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ABSTRACT

ARTICLE HISTORY

While recent developments have extended geographically weighted
regression (GWR) in many directions, it is usually assumed that the
relationships between the dependent and the independent variables
are linear. In practice, however, it is often the case that variables are
nonlinearly associated. To address this issue, we propose a geographi
cally weighted artificial neural network (GWANN). GWANN combines
geographical weighting with artificial neural networks, which are able
to learn complex nonlinear relationships in a data-driven manner with
out assumptions. Using synthetic data with known spatial character
istics and a real-world case study, we compared GWANN with GWR.
While the results for the synthetic data show that GWANN performs
better than GWR when the relationships within the data are nonlinear
and their spatial variance is high, the results based on the real-world
data demonstrate that the performance of GWANN can also be super
ior in a practical setting.
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1. Introduction
Spatial heterogeneity of relationships (i.e. spatial nonstationarity) is an important issue in
spatial data analysis (Anselin 1989). It refers to the notion that for a spatial process, the
relationships between variables depend to some degree on the location where the
relationships are observed (Fotheringham et al. 2002). If spatial heterogeneity is not
appropriately taken into account when calibrating a model, the estimation of the coeffi
cients is likely to be biased, which can lead to inappropriate conclusions (Páez et al. 2008,
LeSage and Pace 2009).
Several approaches have been proposed to model spatially varying relationships.
Notable examples include the expansion method (Casetti 1972), weighted spatial adap
tive filtering (Gorr and Olligschlaeger 1994), Eigenvector spatial filtering (Griffith 2003),
and geographically weighted regression (GWR) (Brunsdon et al. 1999). Of these
approaches, GWR has received the most attention and is employed across many dis
ciplines, for example, real estate economics (Bitter et al. 2007, Helbich and Griffith 2016),
ecology (Nelson et al. 2007), criminology (Waller et al. 2007, Troy et al. 2012), health (Choi
and Kim 2017), and land-use science (Yu et al. 2011, Hagenauer and Helbich 2018).
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GWR is an extension of ordinary least squares (OLS), which estimates for each location
a weighted least squares regression, where observations that are closer to the regression
location are given a higher weight than those farther away. The weighting is determined
by a distance–decay kernel function and a bandwidth parameter.
Several extensions and modifications of GWR have been proposed. While in basic GWR all
relationships are assumed to vary spatially, in mixed GWR (Brunsdon et al. 1999) only
a subset of the coefficients are subject to geographical weighting; the kernel function and
bandwidth for each spatially varying coefficient are identical. The latter restriction was
addressed by Fotheringham et al. (2017), who proposed a multiscale GWR that uses
individual bandwidths for the coefficients to model different scales of spatial heterogeneity.
Furthermore, while basic GWR is based on Euclidean distances between observations, the
application of different distance metrics has been proposed. Lu et al. (2011), for example,
showed that non-Euclidean distance metrics can improve the fit of GWR, whereas
Fotheringham et al. (2015) suggested the use of a spatio-temporal distance metric. Lu
et al. (2017) combined multiscale GWR with individual distance metrics per coefficient.
GWR has also been criticized for artificially introducing multicollinearity between
coefficient pairs (Wheeler and Tiefelsdorf 2005), which was recently refuted
(Fotheringham and Oshan 2016). To counteract this criticism, penalized forms of GWR
were proposed (e.g. geographically weighted lasso (Wheeler 2009), ridge (Wheeler 2009),
ridge (Wheeler 2007, Bárcena et al. 2014), and elastic net regression (Li and Lam 2018)).
Another extension is geographically neural network weighted regression (Du et al. 2020),
which utilizes an artificial neural network (ANN) to find appropriate geographical weights
when estimating the coefficients of a GWR model.
Despite these efforts, some restrictions of GWR have not yet been addressed. For
instance, because GWR resembles a collection of local models where data from neighbor
ing local models are reused, its inferential properties are inferior to a single nonstationary
model (Comber et al. 2020). Also, analogous to OLS, when using GWR in its simplest form
it is assumed that the relationships between dependent and independent variables are
linear. This assumption, however, typically does not hold for complex spatial prediction
tasks (Anselin 1989, Leuenberger and Kanevski 2015).
To address this issue, we propose a geographically weighted artificial neural network
(GWANN), which combines geographical weighting with an ANN. Similar to GWR, GWANN
uses a distance-decay kernel function and a bandwidth parameter to geographically
weight observations when building the model. However, in contrast to GWR, GWANN is
also able to model nonlinear functions in a data-driven manner without making any
assumptions.
The rest of this article is structured as follows. Section 2 describes GWR and ANN and
introduces GWANN. Next, section 3 presents experiments that were carried out to
compare GWANN with GWR. Finally, section 4 gives concluding remarks and proposes
future work.
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2. Methods
2.1. Artificial neural network
An artificial neural network (ANN) consists of a set of neurons and unidirectional connec
tions between them, which enables the imitation of the brain’s ability to detect patterns
and learn relationships within data (Haykin 2008). Associated with each neuron i is an
activation function ϕi and each connection between two neurons i,j has a weight wij
assigned that controls the influence of neuron i on neuron j. While the neurons represent
the basic computation units of an ANN, the weighted connections between them allow
the modeling of complex relationships.
The neurons are typically organized in layers, and each neuron in a layer has directed
connections to the neurons in the subsequent layer (Figure 1). The first layer is termed
‘input layer’ and the last layer ‘output layer,’ while all layers in between are ‘hidden layers’.
The input data are passed from the input layer to the first hidden layer, where it is
aggregated and transformed as follows:
X
netj ¼

