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Chapter 1

Introduction

Identifying optimal solutions and characterizing their features is the bedrock of the calculus of
variations. The appeal of this mathematical branch is that minimization problems are generally
easy to formulate but much more complicated to solve; indeed, the reader will likely agree that
we often seek solutions of least effort to issues in our daily lives. The importance of the calculus
of variations is underlined by its vast variety of applications ranging from finding geodesics in
differential geometry to optimal control theory, the analysis of electrostatics, equilibrium states
in quantum mechanics, and most prominently, particularly in this thesis, materials science, see
e.g. [70, 134, 182, 197]. In fact, the classical mechanics literature usually covers variational
approaches to some degree, and most textbooks on the calculus of variations target aspects of
elasticity and plasticity theory, among others. After all, we find plenty of variational principles
emerging from physics such as Fermat’s principle of least time in optics, or Hamilton’s principle
of least action (although “least” is a historical misnomer).

The first era of the modern calculus of variations was born in 1696 with Johann Bernoulli’s
famous brachistochrone problem (from Ancient Greek, “shortest time”). He raised the question
of which path an object that is attached to a wire and is driven frictionless only by gravity
has to take to travel between two given points in a vertical plane in the shortest possible time,
see Figure 1.1. His challenge, which was published in the journal Acta Eruditorium [32], has
gained considerable attention in the calculus community with notable contributions by Leibniz,
L’Hospital, Newton, and Johann’s brother Jacob Bernoulli.

In the eighteenth century, the framework of the classical methods (or nowadays so-called
indirect methods) in the calculus of variations was developed by Euler and Lagrange. Euler
was also the first to tackle variational problems constrained by differential equations, a topic
paramount to this thesis. These classical techniques involve the generalization of the first direc-

A

B

M

Figure 1.1: Illustration of the brachistochrone problem, in which an object M moves along a
wire between two points A and B.
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2 CHAPTER 1. INTRODUCTION

tional derivative of a functional, which is called the first variation, and the identification of its
extremal points as stationary points with respect to the first variation of the functional. The
latter commonly amounts to solving the resulting ordinary or partial differential equations called
the Euler-Lagrange equations. With these contributions, determining necessary properties of
minimizers was the primary focus during the eighteenth century, at the end of which Legendre
was one of the first to attack the issue of sufficiency with the help of the second variation [142];
His work was later continued by Weierstraß [109, Chapter 5.3].

David Hilbert started the second era of the modern calculus of variations with his esteemed
lecture in 1900 to the International Congress of Mathematicians, and the development of the so-
called direct method (see Section 1.2), which he used to prove Dirichlet’s principle [154, Chapter
IV]. In his lecture, he presented his now well-known 23 problems, three of which directly con-
cerned the calculus of variations and inspired many mathematicians, like Hadamard, Lebesgue,
Noether, and Tonelli, to contribute to the field. For more details on the history of the calculus
of variations, we refer the reader to, e.g., Giaquinta & Hildebrandt [103, 104], Goldstine [109],
or Monna [154].

In contrast to the classical techniques, the direct method exploits minimality properties of
the functional itself instead of determining characterizing attributes of the minimizers. From
the work of Hilbert, a major branch of the calculus of variations emerged that is devoted to
determining the existence of minimizers via lower semicontinuity and coercivity of the functional,
the key ingredients to the direct method. We describe in Section 1.2 the general theory as well
as its applications to integral functionals, which are significant for application in the context of
isoperimetric problems (see, e.g., [197, Chapter 4]), classical mechanics [52, 53, 54], or imaging
sciences (e.g., [45]), to mention but a few.

In the setting of integral functionals, the domain is often chosen to be a (subset of a) Sobolev
space equipped with the weak topology, in which case we are lead to investigate aspects of weak
coercivity and weak lower semicontinuity. While weak coercivity can simply be achieved by
imposing suitable polynomial growth of the corresponding integrand, finding characterizing con-
ditions for weak lower semicontinuity is much more delicate and is closely related to generalized
notions of convexity. For standard problems involving suitable polynomial behavior, it turns
out that quasiconvexity of the integrand, which was first introduced by Morrey in 1952 [160],
is such a necessary and sufficient condition, see Theorem 1.15. However, this classical result
does not cover extended-valued functionals emerging from constrained variational problems. In
fact, the characterization of weak lower semicontinuity of unbounded functionals is still an open
problem [15]. This issue complicates minimization problems involving non-convex differential
constraints arising, in particular, in the context of hyperelasticity in the form of incompressibil-
ity, non-interpenetration, (local) rigidity, and orientation preservation. Such assumptions are,
however, crucial in designing advanced high-tech materials, which is why it is paramount to
obtain a better understanding of constrained variational problems.

In the absence of lower semicontinuity, the existence of minimizers is no longer secured.
Instead, the calculus of variations is then concerned with the analysis of low-energy sequences,
which often exhibit fine oscillations on smaller length scales. The most prominent example in
elastostatics is the formation of microstructures in shape-memory alloys; in the simplest case,
these structures are essentially described by functions whose gradients are highly oscillating
between two values, although the deformation gradient may be smooth on a macroscopic level,
see for example [21, 84, 162], see also Remark 1.23. To efficiently capture and describe these
effects, a closely related minimization problem from which one can deduce asymptotic prop-
erties of low-energy sequences is studied. Precisely, a common approach is to determine the
lower semicontinuous envelope (or relaxation) of the given functional. Under suitable coercivity
assumptions, the associated relaxed variational problem then admits a solution and low-energy
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sequences of the unrelaxed functional converge (up to the selection of subsequences) to mini-
mizers of the relaxation, see Theorem 1.12. In the case of integral functionals with standard
polynomial growth of the integrand, Dacorogna proved in [69] (see also [70]) the structure-
preserving result that the weak lower semicontinuous envelope is determined by an integral
functional, whose integrand coincides with the quasiconvex envelope of the original integrand,
see also Theorem 1.22.

Another approach to effectively describe the asymptotic behavior of low-energy sequences
involves the theory of Young measures, see for example [13] or [175] and the references therein.
In this context, we shall also make the reader aware of the work by Kinderlehrer & Pedregal
[121, 122] in which the authors derive a significant connection between quasiconvexity and
gradient Young measures. In this thesis, we merely touch upon this topic in Chapter 5 as a tool.

The fundamental basis of the relation between calculus of variation and classical mechanics
consists of solid grasp of material deformation behavior. To this end, one needs to understand
the materials’ reactions to external forces on different length scales, as well as their interaction,
through suitable averaging procedures and limit processes. This is commonly referred to as
multiscale modeling and, in practice, strongly narrows the availability of numerical simulations
[150]. These obstacles can be overcome with the help of powerful novel mathematical concepts
in the calculus of variations and asymptotic analysis such as the abstract framework of Γ-
convergence introduced by Franzoni & De Giorgi in 1975 [78, 79], see also Section 1.3. This
notion of variational convergence is particularly well-suited for the analysis of nonlinear problems
and extraordinarily adaptable. It enables the treatment of a wide variety of problems such
as dimension reduction, homogenization, discrete-to-continuum limits and relaxation, see for
example [42] or [71] and the references therein. We provide a separate brief introduction to
dimension reduction and homogenization in Sections 1.4 and 1.5. With this potent variational
concept at hand, finding reliable macroscopic descriptions of materials with fine microstructures
or inhomogeneities becomes much more accessible.

New challenges in the calculus of variations lie in the analysis of variational problems sub-
ject to non-standard constraints. Especially constraints involving non-convex (inhomogeneous)
partial differential expressions are generally known to be technically demanding. In particular,
many physically relevant material properties such as incompressibility, non-interpenetration of
matter, orientation preservation, or rigidity prevent the application of standard theories.

The goal of this thesis is to investigate constrained variational problems attributed to im-
portant material classes involving local volume preservation. A detailed overview of the main
results of this thesis is given in Section 1.6. In short, a complete hierarchy of 3d-1d dimension
reduction results for locally volume preserving elastic strings and rods is derived in Chapters 2
and 3. We provide a macroscopic understanding of high-contrast materials reinforced by rigid
fibers via a compactness result of an associated homogenization framework in Chapter 4. We
conclude this thesis with an analysis of the set of attainable macroscopic deformations in single-
slip polycrystal plasticity in Chapter 5; these states are determined by affine boundary values
of Lipschitz solutions to an inhomogeneous partial differential inclusion involving local volume
preservation as well as length-preservation in specific directions.

1.1 Introduction to hyperelasticity

We start to introduce the mathematical framework for variational approaches to the Lagrangian
description of elasticity theory in n P t1, 2, 3u dimensions. We call the reference configuration
Ω � Rn the region that an undeformed elastic body occupies at a given time. In this thesis,
we are only interested in stationary, or time-independent problems. The material body is then
(instantly) transformed via a deformation u : Ω Ñ Rn; the image upΩq is called the deformed
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configuration, see Figure 1.2. To avoid confusion we point out that in the engineering community
the letter u to refers to the displacement, which describes the deviation from the identity,
instead of the deformation itself, see, e.g., [52, 113]. In the context of continuum mechanics,
it is commonly assumed that deformations are continuously differentiable and have a positive
determinant everywhere. However, these conditions are often mathematically too restrictive
and are therefore weakened or omitted. The key feature of hyperelastic materials is that their

reference configuration

u
Ω

deformed configuration

upΩq

Figure 1.2: Illustration of a material body Ω being deformed by a deformation u.

so-called first Piola-Kirchhoff stress tensor P : Ω � GL�pnq Ñ Rn�n can be expressed as the
derivative of a function W : Ω � Rn�n Ñ r0,8s, which is finite on GL�pnq :� tF P Rn�n :
detF ¡ 0u, with respect to its second argument, i.e.

P px, F q � BFW px, F q for all F P GL�pnq and a.e. x P Ω. (1.1)

In this setting, the internal elastic energy associated to a deformation can be described via
the stored energy density (or strain energy density) W that captures the material properties.
Precisely, if Ω � Rn is the reference configuration of a given hyperelastic body and u : Ω Ñ Rn

is a deformation, then »
Ω
W px,∇upxqq dx

determines the elastic energy associated to u.
It is often assumed that the strain energy remains constant under any change of observers,

which is incorporated into the density via

W px,RF q �W px, F q for all R P SOpnq, F P Rn�n and a.e. x P Ω. (1.2)

Since strain energy densities are usually normed in the sense that W px, Idq � 0 for a.e. x P Ω, we
find that, under the assumption of frame-indifference (1.2), they vanish on the set of rotations.
A finite valued prototypical choice of W for homogeneous solids is then given by

W pF q � distppF,SOpnqq with distpF,SOpnqq � inf
RPSOpnq

|F �R|, (1.3)

for p ¥ 1. However, such finite-valued densities do not reflect all relevant material properties.
In particular, (1.3) allows an unrealistic compression to a single point as well as the change
of orientation of deformations or self-interpenetration. Mathematically, these phenomena are
eliminated by introducing the constraint requiring positive determinants and a singularity at
detF � 0, i.e.,

W px, F q � 8 if detF ¤ 0 and W px, F q Ñ 8 as detF Ñ 0 for a.e. x P Ω. (1.4)
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Combining the frame-indifference (1.2) with (1.4) then ensures that there exists another density�W : Ω�GL�pnq X Rn�n
sym Ñ r0,8s such that

W px, F q � �W px, F TF q

for all F P GL�pnq, due to the standard polar decomposition F � R
?
F TF for some suitable

R P SOpnq. If F is taken to be the gradient of a deformation, then the quantity F TF is called the
right Cauchy-Green strain tensor and determines the square of local change of length applied by
the deformation. In some applications, the deformation behavior of solids does not depend on
the direction of external influences like mechanical loading. Such materials are called isotropic
and their stored energy densities satisfy the relation

W px, FRq �W px, F q for all R P SOpnq, F P Rn�n and a.e. x P Ω. (1.5)

Combining (1.2) with (1.4) and (1.5), we obtain that the strain energy essentially depends only
on the eigenvalues of F TF or the singular values of F . In engineering terms, the energy density
depends only on the principal invariants I1, I2, I3 of F TF ,

I1 :� TrpF TF q � |F |2,
I2 :� 1

2

�pTrpF TF qq2 � TrpF TF q2� � | adjF |2,
I3 :� detF,

(1.6)

where adjF is the classical adjoint, or adjugate, of F . This fact is of particular relevance for the
non-standard theory to prove the existence of minimizers of the total elastic energy, see Remark
1.18 below. Finally, we note that, similarly to (1.4), another common assumption is that infinite
stretching also costs an infinite amount of energy, i.e.,

W px, F q Ñ 8 if |F | Ñ 8 for a.e. x P Ω.

Before we continue, we shall present some standard examples of stored energy densities
describing homogeneous materials. Inhomogeneities are commonly modeled by incorporating
the dependence on the space variable directly into the occurring material constants. Recalling
(1.1), we note that strain energy densities are specified only up to a translation.

Example 1.1. aq The stored energy density for Saint-Venant Kirchhoff materials is defined by

W pF q � λ

2

�
Tr 1

2pF TF � Idq�2 � µ|12pF TF � Idq|2, F P Rn�n, (1.7)

where λ, µ ¡ 0 are the so-called Lamé coefficients; the latter is also called the shear modulus.
The associated first Piola-Kirchhoff stress tensor is then

P pF q � λ

2
TrpF TF � Idq � µpF TF � Idq, F P Rn�n.

If F P Rn�n is chosen to be a deformation gradient, then the quantity resulting from 1
2

�
F TF�Id

�
is called the Green-Lagrange (or Green-Saint Venant) strain tensor and can be used as a metric
for the deviation of the gradient from a rotation. The factor 1

2 is included to make the transition
to linearized elasticity consistent.

In applications, it is often more convenient to write (1.7) in terms of the singular values
v1pF q ¤ . . . ¤ vnpF q of F and different elastic constants. Precisely,

W pF q � E

8p1� νq
ņ

i�1

pvipF q2 � 1q2 � Eν

8p1� νqp1� 2νq

�
ņ

i�1

vipF q2 � 2

�2

, F P R2�2 (1.8)
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where

E � µp3λ� 2µq
λ� µ

and ν � λ

2pλ� µq (1.9)

are respectively called the Young modulus and the Poisson ratio.

bq Compressible Neo-Hookean materials [183] are described by simple energy densities of the
form

W pF q �
#
a|F |2 � ΓpdetF q if detF ¡ 0,

8 otherwise,
F P Rn�n (1.10)

with a ¡ 0 and Γ : p0,8q Ñ r0,8q is given by Γpdq � c1d
2 � c2 log d for suitable constants

c1, c2 ¡ 0. In toy models, the orientation preservation and the term Γ governing the determinant
are left out.

cq The energy densities describing compressible Mooney-Rivlin materials [155, 183] are simi-
lar to (1.10) but include an additional term measuring the pn�1q�pn�1q minors of F P Rn�n.
To be precise,

W pF q �
#
a|F |2 � b| adjF |2 � ΓpdetF q if detF ¡ 0,

8 otherwise,
F P Rn�n

with a, b ¡ 0 and Γ as in bq.
dq Compressible Ogden materials [169, 170] represent an even broader class of materials and

are described by

W pF q �

$''&''%
M̧

i�1

aipxqTrC
γi
2 �

Ņ

j�1

bj TrpadjCq
δj
2 � ΓpdetF q if detF ¡ 0,

8 otherwise,

F P Rn�n (1.11)

where C � F TF describes the right Cauchy-Green strain tensor, and ai, bi ¡ 0, γi, δj ¥ 1 for all
i P t1, . . . ,Mu and j P t1, . . . , Nu for M,N P N. In this setting, the function Γ : p0,8q Ñ p0,8q
is assumed to be convex and to explode with infinite compression, i.e., limdÑ0 Γpdq � 8.

eq Local volume preservation is modeled by subjecting the deformation gradients to the non-
convex constraint det∇u � 1. Hence, incompressible variants of the materials in aq - dq are
then described (up to a translation) by a constrained energy density of the form

W pF q �
#
W0pF q if detF � 1,

8 otherwise,
F P Rn�n (1.12)

where W0 : Rn�n Ñ r0,8s is chosen to be one of the functions in (1.7) - (1.11). Another model
for rubber-like materials in three dimensions was introduced by Yeoh in [202, 203] and is given
by

W pF q �

$'&'%
3̧

i�1

ai
�

TrpF TF � Idq�i if detF � 1,

8 otherwise,

F P R3�3
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We highlight that (1.4) is often neglected in many variational models for the sake of mathe-
matical simplicity. In this thesis, (1.4) is generally disregarded, if not mentioned otherwise.

In particular, the standard theory on the existence of minimizers of integral functionals,
which we discuss in Section 1.2, is built on finite-valued energy functionals with suitable growth
and convexity conditions. The next proposition shows that many toy models working with
convexity of W are automatically excluded by (1.4).

Proposition 1.2 (Non-existence of a convex energy density [134, Proposition 2.3.4]).
If n ¥ 2, then there exist no function W : Ω � Rn�n Ñ r0,8s such that W px, �q is convex and
finite on GL�pnq for almost every x P Ω, and satisfies (1.4).

External forces play a crucial role in the deformation behavior of elastic materials and we
model their effect with the help of the total elastic energy (or system energy) given by

Epuq �
»
Ω
W p∇upxqq dx�

»
Ω
fpxq � upxq dx, (1.13)

where f : Ω� Rn is the force density of a so-called dead load like gravity.
The variational approach to elasticity theory involves the minimization of such energy func-

tionals since determining its (local) minimizers is critical in understanding the material’s de-
formation behavior. The first ansatz is to seek solutions that are continuously differentiable
with a positive Jacobian, but the minimization over this class of functions is rather delicate and
does not account for microstructures such as laminates. Instead, the system energy (1.13) is
minimized in a (subset of a) reflexive Sobolev space W 1,ppΩ;Rnq for some p ¡ 1 throughout this
thesis. Although highly significant for applications, we do not concern ourselves with questions
of regularity here. If fracture behavior of a material is of interest, then (1.13) can instead be
analyzed on the space of functions with bounded variation BV pΩ;Rnq; for an introduction to
these spaces, see for example [6, 10].

The importance of suitably minimizing (1.13) is underlined by the next proposition which
relates minimizers of (1.13) to solutions to the equilibrium equations of the first Piola-Kirchhoff
tensor, see for example [134, Theorem 1.2.6] and [182, Theorem 3.1]. The reader will note
that, considering (1.4), the growth assumption on the gradient of the elastic energy density is a
mathematical simplification. Of course, including the constraint of positive determinants makes
the minimization much more involved since minimizers of (1.13) need not satisfy the associated
Euler-Lagrange equations, see [23, 24]. This constrained setting is generally more complex and
and requires a more delicate approach, see [15, Section 2.4].

Proposition 1.3 (Euler-Lagrange equations of hyperelastic materials). Let Ω � Rn be
a bounded Lipschitz domain of hyperelastic material with strain energy density W : Ω�Rn�n Ñ
r0,8q, that is,

P px, F q � BFW px, F q x P Ω, F P Rn�n,

where P : Ω � Rn�n Ñ Rn�n is the first Piola-Kirchhoff stress tensor. Further let g P
W 1,ppΩ;Rnq, f P LqpΩ;Rnq with 1

q � 1
p � 1, and suppose that W is Carathéodory, twice contin-

uously differentiable in its second argument, and that P satisfies

|P px, F q| ¤ Cp1� |F |pq
for a constant C ¡ 0, all F P Rn�n and a.e. x P Ω.

Then, every solution ū P g �W 1,p
0 pΩ;Rnq to the minimization problem

inf
! »

Ω
W px,∇upxqq dx�

»
Ω
fpxq � upxq dx : u P g �W 1,p

0 pΩ;Rnq
)

(1.14)
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satisfies the Euler-Lagrange equations

�divP px,∇ūpxqq � fpxq for a.e. x P Ω,

ūpxq � gpxq for a.e. x P BΩ.
(1.15)

in the distributional sense.

The Dirichlet boundary condition on all of BΩ can be weakened to an equality only on a
subset Γ � BΩ instead. The equations (1.15) in their classical sense are referred to as the
equilibrium equations of the first Piola-Kirchhoff stress tensor. In their weak (or distributional)
formulation, they are called the principle of virtual work in the reference configuration, see e.g.
[134, Section 1.2.4]. If, for example, W : Ω � Rn�n is twice continuously differentiable and
(1.14) has a solution ū PW 2,ppΩ;R3q, then ū satisfies (1.15) almost everywhere in Ω due to the
Fundamental Lemma of the calculus of variations.

1.2 The direct method in the calculus of variations

As we have seen earlier, minimizing the system energy of a hyperelastic material is the key to
understanding its deformation behavior. In the calculus of variations, there are two schools of
thought on how to obtain minimizers of given functionals: the classical (or indirect) approaches,
which deal with characteristics of the minimizers, and the direct method, for which properties of
the functional itself are of significance. The indirect methods involve seeking critical (or station-
ary) points of the functional via its first variation, which is a generalization of the directional
derivative, and then determining positive definiteness of the second variation in a neighborhood
of such points. With the direct method, on the other hand, we are only tasked with the question
whether a (global) minimizer exists. For a comprehensive introduction, see e.g., [70, 96, 182].

In the finite dimensional case, the indirect methods (in this case simply known as curve
sketching) are well-known by every mathematician and finding local and global minimizers
leads to algebraic equations. However, many real-world problems, like the energetic approach
to elasticity theory, require approaches in an infinite-dimensional framework such as an energy
functional defined on a suitable function space. In such settings, critical points are determined
by ordinary or partial differential equations, the so-called Euler-Lagrange equations. Obviously,
these problems are inherently more challenging and solutions may not even exist. In fact, the
following famous example by Weierstraß [201], in which he criticized Dirchilet’s principle on
the assumption of existence of minimizers of integral functional, shows that minimizers do not
necessarily exist.

Example 1.4 (Weierstraß 1870). The functional

I : X � tu P C1pr�1, 1sq : up�1q � �1, up1q � 1u Ñ R, u ÞÑ
» 1

�1

�
xu1pxq�2 dx, (1.16)

has no minimizer in X. One can prove this by first establishing that infuPX Ipuq � 0; since I is
non-negative, it is sufficient to show that infuPX Ipuq ¤ 0. To this end, consider for every ε ¡ 0
the function uε P X given by

uεpxq �
arctanpxε q
arctanp1ε q

, x P r�1, 1s, (1.17)

see also Figure 1.3, and compute that
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Figure 1.3: Illustration of the functions uε as in (1.17) for three values of ε.

inf
uPX

Ipuq ¤ Ipuεq  
» 1

�1
px2 � ε2q�u1εpxq�2 dx �

� 1

arctanp1ε q
	2

» 1

�1

ε2

x2 � ε2
dx � 2ε

arctanp1ε q
.

Taking the limit εÑ 0 then yields that

inf
uPX

Ipuq ¤ lim
εÑ0

2ε

arctanp1ε q
� 0,

which shows that infuPX Ipuq � 0.

However, I can not attain this value since any minimizer u P X has to satisfy u1 � 0
everywhere on r�1, 1s, as well as the two boundary conditions up�1q � �1 and up1q � 1, which
is a contradiction.

With the help of the the direct method in the calculus of variations, we are able to determine
the existence of minimizers based on the properties of the sublevel sets of the functional. First,
we introduce the general theory and we then turn towards the application to integral functionals
relevant in the context of materials science. We begin this section in the setting that X is a
topological Hausdorff space and I : X Ñ R :� RYt�8u is a given functional; we are interested
in finding solutions to the variational problem

inft Ipuq : u P Xu. (1.18)

The direct method in the calculus of variations gives two sufficient conditions for the solvabil-
ity of (1.18): lower semicontinuity and coercivity. In the following, we shall define and discuss
these concepts.

Definition 1.5 (Lower semicontinuity). We say that I is lower semicontinuous if

lim inf
kÑ8

Ipukq ¥ Ipuq

for every u P X and every sequence pukqk � X such that uk Ñ u in X.

Definition 1.6 (Coercivity). The function I is said to be coercive if every sequence pukqk �
X with supk Ipukq   8 has a converging subsequence with limit in X.



10 CHAPTER 1. INTRODUCTION

It is worth pointing out that several different notions of lower semicontinuity and coercivity
can be found in the literature.

Remark 1.7. aq Many authors call I lower semicontinuous if its sublevel sets tu P X : Ipuq ¤
tu for all t P R are closed, cf. [96, Definition 3.1]. On the other hand, I is called sequentially
lower semicontinuous if its sublevel sets are sequentially closed, which is equivalent to Definition
1.5, see [96, Proposition 3.4]. Naturally, every lower semicontinuous function is also sequentially
lower semicontinuous; the two notions coincide if, e.g., X is first-countable.

bq Depending on the general framework, the literature provides vastly different definitions
of the concept of coercivity, see for example [71, Definition 1.12], [96, Definition 3.14], or [105,
Chapter 1, Definition 1], although they have the similar spiritual origins. If I satisfies the
condition in Definition 1.6, then [71, Definition 1.12] calls I sequentially coercive.

cq In the context of this thesis, we focus purely on the sequential versions of lower semicon-
tinuity and coercivity, which is why we omit the word “sequential” in the context of these two
notions for the remainder of this work.

dq In the spirit of cq, if X is a normed space endowed with the weak topology, we call I
weakly lower semicontinuous if I is lower semicontinuous in the sense of Definition 1.5 where
the convergence in X means weak convergence. Similarly, we say that I is weakly coercive if
sequences of bounded energy have weakly convergent subsequences with limits in X.

We are now in a position to formulate the direct method in the calculus of variations to
which we shall also present a proof for the purpose of illustration. We refer the reader to, e.g.,
[71, Theorem 1.15].

Theorem 1.8 (Direct method). If I is coercive and lower semicontinuous, then there exists
a solution to the minimization problem (1.18).

Proof. Assume that I is not identical to 8, otherwise every point in X is a minimizer. Let
pukqk � X be a minimizing sequence, i.e.,

lim
kÑ8

Ipukq � inf
uPX

Ipuq   8.

Then, we deduce that there exists a constant C P R such that Ipukq ¤ C for all k sufficiently
large. Since I is coercive, there exist a subsequence of pukqk (not relabeled) and ū P X such
that uk Ñ ū in X. Finally, we conclude from the lower semicontinuity of I that

inf
uPX

Ipuq � lim
kÑ8

Ipukq � lim inf
kÑ8

Ipukq ¥ Ipūq ¥ inf
uPX

Ipuq,

which proves that ū is a minimizer of I.

It is worth pointing out that there also exists another version of Theorem 1.8 in which the
weaker topological versions of coercivity and lower semicontinuity are assumed, cf. Remark 1.7;
the proof is then based on Cantor’s intersection theorem instead of the analysis of minimizing
sequences, see [105, Proposition 1].

Looking back at Example 1.4, we see that the reason why the direct method in the calculus
of variations fails for (1.16) is the lack of suitable coercivity. In fact, it is easy to prove that every
minimizing sequence of (1.16) converges to the sign-function locally uniformly in r�1, 1szt0u.

Next, we briefly discuss the aspect of incorporating constraints into minimization problems.

Remark 1.9 (Constrained variational problems). In the following, let A � X describe
the set of constraints which the functional I shall be subject to. We are then lead to the
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constrained minimization problem

inftIpuq : u P Au. (1.19)

The solvability of (1.19) depends on the topological properties of both A and I (or the restricted
functional I|A).

aq Suppose that A is sequentially closed and describes the set of constraints. It is then
straightforward to show that, if I is lower semicontinuous and coercive in X, then I|A is also

lower semicontinuous and coercive in A, respectively. In view of Theorem 1.8, we see that (1.19)
has a solution if I is lower semicontinuous and coercive in the larger space X.

bq In the context of normed spaces X endowed with the weak topology, it is clear that (1.19)
can be solved if A is convex and closed with respect to the norm on X. Indeed, any such set A
is weakly (sequentially) closed, i.e., if a sequence pukqk � A converges weakly to some u P X,
then u P A.

cq Constraints are often directly incorporated into the functional itself. Precisely, one intro-
duces a new extended-valued function J : X Ñ R which coincides with I on A and is set to
infinity everywhere else, that is,

J puq �
#
Ipuq if u P A,
8 otherwise.

(1.20)

Then, we see that the level sets of J satisfy

tu P X : J puq ¤ tu � tu P X : Ipuq ¤ tu XA

for every t P R so that minimizing sequences for the constrained variational problem are neces-
sarily contained in A.

dq In the spirit of cq, the minimization problem (1.18) with I : X Ñ R extended-valued, can
be considered to be constrained by the effective domain A � tu P X : Ipuq   8u of I.

In light of Theorem 1.8, the existence of minimizers may fail due to a lack of coercivity or
lower semicontinuity. The theory of relaxation is concerned with the description of minimizing
sequences pukqk � X of functionals I that are not lower semicontinuous. One approach is to
find a related functional whose minimizers exist and are limit points of pukqk.

Definition 1.10 (Lower semicontinuous envelope). We define the lower semicontinuous
envelope lsc I : X Ñ R of I as

lsc Ipuq � suptΦpuq : Φ : X Ñ R is lower semicontinuous and Φ ¤ Iu, (1.21)

where lower semicontinuity is understood as in Definition 1.5.

Remark 1.11. aq Along the lines of Remark 1.7 aq, the literature makes a distinction between
lower semicontinuous and sequential lower semicontinuous envelopes, see [96, Definition 3.8].
Since we focus solely on the latter in this thesis, we shall continue to omit the word “sequential”.

bq In spirit of 1.7 c), if X is a normed space endowed with the weak topology, then we define
the weak lower semicontinuous envelope of I as in Definition 1.10 where the strong convergence
in X is replaced by weak convergence. We write wlsc I instead of lsc I to highlight the weak
convergence in X.
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cq The (weak) lower semicontinuous envelope is (weakly) lower semicontinuous by design,
cf. [96, Proposition 3.5]. In fact, lsc I (or wlsc I) is the largest (weakly) lower semicontinuous
function which lies below I.

We conclude this general setting of the direct method with the main result in the theory of
relaxation. The next theorem is a direct consequence of, for example, [71, Theorem 3.5 & 3.8],
where the topological version of lower semicontinuity is used, cf. Remark 1.7 aq.

Theorem 1.12 (Relaxation). It holds that

inft lsc Ipuq : u P Xu � inft Ipuq : u P Au,
and if I is coercive, then lsc I is also coercive; in particular, lsc I has a minimizer in X.
Moreover, any minimizing sequence pukqk � X of I has a subsequence which converges to a
minimizer of lsc I.

For the remainder of this section, we focus on variational problems in Sobolev spaces, which
are particularly useful in the context of nonlinear hyperelasticity. Hence, we consider for p P
p1,8q and m,n P N the energy functional

I : W 1,ppΩ;Rmq Ñ R8, u ÞÑ
»
Ω
W px,∇upxqq dx�

»
Ω
fpxq � upxq dx, (1.22)

where Ω � Rn is a bounded Lipschitz domain representing the reference configuration of a
material body. Here, f P LqpΩ;R3q is the force density with 1

q � 1
p � 1, and W : Ω � Rm�n Ñ

r0,8s is the non-negative stored energy density, which is assumed to be Carathéodory (or a
Carathéodory function), i.e.,

x ÞÑW px, F q is Lebesgue-measurable for every F P Rm�n,

F ÞÑW px, F q is continuous for almost every x P Ω.

We say that W is homogeneous if W is constant in the space variable x, otherwise W is called
inhomogeneous.

We shall now discuss coercivity and lower semicontinuity for functionals of the form (1.22).
Since bounded sets in W 1,ppΩ;Rnq are weakly sequentially precompact for p P p1,8q, it is
common to equip W 1,ppΩ;Rmq with the weak topology. The direct method in the calculus
of variations now leads us to study the weak coercivity and weak lower semicontinuity of I
(recall Remark (1.7) dq) Naturally, these are characteristics are inherited by the properties of
the corresponding densities W and f . However, it is often sufficient to analyze only W , for the
additional force term

W 1,ppΩ;Rmq Ñ R, u ÞÑ
»
Ω
fpxq � upxq dx

simply acts as a weakly sequentially continuous perturbation of the internal energy

W 1,ppΩ;Rmq Ñ R8, u ÞÑ
»
Ω
W px,∇upxqq dx. (1.23)

Compared to the general theory for integral functionals with a single density, this additive
decoupling of the deformation from its gradient makes the analysis of weak coercivity and lower
semicontinuity much more straightforward.

While establishing coercivity of (1.23) is just a matter of assuming boundary values (or
vanishing mean value) and suitable polynomial estimates of W from below, finding (necessary
and) sufficient conditions on W such that (1.23) is weakly lower semicontinuous is more involved
and requires a generalized notion of convexity.
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Definition 1.13 (Quasiconvexity [70, Definition 5.1 ii)]). A locally bounded and Borel-
measurable function h : Rm�n Ñ R is called quasiconvex if

hpF q ¤ �
»
D
hpF �∇φpxqq dx, (1.24)

for every open bounded set D � Rn, every F P Rm�n, and every φ PW 1,8
0 pD;Rmq.

Before we discuss necessity and sufficiency of quasiconvexity of W px, �q for I to be weakly
lower semicontinuous, a remark on some characteristics and generalizations of quasiconvexity is
in order.

Remark 1.14. aq Quasiconvexity was first introduced by Morrey in [160, Definition 2.2] and
has since seen a few generalizations. The property in Definition 1.13 is sometimes referred to
as W 1,8-quasiconvexity. For p P r1,8q, one calls a locally bounded Borel function h : Rm�n Ñ
r0,8q W 1,p-quasiconvex, if (1.24) is satisfied for all φ PW 1,p

0 pD;Rmq, cf. [26, Definition 2.1].
If h has p-growth, that is,

|hpF q| ¤ Cp|F |p � 1q
for a constant C ¡ 0 and all F P Rm�n, then h is W 1,8-quasiconvex if and only if h is W 1,p-
quasiconvex. This is a direct consequence of the density of Lipschitz functions in the space of
W 1,p-Sobolev functions , see e.g. [182, Lemma 5.2 ii)].

bq It is also worth pointing out that W 1,p-quasiconvexity for p P r1,8s can also be defined
for extended-valued functions, see [26, Definition 2.1]. However, this property has merely been
proved to be a necessary condition for weak lower semicontinuity of the associated integral
functional, which is why we omit the extended-valued case in Definition 1.13, cf. [70, Remark
5.2 (v)] and the references therein.

cq If (1.24) is satisfied for one open bounded set D, then it holds also for any other such set,
cf. [70, Remark 5.2 (iv)].

dq Every convex function is quasiconvex as a consequence of Jensen’s inequality, see e.g.,
[182, Proposition 5.1]. In the scalar case, that is, m � 1 or n � 1, quasiconvexity coincides
with the classical notion of convexity as direct result of the fact that quasiconvex functions are
rank-one convex, see Definition 1.17 iiq and Theorem 1.19 below.

eq Following [182, page 107], we conclude this remark with a geometric interpretation of
quasiconvexity which underlines its plausibility the context of elasticity theory.

Let D � Bp0, 1q � R3 represent the reference configuration of a homogeneous elastic body
with a quasiconvex energy density W : R3�3 Ñ r0,8q. Consider the affine deformation u1pxq �
x0�Ax for x0 P R3 and A P R3�3 and set u2pxq � u1pxq�φpxq for some φ PW 1,8

0 pBp0, 1q;R3q.
The function u2 then describes a deformation with the same boundary values as u1 but with an
additional internal distortion. In light of the quasiconvexity of W , we then estimate that»

Bp0,1q
W p∇u1pxqq dx �

»
Bp0,1q

W pAq dx ¤
»
Bp0,1q

W pA�∇φq dx �
»
Bp0,1q

W p∇u2pxqq dx,

which means that the purely affine deformation u1 is energetically preferable.

Under suitable growth conditions on the energy density W , we can then formulate a char-
acterization of weak lower semicontinuity of I. The following result is a direct consequence of
[70, Theorem 3.15, Lemma 3.18], [182, Theorem 5.16], and the specific additive structure of I
as in (1.22).
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Theorem 1.15 (Characterization of weak lower semicontinuity). Let f P LqpΩ;Rmq
and suppose that the Carathéodory function W : Ω� Rm�n Ñ r0,8q satisfies

W px, F q ¤ Cp|F |p � 1q

with a constant C ¡ 0, for almost every x P Ω and every F P Rm�n. Then, the associated energy
functional I as in (1.22) is weakly lower semicontinuous if and only if W px, �q is quasiconvex
for almost every x P Ω.

Hence, we see that, under suitable growth conditions, weak lower semicontinuity of I is
equivalent to the quasiconvexity of the density W . In view of the direct method in the calculus of
variations, cf. Theorem 1.8, we then summarize the following result on the existence of minimizers
for variational problems in Sobolev spaces with given boundary values.

Theorem 1.16 (Existence of minimizers). Let f P LqpΩ;Rmq and assume that W : Ω �
Rm�n Ñ r0,8q is Carathéodory and satisfies the growth condition

c|F p| � C ¤W px, F q ¤ Cp|F |p � 1q (1.25)

for some constants c, C ¡ 0, almost every x P Ω and every F P Rm�n; suppose further that
W px, �q is quasiconvex for almost every x P Ω.

Then, there exists a solution to the minimization problem

inf
! »

Ω
W px,∇upxqq dx�

»
Ω
fpxq � upxq dx : u P g �W 1,p

0 pΩ;Rmq
)

for every boundary value g PW 1,ppΩ;Rmq.

Before we turn our attention towards a relaxation result for integral functionals, we provide
the reader with some additional context for generalized notions of convexity. We point out that
quasiconvexity of a function is non-local property, cf. [132, Theorem 1]. It is therefore often
challenging to determine whether a given function is quasiconvex. Clearly, convex functions are
quasiconvex in light of Jensen’s inequality. However, classical convexity is often too restrictive
for applications, see Proposition 1.2, which is why we are led to study closely related notions of
convexity, see e.g. [70, Definition 5.1].

Definition 1.17 (Other notions of convexity). Let h : Rm�n Ñ R8.
iq We say that h is polyconvex if there exists a convex function g : Rτpm,nq Ñ R8 with

hpF q � gpMpF qq (1.26)

for all F P Rm�n where τpm,nq � °minpm,nq
k�1

�
m
k

��
n
k

�
and

M : Rm�n Ñ Rτpm,nq, F ÞÑ pF, adj2pF q, . . . , adjminpm,nqpF qq; (1.27)

here, adjkpF q describes the matrix of all k � k minors of F for k P t2, . . . ,minpm,nqu.
iiq The function h is called rank-one convex if

hpλF � p1� λqGq ¤ λhpF q � p1� λqhpGq

for every λ P r0, 1s and all F,G P Rm�n with rankpF �Gq ¤ 1.

Now, we briefly comment on the importance of polyconvexity
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Remark 1.18. aq In the special cases m � n � 3 and m � n � 2, (1.26) and (1.27) reduce to

hpF q �
#
gpF,detF q if m � n � 2,

gpF, adjF,detF q if m � n � 3,
(1.28)

where adjF denotes the classical adjoint (or adjugate) of F . Moreover, if m � 1 or n � 1, it
is obvious that polyconvexity coincides with the classical notion of convexity. It is also worth
mentioning that the choice of g is not unique, see [70, Remark 5.2 vii)].

bq Polyconvexity is particularly relevant in the context of nonlinear elasticity under the
assumption (1.4), which heavily penalizes the elastic energy if the material is compressed to a
point, or if the deformation changes orientation. Obviously, this condition is incompatible with
standard p-growth assumptions as in (1.25). In this case, it was established in [26, Corollary
3.2] that quasiconvexity of W px, �q is a necessary but no longer sufficient condition for I to be
weakly lower semicontinuous. Moreover, the characterization of weak lower semicontinuity for
unbounded functionals is still an open question, cf. [15].

Although classical convexity of the integrand is sufficient in the extended-valued case, this
assumption is too strong and narrows its range of applications drastically, see Proposition 1.2.
In light of this complication, John Ball introduced in [14, Definition 4.2] the notion of polycon-
vexity for extended-valued maps, which (under suitable coercivity assumptions) turns out to be
sufficient for weak lower semicontinuity of the associated integral functional, cf. [14, Theorem
7.3].

As we can see in Example 1.1 bq - dq, many stored energy densities W used in the context
of hyperelasticity are polyconvex. With (1.28) in mind, it is also noteworthy that if W satisfies
(1.2) - (1.5), then it can be written as a function of the three principal invariants (1.6).

cq If h P C2pRm�nq, then rank-one convexity is equivalent to the ellipticity condition

m̧

i,j�1

ņ

k,l�1

B2hpF q
BFi,kBFj,l

ξiξjζkζl ¥ 0

for every F P Rm�n, ξ P Rm, and ζ P Rn. This highlights the fact that rank-one convexity is,
in contrast to quasiconvexity, a local property in the sense that in can be described by a finite
number of its derivatives.

The relaxation of constrained functionals turns out to be much more difficult

In the next theorem, for which we refer to [70, Theorem 5.3], we see the relation between
the various different concepts of convexity in Definitions 1.13 and 1.17.

Theorem 1.19 (Comparison of different notions of convexity). The following chains of
implications are true:

i) Let h : Rm�n Ñ R, then it holds that

h convex ñ h polyconvex ñ h quasiconvex ñ h rank-one convex.

ii) If h : Rm�n Ñ R8 is extended-valued, then

h convex ñ h polyconvex ñ h rank-one convex.

iii) If m � 1 or n � 1, then all the notions of convexity in iq and iiq are equivalent.
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Although extended-valued quasiconvexity functionals are generally not rank-one convex,
Conti shows in [59] that this implication is indeed valid if the functional is finite on Slp2q :
tFn� n : detF � 1u.

In general, all the reversed implications in Theorem 1.19 are false: a classical example of a
polyconvex function that is not convex is hpF q � detF for F P R2�2; there are no elementary
examples of quasiconvex functions that are not polyconvex, but the reader will find a few ex-
amples in [70, Section 5.3]; for the dimensions m ¥ 3 and n ¥ 2 Šverák provided in [199] the
first rank-one convex function that is not quasiconvex. Whether this statement is also valid in
the case m � n � 2 is still an open question.

In [148] it is demonstrated that rank rank-one convexity implies polyconvexity in two dimen-
sions if the functional is objective, isotropic and isochoric. The authors continued their work in
the planar case [101] and showed that the additional constraint of incompressibility is sufficient
for rank-one convex functions to be polyconvex.

We conclude this section with a brief discussion on relaxation of integral functionals as in
(1.22) with respect to the weak topology. From Theorem 1.15, we deduce that I is weakly lower
semicontinuous if and only if W is quasiconvex in the second variable, assuming that W has
suitable growth. A lack of quasiconvexity of W may thus result in the absence of minimizers of
I and minimizing sequences may not converge.

Definition 1.20 (Generalized convex envelopes). For h : Rm�n Ñ R8, we define quasi-
convex envelope of h as

hqc : Rm�n Ñ R, F ÞÑ suptϕpF q : ϕ : Rm�n Ñ R is quasiconvex and ϕ ¤ hu. (1.29)

The convex, polyconvex, and rank-one convex envelopes hc, hpc, and hrc are defined analogously.

With the help of Theorem 1.19, we deduce for h : Rm�n Ñ R8 that

hc ¤ hpc ¤ hqc ¤ hrc ¤ h.

Note that the generalized convex envelopes may attain the values �8.

Example 1.21 (Saint Venant-Kirchhoff materials). Let us consider the stored energy
density W : R2�2 Ñ r0,8q given by (1.8) for n � 2 with Young’s modulus E and Poisson ratio
ν as in (1.9). In this case, W satisfies (1.25) for p � 4.

In three dimensions n � 3, Raoult proved in [179] that the Saint Venant-Kirchhoff density is
not polyconvex and in [180, Theorem 1.1, Corollary 1.2] the author showed that it is not even
quasi-convex or rank-one convex (similar arguments can also be applied to the case n � 2). Its
quasiconvex envelope in three dimensions was then first established in [138]. In the following,
we present an explicit formula in the case n � 2 for which we refer to [70, Theorem 6.29]. If we
define Ŵ : R2�2 Ñ r0,8q as

Ŵ pF q �

$'&'%
W pF q if F R D1 XD2

E
8p1�ν2qpv2pF q2 � 1q2 if F P D2

0 if F P D1

for F P R2�2, where

D1 � tF P R2�2 : p1� νqv1pF q2 � νv2pF q2   1 and v2pF q   1u
� tF P R2�2 : v1pF q ¤ v2pF q   1u,

D2 � tF P R2�2 : p1� νqv1pF q2 � νv2pF q2   1 and v2pF q ¥ 1u,
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then all generalized convex envelopes coincide with Ŵ , i.e.,

W c �W pc �W qc �W rc � Ŵ .

We now draw the connection between the weak lower semicontinuous envelope of I and the
quasiconvex envelope of W in its second argument. The proof can be based on the arguments
presented in [96, Proposition 3.16], [182, Theorem 7.6], and [70, Theorem 9.1, Remark 9.4 v)].

Theorem 1.22 (Relaxation for integral functionals). Let f P LqpΩ;Rmq, g PW 1,ppΩ;Rmq,
and let W : Ω � Rm�n Ñ r0,8q be a Carathéodory function satisfying (1.25). Assume further
that there exists an increasing and continuous function w : r0,8q Ñ r0,8q such that wp0q � 0
and

|W px, F q �W py, F q| ¤ wp|x� y|qp1� |F |pq

for almost every x, y P Ω and every F P Rm�n.

Then, the weak lower semicontinuous envelope wlsc I of I, cf. Remark 1.11 b), is given by

wlsc Ipuq �
»
Ω
W qcpx,∇upxqq dx�

»
Ω
fpxq � upxq dx, u P g �W 1,p

0 pΩ;Rmq,

where W qcpx, �q is the finite-valued quasiconvex envelope of W px, �q for x P Ω, see (1.29).

The same result holds true if the space g � W 1,p
0 pΩ;Rmq is replaced by W 1,ppΩ;Rmq X

Lp
0pΩ;Rmq.

Finding the relaxation of extended-valued functionals with non-standard constraints is gen-
erally more challenging. In the last few years, there has been significant progress in finding
the lower semicontinuous envelope of energy functionals with determinant constraints such as
physical growth conditions (1.4) or incompressibility (1.12). In particular, Conti & Dolzmann
[63] were the first to obtain a relaxation result under the assumption that the quasiconvex en-
velope of the integrand is polyconvex; Cicalese & Fusco [57] later derived a generalized version
for inhomogeneous densities also depending on lower-order terms. In this spirit, we shall also
mention the article [102] where the authors determine an explicit formula for the quasiconvex
envelope of an incompressible isotropic energy density in two dimensions, and the paper [151]
which deals with necessary and sufficient conditions for polyconvexity of constrained isotropic
densities.

We conclude this section with a brief discussion on the significance of the quasiconvex en-
velope for the formation of microstructures in materials science following the ideas presented in
[182, Sections 1.8 and 8.3].

Remark 1.23 (Formation of microstructures). It has been experimentally observed that
the macroscopically attainable deformations, which correspond to minimizers of the strain en-
ergy, also minimize the corresponding integrand W (approximately) pointwise. We shall describe
the effect of relaxation and the occurrence of microstructures with the help of the idealized en-
ergy density

IK : W 1,2pBp0, 1q;R3q X L2
0pBp0, 1q;R3q Ñ r0,8q, u ÞÑ

»
Bp0,1q

dist2p∇u,Kq dx, (1.30)

where Bp0, 1q � R3 is the unit ball in three dimensions, and K is a given compact set; we
also write WKpF q � dist2pF,Kq for F P R3�3. For example, in the context of shape-memory
alloys, we have K � SOp3q in the high-temperature austenite phase or K � �N

i�1 SOp3qUi with
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U1, . . . , UN P GL�p3q for N P N in the low-temperature martensite phase. From the structure
of (1.30), we then expect the observed macroscopic deformations to have gradients in the set K.

Due to Theorem 1.22, the relaxation of IK is an integral functional whose integrand coincides
with W qc

K , the quasiconvex envelope of WK . This relaxed energy density then vanishes exactly
on

Kqc :� tF P R3�3 : hpF q ¤ sup
GPK

hpGq for all quasiconvex h : R3�3 Ñ Ru,

the so-called quasiconvex hull of K, see [204, Definition 2.3 - Proposition 2.5]. We shall point
out that, determining an explicit expression of Kqc is generally a complicated task.

From the theory of gradient Young measures, one obtains for every F P Kqc a sequence
pφiqi �W 1,8

0 pBp0, 1q;R3q with uniformly bounded gradients such that»
Bp0,1q

dist2pF �∇φipxq,Kq dxÑ 0,

see for example [162, Theorem 4.10] or [182, Section 8.3]. Hence, the collection of all observed
macroscopic strains can, in fact, be larger than the expected set K. In particular, the material
is able to attain the linear boundary condition u � Fx on BΩ with F P Kqc for only a small
energy cost, although the internal structure may be highly intricate. If WK is quasiconvex, then
we infer from the discussion in Remark 1.14 eq that there is no formation of microstructures
since the purely affine deformation is energetically favorable.

