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ABSTRACT: We propose a novel construction of a third quantised baby universe Hilbert
space H gy for the quantum gravity path integral. In contrast to the original description
of a-parameters, both the bulk and boundary microscopic parameters are fixed in our
proposal. Wormholes and baby universes appear due to refined observables, of the
boundary dual quantum field theories, that crucially involve the space of representations
of the gauge group. Irreducible representations, on which the path integral factorises,
give rise to field theoretic superselection sectors and replace the « states.


https://phas.ubc.ca/
https://www.uu.nl/en/research/institute-for-theoretical-physics
https://perimeterinstitute.ca/
mailto:pbetzios@phas.ubc.ca
mailto:gaddam@uu.nl
mailto:opapadoulaki@perimeterinstitute.ca \protect \@normalcr \relax 
mailto:opapadoulaki@perimeterinstitute.ca \protect \@normalcr \relax 

Contents

1 Introduction 1
2 The failure of the bilocal description and a-parameters 2
3 Our proposal and motivations 3
3.1 Proposal 4
3.2 Motivations for our proposal 4
4 Some technical details 6
5 Consequences of our proposal 8
5.1 Comparisons with McNamara-Vafa and Marolf-Maxfield 8
5.2 Global symmetries and the Weak gravity conjecture 9
5.3 A top-down perspective from D-branes 9
5.4 Evading the Fischler-Susskind-Kaplunovsky catastrophe 9
5.5 Geometry and entanglement (of representations) 10

1 Introduction

Among the most important open problems in theoretical physics, the role of topology
change in quantum gravity is particularly tantalising. The intrigue has only grown with
recent interest [1] in spacetime wormholes connecting multiple asymptotic boundaries.
In the late eighties, it was argued that the effects of wormholes are accessible in the
effective low energy theory via averaged couplings to local operators [2-5]; these cou-
plings were called the a-parameters. The unrealised initial hope was that the integral
over the a-parameters would be sharply peaked in favour of an infinitesimal value for
the observed positive cosmological constant. Nevertheless, these ideas led to a novel
third quantised picture of “baby universes (BU)” that are created and destroyed in su-
perspace [6], resulting in dynamical topology changing processes that affect the physics
of a large semi-classical “parent manifold”—the one we observe at large scales.

On the other hand, it has long been expected that there are no free parameters in a
quantum theory of gravity and that all symmetries are gauged [7-9]. This expectation



was further strengthened by the advent of holography [10, 11], where in all control-
lable higher dimensional' examples of string/M-theory, all the parameters on which
the boundary field theory depends are known and fixed. Should the holographic dual-
ity hold, the bulk dual quantum gravity (QG) theory must also depend on the same
fixed quantities, leaving no room for a-parameters. Several authors have since em-
phasised the apparent conflict between holography and the existence of a-parameters
[12-14], and between holography and fixed multiboundary saddles [15, 16]. On the con-
trary, others have suggested a harmony in simple topological [17] or 2d models [18, 19].
However, known UV complete variants of these models imply that their non-trivial
topological features arise on the string worldsheet rather than the target space [20, 21].
Whereas in higher dimensions, Euclidean wormholes also arise in bulk duals of ap-
propriately interacting QFT’s [22-24], but these cases leave no room for conventional
a-parameters.

In this essay, we provide a bridge between these two apparently conflicting de-
scriptions of the QG path integral in higher dimensions. Before we do so, we will first
describe why the conventional picture of a-parameters fails, necessitating an alternative
approach.

2 The failure of the bilocal description and a-parameters

Coleman’s a-states emerge from a bi-local expansion of the contribution of Euclidean
wormbholes to the gravitational path integral. This expansion is presumed to emerge in
the limit of soft metric perturbations (whose wavelengths far exceed the size of the ends
of the wormholes (instantons)). In such a limit, the two instanton ends of a wormhole
may be seen to couple to local bulk operators while preserving their connection to each
other, resulting in a bilocal action. This bilocal action can then be traded for averaged
a-parameters. This perspective has been reviewed in [14], for instance. Let us now
analyse the assumptions going into this emergence of a-parameters. To this end, let us
define the following length scales®:

o L;,s defines the size of the instanton (or the ends of the wormhole).

e Ly, is the shortest scale associated with the wormhole (it dictates the size of the
wormhole throat).

e L, is the length of the wormhole (which defines the distance between the two
ends of the wormhole).

