
Magnonic frequency comb through nonlinear magnon-skyrmion scattering

Zhenyu Wang1, H. Y. Yuan2,∗ Yunshan Cao1, Z.-X. Li1, Rembert A. Duine2, and Peng Yan1†

1School of Electronic Science and Engineering and State Key Laboratory of Electronic Thin Films and Integrated Devices,
University of Electronic Science and Technology of China, Chengdu 610054, China and
2Institute for Theoretical Physics, Utrecht University, 3584 CC Utrecht, The Netherlands

An optical frequency comb consists of a set of discrete and equally spaced frequencies and has found wide
applications in the synthesis over a broad range of spectral frequencies of electromagnetic waves and precise
optical frequency metrology. Despite the analogies between magnons and photons in many aspects, the ana-
logue of an optical frequency comb in magnonic systems has not been reported. Here, we theoretically study
the magnon-skyrmion interaction and find that a magnonic frequency comb (MFC) can be generated above
a threshold driving amplitude, where the nonlinear scattering process involving three magnons prevails. The
mode-spacing of the MFC is equal to the breathing-mode frequency of skyrmion and is thus tunable by either
electric or magnetic means. The theoretical prediction is verified by micromagnetic simulations and the essential
physics can be generalized to a large class of magnetic solitons. Our findings open a new pathway to observe
frequency comb structures in magnonic devices that may inspire the study of fundamental nonlinear physics in
spintronic platforms in the future.

A frequency comb is a spectrum consisting of a series of
discrete and evenly spaced spectral lines. It was originally
proposed in optical systems through a pulse train generated
by a mode-locked laser [1] and later realized in microres-
onators utilizing the Kerr nonlinearity [2]. The optical fre-
quency comb enables the mutual conversion between elec-
tromagnetic waves at optical and microwave frequencies and
is important for high-precision frequency metrology, such as
the optical atomic clock, optical ruler, exoplanets search, and
molecular spectra sampling [3–6]. The success of photonic
frequency combs also inspires physicists to search for alter-
native frequency comb generators. Recently, phononic combs
have been theoretical predicted [7] and demonstrated in mi-
croscopic extensional mode resonators through a three-wave
mixing process [8].

A magnon is the quantum of collective spin excitations in
ordered magnets and it resembles the photon as a bosonic
quasiparticle. Magnon spintronics rises for the long co-
herent time, low-power consumption and convenient electri-
cal manipulation of magnons as information carriers. Many
photonic phenomenon such as Bose-Einstein condensation,
squeezed states, antibunching and multi-particle entanglement
have been reported for magnonic systems [9–15], and cav-
ity photon and magnon can be strongly entangled to achieve
coherent information transfer [16–23]. Such interplay ex-
tends the horizon of traditional spintronics and further makes
magnonic system a promising candidate for quantum informa-
tion processing and quantum computing. Despite these analo-
gies, however, the analogue of frequency combs in magnonic
system is yet to be realized.

The leading nonlinear effects in magnetic media are three-
magnon and four-magnon processes. The three-magnon pro-
cess is potentially able to induce a frequency comb, but it is
usually very weak due to the weak dipolar interaction. The
four-magnon interaction is dominated by the strong exchange
interaction, but the induced magnon spectrum is a continuous
spectrum in two and higher dimensions [24]. Therefore, how
to generate frequency combs remains an interesting and chal-

0n rnω ω ω= +

2ω− 1ω− 1ω 2ωrω

rω rω
rω rω

Sp
in

 w
av

e 
am

pl
itu

de
0ω

ω

nω

0ω

rω

Incident
spin wave

Breathing
skyrmion

Scattered
spin wave

FIG. 1: Schematic illustration of nonlinear magnon-skyrmion scat-
tering and the resulting MFC in a magnetic film. The mode spacing
in the frequncy comb is determined by the frequency of skyrmion
breathing mode ωr.

lenging problem. Recently, it has been shown that magnetic
textures can significantly enhance the nonlinear three-magnon
interaction in magnetic systems [25–27]. Among them, mag-
netic skyrmions are of particular interest for both fundamen-
tal physics and potential applications in spintronic devices.
Most studies on the magnon-skyrmion interactions, however,
focused on the linear response, such as topological magnon
Hall effect and magnon-driven skyrmion motion [28–30]. The
nonlinear magnon-skyrmion interaction is rarely addressed.

