
R E S E A R CH A R T I C L E

Effects of sediment grain size and channel slope on the
stability of river bifurcations

Arya P. Iwantoro | Maarten van der Vegt | Maarten G. Kleinhans

Department of Physical Geography, Faculty of

Geosciences, Utrecht University, Utrecht, TC,

The Netherlands

Correspondence

Arya P. Iwantoro, Department of Physical

Geography, Faculty of Geosciences, Utrecht

University, Utrecht, 3508 TC, The

Netherlands.

Email: a.p.iwantoro@uu.nl

Funding information

Indonesia Endowment Fund for Education

(LPDP), Grant/Award Number:

20161222029838

Abstract

Channel bifurcations can be found in river network systems from high gradient

gravel-bed rivers to fine-grained low gradient deltas. In these systems, bifurcations

often evolve asymmetrically such that one downstream channel silts up and the

other deepens and, in most cases, they eventually avulse. Past analytical and numeri-

cal studies showed that symmetric bifurcations are unstable in high and low Shields

stress conditions resulting in asymmetric bifurcations and avulsion, while they can be

stable in the mid-Shields range, but this range is smaller for larger width-to-depth

ratio. Here, using a one-dimensional (1D) numerical model, we show that effects of

sediment grain size and of channel slope are much larger than expected for low-

gradient systems when a sediment transport relation is used that separates between

bedload and suspended load transport. We found that the range of Shields stress

conditions with unstable symmetric bifurcations expanded for lower channel slopes

and for finer sediment. In high sediment mobility, suspended load increasingly domi-

nates the sediment transport, which increases the sediment transport nonlinearity

and lowers the relative influence of the stabilizing transverse bedslope-driven flux.

Contrary to previous works, we found another stable symmetric solution in high

Shields stress, but this only occurs in the systems with small width-to-depth ratio.

This indicates that suspended load-dominated bifurcations of lowland rivers are more

likely to develop into highly asymmetric channels than previously thought. This

explains the tendency of channel avulsion observed in many systems.
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1 | INTRODUCTION

Various types of channel networks can be found in fluvio-deltaic envi-

ronments, from tributary channel networks and braided rivers in the

upstream to anastomosing rivers and river deltas in the downstream

part (Kleinhans et al., 2013). Bifurcations are the locations in the chan-

nel network where a channel upstream splits into two downstream

channels. At the bifurcations, river flow and sediment transport divide

and control the morphodynamic evolution of the downstream

channels (Wang et al., 1995). The sediment division processes

are determined by many factors, such as a meandering

upstream channel (Kleinhans et al., 2008), downstream sediment sinks

(Salter et al., 2017), width-to-depth ratio of the upstream channel

(Bolla Pittaluga et al., 2015; Redolfi et al., 2019), and changing flow

magnitude and direction induced by rivers and tides in tide-influenced

deltas (Iwantoro et al., 2020). These factors determine whether the

sediment transport division will increase the asymmetry of bifurca-

tions and at high asymmetry, effectively lead to avulsion whereby one

channel is abandoned.

Asymmetric bifurcations occur when bifurcations are unstable for

symmetric conditions and any bed perturbation will result in

aggradation in one downstream channel and erosion in the other.

If the aggradation in the dwindling channel is sufficient for

vegetation settling and floodplain formation processes to commence
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(Kleinhans et al., 2011; Smith et al., 1989), one downstream channel

has been abandoned and an avulsion has occurred. Avulsions are

common in various types of river networks such as in gravel-braided

rivers (e.g., Burge, 2006; Lane et al., 2003), alluvial fans

(e.g., Assine, 2005; North & Warwick, 2007) and lowland rivers

(e.g., Hoyal & Sheets, 2009; Jones & Harper, 1998; Stouthamer &

Berendsen, 2001). Bifurcations also occur in cases of flow diversion

from a meandering channel into a chute cutoff, in braided rivers

(Ashmore, 1982; Leddy et al., 1993) and in enlarging crevasses in

anastomosing rivers and river deltas (Aslan et al., 2005; Smith

et al., 1989). As such, high asymmetry of a bifurcation is a necessary

condition for avulsion.

Efforts to understand the morphodynamic evolution of bifurca-

tions have mainly been conducted using idealized mathematical

models. Wang et al. (1995) introduced a nodal point relation to com-

pute the sediment transport division at the bifurcation using a one-

dimensional (1D) numerical model. They proposed that the asymmetry

of bifurcations depends on the river discharge ratio to the power of a

calibrated parameter k. Any depth asymmetry will decay in time

resulting in a symmetric bifurcation when k > n/3 and will increase in

time for k < n/3, where n is the velocity power in the sediment trans-

port relation. While this work illuminated the importance of the sedi-

ment transport nonlinearly, it has some limitations. First, the stability

of symmetric bifurcations depends on a non-physical calibrated

parameter. Second, the estimated value of the calibrated parameter

can be considerably different for different field and scale model condi-

tions (Kleinhans et al., 2013).

Bolla Pittaluga et al. (2003) proposed an alternative nodal point

relation. Their approach was designed for bifurcations in gravel

braided rivers that have bedload dominated sediment transport. In

their nodal point relation, they considered a transverse sediment

transport at the bifurcation driven (1) by transverse river flow induced

by unequal discharge division between the downstream channels and

(2) by transverse bedslope effect (adopting the approach by Ikeda

et al. (1981)). They showed that a symmetric bifurcation is unstable in

low sediment mobility (low Shields number) and the Shields number

range of unstable condition is wider for a larger width-to-depth ratio.

Their results have been experimentally tested by Bertoldi and

Tubino (2007) and developed further by including, for instance, evolv-

ing river banks (Kleinhans et al., 2011; Miori et al., 2006), the effect of

meandering upstream channel (Kleinhans et al., 2008), and the effect

of helical flow for offtake channel (Van der Mark &

Mosselman, 2013).

Some studies have addressed the morphodynamic evolution of

bifurcations in suspended load dominated rivers. Using a one-

dimensional (1D) numerical model, Slingerland and Smith (1998) inves-

tigated the stability condition of crevasses to keep open and found

that it depends on sand grain size, and the difference of channel slope

ratio and depth between crevasse and the main channel. Edmonds

and Slingerland (2008) studied the stability of bifurcations for high

sediment mobility conditions where the suspended load dominates

the sediment transport. They suggested that in high sediment mobility

symmetric bifurcations are unstable. Therefore, any perturbation in

the downstream channels will cause the system to develop an asym-

metric morphology.

