 - )" = Exp((1 _qq)Q).

n>1

We conclude

K A3 (L 1\r bsy _ (it s)(sitsy)(s2tsy) 1l
};1—% DT'r (A ) ( 1) q,€ ) = €Xp r $18983 Z k’ (1 . k:)2
k>1 q

p81+52)(s14s3)(s2+53)

= M(q)i §15283 . O

Thus we proved Szabo’s conjecture [173, Conj. 4.10).
Remark 4.6.3. The specialisation
h/ A3 _ roNT
DT;:'O (A 7q’8)‘81+32+83:0 - M((_l) Q) )
recovering Formula (4.3.1), was already known in physics, see e.g. [59].
We end this section with a small variation of Theorem 4.1.2.

Corollary 4.6.4. Fix an r-tuple A = (A1, ..., \,) of Ty-equivariant line bundles on A3.
Then there is an identity

DT;*"(A% q,5) = DT{" (A%, ¢, 5,0)a,
where the right hand side was defined in (4.4.11).

Proor. We have
TSh =D A AVy

,L"j
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Let Vij =3, w; "w;t* be the decomposition into weight spaces. A monomial in Ty is
of the form A;'\jw; 'w;t* and its Euler class is

et (AT A wth) = o s vy e (V) = v — e (N)
=Wp-s+v; -7
where we define v; = v; + ¢ (\;). We conclude that
DTM(A®, q,5,v), = DTEM(A?, ¢, 8,7),
which does not depend on v by Theorem 4.5.5. O]

Example 4.6.5. Set 7 = 2, n = 1, so that the only T-fixed points in Quot,s(O%* 1)
are the direct sums of ideal sheaves

Sl — Ipt @ O C OEBQ, SQ - O@Ipt C OEBQ,

where pt = (0,0,0) € A? is the origin. One computes

| L =t —t)(1—ty) ., 1
TV — 1 —
St ttats titats Wy Wy Wy
| L (—t)(i—-t)(1—t) ., 1
L _
Sa t1t2t3 T tltgtg W2 t1t2t3 * Pt

Therefore, the cohomological DT invariant is
/ 1= eT(—Tg) + F(~T3h).
[Quot, 3 (O®2,1)]vir

The part that could possibly depend on the framing parameters v; and v, is, in fact,
constant:

T —1 1 _ -1 T -1 1 _ —1 _ —vi1tve—s§ V1—v2—§ __
e (wl Wo gy — Wy w1> +e <w2 W1 — Wy wg) = + = —2.

V1 —U2 V2 —V1
Let A\ and Ay be two Ti-equivariant line bundles. After the substitutions w; — w;A;,
and setting U; = v; 4+ ¢1(\;), the final sum of Euler classes depending on T becomes

4.7. Elliptic Donaldson—Thomas invariants

4.7.1. Chiral elliptic genus In [16] an elliptic (string-theoretic) generalisation of
the K-theoretic DT invariants is given, which we formalize mathematically.

Let X be a scheme carrying a perfect obstruction theory E — LLx of virtual
dimension vd = rk E.

Definition 4.7.1. If F' is a rank r vector bundle on X we define
(4.7.1) Evp(F) = Q) Syms (F & FY) € 1+ p- K'(X)[p]
n>1

where the total symmetric algebra Sym>(F) = Y . p'[S'F| € K°(X)[p] satisfies
Sym; (F) = 1/A® (F). Note that &/, defines a homomorphism from the additive group
K°(X) to the multiplicative group 1+ p- K°(X)[p]. Set

(4.7.2) Ellyya(Fip) = (—p~12)™eh (E12(F)) - td(F) € A*(X)[p][p™ 2],
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where td(—) is the Todd class, so that £/ /5(—;p) extends to a group homomorphism
from K°(X) to the multiplicative group of units in A*(X)[p]| j[1*12].

We can then define the virtual chiral elliptic genus as follows.

Definition 4.7.2. Let X be a proper scheme with a perfect obstruction theory and
V € K°(X). The virtual chiral elliptic genus is defined as

vir —L\vd vir vir L
BT (X, Vip) = (—p 2)" "\ (X, E1(TN) @ V) € Z[p][p*7].

By the virtual Riemann—-Roch theorem of [75] we can also compute the virtual chiral
elliptic genus as

EIL (X, Vi p) = / 80l (TS p) - ch(V).
X

7

Remark 4.7.3. One may give a more general definition by adding a “mass deformation
and defining 81(%(}7) for FF € K%(X) as

EN(Fip) = R)Symsr,. (F) @ Syms, (F¥) € 1+ p- K°(X)[y,y 1o,

n>1

so we recover the standard definition of virtual elliptic genus by taking E(F) =
51(})2(F5p) ®€1(Z//§(—F§p), cf. [75, Sec. 6].

Proposition 4.7.4. Let X be a proper scheme with a perfect obstruction theory and
let V € K°(X). Then the virtual chiral elliptic genus Ellf/rz(X, V', p) is deformation
invariant.

PRrROOF. The statement follows directly from Definition 4.7.2 and [75, Theorem
3.15]. O

Let now V' =3_ 1" be a T-module as in Section 4.5.1. The trace of its symmetric
algebra is given by

tr (Sym?(V)) = tr (ﬁ) = H 1——1pt“

Let us now assume as in Section 4.5.1 that det V' is a square in K% (pt) and g = 0 is not
a weight of V. We can then compute the trace of the symmetric product in (4.7.1) as

tr (@Symfw(‘/@vv> 1111 (1= prtr)( 1—p”t ")’

n>1 m n>1

NEELUAEISMNE I S
AV LT L= =)

B 18 rkV th/2
= (—ip"®o(p ngﬂfu
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where ¢(p) is the Euler function, i.e. ¢(p) = [[,(1 —p"), and 6(p; y) denotes the Jacobi
theta function

oo

0(p;y) = —ip Py —y ) [T =) (1 = yp™) (1 =y 'p").

n=1
Combining everything together we get the identity

) X, Syms. (Vo VY)@det(VV)/? ) rkV 1
C— ik V n>1 P — (1 \kV ([, 1/8

where 7n(p) is the Dedekind eta function

L n
n(p) =p= [ (1 -p").
n>1
For a virtual T-representation V' = 37 #* — > 1" € Ky(pt) where o = 0 is not a
weight of V', we compute

—LarkV ®n21 Sym;gn (V S¥ V\/) & det(VV)1/2 . AV HV 0(p7 tu)
(=p )™ < > = (i-n(p)) W

For the remainder of the section we set p = e with r e H= {7 € C | 3(r) > 0}.
Denoting 0(7|z) = 0(e*™"; €*™#), § enjoys the modular behaviour

Ao VV

O(7]z + a+ br) = (=1)* e 2= 70(7]2),  a,b € Z.

Analogously to the measure [-] for K-theoretic invariants, we define the elliptic
measure

0(p; tH
V] = G- n(p))rw%,

which satisfies 0[V] = (—1)™*Vg[V]. Notice that, if rk V = 0, the elliptic measure refines
both [-] and e™(-)
o[v) 2% (v % eT(v)

where the second limit was dicussed in Section 4.6.1.

4.7.2. Elliptic DT invariants

Definition 4.7.5. The generating series of elliptic DT invariants DTiH(A?), q,t,w;p) is
defined as

e n vir T 3 1
DT;M(A%, ¢, t,wip) = Y ¢" Bl (Quot,s (0%, n), K2, p) € Z(t, 2, w))[p, gl

n>0

Being that Quot,s(O%", n) is not projective, but nevertheless carries the action of an
algebraic torus T with proper T-fixed locus, we define the invariants by means of virtual
localisation.
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At each T-fixed point [S] € Quot,s(O®",n)T, the localised contribution is

Xp>1 Symy. (Tgir @ Tgm\/)

tr ——
A.Tglr,\/

from which we deduce that we can recover the invariants y(Quot,s(O®", n), @VH) in

K-theory in the limit p — 0. As for K-theoretic invariants, we have

DT (A%, g, t,wip) = > q" > 0[-T§"]

n>0 [S]€Quot 3 (0% )T
T
= S0 [ o-vil
T ij=1
where 7 runs over all r-colored plane partitions.

Contrary to the case of K-theoretic and cohomological invariants, there exists no
conjectural closed formula for elliptic DT invariants yet, even for the rank 1 case.
Moreover, the generating series depends on the equivariant parameters of the framing
torus, as shown in the following example.

Example 4.7.6. Consider Q% = Quot,s(O%*, 1), whose only T-fixed points are
S =T ®O0D0 C O S=00T, &0 C 0% S3=0800I,;C 0%,
with pt = (0,0,0) € A® as in Example 4.6.5. We have

: 1 1 —1t)(1 —1to)(1 —t¢
Tglr -1 + ( 1)( 2)( 3) _ w;1w2 + w;lwl _ wflwg + w;lwl
1 t1tots ti1tots t1tots t1tats
- 1 (I-t)A—t)(A—t3) 4 1 1 1
T =1 — —w, W + wi Twe — w, W + ws w
52 titats t1tals 2 oty L 2 P tots 3 2
' 1 (1-t)A—t)(1—t3) 4 1 1 1 1 1
T =1 — + — Wa W + w; w3 — W, W + w, "w
Ss t1tats titats 3 T ot e T

by which we may compute the corresponding elliptic invariant. Set w; = e*™™ and
ty = e¥™¢ so that

. 1 O(7|ve —v1 — 5)0(T|vs — v1 — 5)
EHVlr 3 ’CQ' t . — .
1/2(Q1 Koy 1y w3 p) = ( O(T|v1 — v2)0(7|v1 — v3)

O(T|vy — vy — 8)0(T|vg —ve —s)  O(T|vy — v3 — 5)0(T|vy — V3 — s))
O(7|ve — v1)0(7|v9 — v3) 0(7|vs — v1)0(7|vs — o) ’

(1
(1

+

where s = s1 + s9 + s3, with the overall factor

9(7”81 + 82)(9(7'|81 + 83)t9<7'|82 + 83)

O T G s)0(r]s)b(]ss)

Moreover, by evaluating residues in v; —v; = 0 one can realise that Ellf/g( 3 K2t w;p)

» PVvir o

has no poles in v;. Indeed

. 1
R/eS’Ul—’UQIO El \1]1/r2( :157 Icsir;p) = (9(T|,S)9(T|03,U2,S) . 0(7’|75)0(7’|v3*112*5)) =0,

0(7|va—wv3) 0(7|va—v3)

and the same occurs for any other pole involving the v;’s. However, this does not imply
the independence of the elliptic invariants from v, as we now suggest.
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Set v; = v; + a; + b;7, with a;,b; € Z, for i = 1,2,3. Applying the quasi-periodicity
of theta functions, we get

En‘ln/rQ( ?v ’C\?irv t,w; p) =
¢

9(T|E1 — 52)9(7’|@1 — E3)0(T|§2 - 53)

. (9(7"@2 — @1 — 8)9(T|@3 — @1 — 8)0(T|W2 — @3)

—0(7[v1 — Uy — 8)0(7|03 — U2 — 8)0(7|01 — U3) + 0(7|01 — U3 — 8)0(7|02 — U3 — $)0(7[U1 — Ta))

— <> X (eQWiS(b2+b3—2b1)9(
0(7|vr — v2)0(7|v1 — v3)0(T|v2 — v3)
_627ri5(b1+b372b2)9(

Tlvg — vy — 8)0(7|vs — v1 — 8)0(T|ve — v3)

Tlvr — va — $)0(T|vs — va — $)0(T|v1 — v3)
+e2mis(014+b2=2b3) g (7|4 — 03 — §)0(7|vy — v3 — 5)0(T|Vy — ’1)2)) .

Notice that for general values of s the above expression is different from the value of
Ell‘{%( 3 Ki{f, t,w;p). However, if we specialise s € %Z, we see that in the previous
example Ell?fQ( 3 IC\I,i/rZ, t,w; p) becomes constant and periodic with respect to v on
the lattice Z + 37Z and is holomorphic in v, from which we conclude that it is constant
on v under this specialisation. Therefore, by choosing w; = €25 to be third roots of

unity, one can show

. 1
EH‘IH/YQ( ?7 K&ir? ta w;p)

| =n)mH3, ik =3m, meZ
t=¢"""3 0, if k ¢ 37.

4.7.3. Limits of elliptic DT invariants Even if a closed formula for the higher
rank generating series of elliptic DT invariants is not available, we can still study its
behaviour by looking at some particular limits of the variables p, t;, w;.

It is easy to see that, under the Calabi-Yau restriction t = 1, the generating
series of elliptic DT invariants does not carry any more refined information than the
cohomological one; in particular, we have no more dependence on the framing parameters
w; and the elliptic parameter p. We generalise this phenomenon in the following setting.
Denote by Tj C T; the subtorus where t2 = e™*/"_ k € Z. Define by

DTy (A . t,wip) = DTN (A%, g, 8, w3 p) |,

the restriction of the generating series to the subtorus T} C Ty, which is well-defined as
no powers of the Calabi-Yau weight appear in the vertex terms (4.4.5) by Lemma 4.2.5.

Proposition 4.7.7. If k = rm € rZ, then
DT;L(A%, g, t,w; p) = M((=1)""+g)".
In particular, the dependence on t;,w; and p drops.

PROOF. Let S € Quot,s(O%",n)T. Denote T¢" = T2 — Tzt~ as in Equation
(4.2.16), where Tg¢ is the tangent space of Quot, at S. Denote by Tg{ the sub-
representation of T5¢ corresponding to t/, with [ € Z. As there are no powers of the
Calabi-Yau weight in T§", we have an identity 7§ = T4, t'. Set

W=T5 - Ty,

neL
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We have that

T —Tet ' =W — Wt
and, in particular, neither W nor Wt ! contain constant terms and powers of the
Calabi-Yau weight. Using the quasi-periodicity of the theta function 6(7|z), we have

i oWt ww O[] KW
Ol—Tvir] — — (—1)™* — (—1) (erl)'
We conclude by noticing that
tkW =1kT¢“ =rn mod 2. O

Motivated by Example 4.7.6 and Proposition 4.7.7, we propose the following conjec-
ture.

Conjecture 4.7.8. The series DTi}}C(A‘g, q,t,w;p) does not depend on the elliptic pa-
rameter p.

Remark 4.7.9. Notice that the independence from the elliptic parameter p implies
that we can reduce our invariants to the K-theoretic ones by setting p = 0, i.e.

DT (A% g, t,w;p) = DTS (A%, g, )], |
which in particular do not depend on the framing parameters.

Assuming Conjecture 4.7.8, we derive a closed expression for DTS}C(A?’, q,t,w;p),
which was conjectured in [16, Equation (3.20)], motivated by string-theoretic phenom-
ena.

Theorem 4.7.10. Assume Conjecture 4.7.8 holds and let k € Z. Then there is an
identity
r ged(k,r)
DTEL(A%, gt wip) = M (=) ((=1) gyt )=
PRrROOF. Assuming Conjecture 4.7.8, by Remark 4.7.9 we just have to prove the
result for K-theoretic invariants. By Theorem 4.5.3,

DTX(AY, (~1)7.1) =
[t il e 1
n

T™n

n>1 (1=t =" (1 =13") L—tm (1-t2gm) (1 -t %)

Assume now that t2 = €™ with k € Z; we have clearly that t~2 = (—1)¥". Moreover,
we have
1—¢m {r, if n € s

1—t o, itn¢ gt

In particular, if n € mz, we have
(") (1 — 6" (1 — 15 "t5™)
(1=t =" (1 —15")

=1



4. HIGHER RANK DT INVARIANTS OF COMPACT TORIC 3-FOLDS 127

Setting n = Mm, with m € Z, we have
1 —1
DTE A3 (—=1)"q,t) = exp — ged(r, k) - — —

where to ease notation we have set § = ((—1)*q)&a@® . We conclude by using the
description of the MacMahon function as a plethystic exponential

” ged(r,k)
) . O

DTX(A®, (—1)7q,t) =M ((_1)qugcd<r,k>

Remark 4.7.11. A key technical point in the proof of the conjecture proposed in
[16, Equation (3.20)] is the assumption of the independence of DTi}}C(A:”) on p, as in
Conjecture 4.7.8. We strongly believe it should be possible to prove this assumption by
exploiting modular properties of the generating series of elliptic DT invariants. One
could proceed by considering the integral representation of the DT invariants given in
[16]. The analysis of the K-theoretic case, which we carried out in the proof of Theorem
4.7.10, shows that no dependence whatsoever is present in the limit t'/2 = e™*/7. As
elliptic DT invariants take the form of meromorphic Jacobi forms, given by quotients
of theta functions, poles in the equivariant parameters are only given by shifts along
the lattice Z + 7Z of the poles found in K-theoretic DT invariants. Then D'I'ﬁ}}C (A3), as
a function of each of the equivariant parameters v;, ¢ =1,...,r, and s;, 7 = 1,2, 3, is

holomorphic on the torus C/Z + 77, so it also carries no dependence on them.

4.8. Higher rank DT invariants of compact toric 3-folds

Let X be a smooth projective toric 3-fold, along with an exceptional locally free
sheaf F' of rank r. By [165, Thm. A], the Quot scheme Quot y (F,n) has a 0-dimensional
perfect obstruction theory, so that the rank » Donaldson—Thomas invariant

DTy, = / leZ
[Quot x ()]

is well defined. In this section we confirm the formula

D DTrng" = M((=1)7g)" Ix =xei0),

n>0
suggested in [165, Conj. 3.5], in the case where F' is equivariant. This will prove
Theorem 4.1.3 from the Introduction. The next subsection is an interlude on how to
induce a torus action on the Quot scheme and on the associated universal short exact
sequence starting from an equivariant structure on F. More details are given in [166],
including a proof that the obstruction theory obtained in [165, Thm. A] is equivariant.

4.8.1. The (equivariant) obstruction theory Let X be a quasiprojective toric
variety with torus T C X. Let ox: Tx X — X denote the action. If F'is a T-equivariant
coherent sheaf on X, and Q = Quot(F,n), then ox has a canonical lift

oq: TxQ—=Q,

as proved in [113, Prop. 4.1].
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Throughout this subsection, F' denotes an exceptional locally free sheaf of rank r
on a smooth projective toric 3-fold X. In other words, F is simple, i.e. Hom(F, F') = C,
and Ext'(F, F') = 0 for i > 0.

By [165, Thm. A], there is a 0-dimensional perfect obstruction theory

(481) E— LQuotX(F,n)a

governed by
Def |[S] = Ext'(S,5), Obs }[S] = Ext?(S, 9)

around a point [S] € Quot(F,n). We set Q = Quotx(F,n) for brevity, and we denote
by mq and mx the projections from X x Q. Note that wr, = Tywx.
We have

E = Rmq.(RH#om(S,S)o ® wr,)[2]
where R.7Zom(S, S)y is the shifted cone of the trace map tr: R#om(S,S) — Oxxq-
Proposition 4.8.1. There is an identity
EY = Rrq.R#om(Fq, Fq) — Rrq.R#om(S,S) € Ko(Quoty(F,n)).
PROOF. As in the proof of [165, Theorem 2.5] we have
E = (Rrq.R#om(S,8))"[-1]
= (Rrq.R#om(S,S))"[-1] — (Rrq.R#om (0, 0))'[-1]
= (Rmq.RHAom(S,S))"[-1] — (Rrq.RHAom(Fq, Fq))"[-1],

where the last identity uses that F'is an exceptional sheaf. O

The following result is proved in [166, Thm. B| in greater generality. Denote by
T = (C*)? the torus of X.

Proposition 4.8.2. Let (X, F') be a pair consisting of a smooth projective toric 3-fold
X along with an exceptional locally free T-equivariant sheaf F'. 'Then the perfect
obstruction theory (4.8.1) on Quoty (F,n) is T-equivariant.

We let A(X) denote the set of vertices in the Newton polytope of the toric 3-fold
X. Then

X'={ps|aeAX)}C X
will denote the fixed locus of X. For a given vertex «, let U, = A3 be the canonical

chart containing the fixed point p,. The T-action on this chart can be taken to be the
standard action (4.2.5). For every «, there is a T-equivariant open immersion

tna: Quoty (Fly,,n) — Q = Quoty (F,n)

parametrising quotients whose support is contained in U,. We think of F|y, as an
equivariant sheaf on A, hence of the form described in (4.4.9). We denote by ES the
critical obstruction theory on Quot;; (F|y,,n) from Proposition 4.2.2.

It is natural to ask whether the restriction of the global perfect obstruction theory
(4.8.1) along ¢, o agrees with the critical symmetric perfect obstruction theory described
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in Section 4.2.2 (see Conjecture 4.8.8). However, what we really need is the following

weaker result.

Proposition 4.8.3. Let E € Ky(Q) be the class of the global perfect obstruction theory
(4.8.1). Then

ESY = o B € Ko(Quoty, (Flu,,n)).

Considering the two obstruction theories as T-equivariant, the same identity holds in

equivariant K-theory:
Era = tnaE € Ko (Quoty, (Flu,.n)).

Proor. The chart U, is Calabi—Yau, so by [165, Prop. 2.9] the induced perfect
obstruction theory ¢ [ is symmetric. Since all symmetric perfect obstruction theories
share the same class in K-theory, the first statement follows.

To prove the T-equivariant equality, we need a slightly more refined analysis. Just
for this proof, let us shorten

E., = Eff‘of and E=.; E,
to ease notation. We know by Diagram (4.2.15) that we can write
(4.82)  Eo = [t® Tquon

— Qquotn| ] = —t®T € Kj(Quoty, (Flu.,n)),

| Q Q

where Q2 (resp. T") denotes the cotangent sheaf (resp. the tangent sheaf) of Quoty,_ (F|u,,n),
equipped with its natural equivariant structure.

Let m: Uy x Quoty (Fly,,n) — Quoty (F|y,,n) be the projection, let S be the
universal kernel living on the product and set t, = 7*t~!. By definition,

E = Rm.(Rs%om(S5, S)y @ wx)[2].
The equivariant isomorphism w, — O @t ! along with the projection formula yield
(4.8.3) t! ® ES R, RAFom(S, 9)[2).

We next show the right hand side is canonically isomorphic to EV[1]. We have

EY[1] = R#om(Rm.(R#om(S, S)o ® w,), O)[—1] definition of (—)¥
= Rm.RAom(RAom(S, S)y @ wr, w[3])[—1] Grothendieck duality
= Rm.RFom(R.7#Zom(S,S)y, O)[2] shift
= Rm.RAFom(S, S)y 2] definition of (—)"
= Rm.Ro#om(S, S)o[2] R.zom(S, S)y is self-dual

in the derived category of T-equivariant coherent sheaves on Quoty, (F|y,,n), which
by (4.8.3) proves that

t 'R =E].
We thus have
Q= p%E) =2t h"(EY[1]) 2 t® Sut(S,S),
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where we use the standard notation &zt (—,—) for the ith derived functor of m, o

Hom(—,—). We conclude
E = h(E) — h~Y(E)

= Q—h'(EY)Y

= Q- h(E'[1])"

= Q— Ext2(S,9)Y

=Q— (o)

=Q—teT

= E.. O

4.8.2. The fixed locus of the Quot scheme and its virtual class In this
subsection we describe Quot y (F,n)T and we compute its virtual fundamental class,
obtained via Proposition 4.8.2.

If n denotes a generic tuple {n, | @ € A(X)} of non-negative integers, we set

In| = ZaeA(X) Na-

Lemma 4.8.4. There is a scheme-theoretic identity

Quot  (F,n)" = H H Quoty, (Flu.,na)"

In|=n aeA(X)

PROOF. Let B be a (connected) scheme over C. Let F be the pullback of F' along
the first projection X x B — X, and fix a B-flat family of quotients

p: Fg—T

defining a B-valued point B — Quot y(F,n)T. Then, by restriction, we obtain, for each
a € A(X), a B-flat family of quotients

(4.8.4) Pa: FB‘UQXB_»,];:T}UQXB’

and we let n, be the length of the fibres of 7,. Each p, corresponds to a B-valued
point g,: B — Quoty, (F|u,,na)", thus we obtain a B-valued point

(9o)a: B — H Quoty (Flu,,na)"
aeA(X)

Note that the original family 7 is recovered as the direct sum &, 7, in particular
n=y_,Na. Conversely, suppose given a tuple of B-families of T-fixed quotients

(Flua)p = Ta)o
We obtain B-valued points

B — Quoty, (Flu,,na)" C Quoty (F,n,)".

Since the support of these families is disjoint, we can form the direct sum

T=EPT
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to obtain a new B-flat family, representing a B-valued point of Quoty(F,n)T, as
required. O]

Our next goal is to show that, under the identification of Lemma 4.8.4, the induced
virtual fundamental class of the n-th connected component of Quoty(F,n)T is the
box product of the virtual fundamental classes of Quoty (F|y,,na)", whose perfect
obstruction theory is the T-fixed part of the critical one, studied in Section 4.2.2. For
the rest of the section we restrict our attention to each connected component

(4.8.5) Quoty (F,n)t = H Quoty (Flu,,na)" C Quoty(F,n)",
aceA(X)

and we denote by

S—F—>»T Sa = Fa = Ta
(4.8.6) X x Quoty(F,n)" Ua x Quoty, (Flu,,na)"
Quoty(F,n)T ——— Quoty, (Fly,,n4)"

the various universal structures and projection maps between these moduli spaces. For
instance, F, is the pullback of F|y, along the projection U, x Quoty (F|u,,na)" —
U,. Let E, be the restriction of E € D(Quoty(F,n)) to the closed subscheme
Quot x (F,n)E C Quot y(F,n).

Proposition 4.8.5. There are identities in K (Quoty (F,n)k)

E; = Rm.R#om(F,F) — Rm.R#om(S,S)
= Y ph (Ra.RAom(F,, Fo) — Rrg RA0om(S,, Sa)) -

aEA(X)
Proor. Exploiting the universal short exact sequence
0=-8S—=F—=>T—=0
on X x Quoty(F,n)E € X x Quoty(F,n), and Proposition 4.8.1, we may write
En = EY| oty (i = RTRAOM(F, F) — RmRAom(S, S)
= Rm.R#om(S, T) + Rm.R#om(T,S) + Rm.RAom(T,T).

Similarly, we have

(4.8.7) Rr..RAom(F,, Fo) — RrRAZom(S,, S.)
= Rr.RAZom(S,, T,) + Rra.RA#om(T,, So) + RuaRFom(Ta, Ta).

In the following, we write (G1,Gs) as a shortcut for any of the three pairs of sheaves
(S, T), (T,S) or (T,T). Applying the Grothendieck spectral sequence yields

R RA0m(G1,Go) = > (—1) R &t (G, Ga)

Z’Lj
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—Z jﬂ' (fxt Gl,Gg)

where we used cohomology and base change along with the fact that Rim, of a 0-
dimensional sheaf vanishes for 7 > 0. The standard Cech cover {Ua}aea(x) of X pulls
back to a Cech cover {V, }aea(x) of X x Quoty (F,n)L, where V, = U, x Quot x (F,n)L.
For a finite family of indices I C N, set V; = (),c; Va and let j;: Vi — X x Quot y (F, n);
be the natural open immersion. We have a Cech resolution &zt (G1,Gy) — €°, where
¢* is defined degree-wise (see e.g. [90, Lemma I11.4.2]) by

@ j]*j}kéol'tj (Gl, GQ)

|I|=k+1

Notice that 7 vanishes on the restriction to any double intersection U, x Quot y (F,n)x,

where U, = U, N Upg. This implies that the only contribution of the Cech cover is given
by €Y thus

Rr.RA0m(G1,Ga) = (17 Y janjabat (G, Go)

J a€A(X)
= > D (1Y (70 ja)uibat! (G, Ga).
a€A(X) J

Consider the following cartesian diagram

U, x Quoty(F,n)k P, U, x Quoty, (Flu,,na)"
X x Quoty (F,n)y —— X X Quoty (Flu,,na)"|m
Quoty (F,n)E —"—— Quoty, (Flu,,n4)"
As it was already clear from the proof of Lemma 4.8.4, the universal short exact
sequences in Diagram (4.8.6) satisfy j*(S — F — T) = pi(Sa — Fo = To). If
(G1a, Gaa) denotes any of the pairs belonging to the set { (Sa, 7o), (Ta, Sa)s (Ta, Ta) },
we can write
&t (G, Gy) = Ljr&xt! (G, Ga)
= &xt! (LjrGy, LjiGy)
= éoxtj (paGl,oupaGZa)
= mgxtj<Glaa G2a>'

We deduce, by flat base change,
(7T o ja)*jzgxtj(Gla G2) = <7T © ja)*ﬁzg«xtj<Gla7 G2a> = pj;ﬂ-a*gxtj(Glaa GQO{)’

Combining again the Grothendieck spectral sequence, cohomology and base change and
the vanishing of higher derived pushforwards on O-dimensional sheaves, we conclude
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that
RrRA0om(G1,Ga) = Y pi Y (—1)Taubat! (Gra, Gay)
aEA(X) J
= Y piRmaRAom(Gry, Gay).
aeA(X)
Now the result follows from Equation (4.8.7). O

Corollary 4.8.6. The virtual fundamental class of Quoty (F,n)L is expressed as the
product of the virtual fundamental classes

[Quoty (Fn)E]™ = T »s [Quoty, (Flu,,na)7]
aeA(X)

vir

Before we prove the corollary, let us explain what virtual classes are involved. The
left hand side is the virtual class induced by the T-fixed obstruction theory

T-fi
En™ = Lquotx (Fn)%

whereas [Quoty, (Fu.,,na)"] " is the virtual class induced by the obstruction theory

*

Lna,aE - ]L’QuotUa (Flug ma)
by restricting to the T-fixed locus and taking the T-fixed part. Note that by Proposition
4.8.3, the perfect obstruction theory

crit T-fix
Enoua QuotUa (F‘Ua ,na)T - LQUOtUa (FonunOz)T

induces the same virtual class. This follows from the general fact that the (equivariant)
virtual fundamental class depends only on the class in (equivariant) K-theory of the
perfect obstruction theory — cf. [171, Theorem 4.6], where all the ingredients are
naturally equivariant.

PRrOOF. The statement follows by taking T-fixed parts in Proposition 4.8.5 and by
Siebert’s result [171, Theorem 4.6] mentioned above. O

4.8.3. Higher rank Donaldson—Thomas invariants of compact 3-folds For
a pair (X, F') consisting of a smooth projective toric 3-fold X and an exceptional locally
free sheaf F'| the perfect obstruction theory (4.8.1) gives rise to a 0-dimensional virtual
fundamental class

[Quoty (F,n)] e Ap(Quot y (F,n)),

allowing one to define higher rank Donaldson—Thomas invariants

DTy, = / 1eZ.
[Quot x (Fym)]r

Define the generating function
DTr(q) = Z DTrng".
n>0
We next compute this series in the case of a T-equivariant exceptional locally free
sheaf, thus proving Theorem 4.1.3 from the Introduction.
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Theorem 4.8.7. Let (X, F') be a pair consisting of a smooth projective toric 3-fold X
along with an exceptional T-equivariant locally free sheaf F'. Then

DTF(Q) = M((—l)rq)er CS(TX®Kx).

PROOF. Set Q = Quoty(F,n) and Q, = Quoty,_(F|v,,n). Since by Proposition
4.8.2 the perfect obstruction theory on () is T-equivariant, we can apply the virtual
localisation formula

DTF,n:/ e (= N5t o),
[QT]vir Q/Q

where Ng% /Q is the virtual normal bundle on the T-fixed locus computed in Lemma
4.8.4. By taking T-moving parts in Proposition 4.8.5, we obtain the K-theoretic identity

Fre= D PaNgija.
acA(X)
of virtual normal bundles. Thus by Corollary 4.8.6 we have
']I‘ vir T vir
e e (— i
) QT Q / ) ( Q% Qa)
/[ R : E: n aelA_[ [Quotig (Flug ma) 1] !

In particular, the virtual fundamental class [Quot, (F|u,,na)"]"™ agrees with the one
coming from the critical structure. Moreover, by the virtual localisation formula applied
with respect to (C*)", we have

T vir
FT(—NYE )= / |
. QQ/QQ . ’
/[Quotua (Flug ma) TV [Quoty,, (Flug,ma)]¥"

where the right hand side is defined equivariantly in §4.4.2. Finally, by Corollary 4.6.4,
we have an identity

J = :
[Quotyy, (Flugma)l¥ [Quoty, (OF" ma)]¥ir

of equivariant integrals, where in the right hand side we take (’)3’; with the trivial
T-equivariant weights. Therefore we conclude

DTr(e) =Y ¢" > ]I /

n>0  |n|=nacA(X) " [Quoty,

—qu/ .

a€A(X) na=>0 [QUOtUQ (Og Na)]VT

—_

]vur

P TS (5T Hs5) (55 +5)

- [CBNe AN}
= | | M s{'s5 83

aEA(X

We have used Theorem 4.6.2 to obtam the last identity, in which we have denoted
s{, 59, s the tangent weights at p,. We conclude taking logarithms:

ST+ 89) (ST + s5) (85 + 5§ ,
logDTr(g) = Y G 2)(;@8@85’)< 255 g M((—1)g)
aEA(X) 12273

=7 /X c3(Tx ® Kx) - logM((—1)"q)

where the prefactor is computed through ordinary Atiyah—Bott localisation. O]
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We have thus proved Conjecture 3.5 in [165] in the toric case. The general case is
still open and will be investigated in future work.

4.8.4. Conjecture: two obstruction theories are the same We close this
subsection with a couple of conjectures relating the different obstruction theories
appeared in the previous section.

Conjecture 4.8.8. Let E be the perfect obstruction theory (4.8.1). Then its restriction
along the open subscheme t,, o: Quoty, (F|u,,n) — Quoty (F,n) agrees, as a symmetric
perfect obstruction theory, with the critical obstruction theory E..; of Proposition 4.2.2.

One can also ask whether Ly ol and E.,;; are T-equivariantly isomorphic over the
cotangent complex of Quoty; (F|y,,n). This is of course stronger than the statement
of Proposition 4.8.3.

A similar conjecture (essentially the rank 1 specialisation of Conjecture 4.8.8) can
be stated for the moduli space Hilb"(A%) = Quot,s(O,n), without reference to a
compactification A*> C X. The Hilbert scheme of points has two symmetric perfect
obstruction theories: the critical obstruction theory E. (Proposition 4.2.2) and the
one coming from moduli of ideal sheaves: if p: A% x Hilb"(A%) — Hilb"(A?) is the
projection and J is the universal ideal sheaf, one has the obstruction theory

Rp*R,%”om(’J, 3)0[2] — LHilb"(A3)

obtained from the Atiyah class At;.

Conjecture 4.8.9. There is an isomorphism of perfect obstruction theories

Eerit = Rp*Rﬁom(j, 3)0[2]

~

Limn a3)

on the Hilbert scheme of points Hilb"(A?).

Remark 4.8.10. After a first draft of this thesis was written — but after the paper
[76] appeared — Ricolfi-Savvas [167| proved Conjecture 4.8.9.
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CHAPTER 5

Donaldson-Thomas theory of
Calabi-Yau 4-folds

Yo he sido Homero; en breve, seré
Nadie, come Ulises; en breve, seré
todos: estaré muerto.

El immortal, J.L. Borges

In Section 2.2 we explained how to construct virtual fundamental classes on a scheme
when the obstruction theory is controlled only by its deformations and obstructions,
in other words when the obstruction theory is perfect. In this chapter, we summarize
the results of Oh-Thomas [147], where virtual fundamental classes are constructed
(algebraically!) in case the obstruction theory is controlled by three terms — therefore
failing to be perfect of amplitude [—1,0] — but is self-dual, with a suitable notation
of orientation. The main application will be moduli spaces of sheaves on smooth

quasi-projective Calabi-Yau 4-folds, by which one defines Donaldson-Thomas theory of
Calabi- Yau 4-folds.

5.1. Taking square roots

5.1.1. Special orthogonal bundles Let X be a scheme and (F,q) an orthogonal
bundle over X, that is a rank r vector bundle with a non-degenerate quadratic paring

qE@E%OX

The non-degenerate quadratic pairing induces an isomorphism ¢ : £ = E* and therefore
an isomorphism

(5.1.1) detq : (det E)®** 5 Ox .
An orientation of (F,q) (cf. [147, Def. 2.1]) is a trivialization
0:0x = det B,

whose square 0®2 maps to (—1)"2 " under (5.1.1).
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Remark 5.1.1. From the perspective of Differential Geometry, oriented orthogonal
bundle (£, ¢, 0) are in bijection with isomorphism classes of SO(r, C)-principal bundles,
as transition functions from one orthonormal basis to another preserving the orientation
lie in SO(r,C). In another words, an orientation is equivalent to a reduction of the
structure group of the étale principle frame bundle from O(r,C) to SO(r,C) (cf. [147,

pag. 9]).