wij oi

(1)

i2Pj

where wij is the weight of the connection between neuron i and j, oi the output of neuron
i, and Pj the set of neurons that have an outgoing connection to neuron j. The output of
a neuron i is calculated as follows:
oi ¼ ϕðneti Þ

Input
layer

Figure 1. ANN with three layers.

Hidden
layer

(2)

Output
layer
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where ϕ is the activation function of neuron i. A common activation function is the
x
x
hyperbolic tangent function, which is defined as f ðxÞ ¼ eex þee x . This function is particularly
useful because it is continuous and differentiable; both are necessary conditions for
calculating the network’s error gradient (Rojas 2013).
The output of each neuron is then passed on to the neurons in the next layer. For each
subsequent layer, this procedure is repeated until the output layer of the network is
reached. The output of the output layer represents the total output of the network.
In order to model nonlinear relationships, the connection weights of an ANN must be
adjusted. This is typically done using a two-step procedure. In the first step, the error
signal of each neuron for a given observation is calculated using backpropagation
(Rumelhart et al. 1986). The error signal depends on the error function. In the case of
P
regression, the error function is defined as E ¼ 12 ni¼1 ðti oi Þ2 where ti is the target value,
oi the output of the output neuron i, and n the number of the target values. Given this
error function, the error signal is calculated as follows:
�
δj ¼

ϕ0 ðnetj Þðo
Pj tj Þ
ϕ0 ðnetj Þ k δk wjk

if j is an output neuron
otherwise

(3)

where oj is the output of neuron j, tj the target value of neuron j, wjk the connection
weight between neuron j and k, δk the error signal for neuron k, netj the network input to
neuron j, and ϕ0 the derivative of the activation function.
In the second step, the connection weights are adjusted using gradient descent:
Δwij ¼

η

@E
¼
@wij

ηδj oi

(4)

where wij is the connection weight between neuron i and j, E the error function, oi the
output of neuron i, and δj the error signal of neuron j. Both steps are repeated until
a terminating condition is reached (e.g. the error rate is below a predetermined threshold
value).
Several extensions and variants of gradient descent have been proposed to improve
the training of the network. To make the training more robust to noise, the error gradients
are in practice summed over a subset of observations, termed a ‘mini-batch’. The con
nection weights are then updated using the accumulated changes. Also, using Nesterov’s
accelerated gradient (Nesterov 1983) when adjusting the connection weights can sub
stantially improve the training performance (Sutskever et al. 2013).

