CLASSIFICATION OF MOMENTUM PROPER EXACT HAMILTONIAN
GROUP ACTIONS AND THE EQUIVARIANT ELIASHBERG
COTANGENT BUNDLE CONJECTURE

FABIAN ZILTENER

ABSTRACT. Let G be a compact and connected Lie group. The Hamiltonian G-model
functor maps the category of symplectic representations of closed subgroups of G to the
category of exact Hamiltonian G-actions. Based on previous joint work with Y. Karshon,
the restriction of this functor to the momentum proper subcategory on either side induces
a bijection between the sets of isomorphism classes. This classifies all momentum proper
exact Hamiltonian G-actions (of arbitrary complexity).

As an extreme case, we obtain a version of the Eliashberg cotangent bundle conjecture
for transitive smooth actions. As another extreme case, the momentum proper Hamiltonian
G-actions on contractible manifolds are exactly the symplectic G-representations, up to

isomorphism.
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1. THE MAIN RESULT AND APPLICATIONS

Let GG be a compact and connected Lie group. In order to define the Hamiltonian G-model
functor, we need the following. For every g € G we denote by

cg:G— G, cyla):=gag™,

the conjugation by g. We define SympRep. to be the following category:

e Its objects are the tuples (H,p) = (H, V, o, p), where H is a closed subgroup of
G, (V,0) is a (finite dimensional) symplectic vector space and p is a symplectic H-
representation.

e Its morphisms between two objects (H, p) and (H', p') are pairs (g,7T"), where g € G
and T : V — V' is a linear symplectic map, such that

(1) ¢ (H) = IT"
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(The dimension of V' may be bigger than the dimension of V. In this case T is not
surjective.) The composition of two morphisms is defined by

(1.3) (¢, T") 0 (g9.T) = (q'9,T'T).

Remark. A morphism (g,7T") is an isomorphism in the sense of category theory if and only if

T is surjective (and hence bijective). In this case the inverse of (g, T') is given by (¢~!, T71).
Let ¢ = (M , W, w) be a Hamiltonian G-action. We call 1 exact if there exists a 1-invariant

primitive of w.! We call ¢» momentum proper iff every momentum map for 1 is proper.?
We define Hamg: to be the following category:

e Its objects are the exact Hamiltonian G-actions (M , W, w) with M connected (and
without boundary?).

e Its morphisms between two objects (M, w, ) and (M’ ,w',¢’) are proper symplectic
embeddings ® from M to M’ that intertwine ¢ with ¢’. (The dimension of M’ may
be bigger than the dimension of M.) Composition is the composition of maps.

Remark. The isomorphisms between two objects are equivariant symplectomorphisms.
We define the Hamiltonian G-model functor
Modelg : SympRep., — Hamg
as follows:
e For every object (H, p) we define

Modelg(H, p) = (Y, wp, ¥,)

to be the centred Hamiltonian G-model action induced by (H,p). This action is
defined as follows. (For details see [KZ18, Section 3].) We define ¥/” to be the
diagonal H-action on T*G x V induced by the right translation on G and by p. We
denote by g, b the Lie algebras of G, H and by

(1.4) v,: V= b

the unique momentum map for p that vanishes at 0. For a € G and ¢ € g* we denote
by ap € TG the image ¢ under the derivative of the left translation by a. We define

(1.5) ,uﬁp = ,uf TG xV = b7, ,uf (a,ap,v) == —p|h + v,(v).

This is a momentum map for @Z)ll)) . The pair (Y,,w,) is defined to be the symplectic
quotient of 1! at 0 w.r.t. 4. This means that

(1.6) Yirp =Y, = (1) 7 (0) /4.
(The subgroup H is compact, since it is closed and G is compact. Therefore, the
restriction of ¢! to (1)) ~*(0) is proper. Since it is also free, the symplectic quotient
is well-defined.) The left translation by G on G induces a G-action on 7*G and hence
on T*G'x V. Since left and right translation commute, this action preserves (1))~ (0)
and descends to a G-action ¢, on Y,. This defines Modela(H, p) = (Y}, w,, ¥,).

