Y. Cao et al. (2022) “Stable Pair Invariants of Local Calabi-Yau 4-folds,”
International Mathematics Research Notices, Vol. 2022, No. 6, pp. 47534798
Advance Access Publication April 23, 2021
https://doi.org/10.1093/imrn/rnab061

Stable Pair Invariants of Local Calabi-Yau 4-folds

Yalong Cao!, Martijn Kool®> and Sergej Monavari®*

'Kavli Institute for the Physics and Mathematics of the Universe

(WPI), The University of Tokyo Institutes for Advanced Study, The
University of Tokyo, Kashiwa, Chiba 277-8583, Japan and Mathematical
Institute, Utrecht University, P.O. Box 80010, 3508 TA Utrecht, The
Netherlands

*Correspondence to be sent to: e-mail: s.monavari@uu.nl

In 2008, Klemm-Pandharipande defined Gopakumar—Vafa type invariants of a Calabi-
Yau 4-folds X using Gromov-Witten theory. Recently, Cao—-Maulik-Toda proposed a
conjectural description of these invariants in terms of stable pair theory. When X
is the total space of the sum of two line bundles over a surface S, and all stable
pairs are scheme theoretically supported on the zero section, we express stable pair
invariants in terms of intersection numbers on Hilbert schemes of points on S. As an
application, we obtain new verifications of the Cao—Maulik-Toda conjectures for low-
degree curve classes and find connections to Carlsson-Okounkov numbers. Some of our
verifications involve genus zero Gopakumar-Vafa type invariants recently determined
in the context of the log-local principle by Bousseau-Brini-van Garrel. Finally, using
the vertex formalism, we provide a few more verifications of the Cao—Maulik-Toda

conjectures when thickened curves contribute and also for the case of local P3.
1 Introduction

1.1 GW/GYV invariants of Calabi-Yau 4-folds

Gromov-Witten invariants are rational numbers, which are virtual counts of stable

maps from curves to a fixed algebraic variety. Due to multiple cover contributions, they
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are in general not integers. For Calabi-Yau 4-folds, Klemm-Pandharipande [26] defined
Gopakumar-Vafa type invariants using Gromov-Witten theory and conjectured their
integrality. More specifically, let X be a smooth projective Calabi-Yau 4-folds. Gromov-
Witten invariants vanish for genus g > 2 for dimensional reasons and one only needs to
consider the genus zero and one cases.

The genus zero Gromov-Witten invariants of X for class 8 € H,(X,Z) are defined
using an insertion. Consider the evaluation map ev: ]\_/IO,I(X,ﬂ) — X. For y € H*(X,7),

one defines

GWo,ﬁ(V) = / ev'(y).

(Mo,1 (X, B

The genus zero Gopakumar-Vafa type invariants

are defined in [26] by the identity

> 6Wo ()8 =D ng ) Z d2q%,

p>0 >0

where the sum is over all non-zero effective classes in H,(X,Z). For the genus one case,

the virtual dimension of M, (X, B) is zero and one defines

Gleﬂ == /7 . 1 € Q.
(M ,0(X, B

The genus one Gopakumar-Vafa type invariants
nyg€Q (1.2)

are defined in [26] by the identity
p o(d) ap p
D> GW,4q —an,gZ +_Z”0ﬁ(cz(x))10g(1—Q)
B>0 B>0 B>0

B E Z Mg, 6, 10g(1 - qﬂl'f‘ﬁz)l
B1.B2
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where o(d) = >;41 and my 5 € Z are called meeting invariants, which can be
inductively determined by the genus zero Gromov-Witten invariants of X. In [26], both of
the invariants (1.1) and (1.2) are conjectured to be integers. Using localization techniques
and mirror symmetry, they calculate the Gromov-Witten invariants of X in numerous
examples in support of their integrality conjecture. The genus zero integrality conjecture

has been proved by Ionel-Parker using symplectic geometry [25, Theorem 9.2].

1.2 Stable pair invariants of Calabi-Yau 4-folds

Stable pairs were introduced in general by Le Potier [39] and used by Pandharipande-
Thomas to define virtual invariants of smooth projective three-folds [35-37]. Stable pair
invariants of three-folds are related to Gromov-Witten invariants by the celebrated
GW/PT correspondence [31, 35], which has been proved in many cases by Pandhari-
pande-Pixton [33, 34].

In [14], Cao—Maulik-Toda studied stable pair theory of a smooth projective
Calabi-Yau 4-folds X. They used stable pair invariants of X to give a sheaf theoretical
interpretation of the Gopakumar-Vafa type invariants (1.1) and (1.2). In [13, 16],
the authors also proposed a sheaf theoretical interpretation of (1.1) and (1.2) using
Donaldson-Thomas type counting invariants of one-dimensional stable sheaves on X.

Let P,(X, ) be the moduli space of stable pairs {s : Oy — F} with ch(F) =

(0,0,0, B,n). There exists a virtual class
[P, (X, I € Hy, (P (X, ), Z), (1.3)

in the sense of Borisov-Joyce [3], which depends on the choice of an orientation of a

certain (real) line bundle over P, (X, p) [7]. For y € H*(X,Z), we define primary insertions
1 HYX,Z) - H*(P,(X,B),Z), t(y) = np,(n5y Uchy(F)),
where 7y and 7p are projections from X x P, (X, ) to the corresponding factors and
I* ={0 — F}

is the universal stable pair on X x P,(X, ). Note that ch4(F) is Poincaré dual to the

fundamental cycle of F. The stable pair invariants of X with primary insertions are
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defined by

P, s() ::/ T (1.4)
[Pn (X, B)IVIT

When n = 0, we simply denote this invariant by P, ;. We set Py := 1 and ng o(y) := 0.

Conjecture 1.1. ([14]) Let X be a smooth projective Calabi-Yau 4-folds, 8 € H,(X,Z),

y € H*(X,Z), and n > 1. Then there exist choices of orientations such that

n
Prpy) = > Po,gy - | [ 70,6,
Bo+B1++Pn=B i=1
BosB1 e 50

where the sum is over all effective decompositions of 8.

Conjecture 1.2. ([14]) Let X be a smooth projective Calabi—Yau 4-folds. Then there exist

choices of orientations such that

D Popd’ =[] Mm(@@")™,

B0 B>0
where M(q) = Hk>1(1 — g*)~% denotes the MacMahon function.

Conjecture 1.1 can be interpreted as a wall-crossing formula in the category of
D0-D2-D8 bound states in Calabi-Yau 4-folds [15], while Conjecture 1.2 seems to be
more mysterious. In [14], these conjectures were verified in the following cases (modulo
some minor assumptions in some of the cases). In each case, Conjecture 1.1 was only

verified for n = 1.

e X is a general sextic and 8 = [¢], 2[¢], where ¢ C X is a line.

e X is a Weierstrass elliptic fibration and g = r[F], where [F] is the fibre class
and r > O (in the case of Conjecture 1.1 only for r = 1).

e X = Y x E, where Y is a smooth projective Calabi-Yau three-fold, E is an
elliptic curve, and 8 is the push-forward of an irreducible class on Y x {pt}.

e X = Y x E, where Y is a smooth projective Calabi-Yau three-fold, E is
an elliptic curve, and 8 = rl[E], where [E] is the fibre class and r > 0

(Conjecture 1.2 only).
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When X is either the total space of a smooth projective Fano three-fold, or the total
space of O(—1) ® O(-2) on P?, or O(-1,-1) @ O(—1,-1) on P! x P!, the moduli
spaces P, (X, ) are projective and it makes sense to consider Conjectures 1.1 and 1.2.
In this setting, the conjectures were verified in some cases for irreducible curve classes
in [14].

One of the main goals of this paper is to provide more verifications for these

local geometries for more general low degree curve classes.

1.3 Stable pair invariants of local surfaces

Let S be a smooth projective surface and let L, and L, be two line bundles on S satisfying
L, ® L, = K. Then the total space X of L; @ L, over S is a non-proper Calabi-Yau 4-
folds, which we refer to as a local surface. Consider the moduli space P, (X, B) of stable
pairs (F,s) with yx (F) = n and such that F has proper scheme theoretic support in class
B € H,(X,Z). Although P, (X, ) is in general non-proper, it can be proper in several
interesting cases (Propositions 3.1 and 3.8). Then we can define virtual classes (1.3) and

corresponding stable pair invariants (1.4).

Example 1.3. For (S,L,,L,) = (P2, O(~1),0(-2)) and (P! x P!,0(~1,-1),0(~1,—-1)),

the moduli space P, (X, 8) is projective for all n, 8 (see Proposition 3.1).

Example 1.4. For (S,L;,L,) = (P! x P!,0(-1,0),0(-1,-2)), P, (X, B) is in general non-
proper. For example, let H; := {pt} x P!, take B = [H,], and n = x(Og,) = 1. Then
Ny, x = O ® O ® O(-2) has sections in the 1st fibre direction, so H; € P! x P! € X can
move off the zero section P! x P! € X and P, (X,[H,]) is non-proper. On the other hand,
for H, := P! x {pt} and B = [H,], we have -L; < 0 and 8-L, < 0, so P, (X, [H,)]) is projective
by Proposition 3.1.

When S is toric, the local surface X is toric and the vertex formalism for
calculating stable pair invariants of X has been developed in [9, 10] in analogy with
[36]. Let T C (C*)* denote the 3-dimensional subtorus preserving the Calabi-Yau volume
form, then the fixed locus P, (X, 8)T consists of finitely many isolated reduced points
[9, Section 2.2], though the number of fixed points is typically very large making
calculations using the vertex formalism cumbersome.

Although we perform a few new calculations using the vertex formalism as

well, we mainly focus on another approach, where we use the global geometry of S.
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We consider the case when all stable pairs on X are scheme theoretically supported on

the zero section ¢ : S < X, that is, we have an isomorphism
L, 1 P,(S,B) = P, (X, B).
Under this isomorphism, we have (Proposition 4.2)
[P, (X, /I = (—1)PLetn . g — RHom,, (F,FRL))-[P,S, AV, (1.5)

where [P, (S, B)IVIT is the virtual class of the pairs obstruction theory on S, e(-) denotes
Euler class, mpgt S X Py(S,B) — P,(S,B) is the projection, R’Homnps = Rnp,, o RHom,
and [ is the universal one-dimensional sheaf on S x P, (S, 8). The sign (=1)PLlatn —
(-1fa®+n where Y = Totg(L,;), comes from a preferred choice of orientation on
P, (X, p) which was discussed in a similar situation in [6].