Bolla Pittaluga et al. (2015) proposed a general theory to predict

stability of symmetric bifurcations for gravel and sand bed rivers

(range of bedload to suspended load dominated conditions). They

extended the nodal point relationship by Bolla Pittaluga et al. (2003)

to suspended load and bedload transport conditions and found that

symmetric bifurcations are unstable in high sediment mobility for sand

bed rivers and for low sediment mobility for gravel bed rivers. Sym-

metric bifurcations can only be stable for intermediate sediment

mobility. This range of sediment mobility for stable symmetric condi-

tion is narrower for rivers with higher width-to-depth ratio. Redolfi

et al. (2019) further investigated the effect of width-to-depth ratio of

upstream channel on the stability of bifurcations for sand and gravel

bed rivers.

Generally, the stability of symmetric bifurcations depends on the

ratio of sediment supply from the upstream channel and the sediment

transport capacity in the downstream channels. When the morphol-

ogy of the two downstream channels is asymmetric due to a small

depth disturbance in one of the channels, a larger river discharge is

conveyed into the deep channel than in the shallow channel. Due to

this asymmetrical discharge division, the sediment transport capacity

in the deep channel increases relatively fast due to the nonlinearity of

sediment transport, while it decreases quickly in the shallow channel.

However, because the sediment supply from upstream channel is also

constant, this results in a lack of sediment supply to the deep channel

but an over capacity to the shallow one. As a result, erosion occurs in

the deep channel while the shallow channel has deposition, which

increases the morphological asymmetry between the downstream

channels and thereby results in unstable bifurcations. However,

according to Bolla Pittaluga et al. (2003) there is a transverse sediment

transport at the bifurcation induced by the transverse flow and trans-

verse bedslope effect by which sediment is transported transversely,

upstream of the bifurcation, from the side of shallow channel to the

side of deep channel. This transverse sediment transport increases

the sediment flux asymmetry between downstream channels and

might be sufficient to change the system from unstable to stable. The

stable symmetric bifurcations occur in the conditions when the combi-

nation of transverse sediment transport and the flow division driven

asymmetry of sediment flux provides a sufficiently large sediment

supply difference to exceed the difference of the sediment transport

capacity between downstream channels.

Despite our understanding about the basic mechanisms that

determines the stability of bifurcations, the dependence of the bifur-

cation stability on the mode of sediment transport raises new ques-

tions on how sensitive these mechanisms are to sediment grain size

and to channel slope. Previous theoretical studies mainly focused on

river settings with steep channel slope and coarse sediment

(e.g., Bertoldi & Tubino, 2007; Bolla Pittaluga et al., 2003; Van der

Mark & Mosselman, 2013). Though Edmonds and Slingerland (2008)

studied the stability for high sediment mobility using a series of fine

sand and cohesive sediment, it is unclear how channel slope affects

the results. Ashworth et al. (2004) found in their experiments that the

gentlest channel slope and thereby smallest flow resulted in highest

occurrence of avulsion, suggesting that the effects of grain size and

channel slope need more attention. Model results probably depend on

the type of sediment transport predictor that is used. In a total load

formula like Engelund–Hansen (Engelund & Hansen, 1967) (hereafter

EH), no differentiation is made between bedload and suspended load.

The total transport only depends on the Shields number and Shields

number depends on flow velocity and the sediment grain size. In
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sediment transport predictors that differentiate between bedload and

suspended load transport (e.g., van Rijn [1984a, 1984b], van

Rijn [1993]), the ratio of the two not only depends on the Shields

stress but also on the grain size and channel slope. Hence, for

the same Shields stress but different grain size and channel slope the

ratio of bedload and suspended load will be different. This is

further illustrated in Figure 1. For the same range of Shields stress,

the systems with finer sediment result in a more suspended load

dominated condition. Regarding the channel slope, the more

suspended dominated condition occurs for the systems with lower

channel slope.

Physically, the grain size and channel slope affect the relative

quantity of suspended load and bedload, which then could affect the

sediment division. If bedload transport dominates, transverse

bedslope effect would have a significant contribution to the total

transverse sediment transport. However, its contribution would be

less significant if the system has a more dominant suspended load

transport because it is not affected by the transverse bedslope effect.

This remains untested as Bolla Pittaluga et al. (2015) used a fixed grain

size for both sand and gravel rivers to investigate the stability of bifur-

cations. In their results, stability of bifurcations is only affected by

grain size through the Chézy friction parameter. Therefore, we aim to

study the effect of grain size and channel slope on the morphological

stability of river bifurcations in the range of sand and gravel bed. To

address this objective, a 1D model was developed to study the sensi-

tivity of symmetric bifurcations to bed perturbations. In this study, we

applied the sediment transport equations by van Rijn (1984a, 1984b)

that separate the contribution of suspended load and bedload trans-

port in the total sediment transport. Moreover, the contribution of

those transports to the transverse sediment transport and therefore

sediment division at bifurcations was also separated. This allowed us

to investigate the effect of different channel slopes and sediment

grain sizes to the ratio of bedload over suspended load and therefore

stability of bifurcations. Finally, the sensitivity of results to channel

slope and sediment grain size was studied in different sets of

simulations.

The model description and model set-up are described in Sec-

tion 2, followed by the results in Section 3. The physical mechanism

behind the results and how this study contributes to the findings of

the previous studies are discussed in Section 4. Finally, the conclu-

sions are provided in Section 5.

2 | METHODOLOGY

2.1 | Model description

A bifurcating channel was studied using a 1D numerical model. Three

channels connected at the bifurcation, where the upstream channel

split in two downstream channels, as illustrated in Figure 2. The 1D

model computed the hydrodynamics in each channel by numerically

solving the Saint–Venant equations:

w
∂z
∂t

þ∂Q
∂x

¼0 ð1Þ

∂Q
∂t

þ ∂

∂x
Q2

A

 !
þgA

∂z
∂x

þjQ jQPg

C2A2
¼0: ð2Þ

Here, x and t are the spatial and temporal axes, z and Q are the

water level and discharge, w is the channel width, g is the gravitational

acceleration and C is Chézy coefficient as the roughness term calcu-

lated as follows

C¼18log10 12h=ξð Þ ð3Þ

where ξ is the Nikuradse roughness length related to the bedforms

and h is water depth determined as

h¼ z�η ð4Þ

in which η is the bed level. Meanwhile, A and P are the cross-sectional

area and wetted perimeter of the channel. We assume that the chan-

nels have a rectangular cross-section where A=wh and P=w+2h.

