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1
I N T R O D U C T I O N

This thesis will be a journey to the world of ions near charged surfaces, with the aim to
understand how ions behave in that environment and how that knowledge can be used to
safe the world. The term ion was coined in 1834 by Michael Faraday to describe the chem-
ical species that travel from one electrode to another in an aqueous (water-like) solution,
and derives from the Greek word ion or ienai, meaning “to go" (they go towards oppositely
charged electrodes) [5]. He also introduced the terms cathode (negatively charged elec-
trode) and anode (positively charged electrode) that attract the cations (positively charged
ions that go towards the cathode) and anions (negatively charged ions that go towards the
anode), respectively. Those two terms derive from the Greek words kata- “down" and ana-
“up", respectively, and the word hodos “a way, path, road"; it describes the supposed route
that electrons ought to make. Here, let us just stick to the definition that ions are molecules
or atoms that have a net charge due to an excess or deficit of electrons in their outer shells.
Ions are everywhere and play an important role in biology, chemistry and physics. A few
examples of common ions are Sodium Na+, Chloride Cl−, Calcium Ca2+, and Carbonate
CO2−

3 , the former two make up table salt, NaCl, and the latter two are causing limescale,
CaCO3, that forms at faucets (as illustrated in Fig. 1.1).

The amount of charge on ions is specified by the valency (superscript, e.g. +, −, 2+, and
2−) that indicates the excess (negative) or deficit (positive) number of electrons present in
the ion. Due to the universe being charge neutral, ions make up uncharged crystals (e.g.
NaCl and CaCO3). In air at room temperature, individual ions are almost non-existent
because of the strong attraction between the cations and anions. That is why one can buy

Figure 1.1: Common examples of Sodium Chloride (left: made by Alexander Barnavelli) and Cal-
cium Carbonate (right)

1



2 introduction

table salt in crystalline form, and why limescale is formed at faucets after the water has
evaporated, leaving behind an ionic crystal. In order to study the behavior of ions, one
needs another medium/solvent in which the interaction between the ions is much weaker.
One such a solvent that we all know and love is water H2O. The reason that the interaction
between the ions is much weaker in water, is because water molecules have a dipole that
can “screen" the charge on the ions, as depicted in Fig. 1.2. Hence, most salts dissolve in
water, at least below the saturation concentrations. The solution of the solvent with the
dissolved ions is referred to as an electrolyte.

Figure 1.2: Schematic illustration of ions in air (a) and water (b), and how the water molecules
(purple(O)-green(H) particles) screen the charge on the ions, causing the salt molecules
to dissolve.

One of the applications for which the electrolyte-electrode interface is relevant concerns
energy storage, one of the major technological challenges nowadays. There are many
“green" methods nowadays to transform one energy form into another [6], with electri-
city as the favoured end product, but the options to store it efficiently on a large scale are
limited. With solar and wind energy on the rise, there is a need for an increasing flexib-
ility of the power system [7, 8], due to the sunshine and wind being intermittent (i.e. the
amount of harvested energy is not constant and can fluctuate quite drastically over time
and geographic position). Therefore, efficient ways of storing energy is very much sought
after, especially given the glooming energy shortage. Technologies for energy storage vary
immensely and several classifications can be considered, for instance the actual techno-
logy used (e.g. chemical, electrochemical, electrical, mechanical and thermal) or the scale
of storage (e.g. small scale, short term, large scale, long term); each of these subcategories
has its own strengths, weaknesses and range of applicability [9, 10]. Electric-energy storage
is mostly relevant for smaller-scale applications like mobile electric devices (smartphones,
notebooks, etc), and electric vehicles (cars, busses, trains, etc). Currently, the most common
batteries for this type of energy storage rely on the Lithium ion, whose mining is known
to be rather environmental unfriendly [11, 12, 13, 14, 15, 16, 17]. For instance, it requires 2
million litres of water to mine one ton of Lithium, harming the surrounding soil, ruining
farm lands, causing air contamination and the death of many animals. Hence, the search
for alternatives to store energy is ongoing, and necessary for the energy transition to be
successful and to fulfil its goal. One of the technologies to store electric energy employs
the Electric Double Layer (EDL), in which the spatial distribution of ions in electrolytes



introduction 3

in contact with electrodes allows for storage of electric energy. Basically, such a device is
comprised of a charged conductor (an electrode) immersed in an electrolyte, where the
electron charge on the electrode is screened by the ions in the electrolyte. Such a system
behaves in some sense similar to a conventional capacitor of two electric conductors, how-
ever with a much smaller distance between the oppositely charged entities, which in this
case consists of an immobile electrode with, say, a positive electronic charge in close con-
tact with a layer of mobile ions in the electrolyte with a net negative charge. Generally, the
electrodes of EDL capacitors have a porous structure with a gigantic surface-to-volume
ratio (up to 2000 m2 g−1, see e.g. Refs. [18, 19]), and no chemical reactions take place at the
surface. The large area, combined with the short distance between the charge on the elec-
trode and in the electrolyte, leads to a large capacitance and therefore to a large amount
of energy stored compared to conventional capacitors and the absence of reactions leads
to long lifetimes compared to conventional batteries, which makes them “greener" as well.
One of the disadvantages of EDL capacitors is the rather small energy density compared
to common Lithium-ion batteries (by roughly a factor of 20) [20]. But, how ideal would it
be if one could make energy-storage devices using merely seawater as an electrolyte? In
Chapters 3 and 4 we dive into the differential capacitance, the quantity of interest for en-
ergy storage. Alternative electrolytes that are applied for energy-storage devices are ionic
liquids [21, 22, 23], which are electrolytes without a solvent such that each constituent is
charged. Basically, the ions in ionic liquids are sufficiently asymmetric and large that form-
ing crystals is energetically unfavorable, causing a very low freezing temperature (down
to room temperature or even below), especially compared to conventional salts that have
freezing temperature around 800 degrees Celsius. Hence, understanding fully the struc-
ture of EDLs at high ionic concentrations is therefore important for fundamental reasons.
Moreover, understanding EDLs in all their glory is also directly relevant for other practical
devices that hinge on mobile ions in a liquid. For instance, heat-to-current conversion [24],
and porous carbon electrodes immersed in aqueous electrolytes can be used for harvest-
ing blue energy [25, 26] or desalinating water [27]. These engineering applications are in
addition to the important role of water-dissolved ions in, for instance, biology (the action
potential, homeostasis, etc.) and geology (mineral stability, dissolution rates, etc.).

Models describing the EDL have progressed from a simplistic double layer capacitor
model, proposed by Helmholtz [28] from which the name EDL originates, to the first Prim-
itive Model (PM) description by Gouy [29], Chapman [30], and Debye and Hückel [31]
(DH), where the electrolyte is modeled explicitly in terms of discrete ions embedded in
a uniform dielectric medium, to current all-atom models [32, 33], where both the solvent
molecules and the ions are treated explicitly. In recent years, classical Density Functional
Theory (DFT) and Integral Equation Theories (IET) have been employed, alongside Molecu-
lar Dynamics (MD), Brownian Dynamics (BD) and Monte Carlo (MC) simulations, to study
the EDL. Given the rich collection of theories and simulation methods used to investigate
various models, one might have expected a comprehensive description of the EDL to have
emerged. However, recent experiments suggest otherwise. Over the last few years, several
experimental groups have measured anomalously large decay lengths of the force between
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two charged cylindrical surfaces immersed in concentrated electrolytes (e.g. concentrations
larger than about 1 M of NaCl dissolved in water) or in ionic liquids [34, 35, 36, 37]; see also
the summary article Ref. [38]. We refer to these experiments as Surface Force Apparatus
(SFA) studies. Although these measurements relate to confined liquids, it is well-known
that the asymptotic solvation force, as is assumingly measured by the SFA, is determined
by the asymptotic decay of the one-body density profiles at an individual surface. It turns
out that this decay length is actually a bulk property of the electrolyte, and will be the
main topic of interest in Chapter 2.

In this introduction, we will give an overview of the thermodynamics behind the
electrode-electrolyte interface, the models to describe them, and the theories to tackle the
model. Each subsequent chapter will go into more detail regarding their own specific the-
oretical setting. At the end we also introduce the notion of differential capacitance, which
is the main topic of interest in Chapters 3 and 4.

1.1 thermodynamics of the confined electrolyte between electrodes

In order to model the system (the confined electrolyte between electrodes), we need a clear
picture on what we actually want to describe. Although different chapters in this thesis ad-
dress different aspects, the underlying thermodynamics has many common features. Here,
we present a general thermodynamic macroscopic description of the system considered.

We wish to model a system of an electrolyte confined between two parallel planar sur-
faces as depicted in Fig. 1.3 (the part inside the dashed lines). The electrolyte in the system
has a fixed temperature T , fixed volume V , and is in chemical (diffusive, osmotic) equilib-
rium with an ionic reservoir with which it can exchange ions. For simplicity, we consider
an electrolyte with only one type of cation (+) and anion (-), while ignoring the solvent by
assuming it to be an inert continuum (more on this in section 1.2.1). Hence, the number
of cations and anions in the system fluctuates around their mean values ⟨N+⟩ and ⟨N−⟩,
respectively, while the total number of cations and anions in the system plus the ionic
reservoir is fixed at N+ and N−. The two planar surfaces of the electrodes with surface
area A are positioned at, say, the planes with Cartesian coordinates x = 0 and x = H . They
are electronically connected to charge reservoirs, and by applying electric potentials Φ0

and ΦH on the two charge reservoir (and hence the electrodes) w.r.t. the grounded ionic
reservoir, an electronic charge Q0 and QH is transferred from the charge reservoir to the
electrode by the exchange of work Φ0Q0 and ΦHQH . The charge on the surface, therefore,
fluctuates around its mean value ⟨Q0⟩ and ⟨QH⟩, while the total electronic charge on the
surface in the system plus that in the reservoir is fixed at Q0 and QH . Global charge neut-
rality requires that Q0 + QH + z+N+ + z−N− = 0, where z± denotes the valency of the
cations/anions.

Because we fix the temperature T , volume of the system V , surface area A, and surface
separation H , we will omit their dependence in the discussion below to simplify the nota-
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Charge Reservoir Charge Reservoir

Figure 1.3: Schematic depiction of the thermodynamic description of the system of interest. The
electrolyte is confined between two parallel planar charged surfaces and is in chem-
ical (diffusive, osmotic) equilibrium with an ionic reservoir with which it can exchange
ions. The two conductive surfaces of the electrodes are separated by a distance H and
are held at a surface potential Φ0 and ΦH w.r.t. the grounded ionic reservoir, and are
in electric equilibrium with their charge reservoirs with which they can exchange elec-
tronic charge.

tion. The total system, i.e. the system plus the reservoirs, is described canonically within
the (N+, N−, Q0, QH) ensemble, corresponding to the Helmholtz free energy

Ftot(N±, N±, Q0/H , Q0/H) =FNres(N+ − N+, N− − N−)+

FQres(Q0 − Q0, QH − QH)+

Fsys(N±, Q0/H), (1.1)
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where FNres is the free energy of the ionic reservoir with which the system can exchange
ions, FQres the free energy of both the charge reservoirs with which the electrodes can
exchange charge, and Fsys the free energy of the system of interest. Since the reservoirs
are considered to be much larger than the system of interest, such that N± ≪ N± and
Q0/H ≪ Q0/H , we can expand around the reservoir particle numbers N± and charges
Q0/H , obtaining to linear order

Ftot(N±, N±, Q0/H , Q0/H) =FNres(N+, N−) + FQres(Q0, QH)+ (1.2)

− ∂FNres(N+, N−)

∂N+
N+ − ∂FNres(N+, N−)

∂N−
N−+

− ∂FQres(Q0, QH)

∂Q0
Q0 − ∂FQres(Q0, QH)

∂QH
QH+

Fsys(N±, Q0/H) + O(N2
±, Q2

0/H),

where we note that the derivatives are taken by fixing the other variables. Recognizing that
∂FNres
∂N±

= µ± and ∂FQres

∂Q0/H
= Φ0/H , allows us to write

Ftot(N±, N±, Q0/H , Q0/H) =FNres(N+, N−) + FQres(Q0, QH)+

− µ+N+ − µ−N−+

− Φ0Q0 − ΦHQH + Fsys(N±, Q0/H). (1.3)

The total free energy Ftot strives to a minimum w.r.t. N± and Q0/H at a fixed µ± and Φ0/H .
By noting that the first two terms on the right-hand side of Eq. (1.3) do not depend on the
system parameters N± and Q0/H , one finds the condition

Ωsys(µ±, Φ0/H) = min
N±,Q0/H

[Fsys(N±, Q0/H) − µ+N+ − µ−N− − Φ0Q0 − ΦHQH ] , (1.4)

where Ωsys is the grand potential (at fixed electrode and chemical potential) of the system.
Minimizing the part within the brackets in Eq. (1.4) w.r.t. N± and Q0/H gives the conditions

∂Fsys(N±, Q0/H)

∂N±

∣∣∣∣
N∗

±

= µ±, (1.5)

∂Fsys(N±, Q0/H)

∂Q0/H

∣∣∣∣
Q∗

0/H

= Φ0/H , (1.6)

where N∗
± and Q∗

0/H denote the values satisfying the minimization condition, and which
are the mean values in the thermodynamic limit of the system, i.e. N∗

± = ⟨N±⟩ and
Q∗

0/H = ⟨Q0/H⟩. Therefore, the ionic reservoir and the system share the same chem-
ical potentials and the charge reservoir and its respective electrode share the same
electric potential. One can argue similarly that the global charge neutrality condition
Q0 + QH + z+N+ + z−N− = 0 implies that the system itself is charge neutral on average,
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i.e. ⟨Q0⟩ + ⟨QH⟩ + z+⟨N+⟩ + z−⟨N−⟩ = 0. Combining Eqs.(1.4), (1.5) and (1.6) allows us to
write the grand potential Ωsys as

Ωsys(µ±, Φ0/H) = Fsys(N
∗
±, Q∗

0/H) − µ+N∗
+ − µ−N∗

− − Φ0Q∗
0 − ΦHQ∗

H , (1.7)

which is the proper Legendre transform from the Helmholtz free energy, which is a func-
tion of (N±, V , T , Q0/H , A, H) (the canonical ensemble), to the grand potential, which is a
function of (µ±, V , T , Φ0/H , A, H) (the constant-potential grand-canonical ensemble). Tak-
ing the differential, one consequently finds

dΩ(µ±, V , T , Φ0/H , A, H) = − SdT − pdV −
∑
j=±

Njdµj −
∑

s∈{0,H}
QsdΦs + γdA − fdH,

(1.8)

where S denotes the entropy, p the pressure, γ =
∑
s γs the surface tension (or surface free

energy) of the combined surfaces s, and f the solvation force between the plates directing
outwards. By extensivity arguments, one can argue that Ω = −pV + γA, which by taking
its differential and comparing it to Eq. (1.8) leads to the Lippmann equation

dγ = −
∑
j

Γjdµj −
∑
s

σsdΦs − f

A
dH, (1.9)

where σs = Qs/A denotes the average surface charge density on the electrode surface at
x = s, and Γj the adsorption of ion species j, which quantity can also be expressed as

Γj =
∫ H

0
dx (ρj(x) − ρb,j) , (1.10)

with ρj(x) denoting the local density of particles of species j (see section 1.4.1), and ρb,j the
bulk density in the reservoir. Using the Lippmann Eq. (1.9), one can obtain the following
relations(

∂γ

∂µj

)
Φs,H

= −Γj ,
(

∂γ

∂Φs

)
µj ,H

= −σs,
(

∂γ

∂H

)
µj ,Φs

= − f

A
(1.11)

and consequently the Maxwell relation

(
∂Γj
∂Φs

)
µj ,H

=

(
∂σs
∂µj

)
Φs,H

, (1.12)

which will play an important role in Chapter 3.
The discussion thus far assumes electrodes on which the electric potential is fixed, which

is relevant for experimental systems or practical devices that are connected to an external
power source, of which EDL capacitors are a good example (see Chapter 4). In experiments,
controlling the potential on the electrodes can be done with an external power source, but
controlling the surface charge is often rather difficult, because it requires knowledge of the
actual surface groups and the chemical reactions that take place at the surface. However,



8 introduction

one can circumvent this hassle and assign a fixed charge distribution to the electrode,
which is often done in MD, BD, or MC simulations wherein the canonical ensemble comes
natural; fixing the surface potential in simulations requires generally more effort [23, 39, 40,
41]. As a final note, let us emphasize that constant-charge boundary conditions belong to a
different ensemble than constant-potential boundary conditions, and therefore they have a
different free energy that is to be minimized; the same holds for constant particle number
versus constant chemical potential, a situation described in more detail in Chapter 3.

1.2 a microscopic model for the electrode-electrolyte interface

In this section we continue the analysis of the electrode-electrolyte interface by focusing
on the microscopic model that will be used throughout this thesis: the Primitive Model
(PM) confined between two smooth parallel planar surfaces. We show the simplification
steps and assumptions made to arrive at this model.

The system in Fig. 1.3 consists of an electrolyte containing N+ cations (of the same
species), N− anions (of the same species), and Ns solvent particles positioned at rN±

± =

(r±,1, r±,2, . . . , r±,N±) and rNs
s = (rs,1, rs,2, . . . , rs,Ns), respectively, confined between two

solid electrodes containing atoms/molecules, whose fixed positions determine the external
potential Vext(rNs

s , rN+
+ , rN−

− ) with the electrolyte. The electronic charge distribution inside
the electrodes at, say, x = 0 and x = H , is given by q0(r) and qH(r), and is induced by the
applied (constant) electric potential Φ0 and ΦH , respectively. Fixing the positions of the
electrode particles is already a simplification, since it allows us to ignore the interparticle
interactions within the solid electrode. Those interactions can generally not be described
classically, and therefore are beyond the scope of this thesis. We thus assume the electrode
to be inert in all respects, except for its charge. The resulting Hamiltonian for this system
reads

H(pN+
+ , pN−

− , pNs
− , rN+

+ , rN−
− , rNs

+ , [q0], [qH ]) =
∑

j={+,−,s}

Nj∑
k=1

p2
j,k

2mj
+ Uint(rNs

s , rN+
+ , rN−

− )+

Uel(rNs
s , rN+

+ , rN−
− , [q0], [qH ]) + Uself ([q0], [qH ]) + Vext(rNs

s , rN+
+ , rN−

− ),
(1.13)

where pj,k denotes the momentum of the k-th particle of species j, Uint(rNs
s , rN+

+ , rN−
− )

the multibody interaction potential of the mobile particles, Uel(rNs
s , rN+

+ , rN−
− , [q0], [qH ])

the interaction potential between the charged electrodes and the mobile particles
in the electrolyte, Uself ([q0], [qH ]) the electrostatic self energy of the electrodes and
Vext(rNs

s , rN+
+ , rN−

− ) =
∑
j={+,−,s}

∑Nj

k=1 V j
ext(rj,k) the (non-electrostatic) external potential.

The brackets [. . .] indicate functional dependence.

1.2.1 The Primitive Model for the Electrolyte

First, let us focus on the multibody interaction potential of the mobile particles. Strictly
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Figure 1.4: Illustration to depict the simplification steps underlying the PM. In (a), the quantum-
mechanical multibody interaction potential gives a blurry view, due to the electron
cloud around each particle. First from (a) to (b), the interaction potential gets simplified
by assuming that this can be described via only (effective classical) pair potentials, giv-
ing rise to a clearer picture for the particles. Then from (b) to (c) the solvent is integrated
out, leaving behind a continuous dielectric medium (grey) and furthermore influences
the effective radius/diameter of the ions due to the hydration shell around each ion (the
aura around the ions). Finally from (c) to (d), the only pairwise interaction between the
ions is the combined Coulombic and hard-sphere interaction, removing the fuzziness.

speaking, the ions and solvent all interact with each other via the multibody interaction
potential

Uint(rNs
s , rN+

+ , rN−
− ) = UnonES(rNs

s , rN+
+ , rN−

− ) + UES(rNs
s , rN+

+ , rN−
− ), (1.14)

where we separated the non-electrostatic steric and dispersion interactions between the
particles UnonES from the electrostatic interactions between the particles UES . Note that
these interactions do not need to be pairwise additive. However, in most practical cases
the superposition principle can be applied to the electrostatics part and the dispersion
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interaction are generally written as a pairwise interaction as well (see Fig. 1.4(a) to (b)).
This reduces Eq. (1.14) to

Uint(rNs
s , rN+

+ , rN−
− ) =

1
2

∑
i,j={s,+,−}

∑
k ̸=k′

[
unonES(ri,k, rj,k′) + uES(ri,k, rj,k′)

]
, (1.15)

where the factor 1/2 is to correct for overcounting and the lower case letter u is reserved
to denote pair potentials. The solvent can be integrated out from the partition function
(introduced below in section 1.3), leaving behind a dielectric continuous medium, and
furthermore affects the effective size of the ions due to hydration (see Fig. 1.4(b) to (c)).
For the case that this medium polarizes linearly with the electric field and the medium
is homogeneous,1, the effective pair potential u between two ions of species i and j with
charge ezi and ezj , respectively, separated by a distance r, is given by the Coulomb (C)
pair potential

uCij(r) =
1

4πεrε0

eziezj
r

, (1.16)

where ε0 is the dielectric permittivity of free space, εr the relative dielectric permittivity
(or dielectric constant) as a result of integrating out the solvent, zj the valency of ions of
species j, and e the elementary charge. Typically, the non-electrostatic interaction between
particles have a typical repulsive part, due to the Pauli exclusion principle, and an attract-
ive part, due to induced dipole-dipole interactions, described by the Lennard-Jones (LJ)
pair potential (see Chapter 5), for instance. Using this pair potential, one ends up with
an expression that is much more tractable, although still impossible to use for analytical
purposes

Uint(rN+
+ , rN−

− ) =
1
2

∑
i,j={+,−}

∑
k ̸=k′

[
uLJ(ri,k, rj,k′) + uC(ri,k, rj,k′)

]
. (1.17)

Because the attractive part of the dispersion interaction is often less relevant than the
repulsive part [42], one often neglects the attractions and treat the repulsive interactions
via hard-core or hard-sphere (HS) interactions. This last simplification (see Fig. 1.4(c)-(d))
results in the interaction potential of the Primitive Model (PM)

UPM (rN+
+ , rN−

− ) =
1
2

∑
i,j={+,−}

∑
k ̸=k′

[
uHS(|ri,k − rj,k′ |) + uC(|ri,k − rj,k′ |)

]
≡ 1

2
∑

i,j={+,−}

∑
k ̸=k′

uCHSi,j (|ri,k − rj,k′ |), (1.18)

1 In general, one can expand the polarization P(r) at position r in terms of the electric field E(r) according to
P(r) = ε0χe(r)E(r) + O(E2), where χe(r) is the local electric susceptibility. Within linear response, one can
ignore the higher orders in E, given that E is not too large. Interestingly, a polarizable medium in an external
electric field E(r) gives rise to bound charge qb(r), via qb(r) = −∇ · P(r). Hence, Gauss’ law ∇ · E(r) =
−(qtot(r) + qb(r))/ε0 (or the Poisson Eq. (1.56) introduced below) can be rewritten as ∇ · (εr(r)E(r)) =
−qtot(r)/ε0, where εr(r) = 1 + χe(r) is the relative dielectric permittivity (or dielectric constant) and qtot(r)
denotes the combined charge of the ions and on the electrodes. For a homogeneous medium, where εr is
independent of position, one obtains the more recognizable Gauss’ law in the form ∇ · E = −qtot/εrε0, from
which one can derive the Coulomb pair potential in Eq. (1.16).
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where the charged-hard-sphere (CHS) pair potential reads

βuCHSi,j (r) =


∞ for r < dij ;

zizj
λB
r for r ≥ dij .

(1.19)

The parameter λB = βe2/4πεrε0 is the so-called Bjerrum length, indicating the distance
between two charged particles with elementary charge ±e at which the thermal energy
β−1 = kBT equals the Coulomb energy, where kB denotes the Boltzmann constant and T

the temperature. In air, where the solvent is absent, the dielectric constant is unity, while
in water at room temperature the dielectric constant is around 78. This translates into
λB ≈ 0.73 nm in water and λB ≈ 57 nm in air. Hence, the electrostatic energy in water is
78 times smaller than that in air, meaning that ions can dissolve much easier in water than
in air. Equivalently, taking two oppositely charged ions in water, thermal fluctuations only
need to kick the two ions apart by about their diameter (typically ranging from 0.2 nm to
0.8 nm) in order to separate them and let them enjoy their entropy by living an independent
life, while in air thermal fluctuations need to kick them about 100 ion diameters apart in
order to separate them, which is extremely unlikely and causes the ions to form crystals
in air.

The interaction potential in Eq. (1.18) describes the primitive model (PM), namely an
electrolyte in which the solvent is treated as a continuous medium with dielectric constant
εr and whose ions are charged hard spheres.

1.2.2 The Model for the Electrode

Let us now focus on the model for the electrode. The study of the (atomic) details regarding
charged surfaces of electrodes deserves its own thesis, due to its immense complexity
(see, e.g. [43, 44]); the electrode is made up of atoms with their respective nontrivial
electron clouds, which might chemically react with the ions or solvent molecules in the
electrolyte, and which might by released from the surface or causing ions to adsorb, etc.
One can get rid of this complexity by simplifying the electrode as a rigid chemically-inert
coarse-grained crystalline electrode build from spherical particles (that may or may not
interact non-electrostatically with the particles in the electrolyte). This is often a convenient
approach, and was already hinted at by stating that the electrode particles positions are
fixed and determine Vext(rN+

+ , rN−
− ), but are otherwise unspecified. This approach will, for

instance, be used in the BD simulations in Chapter 3. In that chapter, we also show, by
comparing BD simulations with DFT calculation, that the atomic details of the surface of
the electrode do actually not have a significant effect on the density profiles of the ions [2].
Besides, even the coarse-grained electrodes made up of spherical particles is challenging
to study within DFT, because it requires a three-dimensional description of the system.
Therefore, we consider the simplest approach for the surface of the electrode, namely a
perfectly smooth surface, which would correspond to smearing out the particles in the
electrode, i.e. a continuous-solid electrode at which no chemical reactions takes place and
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that blocks any ion from penetrating the electrode. In a later section 1.4.2 we will show
that this allows us to describe the system effectively one dimensional.

By employing perfectly-flat continuous electrode surfaces, one can drop the notion of
particles in the electrodes, and consider, for convenience, infinitely large planar paral-
lel electrodes positioned at x = 0 and x = H . The external potential Vext(rN+

+ , rN−
− ) =∑

j=±
∑Nj

k=1 V j
ext(rj,k) then determines the location of the electrodes. For convenience, we

consider the external hard-wall potential V j
ext(rj,k) acting on the ions in the electrolyte,

which reads

βV j
ext(rj,k) =


∞ for (x < dj/2, y, z)j,k or (x > H − dj/2, y, z)j,k;

0 for (x ≥ dj/2, y, z))j,k or (x ≤ H − dj/2, y, z)j,k,
(1.20)

i.e. the ions can approach the surfaces at x = 0 and x = H up to their radius dj/2,
due to having a hard core. This approach ignores all the non-electrostatic interactions
between the electrode and the ions in the electrolyte, which is a strong simplification of
the real situation. However, from a theoretical perspective, it simplifies the equation for
the pressure on the surface, for instance, which in turn leads to valuable insight in the
underlying physics, as we show in Chapter 4.

For perfect conductors, all charge in the electrode will reside on the surface, resulting
in an electrode charge density qs(r) = δ(x − s)σs(y, z), where s ∈ {0, H}. That is, the elec-
trode charge now fully resides on the surfaces at x = 0 and x = H instead of penetrating
into the electrode bulk, avoiding complicated electrode charge distributions2. Note that the
surface charge density σ0/H(y, z) does not need to be homogeneous, which explains the
y, z dependence, and actually fluctuates as a result of exchanging charge with the charge
reservoirs (see again Fig. 1.3). For now, we retain the notation qs(r) for the electronic
charge distribution in the electrodes for future reference, instead of already substituting
for surface charge density σs(y, z). As in the PM, we assume that the interaction potential
between the charge on the surface with the ions in the electrolyte is given by the Coulomb
potential

Uel(rN+
+ , rN−

− , [q0], [qH ]) =
∑

s={0,H}

∑
j=±

Nj∑
k=1

∫
drqs(r)

ezj
4πεrε0|r − rj,k|

, (1.21)

where r denotes the vector pointing towards the charge drqs(r) in the electrode. Similarly,
we can write the self energy of the electrodes as3

Uself ([q0], [qH ]) =
1
2
∑
ss′

∫
drdr′ qs(r)qs′(r′)

4πεrε0|r − r′|
. (1.22)

2 We do like to mention that the electrode structure and the non-electrostatic interaction with the ions for a
specific electrode material, specified by Vext, the electron charge density in the electrode qs(r), the electrostatic
interaction with the ions Uel, and its self energy Uself , can be taken into account explicitly using quantum (or
electronic) DFT (e.g. see Ref. [44]), but that lies beyond the scope of this thesis.

3 Here, it is implicitly understood that εr is spatially constant.



1.3 from microscopic model to macroscopic thermodynamics 13

H

Figure 1.5: An illustration of the confined PM electrolyte between two electrode surfaces that are
separated by a distance H and have a fixed surface potential Φ0 and ΦH . The cations
and anions are modeled as charged hard spheres with diameter d+ and d−, respectively,
and reside within a continuous dielectric medium with dielectric constant εr and tem-
perature T , and are in chemical equilibrium with an ion reservoir at chemical potential
µ+ and µ−.

Hereby, we have specified all the terms in the Hamiltonian of Eq. (1.13). The model corres-
ponding to this Hamiltonian, is depicted in Fig. 1.5.

1.3 from microscopic model to macroscopic thermodynamics

Within the configurational picture (ions at specific position rN±
± and a specific charge dis-

tribution q0/H(r)), it is convenient to consider the probability distribution to find the sys-
tem in a certain state. The probability distribution contains the Boltzmann factor of the
Hamiltonian

H
(
p+N+ , pN−

− , rN+
+ , rN−

− , [q0], [qH ]
)
=
∑
j=±

Nj∑
k=1

p2
j,k

2mj
+ UPM (rN+

+ , rN−
− )+ (1.23)

Uel(rN+
+ , rN−

− , [q0], [qH ]) + Uself ([q0], [qH ]) + Vext(rN+
+ , rN−

− )

minus the work that is exchanged with the reservoirs. The work that is needed to fill
the system with N± cations/anions from the reservoir that has chemical potential µ± is∑
j=± µjNj , and the work that is needed to put the total charge Q0/H =

∫
drq0/H(r) =∫

dy
∫

dzσ0/H(y, z) on the surfaces from the charge reservoir by applying the electric po-
tential Φ0/H is

∑
s={0,H} QsΦs. Hence, the probability of finding N± ions in the system at

positions rN±
± , given that the surfaces have a fixed potential Φ0/H and that the system is in

chemical equilibrium with an ion reservoir at µ±, reads

P (rN±
± |Φ0/H , µ±) =

1
Ξ(µ±, Φ0/H)

1
N+!N−!h3(N++N−)

∫
Dq0

∫
DqH

∫
dpN+

+

∫
dpN−

−

exp
[

− βH
(
p+N+ , pN−

− , rN+
+ , rN−

− , [q0], [qH ]
)
+ β

∑
j=±

µjNj + β
∑
s=0,H

QsΦs

]
,

(1.24)
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where the factorial N±! is to correct for overcounting due to the ions being indistinguish-
able, h is Planck’s constant, the normalization factor Ξ(µ±, Φ0/H) is the partition function
discussed below (we again omitted the V , T , A, H dependence for brevity), and Dq0/H de-
notes the path integral over q0/H . The momentum integrals are trivial and can be carried
out straightforwardly, obtaining

P (rN±
± |Φ0/H , µ±) =

1
Ξ(µ±, Φ0/H)

1
N+!N−!Λ3N+

+ Λ3N−
−

∫
Dq0

∫
DqH

exp
[

− βUPM (rN+
+ , rN−

− ) − βUel(rN+
+ , rN−

− , [q0], [qH ])+

− βUself ([q0], [qH ]) − β
∑
j=±

Nj∑
k=1

V j
ext(rj,k)+

β
∑
j=±

µjNj + β
∑
s=0,H

QsΦs

]
, (1.25)

where Λ± is the thermal wavelength of the cations/anions (obtained from integrating out
the kinetic energy), which at room temperature is at least typically 10 times smaller than
the ion sizes considered and therefore a classical approach is justified. The electrode charge
distribution q∗

0/H that maximizes the integrand is the one that minimizes the term in the
exponential [23] (see also Eqs. (1.5) and (1.6)). The condition satisfying this constraint reads

δ
(
Uel(rN+

+ , rN−
− , [q0], [qH ]) + Uself ([q0], [qH ]) −

∑
s=0,H QsΦs

)
δqs(r)

∣∣∣∣∣∣
qs=q∗

s

= 0, (1.26)

or equivalently

δ
(
Uel(rN+

+ , rN−
− , [q0], [qH ]) + Uself ([q0], [qH ])

)
δqs(r)

∣∣∣∣∣∣
qs=q∗

s

= Φs. (1.27)

By substituting Eqs. (1.21) and (1.22) in the expression above, and by recalling that qs(r) =
σs(y, z)δ(x − s), one finds the Coulombic expression for the electrostatic potential at x = s,
namely

Φs =
∑
j=±

Nj∑
k=1

ezj
4πεrε0|rs − rj,k|

+
∑
s′

∫
dr′ σs(y

′, z′)δ(x′ − s)

4πεrε0|rs − r′|
, (1.28)

where we note that Φs is homogeneous (independent on y, z) by construction, rs = (x =

s, y, z) denotes the vector locating a position on the surface, and dr = dxdydz. Because
we impose Φs, Eq. (1.28) can be considered a constraint on the electrode charge distribu-
tion for a given ion configuration. In section 1.4.2 we will cast this expression in a more
recognizable form.
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Let us finish this discourse by writing down the partition function

Ξ(µ±, V , T , Φ0/H , A, H) =
∑
N+

∑
N−

1
N+!N−!Λ3N+

+ Λ3N−
−

∫
drN+

+

∫
drN−

−

∫
Dq0DqH

exp
[

− βUPM (rN+
+ , rN−

− ) − βUel(rN+
+ , rN−

− , [q0], [qH ])+

− βUself ([q0], [qH ]) − β
∑
j=±

Nj∑
k=1

V j
ext(rj,k)+

β
∑
j=±

µjNj + β
∑
s=0,H

QsΦs

]
(1.29)

≡e−βΩsys(µ±,V ,T ,Φ0/H ,A,H), (1.30)

where the last equality connects the grand potential from Eq. (1.7) to the partition function
Eq. (1.29). Hence, we established the beautiful connection between the microscopic descrip-
tion of the system, starting with the Hamiltonian, and the macroscopic thermodynamic
description from section 1.1. In the following sections we go from a specific configuration
of the electrolyte to thermally averaged quantities.

1.4 theories

One can imagine that solving the multidimensional integral to obtain the partition function
in Eq. (1.29) is simply impossible. Therefore, one can either come up with good approxim-
ations to be able to calculate the partition function, which is very difficult for these types
of integrals, or one should take another route. Here we choose another route by employing
classical Density Functional Theory (DFT).

1.4.1 Density Functional Theory

The first word ‘density’ already reveals the main subject within DFT, namely the density
profile of the particles of interest. The density profile ρj(r) of ions of species j is the
ensemble (or time) average of the density operator ρ̂j(r), i.e.

ρj(r) = ⟨ρ̂j(r)⟩ =
〈 Nj∑
k=1

δ(r − rj,k)
〉

. (1.31)

The ensemble average of an operator O within the grand-canonical (µ±, V , T , Φ0/H , A, H)

ensemble reads

⟨O⟩ =
∑
N+

∑
N−

∫
drN+

+ drN−
− OP (rN±

± , V , T , A, H|Φ0,H , µ±), (1.32)

with P taken from Eq. (1.25). Using this notion, one can prove (not presented here) that
there exists a grand potential functional Ω[{ρ}] of the density profiles {ρ} that is minim-
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ized by the equilibrium density profiles {ρ0}, where the brackets indicate the set of density
profiles of all species (e.g. {ρ} = {ρ+, ρ−}), and the minimum is the actual thermodynamic
grand potential Ωsys of the system [42, 45, 46]. That is,

δΩ[{ρ}]
δρj(r)

∣∣∣∣∣
{ρ}={ρ0}

= 0, (1.33)

and

Ω[{ρ0}] = Ωsys({µ}, V , T , Φ0/H , A, H), (1.34)

respectively. Moreover, the grand potential can actually be written as

Ω[{ρ}] = F [{ρ}] −
∑
j

∫
drρj(r)

[
µj − V j

ext(r)
]

−
∑
s

QsΦs, (1.35)

where F [{ρ}] is the Helmholtz free energy functional and is intrinsic by definition. That
means it contains only the intrinsic degrees of freedom and depends on the temperature
and the interparticle interactions, but not on µj − V j

ext(r), a feature that will be exploited
in Chapter 5. However, we note that, although F [{ρ}] is intrinsic, its value at {ρ0} changes
upon changing µj − V j

ext(r) caused by the fact that the equilibrium density profiles are
affected by it. Note that the appearance of the factor

∑
s QsΦs in Eq. (1.35) has the same

origin as is Eq. (1.7), and is the factor related to the Legendre transform from fixed surface
charge to fixed surface potential. Hence, when fixing the surface charge, instead of the
surface potential, one should omit this contribution. The density profiles that follow from
minimizing the grand potential functional are actually not affected by

∑
s QsΦs, but it is

important when analyzing the grand potential of the system.
An exact expression exists for the Helmholtz free energy functional [45, 46], but that one

is basically just as useless and difficult to calculate exactly as Eq. (1.29). However, approx-
imating the Helmholtz free energy functional is infinitely easier to do than to approximate
the partition function, the main reason being that the latter regards a 6N dimensional
integral over phase space, while the former only regards an integration over the volume.
Moreover, one can use the formalism of thermodynamics to come up with approximations
for F [{ρ}].

There are two cases for which F [{ρ}] is known exactly. The first and most obvious is the
“ideal" case in which there are no interparticle interactions, i.e. U({rN}) = 0, for which
F [{ρ}] reads (see e.g. Refs. [42, 46])

βFid[{ρ}] =
∫

dr
∑
j

ρj(r)
[
log Λ3

jρj(r) − 1
]

. (1.36)

When turning on interparticle interactions, one prefers to write the Helmholtz free energy
functional as F [{ρ}] = Fid[{ρ}] +Fex[{ρ}], where Fex[{ρ}] is called the over-ideal or excess
Helmholtz free energy functional. By doing so, one can conveniently separate F [{ρ}] into
a part that describes only the contribution due to the interparticle interactions Fex[{ρ}]
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and a term Fid[{ρ}] that is always there and is independent of the presence and type of
interparticle interactions.
The second case for which F [{ρ}] is known exactly is the one-dimensional hard-rod system,
upon which the approximate but accurate functional for the hard-sphere system in three
dimensions is based. This hard-sphere functional goes by the name fundamental measure
theory (FMT), due to the use of “fundamental" measures of the spheres, like volume,
surface area, radius. A lot has been written on this well-established functional and we
refer the reader for details regarding this functional to Refs.[47, 48, 49, 50, 51] and also to
Appendix 1.A.

1.4.1.1 Approximating the Helmholtz Free Energy Functional

There are different tools to approximate Fex[{ρ}]. First, let us introduce the pair distribu-
tion function

ρ
(2)
ij (r, r′) =

〈
Ni∑
k=1

Nj∑
l=k

ri,k ̸=rj,k′

δ(r − ri,k)δ(r′ − rj,l)
〉

, (1.37)

which is a measure for the probability to find a particle of species j at r′ given a particle of
species i at r. For a homogeneous isotropic bulk system, one can write the pair distribution
function in terms of the bulk densities ρb,i and ρb,j of species i and j, respectively, and the
radial distribution function gij(r), according to

ρ
(2)
ij (r, r′) = ρb,iρb,jgij(|r − r′|). (1.38)

From the pair distribution function one has access to the pressure p via the virial route

βp =
∑
j

ρb,j − β

6V

∫
dr
∫

dr′∑
ij

ru′
ij(|r − r′|)ρ(2)ij (r, r′), (1.39)

but most importantly (for this thesis) to the excess internal energy Eex via the caloric/en-
ergy route

Eex =
1
2

∫
dr
∫

dr′∑
i ̸=j

uij(|r − r′|)ρ(2)ij (r, r′), (1.40)

where uij(r) denotes the pair potential between two particles of species i and j separated
by a distance r. The last route in Eq. (1.40) relates to the excess Helmholtz free energy
via the relation Eex = ∂βFex/∂β. This route is used for the so-called MSAu functional
described in Chapter 2.
Interestingly, F [{ρ}] is also related to the pair distribution function by [46]

ρ
(2)
ij (r, r′) = 2δFex[{ρ}]

δuij(r, r′)
, (1.41)
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which can be functionally integrated to obtain, for example, [42, 52, 53]

Fex[{ρ}] = 1
2
∑
ij

∫ 1

0
dα

∫
dr
∫

dr′ρ
(2)
ij (αu; r, r′)uij(r, r′), (1.42)

where α is a switching parameter with which the interaction pair potential is turned on.
By writing ρ

(2)
ij = ρi(r)gij(|r − r′|)ρj(r′), Eq. (1.42) casts the form

Fex[{ρ}] = 1
2
∑
ij

∫ 1

0
dα

∫
dr
∫

dr′ρi(r)uij(|r − r′|)gij(α; |r − r′|)ρj(r′). (1.43)

Within the mean-field approximation gij(r) = 1 one is allowed to write the simpler form

FMF
ex [{ρ}] = 1

2
∑
ij

∫
dr
∫

dr′ρi(r)uij(|r − r′|)ρj(r′), (1.44)

which is often a good approach to start with [54] (see Chapter 5), especially for soft pair
potentials and low bulk concentrations. However, it falls short for strong external poten-
tials, strong pair-potentials, and high bulk concentrations, i.e. when the density profiles
are expected to have strong correlations. In that case, one needs to work harder to obtain
better approximations.