1.3 Convergence of variational problems: Γ-convergence

While the previous section covers the standard theory for a single minimization problem, we
focus now on the analysis of sequences of variational problems. In particular, we are interested
in the asymptotic behavior of (almost) minimizers and the respective infima.

To this end, we present in this section the notion of Γ-convergence for sequences of function-
als, which was first introduced by Franzoni & De Giorgi in [78, 79]. Proving a Γ-convergence
result consists of identifying matching lower and upper bounds on the limit functional, along-
side an asymptotic coercivity (or compactness) result. For this section, we refer primarily to
the standard work by Braides [42], and the more advanced and in-depth book [71] by Dal Maso.
The former serves as a gentle introduction to Γ-convergence for functionals defined on metric
spaces while the latter also contains, among many other topics, an exhaustive analysis in the
general topological setting, which is discussed briefly at the end of this section.

We will see that every Γ-limit is lower semicontinuous, and coercive, if the sequence of func-
tionals is coercive in an asymptotical or uniform sense with respect to the sequence index. The
direct method in the calculus of variations (see Theorem 1.8) then ensures that the every such
Γ-limit admits at least one minimizer; moreover every sequence of (almost) minimizers converges
to a minimizer of the corresponding Γ-limit, see Proposition 1.31 for more details. Therefore,
Γ-convergence turns out to be highly valuable tool for the description of the asymptotic behavior
of parameter-dependent variational problems rather than simply being a concept of convergence
for sequences of functionals. Moreover, we will see that Γ-convergence is also invariant under
continuous perturbations, which renders it particularly useful for applications in materials sci-
ence where the system energy can be described by the sum of an internal energy and a (weakly)
continuous force term.

In this section, we also introduce K-convergence for a sequence of sets, which is related to Γ-
convergence via epigraphs and indicator functions in the sense of convex analysis. This concept
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of convergence can also be used to determine (bounds on) the effective domain of Γ-limits of
constrained functionals in the sense of (1.20)

If not specified otherwise, we will assume throughout this section that X is a metric space
equipped with a metric d; moreover, for k P N let Ik, I : X Ñ R8 be functionals on X, and
let Ak,A � X be subsets of X. We begin this section with the definition of Γ-convergence [42,
Definition 1.5].

Definition 1.24 (Γ-convergence). The sequence pIkqk Γ-converges to I in X (or with respect
to the metric d) if the following two conditions are fulfilled:

i) Every sequence pukqk � X with uk Ñ u for u P X satisfies

lim inf
kÑ8

Ikpukq ¥ Ipuq;

ii) For every u P X there exists a sequence pukqk � X such that uk Ñ u and

lim sup
kÑ8

Ikpukq ¤ Ipuq.

If iq and iiq are satisfied, then we also write I � Γ- limkÑ8 Ik.

Note that for every every u and pukqk as in Definition 1.24 iiq, it also holds that

lim sup
kÑ0

Ikpukq ¤ Ipuq ¤ lim inf
kÑ0

Ikpukq,

and thus

lim
kÑ0

Ikpukq � Ipuq.

Therefore, such a sequence pukqk is also referred to as a so-called recovery sequence.
Naturally, not every sequence of functionals has a Γ-limit. However, we can define related

quantities that always exist and yield lower and upper bounds on a possible Γ-limit, see e.g. [42,
Definition 1.24]

Remark 1.25 (Lower and upper Γ-limits). For u P X, we define the lower and upper
Γ-limit of pIkqk as

Γ- lim inf
kÑ8

Ikpuq � inf
 

lim inf
kÑ8

Ikpukq : uk Ñ u in X
(
,

Γ- lim sup
kÑ8

Ikpuq � inf
 

lim sup
kÑ8

Ikpukq : uk Ñ u in X
(
.

(1.31)

As pointed out in [42, Remark 1.26], the infima in the previous definition are, in fact, attained.
It is then evident that that pIkqk Γ-converges to I if and only if

I � Γ- lim inf
kÑ8

Ik � Γ- lim sup
kÑ8

Ik.

Next, we shall introduce K-convergence [71, Remark 8.2], which is a notion of convergence
for sequences of sets, in the spirit of Remark 1.25. We will see in Propositions 1.27 and 1.28,
the relation between Γ-convergence and K-convergence.

Definition 1.26 (K-convergence). The the lower and upper K-limits K- lim infkÑ8Ak � X
and K- lim supkÑ8Ak � X are defined as follows:
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iq The set K- lim infkÑ8Ak consists of all points u P X such that there exist N P N and a
sequence pukqk � X with uk Ñ u in X and uk P Ak for every k ¡ N ;

iiq The set K- lim supkÑ8Ak consists of all u P X such that there exists a subsequence pAkj qk
of pAkqk and a sequence pujqj with uj Ñ u in X and uj P Akj for every j P N.

We say that pAkqk K-converges in X, or converges in X in the sense of Kuratowski, to the set
A if

K- lim sup
kÑ8

Ak � A � K- lim inf
kÑ8

Ak;

in this case, we write A � K- limkÑ8Ak.

K-convergence plays an important role in determining an upper bound on the effective do-
main of Γ-limits. Precisely, if Ak � tu P X : Ikpuq   8u describes the set of admissible states
of Ik and pIkqk is Γ-convergent, then 

u P X : pΓ- lim
kÑ8

Ikqpuq   8( � K- lim inf
kÑ8

Ak.

Under suitable assumptions on the structure and properties (like growth and coercivity) of the
functionals Ik, we even find that 

u P X : pΓ- lim
kÑ8

Ikqpuq   8( � K- lim
kÑ8

Ak,

see, for example, the analysis of fiber-reinforced materials in the framework of homogenization
in Chapter 4.

In the sequel, we discuss the relation between K-convergence and Γ-convergence. First,
we will see that convergence in the sense of Kuratowski is equivalent to Γ-convergence of the
corresponding sequence of indicator functions

χE : X Ñ R8, u ÞÑ
#

0 if u P E,
8 otherwise,

for E � X, (1.32)

see [71, Proposition 4.15].

Proposition 1.27 (Γ-convergence of indicator functions). The sequence pAkqk converges
to A in the sense of Kuratowski if and only if pχAk

qk Γ-converges to χA in X, where χp�q is
defined as in (1.32). Moreover, if

A1 � K- lim inf
kÑ8

Ak and A2 � K- lim sup
kÑ8

Ak,

then

χA1 � Γ- lim sup
kÑ8

χAk
and χA2 � Γ- lim inf

kÑ8
χAk

.

Second, we define the epigraph of a function I : X Ñ R as

epipIq � tpu, tq P X � R : Ipuq ¤ tu;
it is worth pointing out that epipχAq � A� r0,8q for any A � X. The next proposition, which
can be found in [71, Theorem 4.16], shows that Γ-convergence is equivalent to K-convergence
of the corresponding sequence of epigraphs in X �R, which is why Γ-convergence is sometimes
referred to as epi-convergence.
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Proposition 1.28 (K-convergence of epigraphs). The sequence pIkqk Γ-converges to I in
X if and only pepipIkqqk K-converges to epipIq in X � R. Furthermore, if

I 1 � Γ- lim inf
kÑ8

Ik and I2 � Γ- lim sup
kÑ8

Ik,

then

epipI 1q � K- lim sup
kÑ8

epipIkq and epipI2q � K- lim inf
kÑ8

epipIkq.

One of the most important properties of Γ-convergence is the stability under continuous
perturbations. This is particularly relevant for applications in materials science, where total
energy functionals are described by the sum of an internal energy and a continuous force term,
see (1.22). For the following statement, we refer the reader to [42, Remark 1.7].

Proposition 1.29 (Stability under continuous perturbation). Let J : X Ñ R be con-
tinuous and assume that pIkqk Γ-converges to I in X as k Ñ8. Then, the sequence pIk �J qk
Γ-converges to I � J in X as k Ñ8.

In view of the direct method in the calculus of variations, it is also crucial to highlight that
every Γ-limit is lower semicontinuous, see e.g. [42, Proposition 1.28].

Proposition 1.30 (Lower semicontinuity). The lower and upper Γ-limits Γ- lim infkÑ8 Ik
and Γ- lim supkÑ8 Ik are lower semicontinuous. In particular, if pIkqk Γ-converges, then its
Γ-limit is lower semicontinuous.

Moreover, if Ik � I0 : X Ñ R for every k P N, then Γ- limkÑ8 Ik � lsc I0, cf. (1.21).

As a consequence of the last statement in Proposition 1.30, there is no topology on the
space of functionals from X to R describing Γ-convergence. However, on the space of lower
semicontinuous functionals from X to R, such a topology does exist; for more details we refer
to [71, Chapter 10]. It is worth mentioning that the sequence pIkqk Γ-converges to I in X if
and only if plsc Ikqk Γ-converges to I in X [42, Proposition 1.32]. In particular, this means that
Γ-convergence always includes an additional relaxation process.

Also note that lower and upper K-limits are closed in X, due to Proposition 1.28; in partic-
ular, the constant sequence Ak � A0 � X K-converges to the closure A0.

The next proposition establishes that Γ-convergence is essentially a notion of convergence of
variational problems. Given suitable coercivity of the sequence pIkqk, it is then possible to show
that every Γ-limit has a minimizer and limit points of minimizing sequences are minimizers of
the Γ-limit. Precisely, we obtain from [42, Theorem 1.21] the following existence result.

Proposition 1.31 (Convergence of minimizers). Assume that pIkqk Γ-converges to I and
that there exists a compact set K � X such that infuPX Ikpuq � infuPK Ikpuq for all k P N
sufficiently large. Then, I has a global minimizer and

min
uPX

Ipuq � lim
kÑ8

inf
uPX

Ikpuq.

Furthermore, if pukqk is a sequence of almost-minimizers, i.e.,

lim
kÑ8

Ipukq � lim
kÑ8

inf
uPX

Ikpuq,

then pukqk has a subsequence that converges to a minimizer of I.
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Remark 1.32 (Asymptotic coercivity). Usually, Γ-convergence results are coupled with
an additional compactness result for sequences of bounded energy of the following form: For
any pukqk � X with supk Ikpukq   8 there exists a converging subsequence; this condition can
be viewed as an asymptotic generalization of the notion of coercivity as in Definition 1.6.

In Proposition 1.31, the assumption on the existence of a compact set K � X such that
infuPX Ikpuq � infuPK Ikpuq can be replaced by the weaker condition of asymptotic coercivity
as above. In this case, Proposition 1.31 can be viewed as a generalization of Theorem 1.12 for
parameter-dependent problems.

Now, we generalize the definition of Γ-convergence and K-convergence to topological spaces
X. In this generalized setting, it is possible to introduce two different notions of Γ-convergence:
a topological and a sequential one.

Remark 1.33 (Generalization to topological spaces). In this remark, we assume that X
is a topological space.

aq (Sequential definition) We say that pIkqk Γ-converges sequentially with respect to the the
topology in X (or Γ-converges with respect to the convergence of sequences in X) if the two
conditions iq and iiq in Definition 1.24 are satisfied, cf. [100, Definition 2.1]. Similarly, we can
define a sequential notion of Kuratowski-convergence for set-valued sequences.

bq (Topological definition) The sequence pIkqk Γ-converges to I in X if

Ipuq � Γ- lim inf
kÑ8

Ikpuq � Γ- lim sup
kÑ8

Ikpuq

for every u P X, where

Γ- lim inf
kÑ8

Ikpuq � sup
UPN puq

lim inf
kÑ8

inf
vPU

Ikpvq,

Γ- lim sup
kÑ8

Ikpuq � sup
UPN puq

lim sup
kÑ8

inf
vPU

Ikpvq,
(1.33)

see [71, Definition 4.1]. Here, N puq denotes the set of all open neighborhoods of u. It is
worth mentioning that N puq can be replaced by a base for the neighborhood system of u P X,
which highlights the local character of Γ-convergence, cf. [71, Remark 4.3]. Precisely, if another
sequence pJkqk of functionals Jk : X Ñ R coincides with pIkqk on an open subset U � X, then

Γ- lim inf
kÑ8

Ik � Γ- lim inf
kÑ8

Jk and Γ- lim sup
kÑ8

Ik � Γ- lim sup
kÑ8

Jk

on all of U .
The topological definition of Kuratowski convergence is similar to Γ-convergence, see [71,

Definition 4.10, Remark 4.11]. Precisely, for the sequence of sets pAεqε we define define its
upper K-limit K- lim infkÑ8Ak as the set of all points u P X such that for all U P N puq there
exists N P N such that U X Ak � H for all k ¡ N . Analogously, the set K- lim supkÑ8Ak

consists of all u P X such that for all U P N puq and all N P N there exists k ¡ N such that
U XAk � H.

Assuming thatX satisfies the first countability axiom, the identities in (1.33) can be rewritten
as (1.31), see [71, Proposition 8.1] for a detailed proof. In particular, if X is first countable,
then the topological and sequential notions of Γ-convergence coincide.

We close this section with a discussion on the topological and sequential notions of Γ- and
K-convergence with respect to the weak topology in Banach spaces. The arguments we refer to
are essentially based on the local metrizability of the weak topology, see [71, Proposition 8.7].
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Remark 1.34 (The weak topology). In the following, let X be a reflexive, separable Banach
space endowed with its weak topology and suppose that X is compactly embedded into another
Banach space Y . By d we denote the metric on X induced by the norm of Y , i.e., dpu, vq �
}u� v}Y for u, v P X.

A standard example, that is useful in many applications, is X � W 1,ppΩ;Rmq and Y �
LppΩ;Rmq (or their intersection with Lp

0pΩ;Rmq for models where the functionals Ik merely
depend on the gradient instead of the full potential) for a Lipschitz domain Ω � Rn and p P
p1,8q.

According to [71, Proposition 8.16], if the sequence of functionals pIkqk is asymptotically
coercive in the sense of Remark 1.32, then the topological and sequential definitions of Γ-
convergence with respect to the weak topology in X coincide. It is particularly remarkable
that the associated Γ-limit (if it exists) then has a minimizer.

Let I 1, I2 be the lower and upper Γ-limit of pIkqk with respect to the weak topology on X
as in (1.33) and let I 1d, I2d be the corresponding limits with respect to the metric d on X. In
light of [71, Remark 8.9, Proposition 8.10], it holds that I 1 � I 1d and I2 � I2d . The upper and
lower limits I 1 and I2 can be rewritten as (1.31) where the norm convergence is replaced by the
weak convergence in X.

Moreover, I 1 and I2 are weakly lower semicontinuous with respect to the weak topology
in X, in the sense of Remark 1.7 dq. In particular, if pIkqk is the constant sequence, then
I 1 � I2 � wlsc I. This implies, in particular, that lower semicontinuity with respect to d is
equivalent to weak lower semicontinuity in X, see also [137, Lemma 5].

We close this remark, with a brief comment on Kuratowski-convergence. Suppose that the
sequence of sets pAkqk is equi-bounded, i.e.,

sup
kPN

sup
uPAk

}u}X   8.

Then, the lower and upper K-limits of pAkqk with respect to the weak topology are characterized
by iq and iiq of Definition 1.26, where the norm convergence is replaced by weak convergence in
X; in other words, the topological and sequential notions of K-convergence are the same.

1.4 Applications of Γ-convergence: Dimension reduction

Thin structures - material objects, which are thin in one or more dimensions - have a distinctly
different deformation behavior than bulk materials. To describe this phenomenon, classical
approaches based on asymptotic expansions, cf. [53, 195], have been very successful in the
small-strain setting of linear elasticity. However, to deal with large deformations and the result-
ing geometric nonlinearity, a fitting mathematical framework is needed. Since system energy
minimization is crucial in determining the material response to external forces, the theory of
Γ-convergence, which is essentially a notion of convergence for variational problems (see Propo-
sition 1.31), is the ideal tool to obtain a qualitative understanding of the deformation behavior
of thin structures. For a broader perspective on the theory of dimension reduction, see also
Chapters 2 and 3.

To introduce the concept of dimension reduction we present first a simple 3d-2d reduction
result based on [137] and [42, Chapter 14]. Since Chapters 2 and 3 deal with a complete hierarchy
of incompressible string and rod models, we also discuss related results exhibiting higher rigidity
as well as the corresponding 3d-1d cases in Remarks 1.37 and 1.38.

Let Ωε � ω � p0, εq describe a membrane with thickness ε ¡ 0 and cross section ω � R2,
where ω is a bounded Lipschitz domain, see also Figure 1.4.
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ω

Ωε

ε

Figure 1.4: Illustration of the thin structure Ωε � ω � p0, εq with circular cross section ω � R2.

The corresponding strain energy shall be given by

Jε : W 1,ppΩε;R3q Ñ r0,8q, v ÞÑ
»
Ωε

W p∇vpyqq dy

with a homogeneous energy density W : R3�3 Ñ r0,8q which satisfies standard p-growth and
coercivity (1.25) for p ¡ 1.

Now, the immediate question is whether the sequence pJεqε of internal energies of the thin
three dimensional material converges in a meaningful way to a limit energy representing the
corresponding lower dimensional material object. To avoid trivial limits, the standard strategy is
to normalize the energy Jε by unit volume, which leads us to study the sequence p 1

ε2
Jεqε instead.

The next step is then to introduce a change of variables vpyq � upxq with y � px1, x2, εx3q for
x P Ω :� Ω1, which allows us to redefine the normalized energy on a fixed space. Precisely, we
now have 1

ε2
Jεpvq � Iεpuq with

Iε : W 1,ppΩ;R3q Ñ r0,8q, u ÞÑ
»
Ω
W p∇εupxqq dx (1.34)

where ∇εu describes the so-called rescaled deformation gradient

∇εu � �B1u|B2u|1
ε
uε
�
.

We are now in a position to prove a Γ-convergence result for the sequence of internal energies
pIεqε, which is based on [137] and [42, Chapter 14].

Theorem 1.35 (Membrane model). The sequence pIεqε as in (1.34) Γ-converges sequen-
tially with respect to the weak topology in W 1,ppΩ;R3q to the functional

I : W 1,ppΩ;R3q Ñ r0,8s, u ÞÑ
$&%

»
ω
W

qcpB1u|B2uq dx1 dx2 if u PW 1,ppω;R3q
8 otherwise,

(1.35)

where W : R3�2 Ñ r0,8q is the two-dimensional density given by

W pGq :� min
ξPR3

W pG|ξq

and p�qqc is the quasiconvex envelope as in Definition 1.20.
Furthermore, every sequence puεqε �W 1,ppΩ;R3q with supε Iεpuεq   8 and vanishing mean

value has a weakly converging subsequence with limit in W 1,ppω;R3q.

Remark 1.36. aq First, we observe that the limit energy Ipuq is finite if and only if the
deformation u is independent of the x3 variable. Properties of this kind are the main feature
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of every dimension reduction result, for they illustrate the idea that the elastic energy of a
thin structure can essentially be described by merely considering deformations of the associated
lower-dimensional material object.

bq In the spirit of aq, we observe that the energy density W of the fully three-dimensional
object changes in the limit accordingly. In fact, we see that W undergoes the transformation
into the reduced density W via minimization in the last column of the rescaled deformation
gradients.

cq If we replace the space W 1,ppΩ;R3q by W 1,ppΩ;R3q X Lp
0pΩ;R3q, then the sequence pIεqε

also Γ-converges with respect to the weak topology in said space, see also Remark 1.34. This is
due to Poincar’e’s inequality for functions with vanishing mean value.

dq As we outlined in Proposition 1.30 and Remark 1.34, the Γ-limit I as in (1.35) is weakly
lower semicontinuous. Recalling Theorem 1.22 on the relaxation of integral functionals, the
appearance of the quasiconvex envelope is therefore a natural consequence.

eq If W is an energy density describing a Saint Venant-Kirchhoff material as in (1.8) for n � 3,
then W satisfies (1.25) for p � 4, see also (1.7) In this case, the limit density W

qc
: R3�2 Ñ r0,8q

was first calculated by Le Dret & Raoult in [137, Proposition 16] and it is given by

W
qcpGq � E

8
rv2pGq � 1s2� �

E

8p1� ν2qrv1pGq
2 � νv2pGq2 � p1� νqs2��

E

8p1� ν2qp1� 2νqrνpv1pGq
2 � v2pGq2q � p1� νqs2�,

where rxs2� � x2 for x ¥ 0 and rxs2� � 0 of x   0, and v1pGq ¤ v2pGq are the right singular values

of G P R3�2, i.e., the ordered eigenvalues of
?
GTG. In the remark following [137, Proposition

16], the reader will find a more detailed discussion on the properties of W
qc

. In particular, the
authors point out on which subsets of R3�2 the quasiconvex envelope W

qc
vanishes or coincides

with W (similar to Example 1.21).

Proof. We sketch a simplified proof focusing on the key arguments.

Step 1: Compactness. Let puεqε �W 1,ppΩ;R3q be a sequence of bounded energy and assume
that puεqε has vanishing mean value (which we can always assume since translations do not yield
any change of energy), i.e.,

Iεpuεq   K and

»
Ω
uεpxq dx � 0 (1.36)

for a constant K ¡ 0 and every ε. Combining (1.36) with the p-growth (1.25) and Poincaré’s
inequality, we deduce that puεqε is bounded in W 1,ppΩ;R3q. Due to standard Sobolev embed-
dings, we can thus find u PW 1,ppΩ;R3q and a (non-relabeled) subsequence such that uε á u in
W 1,ppΩ;R3q. Furthermore, the limit u satisfies B3u � 0, since B3uε Ñ 0 strongly in LppΩ;R3q.
This is why we may identify u with an element in W 1,ppω;R3q.

Step 2: Lower bound. Now, let uε á u in W 1,ppΩ;R3q and assume without loss of generality
that lim infεÑ0 Iεpuεq � limεÑ0 Iεpuεq   8, otherwise there is nothing to prove. From Step 1,
we obtain that the limit u only depends on the cross-section variables. Since W has standard
p-growth and coercivity (1.25), it is straightforward to prove that the quasiconvex limit density
W

qc
satisfies

c|G|p � C ¤W
qcpGq ¤ Cp|G|p � 1q
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εdη

Figure 1.5: An example of deformations as in (1.37). The green surface is the image upωq of the
cross section ω under the lower-dimensional transformation u, and the red arrows represent the
direction along which upωq is fattened.

for all G P R3�2. In view of Theorem 1.15, we thus obtain that

W 1,ppω;R3q Ñ R, u ÞÑ
»
Ω
W

qcp∇upxqq dx

is weakly lower-semicontinuous. The lower bound is then established as follows:

lim inf
εÑ0

Iεpuεq � lim inf
εÑ0

»
Ω
W

�B1uε|B2uε|1
ε
B3uε

�
dx

¥ lim inf
εÑ0

»
Ω
W

�B1uε|B2uε� dx ¥ lim inf
εÑ0

»
Ω
W

qc�B1uε|B2uε� ¥ Ipuq.

Step 3: Upper bound. For this part, we assume for the sake of simplicity that p � 2 and W is
convex, otherwise the recovery sequences constructed in the sequel need more refinement since
we need to invoke an additional relaxation step. We find for any u P W 1,2pω;R3q a function
d P L2pω;R3q such that

W pB1u|B2uq �W pB1u|B2u|dq a.e. in ω,

for which we choose a sequence pdηqη � C8pω;R3q such that dη Ñ d strongly in L2pω;R3q. We
then define for each η ¡ 0 a sequence of deformations on all of Ω by thickening the one given
by u along the direction d, i.e.,

uη,εpxq � upx1, x2q � εx3dηpx1, x2q, x � px1, x2, x3q P Ω � ω � p0, Lq, (1.37)

see also Figure 1.5.

Observe that uη,ε Ñ u strongly in W 1,2pΩ;R3q as εÑ 0 for every η and that uη,ε is bounded
in W 1,2pΩ;R3q uniformly in η. We then calculate that

Iεpuη,εq �
»
Ω
W pB1u|B2uq �W p∇εuη,εq �W pB1u|B2u|dq dx

� Ipuq �
»
Ω
W p∇εuη,εq �W pB1u|B2u|dq dx,
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where the last difference can be estimated via the local Lipschitz continuity of W and Hölder’s
inequality. We then obtain that

lim sup
ηÑ0

lim sup
εÑ0

Iεpuη,εq � Ipuq.

Finally, we choose a diagonal subsequence puεqε � puηpεq,εqε such that

lim sup
εÑ0

Iεpuεq � Ipuq and uε Ñ uε strongly in W 1,2pΩ;R3q.

Remark 1.37 (External forces and scaling regimes). In reality, we often need to analyze
the interplay between the internal elastic energy and the acting forces, which leads us to consider
energy functionals of the form

W 1,ppΩε;R3q Q v ÞÑ
»
Ωε

W p∇vq dx�
»
Ωε

fε � v dx, (1.38)

see also (1.13) or (1.22). For the sake of simplicity, it is commonly assumed that fε P Lqpω;R3q,
with 1

q � 1
p � 1, is independent of x3 and that

fε � εαf for α ¥ 0 and f P Lqpω;R3q.

It is known that the resulting normalized system energy

J pαq
ε : W 1,ppΩ;R3q Ñ R, u ÞÑ

»
Ω
W p∇εuq dx� 1

εα

»
Ω
f � u dx

has (almost-)minimizers uε PW 1,ppΩ;R3q such that J pαq
ε puεq � Opεβpαqq with

βpαq �
#
α if α P r0, 2q,
2α� 2 if α P r2,8q, (1.39)

where O is the Landau symbol, cf. [99]. Hence, after scaling J pαq
ε by the factor εβpαq and

neglecting the term describing external forces, it remains to determine the asymptotic behavior
of the elastic strain energies

Ipαqε : W 1,ppΩ;R3q Ñ r0,8q, u ÞÑ ε�βpαq
»
Ω
W p∇εuq dx.

Depending on the scaling parameter α, and suitable assumptions on the energy density W ,

we observe a different asymptotic behavior of the corresponding energy functionals Ipαqε , which
correspond to thin structures of different stiffness.

For instance, the case α � 0, which we treated in Theorem 1.35, essentially describes elastic
membranes and was first studied by Le Dret & Raoult in [137]. Note that, in this case, the
term describing the external body forces is merely a weakly continuous perturbation and may
therefore be neglected for the asymptotic analysis, see Proposition 1.29. In this limit model,
we observe that the elastic vanishingly thin structure exhibits high flexibility for there are no
constraints on the set of admissible limit deformations, aside from the independence of x3.

The scaling regimes α ¥ 2, for which p � 2 is assumed, are more difficult as they require a
powerful tool to describe limits of sequences with bounded energy. In 2002, Friesecke & James
& Müller [98] published their famous geometric rigidity result, which constitutes a nonlinear
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generalization of Korn’s inequality. In their work, the authors used their new rigidity estimate
to prove the Γ-convergence result for α � 2, in which the limit energy is finite only on the set
of isometries, and describes Kirchhoff’s plate theory.

Their pioneering work has since become the basis of many asymptotic analyses results.
This includes, the authors’ later contributions to the cases α ¡ 2 [99], as well as analogous
Γ-convergence results for 3d-1d reduction [156, 157, 184, 185], to name but a few.

We close this section with a brief comment on 3d-1d reductions, in which the considered thin
structure is small in two directions.

Remark 1.38 (3d-1d reductions). For ε ¡ 0, let Ωε � p0, Lq � εω be the reference configu-
ration of a thin tube with length L ¡ 0 and shrinking cross section εω � R2, where ω � R2 is a
bounded Lipschitz domain, cf. Figure 1.6.

εω

Ωε
L

Figure 1.6: Illustration of the thin structure Ωε � p0, Lq � εω with hexagonal ω � R2.

The elastic system energy is then given as in (1.38) with

fε � εα for α ¥ 0 and f P Lqp0, L;R3q.

Analogously to Remark 1.37, we determine the asymptotic variational behavior of the rescaled
sequence

Ipαqε : W 1,ppΩ;R3q Ñ r0,8q, u ÞÑ
»
Ω
W p∇εuq dx� εα�βpαq

»
Ω
f � u dx

with β as in (1.39), and the rescaled gradient for 3d-1d problems ∇εu � �B1u|1εB2u|1εB3u�.
The scaling regime α � 0, which leads to a limit model describing highly flexible elastic

strings, was studied by Acerbi & Buttazzo & Percivale in [1]. The asymptotic variational
analysis for the case α � 2 is based on the geometric rigidity result and the rigorous derivation
of Kirchhoff’s plate theory [98]. Naturally, the limit model is much more restrictive than in
the regime α � 0, in that the deformation behavior is determined by a Frénet-Frame which
describes the strain of the mid fiber and rotation effects of the cross section, see [156]. The
regimes α ¡ 2, for which we refer to [157, 184, 185] yield limit energies that display even more
rigidity in the sense that every sequence of bounded energy converges to a fixed rotation similar
to the analogous 3d-2d reduction.

1.5 Applications of Γ-convergence: Homogenization

The theory of homogenization concerns problems with highly oscillating behavior. In the frame-
work of nonlinear elasticity, this includes energy functionals describing material bodies with a
large amount of heterogeneities on a microscopic scale, see Figure 1.7. The goal is to obtain an



1.5. APPLICATIONS OF Γ-CONVERGENCE: HOMOGENIZATION 29

Ω

ε

ε

Figure 1.7: Illustration of a domain Ω containing ε-periodically distributed inhomogeneities in
two dimensions.

effective macroscopic description of the inhomogeneous material via averaged quantities. Since
the deformation behavior of materials can be described by minimizing the associated system
energy, we are naturally interested in the Γ-limit of such energies, which reduces the complex
heterogeneous multiscale material problem into a simpler one. The hence obtained limit models
provide structural insight into mechanical material behavior and make numerical implementa-
tions feasible.

The first pioneering homogenization results in this variational framework are due to Mar-
cellini [147] for convex and to Braides [41] and Müller [161] for non-convex integral functionals,
both with standard polynomial growth assumptions. In the following, we shall present the stan-
dard variational homogenization theory, see e.g., [42, Chapter 3] or [43], and illustrate the result
with a specific choice of the energy density.

Let Ω � Rn be the reference configuration of an elastic body in n P t1, 2, 3u dimensions.
We are particularly interested in periodically distributed inhomogeneities in the reference con-
figuration Ω � R3, where Ω is a bounded Lipschitz domain. The internal energy density
W : Rn � Rn�n Ñ r0,8q is therefore assumed to be 1-periodic in the space variable, i.e.,

W px� k, F q �W px, F q for all k P Zn and all F P Rn�n.

Note that, it is then sufficient to define W p�, F q on the unit cell r0, 1qn for every F P Rn. To
model an increasing amount of microscopic inhomogeneities, we consider the strain energy given
by

Iε : W 1,ppΩ;Rnq Ñ r0,8q, u ÞÑ
»
Ω
W px

ε
,∇upxqq dx, (1.40)

where we also assume that W is Carathéodory and satisfies standard p-growth and coercivity
for p ¡ 1, cf. (1.25).

Theorem 1.39 (Homogenization). The sequence pIεqε as in (1.40) Γ-converges sequentially
with respect to the weak topology in W 1,ppΩ;Rnq to the functional

I : W 1,ppΩ;Rnq Ñ r0,8q, u ÞÑ
»
Ω
Whomp∇uq dx,

where Whom : Rn�n Ñ r0,8q is the homogenized density given by the asymptotic homogenization
formula

WhompF q � lim
εÑ0

inf
! »

p0,1qn
W

�x
ε
,∇φpxq � F

�
dx : φ PW 1,p

0 pΩ;Rnq
)

(1.41)
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Furthermore, every sequence puεqε �W 1,ppΩ;Rnq with supε Iεpuεq   8 and vanishing mean
value has a weakly converging subsequence.

Remark 1.40 (Interpretation of the result). aq The limit density Whom describes a ho-
mogeneous material since it no longer depends on the spatial variable.

bq If we define Iε and I on the space W 1,ppΩ;Rnq X Lp
0pΩ;Rnq, then the sequence pIεqε

also Γ-converges to I with respect to the weak topology, see Remark 1.34. This is a direct
consequence of Poincaré’s inequality; the proof can be easily adapted to include the vanishing
mean value.

cq For specific choices of the energy density W , we can find an explicit expression of the
homogenized density Whom as in (1.41). In particular, for n � 1 and

W px, F q � apxq|F |2 with apxq �
#
α1 if x P r0, 12q,
α2 if x P r12 , 1q,

, x P Ω, F P R1�1 � R (1.42)

for α2 ¡ α1 ¡ 0, which is a toy model based on the Neo-Hookean ansatz (1.10), we then obtain
that

WhompF q � α�|F |2, where α� � 2α1α2

α1 � α2
�

� » 1

0

1

aptq dt
	�1

is called the harmonic mean of α1 and α2, see [42, Section 12.2.2] or [43, Exercise 13.1]. It may
be surprising that the homogenized strain energy involves the harmonic mean instead of the
arithmetic one. In fact, this is a direct consequence of the choice of topology on W 1,ppΩ;Rnq,
see also dq of this remark.

dq Replacing the weak topology on W 1,ppΩ;Rnq with the standard norm-topology yields a
different homogenization result. In fact, choosing W as in (1.42) leads to a Γ-limit of integral
form with homogenized energy density

WhompF q � ᾱ|F |2, where ᾱ � 1

2
pα2 � α2q

is the arithmetic mean of α1 and α2. However, no subsequence of pIεqε satisfies the asymptotic
coercivity condition in Remark 1.32 with respect to the standard norm-topology in W 1,ppΩ;Rnq.
Since this condition is one of the main ingredients in proving the existence of minimizers of Γ-
limits, it is preferable to choose the weak topology on W 1,ppΩ;Rnq instead.

Proof. For the sake of simplicity, we prove Theorem 1.39 only for the specific case (1.42), nor-
malizing the domain Ω � p0, 1q. We also provide a proof for the statement in Remark 1.40 dq
since the arguments are very similar to the setting with the weak topology.

A crucial observation for this proof is that the function aε :� ap �εq satisfies

1

aε

�á
» 1

0

1

aptq dt � 1

α�
in L8p0, 1q. (1.43)

as a consequence of the Riemann Lebesgue Lemma on the weak convergence of oscillating se-
quences.

Step 1: Compactness. The asymptotic coercivity is much more straightforward than in the
case of dimension reduction problems. In fact, if puεqε � W 1,2p0, 1q is a sequence of bounded
energy and vanishing mean value, then we obtain from (1.25) and Poincaré’s inequality that
there exists a subsequence of puεqε converging weakly to some u PW 1,2p0, 1q.
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Step 2: Lower bound. Now, let puεqε � W 1,2p0, 1q with weak limit u P W 1,2p0, 1q. Then, we
derive from (1.43) that

lim inf
εÑ0

Iεpuεq � lim inf
εÑ0

» 1

0
aεpxq|u1ε|2 dx

� lim inf
εÑ0

» 1

0
aεpxq

�
u1εpxq �

α�

aεpxqu
1pxq

	2
dx� 2

» 1

0
α�u1εpxqu1pxq dx�

» 1

0

pα�q2
aεpxq |u

1
εpxq|2 dx

¥ lim inf
εÑ0

2

» 1

0
α�u1εpxqu1pxq dx�

» 1

0

pα�q2
aεpxq |u

1
εpxq|2 dx

� 2

» 1

0
α�|u1pxq|2 dx�

» 1

0

pα�q2
α�

|u1εpxq|2 dx �
» 1

0
α�|u1pxq|2 dx.

This concludes the proof of the liminf-inequality.

We observe that the corresponding lower bound in the setting of Remark 1.40 dq is much
easier. In this case, we exploit that

aε
�á
» 1

0
aptq dt � ᾱ in L8p0, 1q (1.44)

and that puεqε converges strongly in W 1,2p0, 1q.
Step 3: Upper bound. For u P W 1,2p0, 1q, we define a recovery sequence puεqε � W 1,2p0, 1q

by

uεpxq �
» x

0

α�

aεptqu
1ptq dt, x P p0, 1q.

It is obvious that u1ε � α�

aε
u1 and we may thus conclude from (1.43) that uε á u in W 1,2p0, 1q.

For the associated elastic energy we estimate

lim sup
εÑ0

Iεpuεq � lim sup
εÑ0

» 1

0
aεpxq

� α�

aεpxq
	2
|u1pxq|2 dx

� lim sup
εÑ0

» 1

0

pα�q2
aεpxq |u

1pxq|2 dx �
» 1

0
α�|u1pxq|2 dx.

In the setting of Remark 1.40 dq, where the weak topology in W 1,2p0, 1q is replaced by the
strong one, we simply choose the constant recovery sequence and exploit (1.44).

1.6 Outline of the thesis

We first focus on the variational asymptotic analysis of elastic thin structures, cf. Section 1.4,
with non-standard energy densities. Precisely, Chapters 2 and 3 are concerned with the deriva-
tion of a complete hierarchy of one-dimensional string and rod theories, starting out from three-
dimensional models in nonlinear elasticity subject to local volume-preservation. These chapters
are identical to the published articles

� D. Engl and C. Kreisbeck. Asymptotic variational analysis of incompressible elastic strings.
Proceedings of the Royal Society of Edinburgh: Section A Mathematics, pages 1–28, 2020

� D. Engl and C. Kreisbeck. Theories for incompressible rods: A rigorous derivation via
Γ-convergence. Asymptotic Analysis, 124:1–28, 2021
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Similar to what we discussed in Section 1.4, in particular Remark 1.38, we consider the
system energy of fully three-dimensional elastic bodies of cylindrical shape Ω � p0, Lq� εω with
a shrinking cross section; here ω � R2 is a simply connected bounded Lipschitz domain and
L ¡ 0, see also Figure 1.6. The fundamental difference to the standard theory presented before is
the additional constraint of incompressibility, which we incorporate directly into the functionals
as in (1.20). Since the system energies of hyperelastic materials are integral functionals we can
equivalently introduce the constraint into the stored energy densities. Precisely, we set

W : R3�3 Ñ r0,8s, F ÞÑ
#
W0pF q if detF � 1,

8 otherwise,
(1.45)

where W0 : R3�3 Ñ r0,8q is a finite-valued energy density used in the analysis of compressible
materials. After the usual normalization by unit volume and a rescaling argument, cf. Remark
1.38, we are led to study the constrained strain energies

Ipαqε : W 1,ppΩ;R3q Ñ r0,8s, u ÞÑ
$&% ε�βpαq

»
Ω
W0p∇εupxqq dx if det∇εu � 1,

8 otherwise
(1.46)

with p ¡ 1, and βpαq as in (1.39) for α ¥ 0; here ∇εu � pB1u|1εB2u|1εB3uq.
Although the construction of recovery sequences follows a similar approach in all scaling

regimes, we split the asymptotic analysis of (1.46) into two parts for thematic consistency
within overarching proof strategies of the Γ-convergence results. Chapter 2 is devoted to the
scaling regimes α   2, which lead to (degenerate) models for incompressible strings; in Chapter
3 we then focus on the remaining regimes α ¥ 2, where we obtain energy functionals describing
incompressible rods.

In case α P r0, 2q, local volume preservation affects either the limit densities through a
constrained minimization in the last two columns of the (rescaled) gradients, or the effective
domain of the Γ-limit in the regime α P p0, 2q. It is particularly striking that, compressions and
stretches of the string are admissible deformations in all scaling regimes. In the more physically
relevant case α � 0, we obtain the following result:

Theorem 1.41. If W0 satisfies standard p-growth and coercivity (1.25), then the sequence

pIp0qε qε as in (1.46) Γ-converges sequentially with respect to the weak topology in W 1,ppΩ;R3q to
Ip0q : W 1,ppΩ;R3q Ñ r0,8s defined by

Ip0qpuq �
$&%

» L

0
W

cpu1px1qq dx1 if u PW 1,pp0, L;R3q,
8 otherwise,

where W : R3 Ñ r0,8s is given by

W pξq � inf
APR3�2

W pξ|Aq �
$&% min

APR3�2, detpξ|Aq�1
W0pξ|Aq if ξ � 0,

8 otherwise,
ξ P R3

and p�qc is the convex envelope as in (1.24).

Moreover, every sequence of bounded energy in W 1,ppΩ;R3q with vanishing mean value has
a weakly convergent subsequence with limit in W 1,pp0, L;R3q.
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Figure 1.8: The minimized energy W and its convex envelope W
c

for the Neo-Hookean model
(1.47) with µ � 1

We observe that the local volume preservation only affects the finite values attained by the
Γ-limit Ip0q. In fact, the structure of the limit functional is essentially the same as in the com-
pressible case of 3d-1d or 3d-2d reductions as in Section 1.4. In contrast to the standard theory,
the minimized energy W explodes near the origin as a consequence of the constraint of incom-
pressibility (1.45); in particular, W does not have standard p-growth, which requires a more
careful approach for the construction of recovery sequences. However, this singularity at the
origin vanishes after applying the convex envelope (which coincides with the quasiconvex enve-
lope in R3�1 � R3); the resulting function then does satisfy standard p-growth and coercivity,
see Figure 1.8 for illustration. We illustrate our findings by providing explicit expressions of the
limit densities in incompressible Neo-Hookean and Yeoh models (recall Example 1.1 bq, eq). For
example, we derive for

W pF q �
#
µTrpF TF � Idq � µp|F |2 � 3q if detF � 1,

8 otherwise,
F P R3�3 (1.47)

with µ ¡ 0, that

W
cpξq �

#
µp|ξ|2 � 2|ξ|�1 � 3q if |ξ| ¥ 1,

0 if |ξ| ¤ 1,
ξ P R3,

see also Figure 1.8.
One of the main difficulties in the proof of the Γ-limit is to establish recovery sequences that

accommodate the nonlinear, nonconvex differential constraint imposed by the incompressibility.
To this end, we combine suitable modifications of the classical constructions in the unconstrained
case, in which we need to carefully circumvent gradients close to the origin due to the singularity
of W , with the help of an inner perturbation argument tailored for 3d-1d dimension reduction
problems. The main idea of the latter is to modify recovery sequences from the associated
compressible case, which will satisfy the constraint of impressibility only approximately, in such
a way that the resulting sequence satisfies the differential inclusion det∇εuε � 1 exactly almost
everywhere.

In case α ¥ 2, we assume that p � 2 and that W is a frame-indifferent and sufficiently
regular strain energy density with a single well at SOp3q. In these scaling regimes, we obtain
that the set of admissible deformations in the limit model is exactly the same as in the corre-
sponding compressible case as a consequence of the inherent higher rigidity of these models in

the compressible cases. For example, if α � 2 then the Γ-limit Ip2q of pIp2qε qε is finite only on

Ap2q :� tpu,Dq P H2p0, L;R3q �H1p0, L;R3�2q : pu1|Dq P SOp3q a.e. in p0, Lqu. (1.48)
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Here, the function u represents the deformation of the mid-fiber and D consists of the two
directors describing rotation effects of the cross section, see also Figure 1.9. Exactly as in the

De1
u1

De2

Figure 1.9: Illustration of a thin rod and the Frénet Frame pu1|Dq as in (1.48).

corresponding compressible case, we find that the rescaled gradients of sequences of bounded
energy converge strongly in L2pΩ;R3�3q to some pu1|Dq with pu,Dq P Ap2q. In light of this
strong convergence, the constraint of incompressibility would carry over to the limit but the
triple pu1|Dq is a already a Frénet-frame and thus satisfies detpu1|Dq � 1 almost everywhere
anyway.

However, the local volume preservation does affect the strain energy densities of the resulting
Γ-limits in that they are determined by minimization problems involving a trace constraint
that arises from a second-order linearization of the determinant condition on the (rescaled)
deformation gradient. In the case α � 2, the limit density is given by

R3�3
skew Q F ÞÑ min

βPH1pω;R3q, TrpF px2e2�x3e3q|r∇βq�0

»
ω
QpF px2e2 � x3e3q|r∇βq dx̃, (1.49)

where x̃ � px2, x3q and r∇ � pB2|B3q, and QpF q � ∇2W0pIdqrF, F s for F P R3�3 is the quadratic
form emerging from the second derivative of W0 at the identity.

We identify the Euler-Lagrange equations of the limit energies in the scaling regime α � 2,
and observe that the corresponding critical points are thus also affected by the local volume
preservation. In particular, under simplifying assumptions, stationary points of the Γ-limit
are determined by a set of ordinary differential equations involving the Young modulus for
incompressible materials, which emerges from the compressible case in the limit of diverging
first Lamé coefficient λ.

The proofs of the lower bounds rely on suitable constraint regularization in the sense that
we approximate the incompressible energy density W by penalized strain energy densities Wk :
R3�3 Ñ r0,8q for k P N, defined by

WkpF q �W0pF q � k

2
pdetF � 1q2, F P R3�3.

We point out that the second derivative of Wk at the identity satisfies

QkpF q � ∇2WkpIdqrF, F s � QpF q � kTrpF q, F P R3�3,

which points towards the vanishing trace constraint mentioned above, see (1.49). The upper
bounds require a careful, explicit construction of locally volume-preserving recovery sequences.
After decoupling the cross-section variables with the help of divergence-free extensions, we apply
an inner perturbation argument that we introduced in the scaling regimes α   2 to enforce the
desired non-convex determinant constraint.

In Chapter 4, we turn our attention towards the asymptotic variational analysis of a non-
standard model in the context of homogenization theory. More precisely, we determine the
effective macroscopic deformation behavior of high-contrast fiber-reinforced elastic materials.
This chapter is available as the the preprint
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b)
Ω

x2

x1

x3
Y rig
ε

Figure 1.10: Illustration of a collection of fibers embedded into a cuboid Ω.

� D. Engl, C. Kreisbeck, and A. Ritorto. Asymptotic analysis of deformation behavior in
high-contrast fiber-reinforced materials: rigidity and anisotropy. Preprint, arXiv:2105.03971,
2021

As for the basic geometric setup, we assume that the three-dimensional reference configura-
tion is given by Ω � ω � p0, Lq for a bounded Lipschitz domain ω � R2 and height L ¡ 0; we
suppose further that each scaled and translated unit cell εpk � r0, 1q2q with ε ¡ 0 and k P Z2

shall contain the cross section ωk
ε of a rigid fiber of height L. The collection of all these fibers,

which need not be periodically distributed, is then denoted by Y rig
ε :� �

kPZ2 ωk
ε , see Figure 1.10

for a simple illustration of the geometric framework. The starting point of our analysis is an
internal elastic energy functional of the form

Iε : W 1,ppΩ;R3q Ñ r0,8s, u ÞÑ
»
Ω
W px,∇uq dx (1.50)

for p ¡ 2 with an inhomogeneous constrained energy density

W : R3�3 Ñ r0,8s, F ÞÑ

$'&'%
WsoftpF q if x R Y rig

ε ,

0 if x P Y rig
ε and F P SOp3q,

8 if x P Y rig
ε and F R SOp3q,

(1.51)

where Wsoft : R3�3 Ñ r0,8q is supposed to have p-growth and coercivity as in (1.25), as well
as other standard properties like frame-indifference and a single well at SOp3q. Note that the
constrained homogeneous density W |Y rig

ε
on the fibers can be viewed as having infinitely large

elastic constants.
The primary difference to standard models as in Section 1.5 lies in the inhomogeneous non-

convex differential constraint given by W and the (possibly) non-periodic distribution of the
inhomogeneities. Hence, the set of admissible deformations for the functionals Iε as in (1.50) is
given by

Aε � tu PW 1,ppΩ;R3q : ∇u P SOp3q a.e. in ΩX Y rig
ε u, (1.52)

which significantly impacts the set on which the associated sequential Γ-limit of pIεqε with
respect to the weak topology (if existent) is finite. From a material science point of view, (1.52)
imposes the restriction that every deformation is (locally) rigid on the fibers within the elastic
material. In particular, the deformation is incompressible on the fibers, and preserves all angles
and the length in every direction.
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Our contribution to this model lies in the full characterization of the effective domain of a
possible Γ-limit of pIεqε with respect to weak convergence. In other words, we derive a sequential
Kuratowski-convergence result with respect to the weak topology in W 1,ppΩ;R3q, cf. Remark
1.33 aq, for the sequence of sets pAεqε We show that, if the cross section ω has a sufficiently
regular boundary, then the associated limit set consists of deformations that exhibit a highly
restrictive anisotropic deformation behavior in the sense that the strain in the direction of the
fibers has unit length and merely depends on the cross-section variables.