In the model, two types of boundary nodes exist, namely open

and junction boundary. Open boundaries are located at the upstream

end of the upstream channel (upstream boundary in Figure 2) and at

the downstream end of the downstream channels (downstream

boundary in Figure 2). The junction boundary is shared by the three

channels at the bifurcation, also known as nodal point. At upstream

boundary, an equilibrium discharge condition was applied

Q1 ¼w1Ch1
ffiffiffiffiffiffiffiffiffiffiffiffi
gh1S1

p
ð5Þ

F I GU R E 1 Ratio of bedload over
suspended load transport for (a) different
grain size and (b) different channel slope as
a function of Shields stress in an undivided
channel (upstream of a bifurcation). The
sediment transport is computed using
sediment transport equation by van
Rijn (1984a, 1984b) [Color figure can be
viewed at wileyonlinelibrary.com]
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where the subscripted note indicates the channel identity as in

Figure 2 and S is channel slope (in m m�1). At the downstream bound-

aries, since we neglected the presence of tides, a constant water level

was prescribed. At the nodal point, to satisfy the conservation of

mass, the discharge condition at the junction is

Q1 ¼Q2þQ3: ð6Þ

Meanwhile, the water level condition is

z1 ¼ z2 ¼ z3: ð7Þ

The subscripted number in Equations 5–7 indicates the channel

identity.

The sediment transport in the channels for the default setting

was computed using van Rijn (1984a, 1984b) (hereafter vRijn), while

the EH relation (Engelund & Hansen, 1967) was used to compare the

model results with Bolla Pittaluga et al. (2015). The advantage of using

vRijn equation is that it can compute the bedload (van Rijn, 1984a)

and suspended load (van Rijn, 1984b) separately (see Appendix A for

details). This is not possible in EH (see Appendix A for details on sedi-

ment transport). For the sediment division at the nodal point we

adopted the approach of Bolla Pittaluga et al. (2003) and Bolla

Pittaluga et al. (2015) that includes transverse sediment transport at

bifurcation in determining the distribution of sediment to downstream

channels. At the nodal point, the conservation of sediment mass takes

the following form

Qs,1 ¼Qs,2þQs,3: ð8Þ

According to Bolla Pittaluga et al. (2003), the sediment that enters

the downstream channels comes from the along-channel and trans-

verse sediment transport at the junction (Figure 2). The transverse

sediment transport occurs due to the transverse flow driven by

asymmetric flow division and by the transverse bedslope effect driven

by asymmetric bed levels across the channel at the bifurcation. This

transverse sediment exchange effectively takes place over a distance

αb1 upstream from the bifurcation point, where constant α takes a

typical value between 2 and 3 (Bolla Pittaluga et al., 2003). Unlike the

approach of Bolla Pittaluga et al. (2003) and Bolla Pittaluga

et al. (2015), here the contribution of bedload and suspended load for

the transverse sediment transport is separated because suspended

sediment transport is not affected by transverse bedslope effect. The

separation between those transport modes is as follows

Qs,y ¼Qbedl,yþQsusp,y ð9Þ

where Qs,y, Qbedl,y and Qsusp,y are the total, bedload part and

suspended load part of the transverse sediment transport. Qbedl,y

and Qsusp,y are expressed by

Qbedl,y ¼Qbedl,1
Qyh1

Q1αh123
� rffiffiffiffi

ϑ0
p ∂η

∂y

� �
ð10Þ

Qsusp,y ¼Qsusp,1
Qyh1

Q1αh123

� �
ð11Þ

The first and the second term in the right-hand side of

Equation 10 account for the transverse sediment transport driven by

transverse flow and the transverse bedslope, respectively, while trans-

verse suspended load transport only has a transverse flow driven

component. When EH sediment transport is used, the nodal point

relationship becomes

Qs,y ¼Qs,1
Qyh1

Q1αh123
� rffiffiffi

ϑ
p ∂η

∂y

� �
: ð12Þ

In Equation 10–12, Qy is the transverse water discharge calculated as

F I G U R E 2 One-dimensional model
discretization for bifurcation and sediment
division scheme at the bifurcation point
(inside the black box)
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Qy ¼
1
2

Q2�Q3�Q1
w2�w3

w2þw3

� �
, ð13Þ

where h123 is the average depth at the nodal point, expressed by

h123 ¼w1h1þw2h2þw3h3
w1þw2þw3

: ð14Þ

The constant r in Equations 10 and 12 is a calibration parameter

for transverse bedslope effect (Ikeda et al., 1981; Schuurman

et al., 2013; Talmon et al., 1995). Baar et al. (2018) experimentally

determined the value of r to be in the range of 0.2 to 1.5

depending on mobility and bedform characteristics. Moreover,

unlike the previous works (e.g., Bolla Pittaluga et al., 2015;

Kleinhans et al., 2008; Talmon et al., 1995) grain-related Shields stress

(ϑ`) is applied to calculate the sediment mobility in the transverse

bedslope effect term instead of total Shields stress that has

been shown to be more represented to determine the transverse

bedslope effect by Baar et al. (2018). Grain-related Shields stress is

calculated as

ϑ`¼ μϑ, ð15Þ

where μ is efficiency factor (van Rijn, 2007) defined as μ= (C/C0)2

where C0 is grain-related Chézy coefficient given by

C0 ¼18log10 12h=2:5D50ð Þ ð16Þ

and ϑ is total Shields stress as follows

ϑ¼ Q1=A1ð Þ2
ρs
ρw
�1

� �
C2D50

: ð17Þ

where ρs and ρw are the density of sediment and water, respectively,

and D50 is the median grain size of sediment. However, for EH,

the sediment mobility term in transverse bedslope effect still

applied the total Shields stress (Equation 12) because EH computes

the total transport that is related to bedforms. Lastly ∂η/∂y in

Equations 10 and 12 is the transverse bedslope at the bifurcation cal-

culated as

∂η

∂y
¼ η2�η3

0:5w1
: ð18Þ

As a result, due to the presence of this transverse sediment trans-

port, Qs,2 in Equation 8 becomes

Qs,2 ¼
w2

w2þw3
Qs,1þQs,y ð19Þ

and therefore Qs,3 is expressed by

Qs,3 ¼Qs,1�Qs,2: ð20Þ

Finally, the morphological change was computed using the sedi-

ment continuity equation (Exner equation),

w 1�pð Þ∂η
∂t

þ∂Qs

∂x
¼0, ð21Þ

in which p is the sediment porosity and Qs is the total sediment trans-

port (in m3 s�1) obtained from the summation of bedload and

suspended load transport (hereafter Qbedl and Qsusp, respectively).

