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It is widely recognized that a physical system can only respond to a periodic driving significantly
when the driving frequency matches the normal mode frequency of the system, which leads to res-
onance. Off-resonant phenomena are rarely considered because of the difficulty to realize strong
coupling between physical systems and off-resonant waves. Here we examine the response of a mag-
netic system to squeezed light and surprisingly find that the magnons are maximally excited when
the effective driving frequency is several orders of magnitude larger than the resonant frequency.
The generated magnons are squeezed which brings the advantage of tunable squeezing through an
external magnetic field. Furthermore, we demonstrate that such off-resonant quasi-particle excita-
tion is universal in all the hybrid systems in which the coherent and parametric interaction of bosons
exists and that it is purely a quantum effect, which is rooted in the quantum fluctuations of particles
in the squeezed vacuum. Our findings may provide an unconventional route to study off-resonant
phenomena and may further benefit the use of hybrid matter-light systems in continuous variable
quantum information.

I. INTRODUCTION

Resonance is a widely studied phenomenon that a
physical system responds to periodic external driving
significantly only when the driving frequency matches
the normal mode frequency of the system. It was origi-
nally found in acoustics as sympathetic resonance where
a string vibrates and produces various sounds. By now
it has been observed and utilized in many different
types of waves, such as mechanical resonance, electro-
magnetic resonance in abundant classical resonators and
waveguides,1 electron spin resonance,2 ferromagnetic and
antiferromagnetic resonance.3 Off-resonant phenomena
are important to synthesize and manipulate the working
of a broad frequency ranges of electromagnetic waves,
but they are usually out of concern because of the lack
of knowledge or knobs that underpin the concept, un-
til the discovery of nonlinear optical phenomena.4,5 For
example, a cavity field can be coupled to a mechani-
cal oscillator through a radiation-pressure like interac-
tion, which allows the direct control of the mechanical
mode by tuning the frequency difference of the laser and
the cavity mode, even though the mechanical mode is
largely off-resonant with the cavity mode.6 Recently, this
idea was extended to manipulate GHz dynamics of fer-
romagnets by optical waves.7 Alternatively, if one en-
hances the coupling of matter and light to the ultra/deep
strong coupling regime,8,9 then the atomic systems such
as a collection of two-level atoms will be strongly excited
even at the off-resonant condition. However, this is very
challenging to be realized. Here we will take a hybrid
magnet-light system as an example to show that the off-

resonant physics can naturally manifest under the inter-
play of squeezed photons and magnets. In principle, our
results can be generalized to other hybrid systems with
coexistence of coherent and parametric coupling, such as
the microwave cavity-magnets with Kerr nonlinearities10

and optomechanical systems,11,12 which couples the cav-
ity field to various high-quality mechanical oscillators.

On the other side, magnons are the elementary exci-
tations in ordered magnets and their phase, amplitude
and angular momentum could carry useful information
for computing science.13 How to excite, propagate and
detect magnons is a key topic in spintronics. A well-
known knob to excite magnons is using a microwave field
or alternating electric current,3,14–16 where the magnons
will be resonantly generated when the driving frequency
is close to the natural frequency of the magnons. The
resulted magnons are coherent in nature and they have
been utilized to drive magnetic textures,17,18 switch a fer-
romagnet state19,20 and can be further converted to elec-
tric signals for applications. The off-resonant techniques
to excite magnons include femtosecond lasers,21–24 Ra-
man scattering25,26 and acoustic pulses.27

Besides, cavity magnonics emerges recently to extend
the horizon of traditional magnonics, aiming to manipu-
late the hybrid magnon-photon system near its resonance
frequency for quantum information transfer.10,28–39 Here
most of the energy level spectrum can be well under-
stood within classical electromagnetism by combining the
Maxwell theory and classical magnetization dynamics de-
scribed by Landau-Lifshitz-Gilbert (LLG) equation.35,37

Whether such a hybrid system can exhibit some quantum
properties that have no classical counterpart is, however,

ar
X

iv
:2

00
9.

07
94

8v
2 

 [
co

nd
-m

at
.m

es
-h

al
l]

  2
9 

M
ar

 2
02

1



2

H
Driving (ωd)

m
Nonlinear medium Magnet(a)

mode ωa

(b)

(c) γm=γα=0

(d) γα>γm>0

Off-resonance Resonance

mode ωc

FIG. 1. (a) Schematic of a magnetic particle interacting with
a squeezed light generated by a nonlinear medium. (b) Energy
spectrum of the system as a function of magnon frequency.
Parameters are g = 0.03∆a, ε = 0.3∆a, γα = γm = 0 for
(b)(c) and γα = 0.01, γm = 0.006 for (d).

not known. This may be of particular importance as one
intends to integrate magnonics with quantum informa-
tion science.

In this article, we study the interaction of squeezed
light and a magnonic system and find that magnons
are maximally excited far below the effective resonance
frequency. The maximum magnon population depends
strongly on the squeezing parameter of the light, while
it is further tunable through an external magnetic field.
The underlying physics is well understood as the inter-
play of coherent and parametric interaction in such a
hybrid system with energy level mismatch. We further
ascertain this to be a purely quantum effect, and show
how the tunable squeezing of magnons in both quadra-
ture directions can be useful for interpreting the asym-
metric steering of magnons and photons.