In order to use (1.5) for calculations, we need the fact that P, (S, 8) is isomorphic
to a relative Hilbert scheme. More precisely, assume b,(S) = 0 and denote by |S|
the linear system determined by S. Denote by C — |8] the universal curve, then [37,

Proposition B.8] gives
P, (S, B) = Hilb™(C/|B),

where Hilb™(C/|8|) denotes the relative Hilbert scheme of m points on the fibres of
C — |B| and

m=n+g(p) —1=n+ 38 +Ky).
This isomorphism was exploited in order to determine the surface contribution to
stable pair invariants of local surfaces Totg(Kg) in [30]. The relative Hilbert scheme
Hilb™(C/|B]) is an incidence locus in a smooth ambient space
Hilb™(C/|8]) < S™ x |8,
where S denotes the Hilbert scheme of m points on S. More precisely, Hilb™(C/|8])

is cut out tautologically by a section of a vector bundle on S x |8| as we recall

in Section 4.1. This allows us to express the stable pair invariants of X in terms of
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intersection numbers on S" x |B|, or more precisely, on the “virtual” ambient space
Sml s px(A=1 where

x(B) := x(Og(B)).

In what follows, Z € S x SI™ denotes the universal subscheme and Z is the correspond-
ing ideal sheaf. For any line bundle £ on S, the corresponding tautological bundle is
defined by

E[m] — p*q*ﬁ,

where p : Z — S™ and q : Z — S are projections. Moreover, we consider the “twisted
tangent bundle” [17]

Tgm (L) := RI'(S, L) ® O —RHom_(Z,TK L), (1.6)

where 7 : S x S™ — sM denotes projection. Finally, we denote the total Chern class
by c and the tautological line bundle on PX®~1 by O(1). We prove the following result
(Theorem 4.4).

Theorem 1.5. Let S be a smooth projective surface with b, (S) = py(S) =0 and L,,L, €
Pic(S) such that L; ® L, = K. Suppose § € H,(S,Z) and n > 0 are chosen such that
P,(X,B) = P,(S,p) for X = Totg(L; @ L,). Denote by I[pt] € H*(X,7Z) the pull-back of the
Poincaré dual of the point class on S. Let P, (X, 8) be endowed with the orientation as in
(1.5). Then

’

' h"(1+ h)x(Ll(ﬁ))(l_ h)x(Lz(ﬁ)) ¢(Toimi (L))
Pn [ t] —(—1 ﬂLern/ " O [m] 1 S 1
pPH=CD simt e S S T T 1)) - (L, B

when g% > 0. Herem :==n+g() — 1 and h := ¢;1(O(1)). Moreover, Pn,ﬁ([pt]) = 0 when
B2 <0.

The main assumption in this theorem is P, (X, 8) = P, (S, B). For (S,L;,L,) with
S minimal and toric, L; ® L, = K with Ll_l,Lz_1 non-trivial and nef, we classify all
cases for which n > 0, P,(X, ) = P, (S, B), and P, (S, B) is non-empty (Proposition 3.9,
Remark 3.10). Note that P,(X,8) = P,(S, ) more or less forces pg(S =0, because as
soon as L; or L, has non-zero sections this isomorphism does not hold. See Remark 4.5

for an extension to the case b;(S) > 0.
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1.4 Verifications

In this paper, we apply Theorem 1.5 to examples for which S is in addition toric (to our
knowledge, all local surfaces that are Calabi-Yau 4-folds and for which Gopakumar-—
Vafa type invariants have been calculated so far are toric). Then the integrals on S
of Theorem 1.5 can be calculated using Atiyah-Bott localization for the lift of the 2-
dimensional torus action from S to S as described in Section 4.4. This leads to the
tables for stable pair invariants in Appendix A.

Denote by [H] € H,(P?,7) the class of a line and let [H;], [H,] € H,(P! x P!,7%)
be as in Example 1.4. In [26, Section 3], Klemm-Pandharipande determined the Gromov—
Witten invariants of X = Totg(L,; @ L,) for (S,L;,L,) = (P2, 0(-1),0(=2)) and (P! x
P!, O(—1,—1),O(—1,—1)). They tabulated the corresponding values of the Gopakumar—
Vafa type invariants for g = d[H] with d < 10 resp. § = d,[H;]1 + d,[H,] with d,,d, < 6.

Combining their calculations and the tables in Appendix A, we deduce the following:

Corollary 1.6. In the following cases, Conjectures 1.1 and 1.2 are true for

e (S,L, L, = (P?0(-1),0(-2)),d =1, and any n > 0.

e (S,L, L, =(P?0(-1),0(-2)),d=2,3,4,andn =0, 1.

o (S,Ly, Ly, =(P?,0(-1),0(~2)),d=2,3,and n = 2.

o (S,Lj,Ly) = (P! xP',O(-1,-1),0(~1,-1)), (dy,dy) = (1,0),(0,1),(1,1), any
n=>0.

e (S,L;,Ly = (P! xP,O(-1,-1),0(-1,-1)), (d;,dy) = (0,d), (d,0) with d > 2,
and 0 < n < d.

o (S5,L, L, =P xP!,O(-1,-1),0(-1,-1)), (d,d,) = (1,d),(d, 1) with d > 2,
andn =20,1, 2.

o (S,L,Ly) = (P! x P1,O(-1,-1),0(-1,-1)), (d;,dy) = (2,2), (2,3), (3,2),
2,4), (4,2),(3,3),and n = 0.

e (S,L;,Ly) = (P! xPLO(-1,-1),0(-1,-1)), (d;,d,) = (2,2),(2,3),(3,2), and
n=1.

e (S,L,Ly)= P! xP,LO(-1,-1),0(-1,-1)), (dy,dy) = (2,2), and n = 2.

Remark 1.7. 1In all these cases P,(X, ) = P, (S, B). In fact, these are all (S,L;,L,) with
L, ® L, = K for which LI_I,LZ_l are ample, n > 0, and P, (X, 8) = P,,(S, B) by Propositions
3.2 and 3.9. Calculations based on Theorem 1.5 are often more efficient than the vertex
formalism [9, 10]. For instance, for (S,L;,L,) = (P! xP!,O0(-1,-1),0(-1,-1)), (dy,d,) =
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(2,4) and n =0, P,(X, B) has 182 T-fixed points, whereas Theorem 1.5 only involves an

integral over Si? x P14,

Bousseau-Brini-van Garrel [4] recently determined the genus zero Gromov-
Witten (and hence Gopakumar—Vafa type) invariants of several local surfaces for their
verifications of the log-local principle conjectured in general in [22]. Combining their
numbers with the tables for stable pair invariants in Appendix A allows us to provide
some further verifications of Conjecture 1.1 as we will now describe. For any a > 1,

consider the Hirzebruch surface
]Fa = ]P)(O]pl @ O]pl (a)).

We denote by [F] the class of a fibre and by [B] the class of the unique section satisfying
B? = —a. We write O(m, n) := O(mB + nF) and consider curve classes 8 := d,[Bl + d,[F],
d,, dy, > 0.

Corollary 1.8. In the following cases, Conjecture 1.1 is true for X = Totg(L; @ Lj).

e (S,L;,L,) = (P! xP!,0(~1,0),0(~1,-2)), (d;,d,) = (0,1), and any n > 1.

e (S,L;,Ly) = (P! x P!,0(~1,0),0(-1,-2)), (dy,d,) = (0,d) with d > 2, and
n=d.

e (S,L, L, = (P! x P}, O(-1,0),0(-1,-2)), (dy,d,) = (2,2),(2,3),(1,d),(d, 1)
withd > 1,and n = 1.

e (5L, L, = (P xP,O-1,0),0(-1,-2)), (d,,dy) = (1,d) with d > 2, and
n=2.

e (S,L;,Ly =F,,0(-1,-1),0(-1,-2)), (dy,dy) = (0,1), and any n

e (S,L;,L,) = (F;,0(-1,-1),0(~1,-2)), (d;,d,) = (0,d) with d
n=d.

e (5L, Ly = (F,0(-1,-1),0(-1,-2)), (dy,dy) = (2,2),(2,3),(2,4),(1,4d)
withd > 1,and n = 1.

e (S,L;,Ly) = (F,0(~1,-1),0(~1,-2)), (dy,dy) = (1,d) with d > 2, and

> 1.
> 2, and

n=2.

e (S L, L,=(F;,0(0,6-1),0(-2,-2)), (d,,dy) =(2,2),(2,3),(1,d) withd > 1,
n=1.

e (S,L;,Ly =, 00-1,-2),0(-1,-2)), (d;,dy) =(0,1), and any n > 1.

e (S,L;, L) = (Fy,0(-1,-2),0(-1,-2)), (d;,dy) = (0,d) with d > 2, and

n=d.
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L4 (SrLlrLz) = (]FZI O(_ll_z)l O(_ll_z))l (dlldz) = (213)1(214)1(21 5)!(1ld)
withd > 1,and n = 1.
L4 (SrLlrLz) = (FZIO(_II_Z)IO(_]'I_Z))I (dlldz) = (lld) Wlth d 2 21 and

n=2.

In all these cases P, (X,8) = P,(S,B) and n > 0. Since Bousseau-Brini-van
Garrel only determined the genus zero Gopakumar-Vafa type invariants for the above
geometries, we can only verify Conjecture 1.1 in these cases. In fact, in Proposition 3.9
and Remark 3.10, we classify all cases (S,L;,L,) such that S is minimal toric, L, ® L, =
K, Ll_l,Lz_1 are non-trivial and nef, n > 0, P,(X,8) = P,(S, B), and P,(S, B) is non-
empty. Using Theorem 1.5, we determined the stable pair invariants in all these cases,

including the n = 0 case (see Appendix A).

Remark 1.9. For all calculations done in Appendix A for which P, (X, 8) = P,(S, 8) and

the invariant is non-zero, we have
P, ,(pth = = / (T (@) 1.7)
Sm

These numbers were calculated by Carlsson-Okounkov [17] and are determined by the

formula

0 00
E q’”/ e(Tgm(Ly)) = I I 1- qm)*cz(Ts®L1),
m=0 stml

m=1

where ¢,(Ts ® L) = ¢,(S) — L,L,. We do not know whether (1.7) is a mere coincidence.

1.5 Vertex calculations

Although most calculations in this paper are based on Theorem 1.5, we also did some

computations using the vertex formalism.

Proposition 1.10. For the following cases, Conjectures 1.1 and 1.2 are true.
e X =Totps(Kpsz),d=1,and any n > 0.
o X =Totps(Kps), d=2,3,andn =0,1.
e X = Totps3(Kp3), d =2,and n = 2.

For the following cases Conjecture 1.1 is true for X = Totg(L; @ L,).

e (S,L;, L, = (P?,0(-1),0(~2)),d =2,and n = 3.
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o (S,L, L, = P'xP!,O(-1,-1),0(-1,-1)), (dy,d,) = (0,2),(2,0),(1,2),(2,1),
and n = 3.
e (S,L;, Ly, =(F,;,0(-1,-1),0(~1,-2)), (d;,d,) = (0,2), and n = 3.