Theorem 1.42 (Characterization of limit deformations). Assume that ω � R2 is bi-
Lipschitz homeomorphic to the unit ball and p ¡ 2. Then, the sequence pAεqε with Aε as in
(1.52) K-converges sequentially with respect to the weak topology in W 1,ppΩ;R3q to

A � tu PW 1,ppΩ;R3q : B3u PW 1,ppω;S2qu
� tu PW 1,ppΩ;R3q : upxq � x3Σpx1q � dpx1q for a.e. x � px1, x3q P Ω

with Σ PW 1,ppω;S2q, d PW 1,ppω;R3qu
� tu PW 1,ppΩ;R3q : upxq � Rpx1qx� bpx1q for a.e. x � px1, x3q P Ω

with R PW 1,ppω; SOp3qq, b PW 1,ppω;R3qu.
However, the construction of approximating sequences is more delicate here due to the higher

flexibility and connectedness of the soft material component. We overcome these technical chal-
lenges by a careful approximation of the identity that is constant on the rigid components,
combined with a lifting in fiber bundles for Sobolev functions. The proof of the upper bound for
A emerges as a natural generalization and suitable modification of a state-of-the-art asymptotic
rigidity analysis for high-contrast layered composites [50, 51]. We can view this step as the com-
pactness (or asymptotic coercivity) result for the energy functionals pIεqε as in (1.50), which is
significantly more intricate than the standard theory presented in Section 1.5 due to the non-
convex differential constraint of rigidity on the fibers. Constructing approximating sequences,
which constitutes the lower bound of the sequential K-convergence result, is more intricate here
than in the setting of layered composites due to the higher flexibility resulting from the connect-
edness of the soft material component. We solve these issues by a meticulous approximation of
the identity that is constant on the cross section of the rigid fibers, along with a lifting result
for Sobolev functions with values in the base of a fiber bundle.

We illustrate our results with a few examples of attainable macroscopic deformations. We
draw the comparison to high-contrast layered materials as in [50, 51] and briefly comment on
incompressibility of elements in A.

We then conclude Chapter 4, with an analysis of a modification of Iε as in (1.50) where we
introduce an additional second-order regularization in the cross-section variables. The class of
such strain energies play a vital role in the analysis of so-called non-simple materials. We prove
that the resulting limit model is trivial in the sense that the set of admissible limit deformations
consists purely of rigid body motions, which have no contribution to the elastic energy, cf. (1.51).

We close this thesis in Chapter 5 with an analysis of observed macroscopic strains in single-
slip polycrystal plasticity, for which we refer to the preprint

� D. Engl and C. Kreisbeck. On the interplay of anisotropy and geometry for polycrystals
in single-slip crystal plasticity. Preprint, arXiv:2109.01022, 2021

Our model emerges from an energetic variational framework of finite single-crystal plasticity
(cf. [48, 152, 149, 172]), where we adapt a two-dimensional geometrically nonlinear model in
which the deformation gradient ∇u � F has a multiplicative decomposition F � FelFpl into an
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elastic part Fel and a plastic one Fpl. We invoke a setting with one active slip system under
the assumption of elastically rigid behavior [58, 68], in which Fel is contained in the set of
rotations SOp2q almost everywhere and does not contribute to the elastoplastic energy, and Fpl

is a assumed to be a simple shear Id�γsbm along a slip direction s P S1 and slip-plane normal
m P S1, where γ measures the plastic slip. Admissible deformations are therefore subject to the
differential constraint

∇u � F PMs :� tF P R2�2 : detF � 1, |Fs| � 1u;
In particular, every deformation needs to be incompressible, a constraint significant throughout
this thesis.

In our variational polycrystalline model based on [19, 58, 68], determining the macroscopi-
cally attainable strains of a polycrystal with reference configuration Ω � R2 amounts to identi-
fying affine boundary data F P R2�2 such that there exists a Lipschitz solution u PW 1,8pΩ;R2q
to the non-convex inhomogeneous partial differential inclusion#

∇upxq PMR�pxqe1 for a.e. x P Ω,

upxq � Fx for x P BΩ.
(PM)

Here, the piecewise constant function R� : Ω Ñ SOp2q describes the texture of the polycrystal,
i.e., the decomposition into single-crystals and their associated slip orientations, see also Figure
1.11. The goal of Chapter 5 is the characterization of the set

FMpΩ, R�q � tF P R2�2 : there exists u PW 18pΩ;R2q that solves (PM)u, (1.53)

which represents the domain of the macroscopic elastoplastic energy density (see 5.1.1 for a
detailed energetic approach to this model). To this end, we determine inner and outer bounds
on FMpΩ, R�q by analyzing various issues related to the solvability of (PM) and its relaxed
version #

∇upxq P NR�pxqe1 for x P Ω,

upxq � Gx for x P BΩ
(PN )

with

Ns :�Mqc
s � tF P R2�2 : detF � 1, |Fs| ¤ 1u,

where p�qqc, is the (finite) quasiconvex convex hull [70, Definition 7.25]. Under suitable assump-
tions on the shapes and orientations of the grains, our obtained bounds coincide, leading to a
full characterization of the set of attainable macroscopic strains of the polycrystal.

First, we present and discuss a geometry-independent inner bound by identifying defor-
mations of globally constant strain of the relaxed problem (PN ). From these affine solutions,
Lipschitz solutions to the unrelaxed problem (PM) are generated with the help of convex inte-
gration and relaxation results along the lines of [164] and [68]. We show that this inner bound,
which consists of the finite intersection

�
xPΩNR�pxqe1 , depends on at most three slip orientations

occurring in the polycrystal, no matter the amount of grains.
Outer bounds on FMpΩ, R�q are obtained through a generalized Hadamard compatibility

condition [17] between the macroscopic and the microscopic strains at the boundary grains. To
the best of our knowledge, the paper [17] has not yet been published, which is why we provide
the proof of a special case that is tailored to the needs of this work.

We discuss examples of polycrystals with sufficient symmetry and selected bicrystals and
show that the inner bound resulting from constant-strain solutions to (PN ) is optimal and
coincides with the outer bound emerging from rank-one compatibility at the boundary grains.
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Ω

Ωi

R�|Ωj
e1

Figure 1.11: Illustration of a polycrystal with reference configuration Ω and texture R�. The
green and orange domains are the so-called boundary and interior grains; the arrows indicate
the orientation of the slip direction R�e1.

Finally, we produce an explicit construction to show that this inner bound is not optimal
in general. Precisely, we design a polycrystal together with suitable finitely piecewise affine
solution to the relaxed differential inclusion (PN ) to generate a Lipschitz solution to (PM) via
convex integration and relaxation results.



Chapter 2

Asymptotic variational analysis of
incompressible elastic strings

This chapter corresponds to the published paper [88].

2.1 Introduction

Modern mathematical approaches to applications in materials science result in variational prob-
lems with non-standard constraints for which the classical methods of the calculus of variations
do not apply. Constraints involving non-convexity, differential expressions and/or nonlocal ef-
fects are known to be particularly challenging.

In the context of the analysis of thin objects, interesting effects may occur due to the interac-
tion between restrictive material properties and the lower-dimensional structure of the objects.
We mention here a few selected examples: thin (heterogenous) films and strings subject to
linear first-order partial differential equations, which are general enough to cover applications
in nonlinear elasticity and micromagnetism at the same time, are studied in [129, 130, 131],
cf. also [106, 128]; pointwise constraints on the stress fields appear naturally in models of
perfectly plastic plates [72, 77]; for work on lower-dimensional material models that involve is-
sues related to non-interpenetration of matter and (global) invertibility, we refer for instance
to [135, 171, 186, 205]; physical growth conditions, which guarantee orientation preservation of
deformation maps, have been taken into account in models of thin nematic elastomers [3] and
von Kármán type rods and plates [76, 159].

This chapter is concerned with 3d-1d dimension reduction problems in nonlinear elasticity
with incompressibility - a determinant constraint on the deformation gradient, which ensures
local volume preservation, and is ideal to model e.g. rubber-like materials [168]. To be more
specific, we provide an ansatz-free derivation of reduced models for incompressible thin tubes
by means of Γ-convergence techniques (see [42, 71] for a comprehensive introduction). We take
the limit of vanishing cross section, considering external loading of the order of magnitude that
gives rise to string type models.

The analogous problem in the 3d-2d context, meaning for incompressible membranes, was
solved independently by Trabelsi [195] and Conti & Dolzmann [61] based on different approaches.
To overcome the difficulty of accommodating the nonlinear differential constraint when con-
structing recovery sequences, [61] involves the construction of suitable inner variations. This idea
has been applied in the analysis of incompressible Kirchhoff and von Kármán plates [62, 144],
and lends inspiration to this chapter, where we adapt it for 3d-1d reductions.

The first results in the literature to use Γ-convergence techniques to deduce reduced models
for thin objects go back to the 1990s, with the seminal works by Acerbi, Buttazzo & Percivale

39
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[1] on strings and Le Dret & Raoult [137] on membranes. Notice that in both papers, the
authors start from unconstrained energy functionals whose energy densities satisfy standard
growth. Before that, common techniques for gaining quantitative insight into thin structures
relied mostly on asymptotic expansion methods, and were applied in the setting of linearized
elasticity, see e.g. [53, 196]. For recent work on the (geometric) linearization of models involving
energy densities with local volume-preservation constraints, we refer to [118, 145].

Over the last two decades, the fundamental results in [1, 137] have been generalized in
multiple directions. This includes for instance the study of membrane theory with Cosserat
vectors [39, 40], curved strings [184], inhomogeneous thin films [44], thin structures made of pe-
riodically heterogeneous material [11, 12, 136], or junctions between membranes and strings [95].

2.1.1 Problem formulation

For small ε ¡ 0, let Ωε :� p0, Lq � εω with L ¡ 0 and a bounded Lipschitz domain ω � R2

represent the reference configuration of a thin unilaterally extended body. Up to translation, we
may always assume that the origin lies in ω. In this chapter, we assume that p P p1,8q.

The starting point of our analysis is a three-dimensional model in hyperelasticity with an
energy functional (per unit cross section) of the form

Eεpvq � 1

ε2

»
Ωε

W p∇vq dy � 1

ε2

»
Ωε

fε � v dy, v PW 1,ppΩε;R3q;

here, fε P Lp1pΩε;R3q with p1 :� p
p�1 P p1,8q the dual exponent of p, are external forces and W

is a constrained stored elastic energy density enforcing incompressibility, precisely,

W : R3�3 Ñ r0,8s, F ÞÑ
#
W0pF q if detF � 1,

8 otherwise,
(2.1)

with W0 : R3�3 Ñ R a continuous function that is bounded from below and has suitable growth
behavior. We give more details on the exact assumptions on W0 in Section 2.2.2, see (H1)-
(H3). In this model, the observed deformations of the thin object in response to external forces
correspond to minimizers (or, if the latter do not exist, low energy states) of Eε.

To derive reduced one-dimensional models that capture the asymptotic behavior of these
minimizers, it is technically convenient to work with functionals defined on ε-independent spaces,
which can be achieved by a classical rescaling argument in the cross section. Indeed, let upxq :�
vpyq for v PW 1,ppΩε;R3q with the parameter transformation y � px1, εx2, εx3q for x P Ω :� Ω1,
and suppose for simplicity that fε is independent of the cross-section variables. Then, Iεpuq �
Eεpvq, where

Iεpuq :�
»
Ω
W

�
∇εu

�
dx�

»
Ω
fε � u dx, u PW 1,ppΩ;R3q,

with ∇εu � pB1u|1εB2u|1εB3uq the rescaled gradient of u.
In analogy to well-known facts in the context of compressible materials (see e.g. [99]), here

as well, the scaling behavior of Iε depends strongly on the external forces fε. Whenever fε is
of order εα for some α ¥ 0, then infuPW 1,ppΩ;R3q Iεpuq behaves like εβ with β � α if α ¤ 2 and
β � 2α� 2 if α ¥ 2. Depending on these scalings, one has to expect qualitatively different limit
models, falling into the categories of string theory (α � 0), rod theories (α � 2 and α � 3) or
other intermediate theories.

Since this chapter deals with the regimes α   2 (the cases α ¥ 2 are addressed in Chapter
3), it is natural to consider in the following the rescaled functionals Iα

ε : W 1,ppΩ;R3q Ñ r0,8s



2.1. INTRODUCTION 41

for α P r0, 2q defined by

Iα
ε puq �

1

εα

»
Ω
W p∇εuq dx, u PW 1,ppΩ;R3q; (2.2)

notice that one may, without loss of generality, omit here the term describing work due to the
external forces, for it is merely a continuous perturbation of the total (rescaled) elastic energy.

2.1.2 Statement of the main results.

The new contribution of this chapter is a complete characterization of the Γ-limits of sequences
pIα

ε qε as in (2.2) for εÑ 0.
To be more precise, we prove that under suitable assumptions, pIα

ε qε Γ-converges with respect
to the weak topology in W 1,ppΩ;R3q to Iα : W 1,ppΩ;R3q Ñ r0,8s given for α � 0 by

I0puq �
$&% |ω|

» L

0
W

cpu1px1qq dx1 if u PW 1,pp0, L;R3q,
8 otherwise.

(2.3)

and for α P p0, 2q by

Iαpuq �
#

0 if u PW 1,pp0, L;R3q with W
cpu1px1qq � 0 for a.e. x1 P p0, Lq,

8 otherwise,
(2.4)

respectively, cf. Theorem 2.7 and 2.8 for all details.
The reduced energy density W results from minimizing out the cross-section variables from

W , that is,

W pξq :� min
APR3�2

W
�pξ|Aq� � min

APR3�2, detpξ|Aq�1
W0

�pξ|Aq�, ξ P R3zt0u,

cf. (2.7), while the convexification W
c

of W reflects a relaxation process.
The representation formulas (2.3) and (2.4) indicate that the two regimes α � 0 and α P p0, 2q

give rise to qualitatively different reduced one-dimensional models. Whereas the latter admits
only restricted deformations of the thin object, which can however be obtained with zero energy,
the former allows us for any deformation of the string at finite energetic cost.

Despite their differences, both cases share a feature that may seem surprising at first. In
fact, the incompressibilty constraint imposed on the three-dimensional elasticity models does
not carry over to the reduced ones, in the sense that admissible deformations are not length
preserving in general, but can undergo compression and/or stretching, cf. Remark 2.2 for a
discussion of the zero-level sets of W

c
. For a similar observation in the context of incompressible

membranes, see [61].

2.1.3 Approach and techniques

The proofs for the cases α � 0 and α P p0, 2q can be found in Section 2.3 and Section 2.4,
respectively. Overall, our idea is to combine tools from [61] on 3d-2d dimension reduction for
incompressible membranes and the references [1, 184], where the authors derive one-dimensional
models for strings without volumentric constraints.

In both regimes, compactness and the liminf-inequalities are straightforward to show, as they
follow immediately from the corresponding results for the unconstrained problems. However,
the construction of recovery sequences is more delicate.
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The difficulty is to accommodate the incompressibility condition, while approximating the
desired limit deformation in an energetically optimal way. To achieve this, we take the recovery
sequences from the compressible case - i.e., the ones from [1] if α � 0, and from [184] for α P p0, 2q
- as a basis, and modify them with the help of an inner perturbation argument tailored for 3d-1d
dimension reduction. The latter, which is stated in Lemma 2.5, is a key ingredient of the proof.

In order to apply Lemma 2.5, though, one needs sequences that are sufficiently regular and
whose rescaled deformation gradients have determinant close to 1 up to a small, quantified error.
Especially in the string regime α � 0, this requires some technical effort. Indeed, with the help
of Bézier curves, we establish a mollification argument for piecewise affine functions of one
variable, which, amongst other useful properties, yields uniform bounds on the derivatives, see
Lemma 2.6. Moreover, we construct tailored moving frames along the resulting smooth curves
in order to guarantee that fattening them to tubes results in deformed configurations that are
almost (with controlled errors) locally volume-preserving.

2.2 Preliminaries

To start with, we introduce notations and collect a few technical tools.

2.2.1 Notation

The following notational conventions are used throughout the chapter: Let a � b be the standard
inner product of two vectors a, b P R3, and e1, e2, e3 the standard unit vectors in R3. On the
space Rm�n of real-valued m � n matrices, we denote the Frobenius-norm by | � | and write

|F |p :� �°m
i�1

°n
j�1 |ei � Fej |p

� 1
p with F P Rm�n for any p ¡ 1; naturally, there is a constant

cppq ¡ 0 such that

1?
cppq | � |

p
p ¤ | � |p ¤

a
cppq| � |pp. (2.5)

Moreover, the closure of a given set U � Rn is denoted by U , whereas U c stands for the convex
hull of U . Accordingly, the convex envelope of a function f : Rn Ñ R is f c. For the zero level
set of f , we use L0pfq.

The partial derivative of v : U Ñ Rm, where U � Rn is open, with respect to the i-th
variable is denoted by Biv, and gradients by ∇v. If v depends only on one real variable, meaning
if n � 1, we simplify B1v to v1. The rescaled gradient of v : U � R3 Ñ R3 is given by

∇εv :� �B1v��1εB2v��1εB3v�. (2.6)

We employ standard notation for Lebesgue and Sobolev spaces as well as for spaces of contin-
uous and k-times continuously differentiable functions; in particular, LppU ;Rmq, W 1,ppU ;Rmq
and CkpU ;Rmq with k P N0 for an open set U � Rn. We shall equip the latter with the norm

}u}CkpU ;Rmq :� °k
i�0 maxxPU |∇iupxq|.

To shorten notation, let Lppa, b;Rmq :� Lpppa, bq;Rmq and W 1,ppa, b;Rmq :� W 1,pppa, bq;Rmq if
U � pa, bq � R.

Furthermore, ApwpI;Rmq with an open interval I � R is defined as the space of continuous
piecewise affine functions with values in Rm.

If Ω � p0, Lq�ω as in the introduction, without explicit mention, we identify any u : p0, Lq Ñ
R3 with its trivial extension to a function on Ω; in particular, given sufficient regularity, B1u and
u1 are used interchangeably.

Finally, Op�q is the well-known Landau symbol.
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2.2.2 Hypotheses and properties of W0 and W

Consider the following regularity and growth assumptions for the energy density W0 : R3�3 Ñ R:

(H1) W0 is continuous on R3�3;

(H2) there are constants C2, c2 ¡ 0 such that

c2|F |p � C2 ¤W0pF q ¤ C2p|F |p � 1q for all F P R3�3;

(H3) there are constants C3, c3 ¡ 0 such that

c3 distppF,SOp3qq ¤W0pF q ¤ C3 distppF,SOp3qq for all F P R3�3.

Clearly, (H3) implies (H2). Notice that hypotheses (H1) and (H2), which appear in our proofs
for the regimes α P r0, 12q (cf. Theorems 2.7 and 2.8), are standard assumptions for energy den-
sities - possibly with multi-well character - used in the literature to describe thin elastic objects
like strings and membranes (see e.g. [1, 137] for the compressible and [61] for the incompressible
setting). For technical reasons, we replace (H2) in the intermediate regimes α ¥ 1

2 (see Theo-
rem 2.8) with the stronger condition (H3). The latter corresponds to a single-well type energy
and is common in the theory of rods and plates [98, 156, 184, 62].

Recalling the definition of W in (2.1), we define W : R3 Ñ r0,8s by minimizing out the
cross-section variables, that is,

W pξq � inf
APR3�2

W
�pξ|Aq� �

$&% inf
APR3�2, detpξ|Aq�1

W0

�pξ|Aq� if ξ � 0,

8 otherwise,
(2.7)

for ξ P R3. Notice that the hypotheses (H1) and (H2) guarantee that the infima in (2.7) are
attained.

As we detail next, the convexification W
c

of W inherits growth properties from W0.

Lemma 2.1. Let W0 satisfy (H1) and (H2). There are constants C4, c4 ¡ 0 such that

c4|ξ|p � C4 ¤W
cpξq ¤ C4p|ξ|p � 1q for all ξ P R3. (2.8)

In particular, W
c

: R3 Ñ r0,8q is continuous as a finite-valued convex function.

Proof. Indeed, (H2), along with the observation that

min
APR3�2,detpξ|Aq�1

|pξ|Aq|p ¤ cppq min
x,yPR3, px�yq�ξ�1

|ξ|p � |x|p � |y|p � cppq�|ξ|p � 2|ξ|�
p
2
�

(2.9)

for any ξ P R3zt0u, cf. (2.5), allows us to infer that

c2|ξ|p � C2 ¤W pξq ¤ cppqC2p|ξ|p � 2|ξ|�
p
2 q � C2 (2.10)

for all ξ P R3zt0u, which after convexification gives rise to (2.8).

The following lemma collects a few basic properties of the zero level sets of W and W
c
.
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Remark 2.2. Suppose that W0 satifies (H1) and (H2).

a) The growth assumption (H3) implies immediately that L0pW q � L0pW0q � SOp3q.
b) If W0 is frame-indifferent, i.e., W0pRF q � W0pF q for all F P R3�3 and any R P SOp3q,

then W pξq with ξ P R3 depends de facto only on |ξ|, i.e., W pξq � fp|ξ|q for ξ P R3 with some
f : r0,8q Ñ R. Indeed, following the strategy in [1, Theorem 4.1], we compute for any R P SOp3q
and ξ � 0,

W pRξq � mintW0ppRξ|Aqq : A P R3�2,detpRξ|Aq � 1u
� mintW0pRpξ|Aqq : A P R3�2,detpRpξ|Aqq � 1u
� mintW0ppξ|Aqq : A P R3�2, detpξ|Aq � 1u �W pξq.

In this case, W
c � f cp| � |q and L0pW cq � L0pW qc � tξ P R3 : |ξ| ¤ maxt¥0,tPL0pfq tu.

c) A frame-indifferent single-well energy density W0 vanishing at the identity has SOp3q as
zero level set of W0. Hence, L0pW q � tξ P R3 : |ξ| � 1u in light of b), and after convexification,

L0pW cq � L0pW qc � tξ P R3 : |ξ| ¤ 1u.
For illustration, we discuss two examples of energy densities with an incompressiblity con-

straint W from the mechanics literature. We provide explicit formulas for the minimized and
convexified densities W

c
, which fully determine the models resulting from our 3d-1d dimension

reduction analysis.

Example 2.3. a) Consider the stored energy density of an incompressible homogeneous neo-
Hookean solid, i.e.,

W pF q �
#
µTrpF TF � Idq if detF � 1,

8 otherwise,
F P R3�3,

where µ ¡ 0 is a given shear modulus. With W0pF q � µTrpF TF�Idq � µp|F |2�3q for F P R3�3,
which satisfies the assumptions (H1) and (H2) for p � 2, this model fits into the framework of
this chapter for the scaling regimes α P r0, 12q. An optimization argument as in (2.9) yields that
W pξq � µ

�|ξ|2 � 2|ξ|�1 � 3
�

for ξ P R, and thus, by convexification,

W
cpξq �

#
µ
�|ξ|2 � 2|ξ|�1 � 3

�
if |ξ| ¡ 1,

0 if |ξ| ¤ 1,
ξ P R3.

Inserting this expression into the limit functionals I0 as in (2.3) and Iα in (2.4) shows, in
particular, that the one-dimensional string models allow for compression (that is, |u1| ¤ 1 for
u PW 1,2p0, L;R3q) at no energetic cost.

b) A widely used material class where incompressibility constitutes a mechanical key feature
are rubber-like ones. Following the phenomenological description of carbon-black-filled rubber
introduced by Yeoh in [202, 203] leads us to study the energy density

W pF q �
#°3

k�1 akpTrpF TF � Idqqk if detF � 1,

8 otherwise,
F P R3�3,

with given material constants a1, a2, a3 ¥ 0. In analogy to a), the growth conditions (H1) and
(H2) hold with p � 6, and we conclude in in light of the monotonicity of t ÞÑ tk on r0,8q for
k P N that

W
cpξq �

#°3
k�1 ak

�|ξ|2 � 2|ξ|�1 � 3
�k

if |ξ| ¥ 1,

0 if |ξ|   1,
ξ P R3.

Here as well, the resulting lower-dimensional limit energies do not penalize compression.
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To conclude this subsection, we briefly comment on the connection between models with and
without incompressibility.

Remark 2.4. Formally, three-dimensional models for incompressible elastic materials arise
through a limit passage from compressible ones with a suitable penalization term that diverges
whenever the Jacobian determinant of the deformation field deviates from one.

Let us exemplify this idea in the context of this chapter - on the basis of a simple scenario.
Suppose that α � 0, p ¥ 3 and consider a continuous ψ : RÑ r0,8q satisfying ψp0q � 0 as well
as standard q-growth and q-coercivity for some q P r1, p3 s. For k P N, we define

I0
ε,kpuq �

»
Ω
Wkp∇εuq dx, u PW 1,ppΩ;R3q,

where

WkpF q :�W0pF q � kψpdetF � 1q

for F P R3�3 with W0 : R3�3 Ñ R satisfying (H1) and (H2). Notice that each Wk satisfies all
the assumptions (in particular, standard p-growth and p-coercivity) necessary for the classical
analysis of compressible elastic strings in [1]. On the other hand, it is straight-forward to verify
that the sequence pI0

ε,kqk Γ-converges with respect to the weak topology in W 1,ppΩ;R3q to I0
ε

defined as in (2.2) for any ε ¡ 0.

2.2.3 Technical tools

The following auxiliary result on inner perturbations is a key ingredient for the construction
of recovery sequences, both in the regimes α � 0 and α P p0, 2q, since it allows us to modify
sequences subject to the incompressibility constraint in an approximate sense into ones that
satisfy it exactly.

Analogous techniques applicable to 3d-2d dimension reduction problems were first introduced
in [61] and later exploited in [62, 144]. We adapt the method to the 3d-1d context, where
perturbing one of the cross-section variables (instead of both) is enough to realize the desired
determinant condition.

Lemma 2.5 (Inner perturbation). Let γ ¡ 0 and J � J 1 � R be bounded closed intervals
such that 0 P J and J is compactly contained in the interior of J 1. Further, let QL :� r0, Ls �
J � J � R3 and analogously, Q1

L :� r0, Ls � J 1 � J 1, and define Π3 : QL Ñ J by x ÞÑ x3 for
x P QL.

If pvεqε � C2pQ1
L;R3q is such that

}det∇εvε � 1}C1pQ1Lq � Opεγq, (2.11)

then there exists a sequence pΦεqε � C1pQL;Q1
Lq with functions of the form

Φεpxq � px1, x2, φεpxqq, x P QL,

where φε P C1pQL; J 1q for ε ¡ 0 is such that

}φε �Π3}C1pQL;R3q � Opεγq, (2.12)

and the perturbed sequence puεqε � C1pQL;R3q defined by uε :� vε � Φε satisfies

det∇εuε � 1 everywhere in QL for ε ¡ 0. (2.13)
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Proof. We subdivide the construction of a sequence pφεqε P C1pQL; J 1q satisfying the condi-
tions (2.12) and (2.13) into two steps. The arguments are strongly inspired by the ideas and
techniques of [61, 62].

Note that according to (2.11), there is a constant l ¡ 0 such that

}det∇εvε}C0pQ1Lq ¥ l (2.14)

for all ε ¡ 0 sufficiently small.

Step 1: Implementation of the determinant constraint. Recalling the definition of the rescaled
gradients in (2.6), we deduce from the chain rule that uε � vε � Φε satisfies

det∇εuε � detp∇vε � Φεq det∇εΦε � 1
ε2

detp∇vε � Φεq det∇Φε

� detp∇εvε � Φεqdet∇Φε � detp∇εvε � ΦεqB3φε

on QL. Hence, condition (2.13) is fulfilled if φε solves the following initial value problem: For
each x1 P r0, Ls and x2 P J ,$&% B3φεpx1, x2, x3q � 1

det∇εvεpx1, x2, φεpx1, x2, x3qq for x3 P J ,

φεpx1, x2, 0q � 0;
(2.15)

notice that in view of (2.14), the denominator on the right-hand of the differential equation is in
particular non-zero; also, the choice of initial conditions is indeed admissible, considering that
0 P J .

The existence of a unique solution φε P C1pQL; J 1q to the initial value problem in (2.15) with
continuously differentiable dependence on the parameters x1 and x2 follows from standard ODE
theory. More precisely, the argument is based on Banach’s fixed point theorem, see e.g. [200,
III, §13, Satz II and IV]; note that in our case, the contraction may be defined on C0pQL; J 1q,
since (2.11) implies that for any ϕ P C0pQL; J 1q and x P QL,» x3

0

1

det∇εvεpx1, x2, ϕpx1, x2, sqq ds P J 1,

provided ε is small enough.

Step 2: Estimates for φε. To verify (2.12) for the previously constructed φε, we are going
show that

}B3φε � 1}C0pQLq � Opεγq, (2.16)

}φε �Π3}C0pQLq � Opεγq, (2.17)

}B1φε}C0pQLq � Opεγq and }B2φε}C0pQLq � Opεγq. (2.18)

Indeed, (2.16) follows from

|B3φε � 1| � |detp∇εvε � Φεq � 1|
|detp∇εvε � Φεq| ¤ 1

l
|detp∇εvε � Φεq � 1| ¤ 1

l
}det∇εvε � 1}C0pQLq

in combination with (2.11), and it suffices for (2.17) to observe that

|φεpxq � x3| ¤
���» x3

0
B3φpx1, x2, sq � 1 ds

���¤ |x3|}B3φε � 1}C0pQLq (2.19)
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for any x P QL.
For the proof of (2.18), it is convenient to rewrite (2.15) equivalently in terms of the integral

equation » φεpxq

0
det∇εvεpx1, x2, sq ds � x3 for x P QL. (2.20)

By the Leibniz integral rule, differentiating (2.20) with respect to x1 leads to» φεpxq

0
B1rdet∇εvεpx1, x2, sqs ds� B1φεpxqdet∇εvεpx1, x2, φεpxqq � 0

for x P QL, and hence, along with (2.14),

|B1φεpxq| ¤ 1

l

���» φεpxq

0
B1 det∇εvεpx1, x2, sq ds

��� ¤ |φεpxq|
l

}∇pdet∇εvεq}CopQLq.

In view of (2.19) and (2.11), this gives the first part of (2.18). The second part involving B2φε

follows in the same way.

The next lemma provides a technical tool that, intuitively speaking, allows us to round off
the corners of a piecewise affine curve in such a way that the resulting mollification is a regular
curve and still piecewise affine on most of its domain. This can be achieved with the help of
Bézier curves, see e.g. [93]. Although there is a substantial literature on the subject, we have
not been able to track down the specific statement needed for the construction of a recovery
sequence in Theorem 2.7. We present a self-contained proof in Section 2.5.

Lemma 2.6 (Mollification via Bézier curves). Let k P N, q ¥ 1 and u P Apwp0, L;R3q.
Further, let Γ be the finite set of points in p0, Lq where u is not differentiable, and suppose that
u1 � 0 a.e. in p0, Lq.

Then there exists a sequence puiqi � Ckpr0, Ls;R3q with the following three properties:

piq (Uniform bounds) c ¤ |u1i| ¤ C in r0, Ls for all i P N with constants c, C ¡ 0 depending
only on u;

piiq (Affinity) ui � u on r0, LszΓi with Γi � tt P r0, Ls : distpt,Γq ¤ 1
i u for i P N large enough;

piiiq (Convergence) ui Ñ u in W 1,qp0, L;R3q as iÑ8.

2.3 The regime α � 0

The first main result derives an effective one-dimensional model for incompressible elastic strings
via a Γ-convergence analysis of the energies Iα

ε with α � 0 in the limit of vanishing ε. Its two
main characteristics reflect an optimization over all deformations of the cross section at finite
thickness and a relaxation procedure minimizing the energy over possible microstructures.

Theorem 2.7. For ε ¡ 0, let I0
ε as in (2.2), assuming that W0 satisfies (H1) and (H2). Then,

pI0
ε qε Γ-converges sequentially regarding the weak topology in W 1,ppΩ;R3q to

I0 : W 1,ppΩ;R3q Ñ r0,8s, u ÞÑ
$&% |ω|

» L

0
W

cpu1q dx1 if u PW 1,pp0, L;R3q,
8 otherwise,

with W : R3 Ñ r0,8q defined as in (2.7).
Furthermore, every sequence puεqε � W 1,ppΩ;R3q with ³

Ω uε dx � 0 and supε¡0 I0
ε puεq   8

is relatively weakly compact.
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Proof. The overall idea of the proof follows along the lines of [61], but the arguments need to be
suitably modified for this setting of 3d-1d reduction. This involves a taylored mollification and
frame construction for piecewise affine regular curves, as well as elements from [1], see also [184].
The key ingredient for realizing the volumetric constraint in the construction of the recovery
sequence is Lemma 2.5.

Part I: Lower bound and compactness. Let puεqε � W 1,ppΩ;R3q be a sequence of functions
with zero mean value and uniformly bounded energy regarding pI0

ε qε. Due to W ¥W0 and the
fact that, by assumption, W0 satisfies the necessary properties to apply the compactness of the
corresponding compressible problem (see e.g. [1, Theorem 2.1]), we conclude the existence of a
subsequence of puεqε converging weakly in W 1,ppΩ;R3q to some u PW 1,pp0, L;R3q. Since W

c
is

convex, continuous and bounded from below, the functional

LppΩ;R3q Q v ÞÑ
»
Ω
W

cpvq dx

is Lp-weakly lower semi-continuous (see e.g. [70, Theorem 1.3]), and hence,

lim inf
εÑ0

I0
ε puεq � lim

εÑ0

»
Ω
W p∇εuεq dx ¥ lim inf

εÑ0

»
Ω
W

cpB1uεq dx

¥
»
Ω
W

cpB1uq dx � |ω|
» L

0
W

cpu1q dx1,

which is the desired liminf-inequality.

Part II: Upper bound. Let u PW 1,pp0, L;R3q. For easier reading, we subdivide the argument
into several steps.

Step 1: Affine approximation. Considering that Apwp0, L;R3q is dense in W 1,pp0, L;R3q, one
can find a sequence pṽjqj � Apwp0, L;R3q such that

ṽj Ñ u in W 1,pp0, L;R3q. (2.21)

Then, in light of the continuity of W
c

and its p-growth (2.8), we can pass to the limit via the
Vitali-Lebesgue convergence theorem to obtain

lim
jÑ8

» L

0
W

cpṽ1jq dx1 �
» L

0
W

cpu1q dx1. (2.22)

Step 2: Relaxation. Next, we will construct a sequence pvjqj � Apwp0, L;R3q such that
vj á u in W 1,pp0, L;R3q and

lim
jÑ8

» L

0
W pv1jq dx1 ¤

» L

0
W

cpu1q dx1; (2.23)

in particular, this means that v1j � 0 a.e. in p0, Lq for j P N.

For j P N, let ṽj be the function from Step 1, and denote the finitely many disjoint open

subintervals of p0, Lq on which ṽ1j is constant by Ĩ
pnq
j with n � 1, ..., Ñj ; notice that

��p0, Lqz�Ñj

n�1 Ĩ
pnq
j

�� � 0.



2.3. THE REGIME α � 0 49

The idea is to modify ṽj suitably on each Ĩ
pnq
j . To be precise, by classical arguments in convex

analysis and relaxation theory (see e.g. [70, Theorem 2.35]), one can find functions ϕ
pnq
j P

W 1,p
0 pĨpnqj ;R3q XApwp0, L;R3q, such that

�
»
Ĩ
pnq
j

W pṽ1j � pϕpnqj q1q dx1 ¤W
cpṽ1jq �

1

j

and »
Ĩ
pnq
j

|ϕpnqj |p dx1 ¤ 1

jp
|Ĩpnqj |; (2.24)

the add-on (2.24) follows via a simple refinement argument, just replace ϕ
pnq
j with a piecewise

affine function that consists of multiple scaled copies of the latter.

Define vj :� ṽj �
°Ñj

n�1 ϕ
pnq
j 1

Ĩ
pnq
j

, where 1I for some I � R denotes the associated indicator

function with values 0 and 1. Then, }vj � ṽj}Lpp0,L;R3q ¤
p?L
j and

» L

0
W pv1jq dx1 �

Ñj̧

n�1

»
Ĩ
pnq
j

W pṽ1j � pϕpnqj q1q dx1

¤
Ñj̧

n�1

pW cpṽ1jq � 1
j q|Ĩ

pnq
j | �

» L

0
W

cpṽ1jq dx1 � L

j
.

Hence, letting j Ñ 8 implies (2.23) in view of (2.22), as well as vj Ñ u in Lpp0, L;R3q due
to (2.21). The observation that pvjqj is uniformly bounded in W 1,pp0, L;R3q as a consequence
of the lower bound in (2.10) allows us to conclude the desired weak convergence vj á u in
W 1,pp0, L;R3q.

Step 3: Mollification of the piecewise affine approximations. With the help of Lemma 2.6
applied to each vj from Step 2 with q � p and k � 3, and a diagonalization argument, we obtain
a sequence of functions pujqj � C3pr0, Ls;R3q with these properties:

piq for every j P N there are 0   lj ¤ Lj such that lj ¤ |u1j | ¤ Lj in r0, Ls; without loss of
generality, we may assume that lj ¤ 1;

piiq for every j P N there are finitely many disjoint open intervals I
pnq
j � r0, Ls with n � 1, ..., Nj

such that the restriction of uj to I
pnq
j is affine and coincides with vj |Ipnqj

;

piiiq limjÑ8 |Γj |pLp
j � l

�p
2

j � 1q � 0, where Γj :� r0, Lsz�Nj

n�1 I
pnq
j for j P N;

pivq uj � vj Ñ 0 in W 1,pp0, L;R3q, and hence by Step 2,

uj á u in W 1,pp0, L;R3q. (2.25)

Step 4: Taylored frame. For any curve uj with j P N as in the previous step, let nj P
C2pr0, Ls;R3q be a normal unit vector field along uj , meaning u1j �nj � 0 and |nj | � 1 everywhere
in r0, Ls; we may assume without restriction that nj is constant whenever u1j is. Moreover, define

bj :� u1j � nj

|u1j � nj |2 P C
2pr0, Ls;R3q; (2.26)
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indeed, the denominator in (2.26) is non-zero, because nj is orthogonal to u1j and uj a regular
curve by Step 3 piq. By definition, the triple pu1j , nj , bjq forms an orthogonal moving frame along
the trajectory given by uj . Our aim in this step is to modify this moving frame into a version
that is well-suited for the construction of an approximating sequence for u along which the
energies converge as well, cf. Step 5.

To this end, recall that uj is affine on each I
pnq
j with n � 1, . . . , Nj according to Step 3 piiq,

that is,

u1j |Ipnqj

� ξ
pnq
j with ξ

pnq
j P R3. (2.27)

Let A
pnq
j P R3�2 be such that

W
�pξpnqj |Apnqj q�� min

APR3�2
W

�pξpnqj |Aq��W pξpnqj q; (2.28)

in particular, detpξpnqj |Apnqj q � 1, cf. (2.7).
Moreover, for fixed δ, η ¡ 0 sufficiently small, we consider compactly contained nested open

subintervals I
pnq
j,δ,η � I

pnq
j,δ � I

pnq
j with

|Ipnqj zIpnqj,δ | ¤ δ and |Ipnqj,δ,ηzIpnqj,δ | ¤ η. (2.29)

Based on these definitions, we find n̄j,δ P C2pr0, Ls;R3q with the properties that

n̄j,δ|Γj
� nj and n̄j,δ|Ipnqj,δ

� A
pnq
j e1 for n � 1, . . . , Nj ,

as well as

|n̄j,δ|   Rj and |u1j � n̄j,δ| ¡ rj in r0, Ls, (2.30)

where Rj :� 2 maxt1,maxj�1,...,Nj |Apnqj e1|u and

rj :� 1

2
mintlj , min

n�1,...,Nj

|ξpnqj �A
pnq
j e1|u ¡ 0.

Geometrically speaking, we choose the free curve segments of n̄j,δ on I
pnq
j zIpnqj,δ in such a

way that n̄j,δ lies within the ball around the origin of radius 2 maxt1, |Apnqj e1|u, but in the

complement of the cylinder centered in the origin with axis pointing in the direction of ξ
pnq
j and

circular cross section of radius 1
2 mint�� ξ

pnq
j

|ξpnqj | � A
pnq
j e1

��, 1u, Such a choice is possible, because the

selected two radii guarantee that both the value of nj on I
pnq
j and A

pnq
j e1 are contained in the

specified path-connected region, see Figure 2.1 for illustration.
As a customized replacement for bj from (2.26), we introduce b̄j,δ,η P C2pr0, Ls;R3q given by

b̄j,δ,η � b̄j,δ �
Nj̧

n�1

ψ
pnq
j,δ,ηpApnqj e2 � b̂

pnq
j q

where ψ
pnq
j,δ,η : r0, Ls Ñ r0, 1s are smooth cut-off functions with compact support in I

pnq
j,δ satisfying

ψ
pnq
j,δ,η � 1 on I

pnq
j,δ,η,

b̄j,δ :� u1j � n̄j,δ

|u1j � n̄j,δ|2 and b̂
pnq
j :� ξ

pnq
j �A

pnq
j e1

|ξpnqj �A
pnq
j e1|2

;
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1
2 mint| ξ

pnq
j

|ξpnqj | �A
pnq
j e1|, 1u

ξ
pnq
j

A
pnq
j e1

nj on I
pnq
j

0

n̄j,δ
2 maxt1, |Apnqj e1|u

Figure 2.1: Sketch of the construction of n̄j,δ on I
pnq
j zIpnqj,δ .

we remark that the last two quanities are well-defined due to (2.30) and the fact that

detpξpnqj |Apnqj q � pξpnqj �A
pnq
j e1q �Apnqj e2 � 0.

Next, we collect a few useful properties of the newly constructed moving frames pu1j , n̄j,δ, b̄j,δ,ηq.
Setting

Fj,δ,η :� pn̄j,δ|b̄j,δ,ηq P C2pr0, Ls;R3�2q,

we observe that

detpu1j |Fj,δ,ηq � detpu1j |n̄j,δ|b̄j,δq �
Nj̧

n�1

ψ
pnq
j,δ,η

�
detpξpnqj |Apnqj q � detpξpnqj |Apnqj e1|b̂pnqj q� (2.31)

� detpu1j |n̄j,δ|b̄j,δq � 1,

and, in view of (2.5),

|Fj,δ,η|p � cppqp|n̄j,δ|p � |b̄j,δ,η|pq ¤ cppqC�Lp
j � l

�p
2

j � 1
�

(2.32)

with a constant C ¡ 0 independent of j, δ and η; see again Step 3, where the constants Lj and
lj have been introduced. Indeed, to see (2.32), we infer from (2.30) together with the estimate

|ξpnqj �A
pnq
j e1| |Apnqj e2| ¥ | detpξj |Apnqj e1|Apnqj e2q| � 1 (2.33)
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that

|n̄j,δ| ¤ Rj ¤ 2p1� max
n�1,...,Nj

|Apnqj e1|q, (2.34)

and

|b̄j,δ,η| ¤ |u1j � n̄j,δ|�1 � max
n�1,...,Nj

p|Apnqj e2| � |ξpnqj �A
pnq
j e1|�1q ¤ r�1

j � 2 max
n�1,...,Nj

|Apnqj e2|

¤ 2pl�1
j � 2 max

n�1,...,Nj

|Apnqj e2|q;

in the last inequality, we have used in particular that

rj ¥ 1

2
mintlj , min

n�1,...,Nj

|Apnqj e2|�1u � 1

2
mintlj , p max

n�1,...,Nj

|Apnqj e2|q�1u

due to (2.33).
Due to (2.28) and the growth properties of W and W0 from (2.10) and (H2), there exists a

constant C ¡ 0 such that

|Apnqj |p ¤ Cp|ξpnqj |p � |ξpnqj |�
p
2 � 1q (2.35)

for all n � 1, . . . , Nj and j P N. Hence, in view of (2.27) and Step 3 piq, combining (2.35)
with (2.33) and (2.34) eventually implies (2.32).

Step 5: Recovery sequence. Let J � J 1 � R as in Lemma 2.5 and ω � J � J . We start by
considering for fixed j P N and δ, η ¡ 0 the auxiliary sequence pvj,δ,η,εqε � C2pQ1

L;R3q given by

vj,δ,η,εpxq :� ujpx1q � εx2n̄j,δpx1q � εx3b̄j,δ,ηpx1q for x P Q1
L, (2.36)

cf. e.g. [1, Proposition 3.3]. Clearly,

}vj,δ,η,ε � uj}C1pΩ;R3q Ñ 0 as εÑ 0. (2.37)

Using (2.31) and the uniform boundedness of n̄j,δ, b̄j,δ,η and their derivatives uniformly in r0, Ls,
we obtain for the following terms involving the rescaled gradients of vj,δ,η,ε that

}det∇εvj,δ,η,ε � 1}C1pΩq � Opεq, (2.38)

and

}W0p∇εvj,δ,η,εq �W0

�pu1j |Fj,δ,ηq
�}C0pΩq Ñ 0 as εÑ 0. (2.39)

As a consequence of the choices in Step 4, we find that pu1j |Fj,δ,ηq � pξpnqj |Apnqj q on I
pnq
j,δ,η for

all n � 1, . . . , Nj and ε ¡ 0. Hence, along with (2.5), (2.7), (2.31), (2.28) and (H2),

»
Ω
W0

�pu1j |Fj,δ,ηq
�

dx ¤ |ω|
Nj̧

n�1

W pξpnqj q|Ipnqj,δ,η| � cppqC2|ω|
»
r0,Lsz�Nj

n�1 I
pnq
j,δ,η

|u1j |p � |Fj,δ,η|p � 1 dx1

¤ |ω|
» L

0
W pv1jq dx1 � C|ω|p|Γj | �Njδηq

�
Lp
j � l

�p
2

j � 1
�

(2.40)

with C ¡ 0 dependent on p, but independent of j, δ, η and ε; in the last estimate, we have
exploited (2.27) in combination with Step 3 piiq, as well as (2.32) and (2.29).



2.4. THE REGIME 0   α   2 53

What prevents a suitably diagonalized version of pvj,δ,η,εqε from being a valid recovery se-
quence is its failure to satisfy the incompressibility constraint. This issue can be overcome by
modifying the sequence according to Lemma 2.5, which is applicable due to (2.38). Precisely,
one obtains puj,δ,η,εqε � C1pΩ;R3q such that det∇εuj,δ,η,ε � 1 for every ε ¡ 0 and

}uj,δ,η,ε � vj,δ,η,ε}C1pΩ;R3q � Opε2q; (2.41)

the latter follows from (2.12) in combination with the special structure of vj,δ,η,ε in (2.36).
Hence, uj,δ,η,ε Ñ uj uniformly on Ω and

I0
ε puj,δ,η,εq �

»
Ω
W0p∇εvj,δ,η,εq dx �

»
Ω
W0p∇εuj,δ,η,εq dx�

»
Ω
W0p∇εvj,δ,η,εq dxÑ 0 (2.42)

as εÑ 0.
Joining (2.39) and (2.40) with (2.42), under consideration of (2.23), (2.29) and Step 3 piiiq,

gives

lim sup
jÑ8

lim sup
δÑ0

lim sup
ηÑ0

lim sup
εÑ0

I0
ε puj,δ,η,εq ¤ |ω|

» L

0
W

cpu1q dx1 � I0puq.

Together with (2.25), (2.37) and (2.41), we can finally extract a diagonal sequence puεqε in the
sense of Attouch [9, Lemma 1.15, Corollary 1.16] such that

lim sup
εÑ0

I0
ε puεq ¤ I0puq

and uε á u in W 1,ppΩ;R3q, which concludes the proof.

2.4 The regime 0   α   2

In the intermediate scaling regime α P p0, 2q, all admissible deformations for the one-dimensional
limit model can be realized with zero energy, as our next theorem shows.

Theorem 2.8. For ε ¡ 0 and p ¡ maxt1, αu, let Iα
ε with 0   α   2 as in (2.2) such that W0

satisfies (H1), as well as (H2) if α   1
2 , and (H3) if α ¥ 1

2 .
Then, pIα

ε qε Γ-converges sequentially with respect to the weak topology in W 1,ppΩ;R3q to

Iα : W 1,ppΩ;R3q Ñ r0,8s, u ÞÑ
#

0 if u PW 1,pp0, L;R3q with u1 P L0pW qc a.e. in p0, Lq,
8 otherwise,

where L0pW q is the zero level set of W as in (2.7).
Moreover, any puεqε � W 1,ppΩ;R3q with ³

Ω uε dx � 0 for all ε ¡ 0 and supε¡0 Iα
ε puεq   8

is relatively weakly compact.

Remark 2.9. a) Trivially, if the zero level set of W is empty, which is the case when L0pW0qX
Slp3q � H, the limit functional Iα takes the value 8 everywhere.

b) Recall Remark 2.2 c), which shows that if W0 is frame-indifferent and has a single-well
energy at SOp3q, then,

W
cpξq � 0 if and only if |ξ| ¤ 1.

The interpretation of Theorem 2.8 in this case is that no energy is required to compress the
one-dimensional limit object. Stretching, on the other hand, has infinite energetic cost and is
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therefore forbidden. It is interesting to observe that a comparison with [184, Theorem 4.5],
where no incompressibility constraint is imposed, yields no difference for the resulting string
models.

c) By a slight adaptation (in fact, a simplification) of the proof below, the statement of
Theorem 2.8 remains true if W is replaced with a continuous density W0 that satisfies the
growth assumption (H2) if α   1 and (H3) if α ¥ 1. This observation allows to weaken the
hypotheses on the energy densities in [184, Theorem 4.5], where 3d-1d dimension reduction is
performed in the unconstrained case, for α   1; in particular, the result becomes applicable for
energies of multi-well type.

