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Quantum phases with unusual symmetries may play a key role in the understanding of solid state
systems at low temperatures. We propose a realistic scenario, well in reach of present experimental
techniques, which should permit us to produce a stationary quantum state with dx2�y2 symmetry in a two-
dimensional bosonic optical square lattice. This state, characterized by alternating rotational flux in each
plaquette, arises from driven tunneling implemented by a stimulated Raman scattering process. We
discuss bosons in a square lattice; however, more complex systems involving other lattice geometries
appear possible.
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Solid state systems at low temperatures may exhibit
exotic quantum phases, which involve order parameters
with unusual symmetries. Various researchers have con-
sidered order parameters with d-wave symmetry [1–5]
with the hope of shedding light on the yet unexplained
pseudogap phase in cuprate superconductors. Quantum
states with dx2�y2-wave symmetry (staggered flux states),
characterized by alternating rotational flux in each pla-
quette, have been shown to arise in the context of the
two-dimensional Hubbard-Heisenberg model [1], or in
the context of the t-J model [2]. Unfortunately, decisive
experiments, which could clarify the role of such uncon-
ventional symmetry broken phases, are hampered by the
effects of inevitable disorder in solid state systems.

In recent years, atomic or molecular quantum gases [6]
loaded into the perfectly periodic light-shift potentials of
optical lattices have emerged as synthetic laboratory sys-
tems which permit one to experimentally simulate basic
models of low temperature physics while keeping all sys-
tem parameters under control [7]. A seminal example is the
observation of the superfluid-insulator phase transition
within the Bose-Hubbard model [8–10]. Since then there
have been rapidly growing activities to engineer optical-
lattice models of more involved cases like paired fermionic
systems [11,12], quantum Hall systems [13], or to study
unusual lattice geometries like kagomé lattices [14].
According to a recent proposal [15], quantum states with
unconventional order could be implemented in an optical
lattice of bosons if their internal structure allows for addi-
tional engineered interactions. Unfortunately, the existing
proposals to extend the scope of optical lattices to the
exciting realms beyond the conventional Hubbard model
are experimentally extremely demanding or even involve
requirements which cannot be met with state-of-the-art
technology.

In this Letter we discuss a simple realistic scenario
which allows for the experimental implementation of an

order parameter with d-wave symmetry in a two-
dimensional square optical lattice of simple polarizable
bosons. Our proposal relies on the existence of a meta-
stable stationary solution of the Gross-Pitaevski (GP) equa-
tion with dx2�y2 -wave symmetry. In order to excite this
state, we propose a method based upon Raman scattering.
Apart from a nonzero polarizability, no internal structure of
the bosons is required, a circumstance which should dra-
matically facilitate experimental investigations. We exploit
the interference between two appropriate light fields with
slightly different frequencies, which produces a two-
dimensional square array of microscopic rotors. These
rotors generate angular momentum with alternating rota-
tional direction for adjacent plaquettes. In the framework
of the Bose-Hubbard model, we show that this Raman
coupling leads to driven ringlike tunneling characterized
by anisotropic time-dependent hopping. This opens up a
new dimension of phase space, possibly giving rise to new
quantum phases, accessible in the clean environment of an
optical-lattice system. Here, we restrict ourselves to bo-
sonic atoms in a square lattice geometry; however, more
involved scenarios are in reach of present experiments. For
example, a molecular optical lattice could be used to access
the BCS regime [12]. The use of triangular or quasiperiodic
lattices should provide interesting new options to study
frustration phenomena [7].

Let us consider solutions of the time-independent GP
equation in an external potential Vtrap�r�

 

�
�@2

2m
�� Vtrap�r� � g��r�

�
 �r� � � �r� (1)

of the form  �r� � ��r���r�, with ��r� � j �r�j2 the
particle density and� the chemical potential. The collision
parameter g � 4�@2a=m, with m the atomic mass and a
the s-wave scattering length, is positive for repulsive col-
lisions. Upon use of the eigenfunction of the kinetic energy
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��x;y��ei�=2 sin�kx��e�i�=2 sin�ky�, i.e., ��@2=2m��
���Erec� with the recoil energy Erec�@

2k2=2m,
Eq. (1) becomes ��@2=2m����=��2rln���rln���	�
Erec�Vtrap�g���. Assuming a positive, slowly vary-
ing envelope function ��r� such that jr�j 
 k� and
j��j 
 k2�, one may approximate j��=� �
2r ln���r ln���j � j��=�j � 2jr ln���jjr ln���j �
j��=�j � 2kjr ln���j 
 3k2 and thus j��=��
2r ln���r ln���j 
 Erec. Consequently, the expression
between square brackets may be neglected as compared
to Erec. This leads to Erec � Vtrap � g� � � with the pos-
sible solution