Meanwhile, two assumptions were made regarding the channel

banks. First, fixed channel banks are defined. Although evolving chan-

nel banks also affect the stability of bifurcations (Kleinhans

et al., 2011; Miori et al., 2006), we neglect this effect to keep the anal-

ysis as simple as possible. This assumption is reasonable because the

adjustment of the hydraulic geometry to the hydrodynamic condition

can still be accommodated by the morphodynamic changes of the riv-

erbed. Second, the width of the downstream channels is half the value

of the upstream channel. In nature, the summed width of downstream

channels tends to be larger than the upstream width (see van den

Berg [1995] for channel width and discharge relation). However, when

applying such a condition the morphodynamic equilibrium would devi-

ate from a linearly sloping bed (backwater effects expected) and we

therefore chose to not take this into account. Using a wider down-

stream channel will increase the range of unstable conditions, but this

effect is insignificant and can also be achieved by reducing the trans-

verse bedslope effect.

2.2 | Numerical methods

The mass and momentum balance in Equations 1 and 2 were solved

using an implicit Preissmann scheme (see Cunge et al., 1980 for

details). The advantage of this scheme is that it is unconditionally sta-

ble and allows for the computation of discharge and water level at the

same node. Thus, the time step can be chosen freely to give sufficient

accuracy or reduce the computational cost.

The Exner equation in Equation 21 is solved in each channel using

a modified FTCS (forward in time, central in space) scheme that solves

the equation explicitly as follows

1�pð Þwi

ƞjþ2
i �ƞjþ1

i

� �
Δ tj

0
@

1
A

þ
1�Φð Þ Qs

jþ1
iþ1�Qs

jþ1
i

� �
þ 1þΦð Þ Qs

jþ1
i �Qs

jþ1
i�1

� �
2Δ xi

¼0 ð22Þ

where i and j are notations representing the node number in space

and time, respectively, Φ is weighing factor for space derivatives that

ranges between 0.5 and 1. The value of 1 may result in numerical

oscillation. In this application we applied the value of 0.55.

Regarding the morphological change at the boundaries, a second-

order upwind scheme was applied to solve the Exner equation:

1�pð Þwi

ƞjþ2
i �ƞjþ1

i

� �
Δ tj

0
@

1
Aþ�Qs

jþ1
iþ2þ4Qs

jþ1
iþ1�3Qs

jþ1
i

2Δ xi
¼0 ð23Þ

Meanwhile, at the downstream boundaries, the following equation

was solved
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1�pð Þwi

ƞjþ2
i �ƞjþ1

i

� �
Δ tj

0
@

1
AþQs

jþ1
iþ2�4Qs

jþ1
iþ1þ3Qs

jþ1
i

2Δ xi
¼0 ð24Þ

Since we imposed an equilibrium discharge at the upstream boundary

(Equation 5) the morphological change at the upstream boundary is

small.

Since morphological change is a slow process that requires a

duration in centennial or even millennial timescale, the sediment

transport Qs is multiplied by a factor Morfac (morphological accelera-

tion factor) to accelerate the morphological process. This allows the

model to simulate the morphological change in much shorter time-

scale than in the actual duration and thereby reduce the computa-

tional cost. Morfac was also applied and tested in Delft3D (see Lesser

et al., 2004). Furthermore, since the scheme is explicit, the numerical

scheme is conditionally stable. The application of Morfac affects the

stability condition because it increases the quantity of simulated sedi-

ment transport. After the sensitivity test, the condition for numerical

stability of the model was found to be.

Morfac
Qs

A
Δ t
Δ x

≤1: ð25Þ

We chose the largest Morfac value for which the morphology had

similar development as for value of 1 and numerical stability was satis-

fied. For high Shields stress condition, the Morfac value ranges

between 18 and 100 while for low Shields stress condition it ranges

between 1000–4000 depending on the timescale required to the

morphological equilibrium. The high value for low Shields stress condi-

tion is still a reasonable range for river systems with uni-directional

flow (see Ranasinghe et al., 2011).

2.3 | Set-up of simulations and determining
bifurcation asymmetry

Simulations started with a symmetric condition, with equilibrium

bedslope (changes between simulations) and water depth (10 m). To

investigate whether this equilibrium condition is stable it was

perturbed. We prescribed a depth difference between the down-

stream channels (which had a length of 1 km), where one downstream

channel was slightly deepened (1 cm) and the other was shallowed

(1 cm). We simulated the morphological evolution until the system

reaches equilibrium again. The discharge asymmetry between down-

stream channels was calculated using the following equation

ΨQ ¼Q2�Q3

Q2þQ3
: ð26Þ

When the final ΨQ equals to zero, both downstream channels

have the same discharge, meaning that the perturbed bifurcation has

returned to the initial condition and the symmetric bifurcation is sta-

ble. When the final ΨQ is unequal to zero, discharge in one of the

channels is larger than the other, and a new asymmetric equilibrium is

found. It means that the symmetric bifurcation is unstable. For the

unstable symmetric bifurcations, complete avulsions are indicated by

ΨQ equals to one (Bolla Pittaluga et al., 2015; Wang et al., 1995),

while approaching unity also indicates avulsion as floodplain pro-

cesses can take over (Kleinhans et al., 2012).