Another important approximation scheme can be found from realizing that Fex[{ρ}] is
the generator for the so-called direct correlation functions, i.e.

c
(n)
i1,i2,...in(r, r′, . . . , r(n); [{ρ}]) = −β

δnFex[ρ]

δρi1(r)δρi2(r′) . . . δρin(r(n))
, (1.45)

of which the first c(1) and second direct correlation c(2) function are the most important
ones (within this thesis)

c
(1)
i (r; [{ρ}]) = −β

δFex[ρ]

δρi(r)
, (1.46)

c
(2)
ij (r, r′; [{ρ}]) = −β

δ2Fex[ρ]

δρi(r)δρj(r′)
. (1.47)

Throughout this thesis we use the standard notation cij(r) for the second direct correlation
function in the bulk, i.e. for the homogeneous isotropic system cij(r) = c

(2)
ij (r; {ρb}). By

Taylor expanding F [{ρ}] around the bulk concentrations {ρb} one finds another commonly-
used approximation for the excess Helmholtz free energy functional

βFex[{ρ}] =Fex[{ρb}] +
∑
j

∫
drβµexj ({ρb})(ρj(r) − ρb,j)− (1.48)

1
2
∑
ij

∫
dr
∫

dr′(ρi(r) − ρb,i)c
(2)
ij (|r − r′|; {ρb})(ρj(r′) − ρb,j) + . . . ,

where we identified c
(1)
b,j = −βµexj as the excess chemical potential of species j in the bulk.

This approach was used to establish the so-called MSAc functional introduced in Chapter 2.
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Important to note at this point is that c
(2)
ij (r; {ρb}) is a function the bulk densities {ρb} and

hence of {µ}, which brings along inconsistencies, because it strictly should only be a func-
tional of the density profiles. Examples, where such inconsistency are seeping through, and
need to be accounted for, are shown in Chapter 3. Interestingly c

(2)
ij (r) was first introduced

by Ornstein and Zernike to determine the total correlation function hij(r) = gij(r) − 1 via
the Ornstein-Zernike (OZ) equation [46, 55]

hij(r, r′) = cij(r, r′) +
∑
k

∫
dr′′cik(r, r′′)ρk(r′′)hkj(r′′, r′), (1.49)

which forms a starting point for an Integral Equation Theory (IET). One should read this
equation as: the total correlation hij(r, r′) between two particles of species i and j loc-
ated at r and r′, respectively, is given by their direct correlation cij as though there are
no other particles interfering, plus the correlations due to the interference of all the other
particles

∑
k cikρkhkj . In Chapter 2 we go into details regarding the properties and connec-

tion between F [{ρ}] and c
(2)
ij (r) for the PM, showing both the mean-field results as well as

the results using the Mean-Spherical Approximation (MSA), which is a closure relation to
solve the OZ equation in bulk.

1.4.1.2 Minimizing the Grand Potential Functional

The aim with DFT is to find the equilibrium density profiles ρ0,j(r) from which one has ac-
cess to all the thermodynamic quantities. In practice, one needs to solve the Euler-Lagrange
Eq. (1.8), which can be rewritten as

ρj(r) = ρb,j exp
[
−βV j

ext(r) + c
(1)
j (r; [{ρ}]) − c

(1)
b,j ({ρb})

]
, (1.50)

where ρb,j denotes the bulk concentration defined by

ρb,j =
eβµj+c

(1)
b,j({ρb})

Λ3
j

, (1.51)

and c
(1)
b,j ({ρb}) is the value of c

(1)
j (r; [{ρ}]) in the bulk. Solving self-consistently for the

density profiles from Eq. (1.50) is a tedious process, and requires an iterative scheme. The
most common iterative scheme, that was also used for the work presented in this thesis,
makes use of Picard iterations shown below.
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Solving the Euler-Lagrange equation Eq. (1.50) with Picard iteration

Choose bulk densities ρb,j and the external potentials V j
ext(r)

Choose all other system parameters
Calculate the bulk values c

(1)
b,j ({ρb})

Choose starting density profiles ρ̃
(0)
j (r)

ρ
(1)
j (r) = ρ̃

(0)
j (r)

iteration parameter k = 0
Choose mixing parameter α(1)
Set Tolerance tol

Set error error = 2tol

while error > tol

k = k + 1
Mix the new and old solutions: ρ̃

(k)
j = α(k)ρ

(k)
j (r) + (1 − α(k))ρ̃

(k−1)
j (r)

Calculate c
(1)
j (r; [{ρ̃(k−1)}]) from Eq. (1.47)

Calculate ρ
(k)
j (r) from Eq. (1.50)

Calculate the error: error = log
[
maxj,r

(
|ρ(k)j (r) − ρ̃

(k−1)
j (r)|/ρb,j

)]
Choose a proper mixing parameter α(k)

end

Equilibrium density profiles (within the tolerance): ρ
(k)
j (r).

Letting the mixing parameter α(k) be dependent on the iteration numer k allows for a
faster convergence of the density profiles. The self-composed code that was used through-
out this thesis, and which is made accessible for others to use at [56], was able to calculate
the equilibrium density profiles in the order of seconds to minutes, depending on the
system parameters and tolerance, on a desktop computer.

1.4.2 DFT for the Electrode-Electrolyte Interface

The system that is considered throughout this thesis has been introduced in the previous
sections 1.2.1 and 1.2.2, and will be investigated in detail in Chapter 2. However, let us
consider one more step towards simplification and consider the planar geometry. This
implies integrating over the in-plane coordinates y, and z. By doing so, one loses all the
information in the y, z plane, but gains in computational speed by reducing the problem
to an effective one-dimensional problem; the only coordinate of relevance is the normal
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coordinate x. One can enforce this symmetry by applying an external potential that is only
dependent on x, like the hard-wall external potential in Eq. (1.20) that reduces to

V j
ext(x) =


∞ for x < dj/2;

0 for x ≥ dj/2.
(1.52)

Let us recall that fixing the electric potential on the surface Φ0/H of the electrodes gives
rise to the inhomogeneous charge distributions σ0/H(y, z). However, by integrating over
the inner-plane coordinates, one loses valuable information on the charge fluctuations
on the surface, which is the price we pay for speed and simplicity. Consequently, we
only have access the average surface charge density that we simply denote by σ0/H =
1
A

∫
dy
∫

dzσ0/H(y, z). Recalling the electric potential at the surface in Eq. (1.28), we can
cast this equation in a simpler form using the definition for the density operator ρ̂j(r) =∑
k δ(r − rk), to find

Φs =
∫

dr′ q̂tot(r′)

4πεrε0|rs − r′|
, (1.53)

with q̂tot(r) = e
∑
j zj ρ̂j(r) +

∑
s σs(y, z)δ(x − s) denoting the total charge density operator.

This can be straightforwardly generalized to the electric potential profile Φ̂(r) for a specific
configuration of ions rN±

± and surface charge density distribution σ0/H(y, z),

Φ̂(r) =
∫

dr′ q̂tot(r′)

4πεrε0|r − r′|
, (1.54)

which, after taking the ensemble average, gives the expression for the average electric
potential

Φ(r) =
∫

dr′ qtot(r′)

4πεrε0|r − r′|
, (1.55)

where qtot(r) = e
∑
j ρj(r) +

∑
s σsδ(x − s) denotes the average total charge density, with

e
∑
j ρj(r) the charge density profile of the mobile ions and σ0/H the average surface charge

density on the electrodes. Taking the Laplacian of Φ(r) results in the well-known Poisson
equation for the mean electric potential

∇2Φ(r) = −qtot(r)
εrε0

= − 1
εrε0

e
∑
j

zjρj(r) +
∑
s

σsδ(x − s)

 . (1.56)

Now, let us consider the total electrostatic energy UES in the system, which is the combined
Coulombic interaction between the ions

∑
i ̸=j uCij , the Coulombic electrode-ion interactions

Uel, and the Coulombic self energy of the electrodes Uself , which combined can be cast in
the form

UES =
1
2

∫
dr
∫

dr′ q̂tot(r)q̂tot(r′)

4πεrε0|r − r′|
. (1.57)
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Again, we are not interested in any specific configuration of the system, but rather focus
on the average quantities. Taking the average of this expression will contain the quantity
⟨q̂tot(r)q̂tot(r′)⟩ one needs to deal with. The simplest approach would be a mean-field
approximation for which ⟨q̂tot(r)q̂tot(r′)⟩ = qtot(r)qtot(r′). However, a more general notion
would be to introduce a pair charge distribution function q(2)(r, r′) = qtot(r)qtot(r′)gq(r, r′),
similar to the pair distribution function ρ

(2)
ij (r, r′), where gq(r, r′) takes the role of the radial

distribution function. Then, taking the ensemble average of Eq. (1.57) returns

⟨UES⟩ =1
2

∫
dr
∫

dr′ qtot(r)qtot(r′)gq(r, r′)

4πεrε0|r − r′|
, (1.58)

where it is understood that taking gq(r, r′) = 1 reduces Eq. (1.58) to the mean-field expres-
sion

⟨UES⟩ = FMFC
ex [{ρ}] =1

2

∫
drqtot(r)Φ(r). (1.59)

Hence, we presented an explicit example for the construction of a mean-field (MF) ap-
proximation for the Helmholtz free energy that deals with the Coulombic (C) interactions,
while in Chapter 2 we will also present beyond-mean-field approximations. One notion
to emphasize is that, throughout this thesis, we separate the non-electrostatic external po-
tential V j

ext(r) from electrostatic external contributions, like the ion-electrode interaction
potential due to the surface charge that results from applying an electric potential. The
reason for doing so, is that this allows us to consider the total mean electric potential Φ(r),
which can be readily obtained from the Poisson equation (1.56), instead of having to split
it into a surface contribution and an ion contribution.

To summarize, we consider two planar hard walls at x = 0 and x = H , described by the
external potential V j

ext(x) in Eq. (1.20), at which an electric potential Φ0/H is applied that
gives rise to an average surface charge density σ0/H . Hence, the only spatial dimension of
interest is the normal coordinate x, reducing the system to an effective one-dimensional
problem. This simplifies DFT description of the system, because all the spatial-dependent
quantities now only depend on x. The integration over the in-plane coordinates (see also
appendix 2.A), reduces the grand potential functional to

Ω[{ρ}] = Fid[{ρ}] + Fex[{ρ}] − A
∑
j

∫
dxρj(x)

[
µj − V j

ext(x)
]

− A
∑
s

σsΦs, (1.60)

where

βFid[{ρ}] = A
∑
j

∫
dxρj(x)

[
log Λ3

jρ(x) − 1
]

. (1.61)

Now that we established the theoretical framework for DFT for our model/system, let us
first consider one of the simplest approaches to deal with the electrode-electrolyte interface,
namely the Poisson-Boltzmann theory.
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1.4.3 Poisson-Boltzmann Theory

The most common and easiest theory to tackle electrolytes is the Poisson-Boltzmann (PB)
theory, which makes one more simplification on the PM, namely to treat the ions as point-
like particles. By doing so, one only has to deal with the Coulomb pair potential between
the particles, for which the Helmholtz free energy functional FMFC [{ρ}] from Eq. (1.59)
suffices. Hence, Eq. (1.50) for the density profiles, reduces to the Boltzmann distribution of
the electrostatic potential

ρj(r) = ρb,je
−zjeβΦ(r), (1.62)

with ρb,j the bulk density, where the electrostatic potential Φ(r) vanishes. The latter is de-
termined by the Poisson equation (1.56). Considering the simple case of a planar geometry
containing a single charged hard wall at x = 0 with surface charge density σ, and intro-
ducing the dimensionless electrostatic potential ϕ(x) = eβΦ(x), reduces the PB equations
to

ρj(x) = ρb,je
−zjϕ(x), (1.63)

∂2
xϕ(x) = −4πλB

∑
j

zjρj(x) +
σ

e
δ(x)

 . (1.64)

When the electrostatic potential is small for all x, one can linearize the PB equations to
obtain one second-order ordinary differential equation with the two boundary conditions

∂2
xϕ(x) = κ2

Dϕ(x) (1.65)

ϕ(∞) = 0 (1.66)

ϕ′(0) = −4πλBσ/e (1.67)

where κD =
√

4πλB
∑
j z2

j ρb,j = 1/λD denotes the famous inverse Debye length, and ϕ′(0)
the spatial derivative of the electrostatic potential evaluated at x = 0. We will, depending
on the context, interchangeably use either κD or λD throughout this thesis. Solving this
differential equation results in an exponential monotonic decaying potential profile (and
density profiles) with decay length λD. Gouy and Chapman also solved, independently,
the full non-linear PB equations within the planar geometry [29, 30], finding qualitatively
similar monotonic decaying profiles with the same decay length λD. Hence, the typical
thickness of the electrode-electrolyte interface (EDL) within PB theory is given by the
Debye length λD, which, in water at room temperature, takes typical values ranging from
10 nm for bulk concentrations of ρb = 1 mM to 0.3 nm for bulk concentrations of ρb = 1 M.
The latter case makes it explicit that PB theory has a limited applicability, due to the ab-
sence of any steric interactions (finite-sized ions with radii that can be larger than the
Debye length at high concentrations), which can result in unphysically large densities near
charged surfaces. One noteworthy approach is the modified PB theory [57], a lattice-gas
approach, in which finite-size effects are taken into account on a rudimentary but elegant
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manner. However, this approach has its limitations due to being a lattice-gas approxima-
tion, which can be improved significantly by incorporating FMT in DFT, which describe
hard-sphere interactions fairly well.

1.5 capacitance of the electrode-electrolyte interface

One of the important thermodynamic quantities that we study here using DFT, is the
differential capacitance. In our early science and engineering classes the concept of the
capacitor was introduced as a relative simple device with two parallel charged plates (elec-
trodes) with surface area A separated by a distance H with an inert (dielectric) medium in
between. This will lead to a constant electric field E with energy density u = εrε0

2 E2 inside
the capacitor, where ε0 is the dielectric permittivity in vacuum and εr the relative permit-
tivity of the medium (dielectric constant). The electric field perpendicular to the electrodes
arises due to the surface charge σ on the electrodes. Since the medium in between the elec-
trodes is inert, Gauss’ law reduces to ∂xEx = σ(δ(x) − δ(H))/εrε0, where we assume that
the electrodes are located at x = 0 and x = H have the same but opposite surface charge σ.
Solving this equation returns Ex = σ/εrε0, and hence the energy density in between the
electrodes is u = σ2

2εrε0
, leading to a total energy Ecap = AHu = σ2AH

2εrε0
, which scales with

the area. A convenient measure to describe a capacitor is the differential capacitance per
unit area

C =
1
A

dQ

dΨ
, (1.68)

where Ψ denotes the potential difference4 between the electrodes. The capacitance C is a
measure for the ability of a capacitor to store energy. For our simple case, the potential
drop is linear between the electrodes, leading to C = Q/ΨA = εrε0/H . Hence, the larger
the surface area and the smaller the separation between the electrodes, the larger the total
capacitance AC. One can also work out that the energy stored inside the capacitor is Ecap =
1
2ACΨ2. The main message following this discussion is that the larger the capacitance, the
larger the energy stored inside of it at a given Ψ.

This situation gets more complicated when the medium in between the electrodes is
not a linearly polarisable dielectric medium such as air, but an electrolyte with dissolved
ions in water, for instance. The presence of the mobile ions will introduce a complexity
that changes the whole story. In the previous case, the medium in between the electrodes
did not really interact with the electrodes, except for polarization that accounts for the
dielectric constant εr. With the introduction of ions, this is no longer the case, and the
interaction between the mobile ions and the electrode will cause the previously-mentioned
EDL. What happens is that the ions interact with the electric field induced by the surface
charge on the electrodes. That is, the ions feel the force F = ezE, where z denotes their
valency, which, because of their mobility, pushes cations (anions) towards the negatively
(positively) charged electrode, repelling the anions (cations), precisely as Faraday observed.

4 We reserve Ψ for the potential difference between the two electrode surfaces, while Φ0/H denotes the potential
at the electrode surface at x = 0/H w.r.t. the grounded ionic reservoir.
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The accumulation of oppositely charged ions near the electrodes will counter the electric
field caused by the surface charge on the electrodes; this is referred to as screening. The
repulsion between the like-charged ions near the electrode together with entropy, which
prefers a homogeneous system, results in an extended charge density near the electrode
that decays to zero towards the bulk on a length scale that reduces to the Debye length λD

in the dilute limit. This decaying charge density due to the (electronically) charged surface
is referred to as the EDL, and is captured by PB theory of Eqs (1.67)-(1.67).

One can imagine that the total energy inside such a system is very different from a
simple two-plate capacitor from the previous paragraph. First of all, the electric field is
not spatially constant anymore in between the electrodes. Where the electric field was first
determined only by the fixed charge on the surfaces f(r), now one also has to deal with
the mobile ions in the electrolyte and therefore a non-vanishing charge density q(r) in
between the electrodes:

∇ · εrε0E(r) = q(r) + f(r). (1.69)

Again considering two parallel electrodes, Gauss’ law effectively reduces to a one-
dimensional problem ∂xεrε0E(x) = q(x) + σ0δ(x) + σHδ(x − H), with σ0 and σH the sur-
face charge density on the electrodes at x = 0 and x = H , respectively. The internal energy
density u(x) is therefore also spatially dependent on x and the total electric energy inside
the capacitor should now be calculated via the integral

Ecap =A

∫ H

0
dxu(x) = A

∫ H

0
dx

εrε0
2 E2

x(x). (1.70)

Using the Poisson equation from Eq. (1.56), Eq. (1.70) can also be expressed as

Ecap = A

∫ H

0
dx

εrε0
2 (∂xΦ(x))2

= A
εrε0

2 Φ(x)∂xΦ(x)

∣∣∣∣H
0

− A

∫ H

0
dx

εrε0
2 Φ(x)∂2

xΦ(x)

=
A

2 (σ0Φ0 + σHΦH) +
A

2

∫ H

0
dxΦ(x)q(x), (1.71)

where we used Gauss’ law to find

lim
ε↓0

∂xΦ(ε) − lim
ε↑0

∂xΦ(ε) = − σ

εrε0
(1.72)

with the assumption that the electric field inside the electrodes vanishes (as is the case for
conductive electrodes). In the absence of mobile ions and by applying a potential differ-
ence Ψ between the electrodes one straightforwardly solves the Poisson equation, finding
Φ(x) = ( 1

2 − x
H )Ψ. Indeed, this leads to Ecap = 1

2ACΨ2 as stated before. Including the
mobile ions creates the two unknowns Φ(x) and q(x) that one has to account for, which
is a complicated problem. Of course, there are approximations, varying in complexity, but
especially at high ion concentrations where electrostatics is not the only player, it becomes
increasingly difficult to tackle realistic models. One noteworthy result to mention is the
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differential capacitance that follows from the exact solution for the density and potential
profiles within the mean-field Poisson-Boltzmann theory with point-like ions, found inde-
pendently by Gouy [29] and Chapman [30] (GC). They derived the equation

CGC
µ =

εε0
λD

cosh
(

βeΦ0
2

)
, (1.73)

which is dependent on Φ0, and moreover it is unbounded. The latter is problematic and is
typical for the mean-field theory for point ions. Introducing finite-sized particles will solve
this problem as explained in Chapter 4. In Chapters 3 and 4 we delve into the differential
capacitance in more detail, showing its rich behavior using Density Functional Theory
(DFT), and presenting its deep connection with thermodynamics.

Chapter 2 will further discuss the PM and its implementation in DFT. Special attention
is given on several treatments for the electrostatic interactions, and we show how results
from the DFT calculations compare with those from simulations and other works in literat-
ure. In particular, we investigate one of the open problems, which is that of the asymptotic
decay in high-concentrated electrolytes. In Chapter 3 we further test the functional that ap-
pears most accurate from Chapter 2, and consider many different electrolytes. Moreover,
we investigate the differential capacitance and show the excellent agreement between DFT
and Brownian Dynamics simulations. The next Chapter 4 further analyses the differential
capacitance, where a new equation is derived that gives a lot of insight into the behavior of
the differential capacitance. Specifically, we show that impurities in the electrolyte can lead
to large changes in the differential capacitance. The final chapter 5 is dedicated to improv-
ing a DFT for a Lennard-Jones system using machine-learning techniques, with the aim
to implement and improve upon the PM by including dispersion relations. Interestingly,
the functional that was obtained from this machine-learning algorithm, in which a planar
geometry was considered, also performs well in a spherical geometry. Hence, the learned
functional has embedded information of the bulk system, and not only of the specific geo-
metry for which it was learned. Of course, there is a summary, conclusion and outlook at
the end of the thesis.



A P P E N D I X

1.a fundamental measure theory

Fundamental Measure Theory (FMT) is nowadays the state of the art when dealing with
DFT of hard-core particles. Originally developed for spheres, it can be applied to other
shapes as well, due to its generic features. Its name has its origin from the way that this
theory describes systems of hard-core particles (from now on we will be interested in hard-
spheres), namely by using quantities that are related to the volume, surface area, radius
and topology, i.e. the fundamental properties or measures of the particle.

One of the starting points for the development of FMT was the weighted density approx-
imation, where the grand potential functional is described in terms of a weighted density
ρ̄(r), rather than in terms of the local density ρ(r). These weighted densities are used to
incorporate non-locality in the theory, which is necessary to allow oscillatory local density
profiles due to packing effects. That is, since crystals exhibit delta-function-like density
profiles, we know that one should not bound the density profile ρ itself (as is done in mod-
ified PB), but a weighted density ρ̄. In this way, ρ can still be very large locally, but needs to
drop off fast enough to not exceed the bound that is set on ρ̄. The procedure of using this
averaged, or weighted, density in a DFT is called the weighted-density approximation.

One other important theory for the development of FMT was scaled particle theory
(SPT), which makes use of the fact that hard-sphere systems are scale-invariant. That is,
it does not matter whether you describe thermal mixtures of nanoparticles or thermal
mixtures of planet-sized particles, their macroscopic equilibrium properties all are charac-
terized by only one parameter, the packing fraction

η =
π

6
∑
j

d3
jρb,j , (1.74)

where dj is the diameter of particles of species j and ρb,j the bulk density of species j. The
chemical potential µ, which coincides with the work required to make a cavity of the size
of a certain particle with radius R, can therefore be written as the expansion

βµ = pV + γS + κR + O(1) =
limR→∞

pV , (1.75)

where the first term pV is the work against the pressure p to make a cavity of volume V of
the particle, the second term is the work against the surface tension γ by creating a surface
area S of the size of the particle and the last term is also related to the surface tension since
it depends on the curvature R of the particle. Due to scale invariance, taking the limit of
infinite-sized particles justifies the last equality.
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On the other hand, one of the most important insights was that the Mayer function
fij(r), which arises in the expansion of the excess free energy in the low-density limit as

βFex[{ρi}] = − 1
2
∑
i,j

∫
dr1

∫
dr2ρi(r1)fij(r12)ρj(r2) (1.76)

− 1
6
∑
i,j,k

∫
dr1

∫
dr2

∫
dr3ρi(r1)fij(r12)ρj(r2)fjk(r23)ρk(r3)fki(r31),

where rij = |ri − rj |, can be written as a convolution of weight functions ωiα (in the case of
a hard-core potential). For a hard-sphere mixture this relation is given by

−fij(r) = ωi3 ⊗ ωj0 + ωi0 ⊗ ωj3 + ωi2 ⊗ ωj1 + ωi1 ⊗ ωj2 − ωi2 ⊗ ωj1 − ωi1 ⊗ ωj2, (1.77)

where the symbol ⊗ denotes a convolution in three-dimensional space and the weight
functions read

ωi3(r) = Θ(Ri − r), (1.78)

ωi2(r) = δ(Ri − r), (1.79)

ωi1(r) =
ωi2(r)

4πRi
, (1.80)

ωi0(r) =
ωi2(r)

4πR2
i

, (1.81)

ωi2(r) =
r
r

δ(Ri − r), (1.82)

ωi1(r) =
ωi2(r)
4πRi

. (1.83)

In the low-density limit, the first line in the excess free energy functional Eq. (1.76) can be
written as

lim
ρi→0

βFex[{ρi}] =
∫

dr′ [n0(r)n3(r) + n1(r)n2(r) − n1(r)n2(r)] , (1.84)

where

nα(r) =
ν∑
i=1

∫
dr′ρi(r′)ωiα(r − r′) (1.85)

are the weighted densities, which are convolutions between the densities ρi and the weight
functions ωiα. The label α stands for all the possible weight functions. The dimension of
the weighted densities obeys the relation [nα] = Lα−3, where L stands for length.



1.A fundamental measure theory 29

In bulk, the weighted densities reduce to the so-called SPT variables

n3 → ξ3 =
ν∑
i=1

ρib
4π

3 R3
i (1.86)

n2 → ξ2 =
ν∑
i=1

ρib4πR2
i (1.87)

n1 → ξ1 =
ν∑
i=1

ρibRi (1.88)

n0 → ξ0 =
ν∑
i=1

ρib, (1.89)

where ξ3 is the total packing fraction, bounded by one. Note that n1 and n2 vanish in the
bulk, due to ω1/2 being anti-symmetric. Now, Eq. (1.84) only holds in the low-density limit
and to go to higher densities, one must extrapolate this to the high-density limit.

1.a.0.1 The Functional

To extrapolate this idea to higher densities, one makes the basic assumption that the excess
free energy functional for the hard spheres FHS

ex is a functional of the weighted densities
nα(r) of the form

βFHS
ex [{nα}] =

∫
drΦ({nα}), (1.90)

where Φ({nα}) is the reduced free energy density, which is a function of the weighted
densities nα. In the low-density limit, this functional should reduce to Eq. (1.76) and (1.84).
This suggests that, based on dimensional analysis, Φ casts the form

Φ({nα}) = f1(n3)n0 + f2(n3)n1n2 + f3(n3)n1 · n2 + f4(n3)n
3
2 + f5(n3)n2n2 · n2. (1.91)

There are several ways to find the functions fj . The first approach by Rosenfeld was to use
the SPT result

lim
Ri→∞

βµiex
Vi

= lim
Ri→∞

∂Φ
∂ρi

= lim
Ri→∞

∑
α

∂Φ
∂nα

∂nα
∂ρi

=
∂Φ
∂n3

= βp, (1.92)

where the last equality follows from Eq. (1.75). However, one also has the relation Ωb =

−pV , which translates to

βp = −βΩb

V
= −Φ + βfid −

∑
i

ρibβµi = −Φ +
∑
α

∂Φ
∂nα

nα + n0. (1.93)

Hence, one finds the differential equation

∂Φ
∂n3

= −Φ +
∑
α

∂Φ
∂nα

nα + n0 (1.94)
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that one can solve by collecting all the terms proportional to each nα. This way, Rosen-
feld [58] obtained the free energy density

ΦRF = −n0 ln(1 − n3) +
n1n2 − n1 · n2

1 − n3
+

n3
2 − 3n2n2 · n2
24π(1 − n3)2 . (1.95)

Though this version of FMT predicted density profiles rather well and even generates the
Percus-Yevick (PY) compressibility equation of state and the PY direct correlation func-
tions, it did not predict correctly the freezing transition. Hence, the general idea of Rosen-
feld’s FMT and was taken to a higher level, for instance the White-Bear II (WBII) version of
FMT [48]. Instead of using the SPT equation of state Eq. (1.75), one can use another equa-
tion of state pinput that is known to describe (mixtures of) hard-sphere fluids accurately
and then put this into Eq. (1.94), i.e.

βpinput = −Φ +
∑
α

∂Φ
∂nα

nα + n0. (1.96)

One suitable choice for this pinput would be the well-known Carnahan-Starling (CS) equa-
tion of state that describes hard-spheres very accurately. However, this only describes
single-component systems, while we are mostly interesting in multi-component mixtures.
Therefore, one can use the generalized CS equation of state [48]

βpCSIII =
n0

1 − n3
+

n1n2(1 + 1
3n2

3)

(1 − n3)2 +
n3

2(1 − 2
3n3 +

1
3n2

3)

12π(1 − n3)3 . (1.97)

Putting this equation of state in Eq. (1.96) and solving the differential equation results in

ΦWBII = − n0 ln(1 − n3) +

(
1 + 1

9n2
3ϕ2(n3)

)
n1n2 − n1 · n2

1 − n3
+ (1.98)(

1 − 4
9n3ϕ3(n3)

)
n3

2 − 3n2n2 · n2
24π(1 − n3)2 (1.99)

with

ϕ2(n3) =
6n3 − 3n2

3 + 6(1 − n3) ln(1 − n3)

n3
3

(1.100)

ϕ3(n3) =
6n3 − 9n2

3 + 6n3
3 + 6(1 − n3)2 ln(1 − n3)

4n3
3

. (1.101)

For a one-component fluid, one can see immediately the improvement w.r.t. the Rosenfeld
version, because it obeys

∂ΦWBII

∂n3
= βpCS (1.102)

with pCS the accurate CS equation of state.
Actually, this is not yet the end of the story, because the WBII version of FMT still does

not predict the correct hard-sphere freezing transition. To correct for this, one can include
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Figure 1.A.1: Density profiles ρ(x)/ρb for hard spheres at packing fractions ranging from η = 0.001
to η = 0.4. The bulk values of the density profiles are shifted for visibility.

weight functions of higher order, like second or even higher order tensors. However, the
most common correction is to include the weight function

ωm(r) =
(

r · rT

r2 − 1
31

)
δ(Ri − r), (1.103)

where T stands for transpose and 1 is the unit matrix. The resulting energy density then
reads

ΦWBIIt = ΦWBII +
9(n2nmn2 − 1

2Tr(n3
m))

24π(1 − n3)2 . (1.104)

However, within the planar geometry, there is hardly any difference between ΦWBII and
ΦWBIIt, which let us to use the non-tensor version ΦWBII , instead.

Density profiles ρ(x)/ρb with for the WBII FMT functional for packing fractions ranging
from η = 0.001 to η = 0.4 are plotting in Fig. 1.A.1. The bulk density for the packing
fractions η = 0.01 to η = 0.4 are shifted for better visibility. The density profiles for
η = 0.001 and η = 0.01 barely show any feature. The first packing fraction for which
the density profile is plotted at which structure is seen is at η = 0.1, where a clear first
peak is observed at x = 0.5d, and a barely visible second peak is forming around x = 2d.
Increasing the packing fraction causes the second peak to shift to x = 1.5d, and makes the
subsequent peaks more visible.





2
P R I M I T I V E M O D E L E L E C T R O LY T E S I N T H E N E A R
A N D FA R F I E L D : D E C AY L E N G T H S F R O M D F T
A N D S I M U L AT I O N S

Inspired by recent experimental observations of anomalously large decay lengths in concentrated
electrolytes, we revisit the Restricted Primitive Model (RPM) for an aqueous electrolyte. We invest-
igate the asymptotic decay lengths of the one-body ionic density profiles for the RPM in contact
with a planar electrode using classical Density Functional Theory (DFT) and compare these with
the decay lengths of the corresponding two-body correlation functions in bulk systems, obtained in
previous Integral Equation Theory (IET) studies. Extensive Molecular Dynamics (MD) simulations
are employed to complement the DFT and IET predictions. Our DFT calculations incorporate elec-
trostatic interactions between the ions using three different (existing) approaches: one is based on the
simplest mean-field treatment of Coulomb interactions (MFC), while the other two employ the Mean
Spherical Approximation (MSA). The MSAc invokes only the MSA bulk direct correlation function,
whereas the MSAu also incorporates the MSA bulk internal energy. Although MSAu yields profiles
that are in excellent agreement with MD simulations in the near field, in the far field, we observe
that the decay lengths are consistent between IET, MSAc, and MD simulations, whereas those
from MFC and MSAu deviate significantly. Using DFT, we calculated the solvation force, which
relates directly to surface force experiments. We find that its decay length is neither qualitatively
nor quantitatively close to the large decay lengths measured in experiments and conclude that the
latter cannot be accounted for by the primitive model. The anomalously large decay lengths found
in surface force measurements require an explanation that lies beyond primitive models.

33
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In this chapter we investigate the structure of EDLs, focusing on the decay lengths of
the one-body density profiles and how these are determined by the decay of two-body cor-
relation functions in the bulk liquid. The former aspect is investigated using DFT and MD
simulation while the latter is examined using IET and MD simulation. We specialize to the
Restricted Primitive Model (RPM) where the ionic species have equal size and equal but
opposite charge. This choice simplifies theoretical treatments: number and charge dens-
ity profiles, and the corresponding two-body correlation functions, (essentially) decouple,
allowing us to treat both pieces independently. Implementing DFT, we consider three dif-
ferent treatments of the electrostatic interactions, while employing the same Fundamental
Measure Theory (FMT) to describe the hard-sphere (HS) interactions that mimic the steric
forces.

This chapter is arranged as follows: Section 2.1 sets out the basic theory for homogen-
eous as well as for inhomogeneous electrolytes. In Section 2.1.2, the three functionals for
the electrostatic interactions are introduced: a mean-field Coulomb functional, and two
functionals based on the Mean Spherical Approximation (MSA). Section 2.2 lays out the
details of the model, its parameters and how we translate between DFT and simulation.
Section 2.3 describes the results of our DFT calculations and MD simulations and how
these connect with results from previous IET studies [59, 60, 61] that examined the decay
of bulk pair correlation functions. Our MD simulations were designed to check predictions
of DFT for the one-body density profiles in the near field, Sec. 2.3.1, and to examine the
asymptotic decay of both the one- and two-body profiles in Sec. 2.3.2. Our DFT results for
the decay length of the solvation force, obtained from the grand potential of the RPM con-
fined between two planar electrodes, are presented in Sec. 2.3.2.3 where they are compared
with the decay lengths measured in IET and DFT studies of the structure of the RPM and
with decay lengths measured in SFA experiments. Section 2.4 describes a summary and
discussion of our results whilst Section 2.5 provides concluding remarks.

2.1 dft for the primitive model

We investigate the Primitive Model (PM) of an aqueous electrolyte in three spatial dimen-
sions, either in a homogeneous bulk state or in contact with a single planar electrode at
surface potential Φ0, as depicted in Fig. 2.1.1. The ions are modeled as hard spheres with
diameter dj and charge ezj , where j refers to the species and e is the elementary charge.
We consider mainly the Restricted Primitive Model (RPM), in which the electrolyte con-
sists of two species (cat- and anions) that are characterized by z± = ±1 and d± ≡ d. The
pair potential of the RPM therefore reads

βuRPMij (r) =


∞, for r < d;

zizj
λB
r

, for r ≥ d.
(2.1)
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One way of tackling the thermodynamics and the structure of the inhomogeneous PM is
by applying DFT. As mentioned in the introduction, the starting point of classical DFT is
the grand potential functional Ω of the density profiles ρj(r), which reads [42, 45, 46]

Ω[{ρ}] = F [{ρ}] −
∑
j

∫
drρj(r)

[
µj − V j

ext(r)
]

− Q0Φ0. (2.2)

where F is an intrinsic property of the system which depends on the temperature and the
interparticle interactions, but not on µj − V j

ext, and Q0 is the charge on the surface due to
applying the surface potential Φ0. Moreover, F is in general not known exactly, so DFT
hinges on approximations for F . It is convenient to separate F into an ideal gas free-energy
functional Fid from Eq. (1.36), and the excess (over ideal) functional Fex that accounts for
the interactions, i.e.

F [{ρ}] = Fid[{ρ}] + Fex[{ρ}]. (2.3)

Importantly, one can show [46] that Fex is also the generator for the direct correlation
functions, in particular

c
(2)
ij (r, r′) = −β

δ2Fex[{ρ}]
δρi(r)δρj(r′)

∣∣∣∣∣
{ρ0}

(2.4)

is the pair (two-body) direct correlation function which is related to the total (pair) correl-
ation function via the Ornstein-Zernike (OZ) equation. For a uniform liquid with constant
(bulk) densities {ρb}, the OZ equation [55] reads:

hij(r) = cij(r) +
∑
k

ρb,k

∫
dr′cik(|r − r′|)hkj(r′), (2.5)

where the sum is over all species k. Eqs. (2.4) and (2.5) reveal an elegant relation between
the total correlation functions hij and the direct correlation functions cij obtained from
free-energy functionals.

Constructing approximate DFTs that generate accurate one-body (density) profiles for
fluids at substrates and for two-body correlation functions in bulk is a challenge across
liquid-state physics [62]. When electrostatics is involved, it is especially demanding due to
the long range character of the Coulomb potential. Tackling Coulombic interactions within
DFT is non-trivial, as explained in detail in a recent review [63].

In subsequent sections we present theories for both homogeneous and inhomogeneous
systems, i.e. without and with electrodes, respectively. We consider to what extent state of
the art density functional theories incorporate correlation effects.

2.1.1 Homogeneous Electrolytes

Here, we review briefly the properties of bulk (homogeneous) fluid systems, considering
results of both the mean-field Debye-Hückel (DH) theory and the Mean Spherical Approx-
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ε

Figure 2.1.1: An illustration of the system considered throughout this study. The cations and an-
ions (in red and blue, respectively) have equal size and valency ±1 and reside in a
dielectric continuum at temperature T and relative dielectric permittivity εr. The elec-
trolyte is in contact with a planar electrode at surface potential Φ0 w.r.t. a grounded
bulk electrolyte, which causes a nonzero charge density profile near the electrode as
depicted by the background shading.

imation (MSA) which is used as a closure to solve the (bulk) OZ equation. Subsequent
subsections build upon these results.

2.1.1.1 Debye Hückel Theory

Electrolyte solutions were already investigated in some detail by Debye and Hückel [31]
(DH) using the (linearized) Poisson-Boltzmann equations. The Poisson equation for a point
charge ze in the origin of an electrolyte reads

∇2Φ(r) = − 1
εrε0

∑
j

ezjρj(r) + ezδ(r)

 , (2.6)

and the Boltzmann distribution for the ionic density profiles is given by

ρj(r) = ρb,je
−zjβeΦ(r), (2.7)

which is valid in the limit where the total electrostatic potential Φ and the ionic bulk
concentrations ρb,j are small. In particular, DH studied the RPM and considered one finite-
sized ion with valency z ∈ {±1} and diameter d at the origin in bath of point ions. For
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convenience, we introduce the dimensionless potential ϕ = eβΦ so that the linearized
Poisson-Boltzmann equation reduces to

∇2ϕ(r) =

−4πλBzδ(r) for r < d/2,

κ2
Dϕ(r) for r ≥ d/2,

(2.8)

with κD =
√

8πλBρb, the inverse Debye length for the two-component RPM for which
ρb,+ = ρb,− ≡ ρb. The DH solution for ϕ in the RPM reads

ϕ(r) =


z

λB
r

− z
λBκD

1 + dκD/2 for r < d/2,

z
λB
r

e−κD(r−d/2)

1 + dκD/2 for r ≥ d/2.
(2.9)

From this expression one can conclude that each ion is screened by a cloud of ions of
opposite charge over a typical distance κ−1

D , i.e. the potential around that ion decays ex-
ponentially with the decay length κ−1

D for r > d/2. The electrostatic self energy UES
ion of a

monovalent ion due to its surrounding is thus given by

βUES
ion = z lim

r→0

(
ϕ(r) − z

λB
r

)
= − λBκD

1 + dκD/2. (2.10)

Interestingly, this is the energy of a spherical capacitor of radius d/2+ κ−1
D , with charge ez

at the origin and −ez homogeneously distributed at the outer shell. The total electrostatic
energy density follows as

βUES

V
=

1
2V

2N∑
j=1

βU j
ion = −1

2λB
2ρbκD

1 + dκD/2, (2.11)

where N denotes the number of ion pairs, V the total volume and 2ρb the total ion density.
Note that the energy of each ion is negative and scales, in the dilute limit dκD ≪ 1, with the
square root of the density. Hence, it is energetically favorable for an ion to be surrounded
by many other oppositely charged ions. Another route that gives the same expression (2.11)
for the energy density can be obtained by following the energy route [42]. Using the radial
distribution functions gij(r) for the RPM from the linearized PB approximation: g+±(r >

d/2) = 1 ∓ eϕ(r) and g+±(r < d/2) = 0, in the exact energy equation:

β
UES

V
= 4πλBρ2

b

∫ ∞

0
drrhZ(r), (2.12)

where hZ = h++ − h+−, we recover Eq. (2.11). The internal energy opens the gateway to the
other thermodynamic potentials, e.g. the electrostatic Helmholtz free energy is obtained
by inverting UES = ∂βFES/∂β, which results in [31] :

βFES

V
= − 1

πd3

[
(dκD/2)2 − dκD + 2 log(dκD/2 + 1)

]
, (2.13)
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where V is the total volume. In the limit dκD → 0 this reduces to the famous limiting law,
exact in the dilute limit,

βFES

V
= − κ3

D

12π
. (2.14)

which predicts that the electrostatic free energy density is negative (so has a cohesive
character) and vanishes with bulk concentration as ρ3/2

b ; note that in the RPM both species
have the same bulk concentration ρb.

Although DH wrote down a generalized free energy expression, appropriate to models
that encompass more species with different radii and valencies, the DH theory provides an
accurate description for dilute systems only. In order to progress one requires more soph-
isticated extensions to DH theory that can tackle concentrated electrolytes. An important
extension is the mean spherical approximation (MSA), a closure to the OZ equation in
which the hard core repulsion between ions is enforced from the outset by requiring the
radial distribution functions gij(r) = hij(r) + 1 vanish inside the hard core.

2.1.1.2 Mean-Spherical Approximation

The MSA is frequently employed to solve the OZ Eq. (2.5). For the PM the MSA imposes
the conditions:

gij(r) = 0, r < dij , (2.15)

c
(2)
ij (r) = −zizj

λB
r

, r ≥ dij , (2.16)

where dij = (di + dj)/2 denotes the average hard sphere diameter of species i and j.
The first is an exact condition whereas the second constitutes the approximation. The full
solution for the direct and total correlation functions, as well as the energy within the
MSA, was found by Blum and others in the 70’s [64, 65, 66, 67] (see also Appendix 2.A)
building upon the pioneering work of Waisman and Lebowitz [68, 69, 70]. The solution for
the direct correlation functions can be written as

cMSA
ij (r) = cHSij (r) + ∆cMSA

ij (r), (2.17)

where the first term is the well-known Percus-Yevick direct correlation function for hard
spheres (HS), see for instance Ref. [42], and the second term arises from the electrostatic
interactions. For the RPM, ∆cMSA

ij (r) takes the simple form:

∆cMSA
ij (r) =


−zizj

λB
r

2Dr − r2

D2 , r < d;

−zizj
λB
r

, r ≥ d,
(2.18)
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where D = d + 1/Υ, with 2Υ a parameter depending on ρb and discussed below. The
results for the electrostatic internal and free energy of the RPM are given by:

β
UES

V
= −λB

2ρbΥ(ρb) + dqη(ρb)

1 + dΥ(ρb)
, (2.19)

β
FES

V
= −λB

2ρbΥ(ρb) + dqη(ρb)

1 + dΥ(ρb)
+

Υ3(ρb)

3π
, (2.20)

where q = ρ+z+ + ρ−z− is the charge density. Of course, this vanishes in the bulk; for
convenience, we retain q for future reference. For every state point {ρbd

3, d/λB}, the para-
meters Υ(ρb) and η(ρb) must be determined self-consistently using the relations:

Υ2 = πλB
2ρb − 2d2qη + 2ρbd

4η2

(1 + dΥ)2 , (2.21)

η =
1

H(Υ)
dq

1 + dΥ
, (2.22)

where it is understood H and Υ are functions of ρb, and H(ρb) is given by

H =
d32ρb

1 + dΥ
+

2
π

(
1 − π

6 d32ρb

)
. (2.23)

The parameter 2Υ reduces to the inverse Debye length κD in the limit dκD → 0. However,
whereas κ−1

D plays the role of a screening length in the dilute limit as we will see, 1/2Υ is
merely an intermediate parameter of the theory and should not be regarded as a physical
screening length. The parameter η characterizes the symmetry of the electrolyte; it vanishes
for the RPM and also for symmetric z : z electrolytes with ion valencies z provided the
ionic radii are equal. In general, however, η is non-zero for asymmetric electrolytes, see for
instance Ref. [71]. Hence, note the striking similarity between the expressions for internal
energy density βUES/V from DH Eq. (2.11) and MSA Eq. (2.19). Also, taking limd→0 in
Eq. (2.20) reduces to the limiting law in Eq. (2.14).