The invariants in this proposition are defined by localization on the fixed locus
[9, 10]. In the cases above where X = Totps (Kp3), we have P, (X, f) = Pn(]P’3, B) and

[Pn(X, ﬁ)]VlI‘ — (_l)ﬁ.cl(]P’3)+n . [Pn(PIS,'B)]mr

pair’

where [P, (P3, ﬂ)];iarir is the virtual class of the pairs perfect obstruction theory on P3
(discussed in (4.9), see also [14, Lemma 3.1] in a similar setting). The sign in this
formula is a preferred choice of orientation on P, (X, 8) similar to (1.5). Then the Graber-
Pandharipande virtual localization formula [24] can be applied to the right-hand side to
show that the local invariants of Proposition 1.10 are equal to the global invariants (1.4).
The same method works for the local surface case (S,L;,L,) = (P?2,0(-1),0(-2)),d = 2,
n = 3, because then all stable pairs are scheme theoretically supported in the three-fold
Totg(L,). For the other local surfaces cases of Proposition 1.10, equating our invariants
to the global invariants requires a more general virtual localization formula. Recently,
Oh-Thomas announced such a formula [32]. See Remark A.2 for more details.

We remark that most stable pair invariants of local surfaces calculated in this

paper are small (see Section A.1). For X = Totps (Kp3), the numbers are rather big:
Py 301 = 11200, Py 5 ([€]) = —820, Py 5, ([€]) = —68060, P, 5, ([£]) = 400,

where [{] € HZ(IP’s,Z) = H,(X,Z) denotes the class of a line ¢ C P3 and we also write
[¢] € H*(X,7Z) for the pull-back of its Poincaré dual from P2 to X. This provides further

good evidence for Conjectures 1.1 and 1.2.

2 Background
2.1 DT invariants of Calabi-Yau 4-folds

Let X be a smooth projective Calabi-Yau 4-folds with ample divisor » and take a
cohomology class v € H*(X, Q). The coarse moduli space M, (v) of w-Gieseker semistable
sheaves E on X with ch(E) = v is a projective scheme. We always assume that M (v) is
a fine moduli space, that is, any point [E] € M (v) is stable and there exists a universal

family £ on X x M, (v) flat over M (v). For instance, the moduli space of one-dimensional
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stable sheaves E with [E] = B, x(E) = 1 and Hilbert schemes of closed subschemes
satisfy this assumption [8, 9, 13, 16].
Borisov-Joyce [3] (in general) and Cao-Leung [11] (in special cases) constructed

a virtual fundamental class
M, (WI"" € Hy_ ) (M, (v), Z), (2.1)

where x (-, -) denotes the Euler pairing. In order to construct the above virtual class (2.1)
with coefficients in Z (instead of Z,), we need an orientability result for M  (v), which

can be stated as follows. Let
L= det(R’HomﬂM(S,é’)) € Pic(M,(v)), mp: X x M, (v) - M, (V)

be the determinant line bundle of M, (v), which is equipped with the nondegenerate
symmetric pairing Q induced by Serre duality. An orientation of (£, Q) is a reduction of
its structure group from O(1,C) to SO(1,C) = {1}. In other words, we require a choice of

square root of the isomorphism
Q:LOL— Oy - (2.2)

Existence of orientations was first proved when the Calabi-Yau 4-folds X satisfies
Hol(X) = SU(4) and H°4(X,7) = 0 in [12] and was recently generalized to arbitrary
Calabi-Yau 4-folds in [7, Corollary 1.17]. Notice that the collection of orientations forms
a torsor for HO(Mw(V), Z,). The virtual class (2.1) depends on the choice of orientation,
but we suppress it from the notation.

Roughly speaking, in order to construct (2.1), one chooses at every point [E] €

M, (v), a half-dimensional real subspace

Ext? (E,E) C Ext*(E,E)
of the usual obstruction space Ext?(E, E), on which the quadratic form Q defined by
Serre duality is real and positive definite. Then one glues local Kuranishi-type models

of the form

K, =7, ok : Ext!(E,E) —» Ext?(E,E),
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where « is the Kuranishi map for M, (v) at [E] and 7, denotes projection on the 1st factor
of the decomposition Ext?(E, E) = Ext? (E,E) ® v/—1 - Ext? (E, E).

In [11], local models are glued in three special cases:

(1)
(2)
(3)

when M, (v) consists of locally free sheaves only,
when M, (v) is smooth,

when M, (v) is a shifted cotangent bundle of a quasi-smooth derived scheme.

In each case, the corresponding virtual classes are constructed using either gauge

theory or algebro-geometric perfect obstruction theory.

The general gluing construction, due to Borisov—Joyce [3], is based on Pantev—

Toen-Vaquié-Vezzosi's theory of shifted symplectic geometry [38] and Joyce's theory

of derived C°°-geometry. The corresponding virtual class is constructed using Joyce's

D-manifold theory (a machinery similar to Fukaya—Oh—Ohta—Ono’s theory of Kuranishi

space structures used for defining Lagrangian Floer theory).

Examples computed in this paper only involve virtual class constructions in (2)

and (3) mentioned above. We briefly review them:

When M, (v) is smooth, the obstruction sheaf Ob — M, (v) is a vector bundle
endowed with a quadratic form Q via Serre duality. Then the virtual class is

given by
[M,, ()" = PD(e(0b, Q)),

where PD(-) denotes Poincaré dual and e(Ob, Q) is the half-Euler class of
(Ob, Q), that is, the Euler class of its real form Ob+. In this case, a choice
of orientation (2.2) is equivalent to a choice of orientation of Ob, . The half-
Euler class satisfies

rk(Ob)

e(0Ob,2)> = (-1) 2 e(Ob), if rk(ODb) is even,

e(0b,Q) =0, if rk(ODb) is odd.
Suppose M, (v) is the classical truncation of the shifted cotangent bundle of
a quasi-smooth derived scheme. Roughly speaking, this means that at any

closed point [E] € M, (v), we have a Kuranishi map of the form

«: Ext!(E,E) - Ext*(E,E) = V; ® V},
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where « factors through a maximal isotropic subspace Vj of (Ext(E,E), Q).
Then the virtual class of M, (v) is essentially the virtual class of the perfect
obstruction theory formed by {Vglgen, ). When M, (v) is furthermore
smooth as a scheme, then it is simply the Euler class of the vector bundle

{VehEiem, (v) OVer M, (v).

2.2 Stable pair invariants of Calabi-Yau 4-folds

As in [35], a stable pair (F, s) on a smooth projective Calabi—-Yau 4-folds X consists of

e a pure dimension 1 sheaf F on X,

e asection s € HO(X, F) with 0-dimensional or trivial cokernel.

For f € Hy(X,Z) and n € Z, denote by P, (X, 8) be the moduli space of stable pairs
(F,s) on X such that F has scheme theoretic support with class g and x (F) = n. By [35],

it can alternatively be seen as the moduli space parametrizing 2-term complexes
I* = {0y > F} € D’(Coh(X))

in the bounded derived category of coherent sheaves on X. This viewpoint produces an
obstruction theory on P, (X, 8), which is however not perfect because Ext?(I*,I*), is in
general non-vanishing. Nonetheless, using the methods of Borisov-Joyce [3], one can

construct a virtual class (see [14, Theorem 1.4])
[P, (X, B € Hy, (P, (X, B),7)

depending on a choice of orientation. Existence of orientations was proved in [7,
Corollary 1.17].

3 Moduli Spaces
3.1 Compactness I

In the previous section, we assumed X is a smooth projective Calabi-Yau 4-folds. As we
will discuss in more detail in Section 4.2, the previous section also applies to certain
cases where X is a smooth quasi-projective Calabi-Yau 4-folds and P, (X, 8) is proper.

Suppose S is a smooth projective surface and L,, L, € Pic(S) satisfy

L, ®L, =K.
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Then X = Totg(L, ® L,) is a smooth quasi-projective Calabi-Yau 4-folds, which we refer

to as a local surface. One way to ensure the properness of P, (X, 8) is as follows.

Proposition 3.1. Suppose S is a smooth projective surface with L;, L, € Pic(S)
satisfying L; ® L, = Kg and let X = Totg(L; & L,). Let 8 € H,(S,Z) and suppose for
any 0 # B’ < B (the notation g/ < B means that there exist effective curve classes
B'.B" € Hy(S,Z) such that 8 = g’ + B”), we have g’ - L; < 0 for i = 1,2. Then P, (X, 8) is

projective for any n € Z.

Proof. Let[(F,s)] € P,(X,B). We first show that F is set theoretically supported on the
zero section S € X. Let D be an irreducible component of the scheme theoretic support
of F, then we want to show D4 € S. Let Y = Totg(L;) and consider the projection p :
X = Toty(L,) — Y (here and below, we suppress the pull-back of L, along the projection
Y — S). Since D,q is a proper irreducible reduced curve, Op_ is stable. By the spectral

construction, it corresponds to a stable Higgs pair (p,Op_,, #), where

¢ :p*ODred — p*ODred ® L,.

Denote the curve class of the scheme theoretic support of p,Op by ' € Hy(Y,Z) =
H,(S,Z). Then 0 # B’ < B,s0 B’ -L, < 0. Combined with stability of the Higgs pairs
®.0p,., ¢ and (p,Op , ® Ly, ¢ ® id;,), this implies ¢ = 0 so Doy € ¥ = Totg(L,) (see
[43, Proposition 7.4] for a similar argument). Reversing the roles of L;,L,, we deduce
D g €Y =Totg(L,), s0 Doq € S.

Since each element of P, (X, B) is set theoretically supported on S, we conclude
that P, (X, B) is projective. Indeed, there is a d > 0 such that every element of P, (X, B)
is scheme theoretically supported in dS, where dS denotes the d times thickening of the
zero section S C X, that is, the closed subscheme of X defined by 19 c Ox, whereI € Oy
denotes the ideal of the zero section. Therefore P, (X, 8) = P, (dS, B), [ |

Suppose Ll_l and L2_1 are ample. Then K§1 is ample, that is, S is del Pezzo, and
P, (X, ) is projective for all §,n by Proposition 3.1. As noted in [14, Section 4.2], there

are only two possibilities:

Proposition 3.2. Let S be a smooth projective surface and L;,L, € Pic(S) such that
L, ® L, = Kg. Suppose Lfl and Lgl are ample. Then, up to permutating L, L,, we only
have (S,L;,L,) = (P?,0(~1),0(-=2)) or (S,L;,L,) = (P! x P1,0(~1,-1),0(-1,-1)).
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Proof. Suppose S contains a (—1)-curve C. Then the Nakai criterion and adjunction

imply
— 2 > deg(Lly) + deg(Lyls) = deg(Kglo) = —1,

so S does not contain (—1)-curves. The classification of del Pezzo surfaces yields the

result. u

For both geometries of this proposition, the Gromov-Witten (and hence Gopaku-
mar-Vafa type) invariants were determined in [26, Section 3].