Proof of Theorem 2.8. Under consideration of Lemma 2.5, the proof of the upper bound comes
down to a modification and generalization of the construction in [184, Theorem 4.5]. The
compactness and lower bound follow as an immediate consequence of the respective results for
the case α � 0.

Part I: Lower bound and compactness. Let puεqε � W 1,ppΩ;R3q be a sequence of functions
with vanishing mean value. If puεqε has uniformly bounded energy, then there is a constant
C ¡ 0 such that

I0
ε puεq ¤ Cεα

for all ε ¡ 0. By Theorem 2.7, a subsequence of puεqε (not relabeled) converges weakly to some
one-dimensional function u PW 1,pp0, L;R3q in W 1,ppΩ;R3q, and

0 � lim inf
εÑ0

I0
ε puεq ¥ |ω|

» L

0
W

cpu1q dx1.

Thus, u1 P L0pW cq � L0pW qc in p0, Lq, which concludes the first part of the proof.

Part II: Upper bound. Let u P W 1,pp0, L;R3q and assume that u1 P L0pW qc a.e. in p0, Lq,
otherwise there is nothing to prove. We proceed in two steps.

Step 1: Basic construction for piecewise affine functions. We address first the special case
when u P Apwp0, L;R3q and u1 P L0pW q a.e. in p0, Lq.

Let

0 � tp0q   tp1q   . . .   tpN�1q   tpNq � L

be a partition of the interval such that the restrictions of u1 to the intervals ptpn�1q, tpnqq are
constant, with values ξpnq P L0pW q, respectively. For any n � 1, . . . , N , we select Apnq P R3�2

to be a solution to the minimization problem in (2.7) defining W pξpnqq, so that

detpξpnq|Apnqq � 1 and W
�pξpnq|Apnqq� �W pξpnqq � 0. (2.43)

Next, we set M :� SOp3q if α ¥ 1
2 and M :� Slp3q if α   1

2 , and exploit the fact that M is
a path-connected smooth manifold to obtain

P pnq P C8pr0, 1s;Mq
such that P pnqp0q � pξpnq|Apnqq and P pnqp1q � pξpn�1q|Apn�1qq for n � 1, . . . , N � 1. It is
convenient to reparametrize P pnq in the following way:

Fix 0   β   1
2 (to be specified later) and let ψ P C8pr0, 1s; r0, 1sq be a transition function

that vanishes in a neighbourhood of 0, takes the value 1 close to 1 and satisfies |ψ1| ¤ 2. For
ε ¡ 0 sufficiently small, we set

Pεptq :� pP pnq � ψq� t�tpnq

εβ

�
for t P rtpnq, tpnq � εβs
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for n � 1, . . . , N � 1. Regarding the scaling behavior of Pε and its derivatives one finds that

}Pε}C0pΓε;R3�3q � Op1q, }P 1
ε}C0pΓε;R3�3q � Opε�βq and }P 2

ε }C0pΓε;R3�3q � Opε�2βq, (2.44)

where Γε :� �N�1
n�1 rtpnq, tpnq � εβs.

Now, let J � J 1 � R be closed and bounded intervals as in Lemma 2.5 and ω � J �J . With
inspiration from [184, Theorem 4.5], we define an auxiliary sequence pvεqε of functions on the
cuboid Q1

L :� r0, Ls � J 1 � J 1; precisely, for ε ¡ 0 and x P Q1
L,

vεpxq �

$'''''''&'''''''%

pξp1q|Ap1qqxε � b
p1q
ε if x1 P rtp0q, tp1qq,» x1

tpnq
Pεptqe1 dt if x1 P rtpnq, tpnq � εβq with n � 1, . . . , N � 1,

� Pεpx1qpxε � x1e1q � d
pnq
ε

pξpnq|Apnqqxε � b
pnq
ε if x1 P rtpnq � εβ, tpn�1qq with n � 1, . . . N � 1;

here, xε :� px1, εx2, εx3q, and the translation vectors b
pnq
ε , d

pnq
ε P R3 are chosen in such a way

that vε is continuous. It is immediate to see that

vε Ñ u uniformly in Ω as εÑ 0. (2.45)

Let us collect some further useful properties of the functions vε. In fact, vε is not only
continuous, but by construction even smooth, so in particular, vε P C2pQ1

L;R3q, and a calculation
of the rescaled gradients gives

∇εvεpxq �

$''''&''''%
pξp1q|Ap1qq if x1 P rtp0q, tp1qq
Pεpx1q if x1 P rtpnq, tpnq � εβq with n � 1, . . . , N � 1,

� εP 1
εpx1qpx2e2 � x3e3q b e1

pξpnq|Apnqq if x1 P rtpnq � εβ, tpn�1qq with n � 1, . . . , N � 1.

Since β   1
2 , the sequence p∇εvεqε is bounded in C0pQ1

L;R3�3q. Moreover, the function vε
satisfies the incompressibility condition exactly except on sets of small measure, where det∇εvε
is close to 1. To quantify this statement, we compute

det∇εvεpxq � 1� εdet
�
P 1
εpx1qpx2e2 � x3e3q|Pεpx1qe2|Pεpx1qe3

�
for x P Qε :� Γε � J 1 � J 1, and observe that

det∇εvε � 1 on Q1
LzQε. (2.46)

Thus, it follows in view of (2.44) that

}det∇εvε � 1}C0pQ1Lq � Opε1�βq and }∇pdet∇εvεq}C0pQ1L;R3q � Opε1�2βq. (2.47)

Now, with (2.47) at hand, we are in the position to apply Proposition 2.5 to the sequence
pvεqε with γ � 1�2β to obtain a modified sequence puεqε � C1pΩ;R3q that satisfies det∇εuε � 1
everywhere in Ω, namely

uεpxq :� vεpx1, x2, φεpxqq, x P Ω,
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with φε P C1pQL; J 1q such that (2.12) holds. Notice that the inner perturbation defining uε
corresponds to the identity map on QLzQε, since, due to (2.46), the ordinary differential equation
in (2.15) reduces to B3φε � 1 on this set; thus, along with (2.43),

uε � vε and ∇εuε � ∇εvε P L0pW q � L0pW0q on ΩzQε. (2.48)

Furthermore, as a consequence of (2.12),

}uε � vε}C0pΩ;R3q � Opε2�2βq and }∇εuε �∇εvε}C0pΩ;R3�3q � Opε1�2βq, (2.49)

and therefore, also p∇εuεqε is bounded in C0pΩ;R3�3q. Along with (2.45), it follows that

uε á u in W 1,ppΩ;R3q.
We are now in the position to conclude the proof Step 1 by showing that,

lim
εÑ0

Iα
ε puεq � 0 � Iαpuq. (2.50)

The two cases α   1
2 and α ¥ 1

2 , call for a different reasoning, which we will detail next.

Step 1a: The case α ¥ 1
2 . Let β   mint12 , p�α

2p�1u. Then, joining (H3), (2.48), (2.44) and (2.49)

with the observations that |Qε| � Opεβq, det∇εuε � 1 , and Pε P SOp3q pointwise, gives rise to
the following estimate,

Iα
ε puεq �

1

εα

»
Ω
W0p∇εuεq dx ¤ C3

εα

»
Ω

distpp∇εuε, SOp3qq dx

¤ 2p�1C3

εα

�»
Qε

distpp∇εvε,SOp3qq dx�
»
QεXΩ

|∇εvε �∇εuε|p dx



¤ 2p�1C3

εα

�
εp|J |4|Qε|}P 1

ε}pC0pΓε;R3�3q � |Qε|}∇εvε �∇εuε}pC0pΩ;R3�3q

	
� Opεp�α�βpp�1qq �Opεp�α�βp2p�1qq � Opεp�α�βp2p�1qq.

The choice of β yields (2.50).

Step 1b: The case α   1
2 . Let α   β   1

2 . We invoke (2.48) and (H2), as well as det∇εuε � 1
in Ω, |Qε| � Opεβq, and the uniform boundedness of ∇εuε to infer that

Iα
ε puεq �

1

εα

»
Ω
W0p∇εuεq dx ¤ 1

εα

»
QεXΩ

W0p∇εuεq dx

¤ C2

εα

»
QεXΩ

|∇εuε|p � 1 dx ¤ C2|Qε|ε�α
�}∇εuε}pC0pΩ;R3�3q � 1

� � Opεβ�αq.

Step 2: Relaxation and approximation. To address the general case, let u P W 1,pp0, L;R3q
such that u1 P L0pW qc a.e. in p0, Lq. By standard tools from convex and asymptotic analysis (cf.
e.g. Caratheodory’s theorem and the Riemann-Lebesgue lemma), there is a sequence pujqj �
Apwp0, L;R3q such that u1j P L0pW q a.e. in p0, Lq and

uj á u in W 1,pp0, L;R3q.

Now, Step 1 applied for each fixed j P N provides sequences puj,εqε � C1pΩ;R3q with the prop-
erties that uj,ε á uj in W 1,ppΩ;R3q and limεÑ0 Iα

ε puj,εq � 0. Extracting a diagonal sequence
puεqε with the help of a generalized version of Attouch’s diagonalization lemma (see e.g. [94,
proof of Proposition 1.11 (p. 449)]) finally gives the sought after recovery sequence for u.



2.5. AUXILIARIES 57

2.5 Auxiliaries

Proof of Lemma 2.6. The idea of the proof is to mollify u using Bézier curves with sufficiently
many control points to ensure the desired Ck-regularity. This way, the mollified curve has
derivatives that lie in the convex hull of two neighbouring slopes of u. However, if the latter
happen to be anti-parallel, then, by design, the derivative of the mollified curve vanishes at some
point. To circumvent this issue, we perturb u via a suitable loop construction.

Since u P Apwp0, L;R3q is piecewise affine and u1 � 0 almost everywhere, there is a partition
0 �: tp0q   tp1q   . . .   tpN�1q   tpNq :� L of the interval r0, Ls and vectors ξpnq P R3zt0u such
that

u1 � ξpnq on ptpn�1q, tpnqq for n � 1, . . . , N . (2.51)

Step 1: The case without reversions. First, we will prove the statement under the assumption
that neither two ξpnq and ξpn�1q from (2.51) are anti-parallel. Without loss of generality, it suffices
to detail the case N � 2, where u1 takes only the two values ξp1q and ξp2q. For general N , one
can simply repeat the same construction.

Step 1a: Definition of suitable Bézier curves. For η ¡ 0 sufficiently small, we choose 2k � 1
control points around uptp1qq by

uptη,mq with tη,m :� tp1q � pk �mqηk for m � 0, ..., 2k. (2.52)

Then,

uptη,m�1q � uptη,mq �
#

η
kξ

p1q if m P t0, . . . , k � 1u,
η
kξ

p2q if m P tk, . . . , 2k � 1u. (2.53)

Based on the control points in (2.52), we consider the Bézier curve Bη : RÑ R3 by

Bηptq �
2ķ

m�0

bm,2kptquptη,mq, t P R, (2.54)

where br,s : RÑ R are the Bernstein polynomials, cf. Lemma 2.10.

After suitable reparametrization, (2.54) provides a mollification of u via

uηptq �
#
Bη

� t�tη,0
2η

�
, for t P rtp1q � η, tp1q � ηs � rtη,0, tη,2ks,

uptq, otherwise,
t P r0, Ls, (2.55)

see Figure 2.2.

Step 1b: Regularity of uη. Next, we verify that uη as constructed in Step 1a is indeed k-times
continuosly differentiable on r0, Ls. Indeed, it is enough to check that

B1
ηp0q � 2ηξp1q and B1

ηp1q � 2ηξp2q, (2.56)

and that for any j P N with 2 ¤ j ¤ k,

dj

dtj
Bηp0q � dj

dtj
Bηp1q � 0. (2.57)
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uptη,0q

uptη,1q

uptη,2q � uptp1qq

uptη,3q

uptη,4q

u
uη

Figure 2.2: Illustration of uη for the case k � 2.

As for (2.56), we obtain with the help of Lemma 2.10 a), c) and (2.53) that for all t P R,

B1
ηptq � 2k

2ķ

m�0

pbm�1,2k�1ptq � bm,2k�1ptqquptη,mq

� 2k
2k�1¸
m�0

bm,2k�1ptq puptη,m�1q � uptη,mqq (2.58)

� 2η
� k�1̧

m�0

bm,2k�1ptqξp1q �
2k�1¸
m�k

bm,2k�1ptqξp2q
	

� 2ηpλptqξp1q � p1� λptqqξp2qq,

where λptq :� °k�1
m�0 bm,2k�1ptq P r0, 1s for t P R. Due to Lemma 2.10 b), λp0q � 1 and λp1q � 0,

which yields (2.56).

Similar calculations, invoking again the properties of Bernstein polynomials, in particular
Lemma 2.10 d), give (2.57).

Step 1c: Uniform bounds and convergence of puηqη. As a consequence of (2.58), the first
derivative of uη stays within the line segment connecting ξp1q and ξp2q. In other words, it is a
convex combination of these two vectors; formally,

u1η P rξp1q, ξp2qs :� tξ P R3 : ξ � λξp1q � p1� λqξp2q with λ P r0, 1su.

Since ξp1q and ξp2q are not antiparallel, it follows that 0 R rξp1q, ξp2qs. Hence, in view of the
compactness of the line segment rξp1q, ξp2qs, one can find constants c, C ¡ 0 independent of η
such that

c ¤ |u1ηptq| ¤ C

for all t P r0, Ls. Moreover, along with (2.55),» L

0
|u1 � u1η|q dt ¤ 2ηpC � |ξp1q| � |ξp2q|qq,
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and therefore,

uη Ñ u in W 1,qp0, L;R3q as η Ñ 0

by Poincaré’s inequality. After passing to a suitable discrete sequence, this completes the proof
of statement under the assumption that the curve u is free of reversion.

Step 2: The general case with reversions. The idea is to reduce the argument to the situation
of Step 1 via a loop construction and to conclude with a diagonalization argument.

In the following, let I stand for the index set consisting of all n P t1, . . . , N � 1u such that
ξpnq and ξpn�1q are anti-parallel, that is,

ξpn�1q � �νnξpnq

for some νn ¡ 0.

Step 2a: Loop construction. Without loss of generality, I is a singleton, say I � t1u; otherwise
the argument below can be performed analogously for all (finitely many) elements in I. Besides,
as in Step 1, we take N � 2 to keep notations simple.

For δ ¡ 0 sufficiently small, define uδ P Apwp0, L;R3q via linear interpolation such that

uδ � u on r0, tp1q � δs Y rtp1q � δσ, Ls and uδptp1qq � uptp1qq � δξ
p1q
K , (2.59)

where ξ
p1q
K is a non-zero vector orthogonal to ξp1q, and σ � 1 if ν1 � 1 and σ � 1

2 if ν1 � 1, see
Figure 2.3.

uptp1qq

uptp1q � δq

uptp1q � δq ξp1q

ξp2q

a) b)

ξp1q

ξp2q

ξp1q � ξ
p1q
K

ξp2q � ξ
p1q
K

uδptp1qq
uδptp1q � δq

uδptp1q � δq

Figure 2.3: Illustration of a) a curve u that reverses its path at the point tp1q; b) the modified
curve uδ resulting from the loop construction in the case ν1 � 1.

By design,

u1δ P tξp1q, ξp2q, ξp1q � ξ
p1q
K , ξp2q � 1

σ ξ
p1q
K u a.e. in r0, Ls,

so that in particular,

c ¤ }u1δ}C0pr0,Ls;R3q ¤ C, (2.60)

with constants c, C ¡ 0 depending only on u, and thus, independent of δ. Therefore, since uδ
differs from u only on a set of measure δp1�σq, we conclude together with Poincaré’s inequality
that

uδ Ñ u in W 1,qp0, L;R3q as δ Ñ 0. (2.61)

Step 2b: Diagonalization. By applying the results of Step 1 to each uδ and accounting
for (2.60) and (2.59), we obtain sequences puδ,iqi � Ckpr0, Ls;R3q such that
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piqδ c ¤ }u1δ,i}C0pr0,Ls;R3q ¤ C for all i P N and δ ¡ 0 with constants c, C ¡ 0 depending on u;

piiqδ uδ,i � u on r0, LszΓδ
2i, where Γδ

i :� tt P r0, Ls : distpt,Γδq ¤ 1
i u for i sufficiently large and

Γδ denotes the set of points in p0, Lq where uδ is not differentiable;

piiiqδ uδ,i Ñ uδ in W 1,qp0, L;R3q as iÑ8;

In consideration of (2.61), piiqδ and piiqδ, we can pick a diagonal sequence puiqi � Ckpr0, Ls;R3q
with ui :� uδpiq,i such that Γ

δpiq
2i � Γi for all i P N, and ui Ñ u in W 1,qp0, L;R3q as i Ñ 8 by

Attouch’s lemma, which proves the statement.

The next lemma gathers some basic facts about Bernstein polynomials, which were an im-
portant ingredient in the definition of Bézier curves in the previous proof. For more details, we
refer the reader e.g. to [83, 93].

Lemma 2.10. For r P Z and s P N, let br,s : RÑ R be the corresponding Bernstein polynomial,
i.e.,

br,sptq �
$&%

�
s

r



p1� tqs�rtr if 0 ¤ r ¤ s,

0 otherwise,
t P R.

Then the following properties hold:

a) (binomial theorem)

ş

m�0

bm,s � 1;

b) (values at 0 and 1)

br,sp0q �
#

1 if r � 0,

0 if r � 0,
and br,sp1q �

#
1 if r � s,

0 if r � s;

c) (first derivative)

b1r,s � ppbr�1,s�1 � br,s�1q;

d) (higher-order derivatives)

dj

dtj
br,s � s!

ps� jq!
mintj,ru¸

m�maxt0,r�s�ju
p�1qm�j

�
j

m



br�m,s�j

for any natural number j ¤ s.



Chapter 3

Theories for incompressible rods: A
rigorous derivation via
Γ-convergence

This chapter has been published in [90].

3.1 Introduction

The study of the deformation behavior of thin structures in response to external forces dates back
centuries, with pioneering contributions on the bending of elastic rods by Euler and Bernoulli,
and the formulation of a plate theory by Kirchhoff. And still, nowadays, the topic has not lost
any of its relevance, as numerous modern applications in technology and recent developments
in the life sciences demonstrate. Thinking, for instance, of carbon nanowires and printed elec-
tronics in computer devices, of fiber-reinforced and layered composites in materials science, or
of cell membranes and DNA strands in biology, current research directions require a profound
understanding of elastic bodies with a small extension in one or two spatial dimensions.

Whereas classical approaches based on asymptotic expansions had been remarkably fruitful
in the small-strain setting of linear elasticity, see e.g. [53, 196], accounting for large deformations
calls for a mathematical framework that is well-suited to deal with geometric nonlinearity. In a
variational context, dimension reduction via Γ-convergence [42, 71] allows to establish a rigor-
ous connection between fully three-dimensional models in hyperelasticity and lower-dimensional
theories for thin structures.

The first results in this spirit are due to Acerbi, Buttazzo & Percivale [1], who proved a
3d-1d reduction for elastic strings, and to Le Dret & Raoult [137, 139], who deduced a model
for two-dimensional elastic membranes from the Γ-limit of elastic energy functionals for van-
ishing thickness. A few years later, an ansatz-free derivation of Kirchhoff’s plate theory was
obtained independently in [98, 173]. These seminal findings, in particular, the quantitative geo-
metric rigidity estimate by Friesecke, James & Müller [98], actuated substantial efforts towards
a systematic analysis of different types of thin structures, with contributions by many authors.
We highlight here a few selected examples. Considering that the scaling of the acting external
forces has a decisive influence on the resulting lower-dimensional models, a complete hierarchy of
plate models was derived in [99]; details about the asymptotic analysis one-dimensional objects,
precisely strings and rods, in various scaling regimes can be found in [156, 157, 185]. Recently,
various special features of thin structures have been investigated, including small-scale hetero-
geneities in plates and rods, which require a combination of dimension reduction and homoge-
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nization techniques [116, 166, 167], global invertibility aiming to avoid self-interpenetration of
matter [27, 115, 171], or thin objects made of materials with pre-existing strain [36, 55, 56, 125].
While the previously mentioned works rely on Γ-convergence, and hence (assuming suitable
compactness) imply that (almost) minimizers converge, we refer e.g. to [47, 76, 158, 159, 163]
for statements on the convergence of equilibria.

An important class of thin structures are those made of incompressible materials, which are
commonly used to describe rubber-like substances [2, 82, 168], and thus, occur e.g. in blood
vessels, tires, seat belts, etc. From an analytical point of view, there is recent work on mem-
branes [61], plates in the Kirchhoff [62] and von Kármán regime [143, 144], hyperelastic shells [5],
and strings (see Chapter 2. The challenge in the mathematical analysis of these models lies in
the non-convex constraint imposed on the elastic energy functionals to guarantee local volume-
preservation; precisely, the Jacobian determinant of admissible deformation fields has to be
constant and equal to one, cf. [63].

Our intention with this thesis is to close a gap in the literature by deriving a hierarchy of
theories for incompressible rods, including, in particular, the Kirchhoff- and von Kármán-type
cases. To this end, we characterize the asymptotic behavior in the limit of vanishing cross-section
of suitably rescaled elastic energy functionals subject to a local volume-preservation constraint.

The chapter is organized as follows: In the remainder of the introduction, we give the precise
problem formulation, announce the main results, give insight into our methodological approach,
and specify relevant notation. As preliminaries, we discuss in Section 3.2 several properties of
the limit densities arising through the dimension reduction procedures, and Section 3.3 collects
the most important technical tools for proving the upper bounds. The core of this work, Sec-
tion 3.4, contains the main Γ-convergence result for elastic rods in the Kirchhoff regime under
the assumption of incompressibility. We identify the reduced Γ-limit for shrinking cross-section,
determine the corresponding Euler-Lagrange equations, and specify our findings for the case of
isotropic materials. Finally, the asymptotic analysis for the three remaining scaling regimes is
presented in Section 3.5.

3.1.1 Problem formulation

Throughout the chapter, let L ¡ 0 and ω � R2 be a bounded, simply connected Lipschitz
domain of unit measure, i.e., L2pωq � |ω| � ³

ω dx̃ � 1, such that»
ω
x2 dx̃ �

»
ω
x3 dx̃ �

»
ω
x2x3 dx̃ � 0; (3.1)

see Section 5.2.1, in particular, (3.11), for the use of notation.
For small ε ¡ 0, we introduce Ωε � p0, Lq� εω � R3 as the reference configuration of a thin,

incompressible body of length L with cross-section εω, and define its total energy through the
functional Eε : H1pΩε;R3q Ñ R8 :� RY t8u with

Eεpvq �
»
Ωε

W p∇vq dy �
»
Ωε

fε � v dy, v P H1pΩε;R3q; (3.2)

here, W : R3�3 Ñ r0,8s is the constrained elastic energy density given by

W pF q �
#
W0pF q for detF � 1,

8 otherwise,
(3.3)

where W0 : R3�3 Ñ r0,8q satisfies the following hypotheses:

(H1) W0 is twice continuously differentiable in a neighborhood of SOp3q;
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(H2) W0pIdq � 0 and there is C1 ¡ 0 such that W0pF q ¥ C1 dist2pF,SOp3qq for all F P R3�3;

(H3) W0 is frame indifferent, i.e., W0pRF q �W0pF q for all F P R3�3 and R P SOp3q.
The vector field fε P L2pΩε;R3q in (3.2) describes the external forces acting on the body.

For the sake of simplicity, fε is assumed to be independent of the cross-section variables, and
can therefore be interpreted as an element of L2p0, L;R3q. Regarding the scaling properties of
fε, we suppose the existence of an α ¥ 0 and a suitable f P L2p0, L;R3q such that

fε � εαf ; (3.4)

we suppose that the body forces average out to zero, i.e.,» L

0
f dx1 � 0. (3.5)

With the intended asymptotic analysis of the energies in (3.2) in mind, it is technically
convenient to perform a change of variables that allows us to replace Eε with functionals defined
on a fixed, parameter-independent space. Indeed, with y � px1, εx2, εx3q for x � px1, x2, x3q P
Ω :� Ω1, and u P H1pΩ;R3q given by upxq � vpyq for v P H1pΩε;R3q, the normalization of Eε
per unit volume turns into Jε : H1pΩ;R3q Ñ R8,

Jεpuq �
»
Ω
W p∇εuq dx�

»
Ω
fε � u dx, u P H1pΩ;R3q,

with the rescaled deformation gradient

∇εu � pB1u|1εB2u|1εB3uq.

It is well-known that the scaling behavior of Jε depends on the parameter-dependence of the
external forces; with α as in (3.4), one has that

Jε �
#
α if α P r0, 2q,
2α� 2 if α ¥ 2.

see [99] for more details.

The scaling regimes α P r0, 2q, which give rise to (degenerate) models for incompressible
strings, are studied in Chapter 2. In this chapter, we focus on the cases α ¥ 2 to deduce a
hierarchy of theories for incompressible rods. Hence, the relevant functionals for us to work
with are the rescaled energies

J pαq
ε : H1pΩ;R3q Ñ R8, u ÞÑ 1

ε2α�2

»
Ω
W p∇εuq dx� 1

εα�2

»
Ω
f � u dx, (3.6)

or, if we intend to consider exclusively the elastic energy contribution,

Ipαqε : H1pΩ;R3q Ñ r0,8s, u ÞÑ 1

ε2α�2

»
Ω
W p∇εuq dx. (3.7)

The main results of this chapter are characterizations of the Γ-limits Ipαq of the sequences
of energy functionals pIα

ε qε for all α ¥ 2 (see Theorem 3.12 and Theorem 3.18); the explicit
formulas of Ipαq in the four qualitatively different regimes α � 2, α P p2, 3q, α � 3, and α ¡ 3
can be found in (3.33), (3.62) and (3.64), respectively.
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3.1.2 Approach and techniques

We adopt and tailor the methodology from [62] for incompressible plates to our situation of
3d-1d dimension reduction. In doing so, it is essential to exploit the available results in [156,
157, 185] on the asymptotic analysis of compressible rods in the various scaling regimes. In the
following, we give a brief overview of the ideas behind the three steps for proving Γ-convergence,
namely, compactness, lower and upper bound. For a comprehensive introduction to variational
convergence and its properties, see e.g. [42, 71].

All compactness properties emerge as an immediate consequence of the literature on the
respective compressible cases, considering that W0 ¤W , cf. (3.3).

The key ingredient for the lower bound is a suitable approximation of the determinant
constraint with the help of a suitable penalization term. To be more precise, we consider for
each k P N a penalized energy density Wk : R3�3 Ñ r0,8q given by

WkpF q �W0pF q � k

2
pdetF � 1q2, F P R3�3; (3.8)

clearly, the sequence pWkqk is increasing, and converges pointwise to W for k Ñ 8. Since each
Wk meets the requirement for densities in the limit theory of compressible rods, the Γ-limits of

the functionals pIpαqk,ε qk,ε with

Ipαqk,ε puq �
1

ε2α�2

»
Ω
Wkp∇εuq dx, u P H1pΩ;R3q, (3.9)

are well-established; let us call the above-mentioned Γ-limits Ipαqk . Showing that the pointwise

limit of these Ipαqk for k Ñ8 is exactly Ipαq yields the desired liminf inequality; our proof is based
on the monotonicity and pointwise convergence of corresponding limit densities, which are in
general defined only implicitly via infinite-dimensional minimization problems, cf. Corollary 3.7.

The upper bounds require the construction of energetically optimal approximating sequences
of locally volume-preserving deformations for any admissible limit state. As a starting point,
we take a sequence pyεqε inspired by the recovery sequences from the unconstrained settings
for the finite-valued density W0 (under consideration of the respective scaling regime). These
recovery sequences typically involve higher-order terms in ε that are determined by the solutions
to the variational problems arising in the definition of the limit densities. In our incompressible
setting, the corresponding minimization problem features a trace constraint - connected with
the determinant constraint through linearization - from which we can deduce that

det∇εyε � 1 � εγ (3.10)

for some γ ¡ 0 depending on the scaling regime α.
With (3.10) at hand, an inner perturbation argument in the spirit of [61], adapted for 3d-1d

reductions in Chapter 2 (see also Lemma 3.10 below), allows us to replace pyεqε by a sequence
that satisfies the incompressibility constraint exactly. We remark that this auxiliary result is
only applicable if the cross-section variables of yε are decoupled, for which we extend yε suitably
to a cuboid containing Ω. Technically, this task reduces to finding a divergence-free extension
(see e.g. [120]) in the cross-section direction.

Overall, our analysis shows that the following diagram commutes:

3.1.3 Notation

The following notations are used throughout the chapter. Let e1, e2, e3 be the standard unit
basis vectors in R3, and let aK :� p�a2, a1q for a P R2. For any two vectors a, b P Rn, we
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Ipαqk,ε Ipαqε

Ipαqk Ipαq

k Ñ8

k Ñ8

Γ- limεÑ0 Γ- limεÑ0

denote by a � b their standard inner product and by ab b P Rn�n their tensor product, that is,
componentwise, pab bqij � aibj for i, j � 1, . . . , n. The inner product on the space of matrices
Rm�n is given by A : B � TrpABT q for A,B P Rm�n, where Tr is the trace operator and BT

the transpose of B. The induced norms on Rn and Rm�n are both denoted by | � |. Moreover,
Asym � 1

2pAT � Aq refers to the symmetric part of A P Rn�n, we use Id for the identity matrix
in Rn�n, SOpnq � Rn�n is the rotation group, and Rn�n

skew stands for the space of skew-symmetric
n � n matrices. If g : R3�3 Ñ R, b P R3 and A P R3�2, we simplify the expression gppb|Aqq to
gpb|Aq.

Furthermore, for x � px1, x2, x3q P R3, we write x � px1, x̃q with

x̃ � px2, x3q P R2; (3.11)

in particular, the points of any subset of U � R2 are addressed by x̃ P U . Likewise, we split
the components of R3-valued maps, that is w � pw1, w̃q for w : U � Rm Ñ R3. We denote the
partial derivative of a function w : U � R3 Ñ Rm with respect to xi for i � 1, 2, 3 by Biw. If
w depends solely on the x1-variable, we use B1w and w1 interchangeably. The gradient of w is
often split like

∇w � pB1w|r∇wq with r∇w :� pB2w|B3wq.
The rescaled gradient of w can then be expressed as ∇εw � pB1w|1ε r∇wq. Note that whenever
a function is defined on a subset of R2, we call its two-dimensional independent variable x̃ �
px2, x3q, and we write r∇, r∆, and �div to indicate its gradient, Laplacian and divergence.

If U is a subset of Rn, then U is its closure, and LnpUq, or simply |U |, denotes its Lebesgue
measure (provided U is measurable). For any open U � Rn, we adopt the standard notation
for vector-valued Sobolev spaces H1pU ;Rmq and the space of k-times continuously differentiable
functions CkpU ;Rmq. The space of Lebesgue-square-integrable Banach-space-valued functions
is denoted by L2pU ;Vq for a Banach space V. In the case where U is an interval pa, bq � R, we
shorten the notation L2pa, b;Vq :� L2ppa, bq;Vq and H1pa, b;Rmq :� H1ppa, bq;Rmq. For scalar-
valued functions, we often drop the image space in our notation, writing e.g., H1pUq instead of
H1pU ;Rq. Without explicit mention, functions p0, Lq Ñ Rm are identified with their constant
extension onto p0, Lq � U for U � R2.

Furthermore, for any open subset U � R2, let

L2
0pU ;Rmq �

!
w P L2pU ;Rmq :

»
U
w dx � 0

)
.

Moreover, we identify L2p0, L;H1pU ;R3qq with a function in L2pp0, Lq � U ;R3q, and similarly
for other spaces.

We employ the standard notation Op�q and op�q for the Landau symbols. Finally, speaking
of “sequences” with index ε ¡ 0, means that ε can stand for any non-negative sequence pεjqj
with limjÑ8 εj � 0.
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3.2 Properties of the limit densities

Here, we introduce and discuss relevant expressions for the formulation of the reduced limit
problems, meaning the Γ-limits Ipαq for α ¥ 2.

We start by defining Q : R3�3 Ñ r0,8q as the quadratic form of linearized elasticity resulting
from the second derivative of the energy density W0 at the identity, i.e.,

QpF q � ∇2W0pIdqrF, F s for F P R3�3,

cf. (H1). Due to (H2), Taylor expansion around the identity up to second order yields

W0pF q � 1
2QpF q �Op|F � Id |3q, (3.12)

and along with (H3), one has that

QpF q � QpF symq ¥ CQ|F sym|2, (3.13)

for all F P R3�3 with a constant CQ ¡ 0, see e.g. [98, 156]. In the following, we denote by L the
symmetric fourth order tensor such that

QpF q � LF : F (3.14)

for all F P R3�3. For any affine ξ : R2 Ñ R3, we define Qξ : H1pω;R3q Ñ r0,8s by setting

Qξpβq �
$&%

»
ω
Qpξ|r∇βq dx̃ if Trpξ|r∇βq � 0 a.e. in ω,

8 otherwise,
(3.15)

for β P H1pω;R3q.
Next, we address the issue of minimizing Qξ in H1pω;R3q for any affine ξ : R2 Ñ R3. We

will see that unique minimizers can be found in a certain subspace V ξ of H1pω;R3q depending
on ξ. Precisely, we consider the linear space Vξ � H1pω;R3q X L2

0pω;R3q that encompasses all
functions with the property»

ω

r∇β dx̃ � 0 if ξp0q � 0 and

»
ω
x̃K � β̃ dx̃ � 0 if ξp0q � 0;

recall the notation β � pβ1, β̃q. With this choice of spaces, Korn’s inequality holds in the
following form: There exists a constant CK ¡ 0 depending only on ω such for all β P Vξ,

}�r∇β̃�sym}L2pω;R2�2q ¥ CK}r∇β̃}L2pω;R2�2q; (3.16)

indeed, if ξp0q � 0, it suffices to invoke the well-known mean-value version of Korn’s inequality
(see e.g. [97]). In the case ξp0q � 0, on the other hand, one observes that Vξ contains no non-
trivial infinitesimal rigid displacements (cf. also [157, Remark 4.1]), and hence, (3.16) follows
from [126, Theorem 4.4].

The next results provides the existence of a unique solution to the problem of minimizing
the functional Qξ from (3.15).

Lemma 3.1 (Minimization of Qξ). Let ξ : R2 Ñ R3 be affine. Then, the functional Qξ has
a unique minimizer with zero mean value, called βξ, which lies in Vξ.



3.2. PROPERTIES OF THE LIMIT DENSITIES 67

Proof. Let us start by observing that the constraint in Qξ is invariant under certain affine
translations; precisely, if

ηpx̃q � Ax̃� b for x̃ P ω with A P R3�2 such that A21 �A32 � 0 and b P R3, (3.17)

then for any β P H1pω;R3q,
Trpξ|r∇pβ � ηqq � Trpξ|r∇βq � Trp0|Aq � Trpξ|r∇βq.

Next, we prove that

inf
βPH1pω;R3q

Qξpβq � inf
βPVξ

Qξpβq. (3.18)

To this end, it suffices to show that one can find for any β P H1pω;R3q with Trpξ|r∇βq � 0 a
function η as in (3.17) such that

β � η P Vξ and Qξpβ � ηq ¤ Qξpβq. (3.19)

Indeed, for linear ξ, meaning ξp0q � 0, we specialize the coefficients in (3.17) to b � ³
ω β dx̃

and A � ³
ω
r∇β dx̃; notice that A21 � A32 �

³
ω
�divβ̃ dx̃ � � ³

ω ξ1 dx̃ � 0 and
³
ωpβ � ηq dx̃ � 0

due to (3.1). Clearly,
³
ω
r∇pβ � ηq dx̃ � 0, and along with |ω| � 1, (3.1), the linearity of ξ, the

symmetry of the fourth-order tensor L, and (3.13), we conclude that

Qξpβ � ηq � Qξpβq �Qp0|Aq � 2

»
ω
Lpξ|r∇βq : p0|Aq dx̃

� Qξpβq �Qp0|Aq � 2Lp0|Aq :

»
ω
pξ|r∇βq dx̃

� Qξpβq �Qp0|Aq � 2Lp0|Aq : p0|Aq � Qξpβq �Qp0|Aq ¤ Qξpβq,
recalling (3.14).

Otherwise, if ξp0q � 0, take η as in (3.17) with A � νpe3| � e2q and

ν �
³
ω β � rxK dx̃³
ω |x̃|2 dx̃

,

as well as a translation vector b � ³
ω β dx̃. By construction, β�η P Vξ, and (3.13) in combination

with the antisymmetry of p0|Aq implies Qξpβ � ηq � Qξpβq. This proves (3.19), and thus,
also (3.18).

The existence of a minimizer of Qξ in Vξ is a straight-forward application of the direct
method, given (3.13) in combination with (3.16) and Poincaré’s inequality, as well as the
quadratic and linear structure of Q and the trace-constraint, respectively. In view of (3.18),
then also Qξ has a minimizer in H1pω;R3q, whose uniqueness up to translations follows form
the the strict convexity on symmetric matrices of the integrand of Qξ.

The following two remarks provide some additional insight into the properties of the min-
imizers βξ of Qξ. First, we derive necessary conditions for the minimizers βξ of Qξ in the
form of (weak) Euler-Lagrange equations; for related statements in the context of compressible
rods, see [156, Remark 3.4] and [157, Remark 4.1]. The second aspect concerns the linear and
continuous dependence of βξ on ξ.

Remark 3.2 (Euler-Lagrange equations). Let ξ : R2 Ñ R3 be an affine function.
As a consequence of the Lagrange-multiplier theory for constrained optimization (see e.g. [176,

Theorem 3.63]), we obtain that β is a minimizer of Qξ if and only if
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(i) the Euler-Lagrange equations»
ω
L
�
ξ|r∇β� :

�
0|r∇ϕ� dx̃ � �1

2

»
ω
λξ �divϕ̃ dx̃ (3.20)

hold for all test functions ϕ � pϕ1, ϕ̃q P H1pω;R3q with a function λξ P L2pωq, and

(ii) β satisfies the trace condition Trpξ|r∇βq � 0, or equivalently,

�divβ̃ � �ξ1. (3.21)

Notice that the Lagrange-multiplier λξ is unique; this follows from the surjectivity of the
divergence operator �div as a map from H1pω;R2q Ñ L2pωq, cf. [107, Chapter I, Corollary 2.4].

Remark 3.3 (Linear and continuous dependence on ξ). The considerations in Re-
mark 3.2 imply that both the Lagrange multiplier λξ P L2pωq and βξ (recall the definition
in Lemma 3.1) depend linearly on ξ. Furthermore, since the space of affine functions is finite-
dimensional, we conclude that ξ ÞÑ βξ is a bounded, linear map from the subspace of affine
functions in L2pω;R3q into H1pω;R3q.

We continue with a convergence statement that identifies Qξ as the Γ-limit of a sequence of
finite-valued functionals.

Lemma 3.4 (Qξ as a Γ-limit). For ξ : R2 Ñ R3 affine and k P N, let Qξ
k : H1pω;R3q Ñ r0,8q

be given by

Qξ
kpβq �

»
ω

�
Qpξ|r∇βq � k

�
Trpξ|r∇βq�2	 dx̃. (3.22)

Then, Γ- limkÑ8Q
ξ
k � Qξ with respect to the weak topology in H1pω;R3q.

Moreover, every sequence pβkqk � Vξ with supkPNQ
ξ
kpβkq   8 admits a convergent subse-

quence (not relabeled) such that βk á β in H1pω;R3q with β P Vξ and Trpξ|r∇βq � 0.

Proof. Fix an arbitrary affine function ξ : R2 Ñ R3.

Step 1: Liminf-inequality. Let βk á β in H1pω;R3q, and assume without loss of generality
that

8 ¡ lim inf
kÑ8

Qξ
kpβkq � lim

kÑ8
Qξ

kpβkq.

Then, Trpξ|r∇βkq Ñ 0 in L2pωq, which implies in particular that Trpξ|r∇βq � 0. Since Q is
convex, we infer by weak lower semicontinuity that

lim inf
kÑ8

Qξ
kpβkq ¥ lim inf

kÑ8

»
ω
Qpξ|r∇βkq dx̃ ¥

»
ω
Qpξ|r∇βq dx̃ � Qξpβq.

Step 2: Limsup-inequality. Let β P H1pω;R3q such that Trpξ|r∇βq � 0 a.e. in ω. It is
immediate to see that the constant sequence pβkqk with βk � β for k P N is a recovery sequence.
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Step 3: Compactness. Let pβkqk � Vξ be a sequence of uniformly bounded energy for pQξ
kqk.

With the help of (3.13), (3.16), and Young’s inequality, we estimate for every k P N that

Qξ
kpβkq ¥

»
ω
Qpξ|r∇βkq dx̃ ¥ CQ

»
ω

���ξ|r∇βk�sym��2 dx̃

¥ CQ}pr∇β̃kqsym}2L2pω;R2�2q �
CQ

4
}r∇pβk � e1q}2L2pω;R2q �

CQ

2
}ξ}2L2pω;R3q

¥ C}r∇βk}L2pω;R3�2q �
CQ

2
}ξ}2L2pω;R3q

with constants C � CQ mintC2
K ,

1
4u. Since βk P Vξ has vanishing mean value, we conclude from

Poincaré’s inequality that pβkqk is bounded in H1pω;R3q. Hence, the statement follows by the
weak compactness of H1pω;R3q and the weak closedness of Vξ.

Remark 3.5 (Minimizers of Qξ
k). Analogous arguments to those in Lemma 3.1 show that

for every k P N, the unique minimizer of Qξ
k with vanishing mean value is an element of Vξ.

Next, we introduce some further notation that will be needed to express the energy densities
of the intended limit problems. Let Q� : R3�3

skew � RÑ r0,8q be given by

Q�pF, tq � min
 
Qξpβq : β P H1pω;R3q, ξpx̃q � F px2e2 � x3e3q � te1 for x̃ P ω(. (3.23)

Note that Q� is well-defined according to Lemma 3.1 and finite, since for any pF, tq P R3�3
skew, there

exists β P H1pω;R3q such that the trace constraint in (3.15) for ξpx̃q � F px2e2 � x3e3q � te1,
i.e., TrpF px2e2 � x3e3q � te1|r∇βq � 0, or equivalently,

B2β2 � B3β3 � x2F12 � x3F13 � t,

is satisfied. Moreover, owing to the linear dependence of βξ on ξ, as deduced at the end of
Remark 3.2, and the properties of Q, Q� is a positive-definite quadratic form.

Remark 3.6 (Additive splitting of Q�). In analogy to the compressible case (see [157,
Remark 4.4]), Q� can be split additively into two quadratic expressions that depend only on
either F or t; precisely, it holds that

Q�pF, tq � Q�pF, 0q � αt2

for pF, tq P R3�3
skew � R, where α P R results from a finite-dimensional constrained quadratic

optimization problem, namely,

α � min
a,bPR3, a2�b3��1

Qpe1|a|bq.

As a direct consequence of Lemma 3.4 (see also Remark 3.5) and the classical properties of
Γ-convergence, which include the convergence of minima (see e.g. [42, 71]), we derive a useful
approximation for Q�. The next result enters into the proof of the lower bounds, cf. Theo-
rem 3.12 ii1q and Theorem 3.18 iiq.

Corollary 3.7 (Pointwise approximation of Q�). For k P N and pF, tq P R3�3
skew � R, let

Q�
kpF, tq � min

 
Qξ

kpβq : β P H1pω;R3q, ξpx̃q � F px2e2 � x3e3q � te1 for x̃ P ω(, (3.24)

where Qξ
k as in (3.22). Then, Q�

k Ñ Q� pointwise as k Ñ8.
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We conclude this section with a brief discussion of the important special case (for applica-
tions), where Q� emerges from an isotropic energy density W0, i.e., W0pFSq � W0pF q for all
S P SOp3q and F P R3�3. In this situation, the minimization problem characterizing Q� can be
reduced to solving a Laplace problem with suitable Neumann boundary conditions. Under the
additional geometric assumption that the cross section ω is a circle, we present a fully explicit
expression for Q�.

Example 3.8 (Isotropic case). If W0 satisfies (H1)-(H3) and is isotropic, then the associated
quadratic form is

QpF q � ∇2W0pIdqrF, F s � 2µ|F sym|2 � λpTrF q2, F P R3�3, (3.25)

with Lamé constants λ P R and µ ¡ 0 such that 2µ� 3λ ¡ 0. One can show that

Q�pF, tq � 3µ
�
F 2
12

»
ω
x22 dx̃� F 2

13

»
ω
x23 dx̃� t2

	
� µτF 2

23 (3.26)

for pF, tq P R3�3
skew � R. Here, τ denotes the torsional rigidity defined by

τ :�
»
ω

�|x̃|2 � x̃K � r∇φ� dx̃,

and φ : ω Ñ R is a solution to the Neumann problem# r∆φ � 0 in ω,r∇φ � ν � x̃K � ν on Bω (3.27)

where ν is the outer normal vector to Bω.

By Corollary 3.7, (3.26) follows from a pointwise limit procedure, once explicit expressions
for Q�

k with k P N are available. Indeed, one can extract from the literature on the theory of
compressible rods, precisely, from [156, Remark 3.5] and [185, Remark 4.2], that

Q�
kpF, tq �

µp3λ� 3k � 2µq
λ� k � µ

�
F 2
12

»
ω
x22 dx̃� F 2

13

»
ω
x23 dx̃� t2

	
� µτF 2

23,

and hence, letting k Ñ8 implies the stated expression for Q�.

We point out that, in contrast to the situation without the incompressibility constraint, Q�

in (3.26) does not depend on the first Lamé coefficient λ. As a consistency check, observe that
the trace-free constraint in (3.15) makes Qξ, and thus also Q�, independent of λ.

Example 3.9 (Isotropic case with circular cross section). Suppose in addition to the
set-up of the previous example that ω is a circle around the origin with unit measure, i.e.,
ω � tx̃ P R2 : |x̃|2 ¤ 1

π u. Then, the outer unit normal vector to Bω becomes
?
πx̃, which

yields a trivial solution to (3.27), meaning, φ � 0. Due to
³
ω x

2
2 dx̃ � ³

ω x
2
3 dx̃ � 1

4π and
τ � ³

ω x
2
2 dx̃� ³

ω x
2
3 dx̃ � 1

2π , formula (3.26) simplifies to

Q�pF, tq � 3µ

4π

�
F 2
12 � F 2

13

�� µ

2π
F 2
23 � 3µt2

� 3µ

4π
|F |2 � µ

4π
F 2
23 � 3µt2

for pF, tq P R3�3
skew � R.
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3.3 Technical tools for the upper bounds

Inner perturbation arguments have proven to be useful cornerstones when it comes to the con-
struction of locally volume-preserving deformations. The latter are needed to find recovery
sequences in dimension reduction problems with an incompressibility constraint. In [61, Propo-
sition 5.1], Conti & Dolzmann established a first lemma of this type for 3d-2d reductions in the
context of incompressible membranes. We tailored the statement for 3d-1d reductions in Chap-
ter 2 on incompressible strings. Since the arguments in Lemma 2.5 are symmetric in the two
cross-section variables x2 and x3, we can state a slightly modified version, which is formulated
in a way that allows its direct application in Sections 3.4 and 3.5.

Lemma 3.10 (Inner perturbations). Let γ, κ ¡ 0 and J � J 1 � R be bounded closed
intervals such that 0 P J and J is compactly contained in the interior of J 1. Further, let
QL :� r0, Ls � J � J and Q1

L :� r0, Ls � J 1 � J 1.
If pyεqε � C2pQ1

L;R3q satisfies
}B3yε}C1pQ1L;R3q � Opεκq or }B2yε}C1pQ1L;R3q � Opεκq

and

}det∇εyε � 1}C1pQ1Lq � Opεγq, (3.28)

then there exists a sequence puεqε � C1pQL;R3q with
det∇εuε � 1 everywhere in QL

for ε sufficiently small, and

}uε � yε}C1pQL;R3q � Opεγ�κq. (3.29)

Replacing Opεγq with opεγq in (3.28) yields (3.29) with right-hand side opεγ�κq .

With the help of divergence-free extensions in the cross-section variables, we can prove the
following approximation result, which is going to be another useful ingredient for the proof of
the upper bounds in Sections 3.4 and 3.5.

Lemma 3.11 (Approximation under divergence constraints). Let β P L2p0, L;H1pω;R3qq
and ρ P L2pp0, Lq � ωq with ρpx1, �q affine for almost every x1 P p0, Lq be related via

�divβ̃ � ρ.

Further, let pρδqδ � C2pr0, Ls�R2q be a sequence of functions that are affine in the cross-section
variables satisfying ρδ Ñ ρ in L2pp0, Lq � ωq as δ Ñ 0.