 � � Erec; Vtrap � �g�; (2)

where � � �2j�j2 and j�j2 � sin2�kx� � sin2�ky� �
2 cos��� sin�kx� sin�ky�. With � � j�jeiS�x;y� the phase
S�x; y� becomes

 S�x; y� � arctan
�

tan
�
�
2

�
sin�kx� � sin�ky�
sin�kx� � sin�ky�

�

�
�
2

sgn�Im���	�1� sgn�Re���	�; (3)

where sgn�z	 denotes the sign of z. The particle current
density j�x; y� � j��x; y�j2v�x; y� connected to the velocity
field v�x; y� � �@=m�rS�x; y� evaluates to j�x; y� �
�@=m� sin���r � ẑ sin�kx� sin�ky�; i.e., it is purely vortical
[see Fig. 1(a)]. In the case sin��� � 1, where j is maximal,
the local particle density scales as j��x; y�j2 � sin2�ky� �
sin2�kx� [see Fig. 1(b)] and the velocity field satisfies
 

v�x; y� � �
@

m
r� ẑ cos�kx� cos�ky�

sin2�ky� � sin2�kx�
;

r� v�x; y� � ẑ2�
@

m

X
n;m2Z

��1�n�m�
�
x�

n�
k
; y�

m�
k

�
:

(4)

According to Eq. (4), the structure of v�x; y� is that of a
vortex-antivortex lattice with vortex filaments at positions
kx, ky 2 �Z. At the potential minima [white regions in
Fig. 1(b)] the particle density is maximal and v�x; y� ex-

hibits quadrupole symmetry. The vortices are pinned at the
potential maxima of the lattice (black regions), in accor-
dance with results obtained for plain vortex lattices pre-
pared in large scale traps and subsequently exposed to an
optical-lattice potential [16,17]. The kinetic energy and
angular momentum per particle are Ekin � �2=��Erec and
L � 8@=�2, respectively. The particle density ��r� tends to
zero within the vortex cores, which have a radius on the
order of Rcore � 1=k. Defining the healing length as � �
�8�a ����1=2 with mean density ��, upon use of Eq. (2) one
may write �k��2 � Erec=g �� � Erec= �V with mean potential
well depth �V. Thus, the condition that the core size exceeds
the healing length � < Rcore is equivalent to Erec < �V.

The stability of solutions  of Eq. (1) may be considered
via the grand canonical potential K� "	 �

R
d3r� 
"T̂ " �

�Vtrap ���j "j
2 � gj "j

4=2	 for  " �  � "	 with the
kinetic energy operator T̂, " 2 R, and an arbitrary nor-
malized wave function 	. Use of Eq. (2) yields
�@=@"�K� "	"�0 � 0 and �@2=@"2�K� "	"�0 �R
d3r�2	
�T̂ � Erec�	� Vtrap�e

�iS	� eiS	
�2	. This in-
tegral is evaluated on each plaquette by expanding 	 in a
Fourier series up to second order [higher order terms do not
contribute because Vtrap�x; y� is of second order]. Hence, by
solving an eigenvalue problem with finite dimensions we
find that  is metastable in the sense that it establishes a
true local energy minimum if �V > 3Erec.

The experimental realization of Vtrap as required by
Eq. (2) may be achieved by implementing a light-shift
potential obtained from the superposition of two optical
standing waves arranged parallel to the x and y axes, with
linear polarization parallel to the z axis [18]. If g > 0, the
trap potential satisfies Vtrap � 0 and may thus be confining,
which corresponds to adjusting a negative detuning of the
optical standing waves with respect to the relevant atomic
resonance. Available laser technology allows for lattice
constants 
=2 � �=k in a wide range between a few hun-
dred nanometers and several microns. The dx2�y2-wave
solution  does not represent the ground state and thus,
in addition to the lattice potential, an experimental proce-
dure is required to excite it. In the following, a method
based upon stimulated Raman scattering is discussed for
the case of polarizable bosons in a two-dimensional square
optical lattice. We extend an approach developed for vortex
excitation [19], such that we may apply angular momen-
tum quanta @ with alternating signs to the 
=2-sized square
plaquettes. Let us consider a linearly polarized bichro-
matic light field E�r; t� � ẑ�E1�r; t� � E2�r; t�	 defined
by E1�r; t� � A1e

i!tj��x; y�jeiS�x;y� and E2�r; t� �
A2e

i�!���tj��x; y�je�iS�x;y� with real positive amplitude
coefficients A1; A2, frequencies !;!��, and j��x; y�j
and S�x; y� as in Eq. (3). Here, j�j 
 ! is assumed such
that both fields, despite their different frequencies, in good
approximation share the same eikonal S�x; y�. The total
intensity of the light field I�x; y; t� � E�r; t�E
�r; t� �
IL�x; y� � IR�x; y; t� (averaged over the optical period

FIG. 1. (a) Flux density and (b) local particle density for
sin��� � 1. Black (white) indicates low (high) particle density.
The dashed white square defines the position and size of the
plaquettes used to build up the lattice.