Now on, we assume that r = 2n, i.e. the rank of the orthogonal bundle E is even'.
An algebraic subbundle A C (E, q) is called isotropic if ¢|x = 0 and mazimal isotropic if
it has maximal rank n. The inclusion of a maximal isotropic subbundle A C E induces
a short exact sequence

(5.1.2) 0—>A—FE—A —0

To any maximal isotropic subbundle A C (F, ¢, 0) of an oriented orthogonal bundle,
Oh-Thomas [147, Def. 2.2] associate a uniquely determined sign (—1)I, whose precise
formulation we do not need here.

5.1.2. Edidin-Gram square root Euler class Let X be a scheme and (F, g, 0)
be an oriented orthogonal bundle of rank r = 2n, and assume it admits a maximal
isotropic subbundle A C E. Edidin-Graham [68] define” a characteristic class — the
square root Fuler class — by

Ve(B) = (~1)Ne(A) € A*(X, 2),

which is independent of the choice of the maximal isotropic subbundle A and satisfies
by (5.1.2)

In general, if F does not admit a maximal isotropic subbundle A, such a characteristic
class could not exists in Chow groups with Z-coefficients. However, Edidin-Graham
[68, Sec. 6] show that such a characteristic class always exists if we replace X by a
suitable cover X — X — where a maximal isotropic subbundle does exist — and that
it descends to a class on X if we allow ourselves to invert 2. More precisely, there exists
a class

Ve(E) e A" (X,Z[1])

which satisfies

which we denote by square root Euler class.

1Oh-Thomas [147] deal with the general case as well, but it goes beyond the scope of this thesis.
2The explicit choice of the sign is fixed by Oh-Thomas [147, eqn. (22)].
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5.1.3. K-theoretic Edidin-Graham square root class Oh-Thomas [147, Sec.
5.1] construct a K-theoretic analogue of the square root Euler class defined by Edidin-
Graham. Recall that the K -theoretic Euler class of a rank r vector bundle E is defined
as

e(E) :=AE* =) (-1)’N'E* € K(X,Z).
=0
We also introduce the symmetrized notation
NME=NE® (et B) e K°(X,Z[1]).

Here we are forced to invert 2 as det ' could not admit a square root as a line bundle
in Pic(X). However, it does admit a canonical square root — as a class in K-theory
— if we invert 2, see [147, Lemma 5.1, Rem. 5.2]. In particular, if a genuine square
root exists as a line bundle, any two such choices would differ in Pic(X) by a 2-torsion
element, and therefore such a choice woud be invisible once we invert 2.

Assume now that (£, g, 0) is an oriented orthogonal bundle which admits a maximal

isotropic subbundle A C E. First of all notice that, as det E = Ox, we have

o(B) = A"E" = A"E" € K° (X, Z[3]).
and we define the K -theoretic square root Euler class as

Ve(E) = (-)MATAT € K° (X, Z[3]).
which satisfies by (5.1.2)

e(E) = (-1)"(Ve(E))*.

As before, in general such a characteristic class cannot be defined directly on X.

Replacing X by its cover X — X and descending the class as in Section 5.1.2, Oh-
Thomas construct a K -theoretic square root Euler class

Ve(B) € K° (X, Z3])
which satisfies /e(E)? = (—=1)"¢e(E).
5.1.4. Square root Gysin map Before describing the construction of the virtual
classes we need to adapt Fulton’s definition of the Gysin map to the isotropic realm.
Let (E, q,0) be an orientable orthogonal bundle over a scheme X and let Z C X be
a subscheme. A cone C' C E|z is said to be isotropic if g, thought of as a function on

the total space of E (quadratic on the fibers), vanishes on the subscheme C. If C' C E|y
is an isotropic cone, Oh-Thomas define® [147, Def. 3.3] the square root Gysin map

V0o A(CZ[3]) = A (Z2[3)).

In the case (E, ¢, 0) admits a maximal isotropic subbundle A C E containing the cone
C, the square root Gysin map is simply

\/ O'E = (_1)‘/\'0'/\7

3By means of the cosection localizations of Kiem-Li [103, 104].
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where 0 is the usual Gysin map (and we would not have to invert 2).

The square root Gysin map admits a K-theoretic analogue as well. Given an
isotropic cone C' C E as before, Oh-Thomas define [147, Def. 5.8]

VO Ko (G2 [3]) = Ko (2,2 [5]).-
As before, if (E, ¢, 0) admits a maximal isotropic subbundle A C E containing the cone
C, this reduces to

Vi = (=1)AVdet A - 03,

where 0} is the usual (derived) pullback.

5.1.5. Complexes All the definitions and constructions of the previous sections
extend in a natural way to complezes E € DP(X) which are self-dual with respect to a
quadratic pairing. For instance, let E € DP(X) be a virtual rank” r complex satisying

(5.1.3) (det E)®* = Oy .
An orientation of E is a trivialization
0:O0x = detE,

whose square 0®? maps to (—1)T<T§1) under (5.1.3).

5.2. Oh-Thomas virtual structures

5.2.1. Virtual structures To define virtual structures in the isotropic setting,
we need the following general set-up®. Let X be a quasi-projective scheme with a
—2-shifted symplectic structure in the sense of [160] and an orientation. In more simple
words, we are asking for X to be a quasi-projective scheme, with an orientable self-dual
obstruction theory® E — Lx of amplitude contained in [—2,0]. Here, the obstruction
theory E is naturally induced by the —2-shifted symplectic structure on the derived
enhancement of X, while the self-duality comes from the contraction of the —2-shifted
symplectic form. More explicitly, we can display E through a locally free resolution

E=[T%E%S T eDP(X),

where F is an oriented orthogonal bundle, inducing an isomorphism £ = E* compatible
with the isomorphism E = EV[2].

By the same recipe of Behrend-Fantechi [12], the obstruction theory determines a
cone

C—s 2 f.

4To define the virtual rank we assume that E is quasi-isomorphic to a complex of locally free
sheaves, which is always the case if X is quasi-projective.

Kiem-Park [105] extended most of the construction of this section to Deligne-Mumford stacks,
but we do not need this level of generality in this thesis.

6An obstruction theory is a complex E € DP(X) satisfying all the conditions of Definition 2.2.1
apart from being of amplitude in [—1,0].
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The key point is that the cone € is isotropic — see [147, Prop. 4.3] — and one therefore
defines the virtual fundamental class and twisted virtual structure sheaf via the square
root Gysin map

[X]Vir — OIE[Q] € A% (XvZ [%})’
@}ir: \/@[OQ]@)M € Ky (X,Z[%}%

where Og: X < F is the zero section of the vector bundle F and vd = rk[E (which we
assumed to be even). As expected, both the virtual fundamental class and the twisted
virtual structure sheaf are deformation invariants — as long as X is projective.

Remark 5.2.1. The twisted virtual structure sheaf had been introduced by Nekrasov-
Okounkov [142] to properly symmetrize some invariants on moduli spaces of sheaves
with a perfect obstruction theory. However, in our setting, twisting the virtual structure
sheaf is essential to even define it.

Remark 5.2.2. One may wonder why we do not simply ask the datum of an orientable
self-dual 3-terms obstruction theory on X and instead require the more complicated
notion of a —2-shifted symplectic structure. Unfortunately, to prove that the cone
¢ C F is isotropic, Oh-Thomas do not know if the former condition is sufficient. In
fact what they need is the extra assumption that, in an étale neighborhood U around
any point p € X, the obstruction theory is of the form

(ds)*

* ds ~
[QV|U > Q QV|U] = E‘U
s H |
/7> —— Q] = Ly
Here, V is an open neighborhood of 0 € h°(E|[)), the section is
s:V — h'(E[)), with ds|o =0, g(s,s) =0 and s~'(0) = U,

7 is the ideal of Z(s) C V generated by s and () is an orientable orthogonal bundle
with fiber 2'(E[)) (plus all the natural compatibilities of the self-dualities involved).

This "nice local form” is automatically realized if we assume X to have a —2-shifted
symplectic structure by the results of [15, 25].

By Remark 5.2.2, all schemes with an oriented self-dual obstruction theories (coming
from a —2-shifted symplectic structure) are locally of the following form.

Example 5.2.3 (Isotropic Kuranishi global model). Let a scheme Z
E
Z:=Z(s) —— A,

be the zero locus of an isotropic section s € I'(A, E), where £ is an oriented orthogonal
bundle over a smooth quasi-projective variety A. Then there exists a induced obstruction
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theory on 7

[, —2 &l S 04, = E

| l |

[Z/7? —— Qus] = Ly

in DI=2%(7), where we represented the truncated cotangent complex by means of the
exterior derivative d constructed out of the ideal sheaf Z C Oy of the inclusion Z < A.
By the results of Section 5.2.1, there exist a virtual fundamental class and a virtual
structure sheaf satisfying

L2 =e(E)N[A] € A, (A, Z]1]),
L0y = Ve(&) e K € Ko (A Z[Y])
where K 4 is the canonical bundle of A.

5.2.2. Virtual localization formulas Let X be a scheme satisfying the assump-
tion of Section 5.2.1 and acted by an algebraic torus T, such that the obstruction
theory E is T-equivariantly self-dual, and denote by T¥" := EV € K°(X) the virtual
tangent bundle”. Oh-Thomas [147, Eqn. (111)] showed that there exists an induced
virtual structure on the T-fixed locus XT, with virtual tangent bundle T° )Vg% = T)V(ir ‘;Q‘T

the T-fixed part of the virtual tangent bundle. Denote by N)Vﬁ X T)"(‘r T — the

movable part of the virtual tangent bundle — the wvirtual normal bundle. Oh-Thomas
(147, Thm. 7.1, 7.3] proved analogues of Graber-Pandharipande and Fantechi-Gottsche

virtual localizations in the isotropic setting®.

Theorem 5.2.4 (Oh-Thomas virtual localization). Denote by ¢ : X* < X the inclusion
of the fixed locus. The virtual fundamental class can be expressed’ as

v1r Z X ]Vlr
VTN

where X; are the connected components of the fixed locus XT. In particular, if X is a
proper scheme, for any Chow class o € A%(X) the integration formula holds

o = —.
/X]v1r Z/ ]v1r eT NVlr/ )

Theorem 5.2.5 (Oh-Thomas K-theoretic virtual localization). Denote by ¢ : XT < X
the inclusion of the fixed locus. The virtual structure sheaf can be explicitly written as

~Vir

/\vn'
Z \/_ NVlr ) ’
Xi/X

"As in Footnote 5, one should at least ask for a global presentation of the virtual normal bundle
N}’(‘; xT for the localization formulas to be well-defined.

8See also Park [161] for an independent proof where some global assumptions of [147] are weakened,
by using a virtual pullback formula.

9See [147, Eqn. (112)] for the precise definition of the square root Euler class of the virtual normal

bundle.
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where X; are the connected components of the fixed locus XT. In particular, if X is a
proper scheme, for any K-theory class V € K (X) the integration formula holds

~ Vir VX. ®@‘)’;
X,Ve0,)= Xiyy—F——7|.
X( X) ZX < 1/eT(]\/‘Vlr ))

i Xi/X

5.2.3. Moduli spaces of sheaves on Calabi-Yau 4-folds The main application
of the virtual construction of Oh-Thomas is moduli spaces of sheaves on Calabi-Yau
4-folds.

Let X be a projective Calabi-Yau 4-fold, that is a smooth complex projective variety
with trivial canonical bundle Kx = Ox. Denote by M, a moduli space of Gieseker
stable sheaves on X of fixed topological type w € H*(X) with respect to a polarization
O(1) — see [94] for the definition of Gieseker stability. For simplicity, let us assume
that there are no strictly semistable sheaves, so that M, is represented by a projective
scheme. By the work of Huybrechts-Thomas [95], the Atiyah class gives an obstruction
theory on M,

E = rPRm,RAom- (€, €)[3] — Ly,

200 is the usual truncation, 7 : X x M,, — M, and & is any universal twisted'’

where 7!
sheaf on X x M. In other words, the deformation theory of any element F € M, is

controlled by
Exty(E,E), Ext}(E,E), Ext(E,E),

where the first term determines the deformations, the second term the obstructions
and the third term the higher obstructions. This means that the obstruction theory
is perfect'! of amplitude [—2,0] rather [—1,0], making it impossible to run Behrend-
Fantechi and Li-Tian machineries of perfect obstruction theories. However, by Serre
duality we have the isomorphisms

Ext (E, E) = Ext% (E, B)*,
Ext} (E, E) = BExt%(E, E)*.

In particular, the obstruction space Exti(E , E) is endowed with a non-degenerate
quadratic pairing, precisely as in Section 5.2.1. This duality is reflected globally by the
syminetry

(5.2.1) 6 :E = EY[2], such that 6§ = 6"[2],

induced by Grothendieck duality.

By the work of Pantev-Toén-Vaquié-Vezzosi [160], M, admits a —2-shifted sym-
plectic structure that lifts the symmetry (5.2.1), and by Cao-Gross-Joyce [32] M, is
orientable, meaning that the obstruction theory E is orientable. This means that we

0ts existence is proved by Cildiraru in [30]. Note that the twisting cancels in R.#om(&, €),
giving an actual complex of sheaves in D”(X x M).

Hinstead of truncating this complex we could simply remove the trace, which shows that the
complex is perfect, see [147, Footnote 15].
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can run the machinery of Section 5.2.1 to produce a virtual fundamental class and a
twisted virtual structure sheaf

[M]™ € A (Mo, 2 [3])
Oy, € Ko (M, Z[3]).

This is the starting point of the (algebraic!) Donaldson-Thomas theory of Calabi- Yau
4-folds, which studies invariants obtained integrating classes against [M,]"" and (/5}”\41

5.2.3.1. Generalizations This construction extends naturally to moduli spaces of
compactly supported stable sheaves on quasi-projective Calabi-Yau 4-folds, where the
—2-shifted symplectic structure was constructed by Brav-Dyckerhoff in [26] and the
orientation by Bojko in [20]. Quasi-projective Calabi-Yau 4-folds are the object of
study of the next chapters, where we focus on toric Calabi-Yau 4-folds, which are never
projective.

Similarly, the constructions above — including the results on the —2-shifted symplec-
tic structure and the orientations — applies to some other moduli spaces of complexes
of sheaves in the derived category of X, for instance moduli spaces of Pandharipande-
Thomas stable pairs and of Joyce-Song pairs. We will study the former in detail
in the following chapters. See also Diaconescu-Sheshmani-Yau [64] for some related
constructions.

5.2.4. Borisov-Joyce virtual fundamental class Let X be a Calabi-Yau 4-fold
and M, a moduli space of sheaves on X, for some fixed topological data w € H*(X, Q)
and fixed polarization. The virtual fundamental class [M,]""" — that we constructed
algebraically in Section 5.2.1 — had already been constructed as a (reall) class in
homology by Borisov-Joyce [23] (using Derived Differential Geometry) and in special
cases by Cao-Leung [38] (using Gauge Theory). In other words, the two virtual classes

coincide via the maps [146]

(M) € A (Mo Z[5]) ——— H. (M. Z[3])

I

€ H, (M,,7).

pe)
This show how Donaldson-Thomas invariants of Calabi-Yau 4-folds, when defined
by integrating classes v € H* (M,,7Z) against the Oh-Thomas virtual fundamental
class [M,]"", are still integer-valued, as there is no need to invert 2 while working in
(co)homology.

The advantages in using Oh-Thomas machinery are that we may work in K-theory
as well, by integrating K-theory classes against the twisted virtual structure sheaf (5;2,
and that we may use torus localization formulas to compute invariants.

We roughly explain how the (real!) virtual fundamental class is constructed by
Borisov-Joyce [23].
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At every point E € M,,, choose a half-dimensional real subspace
Ext? (E,E) C Ext*(E, E)

of the usual obstruction space Ext*(E, E), on which the quadratic form @ defined by
Serre duality is real and positive definite. Then one glues local Kuranishi-type models
of the form
Ky =m0k Ext'(E, E) — Ext? (B, E),

where « is the Kuranishi map for M, at E and 7, denotes projection on the first factor
of the decomposition Ext*(E, E) = Ext’.(E,E) & v/—1 - Ext’(E, E).

This glueing procedure is where the technicality is hidden, relying on the theory of
shifted symplectic geometry [160] and Joyce’s theory of derived C*°-geometry.

Example 5.2.6. When M, is smooth, the obstruction sheaf Ob — M, is a vector
bundle endowed with a quadratic form @ via Serre duality. Then the virtual class is
given by
[M,]"" = PD(e(Ob, Q)),

where PD(+) denotes Poincaré dual and e(Ob, @) is the (real!) square root Euler class
of (Ob, Q), i.e. the Euler class of its real form Ob,. In this case, a choice of orientation
of the obstruction theory is equivalent to a choice of orientation of Ob,. The (real)
square root Euler class satisfies

rk(Ob)

e(Ob,Q)? = (—1)" 2z e(Ob), if rk(ODb) is even,
e(Ob, Q) =0, if rk(Ob) is odd.






CHAPTER 6

K-theoretic DT /PT for toric
Calabi-Yau 4-folds

This is not the end,
this is not the beginning
just a voice like a riot,

rocking every revision

Waiting for the end, Linkin Park

6.1. Introduction

Two recent developments are Donaldson-Thomas type invariants of Calabi-Yau
4-folds and K-theoretic virtual invariants introduced by Nekrasov-Okounkov [142]. Let
X be a complex smooth quasi-projective variety, § € Hy(X,Z), and n € Z. We consider
the following moduli spaces:

e [ := Hilb"(X, ) denotes the Hilbert scheme of proper closed subschemes
Z C X of dimension < 1 satisfying [Z] = § and x(Oz) = n,

e P := P,(X, B) is the moduli space of stable pairs (F,s) := [Ox — F] in D?(X),
where F' is a pure 1-dimensional sheaf on X with proper scheme theoretic
support in class 8, x(F) = n, and s € H°(F) has 0-dimensional cokernel.

For projective Calabi-Yau 3-folds, both spaces have a symmetric perfect obstruction
theory. The degrees of the virtual classes are known as (rank one) Donaldson-Thomas
and Pandharipande-Thomas invariants. Their generating series are related by the famous
DT/PT correspondence conjectured by Pandharipande-Thomas [152] and proved by
Bridgeland [27] and Toda [180].

For projective Calabi-Yau 4-folds, I and P still have an obstruction theory

R%Omﬂl([g, Ig)g[—l] — LI;
Rtom,.,(I°,1°)[—1] — Lp,

149
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where (+)o denotes the trace-free part, R.7Zom, = R, o R7om, m;, mp are the natural
projections and we denoted the universal objects by Z C I x X and I* = [Opyx —
F] € D®(X x P).

These obstruction theories are not perfect, so the machineries of Behrend-Fantechi
[12] and Li-Tian [123] do not produce virtual classes on the moduli spaces. Nonetheless,
by the construction in Section 5.2, there exist (real) virtual classes

[I[" € Hy,(1,Z), [P]"" € Hy,(P,7)

in the sense of Borisov-Joyce [23] and (algebraic) virtual classes and twisted virtual
structure sheaves

1" € A, (LZ[3]), [P e A, (PZ[3]),
]

0, e K, (I,Z[2]), Op €K,y (P,Z[1])

N[ —=

in the sense of Oh-Thomas [147]. In both cases, the virtual fundamental class depends
on a choice of orientation of the obstruction theory, which was proven to exist by
Cao-Gross-Joyce [32] and Bojko [20].

6.1.1. Nekrasov genus Throughout this chapter, X is a toric Calabi-Yau 4-
fold'. Since X is non-proper, the moduli spaces I, P are in general non-proper
and we define invariants by Oh-Thomas localization formula (Theorem 5.2.4, 5.2.5).
There are interesting cases for which P is proper, e.g. when X = Totpz(O(—1) &
O(—2)), Totpiyp1 (O(—1,—1) & O(—1,—1)). Denote by (C*)* the dense open torus of
X and let T C (C*)* be the 3-dimensional subtorus preserving the Calabi-Yau volume

form. Then the T-fixed locus is
IT _ I(C*)47

which consists of finitely many isolated reduced points [35, Lem. 2.2]. Roughly speaking,
these are described by solid partitions (4D piles of boxes) corresponding to monomial
ideals in each toric chart U, = C* with infinite legs along the coordinate axes, which
agree on overlaps U, N Ug. In general, the fixed locus pe)! may not be isolated [35].
Throughout this chapter, whenever we consider a moduli space P of stable pairs, we
assume:

Assumption 6.1.1. X is a toric Calabi-Yau 4-fold and 5 € Hy(X,Z) such that
L, Po(X, B)©* is at most 0-dimensional.

When Assumption 6.1.1 is satisfied, P,(X,5)T = P,(X, )€ for all n and it
consists of finitely many reduced points, which are combinatorially described in [35,
Sect. 2.2].

This assumption is equivalent to saying that in each toric chart U, at most two
infinite legs come together (Lemma 6.2.2). This is the case when X is a local curve
or local surface. If in each toric chart U, at most three legs come together, pc)!

T.e. a smooth quasi-projective toric 4-fold X satisfying Kx = Ox, H>%(Ox) = 0, and such that
every cone of its fan is contained in a 4-dimensional cone.
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is isomorphic to a disjoint union of products of P'’s (essentially by [155]). This is
the case when X is a local threefold. In full generality, four infinite legs can come
together in each toric chart U,. Then P g considerably more complicated; its
connected components are cut out by incidence conditions from ambient spaces of the
form Gr(1,2)* x Gr(1,3)™ x Gr(2,3)". In order to avoid moduli, we focus on the isolated
case, though we expect our results to be generalized to the general setting.

Denote the virtual tangent spaces of I, P by
T = R#om,, (Iz, 12)0[1] € K3(I), Tp" = RA#om,,(I°,1°)[1] € K3(P).
At any fixed point x = Z € I or z = (F, s) € PT, T-equivariant Serre duality implies
that the T-equivariant K-theory classes
T les TR € Ko (pt) = ZIt 657 85,117/ (titatsta — 1)
have square roots.

Definition 6.1.2. Let V € K3%(pt) be a virtual T-representation. We say that T €
K% (pt) is a square root of V if

V=T+T e Ky(pt),

where () denotes the dual T-representation.
Namely there exist TY" |, pate, T8 |znatr € Ko (pt) such that
T = T7™ | enatt + T3 |2 hait

and similarly for P. These square roots are non-unique. We denote by virtual canonical
bundle Ky" := det T)"™" and the T-moving and T-fixed parts by

Nvir|$ — ( Ivir|$)mov7 (TIvir|$>fix.

We use similar notations for the stable pairs case. A choice of a square root of Ty™|,,
T}’,ir]x induces a square root Ey. ¢ for each of the above T-representations F.
For any T-equivariant line bundle L on X, we define

(6.1.1) LM = R (%L ® Oz), Rap(nixLQF)

on the moduli spaces [ and P.
Following [140]%, which deals with the case Hilb™(C*,0), we propose the following
definition.

Definition 6.1.3. We define the following Nekrasov genus of the moduli space I :=
Hilb"(X, 8). Consider an extra trivial C*-action on X and let O ®y be the trivial
line bundle with non-trivial C*-equivariant structure corresponding to the irreducible
character y. For any T-equivariant line bundle L on X, we define

Avir A (LM @y
I.s(L,y):=x(1,0 :
8(Ly) X< I ®(det(L[n]®y_1))2>

2And, apparently, here [141].
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B <T Opr A (LM @yt ) QU2 3 i 4
- Xf 9 . 1 e .
VET(N¥ir) — (det(LIM @ y=1))2 (titatsts — 1)

We define P, (L, y) analogously replacing I by P and imposing Assumption 6.1.1.

Here the first line is a global definition, while the second one expresses the invariants
by means of the virtual localization formula (Theorem 5.2.5) exploiting the properness
of the T-fixed locus IT. Here, /¢ is the K-theoretic square root Euler class described
in Section 5.1.3. For any Z € I and given any T-square root T'[}}},;; of T[3", we have
that .

Ve(TV) = (—1)7 A'(T|Vz'l,rﬂ:1f)l .
det(T|§fﬂZH)§
This means we can formulate® the Nekrasov genus without invoking the square root
Euler class

A’(T‘}i,rﬂ;flf) ‘ A (LM @y
det(Thm)?  (det(LI|; ® y=1))2

?

(6.1.2) Ls(Ly) =Y (~1) -

ZelT
vir

at the cost of making a choice of square root* T'|}}, at every fixed point Z € I and
paying the price of introducing a sign (—1)°%.

Remark 6.1.4. During the writing of this thesis — and of [36] — the twisted virtual
structure sheaf and K-theoretic localization formula were not established yet in the
setting of Calabi-Yau 4-folds. As a consequence, we defined our invariants I, 3(L, y)
(and P, s(L,y)) by the (expected) virtual localization formula as in (6.1.2). Luckily,
Oh-Thomas [147] provided the correct foundational aspects of the theory as we initially
conjectured them. Nevertheless, the signs appearing at each T-fixed point are in
principle implicit and little is known about them — see Appendix 6.6 for a (conjectural)
sign rule.

6.1.2. K-theoretic DT /PT correspondence We show in Section 6.2 that the
invariants I, 5(L,y) and P, 3(L,y) can be calculated by a K-theoretic vertex formalism.
The case I, o(L, y) was originally established by Nekrasov [140] — via supersymmetric
localization in String Theory — and Nekrasov-Piazzalunga [143], who also deal with

the higher rank case. Our focus is on the K-theoretic DT /PT correspondence for toric
Calabi-Yau 4-folds. In Section 6.2, we define the K-theoretic DT/PT 4-fold vertex’

@(th t27 t37 t47 y%)

VoL (L y,a), VL, (ty,q) €

Apvp AUV p

(a),

3We use here T¥" instead of N3 as both IT, PT are reduced and zero-dimensional, therefore
there are no positive fixed terms in T}*. There could be in principle negative fixed terms: in that case,
[-T¥*] = 0, but the negative fixed terms correspond to fixed obstructions that make the localized
contribution at Z vanish.

4“When developing the vertex formalism in Section 6.2.4, we make an explicit choice of square root
for each T}"|z and TH*| .

A priori the powers of t1, s, 3, t4 in VEJVp(t, Y, q), VEITWP(t7 y,q) are half-integers. We prove in

Proposition 6.2.13 that they are always integers.
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for any finite plane partitions (3D partitions) A, i, v, p. In the stable pairs case, we
require that at most two of A, u, v, p are non-empty (which follows from Assumption
6.1.1 by Lemma 6.2.2). Roughly speaking, these are the generating series of 1,, 5(L,y),
P.s(L,y) in the case X = C* L = Ocs, and the underlying Cohen-Macaulay support
curve is fixed and described by finite asymptotic plane partitions A, p, v, p (see Definition
6.2.14). The series VEJV . VE;V , depend on the choice of a sign at each T-fixed point.

Before we phrase our DT /PT vertex correspondence, we discuss a beautiful conjec-
ture by Nekrasov for VBT [140, 143]. We recall the definition of the plethystic expo-
nential. For any formal power series f(p1,...,prq1,---,¢s) in Q(p1, ..., 0:)[q1,- -, 4],
its plethystic exponential is defined by

o0

1
Exp(f(p1,-.. prias- -1 4s)) == exp (Z frs e ,q?)>

viewed as an element of Q(p1,...,p,)[q1,--.,qs]. Following Nekrasov [140], for any
formal variable x, we define the operator

— X

[N
[SIE

[z] ==

Conjecture 6.1.5 (Nekrasov). There exist unique choices of signs such that
[tato][trts][t2ts][y]
1 1 )
[t4][t2][ta] [ta] [y2 q)[y2 g~ "]

Vosoo(t:y,a) = Exp(F(t,y;0)),  F(tyiq) =
where F(t,y;q) € % is expanded as a formal power series in q.

See [140] for the existence part. Here we conjecture the uniqueness part.

Remark 6.1.6. Recently, Kool-Rennemo [115] announced a proof of Nekrasov’s con-
jecture.

We propose the following K-theoretic DT /PT 4-fold vertex correspondence:

Conjecture 6.1.7. For any finite plane partitions A\, u, v, p, at most two of which are
non-empty, there are choices of signs such that

V)\,ulzp(ta Y, Q) V/\,pr(t> Y, Q) VB;ZZ (tv Y, q)

Suppose we choose the signs for VBI __(t,y,q) equal to the unique signs in Nekrasov’s
conjecture 6.1.5. Then, at each order in q, the choice of signs for which left-hand-side
and right-hand-side agree is unique up to an overall sign.

We verify this conjecture in various cases for which |A| 4 |u| + |v| 4 |p| < 4 and the
number of embedded boxes is < 3 — for the precise statement, see Proposition 6.2.15.
This conjecture and the vertex formalism imply the following:

Theorem 6.1.8. Assume Conjecture 6.1.7 holds. Let X be a toric Calabi-Yau 4-fold
and 8 € Hy(X,7) such that | | P,(X,3)©)" is at most 0-dimensional. Let L be a

T-equivariant line bundle on X. Then there exist choices of signs such that

Yo Inp(L,y)q
P, L
S Too(L,y) g Z #Ly)g
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One may wonder whether there are other K-theoretic insertions for which a DT/PT
correspondence similar to Conjecture 6.1.7 holds. The most natural candidates are
virtual holomorphic Euler characteristics x(Z, @;lr), X(P, @‘;r), or replacing L in Def-
inition 6.1.3 by a higher rank vector bundle (or even K-theory classes of negative
rank). However, we have not found any other K-theoretic insertions that work and
we believe that the insertion of Definition 6.1.3 is special (see Remark 6.2.17 for the
precise statement).

In Appendix 6.6, we present expected closed formulae for the unique signs (up
to overall sign) of Conjecture 6.1.7, which work for all the verifications done in this
chapter. This generalizes the sign formula obtained by Nekrasov-Piazzalunga, from
physics methods, for Hilbert schemes of points on C* [143, (2.60)].

We now discuss three specializations of the K-theoretic DT /PT theory we studied
so far.

6.1.3. Dimensional reduction to 3-folds Let D be a smooth toric 3-fold® and
let 5 € Ho(D,Z). Consider the following generating functions

vir

(6.1.3) SO XHID(D, 8),0,)q", S x(Pu(D.8),0}) ¢,

where (7)}m = OV @Kz, (AQ;;r = O @(K¥r)2 are the twisted virtual structure
sheaves of I = Hilb™(D, ), P = P,(D, ) introduced in [142]".

The calculation of the K-theoretic DT /PT invariants of toric 3-folds is governed by
the K-theoretic 3-fold DT /PT vertex [142, 149, 3|

V:);\EILDT (ta Q)a ViE;PT(ta Q) S Q(tb t27 ls, (t1t2t3)%)<(q))>

where ), i, v are line partitions (2D partitions) determining the underlying (C*)3-fixed
Cohen-Macaulay curve and ty,to, 3 are the characters of the standard torus action on
C3.

In the next theorem, A, i, v are line partitions in the (zq, x3), (1, 23), (21, x2)-planes
respectively. Then A, u, v can be seen as plane partitions in (xq, z3,14), (71,3, 24),
(w1, T2, T4)-space, respectively, by inclusion {x, = 0} C C3.

Any plane partition ), i, v, p determine a (C*)*-fixed Cohen-Macaulay curve on C*
with asymptotic profiles A, u, v, p. The ideal sheaf of such a curve corresponds to a
monomial ideal, which is described by a solid partition denoted here by 7(A, u, v, p)
(this is explained in detail in Section 6.2.1). The renormalized volume of this solid
partition is denoted by |m(A, u, v, p)| as in (6.2.4).

Theorem 6.1.9. Let A, i, v be any line partitions in the (zo, x3), (21, x3), (1, x2)-planes
respectively. For any T-fixed subscheme Z C C* with underlying maximal Cohen-
Macaulay curve C' determined by A, i1, v, &, we choose its sign in Definition 6.1.3 equal to

5More precisely, a smooth quasi-projective toric 3-fold such that every cone of its fan is contained
in a 3-dimensional cone.

"In the 3-fold case, these invariants do not depend on the choice of square roots (K}’i’)%, (K}ir)%.
This is because different choices of square roots have the same first Chern class (modulo torsion). See

also [3, Section 2.5].



6. INTRODUCTION 155

(—1)lrAwr2)ixtUe/12) where x (I /1) equals the number of embedded points of Z. For
any T-fixed stable pair (F,s) on C* with underlying Cohen-Macaulay curve determined
by A\, i1, @, @, we choose its sign in Definition 6.1.3 equal to (—1)mMw22)4x(@) " where
X(Q) denotes the length of the cokernel of s. Then

3b,DT 3D,PT
(614) V)\DJZ/Z (t7 Y, q) |y:t4 = V/\,u,l/ (t _Q>7 VE;@@(t7 Y, q) ’y=t4 = V)\MQ (t _q>
In particular, Conjecture 6.1.7 and compatibility of signs imply®

VIDDT (8, q) = VRDPT (8, ) VERET (8, q).

Remark 6.1.10. In all the cases for which we checked Conjecture 6.1.7 (see Proposition
6.2.15), we verified that the compatible choice of signs mentioned in Theorem 6.1.9 exists.
This explains our sign choice for the T-fixed points which are scheme theoretically
supported on {z4 = 0}.

Theorem 6.1.11. Assume Conjecture 6.1.7 and compatibility of signs. Let D be a
smooth toric 3-fold and 8 € Hy(D,Z) such that all (C*)*-fixed points of | |, Hilb™(D, 3),
LI, P.(D, ) have at most two legs in each maximal (C*)3-invariant affine open subset
of D, e.g. D is a local toric curve or local toric surface. Then the K-theoretic DT/PT
correspondence [142, Eqn. (16)] holds:

n X Hilb" (D ﬂ O A vir
>, x(Hilb™(D,0), (’)
Remark 6.1.12. The usual DT/PT correspondence on toric 3-folds [155] is a special

case of the K-theoretic version of Nekrasov-Okounkov [142, Eqn. (16)]. To the author’s
knowledge, the later is still an open conjecture.

6.1.4. Cohomological limit I Let t; = e®, for all i = 1,2, 3,4, and y = ™. We
impose the Calabi-Yau relation ttst3t, = 1, which translates into Ay + Ao + A3+ Ay = 0.
In Section 6.3.2, we study the limit b — 0. Let X be a Calabi-Yau 4-fold, g € Hy(X,Z),
and L a T-equivariant line bundle on X. Define the following invariants

S (Ext? (1. 1,)
e(Eth(]Zalz))
e(RF(Xa L ® OZ)V & em)7

]COhO(L,m) — Z (_1)02

ZeHilb™(X,8)T

(6.1.5)

where ext?(I4, I;) = dim Ext?(I, I;). The expression under the square root is a square
by T-equivariant Serre duality. Two choices of square root differ by a sign and this
indeterminacy is absorbed by the choice of orientation (—1)°Z. These invariants take
values in

Q()\la )\27 )\37 )\47 m)
M+ A+ A3+ Ay)

8Compatibility of signs means that there exist choices of signs in Conjecture 6.1.7 compatible with
the choices of signs stated in this theorem. For all cases where we checked Conjecture 6.1.7 (listed in
Proposition 6.2.15), the sign formulae in Appendix 6.6 satisfy this compatibility.
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where \; := ¢1(t;), m := c¢1(e™) denote the T x C*-equivariant parameters. Here
C* corresponds to a trivial torus action with irreducible character ¢™. We similarly
define invariants Ps%°(L,m) replacing Hilb"(X, 8) by P,(X, ) and RI'(X,L ® Oy)
by RI'(X, L ® F'), in which case we also require Assumption 6.1.1 holds.

Remark 6.1.13. The cohomological invariants (6.1.5) can be seen as the virtual local-
ization of the global invariants

/ eTxC((L[n]>v ® em)'
[Hilb™(X,B)]vir

As the moduli space Hilb" (X, ) is non-proper, the integral is defined by means of
virtual localization as (6.1.5) (cf. Section 6.4). This choice of signs is related to the
choice of signs needed in defining the square root Euler class y/e(+) as in Section 5.1.2.
A similar argument applies to the PT theory.

Theorem 6.1.14. Let X be a toric Calabi-Yau 4-fold, § € Hy(X,Z), and let L be a
T-equivariant line bundle on X. Then
_ Z [coho

lim (D" (L) ")
: n coho n
lim @ Pos(Ly) ") = Z Pete(L,m) g

where the choice of signs on the right-hand-side is determined by the choice of signs

t; —ebN; ’y:ebm

tifebAZ Y= ebm

on the left-hand-side. For the second equality, we assume | |, P, (X, B)((C*)4 is at most
O-dimensional. Hence, Conjecture 6.1.7 implies that there exist choices of signs such

that
Z [coho(L m)

n “n,B

Pcoho L
Z [coho(L m) Z n,B m)

This theorem provides motivation for conjecturing the following new cohomological
DT/PT correspondence for smooth projective Calabi-Yau 4-folds:

Conjecture 6.1.15. Let X be a smooth projective Calabi-Yau 4-fold and € Hy(X,7Z).
For any line bundle L on X, there exist choices of orientations such that

B i 00 [
>on f[Hilb"(X,O)]Vire(L[n})qn n J[Pa(X,B)V

Remark 6.1.16. This conjecture has been recently proven by Park [161] in some cases

by imposing some conditions on L and f.