2.2. Geographically weighted regression
Geographically weighted regression (GWR) (Brunsdon et al. 1996) estimates for each
location a separate local model. Assuming that there are n locations and each location
has an observation assigned to it, the GWR model for the location i 2 1; 2; . . . ; n is:
m
X

yi ¼

βij xij þ 2i
j¼0

(5)
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where yi is the dependent variable, xij the independent variable j, βij the coefficient for the
independent variable j, and 2i the error term, which is assumed to be independent and
identically distributed.
GWR weights the observations by their spatial distance when estimating the local
coefficients; close observations are given more weight than observations farther away.
The estimation is typically done using weighted least squares, the matrix expression of
which is:
^ ¼ ðX T Wi XÞ 1 X T Wi y
β
i

(6)

where X is the design matrix, y the dependent variable, and Wi a column vector of the
spatial weights matrix W for location i. To calculate W, a kernel function is applied to the
distances between observations and regression locations. Widely used kernels are
Gaussian, bisquare, tricube, and boxcar kernels (Brunsdon et al. 1999). The Gaussian
dij 2

kernel, for instance, is defined as vij ¼ e 0:5ð h Þ , where dij is the distance between locations
i and j and h is the kernel bandwidth. The bandwidth determines the degree of variation
in the local coefficient estimates and is considered to be more important for the perfor
mance of GWR than the choice of the kernel function (Fotheringham et al. 2002). The
bandwidth can be either fixed or adaptive, where the latter refers to the distance to the knearest neighbor of each observation (Brunsdon et al. 2007, Guo et al. 2008).

2.3. Geographically weighted artificial neural network
A geographically weighted artificial neural network (GWANN) is a variant of an ANN that
incorporates geographical weighting of connection weights. The principle idea is as
follows. A basic ANN consists of an input, a hidden, and an output layer. The connection
weights of a basic ANN from the hidden to the output layer can be interpreted as the
coefficients of a linear model of nonlinearly transformed variables, namely the outputs of
the hidden neurons. Thus, when the connection weights between the hidden and the
output layer are estimated by utilizing a geographically weighted error function, these
weights can be interpreted as a GWR model.
The architecture of GWANN is identical to that of a basic ANN, except that each output
neuron of GWANN is assigned to a location in geographic space (Figure 2). This allows to
calculate the spatial distances between the observations and the locations of the output
neurons.
Besides the network architecture, the main difference between GWANN and a basic
ANN is that GWANN uses a geographic weighted error function instead of the basic
quadratic error function in order to calculate an error signal. In the case of regression, the
P
geographically weighted error function is defined as E ¼ 12 ni¼1 vi ðti oi Þ2 , where ti is the
target value, oi the output of output neuron i, vi the geographically weighted distance
between the observation and the location of output neuron i, and n the number of target
values/output neurons. Following this definition, the difference between the output
neurons’ output and the target values is weighted by the spatial distance between output
neurons’ location and the observation; when the output neurons’ location and observa
tion are close, the difference is given more weight than when they are farther apart. Note
that the number of target values must be identical to the number of output neurons. In
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Input
layer

Hidden
layer

Output
layer

Figure 2. GWANN with three layers. The rectangle indicates that the output neurons are assigned to
locations on a plane. Note that although each hidden neuron typically has connections to all output
neurons, for the sake of clarity the outgoing connections are shown for a single hidden neuron only.

particular, in a practical example where one wants to calculate the value of the geo
graphic error function for a single target value but multiple output neurons with typically
different locations, it is necessary to replicate the target value for each output neuron.
Following the definition of the geographically weighted error function, the calculation
of the error signal of backpropagation is modified as follows:
�
δj ¼

ϕ0 ðnetj ÞvP
tj Þ
j ðoj
ϕ0 ðnetj Þ k δk wjk

if j is an output neuron
otherwise

(7)

where oj is the output of neuron j, tj the target value of neuron j, wjk the connection
weight between neuron j and k, δk the error signal for neuron k, netj the network input to
neuron j, ϕ0 the derivative of the activation function, and vj the geographically weighted
distance between the observation and the location of output neuron j. Geographical
weighting is only used for calculating the error signal of the output neurons, whereas all
other neurons backpropagate the error signal of the neurons of the next layer. Like ANN,
the connection weights of GWANN are adjusted using gradient descent (Equation (4)).