II. PHYSICAL MODEL

We consider a hybrid magnet-light system shown in
Fig. 1(a). A pumping laser with frequency ωd interacts
with a nonlinear medium and creates pair of squeezed
photons with frequency ωa through a parametric down
conversion process. These squeezed photons interact
with the magnet via Zeeman interaction. The minimal

Hamiltonian describing such a process can be written as,

H = ωcc
†c+ ωaa

†a+ ωmm
†m+ ε′(ca†a† + c†aa)

+ g(a†m+ am†) + ζ(c†e−iωdt + ceiωdt),
(1)

where c, a,m are the annihilation operators for laser pho-
tons, the subharmonic photons and the magnons, respec-
tively. Here, ε′ is the interaction strength between the
laser and subharmonic photons, which is proportional to
the (effective) second-order susceptibility of the nonlin-
ear medium, and g is the coupling strength between sub-
harmonic photons and magnons. Here the parametric
coupling term between magnon and photon a†m†+am is
dropped under the rotating wave approximation (RWA)6

because g � ωa, ωm and it only contributes a fast oscil-
lation effect with the frequency ωa + ωm. In a rotating
frame, we can adiabatically eliminate mode c if it pos-
sesses a large detuning or dissipation and recast the ef-
fective Hamiltonian as,

H = ∆aa
†a+∆mm

†m+ε(a†a†+aa)+g(a†m+am†), (2)

where ∆a = ωa − ωd/2,∆m = ωm − ωd/2, and where c
is replaced by its average value under strong driving, i.e.
ε = ε′〈c〉. Note that both the photon and magnon modes
(a and m) are quantum operators that satisfy commuta-
tion relations, instead of classical c-numbers.

The Hamiltonian (2) can be completely diagonalized
by standard techniques.40 To see, however, the influence
of squeezed photons on the eigenspectrum as well as the
magnon population, it is useful to first diagonalize the
photonic part of (2) by introducing a squeezed operator
a = cosh θα+ sinh θα† after which we obtain,

H = ∆αα
†α+∆mm

†m+gc(α
†m+αm†)+gs(α

†m†+αm),
(3)

where ∆α =
√

∆2
a − 4ε2 is the modified photon fre-

quency, gc = g cosh θ, gs = g sinh θ, and θ =
arctanh(−2ε/∆a)/2 is the squeezing parameter of the
photons. The Hamiltonian (3) shows that the normal
mode (α) can not only convert photons to magnons
through a coherent coupling gc, but also excite magnons
and photons simultaneously through a parametric cou-
pling gs. Now the parametric term cannot be neglected,
because, as we shall see, the most interesting physics
occurs when ∆m < gs � ∆α, where the RWA cannot
be made (See Appendix A for more justification of this
Hamiltonian).

The Heisenberg equation of magnon and photon mode,
governed by the Hamiltonian (3) can be written as
dR/dt = M · R with R = (xm, pm, xα, pα)T , xν =

(ν + ν†)/
√

2, pν = (ν − ν†)/
√

2i, with ν = α,m and

M =

 −γm ∆m 0 gc − gs
−∆m −γm −(gc + gs) 0

0 gc − gs −γα ∆α

−(gc + gs) 0 −∆α −γα

 , (4)

where the dissipation has been introduced as ων → ων −
iγν . Using the ansatz R(t) = e−iωtR, the eigenspectrum
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of the system can be readily determined by solving the
secular equation det(ω − iM) = 0. When γm = γα = γ,
the spectrum is analytically calculated as,

ω±± = ±
{

1

2
(∆2

m + ∆2
α) + g2 ± 1

2

[
16g2∆m∆α sinh2 θ

+ (∆m + ∆α)2((∆m −∆α)2 + 4g2)
]1/2}1/2

− iγ.
(5)

When θ = 0, γ = 0, one recovers the well-studied en-
ergy level repulsion spectrum in the coherent limit (real
g) and the level attraction spectrum in the dissipative
limit (imaginary g). Figure 1(b) shows the energy spec-
trum of the system. A level repulsion appears when
the magnons become resonant with the photons, when
∆m = ∆α = 0.8∆a. Besides, an anomalous valley in
the magnonic branch is identified at a magnon frequency
far from resonance (∆m � ∆α), as shown in Fig. 1(c)
(red line). Here, eigenfrequency becomes imaginary with
a maximum at a particular value of detuning, even if the
hybrid system is free from dissipation (γm = γα = 0).
Mathematically, we describe this anomaly by expanding
the magnonic branch in Eq. (5) around a small value of
∆m and find that ω±− becomes complex when

g2

∆α
I−(θ) < ∆m <

g2

∆α
I+(θ), (6)

where I±(θ) = 2 cosh 2θ ±
√

2 cosh 4θ. To guarantee the
stability of the system, the imaginary parts of all the
eigenvalues should be negative, which further requires,

γ >
√

(g2I−(θ)−∆m∆α)(∆m∆α − g2I+(θ))/2∆2
α. (7)

When γm 6= γα, the features of the spectrum at low
magnon frequency are similar to the case of γm = γα, ex-
cept a typical level crossing appears near the resonance,
as shown in Fig. 1(d).

III. UNCONVENTIONAL MAGNON
EXCITATION

Generally, an enhanced dissipation of magnons may
lead to a reduction of magnon number. However, it is the
other way around here. To illustrate this point, we start
from the Heisenberg equation for the quadratic operators
of the hybrid system,

du/dt = D · u + v, (8)

where u = (〈α†α〉, 〈m†m〉, 〈αm〉, 〈mm〉, 〈αα〉, 〈α†m〉), D
is a drift matrix, v = (0, 0,−igs, 0, 0, 0). The steady-state
solution of Eq. (8) exists only when all the real parts of
eigenvalues of D are negative. This sets a stability con-
dition for the system, which is consistent with Eq. (7).
Unless otherwise noted, we take parameters in the stable
regime throughout this article. By setting du/dt = 0,
we can analytically obtain the steady-state occupations
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FIG. 2. (a) Magnon (red line) and photon (blue line) popula-
tions as a function of magnon frequency near the anomalous
points. (b) Magnon population as a function of the magnon
frequency for squeeze parameter |θ| = 0.35 (red line), 0.10
(blue line), and 0.01 (black line), respectively. γα/∆a =
0.01, γm/∆a = 0.001, g/∆a = 0.03. (c) Magnon population
as a function of magnon frequency at γm/∆a = 0.001 (red
line), 0.002 (blue line) and 0.003 (black line), respectively.
(d) Magnon population as a function of magnon frequency at
γα/∆a = 0.001 (red line), 0.02 (blue line) and 0.1 (black line),
respectively. (e) Schematic of the physical picture.41

of magnons 〈m†m〉 and photons 〈α†α〉 (See Appendix B
for the analytical expression).