Then, there exists a sequence pβδqδ � C2pr0, Ls � R2;R3q with
�divβ̃δ � ρδ

for every δ and βδ Ñ β in L2p0, L;H1pω;R3qq as δ Ñ 0.

Proof. Due to the structural properties of ρ and ρδ, one can find a, b, c P L2p0, Lq and aδ, bδ, cδ P
C2pr0, Lsq such that

ρpxq � apx1qx2 � bpx1qx3 � cpx1q,
ρδpxq � aδpx1qx2 � bδpx1qx3 � cδpx1q.
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With the definitions

Ξpxq :� 1
2

�
apx1qx22 � cpx1qx2

�
e2 � 1

2

�
bpx1qx23 � cpx1qx3

�
e3,

Ξδpxq :� 1
2

�
aδpx1qx22 � cδpx1qx2

�
e2 � 1

2

�
bδpx1qx23 � cδpx1qx3

�
e3,

it holds that

Ξδ Ñ Ξ in L2pp0, Lq � ωq as δ Ñ 0, (3.30)

and by straight-forward calculation,

B2Ξ2 � B3Ξ3 � ρ and B2pΞδ � e2q � B3pΞδ � e3q � ρδ. (3.31)

Hence, β � Ξ P L2p0, L;H1
�divpω;R3qq, and after divergence-free extension in the cross-section

variables according to [120, Proposition 3.1, Corollary 3.2], one can view β�Ξ as an element of
L2p0, L;H1

�divpR
2;R3qq, where

H1
�divpU ;R3q � tw P H1pU ;R3q : B2w2 � B3w3 � 0 a.e. in Uu

for an open subset U � R2.
A standard mollification argument yields a sequence pβ̂δqδ � C2pr0, Ls�R2;R3q of functions

that are divergence-free in the last two variables, i.e., for any δ

B2pβ̂δ � e2q � B3pβ̂δ � e3q � 0 in r0, Ls � R2, (3.32)

such that β̂δ Ñ β � Ξ in L2p0, L;H1pR2;R3qq as δ Ñ 0.
Finally, in view of (3.31) and (3.32) as well as (3.30), setting βδ � β̂δ � Ξδ provides the

desired sequence.

3.4 The regime α � 2

The following Γ-convergence theorem is the first main result of this chapter. It provides a
reduced one-dimensional model for incompressible rods, which involves, besides the deformation
of the mid-fiber, quantities related to bending and torsion effects.

Theorem 3.12 (Γ-limit for α � 2). Let Ip2qε for ε ¡ 0 be the functional introduced in (3.7)
with α � 2. Moreover, let

Ip2q : H2p0, L;R3q �H1p0, L;R3�2q Ñ r0,8s,

pu,Dq ÞÑ
$&%

1

2

» L

0
Q�pApx1q, 0q dx1 for pu,Dq P Ap2q,

8 otherwise,

(3.33)

where A :� RTR1 with R :� pu1|Dq, Q� is defined in (3.23), and

Ap2q :� tpu,Dq P H2p0, L;R3q �H1p0, L;R3�2q : pu1|Dq P SOp3q a.e. in p0, Lqu.

i) (Compactness) For every sequence puεqε � H1pΩ;R3qXL2
0pΩ;R3q and supε¡0 I

p2q
ε puεq   8,

there exists a subsequence (not relabeled) and pu,Dq P Ap2q such that

uε Ñ u in H1pΩ;R3q,
1

ε
r∇uε Ñ D in L2pΩ;R3�2q.

(3.34)

ii) (Variational limit) The sequence pIp2qε qε Γ-converges for εÑ 0 to Ip2q with respect to the
convergence (3.34), that is, the following two conditions are fulfilled:
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ii1q (Lower bound) Let puεqε � H1pΩ;R3q satisfy (3.34) for pu,Dq P Ap2q, then

lim inf
εÑ0

Ip2qε puεq ¥ Ip2qpu,Dq;

ii2q (Upper bound) For every pu,Dq P Ap2q there exists a sequence puεqε � H1pΩ;R3q satisfying
(3.34) and

lim sup
εÑ0

Ip2qε puεq ¤ Ip2qpu,Dq.

Proof. Ad iq. Let puεqε be a sequence with uniformly bounded energy and vanishing mean value.
It follows from W0 ¤W and hypothesis (H2) that

C1

ε2

»
Ω

dist2p∇εuε,SOp3qq ¤ 1

ε2

»
Ω
W0p∇εuεq dx ¤ Ip2qε puεq ¤ C

for a constant C ¡ 0. The statement iq is now an immediate consequence of the compactness
result in [156, Theorem 2.1].

Ad ii1q. Recalling the definitions of the energy densities Wk in (3.8) and the associated

auxiliary functionals Ip2qk,ε from (3.9), we obtain

Ip2qε puεq ¥ Ip2qk,εpuεq
for every ε ¡ 0 and k P N. The lower bound in the compressible case [156, Theorem 3.1] yields
that

lim inf
εÑ0

Ip2qε puεq ¥ lim inf
εÑ0

Ip2qk,εpuεq ¥ Ip2qk pu,Dq, (3.35)

where

Ip2qk pu,Dq � 1

2

» L

0
Q�

kpApx1q, 0q dx1

with A � RTR1, R � pu1|Dq, and Q�
k defined as in (3.24). In view of Corollary 3.7 and

the monotonicity of Q�
k with respect to k, meaning, Q�

k ¤ Q�
k�1 for all k P N, the theorem

on monotone convergence implies that Ip2qk pu,Dq Ñ Ip2qpu,Dq for k Ñ 8. Thus, together
with (3.35), we finally conclude that

lim inf
εÑ0

Ip2qε puεq ¥ lim
kÑ8

Ip2qk pu,Dq � Ip2qpu,Dq.

Ad ii2q. Let us fix pu,Dq P Ap2q. We split the proof of the upper bound into three steps,
starting with the construction of recovery sequences in the case when we have extra regularity
for the refined limit deformations.

Step 1: Recovering smooth limit functions. Let u P C3pr0, Ls;R3q, D P C2pr0, Ls;R3�2q such
that R � pu1|Dq P SOp3q everywhere in r0, Ls. Moreover, suppose that β P C2pr0, Ls � R2;R3q
satisfies

Tr
�
Apx1qpx2e2 � x3e3q|r∇βpxq� � 0 (3.36)

for every x P r0, Ls � R2. Note that in the following, we drop the arguments x1 and x in our
notation when they are clear from the context.
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Now, let J � J 1 � R be two intervals as in Lemma 3.10 with ω � J � J . Inspired by the
recovery sequence in the situation without incompressibility, see [156, Theorem 3.1], we define
for every ε ¡ 0 and x P Q1

L :� r0, Ls � J 1 � J 1,

yεpxq � upx1q � εRpx1qpx2e2 � x3e3q � ε2Rpx1qβpxq.
By construction, pyεqε � C2pQ1

L;R3q converges to pu,Dq in the sense of (3.34) and has the
property that

}B3yε}C1pQ1L;R3�3q � Opεq. (3.37)

The rescaled gradient of yε is given by

∇εyε � R� εR
�
Apx2e2 � x3e3q|r∇β�� ε2B1pRβq b e1, (3.38)

and hence,

detp∇εyεq � det
�
RT∇εyε

� � 1� εTr
�
Apx2e2 � x3e3q|r∇β��Opε2q,

in view of the identity detpId�F q � 1� TrF � Tr cof F � detF for every F P R3�3. Together
with the vanishing trace assumption (3.36), we conclude that

} detp∇εyεq � 1}C1pQ1Lq � Opε2q. (3.39)

In light of (3.37) and (3.39), we can now apply Proposition 3.10 with the choices γ � 2 and
κ � 1 to obtain a sequence puεqε � C1pΩ;R3q satisfying det∇εuε � 1 everywhere in Ω and

}yε � uε}C1pΩ;R3q � Opε3q; (3.40)

due to the convergence behavior of pyεqε, this shows in particular that puεqε converges to pu,Dq
in the sense of (3.34) as well.

Moreover, the combination of (3.38) and (3.40) gives that

RT∇εuε � Id�ε�Apx2e2 � x3e3q|r∇β��Opε2q,
and hence, by the Taylor expansion in (3.12),

W p∇εuεq �W0p∇εuεq �W0pRT∇εuεq � ε2

2
Q
�
Apx2e2 � x3e3q|r∇β��Opε3q;

also, we have used here (3.3) under consideration of det∇εuε � 1 and the assumption of frame
indifference (H3). Altogether, this shows that

lim sup
εÑ0

Ip2qε puεq ¤ 1

2

»
Ω
Q
�
Apx2e2 � x3e3q|r∇β� dx.

Step 2: Approximation and optimization. To approximate pu,Dq P Ap2q suitably by smooth
functions, we invoke the same argument as in [156, Theorem 3.1], which provides a sequence
pRδqδ � C2pr0, Ls; SOp3qq such that

Rδ Ñ R � pu1|Dq in H1p0, L;R3�3q for δ Ñ 0,

and thus, pRδqδ converges to R also uniformly, which implies in particular that

Aδ :� pRδqTR1
δ Ñ RTR1 � A in L2p0, L;R3�3q. (3.41)
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For any δ, we consider

uδpx1q :�
» x1

0
Rδptqe1 dt� cδ and Dδpx1q :� pRδpx1qe2|Rδpx1qe3q for x1 P p0, Lq,

where cδ P R is chosen in such a way that uδ has the same mean value as u. Then, Rδ � pu1δ|Dδq,
and

uδ Ñ u in H2p0, L;R3q,
Dδ Ñ D in H1p0, L;R3�2q (3.42)

as δ Ñ 0.
Next, we introduce the functions

ξpxq :� Apx1qpx2e2 � x3e3q,
ξδpxq :� Aδpx1qpx2e2 � x3e3q,

for x P p0, Lq � ω, and take βApx1, �q for x1 P p0, Lq as the unique solution to the minimization
problem defining Q�pApx1q, 0q, that is,

βApxq � βξpx1,�qpx̃q for x � px1, x̃q P p0, Lq � ω, (3.43)

cf. (3.23) and Lemma 3.1. Notice that in light of Remarks 3.3 and 3.2, βA P L2pω;H1pω;R3qq.
Considering (3.41), Corollary 3.11 applied with ρ � �ξ � e1, ρδ � �ξδ � e1 and β as in (3.43)

gives rise to a sequence pβδqδ P C2pr0, Ls � R2;R3q that satisfies the trace condition

Trpξδ|r∇βδq � 0

on all of r0, Ls � R2 and

βδ Ñ β in L2p0, L;H1pω;R3qq. (3.44)

Step 3: Diagonalization. For every δ, we repeat Step 1 with u � uδ, D � Dδ and β � βδ to
obtain a sequence puδ,εqε � C1pΩ;R3q satisfying det∇εuδ,ε � 1 for all ε ¡ 0 sufficiently small,
and

uδ,ε Ñ uδ in H1pΩ;R3q,
1

ε
r∇uδ,ε Ñ Dδ in L2pΩ;R3�2q,

(3.45)

as well as

lim sup
δÑ0

lim sup
εÑ0

Ip2qε puδ,εq ¤ lim sup
δÑ0

1

2

»
Ω
Q
�
Aδpx2e2 � x3e3q|r∇βδ� dx � Ip2qpu,Dq. (3.46)

For the last equality, we have exploited (3.41), (3.44), the optimality of β from (3.43), and the
fact that Q is a quadratic form.

Finally, we extract a diagonal sequence puεqε from puδ,εqδ,ε in the sense of Attouch [9, Lemma
1.15,1.16] to conclude the proof of the upper bound. Indeed, combining (3.42) with (3.45), and
(3.46) gives puεqε satisfying (3.34) and

lim sup
εÑ0

Ip2qε puεq ¤ Ip2qpu,Dq,

as claimed.
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Remark 3.13 (Comparison with models involving compressiblity). Even though the
reduced limit energies derived from three-dimensional nonlinear elasticity with or without in-
compressibility constraint are different, their qualitative structure turns out to be rather similar,
in the sense that they are both integral functionals with identical domains, as a comparison be-
tween Theorem 3.12 and [156, Theorem 3.1] reveals.

Intuitively speaking, this means that the presence of local volume preservation does not affect
the set of admissible deformations in the resulting limit problems, which may seem surprising.

In fact, the volumetric constraint in the definition of Ip2qε translates asymptotically for ε Ñ 0
into a trace constraint, which only enters in the formula for the finite-valued limit energy density.

Notice that the same effect can be observed in the cases α ¡ 2 (see Section 3.5), as well as
the string regime α � 0, which is analyzed in Chapter 2.

Remark 3.14 (Incorporating external forces). The statement of Theorem 3.12 still holds

if we replace the sequence of elastic energy functionals pIp2qε qε with the system energies pJ p2q
ε qε

as in (3.6); the corresponding Γ-limit (with respect to the convergence (3.34)) is given by

J p2qpu,Dq � Ip2qpu,Dq �
» L

0
f � u dx1 (3.47)

for pu,Dq P H2p0, L;R3q � H1p0, L;R3�2q, given that the external force term constitutes a
continuous perturbation.

Furthermore, we observe that introducing

h : p0, Lq Ñ R3, t ÞÑ
» t

0
fpx1q dx1, (3.48)

as the primitive of f allows us, in view of (3.5), to rewrite (3.47) as

J p2qpu,Dq � Ip2qpu,Dq �
» L

0
h � u1 dx1 (3.49)

for pu,Dq P Ap2q. Hence, just like Ip2q, the functional J p2q is invariant under translation.

In the second part of this section, we complement the asymptotic analysis of the sequence

pJ p2q
ε qε by calculating the Euler-Lagrange equations of the limit functional J p2q, which charac-

terize its stationary points. First, let us briefly introduce the necessary notation of the stress
and its moments of first order. For pu,Dq P Ap2q, let

A :� RTR1 P L2pω;R3�3
skewq, (3.50)

recalling that R � pu1|Dq. Furthermore, let βA P L2p0, L;H1pω;R3qq be such that βApx1, �q is a
solution to the variational problem defining Q�pApx1q, 0q for x1 P p0, Lq, cf. (3.23) and (3.43).
The stress E P L2pp0, Lq � ω;R3�3q associated with pu,Dq is then given as

E � L
�
Apx2e2 � x3e3q|r∇βA� (3.51)

with L as in (3.14), and qE, pE P L2p0, L;R3�3q denote the first-order moments of E, i.e.,

qE �
»
ω
x2E dx̃ and pE �

»
ω
x3E dx̃. (3.52)
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Proposition 3.15 (Euler-Lagrange equations). Let J p2q be as in (3.49) with (3.48) and (3.5).
Then, pu,Dq P Ap2q is a stationary point of J p2q if and only if

qE1
11 � qE1

22 � A13p pE21 � qE31q �A23p pE11 � pE33q � h �De1,pE1
11 � pE1

33 � �A12p pE21 � qE31q �A23p qE11 � qE22q � h �De2,pE1
21 � qE1

31 � A12p pE11 � pE33q �A13p qE11 � qE22q,

and

qE11p0q � qE22p0q � qE11pLq � qE22pLq � 0,pE11p0q � pE33p0q � pE11pLq � pE33pLq � 0,pE21p0q � qE31p0q � pE21pLq � qE31pLq � 0,

where A, qE, pE are defined as in (3.50) and (3.52), respectively.

Proof. The calculation of the first variation of J p2q, which we will identify with a functional on
H1p0, L; SOp3qq in the following, can be done similarly to [158, Lemma 2.3]. Precisely, for any
pu,Dq P Ap2q and B P H1p0, L;R3�3

skewq, we consider a curve

γ : p�1, 1q Ñ H1p0, L; SOp3qq with γp0q � R � pu1|Dq and Bsγp0q � RB;

notice that the tangent space of H1p0, L; SOp3qq at R can be identified with RH1p0, L;R3�3
skewq.

Evaluating J p2q along this curve gives

J p2qpγpsqq � 1

2

» L

0
Q�pγpsqTγpsq1, 0q dx1 �

» L

0
h � γpsqe1 dx1

for s P p�1, 1q. In view of

d

ds |s�0
γpsqTγpsq1 � �BpRTR1q � pRTR1qB �B1

� AB �BA�B1 �: H P L2p0, L;R3�3
skewq, (3.53)

we find that

d

ds |s�0
J p2qpγptqq �

»
Ω
E :

�
Hpx2e2 � x3e3q

��0��0� dx

�
»
Ω
E : p0|r∇βHq dx�

» L

0
h �RBe1 dx1,

(3.54)

where βH P L2p0, L;H1pω;R3qq is such that βHpx1, �q solves the minimization problem in (3.23)
with the argument pHpx1q, 0q, cf. Remark 3.3.

In view of (3.52), the first integral in (3.54) can be rewritten as» L

0

qEe1 �He2 � pEe1 �He3 dx1. (3.55)

The treatment of the second term in (3.54) exploits the Euler-Lagrange equations (3.20) and the
trace condition (3.21) applied to every affine function ξpx̃q � Hpx1qpx2e2�x3e3q with x1 P p0, Lq.
If we write λHpx1, �q for the corresponding Lagrange multipliers, λH can be viewed as an element
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in L2pp0, Lq � ωq due to the linear dependence on the affine input pointed out in Remark 3.2.
Let us introduce λ̌H , λ̂H P L2p0, Lq as the first moments of λH , that is,

λ̌Hpx1q �
»
ω
λHx2 dx̃ and λ̂Hpx1q �

»
ω
λHx3 dx̃.

Then, »
Ω
E : p0|r∇βHq dx � �1

2

»
Ω
λH �divβ̃H dx � 1

2

»
Ω
λHpH12x2 �H13x3q dx

� 1

2

» L

0
λ̌He1 �He2 � λ̂He1 �He3 dx1. (3.56)

On the other hand, the choice of test fields ϕ � p0, 12x22, 0q and ϕ � p0, 0, 12x23q in (3.20) yields
that

λ̌H � �2 qE22 and λ̂H � �2 pE33. (3.57)

Therefore, by joining (3.54) with (3.55) and (3.56), we find that

d

dt |t�0
J p2qpγptqq �

» L

0
p qEe1 � qE22e1q �He2

� p pEe1 � pE33e1q �He3 � h �RBe1 dx1. (3.58)

To conclude, it suffices now to specialize B to three classes of test fields, recalling that H
depends on B through (3.53): For ψ, θ, σ P H1p0, Lq, we plug

B � ψe1 b e2 � ψe2 b e1,

B � θe1 b e3 � θe3 b e1,

B � σe2 b e3 � σe3 b e2,

into (3.58), which gives rise to the system» L

0
p qE11 � qE22qψ1 �A13p pE21 � qE31qψ �A23p pE11 � pE33qψ � h �Re2ψ dx1 � 0,» L

0
p pE11 � pE33qθ1 �A12p pE21 � qE31qθ �A23p qE11 � qE22qθ � h �Re3θ dx1 � 0,» L

0
p pE21 � qE31qσ1 �A12p pE11 � pE33q � σA13p qE11 � qE22qσ dx1 � 0.

This corresponds to the weak formulation of the stated equations and boundary conditions.

In the special case of isotropic incompressible rods with circular cross section, the character-
izing equations for stationary points simplify considerably.

Example 3.16. We adopt the setting of Example 3.9, that is, ω is a circle around the origin
with unit measure and W0 is supposed to be isotropic, which implies that Q is of the form
(3.25) with Lamé coefficients λ P R and µ ¡ 0 giving rise to a positive bulk modulus, that is,
2µ � 3λ ¡ 0. Then, under the assumptions of Proposition 3.15, pu,Dq P Ap2q is a stationary
point of J p2q if and only if$'&'%

A112 � �4π
3µh �De1, A12p0q � A12pLq � 0,

A113 � �4π
3µh �De2, A13p0q � A13pLq � 0,

A23 � 0.

(3.59)
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Indeed, in this situation, L takes the form

LF � 2µF sym � λTrpF q Id for F P R3�3,

and βA can be determined to be

βApxq � �1
4pA12px22 � x23q � 2A13x2x3qqe2 � 1

4pA13px23 � x22q � 2A12x2x3qqe3
for x P p0, Lq � ω; note that βA emerges from the corresponding expression in the compressible
case as the limit for diverging first Lamé coefficient. Then, the stress as defined in (3.51) becomes

E � 2µ
�
Apx2e2 � x3e3q|r∇βA�sym

� µ

��2pA12x2 �A13x3q A23x3 �A23x2
A23x3 �A12x2 �A13x3 0
�A23x2 0 �A12x2 �A13x3

�
and, in view of (3.1), the first bending moments are

qE � µ

4π

��2A12 0 �A23

0 �A12 0
�A23 0 �A12

� and pE � µ

4π

��2A13 A23 0
A23 �A13 0
0 0 �A13

�.
Finally, we insert these expressions into the equations of Proposition 3.15, which gives rise
to (3.59).

We conclude the study of the regime α � 2 with a brief comparison of the Euler-Lagrange
equations for rods with and without a local volume-preservation constraint.

Remark 3.17 (Comparison with compressible rods). a) The difference between the result
of Proposition 3.15 and [158, Lemma 2.3] lies in the presence of non-trivial bending terms qE22 andpE33. The latter arise as moments of the Lagrange multipliers that are necessary to accommodate
the trace constraint in the minimization problem defining Q�, cf. (3.57) and Remark 3.2.

b) In the special case of rods with circular cross-section of isotropic material, the structure of
the Euler-Lagrange equations is identical, but the constant coefficients vary. To be more precise,
the analogue of the factor 4π

3µ in (3.59) is 4πpλ�µq
µp3λ�2µq when the assumption of incompressibility is

dropped. The connection between these factors becomes apparent in the limit of diverging first
Lamé coefficients. Notice that these factors are the Young modulus 1.9 for compressible and
incompressible materials multiplied by 4π.

3.5 The regimes α ¡ 2

This section covers the asymptotic analysis in all the remaining scaling regimes. Like in the
setting without incompressibility, these regimes share the common feature that the limit de-
formations correspond to rigid body motions. In order to extract more refined information
on the reduced limit problems, it is useful to estimate the deviation of low energy sequences
puεqε � H1pΩ;R3q (after suitable translation, global rotation, and scaling) from the identity. To
this end, we follow [157, 185] in considering sequences pvεqε � H1p0, L;R2q, pwεqε � H1p0, Lq
given by

vε � 1

εα�2

»
ω
ũε dx̃,

wε � 1

εα�1

�³
ω |x̃|2 dx̃

��1
»
ω
ũε � x̃K dx̃;

(3.60)
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in the regime α ¥ 3, we also use pzεqε � H1p0, Lq with

zεpx1q � 1

εα�1

»
ω

�
uε � e1 � x1

�
dx̃ for x1 P p0, Lq, (3.61)

which represent (appropriately scaled) versions of averaged length changes perpendicular and
in-line with the midfiber, as well as torsion effects, respectively

Next, we introduce the limit energies in dependence of α. For the scaling regime α P p2, 3q,
let Ipαq : H2p0, L;R2q �H1p0, Lq Ñ r0,8q be given by

Ipαqpv, wq � 1

2

» L

0
Q�pB1px1q, 0q dx1, (3.62)

where Q�p�, 0q is the quadratic form in (3.23) (see also Remark 3.6) and B P H1p0, L;R3�3
skewq is

defined as

B �
�� 0 �v11 �v12
v11 0 �w
v12 w 0

�. (3.63)

In the von Kármán-type regime α � 3 and for α ¡ 3, we define Ipαq : H2p0, L;R2q �H1p0, Lq �
H1p0, Lq Ñ r0,8q via

Ipαqpv, w, zq � 1

2

» L

0
Q��B1px1q, spαqpx1q

�
dx1; (3.64)

here, the stored energy density Q� results from the constrained variational problem defined
in (3.23), B is as in (3.63) and spαq P L2p0, Lq is given by

spαq �
#
z1 � 1

2 |v1|2 for α � 3,

z1 for α ¡ 3.
(3.65)

With these definitions at hand, we can formulate the following Γ-convergence result.

Theorem 3.18 (Γ-limit for α ¡ 2). Let Ipαqε for ε ¡ 0 be the functional introduced in (3.7)
with α ¡ 2 and let Ipαq as in (3.62) and (3.64), respectively.

i) (Compactness) For every sequence pūεqε � H1pΩ;R3q with supε¡0 I
pαq
ε pūεq   8 there exist

sequences of translations pd̄εqε � R2, rotations pR̄εqε P SOp3q, and R̄ P SOp3q with R̄ε Ñ R̄,
as well as v P H2p0, L;R2q and w P H1p0, Lq such that, with uε :� R̄εūε � d̄ε, the following
convergences hold up to the selection of subsequences:

vε Ñ v in H1p0, L;R2q,
wε á w in H1p0, Lq,

1
εα�2 p∇εuε � Idq Ñ B in L2pΩ;R3�3q;

(3.66)

recall the definitions of vε, wε and B in (3.60) and (3.63), respectively. Additionally, if α ¥ 3,
there exists z P H1p0, Lq such that pzεqε � H1p0, Lq as in (3.61) fulfills

zε á z in H1p0, Lq. (3.67)

ii) (Variational limit) If α P p2, 3q, the sequence pIpαqε qε Γ-converges to Ipαq for ε Ñ 0

regarding the convergence (3.66). For α ¥ 3, Ipαq is the Γ-limit of pIpαqε qε with respect to the
convergence (3.66) and (3.67).
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Proof. Ad iq. Since any sequence pūεqε with uniformly bounded energy satisfies

1

ε2α�2

»
Ω
W0p∇εūεq dx ¤ 1

ε2α�2

»
Ω
W p∇εūεq dx � Ipαqε pūεq ¤ C

for a constant C ¡ 0, and W0 satisfies (H2), the statement follows directly from the literature
on the compressible case. The compactness result for the von Karman-type case α � 3 was first
proven in [157, Theorem 2.2], for the remaining α ¡ 2, we refer to [185, Theorem 3.3], where all
scaling regimes are covered in the more general context of curved rods.

Ad iiq. As pointed out in the introductory Section 3.1.2, the Γ-limits Ipαqk of pIpαqk,ε qε as
in (3.9) in the unconstrained setting provide lower bounds for the incompressible limit energy,
which implies that

Ipαq ¥ sup
kPN

Ipαqk

with $''&''%
Ipαqk pv, wq � 1

2

» L

0
Q�

kpB1px1q, 0q dx1, if α P p2, 3q,

Ipαqk pv, w, zq � 1

2

» L

0
Q�

k

�
B1px1q, spαqpx1q

�
dx1, if α ¥ 3,

cf. (3.63) and (3.65). The sought liminf-inequality follows with the help of Corollary 3.7.
For easier reading, we copy the structure of the proof of Theorem 3.12 and subdivide the

arguments for the upper bound in three steps.

Step 1: Recovering smooth limit functions. Let v P C3pr0, Ls;R2q, w P C2pr0, Lsq, and
B P C2pr0, Ls;R3�3

skewq as in (3.63), and if α ¥ 3, let also z P C2pr0, Lsq. We choose β P
C2pr0, Ls � R2;R3q such that#

Tr
�
B1px2e2 � x3e3q|r∇β� � 0, if α P p2, 3q,

Tr
�
B1px2e2 � x3e3q � spαqe1|r∇β� � 0 if α ¥ 3.

(3.68)

Furthermore, let QL � Q1
L be cubes as in Lemma 3.10 such that QL contains Ω.

The basis for our construction of locally volume-preserving approximations puεqε are the
recovery sequences from the literature on the compressible cases [156, 185]. If α P p2, 3q, we set

yεpxq �
» x1

0
Rεpsqe1 ds� εRεpx1qpx2e2 � x3e3q � εαβpxq

for x P Q1
L, where Rε is the SOp3q-valued matrix exponential Rε :� exppεα�2Bq with B as

in (3.63), cf. [185, Theorem 5.2, (5.24)]. For α ¥ 3, consider

yεpxq � xε � εα�2p0, vpx1qq � εα�1Bpx1qpx2e2 � x3e3q � εα�1zpx1qe1 � εαβpαqpxq
for x P Q1

L, where xε � px1, εx2, εx3q and

βpαqpxq :�
#
βpxq � 1

2

�
x2γpx1q � x3γ̄px1q

�
, if α � 3,

βpxq, if α ¡ 3,

with γ :� 2wv12e1 � pw2 � |v11|2qe2 � v11v12e3 and γ̄ :� �2wv11e1 � v11v12e2 � pw2 � |v12|qe3; for more
details in the case α � 3, see [157, Theorem 3.1 and (4.14), (4.15)], [185, Theorem 5.1], and for
α ¥ 3, [185, Theorem 5.1].
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By these constructions, pyεqε satisfies the desired convergences (3.66), and if α ¥ 3 also
(3.67). The specific structure of yε makes it immediate to see that

}B3yε}C1pQ1L;R3q � Opεq.
Moreover, (3.68) in conjunction with the computations in [157, 185] shows that

}det∇εyε � 1}C1pQ1Lq � opεα�1q;
let us remark that in the case α � 3, one even obtains that the deviation of det∇εyε from 1
behaves like Opε3q, but indeed, opε2q is sufficient for our purposes.

Therefore, we can now apply Lemma 3.10 to find a sequence puεqε � C1pΩ;R3q such that

det∇εuε � 1 in Ω

and

}uε � yε}C1pΩ;R3q � opεαq.
This yields in particular, that puεqε converges as in (3.66), and additionally, if α ¥ 3, that puεqε
satisfies (3.67). Analogously to [185, Theorem 5.1, Theorem 5.2], we obtain that

W p∇εuεq ¤
$&%

1
2ε

2α�2Q
�
B1px2e2 � x3e3q|r∇β�� opε2α�2q, if α P p2, 3q,

1
2ε

2α�2Q
�
B1px2e2 � x3e3q � spαqe1|r∇β�� opε2α�2q, if α � 3,

and thus,

lim sup
εÑ0

Ipαqε puεq �

$''&''%
1

2

»
Ω
Q
�
B1px2e2 � x3e3q|r∇β� dx, if α P p2, 3q,

1

2

»
Ω
Q
�
B1px2e2 � x3e3q � spαqe1|r∇β� dx, if α � 3.

(3.69)

Step 2: Approximation and optimzation. Let v P H2p0, L;R2q, w P H1p0, Lq, and, if α ¥ 3,
z P H1p0, Lq. Then, there are pv̂δqδ � C3pr0, Ls;R2q, pŵδqδ � C2pr0, Lsq such that

v̂δ Ñ v in H2p0, L;R2q,
ŵδ Ñ w in H1p0, Lq.

Furthermore, in the case α ¥ 3, let pẑδqδ � C2pr0, Lsq such that

ẑδ Ñ z in H1p0, Lq.
We define β P L2p0, L;H1pω;R3qq as follows: if α P p2, 3q and α ¥ 3, then βpx1, �q is the

(unique) solution with vanishing mean value for the minimization problem defining Q�pB1px1q, 0q
and Q�pB1px1q, spαqpx1qq, respectively, cf. also Lemma 3.1.

Now, we apply Corollary 3.11 with

ρpxq �
#
B1px1qpx2e2 � x3e3q � e1, if α P p2, 3q,
B1px1qpx2e2 � x3e3q � e1 � spαqpx1q if α ¥ 3,

and

ρδpxq �
#
B1

δpx1qpx2e2 � x3e3q � e1, if α P p2, 3q,
B1

δpx1qpx2e2 � x3e3q � e1 � s
pαq
δ px1q if α � 3,
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where Bδ and s
pαq
δ are given as in (3.63) and (3.65) with v, w replaced by their approximations

v̂δ, ŵδ. This provides us with a sequence pβδqδ � C2pr0, Ls � R2;R3q such that#
Tr

�
B1

δpx2e2 � x3e3q|r∇βδ� � 0, if α P p2, 3q,
Tr

�
B1

δpx2e2 � x3e3q � s
pαq
δ e1|r∇βδ� � 0 if α ¥ 3,

(3.70)

and βδ Ñ β in L2p0, L;H1pω;R3qq.
Step 3: Diagonalization. Exactly as in Step 3 of the proof of Theorem 3.12, we apply Step 1

for every δ with v � v̂δ, w � ŵδ, z � ẑδ if α ¥ 3, and the approximation of the optimal choice for
β from Step 2, i.e., β � βδ. This way, we obtain a sequences puδ,εqε � H1pΩ;R3q that converge
in the sense of (3.66), and (3.67) if α ¥ 3, and satisfy in view of (3.69), (3.23) and (3.70),

lim sup
εÑ0

Ipαqε puδ,εq �

$''&''%
1

2

»
Ω
Q�pB1

δ, 0q dx, if α P p2, 3q,
1

2

»
Ω
Q�pB1

δ, s
pαq
δ q dx, if α � 3.

To finalize the proof, it suffices to extract a suitable diagonal sequence puεqε according to At-
touch’s lemma.





Chapter 4

Asymptotic analysis of deformation
behavior in high-contrast
fiber-reinforced materials: Rigidity
and anisotropy

The arXiv preprint [91] is identical to this chapter.

4.1 Introduction

Designing new composite materials with advanced mechanical features is an important agenda in
the engineering sciences, with relevance for many branches of industry. The properties of a com-
posite are tightly related to the characteristics and structure of its microscopic heterogeneities,
and it is well-known that the deformation behavior on a macroscopic scale may differ substan-
tially from the way its components deform individually [119, 153, 198]. A significant class of
such materials with particular relevance for manufacturing lightweight structures are reinforced
high-contrast composites; indeed, the combination of an elastically softer matrix medium with
embedded stiff components of different shapes, such as fibers, gives rise to a light, yet strong
material.

Motivated by these applications, an extensive body of mathematical literature on the ho-
mogenization of stiff fibered structures has emerged, providing various modeling approaches and
techniques to pave the way for a reliable prediction of effective material response in reaction
to external forces. It is important to notice that scaling between the fiber thickness and the
elastic properties plays a crucial role for the resulting homogenized model. We highlight here
a few selected works. In [87, 177] and [46, 86], the authors study variational homogenization
via Γ-convergence of Saint-Venant Kirchhoff energy functionals for vanishingly small fibers with
suitable adhesion conditions and diverging Lamé coefficients in the elastically linear and nonlin-
ear setting, respectively. As a consequence of the choice of scaling relations between the elastic
constants, the fiber thickness and adhesive parameters in the papers [86, 177], the derived limit
models describe second-gradient materials. Moreover, nonlocal effects have been observed to
arise in models of homogenized fiber-reinforced structures, see e.g., [29] or [30, 174, 188] in the
context of linear elasticity, as well as [28], where additional torsion effects are taken into account.

In this chapter, we study a phenomenological model for composites reinforced by parallel
long fibers, which are assumed to be fully rigid; further modeling hypotheses are that the matrix
material adheres to the fibers along all interfaces and that the relative volume percentage of the

85



86 CHAPTER 4. ASYMPTOTIC ANALYSIS OF FIBER-REINFORCED MATERIALS

rigid components stays within fixed scale-invariant bounds. As we will see, the presence of rigid
fibers gives rise to global restrictions of the material response, which sets this work apart from
the aforementioned references dealing with stiff reinforcements. Our goal here is to contribute
to a qualitative understanding of the nonlinear model introduced in detail below by identifying,
via a rigorous limit analysis, the class of anisotropic deformations that can be attained on a
macroscopic scale.

We begin the description of the model with the basic geometric set-up of the elastic body
and the embedded fibers. Henceforth, let Ω � ω � p0, Lq � R3 be the reference configuration of
a cylindrical body with height L ¡ 0 and cross section ω � R2, where ω is a bounded Lipschitz
domain. Whenever indicated, we assume additionally that ω satisfies the following hypothesis:

(H) The domain ω is bi-Lipschitz homeomorphic to the open unit disk in R2, i.e., there exists
a Lipschitz map ϕ : Bp0, 1q Ñ ω whose inverse exists and is also Lipschitz.

Examples of sets with the property (H) include in particular rectangles (see e.g. [110]) or simply
connected bounded domains with smooth boundary (see e.g. [194, Chapter 5.4]).

To model the distribution of the fibers inside the body, consider a periodic lattice on R2 with
unit cell Y � r0, 1q2 and a small length scale parameter ε ¡ 0. We suppose that each scaled and
translated cell εpk�Y q with k P Z2 contains the cross section of one fiber, described by a domain
ωk
ε � R2, which is assumed to satisfy two technical conditions. First, the fiber cross-sections

are required to have (relative to their size) a fixed minimal distance to the boundary of their
surrounding cell, precisely,

ωk
ε � εpk � rα, 1� αq2q (4.1)

for a given α P p0, 12q. As a second hypothesis, let each ωk
ε contain a square of side length εδ

with fixed δ ¡ 0 such that δ � 2α   1, i.e., there is akε P εpk � Y q such that

Sk
ε :� akε � εp� δ

2 ,
δ
2q2 � ωk

ε ; (4.2)

this guarantees that the measure of the fiber cross-sections scales like ε2, in particular, |ωk
ε | ¥

δ2ε2. The two assumptions (4.1) and (4.2) are illustrated in Figure 4.1 a).

εpk � Y q

ωk
ε

εα

εα

akεεδ

Sk
ε

a) b)
Ω

x2

x1

x3
Y rig
ε

Figure 4.1: Illustration of: a) the scaled and translated unit cell εpk � Y q, which contains
the fiber cross-section ωk

ε (shaded in grey) and the square Sk
ε in compliance with the minimal

distance εα from the boundary; b) a collection of fibers embedded into the cuboid Ω.

Considering the definition of the fiber cross-sections, we now introduce the set

Y rig
ε �

¤
kPZ2

ωk
ε � R; (4.3)
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then, Y rig
ε XΩ is the collection of all fibers in Ω, and Y rig

ε XΩ corresponds to the matrix material,
see Figure 4.1 b). Notice that in this set-up, the fiber cross-sections need not be periodically
distributed. The analysis of a model where the fibers are distributed randomly without the
confinement of the periodic lattice is an interesting problem, but beyond the scope of this work.

With the geometric set-up in place, we now describe the possible deformations that a body
with fibers Y rig

ε X Ω can undergo in response to external forces via Sobolev maps uε : Ω Ñ
R3. The rigidity of the fibers, which prevents any form of non-trivial elastic deformation, is
reflected in the requirement that the deformation gradient ∇uε restricted to each fiber is a local
orientation-preserving isometry, or equivalently, by well-known rigidity results (cf. e.g. [181]), a
global rotation. Switching to the macroscopic point of view, one obtains the class of attainable
effective deformations exactly as the weak limits of sequences puεqε when the scaling parameter
ε tends to 0. One may think of puεqε as a sequence of uniformly bounded energy for functionals
of the form

u ÞÑ
»
ΩzY rig

ε

Wsoftp∇uq dx�
»
Y rig
ε XΩ

Wrigp∇uq dx, (4.4)

where the elastic energy density Wsoft : R3�3 Ñ r0,8q satisfies standard properties including
frame-indifference, suitable growth and coercivity assumptions, and vanishes on the identity,
like, for instance, Saint Venant-Kirchhoff type densities; moreover, Wrig : R3�3 Ñ r0,8s is given
by WrigpF q � 0 for F P SOp3q and Wrig � 8 otherwise, and can be interpreted as an energy
density with infinitely large elastic constants.

The main result of this chapter, stated in Theorem 4.1, is a complete characterization of the
weak limits of such sequences puεqε. It shows that the latter exhibit a restrictive anisotropic
material response in the sense that the strain in the direction of the fibers merely depends
on the cross-section variables, shows higher regularity, and most importantly, has unit length.
Geometrically, this means that any vertical line in the reference configuration, which may be
viewed as an infinitesimally thin fiber, can only be rotated and shifted. Several examples of
macroscopically observable deformations are illustrated in Section 4.5.

Theorem 4.1 (Characterization of limit deformations). Let p ¡ 2 and ω � R2 be a
bounded Lipschitz domain that satisfies the hypothesis (H). With

Aε :� tu PW 1,ppΩ;R3q : ∇u P SOp3q a.e. in Y rig
ε X Ωu

for ε ¡ 0, the set of weak limits

A :� tu PW 1,ppΩ;R3q : there is puεqε with uε P Aε and uε á u in W 1,ppΩ;R3qu (4.5)

admits the three equivalent characterizations

A � tu PW 1,ppΩ;R3q : B3u PW 1,ppω;S2qu
� tu PW 1,ppΩ;R3q : upxq � x3Σpx1q � dpx1q for a.e. x � px1, x3q P Ω

with Σ PW 1,ppω;S2q, d PW 1,ppω;R3qu
� tu PW 1,ppΩ;R3q : upxq � Rpx1qx� bpx1q for a.e. x � px1, x3q P Ω

with R PW 1,ppω; SOp3qq, b PW 1,ppω;R3qu.

There are different facets to the general discussion of this result and its placement in the
related literature we wish to mention:
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(i) Theorem 4.1 is a natural extension of the findings in the paper [50] by Christowiak &
Kreisbeck from two to three dimensions. Considering that it is not possible to distinguish
between layers and fibers in 2d, also the reference [51], where the same authors study lay-
ered reinforcements, provides another natural three-dimensional extension of [50]. Whereas
the codimension of the layer reinforcements in [51] is one, the codimension of the rigid com-
ponents for our model with fibers is two, making the latter clearly more flexible. For more
details, see Remark 4.19.

(ii) Generally speaking, the concept of asymptotic rigidity, as introduced in [50, 51], refers
to global geometric constraints that emerge in the limit of functions that are (almost)
local isometries on suitably arranged, and increasingly refined, disconnected parts of their
domain, cf. also [73]. Analogues in the case that a domain consists of only one connected
component are the well-known classical rigidity statements by Liouville for smooth and
Reshetnyak [181] for Sobolev functions. In that spirit, Theorem 4.1 represents asymptotic
rigidity for fiber structures.

(iii) We point out that our main theorem provides a basis for future efforts regarding the
homogenization via Γ-convergence of variational models for elastic materials reinforced
with rigid long fibers. If one aims for a statement in analogy to [51], where reinforcements
in the form of rigid layers are studied, then Theorem 4.1 implies that the Γ-limit for εÑ 0
of energy functionals as in (4.4), which are constrained by the non-convex sets Aε, are finite
exactly on the limit set A. In other words, the domain of the Γ-limit can be identified as a
direct consequence. Notice, however, that the approximation we obtain from Theorem 4.1
for elements in A will not be a recovery sequence in general.

(iv) Within a broader theoretical context of asymptotic analysis, one may interpret the previous
theorem as a Γ-convergence result for characteristic functions (in the sense of convex
analysis) associated with Aε, or equivalently, as the characterization of the Kuratowski
limit of the sequence of sets pAεqε, both with respect to weak convergence in W 1,ppΩ;R3q;
for more on these concepts, see e.g. [42, 71].

The proof of Theorem 4.1 falls naturally into two parts, the necessity and sufficiency, which
we approach with different techniques. To see the necessity, it is possible to generalize and
adapt the arguments in [50, 51], which again rely on a compactness result for sequences of
piecewise constant rotations similar to [98, Theorem 4.1]. The required new ingredient is a
suitable estimate for rotations on neighboring fibers, see Lemma 4.6. The sufficiency, on the
other hand, calls for an explicit construction of approximating sequences in Aε. Since the soft
matrix components have an additional degree of freedom compared to the layer case and are
connected (cf. (i) above), this construction is more involved. After evoking a lifting in fiber
bundles for Sobolev functions, we consider a composition with a careful approximation of the
identity that is constant on the rigid components (see Lemma 4.12).

The effect of higher-order regularizations in material models has been a subject of intense
study, and especially, weaker penalizations that do not involve the full Hessian of the deforma-
tions (in the second-order case), have come into the focus more recently [31, 73, 75]. In this
spirit, we complement our model with a anisotropic partial regularization, precisely, a uniform
bound on the second derivatives in the cross-section variables. The next theorem shows that
this is already enough to deprive the macroscopic material response of any flexibility, that is,
only rigid body motions can occur.
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Theorem 4.2 (Rigid macroscopic behavior through partial regularization). Let p ¡ 1
and u PW 1,ppΩ;R3q. Suppose there exists a sequence puεqε �W 1,ppΩ;R3q such that uε P Aε for
all ε and

sup
ε

max
i,jPt1,2u

}BiBjuε}pLppΩ;R3q   8, (4.6)

and uε á u in W 1,ppΩ;R3q as εÑ 0. Then, u is a rigid body motion, i.e.,

upxq � Rx� b, x P Ω,

with a rotation R P SOp3q and a translation vector b P R3.

This work is organized as follows. After introducing the relevant notations, we collect in
Section 4.2 a few technical tools for working with manifold-valued, particularly SOp3q-valued,
Sobolev functions, including a lifting, extension, and density result. Section 4.3 is concerned
with identifying necessary structural properties of weak limits of sequences puεqε with uε P
Aε. Moreover, we formulate in Proposition 4.10 a generalization of Theorem 4.1, where the
exact differential inclusion ∇uε P SOp3q a.e. in Y rig

ε X Ω is replaced by a suitable approximate
variant (cf. (4.30)); from a modeling point of view, the latter makes the transition from rigid to
elastically deformable, yet, very stiff fibers. In Section 4.4, we detail the construction of suitable
approximating sequences, showing the sufficiency part of Theorem 4.1. In combination with the
necessity from Section 4.3 and a lifting argument, the proof of Theorem 4.1 is then completed.
The intention of Section 4.5 is to illustrate the obtained analytical results from a perspective
of materials engineering. To this end, we present several examples of attainable macroscopic
deformations, comment on conditions for incompressibility, and make a brief comparison with
the setting of layered composites. Finally, the chapter concludes with the proof of Theorem 4.2
in Section 4.6.

4.2 Preliminaries and tools

4.2.1 Notation

The standard unit vectors in Rn are ei for i � 1, . . . , n. For a, b P R3, we denote their cross
product as a� b and their scalar product as a � b. The two-dimensional unit sphere S2 consists
of all unit vectors in R3. On the matrix space Rm�n, we work with the standard Frobenius
norm given by |A| �

a
TrpATAq for A P Rm�n, where Tr is the trace operator and AT P Rn�m

denotes the transpose of A. By SOpnq, we denote the special orthogonal group of matrices in
Rn�n, and IdRn�n stands for the identity matrix in Rn�n, while idRn denotes the identity map
on Rn. For t P R, rts and ttu are the smallest integer not less and the largest integer not greater
than t, respectively.

We write Bpx, rq for an open ball with center x P Rn and radius r ¡ 0. If A,B � Rn, then
A � B means that A is compactly contained in B. Moreover, we refer to an open, connected,
and non-empty set U � Rn as a domain. The Lebesgue measure is denoted by | � | and #p�q
symbolizes the counting measure.

We use the splitting R3 � R2 � R and write x � px1, x3q with x1 � px1, x2q P R2. The
projection onto the first two coordinates of the set A � R3 is denoted by A1 � R2. Further, if
u : R3 � U Ñ Rm is (weakly) differentiable, we split its (weak) gradient into ∇u � p∇1u|B3uq
with ∇1u � pB1u|B2uq. For d P R3, let Bdu � p∇uqd be the directional derivative of u in the
direction d. In particular, if d � ek, k P t1, 2, 3u, we write Bku instead of Beku. In case that
U � R2 and u : U Ñ Rm is (weakly) differentiable, then the (weak) gradient of u is denoted by
∇1u.
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For U � Rn open and 1 ¤ p ¤ 8, we use the standard notation for Lebesgue and Sobolev
spaces, LppU ;Rmq and W 1,ppU ;Rmq. Replacing Rm by an embedded submanifold M of Rm, we
set

W 1,ppU ;Mq :� tu PW 1,ppU ;Rmq : u PM a.e. in Uu,

and analogously for the Lebesgue spaces. Without further mention, elements in W 1,ppω;R3q are
identified with functions in W 1,ppΩ;R3q via constant extension in x3-direction.

Finally, we use generic constants C ¡ 0 that may differ from one line to the other. Families
indexed with ε ¡ 0 refer to any sequence pεjqj such that εj Ñ 0 as j Ñ8.

4.2.2 Tools for manifold-valued Sobolev functions

In this subsection, we collect a few auxiliary results. All the statements hold in more generality,
but we present them here in a way that is tailored for applying them in later sections.

First, we present a lifting result for Sobolev functions with values in S2, which builds on
the theory of fiber bundles, see e.g. [85, 189, 190] for selected references on the topic. For the
reader’s convenience, we give the following definition: Let E,B, F be differentiable manifolds
and π : E Ñ B a differentiable map. The tuple pE,B, F, πq is called a fiber bundle, if there
exists an open cover pUτ qτ of B and diffeomorphisms ϕτ : Uτ � F Ñ π�1pUτ q such that π � ϕτ
projects canonically onto the first coordinate. One usually refers to E as the total space, B is
the base space, F the fiber, Uτ a trivial neighborhood, and ϕτ a trivialization.