3. Experiments
To compare GWR with GWANN, we used four synthetic datasets and one real-world
dataset from real-estate economics. The synthetic datasets gave us full control over the
characteristics of the data, in particular the nature of the relationships and spatial
heterogeneity, which contributed to a better understanding of the different properties
of the models. The real-world data allowed us to assess the models in a practical use case.1
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For all experiments, we scaled the input variables to have zero mean and unit variance
to make them comparable. We used Nesterov’s accelerated gradient with a momentum
coefficient of 0:900 when adjusting the connection weights. We set the learning rate η of
GWANN to 0:010 and the mini-batch size to 50. While in principle the number of hidden
layers of an ANN is arbitrary, we chose networks with a single hidden layer. Given enough
hidden neurons, ANNs with a single hidden layer are able to arbitrary well approximate
any continuous function on closed and bounded subsets of n-dimensional Euclidean
space (Cybenko 1989). For each experiment, we tested different numbers of hidden
neurons. A bias neuron is always added to the input and the hidden layer, but we did
not include them when reporting the number of neurons. The hyperbolic tangent func
tion is used as activation function for the hidden neurons.
We used a Gaussian kernel with GWR and GWANN for geographical weighting. When
using an adaptive bandwidth, a grid search is performed to determine an appropriate
bandwidth. When using a fixed bandwidth, the following local search approach is used to
determine an appropriate bandwidth. The approach initially selects half of the largest
distance between two observations as the current bandwidth. Then, a grid search is
performed within the neighborhood of the current bandwidth for a bandwidth that
results in a better mean performance. When one is found, the process is repeated within
a smaller neighborhood of the newly found bandwidth until convergence.
The performance within the bandwidth search is estimated using 10-fold crossvalidation (CV). This procedure randomly partitions the data into 10 disjoint subsets.
One subset at a time is then used to test the model, while the others are used to build
it. Then, the mean performance over all folds is reported. We used the root mean square
error (RMSE) as a performance measure.
The number of training iterations of GWANN was also determined using 10-fold CV.
Within each fold, the models are trained until the performance for the test data of the
current fold does not improve for 1,000 iterations. The purpose of the additional iterations
is to give the networks a chance to escape from local minima. This approach, commonly
termed ‘early stopping with patience’, substantially reduces the risk of overfitting the
training data (Bengio 2012). Then, the iteration for which the best mean performance over
all folds has been obtained as well as the obtained performance value are reported.

3.1. Experiment 1: synthetic data
The purpose of this experiment was to investigate the differences between GWR and
GWANN when modeling processes with different spatial characteristics. In particular, we
were interested in how the model performance depends on the linearity and spatial
variation of the relationships. We also examined the visualization of GWANN’s connection
weights between the hidden and output neurons as surfaces.

3.1.1. Data generating process
We created four artificial datasets. The spatial layout of the datasets was given by a grid of
size 25 � 25. The following functions were used to create the datasets:
yi ¼ β0 þ β1 ðui ; vi Þxi1 þ β12 ðui ; vi Þxi2 þ 2i

(8)

222

J. HAGENAUER AND M. HELBICH

yi ¼ β0 þ β1 ðui ; vi Þxi1 þ β22 ðui ; vi Þxi2 þ 2i

(9)

β ðui ; vi Þxi1
β1 ðui ; vi Þxi2
yi ¼ β0 þ 4 tanhð 1
Þ þ 4 tanhð 2
Þ þ 2i
3
3

(10)

β ðui ; vi Þxi1
β2 ðui ; vi Þxi2
yi ¼ β0 þ 4 tanhð 1
Þ þ 4 tanhð 2
Þ þ 2i
3
3

(11)

For all functions, ðui ; vi Þ denotes the position of grid cell i, 2i the error term drawn from
Nð0; 0:25Þ, xi a random variable drawn Nð0; 1Þ, and β0 , β1 ðui ; vi Þ, and β12 ðui ; vi Þ and
β22 ðui ; vi Þ, respectively, the coefficients for grid cell i. While the first two functions
(Equations (8) and (9)) model linear relationships between the dependent and indepen
dent variables, the third and fourth functions (Equations (10) and (11)) use the hyperbolic
tangent function to represent nonlinear relationships.
The coefficients were designed to represent different characteristics of spatial hetero
geneity. They were calculated as follows:
β0 ¼ 1
β1 ðui ; vi Þ ¼ 1 þ