Let us go back to an arbitrary smooth projective surface S with L,, L, € Pic(S)
satisfying L; ® L, = K. Consider the moduli space P, (S, 8) of stable pairs (F,s) on S
with x (F) = n and scheme theoretic support of F in class g € H,(S,Z). Any stable pair

I* = {Og — F} gives rise to a stable pair
{Ox = 1,05 —  F}

on X = Totg(L; & L,), where ¢ : S — X denotes inclusion of the zero section. This gives a

closed embedding
P, (S, B) — Py (X, B). (3.1)

We refer to elements of P,(X,8) in the image as “stable pairs which are scheme
theoretically supported on S.” Requiring P, (X, B) to be proper poses restrictions on n, S.
The following result is very useful for finding “candidates” for proper moduli spaces

P, (X, p) (as we will see later in this section in Proposition 3.8).

Proposition 3.3. Let S be a smooth projective surface, L, L, € Pic(S) such that L, L, =
K and let X = Totg(L; @ L,). Let B € H,(S,Z) and n € Z such that P, (X, B) is proper and
P,(S,B) # @. Suppose C;,C, C S are effective divisors satisfying

e C;=PlandlC, +C,] =8,

o L;-C,=0fori=1ori=2.
Then

— 3B(B+Kg) <n < —3Cy(Cy +Ky).
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Proof. Suppose P, (S, B) # @, P,(X,B) is proper, and let C;,C, C S be as stated. Then

for any element [(F, s)] € P, (S, B) with underlying scheme theoretic support C, we have
n=x@F) > x(Og) = —3B(B +Ky).
Suppose
n>1- 3C,(Cy +Kyg).

Since €, = P! and deg(L;|¢,) = L;-C; =0, for i = 1 ori = 2, the line bundle L;, is trivial.
Hence we can take a nowhere vanishing section D; of the line bundle L;|;, = P! x C. In

particular, D; and C, are disjoint. Therefore

X(Oplucz) = X(ODI) + X(Ocz)

=1— £C,(C, + Ky).

Twisting Op, ¢, by an effective divisor of appropriate length, we obtain a stable pair
[(F,s)] € P,(X,B)\ P,(S,B) with underlying scheme theoretic support D; u C,. Since
D, does not lie in the zero-section, using the C*-scaling action on L;, we get a family
of stable pairs with part of the support (i.e., D;) moving off to infinity, contradicting

properness of P, (X, B). |

We want to apply this proposition to smooth projective surfaces S with L,
L, € Pic(S) such that L, ® L, = Kg and L;!, L, non-trivial and nef. These surfaces
were recently studied in the context of the log-local principle by Bousseau-Brini-van
Garrel [4]. In particular, they determined the genus zero Gromov-Witten (and hence
Gopakumar-Vafa type) invariants of Totg(L; @ L,) in many new cases.

Smooth projective surfaces S with Ks_l nef and big are called weak del Pezzo
surfaces. The weak toric del Pezzo surfaces are: P2, P! x P!, F,, F,, or certain repeated
toric blow-ups of P? in at most 6 points as specified in [41]. In this paper, we only
consider the minimal cases, that is, the 1st four cases. Using the notation for Hirzebruch
surfaces from the introduction, the only possibilities for L,,L, € Pic(S) such that L; ®

L, =Kgwith LT', L,' non-trivial and nef are (up to permutations of L, L,):

o (5L, Ly = (P?,0(-1),0(-2)),

e (S,L, L, =P xP,O(-1,-1),0(-1,-1)) or (P! x P!,0(-1,0),0(-1,-2)),
e (S,L;, Ly = (F;,0(~1,-1),0(~1,-2)) or (F,0(0, 1), O(—2, —2)),

e (S,L;,Ly) = (F,,0(—1,-2),0(~1,-2)).
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Example 3.4. Suppose (S,L;,L,) = (P! xP!,0(-1,0),0(-1,-2)). Let H; = {pt} x P! and
H, = P! x {pt}. We define (d,,d,) := d,H; + d,H,. For all d,,d, € Z, (d,,d,) is effective
if and only if d;,d, > 0. For (0, d) with d > 1, the moduli space P, (X, (0, d)) is projective
for all n by Proposition 3.1. Now suppose d; > 0, d, > 0, and n > 0. Let C; € |H||
and C, € |(d; — 1)H; + d,H,|. Then L, - C; = 0 and the inequalities of Proposition 3.3

reduce to

These inequalities have the following solutions:
e (d,,dy) =3,2),(2,d) withd>2andn =0,
e (d;,dy =(d1),1,d)withd >1andn=1,or (d;,dy) =(2,d) withd > 1
andn =1,
o (1,dywith2 < n <d.

Example 3.5. Suppose (S,L;,L,) = (F;,O(-1,—-1),0(—1,—-2)) and use the notation for
Hirzebruch surfaces from the introduction, so (d,,d,) := d;B + d,F for all d,,d, € Z.
Then (d,, d,) is effective if and only if d;, d, > O (this holds for all Hirzebruch surfaces).
For (0,d) with d > 1, the moduli space P, (X, (0, d)) is projective for all n by Proposition
3.1. Suppose d; > 0,d, > 0,and n > 0. Let C; € |B| and C, € |(d; — 1)B + d,F|. Then

L, - C; = 0 and the inequalities of Proposition 3.3 reduce to
3di(d;+1) —dy(d; — 1) <n< 5di(d; — 1) —dy(dy — 2).

These inequalities have the following solutions:
e (d;,dy)=(3,3),(2,d)withd >3 andn =0,
e (dy,dy)=(2,dywithd>2andn=1,
e (1,d)with1 <n <d.

Example 3.6. Suppose (S,L;,L,) = (F;,0(0,—-1),O(-2,—2)). Suppose d; > 0,d, > 0,
and n > 0. Taking C,,C, as in Example 3.5 leads to the same list. Additionally, we can
taked, > 0,d, >0,n >0, C, € |[F|and C, € |d;B+ (dy — 1)F|. Then L, - C; = 0 and the

inequalities of Proposition 3.3 reduce to

3di(d; +1)—dy(d; — 1) <n< 3di(d; +1) — (dy — )(d; — D).
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The solutions to these inequalities and the ones from Example 3.5 are the following:

o (dlrdz) = (21 3)! (214)1 (31 3) and n = Or
e (dy,dy =(2,2),(23),1,d) withd >1andn = 1.

Example 3.7. Suppose (S,L;,Ly) = (F,, O(-1,-2),0(—1,-2)). For (0,d) with d > 1,
the moduli space P, (X, (0, d)) is projective for all n by Proposition 3.1. Suppose d; > 0,
d, > 0,andn > 0. Let C; € |B| and C, € |(d; — 1)B + d,F|. Then L, - C; = 0 and the

inequalities of Proposition 3.3 reduce to

d?—d,d, —1)<n<(d; - 1)?-d,d, —2).

These inequalities have the following solutions:

e (d;,dy)=(2,d),d>4,andn=0,
e (dy,dy=(2,d),d>3,andn=1,
e (1,d)with1 < n <d.

In these examples we listed, for given (S,L;,L,), all the cases for whichn > 0
and potentially P, (X, 8) is proper and P, (S, 8) # @ (Proposition 3.3). For g = (0, d) with
d>1,P,S B) # oif and only if n > d, and P, (X, B) is proper by Proposition 3.1. For
all other cases listed, P, (S, 8) is also non-empty since || # @ and n > x(O,) for any
C € |B]. Indeed adding sufficiently many points to C one obtains a stable pair (F,s) on S
with x (F) = n. We now prove that in each of the cases listed, P, (X, g) is indeed proper.

Proposition 3.8. In each of the cases listed in Examples 3.4-3.7, P, (X, B) is projective.

Proof. We write out the proof for Example 3.4. The other cases are analogous. Recall
that Hy := {pt} x P!, H, := P! x {pt}, L, := O(—H,), L, := O(—H, — 2H,), and B := d,H; +
d,H,. Suppose n, 8 are as listed in Example 3.4. As in Proposition 3.1, it is enough to
show that all elements of P, (X, 8) are set theoretically supported on S. Suppose [(F, s)] €
P,(X,p) has scheme theoretic support C and let D be an irreducible component of C
which is not set theoretically supported on S. Then we claim D4 is a proper irreducible
reduced curve with class [D 4] € Hy(X,Z) = H,(S,Z) satisfying [D 4l - L; > 0 or [D 44! -
L, > 0. Indeed suppose [D,4] - L; < 0 and [D,.4] - L, < 0. Using the spectral construction
as in the proof of Proposition 3.1, stability of Op,_, then implies D, .4 € S contrary to

our assumption.
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The only non-zero effective curve classes 8’ on S such that g'-L; > 0or g’ -L, > 0

are 8’ = mH, for some m > 0. Hence there exists a ¥ € |H;| such that
p|Dred :Dred > g S,

where p : X — S denotes the projection. Note that L,|x, = O and L,|y, = O(—2). Since
[D,eql-L, < 0, a similar argument as above shows that D,y € Toty (L) = P! xC. Therefore
D,.q is a non-zero section of Toty (L;) = P! x C.

Denote the irreducible components of C, which are not set theoretically sup-
ported on S by D;,...,D, and let D’ be the union of the remaining components. Above,
we showed each D;

some %; € |H;|. It follows that Dy o4, ..., Dy eq, Dyq are mutually disjoint. Denote the
multiplicity of D; at D; .4 by §; > 1. Consider the classes p,[D;l, p,[D'l € H,(S,Z), where

L,re

4 = P! and D; 4 is a non-zero section of Toty, (L;) = P! x C for

p: X — S is the projection. Then
p.D)):=8H,, p,lID]:=p—38H,
where § := >°/_, 5;. We claim
x(Op) =1, x(Op)=1-gp,ID) =—%(B—8H)(B — 8H, +Ky), (3.2)

forall i = 1,...,¢, where the last equality is by the Riemann-Roch formula. When D,
(resp. D') are reduced, these inequalities are equalities. In general, since Np, /X =0
O O(-2) and Ng )y = L; ® L, with L', L, nef, we have inequalities as stated. One way
to see this is by using filtrations by thickenings of D;,.,q € X and S C X as in the proof

of Proposition 3.9 below. From (3.2) and the fact that D,,...,D,, D’ are mutually disjoint,

we deduce

L
n=xF) = x(Og) =D x(Op)+x(Op)

i=1
> 8~ 3(B — 8H,)(B — 8H +Ky)
=6 — 3(d) —8)(dy — 2) — 3dy(d) — 5 —2).
However, for each of the cases listed in Example 3.4, it is easy to see thatn < § — 1 —

$(dy — 8)(dy — 2) — $dy(d; — 8 —2) for all 1 < § < d, by explicit calculation. We have

reached a contradiction. [ |
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Conclusion. For any (S,L;,L,) with L; ® L, = Kj, L1_1 Ly I non-trivial and nef, S minimal
and toric, we classified all n > 0, B € H,(S,Z) such that P,(X,p) is proper and

3.2 Compactness II

In the previous section, we studied properness of P,(X,8) for local surfaces. In
particular, for (S,L;,L,) = (P?,0(-1),0(-2)) or (P! x P!,0(-1,-1),0(~1,-1)), the
moduli space P,(X,8) is always proper (Proposition 3.1). We are now interested in
the cases where P,(X,8) = P,(S, B), that is, the embedding (3.1) is an isomorphism.
For the three-fold Tot(Kpz), this question was considered by Choi-Katz—Klemm in [19,
Proposition 2]. In the proof of the following proposition, we use some of their techniques

(adapted to the 4-folds setting).