Using this method, the effect of grain size and channel slope on

the stability and asymmetry of bifurcations was investigated. To

ensure that our model settings are in a reasonable range, we first

studied the variation of grain size and channel slope based on the

dataset from 132 rivers worldwide collected by Kleinhans and van

den Berg (2011) (Figure 3a). Three typical grain sizes for sand and

gravel were chosen to represent the stability of bifurcations with fine,

medium, and coarse sediment. Each grain size was run for different

Shields stress conditions by varying channel slope and thereby river

flow. The grain size values, and the range of channel slopes are shown

in Table 1. Furthermore, to isolate the effect of channel slope, four

typical channel slopes were used, and subsequently Shields stress was

changed by varying the grain size (see Table 1). Both sets of simula-

tion were repeated for a width-to-depth (w/h) ratio of 10 and 30 for

the upstream channel. To keep the flow condition the same for both

values of w/h, only the width of the channel was changed.

We kept all other parameters constant. For the roughness, we

used a Chézy coefficient of 40 m1/2 s�1. Thus, the roughness length ξ

in Equation 3 is 0.0656h. According to the dataset from Kleinhans and

van den Berg (2011), only a weak relation between Chézy, sediment

grain size and channel slope is present and the entire range of channel

F I GU R E 3 Scatter plot and fit between (a) sediment grain size
and channel slope, (b) Chézy coefficient and sediment grain size, and
(c) Chézy coefficient and channel slope based on dataset from
132 rivers worldwide from Kleinhans and van den Berg (2011)
overlaid by the model settings in Table 1 and Chézy coefficient [Color
figure can be viewed at wileyonlinelibrary.com]
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slope and sediment grain size considered in this study shows a similar

Chézy value (Figure 3b,c). Furthermore, for the other parameters, we

used the value of 3 for α (in Equations 10, 11 and 12) and 0.5 for

r (in Equations 10 and 12), respectively.

3 | RESULTS

3.1 | Comparison of model results with nature and
Bolla Pittaluga et al. (2015)

To compare 1D model results with nature, we simulated the morpho-

logical development of bifurcations with the settings observed in

Columbia River (Kleinhans et al., 2012) and Cumberland Marshes, Sas-

katchewan River, Canada (Bolla Pittaluga et al., 2015). The results

show that the bifurcations have asymmetric equilibrium configuration,

both in the model and observed (Figure 4). For the Columbia River,

the discharge asymmetry of the model and dataset are very similar.

For the Cumberland marshes there is good correspondence between

model and data for the bifurcations with large asymmetry, but signifi-

cant difference for the intermediate values. For the cases that the

model over-predicts the asymmetry (Delta 1 and Delta 3 in Figure 4),

these differences can be caused by non-equilibrium morphology of

the observed bifurcations and hardly erodible layers below the bed

(as reported in appendix 2 in Bolla Pittaluga et al., 2015). However,

for one observed bifurcation the model significantly underestimates

the asymmetry (Smith1 Island in Figure 4). The discrepancies are due

to meandering of the upstream channel or large angle between

upstream and one of the downstream channels (close to 90�),

resulting in more asymmetric downstream channels.

A series of simulations was run using the same settings as used in

Bolla Pittaluga et al. (2015) that applies EH for sediment transport to

observe whether the developed 1D model can reproduce their results.

We applied EH for this comparison because this sediment transport

predictor depends on fewer parameterizations than vRijn reducing the

model setup differences between our model and Bolla Pittaluga

et al. (2015) that may cause different results. As a result, the differ-

ences that occur between models is only due to numerical reasons.

Bolla Pittaluga et al. (2015) prescribed a single value of grain size

(0.275 mm) and they varied the channel slope to simulate different

Shields stress condition. Our 1D model shows similar results with

Bolla Pittaluga et al. (2015) regarding the transition between stable

and unstable symmetric bifurcations (Figure 5). The differences

between model are only in the discharge asymmetry value in high

Shields stress but it is negligible. This shows that the 1D model is

capable to confirm the previous findings regarding the stability of

bifurcations.

3.2 | Effect of grain size and channel slope

The stability of bifurcations clearly depicts a sensitivity to grain size

(Figure 6a–d). Finer sands and gravels tend to have a smaller range of

sediment mobility conditions for which symmetric bifurcations are

stable. For sand and width-to-depth ratio of 10, the critical transition

of the stability for the grain size of 0.25 mm occurs around Shields

stress of 0.3 while it occurs around 0.5 and 0.8 for a grain size of 0.5

and 1 mm, respectively. With width-to-depth ratio of 30 only the set

of simulations with grain size of 1 mm still has a limited range of stable

T AB L E 1 Parameter settings for the simulations carried out in this study

Set of simulations Simulations D50 (mm) Channel slope (m m�1)

Effect of D50 Sand_0.25 0.25 4.5 � 10�5-7.2 � 10�4

Sand_0.5 0.5 8 � 10�5-1.35 � 10�3

Sand_1 1 1.4 � 10�4-2.3 � 10�3

Gravel_5 5 1 � 10�4-2.7 � 10�4

Gravel_10 10 2.4 � 10�4-5.1 � 10�4

Gravel_20 20 3.5 � 10�4-9 � 10�4

Effect of channel slope Slope_5e-4 0.25–32 5 � 10�4

Slope_1e-4 0.065–4 1 � 10�4

Slope_3e-5 0.065–0.9 3 � 10�5

F I G U R E 4 Discharge asymmetry from the model results and
datasets obtained from Kleinhans et al. (2012) for Columbia River
(blue dot) and Bolla Pittaluga et al. (2015) for Cumberland marshes
(red cross) [Color figure can be viewed at wileyonlinelibrary.com]
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symmetric conditions while the other grain sizes show that

symmetric bifurcation is unstable for all Shields stress conditions.

Meanwhile for gravel rivers, although the critical transition differences

between grain sizes are small for width-to-depth ratio of 10, the

same behaviour with sandy rivers occurs in which the finer gravels

result in wider condition for unstable symmetric bifurcations. This

behaviour is more obvious for the case of larger width-to-depth ratio

(w/h = 30).

There is also a clear effect of channel slope to the stability of

bifurcations, as shown in Figure 6(e,f). The stable symmetric bifur-

cations in the intermediate range of Shields stress are more limited

for gentler channel slope. In the most extreme case, for the width-

to-depth ratio of 30, no stable symmetric bifurcations occur for

the entire range of Shields stress. Surprisingly, we found another

Shields stress range in which stable symmetric bifurcations occur in

the high Shields stress regime. However, this condition only occurs

for the systems with a small width-to-depth ratio on the very

lower end of typical values found in nature, and for a more typical

width-to-depth ratio of 30 this stable symmetric solution does not

occur. For the set of simulations with channel slope of 1 � 10�4

and 3 � 10�5 the simulations are conducted until the finest sedi-

ment size for sand. Therefore, this results in a smaller maximum

Shields stress than for the set of simulations with the steepest

channel slope.