We now turn our attention to inhomogeneous systems, for which DFT provides a power-
ful theoretical framework.

2.1.2 Inhomogeneous Electrolytes

DFT is designed to treat both the thermodynamic and structural equilibrium properties
of inhomogeneous many-body systems. The key ingredient is the excess Helmholtz free
energy functional Fex defined by Eq. (2.3), which for our case should contain both the
hard-core interactions and the Coulomb interactions of the ions as described by the pair
potential Eq. (2.1). Those two types of interactions (hard-core and Coulombic) will be
treated separately, and we split Fex accordingly as

Fex[{ρ}] = FHS
ex [{ρ}] + FES

ex [{ρ}]. (2.24)
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The first term on the right-hand side is the Helmholtz excess functional that accounts for
the hard-core repulsion; this is well described by White-Bear II (WBII) version of Funda-
mental Measure Theory (FMT) for hard spheres (HS), see e.g. Ref. [47]. The second term
accounts for the electrostatic interactions, which are inherently difficult to treat [63]. In the
next paragraphs we describe three functionals that treat the electrostatic (Coulombic) inter-
actions: a functional based on a mean-field approximation, one that uses the MSA direct
correlation function Eq. (2.18) and one that uses both the MSA direct correlation function
and the MSA expression for the Helmholtz free energy Eq. (2.20). For simplicity, we focus
on the RPM, but our treatment can be extended to more general cases.

2.1.2.1 Mean-Field Coulomb Functional

The easiest way to include electrostatics is within a mean-field (MF) approximation for the
Coulomb (C) pair potential (that we call MFC), i.e. we set

βFES
ex [{ρ}] = βFMFC

ex [{ρ}] ≡ 1
2

∫
drQ(r)ϕ(r), (2.25)

where ϕ(r) denotes the dimensionless electrostatic potential, and eQ(r) the total charge
density Q(r) = Qion(r) + Qext(r), with Qion(r) =

∑
j zjρj(r) denoting the charge density

of the ions and eQext(r) the charge density of fixed charges, such as those on the electrode.
The potential and charge density are related by the Poisson equation

∇2ϕ(r) = −4πλBQ(r). (2.26)

Eq. (2.25) corresponds to treating Coulombic contributions on a mean-field level; correla-
tion effects are omitted. Note that the free energy vanishes for a homogeneous bulk sys-
tem, where Q(r) = 0 and ϕ(r) = 0. We have chosen to include the fixed charges in FMFC

ex ,
whereas formally these should be included in the external potential. However, writing
FMFC
ex this way is convenient since it allows us to treat the full electrostatic potential that

includes contributions from the external charges and the response of the ionic charges.
With this choice, it is understood implicitly that V j

ext(r) contains only the non-electrostatic
part of the external potential.

It is well known that mean-field approaches remain reliable if the density fluctuations
are small at all positions. This implies that the accuracy of this MFC functional is restricted
to low values of the bulk ionic densities and of the fixed-charge densities. In order to
describe systems with stronger electrostatic coupling, we must extend the theory. This can
be achieved using results from MSA. In the following subsections we borrow from the
presentation of Ref. [63].
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2.1.2.2 Mean Spherical Approximation: Correlation Function

Given the relation in Eq. (2.4) between the pair direct correlation function and the excess
Helmholtz free energy functional, a natural way to implement the explicit MSA result
Eq. (2.18) is

βFES
ex [{ρ}] = −1

2
∑
ij

∫
dr
∫

dr′ρi(r)∆cMSA
ij (|r − r′|; ρb)ρj(r′). (2.27)

This approximation, which has origins in Ref. [72], inputs the MSA direct correlation func-
tions evaluated at the bulk densities ρb,± = ρb. Thus the functional is built around a certain
bulk reference system. It is convenient to split this functional into a mean-field contribution
MFC, as in Eq. (2.25), plus corrections, i.e.

∆cMSA
ij (r) = −zizj

λB
r

+ ∆cMSAc
ij (r), (2.28)

where the first term is the MFC contribution and from Eq. (2.18) one finds for the RPM
that

∆cMSAc
ij (r) =


zizj

λB
r

(r − D)2

D2 r < d;

0 r ≥ d.
(2.29)

The quantity D was introduced previously just below Eq. (2.18). It follows that, FES
ex =

FMFC
ex + FMSAc

ex , where the first term is given by Eq. (2.25), and

βFMSAc
ex [{ρ}] = −1

2
∑
ij

∫
dr
∫

|r−r′|<d

dr′ρi(r)∆cMSAc
ij (|r − r′|; ρb)ρj(r′). (2.30)

Within the RPM, Eq. (2.30) reduces to

βFMSAc
ex [{ρ}] = −1

2

∫
dr
∫

dr′Qion(r)∆cMSAc(|r − r′|; ρb)Qion(r′), (2.31)

where the zizj term (the only ij dependence) in ∆cMSAc
ij is used in defining the charge

densities Qion. Hence, we have shown explicitly that this functional depends only on the
charge density profiles Qion(r) and not on the total number density profile ρ+(r) + ρ−(r).
The dependence on the total bulk density is manifest via the spatially-constant parameter
D = d + 1/Υ(ρb) that enters the direct correlation functions of the bulk reference system.
We emphasize that the part of the MSA direct correlation function incorporating the short-
range steric repulsions, i.e. cHSij in Eq. (2.17), is treated by an accurate HS (FMT) functional;
see Refs. [63, 73]. The review by Roth [47] provides an excellent account of the FMT for
HS.
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2.1.2.3 Mean Spherical Approximation: Free Energy

In the previous sub-section structural information from the MSA, i.e. the bulk direct correl-
ation function, was used in constructing the approximate electrostatic DFT. However, we
saw earlier that the MSA also provides the internal and free energy of the homogeneous
bulk system. A natural way to incorporate the bulk free energy density from MSA into a
functional is by replacing the bulk densities with local or weighted densities. Specifically,
we replace the charge density q and the total density 2ρb, respectively, with the weighted
densities [71, 74]

ñZ(r) =
∫

dr′ (ρ+(r′) − ρ−(r′))ω(|r − r′|), (2.32)

ñN (r) =
∫

dr′ (ρ+(r′) + ρ−(r′))ω(|r − r′|), (2.33)

where the weight function ω(r) = δ(r − D/2)/πD2 is chosen. That is, ions are smeared
out over a shell with diameter D, which is supposed to represent the range over which
the charge is screened in bulk. However, as pointed out in Sec. 2.1.1.2, the parameter Υ
should not be regarded as an inverse screening length. Notwithstanding, we follow the
methodology of Refs. [71, 74]. Replacing directly the densities results in the reduced free
energy density (in units of kBT ), see Eq. (2.20), used in Ref. [71]

ΦMSA({ñ(r)}) = −λB
ñN (r)Υ({ñ(r)}) + dñZ(r)η({ñ(r)})

1 + dΥ({ñ(r)}) +
Υ({ñ(r)})3

3π
. (2.34)

where {ñ(r)} = {ñN (r), ñZ(r)}. Here, Υ and η are point-wise versions of Eqs. (2.21)-(2.23),
i.e. they are determined in exactly the same way as for the bulk values but using ñN (r)
and ñZ(r) at points r instead of 2ρb and q. Note that, although η vanishes in the RPM in
the bulk, the quantity η(r) can be non-zero in the RPM when there is a non-zero fixed
charge density, i.e. near charged surfaces. The additional functional that arises from this
treatment reads

βFMSAu
ex [{ρ}] =

∫
dr ΦMSA({ñ(r)}), (2.35)

and the approximation becomes βFES
ex = βFMFC

ex + βFMSAc
ex + βFMSAu

ex ; see Eq. (30) of
Ref. [71]. We use the superscript u to indicate the energy route.

This final addition to the electrostatic functional brings both advantages and disadvant-
ages. By including this additional contribution one obtains rather accurate results for dens-
ity profiles for a wide range of parameters, compared to simulations [71, 73]. The contri-
bution is also significant for the energetics, especially at lower concentrations where the
electrostatic free energy scales with ρ3/2

b . Moreover, when entering the realm of asymmetric
electrolytes the η term in Eq. (2.20) becomes important and can give a substantial contri-
bution to the bulk free energy. On the downside, it turns out that this functional breaches
various requirements of consistency (see Appendix 2.B). We shall show that these con-
siderations are important in determining the asymptotic decay of bulk pair correlation
functions and one-body density profiles.
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Three electrostatic functionals are employed in this chapter. The simplest functional
FMFC
ex , which uses only the Coulomb potential, is referred to as the mean-field Coulomb

functional. The second functional, FMFC
ex + FMSAc

ex , which uses the bulk direct correlation
function from the MSA, is referred to as the MSAc functional. And the third functional,
FMFC
ex + FMSAc

ex + FMSAu
ex , which uses both the bulk direct correlation function and the

free energy from the MSA, is referred to as the MSAu functional. In Ref. [71] the authors
use the acronym FMT/fMSA for the third functional.

2.2 dft calculations and md simulations for the rpm at a planar elec-
trode

We apply the density functionals of Sec. 2.1.2 to 1:1 ionic solutions in an aqueous medium
(the solvent is not treated explicitly) with a constant dielectric relative permittivity εr = 78
and temperature T = 293.41 K, corresponding to a Bjerrum length of λB = 0.73 nm. The
electrolyte consists of equal-sized cat- and anions, with hard-core diameters d+ = d− =

d = 0.5 nm, in contact with a planar electrode located at x = 0 and at a fixed surface
potential Φ0. Given the planar symmetry, and in the absence of any symmetry-breaking
transition, the ionic density profiles ρ+(x) and ρ−(x) are a function of the distance x from
the wall. For the RPM we define the dimensionless charge and excess number densities as

ρZ(x) =
ρ+(x) − ρ−(x)

ρb
, (2.36)

ρN (x) =
ρ+(x) + ρ−(x)

ρb
− 2, (2.37)

where the bulk densities ρb,+ = ρb,− ≡ ρb. As a measure for the concentrations we use
the dimensionless quantity dκD, which scales as

√
ρb. In the electrolyte literature it is

customary to introduce a reduced temperature T ∗ = d/λB . For the model we consider
T ∗ ≈ 0.685, which is far above the critical temperature T ∗

c ≈ 0.05 of the 1 : 1 RPM [75].
Thus, we avoid complications associated with liquid-gas phase separation. In practice we
consider a planar slit geometry with two identical charged walls at x = 0 and x = H

separated by a distance H , sufficiently large that the density profiles for x = H/2 are very
close to their bulk values at the specified chemical potential and temperature. In order
to test the predictions of the various DFT approximations, our collaborators carried out
extensive Molecular Dynamics (MD) simulations of the density profiles for the same range
of parameters using the ESPResSo package [76].

Whereas our DFT calculations are performed in a grand canonical ensemble with fixed
chemical potentials µ± and fixed surface potential Φ0, the MD simulations are naturally
performed in the canonical ensemble with fixed numbers of ions N± and fixed homo-
geneous surface charge densities ±eQW at the walls. We employ two oppositely charged
electrodes and fix N = N+ = N−. Direct comparison between DFT and MD results is
possible because we matched the bulk concentrations in DFT such that the concentration
in the center of the slit at x = H/2 coincided with the MD simulation.
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The hard-core interactions in the MD between ions are modeled by the Weeks-Chandler-
Anderson potential [77, 78]

uWCA(r) =

4ϵ
((σLJ

r

)12 −
(σLJ
r

)6
+ 1

4

)
r < d

0 r ≥ d,
(2.38)

with ϵ = 0.5 · 104kBT and σLJ = d/21/6 such that the potential is purely (and strongly)
repulsive and its derivative is continuous at the diameter d. In order to model the effect
of the hard walls we set the wall-ion interaction potential to uWCA(−d

2 + x) for the wall at
x = 0 and uWCA(H + d

2 − x) for the wall at x = H .
For making comparisons, the starting MD values are obtained by preliminary DFT cal-

culations in order to achieve approximately the same dκD and the potential Φ0 of interest.
Then, dκD and the surface potential Φ0 were deduced from the MD simulations, which
are subsequently used as input for the DFT calculations. The input values for the MD sim-
ulations (QW , N and Lx) and DFT calculations (dκD and Φ0) for the following three sets
were

Set 1 QW = 0.00427 e nm−2, N = 1977, Lx = 50 nm dκD = 0.619, Φ0 = 1 mV,

Set 2 QW = 0.913 e nm−2, N = 1983, Lx = 22.5 nm dκD = 1.286, Φ0 = 105 mV,

Set 3 QW = 1.334 e nm−2, N = 1968, Lx = 13.5 nm dκD = 2.243, Φ0 = 72.19 mV.

Profiles are shown in Fig. 2.3.1 where comparison is made with the corresponding DFT
results, as explained in the the next section.

The reader can skip to the next section and come back to this alinea for details regarding
the the extraction of the decay lengths from simulatiosn. In order to calculate the decay
lengths ξN and ξZ of, respectively, the total number and charge bulk pair correlations hN (r)

and hZ(r) we first choose to fit with functions of the form of Eq. (2.41) (see below), that
assumes simple poles determine the asymptotic decay, over a range where our simulation
data is sufficiently accurate. Typically we fit over a short range, approximately between
r = 0.9 . . . 1.1 nm, limited by numerical noise and short decay lengths. Nevertheless, de-
pending on the system parameters, this range could span down to d and up to several
nanometers. Furthermore, at these relatively short distances, often more than one pair
(An, αn) of amplitudes and poles (exponentials with different decay lengths) is required
to fit the pair correlation functions obtained from simulations. Performing individual fits
for each state point, we find two pairs are sufficient to fit the data. However, for number
correlations at low concentrations we were guided by earlier literature [60, 79] on asymp-
totic decay in bulk electrolytes where it was established that a branch point singularity
dominates the decay except at extremely large r. The predicted decay for hN (r) is given
in Eq. (2.44) (see below). For the narrow range of r we have data available, a function of
this form with B = 0 provides an adequate fit. Although more advanced methods are
available to extract the asymptotic decay lengths [79, 80], the relatively simple scheme we
implement proved to be sufficient.
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2.3 results for density profiles and decay lengths

DFT proves to be a valuable microscope in the near field, close to the electrode, where
comparison with simulation is rather straightforward. It is also crucially important as a
telescope in the far field, where the simulation results are limited by system size and
noise.

2.3.1 Near Field

In Fig. 2.3.1 we plot the charge density profiles ρZ(x) (left column) and excess number
density profiles ρN (x) (right column) obtained from the functionals MFC (red), MSAc
(black) and MSAu (blue) and from MD simulations (green) for the sets of parameters
given in the previous section.

In the near field, there is excellent agreement between the density profiles obtained from
the MSAc and MSAu functionals and those from simulations, with the exception of ρN (x)

in Fig. 2.3.1(b). For this low concentration and low surface potential one observes depletion
in the excess number density ρN (x) near an electrode. This is caused by the negative
electrostatic free energy (accounted for only by the MSAu functional) which dominates
over the hard-sphere free energy; whereas the latter scales as ρ2

b , the former scales as
ρ3/2
b , and thus dominates at low enough ρb. Apart from these special cases, the difference

between the MSAc and MSAu profiles in the near field is negligible. Hence, we deduce
that adding the energy term to the functional is only important for the RPM at small
concentrations and surface potentials.

Note that the density profiles from the MFC functional are quite different from those of
the MSA functionals. Clearly the details of near-field structure depend on the terms in the
functional carrying the direct pair correlation function (see Eq. (2.30)), that are absent in
the MFC.

Although in the near field the distinction in the density profiles between the MSAc
and MSAu functionals is fairly small, one can easily distinguish those in the far field (see
insets in Fig. 2.3.1). We focus on this important observation in the next subsection and in
Appendix 2.B.

2.3.2 Far Field

We turn now to the interpretation of the far-field density profiles, i.e. results pertinent to
large x in Fig. 2.3.1. The insets show that oscillations develop in the asymptotic decay of
both the charge and number density profiles as the concentration in dκD is increased. This
is especially clear in the sequence for the MSAc number density profiles.

2.3.2.1 Asymptotic Decay of Bulk Pair Correlations

In the far field, we focus on the asymptotic decay of the one-body charge ρZ(x) and ex-
cess number ρN (x) densities far from the electrode(wall). The leading asymptotics for
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Figure 2.3.1: In (a), (c), and (e) the dimensionless charge density profile ρZ(x) and in (b), (d), and
(f) the dimensionless excess number density profile ρN (x) for the RPM, modelling
an aqueous 1:1 electrolyte, with ionic diameter d = 0.5 nm in contact with a charged
planar electrode located at z = 0. The surface potential Φ0 and the ionic concentration,
expressed as dκD, are given in each panel, while the number of ions and surface charge
density for the simulations are given in Sec. 2.2. Results obtained from MD simulation
(green dots) and the three different DFT approximations (solid lines) are shown. The
insets show the modulus of the density profiles plotted on a logarithmic scale. These
plots, together with many others not shown here, are used to determine asymptotic
decay lengths in the DFT studies.

these densities are determined by the asymptotic decay of pair correlation functions in the
corresponding uniform (bulk) fluid [81, 82, 83, 84, 85]. Appendix 2.C provides a simple ar-
gument for this statement. In the bulk, the asymptotic, large r, behavior of pair correlation
functions can be obtained from the singularities that appear in the Fourier-transformed
OZ equation (Eq. (2.5)). For a single-component (neutral) system this takes the form

ĥ(k) =
ĉ(2)(k)

1 − ρbĉ(2)(k)
. (2.39)
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For models with short-ranged pair potentials (exponentially or faster decaying or of finite
range) we expect the dominant singularities in Eq.(2.39) to be simple poles, at least for
intermediate to high bulk concentrations. In this case the leading decay in three dimensions
is given by

rh(r) ≈
∑
n

Re
(
Aneiαnr

)
, (2.40)

where Re denotes taking the real part, An is an amplitude, and {α} denotes the set of
poles αn with positive imaginary part in the complex k-plane, that satisfy the condition
1 − ρbĉ

(2)(αn) = 0. When the poles are complex the asymptotic behavior is determined by
the pole α = 2π/λ + iκ (λ, κ ∈ R), and its conjugate, having the smallest imaginary part κ.
The leading oscillatory decay of the total correlation function is then given in 3 dimensions
by

rh(r) ≈
r→∞

A cos(2πr/λ + φ)e−κr, (2.41)

where the amplitude A and phase φ can be obtained from the residues [81, 84]. Generally,
there are also pure imaginary poles αn = iκ giving rise to purely exponential decay of
rh(r). Whether the ultimate decay of rh(r) is damped oscillatory or monotonic at a par-
ticular state point depends on whether the lowest lying pole, i.e. that with the smallest
value of κ, is complex or pure imaginary. For model fluids exhibiting repulsive and at-
tractive portions in the pair potential there is a crossover line in the phase diagram where
the asymptotic decay of rh(r) changes from monotonic to damped oscillatory, termed the
Fisher-Widom (FW) line [61, 81, 84, 86, 87]. The procedure we employ for obtaining the
asymptotic decay length, ξ = 1/κ, in the bulk fluid is termed the IET route, since we
usually invoke an integral equation closure or another explicit approximation, gleaned say
from DFT, for the bulk pair direct correlation function.

For a system with two species, in our case cations (+) and anions (-), we must consider
the total correlation matrix

H(r) =

h++(r) h+−(r)

h−+(r) h−−(r)

 (2.42)

for which the Fourier-transformed OZ equation reads

Ĥ(k) =
(

1 − Ĉ(k)ρ
)−1

Ĉ(k), (2.43)

where Ĉ has the same structure as in Eq. (2.42) and ρ is a diagonal matrix whose elements
are the bulk densities of each species. Singularities on the r.h.s. of Eq. (2.43) determine
the asymptotic decay of the total correlation functions. Within the RPM, h++ = h−− and
h+− = h−+ and it is convenient to work with the combinations hN = h++ + h+− and
hZ = h++ − h+−, corresponding to the number-number N and charge-charge Z total cor-
relation function, respectively. The combinations hN and hZ also follow naturally for the
RPM from diagonalizing the matrix H . The special symmetry of the RPM suggests that
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these are decoupled and therefore the inverse decay lengths κN and κZ are independent.
Indeed within IET’s that admit only simple poles this is the case [61]. Fig. 2.3.2 summarises
the pole structure of hN and hZ obtained from an approximate IET study (See Ref. [61]).
The inverse decay length κ is plotted on the vertical axis and the inverse wavelength 2π/λ

on the horizontal axis; crosses indicate a pole. The N pole structure indicates that for
small concentrations the pole with the smallest imaginary part is pure imaginary, and
therefore the pair correlation function hN must decay monotonically. At larger concentra-
tions, the conjugate pair of poles with the smallest imaginary part has a non-zero real part;
hN will then exhibit oscillatory asymptotic decay. Hence, there should be crossover from
monotonic to oscillatory asymptotic N decay, c.f. the FW crossover described above, as the
concentration dκD is increased. The Z pole structure is different, as shown in the bottom
panel of Fig. 2.3.2. Although one finds monotonic asymptotic decay of rhZ(r) at low con-
centrations and oscillatory decay at large concentrations, the crossover mechanism is that
due to Kirkwood Ref. [88]. The key difference between the two types of crossover is: at a
FW point the real part of the pole with the smallest imaginary part jumps discontinuously
from zero to some non-zero value, whereas at a Kirkwood point the pole with the smallest
imaginary part moves continuously away from the imaginary axis. Hence, the wavelength
of oscillations diverges for the Z decay at a Kirkwood point, but not for the N decay at a
FW point. (See Ref. [61]).

Ionic systems bring additional subtleties. In particular, singularities other than simple
poles are expected, reflecting ‘residual’ coupling between number and charge correlations.
This was recognized long ago by Kjellander and coworkers, e.g. Refs. [60, 79, 85, 89]. A
careful asymptotic analysis for the bulk RPM reveals both a pole and a branch point sin-
gularity for number-number correlations implying

hN (r) ≈ B
e−κNr

r
+ A

e−βNr

r2 (2.44)

should provide an adequate description of the asymptotic decay. At moderately large val-
ues of r and for low-intermediate ionic concentrations the second (branch point) term is
expected to dominate. The same asymptotic analysis shows that the branch point term
gives the exponential decay length β−1

N = κ−1
Z /2, i.e. half that of the charge correlation

length κ−1
Z . At low ionic concentrations B → 0 and we choose to fit hN (r) from simula-

tions according to Eq. (2.44) with B = 0, as indicated earlier. This procedure is, of course,
empirical. In reality B ̸= 0 and the pole contribution takes over as the concentration in-
creases; see e.g. Eq. (44) in Ennis et al. and Fig. 1 in Ulander and Kjellander [79]. The
decay length ξN reported later, will be the larger of either 1/κN (pole) and 1/βN (branch
point). In Appendix 2.D we discuss the origin of the term in the one-body number density
profile at a planar wall that is analogous to the term corresponding to the branch point in
Eq. (2.44).
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Figure 2.3.2: The pole structure of the number-number (N) (top) and charge-charge (Z) (bottom)
pair correlation function when increasing from low (dimensionless) concentrations
dκD (left) to high concentrations (right), as determined by IET. The top describes
Fisher-Widom crossover and the bottom Kirkwood crossover. The scenario presented
here makes no reference to other possible singularities, e.g. branch points; see text.

2.3.2.2 Asymptotic Decay of One-Body Density Profiles at a Planar Electrode

As mentioned above, there is a large body of work demonstrating that the asymptotic
decay of the one-body density profiles of fluids adsorbed at planar walls is governed
by the same physics that determines the decay of bulk pair correlation functions. Spe-
cifically, if we know the leading singularities from a calculation of the bulk pair direct
correlation functions, in principle we know the decay lengths and the wavelength of any
oscillations pertinent to the asymptotic decay of the density profiles at a planar electrode,
see Appendix 2.C. This key observation motivates our subsequent analysis. For example,
as x → ∞, the charge and total density profiles in the RPM should take the form:

ρi(x) ∝ cos(2πx/λi)e
−x/ξi , i ∈ {Z, N}, (2.45)

when an oscillatory contribution dominates. Then the asymptotic decay lengths ξZ and ξN

are identical to the corresponding decay length of the bulk fluid. In an oscillatory regime,
the wavelengths λZ and λN are identical to the corresponding bulk values. Moreover, any
crossover that occurs in bulk must be reflected in the decay of the one-body profiles. Note
that we have not indicated any amplitudes or phases in this equation. There is no simple
way of determining these. Contrast this with the decay of bulk pair correlation functions
where the amplitudes and phases are determined from the residues in the OZ analysis.
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Guided by these observations, we can attempt to analyze the far-field results in Fig. 2.3.1.
Extracting the asymptotic decay lengths from the one-body profiles calculated within DFT
and simulations is non-trivial, since we must deal with numerical limitations. Within DFT
the asymptotic decay lengths ξZ and ξN and wavelengths λZ and λN are extracted from fits
to the density profiles in Fig. 2.3.1. For MD our collaborators performed bulk simulations
to achieve better statistics; see Sec. 2.2. We confirmed that the results for the various decay
lengths in DFT were independent of the surface potential Φ0. In Fig. 2.3.3, we present the
decay lengths, multiplied by the inverse Debye length κD (solid lines), and wavelengths
divided by the HS diameter (dotted lines) obtained by fitting the DFT results together with
results from the IET route (purple). For the latter we use the ZZ pair direct correlation
function from the MSA to determine the decay. This MSA result is well-known and the
resulting poles are reported, e.g. in Refs. [61, 90]. The HS pair direct correlation function
from FMT (WBII) is used for the N decay. This treatment of number-number correlations
captures only the contributions from HS (steric) interactions. The results from the MFC
functional are plotted in red and those of the MSAc(u) functional in black(blue) while the
results from MD simulations are plotted in green.

As predicted, ξZ in Fig. 2.3.3(a) extracted from the MFC functional (red line) is given
by the Debye length for all concentrations. At very low concentrations, dκD ≪ 1, the
true decay length must converge to the Debye length for all theories, as dictated by the
limiting law. Precisely how ξZκD approaches unity at dκD = 0 is important and we return
to this later. At intermediate concentrations (dκD > 0.5), the limiting law is no longer
valid and ξZ is found to be smaller than the Debye length. The decay length obtained
from the MSA IET is universal as a function of dκD [61] and is given by the purple line.
From its construction, the MSAc functional should yield identical results and within our
numerical accuracy it does; see black line. The MSAu functional (blue line), on the other
hand, behaves quite differently. We argue this is due to the inconsistency inherent within
this functional (Appendix 2.B), which results in incorrect asymptotic behaviour. The kinks
that are observed for the DFT results indicate that the Kirkwood transition occurs at
(using the notation X = dκD) XMSAc

K ≈ 1.24 and XMSAu
K ≈ 0.7004 while the MSA IET

value is X IET
K ≈ 1.229, As expected, the MSAc and IET Kirkwood points agree closely, i.e.

to within 1 percent which is within the error of the fitting procedure used to calculate
ξMSAc
Z . Strikingly, the MSAu Kirkwood point is smaller by almost a factor of two. The

genesis of the kinks becomes clear when, within MSA IET, one plots the second smallest
imaginary pole (purple-dashed line in Fig. 2.3.3(a)). This plot indicates that the two
smallest poles lie on the imaginary axis and move towards each other with increasing dκD,
merging at the Kirkwood point. For larger concentrations the poles move away from the
imaginary axis, one to positive real values and the other to equal but negative real values
(as depicted in Fig. 2.3.2). The density profiles develop oscillatory decay for dκD > XK

(see dotted lines), beginning with infinite wavelength at dκD = XK . We find that the
wavelengths from the MSAc and IET results are almost identical while the wavelength
from the MSAu functional is very different. The MD results (in green) agree rather well
with those from MSAc, and therefore with MSA IET. There is an indication within MD of



2.3 results for density profiles and decay lengths 51

Figure 2.3.3: (a) The charge decay length ξZ (solid) and wavelength λZ (dotted) plotted as a func-
tion of dκD. The DFT results are for the one body density profiles obtained from the
MFC (red), MSAc (black) or MSAu (blue) functional for the electrostatics. The res-
ults from IET (purple) correspond to the bulk IET MSA closure. These and the MD
simulation results (green) are for the decay of bulk pair correlation functions. The
dashed-purple line in (a) represents the pole with the second-smallest imaginary part,
i.e. the second-leading pole. Arrows point to the cusps where (Kirkwood) crossover
from monotonic to oscillatory decay occurs. (b) The number decay length ξN and
wavelength λN uses the same color coding as in (a). The IET route uses the FMT (HS)
direct correlation function. The MD data for the decay length ξN below the Fisher-
Widom point were fitted using the functional form of Eq. (2.44) with B = 0. Our
numerical results imply ξN is close to the theoretical prediction ξN = 1/2κZ . Results
for ξN calculated from the DFTs are plotted for the surface potential Φ0 = 100 mV; see
text. Arrows point to a (Fisher-Widom) crossover from monotonic to oscillatory decay.
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a Kirkwood point at around dκD ≈ 1.37 and for larger values of dκD the MD results for
ξZκD increase linearly with dκD as found in MSA IET. Moreover, the wavelengths are close.

In Fig. 2.3.3 (b) we present the corresponding results for ξN and λN ; the color coding is
the same as in (a). For the MFC functional ξN is exactly one half the Debye length until
pure HS correlations dominate at high concentrations. For the other two functionals, ξNκD

is close to 1/2 at small concentrations, dκD < 0.5. This is expected and will be explained
below. At high concentrations, dκD > 2, the N decay lengths collapse onto a single curve
and follow the result from IET, where, for all concentrations, ξN is obtained from the HS
pair direct correlation function given by FMT. This collapse indicates that for sufficiently
high concentrations the asymptotic N decay is determined by hard-sphere repulsion: elec-
trostatic interactions hardly play a role. This is also reflected in the wavelengths (dotted
lines). For the IET route λN corresponds to the wavelength of the bulk (asymptotic) oscil-
lations for the HS fluid and the MD simulation results (plotted in green) agree closely. At
intermediate concentrations, 0.5 < dκD < 2, the three DFT functionals show very differ-
ent results. The decay lengths extracted from the MD simulations agree well with those
from MSAc, for both the N and Z decay lengths. There are small differences in the Z
decay length for concentrations beyond the Kirkwood point. However, as we will see in
Fig. 2.3.5, the differences are smaller when compared with the more accurate HNC IET
results from Ref. [59]. From the number density profiles calculated in DFT we were able
to determine the wavelength of oscillations for concentrations beyond the crossover from
monotonic to oscillatory decay that we choose to term the FW point, i.e. for dκD > XFW ,
where XMSAc

FW ≈ 1.26 and XMSAu
FW ≈ 1.77 for the MSAc and MSAu functionals, respectively.

These values bracket the result XFW = 1.41 found in the Generalized MSA (GMSA) IET
study [61] of the bulk electrolyte; see below. Close to the FW point, ascertaining the con-
centration at which the oscillatory branch has the slower decay is not straightforward and,
at first glance, appears to depend on the surface potential. This is illustrated in Fig. 2.3.4,
where we plot ρN (x) obtained from minimising the MSAc functional for surface potentials
ranging from Φ0 = 0.01 mV (blue line) to Φ0 = 100 mV (purple line) at a fixed value of
dκD, somewhat below the FW value. Although the true asymptotic decay must be mono-
tonic, for the smallest surface potential we observe only oscillatory decay in the range of x

that we can access. For larger surface potentials we observe the correct monotonic decay at
sufficiently large x. Such behaviour can be explained if we assume the decay of the number
density profile has two competing portions:

ρN (x) = A1e−α1x + A2e−α2x cos(ωx), (2.46)

For dκD < XFW we know α1 < α2. However, if A1 < A2, then for a certain x < x∗, the
second term dominates and we observe oscillatory decay. Only for x > x∗ will the first
term dominate and then we observe the true asymptotic monotonic decay.

Understanding how the number and charge decay lengths obtained from the three func-
tionals vary with concentration and how their behaviour differs from MSA IET is non-
trivial. It is necessary to consider the Euler-Lagrange equation obtained by minimizing
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Figure 2.3.4: The decay of the excess number density ρN (x) obtained using the MSAc functional for
several surface potentials Φ0 at fixed concentration dκD = 1.0589 that is slightly below
the Fisher-Widom point (see Fig. 2.3.3). For Φ0 = 0.01 mV we appear to observe only
oscillatory asymptotic decay whereas for larger Φ0 we observe the true monotonic
decay; see text.

the grand potential functional. In the far field, the number and charge densities can be
expressed (see Eqs. (2.94) and (2.95) in Appendix 2.D) as

ρZ(x) ≈ 2∆c1(x; [ρZ , ρN ]), (2.47)

ρN (x) ≈ 2∆c2(x, [ρN , ρZ ]) + ∆c1(x; [ρZ , ρN ])
2,

= 2∆c2(x, [ρN , ρZ ]) +
1
4ρZ(x)

2, (2.48)

where ∆c1(x) = c1(x) − c1,b denotes the deviation from bulk of the part of the one-body
direct correlation function that is proportional to the valency of the species and ∆c2(x) =

c2(x)− c2,b is the part that is the same for the cations and anions; see Eqs. (2.90) and (2.91).
For the simplest case, the MFC functional, these reduce to:

ρZ(x) ≈2∆c(1),MFC(x; [ρZ ]) = A exp(−x/ξMFC), (2.49)

ρN (x) ≈2∆c(1),HS(x; [ρN ]) +
1
4ρ2

Z(x)

=B cos(2πx/λN ,FMT ) exp(−x/ξFMT ) + C exp(−2x/ξMFC). (2.50)

where we identified ∆c1(x) = c(1),MFC(x; [ρZ ]), ∆c2 = ∆c(1),HS(x; [ρN ]) and A, B, C are
non-universal coefficients. Whilst the asymptotic decay of ρZ(x) in the MFC is always
given by the Debye length, i.e. ξMFC = κ−1

D , for the number density ρN (x) one finds a
competition between terms decaying with the FMT (HS) decay length ξFMT , dominating at
high concentration, and those with half the Debye length, dominating at low concentration.
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The competition results in the monotonic to oscillatory crossover (FW) point observed in
Fig. 2.3.3. For the MSAc functional we find a similar result,

ρZ(x) ≈2c(1),MFC([ρZ ]; x) + 2c(1),MSAc([ρZ ]; x)

=A exp(−x/ξMSAc), (2.51)

ρN (x) ≈2∆c(1),HS(x; [ρN ]) +
1
4ρ2

Z(x)

=B cos(2πx/λN ,FMT ) exp(−x/ξFMT ) + C exp(−2x/ξMSAc), (2.52)

where we identified ∆c1(x) = c(1),MFC(x; [ρZ ]) + c(1),MSAc(x; [ρZ ]) and ∆c2(x) is the same
as for the MFC. Hence, the decay has the same form as for the MFC functional except
that ξMFC = κ−1

D is replaced with ξMSAc (which is not 1/2Υ), i.e. the value of the leading
pole from the IET route. Note the presence of the Kirkwood point within MSAc leads
to oscillatory decay of ρZ(x) for dκD > XMSAc

K . From the results in Fig. 2.3.3 it is clear
that the MSAu functional exhibits very different behaviour from the other two functionals,
regarding predictions for asymptotic decay of correlations. In Appendix 2.B we argue that
MSAu has severe inconsistencies that lead to erroneous predictions. The felon leading this
inconsistency is the term η({ñ(r)}) in Eq. (2.34), which of course, vanishes in the bulk
RPM. Indeed one might argue that, given the symmetry of the RPM, the term should be
omitted from the outset. If one adopts this strategy MSAu returns the same asymptotic
Z decay as found with the MSAc, while the number decay remains virtually unchanged.
This is explained further in Appendices 2.C and 2.D.

How do our far field results fare in the light of previous studies of asymptotic decay
in the RPM? Fig. 2.3.5 attempts to address this question. We display the decay lengths
calculated using different bulk IET, namely the GMSA [61] and the hypernetted chain
approximation (HNC) [59, 60] and we present these in ranges for which we believe we
can extract reliable numerical results from figures in the published papers.The Z decay
length obtained from our simulations follows the theoretical predictions quite well at small
values of dκD. Note that the HNC results from Ennis et al. focused on this regime where
this closure is expected to yield very accurate (bulk) decay lengths. Comparing Kirkwood
points, it is important to note that the crossover value is universal within the MSA for
the RPM: X IET

K ≈ 1.229. This is not the case within HNC where there is a very weak
dependence on d. In the HNC results that we display in Fig. 2.3.5, Attard [59] used the
same diameter as we used, d = 0.5 nm, while Ennis et al. [60] report results for d = 0.46 nm.
The numerical values determined from HNC for Kirkwood crossover are very close to
each other, i.e. Attard [59] found XK ≈ 1.3 and Ennis et al. [60] found XK ≈ 1.293, which
should be compared to the MSA/GMSA value XMSA

K ≈ 1.229, and our simulation result
dκD ≈ 1.37. Note that the original Kirkwood theory gives a value XK =1.03 while the
Modified Poisson Boltzmann theory [91] yields XK=1.241.

Locating the crossover for N decay is arguably more delicate as this depends on incor-
porating properly hard-core correlations alongside any residual effects arising from the
(net) electrostatics. GMSA and HNC theories attempt this. It is straightforward to show
that the location of the FW point, as a function of dκD, is not universal. Using the MSAc
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Figure 2.3.5: The decay lengths obtained from different theories are compared with simulation
results for the bulk decay lengths (green dots). In (a) the Z decay length obtained from
our DFT calculations of one -body profiles (solid lines) are shown along with the bulk
decay lengths obtained using the GMSA from Carvalho & Evans Ref. [61] (purple
asterisks), the HNC from Attard [59] (blue circles) and the HNC from Ennis et al. [60]
(orange squares). In (b) the N decay length from the same sources, but also including
the result from the HS IET (solid purple line).
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functional, we found crossover at XMSAc
FW ≈ 1.26; see Fig. 2.3.5(b). Using the (bulk) HNC,

Ennis et al. [60] (their Fig. 6) found crossover to oscillatory decay at XEnnis
FW ≈ 1.52. From

Fig. 5(a) of Attard [59] we can deduce a value of XAttard
FW ≈ 1.46. In their pole analysis of

the GMSA Carvalho and Evans found XGMSA
FW ≈ 1.41. Note, however, the GMSA predicts

values of ξNκD ≪ 1/2 for small values of dκD. This defect of the GMSA is elaborated
upon in Appendix 2.C. Our MD simulation results shown in Figs. 2.3.3 and 2.3.5 indicate
crossover at a value of dκD similar to that obtained from MSAc.

We remark that Attard, using HNC, and Carvalho and Evans, using GMSA, locate the
point at which the N decay length becomes larger than the Z decay length; this occurs near
dκD ≈ 3.0 in both theories. The significance of this crossover will become clear in the next
subsection.

2.3.2.3 Asymptotic Decay of the Solvation Force

In light of the recent experimental surface force measurements [34, 35, 36, 37] that report
long decay lengths, it is important to enquire what our DFT results predict for the decay
length of the solvation force for a RPM electrolyte confined between two planar electrodes,
separated by a distance H . The solvation force, see for instance Ref. [92],is defined formally
by

fs(H) = − ∂γ(H)

∂H

∣∣∣∣
T ,µ,Φ0

, (2.53)

evaluated at fixed temperature T , chemical potential µ and surface potential Φ0. Here
γ = (Ω + pV )/A is the surface tension, defined as the excess over bulk grand potential
per unit area of the confined liquid. Here, A denotes the area of the electrodes, V = AH is
the accessible volume and p is the bulk pressure, fixed by the reservoir chemical potential
and temperature. The excess pressure due to confinement fs(H), is related directly to the
force measured in SFA experiments. It is not immediately obvious that the asymptotic,
large H , decay of this thermodynamic quantity should be given by the same singularities
that determine the asymptotic decay of the bulk pair correlation functions and of the one
body density profiles. That this is the case, has been discussed by several authors, e.g. see
Refs. [81, 82, 83, 84, 85]. The basic argument is that the potential of mean force between two
big (spherical) solute particles immersed at infinite dilution in a reservoir of small ‘solvent’
particles must, for large centre to centre separations H , decay with the same (exponential)
decay length and period of oscillations (when the ultimate decay is oscillatory) as determ-
ined by the decay of the bulk pair correlation function in the small ‘solvent’. For the RPM
the ions constitute the small ’solvent’ in this analysis. Allowing the radius of the big solute
particle to become infinite we recover the case of two planar walls and then the potential
of mean force yields the solvation force, or excess pressure. Since we have calculated the
(bulk) charge and number decay lengths as a function of concentration, and examined the
competition between these, we know the ultimate decay of the (thermodynamic) solvation
force for each concentration. We denote the corresponding length scale as ξ, which repres-
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ents the true correlation length in the liquid. The upshot is that the solvation force should
decay as

fs(H) ∝ cos(2πH/λ + φ)e−H/ξ, H → ∞, (2.54)

where ξ is the longest decay length in the system. In an oscillatory asymptotic regime, λ

is the wavelength of the slowest decaying (pole) contribution and φ a non-universal phase
shift.

The decay length ξ extracted from changing the planar distance H from 2.5 to 40 nm at
various (dimensionless) concentrations dκD is presented in Fig. 2.3.6, where we used the
MSAc functional to calculate the grand potential. For low concentrations dκD < 3.2, ξ is
determined by the charge density decay ξZ , while for higher concentrations, dκD > 3.2,
ξN is longer. It is important to compare with results for bulk correlation lengths. From
the HNC [59] and from the GMSA [61] calculations one finds this crossover occurs at
dκD ≈ 3.0, which is quite close to our DFT value. The decay length, ξexp, that can be
measured in an SFA experiment, at large plate separations H , should be the largest decay
length in the confined liquid (the physical system), i.e. ξexp(dκD) = maxa ξa(dκD) where
in our case a ∈ {Z, N}.