6.1.5. Cohomological limit IT Let t; = e, y = €™, ) = mgq, where we again
impose the Calabi-Yau relation titst3t, = 1. In Section 6.3.3, we consider the limit
b — 0,m — oo. In [35], the two first-named authors studied the following cohomological
invariants

S o (Ex? (1 1,)
e(Eth(IZ7IZ)> |

(6.1.6) o= > (-~

ZEHilb™ (X,5)T



6. INTRODUCTION 157

and similar invariants Pﬁf’g‘o, where we replace Hilb" (X, 5) by P,(X, ) and impose
Assumption 6.1.1.

Remark 6.1.17. The cohomological invariants (6.1.6) can be seen as the virtual local-

[
[Hilb™ (X,8)]vir

In [35], a vertex formalism for these invariants was established giving rise to the

ization of the global invariant

similarly to Remark 6.1.13.

cohomological DT /PT vertex

Q()\la )\27 )\37 )\4)
()\1 + Ao + A3 + )\4)

for any finite plane partitions A, i, v, p. As above, in the stable pairs case we assume at

Vcoho,DT(Q), Vcoho,PT(Q) e

Auvp Auvp

(@),

most two of these partitions are non-empty.
The cohomological DT /PT 4-fold vertex correspondence [35] states:

Conjecture 6.1.18 (Cao-Kool). For any finite plane partitions A, j1, v, p, at most two
of which are non-empty, there are choices of signs such that

Vcoho,DT (Q) _ Vcoho,PT (Q) VC@();%’@DT (Q) )

AV p AV p

Theorem 6.1.19. Let X be a toric Calabi-Yau 4-fold and € Hy(X,7Z). Then

. bm\ n _ coho Nn
lbl_l;% (; In,ﬁ(oXa € ) q ) ti=ebMi Qg - ; ]n,ﬁ )

m—r0o0
_ coho Nn
. = B5eQn,
t;=e"i,Q=qm
n

lim (Z P, 5(Ox,e"™) q”)
where the choice of signs on the right-hand-side is determined by the choice of signs

b—0
m—r0oQ

on the left-hand-side. For the second equality, we assume | | P,(X,3)©)" is at most
O-dimensional. Moreover, Conjecture 6.1.7 implies Conjecture 6.1.18.

We summarise the above three limits in the following figure.

6.1.6. Application: local resolved conifold In order to illustrate the 4-fold
vertex formalism and the three limits, we present a new conjectural formula, which
can be seen as a curve analogue of Nekrasov’s conjecture. Let X = D x C, where
D = Totp:1 (O(—1) & O(—1)) is the resolved conifold. Consider the generating series of
K-theoretic stable pair invariants of X:

ZX(ya q, Q) = Z Pn,d[IP’l](O7 y) and
n,d

Conjecture 6.1.20. Let X = Totp (O(—1) & O(—1) @ O). Then there exist unique
choices of signs such that

Q [y]
[ta)lyzqllyzq!]

Zx(y,q,Q) = Exp (f(t,y; q, Q)>> F(t,y:q,Q) :=

Y
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K-theoretic DT/PT on toric CY 4-fold X

Thm.6.1.1/

K-theoretic DT/PT :
on toric 3fold D Cohomological DT/PT

[142] with insertions on X

V=0x, Q=gm
t;=ebri, b—0 m—00
Rmk. 6.3.5 Thm.6.1.19

Cohomological DT/PT C;?lomtOizglizl ST /f;l‘(
on toric 3-fold D [155] without msertions o

35]

ti=ebri, y=eb™ b—0
Thm.6.1.14

FIGURE 1. Limits of K-theoretic DT/PT on toric CY 4-folds

1
where ;" denotes the torus weight of O over P! and F(t,y:;q, Q) € Q(t2,y2,q,Q) is
expanded as a formal power series in q and Q).

This conjecture is verified modulo (more or less) Q%¢° using the vertex formalism. See
Proposition 6.5.2 for the precise statement. Applying dimensional reduction, Conjecture
6.1.20 implies a formula for the K-theoretic stable pair invariants of the resolved conifold
D recently proved by Kononov-Okounkov-Osinenko [109]. Applying the preferred limits
discussed by Arbesfeld [3] to the formula of Kononov-Okounkov-Osinenko yields an
expression obtained using the refined topological vertex by Igbal-Kozgaz-Vafa [98].
Applying cohomological limit II yields a formula, which was recently conjectured in
[35]. See Section 6.5 for the details.

6.1.7. Relations with other works This work is a continuation of [35], where
Cao-Kool introduced the DT/PT correspondence (with primary insertions) for both
compact and toric Calabi-Yau 4-folds. In the compact case, “DT=PT” due to inser-
tions. In loc. cit. the authors used toric calculations to support this result and found
the cohomological DT/PT 4-fold vertex correspondence (Conjecture 6.1.18), which
surprisingly has the same shape as the DT /PT correspondence for Calabi-Yau 3-folds
[152]. This motivated us to enhance Conjecture 6.1.18 to a K-theoretic version using
Nekrasov’s insertion (Definition 6.1.3), which specializes to (i) the cohomological DT /PT
correspondence for toric Calabi-Yau 4-folds, (ii) the K-theoretic DT /PT correspondence
for toric 3-folds [142, 155].

After the paper [36] was written, further studying has been done for K-theoretic
and tautological invariants on Calabi-Yau 4-folds, see for example Cao-Toda [45, 43],
Cao-Qu [41], Bojko [22, 21], Park [161].

6.2. K-theoretic vertex formalism

6.2.1. Fixed loci of Hilbert schemes Let X a toric Calabi-Yau 4-fold and
consider the Hilbert scheme Hilb" (X, 3), parametrizing closed subschemes Z C X with
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proper support in the homology class [Z] = § € Hy(X,Z) and x(Oz) = n. Denote
by A(X) the Newton polytope of X, by V(X) its set of vertices and by E(X) its set
of edges. Vertices a € V(X) correspond to (C*)*-fixed point of X, each contained
in a maximal (C*)%-invariant open subset U, C X. Edges a8 € F(X) correspond to
(C*)*-invariant lines L,z = P!, whose normal bundle is

and satisfies map + myg 5 + mgﬁ = —2, being X a Calabi-Yau variety. We may choose
coordinates ¢; on (C*)* and z; on U, such that the (C*)*-action on U, is determined by

(621) (tl,tg,tg,t4) sy = tzl‘z
If the line L,z is defined in these coordinates by { zy = 23 = 24 = 0}, the transition

function between the charts U, and Up are of the form

1
maB

. o)
(6.2.2) (21, 9, 23, 24) — (27", 20wy " wgay o0 wamy ).

Denote by T = { t1tst3t, = 1} C (C*)* the subtorus preserving the Calabi-Yau form of
X. The (C*)*-action and the T-action naturally lift on Hilb"(X, 3), whose fixed locus
is reduced and O-dimensional.

Lemma 6.2.1 ([35, Lemma 2.1, 2.2]). We have an isomorphism of schemes
Hilb"(X, 8)T = Hilb"(X, 8)©",
which consists of finitely many reduced points.

We recap the description of the (C*)*-fixed locus, which is completely analogous to
[127, Sec. 4.2] in the setting of toric 3-folds. For an extensive treatment in the case of
toric 4-folds, look at [35, Sec. 2.1].

Let Z € Hilb" (X, 6)(C*)4 and I be its ideal sheaf; Z C X is preserved by the torus
action, hence it must be supported on the (C*)*-fixed points (corresponding to vertices
a € V(X)) and (C*)%-invariant lines of X (corresponding to edges a3 € F(X)). Since
I is (C*)*-fixed on each open subset, I must be defined on U, by a monomial ideal

Ia - -[|Ua C C[.Tl,xg,x37x4],

and may also be viewed as a solid partition 7,

4
(6.2.3) To = {(kl, ko, ks, k), [ [ 25 ¢ Ia} C Z4,.
i=1
The associated subscheme of 1, is (at most) 1-dimensional. The corresponding partition
T, may be infinite in the direction of the coordinate axes. If the solid partition is viewed
as a box diagram in Z*, the vertices in (6.2.3) are determined by the interior corners of
the boxes, the corners closest to the origin.
The asymptotics of 7, in the coordinate directions are described by four ordinary
plane partitions. In particular, in the direction of the (C*)*-invariant curve L,s given
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by {2 = z3 = x4 = 0 }, we have the plane partition A,z with the following diagram

Aag = { (ka, kg, ka) » 2 ab?alpalt ¢ 1,k >0}
= { (Ko, ks, k) = 252052} & Lo } C Z3,,
where
Iog = I|v.nv, C C[l’itl,$2,l'3,l'4].

The vertices of A\, defined above are the interior corners of the squares of the associated
plane partition.

In summary, a (C*)*-fixed ideal sheaf can be described in terms of the following
data:

(i) a plane partition A,z assigned to each edge aff € E(X);

(ii) asolid partition 7, assigned to each vertex a € V(X), such that the asymptotics
of m, in the three coordinate directions is given by the plane partitions A,z
assigned to the corresponding edges.

Let Z € Hilb"(X, 8)T correspond to the partition data { 7, Aag }aﬂ' We see

p= Z |/\a5|[LOé,3] S HQ(Xv Z)v

afeE(X)

where |A\,g| denotes the size of the plane partition A, the number of the boxes in the
diagram.

For a (possibly infinite) solid partitions, we define the renormalized volume || as
follows. Let \;, @ = 1,2, 3,4, be the asymptotics of 7. We set

(6.2.4) ml=#{7n0,... . N*}-(N+1)> [N, N>o0.

The renormalized volume is independent of the cut-off N as long as N is sufficiently
large. We will say that a solid partition is point-like if all the asymptotics \; = 0,
i=1,...,4 and curve-like if at least one \; # 0.

To conclude, let m = (mgy, m3, my), A a plane partition and set

(6.2.5) faN) = Y (I—mg-i—mz-j—my-k).
(4,9,k)EN

By [35, Lemma 2.4], if a T-invariant closed subscheme Z C X corresponds to a partition
data { mq, Aag },, 5, then

(6.2.6) XO0z2)= D Imal+ D fans(Nas),

acV(X) aBEE(X)

where m,g is the multidegree of the normal bundle of the T-invariant line L.
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6.2.2. Fixed loci of stable pairs The action of (C*)* on X also lifts to the moduli
space P := P, (X, () of stable pairs. Similar to [155], we give a description of the fixed
locus P(€)",

For any stable pair (F,s) on X, the scheme-theoretic support Cr := supp(F) is a
Cohen-Macaulay curve [152, Lem. 1.6]. Stable pairs with Cohen-Macaulay support
curve C' can be described as follows [155, Prop. 1.8]:

Let m C O¢ be the ideal of a finite union of closed points on C'. A stable pair (F) s)
on X such that Cr = C and supp(Q)req C supp(O¢ /m) is equivalent to a subsheaf of
limg Hom(m”,O¢)/ Oc.

This uses the natural inclusions

Hom(m", O¢) — Hom(m™™ Op)
OC — %om(mr, Oc)
induced by m"*! C m" C Oc.

Suppose [(F,s)] € P then O is (C*)*fixed and determines {m, }acv(x) With
each 7, empty or a curve-like solid partition. Consider a maximal (C*)*-invariant affine

open subset C* = U, C X. Denote the asymptotic plane partitions of 7 := 7, in
directions 1,2,3,4 by \, i, v, p. These correspond to (C*)*-invariant ideals

I, CC

M, := Clzy, 27"] ®c Clwg, 23, 24] /12, ,
My := Clzy, 25" @c Clry, 23, 24] /14

Ms = Clx3, 25" ®c Clx1, 79, 7 4}/[Zw
My = Clzy, 2" @c Clar, xa, 3] /1,

Then [155, Sect. 2.4] gives
4
h&%om(mr’ OC‘UQ) & @Mz = M,

where m = (21, 9, x3,24) C Clxy, 29, 3, 24]. Each module M; comes from a ring, so it
has a unit 1, which is homogeneous of degree (0,0, 0,0) with respect to the character

group (6*\)4 = Z*. We consider the quotient
(6.2.7) M/((1,1,1,1)).

4

Then (C*)*-equivariant stable pairs on U,, = C* correspond to (C*)*-invariant C|xy, zq, 23, T4]-

submodules of (6.2.7).
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Combinatorial description of M/((1,1,1,1)) Recall the character group of (C*)*
is Z*. For each module M;, the weights w € Z* of its non-zero eigenspaces determine
an infinite leg Leg, C Z* along the x;-axis. For each weight w € Z*, introduce four
independent vectors 1y, 2., 34, 4. Then the Clxy, z9, 3, x4)-module structure on

M/{(1,1,1,1)) is determined by
:L’] . iw = ’iw+ej,
where 7,5 = 1,2, 3,4 and ey, es, €3, e4 are the standard basis vectors of Z*. Similar to

the 3-fold case [155, Sect. 2.5, we define regions
4
IMUNUITUIVUT = JLeg; € Z*, where
i=1
e I consists of the weights w € Z* with all coordinates non-negative and which
lie in precisely one leg. If w € I, then the corresponding weight space of
M/{(1,1,1,1)) is O-dimensional.

e I~ consists of all weights w € Z* with at least one negative coordinate. If w € I~
is supported in Leg;, then the corresponding weight space of M/((1,1,1,1)) is
1-dimensional

CxC- -4, CTM/{(1,1,1,1)).

e II consists of all weights w € Z* which lie in precisely two legs. If w €

IT is supported in Leg; and Leg;, then the corresponding weight space of

M/{(1,1,1,1)) is 1-dimensional
C=C-1,®C-7,/C- (4, + Juw) € M/((1,1,1,1)).

e III consists of all weights w € Z*, which lie in precisely three legs. If w € III
is supported in Leg;, Leg;, and Leg,, then the corresponding weight space of
M/{(1,1,1,1)) is 2-dimensional

C*2C iy ®C- 5, ®C-ky/C- (4 + Ju + kw) € M/{(1,1,1,1)).
e IV consists of all weights w € Z*, which lie in all four legs. If w € IV, then the
corresponding weight space of M/((1,1,1,1)) is 3-dimensional
C*~2C-1,8C-2,0C-3,8C-4,/C-(1y+24,+3,+4,) CM/{(1,1,1,1)).

Box configurations. A box configuration is a finite collection of weights B C
IMTUIITU IV U T~ satisfying the following property:

if w = (wy,wy, w3, wy) € IUINTUIVUI™ and one of (w; — 1, wq, w3, wy), (wy,wy —
1, w3, wy), (wy,we, w3 — 1,wy), or (wy,ws, ws,wy — 1) lies in B then w € B.

A box configuration determines a (C*)*-invariant submodule of M/{(1,1,1,1)) and
therefore a (C*)%-invariant stable pair on U, = C* with cokernel of length

#(BNI)+2-#BNIUI)+3-#(BNIV)+H#(BNI7).

The box configurations defined in this section do not describe all (C*)*-invariant
submodules of M/((1,1,1,1)). In this chapter, we always work with Assumption
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6.1.1 from the introduction, i.e. |J, P.(X,3)©)" is at most 0-dimensional. Then the
restriction of any T-fixed stable pair (F), s) on X to any chart U, has a Cohen-Macaulay
support curve with at most two asymptotic plane partitions and is described by a box
configuration as above. See [35, Prop. 2.5, 2.6]:

Lemma 6.2.2. Suppose | |, P,(X, B)(C*)4 is at most O-dimensional. Then for any
[(F,s)] € Po(X,B8)©)" and any a € V(X), the Cohen-Macaulay curve Cp|y, has at
most two asymptotic plane partitions.

Lemma 6.2.3. Suppose | |, P.(X, B)C€)* is at most O-dimensional. Then, for any
n e Z, Py(X,3)T = P(X,8)©)" consists of finitely many reduced points.

6.2.3. K-theory class of obstruction theory Let X be a toric Calabi-Yau 4-fold
and consider the cover {U, }aev(x) by maximal (C*)*-invariant affine open subsets. We
discuss the DT and PT case simultaneously. Let E = I, with Z € I'T = Hilb"(X, 8)T,
or £ = I, with I* = [Ox — F] € PT = P,(X,5)T. In the stable pairs case, we
impose Assumption 6.1.1 of the introduction so PT = P©)" is at most 0-dimensional
by Proposition 6.2.3. We are interested in the class

~RHom(E, E), € K" (pt).

Note that in this section, we work with the full torus (C*)?. In the next section, we will
restrict to the Calabi-Yau torus T C (C*)* when taking square roots. This class can be
computed by a Cech calculation introduced for smooth toric 3-folds in [127, 155]. In
the case of toric 4-folds, the calculation was done in [35, Sect. 2.4]. We briefly recall
the results from loc. cit.

Consider the exact triangle

E — Ox — F,

where £/ = Oy when E = I, and ' = F when E = I°*. In both cases, E’ is
1-dimensional. Define U,g := U, NUg, Uapy = U, NUzNU,, etc., and let E, := E|y,,
E.p = Ely,, etc. The local-to-global spectral sequence, calculation of sheaf cohomology
with respect to the Cech cover {U,}acv(x), and the fact that £’ is 1-dimensional give

~RHomy(E,E)o =~ »_ RHomy, (Es, Ea)o+ Y RHomy,,(Eas, Eapo-
@€V (X) aBEE(X)

On U, = C*, we use coordinates xy, s, 73, 24 such that the (C*)%*-action is
t-x; =tx;, foralli=1,2,34 and t = (t;,ts,13,t4) € (C*)%
Denote the T-character of E'|y, by

Lo = trp

lva -

In the case E' = Oy, the scheme Z|y, corresponds to a solid partition 7, as described
in Section 6.2.1 and

(6.2.8) Zo= Y ttitht}.

0,5,k ET
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When E’ = F, we use the short exact sequence

0—=>0c—F—=Q—0,
where C' is the Cohen-Macaulay support curve and @) is the cokernel. Then
(6.2.9) Zo = tog |y, THQIy,

where O¢ |y, is described by a solid partition 7, and Q|y, is described by a box
configuration B® as in Section 6.2.2 (by Assumption 6.1.1). In this case, tro, |,
is given by the right-hand-side of (6.2.8). Moreover, trg, is the sum of ¢* over all
w € B,

For any aff € E(X), we consider

Zaﬁ = tl"E/‘Uaﬁ .

In both cases, F = Iz and E = I*, there is an underlying Cohen-Macaulay curve Cly,,.
Suppose in both charts Uy, Ug, the line Los = P! is given by {2 = 23 = x4 = 0}.
Note that Uy,s = C* x C*. Then C|y,, is described by a finite plane partition Aug (its
cross-section along the z-axis) and

(6.2.10) Zop= Y ikt
k€A ap

Using an equivariant resolution of E,,, E,g, one readily obtains the following formulae
for the T-representations of —RHom(E,, E,)o, RHom(E,3, Eap)o (see [35, Sect. 2.4],
which is based on the original calculation in [127])

Za Piozy -
T RHom(Ea Ba)o = Zo + e = o Zala
(6.2.11) g

Zag P234 72
— 1 Rftom = 0(t) | ~Zap + o — o ZagZas )
RHom(Eqg,Eqp)0 (t1) < g totsty  tolsty peer

where (-) is the involution on K (pt) mentioned in the introduction and

o(t) =) ",

P1234 = Zl — tl)(l — t2)(1 — tg)(l — t4),
Pasy o= (1 — t2)(1 — t3)(1 — t4).

(6.2.12)

As in [127], one has to be careful about the precise meaning of (6.2.11). For instance,
in the DT case, when 7, is point-like, the formula for tr_gruom(e, g.), in (6.2.11) is
Laurent polynomial in the variables ¢;. However, when 7, is curve-like, the infinite
sum (6.2.8) for Z, first has to be expressed as a rational function and tr_ruom(z,,E.)
is then viewed as a rational function in the variables t;.

The problem with (6.2.11) is that it consists of rational functions in ty,ts,ts, 4.
From [127], we learn how to redistribute terms in such a ways that we obtain Laurent



6. K-THEORETIC VERTEX FORMALISM 165

polynomials. Let Bi1, B2, B3, B4 be the vertices neighbouring . Define’

Za P. —
Faﬁ = —4ag 5 - 254 Zaﬁzaﬂa
t2t3t4 t2t3t4
Faﬁi (ti’7 ti"y ti’")
(6.2.13) Vy = tr_RHom(Ea,Ea)o T ; 1—1, ,

£ . 1Fas(tatsty Fag(taty ™ tsty " taty ")
1 1

where {tl, ti/, ti”; ti’”} = {tl, tg, tg, t4} and

(ty, o, by, ) > (E71 baty ™0 tgty @7 taty %)

corresponds to the coordinate transformation U, — Us and mag, m;, 5, m,, 5 are the
weights of the normal bundle of L,3. Then

(6.2.14) tT_RHom(B,E)o Z Vo + Z Eag,

acV (X aBEE(X)

and V,, E,s are Laurent polynomials for all « € V(X) and af € E(X) by [35
Prop. 2.11].

Remark 6.2.4. When we want to stress the dependence on Z,, Z,s and distinguish
between the DT/PT case, we write VDT, VIT, EBIB, EZI,@ for the classes introduced in
(6.2.13).

6.2.4. Taking square roots Let o € V(X). As before, denote by fi,...,0s €
V(X)) the vertices neighbouring « and labelled such that L,g, = {x;y = x;» = xym = 0},

9We only write down F,5 and E,g when L,s = P! is given by {zy = 3 = x4 = 0}, i.e. the leg
along the x;-axis. The other cases follow by symmetry.
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where {i',i",7"} = {1,2,3,4} \ {i}. We define

o, (bt tim)

3
Vo 1= Zcx - ﬁ123Za7a + Z
=1

1—1¢
1 - = — F123 -
+ (1 — t4){ - Zaﬁ4 + P123(ZCYZC¥54 - ZaZaﬂ4) + 1— t4ZOé54Za54 )
o . ptfam(tetsty)  fas, (ot "™ gty " tat, )
af - — U1 -1 1 )

— —m/, —m!
— t*lfaﬂg(tlat?w%) fapy (tity 72 tsty 72 gty )

€nB, 1= — ,

—Ma —m!, -m!
(6.2.15)  enp, := poifag(tiyta ty) fags (fats ™" oty ™ taty ™)
2 afs =13

1—t3! 1—t3! ’

(S — t—lfaﬂ4 (tla to, t3) . faﬂ4 (tltzma64>t2t; o ) t3t; aﬁ4)
afy - U4 1 1 )

Py3 -
fapy == —Zap, + T Zap Zap;»

tols

Py3 -
faﬁ2 = _Zaﬁ2 + Zaﬁ2Za527

t1t3

P12 =4
faﬁ:& = _Zaﬁzs + _Zaﬁ:szaﬂs’

t1to

P12 =4
faﬁal = _Zaﬁ4 + ZaB4Zaﬂ47

tits

where Poz := (1 —t3)(1 —t3) etc. In these formulae, there is an asymmetry with respect
to the fourth leg, which we discuss below in Remark 6.2.8. Also note that these formulae
become symmetric in 1,2,3 when the fourth leg is empty, i.e. Z,5, = 0. Recall that in
the PT case, we impose Assumption 6.1.1 and there is no fourth leg. We explain how
to make correct this asymmetry — in the DT case — in Appendix 6.6. We stress that,
at this point, we do not yet impose the relation ¢,t5t3t, = 1.

The first observation is that v, and e,g are Laurent polynomials in the variables
t1,t9,t3,t4. Indeed in the expression for e,p, (6.2.15), both numerator and denominator
vanish at ; = 1, so the pole in t; = 1 cancels. In order to see that v, is a Laurent
polynomial, one shows that it has no pole in t; = 1 for each i = 1,2,3,4. Indeed,

substituting
Zop,
Z, = 2P 4 ...
—t,
into (6.2.15), where --- does not contain poles in ¢; = 1, one finds that all poles in

t; = 1 cancel.
Now we restrict to the Calabi-Yau torus tytststy = 1. Using definition (6.2.15), we
find

Va :Va+va7 Eaﬁ = €up +éa,87
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for all @ € V(X) and o € E(X). This follows from a straight-forward calculation
using titotsts = 1 and the following two identities (and their permutations)

Pos Py Py

Pios + Pios = Piogs, — = .
123 123 1234 tols 1t2_1t§1 totsts

Finally we note that, after setting titst3t4 = 1, v, and e,p do not have T-fixed part
with positive coefficient. This follows from the fact that V, and E,3 do not have
T-fixed terms with positive coefficient (see comments in [35, Def. 2.12]). We therefore
established the following:

Lemma 6.2.5. The classes v,, e,s are Laurent polynomials in t;,ts,t3,t4. When
titotsty = 1, they satisfy the following equations

Va :Va+va, Eaﬁ = €up +éa,8'
Moreover, for titatsts = 1, v,, €ap do not have T-fixed part with positive coefficient.

Remark 6.2.6. When we want to stress the dependence on Z,, Z,3 and distinguish
between the DT /PT case, we write v, v5T, egzﬁ, e;;':ﬁ for the classes introduced in

this subsection.

Remark 6.2.7.In the case of Hilb"(C%,0), the possibility of an explicit choice of
of square root of V,, first appeared in [143]. The choice of square root in (6.2.15)
is non-unique. For instance, in the case of Hilb"(C* 0), [143] instead work with
Vo = Zo — P193Z0Z,. Our choice is convenient when taking limits in Section 6.3.

Remark 6.2.8. Our choice of square root (6.2.15) is asymmetric in the indices 1,2, 3, 4,
i.e. index 4 is singled out. Later, when we add the insertion of Definition 6.1.3 (giving
V, in (6.2.16)), we want to single out the fourth direction. Putting y = t4, we want
[—Va] equal to zero when Z, is not scheme theoretically supported in the hyperplane
{z4 = 0} and we want [—V,] equal to the vertex of DT /PT theory of the toric 3-fold
{z4 = 0} 2 C?® when Z, is scheme theoretically supported in {z, = 0} (Proposition
6.3.1). Look at the Appendix 6.6 for a discussion of canonicity of this asymmetry.

6.2.5. K-theoretic insertion We turn our attention to the K-theoretic insertion
in Definition 6.1.3. Using v,, e,p defined in the previous section, we define
(6.2.16)

4 —
~ E— Za . ti’; t’i”7 ti"’
Vo i =Va —yZat+ Y7 ﬁ1<_t_1 )
i=1 i

Y

v = 1 = —Mg, -m, —my,
Y Zap, (o, t3,t4) — ———YZ s, (tat, T tst, T tat, ),
1-— tl 1— tl

€ap; = €ap; T

t L oy oy
—yZOéﬁz (tla t3a t4) - —yZOéﬁz (tth & 5 t3t2 7 ) t4t2 & )a
1—1t, 1—1t,

€apy = €ap, T

< Z 1 = — —m!, —m!
€aps ‘= Caps + —yZOéﬁs (tlv ta, t4> - —yzaﬁs (tltS B37t2t3 ﬁ37254753 63)7
1—t5 1—t5

N4 1 N4 —Mg 7mla 7m/o£
yZOc54 (tla lo, t3) - —yZOCB4 (t1t4m 6471&2t4 ﬁ47t3t4 54)'

€., = e€,5, + ta
ofs - Sals T T 1—t
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Then

t17 t27 t37 t4)
1—14

3 ~

_ o fos

Va:Za_yZa_P12SZaZa+ E BZ(
i=1

1 o . P, -
= Zog — 659 Zas, + Pros(ZaZas, — ZaZass) + 1o Zog B ¢
(1—t) 1—t,

- ’ "

Vo (bt ts ta)  fag (8 oty sty Mty )
11— 11— ’

€a51 =1t

~ -1 faﬁg (tla t27 t37 t4) faﬁz (tlt;maBQ 9 tgla t3t2_ o 9 t4t2_ 0452)
€ap, = Uy 1 - —1 )

~ | faﬂg (tla t27 t37 t4) faﬁg, (tlt;maﬁg 9 t2t; o ) t517 t4t; aﬁS)
€apy = 13 —1 - —1 J

s T Mo _mla —mg —
~fastitastats)  fap(tity Ctat, TUtsty, Pt
ea54 — Y4 1 _ t_l - 1 _ t—l ?

4 4

_ P. _
focﬁ1 (tlatQ; t37t4) = _Zocﬂl - tlyzaﬁl + n 13 Zaﬁlzaﬁla
203

_ P, _
fa52<t17t27t37t4> = _Zaﬁz - t2yzaﬁ2 + t 13 Zaﬂzzaﬁm
143

s - P12 -

fozﬁ3 (tla t2a t37t4) == afs t3yZa63 + ﬁZaﬁgzaﬂga
102

3 = Py =

faps(t1, o, t3,t4) = —Zap, — tayZap, + ﬁZamzam-
142

Lemma 6.2.9. The classes V,, €,3 are Laurent polynomials in ty,ts, t3, 4.

PROOF. By Lemma 6.2.5, v,, e,3 are Laurent polynomials in ¢y, ¢5, 3, t4. Therefore,
it suffices to only consider terms involving y, for which it is easy to see that all poles in
ti=1(i=1,2,3,4) cancel. ]

Remark 6.2.10. When we want to stress the dependence on Z,, Z,3 and distinguish

between the DT /PT case, we write V2T, VOT €27 &80T for the classes introduced in
) Zad VZa> Zaﬂa ZaB

(6.2.16).

We introduce some further notations. On each chart U, = C* with coordinates

(@, 28 2 2 the (C*)*-action is given by

t- ZEEOC) = (a)(t) x(a)7 Vi= (t17t27t3’t4> < ((C*)4

7 7

for some characters XEO‘) : (C*)* — C* with i = 1,2,3,4. We recall that both fixed loci
IT, PT consists of finitely many fixed points, giving rise to local data

Z = ({Za}aEV(X)v {Zaﬂ}aﬁeE(X))-

In DT case, Z, are point- or curve-like solid partitions and Z, 3 are finite plane partitions.
In the PT case, Z, are box configurations (see (6.2.9)) and Z,4 are finite plane partitions.
Recall that in the stable pairs case we impose Assumption 6.1.1 from the introduction.
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Finally, we introduce the following notation. For any t¥'t¥2t%3t%4y* € K& * (pt), we
set

wy wy wg wy wy wo w3 w4

— T4 _ o _ 4 a

(6.2.17) (BP0 Wayo] = ¢ 2 2 b2 2 s —ty 2ty Pty Pty Py e

and we extend this definition to K *“ (pt) by setting
T _ 7_b:| — Ha[Ta],
[g ; [L,[7’]

where we use multi-index notation 7 := (¢, s, t3,t4,y) and this expression is only

defined when no index b equals 0.

Theorem 6.2.11. Let X be a toric Calabi-Yau 4-fold, f € Ho(X,Z) and n € Z.
Let L be a T-equivariant line bundle on X and denote the character of L|y, by
7@)(t) € KX (Uy). Then

o= > (T eeEn)(I1 ),

ZeHilb™(X,8)T acV(X) aBEE(X)
Pl = Y <—1>oz( 1T | ~21J)( 11 [—“e“z;]),
ZeP,(X,8)T aeV(X) aBeE(X)

where the sums are over all T-fixed points Z = ({Za}aGV(X)a{Zaﬁ}a,@EE(X)) and
Vz,,€z,, are evaluated at

(t1, tay syt y) = OO (0 XSV (), X5V (), x5 (£), 7@ () - ).

PrRoOOF. We discuss the DT case; the PT case is similar. We suppose L = Ox and
discuss the general case afterwards. We introduce the notation

A() = A 1() .
det2(-)
For any virtual T-representation V', we have that (eg. by [76, Sec. 6.1])
(6.2.18) A (VYY) = [V].

At any fixed point Z € IT, we have
AOF@y™!) | ARI(X,070y7")
(det(O% @y=1))3 |,  (det(RI(X,07@y1))?)

Y

where (’)[;] was defined in (6.1.1). Calculation by Cech cohomology gives
(6219) ter(X Oy ®y_1) = Z tI'F Uy, OZ ®y_1 Z trF aB Oy ﬂ) ®y_1.
acV(X) aBEE(X)
As T-representations, trrw,.0,.) = Za, Where Z, was defined in (6.2.8). Suppose
P! = Lo = {2\ = 2§ = 2{) = 0}, i.e. leg Z,5 is along the z\*-axis, then
r(U,5,05,,) = 00G" (8)) Zap,
(o)

where ;" (t) denotes the character corresponding to the (C*)*-action on the first
coordinate of U,s =2 C* x C® and §(t) was defined in (6.2.12).
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By Lemma 6.2.5, we may choose square roots
(6.2.20) T znatt = Y Vza+ Y ezaﬁ,
a€V(X) aBEB(X
which implies
Ty zna —RI(X, 0z 0y™ ) = > Vz 4+ > eZa;w
acV(X) afeB(X

by a redistribution process analogous to the one used in defining the vertex formalism
(cf. [36, Thm. 1.13] for more details).

The conclusion is now easily obtained by (6.2.18) which finishes the case L = Ox.
Replacing y by

establishes the general case. O]

Remark 6.2.12. In the case Hilb"(C*, 0), which is discussed in [143], our definition
of Vz, (6.2.16) differs slightly from loc. cit., who take (1 —y™!)Z, — P193Z4Zo. The
difference of the second term was discussed in Remark 6.2.7. The difference of the
y-term is explained as follows. For Hilb™(C*,0), Nekrasov—Piazzalunga consider the
invariant defined in Definition 6.1.3 but with L @ y~! replaced by (L)Y ® y (and
L = Ox). Note the following two identities

ANEY = (—1)* ENFE @ det(E)*,
det(EY) = det(E)*,
for any E € Ky *® (pt). This shows at once that our definition differs from loc. cit. by

an overall factor (—1)". In the vertex formalism, it results in replacing yZ, by y~'Z,
n (6.2.16).

We end with an observation about the powers of the equivariant parameters. The
expressions [—V,], [—€,s] & priori involve half-integer powers of ti,ts,t3,t4 (formal
square roots). In fact, taking a single leg of multiplicity one with weights m,s = 0,

myz = —1, mz = —1 already shows that non-integer powers indeed occur in the edge.
Nonetheless, for the vertex we have the following:

Proposition 6.2.13. We have
(Vo] € Q(t1, 12, 3,14, 92 )/(t1t2t3t4 —1).

PrROOF. We first consider the case that Z, satisfies Zng, = Zag, = Zags = Zap, = 0.
As before, we will use multi-index notation for t = (¢, 2, t3,%4). A monomial +¢* in v,
contributes as follows to [—V,]:

R (==

Hence, non-integer powers can only come from t¥3 = (det(Ft?))z. Therefore, it suffices
to calculate (det(-))2 of

va - Za - y7a - ?123Za7a-
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Writing Z, =), t*, we find

t2
det v, 3= - = Qt“
( ) 1:[ v H y
where we used that det(P193Z,Z4) = 1.

4 aB,L
=1 1—¢;

Next, substitute this expression for Z, into definition (6.2.16) of v,, and cancel all poles.

For the general case, write Z, =

+ W, where W is a Laurent polynomial.

Up to this point in the calculation, the relation ¢tst3t4 = 1 is not imposed. Then,
similar to the calculation above, taking (det(-))2 of the resulting Laurent polynomial
gives only integer powers of t;. ]

6.2.6. K-theoretic 4-fold vertex Let A, i, v, p be plane partitions of finite size.
This determines a T-fixed Cohen-Macaulay curve C' C C* whose solid partition we
denote this solid partition by 7(A, i, v, p). Consider the following:

e All T-fixed closed subschemes Z C C* with underlying maximal Cohen-
Macaulay subcurve C. These correspond to solid partitions m with asymptotic
plane partitions A, u, v, p in directions 1,2,3,4. We denote the collection of
such solid partitions by IIPT(\, u, v, p). Any 7 € TIPT(X, u, v, p) determines a
character Z, defined by the right-hand-side of (6.2.8) and hence, by (6.2.16),
a Laurent polynomial

vl e Qi it a5ty (titatsty — 1).

e Assume at most two of A, i, v, p are non-empty. Consider all T-fixed stable
pairs (F,s) on X with underlying Cohen-Macaulay support curve C. These
correspond to box configurations as described in Section 6.2.2. We denote the
collection of these box configurations by IIPT(\, u, v, p). Any B € IIPT(\, u, v, p)
determines a character Zp defined by the right-hand-side of (6.2.9), where the
Cohen-Macaulay part is given by (6.2.8) with solid partition m(\, i, v, p). By
(6.2.16), this determines a Laurent polynomial

VRl € QtE! 51 5 15t y) [ (titatsty — 1).

Definition 6.2.14. Let A, u, v, p be plane partitions of finite size. Define the DT 4-fold
vertex by

(6.2.21) Vit )= Y (=1 [T g
melIPT(\, u,v,p)
(6222) S Q(tl,tz, t3,t4,y )/(t1t2t3t4 — 1)(<q))
where o, = 0,1 denotes a choice of sign for each m, [-] was defined in (6.2.17), ||

denotes renormalized volume (6.2.4), and the right-hand-side is well-defined by Lemma
6.2.5. Note that the powers of ¢; are integer by Proposition 6.2.13.