4 | DISCUSSION

4.1 | Effect of suspended load transport on
transverse sediment transport and bifurcation
asymmetry

Symmetric bifurcations are stable for intermediate Shields stress as

expected from Bolla Pittaluga et al. (2015), but the transition from sta-

ble symmetric to asymmetric bifurcations differs considerably

F I GU R E 5 Stability of bifurcation as a function of total Shields
stress from 1D model (solid red line) and from Bolla Pittaluga
et al. (2015) (solid blue line) using the same configuration for the
width-to-depth ratio of 30, sediment transport by EH, α = 3 and
r = 0.5 [Color figure can be viewed at wileyonlinelibrary.com]

F I G U R E 6 Stability of bifurcations as a
function of grain-related Shields stress for
sand and gravel bed river for a different
grain size with width-to-depth ratio of
10 and 30 (a and b), and different channel
slope with width-to-depth ratio of 10 and
30 (c and d). In (a)–(d), Shields stress was
varied by changing the bedslope (and
thereby flow velocity), while in (e) and (f) it
was varied by changing the grain size
[Color figure can be viewed at
wileyonlinelibrary.com]
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between runs. We found that the transition depends strongly on grain

size and on slope (Figure 6), despite the fact that both are already

incorporated in the dimensionless Shields stress.

The shift of stability transition for different sediment grain size

and channel slope is caused by the different ratio of suspended load

transport over the bedload transport for similar Shields stress (see

Figure 1). A larger fraction of total load transport is caused by

suspended load transport for finer sediments. For the effect of

channel slope, a smaller channel slope requires finer sediment to

have the same Shields stress and therefore results in a larger

suspended load fraction. The stable symmetric bifurcation can occur

when the transverse sediment transport is sufficient to increase the

difference of sediment supply to the downstream channels until it is

larger than the difference of sediment transport capacity. In the

intermediate range of Shields stress, where the bifurcations are sta-

ble in symmetric condition, the transverse sediment transport is

smaller for the case with higher contribution of suspended load

transport, because of the absence of a transverse bedslope effect

for suspended load. As a result, the difference of sediment supplies

between downstream channel decreases and therefore the Shields

stress range where it can balance the difference of sediment trans-

port capacity also decreases.

The stability that occurs in the high Shields stress range for small

channel slopes is caused by the very fine sand required for high

Shields stress. As a result, even though bedload transport drives a low

transverse sediment transport, the suspended load is sufficiently large

to drive a high transverse sediment transport. This results in a higher

sediment supply difference than the capacity (Figure 7), driving a sta-

ble bifurcation as shown in Figure 6.

4.2 | Effect of sediment transport and nodal point
relations

As argued in the introduction, the stability transition is also related to

the sediment transport predictor used. We therefore also studied sen-

sitivity of the results to grain size and bedslope using the EH sediment

transport predictor. The results presented in Figure 8(a,b) show that

results are insensitive to channel slopes and grain sizes when using

the EH predictor. Irrespective of how Shields stress is changed, by

either changing flow velocities through bedslope or by changing the

grain size, it yields the same equilibrium and stability of the bifurca-

tion. This is explained by the fact that EH sediment transport predic-

tor is only a function of Shields stress, and not directly depends on

grain size or bedslope.

By using the EH sediment transport predictor, also the nodal

point relation is affected. For the transverse sediment transport, the

suspended load and bedload transport are not treated separately.

Therefore, both are subject to a transverse bedslope effect. When this

approach is applied with vRijn, this makes symmetric bifurcations

more stable for a wider range of Shields stress conditions (Figure 8c).

We adapted the nodal point relation such that the transverse

bedslope term also applied to the suspended load part (combined rela-

tion in Figure 8c). Hence, we used Equation 12 together with the

vRijn sediment transport predictor. Applying the transverse bedslope

effect in the nodal point relationship to the suspended load part

results in the higher Shields stress for stability transition and less

asymmetric equilibrium in the Shields stress range in which bifurca-

tions are asymmetric. As the transverse bedslope effect opposes the

asymmetric bed level development between downstream channel,

applying the transverse bedslope effect to suspended load transport

enhances the opposing mechanism against the asymmetry.

Besides the dependence of the sediment transport, the stability

transition is also related to the parameterization in the sediment

transport. In vRijn, the quantity of suspended load transport depends

on the reference height (see za in Equation 37 in the Appendix A)

interpreted as the maximum height of bedload transport layer above

the riverbed. The sediment transport above this height is defined as

suspended load transport. It is related to the bedforms (van

Rijn, 2007) but when it is not known the minimum value is 0.01h

(van Rijn, 1984b). The choice of the reference height affects the quan-

tity of suspended load transport because it determines the suspended

sediment transport quantity. Figure 9 shows the results using the

default za= ξ (0.0656h) and za = 0.01h as suggested for the minimum

value by van Rijn (1984b). The result shows that a smaller reference

height results in wider range of unstable symmetric bifurcation. This is

because the suspended load is higher when smaller za is defined. The

smaller za results in a larger predicted reference suspended load con-

centration at za and therefore higher suspended sediment transport.

In this study, we applied grain-related Shields stress to determine

the transverse bedslope effect in the nodal point relationship as

suggested by Baar et al. (2018), while previous studies applied total

Shields stress (e.g., Bolla Pittaluga et al., 2003, 2015; Kleinhans

et al., 2008). These different approaches result in different stability

transition because, for the systems with the same settings, grain-

related Shields stress is always smaller than total Shields stress. As a

result, when the total Shields stress was applied, the bedslope term is

smaller than when the grain-related one was applied as shown in

F I GU R E 7 Sediment supply (dashed line) and capacity (solid line)
difference for suspended load (blue) and bedload (red) transport
between downstream channel in the initial condition for w/h = 10
and S = 1 � 10�4 [Color figure can be viewed at wileyonlinelibrary.
com]
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Figure 10. Furthermore, Baar et al. (2018) showed that for high

Shields stress the power of sediment mobility in transverse bedslope

effect is smaller than 0.5. This results in almost constant value of

r=
ffiffiffiffi
ϑ0

p
in Equation 10 where the value of 0.5 was applied in Figure 10.