Figure 2.3.6: The decay length ξ (green circles) of the solvation force obtained by measuring the
grand potential of the electrolyte, calculated from the MSAc functional, see Eqs. (2.53)
and (2.54), as a function of the distance H between two identical planar electrodes, for
various bulk concentrations dκD. ξ is the larger of the charge (dashed-dot purple) and
the total number (solid purple) decay lengths from IET. The latter predict a cross-over,
near dκD ≈ 3.1, from longest-ranged decay governed by ξZ to that governed by ξN .
The experimental data (blue dots connected by a blue line) is for an aqueous NaCl
electrolyte extracted from Ref. [37], and the black line indicates the often-cited power
law ξκD ∝ (dκD)

3.
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In Fig. 2.3.6 we also plotted in blue symbols the experimental results from Ref. [38] for
NaCl dissolved in water. Clearly, the decay lengths extracted from the SFA experiments
are very different from those calculated for the RPM, except at very low concentrations.
Interestingly, the decay length ξexp measured for dκD > 1 follows the power law κDξ ∝
(dκD)3 as reported and emphasized in Refs. [37, 38, 93, 94, 95, 96, 97]. This behavior is
depicted by the black line in the figure and is argued to be ‘universal’, i.e. it describes
a broad range of electrolytes and ionic liquids. This ‘universal’ power law is not found
within the RPM.

2.4 summary and discussion

In this chapter we investigate the one- and two-body correlation functions of the RPM, a
model electrolyte composed of equal-sized charged spheres of equal but opposite valency
dissolved in a dielectric continuum with a Bjerrum length that is 1.46 times larger than
the ionic diameter –these parameters are chosen to mimic an aqueous electrolyte with
monovalent ions, e.g. KCl, at room temperature. Using integral equation theory (IET),
density functional theory (DFT), and molecular dynamics (MD) simulations, we focus on
the asymptotic (far-field) decay of the correlation functions for a large range of ionic con-
centrations that extends from the very dilute regime where the Debye-Hückel limiting
law applies up to the regime where ionic hard-sphere packing dominate. The one-body
density profiles are calculated for the RPM in contact with a planar electrode at a fixed
potential difference between the electrode and the bulk electrolyte, whereas the two-body
correlations pertain to a homogeneous bulk system. Our DFT calculations make predic-
tions for the asymptotic decay of the solvation force between two charged planar surfaces
immersed in the RPM. The solvation force is the quantity that relates directly to the exper-
imental SFA measurements, where anomalously large decay lengths were observed at at
high salt concentrations, and which stimulated this study

We distinguish between number-number and charge-charge correlations, which are de-
coupled in the bulk RPM,where number-charge correlations are identically zero. The IET
results for the decay of bulk pair correlations are based on two well-known direct correla-
tion functions: the number-number combination uses the one obtained from fundamental
measure theory (FMT) [47] and the charge-charge correlation function uses the one that
stems from the mean-spherical approximation (MSA) [68, 69, 70]. In our DFT treatment we
describe short-range repulsion in the RPM in terms of the FMT hard-sphere free-energy
functional. We explore three different approximations to account for the electrostatic contri-
butions to the free-energy functional, (i) the Poisson-Boltzmann-like mean-field expression
(MFC) for the internal electrostatic energy, (ii) a correction to MFC that accounts for the
finite-ion diameter by incorporating the MSA direct correlation function (MSAc) into the
functional, and (iii) a further correction to MSAc that accounts for the correlation-induced
MSA internal energy, termed MSAu. In the near-field, at distances of the order of the ion
diameter, results from IET and all three versions of DFT agree reasonably well with those
from MD although only the MSAu can account for the ionic depletion observed in the



2.4 summary and discussion 59

number density profile calculated in simulations at low external electrode potentials; see
Fig. 2.3.1. In contrast, in the far-field regime, i.e. for distances and separations much lar-
ger than the ion diameter, our IET and DFT results are mutually consistent apart from
the MSAu implementation of DFT. It follows that employing a functional that yields op-
timal near-field performance does not guarantee the correct asymptotic behavior, crucial
for interpreting SFA measurements. In Appendix 2.E, we also briefly compare the ther-
modynamic quantities, namely the adsorption and differential capacitance, showing the
small differences between the MSA functionals and the large deviations with the MFC
functional.

Two key results of our study are shown in Figs. 2.3.3 and 2.3.5. These concern the con-
centration dependence of the correlation lengths ξZ and ξN that dictate the asymptotic
charge-charge and number-number decay lengths, respectively, and where we character-
ise the concentration in terms of the dimensionless quantity dκD. At low concentrations,
dκD < 0.5, all the approaches we consider agree that ξZ is close to κ−1

D and ξN is close to
1
2κ−1

D , except for the GMSA results for ξN . At very high concentrations, dκD > 2, we find
good agreement between results from all the approaches apart from ξZ in MFC which, of
course, takes its dilute-limit value κ−1

D for all dκD. In this high concentration regime the
structure of the RPM is dominated by steric repulsions rather than by Coulombic inter-
actions. It follows that a DFT must incorporate properly hard-sphere correlations; this is
not the case in MFC. In the intermediate concentration regime, 0.5 < dκD < 2, we find
some substantial differences between several of our approaches, especially for ξN . This
increases (MSAu), or decreases and then increases (MSAc), or stays constant (MFC) as the
concentration increases. For ξN the MSAc functional performs best, when compared to our
MD simulations but also when compared to IET results from earlier studies [59, 60, 61].
For ξZ , the MSAc results agree quite well with those of the MD simulations, although at
concentrations above the Kirkwood point it slightly overestimates the charge decay length.
Overall, the MSAc results agree very well with those of HNC calculations in the range
0.5 < dκD < 1.5 where we could extract reliable numbers from Ref. [60]. A very recent
paper [98] introduced some new modifications/extensions of DH theory which make pre-
dictions for decay lengths. As far as we can tell, these are not significantly different from
the results we present here.

Although our focus was on the RPM throughout, we also performed PM calculations
(not reported here) with various ionic valency and diameter asymmetries. The resulting
asymptotic decay properties are very similar to those of the RPM reported here. We find
no long decay lengths, in line with what was reported in Ref. [95].

The third key result, that connects with the SFA experiments, is presented in Fig. 2.3.6.
This shows the (true) decay length ξ that characterises the decay of the solvation force as
obtained from Eqs. (2.53) and (2.54) using the excess grand potential determined from the
MSAc functional. We find that for each concentration ξ = max(ξZ , ξN ). There is excellent
agreement between ξ and ξZ from MSA-based IET up to concentrations dκD ≈ 3, and
between ξ and ξN from IET for hard spheres (FMT) at higher concentrations. Given the
good agreement between MD simulations and DFT/IET for ξZ at low concentrations and
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ξN at high concentrations, we are confident that our MSAc findings for ξ in the RPM
are reliable, at least for our parameter choice T ∗ = d/λB = 0.685. Recall this choice
describes a typical 1:1 aqueous electrolyte at room temperature. However, turning to the
experimental data, the decay length in aqueous NaCl as presented in Fig. 2.3.6 is vastly
different from our theoretical predictions. The huge difference between the experimental
results and those for the RPM is illustrated by comparing at 4.93 M NaCl concentration,
where dexpκ

exp
D ≈ 2.2 (using dexp = 0.294 nm and εr = 78 instead of the concentration

dependent εr used in Ref. [37]). One finds κexpD ξexp ≈ 24 in the experiment [37] whereas
our RPM results predict κDξ ≈ 2.3. The difference is a about a factor 10, and is larger
at higher concentrations. This cannot be explained easily by some degree of arbitrariness
in the exact definition of the ionic diameter, the slightly different size of sodium and
chloride ions, or the small change of the dielectric constant at concentrations beyond say
2M NaCl from that of pure water; such considerations might allow at most a factor of 2
or so. Moreover aqueous NaCl is not special. A great variety of ionic systems has been
investigated experimentally in recent years using SFA or closely related techniques [37, 38,
93, 94]. These include aqueous LiCl, KCl, CsCl, but also several ionic liquid solutions in
a particular solvent, as well as pure (room temperature) ionic liquids. As mentioned in
Sec. IV B.3, the experimental correlation lengths (scaled as we scale Fig.2.3.6) appear to
fall on top of the result for NaCl. The empirical ‘universal’ scaling relation κDξ ∝ (dκD)3

for dκD > 1 actually extends way beyond the scale of Fig.2.3.6, up to data points for ionic
liquids at dκD ≈ 7 where κDξ ≈ 120. From the SFA measurements one might conclude
that the measured correlation length in concentrated electrolytes and ionic liquids is at
least an order of magnitude larger than our RPM predictions. It is important to recognize
that the large correlation lengths were measured at separations of several nanometers in
the SFA experiments [37]. At shorter separations, an additional structural decay length was
measured [99], which is much shorter. Although our DFT calculations find no indication of
a long decay length, and we measure across 8 decades, we cannot rule out the possibility
of a large decay length, buried in the noise that sets in beyond about three decades in our
MD results.

The full story is more subtle. There is good reason to reconsider earlier work on mol-
ten alkali halides, conventionally regarded as archetypal ionic liquids. Of course, these
salts have high melting temperatures, making experiments difficult. Nevertheless, it is well
known that the RPM accounts well for the main features of the partial structure factors of
molten salts such as KCl or NaCl where cations and anions have similar size [42]. Care-
ful neutron (isotopic substitution) diffraction experiments [100] for molten NaCl at 1093 K
extracted the three partial structure factors from which the total pair correlation functions
hij(r) can be obtained by Fourier Transforming. Fitting the resulting data to formulae
equivalent to the mixture generalization of Eq. (2.41), decay lengths for the partial (and
thus the total number and charge correlation functions) were determined, along with ac-
companying wavelengths. At this temperature, not far above the melting point, the longest
decay length observed is about 0.46 nm, i.e. < 2 ionic diameters. There is no indication of a
long decay length. Also pertinent are MD simulations for NaCl from Keblinski et al. [101]
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These employ a symmetrized version of the standard Born-Mayer-Huggins potentials for
alkali halides, i.e. the anion-anion and the cation-cation potentials are identical, mimick-
ing the symmetry of the RPM. Data were analyzed using a mean diameter of d = 0.276 nm.
Key observations from this far-reaching study are: i) for fixed, very high temperature well
above the critical temperature, which is slightly below 3000 K in their model, the authors
find (Kirkwood) crossover between monotonic and oscillatory decay of charge correlations
at dκD ≈ 1.4, a value that does not depend much on their choice of (high) temperature.
This scenario is predicted within the MSA for the RPM, where the Kirkwood line is uni-
versal, and is almost vertical in the ρ∗ − T ∗ plane; see Fig. 1 of Ref. [61]. ii) Keblinsky et al.
find crossover between monotonic and oscillatory decay of the total number correlations
at fixed T = 3000 K. Although they do not locate the crossover density precisely, the broad
range identified brackets the FW crossover density predicted by the GMSA; see Fig. 1 of
Ref. [61]. iii) Most importantly, at all state points away from the critical point, the decay
lengths reported in [101] are short, i.e. < 2d.

2.5 conclusion

Our main conclusion, which, of course, also relies upon significant previous literature on
bulk decay lengths, is that the (R)PM in equilibrium cannot explain the experimental (SFA)
measurements reporting an anomalously large decay length of the solvation force in con-
centrated electrolytes and certain ionic liquids. This is in line with findings reported in
less idealized models, e.g. Refs. [32, 33, 95, 96]. Perhaps this inability to explain the experi-
mental observation is not too surprising when addressing room temperature ionic liquids
with non-spherical ions that contain organic rings and tails etc. It is more discomforting
in the case of aqueous alkali halide solutions. We distinguish here between the model (the
RPM in thermodynamic equilibrium) and the method used to analyse it (DFT, IET, MD).
Given that the various theories and simulation methods mutually agree on their predic-
tions for the longest correlation length ξ, the source of the discrepancy must lie in the
model. The RPM seems to lack a crucial ingredient to explain the experimental findings.
Assuming the experiments pertain to equilibrium, the key question is ‘Which piece of
physics is missing?’ Before addressing this question, we emphasize once again that care-
ful experimental (neutron diffraction) [100] and simulation studies [101] of the bulk pair
correlation functions in molten NaCl, an archetypal ionic liquid, find no evidence for a
long decay length. More specifically, we find that the MD results of Keblinsky et al. for a
Born-Mayer-Huggins model of molten NaCl at T = 10000 K and T = 50000 K agree qual-
itatively with our RPM results for all concentrations and quantitatively ( within 15%) for
concentrations exceeding the Kirkwood point. For example, for T = 10000 K these authors
report at dκD = 3.1 (using their d = 0.276 nm) a decay length ξκD ≈ 1.7, see their Fig. 8,
whereas we report ξκD ≈ 2.

Noting that we have already pointed out that asymmetries of the ionic valencies and
diameters yield decay lengths very similar to those of the RPM, the first possible candid-
ate to explain the discrepancy between predictions from the (R)PM and the SFA meas-
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urements is the description of the solvent as a (uniform) dielectric continuum. However,
recent computer simulations and theories for several electrolyte models that include the
solvent explicitly also find decay lengths, measured at high ionic concentrations, of the
order of the particle diameter. A broad range of models is considered: the solvent is either
modeled as a hard-sphere fluid [95, 96], or as the SPC/E model for water [32, 33] in the
case of aqueous alkali halides. For the ionic liquids, models of organic solvents such as
dimethoxyethane-dioxolane [33] or racemic propylene-carbonate [32] are considered. Al-
though these explicit-solvent models show an increase of the longest correlation length
at high concentrations, the observed increase is very similar to the one we find here for
the RPM. We conclude that current treatments of solvent effects changes little the primit-
ive model predictions of decay/correlation lengths that are about an order of magnitude
smaller than measured in SFA experiments.

Another obvious candidate is the omission of polarizability; this is absent completely in
the RPM and is, at best, included approximately in some of the explicit-solvent models. An
interesting approach was put forward by Kjellander [98, 102, 103], who shows that electro-
static screening and the static dielectric function ε(k), with wave-number k, are intimately
coupled, such that the long-wavelength limit ε(0) equals the static dielectric constant only
in the absence of ions, e.g in dipolar fluids or non-electrolytes, but not in their presence.
The upshot is that in an electrolyte, the screening and the dielectric response cannot be
disentangled [102]. To best of our knowledge, there are no specific predictions for decay
lengths that might be tested quantitatively against experimental results. Polarizability also
leads to fluid-fluid and fluid-wall dispersion forces, giving rise to a power-law decay of the
solvation force [104]. Although dispersion forces are long-ranged, we expect these to be
relatively weak such that they become manifest in the solvation force only beyond separa-
tions of many particle diameters, for instance beyond 15d for the (reasonable) parameters
of Ref. [104].

Of course, there are other factors that could account for the disagreement between res-
ults of theory and simulation on the one hand and SFA experiments on the other. Strictly
speaking, there is a possibility that the measured long decay length could just be buried in
the noise of all our calculations and all simulation studies [32, 33], although for instance
the simulations of Ref. [32] show statistics that allow observation of decay over as many as
five decades before the signal disappears in the noise, and over eight decades in our DFT
calculations. Significantly, the variety and number of experimental systems studied, along
with the apparent success of the empirical power law scaling mentioned earlier, suggest
there should be a general, rather than a materials specific, explanation of the difference.
Our present contribution, which establishes the consistency of results from DFT, IET and
MD for the RPM, makes very clear why it is important to understand the origin of the
difference. We conclude by re-emphasizing: the large decay length measured in SFA ex-
periments, for a variety of concentrated electrolytes and several room temperature ionic
liquids, cannot be accounted for by primitive electrolyte models. New physical ingredi-
ents and/or new interpretations of the experiments are required in order to understand
the recent SFA results.



A P P E N D I X

2.a mean spherical approximation

In the bulk, the direct correlation fucntion of a primitive model electrolyte with ionic
diameters dj and valency zj , ∆cMSAc(r), is given by [67]

∆cMSAc
ij (r, {ρb}) =


cMSAsh
ij (r, {ρb}) + zizj

λB
r , 0 ≤ r ≤ ∆dij ;

cMSAl
ij (r, {ρb}) + zizj

λB
r , ∆dij < r ≤ dij ;

0, r > dij ;

(2.55)

where ∆dij = |di − dj |/2 and dij = (di + dj)/2. For di < dj the first term for short (sh)
separations reads

cMSAsh
ij (r; {ρb}) = 2λB

[
ziNj + diζ(Xi +

1
3d2

i ζ)

]
, (2.56)

with

Xj =
zj − d2

jζ

1 + Υdj
; (2.57)

Nj =
Xj − zj

dj
; (2.58)

Υ =πλB
∑
j

ρb,jX
2
j ; (2.59)

ζ =
1
H

∑
j

ρb,jdjzj
1 + Υdj

; (2.60)

H =
∑
j

ρb,jd
3
j

1 + Υdj
+

2
π
(1 − ηb) . (2.61)

The second term in Eq. (2.55) for the longer-ranged part (l) for ∆dij < r ≤ dij is given by

cMSAl
ij (r; {ρb}) =

λB
r

[
Aij + Bijr + Cijr

2 + Fijr
4
]

; (2.62)
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with

Aij = − ∆d2
ij

[
ζ(Xi + Xj) + ζ2d2

ij − NiNj

]
, (2.63)

Bij = − (Xi − Xj)(Ni − Nj) − (X2
i + X2

j )Υ − 2dijNiNj +
1
3ζ2(d3

i + d3
j ), (2.64)

Cij = − ζ(Xi + Xj) + NiNj − 1
2ζ2(d2

i + d2
j ), (2.65)

Fij =
1
3ζ2. (2.66)

These rather involved expressions become more tractable for the monovalent RPM, where
cMSAsh
ij (r; ρb) = 0, ζ = 0 and ∆dij = 0, such that

cMSAl
ij (r; ρb) =

λB
r

[(
− (Xi − Xj)(Ni − Nj) − 2X2Υ − 2dNiNj

)
r + NiNjr

2
]
, (2.67)

which can be simplified by introducing D = d + 1/Υ, so that with

Xj =
zj

ΥD
, (2.68)

Nj = −zj
D

, (2.69)

one finds

cMSAl
ij (r; ρb) = zizj

λB
r

−2Dr + r2

D2 . (2.70)

For a planar geometry, one integrates out the planar coordinates, for which one needs
the following relation for any positive a and b, and k ̸= −2∫ ∞

∞
dy

∫ ∞

∞
dzrkΘ(r − a)Θ(b − r)

= 2π

∫ ∞

0
duu(u2 + x2)k/2Θ(u2 + x2 − a2)Θ(b2 − u2 − x2)

= 2π

∫ b

|x|
dvvk+1Θ(|x| − a)Θ(b − |x|) + 2π

∫ b

a
dvvk+1Θ(a − |x|)Θ(b − |x|)

=
2π

k + 2
[(

dk+2 − |x|k+2
)

Θ(|x| − a) +
(
bk+2 − ak+2

)
Θ(a − |x|)

]
Θ(b − |x|), (2.71)

and apply it to each term in Eqs. (2.55), (2.56), and (2.62). In the first step, we used polar
coordinates with u2 = y2 + z2 and in the second step we made the substitution v2 =

u2 + x2.

2.b adding electrostatic energy terms to the functional and the incon-
sistency of the msau

In this section we focus on the electrostatics part of the functional, especially on (the
lack of) consistency between several routes one can take from a free-energy functional
to thermodynamic and structural properties of the electrolyte. The pair direct correlation
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functions obtained from the crudest MF/Poisson-Boltzmann treatment and from the MSA
closure for the bulk RPM are such that the ionic valencies can be factored out so that
c
(2),ES
ij (r) = zizjc

ES(r). Here cES(r) depends on the closure but vanishes for r → ∞.
This structural form of the direct correlations can be reconstructed by considering second
functional derivatives of an (electrostatic) excess free-energy functional of the form

βFES,c
ex [{ρ}] = −1

2

∫
dr
∫

dr′ρZ(r)cES(|r − r′|; {ρb})ρZ(r′), (2.72)

where ρZ =
∑
j zjρj = ρ+ − ρ−. (Note that ρZ introduced in the main text was normalized

w.r.t. the bulk density ρb). In a bulk system, where the profiles are constant and charge
neutrality holds such that ρZ = 0, a functional of the form of Eq. (2.72) gives a vanishing
electrostatic free energy. However, if we calculate the bulk pair direct correlation function
cZ(r) = c

(2),ES
++ (r) − c

(2),ES
+− (r) = 2cES(r) from Eq. (2.72), and use the OZ equation to find

hZ(r), the electrostatic internal energy UES follows via the energy route as

β
UES

V
= 4πλBρ2

b

∫ ∞

0
drrhZ(r). (2.73)

The internal energy can then be used to obtain the Helmholtz free energy FES via the
standard temperature or charging integration

βFES(β) =
∫ β

0
dβ′UES(β′). (2.74)

In the dilute limit the resulting reduced free energy density ΦES = βFES/V should
reduce to the exactly known limiting law

lim
{ρb}→0

ΦES({ρb}) = −κ3
D({ρb})

12π
, (2.75)

which is manifestly non-zero. Hence, using the same cES(r) in Eq. (2.72) we find, de-
pending on the chosen route, either a vanishing or the correct (physical) non-zero bulk
electrostatic free energy. Revisiting the original DH paper[31], or considering the exact
expression given by Eq. (2.73), shows that one can interpret the internal energy UES as
the sum of Coulomb energies of each ion with its surrounding screening cloud of ions
of opposite sign. This is overall a negative energy contribution arising from the cohesive
energy due to the Coulombic attraction between (relatively) nearby opposite charges that
dominates over positive energy contributions from the repulsion between like charges at
(relatively) large distances. In order to remedy the inconsistency between these two routes,
one might consider including an additional term in the free-energy functional that takes
the cohesive Coulomb energy into account explicitly, e.g.

βFESu[{ρ}] =
∫

drΦES({ρ̃(r)}), (2.76)

where ρ̃ denotes a weighted density with an arbitrary weight function ω that does not
depend on the bulk density. However, in order to retain consistency between the two
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routes discussed above, such an additional term as written in Eq. (2.76) must be chosen
such that it does not affect the bulk direct correlation function cZ that enters the calculation
of the charge correlation function hZ from which the internal energy of Eq. (2.73) follows.
This implies that the contribution to cZ(r) due to Eq. (2.76) must vanish, i.e.

−β
δ2FESu

ex [{ρ}]
δρZ(r)δρZ(r′)

= 0, (2.77)

Hence, ΦES({ρ̃}) may be at most linear in ρZ . If this is the case, then the sum of Eq. (2.72)
and the additional Helmholtz free-energy contribution of Eq. (2.76) is consistent, when
comparing the free energy that results from evaluating the resulting functional in bulk,
with the one from the energy route leading to Eqs. (2.74) and (2.75). Moreover, if cZ does
not change by adding Eq. (2.76) to the free-energy functional, then the asymptotic decay
of the charge-charge correlations also remains unchanged.

If we consider Eq. (2.75), and recognize that κD depends only on the total density ρN =

ρ+ + ρ− in the RPM, it is clear that including a contribution to the free-energy functional
such as

βFES,F
ex [{ρ}] = −

∫
drκ3

D({ρ̃(r)})
12π

(2.78)

does not breach electrostatic consistency. We found that minimizing the resulting func-
tional actually accounts for the depletion observed in the number density profile in
Fig. 2.3.1(a). Importantly, however, the MSAu functional that we used in the main text
has a different structure as it depends not only on the number density but also on the
square of the charge density. This can be ascertained by examining the MSAu contribution
to the functional and write Eq. (2.34) as

ΦMSA
RPM (ñZ(r), ñN (r)) = ϑ1(ñN (r)) + ϑ2(ñN (r))ñ2

Z(r), (2.79)

where ϑ1(ñN ) and ϑ2(ñN ) are functions of ñN and not of ñZ . The final term in this equa-
tion originates in the term proportional to η in Eq. (2.34). It follows that ΦES is quadratic
in ρZ and will therefore breach consistency. This suggests that the MSAu functional, as
implemented by Roth and Gillespie Ref. [71], appears to perform well for density profiles
close to charged surfaces[73], but suffers from inconsistencies that dictate its (poor) per-
formance in the far-field regime. In order to investigate further, we examined the MSAu
functional for the case where η({ñ(r)}) = 0 for all positions. Then ϑ2 vanishes and we
retrieve precisely the same asymptotic Z decay as from MSAc and IET. We note, however,
any infinitesimal asymmetry in the ion sizes will cause the η term to reappear, creating
the same issues. For these reasons we choose to work with a non-vanishing η, in line with
Ref. [71], and our figures display results for this choice.
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2.c decay of the density profile versus that of the bulk correlation

function

We show that the asymptotic decay of the one-body density profile is determined by the
asymptotic decay of the bulk pair correlation function. The Euler-Lagrange equation for a
single species system is:

ρ(r) = ρb exp
(
−βVext(r) + c(1)(r; [ρ]) − c

(1)
b

)
, (2.80)

with the one-body direct correlation function c
(1)
b = c(1)(ρb). We choose the external po-

tential Vext(r) to correspond to a planar wall or to a big (spherical) solute, such that
Vext(r) → 0 as r → ∞, and ρ(r) → ρb, the bulk reservoir value. Asymptotically (r → ∞)
the term in the exponential is small, which allows us to write

ρ(r) = ρb
(
1 − βVext(r) + c(1)(r; [ρ]) − c

(1)
b

)
. (2.81)

Noting that c(1)(r; [ρ]) is both a functional of ρ and a function of r, we can expand this
term around the bulk density to lowest order:

c(1)(r; [ρ]) =c
(1)
b +

∫
dr′ δc(1)(r; [ρ])

δρ(r′)

∣∣∣∣∣
ρ=ρb

(ρ(r′) − ρb) (2.82)

and write,

c(1)(r; [ρ]) − c
(1)
b =

∫
dr′c(2)(|r − r′|; ρb)∆ρ(r′), (2.83)

with density deviation ∆ρ(r) = ρ(r) − ρb. The density deviation can then be expressed, in
lowest order, as

∆ρ(r)
ρb

= −βVext(r) +
∫

dr′c(2)(|r − r′|; ρb)∆ρ(r′). (2.84)

We now suppose that Vext(r) is sufficiently smooth that its Fourier transform exists. Then

∆ρ̂(k)

ρb
= −βV̂ext(k) + ĉ(2)(k; ρb)∆ρ̂(k). (2.85)

and the Fourier transform of the density deviation takes the simple form:

∆ρ̂(k) =
−βV̂ext(k)ρb

1 − ρbĉ(2)(k; ρb)
. (2.86)

Note that the Fourier transform, denoted by ˆ, is three-dimensional. For the spherical
solute, the structure of Eq. (2.86) is equivalent to that of the bulk OZ Eq. (2.39). In that
case poles of the total pair correlation function ĥ(k) are determined by the zeroes of
1 − ĉ(2)(k; ρb)ρb. Similarly the poles of the density deviation ∆ρ̂(k) for a (large) solute
are determined by the same zeroes. In practice, this means that we should consider model
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fluids where the pair potential u(r) is short-ranged, i.e. it should decay faster than power
law and the potential Vext(r) should decay faster than power-law and, if this is exponen-
tially decaying, should have a decay length that is shorter than the bulk correlation length
of the liquid. This simple argument focuses on the poles. We do not address explicitly the
case of branch point singularities.

An important limiting case is when the solute is made identical to a solvent particle.
Then the one-body density profile ρ(r) = ρbg(r) = ρb(1 + h(r)), which is the famous
Percus test particle result[105]. It follows that employing the test particle route within
the framework of DFT must yield the same poles, where these dictate the decay, and
therefore the same asymptotic decay length and wavelength, where pertinent, as those
determined from the bulk OZ equation (2.39), with ĉ(2)(k; ρb) obtained from Eq. (2.4) in
the homogeneous limit, see Refs. [106, 107].

Taking the limit of the radius of the spherical solute particle to infinity is fairly straight-
forward. Alternatively, one can impose planar geometry from the outset and perform ap-
propriate Fourier transforms. The upshot is that one finds:

ρ(x) − ρb ∝ Awe−κx cos(2πx/λ + ϕw), x → ∞, (2.87)

where κ and λ refer to the leading pole identified in Eq. (2.41), for rh(r). The amplitude Aw

and phase ϕw are not related to the corresponding quantities in Eq. (2.41). This argument
is, of course, based on a linear response treatment of the asymptotics; it is close to that
presented in Ref. [108].

The argument laid out above is deceptively simple. It implies that knowledge of the ex-
act c(2)(r; ρb) is sufficient to determine the exact asymptotic decay of the one-body density
profiles at a planar wall, and, indeed, of the solvation force for the liquid confined between
two planar walls, provided the external potential is sufficiently short-ranged. In practice,
one never has the exact c(2)(r; ρb) and it is not always clear what physics is omitted in
employing an approximate c(2)(r; ρb). In one-component neutral fluids this is not a ma-
jor issue, apart from state points very close to the (bulk) critical point where c(2)(r; ρb)

develops power-law decay.
The situation is very different in ionic liquids where approximate IET’s might omit cru-

cial physics. For example, the MSA IET for the RPM decouples completely charge and
number density correlations. The resulting c

(2)
N (r; ρb), the pair direct correlation function

for number-number correlations, is equal to c
(2)
HS(r; ρb), the HS pair direct correlation func-

tion. This is why in the MSA IET the decay length ξN always takes the HS value and
does not approach the correct value κDξN = 0.5, appropriate in the dilute limit. The MSA
is termed a linear approximation, because it neglects the coupling. Its generalization, the
GMSA, is a different beast. The corresponding c

(2)
N (r; ρb) is not simply equal to c

(2)
HS(r; ρb),

as there is some feedback from the charge correlations. This is why the GMSA results for
ξN exhibit FW crossover, as illustrated in Ref. [61] and discussed in Sec. 2.3.2. However,
the GMSA does not capture the correct low concentration limiting behaviour. In contrast,
the Hypernetted Chain (HNC) IET is regarded as a fully non-linear theory. Here one finds
c
(2)
N (r; ρb) has a term that scales as h2

Z(r) (see e.g. Ref. [60]), not present in the MSA or
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GMSA, that leads to the correct behaviour: κDξN → 0.5, in the dilute limit. Recall the
HNC IET is known to be very accurate for the (bulk) RPM, across a variety of regimes
[42].

Our DFT treatment of the asymptotics, see Appendix 2.D, works at the level of one-body
direct correlation functions. The three treatments we implement are explicitly non-linear
and capture crucial couplings. As one sees in Eq. (2.48), the number density profile ρN (x)

includes the term ρ2
Z(x), which is analogous to the HNC closure for the bulk.

2.d analysing the euler lagrange equations in the far field

We consider again the one-body profiles for the RPM in a planar geometry, as given by the
self-consistency relations

ρ±(x) = ρb exp
[
−βVext(x) + c

(1)
± (x) − c

(1)
±,b

]
, (2.88)

where subscript b denotes bulk. We assume a short-ranged external potential Vext that is
the same for both species. The one-body direct correlation functions c

(1)
± (x) depend on the

underlying functional. For the RPM, this will be of the form

c
(1)
± (x) = ±c1(x) + c2(x), (2.89)

where distinction has been made between terms that are proportional to the valency and
those that are not. Typically, c1(x) has the form

c1(x; [ρZ , ρN ]) =
∫

dx′ρZ(x
′)cES(|x − x′|; [ρN ]), (2.90)

where ρZ = (ρ+ − ρ−)/ρb and ρN = (ρ+ + ρ−)/ρb − 2 are the charge and (excess) number
densities as defined in the main text, and cES(x) has its origin in electrostatics. For the
MFC and MSAc functionals cES(x) is independent of ρN (x). However, this is not the case
for the MSAu functional due to the final term in Eq. (2.79). Nevertheless, the predominant
contribution to c1(x) comes from ρZ . The other term c2(x) in Eq. (2.89) has its origin solely
in the steric (HS) repulsions for both the MFC and MSAc. In the case of the MSAu there is
an additional term from the derivative of ΦMSA w.r.t density. Generally we can write

c2(x; [ρN , ρZ ]) = −
∫

dx′∑
α

∂Φ({ñα})
∂ñα

(x′)wα(|x − x′|), (2.91)

where the free energy density Φ contains both the FMT contribution [47] as well as possible
others, such as the MSAu term Eq. (2.34) or that from ΦES introduced in the previous
Appendix Eq. (2.75), and the sum is over all weighted densities α with corresponding
weight function wα.
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Using Eqs. (2.88) and (2.89), the Euler Lagrange equations for ρZ and ρN read

ρZ(x) = 2 exp [−βVext(x) + ∆c2(x; [ρN , ρZ ])] sinh(∆c1(x; [ρZ , ρN ])), (2.92)

ρN (x) = 2 exp [−βVext(x) + ∆c2(x; [ρN , ρZ ])] cosh(∆c1(x; [ρZ , ρN ])) − 2, (2.93)

where ∆ci(x) = ci(x) − ci,b, i ∈ {1, 2}. In the far field, x → ∞, the quantities ∆ci(x) are
small and βVext vanishes, which allows us to expand Eqs. (2.92) and (2.93) as

ρZ(x) ≈ 2∆c1(x; [ρZ , ρN ]), (2.94)

ρN (x) ≈ 2∆c2(x, [ρN , ρZ ]) + ∆c1(x; [ρZ , ρN ])
2,

= 2∆c2(x, [ρN , ρZ ]) +
1
4ρZ(x)

2, (2.95)

where in the last line we substituted ρZ for 2∆c1. This asymptotic representation of the
charge and number density profiles contains important information. First we consider the
case where c1(x; [ρZ ]) depends on the charge density only, which holds for the MFC and
MSAc functionals. Then, to lowest order, ρZ does not depend on ρN , consistent with the no-
tion that charge is (essentially) decoupled from the number density in the RPM. However,
the expression for ρN (x) contains the ρZ(x)2 term. We consider first the situation where
c2(x; [ρN ]) does not depend on the charge density, as is the case for the MFC and MSAc
functionals. Then from Eqs. (2.94) and (2.95) we find the leading asymptotic behavior to
be

ρZ(x) =Ae−x/ξZ (2.96)

ρN (x) =B cos
( 2π

λFMT
x

)
e−x/ξF MT + Ce−2x/ξZ , (2.97)

as x → ∞. Here ξFMT and λFMT denote, respectively, the decay length and the wavelength
for a pure hard-sphere system treated by FMT, ξZ is the charge decay length and A, B, C

are constants. These results pertain to concentrations below any Kirkwood point, where
ρZ(x) is monotonically decreasing. In this case, the ultimate decay length ξN of ρN (Z)

depends on whether ξZ/2 is larger or smaller than ξFMT . Fig. 2.3.3 illustrates the variation
of ξFMT and ξZ with concentration dκD. At small concentrations, ξZ/2 is the larger length
scale, and in the dilute limit κDξN = 0.5. For concentrations above the Kirkwood point,
where ρZ(x) acquires an oscillatory factor; there is intricate competition between the two
length scales. At sufficiently high concentrations ξFMT will dictate the asymptotics.

In the second situation, where c1 and c2 depend both on the charge and number density
profiles, as is the case for the MSAu functional, a stronger coupling between the charge and
number density profiles emerges. The resulting MSAu decay lengths differ markedly from
those from MSAc, IET and simulation results for concentrations between 0.5 < dκD < 2
(see Fig. 2.3.3), suggesting the coupling is not treated correctly in the MSAu. In particular,
κDξN from the MSAu increases with dκD in this range, see Fig. 2.3.3(b). Note that in the
limit of low concentration and of high concentration, κDξN from the MSAu does approach
the correct behavior. As mentioned previously in the text and in Appendix 2.B, one could
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consider an MSAu functional that sets η({ñ(r)}) = 0. For this choice we recover the same
asymptotic Z decay as with MSAc. With this choice c1(x) is the same for both MSAc
and MSAu. In sharp contrast, we found that the N decay length changes very slightly by
setting η({ñ(r)}) = 0. This is because the ϑ2 term in Eq. (2.79), which is proportional to
η, is subordinate to ϑ1. Hence, omitting ϑ2 barely influences ∆c2(x) and therefore barely
influences Eq. (2.95), thereby leaving almost no mark on the N decay length. To conclude,
setting η({ñ(r)}) = 0 in Eq. (2.34) influences only the charge density profiles, leaving
the number density profiles almost unchanged. However, we decided not to follow this
choice in presenting our results as the procedure cannot be applied generically: breaking
any symmetry in the ionic system (changing either their size or valency) will generate a
non-vanishing η in the bulk. We follow Ref. [71] and retain η({ñ(r)}.

2.e thermodynamics of three functionals

Let us also compare some of the thermodynamic quantities that are provided by the three
functionals. To this end, we consider the adsorption and the differential capacitance. In
principle we could also consider the sum rule for the pressure p of the bulk,

βp =
∑
j

ρj(d
+
j /2) − 2πλBσ2, (2.98)

where σ denotes the number elementary charges per unit area of the planar wall.
However, it turns out that all the functionals we consider satisfy this sum rule and are
thus internally consistent in respect. Note that only the MSAu functional gives a finite
electrostatic contribution to the bulk pressure, due to the inclusion of the cohesive energy
term. Henceforth, we thus focus on the adsorption and the capacitance instead.

The adsorption Γj , which is the excess number of particles of species j per unit area
compared to a bulk system, is given by

Γ± =
∫ ∞

R±
dx [ρ±(x) − ρb] , (2.99)

assuming that large-enough systems such that the density profile converges to its bulk
value. It is useful to consider the charge adsorption ΓZ = Γ+ − Γ− = −σ (due to global
charge neutrality) and the number adsorption 2ΓN = Γ+ + Γ−. The latter is related to the
surface tension γ by

ΓN = −
(

∂γ

∂µ

)
T ,V

(2.100)

with µ+ + µ− ≡ 2µ, which is also related to the grand potential functional according to
Ω[{ρ}] = −pV + γA where A is the surface are of the wall. The adsorption for surface
potentials of 1 mV (solid) and 100 mV (dashed-dot) is plotted in Fig. 2.E.1(a) as function of
the bulk concentration c in M on the upper axis and as function of dκD on the lower axis,
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where the color coding and linetypes are also given in Fig. 2.E.1(b). The inset shows the
depletion of ions near the surface (negative ΓN ), which can only be captured by including
the self-energy of the ions in the electrolyte; only the MSAu functional displays this feature.
However, this effect is always apparent when one considers a functional that includes the
self-energy of the ions, even when using only the limiting law Eq. (2.13), e.g. functionals of
the form in Eq. (2.78), which results are not shown here. Surprisingly, the depletion effect
is present up to quite high concentrations for low surface potentials, but is non-existent
when applying a larger surface potential (dashed-dot). Overall, for low surface potentials
there is very little difference between the adsorption from the different functionals, except
for the depletion, but at high surface potential the MFC functional differs substantially
from MSA functionals. Hence, the direct correlation function plays an important role for
the adsorption at high surface potentials, which is also apparent from Fig. 2.3.1.

In the same density c and dκD representation, the ratio between the surface charge and
the surface potential σ/ϕ0 is plotted in Fig. 2.E.1(b). The results are compared to those of
Debye-Hückel theory, which is only accurate for low concentrations and surface potentials
as is readily observed. The two curves for the MFC functional are almost identical, while
the curves from the MSA functionals - which are quite different from the MFC - show
qualitative different behavior depending on the surface potential. The differences between
the MSA functionals are small.

Another relevant thermodynamic quantity, which will be the topic of the next two
chapters, is the differential capacitance

Cµ =

(
e2β

∂σ

∂ϕ0

)
T ,µ

. (2.101)

It is a measure for the amount of energy that can be stored inside the EDL per unit area
A, but it is also a measure for the structural change of the EDL near the charged surface
when changing the surface potential, as we will see in Chapter 4. Although in Chapter 4 the
differential capacitance will be analyzed in more detail, let us here simply compare this
quantity for the three functionals considered throughout this chapter for concentrations
dκD = 0.3, 2.96, 4.19, and present them in Fig. 2.E.1(c). All three functionals exhibit the
so-called camel- to bell crossover, but the MFC functional distinguishes itself by having
a lower maximum at larger surface potentials in comparison with the other two MSA
functionals. The only real agreement between all the three functionals is found for low
concentrations (dκD = 0.30), and low surface potentials (ϕ0 < 2). For intermediate and
higher concentrations, the MFC and MSA functionals disagree for all surface potentials,
while the MSA functionals give qualitatively the same results for all concentrations.
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Figure 2.E.1: In (a) the dimensionless adsorption d2ΓN , (b) the scaled surface charge d2σ/ϕ0 and (c)
the dimensionless differential capacitance d2Cµ/e2β. For the differential capacitance,
the concentrations dκD = 0.3, 2.96, and 4.19 were considered.
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2.f asymptotic decay lengths

Starting from a general excess free energy functional of the form

βFex[{ρ}] =
∫

drΦ({nα(r)}) (2.102)

with arbitrary Helmholtz free energy density Φf and arbitrary number of weighted dens-
ities

nα(r) =
∑
j

∫
dr′ρj(r′)ωαj (r − r′), (2.103)

such that it covers all free energy functionals, one finds a second order direct correlation
function

c
(2)
ij (r, r′) = −

∑
βγ

∫
dx∂2Φf ({nα})

∂nβ∂nγ
(x)ωβi (x − r)ωγj (x − r′). (2.104)

Far from any external potentials, we assume that c(2) is translational invariant, i.e.
c
(2)
ij (r, r′) = c

(2)
ij (r + a, r′ + a) for any arbitrary displacement a. This translates into

c
(2)
ij (r, r′) = −

∑
βγ

∫
dx∂2Φf ({nα})

∂nβ∂nγ
(x + r′)ωβi (x − (r − r′))ωγj (x)

= −
∑
βγ

∂2Φf ({nα})
∂nβ∂nγ

∣∣∣∣∣
bulk

∫
dxωβi (x − (r − r′))ωγj (x), (2.105)

by choosing a → ∞. The OZ for multiple species in its matrix form in Fourier space can
be written as

Ĥ(q) =
(

1 − Ĉ(q)ρ
)−1

Ĉ(q) (2.106)

where ρ = diag(ρb1, . . . , ρbν) for a mixture of ν species. The asymptotic behavior can be
extracted by looking at the poles αk of Eq. (2.106), i.e.

det
(

1 − Ĉ(αk)ρ
)
= 0. (2.107)

Fourier transforming Eq. (2.105) gives

ĉ
(2)
ij (q) = −

∑
βγ

∂2Φf ({nα})
∂nβ∂nγ

∣∣∣∣∣
bulk

∫
dr
∫

dxωβi (x − r)ωγj (x)e
−ik·r

= −
∑
βγ

∂2Φf ({nα})
∂nβ∂nγ

∣∣∣∣∣
bulk

∫
drωβi (−r)e−iq·r

∫
dxωγi e−ik·x

ĉ
(2)
ij (k) = −

∑
βγ

∂2Φf ({nα})
∂nβ∂nγ

∣∣∣∣∣
bulk

ω̂βi (−k)ω̂γj (k). (2.108)
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Hence, one only needs the second derivative of Φf w.r.t. weighted densities in the bulk
and the Fourier transformation of the weight functions to determine the asymptotic decay
length.