Here, we are particularly interested in the projection

π : SOp3q Ñ S2, R ÞÑ Re3, (4.7)

which maps each rotation to its third column. In light of [141, Example 7.20 a), Theorem 7.15],
the map π is a smooth submersion, and hence the tuple pSOp3q,S2, SOp2q, πq is a fiber bundle,
as a consequence of Ehresmann’s lemma [85].

With this fact in mind, the following lemma is a simple modification of the lifting result for
Sobolev functions defined on the open unit disk in [33, Proposition 5]; the latter, in turn, builds
on similar arguments as [190, Proposition 4.10].

Lemma 4.3 (Lifting of S2-valued Sobolev functions). Let ω � R2 be a bounded Lipschitz
domain that satisfies the hypothesis (H) and let Σ P W 1,ppω;S2q for p ¡ 2. Then, there exists
R PW 1,ppω; SOp3qq such that Re3 � Σ a.e. in ω.

Proof. Let ϕ : Bp0, 1q Ñ ω be the bi-Lipschitz map according to assumption (H). Then,

rΣ :� Σ � ϕ PW 1,ppBp0, 1q;S2q,

see e.g. [108, Corollary 1, page 303]. Now, we apply [33, Proposition 5] to find a functionrR P W 1,ppBp0, 1q; SOp3qq such that rRe3 � rΣ. The composition R :� rR � ϕ�1 P W 1,ppω; SOp3qq
is then the sought lift; indeed,

Re3 � π �R � π � rR � ϕ�1 � rΣ � ϕ�1 � Σ � ϕ � ϕ�1 � Σ,

with π as in (4.7).

Remark 4.4 (Non-uniqueness of lifts). This remark shows that the liftings obtained in
Lemma 4.3 are generally not unique. To give an explicit example, let Σ PW 1,ppω;S2q for p ¡ 2
and assume that there is η ¡ 0 such that the intersection of the image Σpωq with the cylinder
Bp0, ηq � R � R3 is empty. Under this assumption, Σ2

1 � Σ2
2 � 1� Σ2

3 ¥ η2.
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Then, the functions R,S PW 1,ppω; SOp3qq defined by

Re3 � Σ, Re2 � 1a
Σ2
1 � Σ2

2

p�Σ2,Σ1, 0q, Re1 � Re2 �Re3,

and

Se3 � Σ, Se2 � 1a
Σ2
1 � Σ2

2

p�Σ1Σ3,�Σ2Σ3, 1� Σ2
3q, Se1 � Se2 � Se3,

are both lifts of Σ in the sense of Lemma 4.3.

Next, we present a elementary extension result on Sobolev functions with values in SOp3q,
based on nearest point projections. The reader will notice that the result is also true more
generally for compact embedded submanifolds of Rn.

Lemma 4.5 (Sobolev-extension of SOp3q-valued maps). Let 2   p ¤ 8 and U � R2 a
bounded Lipschitz domain. If R P W 1,ppU ; SOp3qq, then there exist an open set V � R2 with
U � V and an extension R̄ PW 1,ppV ; SOp3qq of R.

Proof. According to standard Sobolev theory, the function R PW 1,ppU ; SOp3qq can be extended
to an element in W 1,ppR2;R3�3q with compact support, which we denote again by R. From the
tubular neighborhood theorem [141, Propositions 6.17 and 6.18], we conclude the existence of
an open bounded neighborhood T � R3�3 of SOp3q with 0 R T and a smooth retraction map
r : T Ñ SOp3q, i.e.,

r|SOp3q � idR3�3 .

By shrinking T if necessary, we may assume that r is smooth up to the boundary.

Let us consider the preimage

V � R�1pT q.

We observe that V is open, since R is continuous by Sobolev embedding and that V is bounded
as a consequence of 0 R T and the fact that R vanishes outside of a bounded set. Besides,
U � R�1pSOp3qq is compactly contained in V .

Finally, we define R̄ � r �R|V : V Ñ SOp3q, which, in view of

R̄|U � r|SOp3q �R|U � R|U ,

is indeed an extension of R. As R̄ is the composition of a smooth function (up to the boundary)
with a W 1,p-Sobolev map on the bounded set V , it follows that R̄ PW 1,ppV ; SOp3qq. This proves
the claim.

Finally, we state for the reader’s convenience a special case of a well-known density result
for manifold-valued Sobolev functions, see e.g. [114, Theorem 2.1].

Lemma 4.6 (Density of smooth functions). Let U � R2 be open and bounded. The set of
smooth functions C8pU ; SOp3qq is dense in W 1,ppU ; SOp3qq for all p ¥ 2.
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4.3 Proof of necessity in Theorem 4.1

Before we go into details of the asymptotic analysis of weakly convergent sequences as in the
definition of A (see (4.5)), let us point out a basic observation about the structure of elements
uε P Aε. As a consequence of the well-known rigidity result by Reshetnyak [181], it holds that
uε is a rigid body motion on each connected component of Y rig

ε XΩ, or in other words, on each
individual fiber inside Ω.

The next lemma establishes the connection between neighboring fibers by estimating the
difference between their associated rotations. It constitutes a generalization of [50, Lemma 2.4]
to three dimensions, a broader class of domains, and p ¥ 1. For an illustration of the geometric
set-up, see Figure 4.2.

Lemma 4.7. For given m P R and L1, L2, L3 ¡ 0, let E � E1 � p0, L3q � R3 with

E1 � tpx1, x2q P R2 : 0   x1   L1, mx1   x2   mx1 � L2u (4.8)

and d � p1 �m2q�1{2pe1 �me2q P R3. Further, let wi : E Ñ R3 for i � 1, 2 be affine functions
given by wipxq � Aix� bi for x P E with Ai P R3�3 and bi P R3.

If v PW 1,ppE;R3q with p ¥ 1 satisfies the partial boundary conditions

v � w1 on BE X tx1 � 0u and v � w2 on BE X tx1 � L1u (4.9)

in the sense of traces, then»
E
|Bdv|p dx ¥ C|E|Lp

3

p1� |m|pqLp
1

|pA2 �A1qe3|p (4.10)

with a constant C ¡ 0 depending only on p.

x1

x2

L1
0

L2 E1

v � w1

v � w2

1

m

Figure 4.2: Illustration of the set E1 with slope m as in (4.8) and the boundary values of v.

Proof. Since the inequality (4.10) is continuous in v with respect to the W 1,p-norm, it suffices
by a density argument to prove the statement for smooth functions v that attain the boundary
values (4.9) classically.

A change of variables gives»
E
|Bdvpxq|p dx � 1

p1�m2qp{2
»
Q
|B1upyq|p dy

� 1

p1�m2qp{2
» L3

0

» L2

0

» L1

0
|B1upy1, y2, y3q|p dy1 dy2 dy3,

(4.11)
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where upyq � vpy1, y2�my1, y3q for y � py1, y2, y3q P Q � p0, L1q�p0, L2q�p0, L3q. By Jensen’s
inequality, applied iteratively to the one-dimensional integrals over p0, L1q and p0, L2q, we obtain
in view of the assumption on the boundary values of v in (4.9) that»

Q
|B1upyq|p dx ¥ L1�p

1

» L3

0

» L2

0
|vpL1, y2 �mL1, y3q � vp0, y2, y3q|p dy2 dy3

¥ pL1L2q1�p

» L3

0

��� » L2

0

3̧

k�2

ykpA2 �A1qek dy2 � L1A2e1 �mL1A2e2 � b2 � b1

���p dy3

¥ L2

Lp�1
1

min
bPR3

» L3

0
|y3pA2 �A1qe3 � b|p dy3. (4.12)

Next, we address the optimization problem in (4.12). The observation that any minimizer
is parallel to pA2 �A1qe3, which follows from the elementary estimate

|a� b|2 ¥ |a|2 � |b|2 � 2|a||b| � ��a� |b|
|a|a

��2 for any a, b P R3 with a � 0,

allows us to reduce (4.12) to a one-dimensional minimization. Then,

min
bPR3

» L3

0
|y3pA2 �A1qe3 � b|p dy3 � min

λPR

» L3

0
|y3 � λ|p|pA2 �A1qe3|p dy3. (4.13)

We join (4.13) with (4.12) and (4.11) to conclude that»
E
|Bdvpxq|p dx ¥ Lp�1

3 L2

2ppp� 1qp1�m2qp{2Lp�1
1

|pA2 �A1qe3|p.

This finishes the proof, considering that |E| � L1L2L3 and p1 � m2qp{2 ¤ cp1 � |m|pq with a
constant c ¡ 0 depending on p.

With these preparations, we can now prove the following proposition, which implies the
necessity statement of Theorem 4.1. The arguments combine ideas from the related papers [50,
98] along with the new estimates from Lemma 4.7.

Proposition 4.8. Let p ¡ 1 and suppose that puεqε �W 1,ppΩ;R3q is a sequence with

∇uε P SOp3q a.e. in Y rig
ε X Ω (4.14)

for all ε, such that uε á u in W 1,ppΩ;R3q for u PW 1,ppΩ;R3q. Then,

B3u PW 1,ppω;R3q with |B3u| � 1 a.e. in ω,

or equivalently, there are Σ PW 1,ppω;S2q and d PW 1,ppω;R3q with

upxq � x3Σpx1q � dpx1q, x P Ω.

Proof. By an exhaustion argument, it suffices to prove for any cylindrical open set U � U 1 �
p0, Lq � Ω with U 1 � ω that B3u PW 1,ppU 1;R3q and |B3u| � 1 a.e. in U 1.

We define for ε ¡ 0,

P k
ε � εpk � Y q � p0, Lq for k P Z2, (4.15)
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and let the index set Iε label the cuboids P k
ε overlapping with U i.e., Iε � tk P Z2 : P k

ε XU � Hu.
Choosing ε ¡ 0 sufficiently small, we may assume that

U �
¤
kPIε

P k
ε � Ω. (4.16)

We split the rest of the proof in four steps.

Step 1: Rigidity and approximation by piecewise affine functions. In this step, we tailor
the strategy of [50, Proposition 2.1] to our setting, where the rigid components are thin in two
directions instead of one. Precisely, for every k P Iε, we apply the well-known rigidity result by
Reshetnyak [181] in Y rig

ε XP k
ε (recall Y rig

ε from (4.3)), to find rotation matrices Rk
ε P SOp3q and

translation vectors bkε P R3 such that

uεpxq � Rk
εx� bkε for x P Y rig

ε X P k
ε . (4.17)

For every ε ¡ 0, we consider the auxiliary function wε � σε � bε P L8pΩ;R3q given by

σεpxq �
¸
kPIε

pRk
εxq1Pk

ε
pxq, and bεpxq �

¸
kPIε

bkε1Pk
ε
pxq, x P Ω.

We show that
lim
εÑ0

}uε � wε}LppU ;R3q � 0. (4.18)

Indeed, with uε � wε in Y rig
ε XP k

ε for each index k P Iε and Poincaré’s inequality applied in the
cross-section variables, it follows that»

Pk
ε

|uε � wε|p dx �
» L

0

»
pPk

ε zY rig
ε q1

|uε � wε|p dx1 dx3

¤ Cεp
» L

0

»
pPk

ε zY rig
ε q1

|∇1uε �∇1wε|p dx1 dx3

¤ Cεp
»
Pk
ε zY rig

ε

|∇uε �Rk
ε |p dx ¤ Cεp

»
Pk
ε

|∇uε �∇wε|p dx

¤ Cεp
�}∇uε}pLppPk

ε ;R3�3q � |P k
ε |
�
;

here, we have used in particular that uε � wε � 0 on Bωk
ε � BpY rig

ε X P k
ε q1 in the sense of traces

and that the Poincaré constant scales linearly with the diameter of the domain. Summing over
all k P Iε then yields

}uε � wε}pLppU ;R3q ¤ Cεp
�}uε}pW 1,ppΩ;R3q � |Ω|

�
in light of (4.16). Since puεqε is bounded in W 1,ppΩ;R3q as a weakly convergent sequence, we
conclude (4.18).

As a consequence, pwεqε is bounded in LppU ;R3q and, thus, as pσεqε is uniformly bounded
in L8pU ;R3q, the sequence pbεqε is bounded in LppU ;R3q as well. Therefore, (after passing to
non-relabeled subsequences) there exist limit functions σ P L8pU ;R3q and b̂ P LppU ;R3q such

that σε
�á σ in L8pU ;R3q and bε á b̂ in LppU ;R3q. Since this implies wε á σ� b̂ in LppU ;R3q,

we finally deduce the identity

u � σ � b̂, (4.19)

in light of the weak convergence of puεqε and (4.18); note that b̂ is independent of x3.
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Step 2: Compactness of an auxiliary function. For ε ¡ 0, define Σε P L8pω;S2q by

Σεpx1q �
¸
kPIε

Rk
εe31εpk�Y qpx1q, x1 P ω, (4.20)

withRk
ε as in (4.17). We will show with the help of the Fréchet-Kolmogorov compactness theorem

and the estimates of Lemma 4.7 that pΣεqε has a strongly convergent subsequence. The proof
strategy is inspired by and follows the lines of [98, Theorem 4.1]. The main difference in our
approach is the estimates for the rotations on two neighboring cells, as derived in Lemma 4.7.

Let us introduce the following sets: For ε ¡ 0 and k P Z2, we take Ek,Ñ
ε , Ek,Ò

ε � R2 to be
the open parallelograms determined by the two parallel lines

akε � ε
�t δ2u � p� δ

2 ,
δ
2q
�

and ak�e1
ε � ε

�t� δ
2u � p� δ

2 ,
δ
2q
�
, (4.21)

and

akε � ε
�p� δ

2 ,
δ
2q � t δ2u

�
and ak�e2

ε � ε
�p� δ

2 ,
δ
2q � t� δ

2u
�
, (4.22)

respectively; for simplicity, we restrict ourselves to the special case when the centers akε of
the squares Sk

ε (cf. (4.2)) are periodically arranged and given by akε � εpk � aq with a fixed

a P rα � δ
2 , 1 � α � δ

2q2. This specific choice of akε means that the Ek,Ñ
ε and Ek,Ò

ε are in fact
rectangles, as illustrated in Figure 4.3. In Remark 4.9 below, we explain how the arguments can
be modified to cover the general case.

εpk � Y q εpk � e1 � Y q

εpk � e2 � Y q

Ek,Ò
ε

Ek,Ñ
ε

akε ak�e1
ε

ak�e2
ε

ωk
ε

εδ

Figure 4.3: Illustration of a scaled and translated unit cell and two of its neighbors; the rectangles
Ek,Ñ

ε and Ek,Ò
ε connect the horizontally and vertically neighboring squares Sk

ε � akε � εp� δ
2 ,

δ
2q2,

respectively.

Moreover, let Nk
ε be the union of εpk � Y q and its eight neighboring cells, i.e.,

Nk
ε �

¤
ePJk

εpe� Y q with Jk � k � t0,�e1,�e2, p�1,�1qu � Z2;

observe that Nk
ε � ω for ε sufficiently small.

Let x1 P εpk � Y q and y1 P Nk
ε with k P Iε. Then,

|Σεpx1q � Σεpy1q|p ¤ C
� ¸
ePJkXpJk�e1q

|pRe�e1
ε �Re

εqe3|p �
¸

ePJkXpJk�e2q
|pRe�e2

ε �Re
εqe3|p

	
.
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To each term on the right-hand side, we now apply Lemma 4.7, or the analogon thereof for
switched roles of the variables x1 and x2, with m � 0 and the domains E � Ek,Ñ

ε � p0, Lq and

E � Ek,Ò
ε � p0, Lq (cf. (4.21) and (4.22)), respectively, to find that

|Σεpx1q � Σεpy1q|p

¤ Cεp�2
� ¸
ePJkXpJk�e1q

}B1uε}pLppEe,Ñ
ε �p0,Lq;R3q �

¸
ePJkXpJk�e2q

}B2uε}p
LppEe,Ò

ε �p0,Lq;R3q

	
¤ Cεp�2}∇1uε}pLppNk

ε�p0,Lq;R3�2q, (4.23)

where C ¡ 0 depends on L, p and δ.
Now, let ξ P R2 be such that |ξ|   1

2 distpU 1, Bωq and set mε � r |ξ|8ε s with |ξ|8 :�
maxt|ξ1|, |ξ2|u. Choosing mε� 1 points 0 � ξp0q, ξp1q, . . . , ξpmεq � ξ such that |ξpj�1q� ξpjq|8 ¤ ε
for every j � 0, . . . ,mε � 1 generates a discrete path from the origin to ξ with maximal step
width ε, and it follows via a telescoping sum argument and the discrete Hölder’s inequality that

|Σεpx1q � Σεpx1 � ξq|p ¤ mp�1
ε

mε�1¸
j�0

|Σεpx1 � ξpjqq � Σεpx1 � ξpj�1qq|p.

After integration over εpk � Y q and along with (4.23), one obtains»
εpk�Y q

|Σεpx1 � ξq � Σεpx1q|p dx1 ¤ Cmp�1
ε εp

mε�1¸
j�0

}∇1uε}pLpppNk
ε�ξpjqq�p0,Lq;R3�2q.

By summing over all k P Iε, we infer in view of mε ¤ 2 |ξ|ε � 1 and the boundedness of the
sequence p∇1uεqε � LppΩ;R3�2q that»

U 1
|Σεpx1 � ξq � Σεpx1q|p dx1

¤ Cmp�1
ε εp

mε�1¸
j�0

¸
kPIε

}∇1uε}pLpppNk
ε�ξpjqq�p0,Lq;R3�2q

¤ Cmp
εε

p}∇1uε}pLppΩ;R3�2q ¤ C p|ξ|p � εpq ,

(4.24)

for ε ¡ 0 sufficiently small, with a constant C ¡ 0 depending on L, p and δ.
Hence, the Fréchet-Kolmogorov theorem (see e.g. [4, Theorem 4.16]) implies the existence of

Σ P LppU 1;R3q and a subsequence (not relabeled) of pΣεqε such that

Σε Ñ Σ in LppU 1;R3q and also pointwise a.e. in U 1. (4.25)

Since |Σε| � 1 in U 1 (cf. (4.20)), the limit function Σ satisfies

|Σ| � 1 a.e. in U 1.

Step 3: Regularity of Σ. If we divide (4.24) by |ξ|p and take the limit εÑ 0, it follows under
consideration of (4.25) that ����Σp� � ξq � Σ

|ξ|
����p
LppU 1;R3q

¤ C, (4.26)
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which implies Σ PW 1,ppU 1;R3q.
Notice that the above-mentioned exhaustion argument exploits that the constant in (4.26)

is independent of U 1.

Step 4: Properties of the limit deformation u. Recall that u � σ � b̂ with B3b̂ � 0 according
to (4.19). Then,

B3u � B3pσ � b̂q � B3σ � Σ, (4.27)

where the last identity follows from the observation that B3σε � Σε Ñ Σ by (4.25).

As an immediate consequence of (4.27),

B3u PW 1,ppU 1;R3q with |B3u| � 1 a.e. in U 1,

or equivalently, upxq � x3Σpx1q�dpx1q with some d PW 1,ppU 1;R3q. This concludes the proof.

Remark 4.9 (General distribution of fiber cross-sections). In Step 2 of the previous
proof, it is assumed for simplicity that the squares Sk

ε inside the fiber cross-sections ωk
ε are

periodically distributed. This remark addresses the necessary adaptations in order to cover the
non-periodic case, where the sets Ek,Ñ

ε and Ek,Ò
ε in (4.21) and (4.22) may be general parallelo-

grams. Indeed, in this case, we can derive the estimate»
U 1
|Σεpx1 � ξq � Σεpx1q|p dx1 ¤ C sup

kPIε
p1�maxt|mk,Ñ

ε |, |mk,Ò
ε |upqp|ξ|p � εpq, (4.28)

where C ¡ 0 depends on L, δ and p; here, the quantities mk,Ñ
ε ,mk,Ò

ε P R are the slopes cor-
responding to Ek,Ñ

ε and Ek,Ò
ε , respectively, cf. Lemma 4.7. Under the assumptions (4.1) and

(4.2), it holds that

sup
kPIε

maxt|mk,Ñ
ε |, |mk,Ò

ε |u ¤ 1� 2α� δ

2α
, (4.29)

which follows from a simple geometric argument, see Figure 4.4. Thus, combining (4.29) with
(4.28) yields (4.24) with a constant depending on L, p and δ, as well as on α.

εpk � Y q εpk � e1 � Y q

E
k,
Ñ

ε

εδ Sk
ε

Sk�e1
εεα

εα

Figure 4.4: Illustration of Ek,Ñ
ε in the non-periodic case. The corresponding slope is determined

by the side length εδ of Sk
ε and the parameter α as in (4.1).

The following shows the exact differential inclusion (4.14) in Proposition 4.8 can be weakened
to an approximate one, namely to (4.30) as below, without changing the result. Nevertheless,
we have decided to provide the reader with both proofs, as they use different techniques and
Section 4.6 builds on the arguments of Proposition 4.8.
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Proposition 4.10. Let p ¡ 1 and suppose that puεqε �W 1,ppΩ;R3q is a sequence satisfying»
Y rig
ε XΩ

distpp∇uε, SOp3qq dx ¤ Cεβ (4.30)

for all ε, with a constant C ¡ 0 and β ¡ 2p. If uε á u in W 1,ppΩ;R3q for u P W 1,ppΩ;R3q,
then there exist Σ PW 1,ppω;S2q and d PW 1,ppω;R3q such that

upxq � x3Σpx1q � dpx1q, x P Ω. (4.31)

Proof. We use the same basic set-up as in the proof of Proposition 4.8. Recall in particular that
U � U 1 � p0, Lq � Ω with U 1 � ω, P k

ε from (4.15) for ε ¡ 0 and k P Z2, and the index set Iε;
furthermore, ε is supposed to be small enough such that (4.16) holds.

The rest of the proof is organized in two steps.

Step 1: Fiber-wise approximation by rigid body motions. We apply the quantitative geometric
rigidity estimate by Friesecke, James & Mülller ([98, Theorem 3.1]) to each stiff sub-fiber Sk

ε �
p0, Lq for k P Iε with Sk

ε as in (4.2). This yields rotations Rk
ε P SOp3q such that

}∇uε �Rk
ε}LppSk

ε�p0,Lq;R3�3q ¤ Cε�2} distp∇uε, SOp3qq}LppSk
ε�p0,Lqq, (4.32)

with a constant C ¡ 0 independent of k and ε. Notice that the scaling factor ε�2 in (4.32) is
correlated with the size of the squares Sk

ε . Indeed, this follows from a related scaling analysis
for objects that are thin in one dimension as in [99, Theorem 6] and [49, Theorem 3.2.6], if we
evoke the argument twice in two different directions.

Let wε :� σε � bε P LppΩ;R3q with

σεpxq �
¸
kPIε

Rk
εx1Pk

ε
pxq and bεpxq �

¸
kPIε

bkε1Pk
ε
pxq, x P Ω,

where bkε � �
³
Sk
ε�p0,Lq uεpxq �Rk

εx dx. This choice of translations implies»
Sk
ε�p0,Lq

uε � wε dx � 0,

and hence, enables an application of Poincaré’s inequality with mean-value condition on the
sub-fibers. In doing so, we obtain

}uε � wε}LppSk
ε�p0,Lq;R3q ¤ C}∇uε �Rk

ε}LppSk
ε�p0,Lq;R3�3q (4.33)

with a constant C ¡ 0 that does not depend on ε and k.
Next, we utilize the previous estimates on (parts of) the stiff fibers in order to control the

difference uε � wε also on the soft compoments. To this end, we cover each P k
ε with k P Iε by

finitely many shifted versions of Sk
ε � p0, Lq; in view of (4.1) and (4.2), there are translation

vectors dkε,n P R2 with n � 1, . . . , N :� rδ�2s satisfying

P k
ε �

N¤
n�1

pSk
ε � dkε,nq � p0, Lq (4.34)

up to a set of zero measure. Then,»
pSk

ε�dkε,nq�p0,Lq
|uε � wε|p dx ¤ C

»
Sk
ε�p0,Lq

|uε � wε|p dx

� C

»
Sk
ε�p0,Lq

|puε � wεqpxq � puε � wεqpx� dkε,nq|p dx

¤ C
�}uε � wε}pLppSk

ε�p0,Lq;R3q � |dkε,n|p}∇1uε �∇1wε}pLppPk
ε ;R3�2q

�
,
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and consequently, in view of (4.34),»
Pk
ε

|uε � wε|p dx ¤ C
�}uε � wε}pLppSk

ε�p0,Lq;R3q � εp}∇uε}pLppPk
ε ;R3�3q � εp|P k

ε |
�
.

Summing this inequality over all k P Iε, we conclude together with (4.33) and (4.32) that»
U
|uε � wε|p dx ¤ C

�
ε�2p}distp∇uε,SOp3qq}p

LppY rig
ε XΩq � εp}uε}pW 1,ppΩ;R3q � εp|Ω|�,

and finally in light of assumption (4.30),

}uε � wε}LppU ;R3q ¤ Cpεβ
p
�2 � εq, (4.35)

where the constant C ¡ 0 is independent of ε.
Since β ¡ 2p, this shows in particular that the sequences pwεqε and puεqε have an identical

weak Lp-limit, namely u.

Step 2: Compactness result. We consider the functions

Σεpx1q �
¸
kPIε

Rk
εe31εpk�Y qpx1q, x1 P ω,

with Rk
ε as in Step 1, and observe that Σε � B3σε � B3wε.

Let ξ P R2 with |ξ|   1
2 distpU 1, Bωq. In analogy to the optimization argument in the proof

of Lemma 4.7,

}wεp� � ξq � wε}pLppU ;R3q �
¸
kPIε

»
Pk
ε XU

|pRk�t ξ
ε
u

ε �Rk
ε qx�R

k�t ξ
ε
u

ε ξ � b
k�t ξ

ε
u

ε � bkε |p dx

¥ C
¸
kPIε

|Rk�t ξ
ε
u

ε e3 �Rk
εe3|p|P k

ε X U | ¥ C}Σεp� � ξq � Σε}pLppU 1;R3q,
(4.36)

where tηu � ptη1u, tη2uq for η P R2. The left-hand side in (4.36) can be estimated from above by

}wεp� � ξq � wε}LppU ;R3q ¤ }wεp� � ξq � uεp� � ξq}LppU ;R3q � }uεp� � ξq � uε}LppU ;R3q
� }wε � uε}LppU ;R3q

¤ 2}wε � uε}LppU ;R3q � |ξ|}∇1uε}LppΩ;R3�2q.

Hence, it follows along with (4.35) that

}Σεp� � ξq � Σε}LppU ;R3q ¤ Cp|ξ| � ε
β
p
�2 � εq,

with C ¡ 0 independent of ε. The Fréchet-Kolmogorov theorem [4, Theorem 4.16] then implies
once again that there exists Σ P LppU 1;R3q and a non-relabeled subsequence of pΣεqε with

Σε Ñ Σ in LppU 1;R3q and pointwise a.e. in U 1,

and consequently, Σ P S2 a.e. in U 1.

Step 3: Conclusion. The statement follows immediately, if we repeat Steps 3 and 4 in the
proof of Proposition 4.8.

We conclude this section with a brief comment on the validity of Proposition 4.10 for scaling
exponents β ¤ 2p.
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Remark 4.11 (Optimal scaling exponent). Note that the statement of Proposition 4.10
is not true for β ¤ p in general. If we consider for simplicity a suitable cuboid Ω � R3, then
this is a direct consequence of the related theory of layered composites in [51, Section 2 and
Corollary 3.8].

To see this, we first introduce the collection of rigid layers

Xrig
ε �

¤
iPZ

εpi� rα, 1� αqq � R2 (4.37)

for ε ¡ 0 with α P p0, 12q as in (4.1) and observe that Y rig
ε � Xrig

ε . Following [51, Example 2.3
and Lemma 2.1]), let uε : Ω Ñ R3 be a Lipschitz function that induces uniform bending of all
stiff layers in Ω; naturally, uε also deforms all fibers in Ω in the same way. The elastic energy
contribution of uε on the stiff components can be estimated by»

Y rig
ε XΩ

distpp∇uε,SOp3qq dx ¤
»
Xrig

ε XΩ
distpp∇uε,SOp3qq dx ¤ Cεp,

where the constant C ¡ 0 is independent of ε. Since the weak W 1,p-limit of puεqε cannot be
expressed in the form (4.31), it is confirmed that Proposition 4.10 fails for β ¤ p.

Whether Proposition 4.10 is valid in the scaling regimes β P pp, 2ps, though, remains an
interesting open problem.

4.4 Proof of sufficiency in Theorem 4.1

The main ingredient for the construction of approximating sequences in the proof of Theorem 4.1
is a suitable approximation of the identity in two dimensions that is constant on the cross section
of the fibers. The following lemma can be viewed as a generalization of the one-dimensional
result in [50, Lemma 4.3].

Lemma 4.12 (Approximation of the identity). Let U � R2 be a bounded Lipschitz domain
and α P p0, 12q. Further, let ωk

ε � R2 with ε ¡ 0 and k P Z2 be open domains satisfying (4.1),
i.e.,

ωk
ε � εpk � rα, 1� αq2q.

Then, there exists a sequence pφεqε �W 1,8pU ;R2q with the following properties:

iq supε¡0 }∇1φε}L8pU ;R2�2q   1
α ;

iiq φε is constant on ωk
ε X U for every k P Z2 and ε ¡ 0;

iiiq φεpεpk � r�α, 1 � αq2qq X φεpεpj � r�α, 1 � αq2qq � H for all k, j P Z2 with k � j and
every ε ¡ 0;

ivq φε Ñ idR2 uniformly in U as εÑ 0.

Proof. We consider the translated unit cell Z :� Y �αpe1� e2q � r�α, 1�αq2 and its partition
Z � �4

i�1 Zi with

Z1 � r�α, αq2, Z2 � r�α, αq � rα, 1� αq, Z3 � rα, 1� αq2, Z4 � rα, 1� αq � r�α, αq,
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see Figure 4.5. Define φ : R2 Ñ R2 to be a continuous and piecewise affine function with
Z-periodic gradients given by

∇1φ �

$''''&''''%
1
2αpe1|e2q in Z1,
1
2αpe1|0q in Z2,

0 in Z3,
1
2αp0|e2q in Z4,

(4.38)

that is, up to a translation,

φpk � z1q � k �

$''''&''''%
1
2αz

1 for z1 P Z1,
1
2αz1e1 � 1

2e2 for z1 P Z2,
1
2pe1 � e2q for z1 P Z3,
1
2αz2e2 � 1

2e1 for z1 P Z4,

(4.39)

for z1 � pz1, z2q P Z and k P Z2.

Z2

Z1 Z4

Z3

ω0
1

α

α

2α

2α

1

1

Y

Figure 4.5: Illustration of the translated unit cell Z and its partition into Z1, . . . , Z4; the origin
is located in the center of the figure.

Based on the above definitions, we introduce for each ε ¡ 0 a Lipschitz function

φεpx1q � εφ
�
x1

ε

�� dε for x1 P U , (4.40)

with the translation dε P R2 such that»
U
φεpx1q dx1 �

»
U
x1 dx1. (4.41)

Since ∇1φε � ∇1φp �εq on U , we obtain iq immediately from the observation that |∇1φ| ¤
?
2

2α ,
and iiq follows since (4.1) translates into

ωk
ε � εk � εZ3 for all k P Z2 and ε ¡ 0

and ∇1φ � 0 on Z3. Moreover, it follows from (4.40) and (4.39) that

φεpεpk � Zqq � εφpk � Zq � dε � ε
�
k � r�1

2 ,
1
2q2

�� dε,
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for every ε ¡ 0 and every k P Z2, which implies iiiq.
As for the proof of ivq, we use the Riemann-Lebesgue lemma on the weak convergence of

periodically oscillating sequences in conjunction with (4.38) to conclude that

∇1φε
�á
»
Z
∇1φ dz1 � 1

2α

�|Z1|pe1|e2q � |Z2|pe1|0q � |Z4|p0|e2q
� � IdR2�2 � ∇1idR2 (4.42)

in L8pU ;R2�2q as ε Ñ 0. In light of (4.41), Poincaré’s inequality yields for any q ¡ 2 the
existence of a constant C � CpU, qq such that����φε � �

»
U
x1 dx1

����
LqpU ;R2q

�
����φε � �

»
U
φε dx1

����
LqpU ;R2q

¤ C}∇1φε}LqpU ;R2�2q ¤
C

α
,

with the last estimate due to iq. Thus, as a uniformly bounded family in W 1,qpU ;R2q satisfy-
ing (4.42), every subsequence of pφεqε has a weakly converging subsequence with limit idR2 � d
for some d P R2. By (4.41), the shift vector d needs to vanish. Thus, we obtain via compact
Sobolev embedding that φε Ñ idR2 uniformly as εÑ 0, as stated.

First, we present the general idea of how to construct approximating sequences under the
simplifying assumption of Lipschitz regularity. This approach serves as a basis for proving the
analogous statement for Sobolev functions in Proposition 4.14.

Proposition 4.13 (Approximation of Lipschitz functions). Let R PW 1,8pω; SOp3qq and
b PW 1,8pω;R3q. If u PW 1,8pΩ;R3q is given by

upxq � Rpx1qx� bpx1q, x P Ω,

then there exists a sequence puεqε �W 1,8pΩ;R3q with

∇uε P SOp3q a.e. in Y rig
ε X Ω

for all ε, such that uε
�á u in W 1,8pΩ;R3q as εÑ 0.

Proof. We start by extending R PW 1,8pω; SOp3qq according to Lemma 4.5, that is, we consider
R P W 1,8pV ;SOp3qq, where V � R2 is an open set with ω � V . Moreover, one can also find a
Lipschitz extension of b in W 1,8pV ;R3q, still called b, by standard Sobolev theory, see e.g., [92,
Theorem 1, Section 3.1].

Further, let pφεqε be the sequence of Lipschitz functions that results from approximating the
identity on R2 according to the construction in Lemma 4.12 with U � ω. Since pφεqε converges
uniformly to idR2 on ω as εÑ 0, we may assume that φεpωq � V for all ε sufficiently small. For
such ε ¡ 0, we can therefore define

uεpxq � Rpφεpx1qqx� bpφεpx1qq, x P Ω. (4.43)

Since the composition of two Lipschitz maps is again Lipschitz, one has that uε PW 1,8pΩ;R3q.
By Lemma 4.12 iiq, φε is constant on all the connected components of pY rig

ε q1Xω � �
kPZ2 wk

εXω,
which yields

∇uε � R � φε P SOp3q a.e. in Y rig
ε X Ω.

It remains to prove that uε
�á u in W 1,8pΩ;R3q. Indeed, the uniform convergence of puεqε

follows from the Lipschitz continuity of R and b along with the uniform convergence of pφεqε to



4.4. PROOF OF SUFFICIENCY IN THEOREM 4.1 103

the identity map on R2, precisely,

sup
xPΩ

|uεpxq�upxq| � sup
xPΩ

|pRpφεpx1qq �Rpx1qqx� bpφεpx1qq � bpx1q|

¤ C sup
x1Pω

�|Rpφεpx1qq �Rpx1q| � |bpφεpx1qq � bpx1q|�
¤ C sup

x1Pω
|φεpx1q � x1| Ñ 0 as εÑ 0.

Finally, it needs to be shown that p∇uεqε is uniformly essentially bounded. We use the chain
rule and exploit Lemma 4.12 iq to obtain the estimate

}∇uε}L8pΩ;R3q � ess sup
xPΩ

��∇Rpφεpx1qq∇φεpx1qx�Rpφεpx1qq �∇bpφεpx1qq∇φεpx1q
��

¤ C ess sup
xPΩ

�
1� |∇Rpφεpx1qq| � |∇bpφεpx1qq|

�
¤ C

�
1� }R}W 1,8pV ;R3�3q � }b}W 1,8pV ;R3q

�
,

which concludes the proof.

Now we can address the analogy of Proposition 4.13 in the setting of W 1,p-functions. The
proof strategy is similar but requires a refined reasoning, since the composition of Sobolev
with Lipschitz functions may not be Sobolev anymore, see the work by Conti & Dolzmann [63,
Appendix A].

Proposition 4.14 (Approximation of Sobolev functions). Let R P W 1,ppω; SOp3qq and
b PW 1,ppω;R3q with p ¥ 2. If u PW 1,ppΩ;R3q is given by

upxq � Rpx1qx� bpx1q, x P Ω, (4.44)

then there exists a sequence puεqε �W 1,ppΩ;R3q with
∇uε P SOp3q a.e. in Y rig

ε X Ω

for every ε, such that uε á u in W 1,ppΩ;R3q as εÑ 0.

Proof. Let u P W 1,ppΩ;R3q satisfy (4.44). The task is to imitate the construction in (4.43),
while making sure that the approximating sequence actually lies in W 1,ppΩ;R3q.

To this end, we first approximate R and b in W 1,p by smooth functions Rη and bη with
η ¡ 0 small. However, the natural approach of choosing uη,ε according to (4.43) for each η
and concluding by a diagonalization argument, is not easily accessible. This is because the
required uniform Lp-bounds on ∇uη,ε are not trivial to obtain due to the lack of invertibility
of the approximation of the identity φε (cf. Lemma 4.12), which prevents a classical change
of variables. To overcome this issue, we proceed similarly to [63, Lemma A.1] and refine the
definition of uη,ε by introducing small translations of the independent variables.

We detail these arguments in the following three steps.

Step 1: Extension and approximation. In analogy to Proposition 4.13, we first extend R and
b to R PW 1,ppV ; SOp3qq, b PW 1,ppV ;R3q with an open set V � R2 such that ω � V . Moreover,
let U � R2 be a bounded Lipschitz domain with ω � U � V and pφεqε the approximation of the
identity from Lemma 4.12. Suppose in the following that ε ¡ 0 is so small that φεpUq�Bp0, εq �
V .

According to Lemma 4.6 and standard Sobolev theory, there are approximating sequences
pRηqη � C8pV ; SOp3qq and pbηqη � C8pV ;R3q such that

Rη Ñ R in W 1,ppV ; SOp3qq and bη Ñ b in W 1,ppV ;R3q, (4.45)
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respectively; notice that we may assume without loss of generality that pRηqη � C8pV ; SOp3qq
and pbηqη � C8pV ;R3q, since otherwise, we introduce an intermediate set Ṽ with U � Ṽ � V
and choose ε even smaller to guarantee that φεpUq �Bp0, εq � Ṽ .

Step 2: Construction of the approximating sequence. Similarly to (4.43), we define for η ¡ 0,
ε ¡ 0 sufficiently small, and a P Bp0, εq � R2 the Lipschitz functions

uaη,εpxq � Rηpφεpx1q � aqx� bηpφεpx1q � aq, x P U � p0, Lq. (4.46)

Then,

∇uaη,ε P SOp3q a.e. in Y rig
ε X U, (4.47)

since φε is constant on ωk
ε X U for each k P Z2 according to Lemma 4.12 iiq. Further, we infer

from Lemma 4.12 ivq that any sequence puaεη,εqε with aε P Bp0, εq converges uniformly for εÑ 0
to a limit function uη given by

uηpxq � Rηpx1qx� bηpx1q, x P U � p0, Lq;
in particular,

uaεη,ε Ñ uη in LppU � p0, Lq;R3q as εÑ 0.

Since also uη Ñ u in W 1,ppU � p0, Lq;R3q for η Ñ 0 due to (4.45), a diagonalization argument
in the sense of Attouch provides a diagonal sequence puεqε � puaεηpεq,εqε such that

uε Ñ u in LppU � p0, Lq;R3q.
In view of (4.47), we know that ∇uε P SOp3q almost everywhere in Y rig

ε X U .

Step 3: Choice of suitable translations. It remains to show that the construction of sequences
puεqε in Step 2 gives rise to a sequence that converges weakly in W 1,ppU ;R3q. This follows
immediately, if we can select translations aε P Bp0, εq � R2 such that

}∇uaεη,ε}LppΩ;R3�3q ¤ C (4.48)

with a constant C ¡ 0 independent of η and ε.
To this end, consider the index set Iε � tk P Z2 : |εpk�ZqXω| ¡ 0u, recalling Ω � ω�p0, Lq

and the notation Z � r�α, 1� αq2 from the proof of Lemma 4.12, and observe that

ω �
¤
kPIε

εpk � Zq � U (4.49)

for ε sufficiently small. For such ε, k P Iε and η ¡ 0, we define the function

hkη,ε : Bp0, εq Ñ r0,8q, a ÞÑ }∇uaη,ε}pLppεpk�Zq�p0,Lq;R3�3q,

with uaη,ε as in (4.46). For the mean value of hkη,ε, we obtain from the chain and product rule,
together with Lemma 4.12 iq, Fubini’s theorem, and a change of variables that

�
»
Bp0,εq

hkη,εpaq da � �
»
Bp0,εq

» L

0

»
εpk�Zq

|∇uaη,ε|p dx1 dx3 da

¤ C

»
εpk�Zq

�
»
Bp0,εq

|∇1Rηpφεpx1q � aq|p � |∇1bηpφεpx1q � aq|p � 1 da dx1

¤ C
|εpk � Zq|
|Bp0, εq|

»
Bp0,εq�φεpεpk�Zqq

|∇1Rηpaq|p � |∇1bηpaq|p � 1 da

¤ C

»
Bp0,εq�φεpεpk�Zqq

|∇1Rηpaq|p � |∇1bηpaq|p � 1 da.

(4.50)
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where C ¡ 0 is a constant that depends only on p and α.

By Lemma 4.12 iiiq, the sets φεpεpk � Zqq with different k P Z2 are disjoint for every ε ¡ 0.
Therefore, every x1 P φεpUq �Bp0, εq is contained in at most 9 sets of the form φεpεpk � Zqq �
Bp0, εq with k P Z2, see also Figure 4.6. Summing over all k P Iε in (4.50) then implies in view

φεpεpk � Zqq �Bp0, εq

φεpεpk � Zqq

φεpεpk � Z1qq

φεpεpk � Z2qq

φεpεpk � Z3qq

φεpεpk � Z4qq

Figure 4.6: Illustration of φεpεpk � Zqq, its components φεpεpk � Zkqq for k � 1, . . . , 4, as well
as its enlarged version φεpεpk � Zqq �Bp0, εq for some k P Z2 and ε ¡ 0.

of (4.49) and the choice of V that

�
»
Bp0,εq

}∇uaη,ε}pLppΩ;R3q da ¤ C

»
V
|∇1Rηpaq|p � |∇1bηpaq|p � 1 da

¤ C
�}Rη}pW 1,ppV ;R3�3q � }bη}

p
W 1,ppV ;R3q � 1

�
,

and we conclude, due to (4.45), that

�
»
Bp0,εq

}∇uaη,ε}pLppΩ;R3q da ¤ C (4.51)

with a constant C ¡ 0 independent of η and ε. Hence, there exists for each ε a subset Eε �
Bp0, εq of positive measure such that

}∇uaη,ε}pLppΩ;R3q ¤ C

for all a P Eε with the same constant as in (4.51), so that choosing any aε P Eε � Bp0, εq yields
the desired bound (4.48). This finishes the proof.

The proof of Theorem 4.1 is essentially a consequence of Propositions 4.14 and 4.8. The gap
in the different representations can be closed by a lifting argument.

Proof of Theorem 4.1. It follows from Proposition 4.8 that any u P A (see (4.5)) can be repre-
sented as

upxq � x3Σpx1q � dpx1q, x P Ω, (4.52)

with Σ PW 1,ppω;S2q and d PW 1,ppω;R3q. On the other hand, Proposition 4.14 yields that any
function

upxq � Rpx1qx� bpx1q, x P Ω, (4.53)
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with R P W 1,ppω; SOp3qq and b P W 1,ppω;R3q lies in A. If the set of all functions of the
form (4.52) and (4.53) are denoted by AΣ and AR, respectively, we have

AR � A � AΣ.

To conclude the proof, it suffices to show that the sets AR and AΣ coincide under the
assumption (H). While AR � AΣ is immediately clear, the converse inclusion is more delicate as
it requires the construction of an SOp3q-valued Sobolev function whose third column coincides
with Σ. By the lifting result in Lemma 4.3, we find for any u as in (4.52) a function R P
W 1,ppω; SOp3qq such that Re3 � Σ, and hence, setting

bpx1q � dpx1q � x1Rpx1qe1 � x2Rpx1qe2, x1 P ω,

implies (4.53).

Even though the representation of functions in the form (4.53) is essential for our construction
of an approximating sequence in Propositions 4.13 and 4.14, we point out that the choice of R
is not unique, cf. Remark 4.4. More intuitive from a geometric point of view is (4.52); indeed,
one can describe the image of Ω under u as the image of the cross section ω under the map d,
fattened linearly in x3 in the direction of the vector field Σ. A few illustrative examples are
presented in the next section.

4.5 Examples of effective deformations

Before we focus on explicit examples of limit functions as characterized in Theorem 4.1, which
describe the macroscopically attainable deformations with rigid fiber-reinforcments, let us briefly
address the issue of incompressibility, or in other words, local volume preservation, of such maps.

Throughout this section,we consider u P A �W 1,ppΩ;R3q with p ¡ 2 (see (4.5)) of the form

upxq � x3Σpx1q � dpx1q, x P Ω, (4.54)

with given Σ PW 1,ppω;S2q and d PW 1,ppω;R3q, cf. also Remark 4.4.
The next lemma gives a necessary condition for the incompressibility of such deformations.

Lemma 4.15. Let u as in (4.54) be incompressible, i.e., det∇u � 1 a.e. in Ω. Then,

B1Σ ∥ B2Σ a.e. in ω. (4.55)

Proof. In fact, the condition (4.55) results from a second-order linearization in x3-direction of
the incompressibility constraint, det∇u � 1 a.e. in Ω. By the multi-linearity of the determinant,
it follows for a.e. x � px1, x3q P Ω that

0 � B23 det∇upxq � B23 det
�B1dpx1q � x3B1Σpx1q|B2dpx1q � x3B2Σpx1q|Σpx1q

�
� 2 det

�B1Σpx1q|B2Σpx1q|Σpx1q�.
Thus, B1Σ, B2Σ and Σ are linearly dependent a.e. in ω, that is, for a.e. x1 P ω, there exists
λ � pλ1, λ2, λ3q P R3zt0u such that

λ1B1Σ� λ2B2Σ� λ3Σ � 0. (4.56)

Since |Σ| � 1 and BiΣ �Σ � 0 a.e. in ω for i P t1, 2u, it follows from scalar multiplication of (4.56)
with Σ that λ3 � 0, which shows (4.55).



4.5. EXAMPLES OF EFFECTIVE DEFORMATIONS 107

In the following, we provide a few illustrative examples of (compressible and incompressible)
deformations of the form (4.54), where Ω is always a suitable open cuboid.

Example 4.16 (Σ is constant). If Σ is constant, the image upΩq corresponds to the deformed
cross section dpωq thickened in the direction of Σ by the hight of Ω. A first example of an
incompressible deformation of this type is

upxq � x3

��0
0
1

��
�� x1

x2
�x21 � x22

�, x P Ω, (4.57)

where ω is transformed into (parts of) a paraboloid, see Figure 4.7a). Another classical example
in this context is a simple shear in e2-direction, i.e.,

upxq � x3

��0
0
1

��
�� x1
γx1 � x2

0

�, x P Ω, (4.58)

with shear parameter γ P R, see Figure 4.7b).

a) b)

Figure 4.7: The images of Ω � p�1, 1q2 � p0, 1q under a) (4.57) and b) (4.58) for γ � 1.

Example 4.17 (Σ depends on only one variable). Suppose that B2Σ � 0. In this case,
the direction along which the transformed cross section dpωq is thickened depends in general
non-trivially on x1. A locally volume-preserving deformation describing a twist in e1-direction
is given by

upxq � x3

�� 0
� sinpx1

π q
cospx1

π q

��
�� x1
x2 cospx1

π q
x2 sinpx1

π q

�, x P Ω, (4.59)

see Figure 4.8a). As a second example, consider

upxq � x3
r

�� x1
0a

r2 � x21

��
�� x1
x2 � ex2a
r2 � x21

�, x P Ω, (4.60)

with r ¡ 0. Notice that u as in (4.60) is not incompressible despite satisfying the necessary
condition (4.55), since u involves a stretch in e2-direction, see Figure 4.8b).



108 CHAPTER 4. ASYMPTOTIC ANALYSIS OF FIBER-REINFORCED MATERIALS

a) b)

Figure 4.8: a) The image of Ω � p0, 4q�p0, 1q2 under (4.59). b) The image of Ω � p�1, 1q2�p0, 1q
under (4.60) with r � 3

2 .

Example 4.18 (Σ depends on both cross-section variables). Consider the following
modification of (4.57),

upxq � x3a
4px21 � x22q � 1

��2x1
2x2
1

��
�� x1

x2
�x21 � x22

�, x P Ω. (4.61)

In this case, the vector field Σ is orthogonal to the surface of the paraboloid x1 ÞÑ px1, x2,�x21�
x22q, see Figure 4.9a). Since B1Σ is not parallel to B2Σ, u as in (4.61) is not locally volume-
preserving according to Lemma 4.15. Another example that does not satisfy the condition (4.55)
either is

upxq � x3?
2
a
x21 � x22 � 1

���x1 � x2
x1 � x2?