The stability of bifurcations with these three different approaches is

compared in Figure 11. The smallest transverse bedslope term with

total Shields stress induces the smallest transverse sediment transport

compared to other approaches. This results in the smallest range of

stable symmetric conditions, or even absence of it, while our approach

results in the widest range. With constant r=
ffiffiffiffi
ϑ0

p
, this term becomes a

callibrated parameter in which symmetric bifurcations will be stable in

wider range of Shields stress when a higher constant is applied.

4.3 | Implications

Our findings show that beside the meandering of upstream channel

(Kleinhans et al., 2008) and width-to-depth ratio of the channel (Bolla

Pittaluga et al., 2015; Redolfi et al., 2019), the typical landscape and sed-

iment properties in channel networks also considerably controls the

stability of bifurcations. The effect of smaller sediment grain size and

gentler channel slope to cause instability of symmetric bifurcations also

implies that asymmetric bifurcations will occur for a larger range of con-

ditions than previously suggested by Bolla Pittaluga et al. (2015) and

Redolfi et al. (2019). By implication, avulsion can also occur for a larger

F I GU R E 8 Stability of bifurcations using EH as a function of total
Shields for (a) channel slope of 5 � 10�4 (red solid line) and 1 � 10�4

(cyan dashed line), (b) D50 = 0.5 mm (red solid line) and D50 = 0.25 mm
(cyan dashed line), (c) using vRijn as a function of grain-related Shields
stress for the case D50 = 0.25 mm that applies in this article (separated
relation, solid blue line) and applies the transverse bedslope effect to
the suspended load transport (combined relation, solid magenta line)
[Color figure can be viewed at wileyonlinelibrary.com]

F I G U R E 9 Stability of bifurcations as a function of grain-related
Shields stress for different reference height (za) for suspended load
transport for the case with (a) D50 = 0.25 mm and (b) channel slope of
1 � 10�4. All parameters beside za had default values and w/h = 10
[Color figure can be viewed at wileyonlinelibrary.com]

F I G U R E 1 0 Constant r over the square root of sediment
mobility as a function of grain-related Shields stress for three
different approaches to calculate transverse bedslope effect [Color
figure can be viewed at wileyonlinelibrary.com]
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range of conditions. Lower channel slopes are found in the more down-

stream part of river systems (Pitlick & Cress, 2002) such as lowland

rivers and deltas, which usually also have finer sediment (Figure 3).

Therefore, the occurrence of asymmetric bifurcations and avulsion

would be higher in the more downstream part of river systems.

In deltas where the rivers debouch in a lake or sea, several pro-

cesses oppose the asymmetric development of bifurcations. First, the

switching downstream channel lengthening could oppose the channel

avulsions (Salter et al., 2017). The initial asymmetry between down-

stream channels results in the large amount of sediment transported

in the dominant downstream channel to the sea or lake. The depos-

ited sediment sinks results in delta progradation seaward and

lengthens the dominant channel until it becomes longer than the

other channel. Then the sediment transport capacity in the other

channel becomes higher than in the lengthened channel. As a result,

the other channel lengthens. This switching behaviour allows both

channels to remain open and convey the river flow. The process is

more likely to occur when the channels lengthen fast without filling all

the accommodation space (Salter et al., 2017). Second, tides may

oppose the development towards asymmetry, such as obvious in the

Berau River Delta (Buschman et al., 2013) and the Mahakam Delta

(Sassi et al., 2011, 2013). Even in the systems with small tides where

tides only cause a change in flow magnitude and not direction, Ragno

et al. (2020) found that the conditions of stable symmetric bifurca-

tions are larger for the systems with larger tidal amplitude. Iwantoro

et al. (2020) also found that the less asymmetric bifurcations occur in

the more tide influence systems.

4.4 | Model limitations

Despite the general findings that explain the observed stability or

instability of bifurcations in the various fluvial landscapes, the model

neglects some physical processes. The model only accounts for the

evolution of the river bed while in nature the river width also evolves

to adjust the flow condition (Kleinhans et al., 2010). The evolving

channel banks enlarge the range of conditions with instability of bifur-

cations and increases the possibility of avulsion (Kleinhans

et al., 2011; Miori et al., 2006). Including the evolving banks in the

model likely results in larger range of Shields stress conditions for

which the bifurcation is unstable than in the present results. Another

factor is the presence of transverse bedslope induced diffusive trans-

port of suspended sediment (Biswas et al., 2015; Hepkema

et al., 2019). In the model we assumed that the suspended load trans-

verse transport at the bifurcation is only driven by the flow induced

by asymmetrical discharge division. In nature, a diffusive cross-

channel suspended load transport also occurs due to different depth

in cross-section at the bifurcation and difference in sediment concen-

tration. This diffusion-induced sediment transport mechanism may

lead to two opposed effects. First, since the deeper downstream

channel receives higher river flow and therefore has higher sediment

concentration, diffusion induces transverse sediment transport from

the deep channel to the shallow channel. As a result, this leads to

asymmetric morphological development between downstream chan-

nels resulting in a wider Shields stress condition for asymmetric bifur-

cations because the sediment supply to both downstream channels

becomes less asymmetric. Second, an opposing mechanism to the

asymmetrical development of bifurcations may also occur due to

the non-uniform distribution of sediment over the vertical. A transverse

depth difference at an asymmetric bifurcation (as we imposed in the

initial condition) will therefore result in a cross-channel concentration

gradient. For the same vertical level, it is closer to the bed on the side

of the shallower channel than on the side of the deeper channel, and

combined with the vertical concentration profile, this will result in a dif-

fusive sediment flux from the shallow to the deep side where lower

concentration will occur on the deeper side. This induces transverse

sediment transport to the side of deep channel resulting in the same

effect as the transverse bedslope effect for bedload transport, as

shown by Hepkema et al. (2019) for tidal bar formations in estuaries.

Which of these effects dominates in lowland river bifurcations is pres-

ently unknown, but it is plausible that the range of stable bifurcations

is closer to the model results in this article than under the assumption

of bedslope effects applied to the suspended load component. In other

words, symmetrical bifurcations in lowland rivers with fine sand

(without tides) are more likely to be unstable than hitherto thought.