2.f.1 FMT Decay Length

The decay for the FMT functional can be found numerically by computing Eq. (2.108) and
substituting it in Eq. (2.106) to find the poles, i.e.

1 + ρb
∑
β,γ

[
∂βγΦFMT ({nbα})

]
ω̂β(−k)ω̂γ(k) = 0, (2.109)

where the indices β and γ run over all the weighted densities in FMT and κ denotes the
inverse decay length. After some tedious algebra, one finds the condition for y = x + iθ =

dκ/2 + iπd/λ

1 + η
[
(α + ∆α)g2

0(y) + (β + ∆β)g0(y)g3(y) + [γ(y) + ∆γ(y)]g2
3(y)

]
= 0, (2.110)

with

g0(y) =
1
y

sinh(y), (2.111)

g3(y) = − 1
y2 [cosh(y) − g0(y)], (2.112)

α = 3 2 + η

(1 − η)2 , (2.113)

∆α =
6

(1 − η)2

(
(1 − η)ϕ1 +

3
2ηϕ2

)
, (2.114)

β = 6 (1 + 2η)2

(1 − η)3 , (2.115)

∆β = 18 η

(1 + η)3 [∆β1 + ∆β2] , (2.116)

∆β1 = 2(1 − η) [(1 − η)∂3ϕ1 + ϕ1] , (2.117)

∆β2 =
3
2η [(1 − η)∂3ϕ2 + 2ϕ2] , (2.118)

γ =
3
2

η

1 − η
β + αy2, (2.119)

∆γ =
27
2

η2

(1 − η)4 [∆γ1 + ∆γ2] + ∆αy2, (2.120)

∆γ1 = 2(1 − η)
[
(1 − η)2∂3ϕ1 + 2(1 − η)∂3ϕ1 + 2ϕ1

]
, (2.121)

∆γ2 = η
[
(1 − η)2∂3ϕ2 + 4(1 − η)∂3ϕ2 + 6ϕ2

]
. (2.122)

Note that by setting all the ∆ quantities to zero, one gets the condition set by the Rosenfeld
functional [58], while the full equation represents the condition for the WBII functional.
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This is apparent by realizing that the functions ϕ1 and ϕ2 are the ones appearing in the
WBII free energy density,

ΦWBII[{ρ}] =ΦRF [{ρ}] + ϕ1(n3)
n1n2 − n1n2

1 − n3
+ ϕ2(n3)

n3
2 − 3n2n2 · n2
24π(1 − n3)2 , (2.123)

and give the correction on top of the Rosenfeld free energy density ΦRF . The expression for
those functions ϕ1 and ϕ2 are given in Appendix 1.A. The numerical solution for Eq. (2.110)
is shown in Fig. 2.3.3(b).

2.f.2 MSAc Decay Length

The asymptotic decay in the charge density profiles for the MSAc functional is found
similarly as for FMT, giving the condition (see also Ref. [109])

−
(

b̄
y2

dκD

)2

+ y2(b̄ − 1)2 cosh(y) + 2y(b̄ − 1) sinh(y) + 2[cosh(y) − 1] = 0, (2.124)

where b̄ = D/d. The numerical solution to this equation is shown in Fig. 2.3.3(a).



3
C A PA C I TA N C E A N D S T R U C T U R E O F E L E C T R I C
D O U B L E L AY E R S : C O M PA R I N G B R O W N I A N
D Y N A M I C S A N D C L A S S I C A L D E N S I T Y
F U N C T I O N A L T H E O RY

We present a study of the structure and differential capacitance of electric double layers of aqueous
electrolytes. We consider electric double layer capacitors (EDLC) composed of spherical cations and
anions in a dielectric continuum confined between a planar cathode and anode. The model system
includes steric as well as Coulombic ion-ion and ion-electrode interactions. We compare results
of computationally expensive, but “exact", Brownian Dynamics (BD) simulations with approxim-
ate, but cheap, calculations based on classical Density Functional Theory (DFT). Excellent overall
agreement is found for a large set of system parameters, including variations in concentration, ionic
size- and valency-asymmetries, applied voltages and electrode separation, provided the differences
between the canonical ensemble of the BD simulations and the grand-canonical ensemble of DFT
are properly taken into account. In particular, a careful distinction is made between the differential
capacitance CN at fixed number of ions and Cµ at fixed ionic chemical potential. Furthermore, we
derive and exploit their thermodynamic relations. In the future these relations will also be useful for
comparing and contrasting experimental data with theories for supercapacitors and other systems.
The quantitative agreement between simulation and theory indicates that the presented DFT is cap-
able of accounting accurately for coupled Coulombic and packing effects. Hence it is a promising
candidate to cheaply study room temperature ionic liquids at much lower dielectric constants than
that of water.

77
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Electric double layer capacitors (EDLCs) are promising energy storage devices, in which
electric energy is stored in the net ionic charge that is present in the vicinity of an electrode-
electrolyte interface. In EDLCs the cathode attracts cations and repels anions and vice versa
for the anode; more so the higher the applied voltage between the cathode and the anode
[110]. This energy storage mechanism leads to much higher power densities than those of
batteries; the discharge of the so-called Electric Double Layer (EDL) of an EDLC can be
much faster than the redox reactions in batteries [111, 112]. However, the energy densities
of EDLCs are much lower than those of batteries [111].

One of the factors that contributes to the low energy density in EDLCs is the limited
potential window in which conventional electrolytes are stable with respect to detrimental
chemical reactions. Conventional electrolytes in EDLCs consist of a salt (e.g. tetraethylam-
monium tetrafluoroborate) dissolved in a solvent (e.g. propylene carbonate or acetonitrile)
[113]. In order to maximise the energy density of EDLCs, one could use alternative elec-
trolytes with a larger potential window [114]. Room temperature Ionic liquids (ILs) are
potential alternatives to conventional electrolytes in EDLCs, since they can have a poten-
tial window of up to 6 V [115]; conventional electrolytes in EDLCs have a potential win-
dow of only 2.5 to 2.8 V [114]. Other advantages of ILs over conventional electrolytes are
their stability at high temperatures and a low vapour pressure (low volatility and non-
flammability), which makes IL-based EDLCs much safer [114, 116]. Modeling and theoret-
ically understanding concentrated ILs is difficult, because of the steric repulsions at short
ionic separations and the Coulombic interactions at longer ranges are simultaneously at
play. While in experiments dispersion forces, polarization, and orientation degrees of free-
dom often also play a role, we restrict attention to the combined effects of packing and
electrostatics. In order to prepare for the challenges posed by ILs, we here focus on the
parameter regime of aqueous systems.

Several methods have been applied to investigate the electric double layer of EDLCs.
On the one hand there are continuum methods, such as the mean field Gouy-Chapman-
Stern (GCS) theory for point ions and classical Density Functional Theory (DFT) that can
include steric effects. On the other hand there are methods in which each ionic constitu-
ent is treated explicitly, such as in Molecular Dynamics (MD) and Brownian Dynamics
(BD) simulations. All have their advantages and disadvantages. GCS theory can be solved
analytically, but is rather inaccurate for larger ionic concentrations and surface charges,
DFT is computationally fast but is an approximate theory for a given model. MD simula-
tions might be considered as ‘exact’ and provide dynamics at the molecular scale but are
computationally expensive. DFT calculations [117, 118, 119, 120, 121, 122, 123] and MD sim-
ulations are extensively used to study double layers in ILs and aqueous electrolytes [124,
125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142]. As an
alternative to the MD simulation method, BD is less accurate but computationally cheaper.
In BD the explicit solvent of MD is eliminated by including solvent effects – like friction,
Brownian noise and the dielectric constant of the medium – in an approximate way in the
equations of motion of the ions [143].
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The main aim of the chapter is to explore whether DFT can be used to efficiently model
electrolytes; therefore we are interested in the ability of DFT to quantitatively match BD
simulations of a primitive model electrolyte. To this end, we study the EDLs of an aqueous
electrolyte confined between a planar anode and cathode using BD simulations, performed
by Ranisha Sitlapersad, Wouter den Otter, and Anthony Thornton at Twente University of
Technology, and classical DFT. A given potential difference is applied between the two
electrodes, which are modeled as graphene-like electrodes in the BD simulations and as
impenetrable planar walls in the DFT calculations. We compare both the ion concentration
profiles between the electrodes (see also Refs.[144, 145]) and the differential capacitance C.
The differential capacitance characterizes the (additional) charge per (additional) applied
voltage, a quantity that is experimentally measurable and often used as a characteristic of
the energy storage qualities of a capacitor.

Also it is shown that a careful distinction is required between the capacitance CN at
constant number of ions and Cµ at constant ion chemical potential, where the former fol-
lows naturally from the canonical BD simulations and the latter from the grand-canonical
DFT calculations. However, they are related and we show the connecting expressions. We
start by a detailed study of our reference system: a 1 M 1:1 electrolyte of equal-sized ions
of diameter d = 0.5 nm in the 4 nm gap between two electrodes at a potential difference
of 0.2 V. Then we vary the salt concentration, the ion valencies, the diameter ratio, the
electrode-electrode distance, and the applied voltage. Throughout, the whole explored 5-
dimensional parameter space /design of experiments we find excellent agreement between
our BD and DFT results.

3.1 model

We consider an aqueous electrolyte confined by two planar electrodes at fixed surface po-
tential ΦL and ΦR, separated by a distance H . The electrolyte contains spherical cations (+)
and anions (-) with a diameter d± and valency z± dissolved in a structureless medium with
dielectric constant εr = 78 at room temperature T = 298 K (see Fig. 3.1.1). The medium is
fully characterized by its Bjerrum length λB = βe2/4πεrε0 = 0.72 nm, where β = 1/kBT

and ε0 the dielectric permittivity of free space. The pair potential uij(r) between a pair
of ions of species i and j separated by a distance r is composed of a steric repulsions,
characterized by the diameter d, and the Coulombic interaction, i.e.

βuij(r) = βurepij (r) + zizj
λB
r

. (3.1)

In the DFT calculations we describe the steric repulsions with a hard-sphere potential

βuHSij (r) =


∞ for r < dij ;

0 for r > dij ,
(3.2)
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Figure 3.1.1: Illustration of the electrolyte with cations (+) and anions (-) dissolved in a dielectric
medium characterized by the Bjerrum length λB = βe2/4πεrε0 confined between two
planar electrodes separated by a distance H at which a potential ΦL and ΦR is applied
on the left and right electrode, respectively. The gradient background color indicates
the charge density.

whereas in the BD simulations we employ the Weeks-Chandler-Andersen (WCA) pair po-
tential

uWCA
ij (r) =


4ϵ

[(
dij
r

)12
−
(

dij
r

)6]
+ ϵ for r < 21/6dij ;

0 for r > 21/6dij .
(3.3)

Here ϵ is the interaction parameter that we set to ϵ = kBT , and dij = (di + dj)/2. Note
that the WCA potential, which is just the repulsive part of the Lennard-Jones potential, is
only slightly softer for r < d than the hard-sphere potential used in the DFT calculations.
However, we will show remarkable agreement between the DFT and BD results in the
parameter regime of study, indicating the limited sensitivity of the functional form of the
repulsive interaction.

By confining the system, we also introduce an external potential, i.e. the interaction
of the ions with the fixed particles in the electrode. This ion-electrode interaction is de-
scribed by the WCA potential and Coulombic interactions, in both DFT and BD. In the
DFT description we integrate out the in-plane dimensions, finding for the WCA part of
the external potential

βV j
ext(x < dwj) = 2πρwϵwd2

wj

24/3

5 +
2
5

(
dwj
x

)10
−
(

dwj
x

)4
− 1

2

21/3 −
(

x

dwj

)2
 (3.4)

where ρw is the surface density of wall particles in number of particles per unit area; ϵw the
interaction strength between the wall particles and ions, for which we take ϵw = ϵ = kBT ;
the contact distance is dwj = (dw + dj)/2 with dw and dj the diameter of the wall particles
and ions of species j, respectively. For x > dwj the external potential vanishes. Note that
the second electrode is described by the same interaction potential with x replaced by
H − x. Our primitive model captures the key features of an electrolyte, within the practical
conditions posed by DFT and BD respectively, thereby enabling a quantitative comparison
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Figure 3.2.1: Simulation snapshot of a system containing 51 ion pairs, corresponding to a reservoir
salt concentration of 1 M, between two graphene-like electrodes with a separation of
H = 4 nm. The potential difference between the electrodes is 0.2 V, with the electrode
on the right at a higher potential than the electrode on the left. The valencies of the
cations (purple) and anions (green) are z+ = 1 and z− = −1, respectively, and both
have the same diameter d = 0.5 nm.

between both methods. For simplicity, we use the same diameter for all ions and electrode
particles in the reference system, namely d = 0.5 nm.

3.2 method

3.2.1 Brownian Dynamics

We focus here on the description of the reference system used in the BD simulations, as
illustrated in Fig. 3.2.1; detailed information on the variations to this system are provided
in Section 3.4. The simulations were performed by our collaborators, who used LAM-
MPS [146]. For details regarding the simulation we refer to the Ref. [2]. A simulation
typically covered 200 ns, requiring about 2-3 days on 32 cores in parallel, with the first 10%
serving as equilibration phase and the remainder as production run.

The two parallel electrodes each consist of one graphene-like layer of 960 particles,
covering an area of A = 100.6 d2, see Fig. 3.2.1. The inter-particle bond lengths in these
hexagonal layers are taken as the usual carbon-carbon distance, 0.142 nm= 0.284d. The dis-
tance between the electrodes, as measured between the centers of the constituent particles,
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is H = 8d = 4 nm. All wall particles are frozen, i.e. are excluded from the equation of
motion, because the elimination of their rapid vibrations permits the use of a larger time
step. Their charges are calculated using the Constant Potential Method (CPM) by impos-
ing a constant voltage difference of Ψ = 0.2 V between the two walls [135, 147]. In brief,
the CPM determines the charges of all wall particles at every simulation step by solving
the linear set of equations that determines the potential at every wall particle, given the
positions of all wall particles and ions. A brief comparison with the fixed charge method,
in which all charges are permanently fixed, is provided in Appendix 3.D for the system
at zero voltage. The system is periodically repeated in space, with the box lengths in the
two directions parallel to the walls dictated by the geometry of the lattice and the height
perpendicular to the walls taken as three times the width of the slit. Adding additional
layers to the electrodes, creating thin slabs of graphite, does not significantly affect the ion
density profiles nor the average total charge of the electrodes; the differences are within
the accuracy of the calculation.

3.2.2 Density Functional Theory

The DFT that is used for this analysis is the MSAc functional explained in Section 2.1.2.2.
Note that the direct correlation function cMSA from MSA (see Eq.(2.29)) depends on the
reservoir concentration ρr through the parameter D, presented in Eq. (2.18), and therefore
it also depends on the chemical potential µ. Due to the approximation for the Helmholtz
free energy functional FES

ex [{ρ}], it now also depends on µ, which it formally should not
depend on. As a result, the Maxwell relation introduced in the next section does not hold
exactly and we have two ‘routes’ to calculate the adsorption Γ (see Appendix 3.C). This
inconsistency is known for functionals that are based on bulk-density expansions. When
we need to calculate the adsorption Γ we use the route of Eq.(3.8) given in the next section
for the remainder of the chapter.

As a final note we mention that our DFT calculations assume planar symmetry in which
the in-plane coordinates can again be integrated out, leaving the normal coordinate x

perpendicular to the electrodes as the only spatial variable in the numerical calculations.

3.3 thermodynamics

We will treat the above-mentioned model theoretically via DFT, and by BD simulations.
However, firstly we discuss the thermodynamics of both methods.

Let us start by considering the ensemble of the BD simulations, which is a closed system
with a fixed number of N+ cations and N− anions in a volume V at temperature T con-
fined between two planar electrodes of equal area A separated by a distance H and held
at a surface potential difference Ψ (see Fig. 3.3.1). The system, i.e. electrolyte and the elec-
trodes, together with the charge reservoirs is charge neutral

∑
j=± ezjNj + QL + QR = 0.

Applying a potential difference Ψ creates an electric field across the system. Since the ions
in the system are mobile they will respond to this electric field, and because the electrolyte
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SystemSystem

Figure 3.3.1: Illustration of the thermodynamic ensembles applicable to the BD simulations (left)
and DFT (right). The simulations are performed with a fixed number of particles N
in a fixed volume V at a fixed temperature T , while the DFT calculations employ a
fixed chemical potential µ or reservoir concentration ρr. In the simulations the poten-
tial difference between the electrodes is fixed at Ψ, while in the DFT calculations the
potentials of both electrodes relative to the reservoir are fixed at ΦL/R for the left
and right electrode, respectively. In both cases, the electrodes can implicitly exchange
charge with charge reservoirs to maintain the imposed potential difference(s).

is confined they will create a charge density near both electrodes. These electrodes are con-
nected to charge reservoirs with which they can exchange charges, such that the charge
on the electrode is balanced with the charge density in the electrolyte. In other words, the
charge in the electrolyte together with the average charge on the electrodes must vanish,
i.e.

∑
j=± ezjNj + QL + QR = 0, where QL/R denotes the average charge. The correspond-

ing thermodynamic potential for this system is the free energy F (N+, N−, V , T , Ψ, A, H),
for which the differential form reads

dF = −SdT − pdV +
∑
j=±

µjdNj − (QR − QL)dΨ + γdA − fdH, (3.5)

with S the entropy, p the pressure, µ± the chemical potential of the cations and anions,
respectively, A the surface area, and γ is the total surface tension (which has contributions
from the electrode-electrolyte and in the case of EDL-overlap also from electrode-electrode
interactions). We also introduced the force f between the two planar electrodes, were f/A

is also referred to as the disjointing pressure. We will call F the Helmholtz free energy,
even though it is only a Helmholtz free energy for the ionic species while it is actually a
grand-canonical potential for the charge carriers in the electrodes.

The DFT calculations, on the other hand, are performed at constant chemical potential
µ± instead of constant number of ions N±. This system has been extensively discussed in
the introduction 1.1. Here, we denote the surface potential ΦL and ΦR on the left and right
electrode, respectively, which generate an independent electric field, not only between the
electrodes but also between the electrodes and the reservoir. The ions both within the
system and in the reservoir respond to this electric field. The role of the charge reservoirs
is the same in both ensembles. Global charge neutrality of the system plus reservoirs
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only holds on average within this ensemble, i.e.
∑
j=± ezj⟨Nj⟩ + ⟨QL⟩ + ⟨QR⟩ = 0. The

corresponding thermodynamic potential is the grand potential Ω(µ±, V , T , ΦL, ΦR, A, H)

with differential

dΩ = −SdT − pdV −
∑
j

Njdµj − QLdΦL − QRdΦR + γdA − fdH. (3.6)

The distinction between F (N±, V , T , Ψ, A, H) and Ω(µ±, V , T , ΦL, ΦR, A, H) is crucial
when comparing results form DFT (constant chemical potential) with BD simulations (con-
stant number of ions).

For macroscopically large systems we can use volumetric and areal extensivity argu-
ments to write Ω = −p(µ+, µ−)V + γ(µ+, µ−, ΨL, ΨR, H)A, where we drop the T de-
pendence for convenience as we keep the temperature fixed throughout. Combining the
resulting differential dΩ = −pdV − V dp+ γdA+Adγ with Eq.(3.6) gives the Gibbs-Duhem
equation for the volumetric terms and, for dH = 0, the Lippmann equation

dγ = −σLdΦL − σRdΦR −
∑
j

Γjdµj , (3.7)

where σL/R = QL/R/A denotes the average surface charge density and Γj the adsorption
of ions of species j onto both electrodes defined by

Γj =
∫ H

0
dx (ρj(x) − ρj,r) . (3.8)

Here, x denotes the coordinate describing the distance perpendicular to the parallel elec-
trodes, ρj(x) the local number density of species j at position x, and ρj,r the reservoir con-
centration of species j which is dictated by the chemical potentials µ±. See Appendix 3.A
for a more detailed derivation.

The main observable that we focus on in this chapter is the differential capacitance (per
unit area), which can either be obtained at constant number of particles CN or at constant
chemical potential Cµ, i.e.

CN =

(
∂σ

∂Ψ

)
N
= − 1

A

(
∂2F

∂Ψ2

)
N

, Cµ =

(
∂σ

∂Ψ

)
µ
= − 1

A

(
∂2Ω
∂Ψ2

)
µ

, (3.9)

where, for simplicity, we consider the RPM where N+ = N− ≡ N and dµ+ = d¯− ≡ dµ/2,
which allows us to write Γ=Γ+ ≡ Γ2. On top of that, we also apply the same (but opposite)
potential on both electrodes within the Ω ensemble, i.e. ΦR = −ΦL ≡ Ψ/2, which leads to
the same (but opposite) surface charge σL = −σR ≡ σ on both electrodes.

Interestingly, Cµ and CN are related via expressions that are very similar to those
between the constant-volume and constant-pressure heat capacities, namely (see Appendix
3.A)

Cµ − CN =
α2

χΨ
≥ 0 and Cµ

CN
=

χΨ

χσ
≥ 1, (3.10)
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where α can be taken equal either to αµ or αΨ defined by

αµ ≡
(

∂Γ
∂Ψ

)
µ
=

(
∂σ

∂µ

)
Ψ

≡ αΨ. (3.11)

In an exact theory the Maxwell relation αµ = αΨ is satisfied identically, however our excess
free-energy functional is approximate and does not identically satisfy the Maxwell relation.
As a consequence our conversion between CN and Cµ depends on the choice for α, and
thus leads to an inconsistency. However, the numerical differences are limited, as we will
see in section 3.4.7. We also defined

χσ =

(
∂N/A

∂µ

)
σ

and χΨ =

(
∂N/A

∂µ

)
Ψ

, (3.12)

which resemble (osmotic) compressibilities of the ions at constant σ and Ψ, respectively.
The relations in this section allow us to compare and convert the capacitances at constant
N (natural to BD simulation) and at constant µ (natural to DFT).

In the BD simulations, the differential capacitances were determined by three routes.
Running a set of equilibrium simulations at a range of potential differences Ψ between
the electrodes yielded the mean total charge difference between the electrodes, ⟨Q⟩N ,Ψ =

(1/2)⟨QR − QL⟩N ,Ψ. The angular brackets denote the canonical ensemble average at the
indicated potential difference, which is evaluated in simulations as a time-average [143,
148]. The differential capacitance at constant numbers of ions, see Eq. 3.9, is obtained by
numerically differentiating the surface charge with respect to the potential difference,

C∆
N (N , Ψ) =

⟨Q⟩N ,Ψ+∆Ψ − ⟨Q⟩N ,Ψ−∆Ψ

2A∆Ψ
(3.13)

using the central difference formula. Alternatively, the same differential capacitance is
extracted from the thermal fluctuations of the wall charge around the average, δQ = Q −
⟨Q⟩N ,Ψ, over a single equilibrium simulation [23, 40],

Cδ
N (N , Ψ) =

〈
(δQ)2

〉
N ,Ψ

kBTA
+ C0, (3.14)

The intrinsic capacitance C0, which is a constant independent of Ψ and N , accounts for the
thermal fluctuations of the atomic charges around the idealized constant-potential charges
calculated using the CPM. The numerical value of C0 is obtained by the fitting procedure
discussed in Appendix 3.B.

The differential capacitance at constant chemical potential, see Eq. 3.9, is obtained from
the BD simulations as

C∆
µ (N , Ψ) =

⟨Q⟩N(µ,Ψ+∆Ψ),Ψ+∆Ψ − ⟨Q⟩N(µ,Ψ−∆Ψ),Ψ−∆Ψ

2A∆Ψ
, (3.15)

where each simulation was preceded by a DFT calculation to establish the required num-
bers of ions N(µ, Ψ) under the prevailing conditions. The same finite difference relations
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Figure 3.4.1: The reference system, where the electrodes are separated by H = 4 nm and are held
at a potential ΦL = −0.1 V and ΦR = 0.1 V (Ψ = 0.2 V), for the left and right electrode
respectively. The electrolyte consists of monovalent ions with radius d = 0.5 nm at a
reservoir concentration ρr = 1 M in the reservoir, resulting in 51 ion pairs in the BD
simulation.

were used to calculate the capacitance by DFT. The calculations of CN via Eq.(3.11) will be
referred to as C

αµ

N and CαΨ
N , when using αµ and αΨ, respectively.

3.4 results

In this section, the density profiles and the differential capacitances obtained with BD and
DFT are presented and compared. The reference system will be considered first, followed
by an exploration of the impacts of its various parameters by varying them one by one.
Various authors have previously used DFT and MD to study systems similar to the systems
discussed below [71, 72, 117, 140, 141, 142, 149, 150]. Although those systems are not
identical to the systems we consider, they do show very similar density profiles.

3.4.1 Reference system

In the reference system, the electrodes are separated by H = 4 nm while the applied
electrode potentials are ΦL = −0.1 V and ΦR = +0.1 V in DFT and Ψ = 0.2 V in the
BD simulations. The reservoir salt concentration is ρr = 1 M, i.e. cations and anions have
identical concentrations of 1 M, which corresponds to 51 ion pairs in the BD system with
electrode surface areas of A = 25.1 nm2. The cations and anions have the same size d+ =

d− = 0.5 nm, and are monovalent z+ = −z− = 1, see Fig. 3.2.1. The results from DFT and
the simulations for this reference system are presented in Fig. 3.4.1. Applying a negative
(positive) surface potential on the left (right) electrodes causes a negative (positive) surface
charge, attracting positively (negatively) charged ions and repelling negative (positively)
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charged ions. Away from the walls, the concentrations of both ions level off to a flat density
profile. The agreement between DFT and BD is excellent.

Figure 3.4.2: (continued on the next page)
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Figure 3.4.2: Density profiles of the sets specified in the main text. The solid lines represent the DFT
calculations and the symbols the BD simulations. The left electrodes placed at x = 0
has a negative surface potential attracting cations (blue line for DFT and green circles
for BD simulations) and repelling the anions (solid orange line for DFT and purple
circles for BD simulations) and the right electrode places at x = H has a positive
potential. In (a) and (b) we change the concentrations w.r.t. reference case, in (c) and
(d) the size of the cations, in (e) and (f) the potential, in (g) and (h) the valency of the
cation, and in (i) and (j) the electrode separation. The x-labels are the same for (a)-(h)
and are given in (g) and (h).

3.4.2 Varying ion concentrations

The first parameter to be varied is the concentration of the electrolyte in the reservoir,
from ρr = 0.1 M to ρr = 5 M, corresponding to 9 and 252 ion pairs in the BD simulation,
respectively. The latter concentration is similar to that of the ion concentration in ILs, while
the dielectric constant and the shapes of the ions are markedly different in ILs. The results,
see Fig. 3.4.2(a) and Fig. 3.4.2(b), reveal a slight difference at the peaks for both cases.
The lower density shows only one peak, so we can consider this to be in the diluted
limit. The higher density shows strong oscillations, due to the layering commonly found
at high packing fractions, like the current η = 0.394. The wavelength and amplitude of the
oscillations are well captured with DFT, as indicated by the good agreement between the
two methods. Nevertheless, there are small discrepancies in the heights of the peaks and
valleys. These are mainly due to the treatment of the hard-core potential by the FMT part
of the functional [49] and the difference in the representation of the repulsive interactions
as WCA in BD and as hard spheres in DFT.

3.4.3 Differently-sized ions

Figure 3.4.2(c) and (d) show results for differently-sized ions, with cations twice the dia-
meter of anions, d+ = 2d− = 0.5 nm. The difference between the two plots is in the
ensemble being used to control the ion number densities in the slit. Because the anions
are smaller than the cations, they both come closer to the electrode – thereby lowering
their electrostatic energy – and pack at a higher density. Consequently, as illustrated in
Fig. 3.4.2(c), when using DFT to impose reservoir concentration of ρr = 1 M for both ions,
the heights of the density peaks adjacent to both electrodes become unequal at the ref-
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erence potentials of ΦL = −0.1 V and ΦR = 0.1 V, hence Ψ = 0.2 V. From these density
profiles, the numbers of ions were calculated as N+ = 51 and N− = 55, to the nearest
integer, and these numbers were used in the BD simulations shown in the same plot. Fig-
ure 3.4.2(d) presents results for equal numbers of cations and anions in the slit, taken as
the average of the two previous values: N± = 53. To obtain the desired numbers of ions of
each type in DFT, the potential of one electrode was fitted, at constant potential difference
Ψ to arrive at ΦL = −0.1116 V and ΦR = 0.0884 V. The density peaks at both electrodes
now resemble each other. Note the asymmetry in both plots in the density of the cations
at the positive electrode versus that of the anions at the negative electrode, both in their
distance from the wall relative to the other ion at the same wall and the distance to the
electrode before reaching the constant density plateau in the center of the slit. For both
equal and unequal numbers of ions, BD and DFT show good agreement in the density
profiles.

3.4.4 Changing the Surface Potential

Figure 3.4.2 (e) and (f) present the comparison for smaller Ψ = 0.02 V and larger Ψ = 2 V
potential differences with respect to the reference system. Because convergence of the dens-
ity profile at the lower potential required a very long BD production run, the simulation
was performed instead using Newtonian mechanics in combination with a Nosé-Hoover
thermostat [143, 148]. The thermostat works by rescaling the velocities of all ions at every
time step, in such a ways as to recover the correct mean kinetic energy and kinetic energy
fluctuations at the desired temperature, and therefore samples the Boltzmann equilibrium
distribution also obtained by the BD simulation. The thermostatted method samples con-
figuration space more efficiently by ignoring the slow Brownian motion, which affects the
dynamical properties of the system but not the thermodynamic properties studied in this
work.

Applying a small potential on the electrodes causes a smaller charge density, i.e. the
density profiles of the cations and anions are more similar. At high potentials, a large por-
tion of the ions are adsorbed onto the electrodes, causing strong layering. The agreement
between the simulations and DFT is excellent for the smaller potentials, while small devi-
ations are observed for the larger potential near the second peak. The latter are a result
of strong packing, where, as mentioned before, the WCA potential differs from the FMT
approximation to the hard sphere potential in DFT.

3.4.5 Different Valencies

In Fig. 3.4.2(g) and (h), the valency of the cation is doubled to twice that of the anion,
z+ = −2z− = 2. Charge neutrality of the reservoir,

∑
j zjρr,j = 0, implies that the anion

concentration in the reservoir must be double the cation concentration. Here we choose the
cation reservoir concentration to be the same as in the reference system, i.e. 2ρr,+ = ρr,− =

2 M. Because the symmetry between cations and anions is broken, ions exchange with
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Figure 3.4.3: (a) The average surface charge on the electrodes (σL − σR)/2 and (b) the correspond-
ing differential capacitance, as function of the potential difference between the elec-
trodes, for a system in thermal equilibrium with a reservoir at a salt concentration of
1 M, by DFT and BD calculations. The number of ion pairs in the BD simulations was
determined by DFT, and varies with the potential.

the reservoir resulted in distinct number of ions in the DFT calculations of Fig. 3.4.2(g).
The corresponding BD simulations were based on N+ = 35 and N− = 67, following the
procedure outlined in Sec. 3.4.3. The simulations in Fig. 3.4.2(h) impose charge neutrality
in the slit, 2N+ = N− = 70. The situation is realized in DFT at the electrode potentials
ΦL = −0.091 V and ΦR = 0.109 V at the left and right electrode, respectively.

The most interesting difference between the reference system and this case is the little
hump in the anion density profiles around x = 1 nm. This effect is referred to as over-
screening [151], where one finds a negatively charged layer of anions next to the positively
charged first layer of cations adjacent to the cathode. Again, excellent agreement is ob-
served between DFT and BD.

3.4.6 Slit width

Lastly, the distance between the electrodes H was varied from H = 1.5 nm in Fig. 3.4.2(i)
to H = 12 nm in Fig. 3.4.2(h). Because a very long production run was required in the
BD simulations, these were performed using the Nosé-Hoover thermostat rather than by
Langevin Dynamics, as explained in subsection 3.4.4. At the lower slit width the EDLs
overlap substantially, while for the large width the electrolyte acquires the flat distribution
of a bulk fluid in the middle of the system. The DFT and BD results are again in excellent
agreement.

3.4.7 Capacitance

The capacitance was calculated as a function of the surface potential difference Ψ, at both
a constant reservoir concentration and at constant number of ion pairs in the slit. In the
former case, which comes naturally to DFT, the DFT calculations at a concentration in the
reservoir of ρr = 1 M were used to determine the numbers of ions in the BD simulations. In
the latter case, which comes naturally to BD, the number of ion pairs was fixed at N = 156



3.4 results 91

and the concentration in the reservoir was varied to reach the desired number of ions
in DFT. The charge on the electrode surface in the former case is shown in Fig. 3.4.3(a),
where the line represents the DFT calculations and the markers the BD simulations. Note
that each simulation, although performed at constant numbers of ions, belongs to the same
chemical potential. As expected, the charge on the wall and the number of ions in the slit
increase with the potential difference between the electrodes. The two methods are in good
agreement. The corresponding capacitance is presented in Fig. 3.4.3(b), where several cal-
culation methods have been used. The blue solid line and the blue circles represent C∆

µ of
Eq. (3.15) using the data in Fig. 3.4.3(a). Because the number of time-consuming BD sim-
ulations is necessarily low, the numerical derivative is limited in its accuracy, especially
for the last data point at Ψ = 2 V. Nevertheless, the agreement is satisfactory and both
methods yield similar camel-shaped curves [152]. Also shown in Fig. 3.4.3(b) are calcula-
tions of CN , where it should be emphasized that N is not constant across the plot but
varies with Ψ. The capacitance Cδ

N (orange squares) is based on the charge fluctuations
in the BD simulations, given in Eq. (3.14) where also C0 appears. The value for C0, which
depends neither on the number of particles nor on the potential difference, is found to be
C0 = 17.6 µF cm−2 (see Appendix 3.B). The DFT calculations of C

αµ

N (green dotted line)
and CαΨ

N (green dashed line) are based on the relations in Eq. (3.10). The approximation
made in Sec. 3.2.2, namely the assumed dependence of the direct correlation function cMSA

in Eq. (2.29) on the chemical potential, resurfaces at this point. The adsorption Γ can be
obtained either from Eq. (3.8) or from the derivative of Eq. (3.19) with respect to the chem-
ical potential, as derived in Appendix 3.C. In the latter case, the derivative of FES

ex [{ρ}]
does not vanish, though in principle it should have. The capacitance CN can therefore
be calculated from Cµ using either αΨ or αµ, where the expression for Γ in Eq. (3.8) was
used to calculate αµ. Note, however, that the calculation of the surface charge density σ is
consistent by construction, since charge neutrality is imposed.

As expected from Eq. (3.9), in both cases CN is smaller than Cµ. Both DFT calculations
are in reasonable agreement with the BD results; notably, all three show a bell-shaped
curve. The plot shows a substantial difference between CN and Cµ, and although the
various calculations do not exactly match quantitatively, they agree reasonably well and
support the qualitative difference. The reason for the rather large difference between Cµ

and CN is due to the small electrode-electrode separation, where the region of the EDLs
contribute substantially to the total number of ions in the system. In the limit where the
separation between the electrodes is infinite, the difference between Cµ and CN disappears.

Lastly, we consider the system with a fixed number of ion pairs, N = 156, and vary the
surface potential difference Ψ. Shown in Fig. 3.4.4 are the capacitances using the same color
and line coding as in Fig. 3.4.3, with the addition of an orange curve for C∆

N using DFT.
For Ψ = 0 V to Ψ = 0.3 V, the simulations were run for 800 ns, treating the first 200 ns as
equilibration phase, since for lower potential differences the simulations required a long
production run for the capacitances to converge. Both differential capacitances are bell-
shaped. The agreement between simulations and DFT is remarkably good, and compared
to the results in Fig. 3.4.3(b), there is little to no qualitative difference between CN and Cµ.
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Figure 3.4.4: The differential capacitance as a function of potential difference between the elec-
trodes, using BD and DFT, for a system containing 156 ion pairs. Because the number
of ion pairs is fixed, their chemical potential varies with the electrostatic potential dif-
ference.

The small qualitative difference, especially at small potential differences, is mainly due to
the relatively large number of ions in the system and therefore a correspondingly large
reservoir concentration. For comparison, the number of ions at Ψ = 0.2 V in Fig. 3.4.3 is
51, while only at Ψ = 2 V it is 156. The camel shaped curve in Cµ is only existent for small
reservoir concentrations ρr < 1.5 M and bell shaped otherwise. Hence, no camel-shaped
capacitance curve is observed within these parameters.

3.5 discussions , conclusions and outlook

We presented ionic density profiles for a broad range of parameters applicable to aqueous
electrolytes confined between a planar cathode and anode, and found very good agree-
ment between results from DFT calculations and BD simulations. Both methods were also
used to calculate differential capacitances, either Cµ at constant ionic chemical potential µ

or CN at constant number N of ions, via several routes. For a fixed chemical potential of
mono-valent ions, at which the ionic reservoir concentration equals ρr = 1 M, the capacit-
ance curves obtained from DFT and BD are overall in good agreement. The DFT prediction
for the capacitance at fixed N , however, gave two somewhat different results due to the
approximation for the electrostatic part of the employed functional. Nevertheless, the DFT
predictions bracket those of the BD simulations, except at potential differences between
cathode and anode below 0.3 V where the simulations were extremely slow. Interestingly,
the qualitative difference between Cµ and CN is substantial, where Cµ is camel shaped and
CN is bell shaped. This has to do with the nonlinear relation between µ and N . Further-
more, Cµ is found from a linear cut through the landscape in the three-dimensional space
spanned by {σ, Ψ, µ}, whereas CN is the result of a non-trivial path through this landscape.
We also considered capacitance curves at constant numbers of ions, N = 156, and found
excellent agreement between DFT and BD simulations. In this case there is no qualitative
difference between Cµ and CN . Let us stress the time it takes to obtain the results from DFT
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and BD simulations. A typical BD simulation of a state point took 2 to 3 days on 32 cores,
whereas the DFT calculations took not even 2 seconds on a regular laptop, which amounts
to a difference of about 7 orders of magnitude. The accuracy that is lost by applying DFT
on these systems is very small, as we have shown throughout this chapter.

We conclude that with DFT one can obtain the same accuracy in structural and thermo-
dynamic quantities as in BD simulations, at least for aqueous systems. This allows one to
explore parameter space much more effectively and to study the properties of these sys-
tems thoroughly. A drawback of DFT is that it gives only an equilibrium description of
the system, whereas BD simulations also provide the dynamics. We furthermore conclude
that one needs to be careful and specify the differential capacitance that is being studied,
e.g. Cµ or CN , because they can differ both qualitatively and quantitatively. Also the nat-
ural choice changes depending on the method employed i.e. Cµ for DFT and CN for BD,
meaning the direct comparison of results from different methods is not straightforward.

A natural next step will be to divert from aqueous systems, to study systems with a
lower dielectric constant. An interesting direction will be to study room temperature ionic
liquid (ILs). Although the concentration of ρr = 5 M in Fig. 3.4.2(b) is comparable to that
of ionic liquids, the dielectric constant here is considerably higher due to the solvent. It
is not sufficient to simply reduce the dielectric constant and redo the calculations, since
the electrostatic correlations become much stronger at the low dielectric constants of ILs:
a cation-anion pair of sub-nm diameter will bind at contact by Coulombic attractions of
several tens of kBT . It is therefore not evident whether DFT or BD simulation will work
in this regime. Moreover, the ionic shape in ILs is often non-spherical and needs to be
accounted for in DFT. Interestingly, there have been developments in DFT to account for
chain-like ions and molecules [153], and these have been applied to some extent to study
ILs [118, 119, 120, 121, 122, 123]. Besides chain-like ions, another approach to implement
shape and polarizability is via molecular DFT [154, 155, 156, 157]. Although molecular DFT
has been mostly applied to model water, it might prove worthwhile to use this approach
for ionic liquids in the future. Not only DFT is challenging at lower dielectric constant,
but also simulations become much more challenging due to clustering that occurs at low
dielectric constants as a result of the stronger electrostatic interactions. This leads to longer
simulation times, which were already non-negligible in the aqueous systems. Hence, a
proper functional can provide the means to study ILs and electrolytes at low dielectric
media effectively.

A different line of investigation would be the study of the differences of the differential
capacitance CN and Cµ. Until now the distinction has not often been made explicitly and
further studies are needed to map out the properties and relations between both.





A P P E N D I X

3.a thermodynamics derivation

For details see Ref.[158]. The differential for surface grand potential γ (or also called the
surface tension) can be derived from taking the differential of Ω = −pV + γA and equating
it with Eq. (3.6), i.e.

dΩ = −pdV − V dp + γdA + Adγ (3.16)

= −SdT − pdV −
∑
j

Njdµj − AσLdΦL − AσRdΦR + γdA − fdH. (3.17)

One now needs to separate the volumetric bulk terms from the surface terms. For conveni-
ence, let us define Nj = V ρr,j + AΓj and S = V sr + Ass, where ρr,j and sr denote the
particle density and the entropy density in the reservoir, respectively, while Γj denotes the
adsorption of species j and ss the areal excess entropy. This separation into volumetric and
surface terms allows us to properly gather the volume terms on the left and the surface
terms on the right of the equation, i.e.

−V

(
dp − srdT −

∑
j

ρr,jdµj

)
= A

(
− dγ − ssdT −

∑
j

Γjdµj − σLdΦL − σRdΦR − fdH

)
.

(3.18)

Given that the surface has no influence on the volume term, both sides vanish and we
obtain both the Gibbs-Duhem as well as the full Lippmann equation

dp = srdT +
∑
j

ρr,jdµj , (3.19)

dγ = −ssdT −
∑
j

Γjdµj − σLdΦL − σRdΦR − fdH. (3.20)

The systems that we considered when calculating the capacitances were at constant tem-
perature T and constant electrode separation H . Moreover, in those calculations we con-
sidered the RPM such that Γ+ = Γ− ≡ Γ and dµ+ = dµ− ≡ dµ/2 and we symmetrized
the surface potentials so that dΦR = −dΦL ≡ dΨ/2 and σL = −σR ≡ σ. The Lippmann
equation in this situation simplifies to

dγ = −Γdµ − σdΨ. (3.21)

95
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Within the Ω ensemble σ(µ, Ψ) is a function of µ and Ψ, hence

dσ =

(
∂σ

∂Ψ

)
µ

dΨ +

(
∂σ

∂µ

)
Ψ

dµ.