(12)
ui þ v i
12

(13)

πui
πvi
β12 ðui ; vi Þ ¼ 1 þ 2ðcosð Þ cosð ÞÞ
24
24

(14)

πui
πvi
β22 ðui ; vi Þ ¼ 1 þ 2ðcosð Þ cosð ÞÞ
12
12

(15)

For all coefficients, ðui ; vi Þ denotes the position of grid cell i. β0 represents a constant
surface with no spatial heterogeneity. β1 is a linear trend surface. β12 and β22 vary non
linearly with location; the spatial variation of β22 is higher than that of β12 . In terms of scale,
β12 represents small-scale spatial heterogeneity, and β22 large-scale spatial heterogeneity.
Figure 3 shows the coefficients’ surfaces.
Following the definition of the coefficients, the first and third functions (Equations (8) and
(10)) represent processes with low spatial variance, while the second and fourth functions
(Equations (9) and (11)) represent processes with high spatial variance of coefficients.

3.1.2. Experimental setup
For all datasets, we used the variable y as the dependent variable and the variables x1 and
x2 as independent variables. We used fixed bandwidths for GWR and GWANN. This
allowed a finer control of the bandwidths when the observations were uniformly arranged
in a grid and thus only a few distance classes were present.
To investigate the performance of GWR and GWANN, we used 10-fold CV with 90% of the
data to determine an appropriate bandwidth for GWR and GWANN as well as an appropriate
number of iterations for GWANN. Then, we used the same data to build a GWR and GWANN
model with the hyperparameters determined and used the remaining data to obtain an
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Figure 3. Coefficients’ surfaces with different characteristics of spatial heterogeneity.

independent estimate of their performance. We repeated the procedure for 100 random
replications of each of the four toy datasets and reported the mean results.
The estimated coefficients of GWR can be visualized as surfaces to explore the spatial
variation of the relationships. Analogously to GWR, it is also possible to visualize GWANN’s
connection weights between the hidden and the output neurons as surfaces. Each surface
then refers to a hidden neuron’s output, which is a nonlinearly transformed linear
combination of the input variables.
To investigate and compare the visualization of the coefficient surfaces of GWR and the
connection weight surfaces of GWANN, we built a GWR and a GWANN model using an
exemplary replication of the dataset that was created using Equation (11). This dataset is
the most complex one because of the nonlinearity of the relationships and the high spatial
variance of the coefficients. The number of hidden neurons of GWANN was set to five because
this allowed a comprehensive visualization while providing a good model fit. Since we wanted
to visualize the coefficient weights for every observation, the number of output neurons
equaled the total number of observations, and each output neuron was assigned the location
of an observation. Due to randomness in the data generating process and in the training of
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GWANN, a different bandwidth and different number of training iterations were determined
for most replications. We chose the bandwidth and number of iterations corresponding to the
replication for which the median RMSE over all replications had been obtained.

3.1.3. Results & discussion
Figure 4 shows the mean number of training iterations GWANN until convergence. The
mean number of training iterations of GWANN does not change with the number of
hidden neurons when the relationships are nonlinear and the spatial variance of the
coefficients is low; otherwise, it decreases with the number of hidden neurons.
Figure 5 shows the obtained mean bandwidths. The mean bandwidth of GWANN
always decreases with the number of hidden neurons; the decrease, however, is small
when the relationships are nonlinear. The mean bandwidth of GWANN is larger than that
of GWR when the relationships are linear, whereas it is lower when the relationships are
nonlinear. Also, the mean bandwidths of GWANN and GWR are generally higher when the
spatial variance of the coefficients is low.
Figure 6 shows the mean RMSE of the models for the independent hold-out test
datasets (for the proportion of explained variance, see Figure S1 in the supplementary
materials). The mean RMSE of GWR is lower than the mean RMSE of GWANN when the
relationships are linear. However, when the relationships are nonlinear, the mean RMSE of
GWR is substantially higher than the mean RMSE of GWANN. This is not unexpected,
because unlike GWANN, GWR is not inherently capable of modeling nonlinear relation
ships. The mean RMSE of GWANN is substantially lower than the mean RMSE of GWR
when the relationships are nonlinear and the spatial variance of the coefficient is high.
The mean RMSE of GWANN generally decreases with the number of hidden neurons when
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Figure 4. Number of iterations until convergence.
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Figure 6. Estimated prediction error (RMSE).