Proposition 3.9. Let X = Totp2(O(—1) ® O(-2)), B = d[H]l withd > 1, and n > 0. Then

P,(X,B) = P,(P?,B)

if and only if

(1) d=1andanyn >0,or

(2) d=2,3,4andn=0,1, or

38 d=2,3andn=2.
LetX == TOtPIXPI(O(—l,—l) @ O(—l,—l)), ,3 = dI[Hl] + dz[Hz] # O With dl,dz 2 O, and
n > 0. Then

P,(X,B) = P, (P! x P!, ),

if and only if
(1) (dy,dy)=(1,0),(0,1),(1,1) and any n > 0, or
(2) (dy,dy) =(0,d),(d,0)withd >2and0<n<d,or
(3) (d;,dy)=(1,d),(d,1)withd >2andn=0,1,2, or
(4) (dy,dy) =(2,2),(2,3),(3,2),(2,4),(4,2),(3,3) and n =0, or
(5) (dy,dy) =(2,2),(2,3),(3,2)andn =1, or
6) (dy,dy)=(2,2)andn = 2.
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Proof. Let [(F,s)] € P,(X,B) be a stable pair with scheme theoretic support C :=
supp(F). The stable pair (F,s) is set theoretically supported on the zero section S C X
by Proposition 3.1. Let ¥; = Totg(L;) for i = 1,2. We consider the ideals of C € X and
Y, cX:

Note that I, is a line bundle on X. Since (F, s) is set theoretically supported on S € X

(and therefore Y; C X), there exists an £ > 0 such that.J + Iﬁ“ = J and we have

14

J+ B
O, = 3.3
1O ; (J+I]+1) 8.3

For each j, we have a surjective map

" J+E,
where p : Y; — S denotes projection. Hence 2
1 J+I]+1

2

~ Ocj ® p*L;j for some closed

subscheme C~ C Y, of dimension < 1. Moreover, we have Cj ) Cj+1 for all j, which

J J+1
—j-1 ~ J+I I J+I ~ w7 —J— 1
J+IJ+1 2 J+I]+2 =0, ®P"Ly

From the fact that C is Cohen—Macaulay, it also follows that when non-empty, C; is not

follows from the natural surjection OC ®p*L,

0-dimensional.

For a fixed j, we consider the ideals of Cj CY,andSCY;:

‘Ij = chgyl g OYI' Il = ISng g OYI'

. . . 4+1
Note thatI; is a line bundle on Y;. As above, there exists an ¢; > 0 such that J]'+IljJr =J

and we have

Ui i
J;i+ 1
1) =232 )
1=0
As above, for all i, we have JJ’J:L.IL = (’)C,j ® Lfi for some closed subscheme Cij c S
JTh b

of dimension < 1. As above, we also have C;; 2 C;,,; for all i. This time, we leave
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open the possibility that C;; is 0O-dimensional, because C; need not be Cohen-Macaulay.

Nonetheless, denoting ,Bij = [Cij], we have

¢4
B=>> By ecHyS, 7).

Jj=0 i=0
Consider the torsion filtration
0— Ty~ OCij — chure — 0
and the exact sequence
0 — Og(—C;™) — Og — Ogpue = 0.

The support of 7, is 0-dimensional. Applying the Hirzebruch-Riemann-Roch formula

gives

L+
g

W‘X’P*Ly)—x(% QL QL) > X (Ogpe @ Ly f® L,
i +1

= _%ﬂij(ﬁij + Kg) — (iL; +JLy)By;.

Combining with (3.3), we obtain

e Y
X(F) = x(Op) = = DD (3B;i(By; + K) + (Ly +jLy)Byy)
j=0i=0
> —3B(B+Kg) — Ly +Ly) (3.4)

1

+35 D Bybuy + Boo@y + Ly + 1, 2  Boj + L z Bio:
(@)@ J") j=1
Af#T )

where we used that L; and L, are nef line bundles.

Case 1. Let (S,L,,L,) = (P2, 0(-1),0(-2)), B = d[H] with d > 1, and n > 0. Suppose
there exists an element [(F,s)] € P,(X,8) \ P,(S,B). We use the notation above for its
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scheme theoretic support C and the associated schemes C;;. Let ;; = d;;[H], then (3.4)

gives

14 Lo
2
X(F) > —3d? +3d—3dgg — > doj =2 dig+3 D, dydyy
Jj=1 i=1 (@)@ )
aN#A )

142 5 1
>-ld?+3d—dyo+1 > dydy
@0,
aN#A )

where the last inequality uses that there exists an (i,j) # (0,0) with dij > 1, because
we assumed C is not scheme theoretically supported in the zero section S € X. Hence
n < —%dz + %d — 1 implies P, (S, 8) = P, (X, 8). In particular, we find that for the cases
(1)-(3) we have P, (S, 8) = P, (X, 8). For case (1) this is obvious from Proposition 3.1 and
the fact that g is irreducible.

For 8, n other than (1)—(3), it is easy to construct a (C*)%-fixed stable pair in

Py (X, B)\ Pp(S, B)

using the combinatorial description of stable pairs in [9, 36], where (C*)* denotes the
torus of the toric Calabi-Yau 4-folds X.

Case 2. Let (S,Ly,L,) = (P! x P!,0(~1,-1),0(-1,-1)), B = d,[H,] + d,[H,] for some
d,,d, > 0 not both zero, and n > 0. Suppose there exists an element [(F, s)] € P,(X, ) \
P, (S, B). We use the notation above for its scheme theoretic support C and the associated
schemes C;;. Let B;; = d, ;;[H;1+ d, ;;[H,], then (3.4) gives

¢ %
X(F) > 3d, +3d, — dydy — 2d, 9 — 2dy 00 — D _(dy g+ dg o)) — D (dy 0 + da i)
j=1 i=1

1
+3 D, @ygdyyy +dypdy )
(@), @ J")
AN#A J)
>2d; +2dy —dydy —dy o9 — dygo + z dy iy
(@)@ 3"
DA ")
>dy+dy—didy+1+ D dydy

(AP D))
AD#a' 5

(3.5)
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where the last inequality uses that C does not lie scheme theoretically in S. Suppose
d,,d, > 2, then

> dyydy > 2. (3.6)

@D, J'
@A )
Therefore n < d; +d, — d,d, + 2 implies P, (S, 8) = P, (X, B). In particular, for g, n as in
(4)-(6), except for (d,,d,) = (3,3) and n = 0 (!), we deduce that P, (S, 8) = P, (X, 8). Cases
(1)—(3) can be found from (3.5) by a similar reasoning.
For (d,,d,) = (3,3), we still use (3.5), but we need to sharpen (3.6). Recall that
the schemes C; and Cyj constructed in the 1st part of the proof are nested. This implies
dy;i 2 dy iy and dyy; > dy ;) for all i, j. Using these inequalities for (d,,d,) = (3,3),

one can show that

> dydyy > 3.
(ANGED)
AN#E ")
It follows that for [(F,s)] € P,(X,(3,3)) \ P,(S.(3,3)), we have x(F) > 1. Hence
Py(S,(3,3)) = Py(X, (3, 3)).
For 8, n other than (1)-(6), it is easy to construct a (C*)*-fixed stable pair in
P,(X,B)\ P,(S, B) using the combinatorial description of stable pairs in [9, 36]. |

Remark 3.10. For (S,L;,L,) as in Examples 3.4-3.7, we found all cases for which n > 0,
P, (X, ) is proper, and P, (S, B) # < (Propositions 3.3 and 3.8). A similar reasoning as in
the proof of Proposition 3.9 (using (3.4)) can be applied to find out when P, (X, 8)
P, (S, B). In the following cases, we have n > 0, P,,(X, 8) = P, (S, B):
e (S,L;, Ly = P! xP,O(-1,0),0(-1,-2)), (d,,d,) = (0,1) and any n > 0, or
(dy.dy) =(0,d)foranyd > 2andn =d, or (d,,d,) = (2,2),(2,3),(3,2),(2,4)
and n =0, or (d,;,d,) = (2,2),(2,3),(1,d),(d,1) foranyd > 1 and n =1, or
(dy,dy)=(1,d)foranyd > 2 and n = 2.
e (S,L;, Ly = (F;,0(-1,-1),0(-1,-2)), (d;,dy) = (0,1) and any n > O, or
(dy,dy) =(0,d) foranyd >2andn =d, or (d,,d,) = (2,3),(2,4),(3,3),(2,5)
and n =0, or (d;,d,) = (2,2),(2,3),(2,4) and n = 1, or (d,,d,) = (1,d) for
n=1,2and any d > n.
e (S,L,Ly) = (F,,00,-1),0(-2,-2)), (d,,dy) = (2,3),(2,4),(3,3) and n = 0,
or (d,,d,) =(2,2),(2,3),(1,d)withd > 1andn =1.
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e (S L, Ly = (Fy,0(—1,-2),0(-1,-2)), (dy,dy) = (0,1) and any n > O, or

(d;,d,) = (0,d) for any d > 2 and n = d, or (d,,d,) = (2,4),(2,5),(2,6)

and n =0, or (d;,d,) = (2,3),(2,4),(2,5) and n = 1, or (d,,d,) = (1,d) for
n=1,2andanyd > n.

Furthermore, in all cases listed in Examples 3.4-3.7 but not in the above list, one can

easily construct a (C*)*-fixed stable pair in P, (X, 8) \ P, (S, B) using the combinatorial

description of stable pairs on toric varieties [9, 36].

Conclusion. For any (S,L;,L,) with L; ® L, = K, Ll_l,Lz_1 non-trivial and nef, and S
minimal and toric, we have classified all 8 € H,(S,Z) and n > 0 such that P, (X, ) =
P,(S,p) # 2.

In the next section, we develop a method to determine the stable pair invariants

P, 5(Ipt)) in all of these cases (tabulated in Appendix A).

4 Invariants
4.1 Virtual classes of relative Hilbert schemes

For S a smooth projective surface, g € Hy(S,Z), and n € Z, the moduli space P, (S, 8) has
a nice description in terms of relative Hilbert schemes due to Pandharipande-Thomas

[37]. Given a stable pair [(F, s)] € P,,(S, B), one has a short exact sequence
0—-0,—-F—-Q—-0,

where C is the scheme theoretic support of F. Dualizing on C yields a short exact

sequence
0— F* — Op — Ext'(Q,0,) — 0,

where we used Ext!(F,O;) = 0 by [37, Lemma B.2]. Hence £xt!(Q,Oy) = O, for some

0-dimensional subscheme Z C C of length
m=n+gB) —1=n+ 1B +Ky).