Because N(µ) is a function of µ, we therefore find that(
∂σ

∂Ψ

)
N
=

(
∂σ

∂Ψ

)
µ
+

(
∂σ

∂µ

)
Ψ

(
∂µ

∂Ψ

)
N

, (3.22)

which can be rewritten using the Maxwell relation
(
∂σ
∂µ

)
Ψ
=
(
∂Γ
∂Ψ

)
µ

, that can be obtained

from Eq. (3.21), and the identity
(
∂µ
∂Ψ

)
N

= −
(
∂µ
∂N

)
Ψ

(
∂N
∂Ψ

)
µ

. Using the differential capacit-
ances from Eq. (3.9) and introducing the compressibilities

χσ =

(
∂N/A

∂µ

)
σ

, χΨ =

(
∂N/A

∂µ

)
Ψ

, (3.23)

and the Maxwell relation

αµ :=
(

∂Γ
∂Ψ

)
µ
=

(
∂σ

∂µ

)
ψ

=: αΨ, (3.24)

one can rewrite Eq. (3.22) as

Cµ − CN =
α2

Ψ
χΨ

≥ 0. (3.25)

Using the same relations, one can show that

Cµ

CN
=

(
∂σ
∂Ψ

)
µ(

∂σ
∂Ψ

)
N

=
−
(
∂σ
∂µ

)
Ψ

(
∂µ
∂Ψ

)
σ

−
(
∂σ
∂N

)
Ψ

(
∂N
∂Ψ

)
σ

=

(
∂σ
∂µ

)
Ψ

(
∂N
∂σ

)
Ψ(

∂Ψ
∂µ

)
σ

(
∂N
∂Ψ

)
σ

=

(
∂N
∂µ

)
Ψ(

∂N
∂µ

)
σ

(3.26)

=
χΨ

χσ
≥ 1. (3.27)

These relations allows us to relate the differential capacitance obtained from simulations
CN to the differential capacitance from DFT Cµ. Within DFT one can calculate Cµ, χΨ and
αΨ, which through Eq. (3.10) gives access to CN . Notice the similarity with the relations
between the heat capacity at constant pressure cp and the heat capacity at constant volume
cV (see e.g. the thermodynamics book [159]). Although this derivation was done for the
symmetric RPM, one can generalize these equations for any system. This is necessary when
considering unequal ion sizes/valencies, but also when the potential on both electrodes
differ. Hence, in general one needs to consider both electrodes separately.

3.b calculation of the capacitance

The calculation of a differential capacitance CN in BD using the fluctuation expression of
Eq. (3.14) requires the evaluation of the constant C0 accounting for the neglected thermal
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Figure 3.B.1: The difference in BD between the capacitance CN as obtained by numerical differen-
tiation of the surface charge with potential, see Eq. (3.9), and as obtained from the
thermal charge fluctuations only, see Eq. (3.14), confirms that the constant C0 in the
latter expression is indeed independent of the potential difference.

charge fluctuations around the idealized charges calculated by CPM. Because C0 is a prop-
erty of the electrodes that depends neither on the number of ions nor on surface potential,
its value was determined as the difference between the CN obtained from the conventional
charge-potential relation, see Eq. 3.9, and that obtained from the fluctuating contribution
in Eq. (3.14) for C0 = 0. This difference, plotted in Fig. 3.B.1 for a range of potentials, ap-
pears indeed to be a constant, with a value of C0 = 17.6 µF cm−2. The noise in the data is
higher at low potentials, because the simulations converge more slowly at low potentials
as well as due to the increased signal-to-noise ratio at the smaller step sizes in numerical
differentiation.

3.c adsorption inconsistency

The adsorption can be calculated via the two routes

Γ = −
(

∂γ

∂µ

)
T ,Ψ,H

, and Γ =
1
2
∑
j=±

∫ H

0
dx (ρj(x) − ρj,b)) , (3.28)

which are both plotted in Fig. 3.C.1 at a reservoir concentration of ρr = 1 M. As a short
note, any intrinsic Helmholtz free energy functional that is based upon a bulk expansion
like the one we use for the electrostatics suffers from this inconsistency.

3.d constant potential versus fixed charge

The constant potential method (CPM) and fixed charge method (FCM) were compared by
running simulations at zero voltage and zero charge, respectively. Based on DFT calcu-
lations, the equilibrium with a 1 M reservoir results in 47 ion pairs in the simulated slit.
In the BD simulations the total charges on the left and right electrodes fluctuate around
averages of ±7 nC·cm−2, which is less then 1% of their standard deviations of 0.8 µC·cm−2.
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(a) (b)

Figure 3.C.1: The inconsistency in the adsorption at (a) a fixed reservoir concentration of ρr = 1 M
and at (b) a fixed number of ion pairs N = 156 (b).

Figure 3.D.1: Number densities of cations, ρ+, and anions, ρ−, for the fixed charged method (FCM)
at vanishing surface charge on the electrodes and the constant potential method
(CPM) at vanishing potential difference between the electrodes, for capacitors in equi-
librium with a 1 M salt concentration. The insets show enlargements of the density
peaks adjacent to the electrode surface.

Hence, the mean total charge on the electrodes is essentially zero. The ionic number dens-
ities in both CPM and FCM simulations are similar, see Fig. 3.D.1. The slightly higher
density peaks near the electrodes for CPM are probably caused by the ions inducing a mir-
ror charge in the electrode and being attracted by that mirror charge; this effect evidently
does not occur at fixed wall charges.



4
T H E D I F F E R E N T I A L C A PA C I TA N C E A S A P R O B E
F O R T H E E L E C T R I C D O U B L E L AY E R S T R U C T U R E
A N D T H E E L E C T R O LY T E B U L K C O M P O S I T I O N

In this chapter, we theoretically study the differential capacitance of an aqueous electrolyte in contact
with a planar electrode, using classical density functional theory, and show how this measurable
quantity can be used as a probe to better understand the structure and composition of the electric
double layer at play. Specifically, we show how small trace amounts of divalent ions can influence
the differential capacitance greatly and also how small ions dominate its behavior for high electrode
potentials. In this study, we consider primitive model electrolytes and not only use the standard
definition of the differential capacitance but also derive a new expression from mechanical equilib-
rium in a planar geometry. This expression reveals explicitly that the first layer of ions near the
charged surface is key to its understanding. Our insights might be used as a guide in experiments
to better understand the electrolyte–electrode interface as well as the (composition of the) bulk elec-
trolyte.
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Within a density functional theory that captures Coulomb and hard-sphere interactions
accurately [2] for aqueous electrolytes, we calculate the differential capacitance for several
electrolytes, changing the size and valency of the ions similar to work done in Refs. [152,
160, 161, 162, 163, 164, 165, 166, 167, 168, 169]. We also derive a new relation for the
differential capacitance, which explicitly shows that the response of the first layer of ions
near the electrode to the applied potential on the electrode is key to its understanding.
We utilize this insight to understand two- and three-component electrolytes (the latter of
which was also the subject of Ref. [169]) and explain how impurities can have a large effect
on the differential capacitance.

4.1 differential capacitance

4.1.1 The System

As mentioned in the introduction, we wish to focus on EDL capacitors, of which there is
a variety of different types, each having a different electrode-electrolyte combination [170].
For now, we consider two porous (carbon) electrodes held at a potential difference Ψ
immersed in an aqueous electrolyte at room temperature T and dielectric constant ϵ. We
will focus on a single pore inside one electrode, and model it as two planar surfaces with
the same static surface potential Φ0, separated by a distance H [171, 172], as depicted
in Fig. 4.1.1. We stress that the surface potential Φ0 on the surfaces of the pore is w.r.t.
a potential in a macroscopic electrolyte reservoir (the space between the two electrodes),
while Ψ is the potential difference between the two electrodes in the EDL capacitor.

We will employ the primitive model (PM) in which the solvent is treated as a continuous
dielectric medium. The properties of the solvent can then be completely captured by a
single parameter: the Bjerrum length λB = e2β/4πεrε0, where e is the proton charge and
β = 1/kBT the inverse temperature. The Bjerrum length of water at room temperature is
λB = 0.73 nm, which will be kept constant throughout this work. The ions of species j

are modeled as hard spheres with diameter dj and a centro-symmetric charge ezj with zj

denoting the valency; the pair potential uij(r) between ions of species i and j separated
by a distance r is described by

βuij(r) =


∞, for r < dij ;

zizj
λB
r , for r ≥ dij ,

(4.1)

where dij = (di + dj)/2. Note that the PM neglects dispersion and polarizability. We
denote the bulk concentration of ion species j in the macroscopic electrolyte reservoir
between the two electrodes by ρb,j , and define the total ionic packing fraction in the bulk
as

ηb =
π

6
∑
j

d3
jρb,j . (4.2)
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Figure 4.1.1: An illustration of an EDL capacitor and its structure. The EDL capacitor within the
dashed box contains two porous electrodes (black dots), held at a potential difference
Ψ, through which the electrolyte (blue) can flow. Zooming in on a porous electrode
reveals a lot of structure which is depicted on top. Throughout this chapter the focus
lies on one tiny part of the electrode (the pore of interest), which we consider our
system, and model it as two parallel charged surfaces separated by a distance H being
part of the same electrode. Hence, the potential on the two surfaces, denoted by Φ0,
is the same and measured w.r.t. the potential in the reservoir, which we assume to be
grounded. Invoking the primitive model reduces the solvent to a continuous dielectric
medium at temperature T and with uniform dielectric constant ϵ.

When all particles have the same diameter and valency, the model is referred to as the
Restrictive Primitive Model (RPM). The bulk RPM is completely characterized by the ionic
bulk concentration and the dimensionless temperature T ∗ = d/λB . We stress that the me-
dium and the diameters are chosen such that T ∗ ≫ T ∗

c = 0.05 the critical temperature [173],
e.g. in this chapter λB = 0.73 nm is fixed and the ion diameters range from dj = 0.2 nm to
dj = 1 nm, for which T ∗ ranges from T ∗ = 0.27 to T ∗ = 1.37, respectively.

The (non-electrostatic part of the) external potential that determines the pore size reads

V j
ext(x) =


∞ for x ≤ dj

2 ;

0 for dj

2 < x < H − dj

2 ;

∞ for x ≥ H − dj

2 ,

(4.3)

which describes two planar hard walls positioned at x = 0 and x = H . Throughout this
chapter, the surface separation is fixed at H = 5 nm. Note that the electrostatic part of the
external potential, due to the surface charge on the electrodes, will be taken into account
through the Poisson equation, as discussed in Appendix 2.A.
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Within this simplification, we can controllably study the differential capacitance as a
function of the surface potential Φ0, for several choices of the ion diameter dj , valency zj ,
and ionic bulk concentrations in the reservoir ρb,j .

4.1.2 Thermodynamics in the Pore

Let us now focus on a single pore as depicted in Fig. 4.1.1. The remainder of the electrode
and the space between the electrodes we consider to be the ion and heat reservoir for the
pore of interest. Assuming that the space between the electrodes is large enough, we can
treat the pore of interest grand canonically. This justifies the introduction of a bulk ionic
concentration ρb,j (corresponding to a fixed ionic chemical potential µj) in the reservoir
that is independent of the electric potential difference Ψ between the electrodes. Exchange
of ions between the system and reservoir takes place and we assume equilibrium. The sur-
face potential Φ0 on the surfaces in the pore is fixed, which allows exchange of electronic
charge between the electrode and a charge reservoir; however, no charge exchange takes
place between electrode and the electrolyte, i.e. no electrochemistry is considered. The
pore also has a fixed volume V = AH/2 (rigid electrode) with total surface area A, and
temperature T . To summarize, the system is described by a {µ}, V , T , Φ0, A, H ensemble,
characterized by the grand potential Ω({µ}, V , T , Φ0, A, H) [2], where the brackets {µ}
denote the set of chemical potentials of each of the ion species. The differential of Ω for
this system reads

dΩ = − pdV − SdT −
∑
j

Njdµj − QdΦ0 + γdA − fdH, (4.4)

where Nj is the average number of ions of species j in the pore, p the pressure, Q the
electronic charge on both surfaces of the pore, γ the electrode-electrolyte surface tension,
and f the force between the surfaces that are separated by a distance H . It is convenient to
separate the volumetric and areal contribitions in Eq. (4.4), and write Ω = −p(T , {µ})V +

γ(T , {µ}, Φ0, H)A as two separate differentials [2]

dp = sbdT +
∑
j

ρb,jdµj , (4.5)

dγ = −ssdT −
∑
j

Γjdµj − σdΦ0 − f

A
dH, (4.6)

where S and Nj have been separated into a volumetric and areal part according to S =

V sb+Ass, and Nj = V ρb,j +AΓj with ρb,j the bulk concentration and Γj the adsorption of
species j. The average electronic surface charge density is denoted by σ = Q/A and obeys
the charge neutrality condition

σ = −
∑
j

ezjΓj . (4.7)

Eq. (4.5) is the Gibbs-Duhem equation and Eq. (4.6) the Lippmann equation.
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Now the question arises: what does this have to do with capacitances? The short answer
to this question is that the (areal) differential capacitance is defined by

Cµ,T ,H =

(
∂σ

∂Φ0

)
µ,T ,H

(4.8)

= −
(

∂2γ

∂Φ2
0

)
µ,T ,H

, (4.9)

which opens the door for the longer answer. First of all, it turns out that there is not
one differential capacitance C, but a whole set of differential capacitances, one for each
ensemble. This is similar to constant-volume and constant-pressure heat capacities, and
isothermal and isentropic compressibilities, for instance. Throughout this chapter we will
study the differential capacitance at fixed temperature T and surface separation H , and
simplify the notation: the ensemble in Eq. (4.4) gives rise to Cµ, while an {N}, V , T , Ψ, H

ensemble would give rise to CN . Those two are, in fact, not unrelated and follow similar
thermodynamic identities as those of the heat capacities at constant volume or pressure [2,
158]. We will focus on Cµ(Φ0, {µ}).

Before we continue, let us briefly consider the electric free energy that can be stored
inside a pore at fixed {µ}, V , T , H . This follows from Eqs. (4.4) and (4.8) as

Ω(Φ2) − Ω(Φ1) = −A

∫ Φ2

Φ1
dΦ0σ(Φ0) = −A

∫ Φ2

Φ1
dΦ

∫ Φ0

ΦP ZC

dΦ′
0Cµ(Φ′

0), (4.10)

where ΦPZC is the potential of zero charge (PZC), i.e. the potential for which the surface
charge density σ vanishes. To grasp the underlying physics, let us consider the case that
ΦPZC = 0, and choose Φ1 = 0 and Φ2 = Φ0 > 0, for which we can write (see Appendix
4.A)

Ecap = Ω(0) − Ω(Φ0) = 2A

∫ Φ0

0
dΦ′ (Φ0 − Φ′)Cµ(Φ′), (4.11)

where we note that Ω(0) > Ω(Φ0). For a potential-independent capacitance, e.g. a conven-
tional two-plate capacitor, one finds the known results Ecap = 1

2CΦ2
0, with C = ACµ the

total capacity. The reason why it is very convenient to study the differential capacitance,
is because that quantity can be measured in voltammetric experiments, while measuring
the surface charge is extremely difficult. By using Eq. (4.11) one is therefore also able to
measure the energy by measuring the differential capacitance as a function of the applied
potential.

4.1.3 Differential Capacitance Revisited

Before tackling the primitive-model electrolyte confined between two hard walls by Dens-
ity Functional Theory (DFT), let us first discuss the mechanical equilibrium in a planar
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geometry. The xx (normal) component of the pressure tensor within the pore follows from
the force balance [174, 175]

pxx(H) =
∑
j

∫ H

0
dxρj(x)F

j
x(x), (4.12)

where ρj(x) is the local density of species j, F j
x(x) = −∂Vj(x)/∂x the normal force on the

surface due to the full interaction potential Vj(x) (including the electrostatic interactions
due to the surface charge). If the integral in Eq. (4.12) does not depend on H , which is the
case when the range of F j

x is much smaller than H , then pxx(H) = p is the actual bulk
pressure of the electrolyte and Eq. (4.12) reduces to [174, 175]

βp =
∑
j

ρj

(
dj
2

)
− βσ2

2εrε0
, (4.13)

where it is understood that ρj(dj/2) is the limit limx↓dj /2 ρj(x). This sum rule relates
the bulk pressure p of the ion reservoir to the local contact densities ρj(dj/2) and the
surface charge density σ. In the case of two charged hard parallel surfaces separated by
a finite distance, the integral in Eq. (4.12) does depend on H , especially at low ionic bulk
concentrations. However, with the parameters chosen throughout this chapter, this only
plays a minor role and can be neglected for all practical purposes. Let us note that for soft
particle-wall interactions the integral in Eq. (4.12) does not reduce to a contact value and
needs to be fully evaluated. Nonetheless, the gradient of the particle-wall interaction is by
construction largest at values close to the contact distance dj/2 at which it gives the largest
contribution to the integral.

One interesting feature of Eq. (4.13) is that the global bulk pressure is independent of
the surface potential Φ0, while the local quantities are not. Therefore, taking the derivative
of Eq. (4.13) w.r.t. Φ0 leads to

0 =
∑
j

(
∂ρj(dj/2)

∂Φ0

)
µ

− βσ

εrε0

(
∂σ

∂Φ0

)
µ

, (4.14)

where we recognize the differential capacitance given in Eq. (4.8) in the second term.
Hence, Eq.(4.14) can be rewritten as

Cµ =
εrε0
βσ

∑
j

(
∂ρj(dj/2)

∂Φ0

)
µ

, (4.15)

where in the summand one can recognize a fluctuation profile as discussed in Ref. [176].
Within the RPM, Eq. (4.15) simplifies to

Cµ =
εrε0
βσ

(
∂ρN (d/2)

∂Φ0

)
µ

, (4.16)
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where we introduce the total ion density

ρN (x) =
∑
j

ρj(x). (4.17)

Hence, the differential capacitance is to a large extent dictated by the response of the num-
ber density ρN (d/2) at contact (first layer of ions) to the potential Φ0. As stated previously,
this key-concept will stand even for soft particle-wall interactions; the contact value will
be replaced by an integral, whose integrand is peaked near x = dj/2.

Interestingly, another observation leads to yet another expression for the differential
capacitance. Due to the ions having a hard core interaction with the wall and a central
charge, the charge density for x < d/2 (also for x > H − d/2) vanishes, leading to a
linear drop of the electrostatic potential profile Φ(x) in that region. Hence, the potential at
x = d/2 is given by

Φ(d/2) = Φ0 +
∂Φ(x)

∂x

∣∣∣∣
x=0

d

2 = Φ0 − d

2εrε0
σ, (4.18)

where we used Gauss’ law. Taking again the derivative w.r.t. the surface potential Φ0 and
reordering results in

Cµ =
2εrε0

d

[
1 −

(
∂Φ(d/2)

∂Φ0

)
µ

]
, (4.19)

which was also derived in a slightly different form in Ref. [177]. The region between x = 0
and x = d/2 is sometimes referred to as the Stern layer [178], with the corresponding
Stern-layer capacitance [152, 179, 180, 181] Cs = 2εrε0/d, although that will not be used in
this work 1.

The relations in Eqs. (4.15) and (4.19) will allow for a new and independent investigation
into the differential capacitance, which helps in understanding the underlying physics.

4.1.4 Density Functional Theory

We will use the MSAc functional described in Section 2.1.2.2 and validated for a wide
variety of parameters in Chapter 3. Because the grand potential at its minimum is the

1 The Stern layer separates the diffuse layer from the electrode, each layer having their own capacitance, which
in a serial circuit gives the total capacitance CEDL of the EDL. given by

1
CEDL

=
1

Cs
+

1
CDL

.

With little effort, one can show that, by introducing the Stern-layer capacitance Cs, the capacitance of the
diffuse layer reads

CDL = Cs

[(
∂Φ0

∂Φ(d/2)

)
µ

− 1

]
,

which can take negative values in case of overscreening. Hence, splitting the EDL into a diffuse layer and the
Stern layer seems not to be desirable for a generic system, and we will not further distinguish between Stern
layers and other layers, but instead only discuss the total capacitance Cµ.
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actual grand potential of the system, i.e. Ω[{ρ0}] = Ω({µ}, V , T , Φ0, H), DFT is a powerful
theoretical framework to combine thermodynamics and structure as it gives access to the
thermodynamics of the system via the density profiles. Furthermore, it gives directly both
the ionic charge density profile q(x) =

∑
j zjρj(x) and via the Poisson equation also the

potential profile Φ(x) from which the surface charge follows, where we note that in a
planar geometry the profiles only depend on the out-of-plane coordinate x. In principle,
we have thus access to Cµ via any of the routes in Eqs. (4.8), (4.9), (4.15), and (4.19) laid out
in the previous sections; however, the results that will be presented are calculated from
Eq. (4.8), while the other definitions are used as a tool to interpret the data. Nevertheless,
we have validated each of the Eqs. (4.8), (4.9), (4.15), and (4.19) for the sake of consistency.

4.1.5 Simulations

Although DFT is a very powerful framework, the intrinsic functionals FHS
ex and FES

ex are
approximate and need to be tested against simulations or experiments. Although we do
not go into detail here on any specific type of simulation, we wish to present a novel
sumrule that connects quantities that can be measured in simulation but not with DFT. The
quantity of interest throughout this chapter is the differential capacitance. From elementary
statistical physics one can derive the relation [23, 41, 158, 182]

C(Φ0) =
β

A

(
⟨Q2⟩ − ⟨Q⟩2

)
, (4.20)

where the brackets ⟨. . .⟩ indicate either a time or an ensemble average. The ensemble
average can either include a fixed number of ions N±, or a fixed chemical potential µ±.

Inspired by Ref. [176], we also found a new expression to calculate the differential capa-
citance within our ensemble, namely

C =
εrε0

σ

∑
j

[⟨ρ̂j(dj/2)Q⟩ − ⟨ρ̂j(dj/2)⟩⟨Q⟩] , (4.21)

where ρ̂j(r) =
∑Nj

i=1 δ(r − ri) denotes the density operator. Note that we use the notation
σ = ⟨σ⟩ throughout the chapter, but it is important to keep in mind that the surface charge
σ = Q/A fluctuates as a consequence of fixing the surface potential Φ0.

Employing DFT causes the loss of direct information on the fluctuations, because DFT
only returns equilibrium density profiles. Hence, within our DFT approach one does not
have direct access to the quantities such as ⟨Q2⟩ and ⟨ρ̂j(dj/2)Q⟩. However, they can in
principle be measured within simulations.
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Figure 4.2.1: The differential capacitance Cµ for the RPM with monovalent ions with diameter d =
0.5 nm and for a surface separation H = 5 nm and Bjerrum length λB = 0.73 nm.
The curves are shown for concentrations ranging from ρb = 1.3 mM (light-blue) to
ρb = 5.1 M (green) with several concentrations in between. The concentrations for the
other colored lines are given in the legend; the concentration for the black lines are
equally spaced to illustrate the trend. The legend also shows the corresponding bulk
packing fractions ηb.

4.2 capacitance curves

4.2.1 First Glance: Symmetric Electrolyte

The system that we investigate first is an RPM electrolyte consisting of two monovalent
species of ions (i.e. z+ = −z− = 1), such that ρb,+ = ρb,− ≡ ρb. In Fig. 4.2.1 we show the
differential capacitance, calculated via Eq. (4.8), as a function of the applied voltage Φ0

for ions with d = 0.5 nm at several ionic bulk packing fractions ranging from ηb = 0.0001
to ηb = 0.4, corresponding to bulk ionic concentrations ranging from ρb ≈ 1 nm to ρb ≈
5 M. As stated previously, the surface separation is fixed at H = 5 nm and the solvent is
characterized by λB = 0.73 nm. The foremost noticeable feature of Fig. 4.2.1 is the crossover
around a bulk packing fraction ηc ≈ 0.12 (blue line) from the so-called camel-shaped (ηb <

ηc) to the bell-shaped curves (ηb > ηc). This crossover has been a subject in many theoretical
and experimental studies [119, 121, 152, 165, 183, 184, 185, 186, 187, 188, 189, 190, 191], and
is ascribed to excluded-volume effects. Let us, for convenience, introduce Φ∗ as the surface
potential at which the capacitance Cµ(Φ0) takes its maximum value at a given ρb or ηb, i.e.
Cµ(Φ∗) ≥ Cµ(Φ0). Then the camel-shaped capacitance curves correspond to a finite Φ∗,
while the bell-shaped capacitance curves are characterized by Φ∗ = 0 V.
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Figure 4.2.2: (a) The number density profiles ρN (x) for the surface potentials Φ0 = 0.1 V (solid),
Φ0 = 0.2 V (dashed), and Φ0 = 0.5 V (dotted) at a bulk concentration of ρb ≈ 0.13 M
(i.e. ηb = 0.01). The inset shows the local packing fraction η(x) as defined in Eq. (4.22).
The potential at which the capacitance has its maximum is Φ∗ ≈ 0.2 V. For Φ0 < Φ∗

the profiles only have one peak at x = d/2 = 0.25 nm, while for Φ0 > Φ∗ the profiles
have two peaks; the second located at x = 3d/2 = 0.75 nm. Around the maximum at
Φ0 ≈ Φ∗ the second layer starts forming. (b) The number density profiles ρN (x) for the
surface potentials Φ0 = 0 V (solid) and Φ0 = 0.2 V (dashed) at a bulk concentration of
ρb ≈ 3.6 M (i.e. ηb = 0.28). The inset shows the local packing fraction η(x) as defined
in Eq. (4.22). This bulk concentration ρb ≈ 3.6 M corresponds to the same-colored
(purple) bell-shaped capacitance curve in Fig. 4.2.1.
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To understand this crossover, one has to understand what causes the maximum in
Cµ(Φ0). Consider the orange camel-shaped capacitance curve in Fig. 4.2.1 belonging to
ρb ≈ 0.13 M (i.e. ηb = 0.01 < ηc) with Φ∗ ≈ 0.2 V. For the same ρb (and in the same
color) we present in Fig. 4.2.2(a) the number density profiles ρN (x) for Φ0 = 0.1 V (solid),
Φ0 = 0.2 V (dashed), and Φ0 = 0.5 V (dotted). The inset shows, for the same state points,
the profile of the weighted packing fraction, defined by 2

η(x) = π
∑
j

∫ x+dj /2

x−dj /2
dx′ρj(x

′)

[(
dj
2

)2
− (x − x′)2

]
, (4.22)

which reduces to Eq. (4.2) in the homogeneous bulk. Interestingly, while the density profile
for Φ0 < Φ∗ (solid) only has one (contact) peak at x = d/2 = 0.25 nm, the one for Φ0 > Φ∗

(dotted) has a second peak at x = 3d/2 = 0.75 nm. Hence, the maximum in Cµ indicates
a structural change, analogous to peaks in the heat capacity indicating (smooth) changes
of the thermal occupancy of microstates. When we consider the purple bell-shaped capa-
citance curve in Fig. 4.2.1, belonging to ρb ≈ 3.6 M (i.e. ηb = 0.28 > ηc), and investigate
the corresponding ρN (x) and η(x) in Fig. 4.2.2(b) for Φ0 = 0 V (solid) and Φ0 = 0.2 V
(dashed), we find the presence of the second peak in ρN (x) for both (and in fact for all)
surface potentials. Hence, the maximum in Cµ(Φ0) is clearly related to the onset of layer-
ing of counter-ions near the surface, as is in fact also consistent with Eq. (4.15). Moreover,
considering the profile of the weighted packing fraction (see insets in Figs. 4.2.2(a) and (b))
at x = d/2 = 0.25 nm, one finds that its value is close to or even larger than the packing
fraction at which hard-sphere freezing takes place in the bulk (i.e. around ηb ≈ 0.5). This
suggests that the first layer of ions might in fact even be frozen [192], and invites a study
into the in-plane structure of ions at the charged surface. However, that is beyond the
scope of this chapter.

To characterize and interpret the crossover from camel- to bell-shaped curves further,
let us consider the crossover potential Φ∗(ηb) as function of the bulk packing fraction ηb

plotted in Fig. 4.2.3, for three ion diameters. The dashed line at ηc ≈ 0.12 represents for
d = 0.5 nm the capacitance curve crossing over from two maxima at Φ0 = Φ∗ > 0 (camel)
to one maximum at Φ0 = Φ∗ = 0 (bell). From Fig. 4.2.3, it is evident that the crossover
is rather gradual and therefore we refer to a crossover rather than a transition. This is
in line with the maximum in the capacitance curves being finite rather than infinite, the
latter case would imply a thermodynamic phase transition. This graduality is found in the
density profiles as well: where profiles for Φ0 ≪ Φ∗ and Φ0 ≫ Φ∗ can be easily discerned
by the absence and presence of a second peak at x = 1.5d = 0.75 nm (see Fig. 4.2.2(a)),
those for potentials close to Φ∗ cannot. The same holds for density profiles at Φ0 = 0;
for low bulk concentrations layering is almost absent, while at high bulk concentrations
layering is clearly present (see Fig. 4.2.2(b)), but one cannot qualitatively discern the two
cases close to ηb ≈ ηc.

2 η(x) is identical to the weighted density n3(x) from Fundamental Measure Theory [47].
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Figure 4.2.3: The surface potential Φ∗ at which Cµ(Φ0) has its maximum as function of the bulk
concentration expressed as the bulk packing fraction ηb, for the RPM with ion diameter
d = 0.2 nm (yellow), d = 0.5 nm (blue), and d = 1 nm (orange). The vertical dashed
line is located at ηb = 0.12 and represents the crossover for ions with d = 0.5 nm from
camel-shaped capacitance curves to bell-shaped capacitance curves.

The results so far were all for ions with a common diameter d = 0.5 nm and
λB = 0.73 nm. Let us now investigate the effect of ion size, keeping λB fixed at
λB = 0.73 nm. To this end, we next consider ions of a common diameter d = 0.2 nm
and d = 1 nm, for which Cµ(Φ0) is presented in Fig. 4.2.4 for a variety of ionic bulk
concentrations. There is little qualitative difference in Cµ(Φ0) for the different ion sizes.
However, quantitatively, one finds that the smaller the ions, the larger Cµ(Φ0) at a given
bulk packing fraction ηb. It is important to note that ionic bulk concentration ρb and
packing fraction ηb, although linearly related, are not the same quantity; small ions have
a higher molarity at the same packing fraction and the balance between packing and
electrostatics is quite different. Experimentally, one often characterizes bulk concentrations
in molarity rather than packing fractions, which renders the ion diameter an important
fit parameter. Fig. 4.2.4 shows that the ion size can determine the shape of Cµ(Φ0) at a
given molarity ρb. We note, for instance, that the camel-bell crossover packing fraction ηc

only changes slightly from ηc ≈ 0.1 for d = 1 nm to ηc ≈ 0.15 for d = 0.2 nm, while the
crossover bulk concentration changes by two orders of magnitude from ρc ≈ 32 M for
d = 0.2 nm to ρc = 0.16 M for d = 1 nm. Fig. 4.2.4 also shows a bell-shaped capacitance
curve for sufficiently concentrated electrolytes, and a camel-to-bell crossover for dilute
electrolytes at a sufficiently high electrode potential, with a higher Φ∗ for lower ηb and
smaller d. The generally lower capacitance for larger ions can be understood qualitatively
in terms of the close proximity of smaller ions to the electrode. This is explicit in Eq. (4.19),
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in which Cµ is inversely proportional to the ion diameter d. Hence, a larger ion diameter
results in an overall smaller Cµ(Φ0).

The results presented in this section evidently show that ion size is a key parameter
that largely determines the magnitude of the differential capacitance at a given ionic bulk
concentration.

4.2.2 Second Glance: Asymmetric Electrolytes

Let us now consider an asymmetric electrolyte consisting of cations with diameter d+ =

0.4 nm and anions with diameter d− = 0.6 nm. The voltage-dependent differential capacit-
ance for this system is presented in Fig. 4.2.5(a), again for bulk packing fractions ranging
from ηb = 0.0001 (ρb ≈ 1.1 nm) to ηb = 0.4 (ρb ≈ 4.5 M). The asymmetry in the electrolyte
is reflected by the asymmetry of Fig. 4.2.5(a) w.r.t. Φ0 → −Φ0; the smaller cations can
approach the surface to closer distances than the anions, causing a larger capacitance for
negative potentials compared to positive potentials. The capacitance Cµ(Φ0) at its max-
imum for the camel-shaped curves at Φ0 < 0 is therefore larger than that at Φ0 > 0, which
motivates the introduction of the notation Φ∗

+ and Φ∗
− for the maxima located at positive

and negative potentials, respectively. For high bulk concentrations with only one max-
imum (bell-shaped curves), we keep using the notation Φ∗, which is not necessarily close
to zero now that the symmetry is broken. In Fig. 4.2.5 we see that Φ∗ does indeed not van-
ish in the asymmetric electrolyte, rather it is located at negative potentials, and seems for
the present choice of parameters to converge to Φ∗ ≈ −0.03 V at high bulk concentrations.
This also implies that the potential of zero charge takes non-vanishing values.

In Fig. 4.2.5(b) the differential capacitance of the asymmetric electrolyte of Fig. 4.2.5(a) is
compared to those of the symmetric RPM. We replot the six colored differential capacitance
curves of the asymmetric electrolyte of Fig. 4.2.5(a) in black now, while in blue (Φ0 > 0)
and red (Φ0 < 0) we plot those for the RPM with d = 0.6 nm and d = 0.4 nm, respectively,
at the same bulk concentration ρb. For the three lowest bulk concentrations ρb = 1.1 nm,
ρb = 11 nm, and ρb = 0.11 M, we see that the differential capacitance of the asymmetric
electrolyte with d+ = 0.4 nm and d− = 0.6 nm (black) is indistinguishable from those of
the RPM with d = 0.4 nm (red) at negative potentials and d = 0.6 nm (blue) at positive
potentials. Hence, Cµ at negative potentials is fully dictated by the cations, while at positive
potentials it is fully dictated by the anions. However, at higher bulk concentrations, close
to the camel-bell transition, one finds differences between the RPM-approximation and
the actual asymmetric electrolytes, although primarily only for |Φ0| < 100 mV. This can
be explained by considering Eq. (4.15), where packing of asymmetric-sized ions in the
first layer

∑
j ρ(dj/2) is evidently different from the RPM. Nevertheless, at higher surface

potentials the differential capacitance of the asymmetric electrolyte follows again that of
the RPM, because the counterions are fully repelled resulting in a similar packing as in the
RPM.
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Figure 4.2.4: The differential capacitance for ions with diameter (a) d = 0.2 nm and (b) d = 1 nm for
a surface separation H = 5 nm and Bjerrum length λB = 0.73 nm. The bulk concen-
tration/packing fraction at which the camel-bell crossover occurs is depicted in dark
blue, i.e. ηc ≈ 0.1 (ρc ≈ 32 M) for d = 0.2 nm and ηc ≈ 0.16 (ρc ≈ 0.16 M) for d = 1 nm.
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Figure 4.2.5: (a) The differential capacitance for an asymmetric electrolyte with d+ = 0.4 nm and
d− = 0.6 nm for a surface separation H = 5 nm and Bjerrum length λB = 0.73 nm.
The thick black curves in (b) correspond to the colored ones in (a) and are compared
with the differential capacitance of the RPM with d+ = d− = 0.4 nm (red) and d+ =
d− = 0.6 nm (blue) at the same bulk concentration ρb.
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Figure 4.2.6: The differential capacitance for an asymmetric 1:2 electrolyte with d+ = d− = 0.5 nm.
The bulk concentrations for the colored lines are given in the legend and range from
ρb,− = ρb,+/2 = 0.85 nm to ρb,− = ρb,+/2 = 3.4 M.

Another type of asymmetric electrolyte that we consider is a 1:2 electrolyte in which
z+ = 1 and z− = −2, for convenience with equal diameter d+ = d− = 0.5 nm. The capacit-
ance curves for this system are given in Fig. 4.2.6, again for H = 5 nm and λB = 0.73 nm.
First let us note that the maximum at positive potentials for bulk concentrations below
ρb,− = 0.85 M is larger than that of the monovalent RPM at the same packing fraction
(see Fig. 4.2.1 or consider the negative potentials). This is a consequence of the higher
valency of the anions; fewer ions are needed to screen the charge on the surface and
therefore layering/packing requires higher surface potentials, allowing more charge to
be stored within the first layer. One peculiar feature that was not present in all previous
monovalent cases is the minimum capacitance around Φ0 ≈ 0.4 V (and therefore also a
second maximum at Φ0 = Φ∗

++ ≈ 0.6), which is caused by overscreening [152]. At such
relative high surface potentials, the positively charged surface attracts the divalent anions
to such an extent that it creates a layer of anions with negative charge that exceeds the
magnitude of the charge on the surface. Therefore the ions further away from the electrode
perceive the surface as being negatively charged, rather than positive, which causes a
net attraction of positive ions. This is shown in Fig. 4.2.7(b) and (c), which presents the
anion and cation density profiles, respectively, at the surface potentials indicated by
the vertical lines in the capacitance curve of Fig. 4.2.7(a), for the bulk concentration of
ρb,− = ρb,+/2 ≈ 85 nm (ηb = 0.1). The inset in Fig. 4.2.7(b) shows the local packing fraction
as defined by Eq. (4.22). For low surface potentials Φ0 < Φ∗

+ ≈ 0.14 V (dashed-dotted
lines) the behavior is similar to the RPM, but upon increasing the surface potential to
Φ∗

+ < Φ0 = 0.3 V< Φ∗
++ (dotted line) a clear peak in the cation density profile is formed,

as if the surface is negatively charged. Note that in this case, there is still only one dense
layer of anions near the surface. Increasing the surface potential to Φ0 = 0.5 V (dashed
lines) causes a dense second layer of anions, while the cations are repelled. Overscreening
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Figure 4.2.7: In (a) the Cµ curve of the asymmetric 1:2 electrolyte for which the anion and cations
density profiles are portrayed in (b) and (c), respectively, at the surface potentials Φ0 =
0.05 V (dashed-dotted), Φ0 = 0.3 V (dotted), Φ0 = 0.5 V (dashed), and Φ0 = 0.7 V
(solid), as indicated by the vertical lines in (a). The bulk concentration corresponding
to these results is ρb,+ = ρb,−/2 = 85 nm (ηb = 0.01). The inset in (b) shows the local
packing fraction. The vertical lines at Φ∗

+ and Φ∗
++ are the surface potentials at which

Cµ has a local maximum.
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is found again at Φ0 = 0.7 V > Φ∗
++ (solid lines). Hence, the structural changes of the

EDL are manifested in the differential capacitance; from a diffuse EDL to overscreening
with one layer of cations and anions (up to the first maximum in Cµ), to two layers of
anions and a diffuse cation layer (between the first maximum and the first minimum in
Cµ), to overscreening with two layers of anions (beyond the second maximum in Cµ). This
is also visible in the local packing fraction (see inset in Fig. 4.2.7(b)), which shows that
a densely-packed first layer is formed for Φ0 > Φ∗

+ and a second dense layer for Φ0 > Φ∗
++.

4.2.3 Impurities

It is extremely difficult to experimentally study an aqueous electrolyte in which only one
type of salt is dissolved. Generally, there are always “impurities", with a much lower bulk
concentration than that of the dominant species. Common cations in water are Calcium
(Ca2+), Magnesium (Mg2+), Sodium (Na+), and Potassium (K+), while the most com-
mon anions are Carbonate (CO2−

3 ), Chloride (Cl−), and Sulfate (SO2−
4 ). Although there are

techniques to obtain purified (deionized, demineralized) water, extracting all ion types is
challenging [193, 194, 195]. One particular example would be the presence of divalent ions
such as Calcium (Ca2+) and Carbonate (CO2−

3 ), which typically have concentrations ran-
ging from below 0.01 mM (purified water) to 0.5 mM (recommended amount of Calcium
in tap water) to 2 mM (very hard water) [196, 197].

Let us therefore now consider three-component electrolytes (see also Ref.[169]) consist-
ing of one cation species and two anion species, with an asymmetry between the anions.
First, we consider a 1:1:2 electrolyte of equisized ions with diameter d = 0.5 nm and
ρb,+ = ρb,− + 2ρb,2− where the anion composition is characterized by ν = ρb,2−/ρb,−. The
differential capacitance for this system with a bulk packing fraction ηb = 0.1 is presen-
ted in Fig. 4.2.8, where ν takes the values ∞, 10−1, 10−2, 10−3, 10−4, 10−5, and 0, where
ν = 0 corresponds to a 1:1 electrolyte and ν = ∞ to a 1:2 electrolyte. Interestingly, even
for ν = 10−6 (corresponding to ρb,2− ≈ 1.3 · 10−6 M) we find the divalent anion species to
be predominant for surface potentials Φ0 > 0.3 V. Again, this can be explained by using
Eq. (4.15), which for a 1:2 electrolyte can be written in terms of the effective composition
ν̃ ≡ νeeβΦ(d/2) that indicates whether or not the divalent ions dominate the surface compos-
ition, i.e. for ν̃ ≪ 1 the monovalent anions dominate while for ν̃ ≫ 1 the divalent anions
dominate. Because (eβ)−1 ≈ 25 mV, one finds for Φ0 = 0.3 V ≈ 12/eβ that Boltzmann
factor exp (eβΦ(d/2)) is large, such that O(ν̃) ≈ 1, even if ν = 10−6. That is, the two anion
species compete with each other on who may fill the first layer near the surface, and since
a divalent ion has a much stronger interaction with the surface charge it wins over the
monovalent ion for large surface charges, even if their bulk concentration is much lower
(see also Appendix 4.B). To conclude, even a trace amount of divalent ions, like Ca2+ or
CO2−

3 , in a predominant monovalent electrolyte, such as NaCl, can play a dominant role
in the differential capacitance at high surface potentials.
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Figure 4.2.8: (a) The differential capacitance of a three-component electrolyte of one monovalent
cation species and two anion species, of which one is monovalent and the other
divalent. The parameter ν gives the ratio between the bulk density of those two an-
ion species and ranges from ∞ (one divalent anion species) to 0 (on monovalent an-
ion species), while the bulk packing fraction for all curves is fixed at ηb = 0.01. (b)
Similar as in (a), but there are two monovalent anions with different size; one being
d− = d+ = 0.5 nm, and the other dlarge = 2d = 1 nm. The parameter ν is the ratio
between the bulk density of the large anion w.r.t. small anion, i.e. ν = 0 represents the
RPM, while ν = ∞ represents the system with one large anion species, while the bulk
packing fraction for all curves is fixed at ηb = 0.4.

For two species of anions which differ in size rather than valency, the story is quite
different. Let us again consider a three-component system with monovalent ion species
with different ion diameters specified by d ≡ d+ = 0.5 nm, dsmall

− = d, and dlarge
− = 2d.