the relationships are linear; the decrease is stronger, however, when the spatial variance
of the coefficients is high. When the relationships are nonlinear and the spatial variance of
the coefficients is low, then the mean RMSE of GWANN only decrease with the number of
hidden neurons if that number is low; otherwise, the RMSE remains the same. No
correlation between the number hidden neurons and mean RMSE is observable when
the relationships are nonlinear and the spatial variance of the coefficients is high.
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In general, the performance of all tested models depends on the nature of the under
lying process. When the relationships in the data are nonlinear and the spatial variance of
the coefficients is high (i.e. large-scale spatial heterogeneity), GWANN performs substan
tially better than GWR. In practice, however, the characteristics of the data generating
process are usually not known beforehand and therefore it is necessary to empirically
assess the performance of the competing models.
Using an exemplary replication of the dataset that was created using Equation (11), we
trained GWANN for 5; 610 iterations with a bandwidth of 1:801 and fitted a GWR model
with a bandwidth of 2:000. Figure 7 shows the coefficient surfaces of GWR. The coefficient
surfaces roughly resemble the coefficients of the original dataset (see Figure 3). We
calculated Pearson’s correlation coefficient between the surfaces of GWR and the coeffi
cients of the dataset to quantify their similarity. The linear trend of β1 from bottom left to
^1 (r ¼ 0:871, p � 0:05) as well as the hill and
top right is observable for the surface of β
^2 (r ¼ 0:708, p � 0:05). However, all surfaces of the
valley patterns of β22 for the surface of β
2
estimated coefficients show irregularities and noise.
Figure 8 shows the connection weights between the hidden neurons (including the
bias neuron) and the output neurons of GWANN as surfaces. Some surfaces of GWANN
show patterns that correspond to the coefficients of the original dataset. The linear trend
of β1 from bottom left to top right is visible for the surfaces of neurons 2 (Pearson’s
correlation coefficient r ¼ 0:906, p � 0:05) and 5 (r ¼ 0:779, p � 0:05), whereas the
hill and valley patterns of β22 are noticeable for the surfaces of neuron 4 (r ¼ 0:960,
p � 0:05). The surfaces of neuron 1 and 3 and the bias neuron, however, do not resemble
any of the coefficient surfaces. Also, none of the neurons’ surfaces shows the pattern of β0
and all surfaces of GWANN exhibit substantial traces of irregularities and noise. With the
exception of β0 , we can identify for each coefficient at least one surface of GWANN’s
connection weights with which it is more correlated than it is with any surface of GWR’s
estimated coefficient.
While for this experiment the visualization of GWANN’s surfaces provided evidence
that the model learned the spatial relationships of the dataset, a detailed interpretation of
the surfaces is difficult due to the complexity of the computations performed within the
network. For instance, the surfaces of neurons 1 and 3 do not reveal how the neurons
relate to the input data or how they contribute to the overall output of the network.
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Figure 7. Estimated coefficient surfaces of GWR.
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Figure 8. Connection weights between the hidden neurons (including the bias neuron) and the
output neurons of GWANN as surfaces.

Moreover, the computations performed within the network become less traceable the
more input and hidden neurons the network consists of, which further limits the useful
ness of GWANN’s surfaces for explorative spatial data analysis in a practical setting.

3.2. Experiment 2: house prices in Austria
In this experiment, we assessed the differences in the predictive performance of GWR and
GWANN using real-world data. We also investigated the effect of different distance
matrices on the predictions of GWR and GWANN and evaluated the spatial distribution
of the residuals.
We chose housing as a case study because in real-estate economics, regression-based
house price assessments are vital (Sopranzetti 2010). Hedonic theory assumes that a property
represents a heterogeneous good that can be decomposed into its utility-bearing character
istics, and that the resulting benefit is reflected in the property price (Rosen 1974). Both the
physical characteristics of a property (e.g. floor area) and the neighborhood characteristics (i.e.
a dwelling’s surroundings) contribute to the overall price. It is well established in housing
research that transaction prices vary spatially and thus hedonic house price models that
consider spatial heterogeneity are increasingly applied (e.g. Bitter et al. 2007, Sunding and
Swoboda 2010, Lu et al. 2011, Helbich and Griffith 2016).