Next, suppose at most two of A, i, v, p are non-empty. Define the PT 4-fold vertex
by

VR ()= > (=1)7F [T g P
BETIPT (A u,0,p)
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1
€ Q(t1,ta, 13, ta, y2) /(tatatsta — 1)(q)),
where op = 0,1 denotes a choice of sign for each B, |B| denotes the total number of
boxes in the box configuration, and |7 (A, i, v, p)| denotes renormalized volume.

Similarly, to any finite plane partition A, we associate a character Z, defined by the
right-hand-side of (6.2.10). We then define edge terms

i1 1 1 1
EXT(ty) = EXT(ty) == (—1)* =€z, € Q] 13,13, 17, y2) /(tatatsts — 1),

where €z, was defined in (6.2.16).

The vertex formalism reduces the calculation of 1, 3(L,y), P, 3(L,y) for any toric
Calabi-Yau 4-fold X, g € Hy(X,Z), and n € Z to a combinatorial expression involving
Ve and Ey. We illustrate this in a sufficiently general example. Let X be the total
space of Opz(—1) @ Op2(—2). Let 8 = d[P!], where P! lies in the zero section P* C X,
and let L be a T-equivariant line bundle on X. Denote the characters of L|y,, L|y,, by
YO (t) € KE(Uy,), v (t) € KF (Uyp) for all a = 1,2,3 and all a8. Then (6.2.6) and
Theorem 6.2.11 imply

Z In,B(La y) C]n — Z qf1,71,72(>\)+f1,71,72(lt)+f1,71,72(l/)

A p,v
[Al+pl+|v|=d

'EDT| VDT | EDT|
X (1t t3,ta 73 (b2 ts,ta)y) ¥ Au@@ | (b1 2,853,864 7D (t,t2,ts,t4)y) T 1(t2,t1,t3,t4, 72 (¢ t3,t4)y)

. VDT 1 1 1 1 EDT| 1 1 k 1
w2 | (ty Lty Ltata, tat3 72 (t5 1 b1ty Litata,tatd)y) Tv o 1(taty Lty ttata, tatd 723 (¢ tata, tatd)y)

. VDT | 1 1 1 1
vAGD | (tat ]t tata tat? 7O (tat 1t tat tat?)y)”

where the sum is over all finite plane partitions A, p, v satisfying |A| + |u| + |v| = d.
Here the choice of signs for the invariants I, s(L, y) is determined by the choice of signs
in each vertex and edge term. Replacing DT by PT, the same expression holds for the
generating function of P, 3(L,y).

We conjecture that the DT /PT 4-fold vertex satisfy Conjecture 6.1.7. As above, for
finite plane partitions A, u, v, p, we denote by 7(A, i, v, p) the curve-like solid partition
corresponding to the Cohen-Macaulay curve with asymptotics A, u, v, p. We normalize
the DT/PT 4-fold vertex so they start with ¢ (whose coefficient is in general not equal
to 1). This is achieved by multiplying by ¢~ I"*#»e)l,

Using the vertex formalism, we verified the following cases:

Proposition 6.2.15. There are choices of signs such that

g TORINOT ¢y, q) = TR VET (4 g, q) VDL, (Y, q) mod ¢V

in the following cases:
o for any |\ + |u| + |v| +|p] <1 and N = 4,
o for any |\ + |u| + |v| + |p| <2 and N =4,
e for any |\ + |u| + |v| +|p] <3 and N = 3,
o for any |\ + |u| + |v|+ |p| < 4 and N = 3.

In each of these cases, the uniqueness statement of Conjecture 6.1.7 holds.
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Remark 6.2.16. We discuss in the Appendix 6.6 a purely combinatorial sign rule for
which (conjecturally) the DT/PT correspondence holds.

We now show that Conjecture 6.1.7 implies Theorem 6.1.8 (global K-theoretic
DT/PT correspondence).

PROOF OF THEOREM 6.1.8. For ease of notation, we consider the case where
X = Totp(O(—1) & O(-2)) and 8 = d[P']. The general case follows similarly.
Conjecture 6.1.7 implies that there exist choices of signs such that

Z In’B(L, y) qn — Z qfl,fl,—z(/\)+f1,71,,2(p)+f1,71772(y)

A v
[Al+|pl+]v|=d

. EDT| (t1, DT| to,

to,t3,ta, 71 (ta,ts,ta)y VAum‘ (t1,to,ts,ta, 7Y (Bt ts,ta)y) —p t1,t3,ta, 712 (t1,t3,ta)y)

DT DT
V,uzz@@ (t bty Ltate tat3 7P (5 L taty ,t3t2,t4t§)y)E1/ |(t1t2_1,t2_1,t3t2,t4t§,7<23)(t;l,tgtg,mtg)y)

-V

u,\@ra|(tgtl—l,tl—l,tgtl,t4t§ﬁ<3) (t2tT h 7 st tatd)y)

__\/DT DT
- V@@@@ V@

@Z@‘t tato, tat2 7D (t5 1 t1t5 L tata, tat2
(t1,t2,t3,ta 7D (81, t2,t3,t4)y) (1213 a2 B3 AP (1t st tat)y)

DT E fr-1,—2(N)+f1,-1,—2(W)+f1,-1,-2(v)
V@@@@‘ (taty oty tate tat3 73 (bt 1ty st tat?)y) q
A v

A+l 4w =d
PT PT
S (t1,t2,t3,t4, 713 (tz,ts,t4)y)VAu®z| (£1,t2,t3,t2,7¢ 1>(t17t2,t37t4)y)E |(t2,t17t3,t4ﬁ<12>(t17t37t4)y)
VPT (2) T‘ =1 ,-1 2 =(23) (34— 1 2
|24 (t ttg 7t3t27t4t2:7 (t 2 7t3t2)t4t2)y v (tltg ity Ttata,tats Yy (tz :t3t27t4t2)y))

VuA@@ (batyt a7t tate tat2 ) (Lot 7Lt st tat?)y)
(ZlnoLy ) (ZPnﬁLy ) 0

Remark 6.2.17. Let X be a toric Calabi-Yau 4-fold and let I := Hilb"(X, ), P :=
P,(X,B). Consider the wirtual holomorphic Euler characteristic x (I, @;H> and its
stable pairs analogue with I replaced by P. Then one can develop a (simpler) vertex
formalism for these invariants. We checked in the case of a single leg of multiplicity
one with a single embedded point that the analogue of the DT /PT correspondence
(Conjecture 6.1.7) fails for all choices of signs.

Another natural thing to try is to replace L in Definition 6.1.3 by a T-equivariant
vector bundle of rank 2 or 3 or a K-theory class of rank —1 (more precisely: the class of
—L where L is a T-equivariant line bundle on X'). In none of these cases there exists an
analogue of the DT /PT correspondence either. The special feature of the tautological
insertion of Definition 6.1.3 is that, after it is absorbed in the vertex as in Section 6.2.5,
the vertex v, has rank zero as we will prove in Proposition 6.3.3 below.

6.3. Limits of K-theoretic conjecture

6.3.1. Dimensional reduction Let X be a toric Calabi-Yau 4-fold and § €
Hy(X,Z). Let Z = {{Za}acv(x), { Zap}aper(x)} be an element of either of the fixed
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loci

| Hib" (X, 8)F, | |P.(X.8)7,

where we recall Assumption 6.1.1 from the introduction. We will work in one chart
U, = C*L

Suppose the underlying Cohen-Macaulay curve corresponding to Z, lies scheme
theoretically inside the hyperplane {z, = 0}. In the stable pairs case, this implies Z, is
scheme theoretically supported inside {x; = 0}, however in the DT case Z, may have
embedded points “sticking out” of {z4 = 0}.

Proposition 6.3.1. If Z, lies scheme theoretically in {x, = 0}, then V, |,—, = V3",
where V3P is the (fully equivariant) DT/PT vertex of [127, Sect. 4.7-4.9] and [155,
Sect. 4.4-4.6]. If the underlying Cohen-Macaulay curve of Z,, lies scheme theoretically in
{z4 = 0}, but Z, does not (which can only happen in the DT case), then [—Vz,]|,—t, = 0.

PROOF. When Z, lies scheme theoretically inside {z4y = 0} C C* =: U, the
statement follows at once by comparing (6.2.16) to [127, Sect. 4.7-4.9], [155, Sect. 4.4~
4.6].

Suppose we consider the DT case and the underlying maximal Cohen-Macaulay
curve of Z, is scheme theoretically supported in {z; = 0}, but Z, is not scheme
theoretically supported in {z4 = 0}. The vertex vz, does not have T-fixed part with
positive coefficient by Lemma 6.2.5. Therefore, it suffices to consider the T-fixed terms
arising from setting y = t4 = (f1t2t3)~! in the y-dependent part of v, .

As usual, we write

Zaﬂz‘
1—t;

M«

Zoz: +VV7

i=1

where (1, 52, B3 are the vertices in {z4 = 0} neighbouring « and W is a Laurent
polynomial in ty,ts,¢3,%,. The only terms involving y in vy, are —yW. Since Z, is
not scheme theoretically supported inside {x4 = 0}, W contains the term +t4. Setting
y = t4 this term contributes

—yty = —1.

Furthermore, the underlying maximal Cohen-Macaulay curve of Z, is contained in
{z4 = 0}, so all negative terms of W are of the form —¢{"t52t5* with wy, we,ws > 0.
Therefore W does not contain terms of the form —t, (which equals —#; 't; ;). Hence
Vz,|y=t, has negative T-fixed part and the proposition follows. ]

Remark 6.3.2. Consider a chart U,z = C* x C* and suppose in both charts U,, Us,
the line L,s = P! is given by {zo = 23 = 24 = 0}. Consider a Cohen-Macaulay curve
Z43 which is scheme theoretically supported on {z4 = 0} and for which mgﬁ = 0. Then,
similar to Proposition 6.3.1, €z_,|,—, = E%EB, where E%EB is the fully equivariant DT
(and therefore PT) edge of [127, Sect. 4.7-4.9].
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PROOF OF THEOREM 6.1.9. The first part of Theorem 6.1.9 is an immediate corol-
lary of Proposition 6.3.1. Note that on the right-hand-side we obtain —¢ due to our
choice of signs'".

For the second part of Theorem 6.1.9, we choose signs as in Conjecture 6.1.7 and
we assume this can be done compatibly with the choice of signs of all T-fixed points
which are scheme theoretically supported on {24 = 0} as stated in the theorem. Then
the second part of the theorem follows. n

PrROOF OF THEOREM 6.1.11. We prove the claim for DT invariants, as the stable
pairs case is similar.

Using the vertex formalism for K-theoretic DT invariants of toric 3-folds from
(142, 149, 3], we have

vt (0.9).67) - > (T =veen)( IT eRen)
ZeHilb™(D,8)T *aeV(D) afEE(D)
where the sums are over all T-fixed points Z = ({Za}QEV(D)a{Zaﬂ}a,BEE(D)> and
V%B’DT, E%B;}DT are evaluated at the characters of the (C*)*-action on U, N D, U,g N D
respectively. .
The generating function ) x(Hilb"(D, 3), (AQ\[/H) q" is calculated using the K-theoretic
3-fold DT vertex V3P (¢, ¢) much like in the calculation after Definition 6.2.14. Since

Apv
the DT/PT edge coincide [155, Sect. 0.4], the result follows from Theorem 6.1.9 and a
calculation similar to the proof of Theorem 6.1.8. O]

6.3.2. Cohomological limit I Again, let Z = {{Z. }acv(x), { Zag}taserx)} be an
element of either of the fixed loci

|| (X, 8)", | | Pa(X,8)7,
where we recall Assumption 6.1.1 from the introduction. We will work in one chart
U, 2 C* or U,p = C* x C? with standard torus action (6.2.1).
Proposition 6.3.3 ([36, Prop. 2.3|). For any a € V(X) and afp € E(X), we have
Vzlai1y =0, ez la1111) =0,
ie tkvy, =1kez, , = 0.

We set t; = e for all i = 1,2,3,4 and y = ¢”™. The relation t,tsts5t, = 1 translates
into Ay + A3 + A3 + Ay = 0. We are interested in the limit b6 — 0.

Proposition 6.3.4. For any o € V(X) and aff € E(X), the following limits
ll)l_{%[_vZa] |ti:eb>‘i Jy=emb; y_{%[_,evzaﬁ] |ti:eb>‘i ,y=e™mb
exist in Q()\l, )\2, )\3, )\4, m)/()\l + /\2 + )\3 + )\4)

10Choosing all signs of all T-fixed points which are scheme theoretically supported on {z; = 0}
equal to +1 amounts to replacing —g by ¢ on the right-hand-side of (6.1.4).
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PROOF. Using multi-index notation for 7 := (t1, ta, t3,t4, y), where t1tatsty = 1, we
write

VZa: E TV — E T,
v w

These sums are finite by Lemma 6.2.5. This representation is unique when we require
that the sequences {v}, {w} have no elements in common. Proposition 6.3.3 implies
that the number of + (i.e. “deformation”) and — (i.e. “obstruction”) terms in both

;1—%:1:0.

Recall that vz, has no T-fixed part with positive coefficient (Lemma 6.2.5). When one

expressions are equal, i.e.

of the w is zero, [—Vz, ] = 0 and the proposition is clear. Next, write the components of
the weight vectors in the sum as follows

v = (vla V2, V3, V4, Um)

and similarly for w. Then

Hw ((wl)\l —f- U}Q/\Q + ’wg)\g —I— w4)\4 + wmm) b + O(b2))
[T, ((v1A1 + v2ha + v3A3 + vadg + vm) b+ O(b?))

[_VZa ] |ti:eb>‘i Jy=emb —

Since the number of factors in numerator and denominator is equal, say N =) 1 =
>, 1, we can divide numerator and denominator by b" and deduce that the limit exists

and equals
-~ A A A A m
(631) lim[—vza] ’t:eb’\i s = Hw(wl 1 T WaAy + W3A3 + wWaAy + W m) ‘
b—0 ¢ ’ Hv(vl)\l + U2>\2 + U3>\3 -+ U4)\4 + vmm)
The proof for ez, is similar. m

PROOF OF THEOREM 6.1.14. Consider the generating series
Z Ihs(L,y) ’ti:ebki’y:ebm q", Z Pn,B(L’ Y) |ti:eb)\i7y:ebm q".
n n

Both series are calculated by the vertex formalism of Theorem 6.2.11. Proposition 6.3.4
implies that the limits b — 0 exist. Moreover, by the proof of Proposition 6.3.4, we
have that for any virtual T x C*-representation V' =3 L= >, t” with no negative
constant term and rank rk V' = 0 that

lim[V]

b—0

ti=ebNi y=ebm = GTXC* (V)

This means precisely that limy_o £, 3(L, y) ;e computes — via virtual localiza-

y=ebm

tion — the integral

/ eTXC((L[n])\/ ® em)7
[Hilb™(X,B)]vir

which by Remark 6.1.13 computes precisely our cohomological invariants.
Next assume Conjecture 6.1.7 holds. The second part of the theorem follows from
Theorem 6.1.8. [
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Remark 6.3.5. Taking the cohomological limit of Proposition 6.3.4 and setting m =
—A1 — A2 — A3, one recovers the cohomological 3-fold DT/PT vertex from the cohomo-
logical 4-fold DT /PT vertex (this follows from Proposition 6.3.1). Using the vertex
formalism, the 4-fold cohomological DT /PT correspondence therefore implies the 3-fold
cohomological DT /PT correspondence. This gives the second diagonal arrow of Figure
1 in the introduction.

6.3.3. Cohomological limit II As before, let Z = {{Z,}acv(x); {Zaptaperx)}
be an element of either of the fixed loci

|_|H11b"X5 |_|P (X,8)T

where we recall Assumption 6.1.1 from the introduction. We will work in one chart
Uy =2 C* or U,p = C* x C* with standard torus action (6.2.1). In the DT case, Z, is a
point- or curve-like solid partition, whose renormalized volume we denote by |Z,|. In
the stable pairs case, Z, consists of a Cohen-Macaulay support curve Zu,, together
with a box configuration B (6.2.9). We denote the sum of the renormalized volume
of Zy and the length of B by |Z,| as well.

In this section, we set t; = e for all i = 1,2,3,4, y = "™, Q = qm, and take the
double limit b — 0, m — oo. In (6.1.6), we recalled the definition of the cohomological
DT/PT invariants I5°5°, PS%° studied in [35]. In [35], we defined

coho,DT coho,PT
V)\,uup ) V)\,uzzp )

b

coho,DT
E} ,

coho,PT
E/\

which are defined precisely as in Definition 6.2.14 but with the Nekrasov bracket [
replaced by T-equivariant FEuler class e(-).

Proposition 6.3.6. For any a € V(X) and aff € E(X), we have

lim ([Vz,] ¢%)|

m— oo

where f(a, 3) is defined" in (6.2.2).

( Vcoho) Q|Z ol

ti=ebri y=emb Q= mq

VACHE))

N et yemtimmg = S QTP

ProoFr. We continue using the notation of the proof of Propositions 6.3.3 and 6.3.4.
Let Zy,o be the underlying Cohen-Macaulay curve of Z, and denote by A, i, v, p its
asymptotic plane partitions. In the DT case, define

W, = Z "+ Z (1 — #{legs containing w}) v
wEZa\ZM,a weZM,a
In the stable pairs case, define

Z v+ Z (1 — #{legs containing w}) v

weB(x) wEZMya

H1n the notation f (a, B) we suppress the choice of the multidegree m and of the plane partition

Ao
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where B(®) is the box configuration corresponding to the fixed point Z, (6.2.9). Then
the terms involving  in the Laurent polynomial v, are —yW,. We already showed

(6.3.2)

[~ ot _ TLa(nhs + w2 +wsdy + wids + wpm) QW
llm[_VZa:HtA:eb/\i y:emb q al — ( ) |
b—>0 - [, (viA1 4 v2do 4 v3As 4 vaAs + vimn)

In fact, y always appears in vz,, €z,, with power +1, s0 wy,, v, are elements of {0, 1}.

m

As before, we set T := (t1, 2, t3,14,y) and we write
S S
where the collections of weights {a} and {c} have no elements in common. Observe
that the rank of W, equals the renormalized volume |Z,|. By Proposition 6.3.3, the
terms of (6.3.2) involving m (i.e. w,, # 0 or v, # 0) are precisely
Ha<—a1)\1 — (12)\2 — CL3)\3 — a4)\4 + m) m- Za 1+ch Q'ZO‘|
Hc(_cl)\l — 02>\2 — Cg)\g — C4)\4 + m)
L= a1l — ax22 — a323 — g4 4 1)
_H( Clﬁ—CQAz—Cg)\ %‘i‘l)

|Za

Q|Za| .

Therefore, sending m — oo, this term becomes Q!%2l. As we saw in the proof of Theorem
6.1.14, the terms of (6.3.2) which do not involving m (i.e. w,, = v, = 0) together are

equal to e(—VZ™). So in total, we have
lim ([—Vgz,] q‘Z“|) -

b—0
m—00

( Vcoho) Q\ZQ

The analysis of the edge term follows similarly (cf. [36, Prop. 2.6]). O

PROOF OF THEOREM 6.1.19. The first part of the theorem follows from Theorem
6.2.11 and Proposition 6.3.6. Moreover, by Proposition 6.3.6 and Definition 6.2.14 we

have
DT __\ycoho,DT
%1_1}3 V)\/Wp@ Y, Q)‘t —ebi y=emb Q=mq V)\;wp (Q)7
ho,PT
hm V/\,uup(t Y, Q)‘t —ePNi y—emb Q=mq Viiwop (Q)’

where A, i, v, p are finite plane partitions and in the stable pairs case, we assume at
most two of them are non-empty. Moreover, the choices of signs for the right-hand-side
are determined by the choices of signs for the left-hand-side. We deduce that Conjecture
6.1.7 implies Conjecture 6.1.18. m

6.4. Hilbert schemes of points

In this section we consider Nekrasov’s Conjecture 6.1.5 in the two cohomological
limits discussed in Section 6.3.2, 6.3.3 (see also [140, 143]).

Let X be a toric Calabi-Yau 4-fold with T-equivariant line bundle L. By Theorem
6.1.14, we have

lim 1, o(L, Y)|tmebri ymepm = lim e (L)Y @ e™),
b0 m=0 JIgiipn (X))vir
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where the invariants on the right-hand-side are defined by localization (6.1.5). Since
LI" is a rank n vector bundle, we have

n

(L)Y @e™) = a((L)Y)m ™,

=0

and similarly at any T-fixed point. Hence'?
hm Lo (L, Y) |, —ebrs ymebm = (—1)"/ cn(L[”]).
e [Hilb™ (X)]vir

These invariants were studied in [33], where it is conjectured that there exist choices of
signs such that the following equation holds

(6.4.1) Zq”/ en (L) = M(_q)fx er(L)es(X),

[Hilb™ (X)]vir

where all Chern classes are T-equivariant, f + denotes T-equivariant push-forward to a
point, and

1
Vo =1la=g

n=1

denotes MacMahon’s generating function for plane partitions.

Remark 6.4.1. This conjectural expression makes sense also in the projective setting
and was addressed by Cao-Kool [33]. Recently, it has been proven in the very ample
case (i.e. L = O(D) for a smooth connected divisor D on X) by Cao-Qu [41] and
Park [161] and in general for any line bundle by Bojko [22], assuming a wall-crossing
conjecture of Gross-Joyce-Tanaka [86].

As noted before in [140, Sect. 5.2], the conjectural formula (6.4.1) is a special case

of Conjecture 6.1.5 as can be seen as follows'®. For any n > 1, we have
[yt ][t ][t t5 ][y
b=0 (7] [t5][t5][tR) [y 2 g"] [y 7 g "] lmeti y=em
. m(A + X) (M + Af)(AQ + Ag)g n)! + O((

P20 (MAAsha) (bn) + O((bn)?)) (€75 % — =5 g %) (e™4"
_om(Ar A+ A2) (A Az) (A2 + Ag)

MM A+ ) (gF — ¢ )2
Recall the following identity

(i) T

- 1—q

Let Llcs = Ocs @t9t9283¢% . Taking m = —(di M + dady + dshs + dy)y) and using
Theorem 6.1.14, we see that Nekrasov’s conjecture implies (6.4.1) for X = C*. Since

12Note that on a smooth projective Calabi-Yau 4-fold, [Hilb™(X)]V" has degree 2n and the limit
m — 0 would not be needed.

13Unlike [140], which was motivated by physics, our motivation for (6.4.1) came from our analogous
conjecture on smooth projective Calabi-Yau 4-folds [33, Conj. 1.2].
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left-hand-side and right-hand-side of (6.4.1) are suitably multiplicative, (6.4.1) also
follows for any toric Calabi-Yau 4-fold X (see [33, Prop. 3.20] for details).
Finally, we consider the following limit (Theorem 6.1.19)

o | L
=e?i,Q=mgq [Hilb™ (X)]vir

where the right-hand-side is defined by localization, i.e. (6.1.6). For any n > 1, we have
gl
oo [ ]l v oy 2 )
Q n
— iy MO A2) (A A As) Az + Ag) <m>
m—00 )\1/\2/\3(>\1 + )\2 + )\3) (1 . <Q>n>2

{ (A1+A2)(A14A3) >\2+)\3)Q ifn=1

lim <[n,O(OX7 ebm) q”)
b—0 tz

m— oo

ti=ePhi y=emb Q=myg

A1 A2A3(A1+A2+A3)
0 otherwise.

Therefore, Nekrasov’s Conjecture 6.1.5 implies that there exist choices of signs such
that the following identity holds

(A1+A2)(>\1+>\3>(A2+X3)Q
g Q” 1 = e MA2A3(a+ratAg) .

[Hilb™ (C4)]vir

This formula was also originally conjectured by Nekrasov and discussed in [33, App. B].
Note that the exponent appearing on right-hand-side equals — f(c4 c3(C*) (interpreted
as a T-equivariant integral). Therefore, Conjecture 6.1.5 and the vertex formalism
together imply that there exist choices of signs such that the following equation holds

S / | = QU a)
n—=0 [Hilb™(X)]vir

6.5. Local resolved conifold

We start with the following lemma, which recovers [155, Lemma 5] after applying
dimensional reduction and cohomological limit I.

Lemma 6.5.1. There exist unique choices of signs such that

[yt1]
V(PlT),fa,@,z(tayaQ) EXp( [tl] q

PRrROOF. For every length n of the cokernel, there is only one T-fixed point, and the
character of the corresponding stable pair is

—1

The corresponding vertex term is easily computed as

n . n .
Vp = g 7' —vy E t]
=1 i=1
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and we choose (—1)" for the corresponding sign. Then

V(l)gzgtyq Zq "= Vnl
n>0
= 2 -
o ][ 3= 7
n>0 =1

where in the third line we used [149, Ex. 5.1.22]. O

Let X = DxC, where D = Totp1 (O(—1)®O(—1)) is the resolved conifold. Consider
the generating series

Zx(y,¢,Q) =Y _ Puapy(0.y) ¢"Q".
n,d

Using the vertex formalism, we verified Conjecture 6.1.20 in the following cases.

Proposition 6.5.2. Conjecture 6.1.20 holds for curve classes 3 = d|[P'| withd = 1,2,3, 4
up to the following orders:

o d=1,

e d =2 modulo ¢°,

e d = 3 modulo ¢°,

e d =4 modulo q".
Moreover, the choices of signs in these verifications are unique and compatible with

the signs in Conjecture 6.1.7 (and therefore also the signs of Theorem 6.1.9 by Remark
6.1.10).

PRrOOF. For degree 1 the conjecture is equivalent to
]
1 1 N
tally2dlly2q]
The edge term for one leg with multiplicity 1 is

Zx1(y,q) =

e= t4 - Y,
therefore, by Lemma 6.5.1, we conclude

Zx1 (ya Q> = Vl(Dl-I)-,@,@,@(t7 Y, Q> ) VFJ,@,@,@(L Y, Q)|t1:t;1 “q- (_1)[_é]
W (] i
1" PP (( 6 ] ) q)

—%q Exp ((y% + y‘%)q>

Y] '
[ta)[y2qllyzq]
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The other cases have been checked by an implementation of the vertex formalism in
Mathematica. N

Consider the generating series of K-theoretic stable pair invariants of the resolved

=PV dP'). OF) " Q"
n,d

We already saw that the 4-fold PT vertex/edge reduce to the 3-fold PT vertex/edge
for all stable pairs scheme theoretically supported on D C X after setting y = 4

conifold

(Proposition 6.3.1 and Remark 6.3.2). By the same type of argument as in Proposition
6.3.1, one can show that all stable pairs not scheme theoretically supported in D C X
contribute zero after setting y = t4. Therefore'*

ZX(y7q7 Q) = ZD(_qa Q)

Hence Conjecture 6.1.20 implies

y=t4

1 —q/k)(1 - gr)

This equality was recently proved by Kononov-Okounkov-Osinenko [109, Sect. 4], which

Zp(—q,Q) = Exp <( —4Q ), K= (t1t2t3)%.

gives good evidence for Conjecture 6.1.20 from our perspective. Applying the preferred
limits discussed by Arbesfeld in [3, Sect. 4], this formula coincides with an expression
obtained using the refined topological vertex by Igbal-Kozgaz-Vafa [98, Sect. 5.1]. More
precisely, setting § := ¢x and t := gx~! yields [98, Eqn. (67)]. The formula also
coincides with the generating series of motivic stable pair invariants of the resolved
conifold obtained by Morrison-Mozgovoy-Nagao-Szendréi in [136, Prop. 4.5].

Consider the two cohomological generating series for X = Totp1 (O(—1)®O(—1)dO)
defined by (6.1.5) and (6.1.6):

Zcoho m q, Q Z 50;[1%1 O m nQd
coho(P Q) Z Tio;b(fﬂ PnQd
n,d

Applying cohomological limits T and IT (Theorem 6.1.14 and 6.1.19), Conjecture 6.1.20
and a calculation similar to the one in Appendix 6.4 imply

ad v
= _ n\n
ti=ebi y=emb o (Hl(l Qq ) ) )
n=

PQ
X =exp | ——2|.
t;=ebi y=emb P=mgq Ay

Z$(m, q,Q) = lim Zx
b—0

ZP(P,Q) = lim Z

A wall-crossing interpretation of the first formula is discussed in [43]. Putting m = \4
in the first expression yields the famous formula for the stable pair invariants (or
topological string partition function) of the resolved conifold. The second formula was
conjectured, and verified up to the same orders as above in [35, Conj. 2.22].

HMRecall the origin of the minus sign from Theorem 6.1.9.
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6.6. Appendix: Combinatorial sign rule

The goal of this appendix is to propose various square roots of the virtual tangent
bundle with sign rules, which would make the invariants studied in this chapter effectively
computable. As evidence to our proposals, we show that they

e are canonical (Theorem 6.6.6, 6.6.11, 6.6.15),
e play well with the dimensional reduction of Section 6.3.1,
e are consistent with previous computations [33, 34, 35, 140, 143], both in the
math and physics literature.
We study here a combinatorial sign rule only for DT theory, but we expect that these
techniques can be adapted to the PT side as well.

6.6.1. The vertex term: points To each fixed point Z € Hilb"(C*)T corresponds
a solid partition 7 of size n. Denote by Z,, V, the vertex terms Z,, V, in (6.2.8),(6.2.13).
By T-equivariant Serre duality, we know that V, admits a square root. We set

Vir — Z7r - mZﬂ'Z_ﬂ'J
which enjoys
Vi = er + Ev
where {i,5,k,1} = {1,2,3,4}, Pr = [[,;(1 —t,) for a set of indices I and (-) is the
involution in K3 (pt). For ¢ = 4, it recovers the square root already found in [143] and

Section 6.2.4. The next lemma was already proven by Nekrasov-Piazzalunga [143],
whose proof we sketch for completeness and to introduce useful notation.

Lemma 6.6.1 ([143, Sec. 2.4.1]). Let m be a point-like solid partition and i = 1,...4.
Then V' is T-movable.

Proor. Without loss of generality, suppose that ¢« = 4. We prove the statement by
induction on the size of 7. If || = 1, then v} has no constant terms. Suppose now that
the claim holds for all solid partitions 7 of size |r| < n. Consider a solid partition 7 of
size || = n 4+ 1; this can be seen as a solid partition 7 of size n with an extra box over
it, corresponding to a Z*-lattice point u = (A, B,C, D). We have

Zz= .+t
and

V4 V;lr + th — Plgg(tuz_w + t_MZﬂ + 1)

= Vit — Prog(t'(Zy +t7H) -t H(Zy + 1) — 1).
By induction, we know that v# is T-movable. Consider a subdivision # = 7 i7" of the

boxes of 7, where 7 corresponds to the lattice points v < p and 7" corresponds to the
lattice points v £ p. Denote by

Zy=>» t'= > tid ekt

ver' i<Aj<Bk<CI<D

Zﬂ,// == E tl/.
ver”
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By construction, Zz = Z_» + Z_». We want to prove that

(t” + Pro3 — Piogt"Z s — Pyogth'Z_n — Pyggt " Z 1 — P123t_“Z7r~)ﬁX =0

For a set of indices I, denote by ¢; the function which is 1 if only if all the indices are
equal. Analyzing each piece separately, it turns out that

(" + ?%)ﬁx =1+9daB0cD,
(thZ—TI—”)ﬁX _ O’
(Pt 2.)™ = 0,

. D
(%t“Z_ﬂ/)ﬁx = Z 04,B,Cis
i—0

D—1
_ fix
(Piost " Zs) =1- Z 0A,B,Cyi»
i=0
by which we conclude the induction step. O]

We propose a sign rule for the sign in (6.2.21), relative to the square root vi.

Conjecture 6.6.2. Let m be a solid partition corresponding to a T-fixed point in
Hilb™(C*). Then the sign relative to the square root vi is (—1)7™  where

(6.6.1) oi(m) = |m|+ #{(a1,a2,a3,a4) €ET: 0 =ap =a; < a; }
and {i,5,k,1} ={1,2,3,4)}.

Remark 6.6.3. For i = 4, the sign rule (6.6.1) was proposed by Nekrasov-Piazzalunga
in the physics literature in [143], as the result of supersymmetric localization in string
theory'®. This sign rule is consistent with the previous computations of [33, 34, 35,
36, 140, 143).

Remark 6.6.4. Let 7 corresponds to a T-invariant closed subscheme Z C C* supported
in the hyperplane { z; =0} C C%, fori =1,...,4. Then o;(w) = |r|, which is consistent
with the dimensional reduction studied in Section 6.3.1.

Remark 6.6.5. Recently, Kool-Rennemo [115] announced a proof of this conjecture,
by explictly computing the sign appearing in the definition of the square-root Euler
class of Oh-Thomas [147].

We prove now that the sign rule (6.6.1) is canonical, meaning that it does not really
depend on choosing a preferred x;-axis.

Theorem 6.6.6. Let w a point-like solid partition. For every i,j = 1,...,4 we have
(17D =vi] = (~1)7 P[],

151 [143] the sign rule is slightly different due to a slightly different choice of square root.
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PROOF. V. and v/ are both square roots of V,; and are T-movable by Lemma 6.6.1.
To prove the claim, we need to write

i~ U, T
for a U, € K}(pt) and compute the parity of rk U™; in fact

[Vz] _ [Uﬂ'] _ (_1)rkU7T°V‘

vz]  [Ux]
Without loss of generality, suppose ¢ = 4 and j = 3; we prove the claim by induction on

the size of 7. If |7| = 1, we have Z, = 1 and

vy — Ve = Ptz — ;")

= Pioty ' — Ppot3?,
where used that ttotst, = 1; clearly tk(Piatz1)™ = 0. Suppose now the claim holds
for any partition of size |r| < n and consider a solid partition 7, obtained by a solid

partition 7 of size n by adding a box whose lattice coordinates are yu = (A, B, C, D).
We have

Vi = Vi =vVo— Vo Pty —t) + Pty — ) (Zt" + Z:t )
=vp = Vi = Pty — ;") + Pty — ;") (Zat" + Zat "),
and by the induction step

Tt =) = (~1) )

e’ (Po(ty' —t7h)) = 1.

Y

The final piece to compute is of the form
Pro(ty' =t )(Zat! + Zzt ™) = (Wh + W) (Wa — )
= (WiWo — WiWa) + (Wil — Wi TW5),
with
Wy =t""Zz,
Wy =t Pps.
Since rk W, W, = tk W, W, = 0, we just need to compute the parity of rk(W; Wy)fix 4+

k(W W)™, As in the proof of Lemma 6.6.1, consider the subdivision # = U,
with Zz = Z_+ + Z_», where

Zp= ), httt,

i<Aj<Bk<CJI<D
Zn = E tv.
ver”

We have

fix

(WiWo)™ = (t5 " Prot ™" Zs + t5 Pt " Z)
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As in the proof Lemma 6.6.1 we compute

(t5 Pt #Z,0)"™ =0,

C D-1
(t3 " Prat™Z,) " Z 0A,B k-
k=0 1=0
Notice now that
Wy =1t;'Pp,
thus, by symmetry, we have
c-1 D
(WiWs) > Z Z 0A B k-
k=0 1=0
We compute the parity
C D-1 c-1 D
rk (Wi W)™ + rk(W W)™ = Z 0a,Bk1 + Z 0ABkI
k=0 1=0 k=0 1=0
D—1 c—1
da,B,cl + Z dapkrp mod 2.
1=0 k=0

Notice that
D-1
Z daBCi =
1=0

therefore o4(7) = o4(m) + ZlD:_Ol dap.cy and o3(7) = os(m) + Zg;ol d4.B kD, by which
we conclude the proof. O

% D>A=B=(C

0 else

6.6.2. The vertex term: curves Set A = (Ay, Ay, A3, Ay), where ); are finite plane
partitions. Denote by Py the collection of (possibly infinite) solid partitions, whose
asymptotic profile is given by A. To any solid partition m € P, corresponds a T-invariant
closed subscheme Z C C*; denote by Z,, Zy,,V, the vertex terms Z,, Zus,, Vq in (6.2.8),
(6.2.10), (6.2.13). T-equivariant Serre duality implies that V., admits a square root; set

. f _ o
Vi =Zr — PjuZnZx + Zﬁg” 1 1Ajt (=n t ( Iy + Py (ZnZy, — ZnZy,) + fﬁ';iZ,\iZAJ ;

f\, = —2x, + PuZx; 2y,
which enjoy
Vi = vy + Vi,

where {4,j,k, 1} ={1,2,3,4}. Setting ¢ = 4, we recover the explicit square root choice
studied in Section 5.1. We redistribute now the vertex terms in a different way. Write,
for N >0

Z = Lo + Z - _Zt A
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P N
1—1 11—t "
Here the (point-like) solid partition 77" is the cut-off for N > 0 of the (possibly
curve-like) solid partition 7. If 7 is a point-like solid partition, then simply 77" = T,
while 7; is simply the cut-off for N > 0 of the curve-like solid partition corresponding
to the infinite leg along the z;-axis containing 7. Using the above expressions, we can
express the vertex terms as

4
(6.6.2) Vi = Vi — Y Vi + AL+ Bl CL - CL
a=1
where
. N Z)\ Z)\ Z)\ N
Al =P he T (ot — P, 2 tot; DN
™ TH Z,l—tal— r(faty 123421—751—75_( R
a#b,a,b#i
i N — Zna -
Bﬂ_ - Jkl Z ( tN+1(Zﬂ-nOr _ Zﬂ_a) + 1_—t_1ta (N+1)(Zﬂ.nor — Zﬂ'a))
a#i @
Z\.
[— P1234 )\Z_ltl (N+1)(Zﬂ-nor - Zﬂ'i)’
1—t;
CL = Piay | Zu,(Zgor = Zr) + ) Et—wmzﬁ. ,
T 7 k3 aﬁéz 1 _ t;l a [

where {i,7,k, 1} = {1,2,3,4}. Motivated by the above expression, we define a new
square root of V.

il i
v, =v, —C, 4+ CL.