Fig. 4.2.8 shows the differential capacitance for this system for different anion composition
ratios ν = ρlarge

b,− /ρsmall
b,− ranging from ν = 0 (one anion species with d− = d) to ν = ∞

(one anion species with d− = 2d) at a bulk packing fraction of ηb = 0.4. Similar to the
previous three-component case with different valencies there is a competition between
the two anion species; smaller anions can approach the surface to closer distances than
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the larger anions, obviously, and therefore the two anion species again compete on who
may fill the first layer. For ν < 1, the smaller anions dominate at all surface potentials,
and Fig. 4.2.8(b) only shows one discernible peak in the capacitance profile. When ν is
increased to ν > 1 (the bulk concentration of the larger anions exceeds that of the smaller
anions) the larger anions fill the first layer up to a certain surface potential beyond which
the smaller anions take over (see also Appendix 4.B). This point is indicated by a peak
in the differential capacitance, after which the smaller anions, although having a much
lower bulk concentration, are the dominating factor for the differential capacitance. Again,
this can be explained from Eq. (4.15), where it becomes apparent that the competition is
between ρsmall

− (d/2) and ρlarge
− (d). For ν > 1 and for surface potentials at which the lager

anions make up the first layer, the quantity ρlarge
− (d) is similar to the case of which there

is only one large cation species. However, when the surface potential is increased such
that the smaller ions make up the first layer, then ρlarge

− (d) basically vanishes, due to the
presence of the smaller anions that repel the larger ones. Hence, the differential capacitance
of the impurity system then follows the curve of the differential capacitance of the system
for which there is only one anion species with d− = d. Looking at Fig. 4.2.8, it becomes
apparent that a camel-shaped curve can occur at very high packing fractions, although its
minimum does not coincide with the potential of zero charge.

4.3 conclusion

We have carefully investigated the differential capacitance for primitive model electrolytes
within classical DFT. A new equation (4.15) to interpret the differential capacitance was
introduced, which greatly helped to understand its behavior, because it explicitly showed
the importance of the first layer of ions near the surface. Specifically, it helped to further
rationalize the camel-bell crossover, that has been a topic of interest across many studies,
as a (smooth) structural change in the density profiles near the electrode. Analogous to
peaks in the heat capacity indicating (smooth) changes of the thermal occupancy of micro-
states, peaks in the differential capacitance indicate structural change. This can either be
the forming of dense-packed layers of counterions near the surface, but can also be the reor-
ganization of layers of cations and anions as we showed for the 1:2 electrolyte with divalent
anions, in which overscreening causes a rich structural behavior that seeped through in the
capacitance curves. When the impurities in three-component electrolytes were studied, we
again found that the competition for the first layer of ions near the surface determined
the behavior of the capacitance curves. This three-component electrolyte that was studied,
with one species of cations and two species of anions in which the relative concentration of
the anions was changed, gave much richer physics than perhaps anticipated. Both an asym-
metry in the anion valency as well as in the anion diameter was considered. Surprisingly
at first, even when the composition of the bulk mixture is very asymmetric, both anion
species still have their regime in which they fill up the first layer. For anion asymmetry
in the valency, where the relative concentration of the divalent anions is very small, we
found that the divalent anions can still fill up the first layer when the surface potential is
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large enough, due to the much stronger interaction with the charged surface. For diameter
asymmetry of the anions, with a low relative concentration of the small anions, we found
that they can still fill up the first layer at large surface potential because they can screen the
charge on the surface more efficiently. For both cases it is the competition between the two
anion species that shapes the differential capacitance. Hence, impurities, as we call them,
have a rather strong effect on the differential capacitance. The differential capacitance can
thus be used as a probe for the electrolyte composition. Knowing that the differential ca-
pacitance is largely determined by the first layer of adsorbed ions, and that peaks in the
differential capacitance indicate structural changes, can therefore help to distinguish the
components in the electrolyte.

Although Eq. (4.15) for the differential capacitance that we derived strictly only holds for
the primitive model electrolytes in contact with charged hard walls, the physics that the
first layer of ions near the surface dominate its behavior still holds when the conditions
are loosened up. Important is that the ion-ion and ion-surface interaction are strongly
repulsive at short separations; our results will be modified if dispersion forces are relevant.

The next step would be to confront the knowledge gained from this analysis to experi-
mental data, allowing interpretation of the measured differential capacitance in terms of
EDL structure and bulk electrolyte composition. This could, in turn, lead to a better under-
standing of the differential capacitance, and consequently to an improved performance of
real EDL capacitors. An ultimate goal is to provide knowledge to create sustainable altern-
atives for Lithium-ion batteries [12, 14], which would contribute directly to the transition
towards renewable energy.





A P P E N D I X

4.a capacitive energy

Changing the order of the integration in Eq. (4.10) leads to

Ω(Φ2) − Ω(Φ1) = −A

∫ Φ2

Φ1

dΦ
∫ Φ

ΦP ZC

dΦ′Cµ(Φ′) (4.23)

= −A

{[
(Φ2 − Φ1)
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]
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dΦ′(Φ′ − Φ1)Cµ(Φ′) + (Φ2 − Φ1)

∫ ΦP ZC

Φ2
dΦ′Cµ(Φ′)

]
Θ(ΦPZC − Φ2)

}
, (4.24)

where Θ(x) denotes the Heaviside function. Then considering the case that ΦPZC = 0,
Φ1 = 0 and Φ2 = Φ0 > 0, leads to Eq. (4.11).

4.b density profiles : impurities

The density profiles for the three-component system with one monovalent anion spe-
cies (blue) and one divalent anion species (red) for the relative bulk concentration
ν = ρb,2−/ρb,− = 10−3 and surface potentials Φ0 = 0.1 V (dashed), Φ0 = 0.2 V (dot-
ted), Φ0 = 0.5 V (dash-dotted), and Φ0 = 0.7 V (solid) are presented in Fig. 4.B.1(a). At low
surface potentials the divalent anion density profile (dashed red) is has low values at any
x. Upon increasing the surface potential, the divalent anion species take in the place of the
monovalent anion species, up to the point where the first layer only contains the divalent
anion species (dashed-dot and solid), and the monovalent anion species are moved into
the second layer (dashed-dot). Increasing the surface potential even more, causes a second
layer of divalent ions (solid).

The density profiles for the three-component system with one small anion species (blue)
and one large anion species (red) for the relative bulk concentration ν = ρlargeb,− /ρsmallb,− = 100
and surface potentials Φ0 = 0.1 V (dotted), Φ0 = 0.3 V (dash-dotted), and Φ0 = 0.5 V
(solid) are presented in Fig. 4.B.1(b). For low surface potentials, the concentration of the
small anion species is negligible (dotted line). Upon increasing the surface potential, the
concentration of the smaller anion species near the charged surface increases dramatically,
pushing away the larger anion species. This results in the appearance of a (red) peak at
x = 1 nm instead of one at x = 0.5 nm, shifting the phase of oscillations in the density
profile (compare solid line with the dashed-dotted line).
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Figure 4.B.1: (a) The density profiles for the monovalent (blue) and divalent (red) anion species
for the relative concentration ν = 10−3 and surface potentials Φ0 = 0.1 V (dashed),
Φ0 = 0.2 V (dotted), Φ0 = 0.5 V (dash-dotted), and Φ0 = 0.7 V (solid). (b) The density
profiles for the small (blue) and large (red) anion species for the relative concentration
ν = 100 and surface potentials Φ0 = 0.1 V (dotted), Φ0 = 0.3 V (dash-dotted), and
Φ0 = 0.5 V (solid).



5
M A C H I N E - L E A R N I N G F R E E - E N E R G Y
F U N C T I O N A L S U S I N G D E N S I T Y P R O F I L E S F R O M
S I M U L AT I O N S

The formally exact framework of equilibrium Density Functional Theory (DFT) is capable of sim-
ultaneously and consistently describing thermodynamic and structural properties of interacting
many-body systems in arbitrary external potentials. In practice, however, DFT hinges on approxim-
ate (free-)energy functionals from which density profiles (and hence the thermodynamic potential)
follow via an Euler–Lagrange equation. Here, we explore a relatively simple Machine-Learning
(ML) approach to improve the standard mean-field approximation of the excess Helmholtz free-
energy functional of a 3D Lennard-Jones system at a supercritical temperature. The learning set
consists of density profiles from grand-canonical Monte Carlo simulations of this system at varying
chemical potentials and external potentials in a planar geometry only. Using the DFT formalism,
we nevertheless can extract not only very accurate 3D bulk equations of state but also radial dis-
tribution functions using the Percus test-particle method. Unfortunately, our ML approach did not
provide very reliable Ornstein–Zernike direct correlation functions for small distances.
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Given the massive present-day availability of computer power and data, the grown gen-
eral interest in machine learning (ML) should not come as a big surprise. This interest
also extends to physics, whose community excels at gathering, organizing, and analyzing
data in order to predict and model the behavior of systems with many degrees of free-
dom, which is also one of the strengths of ML. An important distinction between the field
of physics and ML is that physicists tend to understand, model, and predict the systems
of their interest via a stepwise chain of reasoning from cause to effect, whereas ML al-
gorithms tend to “only” directly relate cause to effect without necessarily understanding
(in the traditional “human” sense) the steps in between. In other words, ML can often be
regarded as a black box that is as incomprehensible as the initial raw data itself.

Here we will also suffer, at least to some extent, from this black-box character of ML
applied to a problem in classical Density Functional Theory (DFT) [42, 46]. However, only
in a limited way because we can build on the foundations of physics to exploit, in this case,
a few ingredients of the DFT formalism. As we will explain in full detail below, DFT is an
exact framework to describe thermodynamic and structural properties of interacting many-
body systems. This involves the solution of Euler-Lagrange equations for the equilibrium
density profile for a particle system in an external potential. Now, DFT hinges for given
particle-particle interactions on approximate free-energy density functionals. By compar-
ison with Monte Carlo simulations, performed by MSc student Sander Kuipers, of density
profiles in a learning set of external potentials, a free-energy functional can be constructed
during an ML process. The additional physics that can be extracted beyond the learning
set not only includes density profiles for external potentials outside the learning set but
also (i) thermodynamic bulk quantities (because the minimal value of the functional cor-
responds to the thermodynamic potential at equilibrium from which for instance the bulk
pressure follows) and (ii) the two-body direct correlation function (because it is related to
the second functional derivative of the functional) from which the radial distribution func-
tion follows. Moreover, thermodynamic surface properties such as the adsorption and the
interfacial tension can be extracted from the functional. Our work is strongly inspired by
recent ML work to construct a classical DFT for the Lennard-Jones (LJ) fluid in one spatial
dimension [198, 199], which we here extend to the three-dimensional LJ fluid. Similar to
Refs. [198, 199] we use grand-canonical Monte Carlo (MC) simulations at a learning set of
chemical potentials and external potentials, however in a planar geometry. We stress that
the planar geometry yields an effective 1D problem embedded in 3D, not to be confused
with an actual 1D problem. We will show the ability to “learn” a free-energy functional
that predicts density profiles of this system at chemical and external potentials outside
the training set, but also to extract several system properties that were not at all present
in the data of the training set, or at least not explicitly. In particular, we will show that
from a learning set in a planar geometry a machine-learned functional can be constructed
that is capable of predicting the 3D mechanical bulk equation of state of the homogeneous
fluid (the pressure-density-chemical potential relations), the 3D radially symmetric direct
correlation function and the radial distribution function at any density, and (in principle)
the prediction of Lennard-Jones density profiles in an arbitrary external potential in 3D.
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The agreement of these predictions against simulations varies from very good (equation
of state, radial distributions from the Percus test particle method, density profiles outside
learning set) to, admittedly, rather poor (direct correlation function). The poor prediction
for the latter is probably due to the rather simple form (and in retrospect perhaps an
overly-simple form compared to Ref. [199]) for the free-energy functional, and due to the
treatment of the repulsive part of the LJ interaction. The main thrust of our findings at this
point, therefore, is not the construction of the Lennard-Jones free-energy functional that
compares “best” with MC simulations, but rather the notion that free-energy functionals
for 3D systems can be constructed from relatively simple geometries (here planar) in the
learning set. Extensions to other systems, for instance electrolytes and ionic liquids form-
ing an electric double layer in contact with planar electrodes, could be a next step with
actual applications in modeling the osmotic equation of state, the differential capacitance,
and the adsorption in porous geometries.

This chapter is organized as follows. We start in section II with an extensive introduction
into classical DFT -that can easily be skipped by readers familiar with this framework.
In section III and IV we discuss the system and the (simulation and machine-learning)
methods that we use, and in section V we discuss the resulting kernels, density profiles,
equations of state, and pair correlation functions. We end in section VI with a discussion
and outlook.

5.1 classical density functional theory

5.1.1 Formalism

We consider a classical one-component system of N spherical particles with linear mo-
menta pi and center-of-mass positions ri with i = 1, · · · , N the particle label. The particles
interact with each other via an isotropic pair potential u(rij), where rij = |ri − rj | is the
distance between particle i and j. All particles are subject to a static external potential
Vext(ri), such that the Hamiltonian of the system reads

HN =
N∑
i=1

p2
i

2m
+

N∑
i<j

u(rij) +
N∑
i=1

Vext(ri), (5.1)

where m denotes the mass of the particles. Here we note that Eq. (5.1) can also describe
macroscopic bulk systems by considering the external potential to be zero in a box of
volume V at a homogeneous density ρ = N/V and temperature T . For these homogen-
eous systems, typical thermodynamic equilibrium quantities of interest include the caloric
and mechanical equations of state u(ρ, T ) and p(ρ, T ) for the internal energy and pres-
sure, respectively. Also structural quantities such as the radial distribution function g(r)

(at particle-particle separation r) and the structure factor S(q) (at wavenumber q) are of
interest for homogeneous systems [42]. Equilibrium statistical mechanics offers a variety of
techniques to calculate (approximations to) these quantities, for instance systematic low-ρ
or high-T expansions, integral equations based on the Ornstein-Zernike equation, or com-
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puter simulations. However, the situation is more complicated in the case of a nontrivial
external potential due to, for instance, the Earth’s gravity, an attractive or repulsive sub-
strate, or a porous matrix that may confine the particles of interest. In this case, the system
described by Eq. (5.1) becomes heterogeneous in thermodynamic equilibrium, such that
the local density ρ(r) varies in space. Consequently, the energy density u and the pres-
sure p become ill-defined (except, of course, within a local density approximation), and
the broken translation invariance causes the radial distribution function to be of the form
g(r, r′) rather than g(|r − r′|). Nevertheless, the formalism of Density Functional Theory
(DFT) can provide a consistent picture of the thermodynamic and structural properties
of inhomogeneous fluids in an external potential. Although DFT finds its roots in the
quantum-many body description of electrons, it has also found many applications in the
(essentially) classical context of soft-matter systems to describe molecular liquids, electro-
lytes, colloidal dispersions, etc. [46, 47, 48, 58, 149, 200, 201, 202, 203].

DFT is essentially a grand-canonical framework in which the temperature T and
the chemical potential µ of the particles are fixed to characterise the heat bath and
the particle bath with which the system is in thermal and diffusive equilibrium. The
corresponding thermodynamic potential is the grand potential Ω0 defined by βΩ0 =

− ln
∑∞
N=0

∫
dpNdrN exp[−β(HN − µN)]/N !h3N , where β−1 = kBT , kB the Boltzmann

constant, and h an arbitrary constant with the same dimension as the Planck constant.
From Ω0 essentially all thermodynamic properties would follow, for instance the pressure
of the homogeneous system equals −Ω0/V and the internal energy is ∂βΩ0/∂β. Of course,
this involves the immense problem of evaluating the 6N -dimensional phase-space integral
in the definition of Ω0. The key of classical DFT is that it circumvents this high-dimensional
phase-space integral by a proof [46] of the existence of a grand-potential functional Ω[ρ]

of the variational one-body density profile ρ(r), with the properties that (i) the equilib-
rium density profile ρ0(r) minimizes the functional Ω[ρ], and (ii) this minimum equals the
equilibrium grand potential Ω0. This implies that

δΩ[ρ]

δρ(r)

∣∣∣∣
ρ0(r)

= 0; Ω[ρ0] = Ω0. (5.2)

The problem is thus reduced to finding the functional Ω[ρ], and after that to solve the
3D Euler-Lagrange equation (5.2), which amounts to a huge reduction of the problem
compared to the high-dimensional phase-space integral.

One can also prove rigorously [42, 45, 46] that the grand potential functional Ω[ρ] can
always be written as

Ω[ρ] = F [ρ] −
∫

drρ(r) (µ − Vext(r)) , (5.3)

where F [ρ] is the intrinsic Helmholtz free-energy functional that, and this is crucial for our
machine-learning approach, only and uniquely depends on the particle-particle interactions
(here the pair potential u(r)) and on the temperature, and not on µ and Vext(r). In other
words, the same and unique functional F [ρ] for a given u(r) applies at any chemical and ex-
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ternal potential. That F [ρ] is a Helmholtz free-energy functional follows straightforwardly
from the thermodynamic relation Ω0 = F0 − µN0 with N0 =

∫
drρ0(r) the equilibrium

number of particles and F0 the equilibrium Helmholtz free energy, which can be decom-
posed into the sum of the potential energy

∫
drρ0(r)Vext(r) due to the external field and

the remaining intrinsic free energy F [ρ0].
Unfortunately, F [ρ] is not explicitly known in most cases. An exception is the ideal-gas

case of u(r) ≡ 0, where it is possible to construct the intrinsic free-energy functional as
F id[ρ] = kBT

∫
drρ(r)

(
ln ρ(r)Λ3 − 1

)
, with Λ = h/

√
2πmkBT the thermal wavelength.

The common practice in DFT is now to split the intrinsic free energy into the ideal and the
excess-over-ideal part, F [ρ] = F id[ρ] + Fexc[ρ], and to find an explicit (usually approxim-
ate) expression for Fexc[ρ]. Once such an explicit expression has been found, we can cast
the minimum condition for ρ0(r) of Eq. (5.2) in the explicit form

ρ0(r) =
exp(βµ)

Λ3 exp
[(

−β
δFexc[ρ]

δρ(r)

∣∣∣∣
ρ=ρ0

− βVext(r)

)]
. (5.4)

Note that Eq. (5.4) is a self-consistency relation for interacting systems, that usually takes
the form of a nonlinear integro-differential equation that needs to be solved numerically
for a given µ and Vext(r) for a system of interest with pair potential u(r) at temperature
T — and hence with a given excess functional Fexc[ρ]. In relatively simple geometries, for
instance with planar or radial symmetry, a numerical solution of Eq. (5.4) can be found at
relatively low computational cost by means of e.g. a Picard iteration scheme.

Thus, the remaining problem of DFT lies in constructing an explicit form for Fexc[ρ], for
which no universal recipe is available – not unlike the case of partition functions of interact-
ing systems. There is, however, one more exact relation that can be and has been exploited,
and involves the second functional derivative −βδ2Fexc[ρ]/δρ(r)δρ(r′), which equals by
definition the Ornstein-Zernike direct correlation function c(r, r′) and is hence directly
related to the two-body structure of the system. In particular, in a homogeneous bulk
system the direct correlation function is of the form cb(|r − r′|) and its Fourier transform
ĉb(q) yields the structure factor S(q) = (1 − ρĉb(q))

−1, from which the radial distribution
function g(r) follows by an inverse Fourier transformation.

In this chapter we will focus on a Lennard-Jones fluid. In the DFT treatment, we split
the pair potential u(r) = u0(r) + u1(r) into a steep repulsion u0(r) at short distances and
an attractive tail u1(r) of well depth −ϵ < 0 in accordance with Barker-Henderson theory,
as further detailed in section 5.2. On the basis of the vast body of knowledge on the ther-
modynamics and the two-body structure of the hard-sphere system, extremely accurate
approximations have been constructed for its intrinsic excess Helmholtz free-energy func-
tional Fexc

HS [ρ], for which we will use the White-Bear mark II[48] version of the fundamental
measure theory[47, 58] throughout this chapter. It is common practice in liquid-state the-
ory to treat the attractions as a perturbation on the hard-sphere system, and a popular
version results in the Van der Waals-like mean-field (MF) approximation

Fexc
MF [ρ] ≈ Fexc

HS [ρ] +
1
2

∫
drdr′ρ(r)ρ(r′)u1(|r − r′|). (5.5)
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The high-temperature limit of Eq. (5.5) returns the hard-sphere limit, but the MF approx-
imation fails to give accurate results for lower temperatures where the attractions play a
more prominent role [42, 198, 204]. We therefore seek improved excess free-energy func-
tionals in terms of corrections to the mean-field functional of Eq. (5.5) of the quadratic and
cubic form

βFexc
ML2[ρ] = βFexc

MF [ρ] +
1
2

∫
drdr′ρ(r)ρ(r′)Ω2(|r − r′|), (5.6)

βFexc
ML3[ρ] = βFexc

ML2[ρ] +
1
3

∫
drdr′ρ2(r)ρ(r′)Ω3(|r − r′|), (5.7)

where the labels ML2 and ML3 refer to the fact that we will use machine learning (ML)
to find the optimal form of the kernels Ω2(r) and Ω3(r). We note that ML2 reduces to
the mean-field form for Ω2(r) ≡ 0 and that ML3 reduces to ML2 for Ω3(r) ≡ 0. We
also emphasize that the ML3 form of the functional is not compatible with the third-order
virial-type expansion which would have entailed an additional spatial integration (say
over r′′) and a kernel of the triple product form f(|r − r′|)f(|r′ − r′′|)f(|r′′ − r|); finding
the optimal kernel f(r) proved to be computationally too demanding and inconvenient at
the exploration phase of this project and hence we settled for the simpler form of the cubic
term ML3.

The building of ML functionals upon the MF functional is important. For long-ranged
potentials the mean-field functional retrieves the correct asymptotic decay of the direct
correlation function, such that the range of the ML corrections can conveniently be lim-
ited. For short-ranged potentials, the direct correlations are short-ranged anyway, and the
inclusion of the mean-field term puts no constraint on the resulting ML functional.

5.1.2 Planar geometry

Interestingly, we can exploit the fact that the optimal kernels Ω2(r) and Ω3(r) that we seek
must be independent of µ and Vext(r) to determine them in systems with a planar geometry,
i.e. systems that have translation invariance in the y- and z-direction with external poten-
tials Vext(x) and density profiles ρ(x) that only depend on the normal coordinate x. One
easily checks that the non-HS part of the MF functional of Eq. (5.5) then reduces to

Fexc
MF [ρ] =

A

2

∫
dxdx′ρ(x)ρ(x′)u1,x(|x − x′|), (5.8)

where A =
∫

dydz is the (macroscopically large) area of the planar surface and u1,x(|x −
x′|) =

∫
dydz u1(

√
(x − x′)2 + y2 + z2) is the laterally-integrated pair potential u1(r). Like-

wise the non-HS contributions to the functionals of Eq. (5.6) can be cast in the form

βFexc
ML2[ρ] = βFexc

MF [ρ] +
A

2

∫
dxdx′ρ(x)ρ(x′)ω2(|x − x′|), (5.9)

βFexc
ML3[ρ] = βFexc

ML2[ρ] +
A

3

∫
dxdx′ρ2(x)ρ(x′)ω3(|x − x′|), (5.10)
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where the laterally-integrated kernels ω2 and ω3 can be written as

ωi(x) = 2π

∫ ∞

|x|
dr r Ωi(r); i = 2, 3. (5.11)

Interestingly, Eq. (5.11) can be inverted, such that we find

Ωi(|r|) = − 1
2π

(1
x

dωi(x)

dx

) ∣∣∣∣∣
x=|r|

. (5.12)

In other words, once we find ω2(x) and ω3(x) from calculations in planar geometry, we can
determine Ω2(r) and Ω3(r) from Eq. (5.12) such that the direct correlation function follows
by taking second functional derivatives of Eqs. (5.6) and (5.7). Hence, we have access to
thermodynamic as well as structural properties in bulk, in any geometric confinement, in
any external potential, at any chemical potential, solely on the basis of input in a planar
geometry.

5.2 system

In this chapter, we consider a 3D fluid in which the particles interact with a truncated and
shifted Lennard-Jones (LJ) interaction given by

uLJ (r) =


4ϵ
((

σ
r

)12 −
(
σ
r

)6)+ ϵcut, for r ≤ rcut;

0, for r > rcut,
(5.13)

where ϵ > 0 denotes the well depth and σ is the LJ particle diameter. The full LJ potential
is truncated at rcut = 4σ and shifted upwards by ϵcut = 0.98 · 10−3 ϵ such that uLJ (rcut) = 0.
The splitting of uLJ (r) into a hard-sphere reference and an attractive tail in the DFT treat-
ment is performed on the basis of the well-known Barker-Henderson theory [205, 206]
that leads to an effective and temperature-dependent hard-core diameter 0 < d ≤ σ that
does not depend on the bulk density as explained in Refs. [205, 207]. At the temperat-
ure kBT /ϵ = 2 of our main interest the effective diameter is given by d = 0.9568σ. The
resulting expression for u1(r) then reads

u1(r) =


0, for r ≤ σ;

uLJ (r), for r > σ.
(5.14)

We stress that the value inside the core, i.e. u1(r < d), is not uniquely defined[208, 209]
and its value can be used as a fit parameter for better agreement between simulations and
DFT. However, we choose here to set it to zero in line with previous studies on the LJ
system[210, 211, 212].

The external potentials Vext(x) that we consider in this chapter all mimic a planar slit geo-
metry. The slit is translationally invariant in the lateral y-z plane and is mirror-symmetric
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Figure 5.2.1: A general visualization of the external potential described in Eq. (5.15). This external
potential is applied in the training data and is given by the parameters w, s, p and L.
In this figure two values of p are considered, namely p = 2 (black) and p = 8 (blue).

in the midplane x = 0 such that Vext(x) = Vext(−x). We employ a family of external
wall-particle potentials that is repulsive and parameterised by

βVext(x) =


0, for |x| ≤ wL

2 ;

s

(
|x| − wL

2
(1 − w)L2

)p
, for |x| > wL

2 ,
(5.15)

where the dimensionless strength s = βVext(L/2) ≥ 40 characterizes the potential at
|x| = L/2, w ∈ [0, 1] denotes the width of the central part of the slit where βVext(x) = 0,
and p > 0 the power that characterizes the steepness of the potential. Fig. 5.2.1 illustrates
the external potential for general s, w, and L and for steepness parameters p = 2 (black)
and p = 8 (blue).

5.3 methods

5.3.1 Simulations

To generate the training and validation data sets to “learn" the density functional, MSc stu-
dent Sander Kuipers performed grand-canonical Monte Carlo (MC) simulations of the 3D
truncated and shifted Lennard-Jones (LJ) fluid confined between two planar soft-repulsive
walls described by the external potential Vext(x) of Eq. (5.15). Here, we only consider
highly repulsive walls with s ≥ 40 to ensure that the density reduces to essentially zero at
|x| = L/2. We measure the equilibrium density profile ρMC(x) in a cubic simulation box
of volume V = L3 with L = 10σ. Further details regarding the simulations can be found
in Ref. [4].
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In order to avoid (interesting but at this stage undesired) complications due to pos-
sible phase transitions (condensation, pre-wetting, capillary evaporation, etc.), we con-
sider only a supercritical temperature kBT /ϵ = 2. Eight different chemical potentials µ

are imposed in the grand-canonical MC simulations of the LJ system, given by βµ ∈
{−3.0, −2.5, ..., 0.0, 0.5}. Here, the arbitrary offset of µ is chosen such that the thermal
wavelength equals the particle diameter, Λ = σ; it implies that βµ → log ρbσ

3 in the di-
lute (ideal-gas) limit ρbσ

3 ≪ 1. A total of 24 different external potentials are considered
as training sets, all with total slit length L = 10σ and strengths s ∈ {40, 60}, widths
w ∈ {0.4, 0.65, 0.9}, and steepness parameters p ∈ {2, 4, 8, 10}.

As an illustration, we show in Fig. 5.3.1 the simulated density pro-
files ρMC(x) of a LJ fluid at kBT /ϵ = 2 and chemical potentials
βµ = {−3.0, −2.5, −2, −1.5, −1.0, −0.5, 0, 0.5} (symbols) corresponding to (separately
simulated) bulk densities ρbσ

3 ≈ {0.056, 0.10, 0.19, 0.33, 0.47, 0.56, 0.62, 0.67} in the ex-
ternal potential Vext(x) characterized by s = 60, w = 0.4, and p = 4 as denoted by the red
solid line. We observe monotonous density profiles at the lowest µ’s, the development of
density oscillations at higher µ’s, and a fairly well-defined “bulk" density in the vicinity
of x = 0 (except at the highest µ’s, where the profiles of the two walls show some overlap
due to the limited system size).

Figure 5.3.1: Equilibrium density profiles ρ(x) (symbols) of a LJ fluid at temperature kBT /ϵ = 2
and chemical potentials βµ = −3.0, −2.5, −2, −1.5, −1.0, −0.5, 0, 0.5 from bottom to
top, as obtained from Monte Carlo simulations, in an external potential Vext(x) (red
solid line, right vertical axis) characterized by a strength s = 60, a width w = 0.4, and
steepness parameter p = 4.
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5.3.2 Machine Learning Methods

With an optimization process that uses several techniques from the field of ML, we will
construct intrinsic free-energy functionals of the form of Eqs. (5.9) and (5.10) such that the
density profiles ρML(x) that follow from this machine-learned functional are an “optimal”
approximation to the corresponding MC densities ρMC(x). We recall that ρML(x) is to be
determined as a solution of the Euler-Lagrange equation (5.4), not only for Λ = σ at a
given temperature, chemical potential, and external potential, but also for a given excess
functional Fexc[ρ]. In other words, we are interested in optimal kernels ω2(x) and ω3(x)

(where ω3(x) ≡ 0 for ML2).
In order to quantify “optimal” we define a so-called loss function L that characterises the

difference between ML and MC profiles, and that we will minimize with respect to ω2(x)

and ω3(x). Here we define L = L1 + L2 to consist of a dominant contribution L1 and a
regularization term L2. The dominant loss term is defined by the mean-square error [213]
between the MC and ML profiles,

L1 =
1
n

n∑
j=1

1
L

∫ L/2

−L/2
dx

(
ρMC
j (x) − ρML

j (x)

ρMC
b (µj)

)2

, (5.16)

where j = 1, · · · , n labels the n = 24 × 8 = 192 combinations of 24 external potentials
and the 8 chemical potentials of the training set as identified above. We normalize the
difference between the MC and ML profiles by the MC bulk density at the chemical poten-
tial µj of training set j, for which we performed separate bulk simulations. This scaling
promotes equal weights to high- and low-density states during the learning process. The
regularization term L2 is independent of the MC and ML profiles and defined by

L2 =
λ

L

∫ L/2

−L/2
dx

1
2

((
ω2(x)

σ2

)2
+

(
ω3(x)

σ5

)2)
f(x), (5.17)

where f(x) is given by

f(x) =


1 for |x| < σ;

ex/σ−1 for |x| ≥ σ.
(5.18)

It accounts for the constraint that ω2(x) and ω3(x) must decay smoothly to zero for x ≫
σ, where our statistics is poor. Moreover, L2 also suppresses undue high-wavenumber
undulations that tend to develop at |x| < σ. We tune the (positive) regularization parameter
λ by trial and error such that it contributes less to the minimization procedure than L1,
while not being too small to be irrelevant. Note that L2 effectively reduces the range of
ωi(x) by suppressing it exponentially for |x| > σ.

The minimization of the total loss function L is performed with the stochastic and iterat-
ive optimization method Adam as proposed by Kingma and Ba in Ref. [214]. We use their
suggested default step size α = 0.001 and exponential decay rates β1 = 0.9, β2 = 0.999,
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and refer the reader to their work for a full description of the method and its paramet-
ers. During each iteration of the minimization process the gradient of the loss function
w.r.t. the kernels ωi(x) is required, which are straightforwardly derived for L2 to be the
functional derivatives

δL2
δωi(x)

=
λ

L

ωi(x)

σ6i−8 f(x). (5.19)

The functional derivatives of L1 with respect to ωi(x) for i = 2, 3 is more involved and
stems from the dependence of L1 on the ML density profiles ρML

j (x) for j = 1, · · · , n, such
that the functional chain-rule yields

δL1
δωi(x)

=
−2
n

n∑
j=1

1
L

∫ L/2

−L/2
dx′ ρMC

j (x′) − ρML
j (x′)

(ρMC
b (µj))2

δρML
j (x′)

δωi(x)
, (5.20)

where we replaced the dummy integration variable x of Eq. (5.16) by x′. From the Euler-
Lagrange equation (5.4) for the DFT equilibrium profiles ρ0 – which are represented by
ρML
j in Eq. (5.20) – one checks that δρ0(x′)/δωi(x) = −ρ0(x′) × δ2βFexc/δρ(x′)δωi(x).

Upon considering ωi and ρ independent variables in Eqs. (5.9) and (5.10) for the ML2
and ML3 excess functional, respectively, the second (cross) derivative for i = 2 equals
ρ0(x+ x′), and for ML3 and i = 3 it equals 1

3 [ρ
2
0(x+ x′) + 2ρ0(x′)ρ0(x+ x′)]. Hence, within

this approximation a numerical integration of x′ suffices to evaluate Eq. (5.20), and in
combination with Eqs. (5.19) we can numerically calculate δL/δωi(x) for the grid points x

of our system. Thus, we have all ingredients to minimize L by means of Adam [214].

5.3.3 The Training Process

The training process starts with an initial guess for the two kernels, for which we take the
MF approximation ω0

2(x) = ω0
3(x) ≡ 0, where the superscript 0 denotes the 0-th iteration in

the training process. Next, we use these kernels to calculate the n density profiles ρML
j,k (x)

for learning sample j = 1, · · · , n and iteration label k = 0 by solving the Euler-Lagrange
equation Eq. (5.4) using a Picard iteration scheme with the MC profile ρMC

j (x) as the initial
guess.

On the basis of Eqs. (5.16)-(5.20) we can then evaluate L and δL/δωi(x) for i = 1, 2,
from which improved kernels ωki (x) are constructed for k = 1 by employing Adam[214],
which will give rise to improved density profiles ρML

j,1 (x), etc. For k ≥ 2 we take ρML
j,k−1(x)

as initial guess in the Picard-iteration of ρML
j,k . The iteration process is repeated until the

loss function has converged.
Although Adam is already an efficient algorithm for the learning process, its computa-

tional cost can be significantly reduced by making use of stochastic optimization. Rather
than using all n elements of the training set in every iteration, which involves the addi-
tion of all n terms in Eq. (5.20) at every iteration level k, we consider mini batches with
only 20 randomly selected elements of the training set during each Picard iteration k. The
gradient of the loss function L1 is computed by only taking into account this mini batch,
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thus the summation over the n density profiles of Eq. (5.20) changes to a summation over
20 randomly-selected density profiles and the normalization factor 1/n becomes 1/20. A
new mini batch is randomly selected during every iteration in the ML process.

5.4 results for the lennard-jones system

We perform MC simulations of the LJ system to generate MC density profiles with 24
different external potentials, described in section 5.2, and 8 equi-distant different chemical
potentials, βµ ∈ {−3.0, −2.5, · · · , 0.0, 0.5}, for the temperature kBT /ϵ = 2. We describe the
kernels, the resulting density profiles, the mechanical equations of state of the bulk fluid,
and the radial distribution functions that follow from the functionals ML2 and ML3 using
two different routes.

5.4.1 The Kernels

For several choices of the regularization parameter λ in Eq. (5.17) we determined the
kernel ω2(x) for ML2 and ω2(x) and ω3(x) for ML3. Without a significant L2 contribution,
λ ≤ 10−3, we found spurious peaks in both ω2(x) and ω3(x) for |x| > 8σ, i.e. at the largest
separations (with the poorest statistics) we considered in the learning set; these spurious
peaks disappeared and ω2(x) smoothly decayed to zero for λ ≥ 10−2, and throughout we
settle for λ = 10−2 as a reasonable compromise between error-correction and minimization
of the actual loss function of interest L1.

In Fig. 5.4.1 we present the evolution of the loss functions L1 (blue) and L2 (red) during
the training process with iteration label k, in (a) for ML2 and in (b) for ML3; the grey
curves in (a) and (b) represent a moving average of L1 over 15 iterations. We observe good
convergence after, say k = 5000 iterations. We note that the minimized loss function L1 of
ML2 is as small as 5 × 10−4, and for ML3 it is even about four times smaller. We also note
that L2 < L1 for ML2, as desired for a regularization term that is (naively) supposed to be
a small correction to the total loss function. However, for ML3 we find L1 to be so small
that it has dropped below the regularization term L2, which in retrospect should be seen
as a consequence of the good accuracy of the ML3 functional rather than as a problem for
the relative magnitude of the two contributions to the loss function.

In Fig. 5.4.2(a) we show the MF (scaled) kernel βu1,x(x) (dashed blue line) and its ML2
correction βu1,x(x) + ω2(x) (black solid line), as obtained after 5000 iterations. For all x

the ML2 kernel is more negative than the MF kernel, as if there is actually more cohesive
energy in the system than predicted by MF. We see that ω2(x) develops a peculiar and
unexpected small “bump” close to x = 0. For ML3 a similar feature occurs close to x = 0
in both ω2(x) and ω3(x), as can be seen in Fig. 5.4.2(b) where we plot ω2(x) (green solid
line) and ω3(x) (green dotted line) for the ML3 case as obtained after 5000 iterations,
together with the ML2 kernel ω2(x) (black solid line) for comparison. We see that ω2 from
ML3 is again essentially negative (except for a tiny positive feature at x = 0 and |x| ≃ 2σ),
and contains a “bump” similar to the ML2 case. We also see that ω3(x) has a structure that
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Figure 5.4.1: The loss function contributions L1 (blue) and L2 (red) as function of the iteration label
k, in (a) for ML2 and in (b) for ML3. The grey traces in (a) and (b) represent moving
average of L1, and the insets only zoom in.

is quite similar to ω2(x), however more pronounced with a higher peaks and lower valleys.
Below we will investigate the thermodynamic and structural properties that follow from
DFT based on these kernels.

5.4.2 The Density Profiles

The first test of the quality of the ML functionals is a comparison of their resulting density
profiles with the simulated ones from the training set. In Fig. 5.4.3 this comparison is
illustrated for the external potential parameterised by w = 0.65, p = 2.0, and s = 40
(shown in red) and the four chemical potentials βµ ∈ {−2.5, −1.5, −0.5, 0.5}; for symmetry
reasons we only plot the regime 0 < x < L/2, and for comparison we also show the MF
profiles. Clearly, the MF predictions are substantially worse than ML2 and ML3, except at
the lowest µ, and ML3 constitutes a small improvement over ML2, especially at the peaks
of the profiles at intermediate to high µ. In fact we can also conclude from Fig. 5.4.3 that
the main improvement of ML2 and ML3 over MF compared to the simulations concerns
the bulk density ρb that is approached in the center of the slit at x = 0, as will be made
more explicit below.

In Fig. 5.4.4 we consider a comparison of MC simulations with MF, ML2, and ML3
density profiles in a particular external potential outside the training set, at βµ = −1. The
external potential consists of hard walls at x = 0 and x = 20σ, and for x ∈ [0, 20σ] the
potential varies irregularly with wells and barriers between ±kBT as shown by the solid
red curve in Fig. 5.4.4. We see again that both ML2 and ML3 are largely of comparable
quality and substantially more accurate than MF.

5.4.3 Mechanical equation of state of the bulk

The (isothermal) mechanical bulk equation of state provides relations between the bulk
density ρb, the pressure p, and the chemical potential µ, satisfying the constraint of the
Gibbs-Duhem equation dp = ρb dµ such that we can equivalently consider ρb(µ), p(µ), or
p(ρb). Within DFT the bulk density ρb(µ) that follows from a particular free-energy excess
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Figure 5.4.2: (a) The mean-field (MF) kernel βu1,x(x)/σ2 (dashed blue line) and its quadratic Ma-
chine Learning (ML2) improvement (βu1,x(x) + ω2(x))/σ2 (black solid line), as ob-
tained for the LJ system at temperature kBT /ϵ = 2. (b) The cubic Machine Learning
(ML3) kernels ω2(x)/σ2 (green solid line) and ω3(x)/σ5 (green dotted line), also at
kBT /ϵ = 2, for comparison together with the ML2 kernel ω2(x)/σ2 (black solid line).

functional follows from the solution of the Euler-Lagrange equation (5.4) for the homo-
geneous bulk case Vext ≡ 0, which reduces for ML2 and ML3 to a nonlinear algebraic
equation with coefficients that depend on

∫
dx ωi(x). Hence ρb(µ) is straightforwardly

solved numerically for the the three functionals ML2, ML3, and MF of our interest here.
The bulk pressure follows as p(µ) = −Ω[ρb]/V , from which p(ρb) follows upon inversion
of ρb(µ). For the temperature of interest, kBT /ϵ = 2, these three representations of the
equation of state are shown in Fig. 5.4.5(a)-(c) for the three functionals MF (blue dashed
line), ML2 (black solid line), and ML3 (green solid line) together with the MC data (purple
symbols). The regime of the training set is hatched grey. In the µ-dependent curves of (a)
ρb(µ) and (b) p(µ), we find agreement in the low-density limit βµ < −3, as expected, since
all functionals include the ideal-gas limit properly. In the regime of the training set we also
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Figure 5.4.3: Density profiles of a (truncated) Lennard-Jones fluid confined in a planar slit
characterized by a repulsive external potential given by Eq. (5.15) with parameters
w = 0.65, p = 2.0, s = 40 at temperature kBT /ϵ = 2 and at four chemical poten-
tials βµ ∈ {−2.5, −1.5, −0.5, 0.5} from bottom to top. Symbols stem from the grand-
canonical MC simulations, and curves from the MF (blue dashed), ML2 (black solid),
and ML3 (green solid) functionals; all four state points are part of the training set.

Figure 5.4.4: The equilibrium density profile for a LJ fluid at chemical potential βµ = −1 and
temperature kBT /ϵ = 2 in the external potential Vext(x) (red solid line) outside the ML
training set. Symbols stem from grand-canonical Monte Carlo (MC) simulations, and
lines are DFT predictions based on the mean-field (MF) approximation (blue dashed)
and on the quadratic (ML2, black solid) and cubic (ML3, green solid) corrections with
machine-learned kernels.
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see ML2 and ML3 outperforming MF by a large margin in (a) and (b), with a small but
hardly noticeable improvement of ML3 compared to ML2, as we could have expected on
the basis of the density profiles of Fig. 5.4.4 and the loss functions of Fig. 5.4.1. At the high-
µ side outside the training set, Fig. 5.4.5(a) shows an increasingly deteriorating quality of
the ML2 and especially the ML3 prediction, which are systematically higher than the MC
data, although they are still much more accurate than the predictions based on the MF
functional. Interestingly, however, the picture that emerges from the p(ρb) representation
shown in 5.4.5(c) is much more forgiving for the MF functional, which is now of compar-
able good agreement in the complete regime of the training set and deviates as much as
ML2 (and even less than ML3) from the MC data. Clearly, this relatively good MF and
ML2 performance is due to a fortunate cancellation of errors occurring in the process of
eliminating the dependence on the chemical potential.

It is perhaps remarkable that rather accurate bulk equations of state in a complete density
interval can be obtained from MC simulations at only a few chemical potentials in only a
few external potentials. Here it is crucial to appreciate the DFT formalism, which includes
the statement that the intrinsic excess free-energy functional Fexc[ρ] that we construct
by the ML Ansätze of Eqs. (5.9) and (5.10) is independent of the external and chemical
potential, and hence can also be applied at any µ in the homogeneous bulk where Vext ≡ 0.