'In this essay, by “higher dimensions” we mean d > 2.
2We assume Planck length Lp to be the smallest of all scales in the theory, for validity of effective
field theory.



e And finally, L, o is the scale at which we probe the theory.

In all known solutions, there is a hierarchy among these scales Lp < L, < Linst < L.
One may further argue more generally that even certain off shell configurations (such
as the double cone of [25]) satisfy Ly, < Linst, since the throat is always the minimal
characteristic scale of the wormhole. The existence of a bilocal action, and consequently
the emergence of averaged a parameters, relies on the following assumptions:

1. A local operator expansion that effectively replaces each wormhole-end or in-
stanton with an infinite sum of local bulk operators >, ¢; [ d™'zy/g(z)O;i(z).
This is achieved in the long wavelength limit when the theory is probed at scales
much larger than the size of the instanton L,,ope > Lins. This implies that the
coefficients ¢; must be defined in powers of Ljnst/ Lprove-

2. Validity of the dilute gas approximation. This means that L;,s; < L, so that
the two endpoint instantons never overlap.

3. The throat must retain a connection between the two instantons or wormhole
endpoints. Moreover, this connection must not depend on the location of the
endpoints. Then, the effective action takes the bi-local form

Serr = /dd+1$\/ 9(x) /ddHyv 9(y) Z Ay Oi(x) Oj(y)- (2.1)

This bilocal action can be rewritten in terms of auxiliary a-parameters.

We now immediately see that these conditions cannot all be simultaneously satisfied.
Indeed, since the size of the throat is always necessarily smaller than the size of the
instanton, L;, < L;,s, we see that the throat pinches off before the instantons can
be replaced by local operators. Therefore, in this limit, the wormhole path integral
factorises, resulting in two disconnected local operator expansions at each endpoint.

Therefore, we conclude that the bilocal expansion has zero radius of validity in
parameter space, leaving no room for conventional a-parameters even from the point
of an IR expansion. Of course, all notions of geometry break down in the UV. The
wormholes can only renormalise the coupling constants of local operators; the effective
action in the IR remains the local Einstein-Hilbert action plus corrections.

3 Our proposal and motivations

Given the failure of the bilocal expansion described in the previous section, we now
make the following proposal for the Hilbert space of baby universes.



3.1 Proposal

In addition to the familiar Hilbert space of asymptotically AdS states in holography, the
QG path integral also describes observables that belong in a non trivial third quantised
baby universe Hilbert space (Hpy). The latter gives rise to effective superselection
sectors through the decomposition Hgy = @r Hpr in terms of unitary representations,
R, of the compact (gauge) group symmetry G. This refinement is incorporated into the
dual field theory partition function via the insertion of appropriate non-local operators
that transform in the said representations R. We thereby arrive at an augmentation of
the space of field theoretic observables which is important for the complete description
of the bulk gravitational physics.

3.2 Motivations for our proposal

We will make use of several known examples to both motivate and elucidate various
aspects of our proposal.

Liouville theory The state-operator correspondence is subtle in Liouville quantum
gravity owing to the presence of both microscopic and macroscopic bulk states [26].
In analogy®, we define macroscopic operators? Z [J] as functionals of sources, which
create large AdS conformal boundaries. These are associated with partition functions
(Schwinger functionals) of the holographic dual field theory. In contrast, we introduce
microscopic “holes” or “vacuoles” in the geometry® that correspond to microscopic
states. A basis for describing these is provided by the representation eigenstates |R)
of the gauge group; we propose that this replaces the a-state basis. That is to say
that the bulk state-operator correspondence in any UV complete theory of quantum
gravity bears a resemblance to Liouville theory and not to non-gravitating CFT’s or
topological theories analysed in [17].

Holography The cogent success of gauge/gravity duality leaves little room for av-
eraged a-parameters that are left unfixed. This motivates our proposal to abandon
the a parameters in favour of microscopic states labelled by the representations |R),
which do not couple to local operators in the bulk effective action. In contrast to the
proposal of [17, 21], where the Hartle-Hawking state was expanded in a basis of a-
eigenstates, our proposal is to expand the dynamical QG vacuum in a basis of |R) with

3 That the QG path integral should be viewed as a higher dimensional version of Liouville theory
with a dynamical conformal factor was proposed in [27].