In this Letter, we theoretically study the nonlinear interac-
tion between magnetic skyrmions and magnons excited by a
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microwave source and predict a novel magnonic frequency
comb (MFC) consisting of evenly spaced magnon modes
when the amplitude of the driving field is above a threshold
and its frequency lies in a frequency window. The mode-
spacing in the comb is equal to the frequency of the skyrmion
breathing mode. Our findings open the door for realizing the
frequency comb in magnonic devices that shall extend our cur-
rent understanding of the fundamental comb physics.

Let us consider a chiral magnetic system in the xy plane,
described by the following Hamiltonian,

H =

∫
A(∇m)2 − Km2

z + D[mz∇ ·m − (m · ∇)mz]dxdy, (1)

where m is the normalized magnetization, A is the exchange
stiffness, K is the easy-axis anisotropy coefficient, and D is
the strength of Dzyaloshinskii-Moriya interaction (DMI). The
interplay of the exchange interaction, anisotropy and DMI
will stabilize the magnetic skyrmion. To investigate the in-
teractions of magnons excited from the ground state, we
make a small perturbation around the skyrmion profile, i.e.,
m(x, y) = m0(x, y) + δm(x, y), where m0(x, y) is the static
skyrmion profile while the fluctuation δm(x, y) can be further
quantized as the magnon creation and annihilation operators
through Holstein-Primakoff transformation [31]. By substitut-
ing the ansatz back into Eq. (1), we rewrite the Hamiltonian as
H = H (0)+H (2)+H (3)+H (4)+..., whereH (0),H (2),H (3),H (4)

are respectively the ground state energy, two, three and four
magnon scattering processes [24]. Here we observe that the
main contribution to the three-magnon process is H (3) ∝

ak1 a†k2
a†k3

+ ak1 ak2 a†k3
+ h.c., where ak (a†k) is the magnon anni-

hilation (creation) operator around the skyrmion profile. Usu-
ally, this three-magnon process is weak for a dilute magnon
gas excited on top of the ferromagnetic state. However, the
large magnetization gradient near the skyrmion wall enhances
this nonlinearity [25]. If one mode such as ak1 is driven with
a strong power microwave, the three-magnon process may be
further amplified by the amplitude of the driving 〈ak1〉. On
the other hand, a strong driving may cause significant de-
formation and fluctuation of the skyrmion profile, such that
its internal mode including breathing and gyrotropic modes
can be excited. Then the breathing mode, for instance, can
hybridize with the driving mode through this three-magnon
process and generate the sum and difference frequency sig-
nals, while these secondary signals can further hybridize with
the breathing mode to generate higher-order frequency modes.
This chain reaction will cause a cascade of the magnonic exci-
tation in the system, and finally result in the generation of the
MFC with the frequency spacing around the skyrmion breath-
ing mode, as illustrated in Fig. 1.

To capture the essential physics of the three-magnon pro-
cess, we start from the Hamiltonian [24],

H = ωka†kak + ωra†r ar + ωpa†pap + ωqa†qaq + gp(akara†p + h.c.)

+ gq(aka†r a†q + h.c.) + h(akeiω0t + a†ke−iω0t),
(2)

where ωk is the frequency of the incident spin-wave mode, ωr

is the frequency of breathing mode, p and q are respectively
the sum-frequency mode with frequency ωp = ωk + ωr and
difference-frequency mode with frequency ωq = ωk − ωr. gp

and gq are respectively the strength of the three-magnon con-
fluence and splitting. In general, they should depend on the
mode overlap of the three types of magnons. Here we treat
them as phenomenological parameters. The last term is a mi-
crowave driving with amplitude h and frequency ω0.