As shown in [37, Proposition B.8.], the family version of this argument gives an

isomorphism

P, (S, ) = Hilb™(C/Hy), (4.1)
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where Hilbm(C/Hﬂ) denotes the relative Hilbert scheme of m points on the fibres of
the universal curve C — Hy and Hy denotes the Hilbert scheme of effective divisors on
S in class B. The description in terms of relative Hilbert schemes helps to establish
smoothness. Although we do not need it for this paper, we include the following

observation.

Proposition 4.1. In all the cases listed in Proposition 3.9 and Remark 3.10, P, (S, B) is

smooth.

Proof. The method in this proof was also used in [28]. Let S = P?, then for any 8 = d[H]

with d > 1, and any n € Z, we have a morphism
P, (S, B) = Hilb™(C/|O(d)|) — S™, (4.2)

where m = n+ %d(d—S). The fibre over Z € SI™ is the projectivization of the kernel of the
evaluation map H°(P?, O(d)) — H°(Z,O(d)|,). It suffices to show that for n and d # 1
as in Proposition 3.9, this map is surjective. Then it follows that the fibres of (4.2) are
equi-dimensional projective spaces and P, (S, B) is smooth, because sml is also smooth.
Surjectivity of the evaluation map for all Z € S/ is equivalent to (m — 1)-very ampleness
of O(d) (by definition, [2]). Beltrametti-Sommese showed that O(d) is (m —1)-very ample
if and only if m — 1 < d, that is,

n<d-3dd-3)+1.

This inequality is satisfied for all n and d # 1 in Cases (2), (3) of Proposition 3.9.
Smoothness of P, (S,8) for d = 1 and any n is clear, because in this case the fibres
of (4.2) are Sym™(P') = P™.

For S = P! x P!, O(d,H, + d,H,) is k-very ample if and only if ¥ < min{d,, d,}
[2]. For S = F, (for any a > 1), O(d,B + d,F) is k-very ample if and only if k <
min{d,,d, — ad,} [2]. The proof in the remaining cases of Proposition 3.9 and Remark

3.10 then follows similarly. [ |

Let Z C S x S™ be the universal subscheme and denote the pull-back of Z to
S x Stml % Hy by the same symbol (and similarly for C € S x Hg). Consider the rank m

vector bundle

OO = 7,(0©)|2)
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on SM x Hg, where 7 : S x stml Hy — shml Hy is the projection. By [29, Appendix A],
there exists a tautological section s of O(C)[™ cutting out Hilbm(C/Hﬁ) from its ambient

space

o(c)tm!

)

s71(0) = Hilb™ (C/Hg)—— Sl x Hp.

In general Hy is not smooth (or smooth but not of expected dimension). Therefore, this
construction only provides a relative perfect obstruction theory on Hilbm(C/Hﬂ) — Hy.

The Hilbert scheme of divisors Hy has a natural perfect obstruction theory
Rp,Oc(©)” — Ly,

where p : S x Hy — Hy denotes projection. This is the perfect obstruction theory
used to define the Poincaré/Seiberg-Witten invariants of S in [18, 20]. Taken together,
these provide an absolute perfect obstruction theory on P, (S, ) = Hilbm(C/Hﬂ) by [29,
Appendix A.3]. The virtual tangent bundle of this absolute perfect obstruction theory is

RHom, (I3, F)

where I3 = {O — [F} denotes the universal stable pair on S x P,(S,p) and 7g : S x
P,(S,B) — P,(S,p) is the projection. By [27, Proposition 2.1], the resulting virtual class

satisfies
JL[HIID™ (C/H ) = (S™ x [H ") - e(OC)™). (4.3)

The corresponding virtual class on P,(S, ), via the isomorphism (4.1), is denoted by
[P, (S, p)IVIT.
4.2 Comparison of virtual classes

Let S be a smooth projective surface and L,,L, € Pic(S) such that L, ® L, = K. We
consider the local surface X = Totg(L; @ L,), which is a Calabi-Yau 4-folds. Fix n € Z
and B € Hy(S,Z) such that P, (X, ) is proper. Then it has a virtual class

[P, (X, BV € Hy, (P, (X, B), Z), (4.4)
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in the sense of Borisov-Joyce [3], which depends on a choice of orientation on P, (X, 8).
In order to apply [3] to our case, we need the existence of a (—2)-shifted symplectic
structure on P, (X, 8) and an orientability result as reviewed in Section 2.1. The existence
of a (—2)-shifted symplectic structure on P, (X, ) was shown in [5, Theorem 7.3.2] and
[40, Theorem 4.0.8]. By [14, Theorem 5.3], the existence of orientations on P, (X, ) can
be reduced to the existence of orientations on the moduli stack 91,(X, 8) of coherent
sheaves F on X with one-dimensional proper support of class 8 and x (F) = n. Taking Y =
Totg(L;), we have X = Toty (Ky). By considering the derived enhancement of 9, (X, 8), it
is the (—2)-shifted cotangent bundle of a derived moduli stack of sheaves on Y. Therefore
M, (X, B) has an orientation (see e.g., [44, Lemma 4.3] for a similar argument in the case
of Calabi-Yau three-folds).

We denote by [pt] € H*(X,Z) the pull-back along 7 : X — S of the Poincaré dual
of the point class on S. Using the same notation as in Section 1.2, we define stable pair

invariants

P, 5(Ipt]) == / (pth" € Z. (4.5)
[Pn (X, B)IVT
When n = 0, we simply write P 4 := P 4([pt]).
Assuming P, (X, 8) = P, (S, B), we can compare the virtual class (4.4) to the virtual
class on the relative Hilbert scheme (4.3) studied in [29, 30]. In Proposition 3.9 and

Remark 3.10 we gave a list of examples where this assumption is satisfied.

Proposition 4.2. Let S be a smooth projective surface, L, L, € Pic(S) such thatL, ® L, =
K and let X = Totg(L; & L,). Suppose S € Hy(S,Z) and n > 0 are chosen such that
P,(X,B) = P,(S, B). Then there exists a choice of orientation such that

[P,(X, I = (=127 - e( — RHom,,, (F,FRILy)) - [P, (S, I'".

Here [P,(S, B)IVIT is the virtual class induced from the relative Hilbert scheme (Section
4.1), I3 = {O — F} denotes the universal stable pair on SxP, (S, 8), and Tpgt SXPp(S, B) —

P, (S, B) is the projection. The sign results from a preferred choice of orientation.

Proof. LetY = Totg(L;). Then X = Toty(Ky) is the total space of the canonical bundle

of Y. By the assumption, we have isomorphisms of moduli spaces

P, (S, ) =P,(Y,B) = Py(X, B). (4.6)
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Let ¢ : S — Y denote the zero section. A stable pair I = {s : Og — F} € P,(S,8) on S

induces a stable pair
I; = {0y — 1,04 = 1 .F}
on Y. Consider the distinguished triangle
Iy - Oy — F. (4.7)
Applying RHomy (I}, -) and taking out trace gives a distinguished triangle
RHomy (Iy, t,F) — RHomy (Iy, Iy)l1] = RHomy (1 F, Oy)[2].
Applying adjunction and the isomorphism
LIy = I$@FR L] (4.8)
gives a long exact sequence
.- — ExtL(I3, F) ® Exty(F,F ® L) — Exti1 1y, Iy)g — Exty2(L,F,Oy) — -

Note that Ext}(,F, Oy) = Ext2(Oy,,F ® Ky)¥ = 0. Furthermore, the isomorphism (4.6)

induces an isomorphism on Zariski tangent spaces
Ext(I$, F) = ExtL,(Iy, I}),-

Therefore, we deduce Homg(F, F®L;) = 0 (similarly Homg(F, F®L,) = 0). This vanishing

allows us to conclude that the natural (Le Potier) pair obstruction theory
(RHom,, (I§ tpy)) = Lp, (v g (4.9)

is perfect, that is, 2-term, as we will now show (this was proved for irreducible g in [14,
Lemma 3.1]). Here I}, = {O — ¢ ,F} denotes the universal stable pair on Y x P, (Y, 8),
tp, + S x P, (Y,B) — Y x P,(Y,p) is the base change of the zero section, and 7p, : ¥ x
P,(Y,B) — P,(Y,B) denotes the projection.
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From the distinguished triangle
RHomy (¢, F, 1, F) - RHomy (Oy, (,F) - RHomy Iy, F), (4.10)
we obtain an exact sequence
0 = H*(Y,.,F) — Ext3(1}, 1, F) — Ext3 (., F, 1, F) — 0 — Ext3 (I}, F) — 0.
Moreover, by adjunction and L*F=ZFH F ® L1_1 [1], we have
Ext3 (1, F, (,F) = Ext3(F,F) @ Exti(F,F ® L;) = Homg(F,F ® L,)" = 0.

Hence Ext?(Iy, (, F) = Ext3 (.,F,(, F) = 0. Also note that Homy (1,F, (,F) — Homy(Oy, (,F)
is injective. Therefore Eth;((I;(,L*F) = O unless i = 0,1 and the complex (4.9) is 2-term.

vir
pair’

We denote the corresponding virtual class by [P, (Y, B)]
We can now use the argument of [14, Proposition 4.3] to deduce that the 4-
folds virtual class [Pn(X,ﬂ)]"ir of (4.4) equals the pairs virtual class [P,,L(Y,/B)]Vir For

pair”
completeness, we repeat the argument. Just like pushing forward from S to Y gives (4.7)

and (4.8), pushing forward further to X gives

RHomy (I3, j,t, F) — RHomy (I3, Iy)o[1] — RHomy (.t F, Ox)[2],

L' [y =1y ©,FRK,',
where
° JxlxS
Iy ={0x = 11,05 = J,L.F)
and we denote the zero section by ; : Y < X. Let T be the cone of the composition
RHomy (I, F) - RHomy (I3, j,.,.F) — RHomy (I5, Iy)[1].

Then T fits in the distinguished triangles

RHomy (I3, 1,F) — RHomyg (I3, I)ol1] — T,
(4.11)
RHomy (1, F, F ® Ky) > T — RHomy (5.t F, Ox)[2].
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Applying Serre duality to the 1st and 3rd term of the 2nd distinguished triangle,
dualizing, and shifting gives the following distinguished triangle:

RHomy (1, F, 1, F)[2] - RHomy(Oy, j,t, F)[2] - T".