5 | CONCLUSIONS

In this study we applied a 1D model to investigate the stability of river

bifurcations for different sediment size and channel slope conditions

that represents various channel networks in different landscapes

along the river stream. A significantly larger range of conditions for

asymmetric bifurcations than previously thought was found for low-

land rivers, which typically have fine sediment and gentle channel

slope. Apart from Shields stress, sediment grain size and channel slope

directly affect the quantity of sediment transport and determine the

quantity of transverse sediment transport at bifurcation as a factor to

compensate the asymmetrical sediment transport capacity in the

downstream channels. Lastly, in high Shields stress conditions,

F I GU R E 1 1 Stability of bifurcations for different sediment
mobility for different choices of the transverse bedslope effect for the
case with (a) D50 = 0.25 mm and (b) channel slope of 1 � 10�4 [Color
figure can be viewed at wileyonlinelibrary.com]
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suspended sediment transport induces asymmetric bifurcation by

reducing the relative contribution of transverse bedslope effect to bal-

ance the sediment distribution to the downstream channels. However,

when the suspended load is sufficiently large due to the existence of

fine sand in the systems with small width-to-depth ratio, the trans-

verse flow can compensate the instability to the symmetric bifurca-

tion resulting in a stable symmetric bifurcation in high Shields stress

condition.
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NOTATION

A cross-section area of the channel

Ca reference concentration

D* Bonnefille number for sediment grain size

C Total Chézy coefficient

C0 grain-related Chézy coefficient

D50 median diameter of sediment

fcs vertical distribution of suspended load for sediment transport

equation

g gravitational acceleration

h water depth

i notation for spatial node number

j notation for temporal node number

P wetted perimeter of the channel cross-section

p sediment porosity

Q water discharge

Qbedl bedload flux

Qbedl,y transverse bedload flux at bifurcation

Qs total sediment load

Qsusp suspended load flux

Qsusp,y transverse suspended load flux at bifurcation

Qy transverse water discharge

r empirical constant for transverse bedslope effect

S channel slope

T dimensionless bed shear stress parameter

t time

temp water temperature in �C

u flow velocity

u* bed-shear velocity

w channel width

ws sediment settling velocity

x spatial coordinate in streamwise direction

y spatial coordinate in transverse direction

z water level

za reference height from the riverbed to indicate bedload layer

thickness

zc Rouse number

α dimensionless length of the downstream end of upstream

channel

β ratio of sediment and fluid diffusion coefficient for sediment

transport equation

ΔQs sediment transport difference between downstream channels

Δx space interval

Δt time interval

ƞ bed level

ϑ total Shields stress

ϑ0 grain-related Shields stress

ϑcrit critical Shields stress for incipient of sediment motion

κ von Karman constant

μ efficiency factor for grain-related Shields stress

ν kinematic viscosity of water

ξ Nikuradse roughness length related to the bedform

ρs sediment density

ρw water density

Φ weighing factor for upwind and downwind space derivatives

for the calculation of morphology

ϕbedl nondimensional bedload transport

ϕs nondimensional total sediment transport

ϕsusp nondimensional suspended load transport

Ψ Q discharge ratio between downstream channels
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APPENDIX A

Sediment transport equation by van Rijn (1984a, 1984b)

In vRijn, the non-dimensional bedload is calculated by

ϕbedl ¼0:1T1:5D��0:3: ðA:1Þ

where D* is Bonnefille number to express a non-dimensional sediment

grain size given by

D� ¼D50

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρs
ρw
�1

� �
g

ν2
3

vuut
: ðA:2Þ

where ν is kinematic viscosity of water as 4 x 10-5/(20 + temp) where

temp is water temperature in oC. In Equation 27, T is the Shields num-

ber fraction with respect to the Shields number threshold for incipient

motion (ϑcrit = 0.047) given by

T¼ϑ0 �ϑcrit
ϑcrit

: ðA:3Þ

where ϑ0 is grain-related Shields stress according to Equation 15.

Finally, bedload flux is calculated as

Qbedl ¼ϕbedlw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρs
ρw

�1

� �
gD50

s
: ðA:4Þ

In van Rijn (1984b), the non-dimensional suspended load is calcu-

lated by

ϕsusp ¼
fcsuhCaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρs
ρw
�1

� �
gD50

r : ðA:5Þ

Thus, the suspended sediment flux is calculated as

Qsusp ¼ fcsuhCaw ðA:6Þ

where u is flow velocity and h is water depth. fcs is a shape factor for

the vertical distribution of suspended sediment concentration, param-

eterized by

fcs ¼
fcs,0, if zc ≠1:2

fcs,1, if zc ¼1:2

(

fcs,0 ¼ za=hð Þzc � za=hð Þ1:2
1:2� zcð Þ 1� za=hð Þ1:2

fcs,1 ¼ za=hð Þ
1� za=hð Þ

� �1:2

ln za=hð Þ

: ðA:7Þ

Here, za is the reference height for suspended load transport

measured from the bed. It is interpreted as the threshold to distin-

guish bedload and suspended load transport where sediment trans-

port above this height is defined as suspended load transport while

below this height is defined as bedload transport. Meanwhile, zc is

interpreted as the Rouse suspension number

zc ¼min 20,
ws

βκu�

� �
ðA:8Þ

where ws is sediment settling velocity. The vRijn settling velocity pre-

dictor consists of three separate functions depending on the grain size

with breaks between them. Here we used the similar but continuous

settling velocity predictor by Soulsby (1997) to keep the settling

velocity continuous for different D50 and thereby Shields stresses in

the results. The equation is given as

ws ¼ ν
D50

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10:362þ1:01D�3

q
þ10:36

� �
: ðA:9Þ

where β is coefficient to represent the ratio between the sediment

water diffusion with the value of 1, κ is von Karman constant with the

value of 0.4 and u* is bed-shear velocity given as

u� ¼ u
Cffiffiffi
g

p , ðA:10Þ

In Equation A.5, A.6, Ca is the reference concentration at elevation za

calculated by

Ca ¼0:015
D50

za

T1:5

D�0:3
: ðA:11Þ
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Sediment transport equation by (Engelund & Hansen, 1967)

EH directly compute total transport where its non-dimensional value

is calculated by

ϕs ¼
0:05C2

g
ϑ2:5 ðA:12Þ

and the total sediment flux is

Qs ¼ϕsw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρs
ρw

�1

� �
gD50

s
: ðA:13Þ
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