We eliminate the time dependent term in (2) by transform-
ing into a rotating frame V = exp[−iω0t(a†kak + a†pap + a†qaq)],
and the result is,

H = ∆ka†kak + ωra†r ar + ∆pa†pap + ∆qa†qaq

+ gp(akara†p + h.c.) + gq(aka†r a†q + h.c.) + h(ak + a†k),
(3)

where the detunings are defined as ∆ν = ων −ω0 (ν = k, p, q).
Based on the Hamiltonian (3), we readily derive the Heisen-
berg dynamic equations for the system as,

i
dak

dt
= (∆k − iαkωk)ak + gqaraq + gpa†r ap + h, (4a)

i
dar

dt
= (ωr − iαrωr)ar + gqaka†q + gpa†kap, (4b)

i
dap

dt
= (∆p − iαpωp)ap + gpakar, (4c)

i
daq

dt
= (∆q − iαqωq)aq + gqaka†r , (4d)

where αν (ν = k, r, p, q) is the damping rate of the correspond-
ing magnon mode that we have phenomenologically added to
the equations of motion, but can be derived by assuming a
Gilbert damping [32]. In the strong driving limit, the mean
field approximation can be taken such that 〈uiu j〉 = 〈ui〉〈u j〉,
where u = (ak, ar, ap, aq, a

†

k , a
†
r , a
†
p, a
†
q)T . Then the Heisenberg

equations in the steady state (d〈u〉/dt = 0) always have a triv-
ial solution: 〈ak〉 = −h/(∆k − iαωk) and 〈ar〉 = 〈ap〉 = 〈aq〉 =

0. This corresponds to the linear response of the system, i.e.,
only one magnon mode matching the driving frequency ω0 is
strongly excited. When the driving power increases above a
threshold, this trivial solution becomes unstable and the sys-
tem will enter into the nonlinear regime.

To calculate the driving threshold, we expand the average of
first moments around this trivial solution as aν = 〈aν〉+δaν and
rewrite the dynamic equations as dδu/dt = M · δu, where M
is the drift matrix [24]. Based on the Routh-Hurwitz criteria
[33], all eigenvalues of M should have negative real parts to
guarantee the stability of the system. This condition implies
that at least one eigenvalue of M is purely imaginary at the
critical point, which determines the threshold field hc as,

hc =
α2ω0

√
2ω3

0 + ω2
0ωr − 2ω0ω2

r − ω
3
r

g
√

4ω0 − 2ωr
, (5)

where we assume gp = gq = g, and that all magnon modes
have identical damping rates αk = αr = αp = αq = α � 1
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for simplicity. Here we are interested in the driving mi-
crowave with frequency much larger than the breathing-mode
frequency of the skyrmion, i.e., ω0 � ωr, so that the thresh-
old can be approximated as hc ≈ α

2ω2
0/
√

2g. The existence of
such a threshold is the first key prediction of this letter.

Above the threshold hc, the sum-frequency mode (ωk +ωr)
and difference-frequency mode (ωk − ωr) will be excited si-
multaneously. By solving Eq. (4), we can analytically derive
the magnon population as [24],

|〈ak〉| =
hc

αω0
, |〈ar〉| =

√
hc(h − hc)
αω0

, (6a)

|〈ap〉| =

√
hc(h − hc)

√
2α(ω0 + ωr)

, |〈aq〉| =

√
hc(h − hc)

√
2α(ω0 − ωr)

. (6b)

We immediately see that the magnon number of the breath-
ing mode |〈ar〉|

2 will keep accumulating as we increase the
driving field and even surpass the driving magnons. In re-
ality, this trend will be suppressed due to the four-magnon
scattering (H (4) term). Within mean-field formalism, the
four magnon interaction will modify the eigenfrequency ωr

as ωr + κ〈a†r ar〉, where the coefficient κ represents the in-
teraction strength. Now the steady amplitude is approxi-
mately |〈ak〉| ∼ h/(αωk), |〈ar〉| ∼ εωr/κ, where the dimen-
sionless parameter κ can be determined by solving a set of
self-consistent equations [24]. Below, we shall verify these
theoretical predictions by numerically simulating the interac-
tion of skyrmions with magnons using Mumax3 [34].

We consider a ferromagnetic thin film shown in Fig. 2(a)
with dimensions 1000 × 1000 × 1 nm3. It can host a Néel-
type skyrmion at the film center, if the interfacial symmetry
is broken by growing a heavy metal layer in adjacent to the
magnetic film. The magnetization dynamics is simulated by
numerically solving the Landau-Lifshitz-Gilbert equation,

∂m
∂t

= −γm × heff + αm ×
∂m
∂t
, (7)

where γ is gyromagnetic ratio, heff = −δH/δm is the effective
field including exchange, anisotropy, dipolar, and driving AC
fields, and α is Gilbert damping. The magnetic parameters
of Co [35] are used in the simulations [24]. The absorbing
boundary condition is adopted to minimize the spin-wave re-
flection by film edges [36].