Comparing to (4.10), we obtain T = RHomy (I}, F)V[—2]. Hence from (4.11) we get a

short exact sequence
0 — ExtL, (I}, F) — Ext%(Iy, Iy) — Exty Iy, (,F)Y — 0,

where we crucially used EXt%(I v ,.F) = 0, which was shown above. This way, we
obtain a half-dimensional subspace Ext%,([ v F) of Extff(I' . Iy)o- One can show that it is
isotropic by the exact same argument as in the proof of [14, Proposition 3.3, Proposition
2.11]. From this, it is concluded in loc. cit. that
. It )
[P, (X, I = (=1)P 247 [P (Y, By
Here the sign comes from a choice of preferred orientation discussed in a similar setting
in [6].
Finally, we express the pairs virtual class on Y in terms of the pairs virtual class

on S. By adjunction, we have

RHom,, (Iyip,,F)=RHom,, (Lip, Iy, F)

~ R?—[omﬂps I, F) e RHomnPS (F,FXL)),

where Tpy : S X Pp(S, B) — Pp(S, p) = P,(Y, B) denotes the projection. From the vanishing
Homg(F,F ® L;) = Homg(F,F ® L,) = 0, for all [(F, s)] € P,(S, B), we deduce that

—RHom,, (F,FNL)= gxt},PS (F,FR L))
is locally free on P, (Y, 8) = P, (S, 8). Hence the two virtual tangent bundles on P, (Y, ) =

P, (S, B) differ by a locally free sheaf (in degree 1). Therefore, by [42, Theorem 4.6], we

have

[P, (Y, )T = e( - RHom,, (F,FRL))- [P, S, IV,

pair
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Remark 4.3. Let S be a smooth projective surface satisfying b,(S) = py(S) = 0. Let
L,,L, € Pic(S) such that L; ® L, = K5 and X = Totg(L; @ L,). Suppose P, (X, 8) is proper.
Once the virtual localization formula for stable pair theory on Calabi-Yau 4-folds is
established (in the special case S is moreover toric and P,(S, 8) = P, (X, B) is smooth,
a virtual localization formula was proved in [9, Theorem A.1, while a general virtual
localization formula has been announced by Oh-Thomas [32]), we expect that it will
induce a virtual class on each of the connected components of P, (X,,B)(C*, where C* is
the one-dimensional subtorus, preserving the Calabi-Yau volume form, inside the torus
C*xC* acting on the fibres of X. When P, (S, 8) € P, (X, ﬂ)(c* is open and closed, this gives

a virtual class, which we expect to be given by (for an appropriate choice of orientation)
(—DP 2" e —RHom,, (F,FRL) ®1t) - [Py(S, AI', (4.12)

where [P, (S, B)IVIT is the virtual class induced from the relative Hilbert scheme (Section
4.1), t; is a primitive character corresponding to the 1st component of the action of
C* x C*, and e(-) denotes equivariant Euler class. When P, (X, B) is non-proper, one could
define the contribution of P, (S, 8) to the stable pair invariants of X by (4.12) (capped

with appropriate insertions).

4.3 Main theorem

We are now ready to prove the theorem of the introduction. Recall from (1.6) that we
denote by Tgmi (£) the twisted (by £) tangent bundle of stml,

Theorem 4.4. Let S be a smooth projective surface with b, (S) = pg(S) =0 and L,,L, €
Pic(S) such that L; ® L, = K. Suppose € H,(S,Z) and n > 0 are chosen such that
P,(X,B) = P,(S,p) for X = Totg(L; ® L,). Denote by [pt] € H*(X,Z) the pull-back of the
Poincaré dual of the point class on S. Let P, (X, 8) be endowed with the orientation as in
(1.5). Then

’

' h"(1+ h)x(Ll(ﬁ))(l _h)x(Lz(ﬁ)) ¢(Toimi (L))
Pn [ t] = (=1 ﬂL2+n/ " O [m] 1 S 1
p(Pth= (1) simt e S S D) T mT 1))  e((L, B

when g% > 0. Herem :==n+g(8) —1 and h := ¢;(O(1)). Moreover, P, 4([pt]) = 0 when
B2 <0.
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Proof. Suppose g is an effective divisor and m > 0, otherwise P, (S, ) = Hilbm(C/Hﬂ) =
& and P, 4(Ipt]) = 0. Consider the closed embedding

J  Hilb™(C/Hy) < S™ x Hy,

as in Section 4.1. Below, we will show that there exists a class ¢ € KO(S["‘] X Hpg)
restricting to e'(—R’;'-lomNPS (F,FX L)) - (pth™ on Hilbm(C/Hﬂ). By Proposition 4.2, it
follows that

Py g(Ipth) = / Cn (OO)™) - 4y, (4.13)

Siml [Hﬂ]vir

Since b, (S) = py(S) =0, we have [20, 30]
) ) 1
[H "™ = ||V = b ©P) 0 || € Hy, 5,2 (1BD,
where h denotes the class of the hyperplane on Hy = ||. Furthermore, we have
0" =7, (0©)]z) = 0™ (),

which follows from the isomorphism O(C) = Og4(8)XO(1) on Sx|B|. Therefore P, s(IptD) =
0, unless x(B) > 1, which we assume from now on.

Recall from the proof of Proposition 4.2 that —RHom,, (F,FML,) = 5Xt71rps (F,FX
L,) is locally free on P, (S, 8) and its rank is 2. Therefore P, s(Ipt]) = 0 unless g% >0,
which we assume from now on. Next, we extend the complex —R”HomnpS (F,FXL,) from
P,(S,pB) to Stml |8, In K-theory, we have I§ = O —TF and

—RHomnPS FFRL)=—xL)®O0+ RHomﬂPS(O, IgXL;)
+ R?—[omﬂps (I3, L) — RHom,,PS (I3, I3 X L)
=—xL)®O0+ R’Homnps ((H;)V,Ll)
+ R?—[omﬂps O,V RL) — RHom,,PS (1), 13" K Ly)),

where we suppressed some obvious pull-backs. On S x |8| x S"™, we have the sheaf
ZIX Og4(B) X O(1), where we use the notation from the introduction. By [29, Lemma A.4],
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we have

(I3)" = TK O5(B) B OM)|ginm(c/ i) xs-

Next we can replace Z by O — O3 in K-theory. Then —RHom,, (F,FXL,) is the restriction
of the following element in the K-group of SI™ x |4|

—x(L) ® O +RHom, (O - 0z) K (Og(B) ®L;H K OQ1),0)

+RHom (0, (0 - 0z) K (Og(B) L) XO(1)) — RHom (Z,Z K L,) w14
4.14
=—xLD OO+ x(ZLi(B) ®O1) + x(Ly(B) ® O(=1)

— L B™MRO1) - (Ly(B)™) ®O(-1) — RHom (Z,T K L),

where 7 : S x S x || — SI™ x |B| denotes the projection and we used Serre duality,

Finally, we consider primary insertions
v HY(X,Z) - H*(P,(X, B),Z), t(y) = np,(nzy Uchy(L,F)),

where 7y, 7p are projections from X x P,(X,p) to corresponding factors, and ¢ :
S x P,(S,8) — X x P,(S,8) = X x P,(X,p) is the base change of the inclusion of
the zero section. Note that ch,(¢,F) is Poincaré dual to the fundamental class of the
scheme theoretic support of ¢ F, which we denote by [, F]. The fundamental class
of the scheme theoretic support of F, which we denote by [F], equals ;*[C] where
C € SxS™ x| is the pullback of the universal curve over |8|. Consider the commutative

diagram

— p T~
X - S
e
L/?\ J [m]
XxPrL(Xvﬁ)%SXP”(SHB)eSXS ><|/8|

J

Po(X, B) ———— Py(8, f) ——= S x |g|
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For y := p*[ptl € H*(X,Z), where [pt] denotes the Poincaré dual of the point class on S,

we work our way through the diagram

(y) = np, (wxy U [, F)

= TTpy p*(p*ﬂglpt] U L*[F])
(4.15)

= 7p, (s [ptl U [F])

7¥(m (T3 ptl U ICD)).

Using, once more, that on S x || we have O(C) = O4(B) ¥ O(1), we conclude
7, (Sptl U IC]) = h/pt = h.
s

Therefore 7 ([pt])” is simply the restriction of the class A" on S™! x |B|.
Since rk(—R’HomNPS F,FXL)) = B% =2m + x(B) — 1 — m — n, we can replace
Euler class by total Chern class. The result now follows from (4.13), (4.14), and (4.15). &

Remark 4.5. For surfaces with pg(S) =0 and b,(S) > 0, we can still use the formula
for the virtual class from Proposition 4.2. Suppose h?(L) = 0 for all L Picg(S). Then
the virtual class [H,z]""" can be calculated by fixing a sufficiently ample effective divisor
A on S and considering the embedding Hy < Hy), 4 as in [20] (see also [29, Proposition
A.2], [30]). Therefore the invariant can be expressed as an integral over sml Hiaphp:
where H,), 4 is a projective bundle over Pic,, 4(S) via the Abel-Jacobi map. Pushing
forward along the Abel-Jacobi map, the invariant can be expressed as an integral over
St x Picy , 4(S).

4.4 Atiyah-Bott localization

In Corollary 3.9 and Remark 3.10, we gave examples of (S,L;, L,) for which the assump-
tions of Theorem 4.4 are satisfied. In all of these cases, S is a toric surface. As a
consequence, X = Totg(L; ® L,) is also toric, so in principle one could calculate the
invariant P, 4([pt]) using the vertex formalism for stable pair invariants on toric Calabi-
Yau 4-folds developed in [9, 10]. In loc. cit. it is assumed that the fixed locus P, (X, ﬂ)((c*)4
is at most O-dimensional; this is the case for all local Calabi-Yau 4-folds surfaces.
However, the number of (C*)*-fixed points is typically very large. For instance, for
(S,Ly,L,) = (P! x P!,0(-1,-1),0(~1,-1)), (d,,d,) = (2,4), and n = 0, we have 182

fixed points, whereas Theorem 4.4 only involves an integral over S x P14,
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The calculation of intersection numbers on Hilbert schemes of points on toric
surfaces is a classical subject (see e.g., [21]). Let S be a smooth projective toric surface
with torus T = (C*)2. The action of T on S lifts to an action of T on S™ for any m. Let P

be a polynomial expression in Chern classes of
RI(L) ® O —RHom_(Z,ZK L), L™, (4.16)

for various choices of T-equivariant line bundles £ on S and where 7 : S x SI™ — s
denotes the projection. Note that this includes Chern classes of the tangent bundle,
which can be expressed as —RHom,, (Z, ), (since Exti(I,,I,), = 0 for Z € "™ and i # 1).
Suppose also that the degree of P, as a class in the Chow ring A*(S"), equals dim SI™! =
2m. By the Atiyah-Bott localization formula [1], we have

/ / P|(S[m])T
[m] (S[m])T e(N(S[m])T/S[m])

where e(-) denotes the T-equivariant Euler class and Ngimi)r gim is the normal bundle of
the fixed point locus (S[m])T c Sml| Furthermore, in this formula, one has to choose a
T-equivariant lift of P. More precisely, one can choose a T-equivariant structure on all
(complexes of) sheaves appearing in P and replace all Chern classes appearing in P by
T-equivariant Chern classes.