In the limiting case γα = 0, the magnon density at the
off-resonant condition (∆α � g � ∆m) can be approxi-
mated as (See Appendix B for the derivation process),

〈m†m〉 ≈ 2g2
cg

2
s

g4 + γ2
m∆2

α + ∆2
α(∆2

m − 2g2∆mcosh(2θ)/∆α)
.

(9)
One immediately sees that the magnons are maximally
excited at the point ∆m = g2cosh2θ/∆α, which falls into
the regime specified by Eq. (6). Eq. (B8) also shows
that the magnon density may diverge when the dissi-
pation in the denominator is not large enough to can-
cel the effect by parametric pumping above the critical
magnon frequency. To verify these predictions, we plot
the accurate magnon and photon number as a function
of magnon frequency in Fig. 2. (i) A maximum magnon
and photon population occurs at the far off-resonance
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with ∆m/∆a = 1.4 × 10−3, coincident with the maxi-
mum enhancement damping of the system as shown by
the dashed line in Fig. 2(a). (ii) The maximum magnon
population decreases as the squeezing parameter of the
light decreases as shown in Fig. 2(b), and finally ap-
proaches zero for a non-squeezed light. (iii) There exists
a threshold of magnetic dissipation 8×10−4, below which
the system becomes unstable, indicating that the mag-
netic system reaches the non-linear regime. Above the
threshold, the maximum magnon occupation decreases
as the damping increases, as shown in Fig. 2(c). All
these features are consistent with the predictions of Eq.
(B8) quantitatively. Moreover, (iv) The magnon popula-
tion is three orders of magnitude larger than the photon
populations, its magnitude is insensitive to the photon
dissipation, up to γα = 0.02, as shown in Fig. 2(d).

To understand the essential physics intuitively, we clar-
ify three channels that contribute to the magnon popu-
lation. (i) The dissipation of magnons subjects to in-
trinsic damping γm; (ii) The parametric excitation of
magnons and photons simultaneously due to the process
α†m†. This is the major source to produce the finite
occupation of magnons and photons; (iii) The coherent
pumping of magnons from the photon system through
the beam-splitter-type interaction gc. To see how the
system builds a steady state, we first sketch the energy
level diagram of the hybrid system in Fig. 2(e). Note
that the off-resonant condition ∆m/∆a � 1 implies that
the energy levels spacing of photons is much larger than
that of magnons. Starting from a vacuum state |0p, 0m〉,
a pair of magnon and photon is first excited to the level
|1p, 1m〉 parametrically (gs). Now it can either evolve to
the state |2p, 0m〉 or |0p, 2m〉 through the coherent par-
ticle transfer (gc). Since ∆m/∆a � 1, the α†m process
will be energetically consuming and thus the αm† pro-
cess will dominate to generate the state |0p, 2m〉. There-
fore, the magnons will be accumulated. Throughout the
process, all the Fock states will keep dissipating to the
ground state (γm). In total, the pumping, transfer and
dissipation process compete and finally reach a fine bal-
ance, building a steady-state magnon distribution (See
Appendix C for a generalization of this intuitive picture).
From the view of angular momentum conservation, the
pumping laser is the angular momentum source to con-
serve the total angular momentum of the system. As
a comparison, when the light is not squeezed (θ = 0),
parametric pumping (gs) is absent, the total number of
magnons and photons will decrease to zero gradually due
to the intrinsic dissipation.

IV. SQUEEZED MAGNONS

We have shown that magnons can be maximally ex-
cited by a squeezed light at the off-resonant condition.
It would be meaningful to see whether the quantum
information of photons such as their squeezing can be
transferred to magnons at off-resonant conditions, since

squeezed magnon

x

p

p

Δm/Δa=0

Δm/Δa=0.003

(a) (b)

(c)

one-way steering

FIG. 3. (a) Uncertainty of the quadratures of magnons as
a function of magnon frequency. The dashed line at 1/

√
2

is the standard quantum limit, below which a state becomes
squeezed. The dashed line at 0.5 is the squeeze parameter of
the input light (α mode). (b)(c) shows the Wigner distribu-
tion of the steady states at ∆m/∆a = 0 and 0.003. All the
parameters are the same as Fig. 2(a).

the magnon squeezing is a useful resource in quantum
physics.42–44 To answer this question, we evaluate the
uncertainty of the quadrature of magnons and photons
as, 〈∆x2

ν〉 = nν +<(〈νν〉)+ 1
2 , 〈∆p2

ν〉 = nν−<(〈νν〉)+ 1
2 ,

where ν = α,m, <(〈νν〉) is the real part of 〈νν〉, which
has already been derived in solving Eq. (8). Figure 3(a)

shows the uncertainty ∆xν ≡
√
〈∆x2

ν〉,∆pν ≡
√
〈∆p2

ν〉
as a function of magnon frequency. Clearly, the uncer-
tainty of magnon quadrature ∆pm (∆xm) is squeezed

below the quantum limit 1/
√

2 when ∆m/∆a has a red
(blue) shift from the off-resonant peak, as illustrated in
Fig. 3(b) and 3(c).45 This suggests that the squeez-
ing of the light is transferred to the magnons. As the
magnon frequency approaches the resonant condition at
∆m = ∆α, no significant squeezing of magnons is ob-
served.

The tunable squeezing property of magnons through
the external static field may imply the one-way quan-
tum steering of photons by detecting magnons. Here we
quantify the steering properties between magnons and
photons (See Appendix D for the numerical method to
quantity the steering), and find that magnons can steer
the photon state when the magnons are tuned to be
squeezed in the x direction, as indicated in Fig. 3(a).
The reversed steering process from photon to magnon
is suppressed, due to the particle number asymmetry of
the excitations. When the magnons are squeezed in the
p direction, this steering channel between magnons and
photons are closed.