We first characterize the intrinsic magnon excitation spec-
trum of the skyrmion by applying a sinc-function field in the
film plane, i.e., h(t) = h0sinc(ωHt)x̂ with amplitude h0 = 10
mT and cut-off frequency ωH/2π = 100 GHz. The inter-
nal spectrum of the magnetic system is obtained by carry-
ing a standard fast Fourier transform (FFT) for each cell and
then averaging over the whole film. Three main peaks cen-
tering at 37.7 GHz, 30.7 GHz, and 8 GHz are found in the
δmz spectrum, as shown in Fig. 2(b), while, in the absence
of skyrmion, only the 37.7 GHz mode appears in the δmx

spectrum. Through this comparison, 37.7 GHz mode is as-
certained to be the ferromagnetic resonance (FMR) mode,
whose frequency can be analytically calculated as ωc/2π =
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FIG. 2: (a) Schematic illustration of a magnetic thin film hosting a
Néel-type skyrmion. (b) The internal spectrum of the magnetic film
with (solid line) and without skyrmion (dashed line). (c)(d) The time
evolution of skyrmion position and skyrmion radius under the driving
with frequency ω/2π = 8 and 30.7 GHz, respectively.

γ(2K − µ0M2
s )/(2πMs) = 37.5 GHz. We notice a foldover

of FMR lineshape to lower frequency under the influence of
canted magnetization at the edge. Moreover, by analyzing the
skyrmion motion under the sinusoidal microwave driving of
8 GHz and 30.7 GHz, as shown in Fig. 2(c) and 2(d), we
identify them as the breathing mode and counterclockwise gy-
rotropic mode, respectively.

According to the theoretical rationale, to generate a MFC,
one needs a strong enough driving. Here we apply a mi-
crowave driving field h(t) = h0sin(ω0t)x̂ with ω0/2π = 80
GHz in a narrow rectangular area of the film [black bar in Fig.
3(a)]. The magnons that are excited near the source will prop-
agate toward the skyrmion located at the film center and inter-
act with it. To analyze the magnon excitation in the skyrmion
region, we make FFT of the time dependent magnetization
and record the response at various fields. Figure 3(b) shows
the response distribution in frequency space as we tune the
driving amplitude h0, and three phases can be classified: (i)
Below 100 mT, mainly the magnon mode matching the driv-
ing frequency ω0/2π = 80 GHz and the FMR mode (ωc) are
excited. (ii) In the window from 100 to 130 mT, two main
side-peaks at 80 + 8 = 88 GHz and 80 − 8 = 72 GHz are ex-
cited. (iii) Above 130 mT, clear frequency comb with mode-
spacing of the breathing-mode frequency emerges, as shown
in Fig. 3(c). These features are consistent with the theoretical
predictions. It is noted that multiple frequency lines between
MFC centered at 80 GHz and the double frequency mode 160
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FIG. 3: (a) Illustration of magnetic film subjected to a microwave
source applied in a rectangular region (black bar). (b) The complete
response of the system as we tune the driving amplitude (h0). The
driving frequency is fixed at 80 GHz. The color codes the amplitude
of the excitation. (c) Response of the system at three representative
fields µ0h0 = 10 mT (upper panel), 100 mT (middle panel) and 200
mT (lower panel), respectively. (d) The amplitude of the four main
peaks at ω/2π = 80, 8, and 80 ± 8 GHz as a function of driving am-
plitude obtained by integrating in 0.5 GHz wide frequency window.
Analytical curves are calculated by solving the Heisenberg equation
with parameters: α = 0.001, ωk/2π = 80 GHz, ωr/2π = 8 GHz, and
g = 4.5 × 10−3 GHz.

GHz overlap each other, which is due to the slight deviation of
breathing mode from 8 GHz under strong driving. The mode
splitting-like behavior near 200 GHz (Nyquist frequency) is a
false effect of the FFT analysis [24]. Figure 3(d) shows the
quantitative comparison between theory and simulations for
the amplitudes of four main modes at 80 GHz (black dots), 8
GHz (green dots), 72 GHz (blue dots), and 88 GHz (red dots),
respectively. The analytical model thus captures the trend of
these four modes well, while the main deviation is on the am-
plitude of breathing mode. This is attributed to the simplified
three-mode interaction in the theoretical formalism, and the
breathing mode may be further consumed by generating the
higher-order modes inside the MFC.