The fixed point locus consists of isolated reduced points, which can be described

combinatorially. Consider a cover by maximal T-invariant affine open subsets:

{U, = SpecClx,, yg]}e(s)

Then the fixed locus (ST precisely consists of the closed subschemes of S defined by

collections of monomial ideals
{1, < Cix,, y,1}5%)

of total colength m. The monomial ideals of finite colength in Clx, y] are in bijective

correspondence with partitions. Explicitly, A = (A; > --- > &,) corresponds to the ideal

(YMIXYAzI”  xtlpe X)
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where £(1) = ¢ is the length of A. Hence we can index the points of the fixed locus (StmhT

by collections of partitions
{A(U)}e(s)

of total size

e(S) e(S) L(A)

2 N=3 3 M=

o=1 i=1
Denote the closed subscheme corresponding to A by Z,.
In order to calculate integrals such as the one in Theorem 4.4 by Atiyah-Bott

localization, we need to consider Chern classes of

M), =H(Ll,) € K§ (pt) = ZIty ', 1511, .

(RM(£) ® O~ RHom, (T, T L))| = RI(Lly,) ~ RHomg(ly, I, ® £) € K§ (pV),
A

where t,, t, are the equivariant parameters of T.

Suppose Z, is a 0-dimensional T-equivariant subscheme supported entirely on
a maximal T-invariant affine open subset U, and set A := A(°). Suppose we choose
coordinates such that U, = Spec Clx, y] and the torus action (on coordinate functions) is
given by (¢,t,)-(x,y) = (t,x, t,y). Denote the character corresponding to L|;; by x (¢, t5).
Then

HO(Llp) = x(ty,ty) - Z,,

L) A (4.18)

where Z, := ZZt‘fltJ;I.

i=1 j=1
Now suppose W, is a 2nd 0-dimensional T-equivariant subscheme supported entirely
on U, and write u := 1@, The following formula can be deduced from a well-known

calculation using Cech cohomology (e.g., see [23, Proposition 4.1]):

(1 —t)(1 —ty)
RHomg(Oy,, Oz ® L) = x(ty,1,) WZZAI—tz e Kl (pt),

ity
L) g (4.19)

where W, := ZZt‘i—ltJ;I.

i=1 j=1

Here (-)* is the involution defined by dualizing.
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For arbitrary Z,, the K-group classes of (4.17) can be determined from (4.18) and
(4.19) by using the following equalities in K-theory
e(S)

OZA = Z OZ)\(H)'
o=1

IOZA == OS - OZ}J

where Z, ) denotes the 0-dimensional closed subscheme supported on U, determined
by A1),

Consider Theorem 4.4 for the examples of (S,L;, L,) listed in Proposition 3.9 and
Remark 3.10. In each case, we calculated the invariant P, 4([pt]) by first integrating out
the linear system PX(®~1 This amounts to expanding the integrand in powers of h =
¢,(O(1)) and taking the coefficient of h*¥~1, This gives a polynomial expression P in
Chern classes of complexes of the form (4.16). The integral fs[ml P is then calculated by
Atiyah-Bott localization as described. The resulting stable pair invariants are tabulated
in Appendix A.

With the numbers of Appendix A, we are able to do various new checks of
the Cao—Maulik-Toda conjectures (Conjectures 1.1 and 1.2). Combining our tables in
Appendix A with the tables for ng 4(Iptl), n; 4 in [26, Section 3] gives Corollary 1.6 of
the introduction.

Bousseau-Brini-van Garrel [4] determined all the genus zero Gromov-Witten
(and therefore Gopakumar-Vafa type) invariants of X = Totg(L; @ L,) with (S,L;,L,) as
in Remark 3.10 (as well as for other cases). Note that the method of Bousseau-Brini-van
Garrel does not produce genus one Gopakumar—Vafa type invariants, so we can only do
verifications of Conjecture 1.1 in these cases. Combining the tables in Appendix A with
the values for genus zero Gopakumar—Vafa type invariants provided to us by Bousseau—
Brini-van Garrel gives Corollary 1.8 of the introduction.

Recall that for (S,L;,L,) with L; ® L, = Kg, Ll_l, Lz_1 non-trivial and nef, and
S minimal and toric, we classified all values of n > 0 for which P,(S,8) = P,(X, B),
and P, (S, B) # @ (Remark 3.10). In these cases we therefore calculated all stable pair
invariants P, 8 ([pt)).
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A Tables

A.1 Local surfaces

In this section, we list the stable pair invariants Pn,ﬂ([pt]) of X = Totg(L, ® L,) for the
cases mentioned in Proposition 3.9 and Remark 3.10, and for a few additional cases. We

use the following conventions and notation:

e Pyo:=1andP,(pt]) =0foralln > 0.

e Entries decorated with » were defined by a virtual localization formula on
the fixed locus and have been calculated using the vertex formalism as
discussed in [9, 10]. In these cases P,(X,B) \ P,(S,B) # <. See Remark A.2
for a comparison to the globally defined invariants. All other entries have
been computed using Theorem 4.4.

e Zeroes decorated with  have non-empty underlying moduli space P, (X, B).

In this sense, they are “non-trivial” zeroes.

For (S,Ly,L,) = (P?, O(—1), O(-2)), we calculated the following values for Po.g = Py aim
and P, 4([pt]) := P, 4 ([ptD) (for n > 0).
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P, (pth =0", Vn>2.

1 1 —
For (S'LI'LZ) = (P x P ,(9(—1,—1),(9(—1,—1)) and PO,(d],dz) = PO,d][H1]+d2[H2] and
Py, (dy.,do) ((PtD == Py g 151,14 d, 1,1 ([(PED (for n > 0), where H,, H, are defined in Example 1.4,
we have
PO,(dlde) 0 1 2 3 4 Pl,(dl,dz)([pt]) 0 1 2 3 4
0 1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 1 1 1 1 1
2 0 0 1 2 5 2 0 1 2 5
3 0 0 2 10 3 0 1 5
4 0 0 5 4 0 1
P2,(d1’d2) ([pt]) 0 1 2 3 4 P3,(d1'd2)([pt]) 0 1 2 3 4
0 0 of 1 0 0 0 0 of o~ 1 0
1 of 2 2 2 1 of of 3*
2 1 2 5 2 oxt  3*
3 0 2 3 1
4 0 2 4 0

Py1,a)=Poa1 =0 Vd=0
P, aapth =P, 4, (pth=1, Vd>0
Py 1. (pth =P, 41, (pth =2, ¥d >1
Py 0.0y [Pt) = Py (g0 (IPt) =8, g, YO<n < d
Py q,1)(pth = o', vn>3,

Py 01 ([pth =Py, 1 0)([pth =07, ¥V n > 2.
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For (S,Ly,L,) = (P! x P}, O(~1,0),0(-1,-2)), we have the following:

Po22 =1 Pos =2 Pora =5 Poaz =2
Py 2.2 (pth =2, Py (53 (Ipt]) =5,

P gy(pth =P g g(pth=1, Vd>1

P, 1,apth =2, vd=>2,

Py, 0,1)(pth = 0, vn>2

P, onmpth =1, Vn=>1.

Recall the notation for Hirzebruch surfaces from the introduction. Consider (S,L,,L,) =
(F,0(-1,-1),0(-1,-2)). We write Py g4, 4,0 ‘= Podplid,m and, for n > 0,
Py, dy.dn(P) == P, 4 B+d,m([PtD). In the tables below, the rows are for d; and the

columns for d,.

Podydy O 1 2 3 4 5 6 7 Pigaylpth 0 1 2 3 4 5 6 7
0 1 0 0 0 0 0 0 O 0 0 1 0 0 0 0 0 0
1 0 0 0 0O 0 0O 1 -1 -1 -1 -1 -1 -1 -1
2 0 0 0 1 2 5 2 0 O 1 2 5
3 0 0 0 -1 3 0 O 0

Pl,(l,d)([pt]) =-1, vd>1

P3 (0,2 ([pt]) = o~
P, o(pth =07, ¥n>2

Remark A.1. Denoting the exceptional curve of F, by B, we have Ny y = O(-1) &
O & O(—1), which has sections in the direction of L;. Therefore P, (X, [B]) is non-proper,
which explains the gap in the table for P, ; o ([pt)).

For (S,L;,L,) = (F;, 00, —1), O(—2, —2)), we have
For (S,L;,L,) = (F,, O(—1,-2), O(—1,—2)), we have
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Po,(d;,d») 0 1 2 3 4 P1.(d, dy) (Pt 0 1 2 3 4
0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 -1 -1 -1 -1
2 0 0 0 1 2 2 0 0 1 2

3 0 0 0 -1 3 0 0 0

Po(dydy O 1 2 3 4 5 6 7 Pugaylpth 0 1 2 3 4 5 6 7
0 1 o 0O O O o o o 0 0 1 0O 0O O O o0 o
1 0 0 0 0 0 0 0 0 1 L1 11111
2 0O 0O O o 1 2 b5 ) 0 0 0 1 2 5
Plagagpth=1, vd>1
Py qapth=2, vd=>2
P, on(pth =0, ¥n>2
P,om(pth=1, Vn>1.
A.2 Local P3
Consider X = Totps(Kps). Let Py 4 = Py gy and P, 4(4]) = P, 4[] (for n > 0),

where [¢] € HZ(IP’3,Z) = H,(X,Z) denotes the class of a line ¢ C P3 and we also
write [(] € H*(X,Z) for the pull-back of its Poincaré dual from P3 to X. Obviously,
X = Totps(Kps) is not a local surface so Theorem 4.4 does not apply. All stable pair
invariants in this section have been calculated using the vertex formalism of [9, 10] (this
is stressed by decorating the invariants with ). We determined the following values of
Py 4 and P, 4([€]).

P, () =0, Vn>2.
Remark A.2. For X = Totps(Kps) and all the cases in this table, we have Pn(IP’?’,ﬂ) =

P,(X,p). This can be deduced from a filtration argument similar to Proposition 3.9

combined with the fact that all degree 2 Cohen-Macaulay curves C on P? satisfy
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d\n 0 1 2 3 4
1 0* —20* ot oxt o~t
2 0* —820%  400*

3 11200* —68060*

x(Oc) = 1 (see also [16, p. 20]). Therefore, the reasoning of Proposition 4.2 yields

[Pn(X, ﬁ)]vir — (_1)/5.01(]P’3)+n . [Pn(PB,,B) vir (A.l)

pair’

where [P, (P2, ﬁ)]‘};f,fir is the virtual class of the pair perfect obstruction theory (4.9) on P3
(see also [14, Lemma 3.1] in a similar setting). The sign in this formula is a preferred
choice of orientation on P, (X, 8) as for (1.5). Now we are in the world of “ordinary”
perfect obstruction theories and the torus action on P° can be used to apply the Graber—
Pandharipande virtual localization formula [24] to the right hand side of (A.1). Similar
to the argument for [9, Theorem A.1], it then follows that the invariants in this table
(defined by localization on the fixed locus [9, 10]) are equal to the global invariants (4.5).
This reasoning also works for the local surface case (S,L;,L,) = (P2, 0(-1), 0(-2)),
d = 2, n = 3, because then all stable pairs are scheme theoretically supported in the
three-fold ¥ = Totg(L,).
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