4In matrix models, these are the familiar loop operators [20, 21, 25].

5In the Lp; — 0 limit, these can be thought of as “defects” or “punctures” of the geometry. A

similar idea was explored in [28].



the Hartle-Hawking state being the trivial or singlet representation. Therefore, there
is a natural selection rule for our proposed macroscopic Z [J] operators that separates
different representation eigenstates. This implies a superselection rule for all observ-
ables in the Hilbert space Hp associated with each macroscopic boundary arising from
the expectation value of Z[J] in the state |R). We describe this further in Section 4.

Non-singlet sectors Our proposal is a significant departure from the original de-
scription of a-parameters as random multipliers of local bulk operators that result in
randomness in the parameters of the dual field theory. In our proposal, all the mi-
croscopic parameters are fixed. Moreover, since the boundary field theory group is
a gauge group, only gauge invariant states (“singlets”) must appear in the partition
function. Therefore, the non-trivial representations are accompanied by an insertion
of appropriate operators (characters) in the field theory path integral®. We describe
further technical details in Section 4.

Energy scale of topology change Topology changing processes in quantum gravity
are often expected to be relevant near Planck scale. However, it was shown in [30]
that they can in fact emerge at exponentially suppressed scales allowing them to be
accessed in the effective bulk theory. Moreover, the non-trivial topologies were shown
to renormalise the bare coupling constant of concern. This lends further credibility
to the proposal that coupling constants are fixed, and not averaged. Furthermore, it
motivates our proposal for the existence of non-trivial macroscopic saddles in the sum
over representations. Potential perturbative stability of Euclidean wormholes [31, 32]
provides further encouragement for the contribution of such geometries to the quantum
gravity path integral.

Topological strings and LLM geometries Observables such as Wilson loops back-
react on the geometry when they are in large representations (when the corresponding
Young-Tableau contains O(N?) boxes) [33]. For every such representation, the bulk
dual has a different topology. A sum over all representations in the partition func-
tion would correspond to a sum over the various topologies, giving rise to a picture
of “spacetime foam”. This can be made more precise in the context of topological
strings [34, 35] and LLM geometries [33, 36].

We conclude this section with a pictorial illustration of our proposal in Fig. 1. The
conformal compactification of Euclidean AdS;1 is a d + 1 dimensional ball with one
macroscopic conformal boundary. Consider excising a small ball in the center, creating
a “vacuole” which is a microscopic (and not conformal) boundary. It is unnatural to
relate this vacuole to a state that belongs in the usual field theoretic Hilbert space

6 Analyses of non-singlet states in holography have been reviewed by Callan in [29].



on the macroscopic conformal boundary, as the bulk QG theory is neither topological
nor conformal’. Instead, we propose that such microscopic boundaries are associated
with states in H gy, which is spanned by group representation eigenstates®. From this
perspective, Z [J] are operators that create macroscopic boundaries on the “parent”
manifold and do not belong to the microscopic third quantised BU Hilbert space Hpy .

Figure 1. In the far left, we depict the excision of a microscopic “vacuole” at the centre
of global EAdS (whose topology is that of a ball). On the far right, two large macroscopic
universes are connected by a microscopic wormhole whereas such a connection between distant
locations in the same macroscopic universe is shown in the middle. Factorisation is restored
in the representation basis |R) (which we propose to replace the a-basis prescription) for the
BU Hilbert space Hpy.

4 Some technical details

We define the “void” state in Hpy - the analogue of the vacuum [6] - , and denote it

by [©2). This state can be expanded in the basis of representation eigenstates as’

Q) =) Dg|R) with (R|Q)=Dpg, (4.1)

where Dg counts the degenerate states in each irreducible representation (the dimen-

sion). Given a concrete model, the “void” may be constrained to all allowed repre-

10

sentations with a finite number of boxes in the Young Tableaux'’. In this case, the

"It may, however, be “conformal” in a generalised Liouville sense. See Footnote 3.

8The representation basis is not a basis with a fixed number of microscopic boundaries. Instead,
it replaces the a-state basis in spirit. It would be interesting to understand if there exists a basis that
describes a fixed number of vacuoles.