To study the robustness of the magnonic comb against fluc-
tuations of the driving frequency, we vary the microwave fre-
quency ω0/2π ranging from 60 up to 100 GHz. Figure 4(a)
shows that the magnonic comb is mostly visible in a window
from 67 to 82 GHz, while the mode spacing of the comb is
always equal to the frequency of breathing mode (8 GHz)
regardless of the driving frequency. To understand this be-
havior, we notice that the window is around the double fre-
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The amplitudes of the four main modes ω0, ω0 ±ωr, ωr as a function
of driving amplitude. The theoretical curves are calculated resem-
bling that in Fig. 3 with a driving frequency dependent coupling g.
g0 = 6.65 × 10−3 GHz, σ = 8 GHz.

quency of the FMR mode (2ωc/2π=75 GHz). This suggests
that the spins near the skyrmion may be more effectively ex-
cited though subharmonic process. Such consideration natu-
rally implies that the strength of three magnon-process (gp, gq)
will be frequency dependent. Here we assume that it follows
a Gaussian profile as gp(ω) = gq(ω) = g0e−(ω−2ωc)2/σ2

with g0
being determined by the field threshold shown in Fig. 3(d).
Figure 4(b) shows that this consideration can recover the ex-
citation window of frequency comb very well. Meanwhile,
the amplitude of four main modes modes ω0 (black dots), ωr

(green dots), ω0 −ωr (blue dots), ω0 +ωr (red dots) as a func-
tion of the driving frequency can be described quantitatively.
The breathing mode ωr (green lines) is higher than numerical
values, which, similar to Fig. 3, is due to the neglect of higher-
order modes in our theoretical formalism. As a comparison,
the frequency comb is absent in a ferromagnetic state under
microwave driving [24].

To verify our theoretical predictions in experiments, one
can locally inject a spin wave in a chiral magnetic thin film
hosting skyrmions, and then measure the spectrum of the
excited spin waves near the skyrmion through frequency-
resolved techniques such as Brillouin light scattering [37].
This allows the real-time identification of the frequency
modes in the magnonic comb. Moreover, since the breathing-
mode frequency of a skyrmion is inversely proportional to the
square of skyrmion size (Rs), i.e., ωr ∝ R−2

s [38], we estimate
that the mode spacing in a magnonic comb can range from
GHz regime for a 10-nm skyrmion down to kilohertz regime
for a 1000-nm skyrmion. This complements the working fre-
quency of the optical frequency comb with the mode-spacing
from 50 MHz to 500 GHz [3], and can be potentially extended
to the frequency range of THz in antiferromagnets. The MFC
technology can be utilized in spin wave excitation and calibra-
tion [39], accurate detection of magnetic solitons and defects
by analyzing the comb spectroscopy before and after pass-
ing through the magnetic media, and even find its role in en-
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gineering phase-coherent magnon laser [26, 40] and magnon
quantum computing [41, 42]. The present study uncovers the
important physics associated with the internal excitations of
skyrmions, which should shed a new light on skyrmionics.

In conclusion, we have shown that a strong microwave
driving can induce a hybridization of the driving mode with
the breathing mode of a magnetic skyrmion, generating a
magnonic frequency comb. The threshold of the driving am-
plitude and the excitation window of the driving frequency are
well modelled by our Hamiltonian formalism involving the
sum-frequency and difference-frequency processes of three
magnons. We envision that the essential physics should also
hold for other magnetic solitons with low-frequency inter-
nal modes, such as antiskyrmions, domain walls, and vor-
tices. Note that the experimental study of the interaction of
spin-wave and domain wall was recently reported [43]. Tera-
hertz frequency combs induced by nonlinear magnon-solition
interaction in antiferromagnets are also an interesting issue.
Our results open a novel avenue to study the frequency comb
physics in magnetic systems combining the advantages of
magnons and general magnetic textures.
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Note added.—Recently, we became aware of a preprint [44]
which experimentally demonstrated the generation of spin-
wave frequency combs.
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