5.4.4 The structure of the bulk fluid

A key feature of DFT is that it provides not only thermodynamic but also structural
information, where we have seen that the first functional derivative δFexc[ρ]/δρ(r)
plays a key role in the Euler-Lagrange equation (5.4) for the equilibrium one-body
distribution function. We have also seen already that the second functional derivative
−βδ2Fexc[ρ]/δρ(r)δρ(r′) ≡ c(r, r′) equals the direct correlation function and governs
the two-body distribution function[42, 46]. In a homogeneous and isotropic bulk fluid
symmetry dictates that the direct correlation takes the bulk form cb(|r − r′|), and the ra-
dial distribution function g(r) follows from the Ornstein-Zernike equation g(r) − 1 =

cb(r) + ρb
∫

dr′(g(r′) − 1)cb(|r − r′)|). Since the ML2 and ML3 functionals have been fully
determined in terms of ωi(x) in planar geometry and its conversion to Ωi(r) according to
Eq. (5.12), we can write from Eqs. (5.9) and (5.10)

cb(r) = cHS(r) − βu1(r) − Ω2(r) − 2ρbΩ3(r), (5.21)

where for cHS(r) we used the White-Bear mark I direct correlation function reported in
Ref. [50] (and where Ω3 ≡ 0 for ML2). Consequently, our ML2 and ML3 functionals (and
likewise also the MF functional) give direct access to the two-body structure encoded in
cb(r) and g(r).

In Fig. 5.4.6 we plot the resulting cb(r) for bulk density ρbσ
3 = 0.39, and find fairly good

agreement between MF, ML2, and ML3, except close to r = 0 where the cb(r) from ML2
and especially ML3 become deeply negative. This can be traced back directly to Fig. 5.4.2,
which reveals that (i) there is close structural similarity between the functionals outside
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Figure 5.4.5: The relations between (a) the bulk density ρb and (b) the bulk pressure p as a function
of the chemical potential µ for the (truncated) Lennard-Jones fluid at temperature
kBT /ϵ = 2 as obtained from grand-canonical Monte Carlo simulations (MC, symbols),
the machine learning functionals ML2 (black) and ML3 (green), and the mean-field
function (MF, blue dashed). In (c) the corresponding pressure-density relation p(ρb)
are shown, obtained by elimination of µ from ρb(µ) of (a) and p(µ) of (b).
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Figure 5.4.6: The Ornstein-Zernike direct correlation function cb(r) of the bulk Lennard-Jones sys-
tem at temperature kBT /ϵ = 2 and bulk density ρbσ

3 = 0.39, as predicted by the
second functional derivative of the excess free-energy functional within the mean-
field (MF) approximation and its quadratic (ML2) and cubic (ML3) Machine Learning
corrections.

the hard core, and (ii) that the “bumps" of ω2(x) and ω3(x) close to x = 0 give rise to a
substantial slope dω3(x)/dx for x/σ ∈ [0, 0.05] that translates via Eq. (5.12) in a relatively
large effect in cb(r) in the vicinity of r = 0. Note also that cb(r) vanishes for d < r ≤ σ

due to the Barker-Henderson splitting, and that all three versions of cb(r) agree pretty
accurately outside the hard core, at least on the scale of the plot.

Upon insertion of cb(r) into the (Fourier transform of the) Ornstein-Zernike equation,
we find (after an inverse Fourier transform) the radial distribution functions g(r) that we
compare with canonical MC simulations at a given density ρb (at the fixed temperature of
interest kBT /ϵ = 2). The three lines in Fig. 5.4.7 show these radial distribution functions
for MF, ML2 and ML3 at bulk density (a) ρbσ

3 = 0.39 and (b) ρbσ
3 = 0.837, together with

the MC simulation results (symbols). For both the lower density in (a) and the higher one
in (b) we find reasonably good overall agreement outside the hard core (r > d), with MF
and ML2 actually outperforming ML3 close to contact. Inside the hard core our prediction
for the g(r) is poor in all cases, which is not surprising given that the underlying cHS(r)

is constructed such as to cause a vanishing g(r) inside the hard core; any tampering of the
direct correlation (such as adding terms as we do in Eq. (5.21)) will give rise to spurious
nonzero contributions to g(r) for r < d [54].

Interestingly, DFT provides another procedure to calculate the radial distribution func-
tion of a bulk fluid. This so-called “Percus test-particle method” [215] is based on the
identification of ρbg(r) with the equilibrium density profile ρ0(r) that surrounds a given
(test) particle that is fixed in the origin of an otherwise homogeneous fluid at bulk dens-
ity ρb ≡ ρ0(∞). In other words, g(r) = ρ0(r)/ρ0(∞) with ρ0(r) the spherically sym-
metric density profile of the fluid in an external potential that equals the pair potential,
Vext(r) = u(r), scaled such that g(∞) = 1. For a given chemical potential µ and a given
functional Fexc[ρ] one thus obtains g(r) through the solution ρ0(r) of the Euler-Lagrange
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Figure 5.4.7: The radial distribution function g(r) of a truncated Lennard-Jones fluid at bulk dens-
ity (a) ρbσ

3 = 0.39 and (b) ρbσ
3 = 0.837, as obtained from the Ornstein-Zernike equa-

tion with a direct correlation function cb(r) that follows from the free-energy func-
tionals ML2 (black), ML3 (green), and MF (blue dashed). The symbols denote g(r) as
obtained from canonical Monte Carlo simulations at the same bulk density and tem-
perature.

equation (5.4). For the same two state points as used in Fig. 5.4.7 we present the result-
ing radial distributions in Fig. 5.4.8(a) and (b). For both densities the agreement between
simulation and all three DFTs is substantially better than obtained from the Ornstein-
Zernike route shown in Fig. 5.4.7, not only for r < σ where the Boltzmann factor of the
external potential in Eq. (5.4) ensures a vanishingly small contribution to g(r) but also
at larger distances where the oscillations in the MC data are rather accurately captured
by all three DFTs. Interestingly, however, the peaks of the oscillations in (b) are actually
better accounted for by MF and ML2 than by ML3, which underestimates them especially
at close contact. The relatively good performance of MF in predicting g(r) via the Percus
test-particle method compared to its relatively poor prediction of the equation of state
ρb(µ) is due to the scaling-out of ρb in the density profile ρ0(r) such that g(∞) = 1 by
construction. Clearly, an overall comparison of Fig. 5.4.7 and Fig. 5.4.8 shows that g(r)
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Figure 5.4.8: The radial distribution function g(r) for the Lennard-Jones system as obtained from
the Percus test-particle method for a bulk density (a) ρbσ

3 = 0.39 and (b) ρbσ
3 = 0.837.

System, legends, and the MC data are identical to those in Fig. 5.4.7.

based on the test-particle method is much more accurate compared to the MC simulations
than those based on the Ornstein-Zernike equation. This is not surprising given that we
constructed the direct correlation function in Eq. (5.21) based on a modification of that of
a reference hard-sphere system, which yields a non-vanishing radial distributions inside
the hard core if the OZ route is used. A more careful discussion on the different radial
distribution functions from the two routes can be found in Ref. [54].

5.5 summary, discussion, and outlook

In this chapter we combine the formalism of classical density functional theory (DFT) with
machine learning (ML) density profiles from Monte Carlo (MC) simulations to construct
approximations to the excess intrinsic Helmholtz free-energy functional Fexc[ρ] of a (trun-
cated and shifted) Lennard-Jones fluid at the supercritical temperature kBT /ϵ = 2. This
functional consists of a well-known and accurate hard-sphere contribution, a standard Van
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der Waals type mean-field account of the attractions, and new machine-learned corrections
that are, for simplicity, either of a quadratic (ML2) or an additional cubic (ML3) form in
the density. The kernels of ML2 and ML3 are radially symmetric and translation-invariant
two-point functions of the form Ωi(|r − r′|) for i = 2 and 3, see Eqs. (5.9) and (5.10). By
comparing DFT predictions of the equilibrium density profiles ρ0(x) with grand-canonical
MC simulations at a learning set of chemical potentials µ and external potentials Vext(x)

in a 3D planar geometry, we can construct the optimal planar kernels ωi(|x − x′|) using
Adam to minimize a suitable loss function, from which we can reconstruct the full radi-
ally symmetric kernels Ωi(|r − r′|). Given that Fexc[ρ] is independent from the external
potential and the chemical potential, the functional and its Euler-Lagrange equation (5.4)
for ρ0(r) can be applied to any µ and any Vext(r). By comparisons with density profiles
obtained from grand-canonical MC simulations, for conditions within and outside of the
learning set, we find that the ML2 and ML3 functionals generally outperform MF by far
because the latter predicts densities that are systematically too low; ML3 improves ML2
somewhat on some of the details at higher µ, at least within the training set. A similar
picture emerges from the resulting representations of the mechanical equations of state,
viz. the bulk density ρb(µ) and the pressure p(µ), where MF is too low by a large margin
and ML3 performs only slightly better than ML2 within the training set, while showing a
slightly poorer performance outside. The functional Fexc[ρ] can also be used to calculate
the direct pair correlation function, from which the radial distribution g(r) of a bulk fluid
follows via the Ornstein-Zernike equation. At the relatively low bulk density ρbσ

3 = 0.39
this yields, outside the hard core, an (almost) equally satisfying result for MF, ML2, and
ML3, see Fig. 5.4.7. Inside the hard core, and also close to contact, say σ < r < 1.3σ,
the prediction for g(r) is poor in all cases. However, all three functionals give a rather
good account of the simulated g(r) at these two state points if the Percus test-particle
method is employed, although here ML3 overestimates the peaks at the higher density
slightly. The reason for the relatively good MF performance for g(r) compared to the equa-
tion of state ρb(µ) and density profiles stems from the imposed asymptotic normalization
g(r → ∞) = 1.

A disadvantage of the ML approach is its black-box character, and the associated diffi-
culty to interpret the outcome. In particular the “hump” in the ML2 and ML3 kernels ωi(x)

close to x = 0 shown in Fig. 5.4.2 and the associated deeply negative direct correlation cb(r)

close to r = 0 for ML3 in Fig. 5.4.6 are actually rather suspicious. In retrospect, we expect
these features to be the result of some degree of overfitting the data in the learning process.
This is also borne out by closer inspection of the bulk equations of state ρb(µ) and p(µ) in
Fig. 5.4.5(a) and (b), respectively, where ML3 hardly improves upon ML2 in the (hatched)
regime of the learning set while performing even poorer outside, and likewise for the g(r)

of Figs. 5.4.7(a) and 5.4.8(a) at the density ρbσ
3 = 0.39 that lies comfortably in the middle

of the training set. Of course, ML3 does outperform ML2 somewhat for the density profiles
of Fig. 5.4.3. Nevertheless, some more caution could or should have been exercised in the
diversity of the training set of external potentials, perhaps with attractive components and
discontinuities. We leave studies along these lines for future work.
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Although there is room for improvement and extensions, we have shown here anyway
that it is in principle possible to construct a free-energy functional for an atomic fluid by
an ML process that takes data from grand-canonical MC simulations at a variety of chem-
ical and external potentials, from which further predictions outside the training set can
be made. Interestingly, even data taken in a planar geometry can suffice to construct the
full functional, at least for the (relatively simple) functional forms that we considered here
which are linear in the kernels Ωi(|r − r′|); nonlinear forms probably require a different
treatment. It is important to realize that we fixed the temperature, and although Fexc[ρ] is
independent of µ and Vext(r) it is dependent on T , so strictly speaking a new functional
is to be constructed at every temperature of interest. We leave the T -dependence of the
functional to future work. Another rather straightforward extension is to use the newly
constructed functional to calculate the Gibbs adsorption and the tensions of wall-fluid in-
terfaces, for which we expect good accuracy on the basis of the good agreement of the
density profiles. We also expect that it is possible to extend studies of this type to other
systems with spherically symmetric particles, also to mixtures such as electrolytes. Sys-
tems of particles with orientation degrees of freedom are probably challenging in practice
because of their larger number of variables, although one could imagine first attempts
based on truncated expansions in spherical harmonics or an initial focus on homogeneous
bulk states (nematics). We hope that this chapter will stimulate further explorations of the
combination of DFT, ML, and MC simulation.
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S U M M A RY, C O N C L U S I O N A N D O U T L O O K

summary and conclusion

chapter 2

We have investigated in detail primitive model (PM) electrolytes in contact with planar
electrodes, both in the near field as well as in the far field. The tool that was used to tackle
this system is classical density functional theory (DFT). There are several functionals that
deal with the electrostatic (ES) interactions between the ions. The simplest of such func-
tionals is the mean-field Coulomb (MFC) functional, which was used as the basis for two
other functionals that were considered and those can therefore be regarded as corrections
on top of the MFC. The corrections come from the mean-spherical approximation (MSA),
a closure to solve exactly the Ornstein-Zernike equation; an equation relating the total
correlation function to the direct correlation function, the latter is directly related to the
functionals. The energy and compressibility route allow one to go from the total correla-
tion function to thermodynamic quantities, such as the free energy and pressure. Hence,
this opens up two possibilities for improvements of the MFC functional, namely using the
direct correlation function from MSA and the MSA expression for the (free) energy. The
former we abbreviate with MSAc (c standing for correlation function) and the latter with
MSAu (u standing for (free) energy). Carefully examining the MFC, MSAc, and MSAu
functional let us to conclude that the MFC functional falls short on many instances; the
comparison of the density profiles and thermodynamic quantities between MFC and simu-
lations shows large deviations for high surface potentials and high bulk concentrations as
expected. The remaining competitors are the MSAc and MSAu functional. Both perform
well in the near field, where especially at high concentrations and surface potential their
performance is almost identical to the eye. At low concentrations and surface potentials,
the MSAu is the only functional that predicts depletion near the surface, which comes from
taking into account the functionalized bulk free energy. It has become clear that, in order
to find depletion, one needs an electrostatic free energy term that is negative and scales
as ρ3/2, a power that is lower than the scaling in the hard-sphere free energy that goes as
ρ2 and therefore dominates in the dilute limit. In the far field, however, the MSAu func-
tional displays a different asymptotic decay than the MSAc functional, due to unnatural
coupling between the charge and number densities that originates from the MSA-energy
term. The far-field behavior of the MSAc functional, on the other hand, compares very
well to simulations and Integral Equation Theory (IET), and is considered to have the best
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overall performance and therefore was used in the subsequent studies on the electrode-
electrolyte interface. Returning shortly to the far-field results in general, we showed that
the asymptotic charge decay of the MSAc functional is unsurprisingly exactly the same
as the predicted asymptotic charge decay from IET using the MSA. The restricted (R) PM
has the nice property that the charge and number densities/correlation function decouple,
allowing us to investigate the asymptotic decay of the charge and number densities/cor-
relation functions separately. We showed that the number decay length follows half the
charge decay length up to the Fisher-Widom (FW) point, after which the number decay
length is exactly the same as the one for the uncharged system. Hence, for concentrations
beyond the FW point, the steric repulsion determine the asymptotic number decay. The
measurable decay length in the system is always the highest of the charge and number de-
cay lengths, and by using DFT one has access to the solvation force, which is the quantity
that is comparable to the quantity measured in atomic force microscopy (AFM) and surface
force apparatus (SFA) experiments. We showed that the asymptotic decay in the solvation
force is indeed always the largest of the charge and number decay length. However, al-
though we did find an increase in the decay length at high concentrations, the increase
is much slower than those measured in the SFA experiments. This discrepancy between
theory and simulations on the one hand, and the experiments on the other is still an open
question that needs further investigation.

chapter 3

Once settled on the MSAc functional we continue our journey in electrolyte world and
arrive at the differential capacitance. However, we first need to establish a proper basis
on which we base our trust in the MSAc functional. Therefore we carefully compared
results from DFT with those from Brownian Dynamics (BD) simulations across a wide
range of parameters, while keeping the temperature and dielectric constant fixed at room
temperature in water. However, the model that was used in DFT and BD was slightly
different. In DFT, the ions have a hard-core steric repulsion, while the ions in the BD
simulations have a softer WCA steric repulsion, with the reason that hard-core repulsion
are difficult to model in BD and with DFT there is a good approach to deal with hard-
core repulsion in the form of Fundamental Measure Theory (FMT). As a reference, we
considered a system of two planar electrodes separated by a distance of H = 4 nm, held
at a surface potential difference of Ψ = 0.2 V with an RPM electrolyte with ion diameters
d = 0.5 nm and connected to an ion reservoir at a concentration of ρr = 1 M. Excellent
agreement between DFT and MD was found. From this reference system, we first changed
the reservoir concentration to ρr = 0.1 M and ρr = 5 M. The only discrepancy at lower
concentrations was found at contact, where the simulations predict a higher local density
than the DFT calculations, which we attributed to the difference in the treatment of the
steric repulsions in DFT and BD. At high concentrations the agreement between DFT and
BD is very good, with small deviations that occur due to known deficiencies of FMT. The
next system that was considered is the asymmetric electrolyte in which the anions are twice
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as small as the cations, i.e. d+ = 2d− = 0.5 nm. Again, almost perfect agreement between
DFT and BD was found. Similarly when changing the surface potential to low (Ψ = 0.02 V)
and high (Ψ = 2 V) values. Even when considering asymmetric electrolytes in which the
valency of the cation is z+ = +2, while the anions are kept monovalent, do we find
excellent agreement. Finally, we changed the surface separation, and also here excellent
agreement was found. Overall, we conclude that the MSAc DFT performs remarkably
well for aqueous electrolytes with the parameters considered here. This allows us to make
the next step and investigate the differential capacitance. We note at this point that the
differential capacitance differs fundamentally between the BD simulations, which were
performed canonical and the DFT calculations, which are grand canonical. However, one
can relate the differential capacitance in the canonical ensemble CN (constant number
of particles) to the one in the grand-canonical ensemble Cµ (constant chemical potential),
using relations that are similar to the ones that relate the heat capacities at constant volume
and pressure. That said, properly comparing the two shows again excellent agreement
between BD and DFT. Moreover, we found interesting differences between CN and Cµ

for a reservoir concentration of ρr = 1 M, where Cµ has a camel shape and CN a bell
shape. This is mainly attributed to the soft-natured WCA particle-wall interaction that
induces a flexibility in the adsorption of ions near the surface, and hence a larger difference
between CN and Cµ. For the first time, we explicitly showed the difference between CN

and Cµ and emphasize the importance of properly relating the system under study and
the corresponding ensemble.

chapter 4

We continued our journey further into the mountains of the differential capacitance and
explored its hills and valleys in more detail. Given the previous experience, we use the
MSAc functional and study Cµ as a function of the applied potential for several differ-
ent electrolytes. Revisiting the model made us realize that the differential capacitance is
directly related to the response of the first layer of ions to the applied electric potential.
This observation has not been made before, and gives new insight into the behavior of the
differential capacitance and how to interpret its hills and valleys. Again, we first consider
the symmetric RPM which undergoes the famous camel to bell crossover upon increasing
the concentration. Understanding this crossover, requires an understanding of the features
that lead to the maximum in the differential capacitance; the crossover can be understood
as the two maxima merging (at surface potential of 0 V for the RPM). It turns out that this
maximum is a result of structural change due to ionic packing effects. For the RPM at low
concentrations (camel-shaped capacitance curves), increasing the surface potential attracts
the counterions, which fill the first layer near the electrode, up to the point at which it
becomes energetically favorable to build a second layer of ions, after which Cµ starts to
decrease. Hence, a peak in Cµ is related to a change in the structure of the electrolyte near
the charged surface: from one layer of ions to two layer of ions near the electrode. At high
concentrations, one always gets layering due to packing, regardless the applied potential,
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and therefore changing the surface potential does not change the structure, except near
the potential of zero charge (0 V for the RPM) at which the cations and anions replace each
other, causing a maximum in Cµ at 0 V and hence a bell-shaped curve. Changing the ion
size of the symmetric electrolyte does not change this story, neither for the asymmetric
electrolyte in which the cations and anions have a different diameter. However, the latter
case is interesting in a different manner, because using our newly discovered equation for
Cµ shows explicitly that the cations determine Cµ at negative potentials, while the anions
determine Cµ at positive potentials, which was indeed explicitly shown. More interesting
is the electrolyte with a valency asymmetry. Divalent ions behave differently from mono-
valent ions, which becomes manifest in the curves of Cµ. At low bulk concentrations Cµ

can have two maxima occurring at positive potential in the case of divalent anions. Both
these maxima indicate a structural change. The first maximum indicates overscreening in
the first layer of divalent anions, the minimum thereafter indicates that the system gets
rid of overscreening, while the second maximum again shows overscreening due to the
second layer of divalent anions. Hence, this rich behavior is captured in the differential
capacitance. Gathering this gained knowledge let us to investigate three-component sys-
tems in which there is one species of monovalent cations and two species of anions, which
either differ in valency or size. In the former case in which there is one monovalent and
one divalent anion species, it turns out that even a tiny concentration of divalent anions
w.r.t. monovalent anions (down to ρb,2−/ρb,− = 10−5) can have a large signature in Cµ.
This is due to the competition between divalency and monovalency close to the electrode,
which the former wins in case of large enough surface potentials even though their bulk
concentration is much lower. This manifests in the Boltzmann factor of the product of the
valency and the electric potential, i.e. ρb,−eeβΦ versus ρb,2−e2eβΦ, which the latter wins for
large enough eβΦ. Another three-component system that we considered contained two
anion species of which one has a large anion diameter and the other a small anion dia-
meter. Even when the bulk concentration of the large anion species is 1000 times larger
than that of the small anion species do we find that the small anion species determines
Cµ at large surface potentials. This can again be understood from realizing that the first
layer of anions determines Cµ to a large extent: smaller anions can approach the surface
to smaller distances than the large anions. At high surface potentials the smaller ions will
compose the first layer, and by doing so they will push the large anions into the second
layer. Hence, at large surface potentials, Cµ will be determined by the small anions, even
though their bulk concentration can be much smaller. Both these cases of three-component
electrolytes are important for both theoreticians and experiments, because impurities turn
out to be important as we just showed and it is extremely difficult to perform experiments
with ultra clean water. An example of an impurity that is present in water, even when
“purified" is SO2−

4 , which has a molar concentration in the range of µM. Hence ions like
these will play a role in measurements of the differential capacitance.
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chapter 5

Finally, we zoom out and focus on the basics of DFT in a system of neutral particles,
and construct the approximate Helmholtz free energy functional for a Lennard-Jones (LJ)
system in which the particles interact via the cut-and-shifted LJ pair potential. Although
this model system is rather simple, it is a challenging system for which to predict the
density profiles beyond mean-field theory, for instance. To tackle this problem, machine
learning (ML) algorithms are used and applied to improve the mean-field functional by
exploiting the fact that the Helmholtz free energy functional is independent of the external
and chemical potential. To this end, we consider two types of corrections on top of a
mean-field functional that contains a function (or kernel) that connects local densities at
two different positions within a planar geometry. Using Monte-Carlo (MC) simulations,
density profiles are determined “exactly" for a variety of different chemical and external
potentials, with in mind that the Helmholtz free energy functional is independent of both.
The two learned functionals both improved the accuracy of the functional a lot compared to
the mean-field functional, even for parameters outside the training set. Interestingly, even
though the functional was learned within a planar geometry, it also performed well in a
spherical geometry after a proper transformation of the kernel. Hence, the learned kernel
contains essential information about the system in general, independent of the geometry.

outlook

Having studied all of these systems, lets us revisit the model and the assumptions that
were made.

The first approximation that was made towards the PM is that the interactions between
the ions and solvent particles in the system can be described by pair potentials. This is
not at all obvious, especially when considering high concentrations and surface potentials,
where three-body and higher-body potentials might become relevant. However, anything
beyond two-body potentials is difficult to treat, and is often neglected for convenience;
strictly speaking this is only justified in the dilute limit.

The second approximation that was made was integrating out the solvent, leaving be-
hind a continuous dielectric medium with a certain dielectric constant (relative dielectric
permittivity), which is the response function of the solvent to electric fields, and which
we kept bulk-concentration independent and homogeneous for convenience. However, the
environment of the solvent changes with other ions present, and therefore there is a coup-
ling between the dielectric permittivity and the ion concentration, both in the bulk and
local. This coupling actually leads to a dielectric permittivity that is non-local and aniso-
tropic, which makes it very difficult to include in the calculations. This the reason that the
dielectric permittivity is taken to be constant throughout this work. Inspired by Ref. [216],
we have implemented a local-concentration-dependent dielectric permittivity, but have not
used it throughout our work, due to lack of simulation results to validate this approach.
This implementation uses the mean-field and loop-corrected expression for the dielectric
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permittivity from Ref. [216], but with the bulk concentrations replaced with weighted dens-
ities. Unfortunately, this approach has not been tested further, but it might be a step in the
right direction for a better treatment of the dielectric permittivity, and therefore a better
treatment of the solvent without the need to explicitly include it. Nevertheless, one might
argue that explicitly taking the solvent particles into account is important when consider-
ing very small surface separations. For water molecules, this is very difficult due to the
complex nature of the interaction and the anisotropic character of water.

The next simplification towards the PM was to ignore the dispersion interactions, like
the LJ interactions. This does become important when considering the asymptotic decay
of the density profiles and correlation functions. We have work in progress that shows
that including LJ interactions changes the asymptotic decay in the system, changing from
exponential decay due to the electrostatic interactions to algebraic decay due to the LJ
interactions. In particular, we can show that there is a crossover distance from the electrode
at which the exponential decay length due to the electrostatic interactions is taken over
by the algebraic decay of the LJ interactions. This is preliminary work and therefore not
included in this thesis.

One assumption that was not touched upon, is the assumption that all the salt molecules
are fully dissolved. This is also a condition that may be flexed upon when considering high
concentrations and surface potentials. One method of taking this into account would be
using statistical associating fluid theory [217, 218, 219]. Interestingly, taking the limit of
full association can be used as a basis for constructing a functional to described chain-
like particles (polymers) of spherical monomers Ref. [153]. Subsequently, one can assign
charge to individual monomers inside the chainlike particle, which allows for inclusion
of non-spherical ions, relevant for ionic liquids for instance. We have implemented this
into our code, and have tested the resulting functional against BD simulations from our
collaborators in Twente (Sitlapersad, Den Otter, and Thornton from the University of Tech-
nology in Twente). However, we have not continued investigating electrolytes with these
chain-like ions, due to our focus on other projects. Nevertheless, other groups have used
similar approaches to describe ionic liquids [220, 221].

The electrodes that are considered in this work are flat structureless electrodes, while
in reality they are solid conductors that are made up of molecules and atoms and there-
fore do have structure. In chapter 3, we did compare the density profiles in contact with
a flat electrode using DFT and a structured electrode using BD and did not find large
deviations between the two. This suggests that the actual structure of the electrode on
average does not play a large role. However, this might not be the case when stretching
the parameters into the regime in which there might be crystallization occurring at the
electrode, i.e. when in-planar structure becomes important [222]. Besides, perfect conduct-
ors do not exist in reality, and therefore, instead of a surface charge that wholly resides
on the surface of the electrodes, one might consider less trivial electrode charge densities,
for which one needs to employ other theories like quantum DFT [44, 223]. The latter can
also provide information on specific ion-electrode interactions. Current work in progress
shows that specific ion-surface interactions do have a significant effect on the differential
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capacitance, for instance, and investigating these interactions will be part of a future work.
Also, the electrodes themselves have a differential capacitance, which in case of perfect
conductors diverges to infinity and therefore does not play a role in the total capacitance.
This so-called quantum capacitance plays a role when the conductivity of the electrode
gets smaller, which is the case for single-atom-layered electrode materials, or semiconduct-
ors. In that case, information about the differential capacitance in the EDL is not enough
to model the capacitance of realistic EDL capacitors. Future efforts should be directed
towards combining state-of-the-art classical and quantum DFT.

Overall, the simple PM is a very convenient to work with. Especially, when employing
DFT to tackle the model, in which it is relatively straightforward to include hard-sphere
interactions and Coulombic interactions. That said, the model might not be the most ac-
curate model to describe the EDL due to several assumptions that are made in its con-
struction. Definitely, one could improve the model by including dispersion interactions,
incorporating non-global dielectric permittivity, explicit solvent particles, and more. How-
ever, each addition increases the complexity of the model. Unfortunately, measuring the
density profiles is very challenging and almost impossible, which lets us to lean on macro-
scopic thermodynamic observables, which are often integrated quantities are less sensitive
to structural information. Hopefully, more experimental data will be available in the fu-
ture that can help us learn more about the important ingredients of the model for the
electrolyte and electrode, such that one can use theories like DFT to develop better batter-
ies, blue energy devices, etc. Nevertheless, there is still room for more discoveries using
the PM. One feature, that is also very important to further investigate, is optimizing the
energy stored within the EDL/or pores in the electrode. Thus far, we mapped out the
differential capacitance for many parameters and have gained a proper understanding of
its features. The next step would be to scale up this pore system and calculate the actual
energy that can be stored in macroscopic battery-sized systems. However, energy-storage
devices are not solely characterized by its energy density, but also by its power density.
Thus far, we have focused on the former, but the latter is determined by the charging and
discharging dynamics, which is a different story altogether. One of the most straightfor-
ward methods to investigating the dynamics is by employing dynamical DFT (DDFT) (see
e.g. Refs. [224, 225]). This DDFT assumes the system to be in quasi equilibrium, which
might or might not be a good approximation for these systems. The more general frame-
work, only recently developed, to describe dynamical systems goes by the name Power
Functional Theory (see e.g. Refs. [226, 227, 228, 229]). A future direction would be to un-
derstand the dynamics of the electrode-electrolyte interface, which could contribute to
real-life developments of the EDL capacitors, blue energy devices, and more.

Overall, ions matter, and there is still a lot of uncharted territory that needs to be ex-
plored.





7
S A M E N VAT T I N G

Het elektrode-elektrolyt grensvlak, ook wel de elektrische dubbellaag (EDL) genoemd, is
het voornaamste onderwerp dat nader wordt onderzocht in dit proefschrift. Deze EDL
bestaat uit de lading op de elektrode (eerste “laag") welke wordt afgeschermd door de
lading in het elektrolyt (tweede “laag"), vandaar de naam dubbellaag. Deze wisselwerking
tussen de lading op de elektrode en in het elektrolyt, als gevolg van herschikking van
de ionen daarin, is niet zo vanzelfsprekend als men in eerste instantie zou denken. Aan
de ene kant heb je de interne energie die idealiter zo klein mogelijk is en aan de an-
dere kant heb je de entropie van de ionen die naar een maximum streeft. De eerste term
wil de ionen met tegengestelde lading t.o.v. die op de elektrode zo dicht mogelijk bij
de elektrode hebben, dusdanig dat de lading in de elecktrode wordt gebalanceerd met
die van de ionen tegen de elektrode aan. Het tweede neigt naar een zo homogeen mo-
gelijk elektrolyt. De competitie van de interne energie aan de ene hand en de entropie
aan de andere zorgt voor een complexe structuur van ionen nabij een geladen oppervlak.
Dusdanig complex dat men na meer dan honderd jaar na de “ontdekking" hiervan nog
steeds geen compleet beeld heeft van wat er nou daadwerkelijk gaande is. Een opvallend
voorbeeld hiervan zijn recente experimenten bij hoge zoutconcentraties, welke laten zien
dat de verdeling van ionen nabij geladen oppervlaktes veel langer van dracht is dan wat
was verwacht op basis van bestaande theorieën. In dit proefschrift hebben we dit nader
onderzocht, gebruik makend van Dichtheids Functionaal Theorie (DFT), welke als uitgang-
spunt heeft een functionaal voor de grootkanonieke potentiaal. Deze is geminimaliseerd
voor de evenwichtsdichtheidsprofielen, en op het minimum is deze ook daadwerkelijk de
thermodynamische grootkanonieke potentiaal. DFT is daardoor een uitermate geschikte
en krachtige theorie om de EDL te bestuderen, omdat het zowel toegang geeft tot de struc-
turele (dichtheidsprofielen van de ionen) alsook thermodynamische grootheden (druk,
aantal ionen in systeem, differentiële capaciteit, etc.). In eerste instantie focussen we op
de structurele dichtheidsprofielen, en in het bijzonder het asymptotische verval hiervan.
Hiervoor beschouwde we drie verschillende functionalen voor de beschrijving van de
elektrostatische interacties; een mean-field (MF) benadering, en twee correcties daarop ge-
baseerd op de mean-spherical-appriximation (MSA). Dat laatste is een sluitingsrelatie om
de Ornstein-Zernike (OZ) vergelijking op te kunnen lossen, welke een relatie is tussen de
totale correlatie functie en de directe correlatie functie. De oplossing van de OZ vergelijk-
ing geeft de directe correlatie functie (c), alsook, via de energie-route, de interne energie
(u). Eén functionaal gebruikt de MSA directe correlatie functie en noemen we MSAc, en
de tweede functionaal gebruikt daarbovenop ook de interne energie en noemen we MSAu.
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De drie functionalen MF, MSAc, en MSAu passen we toe om het verval te bestuderen
van de ionenstructuur (dichtheidsprofielen), welke we vergelijken met simulaties en ex-
perimenten. Binnen het primitieve model - waarbij de oplossing (bijvoorbeeld water) niet
expliciet wordt meegenomen, maar wordt beschouwd als een continu medium met een be-
paald diëlektrische constante - blijkt dat de theoretische voorspellingen uit DFT, alsook
voorspellingen literatuur gebruik makend van andere theorieën, niet de experimenten
kunnen verklaren. Dat betekent dat ofwel, het primitieve model is te primitief, ofwel dat
de experimenten elementen bevatten die niet worden meegenomen. De eerste optie lijkt
op het eerste gezicht het meest logisch, maar zelfs simulaties die alle atomen meenemen,
inclusief die van het oplosmiddel, voorspellen niet de langedrachtsafval die gezien wordt
in de experimenten. Dit blijft op moment dus nog een open vraag. Het antwoord op de
vraag welke van de drie functionalen het meest accuraat is, blijkt de MSAc functionaal te
zijn als gekeken wordt naar het totaalplaatje. Echter, in de lage-concentratie limiet waar
ook de elektrische potentiaal op de elektrode laag is, is de MSAu de enige functionaal
die depletie meeneemt als gevolg van de inclusie van de energie-term. Dit blijkt echter bij
hogere concentraties en potentialen geen grote rol meer te spelen.

We hebben gezien dat de MSAc functionaal in het algemeen het beste presteert, en zeker
in het verre veld. Nu gaan we deze functionaal gebruiken en vergelijken met resultaten uit
Brownse Dynamica (BD) simulaties voor een groot scala aan parameters. Het systeem
dat we beschouwen betreft twee evenwijdige platen waarop een potentiaal/potentiaal ver-
schil wordt gezet. Tussen de twee platen in bevindt zich het elektrolyt met ionen die een
bepaalde concentratie, grootte en valentie hebben. We beschouwen weer het PM waar-
bij het oplosmiddel niet expliciet wordt meegenomen. Het referentiesysteem waarvanuit
we uitwijken door telkens een andere parameter aan te passen, heeft een plaatafstand van
4 nm, reservoir concentratie van 1 M, potentiaalverschil van 0.2 V, ion diameters van 0.5 nm,
en valenties ±1. We vinden voortreffelijke overeenkomst tussen DFT en BD resultaten. Ver-
volgens variëren we in elk afzonderlijk geval de reservoir concentratie, beschouwen we
grote kationen en klein anionen, passen we de elektrode potentiaal aan, beschouwen we
ongelijke ionen valenties, en als laatst variëren we de plaatafstand. In elk van de geval-
len zien we voortreffelijke overeenkomst tussen DFT en BD. Dit geeft ons vertrouwen in
de theorie, en stelt ons in staat om de thermodynamisch grootheid de differentiële ca-
paciteit nader te onderzoeken. In het bijzonder laten we zien dat er in kleine systemen
daadwerkelijk een verschil is in de differentiële capaciteit die wordt berekend bij een con-
stant aantal deeltjes CN (canoniek ensemble in BD) en constante chemisch potentiaal Cµ

(grootkanoniek ensemble in DFT). Echter, deze twee zijn gerelateerd op soortgelijke manier
als dat de warmtecapaciteit bij constant volume en druk is gerelateerd. Daardoor kunnen
we ze goed vergelijken en laten zien dat CN en Cµ kwantitatieve verschillen, maar ook
kwalitatieve verschillen kunnen vertonen. Dit laat dus expliciet zien dat het onderliggende
ensemble goed in ogenschouw moet worden genomen voor analyses op de differentiële
capaciteit.

We vervolgen het avontuur in de heuvels en dalen van de differentiële capaciteit door
Cµ nader te onderzoeken. Zorgvuldig wordt het Cµ landschap stap voor stap afgetast.
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Beginnend met het meest eenvoudige restrictieve PM (RPM), waarbij alle ionen dezelfde
grootte hebben, lopen we door het Cµ landschap heen om te zien waar de heuvels en dalen
vandaan komen. Dit doen we onder meer met behulp van een nieuw afgeleide uitdrukking
voor Cµ, die laat zien dat voornamelijk de respons van de eerste laag van ionen tegen de
elektrode op de aangelegde elektrodepotentiaal zeer van belang is. Bij lage concentraties
heeft Cµ kameel-vormige curves, oftewel het heeft een maximum op eindige waardes. De
oorsprong hiervan ligt in het feit dat we eindig-grootte ionen beschouwen, wat ervoor
zorgt dat de ionen een maximum pakking hebben en er dus gelaagde structuren kunnen
gaan vormen tegen de elektrode aan. In essentie, het maximum in de differentiële capa-
citeit is een gevolg van de vorming van een laag ionen tegen de elektrode, waardoor er
een tweede laag van tegenionen gevormd moet worden om de lading op de elektrode af te
schermen. Dus, over het maxima heen, is er een hoog-gepakte laag van tegenionen tegen
de elektrode aan, waardoor er nog maar nauwelijks plek is voor meer ionen in de eerste
laag. Bij hoge bulk concentraties vind men, in plaats van een kameel-vormige curve, een
bel-vormige curve, en deze crossover wordt dan ook wel de kameel-bel crossover genoemd.
Een bel-curve gaat gepaard met slechts één maximum bij een potentiaal van nul, en men
ziet dan ook dat er in dat geval al lagen ionen zijn, zelfs als er geen lading op de elektrode
zit. Verhogen of verlagen van de potentiaal, zal dan niet voor een structuurverandering
zorgen. We concluderen dan ook dat maxima in de differentiële capaciteit gepaard gaat
met verandering in de structuur van de ionen. Hetzelfde geldt ook voor asymmetrische
elektrolyten met asymmetrie in de iongroottes. Bijzonder aan dit geval is dat we m.b.v.
de nieuwe vergelijking voor Cµ kunnen laten zien dat, zeker bij lage concentraties, de dif-
ferentiële capaciteit wordt gedomineerd bij negatieve potentialen door de kationen en bij
positieve potentialen door de anionen. Verder gaande met asymmetrische elektrolyten met
een asymmetrie in de valentie, vinden we het effect van overscreening terug in de curves
voor Cµ. Dit allemaal gecombineerd, liet ons ertoe om drie-componenten elektrolyten te
beschouwen met twee verschillende soorten anionen. In het eerste geval beschouwden we
twee anion soorten waarbij een soort monovalent was en de andere divalent. Hierbij var-
iëerde we de verhouding tussen de bulk concentratie van de monovalente en divalente
anion van alleen monovalente ionen tot alleen divalente ionen. Wat blijkt is dat er zelfs
voor een zeer kleine hoeveelheid divalente ionen (1 divalent anion op 100000 monovalente
anionen), een sterke signatuur van de divalente anionen te vinden is in Cµ. Dit is als gevolg
van de competitie tussen de monovalente ionen die exponentieel schalen met de potentiaal
en de divalente ionen die exponentieel schalen met twee keer de potentiaal. Dus, er is een
competitie tussen de bulk concentratie en de opgelegde potentiaal, wat de divalente an-
ionen zullen winnen bij een voldoende hoge potentiaal vanwege de exponentiele schaling.
Bij een drie-component systeem met twee anion soorten die verschillen in grootte, zien we
ook een competitie. Namelijk, kleine anionen kunnen dichter tegen de elektrode aan zitten
dan de grote anionen, wat energetisch voordeliger is. We zien daarom ook dat zelfs bij een
kleine hoeveelheid kleine ionen t.o.v. grote ionen (1:1000) de differentiële capaciteit wordt
bepaald door de kleine ionen bij voldoende hoge potentialen. De reden is dat de kleine
ionen de grote ionen wegduwen als de potentiaal op de elektrode maar hoog genoeg is, en
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gebruik makend van de nieuwe vergelijking voor Cµ wordt het duidelijk dat daarom Cµ

wordt bepaald door de eerste laag van kleine ionen tegen de elektrode. Wij concluderen
dat onzuiverheden in een elektrolyt niet vergeten mogen worden in de analyse van de dif-
ferentiële capaciteit. Aangezien het vrijwel onmogelijk is om alle onzuiverheden uit water
te filteren (sulfaat SO2−

4 is bijvoorbeeld in zeer gezuiverd water aanwezig in concentraties
van µM), is dit dus een belangrijk element om mee te nemen.

Als laatst zoomen we uit en beschouwen we fundamentele eigenschappen van DFT
nader. In het bijzonder beschouwen we een Lennard-Jones (LJ) systeem zonder ladingen;
er is dus maar één soort deeltje in het systeem. Een van de eigenschappen van de Helm-
holtz vrije energie functionaal F , is dat deze onafhankelijk is van de opgelegde externe
en chemische potentiaal. Door middel van machine-learning (ML) technieken wordt de
mean-field functionaal voor het LJ systeem verbeterd. Hiervoor worden Monte-Carlo sim-
ulaties gedaan bij verschillende externe en chemische potentialen, met in het achterhoofd
dat F onafhankelijk is hiervan. We beschouwen zowel correcties op de mean-field func-
tionaal die gaan als de dichtheid in het kwadraat alsook daarbovenop correcties die gaan
als de dichtheid tot de derde macht. Door middel van een ML algoritme, kunnen we de
correcties bovenop mean field fitten. De resulterende ML functionalen vertonen inderdaad
beter resultaten dan de mean-field functionaal, zowel de toestandsvergelijking alsook de
dichtheidsprofielen zelf zijn in grote mate verbeterd. Er is relatief weinig verschil tussen
de twee ML functionalen. In het bijzonder hebben we ook gekeken naar hoe de ML func-
tionalen zich gedragen in een sferische geometrie d.m.v. een transformatie van planaire
geometrie naar sferische geometrie; de ML functionalen zijn ontwikkeld in een planaire
geometrie, maar ook in een sferische geometrie doen de ML functionalen het goed, waarbij
de eenvoudigste ML functionaal zelfs nog het beste presteert.
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