Remark 6.6.7. It is an equivalent problem to find the sign rule for v’ "or for vi. In fact,
such two sign rules will differ just by (—1)“‘((’” )™ which is completely determined by the
solid partition 7. Moreover, if the T-invariant Closed subscheme Z C C* corresponding
to a solid partition 7 is not supported in the T-invariant line { z; =z, =2, =0}, we
have that vi' = vi.

Lemma 6.6.8. Let m be a curve-like solid partition and i = 1,...,4. Then vi, v,r are
T-movable.

ProoOF. By Lemma 6.6.1 V;md, via are T-movable, for a =1,...,4. For N > 0, we

iy

clearly have (A%)™ = (Bi)™ = 0. O
We propose a sign rule for the sign in (6.2.21), relative to the square root vﬁr/.

Conjecture 6.6.9. Let m be a curve-like solid partition. Then the sign relative to the
square root v’ is (—1)7(™) where
(6.6.3) oi(m) = |n| +#{(a1,a2,a3,a4) ET: 0 =ar =a; < a; }

—Z#{(al,aQ,ag,a4) clegiaj=a, =0 <a;}

leg
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and {1,7,k,1} ={1,2,3,4}, where leg denote the curve-like solid partitions obtained
by translating the plane partitions \; along the x;-axis.

Remark 6.6.10. Let 7 corresponds to a T-invariant closed subscheme Z C C* sup-
ported in the hyperplane {x; =0} C C%, for i = 1,...,4. Then o;(7) = |r|, which is
consistent with the dimensional reduction studied in Section 6.3.1.

We prove now that the sign rule (6.6.3) is canonical, meaning that it does not really
depend on choosing a preferred x;-axis.

Theorem 6.6.11. Let 7 a curve-like solid partition. For every i,j = 1,...,4 we have

(1)) = ()2,

™

PRrROOF. vi" and vi" are both square roots of V, and are T-movable by Lemma 6.6.8.
The difference of the two sections is

4
.y .y . . . .
VZ — VJ - (V;L.rnor ﬂ-nor E + AZ A'Zr + B; — Bi

a=

—_

By Theorem 6.6.6, we know that

[Virnor - V',Z;-nor] — (_ 1)0'7;(7-(“0f)70_j (ﬂ-nor)7

Vi —vi ] (_1)U¢(m)*aj(fra)

Ta Ta

Y

which satisfies

oi(m) — o;(m) = oy (7)) — o (7"") Z oi(m,) — (7))

a=1

To conclude, with a simple computation it is possible to show that
AL — AL =Uy — Uy,
B}, — B] =Up — Up,

where, for N > 0, we have rk(U4)™" = rk(U4)™ = 0 and rk(Up)™®" = rk(Up)™ =
0. O

6.6.3. The edge term In this section we study square roots and propose a sign
rule for the edge term. For simplicity, let’s assume that the edge a5 € E(X) corresponds
to the P! given, in the local coordinates of U,, by {2y = r3 = 4 = 0 }, with normal

bundle

Np1/x = O(mg) ® O(ms) @ O(my),
satisfying mq + ms + my = —2; we set m = (ms, mg, my). We also fix a plane partition
A, corresponding to the profile of the non-reduced T-fixed leg. The discussion for the

legs along the other directions will be completely analogous. Denote here by Zy, E, the
edge terms Z,g, Enp in (6.2.10), (6.2.13), where

| kgl
> ikt

4,k EN
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—

Denote by () : K%(pt) — KX(pt) the map sending
Vo V(] ot ™2ttty ™).
The edge term admits a square root; set
R R
L—t7h 1—tY
f,{ = —Z\ + PuZ\Zy,

VT~
e\ =1,

which enjoys

E\= ei + ei,
where {j, k, 1} ={2,3,4}.
Lemma 6.6.12. Let A\ be a plane partition and j = 2,3,4. Then ei is T-movable.
PROOF. Without loss of generality, suppose that j = 4. Write f} =Y ¢”; we have
. —tr Y B mv <0,
(6.6.4) F(t;%t” — ™) =<0 my =1,
— ] ‘
TS my > 2
where m - v denotes the standard scalar product in Z3. Therefore the contribution to

the T-fixed part of each t" is

;

1 fix - Z{:‘B‘” 5i,y2,y3,y4 my <0,
(665) rk (1_—251(151—1251/ . tutl—my)) _y  — 1’

1
-1
\Zizlfmu 61',1/2,1/3,'/4 my > 2

(
-1 wr=v3=v4 >0,

(666) == < 1 Vg = Vg = Uy S —1,

0 else.
\

Denote by W, the sub-representation of f§ corresponding to the irreducible representation
(tatsty)!, for | € Z. Equation (6.6.5) translates into

1
rkZ(l_t

Notice that f} — fi(totsty) ! is the 3-fold vertex of [127, Eqn. (12)] in the variables
ta, t3,t4, which is To-movable for Ty = {totsts =1} C (C*)3 (cf. [127, pag. 1279]).
This implies that for any [ € Z

fix
—(t7' — t”t;m”)) = Z (kW_;_1 —1kW)).

1 >0

kW, =1tk W_,_4,
by which we conclude the proof. O

As a corollary, we prove that the obstruction theory induced on the T-fixed locus is
trivial.
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Corollary 6.6.13. Let X be a toric Calabi-Yau 4-fold and f € Hy(X,Z). Then
the induced obstruction theory on Hilb™(X, )T is trivial. In particular, for Z €
Hilb™ (X, 3)T, the virtual tangent space Ty"* is T-movable.

PrROOF. By Lemma 6.6.8, 6.6.12 there exist T-movable square roots v,,e,3 of
Vo, Eqap for any a € V(X),af € E(X), which implies that also V., E,s and T}" are
T-movable by (6.2.14) (see [35, Prop. 2.11]). We have an identity in T-equivariant
K-theory

Ty" =Ext'(Iz,17) — Ext*(Iz, Iz) + Ext®(Iz, 1) € K3.(pt).

It was proven in [35, Lemma 2.2] that Ext' (I, I;)T = Ext*(I;, 1;)T = 0, by which we
conclude that Ext*(Iz, I)T = 0 as well. O

We propose a sign rule for the sign in (6.2.21), relative to the square root €.

Conjecture 6.6.14. Let \ be a plane partition. Then the sign relative to the square
root €} is (—1)%™ | where

(6.6.7) i(A) = fm(A) + | Am; + #{ (a2, a3,a4) € X\t aj =ap < a; },
and {i,j,k} ={2,3,4}.

We prove now that the sign rule (6.6.7) is canonical, meaning that it does not really
depend on choosing a preferred x;-axis.

Theorem 6.6.15. Let \ be a plane partition. For every 1,7 = 2,3,4 we have
(=17 Ved] = (~1) ]
Proor. Without loss of generality assume i = 4,5 = 3. Say, for k € Z,
Yt k<0,
Ak)=<X0 k=1,
It k=2
and, for a T-representation V,

B(V)=> t"A(mv) € K (pt),

veV
where the sum is over the weight spaces of V. We extend the definition of B(V') by
linearity to K% (pt). By (6.6.4), we have

ey — ey = B(fy — ).
Notice the decomposition
fy — 3 = Wx + Wa(tatsts) ",
Wy = ZyZx(t; ' —t31).
Then
B(W) + B(W(tatsts) )
B(Wy) — B(W,),

4 3
€\ — &)\
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by which we conclude that

3

(el — ) = (1B

We compute the parity of rk B(W))™" by induction on the size of X. If |A\] = 1, we
clearly have

rk B(Wy)™ =my +m3 mod 2.

Suppose now that the claim holds for all plane partition of size [A\| < n and consider a
plane partition A of size |\| = n 4 1; this can be seen as a plane partition \ of size n
with an extra box over it, corresponding to a Z3-lattice point u = (4, B, C). We have

B(W5) = BWy) + B(Y,) — B(Ys) + B(t;' —t31),
Y; =t (Zat7H + Zyt") i = 3,4,

and by the inductive step

rk B(Wy)™" = 04(\) — 03(A\) mod 2,
tk B(t;' —t31)™ = my —m3 mod 2.
Clearly, tk B(Y;)™ = rk B(Y})™ mod 2. In fact,
KB = 3 (m(— v+ (0,0,~1)) + m(v — i+ (0,0,-1)))
VEZ)

= —2m4])\]

A simple analysis of B(Y;)™ as in (6.6.5) yields

rk(B(Y) ™ =#{(veXA—wm=B—v3=C—v,+1}
—#{veXA—w=B-v3=C—-v—1},
where v = (v, 13, 14); in particular, it has to satisfy v < p. Therefore we can write it as
A
rk flx Z
=0 j
A

2

=0 j

Mm

c
E (0A—iB—jC—k+1 — OA—i B—j.C—k—1)
0 k=

Mm

0
c-1 C+1
E5A7,BJCI<:_55AZB]CI€

k=-1

Il
o

By symmetry we may compute the difference

A [c-1 B-1
rk(B(Yy) — ) Z (Z 04—i0,C—k + Z5A i\ B—j,C+1 — Z 0 A—i,B—4,0

=0 \k=-1 j=-1

C+1 B+l
—25.4 i,B+1,C— k—Z(SA i\,B,C— k_Z(SA i\B—j,— 1+Z5A i,B— jC+26A i—1,0— k)
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Further analyzing which of these sums actually contribute to the rank, we finally get
that

1 A=B<C,
rk(B(Yy) — B(Y3))™ =<{1 A=C<B, mod?2
0 else.

Therefore we conclude that

rk B(W5)™ = o4(\) — a3(\) mod 2,

which finishes the inductive step. O

Remark 6.6.16. Let X = Ky be the canonical bundle of a smooth projective toric
3-fold Y and consider Hilb" (X, 3), where 5 € Hy(X,Z) is a class pulled-back from
Y. Consider a T-fixed point Z € Hilb"(X, 3)T (corresponding to a partition data
{Ta, Aap }a7 B) scheme-theoretically supported on the zero section of X — Y. Locally
on the toric charts, label the fiber direction by x4 and denote by mg; the degree of the
normal bundle of L,g in the x4-direction. Consider the square root of 17" given by

Vy = Z vi—l— Z e4a,8.
acV(X) afeE(X)

By the dimensional reduction of Section 6.3.1, the sign rules proposed for vertex and
edge terms imply that the correct sign would be

(_1)0(27\/2): H (_1)04(7ra). H (_1)0’4(/\aﬁ)

acV(X) aBEE(X)

_ H (_1)\ﬂa|. H (_1)|/\aﬁ|m2§@+fma5()\aﬁ)
aeV(X) aBEE(X)

= (-,

where the last equality follows from (6.2.6) and

Z |/\a5‘mg¢6 == Z ’)‘aﬁ| deg NY/X|La,B
aBEE(X) aBEE(X)
— Z [Aag| deg Ky,
aBEE(X)
= > asler(Ty) - [Lag]
aBEE(X)
=a(Y)-B.

The same sign was proposed in a similar setting for stable pair invariants [37, Prop.
4.2, Rmk. A.2|, where such local geometries are studied, motivated by a choice of
preferred orientation as in [31].
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6.6.4. The vertex term: PT The analysis of the vertex term in PT theory —
which makes sense only for curves — is trickier, but could in principle be carried in an
analogues fashion as in here. This means that we could find — at least conjecturally —
canonical choices of square roots with sign rules, and prove an analogue of Theorem
6.6.11. We just conjecture here a sign rule, inspired by Conjecture 6.6.9 and the DT/PT
correspondence.

Conjecture 6.6.17. Let B be a box configuration in PT theory with underlying solid
partition m as in Section 6.2.2, with at most two non-empty profile plane partition
A1, Ag. Then the sign relative to the square root v (as in Section 6.2.6) is (—1)7(5),

where
(6.6.8) o(B)=|r|+|B|+#{(a,a,a,d) € B:a<d}+#{(a,a,a,d) Em:a<d}
—Z#{(a,a,a,d) €leg:a<d},

leg
where leg denote the curve-like solid partitions obtained by translating the plane
partitions \; along the x;-axis.

This sign rule has been verified in all the computations of this thesis.






CHAPTER 7

Stable pair invariants of local
Calabi-Yau 4-folds

Desde aquel dia
no he movido las piezas
en el tablero.

Haiku, J.L. Borges

7.1. Introduction

7.1.1. GW/GYV invariants of Calabi-Yau 4-folds Gromov-Witten invariants
are rational numbers, which are virtual counts of stable maps from curves to a fixed
algebraic variety. Due to multiple cover contributions, they are in general not inte-
gers. For Calabi-Yau 4-folds, Klemm-Pandharipande [108] defined Gopakumar-Vafa
type invariants using Gromov-Witten theory and conjectured their integrality. More
specifically, let X be a smooth projective Calabi-Yau 4-fold. Gromov-Witten invariants
vanish for genus g > 2 for dimensional reasons and one only needs to consider the genus
zero and one cases.

The genus zero Gromov-Witten invariants of X for class § € Ho(X,Z) are defined
using an insertion. Consider the evaluation map ev: My;(X,3) — X. For v €
H*(X,Z), one defines

GWos(7) = / evi (7).

[Mo,1(X,8)]vIr

The genus zero Gopakumar-Vafa type invariants

(7.1.1) nos(y) € Q
are defined in [108] by the identity

D> GWos()¢® = nosly) Y d 2",
d=1

B8>0 B8>0

195
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where the sum is over all non-zero effective classes in Hy(X,Z). For the genus one case,
the virtual dimension of M (X, ) is zero and one defines

GWL,B - / 1 € Q
[M1,0(X,8)]vir

The genus one Gopakumar-Vafa type invariants

(7.1.2) nig€Q
are defined in [108] by the identity

> o(d 1
S eWisg? =m0 T LS (a0 o1~ )
=1

B>0 B>0 d= B>0

- i > mg, g, log(1 — ¢,
B1,B2
where o(d) = Zi‘di and mg, g, € Z are called meeting invariants, which can be
inductively determined by the genus zero Gromov-Witten invariants of X. In [108],
both of the invariants (7.1.1), (7.1.2) are conjectured to be integers. Using localization
techniques and mirror symmetry, they calculate the Gromov-Witten invariants of X in
numerous examples in support of their integrality conjecture. The genus zero integrality
conjecture has been proved by Ionel-Parker using symplectic geometry [97, Thm. 9.2].

7.1.2. Stable pair invariants of Calabi-Yau 4-folds Stable pairs were intro-
duced in general by Le Potier [121] and used by Pandharipande-Thomas to define
virtual invariants of smooth projective threefolds [152, 155, 153]. Stable pair invariants
of threefolds are related to Gromov-Witten invariants by the celebrated GW/PT corre-
spondence [127, 152], which has been proved in many cases by Pandharipande-Pixton
[159, 158].

In [40], Cao-Maulik-Toda studied stable pair theory of a smooth projective Calabi-
Yau 4-fold X. They used stable pair invariants of X to give a sheaf theoretical
interpretation of the Gopakumar-Vafa type invariants (7.1.1) and (7.1.2)".

Let P,(X,) be the moduli space of stable pairs [Ox - F] with ch(F) =
(0,0,0, 3,n). By the results of Section 5.2, there exists a (real®) virtual class

(7.1.3) [Po(X, B)"™ € Hap(Po(X, B), Z),

in the sense of Borisov-Joyce [23], which depends on the choice of an orientation of
a certain (real) line bundle over P, (X, 3) [32]. For v € H*(X,Z), we define primary
insertions

7 HY(X,Z) — H*(P.(X,8),Z), 7(7) = mp.(mi7y U chs(F)),
where mx, mp are projections from X x P, (X, ) to the corresponding factors and
I* =[O0 — Fj

n [39, 44], the authors also proposed a sheaf theoretical interpretation of (7.1.1), (7.1.2) using
Donaldson-Thomas type counting invariants of one dimensional stable sheaves on X.
2This class can be constructed algebraically — again by the results of Section 5.2 — if we invert 2.
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is the universal stable pair on X x P, (X, ). Note that ch3(F) is Poincaré dual to the
fundamental cycle of F. The stable pair invariants of X with primary insertions are
defined by

(7.1.4) Pos(y) = / ()"
[Pn(X,B)]Vir

When n = 0, we simply denote this invariant by Py 3. We set Py := 1 and ngo(7y) := 0.

Conjecture 7.1.1 (Cao-Maulik-Toda [40]). Let X be a smooth projective Calabi-Yau
4-fold, B € Hy(X,Z), v € HYX,Z), and n > 1. Then there exist choices of orientations
such that

Pog(v) = > P [[ros (),
i=1

Bo+P1+-+Bn=p
80,815+, Brn=0

where the sum is over all effective decompositions of 3.

Conjecture 7.1.2 (Cao-Maulik-Toda [40]). Let X be a smooth projective Calabi-Yau
4-fold. Then there exist choices of orientations such that

Zpoﬂ qﬁ — HM(qB)m,ﬁ,

50 B3>0
where M(q) = [],=,(1 — ¢*)~* denotes the MacMahon function.

Conjecture 7.1.1 can be interpreted as a wall-crossing formula in the category of
D0-D2-D8 bound states in Calabi-Yau 4-folds [42], while Conjecture 7.1.2 seems to be
more mysterious. In [40], these conjectures were verified in the following cases (modulo
some minor assumptions in some of the cases). In each case, Conjecture 7.1.1 was only
verified for n = 1.

e X is a general sextic and § = [{], 2[¢], where £ C X is a line.

e X is a Weierstrass elliptic fibration and = r[F], where [F] is the fibre class
and r > 0 (in the case of Conjecture 7.1.1 only for r = 1).

e X =Y X E, where Y is a smooth projective Calabi-Yau threefold, F is an
elliptic curve, and ( is the push-forward of an irreducible class on Y x {pt}.

e X =Y x FE, where Y is a smooth projective Calabi-Yau threefold, E is an
elliptic curve, and 8 = r[E], where [E] is the fibre class and r > 0 (Conjecture
7.1.2 only).

When X is either the total space of a smooth projective Fano threefold, or the total
space of O(—1) ® O(—2) on P?, or O(—1,—1) & O(-1,—1) on P! x P!, the moduli
spaces P, (X, ) are projective and it makes sense to consider Conjectures 7.1.1 and
7.1.2. In this setting, the conjectures were verified in some cases for irreducible curve
classes in [40].

One of the main goals of this chapter is to provide more verifications for these local
geometries for more general low degree curve classes.
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7.1.3. Stable pair invariants of local surfaces Let S be a smooth projective
surface and let L, Ly be two line bundles on S satisfying L; ® Lo = Kg. Then the
total space X of Ly @ Ly over S is a non-proper Calabi-Yau 4-fold, which we refer
to as a local surface. Consider the moduli space P,(X, ) of stable pairs (F,s) with
X(F) = n and such that F' has proper scheme theoretic support in class 5 € Ho(X,Z).
Although P, (X, ) is in general non-proper, it can be proper in several interesting cases
(Propositions 7.2.1, 7.2.8). Then we can define virtual classes (7.1.3) and corresponding
stable pair invariants (7.1.4).

Example 7.1.3. For (S, L1, Ls) = (P2, 0(—-1),0(-2)) and (P! xP!, O(-1,-1),0(-1, 1)),
the moduli space P, (X, f3) is projective for all n, 3 (see Proposition 7.2.1).

Example 7.1.4. For (S, L, Ly) = (P'xP', O(—1,0),O(—1,-2)), P,(X, 8) is in general
non-proper. E.g. let H; := {pt} x Ple, take 8 = [H;|, and n = x(Op,) = 1. Then
Ny, /x = O® 0O ®O(-2) has sections in the first fibre direction, so H; C P! x P! C X
can move off the zero section P! x P! C X and P(X,[H;]) is non-proper. On the
other hand, for Hy := P! x {pt} and 8 = [H,|, we have - L; <0 and 8- Ly < 0, so
Py (X, [H,]) is projective by Proposition 7.2.1.

When S is toric, the local surface X is toric and the vertex formalism for calculating
stable pair invariants of X has been developed in [35, 36| in analogy with [155]. Let
T C (C*)* denote the 3-dimensional subtorus preserving the Calabi-Yau volume form,
then the fixed locus P,(X,3)T consists of finitely many isolated reduced points [35,
Sec. 2.2], though the number of fixed points is typically very large making calculations
using the vertex formalism cumbersome.

Although we perform a few new calculations using the vertex formalism as well, we
mainly focus on another approach, where we use the global geometry of S. We consider
the case when all stable pairs on X are scheme theoretically supported on the zero
section ¢ : S < X, i.e. we have an isomorphism

L : Py(S,B) = P.(X, B).
Under this isomorphism, we have (Proposition 7.3.2)
(7.1.5)  [Pu(X,B)]"" = (=1)*2*" - e( — Rotomy, (F,F K Ly)) - [Pa(S, B)]™,

where [P, (S, 3)]'" is the virtual class of the pairs obstruction theory on S, e(-) de-
notes Euler class, mp,: S x P,(S,5) — P.(S,0) is the projection, Rtom,, =
R7pg. o R#om, and F is the universal 1-dimensional sheaf on S x P,(S, ). The
sign (—1)8t2tn = (—1)8a0)*n where Y = Totg(L;), comes from a preferred choice of
orientation on P, (X, ) which was discussed in a similar situation in [31].

In order to use (7.1.5) for calculations, we need the fact that P,(S, ) is isomorphic
to a relative Hilbert scheme. More precisely, assume b;(S) = 0 and denote by |3| the
linear system determined by . Denote by C — || the universal curve, then [153,
Prop. B.8] gives

P,(5,8) = Hilb™ (C/|5)),
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where Hilb™(C/|3]) denotes the relative Hilbert scheme of m points on the fibres of
C — |B| and

m:n—l—g(ﬁ)—l:n—l—%ﬁ(ﬁ—l—Kg).

This isomorphism was exploited in order to determine the surface contribution to
stable pair invariants of local surfaces Totg(Kg) in [118]. The relative Hilbert scheme
Hilb™(C/|B]) is an incidence locus in a smooth ambient space

Hilb™(C/|8) € ™ x |3,

where SI™ denotes the Hilbert scheme of m points on S. More precisely, Hilb™(C/|3])
is cut out tautologically by a section of a vector bundle on S™ x |3| as we recall in
Section 7.3.1. This allows us to express the stable pair invariants of X in terms of

intersection numbers on S x |3, or more precisely, on the “virtual” ambient space
Stml s Px(B)=1 where

X(B) = x(0s(8)).

In what follows, Z C Sx .5 [m] denotes the universal subscheme and Z is the corresponding
ideal sheaf. For any line bundle £ on S, the corresponding tautological bundle is defined
by

L= p.g'L.

where p: Z — SI"™ and ¢ : Z — S are projections. Moreover, we consider the twisted
tangent bundle [46]

(7.1.6) Ty (L) = RI(S, £) ® O —~RHom(Z,TR L),

where 7 : S x S™ — Sl denotes projection. Finally, we denote the total Chern class
by ¢ and the tautological line bundle on PX(®)~1 by O(1). We prove the following result
(Theorem 7.3.4).

Theorem 7.1.5. Let S be a smooth projective surface with by(S) = p,(S) = 0 and
Ly, Ly € Pic(S) such that Ly ® Ly = Kg. Suppose f € Hy(S,7Z) and n > 0 are chosen
such that P,(X, ) = P,(S, ) for X = Totg(L; & Ls). Denote by [pt] € H*(X,Z) the
pull-back of the Poincaré dual of the point class on S. Let P, (X, ) be endowed with
the orientation as in (7.1.5). Then

La+n m] (1Y) P AARXELED QX2 (T ) (L1))
Pn,ﬁ([pt]) = (_1)B Lat fS[M]XPX(ﬁ)fl Cm(OS(B)[ ](1)) C(Ll(g)[m](1)).0((L2(5)[m](155)[v)] : )

when 3% > 0. Here m := n+ g(8) — 1 and h := ¢;(O(1)). Moreover, P, 3([pt]) = 0
when 32 < 0.

The main assumption in this theorem is P,(X, ) = P,(S, 8). For (S, Ly, Ly) with
S minimal and toric, L} ® Ly = Kg with L{*, Ly ' non-trivial and nef, we classify all
cases for which n > 0, P,(X, ) = P,(S, ), and P,(S, ) is non-empty (Proposition
7.2.9, Remark 7.2.10). Note that P,(X, ) = P,(S, 8) more or less forces p,(S) = 0,
because as soon as L; or Ly has non-zero sections this isomorphism does not hold. See
Remark 7.3.5 for an extension to the case b;(S) > 0.
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7.1.4. Verifications In this chapter, we apply Theorem 7.1.5 to examples for which
S is in addition toric®. Then the integrals on S™ of Theorem 7.1.5 can be calculated
using Atiyah-Bott localization for the lift of the 2-dimensional torus action from S to
St as described in Section 7.3.4. This leads to the tables for stable pair invariants in
Appendix 7.4.

Denote by [H| € Ho(P? Z) the class of a line and let [H,], [Hs] € Ho(P! x P!, Z)
be as in Example 7.1.4. In [108, Sect. 3], Klemm-Pandharipande determined the
Gromov-Witten invariants of X = Totg(L; & Lo) for (S, Ly, Ly) = (P2, O(—1),0(-2))
and (P* x P!, O(—1,-1),0(—1,—1)). They tabulated the corresponding values of the
Gopakumar-Vafa type invariants for 8 = d[H] with d < 10 resp. § = di[H;] + da[H,]
with dq, ds < 6. Combining their calculations and the tables in Appendix 7.4, we deduce
the following:

Corollary 7.1.6. In the following cases, Conjectures 7.1.1 and 7.1.2 are true for
X = Totg(Ly & Lo).

o (S, Ly, Ly) = (P?,0(-1),0(-2)),d =1, and any n > 0.

o (S,Ly,Ly) = (P?,0(-1),0(-2)),d=2,3,4, and n =0, 1.

o (S, Ly, Ly) = (P*,0O(-1),0(-2)),d=2,3, and n = 2.

o (S, Ly, Ly) = (P! x PL,O(—1,-1),0(—1,-1)), (d1,ds) = (1,0),(0,1),(1,1),
any n = 0.

o (S, Ly, Ly) = (P x PL,O(-1,-1),0(-1,-1)), (di,d3) = (0,d),(d,0) with
d>2, and 0 < n <d.

o (S, Ly, Ly) = (P! x PLLO(—1,-1),0(-1,-1)), (d1,d2) = (1,d),(d,1) with
d>2, andn=0,1,2.

o (S, Ly, Ly) = (P' x P1,O(—1,-1),0(—1,-1)), (di1,d2) = (2,2), (2,3), (3,2),
(2,4), (4,2), (3,3), and n = 0.

o (S,Li,Ly) = (P' x P, O(~1,-1),0(—1,-1)), (d1,ds) = (2,2),(2,3),(3,2),
and n = 1.

o (S,Ly,Ly) = (P x P, O(-1,-1),0(—1,-1)), (d1,d2) = (2,2), and n = 2.

Remark 7.1.7. In all these cases P,(X, ) = P,(S, ). In fact, these are all (S, Ly, Ls)
with L1 ® Ly & Kg for which L{', L;' are ample, n > 0, and P,(X, ) = P,(S, 8)
by Propositions 7.2.2 and 7.2.9. Calculations based on Theorem 7.1.5 are often more
efficient than the vertex formalism [35, 36]. For instance, for (S, L1, Ly) = (P! x
P O(-1,-1),0(-1,-1)), (di,ds) = (2,4) and n = 0, P,(X, 3) has 182 T-fixed points,
whereas Theorem 7.1.5 only involves an integral over S x P,

Bousseau-Brini-van Garrel [24] recently determined the genus zero Gromov-Witten
(and hence Gopakumar-Vafa type) invariants of several local surfaces for their veri-
fications of the log-local principle conjectured in general in [183]. Combining their
numbers with the tables for stable pair invariants in Appendix 7.4 allows us to provide
some further verifications of Conjecture 7.1.1 as we will now describe. For any a > 1,

3To our knowledge, all local surfaces which are Calabi-Yau 4-folds and for which Gopakumar-Vafa
type invariants have been calculated so far are toric.
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consider the Hirzebruch surface
Fa = P(Opl D O]pl (CL))

We denote by [F] the class of a fibre and by [B] the class of the unique section
satisfying B> = —a. We write O(m,n) := O(mB + nF) and consider curve classes
B = di[B] + da[F], d1,da > 0.

Corollary 7.1.8. In the following cases, Conjecture 7.1.1 is true for X = Totg(L; @ Ls).

L4 (S, Ll,Lg) = (]P)l X ]P)l,O(—]_,O)7O(—17 —2)), (dl,d2> = (0, ].), and any n > 1.

o (S,L1, L) = (P' x P\, O(—1,0),0(—1,-2)), (dy,ds) = (0, d) with d > 2, and
n =d.

o (S, L1, Ly) = (P'x P!, O(=1,0), O(=1,~2)), (s, do) = (2,2), (2,3), (1,d), (d, 1)
withd > 1, and n = 1.

o (S,L1,Ls) = (P' x P, O(~1,0),0(—1, -2)), (d1,ds) = (1,d) with d > 2, and
n=2.

° (S, Ll,LQ) = (Fl,O(—l,—]_) O( 1 —2)>7 (dl,dg) ( s ) and anyn 1.

o (S,L1,Ls) = (Fy,0(~1,-1),0(=1,~2)), (dv,ds) = (0,d) with d > 2, and
n =d.

o (S,L1,Ls) = (F1,0(—1, —1),0(~1,-2)), (d1,ds) = (2,2),(2,3),(2,4), (1,d)
withd > 1, and n = 1.

o (57 Ll,Lg) = (FhO(—l,—l),O(—l,—Q)), (dl,dg) = (1,d) with d = 2, and
n=2.

o (S, Ly, Ly) = (Fy, 0(0,~1),0(=2,-2)), (dv,ds) = (2,2),(2,3), (1,d) with d >
1, n=1.

o (5, Ly, Ly) = (F2, O(—1,-2),0(-1,-2)), (di,dp) = (0,1), and any n > 1.

L] (S,Ll,Lg) = (]F27O(_]_7_2) ( ]_ —2)) (dl,dg) ( ) with d > = , and
n =d.

o (5,11, Ls) = (Fa, O(—1,—2),0(=1,-2)), (d1,ds) = (2,3),(2,4),(2,5), (1,d)
withd > 1, and n = 1.

* (57 L1>L2) = (F27O(_17_2)7O(_17_2))7 (d17d2)

n = 2.

(1,d) with d > 2, and

In all these cases P,(X,5) = P,(S,8) and n > 0. Since Bousseau-Brini-van
Garrel only determined the genus zero Gopakumar-Vafa type invariants for the above
geometries, we can only verify Conjecture 7.1.1 in these cases. In fact, in Proposition
7.2.9 and Remark 7.2.10, we classify all cases (S, L1, Ly) such that S is minimal toric,
L ® Ly & Kg, L7, L;! are non-trivial and nef, n > 0, P,(X,3) = P,(S, /), and
P,(S,B) is non-empty. Using Theorem 7.1.5, we determined the stable pair invariants
in all these cases, including the n = 0 case (see Appendix 7.4).

Remark 7.1.9. For all calculations done in Appendix 7.4 for which P,(X, 5) = P,(S, 5)
and the invariant is non-zero, we have

(7.07) Pasllot) =% [ el (L),
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These numbers were calculated by Carlsson-Okounkov [46] and are determined by the

formula
S [ elTguale) = TL 1= gy e
m=0 stm m=1

where ¢3(Ts®Ly) = ¢2(S)— Ly La. We do not know whether (7.1.7) is a mere coincidence.

7.1.5. Vertex calculations Although most calculations in this chapter are based
on Theorem 7.1.5, we also did some computations using the vertex formalism.

Proposition 7.1.10. For the following cases, Conjectures 7.1.1 and 7.1.2 are true.
o X = Totps(Kps), d =1, and any n > 0.
o X = Totps(Kps), d=2,3, andn =0, 1.
o X = Totps(Kps), d =2, andn = 2.
For the following cases Conjecture 7.1.1 is true for X = Tots(L, & Ls).
o (S, Ly, Ly) = (P*,0O(—1),0(-2)),d=2, and n = 3.
o (S Ly, Ly) = (PxPLO(-1,-1),0(—1,-1)), (d1,d2) = (0,2),(2,0),(1,2), (2, 1),
and n = 3.
o (S,Ly, Ly) = (F1,0(—1,-1),0(—-1,-2)), (dy,d2) = (0,2), and n = 3.

The invariants in this proposition are defined by localization on the fixed locus
(35, 36]. In the cases above where X = Totps(Kps), we have P, (X, ) = P,(P3, 3) and

[Pn(X7 B)]Vir _ (_1)6~61(P3)+TL . [Pn(]P)37 /3)]vir

pair?

where [P,(P?, 8]V, is the virtual class of the pairs perfect obstruction theory on
P? (discussed in (7.3.9), see also [40, Lem. 3.1] in a similar setting). The sign in
this formula is a preferred choice of orientation on P, (X, ) similar to (7.1.5). Then
the Graber-Pandharipande virtual localization formula [85] can be applied to the
right hand side to show that the local invariants of Proposition 7.1.10 are equal
to the global invariants (7.1.4). The same method works for the local surface case
(S, Ly, Ly) = (P2, O(—1),0(-2)), d = 2, n = 3, because then all stable pairs are scheme
theoretically supported in the threefold Tots(L1).* See Remark 7.4.2 for more details.

We remark that most stable pair invariants of local surfaces calculated in this chapter

are small (see Section 7.4.1). For X = Totps(Kps), the numbers are rather big:
Po,g[g] == 11200, Pl’g[g]([g]) = —82(), Pl’g[g]([g]) - —68060, P2’2[[]<[£]) - 400,

where [(] € Hy(IP?,Z) & Ho(X,Z) denotes the class of a line ¢ C P? and we also write
(] € HY(X,Z) for the pull-back of its Poincaré dual from P? to X. This provides
further good evidence for Conjectures 7.1.1 and 7.1.2.

7.2. Moduli spaces

7.2.1. Stable pair invariants of Calabi-Yau 4-folds As in [152], a stable pair
(F, s) on a smooth projective Calabi-Yau 4-fold X consists of

4By the time a first draft of this thesis — and [37] — was written, Oh-Thomas [147] proved in
full generality the localization formula, cf. Section 5.2.
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e a pure dimension 1 sheaf F on X,
e a section s € H(X, F) with 0-dimensional or trivial cokernel.

For 5 € Hy(X,Z) and n € Z, denote by P,(X, 3) be the moduli space of stable pairs
(F,s) on X such that F' has scheme theoretic support with class § and x(F') = n. By
[152], it can alternatively be seen as the moduli space parametrizing 2-term complexes

I*=[0x > F] € D"(X)

in the bounded derived category of coherent sheaves on X. This viewpoint produces an
obstruction theory on P,(X, 3), which is however not perfect because Ext®(I*, I*), is
in general non-vanishing. Nonetheless, by the results of Section 5.2, there is a (real)
virtual fundamental class (see also [40, Thm. 1.4])

[Pn(X7 B)]Vir S H2n(Pn(Xa B)a Z)
depending on a choice of orientation.

7.2.2. Compactness I In the previous section, we assumed X is a smooth projec-
tive Calabi-Yau 4-fold. As we will discuss in more detail in Section 7.3.2, the previous
section also applies to certain cases where X is a smooth quasi-projective Calabi-Yau
4-fold and P,(X, ) is proper.

Suppose S is a smooth projective surface and L;, Ly € Pic(.S) satisfy

L, ® Ly~ K.

Then X = Totg(L; @ L) is a smooth quasi-projective Calabi-Yau 4-fold, which we refer
to as a local surface. One way to ensure the properness of P, (X, () is as follows.