3.2.1. Data
Data on 3;887 geocoded single-family houses in Austria were provided by UniCredit Bank
Austria AG (Helbich et al. 2014). Individual transaction prices of house purchases recorded
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in euros were collected from 1998 to 2009, along with 11 structural properties of the
houses and two temporal variables. Descriptive statistics are listed in Table S1 in the
supplementary materials.

3.2.2. Experimental setup
We used the log-transformed transaction prices as the dependent variable and the
structural properties and temporal variables as independent variables. We used an
adaptive bandwidth for GWANN and GWR, because of the uneven distribution of the
housing locations (Figure 12). We applied two different distance metrics for geographical
weighting, namely Euclidean distance (ED) and travel time distance by car (TTD). TTDs
were computed using the Open Source Routing Machine (Huber and Rust 2016) with
OpenStreetMap data.
To investigate the performance of GWR and GWANN, we used 10-fold CV to obtain robust
estimates of the performance of the models (outer 10-fold CV). Note that within each fold, 10fold CV was also used to determine an appropriate bandwidth for GWR and GWANN and
number of iterations for GWANN (inner 10-fold CV).
To investigate the predictions and residuals in detail, we built the models using the
complete dataset. We chose the number of the networks’ hidden neurons according to the
number of hidden neurons for which the lowest mean RMSE had been obtained. Since we
wanted to predict house prices for the complete dataset, the number of output neurons of
GWANN equaled the total number of observations and each output neuron was assigned the
location of an observation. Due to randomness in the (outer) 10-fold CV procedure and in the
training of GWANN, a different bandwidth and a different number of training iterations were
determined for most folds. We chose the bandwidth and number of iterations corresponding
to the fold for which the median RMSE over all folds had been obtained.
If a model is unable to take into account the spatial properties of the data, its residuals
tend to be spatially autocorrelated. We tested for residual spatial autocorrelation of the
models using Moran’s I. We calculated the test statistics using inverse EDs and evaluated
the significance by means of 999 Monte-Carlo simulation runs.
3.2.3. Results & discussion
Figure 9 shows the mean number of training iterations of GWANN until convergence.
GWANN generally requires fewer iterations to converge when using TTDs rather than EDs.
The mean number of training iterations of GWANN when using EDs and TTDs decreases
with the number of hidden neurons; the larger the number of hidden neurons, though,
the smaller the decrease.
Figure 10 shows the obtained mean bandwidths for GWANN and GWR. While the mean
bandwidth of GWANN is independent of the number of hidden neurons, the mean
bandwidth is smaller when it uses TTDs rather than EDs. Similarly, the mean bandwidth
of GWR is smaller when TTDs are used rather than EDs. Generally, the mean bandwidth of
GWANN is considerably smaller than that of GWR, independent of the used distance
metric and the number of hidden neurons. This result suggests that GWANN is generally
able to model spatial variations in the data on a smaller scale than GWR.
Figure 11 shows the models’ mean RMSEs obtained by means of (outer) 10-fold CV (for
the proportion of explained variance, see Figure S2). While the mean RMSE of GWANN is
lower when using EDs rather than TTDs, the difference in mean RMSE between the
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Figure 12. Difference in predicted house prices when using EDs and TTDs for GWR and GWANN. Gray
lines demarcate the federal states of Austria.