2

��
��x1x2

0

�, x P Ω, (4.62)

depicted in Figure 4.9b).

a) b)

Figure 4.9: a) The image of Ω � p�1, 1q2 � p0, 1q under (4.61). b) The image of Ω � p�1, 1q2 �
p0, 4q under (4.62).

Remark 4.19 (Comparison with layered composites). Let Ω � p0, L1q�p0, L2q�p0, L3q
be an open cuboid. As proven in [51, Theorem 1.1], the admissible effective deformations of
a composite with rigid layers, or mathematically speaking, the weak W 1,p-limits of sequences
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puεqε such that

uε P Bε :� tu PW 1,ppΩ;R3q : ∇u P SOp3q a.e. in Xrig
ε X Ωu

for ε ¡ 0, with Xrig
ε as introduced in (4.37), are characterized by

B :� tu PW 1,ppΩ;R3q : upxq � Rpx1qx� bpx1q for a.e. x P Ω

with R PW 1,ppp0, L1q; SOp3qq, b PW 1,ppp0, L1q;R3qu.
Comparing with the characterization of A in Theorem 4.1 shows that B � A. This observation
backs the intuition that composites with rigid fiber reinforcements are more flexible in their
deformation behavior than those with rigid layers.

It is evident that the macroscopic deformations in (4.58) and (4.59) can be attained also by
layered materials, meaning that they are elements of B. On the other hand, the deformations
presented in Example 4.18, as well as (4.57) and (4.60) show that the inclusion B � A is strict,
which underlines the higher flexibility fiber-reinforced materials.

4.6 Regularization in the cross-section variables

This section is concerned with the proof of Theorem 4.2, where we additionally assume that sec-
ond derivatives in the cross-section variables of weakly convergent sequences puεqε with uε P Aε

exist, and are Lp-bounded uniformly in ε. In this case, the weak W 1,p-limit of puεqε corresponds
to a rigid body motion. We begin our analysis with two auxiliary results.

First, the above-mentioned assumption of higher regularity allows us to improve the estimates
in Lemma 4.7 with the help of a one-dimensional Poincaré estimate.

Lemma 4.20. Let E � R3, d P R2 and w1, w2 : E Ñ R3 be as in Lemma 4.7. If v P
W 1,ppE;R3q with p ¥ 1 satisfies

max
i,jPt1,2u

}BiBjv}pLppE;R3q   8

and if

v � w1 a.e. in E X �p0, µq � R2
�

and v � w2 a.e. in E X �pL1 � µ,L1q � R2
�

for some µ ¡ 0, then »
E
|B2dv|p dx ¥ C|E|Lp

3

p1� |m|pq2L2p
1

|pA2 �A1qe3|p (4.63)

with a constant C ¡ 0 that depends only on p.

Proof. We may assume without loss of generality that w1 � 0, otherwise consider ṽ � v � w1

in place of v. Then, by assumption, Bdv � 0 a.e. in E X �p0, µq � R2
�
, and thus, with upyq �

vpy1, y2 �my1, y3q for y P Q � p0, L1q � p0, L2q � p0, L3q,
B1u � 0 a.e. in p0, µq � p0, L2q � p0, L3q.

Via the same change of variables as in Lemma 4.7, we can therefore deduce with Poincaré’s
inequality, applied to B1u in y1-direction, that»

E
|B2dv|p dx � 1

p1�m2qp
» L3

0

» L2

0

» L1

0
|B1pB1uq|p dy1 dy2 dy3

¥ C

p1�m2qpLp
1

»
Q
|B1u|p dy � C

p1�m2qp{2Lp
1

»
E
|Bdv|p dx,
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where C�1Lp
1 with C ¡ 0 depending only on p is the optimal Poincaré constant. In combination

with Lemma 4.7, which implies»
E
|Bdv|p dx ¥ C|E|Lp

3

p1� |m|pqLp
1

|A2e3|p,

we obtain the desired estimate.

Second, we prove that strongly Lp-convergent functions that are constant rotations on the
rigid components have a constant limit in the set of rotations. In particular, when applied
to gradient fields, the next result can be seen as a companion to Proposition 4.8 for strongly
converging sequences in W 1,ppΩ;R3q.

Lemma 4.21. Let U � R3 be an open set and let pVεqε � LppU ;R3�3q with p ¥ 1 satisfy

Vε P SOp3q a.e. in Y rig
ε X U

for all ε. If V P LppU ;R3�3q is such that Vε Ñ V in LppU ;R3�3q as εÑ 0, then

V P SOp3q a.e. in U.

Proof. Assume to the contrary that there is a γ ¡ 0 and an open cube Q � U such that

distpV pxq,SOp3qq ¡ γ for a.e. x P Q.

Since

γ   distpV pxq, SOp3qq ¤ |V pxq � Vεpxq| for a.e. x P Y rig
ε XQ,

it follows that, up to a set of measure zero,

Y rig
ε XQ � tx P Q : |Vεpxq � V pxq| ¡ γu.

Recalling the definition of Y rig
ε , each fiber cross-section wk

ε with ε ¡ 0 and k P Z2 contains a
square Sk

ε with |Sk
ε | � δ2ε2, where δ P p0, 1� 2αq and α P p0, 12q are given parameters, cf. (4.2).

We define the index set

Jε � tk P Z2 : Sk
ε � Qu,

and observe that, for sufficiently small ε, the cardinality of Jε scales like ε�2, precisely, #Jε ¥
cε�2 with a geometric constant c ¡ 0 depending only on Q. Consequently,

|tx P Q : |Vεpxq � V pxq| ¡ γu| ¥ |Y rig
ε XQ| �

¸
kPZ2

|pωε
k � Rq XQ| (4.64)

¥ |Q|1{3
¸
kPJε

|Sk
ε | � |Q|1{3#Jεε2δ2 ¥ cδ2|Q|1{3 ¡ 0

for all ε small enough.
On the other hand, the strong convergence of pVεqε in LppU ;R3�3q implies its convergence

in measure on Q and hence, in particular,

|tx P Q : |Vεpxq � V pxq| ¡ γu| Ñ 0 as εÑ 0.

This, however, is in contradiction with (4.64).
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We are now in the position to present the proof of Theorem 4.2.

Proof of Theorem 4.2. Clearly, the assumptions of Proposition 4.8 are satisfied. We therefore
know that the limit function u can be represented as

upxq � x3Σpx1q � dpx1q, x P Ω, (4.65)

with Σ PW 1,ppω;S2q and d PW 1,ppω;R3q. In order to prove that the additional condition (4.6)
forces u to be a rigid body motion, we show first that Σ is constant and then conclude with the
help of Lemma 4.21 applied to a suitably constructed matrix-valued field.

Step 1: Σ is constant. To see this, we refine the proof of Proposition 4.8 by exchanging
the estimates of Lemma 4.7 with the stronger ones from Lemma 4.20. This improves the key
estimate (4.24) by a factor εp.

In more detail, let us adopt the definitions and quantities introduced in the proof of Propo-
sition 4.8, up to one exception: the parallelograms Ek,Ñ

ε and Ek,Ò
ε are determined by the two

parallel boundary lines

akε � ε
�t δ4u � p� δ

4 ,
δ
4q
�

and ak�e1
ε � ε

�t� δ
4u � p� δ

4 ,
δ
4q
�
,

and

akε � ε
�p� δ

4 ,
δ
4q � t δ4u

�
and ak�e2

ε � ε
�p� δ

4 ,
δ
4q � t� δ

4u
�
,

respectively, see Figure 4.10 for an illustration in the special case when the centers akε are
periodically arranged. Then, in analogy to Step 2 of Proposition 4.8, with (4.63) in place

εpk � Y q εpk � e1 � Y q

εpk � e2 � Y q

Ek,Ò
ε

Ek,Ñ
ε

akε ak�e1
ε

ak�e2
ε

ωk
ε

εδ

Figure 4.10: Illustration of the rectangles Ek,Ñ
ε and Ek,Ò

ε , connecting the horizontally and ver-
tically neighboring squares Sk

ε � akε � εp� δ
2 ,

δ
2q2 � ωk

ε � εpk � Y q with a small area of overlap.

of (4.10), one obtains for Σε as in (4.20) that»
U 1
|Σεpx1 � ξq � Σεpx1q|p dx1

¤ Cεp p|ξ|p � εpq �}B21uε}pLppΩ;R3q � }B22uε}
p
LppΩ;R3q

� ¤ Cεp p|ξ|p � εpq (4.66)
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for any vector ξ P R2 with |ξ|   1
2 distpU 1, Bωq. In light of the convergence Σε Ñ Σ in LppU 1;R3q

according to (4.25), it follows from (4.66) that»
U 1
|Σpx1 � ξq � Σpx1q|p dx1 � 0.

Hence, Σ is constant in U 1, and by exhaustion also in ω. This implies also that ∇u is independent
of x3. We will prove in the next step that ∇u is constant and takes a value in SOp3q.

Step 2: Applying Lemma 4.21. Consider for ε ¡ 0 the auxiliary matrix field

Vε : U 1 Ñ R3�3, x1 ÞÑ �
» L

0

�
∇1uεpx1, x3q|Σεpx1q

�
dx3;

by trivial extension in x3, one can also view Vε as defined on U . Since ∇uε P SOp3q and
B3uε � Σε a.e. in Y rig

ε X U , we infer that

Vε P SOp3q a.e. in Y rig
ε X U.

Moreover, we will see below that

Vε Ñ ∇u in LppU ;R3�3q. (4.67)

These two observations allow us to conclude from Lemma 4.21 that ∇u P SOp3q a.e. in U . Due
to its gradient structure, however, the matrix field ∇u already has to coincide with a constant
rotation on U by Reshetnyak’s theorem. This property extends to Ω by exhaustion, showing
that u is necessarily a rigid body motion on Ω. This gives the desired statement.

It only remains to prove (4.67). To this end, we start by observing that the first two columns
V 1
ε :� pVεe1|Vεe2q of Vε satisfy»

U 1
|V 1

ε px1q|p dx1 �
»
U 1

����» L

0
∇1uεpx1, x3q dx3

���p dx ¤ 1

L

»
U
|∇1uεpxq|p dx � 1

L
}∇1uε}pLppU ;R3�2q.

due to Jensen’s inequality. Similarly, if we recall that uε is twice weakly differentiable in the
cross-section variables by assumption,»

U 1
|∇1V 1

ε px1q|p dx1 ¤ 4 max
i,jPt1,2u

»
U 1

����» L

0
BiBjuεpx1, x3q dx3

���p dx ¤ 4

L
max

i,jPt1,2u
}BiBjuε}pLppU ;R3q.

In view of (4.6), the sequence pV 1
ε qε is therefore bounded in W 1,ppU 1;R3�2q and we can extract

a non-relabeled subsequence that converges to some V 1 PW 1,ppU 1;R3�2q as εÑ 0, both weakly
in W 1,ppU 1;R3�2q and, via Sobolev embedding, strongly to LppU 1;R3�2q. As ∇1uε á ∇1u in
LppΩ;R3�2q, it follows that

V 1
ε � �

» L

0
∇1uεp�, x3q dx3 á �

» L

0
∇1up�, x3q dx3 in LppU 1;R3q,

and thus,

V 1 � �
» L

0
∇1up�, x3q dx3 � ∇1u;

the last identity uses that ∇u is independent of x3, cf. (4.65) and Step 1. Together with (4.25)
and (4.27), we finally conclude

Vε � pV 1
ε ,Σεq Ñ p∇1u|Σq � ∇u in LppU 1;R3�3q,

which is (4.67).
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Remark 4.22 (Local bounds on the second gradients). Notice that assumption (4.6) in
the statement of Theorem 4.2 can be replaced by the weaker condition that

sup
ε

max
i,jPt1,2u

}BiBjuε}LppK;R3q   8

for any compact subset K � Ω; this is immediate to verify, considering that our proof involves
essentially only local arguments in the cross section.





Chapter 5

On the interplay of anisotropy and
geometry for polycrystals in
single-slip crystal plasticity

This chapter is available as the preprint [89] on arXiv.

5.1 Introduction

Most elastoplastic solids are polycrystalline, meaning that they consist of rotated copies of single
crystals, called grains, which form patterns on a mesoscopic length scale in between the micro-
and the macroscopic one. The grain structures impose restrictions on still finer substructures
and highly influence the effective material response of the solid. In this chapter, we contribute
to the analysis of the attainable macroscopic strains of polycrystals, focusing on a model of
crystal plasticity with one active slip system and rigid elasticity. The overall goal is to obtain a
deeper understanding of boundary interaction, global compatibility, and the interplay between
slip mechanisms and texture in a geometrically nonlinear setting.

Our approach originates in the time-discrete variational framework introduced in [48, 149,
172] for modeling rate-independent processes arising in single-crystal finite plasticity. The first
relaxation results for such problems, facilitating the description of the effective material behavior
by minimizing out microstructural effects, go back to Conti & Theil [58, 68]. They determine the
quasiconvexification of the elastoplastic energy density for the first time-incremental problem
under the assumptions of one single slip system and elastically rigid behavior. As shown in [65],
the relaxed energies of [58] result via approximation by Γ-convergence from models with elastic
energy in the limit of diverging elastic constants. For more recent work on relaxation in models
with two or more slip systems, we refer to [64, 66, 187]; see also [8, 7] for related studies in the
context of strain-gradient plasticity.

Compared with the single-crystal case, the analysis of polycrystals holds additional challenges
related to the geometry and orientation of the different grains, as well as to the compatibility
of microstructures across grain boundaries; in the context of linear and nonlinear elasticity, the
latter has been studied in [34, 35] and [19, 20], respectively. The description of polycrystal
geometry in [19] by Ball & Carstensen in combination with the modeling of [58, 68] constitutes
the basis for our framework of polycrystalline finite crystal plasticity with one active slip system
under the assumption of elastically nonlinear but rigid behavior; the detailed setup is given in
Section 5.1.1. Let us remark that the stress is not well-defined in this elastically rigid strain-
based setting; for an analysis of a stress-based formulation of polycrystal perfect plasticity,

115
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see [123]. Mathematically, the macroscopically attainable strains can be described via a specific
inhomogeneous nonlinear differential inclusion subject to affine boundary conditions, similar to
the approaches in polycrystalline shape-memory materials [35, 124], where stress-free strains are
studied based on elastic energy minimization. The general theory of differential inclusions (or
multi-valued differential equations) has been an active field of research over the last decades with
strong methods and results, which are especially rich in the homogeneous case, see, e.g., [162,
191, 192] and the references therein. In the inhomogeneous case, where the target sets feature
spatial dependence, we refer to [165] for the existence of Lipschitz solutions, and to [146] for a
recent generalization of the latter in the context of Sobolev solutions. The techniques of [127]
allow, among others, the construction of Sobolev functions with prescribed Jacobians under a so-
called uniform tight containedness assumption. However, there is - to the best of our knowledge -
currently no available abstract methodology that is able to accommodate the particular setting
of this chapter - even though, considering related homogeneous inclusions does provide some
partial insight.

This work addresses different aspects related to the solvability of inhomogeneous differential
inclusions used to describe the macroscopic deformation behavior of elastoplastic solids. We first
identify a simple geometry-independent sufficient condition by combining a new characterization
of globally affine solutions to a relaxed version of the problem with well-known relaxation and
convex integration results [68, 164]. On the other hand, necessary conditions are due to com-
patibility constraints following from a generalized Hadamard jump condition [17, 117] applied
to the boundary grains. While the sufficient and necessary conditions turn out to provide a
characterization for specific polycrystals, we show that they do not coincide in general though.
The argument is based on an explicit construction of finitely piecewise affine maps that satisfy
fixed boundary conditions and incompressibility, and is as such known to be a delicate issue.
Here, we take the geometric setup of the rotated-square construction in [67, 178] as inspiration
for a suitable sheared-square construction. A more detailed overview of our findings is given in
Section 5.1.2.

5.1.1 Setup of the problem

In the following, we describe our two-dimensional model for single-slip polycrystal plasticity.
Starting from the theory of finite plasticity for single-crystalline structures (cf. [48, 149, 152,
172]), we adopt a geometrically nonlinear model for the deformation behavior of an elastoplastic
body where the deformation gradient

∇u � F � FelFpl (5.1)

is split multiplicatively into an elastic part Fel and a plastic one Fpl, as proposed in [133, 140].
For recent discussions about this decomposition and possible alternative modeling approaches,
see [60, 74, 80]. With (5.1) at hand, the elastoplastic energy is given in terms of the condensed
energy density

W pF q � min
F�FelFpl

�
WelpFelq �WplpFplq �DisspFplq

�
, (5.2)

where Wel is the elastic energy contribution, Wpl represents the plastic potential, and Diss
encodes dissipative effects. We invoke a setting of rigid elasticity, meaning that the elastic parts
Fel are contained in the set of rotations SOp2q almost everywhere and do not contribute to the
energy, i.e.,

WelpFelq �
#

0 if Fel P SOp2q,
8 otherwise.
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As the plastic strain in the context of single-slip crystal plasticity is a simple shear along one
active slip system, determined by a slip direction s P S1 and slip-plane normal m � sK, one has
that Fpl � Id�γsbm, where γ P R quantifies the plastic slip, and (5.2) becomes

W pF q �
#
p|Fm|2 � 1q p2 � |γ|p if F PMs,

8 otherwise,
F P R2�2, (5.3)

for p ¥ 1, cf. [58, 68]. Here, the choices p � 1 and p � 2 model dissipation and linear hardening,
respectively, and

Ms :� tF P R2�2 : detF � 1, |Fs| � 1u;

we often use the short notation M :�Me1 .
In our polycrystalline setting, the active slip direction within the body is location-dependent

and determined by the orientations of the individual grains. To be more precise, let us first
give a definition of the term “polycrystal”, which is based on [19, Section 2] and tailored to
our crystal plasticity model, see Figure 5.1 for illustration. We say that a pair pΩ, R�q with a
reference configuration Ω � R2 and a texture R� : Ω Ñ SOp2q is a (two-dimensional) polycrystal
if these conditions are satisfied:

� Ω is a bounded Lipschitz and has a partition (up to a set of measure zero) into N P N
regular bounded Lipschitz domains Ω1, . . . ,ΩN � Ω, called the grains of pΩ, R�q, that is,

Ω � int
N¤
k�1

Ωk and int Ωk � Ωk for all k P t1, . . . , Nu,

where p�q and int p�q denote the closure and interior of a set;

� R� : Ω Ñ SOp2q is constant on each Ωk for k P t1, . . . , Nu with

R�|Ωk
� �R�|Ωl

if H1pBΩk X BΩlq ¡ 0 for all k � l P t1, . . . , Nu, (5.4)

where H1 is the one-dimensional Hausdorff-measure; otherwise, two grains can be merged
into one. The image of R� is denoted by R�pΩq.

With the default choice of the slip direction e1 on unrotated grains of the polycrystal pΩ, R�q,
each grain Ωk can be viewed as a single crystal with slip direction R�|Ωk

e1. The set of attainable

microscopic strains on Ωk is then given by

MR�|
Ωk

e1 �MRT
� |Ωk

.

Note that polycrystals with exactly two grains differ intrinsically from single-crystals with two
active slip systems subject to latent hardening, as studied in [66, 187]. This is because the slip
directions are tied to the grain structure and may not be chosen arbitrarily at any point within
the occupied region.

We distinguish between interior and boundary grains: the boundary of an interior grain Ωk

is contained in the boundary of others, i.e., BΩk �
�

l�k BΩl; all remaining grains are called
boundary grains. Furthermore, we introduce the points on BΩ where at least two boundary
grains meet as the boundary dual points of pΩ, R�q, in formulas,¤

1¤k l¤N

BΩk X BΩl X BΩ. (5.5)
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Ω

Ωk

R�|Ωl
e1

Figure 5.1: A visualization of a polycrystal pΩ, R�q, where the green and orange domains are
boundary and interior grains, respectively; the arrows indicate the orientation of the slip direc-
tions R�e1 and the black dots at the boundary highlight the boundary dual points.

With ν the outer unit normal of Ω, we set

BpΩ, R�q :� tx P BΩ : νpxq exists and x is not a boundary dual point of pΩ, R�qu. (5.6)

A variational approach to the deformation behavior of a polycrystal pΩ, R�q requires the
inhomogeneous microscopic energy density

W px, F q �
#
p|FR�pxqe2|2 � 1q p2 if F PMRT� pxq,
8 otherwise,

x P Ω, F P R2�2, (5.7)

which results from rotated versions of the corresponding density in the single-crystalline case (5.3).
Following the work by Bhattacharya & Kohn [35], we define the macroscopic energy density via
averages of the microscopic one and optimization over all possible microstructures forming within
the grains, that is,

WpΩ,R�qpF q � inf
uPW 1,8pΩ;R2q
u�Fx on BΩ

1

|Ω|
»
Ω
W px,∇uq dx, F P R2�2. (5.8)

In this chapter, our goal is to characterize (inner and outer bounds on) the domain of WpΩ,R�q,
which involves a deeper understanding of the inhomogeneous partial differential inclusion#

∇upxq PMRT� pxq for a.e. x P Ω,

upxq � Fx for x P BΩ,
(PM)

where u PW 1,8pΩ;R2q is the unknown and F P R2�2; in fact, WpΩ,R�q is finite exactly on

FMpΩ, R�q :� tF P R2�2 : there exists a solution u PW 1,8pΩ;R2q to (PM)u,

considering (5.7) and (5.8). We point out that the special linear group of degree two constitutes
a trivial outer bound

FMpΩ, R�q � Slp2q :� tF P R2�2 : detF � 1u (5.9)

for any polycrystal pΩ, R�q. This follows from the observations that the solutions to (PM) are
locally volume-preserving and that the determinant is a null Lagrangian.
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In the case that pΩ, R�q is a single-crystal, i.e., the texture R� is constant on all of Ω, the
set of attainable macroscopic strains has been identified via a relaxation-type argument in [68]
as FMpΩ, R�q � Ns with s � R�e1 and

Ns :� tF P R2�2 : detF � 1, |Fs| ¤ 1u �Mpc
s �Mqc

s �Mrc
s , (5.10)

where Mqc (Mpc, Mrc) is the quasiconvex (polyconvex, rank-one convex) hull of Ms, see (5.16)
for the definitions; we set N :� Ne1 . The proof technique of [68] exploits - besides classical results
on homogeneous partial differential inclusions with Lipschitz solutions (e.g. [162, Theorem 4.10])
- the seminal work by Müller & Sv̌erak [164], which in turn extends Gromov’s theory [112, 111] of
convex integration and its applications. This relaxation result in the single-crystal case motivates
to study also the relaxed inclusion problem#

∇upxq P NRT� pxq for a.e. x P Ω,

upxq � Fx for x P BΩ,
(PN )

with unknown u PW 1,8pΩ;R2q and F P R2�2, to gain insight into the structure of FMpΩ, R�q.
The fact that (PM) and (PN ) are non-convex inhomogeneous differential inclusion problems

whose target set is unbounded makes them non-standard. In particular, the results of [127,
146, 165] are not applicable and, naturally, the classical theory of homogeneous inclusions is
limited in providing useful new insight. Given that the solvability of (PM) and (PN ) depends
fundamentally on the interaction between the shape, size and orientation of the grains makes
the analysis many-faceted.

5.1.2 Overview of the main results

Throughout this chapter, let pΩ, R�q be a polycrystal. To analyze the set of attainable macro-
scopic strains FMpΩ, R�q, we identify inner and outer bounds, and show that they coincide
under suitable conditions on the texture.

Two geometry-independent inner bounds are tied to the assumption of constant strain, which
can be traced back to the early works by Taylor [193] and Bishop & Hill [38]. Precisely, we
consider the sets of globally affine solutions to (PM) and (PN ), given by the finite intersections

TMpR�pΩqq :�
£
xPΩ

MRT
� pxq and TN pR�pΩqq :�

£
xPΩ

NRT
� pxq; (5.11)

notice that these sets are independent of the size and shape of the grains and only take the
orientation of the slip systems into account. Based on the work on single-crystal plasticity by
Conti & Theil [68] (see also Proposition 5.3), it holds that

TMpR�pΩqq � TN pR�pΩqq � FMpΩ, R�q. (5.12)

We refer to TMpR�pΩqq and TN pR�pΩqq as the Taylor bound for the differential inclusions (PM)
and (PN ), in analogy to the terminology in [35, Section 2.4] and [124, Proposition 2.1] on
polycrystalline shape-memory materials.

Our first main result shows that TN pR�pΩqq depends, in fact, on at most three specific
orientations of the polycrystal.

Proposition 5.1 (Characterization of the Taylor bound for (PN )). Suppose that R�
attains the values

Rθ1 , . . . , RθN for 0 � θ1   ...   θN   π with N ¥ 2 (5.13)
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on the grains of pΩ, R�q, and let θN�1 � π. Then,

TN pR�pΩqq � N XNRT
θn XNRT

θn�1
, (5.14)

where n P t1, ..., Nu is uniquely determined by the relation θn   π
2 ¤ θn�1.

Considering that polycrystals generally consist of large number of grains with different ori-
entations, this result simplifies the computation of this bound considerably, facilitating even
an explicit analytical representation as discussed in Remark 5.8 eq. In particular, we identify
necessary and sufficient conditions on the slip directions such that TN pR�pΩqq is trivial, i.e.,
identical to the set of rotations SOp2q, see Corollary 5.9.

A key ingredient for deriving outer bounds on the attainable macroscopic strains is the
generalization of the classical Hadamard jump condition [21] formulated in Theorem 5.14. This
tool puts us in the position to derive an outer bound on FMpΩ, R�q by analyzing the rank-one
compatibility between the macroscopic and microscopic strains at the boundary grains of the
polycrystal. In particular, if the outer unit normal of Ω is, in a point, perpendicular to the slip
orientation si of the associated boundary grain Ωi, then FMpΩ, R�q is contained in Nsi . The
following statement is a simplified version of Proposition 5.15 below.

Proposition 5.2. Let Ω1, . . . ,ΩM with M P N be the boundary grains of pΩ, R�q and let
J � t1, . . . ,Mu be the set of all indices i such that there exists xi P BΩi X BpΩ, R�q with
νpxiq �R�|Ωi

e1 � 0. Then,

FMpΩ, R�q �
£
iPJ

NRT
� |Ωi

. (5.15)

Observe that the outer bound in (5.15) has the same overall structure as the aforementioned
inner bound TN pΩ;R�q and can thus be simplified and expressed in the same way, cf. Proposition
5.1. In particular, Proposition 5.2 allows us to conclude for examples of polycrystals with suffi-
cient symmetry and selected bicrystals (see Examples 5.18 and 5.19) that the attainable macro-
scopic strains coincide with the globally affine solutions of (PN ), i.e., FMpΩ, R�q � TN pR�pΩqq.

The Taylor bound for (PN ), however, is not always optimal, meaning that the second in-
clusion in (5.12) is strict in general. To see this, we employ a geometric setup similar to the
construction in [67, 178] and design a polycrystal together with a continuous and finitely piece-
wise affine solution to the relaxed problem (PN ) with boundary values outside of the Taylor
bound, which then gives rise to a Lipschitz solution to (PM) via Proposition 5.3.

This chapter is outlined as follows. A few preliminaries and mathematical tools for the
analysis of the inclusions (PM) and (PN ) and the corresponding sets Ms and Ns are collected
in Section 5.2. The focus of Section 5.3 is the characterization and discussion of the inner Taylor
bounds. Outer bounds resulting from rank-one compatibility conditions at the boundary grains
are derived in Section 5.4 and illustrated by a few examples. Finally, we address the question
of optimality of the Taylor bound for (PN ), proving in Section 5.5 that this is not the case in
general.

5.2 Preliminaries

5.2.1 Notation

Throughout this chapter, we use the following notation. The standard basis vectors in R2 are
denoted by e1, e2, and S1 � tx P R2 : |x| � 1u is the one-dimensional unit sphere with respect
to the Euclidean norm. We write a � b for the standard scalar product of two vectors a, b P R2,
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and define their tensor product ab b as pab bqij � aibj for i, j P t1, 2u. The space of real 2� 2
matrices is equipped with the Frobenius norm | � |. Moreover, Slp2q consists of all matrices in
R2�2 with determinant equal to one, and SOp2q denotes the set of rotations in R2�2; we write

Rθ :�
�

cos θ � sin θ
sin θ cos θ



P SOp2q

for a rotation by an angle θ P R, and define aK � Rπ
2
a for any a P R2. For x P R2, ν P S1, and

r ¡ 0, let

B�
ν px, rq � ty P Bpx, rq : py � xq � ν ¡ 0u and B�

ν px, rq � ty P Bpx, rq : py � xq � ν   0u,
where Bpx, rq � R2 is the open ball with center x P R2 and radius r ¡ 0. If not specified
otherwise, the two-dimensional Lebesgue-measure of a measurable set U � R2 is denoted by
|U |.

The product and sum of two sets F ,G � R2�2 are interpreted in the sense of Minkowski, i.e.,
FG � tFG : F P F , G P Gu and F � G � tF �G : F P F , G P Gu. We work with the following
definitions of (finite) generalized convex hulls: If F � R2�2, then

Fqc :�  
F P R2�2 : hpF q ¤ sup

GPF
hpGq for all h : R2�2 Ñ R quasiconvex

(
, (5.16)

is the quasiconvex hull of F , and F is called quasiconvex if F � Fqc; the polyconvex and
rank-one convex hulls Fpc and F rc as well as polyconvexity and rank-one convexity of F are
introduced analogously. More details on the generalized notions of convexity for sets can be
found in, e.g., [70, Chapter 7].

For a set U � R2, we define the indicator function 1U as 1U pxq � 1 for x P U and 1U pxq � 0
otherwise. Throughout, we adopt the standard notation for Lebesgue spaces, Sobolev spaces,
spaces of functions of bounded variation, and spaces of continuously differentiable functions;
particularly, L8pU ;R2q, W 1,8pU ;R2q, BVlocpU ;R2�2q and C1pU ;R2q for open U � R2.

5.2.2 Technical tools for the analysis of Ms and Ns

We begin with the following connection between the differential inclusion problem (PM) and its
relaxed version (PN ).

Proposition 5.3. If there is a continuous, finitely piecewise affine solution to the relaxed
problem (PN ), then there exists a Lipschitz solution to (PM) with the same boundary values.

This result is based on the analysis in the chapter [68] by Conti & Theil on a model in
single-crystal plasticity with one active slip system. More precisely, it follows from [68, Theorem
4] applied grain-wise to each of the affine components of the solution to (PN ), along with [68,
Lemma 2], which again relies on the convex integration theory by Müller & Šverák [164, Theorem
1.3].

As a consequence of Proposition 5.3, one obtains an inner bound on FMpΩ, R�q by identifying
globally affine solutions to (PN ), cf. (5.11) and Section 5.3.

The subsequent auxiliaries on rank-one connectedness with the sets Ns are used in Section
5.4 in the context of outer bounds resulting from the rank-one compatibility at the boundary
grains. Considering that Slp2q is a trivial outer bound for all polycrystals, it suffices to restrict
the discussion to this class of matrices. We first introduce the following terminology.

Definition 5.4 (ν-compatibility). Let ν P S1, A P R2�2, and B � R2�2. We call A ν-
compatible with B, if A is rank-one connected to B � R2�2 along linear interfaces with normal
ν, i.e., if there exists a P R2 such that ab ν P B �A, or equivalently, if AνK P BνK.
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The next lemma gives a simple condition for the rank-one connectedness between a given
element in Slp2q and Ns. Our calculations are based on the observation that, for any s P S1, the
set Ns consists of matrices of the form

R
�
βsb s� 1

β s
K b sK � γsb sK

�
(5.17)

with R P SOp2q, β P p0, 1s and γ P R. Moreover, if β ¡ 0 then (5.17) describes all elements in
the larger set Slp2q.

Lemma 5.5. Let s, ν P S1 with s � ν � 0. Further, let F P Slp2q, which is assumed to be
represented as in (5.17) with R P SOp2q, β ¡ 0, and γ P R. Then the following statements are
equivalent:

piq F is ν-compatible with Ns;

piiq F is ν-compatible with Ms;

piiiq it holds that �s � νK
s � ν β � γ

	2
� 1

β2
¥ 1. (5.18)

Proof. We start with a useful general equivalence: Any two matrices G, Ḡ P Slp2q of the form
(5.17) with R � Id, R̄ P SOp2q, β, β̄ ¡ 0, γ, γ̄ P R, respectively, satisfy

GνK � ḠνK (5.19)

if and only if $''&''%
β̄
s � νK
s � ν � γ̄ � Ns,νpβ, γq � R̄s, (5.20)

1

β̄
� R̄sK �Ns,νpβ, γq, (5.21)

with

Ns,νpβ, γq �
�s � νK
s � ν β � γ

	
s� 1

β
sK;

this follows simply via scalar multiplication of (5.19) with R̄s and R̄sK.

To show the implication piq ñ piiiq, let F be as in the statement and assume without
restriction that R � Id. Suppose that there exists F̄ P Ns of the form (5.17) with β̄ P p0, 1s,
γ̄ P R, and R̄ P SOp2q such that (5.20) and (5.21) hold. Estimating the right-hand side of (5.21)
yields

1 ¤ 1

β̄2
¤ |Ns,νpβ, γq|2 �

�
s � νK
s � ν β � γ


2

� 1

β2
,

which is the desired inequality (5.18).
As for piiiq ñ piiq, assume that (5.18) is fulfilled and take β̄ � 1. It remains to find γ̄ P R

and R̄ P SOp2q such that (5.20) and (5.21) are satisfied. For R̄, it is enough to determine R̄sK,
which follows from considering solutions ξ P S1 to

1 � ξ �Ns,νpβ, γq;
these exist since |Ns,νpβ, γq| ¥ 1 due to (5.18). Therefore, (5.21) is true and γ̄ is uniquely
determined by R̄, β̄ and (5.20). Since the implication piiq ñ piq is trivial, the statement is
proven.
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The next remark addresses the case of sK-compatibility with the sets Ns and Ms.

Remark 5.6. Let s P S1 and F P Slp2q.
aq Basic geometric arguments show:

F is sK-compatible with Ns if and only if F P Ns;

F is sK-compatible with Ms if and only if F PMs.

Observe in particular, that the equivalence piq ô piiq in Lemma 5.5 is not valid in this case.

bq Let D � S1 be dense in S1. It holds that F is sK-compatible with Ns if and only if F is
ν-compatible with Ns for all ν P D. Indeed, assuming that �sK R D, that is a consequence of
piq ô piiiq in Lemma 5.5 since

t ÞÑ ptβ � γq2 � 1

β2
¥ 1 on a dense subset of R

if and only if |Fs| � β ¤ 1, which is equivalent to the sK-compatibility of F with Ns due to aq.

The last auxiliary result follows from a slight modification of the first step in the proof of [66,
Theorem 1.1], according to which the generalized convex hulls of Me1YMe2 coincide with Slp2q.
Instead of the two orthogonal slip directions e1 and e2, we consider here two linearly independent
orientations s, s1. Alternatively, the next proposition can be seen as a consequence of the sharper
result [187, Lemma 4.17], where the lamination convex hull of Ms YMs1 is identified as Slp2q,
using first-order laminates. For the reader’s convenience, we include the simpler proof based on
the strategy in [66].

Proposition 5.7. Let s, s1 P S1 with s1 � �s. Then,

pMs YMs1qrc � pMs YMs1qqc � pMs YMs1qpc � Slp2q.

Proof. In light of

pNs YNs1qrc � pMrc
s YMrc

s1 qrc � pMs YMs1qrc � pMs YMs1qpc � Slp2q,

cf. (5.10), it suffices to prove that Slp2q � pNsYNs1qrc. To this end, we show that any F P Slp2q
can be expressed as a convex combination of rank-one connected matrices F�, F� P NsYNs1 , and
exploit that the lamination convex hull is contained in the rank-one convex hull [70, Theorems
7.17 and 7.28].

Suppose without loss of generality that F P Slp2qzpNs YNs1q and consider the rank-one line

t ÞÑ Ft � F pId�tps� s1q b ps� s1qq,

along which the determinant is constant by construction; also, assume that Fs � Fs1 ¤ 0, other-
wise switch the roles of s� s1 and s� s1 in the rank-one line. Then it holds that

|F ps� s1q|2 � |Fs|2 � 2Fs � Fs1 � |Fs1|2 ¤ |F ps� s1q|2,

with equality if and only if Fs � Fs1 � 0. If the latter is satisfied, the estimate

detpFs|Fs1q � detF detps|s1q � detps|s1q ¤ 1,

implies that mint|Fs|, |Fs1|u ¤ 1. However, this contradicts F P Slp2qzpNs YNs1q, which is why
we take |F ps� s1q|   |F ps� s1q| in the following.
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The quadratic function

φ : RÑ R, t ÞÑ |Ftps� s1q|2 � |Ftps� s1q|2

then satisfies φp0q   0 and φ2 ¡ 0 pointwise. The latter is a direct consequence of |Ftps� s1q| �
|F ps�s1q| for every t P R, utilizing that ps�s1q�ps�s1q � 0. Hence, there exist t�   0 and t� ¡ 0
with φpt�q � 0, so that F� :� Ft� and F� :� Ft� satisfy |F�ps� s1q| � |F�ps� s1q|. Exactly as
before, one concludes that mint|F�s|, |F�s1|u ¤ 1, and thus, F� P Ns YNs1 , as desired.

The previous result is used in Section 5.4 to explain why considering boundary dual points,
cf. (5.5), does not add any non-trivial contributions to outer bounds emerging from rank-one
compatibility at the boundary grains.

5.3 A geometry-independent inner bound

In this section, we identify and characterize inner bounds on FMpΩ, R�q in terms of the globally
affine solutions to (PM) and (PN ). Note that such solutions merely take the occurring slip
directions, but not the geometry of the grains, i.e., their size and shape, into account. The
expressions to be determined are the Taylor bounds TMpR�pΩqq and TN pR�pΩqq given by the
finite intersections in (5.11), which, in light of Proposition 5.3, satisfy the relation

TMpR�pΩqq � TN pR�pΩqq � FMpΩ, R�q.

First, we prove Proposition 5.1, showing that TN pR�pΩqq depends on at most three slip orien-
tations, no matter the number of grains of the polycrystal pΩ, R�q; the same statement is valid
for TMpR�pΩqq, see Remark 5.8 fq below.

Proof of Proposition 5.1. We first establish an explicit expression of the intersection N XNRT
θ

with θ P p0, πq. In light of (5.17) for s � e1, it holds that F P N if and only if F � Spβe1| 1β e2�
γe1q for some S P SOp2q, β P p0, 1s, and γ P R. In order to characterize β and γ such that
FRθ P N , we observe that detpFRθq � detF � 1 and that the constraint |FRθe1| ¤ 1 can be
rewritten as

0 ¥ |FRθe1|2 � 1 � γ2 sin2 θ � 2γβ cos θ sin θ � 1

β2
sin2 θ � β2 cos2 θ � 1. (5.22)

As the right-hand side is quadratic in γ with positive leading coefficient, it suffices to determine
its zeroes to solve the inequality (5.22). In doing so, we find that

N XNRT
θ � SOp2qψpΛθ

�
(5.23)

with ψ : p0, 1s � RÑ N given by pβ, γq ÞÑ �
βe1| 1β e2 � γe1

�
and

Λθ �
 pβ, γq P R2 : β P rsin θ, 1s, γ P Γpθ, βq(, (5.24)

where

Γpθ, βq � rγ�pθ, βq, γ�pθ, βqs � R with γ�pθ, βq � �β cot θ �
a
psin θq�2 � β�2 (5.25)

for θ P p0, πq and β P rsin θ, 1s. Moreover, note that p1, 0q P Λθ for any θ P p0, πq and that

Λθ � tp1, 0qu if and only if θ � π

2
.
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In light of (5.23) and the injectivity of ψ, one immediately obtains through iteration that

TN pR�pΩqq � N XNRT
θ2 X . . .XNRT

θN
� SOp2qψpΛθ2 X . . .X ΛθN q, (5.26)

recalling that θ1 � 0.
In the following, we discuss the cases n � N,n � 1, and n R t1, Nu separately.

Step 1: The case n � N . The essence of this step is the observation that the sets Λθi for
i � 1, . . . , N are strictly decreasing nested sets, that is,

Λθ2 � . . . � ΛθN ; (5.27)

the representation (5.26) then simplifies to TN pR�pΩqq � N X NRT
θN

, which results in (5.14),

given that NRT
π � N , cf. also Remark 5.8 cq. Since the sine function is strictly increasing in

p0, π2 q, it suffices for (5.27) to prove that

Γpθ, βq � Γpθ̃, βq for any θ, θ̃ P p0, π2 q with θ̃   θ and β P rsin θ, 1s. (5.28)

To this end, we show that Bθγ�pθ, βq   0 and Bθγ�pθ, βq ¡ 0 for all θ P p0, π2 q and β P
psin θ, 1q, cf. (5.25); the case β � 1 is treated separately below. A direct calculation yields that

Bθγ�pθ, βq � Bθ
�
β cot θ �

a
psin θq�2 � β�2

	
� � 1

sin2 θ

�
β 	 cos θa

1� β�2 sin2 θ

�
� 1

sin2 θ
a

1� β�2 sin2 θ

�b
β2 � sin2 θ 	 cos θ



,

where the first factor is clearly positive; the second factor is strictly increasing in β on psin θ, 1s
with boundary valuesb

β2 � sin2 θ 	 cos θ �
#
	 cos θ if β � sin θ,

cos θ 	 cos θ if β � 1,

which implies the desired monotonicity of γ�pθ, βq and γ�pθ, βq in θ.
For β � 1, we compute that

Γpθ, 1q �
#
r�2 cot θ, 0s if θ P p0, π2 q,
r0,�2 cot θs if θ P rπ2 , πq,

(5.29)

from which (5.28) follows immediately in that case.

Step 2: The case n � 1. Now, let π
2 ¤ θ2   . . .   θN . In this case, formula (5.26) reduces to

TN pR�pΩqq � N XNRT
θ2

since the chain of inclusions in (5.27) is reversed. The latter is due to
the monotonicity of the sine function in rπ2 , πq, as well as the symmetry of the upper and lower
bounds in (5.25) around π

2 in the sense that

γ�pπ2 � θ, βq � �γ	pπ2 � θ, βq (5.30)

for θ P p0, π2 q and β P rsinpπ2 � θq, 1s. Precisely, combining (5.30) with the arguments of Step 1
yields that

Γpθ, βq � Γpθ̃, βq for any θ, θ̃ P pπ2 , πq with θ   θ̃ and β P rsin θ, 1s.

Step 3: The case n R t1, Nu. Applying the conclusion of Step 1 to N X . . .XNRT
θn

and the
results of Step 2 to N XNRθn�1 X . . .XNRθN gives

TN pR�pΩqq � N XNRT
θ2 X . . .XNRT

θn XNRT
θn�1

X . . .XNRT
θN
� N XNRT

θn XNRT
θn�1

,

as stated.
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Remark 5.8. Let pΩ, R�q be as in Proposition 5.1 and n P t1, . . . , Nu with θn   π
2 ¤ θn�1.

aq Observe that SOp2q � TN pR�pΩqq for any polycrystal pΩ, R�q. Therefore, we call the
Taylor bound TN pR�pΩqq trivial if TN pR�pΩqq � SOp2q.

bq The Taylor bound TN pR�pΩqq is polyconvex as the intersection of polyconvex hulls, and it
is compact whenever pΩ, R�q is not a single-crystal. One way to see this is via the representation
formula (5.23)-(5.25), where TN pR�pΩqq is expressed as the image of a compact set under a
continuous map.

cq If θk ¤ π
2 (or θk ¥ π

2 ) for all k P t2, . . . , Nu, then only two values of R�, precisely Rθ1 and
RθN (or Rθ1 and Rθ2), are sufficient for characterizing the Taylor bound, which follows directly
from Steps 1 and 2 in the proof of Proposition 5.1. This observation is in agreement with (5.14)
since NRT

θ1
� N � NRT

π � NRT
θN�1

.

dq Proposition 5.1 shows that the Taylor bound depends on at most three different slip orien-
tations. Indeed, it involves the slip direction s � e1, corresponding to θ1 � 0, and at most two
others that are closest to e2, see Figure 5.2. For a more general setting without the restriction
θ1 � 0, we refer to Remark 5.10.

π 0

π
2

θ1

θ2

θ3

θ4θ5

θ6

θ7

θ4

θ1

θ5

Figure 5.2: Dependence of the Taylor bound on exactly three slip directions (marked in red);
here, n � 4 and TN ptRθ1 , . . . , Rθ7uq � TN ptRθ1 , Rθ4 , Rθ5uq.

eq Let F P N be represented by F � Spβe1| 1β e2� γe1q with S P SOp2q, β P p0, 1s, and γ P R.
As a consequence of the previous proof, one can extract the following useful equivalence for
explicit calculations: In fact, F P TN pR�pΩqq if and only if

pβ, γq P Λθn X Λθn�1

or equivalently,

β P rmaxtsin θn, sin θn�1u, 1s and γ P Γpθn, βq X Γpθn�1, βq,
see also (5.24) and (5.25). The sets Λθ for θ P p0, πq (as well es their intersections) can be
illustrated as in Figure 5.3; in particular, this figure depicts both the properties that Λπ

2
�θ

emerges from Λπ
2
�θ for θ P p0, π2 q via reflection (see the green and blue areas), as well as the

nested structure in (5.27) (see red and blue).

fq Regarding the Taylor bound for the unrelaxed problem (PM), we find that TMpR�pΩqq
is compact for any non-trivial polycrystal and that

TMpR�pΩqq � SOp2q
if and only if n R t1, Nu. It is evident from the calculations in the proof of Proposition 5.1 that

MXMRT
θ � SOp2qψ�t1u � Γp1, θq� (5.31)

for any θ P p0, πq, where Γp1, θq is given in (5.29). The identity (5.31) can be visualized by
considering the “right boundary” Λθ X pt1u � Rq of Λθ in Figure 5.3.
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Figure 5.3: Illustration of sets Λθ for some choices of θ. Here, the blue, red, and green areas
describe Λθ2 , Λθ3 , and Λθ4 , with θ2 � π

10 , θ3 � 2π
10 , and θ4 � 9π

10 , respectively.

Based on Proposition 5.1, we now provide a necessary and sufficient condition on the orien-
tations of a polycrystal pΩ, R�q such that TN pR�pΩqq is trivial.

Corollary 5.9 (Trivial Taylor bound). Let pΩ, R�q be as in Proposition 5.1. Then, the
Taylor bound TN pR�pΩqq is trivial, i.e., TN pR�pΩqq � SOp2q, if and only if there exists n P
t1, . . . , N � 1u such that

π

2
P rθn, θn�1s and θn�1 � θn ¤ π

2
.

Proof. Step 1: Sufficiency. If θn � π
2 for some n P t2, . . . , N � 1u, then any F P TN pR�pΩqq

satisfies

detF � 1, |Fe1| ¤ 1, |Fe2| � |FRθne1| ¤ 1.

Therefore, F must be a rotation. Indeed, we estimate

1 � detF � pFe1qK � pFe2q ¤ |Fe1||Fe2| ¤ 1,

which implies that |Fe1| � |Fe2| � 1; in combination with detF � 1, this implies F P SOp2q.
The same arguments can be used to treat the case θn�1 � π

2 for some n P t1, . . . , N � 1u.
It remains to show the claim for the case when 0   θn   π

2   θn�1 ¤ θn � π
2   π for

n P t2, . . . , N � 1u. We apply Proposition 5.1 twice, once to pΩ, R�q and then again to another
polycrystal pΩ, R̃�q with R̃�pΩq � tRθ1 , Rθn , Rθn�1 , Rθn�π

2
u to conclude that

TN pR�pΩqq � N XNRT
θn XNRT

θn�1
� N XNRT

θn XNRT
θn�1

XNRT
θn�π

2
� TN pR̃�pΩqq.

The right-hand side is trivial since NRT
θn
XNRT

θn�π
2
� pN XNRT

π
2
qRT

θn
� SOp2q, which yields

the statement.
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Step 2: Necessity. Arguing by contraposition, assume first that either θk   π
2 or θk ¡ π

2 for
all k P t2, . . . , Nu. These two scenarios correspond exactly to those of Steps 1 and 2 in the proof
of Proposition 5.1, where it is shown that

TN pR�pΩqq � SOp2qψpΛθN q or TN pR�pΩqq � SOp2qψpΛθ2q,

respectively, cf. (5.24). Since the sets ΛθN and Λθ2 contain strictly more elements than p1, 0q
due to θ2, θN � π

2 and since ψ is injective with ψpβ, γq P SOp2q exactly for pβ, γq � p1, 0q, it
follows that SOp2q � TN pR�pΩqq.