Proposition 7.2.1. Suppose S is a smooth projective surface with Ly, Ly € Pic(S5)
satistying L1 ® Ly = Kg and let X = Totg(Ly @ Ly). Let € Hy(S,Z) and suppose for
any 0 # 3 < 8,° we have ' - L; < 0 for i = 1,2. Then P,(X, ) is projective for any
n € 7.

PROOF. Let [(F,s)] € P,(X, ). We first show that F' is set theoretically supported
on the zero section S C X. Let D be an irreducible component of the scheme theoretic
support of F', then we want to show D,eq € S. Let Y = Totg(L;) and consider the
projection p : X = Toty(Ly) — Y (here and below, we suppress the pull-back of Ly
along the projection Y — ). Since D,eq is a proper irreducible reduced curve, Op_, is
stable. By the spectral construction, it corresponds to a stable Higgs pair (p. Op.,, ¢),
where

¢ :p«Op,oy = P+ Op, g ®Lo.
Denote the curve class of the scheme theoretic support of p, Op_, by 8 € Hyo(Y,Z) =
Hy(S,7Z). Then 0 # ' < (8, so /- Ly < 0. Combined with stability of the Higgs pairs
(p« Op, ;@) and (px Op,., ®Ls, ¢ @1idy,), this implies ¢ = 0 so Dyeq €Y = Totg(Ly)
(see [175, Prop. 7.4] for a similar argument). Reversing the roles of Ly, Ly, we deduce
Diea CY = Totg(Ls), 80 Dyeq € S.

5The notation 3’ <  means that there exist effective curve classes 3, 3" € Hy(S,Z) such that

B=B+p".
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Since each element of P, (X, () is set theoretically supported on S, we conclude that
P,(X, B) is projective. Indeed, there is a d > 0 such that every element of P, (X, 3) is
scheme theoretically supported in dS, where dS denotes the d times thickening of the
zero section S C X, i.e. the closed subscheme of X defined by I¢ C O, where I C Ox
denotes the ideal of the zero section. Therefore P, (X, 3) = P,(dS, ), ]

Suppose L' and L;! are ample. Then K 5! is ample, i.e. S is del Pezzo, and
P,(X, B) is projective for all 3,n by Proposition 7.2.1. As noted in [40, Sec. 4.2], there
are only two possibilities:

Proposition 7.2.2. Let S be a smooth projective surface and Ly, Ly € Pic(S) such that
Li®Ly = Kg. Suppose L7 and Ly ' are ample. Then, up to permutating Ly, Ly, we only
have (S, Ly, Ly) = (P2, O(=1),0(=2)) or (S, L1, Ly) = (P! xP, O(—-1,—1),0(—1, —1)).

PROOF. Suppose S contains a (—1)-curve C. Then the Nakai criterion and adjunc-
tion imply
—2 > deg(Li|e) + deg(Lz|o) = deg(Ks|o) = —1,
so S does not contain (—1)-curves. The classification of del Pezzo surfaces yields the
result. O

For both geometries of this proposition, the Gromov-Witten (and hence Gopakumar-
Vafa type) invariants were determined in [108, Sec. 3.

Let us go back to an arbitrary smooth projective surface S with Lq, Ly € Pic(S)
satisfying L; ® Ly = Kg. Consider the moduli space P, (S, 3) of stable pairs (F,s) on
S with x(F) = n and scheme theoretic support of F in class 5 € Hs(S,Z). Any stable
pair [* = [Og — F] gives rise to a stable pair

[Ox = 1. Og — 1. F]

on X = Totg(Ly & Ls), where ¢ : S — X denotes inclusion of the zero section. This
gives a closed embedding

(7.2.1) Po(S, 8) = Pa(X, B).

We refer to elements of P,(X, ) in the image as “stable pairs which are scheme
theoretically supported on S”. Requiring P,(X, ) to be proper poses restrictions on
n, 3. The following result is very useful for finding candidates for proper moduli spaces
P,(X,B) (as we will see later in this section in Proposition 7.2.8).

Proposition 7.2.3. Let S be a smooth projective surface, L, Ly € Pic(S) such that
Ly ® Ly =2 Kg and let X = Totg(Ly @ Lg). Let 5 € Hy(S,Z) and n € Z such
that P, (X, () is proper and P, (S, ) # @. Suppose C1,Cy C S are effective divisors
satisfying

[} Cl gpl and [Cl +CQ] = ﬁ,

e [,-Ci=0fori=1ori=2.
Then

_ %5(5+ Ks) <n< —%CQ(CQ + KS)-
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PROOF. Suppose P,(S, 3) # &, P,(X, ) is proper, and let C1,Cy C S be as stated.
Then for any element [(F,s)] € P,(S, ) with underlying scheme theoretic support C,
we have

n=x(F)=x(Oc¢) = —38(6 + Ks).
Suppose
n 2 1— %02(02 + Ks)

Since C; = P! and deg(L;|c,) = L; - C; = 0, for i = 1 or i = 2, the line bundle
Li|c, is trivial. Hence we can take a nowhere vanishing section D; of the line bundle
Lilc, 2 P! x C. In particular, D; and Cy are disjoint. Therefore

X(ODlLlcz) = X(0D1> + X(Ocz)
=1—1Cy(Cs + Ks).

Twisting Op,c, by an effective divisor of appropriate length, we obtain a stable pair
[(F,s)] € Po(X,5)\ P.(S,B) with underlying scheme theoretic support D; LI Cy. Since
D; does not lie in the zero-section, using the C*-scaling action on L;, we get a family
of stable pairs with part of the support (i.e. D1) moving off to infinity, contradicting
properness of P,(X, 3). ]

We want to apply this proposition to smooth projective surfaces S with Ly, Ly €
Pic(S) such that L; ® Ly = Kg and L;', L;' non-trivial and nef. These surfaces
were recently studied in the context of the log-local principle by Bousseau-Brini-van
Garrel [24]. In particular, they determined the genus zero Gromov-Witten (and hence
Gopakumar-Vafa type) invariants of Totg(L; @ Lo) in many new cases.

Smooth projective surfaces S with Kgl nef and big are called weak del Pezzo
surfaces. The weak toric del Pezzo surfaces are: P2, P! x P!, F,, Fo, or certain repeated
toric blow-ups of P? in at most 6 points as specified in [168]. In this chapter, we only
consider the minimal cases, i.e. the first four cases. Using the notation for Hirzebruch
surfaces from the introduction, the only possibilities for L;, Ly € Pic(S) such that
L1 ® Ly = Kg with L7, L, non-trivial and nef are (up to permutations of Ly, Ly):

o (5.1, L) = (P2, 0(~1), 0(~2))

o (S,L1, Ly) = (]P’lxIP’l,O( 1,-1),0(=1, 1)) or (P'xP!, O(—1,0), O(~1, —2)),
o (5, L1, Ly) = (F1,0(-1,-1),0(-1,-2)) or (Fy,0(0, -1),0(-2, —2)),

o (S,Lq,Ly) = (Fp,0O(—1,-2),0(—1,-2)).

Example 7.2.4. Suppose (S, Ly, Ly) = (P! x P1,O(-1,0),0(-1,-2)). Let H, =
{pt} x P! and Hy = P! x {pt}. We define (dy,ds) := diH, + dyH,. For all dy,d, € Z,
(dy,dy) is effective if and only if dy,dy > 0. For (0,d) with d > 1, the moduli space
P,(X,(0,d)) is projective for all n by Proposition 7.2.1. Now suppose d; > 0, ds > 0,
and n > 0. Let C; € |Hy| and Cy € |(dy — 1)H; + doHs|. Then L; - C; = 0 and the
inequalities of Proposition 7.2.3 reduce to

d1+d2—d1d2<n<d1+2d2—d1d2—1.

These inequalities have the following solutions:
o (di,dy) = (3,2),(2,d) with d > 2 and n =0,
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e (dy,dy) = (d,1),(1,d) with d > 1 and n = 1, or (dy,ds) = (2,d) with d > 1
and n =1,
e (1,d) with2 < n <d.

Example 7.2.5. Suppose (S, L1, Ly) = (F1,0(—1,-1),0(—1,-2)) and use the no-
tation for Hirzebruch surfaces from the introduction, so (di,dy) := d1B + doF for
all dy,dy € Z. Then (dy,ds) is effective if and only if di,ds > 0 (this holds for all
Hirzebruch surfaces). For (0,d) with d > 1, the moduli space P, (X, (0,d)) is projective
for all n by Proposition 7.2.1. Suppose d; > 0, d3 > 0, and n > 0. Let C; € |B| and
Cy € |(dy — 1)B + doF|. Then L; - C; = 0 and the inequalities of Proposition 7.2.3
reduce to
%dl(dl +1) —dy(dy — 1) < n < %dl(dl —1) —dy(dy — 2).

These inequalities have the following solutions:

o (dy,ds) = (3,3),(2,d) with d > 3 and n =0,

o (di,dy) = (2,d) withd > 2 and n =1,

o (1,d) with 1 <n<d.

Example 7.2.6. Suppose (S, Ly, Ls) = (F,0(0,—-1),0(—=2,-2)). Suppose d; > 0,
dy > 0,and n > 0. Taking ', Cy as in Example 7.2.5 leads to the same list. Additionally,
we can take d; > 0,dy > 0,n >0, Cy € |F|and Cy € |dyB+(de—1)F|. Then L;-C; =0
and the inequalities of Proposition 7.2.3 reduce to

The solutions to these inequalities and the ones from Example 7.2.5 are:

o (di,dy) =(2,3),(2,4),(3,3) and n =0,
o (di,ds) =(2,2),(2,3),(1,d) withd > 1 and n = 1.

Example 7.2.7. Suppose (S, Ly, Ly) = (Fq, O(—1,-2),0(—1,-2)). For (0,d) with
d > 1, the moduli space P, (X, (0,d)) is projective for all n by Proposition 7.2.1. Suppose
d1>0 d2 0 andn 0. Let C'1€|B| andC'2€|(d1—1)B—|—d2F| ThenL1 C’1—0

and the inequalities of Proposition 7.2.3 reduce to
d% — dg(dl — 1) < n < (dl — 1)2 — dg(dl — 2)
These inequalities have the following solutions:
e (di,dy) = (2,d),d>4,and n =0,

(dladQ) - (27d)a d>3,and n=1,
o (1,d) with 1 <n < d.

In these examples we listed, for given (S, Ly, Ls), all the cases for which n > 0 and
potentially P, (X, /) is proper and P, (S, ) # @ (Proposition 7.2.3). For 8 = (0, d) with
d>1, P,(S,B) # @ if and only if n > d, and P,(X, ) is proper by Proposition 7.2.1.
For all other cases listed, P, (S, §) is also non-empty since |3| # @ and n > x(O¢) for
any C € |5]. Indeed adding sufficiently many points to C' one obtains a stable pair
(F,s) on S with x(F) =n. We now prove that in each of the cases listed, P, (X, /) is
indeed proper.
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Proposition 7.2.8. In each of the cases listed in Examples 7.2.4-7.2.7, P,(X, 3) is
projective.

ProoOF. We write out the proof for Example 7.2.4. The other cases are analogous.
Recall that Hy := {pt} x P!, H, := P! x {pt}, L1 := O(—H,), Ly := O(—H,—2H,), and
B :=dyHy + dyH,. Suppose n, S are as listed in Example 7.2.4. As in Proposition 7.2.1,
it is enough to show that all elements of P,(X, 3) are set theoretically supported on S.
Suppose [(F, s)] € P,(X, 3) has scheme theoretic support C' and let D be an irreducible
component of C' which is not set theoretically supported on S. Then we claim D,oq is
a proper irreducible reduced curve with class [Dyeq] € Ho(X,Z) = Hy(S,Z) satisfying
[Dyed| - L1 = 0 or [Dyeq] - Ly > 0. Indeed suppose [Dieq] - L1 < 0 and [Dyeq] - Lo < 0.
Using the spectral construction as in the proof of Proposition 7.2.1, stability of Op__,,
then implies D,.q C S contrary to our assumption.

The only non-zero effective curve classes 5’ on S such that 5'- Ly >0or /- Ly >0

are 3’ = mH,; for some m > 0. Hence there exists a ¥ € |H;| such that

P|D,eq :Dred%zg*S;

where p : X — S denotes the projection. Note that L;|s = O and Ls|y, = O(—2). Since
[Dred] - Lo < 0, a similar argument as above shows that D,.q C Tots(L;) = P! x C.
Therefore D,qq is a non-zero section of Tots(L;) = P! x C.

Denote the irreducible components of C' which are not set theoretically supported
on S by Dy,...,D, and let D’ be the union of the remaining components. Above, we
showed each D; eq = P! and D eq is a non-zero section of Toty, (L;) = P! x C for
some X; € |Hq|. It follows that Dj eq, ..., Diyed, Dioq are mutually disjoint. Denote
the multiplicity of D; at D;,eqa by 6; > 1. Consider the classes p.[D;], p.[D'] € Ha(S,Z),
where p : X — S is the projection. Then

pi|Di) = 0;Hy, p.[D']:=p—0H,
where § := 3¢, §;. We claim
(7.2.2)  x(Op,) 21, x(Op)>1-g(p.[D]) = —3(8 = 0H)(B — dH: + Ks),

for all 7 = 1,...,¢, where the last equality is by the Riemann-Roch formula. When D,
(resp. D’) are reduced, these inequalities are equalities. In general, since N, Dired/X =
O®0O®O(-2) and Ngjx = Ly & Ly with L7, Ly ! nef, we have inequalities as stated °.
From (7.2.2) and the fact that Dy, ..., D, D" are mutually disjoint, we deduce

n=x(F) = x(Oc¢) x(Op,) + x(Op)

Il
'M“‘

=1

> 60— 5(8—0H,)(B—dH + Kg)

1
2
L(dy — 6)(dy — 2) — Lda(dy — 6 — 2).

S S

60mne way to see this is by using filtrations by thickenings of Djreqa € X and S C X as in the proof
of Proposition 7.2.9 below.
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However, for each of the cases listed in Example 7.2.4, it is easy to see that n <
0—1-— %(dl —0)(dy —2) — %dg(dl — 90 —2) for all 1 <0 < d; by explicit calculation.
We have reached a contradiction. O]

Conclusion. For any (S, Ly, L) with L; ® Ly, = Kg, L', L, non-trivial and nef, S
minimal and toric, we classified all n > 0, § € Hy(S,Z) such that P, (X, () is proper
and P,(5,p) # @.

7.2.3. Compactness II In the previous section, we studied properness of P, (X, 3)
for local surfaces. In particular, for (S, L1, Ly) = (P?,O(—1),0(—2)) or for the choice
(P! x P, O(-1,-1),0(-1,—1)), the moduli space P, (X, ) is always proper (Proposition
7.2.1). We are now interested in the cases where P, (X, §) = P,(S, ), i.e. the embedding
(7.2.1) is an isomorphism. For the 3-fold Tot(K%p2), this question was considered by
Choi-Katz-Klemm in [56, Prop. 2]. In the proof of the following proposition, we use
some of their techniques (adapted to the 4-fold setting).

Proposition 7.2.9. Let X = Totp2(O(—1) @ O(-2)), = d[H] withd > 1, and n > 0.
Then

P, (X, B) = P, (P, 3)

if and only if

(1) d=1 and any n > 0, or
(2) d=2,3,4andn=0,1, or
(3) d=2,3 and n = 2.

Let X = TOtPIX]pl(O(—l, —1) D O(—l, —1)), 5 = dl[Hl] + dQ[HQ] 7é 0 with dl,dg = 0,
and n > 0. Then

P.(X,3) = P,(P' x P!, 3),

if and only if

(1) (dy,d2) = (1,0),(0,1),(1,1) and any n > 0, or

(2) (dy,d2) = (0,d),(d,0) withd > 2 and 0 < n < d, or

(3) (dy,d2) = (1,d),(d,1) withd > 2 andn =0,1,2, or

(4) (dr, d) = (2,2),(2,3),(3,2), (2,4), (4,2), (3,3) and n = 0, or
(5) (dv,ds) = (2,2),(2,3),(3,2) and n =1, or

(6) (d1,d2) = (2,2) and n =2

PROOF. Let [(F,s)] € P,(X, ) be a stable pair with scheme theoretic support
C' :=supp(F). The stable pair (F,s) is set theoretically supported on the zero section
S C X by Proposition 7.2.1. Let Y; = Totg(L;) for i = 1,2. We consider the ideals of
CCXandY, CX:

J =Iccx €COx, Iy:=Iycx COx.
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Note that I is a line bundle on X. Since (F) s) is set theoretically supported on S C X
(and therefore Y7 C X)), there exists an ¢ > 0 such that J + I 1 — J and we have

! J+ 1
(7.2.3) ZX<J+[J+1>
J=

For each 7, we have a surjective map

J+I}
J+13T
subscheme C; C Y; of dimension < 1. Moreover, we have C; O C}; for all j " From

where p : Y] — S denotes projection. Hence = O¢, ®p*Ly 7 for some closed
the fact that C' is Cohen-Macaulay, it also follows that, when non-empty, C; is not
0-dimensional.

For a fixed j, we consider the ideals of C; C Y} and S C Y;:

Jj = 1Ic,cvy € Oyy, I :=1Iscy; € Oy, .

Note that I; is a line bundle on Y;. As above, there exists an ¢; > 0 such that

Jj + Ié it = J; and we have

ZZ X < JJ_:L]{; )

As above, for all i, we have #J;l}rl = Ocij ®L;" for some closed subscheme Cj; C S
J 1

of dimension < 1. As above, we also have C;; O (44 ; for all . This time, we leave
open the possibility that C;; is 0-dimensional, because C; need not be Cohen-Macaulay.

Nonetheless, denoting 3;; := [C};], we have
¢4
B=>" By € Ha(S,Z).
7=0 =0

Consider the torsion filtration
0= To = Oc,; = Ocpue = 0
and the exact sequence
0= Os(=Ci") = Og — OCZP]}HC — 0.

The support of Ty is O-dimensional. Applying the Hirzebruch-Riemann-Roch formula
gives
Jj+ 1 I —i —j —i =i
<J e ®p Ly > =X(Oc,, ®L1" ® Ly”) = X(chj“re QL @ Ly”)
= —38;(Bij + Ks) — (iLy + jL2)By;.

. . —j—1 ~  J+I J413Tt
"This follows from the natural surjection Ocj ®p*L2] I~ J_:}J 2 ® 2 JII? -
2

Oc; 4 op* Ly
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Combining with (7.2.3), we obtain
(7.2.4)

X(F) 2 x(0c) = - Z (58i;(Bij + Ks) + (iLy + jL2) )

I
o
I
o

7=0
> —36(8 + Ks) — B(L1 + L)
Lo

¢
+ % Z BijBirjr + Boo(L1 + La) + Ly Zﬂoj + Lo ZB’L’O;

((4,9),(¢,37)) Jj=1 =1
(,9)#(,3)

where we used that L; and L. are nef line bundles.

Case 1. Let (S, Ly, Ly) = (P?,0(—1),0(-2)), 8 = d[H] with d > 1, and n > 0.
Suppose there exists an element [(F) s)] € P,(X, 5)\ P.(S, ). We use the notation above
for its scheme theoretic support C' and the associated schemes C;;. Let f;; = d;;[H],
then (7.2.4) gives

¢ t
X(F) > —%d2 + %d — 3dyo — Zdoj -2 ZdiO + % Z dijdy
j=1 =1 ((4,9),(",3"))
(i) (i 1)

2 _%d2 + gd - d()() + % Z dijdi’j’

((1,9),(,37))
(6,50 # @ ,57)

152 5
> —1d®+ 34,

where the last inequality uses that there exists an (7, j) # (0,0) with d;; > 1, because
we assumed C' is not scheme theoretically supported in the zero section S C X. Hence
n < —id?+2d—1implies P,(S, ) = P,(X, 3). In particular, we find that for the cases
(1)—(3) we have P, (S, 8) = P,(X, ). For case (1) this is obvious from Proposition 7.2.1
and the fact that g is irreducible.

For 3,n other than (1)—(3), it is easy to construct a (C*)*-fixed stable pair in

using the combinatorial description of stable pairs in [155, 35|, where (C*)* denotes
the torus of the toric Calabi-Yau 4-fold X.

Case 2. Let (S,Ly,Ly) = (P! x P}, O(—1,-1),0(-1,-1)), 8 = di[H] + dz[H>]
for some dy,dy > 0 not both zero, and n > 0. Suppose there exists an element
[(F,s)] € Pu(X,5)\ P.(S,B8). We use the notation above for its scheme theoretic
support C' and the associated schemes Cj;. Let §;; = dy ;[ Hi1| + da,ij[H>|, then (7.2.4)
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gives
(7.2.5)
V4 Lo
X(F) = 3dy + 3dy — didy — 2dy 99 — 2d2,00 — Z(dl,l)j + da i) — Z(dl,io + da40)
=1 i—1

+ % Z (dyijdairy + dygjidaj)

((5,9),(#,37))
(0,5)# (@ ,5")

= 2dy + 2dy — dydy — dy g0 — dao + Z dy 5o i

((2,9),(#,37))
(0.5 # ,5")

Zdy +dy — dydy + 1+ Z dijda e,

((1,9),(7,3"))
(,0)# @ ,37)

where the last inequality uses that C' does not lie scheme theoretically in .S. Suppose
dl, dQ > 2, then

(7.2.6) Z dyijda iy 2= 2.

((1,9),(7,3"))
(6,0 #,57)

Therefore n < dy + dy — dydy + 2 implies P,(S, f) = P,(X, 3). In particular, for 3,n as
in (4)—(6), except for (dy,ds) = (3,3) and n = 0 (!), we deduce that P, (S, 3) = P,(X, 5).
Cases (1)—(3) can be found from (7.2.5) by a similar reasoning.

For (dy,dy) = (3,3), we still use (7.2.5), but we need to sharpen (7.2.6). Recall that
the schemes C; and C;; constructed in the first part of the proof are nested. This implies
diij = diiv1j and dy ;5 > doiqq; for all ¢, 5. Using these inequalities for (dy, ds) = (3, 3),

Z dlz]d21] /3

((4,5),(,5"))
(,5)#@ 57)

It follows that for [(F,s)] € P.(X,(3,3)) \ P.(S,(3,3)), we have x(F) > 1. Hence
Po(S, (37 3)) = PO(X7 (37 3))

For 3,n other than (1)-(6), it is easy to construct a (C*)*-fixed stable pair in
P.(X,5)\ P.(S, ) using the combinatorial description of stable pairs in [155, 35]. [

one can show that

Remark 7.2.10. For (S, Ly, Ls) as in Examples 7.2.4-7.2.7, we found all cases for which
n >0, P,(X, () is proper, and P,(S,3) # @ (Propositions 7.2.3 and 7.2.8). A similar
reasoning as in the proof of Proposition 7.2.9 (using (7.2.4)) can be applied to find out
when P, (X, ) = P,(S, 5). In the following cases, we have n > 0, P, (X, 8) = P,(S, 5):
o (S, Ly, Ly) = (P xP,O(-1,0),0(—1,-2)), (dy,d3) = (0,1) and any n > 0, or
(dy,dy) = (0,d) for any d > 2 and n =d , or (dy,ds) = (2,2),(2,3),(3,2),(2,4)
and n =0, or (d1,d2) = (2,2),(2,3),(1,d),(d,1) for any d > 1 and n = 1, or
(dy,ds) = (1,d) for any d > 2 and n = 2.
e (S,L1,Ly) = (F,0(—1,-1),0(—1,-2)), (d1,dy) = (0,1) and any n > 0, or
(dy,ds) = (0,d) for any d > 2 and n =d , or (dy,ds) = (2,3),(2,4),(3,3),(2,5)
and n = 0, or (di,d2) = (2,2),(2,3),(2,4) and n = 1, or (dy,ds) = (1,d) for
n=1,2 and any d > n.
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o (S,Ly,Ly) = (F1,0(0,—-1),0(-2,-2)), (d1,d2) = (2,3),(2,4),(3,3) and n =
0, or (dy,ds) = (2,2),(2,3),(1,d) with d > 1 and n = 1.

o (S,Ly,Ly) = (Fy, O(—1,-2),0(—1,-2)), (d1,ds) = (0,1) and any n > 0, or
(dy,dy) = (0,d) for any d > 2 and n = d , or (dy,ds) = (2,4),(2,5),(2,6)
and n =0, or (d1,d2) = (2,3),(2,4),(2,5) and n = 1, or (dy,ds) = (1,d) for
n=1,2 and any d > n.

Furthermore, in all cases listed in Examples 7.2.4-7.2.7 but not in the above list, one can
easily construct a (C*)*-fixed stable pair in P,(X,3) \ P,(S, 3) using the combinatorial
description of stable pairs on toric varieties [155, 35].

Conclusion. For any (S, Ly, Ly) with L, ® Ly = Kg, L;', Ly' non-trivial and nef,
and S minimal and toric, we have classified all § € Hy(S,Z) and n > 0 such that
P,(X,5) = P,(S,p5) # @.

In the next section, we develop a method to determine the stable pair invariants
P, s([pt]) in all of these cases (tabulated in Appendix 7.4).

7.3. Invariants

7.3.1. Virtual classes of relative Hilbert schemes For S a smooth projective
surface, 8 € Hy(S,7Z), and n € Z, the moduli space P,(S, #) has a nice description in
terms of relative Hilbert schemes due to Pandharipande-Thomas [153]. Given a stable
pair [(F,s)] € P,(S, ), one has a short exact sequence

00— F—Q—0,

where C' is the scheme theoretic support of F'. Dualizing on C yields a short exact
sequence

0— F* = O¢ — Ext'(Q,0¢) — 0,

where we used Ext!(F, O¢) = 0 by [153, Lem. B.2]. Hence Ext'(Q, O¢) = O for some
0-dimensional subscheme Z C C' of length

m=n+g(p) —1 :n—i-%ﬁ(ﬁ—i-Kg).
As shown in [153, Prop. B.8.], the family version of this argument gives an isomorphism
(7.3.1) P,(S,B) = Hilb™(C/Hg),

where Hilb™(C/Hpg) denotes the relative Hilbert scheme of m points on the fibres of
the universal curve C — Hp and Hpg denotes the Hilbert scheme of effective divisors on
S in class . The description in terms of relative Hilbert schemes helps to establish
smoothness. Although we do not need it for this chapter, we include the following
observation.

Proposition 7.3.1. In all the cases listed in Proposition 7.2.9 and Remark 7.2.10,
P, (S, B) is smooth.
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PROOF. The method in this proof was also used in [116]. Let S = P2, then for any
f = d[H] with d > 1, and any n € Z, we have a morphism

(732) Pa(S, 6) = Hilb"(C/| O(d)) — S,

where m = n + 1d(d — 3). The fibre over Z € SI™l is the projectivization of the kernel
of the evaluation map H°(P?, O(d)) — H°(Z,0(d)|z). It suffices to show that for n
and d # 1 as in Proposition 7.2.9, this map is surjective. Then it follows that the fibres
of (7.3.2) are equi-dimensional projective spaces and P, (S, 3) is smooth, because SI™
is also smooth. Surjectivity of the evaluation map for all Z € S is equivalent to
(m — 1)-very ampleness of O(d) (by definition, [14]). Beltrametti-Sommese showed that
O(d) is (m — 1)-very ample if and only if m — 1 < d, i.e.

n<d—3d(d-3)+1.

This inequality is satisfied for all n and d # 1 in Cases (2), (3) of Proposition 7.2.9.
Smoothness of P, (S, 8) for d = 1 and any n is clear, because in this case the fibres of
(7.3.2) are Sym™(P') = P™.

For S = P! x P!, O(dyH, + dyH,) is k-very ample if and only if £ < min{d;, ds}
[14]. For S = F, (for any a > 1), O(diB + doF) is k-very ample if and only if
k < min{d,, dy — ad;} [14]. The proof in the remaining cases of Proposition 7.2.9 and
Remark 7.2.10 then follows similarly. O

Let 2 C S x S™ be the universal subscheme and denote the pull-back of Z to
S x SI™ x Hg by the same symbol (and similarly for C C S x Hg). Consider the rank
m vector bundle

o) = m.(0(C)|z)

on S x Hg, where 7 : S x SI™ x Hy — S™ x Hy is the projection. By [117, App. A],
there exists a tautological section s of O(C)I™ cutting out Hilb™(C/Hp) from its ambient
space

o(c)!

s71(0) & Hilb™(C/Hs) L~ S x Hy.
In general Hyz is not smooth (or smooth but not of expected dimension). Therefore, this

construction only provides a relative perfect obstruction theory on Hilb™(C/Hgz) — Hp.
The Hilbert scheme of divisors Hgz has a natural perfect obstruction theory

(Rp. Oc(C))” — L,

where p : S x Hz — Hpg denotes projection. This is the perfect obstruction theory used
to define the Poincaré/Seiberg-Witten invariants of S in [67, 51]. Taken together, these
provide an absolute perfect obstruction theory on P,(S, ) = Hilb™(C/Hgz) by [117,
App. A.3]. The virtual tangent bundle of this absolute perfect obstruction theory is

Rzom, (g, F)
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where Iy = [O — F] denotes the universal stable pair on S x P,(S,) and 7g :
S x P,(S,5) = P,(S, ) is the projection. By [114, Prop. 2.1], the resulting virtual
class satisfies

(7.3.3) 2:[Hilb™(C/Hp)]™ = (S x [H]'™) - e(O(C)™).

The corresponding virtual class on P, (S, 3), via the isomorphism (7.3.1), is denoted by
[P (S, B

7.3.2. Comparison of virtual classes Let S be a smooth projective surface
and Ly, Ly € Pic(S) such that Ly ® Ly = Kg. We consider the local surface X =
Tots(Ly @ L), which is a Calabi-Yau 4-fold. Fix n € Z and 5 € Hy(S,Z) such that
P,(X, B) is proper. Then it has a virtual class

(734) [PH(X>ﬁ)]Vir S H2n(Pn(Xvﬁ)7Z)7

in the sense of Borisov-Joyce [23] (cf. Section 5.2), which depends on a choice of
orientation on P, (X, /).

We denote by [pt] € H*(X,Z) the pull-back along 7 : X — S of the Poincaré dual
of the point class on S. Using the same notation as in Section 7.1.2, we define stable
pair invariants
(7.3.5) Pos(lpt]) == / (e ez

[P (X,B)]V"
When n = 0, we simply write Py g := P s([pt]).

Assuming P,(X,5) = P,(S, ), we can compare the virtual class (7.3.4) to the
virtual class on the relative Hilbert scheme (7.3.3) studied in [117, 118]. In Proposition
7.2.9 and Remark 7.2.10 we gave a list of examples where this assumption is satisfied.

Proposition 7.3.2. Let S be a smooth projective surface, Ly, Ly € Pic(S) such that

L1 ® Ly =2 Kg and let X = Totg(Ly @ Ly). Suppose B € Hy(S,7Z) and n > 0 are chosen

such that P,(X, ) = P,(S, ). Then there exists a choice of orientation such that
[Pa(X, B = (1)1 o= RAOmz, (F,F B Ly)) - [Pa(S, B)]™

Here [P,(S, B)]¥'" is the virtual class induced from the relative Hilbert scheme (Section
7.3.1), Iy = [O — F] denotes the universal stable pair on S x P, (S, 3), and wpy: S X
P,(S,B) — P,(S, ) is the projection. The sign results from a preferred choice of
orientation.

PROOF. Let Y = Totg(L;). Then X = Toty (Ky) is the total space of the canonical
bundle of Y. By the assumption, we have isomorphisms of moduli spaces

(7.3.6) P,(S,5) = P,(Y,B) = P.(X, ).

Let ¢ : S = Y denote the zero section. A stable pair I = [Og = F] € P,(S,3) on S
induces a stable pair
Iy =[Oy = 1,05 %3 1, F]

on Y. Consider the distinguished triangle
(7.3.7) I, — Oy — ,.F.
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Applying RHomy (I}, -) and taking out trace gives a distinguished triangle
RHomy (I3, 1. F') — RHomy (I, I3 )o[1] = RHomy (¢, F, Oy)[2].
Applying adjunction and the isomorphism
(7.3.8) Ly 2o F® Lt
gives a long exact sequence
o= BExt (I8, F) @ Exty(F, F ® Ly) — Exti ! (Iy, Iy )o — BExti? (1, F,Oy) — -+ .
Note that Exti (1, F, Oy) = Ext} (Oy, 1,F ® Ky)¥ = 0. Furthermore, the isomorphism
(7.3.6) induces an isomorphism on Zariski tangent spaces
Ext3 (18, F) = Exty (I3, Iy )o.
Therefore, we deduce Homg(F, F ® L) = 0 (similarly Homg(F, F ® Ly) = 0). This
vanishing allows us to conclude that the natural (Le Potier) pair obstruction theory

(7.3.9) (RA Oy, (15, 11y ) — Lp,(v,)

is perfect, i.e. 2-term, as we will now show®. Here I, = [0 — 1p,.F] denotes the

universal stable pair on Y x P, (Y, ), tp, : S x P,(Y, ) <= Y x P,(Y,3) is the base

change of the zero section, and 7p, : Y x P,(Y,8) — P,(Y, 3) denotes the projection.
From the distinguished triangle

(7.3.10) RHomy (1, F, 1, F') — RHomy (Oy, 1, F') — RHomy (I3, 1, F),
we obtain an exact sequence
0= H*(Y,1.F) — Exty (I3, 1, F) — Exty (1, F, 1, F) — 0 — Exty. (I3, 1. F) — 0.
Moreover, by adjunction and Le*F = F @ F ® L;'[1], we have
Ext} (1, F, 1. F) = Ext}(F, F) @ Ext3(F, F ® L;) = Homg(F, F ® Ly)¥ = 0.

Hence Exti (I3, F) = Exty (1, F, 1. F) = 0. Also note that Homy (¢, F, 1, F) —
Homy (Oy, 1, F) is injective. Therefore Ext} (I3, ¢, F) = 0 unless i = 0,1 and the
complex (7.3.9) is 2-term. We denote the corresponding virtual class by [P, (Y, 8)[Vk,.

We can now use the argument of [40, Prop. 4.3] to deduce that the 4-fold virtual class
[P.(X, B)]"" of (7.3.4) equals the pairs virtual class [P, (Y, 8)]}k,. For completeness, we

repeat the argument. Just like pushing forward from S to Y gives (7.3.7) and (7.3.8),
pushing forward further to X gives

RHomx (I, «t+F) = RHomx (1%, I%)o[1] = RHomx (7.t F, Ox)|2],
Lyl 2 I} & 1. F @ K,
where
I = [Ox = 94ty O5 75" 1,0, F]
and we denote the zero section by 7:Y < X. Let T be the cone of the composition

RHomy (Iy, 1. F') — RHomx (1%, 7+t F') — RHomx (1%, I% )o[1].

8This was proved for irreducible 3 in [40, Lem. 3.1].
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Then T fits in the distinguished triangles
RHomy (I3, 1. F) — RHomy (1%, I%)o[l] — T,

7.3.11
( ) RHomy (¢, F, 1, F ® Ky) = T — RHomx (y.¢.F, Ox)[2].

Applying Serre duality to the first and third term of the second distinguished triangle,
dualizing, and shifting gives the following distinguished triangle

RHomy (¢, F, t,.F)[2] = RHomx (Ox, gt F)[2] — TV.

Comparing to (7.3.10), we obtain 7' = RHomy (I}, 1. F')¥[—2]. Hence from (7.3.11) we
get a short exact sequence

0 — Exty (Iy, 1. F) — Ext3 (I%, I%)o — Exty (Iy, . F)Y — 0,

where we crucially used Ext3- (I3, 1, F') = 0 which was shown above. This way, we obtain
a half-dimensional subspace Exty (I3, 1, F) of Ext (I%, I%)o. One can show that it is
isotropic by the exact same argument as in the proof of [40, Prop. 3.3, Prop. 2.11].
From this, it is concluded in loc. cit. that

[Pa(X, )" = (=) P2t [P(Y, B))ik

pair-
Here the sign comes from a choice of preferred orientation discussed in a similar setting
in [31].
Finally, we express the pairs virtual class on Y in terms of the pairs virtual class on
S. By adjunction, we have

RAoms, (L5, p,.F) = RA#om,, (Lip I3, F)
= RA oMy, (15, F) & RA oMy, (F,FK L),

where p, 1 S X P,(S, ) = P,(S,8) = P,(Y, ) denotes the projection. From the
vanishing Homg(F, F' ® L) = Homg(F, F' ® Lg) = 0, for all [(F,s)] € P,(S,0), we
deduce that

—Rtom,, (F,FR L) = 51«1&}% (F,FX L)
is locally free on P,(Y,3) = P,(S,5). Hence the two virtual tangent bundles on
P,(Y,B) = P,(S, ) differ by a locally free sheaf (in degree 1). Therefore, by [171,
Thm. 4.6], we have

(PulY. B, = e = RAome, (F,FR L)) - [Pa(S, )™ =

pair

Remark 7.3.3. Let S be a smooth projective surface satistying by (S) = p,(S) = 0. Let
Ly, Ly € Pic(S) such that L1 ® Ly = Kg and X = Totg(L; @ Lg). Suppose P,(X, () is
proper. Then by Oh-Thomas localization [147] there is an induced (algebraic) virtual
fundamental class on each component of the fixed locus P,(X,8)*", where C* is the
1-dimensional subtorus, preserving the Calabi-Yau volume form, inside the torus C* x C*
acting on the fibres of X. When P,(S,3) C P,(X,3)¢ is open and closed, this gives a
virtual class, which we expect to be given by (for an appropriate choice of orientation)

(7.3.12) (=174 e — Rt#omy, (F,FR L) @ 1) - [Pa(S, 5)]',

where [P, (S, 8)]"" is the virtual class induced from the relative Hilbert scheme (Section
7.3.1), t; is the irreducible character corresponding to the first component of the action
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of C* x C*, and ¢(+) denotes equivariant Euler class. When P, (X, ) is non-proper, one
could define the contribution of P, (S, 5) to the stable pair invariants of X by (7.3.12)
(capped with appropriate insertions).