IThis condition is satisfied if w is exact, because we assume that G is compact. (We obtain a v-invariant
primitive from an arbitrary primitive by averaging w.r.t. the Haar measure on G.)
By definition every momentum map is equivariant w.r.t. ¢ and the coadjoint action.
3In this article every manifold is assumed to have empty boundary.
2



e For every g € G we denote by R : G — G, RI(a) := ag, the right translation by
g, and by R? : T*G — TG the induced map. The map Models assigns to every
morphism (g, T) : (H, p) — (H', p’) the morphism Modelg(g,T') given by

(1.7) Modelg (g, T)(y) :== [RY ' (a, ap), Tv],

where (a,ap,v) is an arbitrary representative of y. (Here on the right hand side we
denote by [a’ ya'p' v ] the equivalence class of (a’ ya' v ) )

The main result is the following. (As always, we assume that G is compact and connected.)

1.8. Theorem (Hamiltonian G-model functor). (i) (well-definedness on objects) The map
Modelg is well-defined on objects, i.e., 1, is indeed an exact Hamiltonian G-action.
(i1) (well-definedness on morphisms) The map Modelg is well-defined on morphisms, i.e.,

(1.9) (R T) ()7 (0) € ()7 (0),

the right hand side of (1.7) does not depend on the choice of a representative (a, ap,v),
and Modelg(g,T) is a morphism of Hamg .

(111) (functoriality) The map Modelg is a covariant functor.

(iv) (essential injectivity) The map between the sets of isomorphism classes induced by
Modelg is injective.

(v) (morphisms) Let (H,p) and (H',p') be objects of SympRep.q, and (g,7T), (g, T\) be
morphisms between these objects. Modelg maps these morphisms to the same morphism
if and only if

(1.10) W.=g9 " eH, T=/pT

(vi) (momentum properness and morphisms) Let A and A’ be objects of SympRep.s or
Ham$, such that A’ is momentum proper and there exists a morphism from A to A'.
Then A is momentum proper.

(vii) (momentum properness and model functor) An object of SympRep.s is momentum
proper if and only if its image under Modelg is momentum proper.

(viii) (essential surjectivity) FEvery momentum proper object of Hamg: is isomorphic to an
object in the image of Modelg.

Remarks. e Theorem 1.8(v) characterizes the extent to which the functor Modelg is
faithful.
e In (vi,vii) an object (H,p) of SympRep., is called momentum proper iff p is mo-
mentum proper, i.e., if every momentum map for p is proper.

Part (viii) of Theorem (1.8) was proved in joint work [KZ18, 1.5. Theorem] with Y. Karshon.
The other parts will be proved in the next section. The proof of (iv) (essential injectivity)
is based on Lemma 2.19, which provides criteria under which the symplectic quotient rep-
resentation of the model action Modelg(H, p) at a given point is isomorphic to (H, p). We
also use the fact that if two compact subgroups of a Lie group are conjugate to subgroups
of each other then they are conjugate to each other. (See Lemma 2.8 below.)

Remark. Naively, in the definition of a morphism of SympRep, one could try to weaken the
condition (1.1) to either the condition ¢,(H) C H' or ¢,(H) 2 H'. With this modification

the model functor would no longer be well-defined on morphisms. (“2” is needed in order
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for (1.9) to hold and “C” is needed for the right hand side of (1.7) not to depend on the
choice of a representative. See the proof of Theorem 1.8(ii) below.)

We denote by
SympRepgrgp, Hamg PP
the full subcategories of SympRep., and Hamg consisting of momentum proper objects.

Theorem 1.8 has the following application.

1.11. Corollary (classification of momentum proper exact Hamiltonian actions). The functor

Modelg induces a bijection

(1.12)  {isomorphism class of SympRepZ¢” } — {isomorphism class of Hamg ™™ }.

Remarks. e It follows from Theorem 1.8(vi) that the isomorphism class of any object of
SympRep? /P is its isomorphism class in the bigger category SympRep.. A similar
remark applies to Hamg PP

e Corollary 1.11 classifies all momentum proper exact Hamiltonian G-actions up to
isomorphism.

e The inverse of the classifying map (1.12) is induced by assigning to a Hamiltonian
action its symplectic quotient representation at any suitable point, see Proposition
4.1 below.

e In contrast with Corollary 1.11 the map induced by Model; between the sets of
isomorphism classes of SympRep., and Ham¢ is not surjective. To see this, let
@ be a connected compact manifold of positive dimension, without boundary. We
define w to be the canonical symplectic form on 7*() and ¥ to be the trivial G-action
on 1T7Q).