V. DISCUSSIONS AND CONCLUSIONS

To realize our predictions, we propose to couple a low
damping magnetic insulator such as yttrium iron gar-
net to a cavity with nonlinear medium that supports mi-
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crowave parametric down conversion.46–48 Here the reso-
nant frequency of ferromagnet (ωm) is several GHz with
inverse quality factor ranging from 10−5 ∼ 10−2, and the
coupling strength between magnon and microwave (g)
ranges from tens of MHz up to gigahertz.29–33,49–51 Hence
the parameter regime of our theoretical proposal is acces-
sible in the experiments (See Appendix E for a list of the
experimental parameters). We expect a sudden broad-
ening of the transmission linewidth and a maximal exci-
tation of magnons when the magnon frequency is tuned
to the anomalous regime. This is different from the zero
damping phenomena reported in non-Hermitian magnet-
light systems.51 The generated squeezed state can be fur-
ther measured by another probe field.43

We notice that a significant number of two-mode sys-
tems in classical physics can be quantized into a form
resembling Hamiltonian (3). The first class is the two
classical harmonic oscillators coupled through a spring,
i.e. Hcl = 1

2

∑2
i=1(miẋ

2
i +miω

2
i x

2
i ) + k(x1 − x2)2, where

mi is the mass, ωi is the intrinsic frequency of the os-
cillators, and k is the spring stiffness. The spectrum
of this system, however, does not show the anomaly
presented here, because the effective coupling k mod-
ifies the natural frequency of the modes to invalidate
the condition (6). An artificial model that simplifies
the coupling as −2kx1x2 can avoid the modification of
the natural frequency, but it will suffer from a diver-
gence problem for the distinguished description of dis-
sipation in Newtonian mechanics and quantum physics
(See Appendix F for the mathematical details). The sec-
ond class is that of two ferromagnetically coupled spins,
i.e. Hcl = −B1S1,z − B2S2,z − JS1xS2x, where B1 and
B2 are the applied fields and J is the effective coupling.
The ground state of this system will tilt in the anomalous
regime (B1B2 < J2) and the finite excitation disappears
around the tilted ground state caused by Gilbert damp-
ing (See Appendix F for the mathematical details).

In summary, we have studied the interaction of a nano-
magnet with squeezed light and identified a surprising
maximum occupation of magnons when the magnon fre-
quency is far below the resonance. The essential physics
is understood by the interplay among magnon pumping
effects by the squeezed photons, coherent conversion of
photons to magnons and the intrinsic magnon loss. In the
anomalous regime, the magnon pumping effect is ampli-
fied and leads to an explosion of magnons and the recip-
rocal process of magnon loss manifests as an enhanced
damping of magnons. We further show that such off-
resonant excitation of particles is a purely quantum phe-
nomenon, where a classical system will either evolve to
a ground state with zero particle fluctuation or become
unstable. Our findings provide a generic platform to ex-
amine the difference between classical physics theory and
quantum mechanics and further benefit the applications
of hybrid magnet-light system for quantum information.
The intuitive physics picture can be further generalized
to study the off-resonant behaviors in a wide class of
quantum mechanical systems with the coexistence of co-

herent and parametric interactions.
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Appendix A: Why not directly couple magnon with
photon?

The Hamiltonian that describes the direct coupling be-
tween a linearly-polarized light and the magnet can be
written as,

H = ωaa
†a+ ωmm

†m+ g(a+ a†)(m+m†). (A1)

Intuitively, one may tune the magnon frequency to a
lower value and let the system enter into the anomalous
regime g ∼ √ωaωm discussed in the main text, then the
off-resonant excitation will appear. However, this may
not be true because Hamiltonian (A1) by treating the
coupling coefficient g as a constant only works near the
resonance and with g � ωm, ωa for the following reason-
ings:(i) a soft magnetic sphere like yttrium iron garnet
(YIG) may break into multi-domain in such a low value
of magnon frequency that immediately invalids the appli-
cability of the above Hamiltonian. (ii)If we increase the
volume of magnet to increase the coupling g, the magnet
itself will become a cavity and influence the cavity field
significantly. Again, this will invalidate the macrospin
approach.

In principle, we need to combine the Maxwell equation
and LLG equation to explain the physics in the regime
g ∼ √ωaωm, the details of which will be published else-
where. Here we only give a short introduction on how the
spectrum may look like when ωm is very small by treat-
ing the resonator as a RLC circuit.50 It is still an open
question on whether we can find some exotic magnet and
cavity system to realize the condition ωm < g � ωa,
which will be discussed elsewhere. The dynamics of the
coupled RLC-circuit and magnetic system is described
by the circuit equation,

L
dj

dt
+Rj +

1

C

∫
jdt = Vm, (A2)

where L, R and C are respectively the resistance, in-
ductance and capacitance of the system. The cavity fre-
quency is ωa = 1/

√
LC and R describes the strength



6

of dissipation. Vm is the driving force coming from the
the precessing magnetization. From the Faraday law, we
have Vm,x = iωKcLsye

iωt, Vm,y = −iωKcLsxe
iωt. From

Ampère law, we have hx = Kmjy, hy = −Kmjx. Substi-
tuting these relations into Eq. (A2), we obtain

(ω2 − 2iωωaγa − ω2
a)h− + ω2KcKms

− = 0, (A3)

where s− = sx − isy, h
− = hx − ihy. By linearizing

LLG equation Eq. (F9) around the ground state S =
ez + (sxex + syey)eiωt, we have

(ω + iαω − ωH)s− + ωMh
− = 0. (A4)

where ωM corresponds to saturation magnetization.
Combining Eqs. (A3) and (A4) to have non-zero solu-
tions, it is required that,∣∣∣∣ ω + iαω − ωH ωM

ω2KcKm ω2 − 2iωωaγa − ω2
a

∣∣∣∣ = 0. (A5)

In the absence of dissipation(α = 0, γa = 0), the eigen-
values can be solved directly near resonance as,

ω =
ωH + ωa ±

√
(ωH − ωa)2 + 4g2

eff

2(1− g2
eff/(ωHωa))

, (A6)

where geff =
√
ωMωHKcKm/2. One immediately see

that the effective coupling depends on the magnon fre-
quency (ωH), which will guarantee that the eigenvalues
are always positive regardless of the coupling strength

at resonance. To show how this result is robust at off-
resonant condition, we numerically solve Eq. (A5) and
plot the energy spectrum in Fig. 4. We can see that the
spectrum is the normal energy level repulsion, regardless
of the strength of coupling.