9The overlaps (R|{2) could also involve other objects such as Casimirs. Here we made the minimal
choice that simply involves the degeneracy of the representations.

0This is a natural way to restrict the space of representations for U(N) gauge groups which come
with a maximum number of rows in the Young diagrams. Discrete gauge groups have a naturally finite
dimensional space of irreducible representations.



dimension of H gy would be finite dimensional. In either case, for compact gauge groups,
the Peter-Weyl theorem guarantees that this basis spans the total Hilbert space. In
what follows, we divide all amplitudes by the norm of the void state!!

As a first non-trivial example, a single macroscopic boundary can now be expressed
as an expectation value of a macroscopic operator

(QIZ[7]12)

Z[J] = Q|Q

D2
ZpRZR where pp = Z—RDQ’ (4.2)
r VR

and Zg[J] == (R|Z[J]|R). The spirit of the description of the a-state path integral is
now evident, whilst retaining fixed parameters for the boundary theory; Z[J] implicitly
depends on these fixed parameters. The familiar holographic source functional is merely
the singlet term in (4.2). Since the boundary dual must necessarily only describe gauge
invariant states, the astute reader might object to a definition of a quantity such as
Zgr|J]. A purely field theoretic definition of such a quantity requires a modification of
the boundary field theory functional, with the insertion of an appropriate (non-local)
operator that depends on both the boundary gauge field (say AZ) and the representation
R. For instance, such an operator would be the Wilson line, or the character'? yg(U) =
TrrU = Trre’f 4, in gauged matrix quantum mechanics on a circle [23, 37]. The integral
over the gauge field zero mode projects the path integral onto the representation R. A
two-dimensional generalisation for theories on a torus involve the Weyl-Kac characters
[23]. Therefore, according to our proposal, the existence of bulk Euclidean wormholes is
intimately tied to the existence and construction of such non-local operators. Provided
a construction, it is then possible to define the source functional Zg[J], transforming in
the representation R. Consequently, the information contained in H gy is encapsulated
in general (non-local) observables of the dual field theory; they cannot be accessed by
the insertion of sources coupled to local gauge invariant operators in the Schwinger
functional.

It is now straightforward to extend our construction to describe geometries with
multiple conformal boundaries by inserting additional Z [J] operators. The two bound-
ary case of Fig. 1, for instance, corresponds to a state contributing to the expectation
value

(QZOLL) ZOLL)Q) = > pr 23 [4] 25 1] (4.3)
R

1By our definition this counts the entropy of the collection of microscopic closed baby universes.
The Hartle-Hawking state |HH) for a single microscopic boundary carries no entropy as in [21] and
corresponds to the trivial or singlet representation.

120f course, the character depends on the holonomy of the gauge field around the circle (zero mode)
and this can be integrated over in the path integral i.e. it is not a source J.



The natural question now is to ask whether this equation contains geometric Euclidean
wormhole(s) connecting the two large macroscopic universes. This question is equiva-
lent to asking if the sum over group representations in (4.3) localises on a saddle with
the effective characteristics of a macroscopic geometry connecting the two asymptotic
AdS regions. The answer to this dynamical question is model dependent'®. Never-
theless, some general comments are in order. Since geometric characteristics of such
saddles are only expected to emerge at large N, small representations (with only a
few number of Young-Tableau boxes) do not contribute; they may at best give rise
to non-geometric microscopic quantum wormholes. A saddle point analysis therefore
requires an appropriate limit in the space of representations (continuous Young-Tabeau
diagrams) and study of the resulting equations [38].

5 Consequences of our proposal

5.1 Comparisons with McNamara-Vafa and Marolf-Maxfield

Motivated by swampland constraints, McNamara and Vafa formulated a “baby uni-
verse hypothesis” [21, 39] which says that dimHpgy = 1 in d > 2 dimensions. This is
further strengthened by the observation that a microscopic closed universe must have
no entropy'®. Then, there can be no superselection sectors at finite volume leaving no
room for randomised a-parameters which result in global symmetries in QG. Indeed,
as we argued in Section 2, if one demands a bilocal expansion in the effective field
theory, the wormhole throat pinches off, leaving only the no-boundary state behind.
In contrast, it was later shown in [23] that certain superselection sectors could be ob-
tained in concrete unitary field theoretic holographic models at finite volume without
averaging over couplings. These superselection sectors are in correspondence with the
representations of the gauge group of the dual holographic field theory and replace the
usual a-states, as we propose in this essay. This inspires us to formulate the following
extension:

Extended baby universe hypothesis “The constraints of gravity are so strong that
the baby universe Hilbert space Hpy is finite dimensional (but non-trivial). The a-
states dictating the superselection sectors are replaced by representation eigenstates | R)
of the compact gauge group of the dual field theory. The number of (degenerate) states
in any such superselection sector is counted by the dimension of the representation.”