7.3.3. Main theorem We are now ready to prove the theorem of the introduction.
Recall from (7.1.6) that we denote by Tgimi (L) the twisted (by £) tangent bundle of
Stml,

Theorem 7.3.4. Let S be a smooth projective surface with by(S) = p,(S) = 0 and
Ly, Ly € Pic(S) such that Ly ® Ly = Kg. Suppose 3 € Hy(S,Z) and n > 0 are chosen
such that P,(X, ) = P,(S,8) for X = Tots(L, ® Ls). Denote by [pt] € H*(X,Z) the
pull-back of the Poincaré dual of the point class on S. Let P, (X, ) be endowed with
the orientation as in (7.1.5). Then

) n m R (14-R)X(L1(B) (1—R)X(L2(B)) (T (m] (L1))
Pn,ﬁ([pt]) = (_1)6 bt fs[m]xpx(ﬂ)—l Cm(OS(ﬁ)[ }(1» C(Ll(3)[m](1)).c((L2(5)[m](1)S)V) ’

when 3% > 0. Here m := n+ g(8) — 1 and h := ¢;(O(1)). Moreover, P, 3([pt]) = 0
when (3% < 0.

PROOF. Suppose f is an effective divisor and m > 0, otherwise P,(S,[) =
Hilb™(C/Hz) = @ and P, 3([pt]) = 0. Consider the closed embedding

7: Hilb™(C/Hjg) — S x Hg,
as in Section 7.3.1. Below, we will show that there exists a class ¢ € Ko(S™ x Hp)
restricting to e(—R#om, (F,FX L)) - 7([pt])" on Hilb™(C/Hg). By Proposition
7.3.2, it follows that
(13,13 Paalt) = [ nl0©)") v,
Stmlx[Hg]vir

Since b1(S) = py(S) = 0, we have [67, 118]
[H™ = |81 = WO 01|5] € Haya)-2(15]).
where h denotes the class of the hyperplane on Hg = |3|. Furthermore, we have
o)™ == m(0(C)|z) = O(B)" (1),

which follows from the isomorphism O(C) = Og(8) K O(1) on S x |B]. Therefore
P, s([pt]) = 0, unless x(8) > 1, which we assume from now on.

Recall from the proof of Proposition 7.3.2 that —RZomy,_(F,FX L) = Szct}rps (F,FX
Ly) is locally free on P, (S, 3) and its rank is 32. Therefore P, 5([pt]) = 0 unless 3? > 0,

which we assume from now on. Next, we extend the complex —R#omy, (F,FX L)
from P,(S,3) to S x |B|. In K-theory, we have I3 = O —F and
—RAomz, (F,FNW L1) = —x(L1) ® O +RHAomz, (0,15 K Ly)
+ RAomy,, (g, L1) — RAomy, (15,15 W Ly)
= —x(L1) ® O +RHomz, ((13)", L1)
+ R A omy, (O, (Iy)" W Ly) — RAomq, ((I5)", (I5)" B L)),
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where we suppressed some obvious pull-backs. On S x || x S™l, we have the sheaf
IXROs(B)KO(1), where we use the notation from the introduction. By [117, Lem. A.4],
we have
(I3)" = IR Os(8) B O(1)|mibm(c/i6)xs

Next we can replace Z by O — Oz in K-theory. Then —RJZom., (F,F X L;) is the
restriction of the following element in the K-group of SI™ x ||
— x(L1) ® O+RHom,((0—0z)K (O ( ) HXRO(1),0)

+ RAom (O, (0 —0z) K (Os(8) @ ) R #om.(Z,TX L)
= —x(L1) ® O +x(L1(B)) ® O(1) + X(Lz(ﬁ)) ® @(— )

— (LA BO) — ((La(8)™)" K O(~1) ~ RA#oma(T,I K Ly),

(7.3.14)

where 7 : S x S™ x |B] — SI" x |B| denotes the projection and we used Serre duality,
Ll X L2 = KS'; and Ll(ﬁ) —- 05(5) X Ll

Finally, we consider primary insertions
T H4(X7 Z) - HQ(Pn(Xu 6)7 Z)u T(ry) - 7TP*<7T§(7 U Ch3(L*F))7

where 7y, mp are projections from X x P,(X, /) to corresponding factors, and ¢ :
S x P,(S,0) = X x P,(5,5) = X x P,(X, ) is the base change of the inclusion of the
zero section. Note that chs(¢,[F) is Poincaré dual to the fundamental class of the scheme
theoretic support of ¢,F, which we denote by [.,[F]. The fundamental class of the scheme
theoretic support of IF, which we denote by [F], equals 7*[C] where C C S x SI" x || is
the pullback of the universal curve over |3|. Consider the commutative diagram

/_\
X z S
PP
X . s
p

X x Po(X, B) ——= S x Py(S, B) —= S x S x |3]

Fu(X, 5) LACHE) St 18]

For v := p*[pt] € H*(X,Z), where [pt] denotes the Poincaré dual of the point class on

S, we work our way through the diagram
7(7) = mpu(mxy U [1.F])
= Tp. P+ (P 5 [pt] U L. [F])
= 7p+(mg[pt] U [F])
= 7 (m(mglpt] U [C])).
Using, once more, that on S x || we have O(C) = Og(8) X O(1), we conclude

(et U [C]) = h/Spt _h

Therefore 7([pt])" is simply the restriction of the class A" on SI™ x ||

(7.3.15)
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Since rk(—RA#omy, (F,FX L)) = f%=2m+ x(8) — 1 —m — n, we can replace
Euler class by total Chern class. The result now follows from (7.3.13), (7.3.14), and
(7.3.15). O

Remark 7.3.5. For surfaces with p,(S) = 0 and b;(S) > 0, we can still use the formula
for the virtual class from Proposition 7.3.2. Suppose h*(L) = 0 for all L € Picg(5).
Then the virtual class [Hg]"" can be calculated by fixing a sufficiently ample effective
divisor A on S and considering the embedding Hs — H4p as in [67] (see also
[117, Prop. A.2], [118]). Therefore the invariant can be expressed as an integral over
Stml s Hiayip, where Hig4p is a projective bundle over Picjay;5(S) via the Abel-Jacobi
map. Pushing forward along the Abel-Jacobi map, the invariant can be expressed as an
integral over SI™ x Picy4(9).

7.3.4. Atiyah-Bott localization In Corollary 7.2.9, Remark 7.2.10, we gave ex-
amples of (S, L1, Ls) for which the assumptions of Theorem 7.3.4 are satisfied. In all
of these cases, S is a toric surface. As a consequence, X = Totg(L; & Ls) is also
toric, so in principle one could calculate the invariant P, s([pt]) using the vertex for-
malism for stable pair invariants on toric Calabi-Yau 4-folds developed in [35, 36]°.
However, the number of (C*)*-fixed points is typically very large. For instance, for
(S, L1, Ly) = (P* x P, O(—1,-1),0(—1,-1)), (d1,ds) = (2,4), and n = 0, we have 182
fixed points, whereas Theorem 7.3.4 only involves an integral over S x P4,

The calculation of intersection numbers on Hilbert schemes of points on toric surfaces
is a classical subject (see e.g. [74]). Let S be a smooth projective toric surface with
torus T = (C*)2. The action of T on S lifts to an action of T on S for any m. Let
P be a polynomial expression in Chern classes of

(7.3.16) RI'(L) ® O —R#om(Z, TR L), LM,

for various choices of T-equivariant line bundles £ on S and where 7 : S x S — Sm]
denotes the projection. Note that this includes Chern classes of the tangent bundle,
which can be expressed as —R.#om(Z,T), (since Ext’(I;,15)o = 0 for Z € S™! and
i # 1). Suppose also that the degree of P, as a class in the Chow ring A*(SI"), equals
dim S = 2m. By the Atiyah-Bott localization formula (Theorem 2.1.5), we have

/ / P|gm)
Slm] )T (& N(S T/Sm)7

where e(-) denotes the T-equivariant Euler class and N gim)yr /gim is the normal bundle

of the fixed point locus (ST C St Furthermore, in this formula one has to choose
a T-equivariant lift of P. More precisely, one can choose a T-equivariant structure on
all (complexes of) sheaves appearing in P and replace all Chern classes appearing in P
by T-equivariant Chern classes.

9n loc. cit. it is assumed that the fixed locus P, (X, ﬁ)(c*)4 is at most O-dimensional. This is the
case for all local Calabi-Yau 4-fold surfaces.
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The fixed point locus consists of isolated reduced points, which can be described
combinatorially. Consider a cover by maximal T-invariant affine open subsets:

{U, = Spec Clzo, y,] }Z(i)

Then the fixed locus (SI™)T precisely consists of the closed subschemes of S defined by
collections of monomial ideals
e(S)

o=1

{I, C Cl,, yo]}

of total colength m. The monomial ideals of finite colength in C[z,y| are in bijective
correspondence with partitions. Explicitly, A = (A; = --+ > A\;) corresponds to the ideal

A A =1, X\ 2
(y 17'Ty 27...,33' yzwr)?

where ¢(\) = ( is the length of A. Hence we can index the points of the fixed locus
(ST by collections of partitions

A= (A5

of total size

e(S) e(S) LA))
SRS 3 IR
o=1 o=1 i=1

Denote the closed subscheme corresponding to A by Zj.
In order to calculate integrals such as the one in Theorem 7.3.4 by Atiyah-Bott
localization, we need to consider Chern classes of

(7.3.17)
£[m]|Z>\ - HO(£|ZA) S K(’]r(pt) - Z[tiﬂatéﬂ]’

(RI(£) © O ~RAomA(TIWL))| = RI(L]7,) - RHomg(Iz,, I, L) € K7 (pt),

Zx
where t1,1, are the equivariant parameters of 7.

Suppose Zy is a O-dimensional T-equivariant subscheme supported entirely on a
maximal T-invariant affine open subset U, and set A := M%), Suppose we choose
coordinates such that U, = Spec Clz, y] and the torus action (on coordinate functions)
is given by (t1,ts) - (z,y) = (t1x,t2y). Denote the character corresponding to L[y, by
X(t1,t2). Then

H(L|z,) = x(t1,t2) - Za,
(7.3.18) ‘)

A
where Z) := ZZti‘lt%_l.

i=1 j=1

Now suppose W, is a second 0-dimensional T-equivariant subscheme supported entirely
on U, and write yu := p(?). The following formula can be deduced from a well-known
calculation using Cech cohomology (e.g. see [84, Prop. 4.1]):

—t1)(1 —t9)

1
RHOIns(OWH, OZA ®£) = X(tl, tg) W:ZA( 1
162

€ K7 (pt),

(7.3.19) ) w
where W, ::Zthflt{l.

i=1 j=1
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Here (-)* is the involution defined by dualizing.
For arbitrary Zy, the K-group classes of (7.3.17) can be determined from (7.3.18)
and (7.3.19) by using the following equalities in K-theory

(5)

OZ" - Z OZA(U)’
o=1

lo, =0s5—0gz,,

where Z, ) denotes the 0-dimensional closed subscheme supported on U, determined
by A@).

Consider Theorem 7.3.4 for the examples of (S, Ly, L) listed in Proposition 7.2.9 and
Remark 7.2.10. In each case, we calculated the invariant P, s([pt]) by first integrating
out the linear system PX(®¥)~1. This amounts to expanding the integrand in powers of
h = ¢1(O(1)) and taking the coefficient of hX(®)=1, This gives a polynomial expression
P in Chern classes of complexes of the form (7.3.16). The integral [, P is then
calculated by Atiyah-Bott localization as described. The resulting stable pair invariants
are tabulated in Appendix 7.4.

With the numbers of Appendix 7.4, we are able to do various new checks of the
Cao-Maulik-Toda conjectures (Conjectures 7.1.1 and 7.1.2). Combining our tables in
Appendix 7.4 with the tables for ng s([pt]), 71,5 in [108, Sect. 3] gives Corollary 7.1.6 of
the introduction.

Bousseau-Brini-van Garrel [24] determined all the genus zero Gromov-Witten (and
therefore Gopakumar-Vafa type) invariants of X = Totg (L, & L) with (S, Ly, Ly) as in
Remark 7.2.10 (as well as for other cases). Note that the method of Bousseau-Brini-van
Garrel does not produce genus one Gopakumar-Vafa type invariants, so we can only
do verifications of Conjecture 7.1.1 in these cases. Combining the tables in Appendix
7.4 with the values for genus zero Gopakumar-Vafa type invariants provided to us by
Bousseau-Brini-van Garrel gives Corollary 7.1.8 of the introduction.

Recall that for (S, Ly, L) with L1 ® Ly = Kg, L{*, Ly* non-trivial and nef, and S
minimal and toric, we classified all values of n > 0 for which P,(S,8) = P,(X, ), and
P,(S,P) # @ (Remark 7.2.10). In these cases we therefore calculated all stable pair
invariants P, s([pt]).

7.4. Appendix: Tables

7.4.1. Local surfaces In this section, we list the stable pair invariants P, s([pt])
of X = Totg(Ly @ Lg) for the cases mentioned in Proposition 7.2.9 and Remark 7.2.10,
and for a few additional cases. We use the following conventions and notation:

e Pho:=1and P,o([pt]) =0 for all n > 0.

e Entries decorated with x were defined by a virtual localization formula on the
fixed locus and have been calculated using the vertex formalism as discussed
in [35, 36]. In these cases P,(X,f) \ P.(S,0) # @. See Remark 7.4.2 for
a comparison to the globally defined invariants. All other entries have been
computed using Theorem 7.3.4,
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e Zeroes decorated with t have non-empty underlying moduli space P, (X, 5). In
this sense, they are “non-trivial” zeroes.

For (S, Ly, Ly) = (P?,0(—1),0(—2)), we calculated the following values for P4 :=
PO,d[H] and and([pt]) = n,d[H}([pt]) (fOI' n > O)

d\n[0[1]2][3[4]
1 0 |—1]0F | of [0
2 0| 1 ] 1 |0~
3 | —-1[-1]-2
4

Poa(pt]) = 0", Vn>2

FOI‘ (S, Ll,Lg) = (Pl X Pl, O(—l, —1), O(—l, —1)) and PO,(dl,dg) = P07d1[H1]+d2[H2] and
P (d1,d2) ([Pt]) := Py +do ) ([PE]) (for n > 0), where H;, H, are defined in Example
7.1.4, we have

Poaan [0]1[2] 3 [4] [ Praan(pth [0[1[2[3]4]
0 [1]o]o 0 o[1]0]0
1 Jojololo]o 1 IRREE
2 |oloj1]z2]5 2 0|1]2]5
3 |0l0]2]10 3 015
' 1 01

Poanan(pt) [ 011 [2]3]4] |Praan(etD] 0 [1] 2 [3]4]

0 ojof|1/0/0 0 0 (otjo~t|1]0
1 0f| 212122 1 of [of | 3*
2 11215 2 oxt | 3*
3 012 3 1
4 012 4 0
Po1,a) = Poay =0, Vd=0

Pl,(l,d)([Pt]) = Pl,(d,1)([pt]) =1, Vd=0

P 1,0)([pt]) = Poany([pt]) =2, Vd>1

Py 0.0)([Pt]) = Prao)([Pt]) = 0ng, VO<n<d

Poay(lpt]) =07, Vn >3,

Pn,(O,l)([Pt]) = Pn7(1,0)([pt]) = OT, Vn=>2

For (S, Ly, Ly) = (P x P, O(—1,0),0(—1,—2)), we have:
P2y =1, Poz =2, Poea =95, Posz =2,
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Py 2)([pt]) =2, Pies((pt]) =5,
Pian(pt) = PLaa(pt) =1, Vd>1
Pyaa(lpt]) =2, Vd =2,
Paon([pt]) =07, ¥ n>2
Prom(pt) =1, Vo >1

Recall the notation for Hirzebruch surfaces from the introduction. Consider (S, Ly, Lo) =
(F1,0(-1,-1), O(=1,-2)). We write Fy 4, 4, = Fod[Bl+dr) and, for n > 0,
Pr(ay ) ([Pt]) := PnaBl+aoir([pt]). In the tables below, the rows are for d; and
the columns for d,.

[Poaran [011]2] 8 [4[5]6[7] [Puwan@h][0] L [2[ 3[4 [5[6][7]

0 1{0(0 0101]0 0 0 1 0 0 0 0 0 0
1 01010 O |O]JO]O0O]O 1 1l =1l =1l=11=11=11]=1
2 0(0]10] 1 |25 2 0] 0 1 2 5
3 01010 -1 3 0| 0 0

P aag(pt) =-1, Vd=>1

Pyay(lpt]) = =2, Vd=2

P 0.2 ([pt]) = 01,

Poon(lpt]) =01, Vn>2

Poon(pt]) =1, Vn>1

Remark 7.4.1. Denoting the exceptional curve of Fy by B, we have Ng/x = O(—1) @
O ® O(—1), which has sections in the direction of L;. Therefore P (X, [B]) is non-proper,
which explains the gap in the table for Py 1 0)([pt]).

For (S, Ly, Lo) = (Fy,0(0,—-1),0(—2, —2)), we have

Poanay [011]2] 3 [4] [Praany(pD 0] 112 ]3] 4]
0 Jt]o]o]o o 0 0 0]0]0
1 Jolojo] 00 1 -1 —1] -1
2 Jojolo| 1|2 2 0] 0 1] 2
3 J0]0[0]—1 3 0] 0

Piaag(pt) =—-1, Vd=>1

For (S, Ly, Lg) = (Fe, O(—1,-2),0(—1,—2)), we have

Doty [01112]3[415]6[7] [ Praan(pt) [0[1]2]3[4]5]6]7]
0 J1]ojolo]o[o]o]o 0 o[1]0]0]0]0
1 |olo]ojo]o/0]0]0 1 INBERERE

2 0/0/0(0[1]|2]|5 2 0(0]0]1(2]|5
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Prag(pt) =1, vVd>1
Pyaa(lpt) =2, Vd=2
Poo.([pt]) =0f, Vn >2
Poon(pth) =1, Vn>1.

7.4.2. Local P* Consider X = Totps(Kps). Let Pyg := Pygq and P, q([(]) =
Poaig([€]) (for n > 0), where [¢(] € H5(P?,Z) = Hy(X,Z) denotes the class of a line
¢ C P? and we also write [(] € H*(X,Z) for the pull-back of its Poincaré dual from P?3 to
X. Obviously, X = Totps(Kps) is not a local surface so Theorem 7.3.4 does not apply.
All stable pair invariants in this section have been calculated using the vertex formalism
of [35, 37] (this is stressed by decorating the invariants with x). We determined the
following values of P4 and P, 4([(]).

\n 0 | 1 [2 ]3[4
1 0+ | —20 [ o~f [0~ [0
2 | 0r | =820~ |400*

3 11200* | —68060*

Remark 7.4.2. For X = Totps(Kps) and all the cases in this table, we have B, (P?, 3) =
P,(X, ). This can be deduced from a filtration argument similar to Proposition 7.2.9
combined with the fact that all degree 2 Cohen-Macaulay curves C' on P? satisfy
X(Oc¢) > 1 (see also [44, p. 20]). Therefore, the reasoning of Proposition 7.3.2 yields

(7.4.1) [P.(X, B)]Vif — (_1)5~61(P3)+n ) [Pn(P3,ﬁ)]Vir

pair’
where [P,(P?, 8]V, is the virtual class of the pair perfect obstruction theory (7.3.9)
on P3 (see also [40, Lem. 3.1] in a similar setting). The sign in this formula is a
preferred choice of orientation on P, (X, ) as for (7.1.5). Now we are in the world
of “ordinary” perfect obstruction theories and the torus action on P? can be used to
apply the Graber-Pandharipande virtual localization formula [85] to the right hand
side of (7.4.1). Similar to the argument for [35, Thm. A.1], it then follows that the
invariants in this table (defined by localization on the fixed locus [35, 36]) are equal
to the global invariants (7.3.5). This reasoning also works for the local surface case
(S, L1, Ly) = (P?,0(—1),0(-2)), d = 2, n = 3, because then all stable pairs are scheme
theoretically supported in the threefold Y = Totg(Lq).
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CHAPTER 8

On the motive of the nested Quot

scheme of points on a curve

Tuona la montagna, Etna
Soffi di fuoco
Valle di sabbia nera

Haiku, Andrea Pavlov

8.1. Introduction

Let Ko(Vary) be the Grothendieck ring of varieties over an algebraically closed field
k. If Y is a k-variety, its motivic zeta function

Cv(g) =1+ Z [Sym"Y]q" € Ko(Vark)[q]
n>0
is a generating series introduced by Kapranov in [101], where he proved that for smooth
curves it is a rational function in q.

In this chapter we compute the motive of the nested Quot scheme of points
Quot(E,m) on a smooth curve C, entirely in terms of (¢(q). Here, E is a locally
free sheaf on C, and n = (0 < n; < --- < ngy) is a non-decreasing tuple of inte-
gers, for some fixed d > 0. The scheme Quot.(E,n) generalises the classical Quot
scheme of Grothendieck (recovered when d = 1): it parametrises flags of quotients
E - T;— ---— T, where T; is a O0-dimensional sheaf of length n;.

Our main result, proved in Theorem 8.5.2 in the main body, is the following.

Theorem 8.1.1. Let C' be a smooth curve over k, let E be a locally free sheat of rank
r on C. Then

> [Quote(E,n)]git - g —HHC (Lo tg?*1) € Ko(Var)[ar, - - -, qal,

0<n1 < <ng a=11=1
where I = [A\] is the Lefschetz motive. In particular, this generating function is
rational in q1, ..., qq.

227
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The statement taken with d = 1, thus regarding the motive [Quot(E, n)] of the
usual Quot scheme of points, was proved in [8]. Our result is a natural generalisation,
which was inspired by Mochizuki’s paper on Filt schemes [131].

Our formula fits nicely in the philosophical path according to which
“rank r theories factorise in r rank 1 theories”.

There are to date a number of examples of this phenomenon in Donaldson—-Thomas
theory, exhibiting a generating series of rank r invariants as a product of r (suitably
shifted) generating series of rank 1 invariants: see for instance [9, 165] for enumerative
DT invariants, [76] for K-theoretic DT invariants, [48, 49] for motivic DT invariants
and [143, 62] for the parallel pictures in string theory.

The chapter is organised as follows. In Section 8.2 we introduce the nested Quot
scheme and prove its connectedness. In Section 8.3 we describe its tangent space and
prove that, for a smooth quasiprojective curve, the nested Quot scheme is smooth.
Under the assumption that the locally free sheaf is split, in Section 8.4 we describe a
torus framing action and its associated Bialynicki-Birula decomposition. In Section
8.5 we prove that the motive of the nested Quot scheme is independent of the locally
free sheaf, and exploit the Bialynicki-Birula decomposition to prove Theorem &8.1.1.
Our result readily implies closed formulae for the generating series of Hodge—Deligne
polynomials, ,-genera, Poincaré polynomials, Euler characteristics, since these are all
motivic measures; we provide some explicit formulae in Section 8.5.4.

After [134] was written, we were informed that our formula for the motive of the
nested Quot scheme on a projective curve can be alternatively obtained, after some
manipulations, from general results on the stack of iterated Hecke correspondences [79,
Corollary 4.10] (see also [92, Section 3] for a related computation of the Voevodsky
motive with rational coefficients). This chapter provides a direct and self-contained
argument for this formula, exploiting the geometry of the nested Quot scheme.

Notation. All schemes are of finite type over an algebraically closed field k. A wvariety
is a reduced separated k-scheme. If Y is a scheme and Y7,... Y, are locally closed
subschemes of Y, we say that they form a (locally closed) stratification, denoted
Y=Y, II---1IY, with a slight abuse of notation, if the natural morphism of schemes
YiI---IIY, — Y is bijective. This is crucial in our calculations since this condition
implies the identity [Y] = [Y1] + - -- + [Y}] in Ko(Vary).

8.2. Nested Quot schemes of points

8.2.1. The moduli space Let X be a quasiprojective k-variety and E a coherent
sheaf on X. Fix an integer d > 0 and a non-decreasing d-tuple n = (n; < --- < ny)
of non-negative integers n; € Z>,. We define the nested Quot functor associated to
(X, E,n) to be the functor Quotx(E,n): Schy” — Sets sending a k-scheme B to the
set of isomorphism classes of subsequent quotients

Ep—Ta T,
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where Ep is the pullback of E along X x, B — X and 7; € Coh(X xy B) is a B-flat
family of O-dimensional sheaves of length n; over X for all i = 1,...,d. Two ‘nested
quotients’

EB—»']&—»H.—»'E’ EBH?,];/—»—»ﬂ/

are considered isomorphic when ker(Ep — T;) = ker(Ep — T) for all i = 1,...,d.
The representability of the functor Quoty (E, ) can be proved adapting the proof
of [170, Theorem 4.5.1] or by an explicit induction on d as in [94, Section 2.A.1]. We
define Quot y(F,n) to be the moduli scheme representing the above functor. Its closed
points are then in bijection with the set of isomorphism classes of nested quotients

E—T;— - —1T,

where each T; € Coh(X) is a 0-dimensional quotient of E of length n;. The nested
Quot scheme comes with a closed immersion
d

(8.2.1) Quoty(E,n) — H Quot x (E, n;)

i=1
cut out by the nesting condition ker(E — Ty) < ker(E — Ty_1) < - -+ < ker(E — T7).
In particular, it is projective as soon as X is projective. If C' is a smooth proper curve
over C and E € Coh(C) is a locally free sheaf, the cohomology of Quot.(F,n) was
studied by Mochizuki [131].

Example 8.2.1. The classical Quot scheme Quot y(FE,n) of length n quotients of F is
obtained by setting n = (n), i.e. takingd =1 and ng =n. lf weset n = (1 <2 <
.-+ < d), we obtain Mochizuki’s complete Filt scheme Filt(E,d), which for d = 1 reduce
to Filt(E, 1) = P(F) [131]. When E = Ox, we use the notation Hilb™(X) to denote
Quot x (Ox,n). This space is the nested Hilbert scheme of points, studied extensively
by Cheah [53, 54, 55].

8.2.2. Support map and nested punctual Quot scheme Fix a variety X, a
coherent sheaf F and a d-tuple of non-negative integers n = (n; < --- < ny) for some
d > 0. Composing the embedding (8.2.1) with the usual Quot-to-Chow morphisms
yields the support map

d d
(8.2.2) hpn: Quoty(E,n) — | [ Quoty (B, n;) — [ [ Sym™(X)

i=1 i=1
recording the O-cycles ([Supp T;] € Sym™ (X))i<;<q attached to a d-tuple (E — T})1<;<q.
Here, Sym™ X = X/, is the m-th symmetric power of X.

We make the following definition.

Definition 8.2.2 (Nested punctual Quot scheme). Let X be a variety, x € X a point,
E € Coh(X) a coherent sheaf, n = (n; < --- < ngy) a tuple of non-negative integers.
The nested punctual Quot scheme attached to (X, F,n,x) is the closed subscheme

Quoty (£, n), C Quoty(E,n),

defined as the preimage of the cycle (niz,...,nqgx) along the support map hg .
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The name ‘punctual’ refers, as for the classical Quot schemes, to the fact that all
quotients are entirely supported at a single point. We will not need the following result.

Lemma 8.2.3. Let X be a smooth quasiprojective variety of dimension m, and let F
be a locally free sheaf of rank r on X. For every d-tuple n = (n; < --- < ny), and for
every x € X, one has a non-canonical isomorphism

Quoty(E,n), = Quot . (O, n).

PROOF. The result follows from the isomorphism Quot v (E, k), = Quot ,m (O k)g
relating the classical punctual Quot schemes, which is proved in full detail in [164,
Section 2.1] exploiting a choice of étale coordinates around =z (which exist by the
smoothness assumption, and which explain the non-canonical nature of the isomorphism).
It remains to observe that the induced isomorphism

d d
H Quot (B, n;)y —— H Quot ,m (O, 1;)0
i=1 i=1

maps the subscheme Quoty (E, n), isomorphically onto Quot,.(O%", n),. ]

8.2.3. Connectedness We prove the following connectedness result for the nested
Quot scheme. A proof in the case (r,d,n) = (1,1,n) of the classical Hilbert scheme
was first given by Hartshorne [89], and by Fogarty in the surface case [77]. We shall
also exploit Cheah’s connectedness result for Hilb™(X), see [54, Sec. 0.4].

Theorem 8.2.4. If X is an irreducible quasiprojective k-variety and E is a locally
free sheaf on X, then Quoty(E,n) is connected for every n = (n; < --- < ng). In
particular, the classical Quot scheme Quot y (FE,n) is connected for every n > 0.

PRrROOF. The proof consists of several steps.

STEP 1: We reduce to proving the statement when F = OY is trivial. Let
r=[E—Ty— - — T € Quoty(E,n) be a point, where F is arbitrary. Since T} is
0-dimensional we can find an open neighbourhood U C X of the set-theoretic support
of Ty such that E|y = OF" is trivial. The point x then lies in the image of the open
immersion Quoty (OF",m) — Quoty(E,n). By assumption, the space Quot, (OF", n)
is connected. Now if ' = [E — T} — .-+ — T]] € Quot(F,n) is another point, we
can find another open subset U’ C X surrounding the support of T}, and trivialising F.
Since X is irreducible, U N U’ # @, which implies Quot, (OF", n) N Quoty, (05, n) # 0,
so z and 2’ are connected in Quoty(F,n) by any point in this intersection.

STEP 2: The scheme Quoty(O%", n) has a framing T-action with non-empty fixed
locus, where T = G, (see Proposition 8.4.1 for an explicit description of this fixed locus:
we shall exploit it in the next step). Let z € Quoty(O%",n) be an arbitrary point.
Then the closure of its orbit contains a T-fixed point — this will be explained in Section
8.4. Therefore it is enough to prove that any two T-fixed points z, 2’ € Quot (0%, n)T
are connected in Quoty (0", n).
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STEP 3: In principle, we should check connectedness for an arbitrary pair (x,z’) of
T-fixed points

r=[0Y »Ty—» - —>T) € HHllb"“ ) C Quot (0¥, n)T,

=0V »T)— - —>T] € HHllb" ) C Quot (0¥, n)T,

where Y . .. Mo =n =), .. n,. But since each nested Hilbert scheme Hilb™(X)
is Connect:ad_(cf. [54, Sec. O_.4]_), we can actually choose a pair of convenient = and
x’. We fix them satisfying the condition that Supp(7y), Supp(7}) consist of n, distinct
points. When viewed in the full space Quot y(OF",n), the points z and x’ both belong
to the open subset

UcC QuOtX(O??Ta n)7

defined by the cartesian diagram

U~ TIi,(Sym™ X \ Auiy)

(8.2.3) l . [open

hgn )
QuotX((’)_??’, n) LN H?Zl Sym™ X,

where Apig; C Sym™ X is the big diagonal and the bottom map is the support map
(8.2.2). In other words, U C Quoty(OY",n) is the open subscheme consisting of the
flags of quotients [O%" — Ty — --- — Ty] where each T; is supported on n; different
points. This yields an isomorphism

IIZ

=1

where V; C Quot y(OY, n;—n;_1) is the open subscheme consisting of points [OY — T}]
where the quotients 77 are supported on n; — n;_; different points (and we set ng = 0).
The scheme V; is the image of the étale map (cf. [9, Proposition A.3])

A, -2 Quot (0%, n; — ni_1)
defined on the open subscheme
A; C Quot (OF7, 1)1

parametrising quotients (O — O,, ) with zy # x; for every k # [. On the other
hand,

Quot (O, 1)~ mi-1 =2 P(OY7)mi— it 22 (X x Protyni—niz
is irreducible, hence A; is connected, and in particular V; is connected, being the image

of a connected space along a continuous map. Therefore U is connected and the proof
is complete. O
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8.3. Tangent space and smoothness in the case of curves

Fix (X, E,n) as in the previous section. For any point x € Quot y (F, n) representing
a d-tuple of nested quotients

Pd—1 Pd—2 p2 p1
E Ty To . T, T

we set K; = ker(E — T;). We have a flag of subsheaves

Ky < Kyq <22 0 o205 Ky <" K, E
and, forany i =1,...,d — 1, maps
¢;: Homy (K;, T;) — Homx (K41, T;), g got;
Yir Homx (K1, Tiy1) — Homx (K1, T), h v pioh

which we assemble in a matrix

—¢1 1 0 0 0
T I
0 0 0 - —¢a1 Vi
defining a map
d d—1
A, @PHomy (K;, T;) — @) Homy (K1, T).
i=1 1=1

The embedding (8.2.1) induces a k-linear inclusion of tangent spaces

d
Tz QuOtX(E7 n) — @ HomX<Ki7 E)a

i=1

which can be described as follows: a d-tuple of maps (61,...,d4) € @f-l:l Homy (K;,T;)
belongs to the tangent space of Quoty (F,n) at x precisely when the diagram

Ld—1 Ld—2 L2 L1
Kd"—)Kd_l( > ce s S > Koy < K;

(8.3.1) lad l&dl \[(52 l&

Pd—1 Pd—2 P2 p1
Ty —— Ty E 15 T

commutes. This is formalised in terms of the map A, in the next proposition.

Proposition 8.3.1. Set n = (ny < --- < ny). The tangent space of Quoty(E,n) at a
point t = [E — Ty — -+ — Ty] is

d d—1
T, Quoty (E,n) = ker (@ Hom(K;, T;) =N @Hom(KiH,Ti)> .
i=1

=1

In particular, if E is locally free of rank r on a smooth curve C, we have that Quot(E, n)
is smooth of dimension r - ng.
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PRrROOF. Along the same lines of [170, Prop. 4.5.3(i)] it is easy to see that the
tangent space is given by the maps making Diagram (8.3.1) commute, which is equivalent
to belonging to the kernel of A,.

Let @; be the O-dimensional sheaf fitting in the exact sequences

0—>Kl—>Kz,1—>QZ—>O

0=-Q =1, —T1T,_1 =0

forevery 1 =1,...,d. If X = (' is a smooth curve, we have that each K, is a locally
free sheaf of rank r (because torsion free is equivalent to locally free on smooth curves);
since ); is a 0-dimensional sheaf, we obtain the vanishings

(8.3.2) Ext?,(K;, T;) = Extl(Kiy1, Ty) = BExtL(K;, Q) =0, j > 0.

Therefore each v); is a surjective map, which implies that A, is surjective and that the
dimension of the tangent space is computed as

i=1 i=1

d d—1
= E r; — E rn;
i=1 i=1

=Tng.

d d—1
dimy T, Quot(E, n) = dimy (@ Home (K, ﬂ)) — dimy (@ Home (K41, ﬂ))

Since the tangent space dimension is constant and Quot.(E, n) is connected by Theorem
8.2.4, it is enough to find a smooth open subset U C Quoty(FE,n) of dimension rng.
We shall exploit the fact that the classical Quot scheme Quot.(FE,m) is smooth of
dimension rm, which follows from standard deformation theory and the vanishing
Exty (K, T) = H(C, K¥Y®T) = 0 for an arbitrary point [K < E — T| € Quot.(E,m).

Let U C Quot(E, n) be the open subscheme as in Diagram (8.2.3) (which of course
exists for arbitrary F), and write U = H?Zl V; as in the proof of Theorem 8.2.4. We
know that each V; C Quot(FE,n; —n;_1) is smooth of dimension r - (n; —n;_1), therefore
U is smooth of dimension rn, as required. O

Remark 8.3.2. The smoothness of Quot,(E,n) was already proved by Mochizuki
[131, Prop. 2.1], via a tangent-obstruction theory argument. See also [135] for the
classification of smoothness of Quot y(F,n) when X has arbitrary dimension.

8.4. Bialynicki-Birula decomposition

Let E be a locally free sheaf of rank r on a variety X. Assume that £ = @ _, L,
splits into a sum of line bundles on X. Then Quoty(E,n) admits the action of
the algebraic torus T = G/, as in [18]. Indeed, T acts diagonally on the product
[T, Quoty(E, n;) and the closed subscheme Quoty (E,n) is T-invariant. Its fixed
locus is determined by a straightforward generalisation of the main result of [18].
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Proposition 8.4.1. If E = @), _, L,, there is a scheme-theoretic identity

,
Quoty (E,n)" = H H Quot y (La, 1y).
ni+-+n,=na=1

Proor. We construct a bijection on k-valued points, which is straightforward to
verify in families.