Appendix B: Magnon and photon occupation in the
steady state

To solve for the steady magnon and photon occupa-
tion, we recall the dynamic equations in the Lindblad
formalism,

d〈O〉
dt

= −i〈[O,H]〉+ 〈D(O)〉 (B1)

where H is the Hamiltonian of the system, 〈O〉 is the
ensemble average of the observable O, and

D(O) =
∑

ν=α,m

γν
(
ν†[O, ν] + [ν†,O]ν

)
. (B2)

The steady state d〈O〉/dt = 0 implies that

− i〈[O,H]〉+ 〈D(O)〉 = 0. (B3)

Note that the evolution of particle density 〈α†α〉, 〈m†m〉
is always dependent on the evolution of other quadrature
operators 〈αα〉, 〈α†m〉, 〈αm〉, 〈mm〉. We must solve the
dynamics of them in a complete set simultaneously as,

gcIm(〈α†m〉)− 2gsIm(〈αm〉)− 2nαγα = 0, (B4a)

− 2gcIm(〈α†m〉)− 2gsIm(〈αm〉)− 2nmγm = 0, (B4b)

gc(Im(〈αα〉) + Im(〈mm〉) + Im(αm) (∆α + ∆m)−Re(〈αm〉) (γα + γm) = 0, (B4c)

− (gc(Re(〈αα〉) +Re(〈mm〉) + gs(nα + nm + 1) +Re(〈αm〉) (∆α + ∆m))− Im(αm) (γα + γm) = 0, (B4d)

2gcIm(αm) + 2gsIm(〈α†m〉) + 2Im(〈mm〉)∆m − 2Re(〈mm〉)γm = 0, (B4e)

−
(
2gcRe(〈αm〉) + 2gsRe(〈α†m〉) + 2Re(〈mm〉)∆m

)
− 2Im(〈mm〉)γm = 0, (B4f)

2gcIm(αm)− 2gsIm(〈α†m〉) + 2Im(〈αα〉)∆α − 2Re(〈αα〉)γα = 0, (B4g)

−
(
2gcRe(〈αm〉) + 2gsRe(〈α†m〉) + 2Re(〈αα〉)∆α

)
− 2Im(〈αα〉)γα = 0, (B4h)(

gs(−Im(〈αα〉)− Im(〈mm〉) + Im(〈α†m〉) (∆m −∆α)
)
−Re(〈α†m〉) (γα + γm) = 0, (B4i)

−
(
gc(nα − nm) + gs(Re(〈αα〉)−Re(〈mm〉) +Re(〈α†m〉) (∆m −∆α)

)
− Im(〈α†m〉) (γα + γm) = 0, (B4j)

where Re(x) and Im(x) represent the real and imaginary
parts of the number x, respectively. By solving this set
of linear equations, we obtain,

〈m†m〉 =
g2 sinh2 θ(A+B + C +D)

Z1 + Z2 + Z3 + Z4
, (B5a)

〈α†α〉 =
g2 sinh2 θ(A′ +B′ + C ′ +D′)

Z1 + Z2 + Z3 + Z4
, (B5b)

where
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A = γα
(
γ2
α + ∆2

α

)
(γα + γm)

(
γ2
m + ∆2

m

) (
(γα + γm)2 + (∆m −∆α)2

)
,

B = g4(γα + γm)
(
−γα∆α∆m + ∆2

α(γα + γm) + γα
(
(γα + γm)2 + ∆2

m

))
,

C = g2
(
γ2
α∆3

α∆m + γα∆α∆m

(
γ3
α + γ3

m + γm∆2
m

)
+ γm∆2

α

(
3γ3
α + γ3

m + 4γαγ
2
m + 6γ2

αγm + γm∆2
m

)
+2γ2

αγm(γα + γm)
(
(γα + γm)2 + ∆2

m

)
+ γαγm∆4

α

)
,

D = g2∆α cosh(2θ)
(
γαγm∆3

α − γα∆3
m(2γα + γm) + ∆α∆2

m(2γα + γm)2 − γα∆2
α∆m(γα + 2γm)

+γm∆α(γα + γm)
(
γ2
α + γ2

m + 3γαγm + g2
)
− γα∆m(γα + γm)

(
γ2
α + γ2

m + γαγm − g2
))
,

A′ = γm
(
γ2
α + ∆2

α

)
(γα + γm)

(
γ2
m + ∆2

m

) (
(γα + γm)2 + (∆m −∆α)2

)
,

B′ = g4(γα + γm)
(
γα∆2

m + γ3
m + 2γαγ

2
m + γm

(
γ2
α + ∆2

α + ∆2
m −∆α∆m

))
,

C ′ = g2
(
γm∆α∆m

(
γ3
α + γ3

m + γm∆2
m

)
+ γα

(
∆2
m(γα + γm)

(
γ2
α + 3γ2

m + 3γαγm
)

+ 2γ2
m(γα + γm)3 + γm∆4

m

)
,

+γα∆2
α

(
γα∆2

m + 2γ2
m(γα + γm)

)
+ γαγm∆3

α∆m

)
,

D′ = g2∆m cosh(2θ)
(
−γm∆3

α(γα + 2γm) + γαγm∆3
m + ∆2

α∆m(γα + 2γm)2 ,

−γm∆α

(
∆2
m(2γα + γm) + (γα + γm)

(
γ2
α + γ2

m + γαγm − g2
))

+ γα∆m(γα + γm)
(
γ2
α + γ2

m + 3γαγm + g2
))
,

Z1 = g6(γα + γm)2
(
(γα + γm)2 + ∆2

α + ∆2
m

)
+ γαγm

(
γ2
α + ∆2

α

) (
γ2
m + ∆2

m

) ((
(γα + γm)2 + ∆2

m

)2
+ 2∆2

α(γα + γm −∆m)(γα + γm + ∆m) + ∆4
α

)
,

Z2 = g4
(
2∆2

α

(
2γαγm(γα + γm)2 −∆2

m

(
γ2
α + γ2

m + 3γαγm
))