PRL 99, 113002 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
14 SEPTEMBER 2007

113002-2



2�=!) consists of a stationary term IL�x; y� and a time-
dependent term IR�x; y; t� with

 

IL�x; y� � �A2
1 � A

2
2�j��x; y�j

2;

IR�x; y; t� � 2A1A2j��x; y�j2 cos�2S�x; y� ��t�:
(5)

Both terms give rise to light shift potentials according to
VL;R � �Re���IL;R with atomic polarizability � [20]. The
amplitudes A1 and A2 can be chosen to control the ratio
IR=IL. We restrict ourselves to sin��� � 1 in the following.
In this case, the stationary term provides a square lattice
IL�x; y� � �A

2
1 � A

2
2��sin2�kx� � sin2�ky�	, while the time-

dependent term IR�x; y; t� acts as a collection of micro-
scopic rotors, which apply angular momentum with alter-
nating sign to the 
=2� 
=2-sized plaquettes of the square
lattice IL�x; y�. As illustrated in Fig. 2, in the vicinity of
each node of IL�x; y� the term IR�x; y; t� provides a rotating
quadrupole potential with alternating sense of rotation for
adjacent lattice sites. In Figs. 2(b)–2(j) the microrotor
intensity IR�x; y; t� is shown for �t � n�=8, with n 2
f0; 1; . . . ; 8g, thus illustrating a ~�t � �=2 clockwise rota-
tion of the quadrupole around the central node of IL�x; y� in
Fig. 2(a). Hence, the angular frequency of the microrotors
is ~� � �=2.

Temporary application of the microrotor potential
VR�r; t� may be used to resonantly excite the dx2�y2 state
 by adjusting @� equal to the energy difference between
 and the ground state of the lattice [21]. Let us briefly
estimate the resonance condition. The angular momentum
applied to each plaquette is approximately given bym ~�r2,
where r � 
=4 is the distance from the center to the edge
of the plaquette. Excitation of vortices requires an angular
momentum of @ per plaquette, i.e., m ~�r2 � @ and thus
@� � �8=�2�2Erec. For rubidium atoms and a convenient
lattice wavelength (
 � 1030 nm) �=2� � 3:5 kHz.
Since @� turns out to be comparable to the collisional
energy g ��, we cannot directly apply the theory of Ref. [21]
to estimate the excitation efficiency. A detailed calcula-
tion is involved and beyond the scope of this Letter.
Nevertheless, the appropriate transfer of angular momen-
tum by VR�r; t� together with the metastable character of  
yields strong evidence that  can in fact be efficiently
excited by means of VR�r; t�.

Experimentally, the generation of the bichromatic light
field of Eq. (5) is straightforward using the optical setup
illustrated in Fig. 3(a), thus extending a method proven
practicable in previous experiments [22]. The two compo-
nents E1�r; t� and E2�r; t� are produced in two nested
Michelson interferometers, each with its two branches
folded under 90� angle. Two laser beams with adjust-
able frequency difference and linear polarization per-
pendicular to the drawing plane in Fig. 3(a) are used to
couple both interferometers. Each interferometer com-
prises a piezoelectrically driven mirror, which permits
one to adjust the appropriate relative phase of the fields
in each branch. In order to produce the required waves
��x; y� � ei�=4 sin�kx� � e�i�=4 sin�ky� and �
�x; y� �
e�i�=4 sin�kx� � ei�=4 sin�ky�, the optical path length dif-
ferences are set to �
=4 and �
=4.

Finally, we wish to point out that the microrotor term
IR�x; y; t� gives rise to driven ringlike tunneling in the
Bose-Hubbard model. Expanding the boson field operator
in terms of the Wannier function W�r� of the first band
yields

 HR �
Z
dr���r; t�VR�r; t���r; t�

�
X
n;m

b�n bm
Z
drW
�r� rn�VR�r; t�W�r� rm�; (6)

where VR�r; t� � V�r�e�i�t � c:c: is the microrotor poten-
tial (dr � dxdy) and n;m are summed over all lattice sites.
This yields HR �

P
n;mb

�
n bmKnme

�i�t � H:c: with Knm �R
drW
�r� rn�V�r�W�r� rm�. Keeping only diagonal

and nearest neighbor terms and assuming that W
�r�
rn�W�r� rm� � 0 mainly around �rn � rm�=2, one may
write Knm � �nmV��rn � rm�=2	 with �nm �

R
drW
�r�

rn�W�r� rm� satisfying �nm � �mn � K 2 R for n � m
and �nn � 1. The lattice can be composed by translations
of 
=2� 
=2-sized square plaquettes [gray rectangles in
Fig. 3(b)] along the Bravais lattice R � fR
� � 
R� �
�R�j
;� 2 Zg with basis vectors R� � �
=2��x̂� ŷ�,
respectively [black arrows in Fig. 3(b)]. Assume that the
four potential minima at each corner of some plaquette
[filled disks in Fig. 3(b)] are indicated by n � 1; 2; 3; 4
starting from the lower left corner in clockwise order.
Using V�r� � �V1=2��2�x; y� with a real constant V1, the

FIG. 2. In (a) the square lattice inten-
sity IL�x; y� is plotted. White (black)
regions indicate antinodes (nodes),
which for negative detuning correspond
to potential minima. In (b)–(j) the mi-
crorotor intensity IR�x; y; t� is shown
[same area as in (a)] for �t � n�=8
with n 2 f0; 1; . . . ; 8g. The gray scale
indicates values of IR�x; y; t�=4A1A2 be-
tween �1 (black) and �1 (white). The
dashed white squares indicate the posi-
tion and size of the plaquettes.
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coupling constants are evaluated as K12 � K34 � �K23 �
�K41 � iV1K=2 and K11 � K33 � �K22 � �K44 � V1.
Summing over all plaquettes finally yields

 HR � V1K sin��t�
X
R

�b�4 � b
�
2 ��b3 � b1� � H:c:

� 2V1 cos��t��N̂� � N̂��; (7)

where the operators N̂� � �1=2�
P

Rb
�
1 b1 � b�3 b3 and

N̂� � �1=2�
P

Rb
�
2 b2 � b

�
4 b4 denote the total particle

numbers in the two sublattices indicated by (�) and (�)
signs in Fig. 3(b).

The Hamiltonian HR has to be added to the conventional
Bose-Hubbard Hamiltonian HBH describing the optical
lattice in the absence of VR�r; t� according to Ref. [9].
The first term comprises next neighbor hopping terms
oscillating in phase for opposite edges of a plaquette and
with opposite phase for adjacent edges. The second term
provides potentials oscillating in phase for lattice sites on
the same diagonal and with opposite phase for adjacent
sites. Hopping and potential terms exhibit 90� phase lag,
thus giving rise to a rotational direction of HR, which
suggests the interpretation of a driven ringlike tunneling
process. Note that HR is quadratic with respect to the
particle operators, in contrast to the quartic ring exchange
interactions considered in Refs. [15,23]. The ground state
of HBH exhibits a well-known phase diagram possessing a
Mott insulator and a superfluid phase [8]. The implemen-
tation of VR�r; t� allows us to experimentally study the
phase diagram of HBH �HR. Whether it provides addi-
tional quantum phases (e.g., a normal Bose liquid, which is
compressible but not superfluid) is an exciting question to
be addressed. Via temporary application of HR one could
explore the possible existence of an excited state of HBH

corresponding to the mean field solution given by Eq. (2).
In summary, we have discussed the existence of a

dx2�y2 -density wave in a two-dimensional bosonic optical
lattice with square lattice geometry. We have proposed a

straightforward experimental scenario to excite this state,
which in the Bose-Hubbard picture amounts to the inser-
tion of anisotropic time-dependent hopping and potential
terms. This opens up a new axis of phase space, possibly
giving rise to new exciting quantum phases. Our consid-
erations are not constrained to square lattice potentials. For
example, the superposition of six light beams traveling in
the xy plane (one every 60� with alternating frequencies)
yields a similar scenario of alternating rotational flux,
however with hexagonal lattice symmetry. In this article,
we have restricted ourselves to bosonic atoms; however,
similar scenarios involving fermions, mixed systems, or
molecules appear possible.
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A. Hemmerich and T. W. Hänsch, Phys. Rev. Lett. 68,
1492 (1992); A. Hemmerich et al., Europhys. Lett. 21, 445
(1993).

[23] S. Brehmer et al., Phys. Rev. B 60, 329 (1999); O. I.
Motrunich and T. Senthil, Phys. Rev. Lett. 89, 277004
(2002); U. Schollwöck et al., Phys. Rev. Lett. 90, 186401
(2003); V. Rousseau et al., Phys. Rev. B 72, 054524
(2005); A. M. Toader et al., Phys. Rev. Lett. 94, 197202
(2005).

(b)

PZT

M

BS

cold 
atoms

Laser

AOM

(a)

1

2 3

4
+

+

+

+

+

FIG. 3 (color online). (a) Optical setup consisting of two
nested Michelson interferometers. PZT, piezoelectric transducer;
M, mirror; BS, beam splitter; AOM, acousto-optic frequency
shifter. (b) The lattice is decomposed into plaquettes (gray
rectangles) with potential minimas in the corners (filled disks)
and maximas in the centers (white disks) translated along the
basis vectors indicated by the black arrows.
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