13See [23] for an analysis in concrete lower dimensional models.
4Tn our proposal the state of a single microscopic universe |H H) is described by the unique singlet
representation and does not correspond to the BU “void” |Q2) .



In [17], Marolf and Maxfield proposed that the baby universe Hilbert space is
spanned by boundary creating operators. In contrast, our proposal distinguishes be-
tween microscopic and macroscopic operators. The microscopic operators span the
baby universe Hilbert space. Another basis for this Hilbert space is the representation
eigenstate basis (which replaces the a-state basis in our proposal), in which expec-
tation values of macroscopic operators factorise. The macroscopic operators create
macroscopic AdS boundaries. Therefore, our proposal implies that the state-operator
correspondence is more subtle in gravitating theories than in the topological models
considered in their work.

5.2 Global symmetries and the Weak gravity conjecture

Coleman observed [2] that in the presence of random a-parameters, baby universes
carry charges associated with global symmetries resulting in superselection sectors with
different values for the said charges. As we described above, our proposal replaces the
familiar a-states with representation eigenstates. Superselection sectors arise in this
representation eigenbasis, with fixed representations. Therefore, there is no room for
randomised undetermined parameters in our proposal. This ensures consistency with
the expectation that there are no global symmetries in QG. Moreover, it allows us
to formulate a Generalised Completeness Hypothesis, which states that in addition to
the familiar Completeness Hypothesis [9, 40], every allowed representation is present
in the spectrum of the Baby Universe Hilbert Space (see also [41]). Evidently, this is
a corollary of the Peter-Weyl theorem. It is therefore tempting to argue that models
with a-parameters of Coleman belong in the swampland.

5.3 A top-down perspective from D-branes

Our proposal is reminiscent of constructions in string theory, arising from stacks of
D-branes. Consider well-separated stacks of many backreacting D-branes. Each stack
results in an AdS geometry of its own. The singlet sector of the theory is described by
factorised boundary theories in the strict decoupling limit. However, massive string ex-
citations extending between the stacks are captured by the non-singlet sectors which in
the low energy are described by T-branes [42]. It would be interesting to use construc-
tions of intersecting branes [24, 43, 44|, together with the use of appropriate operators
such as monopole operators, to explore our proposed representation eigenbasis in detail.

5.4 Evading the Fischler-Susskind-Kaplunovsky catastrophe

In [45], an IR catastrophe was anticipated owing to the existence of an overdensity
of giant wormholes of macroscopic sizes. In our construction, there is no room for



free moduli governing the size of the wormhole “instantons” or throats (their sizes
are fixed in terms of the microscopic parameters defining the model). Moreover, the
density of wormholes is never expected to become large due to a version of the stringy
exclusion principle—the size of the large parent manifold, and consequently that of the
representations, depends on the rank of the gauge group. While a detailed analysis is
necessary to demonstrate how the catastrophe is evaded explicitly, the premises leading
to it are evidently not satisfied.

5.5 Geometry and entanglement (of representations)

While it is well established that a geometric connection in Lorentzian signature can
be associated to the presence of non-trivial entanglement, such as in the case of the
thermofield double state [46, 47] dual to the eternal two-sided black hole, it does not
suffice to explain the existence of Euclidean wormholes. A simple demonstration of
this fact involves the analytic continuation of the Kruskal manifold which turns the
Einstein-Rosen bridge into two disconnected Euclidean cigar geometries [22]. Our pro-
posal suggests a form of representation theoretic entanglement in the purely Euclidean
context [23]. A simple demonstration of this is provided by the two boundary case
of eqn. (4.3), where the allowed field theoretic states belong in the “entangled sum”
S rHE ® HE,.
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