+ γαγm∆4
α

+γαγm
(
4∆2

m(γα + γm)2 + 3(γα + γm)4 + ∆4
m

))
,

Z3 = g2
(
∆4
α

(
γ2
m

(
3γ2
α + γ2

m + 2γαγm
)

+ ∆2
m(γα + γm)2

)
+∆2

α

(
2∆2

m

(
γ2
α + γ2

m

) (
γ2
α + γ2

m + 3γαγm
)

+ γ2
m(γα + γm)2

(
6γ2
α + γ2

m + 2γαγm
)

+ ∆4
m(γα + γm)2

)
+γ2

α

(
∆4
m

(
γ2
α + 3γ2

m + 2γαγm
)

+ ∆2
m

(
γ2
α + 6γ2

m + 2γαγm
)

(γα + γm)2 + 3γ2
m(γα + γm)4

))
,

Z4 = 2g2∆α∆m cosh(2θ)
(
∆2
α

(
∆2
m

(
γ2
α + γ2

m + 4γαγm
)

+ γm(γm − 2γα)(γα + γm)2
)
,

+γα
(
−γm(γα + γm)2

(
γ2
α + γ2

m + γαγm
)

+ ∆2
m(γα − 2γm)(γα + γm)2 − γm∆4

m

)
,

−γαγm∆4
α + g4(γα + γm)2 − g2(γα + γm)2

(
γ2
α + γ2

m + ∆2
α + ∆2

m

))
,

− 2
(
g2∆α∆m

)2
(γα + γm)2 cosh(4θ).

(B6)

To understand the analytical results, we first consider the case that photons are dissipationless, i.e. γα = 0,
then the magnon density can be simplified into the form,

〈m†m〉 =
2g2∆2

α(g2 + γ2
m + ∆2

m)cosh2θsinh2θ

(∆2
α + γ2

m + ∆2
m + 2∆α∆mcosh2θ)(g4 + (γ2

m + ∆2
m)∆2

α − 2g2∆m∆αcosh2θ)
. (B7)

Since we are interested in the off-resonant excitation of magnons, i.e. ∆α � g � ∆m, γm, the magnon density is
further reduced to,

〈m†m〉 ≈ 2g2
cg

2
s

g4 + γ2
m∆2

α + ∆2
α(∆2

m − 2g2∆mcosh(2θ)/∆α)
, (B8)

where gc = g sinh θ, gs = g cosh θ. This is the formula
used in the main text.

Appendix C: Unified understanding of the
off-resonant excitation

In this section, we summarize the off-resonant behav-
ior of a wide class of quantum optical systems in Table
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(a) (b)

FIG. 4. Energy spectrum in the RLC circuit when magnon
and photon reaches strong coupling (a) and ultrastrong cou-
pling regime (b). Parameters are ωM = ωa, γc = 0.01ωa.
Kc = Km = 0.6

√
2 for (a) and Kc = Km = 0.6

√
2 for (b).

γα

coherent 
parametric 

|1,-S>

|0,-S>

|0,-S+1>

|1,-S+1>

|0,-S+2>

|2,-S>

|0,-S+4>

|1,-S+3>
|0,S>

FIG. 5. Schematic of the energy level diagram when the Mode
2 is a low frequency spin mode.

I. Qualitatively, our physical picture presented in Fig.
2(e) of the main text provide a unified understanding
of all these observations. For Heisenberg model and s-
d model, the low frequency spin mode has a bounded
Hilbert space, as shown in Fig. 5. The magnons will first
be largely excited to occupy the Fock state |2〉, |4〉, ..., |S〉
and then the system will keep oscillating around these
states. Once dissipation is introduced, the system may
stabilize at a new steady state. If the low frequency mode
is a boson, its Hilbert space is unbounded and thus the
number of excited particles will keep increasing and di-
verge. A sufficiently strong dissipation can stabilize the
system and sustain a finite excitation, as discussed in
the main text. On the other hand, the parametric ex-
citations in these models can be neglected on-resonance
based on rotational wave approximation and the under-
lying physics will be changed. A comprehensive study of
the off-resonant behaviors in these models including the
critical frequency and influence of various types of spin
dephasing will be published elsewhere.

Appendix D: Calculation of the quantum steering
and Wigner distribution

To quantify the steerability existing between magnon
mode and photon mode, we first recall the covariance
matrix of the hybrid system defined as,

V =

(
Vm C
CT Vα

)
, (D1)

where Vij = 〈RiRj +RjRi〉/2,R = (xm, pm, xα, pα). All
these elements can be analytically calculated based on
the solution of Eq. (B4) as,

〈xνxν〉 = nν +Re(〈νν〉) +
1

2
, (D2a)

〈pνpν〉 = nν −Re(〈νν〉) +
1

2
, (D2b)

〈xαxm〉 = 〈xmxα〉 = Re(〈αm〉) +Re(〈α†m〉), (D2c)

〈pαpm〉 = 〈pmpα〉 = −Re(〈αm〉) +Re(〈α†m〉), (D2d)

〈xαpm〉 = 〈pmxα〉 = Im(〈αm〉) + Im(〈α†m〉), (D2e)

〈xmpα〉 = 〈pαxm〉 = Im(〈αm〉)− Im(〈α†m〉), (D2f)

where ν = m,α.

For a two-mode Gaussian state as studied here, it has
been shown that52,53 the sufficient and necessary condi-
tion, for the two-mode steering from magnon to photon
can be verified using the inequality,

Em|α = Vxα|xmVpα|pm = 4 detV/ detVm < 1, (D3)

where Vxα|xm(Vpα|pm) is minimum inferred variance of
the photon quadrature xα(pα) provided that magnon is
measured at xm (pm).