distance metrics for GWR is barely observable. This confirms the results of Lu et al. (2017),
who also found no substantial difference in the goodness-of-fit of GWR between EDs and
TTDs, and also indicates that the predictive performance of GWANN depends more on the
choice of the distance metric than is the case with GWR. Moreover, with the exception of
GWANN consisting of fewer than 30 hidden neurons and using TTDs, the mean RMSE of
GWANN is always lower than that of GWR, independent of the distance metric used for
model building. The overall lowest mean RMSE is obtained by GWANN when using EDs
and 60 hidden neurons. The results demonstrate that GWANN can make better predic
tions than GWR when dealing with spatially heterogeneous relationships in a practical
setting.
Using the complete dataset, we built GWR and GWANN using the following hyper
parameters. When using EDs, GWR was fitted with a bandwidth of 53 and GWANN was
trained with 50 hidden neurons and a bandwidth of 27 for 2,304 iterations. When using
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TTDs, GWR was fitted with a bandwidth of 36 and GWANN was trained with 60 hidden
neurons and a bandwidth of 15 for 2,478 iterations.
To compare the influence of the chosen distance metric on the predictions, Figure 12
shows the differences in predicted house prices when using TTDs and EDs for GWANN and
GWR. When using EDs rather than TTDs, GWANN predicts higher house prices for the city
of Linz. For the Graz region, a stark contrast between the city and its surroundings is
observable: GWANN predicts higher house prices for the city itself but lower house prices
for the surroundings when using EDs rather than TTDs. For the metropolitan areas of
Vienna, it can be seen that GWANN predicts higher prices in the eastern surroundings of
the city and lower prices in the western surroundings when using EDs rather than TTDs.
For the city of Salzburg, no differences in predicted house prices are observable. However,
in the northern surroundings of Salzburg, substantially lower house prices are predicted
when GWANN uses EDs rather than TTDs. For GWR the differences in predicted house
prices resulting from the use of either EDs or TTDs are generally small and no spatial
patterns are observable. These results demonstrate that in contrast to GWR, for GWANN
the choice of the distance metric has a substantial effect on the spatial distribution of the
predictions.
Figure 13 shows the Moran’s I statistics of the models’ residuals. For GWR the Moran’s
I values are smaller when using EDs rather than TTDs, while for GWANN they are smaller
when using TTDs rather than EDs. Independent of the distance metric, the Moran’s
I values of GWANN are smaller than those of GWR. However, the residuals of both models
do not reach statistical significance (p > 0:05), suggesting that both models take into
account the spatial properties of the data appropriately.

4. Conclusion
We introduced GWANN – a method that combines ANNs and geographical weighting for
modeling spatially heterogeneous relationships. We used synthetic and real-world data to
compare GWANN with GWR. The results of the synthetic data showed that GWANN can
have a better predictive performance than GWR when the relationships within the data
are nonlinear and their spatial variance is high. The results based on the real-world data
demonstrated that the predictive performance of GWANN can also be superior to that of
the competing models in a practical setting.
Notwithstanding these promising results, this study had some limitations that should
be considered when interpreting the findings or applying GWANN.
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First, the results depended on the choice of the models’ hyperparameters. While we
followed common practices when choosing the hyperparameters and did careful sensitivity
analysis, it cannot be guaranteed that we chose the most appropriate hyperparameters.
Comprehensive sensitivity analysis is part of future analysis. Second, while the coefficient
surfaces of GWR are useful for analyzing the modeled relationships, the complexity of the
computations performed within the network of GWANN makes the interpretation of its
surfaces difficult if not impossible. Third, in most practical applications GWANN consists of
many output neurons (i.e. one output neuron for each location for which a prediction is to
be made). Hence, because each output neuron is connected to each hidden neuron, the
number of connection weights can be very large and the adjustment of the connection
weights during the training require substantial computational resources. This is particularly
a concern when searching for an appropriate bandwidth, which involves training and
comparing numerous GWANNs with different bandwidths. More efficient heuristics for
finding an appropriate bandwidth have the potential to mitigate this issue. Fourth, in the
context of GWR, Fotheringham et al. (2017) showed that it is useful to model spatial
heterogeneity at different scales by using individual bandwidths for the coefficients.
While such an approach also has the potential to improve the predictive performance of
GWANN, it remains open to further research as to whether and, if so, how it can be
transferred to GWANN.

Note
1. Two additional experiments are given in the supplemental materials. The first one uses
housing benchmark data to predict house prices and the second one traffic and land-use
data to predict nitrogen dioxide concentrations.
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