Fix tuples ny = (nq1 < -+ < ngq)suchthatn; =), . ng;foreveryi=1,... d.
An element of the connected component corresponding to an, ...,n,) in the right hand
side is a tuple of nested quotients

(o> T > o 7))

1<a<lr

where each T\®

7

Bifet’s theorem on the T-fixed locus of ordinary Quot schemes [18], we have that

is the structure sheaf of a finite subscheme of X of length n, ;. By

(8.4.1) @ (La — Ti(a)) € Quoty (E,n;)T
1<a<lr
for each ¢ = 1,...,d, and since each of the original tuples of quotients was nested

according to m, it follows that also the tuples (8.4.1) are nested according to n, and
this proves that (8.4.1) define a point in Quoty(E,n)T.

The reverse inclusion follows by an analogous reasoning relying once more on Bifet’s
result [18]. O

Remark 8.4.2. For a locally free sheaf L of rank 1, we naturally have the isomorphism
Quot x (L, n) = Hilb™(X),

where Hilb™(X) is the nested Hilbert scheme of points, see for example [54]. Moreover,
if X = C is a smooth quasiprojective curve, we have (see [54, Sec. 0.2])

(8.4.2) Hllbn(C) = Symnl (C) X Symn2—n1 (C’) X oo X Symnd—ndA (O)

Assume now X = (' is a smooth quasiprojective curve and let z € Quoty(E,n)T
be a T-fixed point, corresponding to the tuple

(8.4.3) ([La — Téa) S T1(a)]> € H Quote(La, 1y).
@ a=1

Set KZ-(O‘) = ker(L, —» Ti(a)). The tangent space at = can be written as
(8.4.4)

a Ay — a
T, Quoty(E,n) = ker (@nggr @7, Home (K™, 7Y 22 DBicuper D) Homg (K%, Ti(ﬁ))> .

Denote by wy, ..., w, the coordinates of the algebraic torus T, which we see as irreducible
T-characters. As a T-representation, the tangent space admits the following weight
decomposition

T, Quoto(E,n) = ker (@15%59 EBLl Hom¢ (Ki(a) R W, T,i(‘g) ® wﬂ) Bay @191.199 @?;11 Hom¢ (I&fﬂ ® Wes T;’B) ® zv@)> .

We recall the classical result of Bialynicki-Birula (see [17, Section 4]), by which we
obtain a decomposition of Quot y(E, n) in the case when E is completely decomposable.
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Theorem 8.4.3 (Bialynicki-Birula). Let X be a smooth projective scheme with a
Gyn-action and let { X; }, be the connected components of the G,,-fixed locus X®m C X.
Then there exists a locally closed stratification X = [[; X;", such that each X;" — X is
an affine fibre bundle. Moreover, for every closed point x € X;, the tangent space is given
by To(X;") = To(X)™ @ T,(X)*, where T,(X)™ (resp. T,(X)") denotes the G,,-fixed
(resp. positive) part of T,(X). In particular, the relative dimension of X;" — X; is
equal to dim T, (X)* for z € X;.

The Bialynicki-Birula “strata” are constructed as follows. If ¢ denotes the coordinate
of G,,, we have

X;“:{:UGX ‘ limt-xEXi}.
t—0

In particular, the properness assumption assures that the closure of each G,,-orbit

in X contains the G,,-fixed point lim; ,o¢ - 2. Recently Jelisiejew—Sienkiewicz [100]

generalised Theorem 8.4.3, proving the the X' always exists even when X is not

projective (or even not smooth). However, in the smooth case they cover X as long as

the closure of every G,,-orbit contains a fixed point.

We now determine a Bialynicki-Birula decomposition for Quot.(F,n), where C
is a smooth quasiprojective curve. See Mochizuki’s paper [131, Section 2.3.4] for an
equivalent construction and tangent space calculation (in the projective case), using a
slightly different, but technically equivalent, tangent complex.

Let G,, = T be the generic 1-parameter subtorus given by w — (w,w?, ..., w"); it
is clear that Quot.(FE,n)T = Quot,(E,n)%m. Let

Qn = H Quoty(La,my) C QuotC(E,n)G'm

a=1
be the connected component of the fixed locus corresponding to the r-tuple n =

(N0 )1<a<r decomposing ny + -+ + n, = n.

Proposition 8.4.4. Let C' be a smooth quasiprojective curve and E = @) _, L,. Then
the nested Quot scheme admits a locally closed stratification

QuOtC(E7 ’I’L) = H Q£7
n
where n = (n4)1<a<r are such that ny +--- +mn, =n and Q}, — Qy is an affine fibre
bundle of relative dimension . ..(a — 1)ng a.

ProoOF. The strata Qg are induced by Theorem 8.4.3 — we just need to show that
the closure of every orbit contains a fixed point. Choose a compactification C' < C, an
extension L, of each line bundle L, and consider the induced open immersion

Quot (é L. n) — Quots (é L., n> )
a=1 a=1

'We thank Takuro Mochizuki for kindly sharing with us a note proving that the tangent complex
used in [131] is quasi-isomorphic to the one encoded by the map A,.
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The closure of every orbit must contain a fixed point in Quots (@221 Lo, n), but the
G,,-action does not move the support of a nested quotient, by which we conclude that
such a fixed point had to be already contained in Quoty (B)_, La, ).

Let x € @, be a fixed point as in (8.4.3). The positive part of the tangent space
(8.4.4) is

T.F Quoty(E,n) = ker (@ @Homc K(a) @@Hom zil? (ﬂ))) :

a<f i=1 a<f i=1

where AY is the restriction of the map A,. Thanks to the vanishings (8.3.2), A is
surjective, therefore the relative dimension is computed as

d
dimy T; QuotC(E, n) = dimy (@ @Homc (Ki(a)7 TZ(B))> — dimy (@ @Hom Kz(i)h T(ﬁ)))

a<pf i=1 a<pf i=1

¥ <Zn61 Znﬂ,>

a<lf
= Z(ﬂ = Dng.d
B=1

where we used ng; = dimy Homc(K( T(B)) since K( ) = = ker(L, — T! )) has rank 1.

)

The proof is complete. O

8.5. The motive of the nested Quot scheme on a curve

8.5.1. Grothendieck ring of varieties Let B be a scheme locally of finite type
over k. The Grothendieck group of B-varieties, denoted Ky(Varg), is defined to be
the free abelian group generated by isomorphism classes [X — B] of finite type B-
varieties, modulo the scissor relations, namely the identities [h: X — B] = [h|z: Z —
Bl + [h|x\z: X\ Z — B] whenever Z — X is a closed B-subvariety of X. The neutral
element for the addition operation is the class of the empty variety. The operation

[X — B]-[X' = B]=[X xp X' — B

defines a ring structure on Ky(Varg), with identity 15 = [id: B — B]. Therefore
Ko(Varg) is called the Grothendieck ring of B-varieties. 1f B = Speck, we write
Ko(Vary) instead of Ky(Vargpeck), and we shorten [X] = [X — Speck] for every
k-variety X.
The main rules for calculations in Ky(Vary) are the following:
(1) If X — Y is a geometric bijection, i.e. a bijective morphism, then [X] = [Y].
(2) If X — Y is Zariski locally trivial with fibre F', then [X] = [Y] - [F].
These are, indeed, the only properties that we will use.
The Lefschetz motive is the class L = [Al] € Ky(Vary). It can be used to express, for
instance, the class of the projective space, namely [P}] =14+ L+ --- 4+ L" € Ky(Vary).

8.5.2. Independence of the vector bundle The following result generalises
[164, Corollary 2.5, which in turn generalises the main theorem of [8] extending it
from proper smooth curves to arbitrary smooth varieties.
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Proposition 8.5.1. Let E be a locally free sheaf of rank r on a k-variety X. For every
n, the motivic class of Quot (E,n) is independent of E, that is

[Quotx (E,n)] = [Quoty (OF,n)] € Ko(Vary).

PROOF. Let (Ug)1<k<e be a Zariski open cover trivialising £. We can refine it to a
locally closed stratification X = Wi II-- - IT W, such that W}, C Uy, so that in particular
Elw, = (9% for every k. Each W}, is taken with the reduced induced scheme structure.

Let Quoty y, (E,n) C Quoty(E,n) be the preimage of Sym"! (W) C Sym"(X)
along the projection

d
pryohg,: Quoty(E,n) — HSym"i(X) — Sym"4(X),
i=1
where hg,, is the support map (8.2.2). We endow Quoty y, (£, n) with the reduced
scheme structure. We have a geometric bijection

H H Quot x v, (E, 1) — Quoty (E, n),

ni+-4ne=n k=1

therefore the motive [Quoty(E,n)] is computed entirely in terms of the motives
[Quotx y, (E,m)]. It is enough to prove that these are independent of £. In the
cartesian diagram

[ = ]
QuOtUk<E|Uk7 nk:) & QUOtX (E, nk)

the open immersion j is in fact surjective, hence an isomorphism. But we can repeat
this process with OF" in the place of E. It follows that

Quoty vy, (B, 1) = Quoty, w, (O, nk) = Quoty y, (OF, ny),

which yields the result. O

8.5.3. Proof of the main theorem Let X be a smooth quasiprojective variety
and F a locally free sheaf of rank r. Define

Zxra(q) =) [Quoty(E, n)|q™ € Ko(Var)[q1, - -, qal,

n
where n = (n; <--- < ny) and we use the multivariable notation g = (¢, ..., q4) and
q" = H?Zl ¢"". The notation Zy , 4 reflects the independence on E that we proved in
Proposition 8.5.1. If X = (' is a smooth quasiprojective curve and » = d = 1, then
Zc11(q) is simply the Kapranov motivic zeta function

(8.5.1) Zoaa(q) = Celq) = Z [Sym™(C)]q".

We can now prove our main theorem, first stated in Theorem 8.1.1 in the Introduc-
tion.
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Theorem 8.5.2. Let C' be a smooth quasiprojective curve. The generating series
Zc.q(q) is a product of shifted motivic zeta functions: there is an identity

ZC,rd HHC ]La 1 d Z+1)

a=11=1

In particular, Z¢, 4(q) is a rational function in ¢, . . ., qq.

PROOF. By Proposition 8.5.1 the motive [Quot.(E, n)] is independent on the vector
bundle E, so we may assume E = OF". In this case, we may compute the motive
exploiting the decomposition of Quots(OF", n) given by Proposition 8.4.4. Every
stratum is a Zariski locally trivial fibration over a connected component of the fixed
locus, with fibre an affine space whose dimension we computed in Proposition 8.4.4.

In what follows, we denote by n, = (a1 < -+ < naq) a nested tuple of non-
negative integers and by I, = (lo.1,-..,laq) & tuple of non-negative integers. Clearly
the two collections of tuples are in bijection, by means of the correspondence

(852) (na,l S e S noz,d) — (na,h Na2 — Nady .- Na,d — na,d—l)-

We compute

> [Quote(0F,m)]g" => g™ > ]][Quotc(Oc,na)] - L

n n ni+--+n,=n a=1

=Y f[q"a [Hilb™ (C)] - L Dnaa

ni,...,n, a=1

T d
_ Z H (H (d—i+1)1 ) Hllb"a(Cﬂ 'L(a—l)zg‘zlla,i

Ll a=1 \i=1

= Z H H qi(d—i+1)la,i [Symla,i(c)] L@ Dlasi

..l a=1i=1

—HHC Laldz—l—l)

a=11i1=1

The rationality follows by the rationality of the Kapranov zeta function, proved in [101,
Theorem 1.1.9]. O

Remark 8.5.3. We can reformulate our main theorem in terms of the motivic exponen-
tial, for which a minimal background is provided in Appendix 8.6. The case r =d =1
yields the classical expression

Celq) = Exp, ([Clq).

The general case becomes

Zcra(q) = Exp, ( Z]La 1 chHl z)
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=Exp, ( [C xx P qu“ 1)

Setting d = 1 we recover the calculations of [8, 164].

8.5.4. Hodge—Deligne polynomial In this subsection we work over k = C. Ring
homomorphisms Ky(Varc) — R are called motivic measures. A typical example of a
motivic measure is the Hodge—Deligne polynomial

E: Ko(Varg) — Zlu, v],
defined by sending the class [Y] of a smooth projective variety” Y to
E(Y;u,0) =) dime HY(Y, Q) (—u)?(—v)".
p,q20
Notation 8.5.4.1f f(u,v) = >_, . pjju't’ € Zlu,v], we set
(1 —q)~ ) = H (1 —u'v’q) P
]
This is actually the formula defining the power structure on Z[u,v]. The motivic

measure E can be proved to be a morphism of rings with power structure, see [88] for
full details.

Let C be a smooth projective curve of genus g. We have

= Z E(Sym"(C); u,v)q" = (1 — q)—E(C;u,v)

(8.5.3) — (1__ q)*(lfgufgvﬂw)
_ (1 —ug)?(1 —vg)?
(1 -q)(1 —uvg)

For E a locally free sheaf of rank r over C', define

Ecra(q) = E(Quot(E,n);u,v)q™.

As a direct consequence of Theorem 8.5.2, we obtain the following corollary.

Corollary 8.5.5. There is an identity
a—1,d—i+1

1 —uv gy ) (1 —
Ecra(g H H 1 _ ya-lya— 1q§i7i+1) (1

a=1i=1

al d—i+1
UqZ )

uavaqd H1) '

Proor. This follows by combining Theorem 8.5.2 and (8.5.3) with one another,

after observing that E is multiplicative (being a ring homomorphism) and sends L to
uv. O

2By a beautiful result of Bittner [19], the classes of smooth projective varieties generate the ring
Ky(Varg) as soon as chark = 0. But of course E can be defined on arbitrary varieties via mixed Hodge
structures.
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The generating function of the signed Poincaré polynomials is obtained from E¢ . 4(q)
by setting u = v. The generating series of topological Euler characteristics is obtained
from E¢, 4(q) by setting u = v = 1, also in the quasiprojective case. So we obtain

d
Z%p Quot(E,n)) H gt z+1 —reop(C)
=1
8.6. Appendix: Motivic exponentials

If (A, i, €) is a commutative monoid in the category of k-schemes, where pi: AxXA — A
is the multiplication map and e: Speck — A is the identity element, then by [60,
Example 3.5 (4)], one has a A-ring structure o, on the Grothendieck ring

Ky(Vary),
determined by the operations
on [V 5 A] = [Sym"y 225 gymn A & 4],

Assume Ay C A is a sub-monoid such that [[,., A" — A is of finite type. Then we
can define the motivic exponential

Exp,,: Ko(Vary, ) = Ko(Vary)™

Exp,(A4) = Z o, (A

n>0

by setting

for an effective class A, and extending via
Exp,(A — B) = Exp,(A) - Exp,(B)~!

whenever A and B are effective. The map Exp), is injective. See [61, Section 1] for
more details.

We use this construction in the case (A, i, €) = (N9, +,0), and setting A, = N9\ 0.
Of course here we are seeing N? as the k-scheme [1,.cne Speck. There is an isomorphism

Ko(Vary)[q1, - - -, qa] —— Ko(Varya)

defined by sending

D Ya-gitgy

neNd

H Y,, — Spec k(n)]

neNd

for varieties Y,,, and extending by linearity. Under this identification, if we let m be
the ideal generated by (g1, ...,qq4) in Ko(Vark)[qi, ..., qa], we can see Exp, as a group
isomorphism

Exp, : m- Ko(Vary)[q1, - - ., qd] =S 14+m- Ko(Var)[qu, - - ., qa] € (Ko(Vary)[qu, - - ., qa])*

between an additive group (on the left) and a multiplicative group (on the right). In
particular, one has the identity

Exp, (Z fZ(Q17-~-7Qd)> = HEXp+(f€<QI7 )
=1 =1
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for fo(qu, ..., qa) € m- Ko(Var)[qy, - -, qal-






CHAPTER 9

A note on the smoothness of the

nested Quot scheme of points

In viaggio il cielo
immutabile non giudica

speranze di primavera

Haiku, Andrea Pavlov

9.1. Introduction

Let X be a smooth quasiprojective variety of dimension m, defined over C. Let
E be a locally free sheaf of rank r over X. For a fixed d > 0 and a fixed d-tuple of
non-decreasing integers n = (0 < n; < --- < ny), we consider the nested Quot scheme
of points

Quoty (E,n) ={ [E—»Ty— - — T1] | dim(T;) =0, x(T3) = n; }

where the dimension of a coherent sheaf T is, by definition, the dimension of its support.

In this note we give necessary and sufficient conditions for Quoty(E,n) to be
smooth. When d = 1, in which case we recover Grothendieck’s Quot scheme, we simply
write n € N instead of n = (0 < n). To simplify the notation, we assume without loss
of generality for the following theorem that n = (0 <ny; < -+ < ny).

Theorem 9.1.1. Let (X, E,n) be as above. Then Quoty(F,n) is smooth in the
following cases:
(1) If m = 1, for all choices of (E,d,n),
(2) ifd=1andn =1,
(3) if r =1, in the following cases:
(a) m = 2,d = 1, for all choices of n,
(b)) m=d=2andn = (n,n+1),
(¢) m>3,d=1andn <3,
(d) m>3,d=2andn = (1,2),(2,3),

243



244 9. A NOTE ON THE SMOOTHNESS OF THE NESTED QUOT SCHEME OF POINTS
In all other cases, Quoty (E,n) is singular.

We prove Theorem 9.1.1 by first reducing to (X, E) = (A™, O9"), then upgrading
Cheah’s complete classification of smooth nested Hilbert schemes [54] to arbitrary r,
and finally by excluding all possible exceptions by explicitly producing singular points.

We remark that in the case d = r = 1, corresponding to the Hilbert scheme of n
points Hilb"(X), it is known that smoothness occurs if and only if m <2 or n < 3. If
r > 1, Grothendieck’s Quot scheme Quot(O%", n) is always smooth if X is a curve,
and it is singular (but irreducible, and of dimension n(r + 1), see [73] and [50, Example
3.3]) if X is a surface.

The cohomology of the nested Quot scheme Quot y (E, n) was studied in great detail
by Mochizuki [131] when X is a smooth curve; in this case, its motive [Quoty (F,n)| €
Ko(Varg) is computed explicitly in Chapter 8.

9.2. Properties of the moduli space

We fix, as in the Introduction, a triple (X, E, n) consisting of a locally free sheaf
E on a smooth variety X, and a d-tuple of integers n = (0 < n; < --- < ny) for some
d > 0. Recall also that we set m = dim X and » = rk E. Note that, if ng = 1, the
space Quot y (E, n) is isomorphic to P(E), which in particular is smooth of dimension
m + r — 1. This will be exploited in Section 9.2.3.

9.2.1. Tangent space As proved in Proposition 8.3.1, the tangent space of the
nested Quot scheme Quoty(F,n) at a point z = [F — T; — --- — T1] is described as
the kernel of a suitable C-linear map,

d d—1
T. Quot  (E,n) = ker (EB Hom(K;, T}) = @) Hom (K1, 1})) :
=1 =1

where K; = ker(E — T;). The definition of A, is not relevant for the proof of our
results, so we omit it (but it can be found in Section 8.3 or in an equivalent form in
[131]).

9.2.2. Direct sum map Assume we have a decomposition n = n; + - - - + n, for
some s > 0, where ng = (ng < -+ < nyy) are ‘smaller’ non-decreasing sequences of
non-negative integers. The above ‘sum’ notation means of course that n; =), ., -,
forall i =1,...,d. Consider the open subset o

U= [] Quoty(E,m)

1<k<s

parametrising s-tuples of nested quotients
ZkZ[E—»de—»"'—»Tkl}EQUOtX(E7’I’I,k), k=1,...,s

such that the support of T, is disjoint from the support of T}y for all 1 <k #1 < s.
Then there is a well-defined morphism

U —2— Quoty(E,n)
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sending an s-tuple (z,...,2s) as above to the point
[E>Tu®  @Ty— - —>Ti® - ®Ty] € Quoty(E,n).
An immediate application of the infinitesimal criterion shows that this map is étale.

9.2.3. Expected dimension Let n = (ny < --- < ny) and let us split it as
n =73 % ny, where each ny = (ng < -+ < nyg) satisfies nyg = 1. Inside

[ Quoty(E.ny) = B(E)™
k=1

we consider the open subscheme U,, parametrising ng-tuples of quotients with pairwise
disjoint supports. Then U, is smooth of dimension ng(m +r —1). Since U, is étale over
Quot x(E,n), via the direct sum map, it makes sense to define the ezpected dimension

expdim Quot  (E,n) = ng(m +r — 1).

Indeed, for sure Quoty(F,n) has a smooth open subscheme (the image of Uy,) of this
dimension. In the case of the classical Hilbert scheme of points Hilb"(X), the image of
U, parametrises n-tuples of distinct points (up to order). Its dimension is n - dim(X).
This is the dimension of Hilb"(X) when it is irreducible, since the Zariski closure of
this open, the so-called smoothable component, is always an irreducible component.

9.2.4. Connectedness If X is irreducible, the scheme Quoty(FE,n) is connected,
cf. Theorem 8.2.4. Therefore, if we find a point z € Quot v (E, n) such that

dimc 7T, Quot x (F,n) > expdim Quoty (E,n) = ng(m +r — 1),

then z is necessarily a singular point of the nested Quot scheme.

9.3. Proof of the theorem

We start by reducing our global analysis of singularities, involving (X, F), to a local
one, involving (A™, O%").

Lemma 9.3.1. Let X be a smooth m-dimensional quasiprojective variety, I a locally
free sheaf of rank r over X. Then Quot y(E,n) is smooth if and only if Quot. (O%", n)
is smooth.

PROOF. This follows since Quot y (F, n) is locally an étale chart for Quot . (O%", n).
We give full details below.

Consider the case d = 1 first. Let U C X be an open subvariety such that E|y = OF".
Suppose we have an étale map p: U — A™, and V%, denotes the open subscheme
of Quoty (OF, n) parametrising quotients [OF" — T such that @|supp(r) is injective.
Then the association [OF" — T] + [OSh = p.p* OFh = 0. OF — ¢, T| defines an
étale map [9, Prop. A.3]

D, Vi = Quotym (OF0, n).

Varying (U, ¢: U — A™) so to cover the whole of A™ confirms the result for d = 1, as
smoothness only depends on an étale neighbourhood.
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Now we fix n = (0 <ny < -+ < ny) and (U, ) as above. Taking the product of
the étale morphisms ®,,, yields an étale map ®,, along with a cartesian diagram

c ®
41 > I v

1<i<d

étale O J/(Dn

Quotym (0%, n) —— H Quot ym (0%, 1)
1<i<d

where the horizontal arrows are closed immersions.
It is easy to verify that Z¢ also appears as the scheme-theoretic intersection

® ¥
Z'n ’ H V;“,ni

1<i<d

U \[open

Quoty (O m) —doed H Quoty, (OF", n,)

1<i<d

inside a product of classical Quot schemes; since Quot, (OF,n) C Quoty(E,n) is
open, we have exhibited an open subscheme Z¥ C Quoty(E,n) with an étale map
down to Quot,m (O, n). Varying (U,o: U — A™) as in the case d = 1 yields the
result. [

We can now tackle the proof of our main result.

Proof of Theorem 9.1.1. By Lemma 9.3.1 we can assume that (X, E) = (A™, O%).
The smoothness in case m = 1, cf. (1), is proved in Proposition 8.3.1 and in [131,
Prop. 2.1]. The smoothness in cases (3a)—(3d) is proved by Cheah [54, Thm. pag 43].
Finally, (2) follows from the isomorphism Quot . (O%n,1) = A™ x P*! (cf. Remark
9.3.2). It remains to prove that these are the only smooth nested Quot schemes.

We remark that if Hilb™(A™) is singular, then so is Quot . (O%n, n). Indeed, by
Proposition 8.4.1, Hilb™(A™) appears as a connected component of the G/ -fixed locus
of Quotm (0%, n), where G”, acts rescaling the fibres of O, one by one (see Section
8.4). Since Cheah proved that the nested Hilbert scheme Hilb™(A™) is singular if it
does not fall in any of the cases (1),(2),(3a)—(3d), we deduce that, if » > 1, the scheme
Quot . (O, n) is singular in the following cases

(1) if d > 3, for all choices of n,
(2) ifm=2,d=2,n=(n,n) withn' —n > 2
(3)if m>3,d=1,n >4,
4) ifm>3,d=2n#(1,2),(23).
We are left to prove that Quot,.(O%, ) is singular in the following cases:
(A)ifm>2r>2d=1andn >2,
B)ifm>2,r>2 d=2and n=(n,n+1).
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Case (A), resp. (B), is settled in Lemma 9.3.3, resp. Lemma 9.3.4. m

Remark 9.3.2. Let E be a coherent sheaf on a variety X. The natural isomorphism
Quoty (F,1) = P(F) follows by explicitly comparing the moduli functors. However, the
case (X, E) = (A™, O%"), yielding Quot (0", 1) = A™ x P"~1 also follows from the
explicit presentation of the Quot scheme Quot . (O%",n) as a closed subvariety of the
noncommutative Quot scheme

(Ul,...,’UT)iS
" = (Ay, ..., Am,v1,...,7,) € Ende(Cr)™ x (CM) Ln,
Quoty, {( 1oy Amy 1, ., 0,) € Ende(C")™ x (C™) (A1,..., Ap)-stable ¢

where GL,, acts by conjugation on the endomorphisms and by left multiplication on the
vectors, and finally the stability condition reads: the C-linear span of all monomials in
Ay, ..., A, applied to vy, ..., v, equals the whole of C". The variety Quot,." is smooth
of dimension (m — 1)n? 4+ rn. In the case n = 1, the embedding (in general cut out by
the relations [A;, A;] = 0) is clearly trivial, and the GL;-action is only nontrivial on the
r-tuple of complex numbers (vy,...,v,) € C", which cannot all be 0 by the stability
condition. This gives a direct proof of the decomposition Quot,. (O%", 1) = A™ x P~ 1.

We now settle the two remaining cases, (A) and (B), to conclude the proof of
Theorem 9.1.1.

Lemma 9.3.3. Let m > 2,7 > 2, n > 2. Then Quot,.(O%h, n) is singular.

PROOF. We start with the case n = 2. Let us consider a point z € Quot . (O%",2)
represented by a short exact sequence

0—=>mPZpO¥ 2 5 0% 508 =0

where mg = (z1,...,2,) C O = Clxy,...,x,] is the ideal of the origin 0 € A™ and
Op = O /my is its structure sheaf. We find
dim¢ T, Quot . (0%, 2) = dime Homp (m$? @ OP~2, 08?)
= dlm(c Homo(mgﬂ, 0(6)92) + dlm(c HOIH@(O@T72, 00)692
=4m+2(r —2),
which is larger than expdim Quot . (O%",2) = 2(m + r — 1) since m > 2. Using the
connectedness of the Quot scheme (cf. Section 9.2.4), this calculation shows that z is a
singular point.
Let us now assume n > 3. Consider the open subscheme

U — Quot,m (O%",2) x Quot . (O 1)"2

parametrising (n — 1)-tuples of quotients with pairwise disjoint support. Inside U, let
us pick a point of the form u = (mJ? P O 2 m, O ' ... m, ,®0% ") where
O#pi € Amforall 1 <i<n-—2andp; #p; forl <i#j <n—2 Viathe direct
sum map, the scheme U is étale over Quot,.(O%",n), and we call v the image of the
point v under the direct sum map. We find

dime T, Quotym (0", n) = dime T,,U
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=4dm+2(r—2)+(n—-2)(m+r—1)
=n(m+r—1)+2m —2,

which is larger than expdim Quot,. (O%",n) = n(m +r — 1) since m > 2. Again by

Section 9.2.4, this proves the result. O

Lemma 9.3.4. Let m > 2,7 > 2 and n = (n,n + 1) for n > 1. Then Quot . (O%h, 1)
is singular.

PROOF. We start with the case n = 1. Let us consider a point z € Quot,. (09", (1,2))
represented by the nested quotient

[O@r 022 00]7
and denote by mg = (z1,...,2,) C O = Clxy, ..., 2,] the ideal of the origin 0 € A™.
By Section 9.2.1 the tangent space at z is

T, Quotm (097, (1,2)) =
ker <H0m@(mo © 0% 0y) ® Homp (mg? @& 092 05?) SN Homp (m§? @ O 2, OO)> ,
and since the spaces involved in A, satisfy
dime Homp (mg @ O 1 Og) =m +r —1
dim¢e Homp(m$? @ O 2 0F%) = 4m + 2(r — 2)
dime Homp (m&? & O 72 O) = 2m +r — 2,
we find
dime T, Quot . (O%7, (1,2)) > (m+7— 1)+ (dm +2(r — 2)) — 2m +1r — 2)
> 2(m +r — 1) = expdim Quot . (0%, (1, 2)).

Thus z is singular by our observation in Section 9.2.4.
Let us now assume n > 2. Consider the open subscheme

U — Quot (0%, (1,2)) x Quot . (O, (1,1))"*

parametrising n-tuples of nested quotients with pairwise disjoint support. Inside U,
let us pick a point of the form u = (z,21,...,2,-1), where z is as above and z; is
represented by a nested quotient

(0% - O,, = 0,,], pi € A™.

We further assume that 0 # p; € A™ for all < and p; # p; for 1 <i# j <n—1. The
scheme U is étale over Quot . (O%", (n,n + 1)), and we call v the image of the point u
under the direct sum map. We find

dimc T, Quotym (O%", (n,n + 1)) = dime T,,U
>2m+r—1)+n—-1)(m+r—1)
=n+1)(m+r—1)
= expdim Quot . (0%, (n,n + 1)).
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Thus v is a singular point. O]






Samenvatting

In het weiland staat en koe
De koe ziet en trein
En de koe kijkt naar de trein

Ongetekend, Rotterdam

Wat betekent het om een meetkundig object te tellen?' We zullen dit uitleggen
aan de hand van een concreet voorbeeld, dat al bekend was bij de oude Grieken.
Het volgende staat bekend als het probleem van Appolonius: hoe veel cirkels raken
er aan drie gegeven cirkels die in algemene positie liggen? Ten eerste, in algemene
positie betekent dat de drie cirkels niet een willekeurig drietal cirkels mogen zijn, maar
voldoende algemene drietallen. Bijvoorbeeld, als we drie keer dezelfde cirkel kiezen
dan is het probleem equivalent aan vragen hoeveel cirkels er raken aan één gegeven
cirkel, en we kunnen duidelijk oneindig veel oplossingen voor dat probleem construeren
— probeer maar! Als we aannemen dat onze cirkels voldoende algemeen zijn om alle
pathologische voorbeelden uit te sluiten, kunnen we vragen: hangt het antwoord af van
de keuze van cirkels die we gemaakt hebben? Het blijkt dat dit getal altijd constant is
en eindig: er zijn altijd precies acht cirkels die raken aan de drie gegeven cirkels. Wat
er desondanks kan gebeuren is dat sommige van deze cirkels, als we de initiéle cirkels
een klein beetje bewegen, samenvallen. Dat betekent dat het antwoord minder dan acht
cirkels bevat, maar sommige van deze moeten we tellen met multipliciteit: in andere
woorden, we willen onthouden dat sommige oplossingen verschillend kunnen worden
als we ons oorspronkelijke probleem vervormen. Omdat we van ons oorspronkelijke
probleem vragen dat het algemeen genoeg is, zouden we deze tweede soort pathologie
ook kunnen vermijden (welke van andere aard is dan de eerste pathologie!)

Als je een oude Griek zou zijn, zou je tevreden kunnen zijn met de constructie van
deze 8 cirkels. Vanuit het perspectief van de moderne wiskunde is de vraag niet waarom
we acht cirkels krijgen, maar waarom we met drie cirkels moeten beginnen. Waarom
niet twee, of vier? Spelen met de meetkunde geeft direct antwoord: als onze initiéle
data bestaat uit twee cirkels, dan kunnen we altijd oneindig veel cirkels tekenen die daar
aan raken. Als we beginnen met vier cirkels, dan is het antwoord altijd nul. Dus, in
zekere zin, het getal drie is een kritieke waarde dat tussen geen oplossingen en oneindig
veel oplossingen in ligt. Dit heet de verwachte dimensie van het enumeratieve probleem.

"k ben Dirk van Bree in het bijzonder dankbaar voor zijn hulp bij het vertalen van de samenvatting.
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De moderne (rond de 19e eeuw) aanpak om dit probleem systematisch aan te pakken
is de volgende. We beginnen met een ruimte van alle mogelijke kwadratische krommen
in het vlak. Deze ruimte heeft een topologie, dat een notie is van wanneer twee objecten
dicht bij elkaar liggen of niet. Twee kwadratische krommen liggen dichter bij elkaar
als het makkelijker is de ene te vervormen naar de andere. Om de vergelijking van een
kwadratische krommen op te stellen hebben we vijf variabelen nodig, wat een verklaring
is voor het feit dat deze ruimte van alle kwadratische krommen — welke we vanaf
nu de moduliruimte zullen noemen, naar het Latijnse woord modulus, dat parameter
betekent — dimensie vijf heeft. In de moduliruimte van kwadratische krommen zijn
we geinteresseerd in een kleinere ruimte, die alleen de cirkels parametreiseert. Om te
garanderen dat een kwadratische kromme een cirkel is, moeten we twee van de vijf
variabelen vast nemen: daarom heeft de moduliruimte van cirkels dimensie 3, en deze
noemen we M. Het feit dat deze dimensie precies het aantal cirkels is dat we nodig
hebben is geen toeval. In feite, binnen deze ruimte kunnen we de ruimte bekijken van
alle cirkels die raken aan een gegeven cirkel (. Zo’n raakconditie afdwingen maakt
de dimensie één lager. Als we de moduliruimte V; noemen (van cirkels die raken aan
C1), kunnen we op dezelfde manier V5 en V3 definiéren als de moduliruimte van cirkels
die raken aan Cy, C5. Elk van deze is een ruimte van dimensie twee, binnen de ruimte
M die dimensie drie heeft. Nu bestaat de oplossing van ons oorsponkelijke probleem
uit de cirkels die raken aan C, Cy, (5, in andere woorden, elementen in de drievoudige
doorsnede Vi N Vo N V3. Zoals je zou verwachten, als V; dimensie twee heeft dan heeft
Vi NV, dimensie één en V) N Vo N V3 heeft dimensie nul: het is een verzameling van
punten! Dit is de meetkundige reden waarom we drie raakeisen stelden: twee eisen
zou leiden tot een ruimte met oplossingen van dimensie één (dus oneindig veel) en vier
eisen stelling zou leiden tot een dimensie —1 ruimte van oplossingen — maar er zijn geen
ruimtes met negatieve dimensie, dus de verzameling oplossingen is simpelweg leeg.

We hebben nu begrepen waarom we moeten beginnen met drie cirkels op een mooie
meetkundige manier. Maar we moeten nog uitleggen waarom we precies acht cirkels
krijgen elke keer. Het antwoord is weer meetkundig — maar er is wat algebra nodig
om het precies uit te voeren. Denk er eens aan wat er zou gebeuren als je twee lijnen
snijdt in het vlak: je krijgt dan één punt in de doorsnede. Als je een lijn met een
kwadratische kromme snijdt, krijg je twee punten. Als je twee kwadratische krommen
doorsnijdt, krijg je vier punten. Zie je een patroon? Dit heet de stelling van Bézout en
vertelt je dat als je een krommen van graad d; doorsnijdt met een kromme van graad
ds, dat je dan d; - dy punten in de doorsnede moet verwachten. In feite is een lijn een
graad één kromme en een kwadratische kromme een graad twee kromme (tekens eens
wat krommen om te zien wat er gebeurt!). Een analoog resultaat geldt in ruimtes van
hogere dimensie. In ons geval is M een driedimensionale ruimte en elk van Vi, V5, V3
is een graad twee hyperoppervlak in M. Dus, als we de doorsnede nemen moeten we
een totaal van 2 -2 -2 = 8 punten in de doorsnede verwachten — precies het aantal
oplossingen van het oorsponkelijke Griekse probleem.

Moderne wiskunde is niet geinteresseerd in de vorm van het probleem, maar in de
conceptuele aspecten van de ruimte van oplossingen, zijn graad of andere relevante
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informatie van zijn meetkunde. Helaas is het leven niet altijd eenvoudig en het is vaak
niet mogelijk om een enumeratief probleem te vertalen in geschikte moduliruimten. Dit
is waarom enumeratieve meetkunde niet meer gaat over het enumereren van objecten,
maar het bestuderen van de diepere eigenschappen van de moduliruimten zelf — een quote
van Andrei Okounkov, Fields medaillist en een van de grootste moderne enumeratieve
meetkundigen.
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