To obtain the Wigner distribution of the steady
magnon state shown in Fig. 3(b) and (c) of the main
text, we recall the Lindblad master equations of the hy-
brid system,

dρ

dt
= −i[H, ρ] + L(m)ρ+ L(α)ρ, (D4)

where L(m)ρ =
∑
n=1,2[CnρC

†
n − (ρC†nCn + C†nCnρ)/2],

with C1 =
√

(nth + 1)γmm and C2 =
√
nthγmm

† that
describe the process of magnon annihilation and creation,
respectively, nth is the magnon population in thermal
equilibrium. Similar definition follows for the photonic
part L(α)ρ. The density matrix of the steady state is ob-
tained by numerically solving Eq. (D4) by a home-made
code and further verified using the open-source package
QuTip.54 The Wigner function is calculated in QuTip
following its definition,

W (x, p) =
1

π

∫
〈x+ ζ|ρ|x− ζ〉e−2ipζdζ. (D5)
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TABLE I. Summary of the on-resonant and off-resonant excitation in the absence of dissipation. H = ω1Ω(O1) + ω2Ω(O2) +

g(O†1+O1)(O†2+O2), Ω(Oi) = Oi,z for spin operator and O†iOi for bosonic operators. Parameters are ω1 = 1.0, g = 0.1, S = 16.
ST for steady state, OS for oscillation.

Mode 1 Mode 2 Model name Off-resonance Behavior of Mode 2 On-resonance Behavior of Mode 2

a1 a2 Boson-Boson ω2 = 0.002ω1 Diverge ω2 = ω1 OS 〈a†2a2〉 ∼ 0.005
a σ Rabi model ω2 = 0.002ω1 OS 〈σz〉 = −0.48 ω2 = ω1 OS 〈σz〉 = −0.497

σ a Rabi model ω2 = 0.002ω1 Diverge ω2 = ω1 OS 〈a†a〉 = 0.006
σ1 σ2 Heisenberg X ω2 = 0.002ω1 OS 〈σ2z〉 = −0.48 ω2 = ω1 OS 〈σ2z〉 = −0.495
σ S s-d model* 56 ω2 = 0.002ω1 OS 〈Sz〉 = −2.03 ω2 = ω1 OS 〈Sz〉 = −15.71
S σ s-d model* ω2 = 0.002ω1 OS 〈σz〉 = −0.21 ω2 = ω1 OS 〈σz〉 = −0.38
S1 S2 Heisenberg X ω2 < g2/ω1 Tilted OS ω2 = ω1 No tilt OS

x1 x2 coupled oscillators ω2 < g2/ω1 Diverge ω2 = ω1 OS

TABLE II. List of the magnetic parameters in the typical
experimental setups. ωm is the frequency of cavity mode,
while g is the coupling strength between the cavity mode and
magnon mode.

Experiments year ωm (GHz) g (MHz) g/ωm
CPW Resonator 29 2013 ∼ 6 450 0.075
Reentrant cavity 30 2014 12.9 124 0.01
Rectangular cavity(Al) 49 2015 11.5 180 0.016
Rectangular cavity (Cu) 31 2018 10.1 41 0.004
Fabry-Perot cavity 32 2018 13.2 39 0.003
ISSR resonator 50 2019 ∼ 4 180 0.045
Cross-line cavity 51 2019 4.7 7.9 0.002
photonic crystal 55 2019 ∼ 9.0 2100 0.23

Appendix E: Experimental parameters of hybrid
magnet-light systems

In this section, we list the experimental values of the
magnon-photon coupling and the resonant frequencies in
Table II. Note that the g/ωm ranges from 0.002 to 0.23,
while the value 0.03 used in the main text falls into this
regime. Most experiments used yttrium iron garnet with
a damping constant 10−5 ∼ 10−3, while the value used
in the theoretical prediction is 10−4.

Appendix F: Classical counterparts

In this section, we show the absence of the off-resonant
excitation in typical classical systems, including two cou-
pled classical harmonic oscillators (CHO-CHO) and two
coupled spins (spin-spin model), even though they are de-
scribed by Hamiltonian resembling Eq. (3) of the main
text.

1. CHO-CHO model

The first model is the two harmonic oscillators coupled
via a spring, which is described by the classical Hamilto-

nian,

Hcl =
1

2

2∑
i=1

(miẋ
2
i +miω

2
i x

2
i ) + k(x1 − x2)2, (F1)

where mi is the mass, ωi is the intrinsic frequency of
the two oscillators, and k is the stiff of the spring con-
nected the two oscillators. By introducing the quadra-

tures xi = (ai + a†i )/
√

2miω̃i, pi = −i(ai − a†i )
√
miω̃i/2,

it is straightforward to obtain the quantum mechanical
counterpart of this Hamiltonian as,

Hqm =

2∑
i=1

ω̃ia
†
iai + g(a†1a2 + a†1a

†
2 + h.c.), (F2)

where ω̃2
i = ω2

i + 2k/mi, g = −k/
√
m1m2ω̃1ω̃2. This

resembles Eq. (3) of main text, but with gc = gs = g and
revision of the eigen-frequency by the coupling constant.
It is straightforward to obtain the eigen-spectrum as,

ω̃2 =
1

2

(
ω̃1 + ω̃2 ±

√
(ω̃1 + ω̃2)2 + 16g2 − 4ω̃1ω̃2

)
.

(F3)
Due to the significant modification of natural frequency
ω̃i by the mutual coupling g, ω̃2 is always larger than
zero, and no anomaly appears. Similar arguments apply
to the two inductively coupled LC circuits.