We claim that the isomorphism class of (7*Q,w, ) does not lie in the image of
Modelg. To see this, assume that (H ,V,o, p) is an object of SympRep_. for which
Y, is trivial. Then H = G and therefore, Y, is canonically diffeomorphic to V. If
(Yp,wp,wp) is isomorphic to (T*Q,w, w) then it follows that () is a singleton. This
proves the claim.

e Many classification results are known for Hamiltonian group actions whose complexity
is low. (By definition, the complexity is half the dimension of a generic non-empty
reduced space. For references see [KZ18].) What makes Corollary 1.11 special is that
it classifies Hamiltonian actions of arbitrary complexity.

Proof of Corollary 1.11. By Theorem 1.8(i,ii,vii“="iii) the map (1.12) is well-defined. By
Theorem 1.8(iv,viii,vii“<=") the map (1.12) is bijective. This proves Corollary 1.11. O

By considering the extreme case of the full subgroup H = G, this corollary implies that
the momentum proper Hamiltonian G-actions on contractible manifolds are exactly the
momentum proper symplectic G-representations, up to isomorphism. See Corollary 1.17
below. On the other hand, by considering the extreme case in which the vector space V is
trivial, using Corollary 1.11, we can classify the critical momentum proper exact Hamiltonian
G-actions in terms of transitive G-actions on manifolds.

trans

To explain the latter application, we define Act;*™ to be the category whose objects are
the transitive smooth G-actions on connected closed* manifolds and whose morphisms are

4This means compact and without boundary.



the G-equivariant diffeomorphisms. We call an object (M, w, ) of Hamg ™ critical iff M
is homotopy equivalent to some closed manifold of dimension equal to dim(M)/2.

1.13. Remark (criticality). By Corollary 1.11 there exists an object (H,p) = (H,V,o,p)
of SympRepZc’, such that Modelg(H, p) is isomorphic to (M,w, ). The manifold part
of Modelg(H, p) is homotopy equivalent to the closed manifold G/H and has dimension
2(dimG — dim H) + dim V. It follows that M is not homotopy equivalent to any closed
manifold of dimension bigger than dim(M)/2. This justifies the terminology critical.

We denote

Ham@™" := full subcategory of Ham{ ™™ consisting of critical objects.
For every manifold ) we denote by wg the canonical symplectic form on 7%(). We define
the G-cotangent functor T} to be the canonical functor from the category of G-actions on
manifolds and G-equivariant diffeomorphisms to the category of Hamiltonian G-actions and
G-equivariant symplectomorphisms. It takes an object (Q,0) to (T%Q,wq) together with
lifted G-action 6,, and a morphism f : Q) — @' to the lifted map f, : T*Q — T*Q'.

1.14. Corollary (classification of critical momentum proper exact Hamiltonian actions).
The functor T} induces a bijection

(1.15) {isomorphism class of Actg™ } — {isomorphism class of Hamg'

Remarks (classification of critical actions, Eliashberg cotangent bundle conjecture). °
crit

Part of the statement is that T maps Actg*™ to Hamg™.

e The isomorphism class of any object of Ham@&" in Ham@™" is its isomorphism class in

the bigger category Hamg, " (or in Hamgy).

e Corollary 1.14 classifies the critical momentum proper exact Hamiltonian G-actions
in terms of transitive G-actions on manifolds.

e The cotangent functor T* is the canonical functor from the category of connected
closed smooth manifolds and diffeomorphisms to the category of symplectic manifolds
and symplectomorphisms. It agrees with T{*e}. The Eliashberg cotangent bundle
conjecture states that T™ is essentially injective, i.e., it induces an injective map
between the sets of isomorphism classes. See [MS17, Problem 31, p. 561]. Very little
is known about this conjecture. See [Abol2, EKS16, ES16] for some results.

e By Corollary 1.14 the restriction of the functor T, to the category Actg®™ of transitive
G-actions is essentially injective. This proves an equivariant version of the Eliashberg
cotangent bundle conjecture. In fact, Corollary 1.14 provides more information,
namely it also specifies the image of the class of objects of Actg™ under Tp, up to
isomorphism.

e The philosophy behind this application is that symmetry makes problems more ac-
cessible. In the present situation it allows for a classification of the structures at hand
(transitive G-actions and critical Hamiltonian G-actions). The same philosophy was
for example used recently in [FPP18], where the authors used Delzant’s classification
of symplectic toric manifolds to prove that certain equivariant symplectic capacities
are (dis-)continuous. (Without symmetry the question whether a given symplectic

capacity is continuous is hard in general.)
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We will prove Corollary 1.14 in Section 3.