Now it remains to address the case when there exists a k P t2, . . . , N�1u such that θk�1�θk ¡
π
2 , or equivalently,

0   θk   π

2
  θk � π

2
  θk�1   π. (5.32)

To show that TN pR�pΩqq � SOp2qψpΛθk X Λθk�1
q is strictly larger than the set of rotations, we

show that there exists a β P rmaxtsin θk, sin θk�1u, 1q such that

Γpθk, βq X Γpθk�1, βq � H, (5.33)

see (5.25) for the definition of the intervals Γpθ, βq and the associated boundary points γ�pθ, βq.
This implies that ΛθkXΛθk�1

� tp1, 0qu, and hence, SOp2q � TN pR�pΩqq by the same arguments
as above, as desired.

Finally, in order to verify (5.33), we observe first that

γ�pθk�1, βq ¥ γ�pθk, βq (5.34)

for any β P rmaxtsin θk, sin θk�1u, 1s; indeed, by the properties of the cotangent, the left-hand
side is always non-negative and the right-hand side is non-positive, as θk P p0, π2 q and θk�1 P
pπ2 , πq due to (5.32). On the other hand, let

dpβq :� γ�pθk, βq � γ�pθk�1, βq for β P rmaxtsin θk, sin θk�1u, 1s.

From (5.29), one obtains immediately that dp1q � 0, and d1p1q   0 follows from the calculation

d1p1q � d

dβ |β�1

�
γ�pθk, βq � γ�pθk�1, βq

� � � cot θk � tan θk � cot θk�1 � tan θk�1

� pcos θk�1 cos θk � sin θk�1 sin θkq
�

1

sin θk�1 cos θk
� 1

cos θk�1 sin θk



� �sinpθk�1 � θkq cospθk�1 � θkq

sin θk�1 sin θk cos θk�1 cos θk
,

under consideration of (5.32). One can therefore find a β P rmaxtsin θk, sin θk�1u, 1q with dpβq ¡
0, that is,

γ�pθk, βq ¡ γ�pθk�1, βq. (5.35)

Consequently, the combination of (5.35) with (5.34) gives that the intersection in (5.33) is in
fact trivial, which finishes the proof of the necessity.

Remark 5.10. We continue with two brief comments on the assumption that pΩ, R�q is a
polycrystal as in Proposition 5.1.
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aqNote that considering only orientations induced by rotations with angles in r0, πq (see (5.13))
is no real restriction, considering that plastic glide along the slip system is not uni-directed. For-
mally, we have that NRT

θ � NRT
θ�π for any θ P r0, πq, and analogously, for M in place of N .

bq The postulate in (5.13) that the image R�pΩq contains the identity matrix can be made
without loss of generality. If R�pΩq � tRθ1 , . . . , RθN u for angles θ1   . . .   θN with θN �θ1   π,
but not necessarily θ1 � 0, it is not hard to see that the results on the Taylor bounds in the case
θ1 � 0 carry over to this more general setting. Indeed, with the new texture R̃� on Ω given by
R̃� � R�RT

θ1
, we observe that R̃�pΩq � tRθ1�θ1 , . . . , RθN�θ1u and

TN pR̃�pΩqq �
£
xPΩ

N R̃�pxqT �
£
xPΩ

NRθ1R
T
� pxq �

�£
xPΩ

NRT
� pxq

	
Rθ1 � TN pR�pΩqqRθ1 ;

and the same for M instead of N .

To illustrate the findings of this section, we discuss implications for random polycrystals
with uniformly distributed orientations. In particular, when the number of grains diverges, then
it turns out that the Taylor bound for (PN ) is trivial almost surely. For an analysis of random
polycrystals in the context of shape-memory alloys, see e.g., [37].

Example 5.11 (Randomized polycrystals). Let pΩk, Rk�q for each k P N be a polycrystal
with at most pk � 1q grains. In this example, the image Rk�pΩkq is supposed to consist of the
identity matrix Id and k rotations Rθ1 , . . . , Rθk with uniformly distributed angles θ1, . . . θk P
p0, πq; note that we do not impose any ordering of these angles.

The basic observation for our analysis is that TN pRk�pΩkqq � SOp2q if pθ1, . . . , θkq P p0, πqk
lies in

Tk :�  pθ1, . . . , θkq P p0, πqk :
�k

i�1NRT
θi
XN � SOp2q(.

With the help of Corollary 5.9 and the elementary calculations in Lemma 5.22, we conclude that

µkpTkq � 1� k � 1

2k
,

where µk :� 1
πkλk and λk is the k-dimensional Lebesgue measure. Hence, µkpTkq Ñ 1 as k Ñ8.

This means that a myriad of grains with uniformly distributed slip directions renders the Taylor
bound almost surely trivial.

We conclude this subsection with a comparison of the Taylor bounds and another geometry-
independent inner approximation resulting from attainable affine boundary values of a canon-
ically associated homogeneous problem, see (HM) below. The basis of this discussion is the
combination of our previous results on TMpR�pΩqq and TN pR�pΩqq with the well-established
theory of homogeneous inclusions.

Remark 5.12 (Alternative inner bound via a homogeneous inclusion). Instead of
characterizing globally affine solutions to (PM) or (PN ) as done to obtain the Taylor bounds,
we now consider Lipschitz solutions to the homogeneous differential inclusion$&%∇u P

£
xPΩ

MRT
� pxq � TMpR�pΩqq a.e. in Ω,

u � Fx on BΩ,
(HM)
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where u PW 1,8pΩ;R2q is the unknown and F P R2�2. Then, the set

HpR�pΩqq :� tF P R2�2 : there exists a solution u PW 1,8pΩ;R2q to (HM)u,
constitutes a geometry-independent inner bound for FMpΩ, R�q, which, however, does not im-
prove TN pR�pΩqq if pΩ, R�q has more than one grain. According to a classical result on differ-
ential inclusions as stated, e.g., in [162, Theorem 4.10] (applicable in view of the compactness
of TMpR�pΩqq by Remark 5.8 fq) one has that

HpR�pΩqq � TMpR�pΩqqqc � TMpR�pΩqqpc � TN pR�pΩqqpc � TN pR�pΩqq,
with the last identity due to Remark 5.8 bq. The inclusion HpR�pΩqq � TN pR�pΩqq is in general
even strict. For example, if R�pΩq � tId, Rπ

6
, R 5π

6
u, then TMpR�pΩqq is trivial by Remark 5.8 fq

so that HpR�pΩqq � SOp2q, while TN pR�pΩqq � SOp2q by Corollary 5.9.

5.4 Outer bounds resulting from boundary grains

5.4.1 Generalized Hadamard jump conditions

By the classical Hadamard jump condition, the gradients of any continuous and finitely piecewise
affine function u : R2 Ñ R2 need to be suitably rank-one connected. More precisely, if the sets
t∇u � Au and t∇u � Bu for matrices A,B P R2�2 are separated by a line with a normal ν P S1,
then there exists some a P R2 such that

A�B � ab ν.

Following-up the seminal paper by Ball & James [21], this fundamental result has seen several
further generalizations over the years. For instance, in the case of Lipschitz maps, rank-one
compatibility conditions between the polyconvex hulls of the sets of essential gradients (i.e.,
the smallest closed set containing all gradients up to a set of measure zero) on different sides
of an interface are established in [17, 117]. The authors of [22, 25] show under additional
regularity assumptions, namely continuous differentiability up to the interfacial boundary or
locally bounded variation of the gradients, that the (approximate) gradients along the interface
are rank-one connected pointwise (almost everywhere). Recently, the Hadamard jump condition
was investigated in the context of moving interfaces in [81]; we also refer to this paper for a
more detailed overview of the history of the problem.

The following result is a slight reformulation of [117, Corollary 4] by Iwaniec, Verchota &
Vogel in the terminology of Definition 5.4, which has been suitably adapted to the needs of this
chapter using the translation- and rotation-invariance of the polyconvex hull of a set B � R2�2

in the sense that pBRqpc � BpcR and pB�Aqpc � Bpc�A for any A P R2�2 and any R P SOp2q.

Theorem 5.13 (Generalized Hadamard jump condition for planar interfaces). Let
B � R2�2 be closed, A P R2�2, and ν P S1. If u PW 1,8pBp0, 1q;R2q satisfies#

∇u P B a.e. in B�
ν p0, 1q,

∇u � A a.e. in B�
ν p0, 1q,

then A is ν-compatible with Bpc.

The next theorem can be seen in turn as a special case of the work by Ball & Carstensen [17],
often cited in the literature, e.g., in [18, 20, 22, 25]. However, to the best of our knowledge, the
reference [17] has not yet been published, which is why we include here a detailed proof for the
reader’s convenience. The overall strategy [16] combines a blow-up argument with Theorem 5.13.
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Theorem 5.14 (Generalized Hadamard jump condition for curved interfaces). Let
U � R2 be a bounded Lipschitz domain such that U � U1YU2 for two disjoint Lipschitz domains
U1, U2 � U with interface Γ :� BU1XBU2XU . Further, let B � R2�2 be a closed set, A P R2�2,
and suppose that x0 P Γ is a point where the outer unit normal νpx0q of U1 exists. If there is a
function u PW 1,8pU ;R2q with #

∇u P B a.e. in U2,

∇u � A a.e. in U1,

then A is νpx0q-compatible with Bpc.

Proof. For ε ¡ 0 sufficiently small, consider

vε : Bp0, 1q Ñ R2, vεpxq � 1

ε

�
upx0 � εxq � upx0q

�
,

observing that ∇vε � ∇upx0 � ε �q and vεp0q � 0. Since u P W 1,8pU ;R2q, the sequence pvεqε is
bounded in W 1,8pBp0, 1q;R2q. Consequently, there exists a compact set K � R2�2 such that
∇vε P K a.e. in Bp0, 1q, and one can extract a subsequence of pvεqε (not relabeled) such that

vε
�á v in W 1,8pBp0, 1q;R2q (5.36)

with v P W 1,8pBp0, 1q;R2q. With the transformation ψε : Bpx0, εq Ñ Bp0, 1q, x ÞÑ 1
ε px � x0q,

one has by assumption that ∇vε P B X K a.e. in ψεpU1 X Bpx0, εqq and ∇vε � A a.e. in
ψεpU2 XBpx0, εqq. Next, we prove that

distp∇vε,B XKq Ñ 0 in measure on B�
νpx0qp0, 1q,

|∇vε �A| Ñ 0 in measure on B�
νpx0qp0, 1q

(5.37)

as ε Ñ 0. With Sε :� pU1△B�
νpx0qpx0, εqq X Bpx0, εq � pU2△B�

νpx0qpx0, εqq X Bpx0, εq, where △
denotes the symmetric difference between two sets (see Figure 5.4), the convergences in (5.37)
follow immediately from

|ψεpSεq| Ñ 0 as εÑ 0. (5.38)

To see the latter, recall that the interface Γ is locally the graph of a Lipschitz function and the
unit outer normal νpx0q of U1 exists, so that

ΓXBpx0, εq � tx0 � tνpx0qK � gptqνpx0q : t P p�ε, εqu XBpx0, εq

with g : p�ε, εq Ñ R Lipschitz continuous satisfying gp0q � 0 and g1p0q � 0. Then,

��ψεpSεq
�� � pdet∇ψεq |Sε| ¤ ε�2

» ε

�ε
|gptq| dt ¤ sup

tPp�ε,εq

����gptqt
����Ñ 0 as εÑ 0,

implying (5.38).
The remaining proof uses classical arguments from Young measure theory, see, e.g., [96, 162,

182] for general introductions. If tµxuxPBp0,1q is the gradient Young measure generated by a
(non-relabeled) subsequence of p∇vεqε, we infer along with (5.37),

suppµx � B XK for a.e. x P B�
νpx0qp0, 1q,

suppµx � tAu for a.e. x P B�
νpx0qp0, 1q,

(5.39)
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Bpx0, εq

x0

νpx0q
Sε

U2

U1

Γ

Figure 5.4: An illustration of the interface Γ in a neighborhood of x0, where the orange area
depicts the set Sε.

and it holds for the barycenters of µx that
³
R2�2 M dµxpMq � ∇vpxq for a.e. x P Bp0, 1q in

view of (5.36). Since the quasiconvex hull pBXKqqc consists of the barycenters of homogeneous
gradient Young measures with support in B X K, and µx is a homogeneous gradient Young
measure itself for almost every x, it follows from (5.39) that#

∇v P pB XKqqc a.e. in B�
νpx0qp0, 1q,

∇v � A a.e. in B�
νpx0qp0, 1q.

Finally, the statement follows from Theorem 5.13, according to which A is νpx0q-compatible
with ppB XKqqcqpc � Bpc, noting in particular that pB XKqqc is compact as the quasiconvex
hull of a compact set.

5.4.2 Application to polycrystals

We now apply the results from Section 5.4.1 on rank-one compatibility along curved interfaces
to the boundary grains of the polycrystal pΩ, R�q. Therefore, in light of (5.9), let us introduce
the set

T B
N pΩ, R�q :� tF P Slp2q : F is νpxq-compatible with NRT

� pxq for every x P BpΩ, R�qu, (5.40)

with ν the outer unit normal of Ω and BpΩ, R�q as in (5.6); the texture R� is canonically extended
to BΩ except in the boundary dual points, cf. (5.5). Applying Theorem 5.14 locally around every
x P BpΩ, R�q yields the outer bound

FMpΩ, R�q � T B
N pΩ, R�q,

considering that pMRT� pxqqpc � pMR�pxqe1qpc � NR�pxqe1 � NRT� pxq.
Notice that requiring the rank-one connectedness at boundary dual points does not improve

the outer bound (5.40). Suppose that x P BΩ is a boundary dual point where exactly two neigh-
boring grains, say Ωk and Ωl, meet. If νpxq exists, then Theorem 5.14 along with Proposition
5.7 and (5.4) shows that any element of FMpΩ, R�q is νpxq-compatible with�

MRT
� |Ωk

YMRT
� |Ωl

	pc
� Slp2q,

which is a trivial statement since Slp2q is already an outer bound for all polycrystals. In case
that more than two grains meet in x, the argument is analogous.
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A (possibly) larger outer bound on the set of attainable macroscopic strains of the polycrystal
is T K

N pΩ, R�q, which we define as in (5.40), but with

BKpΩ, R�q � tx P BpΩ, R�q : νpxq �R�pxqe1 � 0u
in place of BpΩ, R�q. It is easier to characterize than T B

N pΩ, R�q in practice since it accounts
for rank-one compatibility only at specific boundary points where an orthogonality condition
between the outer unit normal and the slip orientations is satisfied. Even though the inclusion

T B
N pΩ, R�q � T K

N pΩ, R�q
is in general strict, as shown in Example 5.19 aq, it is possible to provide a sufficient geometric
condition on the polycrystal that ensures the equality. The next statement, a refinement of
Proposition 5.2 and a direct consequence of Remark 5.6, gives more insight into the relation
between these outer bounds and NRT� .

Proposition 5.15. Let Ω1, . . . ,ΩM forM P N be the boundary grains of the polycrystal pΩ, R�q
and let J � ti P t1, . . . ,Mu : BKpΩ, R�q X BΩi � Hu.

aq If J � t1, . . . ,Mu, then it holds that T B
N pΩ, R�q � T K

N pΩ, R�q.
bq If J � H, then

T K
N pΩ, R�q �

£
iPJ

NRT
� |Ωi

.

cq If J Y J 1 � H with J 1 � ti P t1, . . . ,Mu : t�νpxq : x P BpΩ, R�q X BΩiu � S1u, then

T B
N pΩ, R�q �

£
iPJYJ 1

NRT
� |Ωi

. (5.41)

While J selects the boundary crystals Ωi whose outer unit normal ν to Ω is orthogonal to
the associated slip direction at some point, the index set J 1 identifies strongly curved boundary
grains, where the image of �ν is dense in S1. In Example 5.19, the combination of both these
index sets enables a full characterization of FMpΩ, R�q.

Remark 5.16 (Higher regularity of gradients). Let us comment on how requiring higher
regularity for the solutions to (PM) affects the rank-one compatibility conditions at the boundary
grains, and thus, the corresponding outer bounds for the effective strains. The answer depends
on the geometry of the boundary grains of the polycrystal.

To be precise, let Ω be a C1-domain and suppose that for F P FMpΩ, R�q there is a solution
u P C1pΩ;R2q to (PM). It then follows from [22, Theorem 3.2] that F lies in

T B
MpΩ, R�q :� tF P Slp2q : F is νpxq-compatible with MRT

� pxq for every x P BpΩ, R�qu.
If BKpΩ, R�q � H, one observes that T B

MpΩ, R�q � T B
N pΩ, R�q due to piq ô piiq in Lemma

5.5, meaning that the added regularity does not sharpen the outer bound in this case.
On the other hand, if there exists x P BKpΩ, R�q, Remark 5.6 implies that F P MRT� pxq,

instead of merely F P NRT� pxq. A comparison of Remark 5.8 fq and Corollary 5.9 therefore
underlines that the polycrystal behaves more rigidly under the assumption of higher regularity.

Another natural outer bound for FMpΩ, R�q can be derived dropping the gradient structure
in the differential inclusion in (PM); for an analogous approach in the context of polycrystalline
shape-memory alloys, see also [35, page 125]. Yet, it turns out that this bound is trivial due to
the unboundedness of M, and hence, unfit to improve T B

N pΩ, R�q and T K
N pΩ, R�q.
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Remark 5.17. Let us consider the inclusion problem#
Upxq PMRT� pxq for a.e. x P Ω,³
Ω Upxq dx � F |Ω|, (CM)

with the unknown U P L8pΩ;R2�2q and F P R2�2, which arises from (PM) in disregard of the
gradient structure. We observe that

CMpΩ, R�q �
 
F P R2�2 : there exists a solution U P L8pΩ;R2q to (CM)

(
constitutes an outer bound of FMpΩ, R�q, given that (CM) clearly admits a larger class of
solutions than (PM). However, under the assumption that pΩ, R�q is not a single crystal, it
holds that

CMpΩ, R�q � R2�2.

This follows from

R2�2 �
Ņ

i�1

|Ωi|
|Ω|M

co
R�|

Ωi

e1
�

Ņ

i�1

|Ωi|
|Ω| pMRT

� |Ωi
qco � CMpΩ, R�q, (5.42)

where p�qco denotes the convex hull and Ω1, . . . ,ΩN � Ω with N ¥ 2 are the grains of Ω. The
first identity in (5.42) relies on the simple fact that Mco

s � tF P R2�2 : |Fs| ¤ 1u for any
s P S1, while the last inclusion is based on standard convexity arguments; essentially, it suffices
to employ Carathéodory’s theorem in combination with a suitable refinement of the partition
given by the grains.

In the following, we present examples of polycrystals for which the set of attainable macro-
scopic strains FMpΩ, R�q can be fully characterized with the help of the previous concepts. The
analysis of polycrystalline structures with a symmetric material response and their rigidity is
followed up by a brief discussion of selected bicrystals.

Example 5.18 (Polycrystals with sufficient symmetry). In analogy to [35, 124], we say
that pΩ, R�q has sufficient symmetry if there exists R P SOp2qzt� Idu such that F P FMpΩ, R�q
if and only if RTFR P FMpΩ, R�q, or equivalently, due to RM �M,

FMpΩ, R�q � FMpΩ, R�qRT . (5.43)

aq Let Ω1, . . . ,ΩM for M P N be the boundary grains of pΩ, R�q and let J, J 1 � t1, . . . ,Mu
be as in Proposition 5.15. If there is i P J Y J 1, then (5.41) in combination with (5.43) and
Lemma 5.23 yields that

FMpΩ, R�q �
8£

k�0

NRT
� |Ωi

pRT qk �
� 8£
k�0

N pRkqT
	
RT
� |Ωi

� SOp2q.

Since SOp2q is a trivial inner bound, the polycrystal is fully rigid in the sense that (PM) can
only be solved with affine boundary values in SOp2q.

In view of the geometry-independence of the Taylor bound, the arguments above also show
that TN pR�pΩqq � SOp2q for any polycrystal pΩ, R�q with sufficient symmetry, even if J Y J 1 �
H.
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Ω1

Ω2

Ω3

Ω4

Figure 5.5: A visualization of the polycrystal pΩ, R�q with Ω � Bp0, 1q and R� � Id1Ω1YΩ3 �
Rπ

2
1Ω2YΩ4 .

bq A special class of polycrystals with sufficient symmetry is given as follows. Under the
assumption that Ω has center of in the origin, that is,

³
Ω x dx � 0, suppose that there exists a

rotation R P SOp2qzt� Idu such that

RΩ � Ω and R�pxq � RTR�pRxq for a.e. x P Ω, (5.44)

where RΩ � tRx : x P Ωu. A simple transformation argument shows that (5.43) is indeed
satisfied. Figure 5.5 depicts an easy example of a polycrystal that fulfills (5.44) with R � Rπ

2
;

here, J � t1, 2, 3, 4u, which implies full rigidity.

Example 5.19 (Bicrystals). Let Ω � Bp0, 1q and fix slip directions s, s1 P S1 with s � �s1.
aq Consider pΩ, R�q with

R�e1 �
#
s in Ω1 � B�

e2p0, 1q,
s1 in Ω2 � B�

e2p0, 1q,

see Figure 5.6 aq. Recalling the definitions (5.11) and (5.40), Proposition 5.3 and Proposition
5.15 cq imply that

Ns XNs1 � TN pR�pΩqq � FMpΩ, R�q � T B
N pΩ, R�q � Ns XNs1 ,

which determines the attainable macroscopic strains of the polycrystal. If s � e2, then BKpΩ, R�q
consists of only a single point in BΩ2 X BpΩ, R�q and

T K
N pΩ, R�q � Ns1 � Ns XNs1 � T B

N pΩ, R�q.

Ω1

Ω2

Ω1

Ω2

Figure 5.6: Illustration of a polycrystal as in aq with s � e2 and s1 � Rπ
6
e1, and bq with s � e2,

s1 � Rπ
6
e1 and θ � π

9 .
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bq As a second example, let pΩ, R�q be given by

R�e1 �
#
s in Ω1 � tx P Bp0, 1q : x2 ¡ � sin θu,
s1 in Ω2 � tx P Bp0, 1q : x2   � sin θu,

for θ P p0, π2 q, see Figure 5.6 bq. In this case, Proposition 5.15 gives rise to the characterization
of FMpΩ, R�q for s1 � Rφe1 with |φ|   π

2 � θ, namely,

FMpΩ, R�q � Ns XNs1 .

5.5 On the non-optimality of the Taylor bound

We discuss in Example 5.19 several instances of polycrystals whose Taylor bound is optimal.
Moreover, Example 5.18 demonstrates that polycrystals with sufficient symmetry are fully rigid
under suitable assumptions. These results naturally raise the question of whether the Taylor
bound is generally optimal. The next proposition provides a negative answer to this issue via
the construction of a specific polycrystal. Our geometric setup is mainly inspired by the rotated-
square approach discussed in [67, 178] in the context of stress-free martensitic inclusions in the
theory of shape-memory alloys.

Proposition 5.20. There exists a polycrystal pΩ, R�q such that TN pR�pΩqq � FMpΩ, R�q.

Proof. Let us start with a brief overview of our strategy for finding an explicit example of
a polycrystal with non-optimal Taylor bound. To keep the arguments simple, we aim for a
polycrystal pΩ, R�q with the two orthogonal slip directions e1 and e2, which guarantees a trivial
Taylor bound according to Corollary 5.9, i.e., TN pR�pΩqq � SOp2q. Necessarily, our task is then
to determine an F P FMpΩ, R�qz SOp2q. As a first step, we construct a finitely piecewise affine
solution to the homogeneous partial differential inclusion#

∇v P Ne1 YNe2 a.e. in Ω,

v � Fx on BΩ
(5.45)

for a suitable F R SOp2q. The non-empty connected components of the sets t∇v P Ne1u and
t∇v P Ne2u are chosen as the polycrystalline grains pΩiqi, whose orientations are set accordingly
to be e1 and e2; on t∇v P SOp2qu, one may select either of these two orientations. This procedure
provides a finitely piecewise affine solution to (PN ). In the final step, we apply Proposition 5.3
to obtain a Lipschitz solution to (PM) with the same affine boundary condition.

Now, let Ω � R2 be the square with corners p0, 0q, p1, 3q, p4, 2q, p3,�1q. Observe that the
specific choice of Ω yields that the outer unit normal BΩ never attains the values e1 or e2 so
that T K

N pΩ, R�q � Slp2q. Similarly to [67, 178], we subdivide Ω into eight triangles T1, ..., T8 and
a square S, which represent the pieces where the solution v to the homogeneous problem (5.45)
will be affine. Precisely,

T1 � tp0, 0q, p2, 0q, p1, 1quco, T2 � tp0, 0q, p1, 1q, p1, 3quco,
T3 � tp1, 1q, p1, 3q, p2, 2quco, T4 � tp1, 3q, p2, 2q, p4, 2quco,
T5 � tp2, 2q, p4, 2q, p3, 1quco, T6 � tp4, 2q, p3, 1q, p3,�1quco, (5.46)

T7 � tp2, 0q, p3, 1q, p3,�1quco, T8 � tp0, 0q, p2, 0q, p3,�1quco,
S � tp1, 1q, p2, 2q, p3, 1q, p2, 0quco,
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�1

3

40

S

T1

T5
T2

T6

T3

T7

T4

T8

Ω

Figure 5.7: The domain Ω and its partition into the eight triangles T1, . . . , T8 and the square S
in the center.

where p�qco denotes the classical convex hull, see Figure 5.7. We stress that the area of these
subsets satisfy |T1| � . . . � |T8| � 1

2 |S| and do not represent the grains of the polycrystal.
Starting the construction of the solution v to (5.45), we set

∇v|S �
�

1 γ
0 1



PMe1 � Ne1 , (5.47)

which means that S undergoes a shear in e1-direction with shear parameter γ P R to be specified
later.

Next, we explain how to construct the gradients in T1 and T5. Inspired by the point-symmetry
of the partition (5.46) of Ω, we apply affine deformations with identical strain on both these
sets. To obtain a continuous deformation, the gradients of v need to be rank-one compatible
along the interfaces of S and the other triangles; in particular,

∇v|T1
pe1 � e2q � ∇v|Spe1 � e2q � ∇v|T5

pe1 � e2q �
�

1� γ
�1



, (5.48)

which prescribes the affine deformation v on T1 and T5 along e1 � e2 up to translation. To
fully pin down the construction, we need to designate v along another linearly independent
direction. A natural choice for the latter are e1 and e1 � e2 since they are parallel to the other
edges of T1 and T5. Considering that Ne1 � Slp2q necessitates that the restriction of v to these
two sets needs to be incompressible. Our approach to finding such a locally volume-preserving
deformation works via extension of the images of the edges of S under v in a way that gives rise
to

∇v|T5
e1 � ∇v|T1

e1 � 1

2
∇v|Spe1 � e2q � 1

2

�
1� γ

1



.

Hence, together with (5.48),

∇v|T5
� ∇v|T1

� 1

2

�
1� γ 3γ � 1

1 3



. (5.49)

If γ P r�1�?3,
?

3�1s, then the right-hand side is contained in Ne1 . The same strategy applied
to T3 and T7 yields that

∇v|T3
� ∇v|T7

� 1

2

�
3� γ γ � 1

1 1



P Ne2 , (5.50)
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if γ P r1�?3, 1�?3s; hence, we take γ P r�?3� 1,
?

3� 1s from now on.
Having v fixed on the triangles T1, T5, T3, and T7, the sought finitely piecewise affine solution

to (5.45) is automatically determined on all of Ω. Indeed, the rank-one compatibility along
interfaces combined with the constructions (5.49) and (5.50) require that

∇v|T6
� ∇v|T2

� 1

2

�
1� 3γ γ � 1

3 1



P Ne2 and ∇v|T8

� ∇v|T4
� 1

2

�
1� γ �3� γ

1 1



P Ne1 .

(5.51)

We now define the polycrystal pΩ, R�q as follows: In light of (5.47)-(5.51), let the grains of
the polycrystal be

Ω1 � intpT2 Y T3q, Ω2 � intpT6 Y T7q, Ω3 � intpT1 Y T5 Y T4 Y T8 Y Sq,

and let the orientations be given by

R� � Id1Ω3 �Rπ
2
1Ω1YΩ2 . (5.52)

Overall, the procedure above produces a finitely piecewise affine solution v to the relaxed
problem (PN ) for the polycrystal pΩ, R�q with texture R� as in (5.52) and the boundary value
v � Fγx on BΩ with

Fγ � 1

5

�
3γ � 4 4γ � 3

3 4



for γ P r�

?
3� 1,

?
3� 1s,

see Figure 5.8 for illustration. Note that Fγ P SOp2q if and only if γ � 0, so that, in combination
with Proposition 5.3, any γ P R with 0   |γ|   ?

3 � 1 gives rise to a solution of (PM) with
F R SOp2q. This shows that TN pR�pΩqq � SOp2q � FMpΩ, R�q and concludes the proof.

Ω v

vpΩq

Figure 5.8: The finitely piecewise affine solution v to (PN ) with F � F 1
2
. The orange area

describes the grain with slip direction e1, while the blue ones represent the grains with slip
direction e2.

Remark 5.21 (Comparison with the rotated-square construction). While our geomet-
ric framework is similar to that of [67, 178], the overall design strategy is different, given that
we need to accommodate here the homogeneous differential inclusion (5.45) with a non-trivial
affine boundary condition.

Unlike the rotated-square construction of [67, 178], our sheared-square construction converts
any additional rotation of the center square into a rotation of the surrounding triangles T1, . . . , T8
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by the same angle, considering that the vertices of Ω are not fixed. The boundary of Ω is thus
rotated in the same way. More precisely, replacing ∇v|S by R∇v|S for a rotation R P SOp2q
yields the boundary value RFγ instead of Fγ .

5.6 Auxiliaries

Lemma 5.22. Let k P N and Tk �
 pθ1, . . . , θkq P p0, πqk :

�k
i�1NRT

θi
XN � SOp2q(. Then it

holds for the k-dimensional Lebesgue measure of Tk that

λkpTkq � πk
�

1� k � 1

2k

	
. (5.53)

Proof. For integers 1 ¤ j ¤ i, let Σi,j be the set of all injective functions σ : t1, . . . , ju Ñ
t1, . . . , iu and observe that Σi,j consists of exactly i!

pi�jq! elements; also, set Σi,0 � H.

We establish (5.53) by computing the measure of the complement T c
k of Tk in p0, πqk. In

view of Corollary 5.9, T c
k can be expressed as the disjoint union

T c
k �

k¤
l�0

Tk,l YN, (5.54)

where N � Rk is a set of zero k-dimensional Lebesgue measure, and

Tk,l :� tpθ1, . . . , θkq P p0, πqk : θi   π
2 and θj ¡ π

2 with θj � θi ¡ π
2

for all i P σpt1, . . . , luq, j P t1, . . . , kuzσpt1, . . . , luq and all σ P Σk,lu
(5.55)

for l P t0, . . . , ku. Note that Tk,0 and Tk,k correspond to the cases θi ¡ π
2 and θi   π

2 for all
i P t1, . . . , ku, respectively.

To calculate λkpT c
k q, it suffices to determine the measures of Tk,l as in (5.55) and exploit

(5.54). It is easy to see that

λkpTk,0q � λkpTk,kq �
�π

2

	k
. (5.56)

For l P t1, . . . , k � 1u, one obtains that

λkpTk,lq �
�
k

l


»
p0,π

2
ql

»�
π
2
�maxtθ1,...,θlu,π

�k�l
dpθl�1, . . . θkq dpθ1, . . . , θlq

�
�
k

l


»
p0,π

2
ql
�
π
2 �maxtθ1, . . . , θlu

�k�l
dpθ1, . . . , θlq

�
�
k

l



l!

» π
2

0

» θl

0
. . .

» θ2

0

�
π
2 � θl

�k�l
dθ1 . . . dθl�1 dθl

�
�
k

l



l

» π
2

0

�
π
2 � θl

�k�l
θl�1
l dθl �

�
k

l



l
pl � 1q!pk � lq!

k!

�π
2

	k
�

�π
2

	k
, (5.57)

where the third equality uses that p0, π2 ql can (up to a null set) be split disjointly into l! sets
with equal measure ¤

σPΣl,l

tpθ1, . . . , θlq P p0, π2 ql : θσp1q   . . .   θσplqu;

moreover, the last integral in (5.57) is solved via integration by parts applied pk � lq times.
The desired identity (5.53) then follows from (5.54), in view of (5.56) and (5.57).
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Lemma 5.23. It holds for any R P SOp2qzt� Idu that

8£
k�0

N pRkqT � SOp2q.

Proof. In light of Remark 5.10 a), one may assume that R � Rφ with φ P p0, πq. We set

θj � jφ� t jφπ uπ P r0, πq

for any j P N, where ttu denotes the largest integer below t P R. If one can find k, l P N such
that

0 ¤ θk   θl   π and
π

2
P rθk, θls and θl � θk ¤ π

2
, (5.58)

then the statement follows immediately from

SOp2q �
8£

k�0

N pRkqT � N XNRT
θk
XNRT

θl
� SOp2q,

where the last identity is a consequence of Corollary 5.9.
To see (5.58), let us write p0, πq as the disjoint union

p0, πq �
8¤

m�2

Im Y p0, π2 q with Im :� �p1� 1
2m�1 qπ, p1� 1

2m qπ
�
.

If φ P p0, π2 q, we take k � t π
2φ u and l � t π

2φ u � 1, observing that 0   θk � t π
2φ uφ   π

2  
pt π

2φ u� 1qφ � θl   π and θl � θk � φ   π
2 . For φ P Im with m ¥ 2, let l � 2m�2 and k � 2m�1.

Then, θk � 2m�1φ� p2m�1 � 1qπ P r0, π2 q and θl � 2m�2φ� p2m�2 � 1qπ P rπ2 , 34πq with

θl � θk � 2m�2pπ � φq ¤ 2m�2

2m�1
π � π

2
.
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[8] K. Anguige, P. W. Dondl, and M. Kruž́ık. On the existence of minimisers for strain-
gradient single-crystal plasticity. ZAMM Z. Angew. Math. Mech., 98(3):431–447, 2018.

[9] H. Attouch. Variational convergence for functions and operators. Applicable Mathematics
Series. Pitman (Advanced Publishing Program), Boston, MA, 1984.

[10] H. Attouch, G. Buttazzo, and G. Michaille. Variational analysis in Sobolev and BV spaces,
volume 6 of MPS/SIAM Series on Optimization. Society for Industrial and Applied Math-
ematics (SIAM), Philadelphia, PA; Mathematical Programming Society (MPS), Philadel-
phia, PA, 2006. Applications to PDEs and optimization.
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tions for von Kármán rods. J. Differential Equations, 262(11):5565–5605, 2017.



144 BIBLIOGRAPHY

[48] C. Carstensen, K. Hackl, and A. Mielke. Non-convex potentials and microstructures in
finite-strain plasticity. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci., 458(2018):299–
317, 2002.

[49] F. Christowiak. Homogenization of layered materials with stiff components, 2018.

[50] F. Christowiak and C. Kreisbeck. Homogenization of layered materials with rigid com-
ponents in single-slip finite crystal plasticity. Calc. Var. Partial Differential Equations,
56(3):Art. 75, 28, 2017.

[51] F. Christowiak and C. Kreisbeck. Asymptotic Rigidity of Layered Structures and Its
Application in Homogenization Theory. Arch. Ration. Mech. Anal., 235(1):51–98, 2020.

[52] P. G. Ciarlet. Mathematical elasticity. Vol. I, volume 20 of Studies in Mathematics and
its Applications. North-Holland Publishing Co., Amsterdam, 1988. Three-dimensional
elasticity.

[53] P. G. Ciarlet. Mathematical elasticity. Vol. II, volume 27 of Studies in Mathematics and
its Applications. North-Holland Publishing Co., Amsterdam, 1997. Theory of plates.

[54] P. G. Ciarlet. Mathematical elasticity. Vol. III, volume 29 of Studies in Mathematics and
its Applications. North-Holland Publishing Co., Amsterdam, 2000. Theory of shells.

[55] M. Cicalese, M. Ruf, and F. Solombrino. Hemihelical local minimizers in prestrained
elastic bi-strips. Z. Angew. Math. Phys., 68(6):Art. 122, 18, 2017.

[56] M. Cicalese, M. Ruf, and F. Solombrino. On global and local minimizers of prestrained
thin elastic rods. Calc. Var. Partial Differential Equations, 56(4):Art. 115, 34, 2017.

[57] Cicalese, Marco and Fusco, Nicola. A note on relaxation with constraints on the determi-
nant. ESAIM: COCV, 25:41, 2019.

[58] S. Conti. Relaxation of single-slip single-crystal plasticity with linear hardening. In
P. Gumbsch, editor, Multiscale Materials Modeling, pages 30–35. Fraunhofer IRB,
Freiburg, 2006.

[59] S. Conti. Quasiconvex functions incorporating volumetric constraints are rank-one convex.
J. Math. Pures Appl. (9), 90(1):15–30, 2008.

[60] S. Conti, L. F. Djodom, M. Ortiz, and C. Reina. Kinematics of elasto-plasticity: validity
and limits of applicability of F � FeFp for general three-dimensional deformations. J.
Mech. Phys. Solids, 121:99–113, 2018.

[61] S. Conti and G. Dolzmann. Derivation of elastic theories for thin sheets and the constraint
of incompressibility. In Analysis, modeling and simulation of multiscale problems, pages
225–247. Springer, Berlin, 2006.

[62] S. Conti and G. Dolzmann. Γ-convergence for incompressible elastic plates. Calc. Var.
Partial Differential Equations, 34(4):531–551, 2009.

[63] S. Conti and G. Dolzmann. On the theory of relaxation in nonlinear elasticity with con-
straints on the determinant. Arch. Ration. Mech. Anal., 217(2):413–437, 2015.

[64] S. Conti and G. Dolzmann. Relaxation in crystal plasticity with three active slip systems.
Contin. Mech. Thermodyn., 28(5):1477–1494, 2016.



BIBLIOGRAPHY 145

[65] S. Conti, G. Dolzmann, and C. Kreisbeck. Asymptotic behavior of crystal plasticity with
one slip system in the limit of rigid elasticity. SIAM Journal on Mathematical Analysis,
43(5):2337–2353, 2011.

[66] S. Conti, G. Dolzmann, and C. Kreisbeck. Relaxation of a model in finite plasticity with
two slip systems. Math. Models Methods Appl. Sci., 23(11):2111–2128, 2013.

[67] S. Conti, M. Klar, and B. Zwicknagl. Piecewise affine stress-free martensitic inclusions in
planar nonlinear elasticity. Proc. A., 473(2203):20170235, 16, 2017.

[68] S. Conti and F. Theil. Single-slip elastoplastic microstructures. Arch. Ration. Mech. Anal.,
178(1):125–148, 2005.

[69] B. Dacorogna. Quasiconvexity and relaxation of nonconvex problems in the calculus of
variations. J. Functional Analysis, 46(1):102–118, 1982.

[70] B. Dacorogna. Direct methods in the calculus of variations, volume 78 of Applied Mathe-
matical Sciences. Springer, New York, second edition, 2008.

[71] G. Dal Maso. An introduction to Γ-convergence, volume 8 of Progress in Nonlinear Dif-
ferential Equations and their Applications. Birkhäuser Boston, Inc., Boston, MA, 1993.
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Summary

The development of novel high-tech materials is a critical aspect of the engineering sciences and
has significance in many branches of industry. Reliable prediction of material behavior commonly
requires the description of material properties on multiple length scales (e.g., the microscopic,
mesoscopic, or macroscopic scale). In the past, studying energy-based multiscale models has
proven remarkably successful due to their amenability to tools in the calculus of variations.
However, the standard variational theories are insufficient to gain a deeper insight into advanced
mechanical features, often modeled via non-convex (inhomogeneous) differential constraints. It
is therefore essential to combine new techniques for constrained multiscale models with profound
knowledge of the classical variational theories and materials science. In this spirit, the thesis
presents new analytic results for three energy-based models whose common denominator is the
constraint of incompressibility:

iq the derivation of one-dimensional models for three-dimensional incompressible thin struc-
tures;

iiq the effective deformation behavior of elastic bodies reinforced by rigid fibers;

iiiq the material behavior of polycrystals in a model of single-slip finite crystal plasticity.

To provide the necessary background, we begin with a comprehensive overview of standard
variational approaches to hyperelastic materials, which can be analyzed via elastic energy func-
tionals. We discuss the classical theories for the existence of minimizers via the direct method
and the asymptotic behavior of low-energy states via Γ-convergence. We exemplify the latter
with two notably relevant applications for this thesis: dimension reduction and homogenization.

In iq, we focus on the dimension reduction of models for locally volume-preserving thin strings
and rods. With the help of Γ-convergence, we derive lower-dimensional models that effectively
describe the deformation behavior of the three-dimensional body for the entire hierarchy of scal-
ing regimes of the external forces. We differentiate between regimes that lead to highly flexible
string models and all remaining scalings, in which we derive constrained Kirchhoff- and von
Kármán-type rod theories. In all physically relevant limit models, we find that incompressibility
only impacts the elastic energy itself (and thus its minimizers) and not the set of admissible
deformations. We overcome the differential constraint of local volume preservation by tailoring
existing techniques, such as an inner perturbation argument, suitable (constraint-preserving)
mollifications and approximation via penalization terms, to these new models.

We characterize in iiq the effective deformation behavior of hyperelastic materials reinforced
by parallel, long, thin, rigid fibers. Within a suitable homogenization framework, the macro-
scopic responses to external forces correspond to weak Sobolev limits of functions that satisfy
the challenging inhomogeneous differential constraint of rigidity on the fibers. While necessary
conditions on the macroscopic deformation behavior follow similarly as in earlier works on lay-
ered composites, sufficient conditions are obtained via a careful approximation of the identity
in two dimensions that accommodates the differential constraint. It turns out that the material
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behavior of fibered composites is highly anisotropic in the sense that the strain in the direction of
the fibers has unit length and higher regularity and only depends on the cross-section variables.
We illustrate several examples of admissible deformations and set this result apart from earlier
work about elastic bodies reinforced by rigid layers; in fact, our model exhibits more flexibility
due to the higher co-dimension of the rigid parts and the resulting connectedness of the soft
matrix. This work is the first fundamental step towards a complete homogenization result of
hyperelastic bodies reinforced by fully rigid fibers.

Based on earlier work on single-crystal finite plasticity with one active slip system, we tackle
in iiiq a novel variational model for single-slip polycrystalline finite plasticity. The goal here is
to describe the deformation behavior of a collection of rotated copies of single crystals, called the
grains of the polycrystal. The primary challenge is the solvability of a specific inhomogeneous,
non-convex differential inclusion with affine boundary values representing the admissible macro-
scopic strains. We determine necessary conditions by combining well-known relaxation and
convex integration results with a new characterization of globally affine solutions to a relaxed
differential inclusion. Sufficient conditions are derived from the generalized Hadamard jump
theory and the resulting compatibility along the boundary grains. Under suitable assumptions
on the geometry, that is, the orientation and shape of the grains, the necessary and sufficient
conditions coincide and yield a full description of the macroscopic deformation behavior of the
polycrystal.



Samenvatting

De ontwikkeling van nieuwe high-tech materialen is een cruciaal aspect van de technische weten-
schappen en heeft betekenis in vele takken van de industrie. Betrouwbare voorspelling van
materiaalgedrag vereist gewoonlijk de beschrijving van materiaaleigenschappen op meerdere
lengteschalen (bijvoorbeeld de microscopische, mesoscopische of macroscopische schaal). In het
verleden is het bestuderen van op energie gebaseerde multischaalmodellen opmerkelijk succesvol
gebleken vanwege hun ontvankelijkheid voor hulpmiddelen in de variatierekening. De standaard
variationele theorieën zijn echter onvoldoende om een dieper inzicht te krijgen in geavanceerde
mechanische kenmerken, vaak gemodelleerd door middel van niet-convexe (inhomogene) differ-
entiaalvoorwaarden. Het is daarom essentieel om nieuwe technieken voor multischaalmodellen
met differentiaalvoorwaarden te combineren met diepgaande kennis van de klassieke variationele
theorieën en de materiaalwetenschap. In deze geest presenteert het proefschrift nieuwe analytis-
che resultaten voor drie op energie gebaseerde modellen waarvan de gemeenschappelijke deler
de voorwaarde van niet-samendrukbaarheid is:

iq de afleiding van eendimensionale modellen voor driedimensionale niet-samendrukbare
dunne structuren;

iiq het effectieve vervormingsgedrag van elastische lichamen versterkt met stijve vezels;

iiiq het materiaalgedrag van polykristallen in een model van single-slip eindige kristalplas-
ticiteit.

Om de nodige achtergrond te bieden, beginnen we met een uitgebreid overzicht van standaard
variationele benaderingen van hyperelastische materialen, die kunnen worden geanalyseerd via
elastische energiefunctionalen. We bespreken de klassieke theorieën voor het bestaan van min-
ima via de directe methode en het asymptotische gedrag van lage-energietoestanden via Γ-
convergentie. We illustreren dit laatste door middel van twee opmerkelijk relevante toepassingen
voor dit proefschrift: dimensiereductie en homogenisatie.

In iq richten we ons op de dimensiereductie van modellen voor lokaal volumebehoudende
dunne snaren en staven. Met behulp van Γ-convergentie leiden we lager-dimensionale mod-
ellen af die effectief het vervormingsgedrag van het driedimensionale lichaam beschrijven voor
de hele hiërarchie van schalingsregimes van de externe krachten. We maken onderscheid tussen
regimes die leiden tot zeer flexibele snaarmodellen en alle resterende schalingsregimes, waaruit
we Kirchhoff- en von Kármán-type staaftheorieën afleiden. In alle fysiek relevante limietmod-
ellen vinden we dat niet-samendrukbaarheid alleen de elastische energie zelf (en dus zijn minima)
bëınvloedt en niet de verzameling van toelaatbare vervormingen. We overwinnen de differenti-
aalvoorwaarde van lokaal volumebehoud door bestaande technieken, zoals een innerlijk pertur-
batieargument, geschikte (voorwaarde behoudende) mollificatie en benadering via straftermen,
af te stemmen op deze nieuwe modellen.

We karakteriseren in iiq het effectieve vervormingsgedrag van hyperelastische materialen
versterkt door parallelle, lange, dunne, stijve vezels. Binnen een geschikt homogenisatiekader
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komen de macroscopische reacties op externe krachten overeen met zwakke Sobolev-limieten
van functies die voldoen aan de uitdagende inhomogene differentiaalvoorwaarde van stijfheid
op de vezels. Terwijl noodzakelijke voorwaarden voor het macroscopische vervormingsgedrag
op dezelfde manier volgen als in eerdere werken over gelaagde composieten, worden voldoende
voorwaarden verkregen via een zorgvuldige benadering van de identiteit in twee dimensies die de
differentiaalvoorwaarde accommodeert. Het blijkt dat het materiaalgedrag van vezelcomposieten
zeer anisotroop is in die zin dat de vervorming in de richting van de vezels een eenheidslengte en
een hogere regulariteit heeft en alleen afhangt van de doorsnedevariabelen. We illustreren ver-
schillende voorbeelden van toelaatbare vervormingen en onderscheiden dit resultaat van eerder
werk over elastische lichamen versterkt door stijve lagen; in feite vertoont ons model meer flexi-
biliteit vanwege de hogere co-dimensie van de stijve delen en de resulterende verbondenheid van
het zachte materiaal. Dit werk is de eerste fundamentele stap naar een volledig homogenisatiere-
sultaat van hyperelastische lichamen versterkt door volledig stijve vezels.

Gebaseerd op eerder werk aan eenkristal eindige plasticiteit met één actief slipsysteem, be-
handelen we in iiiq een nieuw variationeel model voor single-slip polykristallijne eindige plas-
ticiteit. Het doel hier is om het vervormingsgedrag te beschrijven van een verzameling geroteerde
kopieën van eenkristallen, de korrels van het polykristal genoemd. De primaire uitdaging is de
oplosbaarheid van een specifieke inhomogene, niet-convexe differentiaalinclusie met affiene rand-
voorwaarden die de toelaatbare macroscopische vervormingen vertegenwoordigen. We bepalen
de noodzakelijke voorwaarden door bekende resultaten van relaxatie en convexe integratie te
combineren met een nieuwe karakterisering van globale affiene oplossingen voor een gerelaxeerde
differentaalinclusie. Voldoende voorwaarden zijn afgeleid van de gegeneraliseerde Hadamard-
sprongtheorie en de resulterende compatibiliteit langs de grenskorrels. Onder geschikte veron-
derstellingen over de geometrie, dat wil zeggen de oriëntatie en vorm van de korrels, vallen
de noodzakelijke en voldoende voorwaarden samen en geven een volledige beschrijving van het
macroscopische vervormingsgedrag van het polykristal.
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