2. Spin-spin model

The second model is the two ferromagnetically coupled
macrospins S1 and S2, governed by the Hamiltonian,

Hcl = −S1,zB1 − S2,zB2 − JS1xS2x. (F4)

The ground state can be obtained by rewriting the
Hamiltonian in spherical coordinate Hcl = −B1 cos θ1 −
B2 cos θ2−J sin θ1 sin θ2 and minimizing the total energy
with respect to the tilting angle of spin as,
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(1)When B1B2 > J2, θ1 = θ2 = 0, (F5a)

(2)When B1B2 < J2, tan θ1 =

√
J4 − (B1B2)2

B2
1(B2

2 + J2)
, J sin θ2 = B1 tan θ1. (F5b)

This implies that as we tune the magnitude of B2 be-
low a threshold J2/B1, the system will flop to a non-
collinear group state. When B1B2 > J2, using stan-
dard Bogliubov transformation around Eq. (F5a), i.e.
S1 = S2 = ez, Eq. (F4) can be diagonalized into the
same form as Eq. (F3), with ω̃i = Bi, g = J/2, obvi-
ously, the eigenvalues are always reals. When B1B2 > J2

or g > ω̃1ω̃2/4, the eigenvalues are imaginary, but the
ground states S1 = S2 = Sez become unstable in this
parameter regime. To find the true spectrum, we have to
perform expansion near the ground state Eq. (F5b). For
this purpose, we define a new coordinate x′y′z′, where z′

align along the direction of the spin and y′ = y, then we
have

 Si,x
Si,y
Si,z

 =

 cos θi 0 sin θi
0 1 0

− sin θi 0 cos θi

 Si,x′

Si,y′
Si,z′

 , (F6)

where Si,z′ = S − a†iai, Si,x′ =
√

2S/2(a†i + ai), Si,y′ =

−i
√

2S/2(a†i−ai). By substituting these transformations
into the original Hamiltonian Eq. (F4), we obtain

HQM = (B1 + JS2 sin θ1 sin θ2)a†1a1 + (B2 + JS2 sin θ1 sin θ2)a†2a2 −
JS

2
cos θ1 cos θ2(a†1 + a1)(a†2 + a2). (F7)

Now the critical condition to have the complex spectrum becomes,

(B1 + JS2 sin θ1 sin θ2)(B2 + JS2 sin θ1 sin θ2) < (JS cos θ1 cos θ2)2. (F8)

Considering the premise condition Eq. (F5b) for the
ground state, it is straightforward to numerically ver-
ify that this inequality cannot be satisfied. One can
also reach this conclusion analytically, by noting that
B2 � J � B1 in this spin-flop regime, which implies
tan θ1 ≈ sin θ1 ≈ J/B1, θ2 ≈ π/2. Therefore the right-
hand side of (F8) is zero while the left-hand side is larger
than zero, then the inequality cannot be satisfied. Hence
the spectrum of the system at the spin-flopped phase is
always real.

We also verify the absence of the off-resonant excita-
tion in the spin-spin model by numerically solving the
LLG equation,

∂Si
∂t

= −Si ×Heff,i + αSi ×
∂Si
∂t

, (F9)

where Heff,i is the effective field acting on spin Si, de-
fined as Heff,i = −δHcl/δSi, α is the damping constant
which represents how fast the spin moves toward the ef-
fective field. The evolution of the spin orientation when
the frequency of the second spin is reduced below the
limit J2/B1 is shown in Fig. 6. The steady state of the
coupled systems deviate from the +z state and stabilize

at a canted state, while there are no finite oscillations of
spins in the steady state. This is fully consistent with
the results obtained by analyzing the spectrum.

(a) (b)

FIG. 6. Time evolution of the spin orientation for the first
spin (a) and second spin (b), respectively. Parameters are
B1 = 1.0, B2 = 0.02, J = 0.2, α = 0.1.

3. Artificial CHO-CHO

In Sec. IVA, we show that the coupling between two
harmonic oscillators will modify the self-frequency of the
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systems and thus avoid the system to go into the anoma-
lous regime. Here we further ask what if the coupling
does not modify the self-eigenfrequency? One artificial
coupling that can realize this goal is gx1 · x2. The dy-
namic equation in terms of Newton law can be rewritten
as dR/dt = Mcl ·R, where R = (x1, p1, x2, p2)T and the
dynamic equation Mcl reads,

Mcl =

 0 1 0 0
−ω2

1 −µ1 −g 0
0 0 0 1
−g 0 −ω2

2 −µ2

 , (F10)

To make a fair comparison with the quantum mechan-
ical case, we define the canonical transformation xi =

1/
√

2ω1(ai + a†i ), pi =
√
ω1/2i(ai − a†i ) to transform

the quantum dynamics matrix in Eq. (4) of the main
text to a similar form to its classical counterpart, except
the extra dissipation on the coordinate dimension, i.e.
dR/dt = Mqm ·R with R = (〈x1〉, 〈p1〉, 〈x2〉, 〈p2〉)T , and
dynamic matrix,

Mqm =

 −γ1 1 0 0
−ω2

1 −γ1 −g 0
0 0 −γ2 1
−g 0 −ω2

2 −γ2

 . (F11)

By numerically solving the dynamic equation in both the
classical and quantum mechanical case, we obtain the
results shown in Fig. 7.

(a) (b)

FIG. 7. (a) Time evolution of the order parameters in quan-
tum mechanical system (a) and classical system (b), respec-
tively. Parameters are ω1 = 0.003ω2, g = 0.1ω2, γ1 = γ2 =
0.1ω2 for (a) and µ1 = µ2 = 0.1ω2 for (b).

Clearly, the system described by quantum mechani-
cal equation can gradually evolve to a steady state (Fig.
7(a)) while it diverges slowly in the classical case (Fig.
7(b)), even if they share exactly the same parameters.
This is due to the absence of dissipation in the x coor-
dinate of the oscillator in the classical case. Then the
oscillator 1 can slowly drift away from its equilibrium
position and finally diverge (red line in Fig. 7(b)).

Through these examples, we find that the coupling of
two classical modes can delicately modify the mode fre-
quencies to guarantee that the hybrid eigen-spectrum is
real. When the intrinsic mode dissipation is introduced,
the hybrid modes gradually evolve to the classical ground
state, without any particle fluctuation. In quantum me-
chanics, the ground state becomes an entangled squeezed
state without classical correspondence and the (quasi-
)particles acquire a finite occupation in this squeezed vac-
uum.
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