As another application of Corollary 1.11, we now classify the momentum proper Hamil-
tonian G-actions on contractible manifolds. Here we consider another extreme case, in which
the subgroup H equals G. We denote by SympRep. the category whose objects are sym-
plectic G-representations and whose morphisms are G-equivariant linear symplectic maps
(possibly not surjective), and by

SympRepg; P
the full subcategory consisting of momentum proper objects. We denote by Ham{™ the full
subcategory of Hamg¢ consisting of those objects (M, w, ) for which M is contractible, and
by

H contr,prop
the full subcategory consisting of momentum proper objects. We denote by
1% : SympRep, — Ham@@™", L Gprop . SympReply ™ — Ham‘é?ntr’pmp

the inclusion functor and its restriction to the momentum proper subcategories. We denote

by &, 15PP the maps between the sets of isomorphism classes induced by (&, &Prop.

1.16. Remarks. (i) The isomorphism class of any object in SympRepg, ™ is its isomorphism
class in the bigger category SympRep,. This follows from Remark 2.18(ii) below.

contr,prop contr

Similar remarks apply to the subcategory Hamg, of Hamg™" and the subcategory
Ham@&™" of Hamgy.

(ii) The map (& extends the map (&P™P. By (i) this statement makes sense.

1.17. Corollary (classification of momentum proper Hamiltonian actions on contractible manifolds).
The map 1€ is injective.
(ii) The map (FP™P is surjective.

Remarks. e It follows from (i) and Remark 1.16(ii) that (&P™P is injective. Using (ii),
this map is bijective.

e Part (ii) means that every momentum proper Hamiltonian G-action on a contractible
symplectic manifold is symplectically linearizable.

e The statement of Corollary 1.17 means that the momentum proper Hamiltonian
G-actions on contractible symplectic manifolds agree with the momentum proper
symplectic G-representations, up to isomorphism. This classifies these actions.

e Assume that G is non-abelian. In contrast with part (ii) the map (& is not surjective.
This follows from [KZ18, Corollary 8.4].

For the proof of Corollary 1.17(ii) we need the following.
1.18. Remark. For every symplectic G-representation (V, o, p) the map
(1.19) I2:V =Y, I&Lw) :=]le0,uv],

is a G-equivariant symplectomorphism, i.e., an isomorphism from :“(p) = p to Modelg(G, p)
in Ham¢. This follows from a straight-forward argument.

Proof of Corollary 1.17. (i): Let R and R’ be isomorphism classes of SympRep, that are
mapped to the same class under :&. We choose representatives (V,a, p), (V',0’,p') of R, R’

and an isomorphism ® in Ham{&"" from (“(p) to t“(p'). The differential d®(0) : T,V —
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To@)V' is an isomorphism from dp(0) to dp'(®(0)) in SympRepy. Since p is linear, the
canonical identification between V' and TyV is an isomorphism from p to dp(0) in SympRep,,.
Similarly, p is isomorphic to dp’(®(0)). Combining these three isomorphisms, it follows that
p and p’ are isomorphic in SympRepg, i.e., R = R’. Hence the map (& is injective. This
proves (i).

(ii): Let ¥ be an isomorphism class of objects of Ham{™ PP, We choose a representative
(M,w, ) of ¥. By Theorem 1.8(viii) there exists an object (H, p) of SympRep_, such that
¥, = Modelg(H, p) is isomorphic to ¢ in Ham. By Theorem 1.8(vi) ¢, is momentum
proper. Hence by Theorem 1.8(vii) “«<" (H, p) is momentum proper. Since M is contractible,
the same holds for Y,. Therefore, by the proof of [KZ18, 7.6 Lemma| we have H = . Hence

by Remark 1.18 :%(p) and 1, are isomorphic in Ham$ and hence in Ham{™" PP, Tt follows

that :“(p) and ¢ are isomorphic in Ham{ PP, Hence 1¥([p]) = ¥. Thus & is surjective.
This proves (ii) and completes the proof of Corollary 1.17. 0
Remarks. e (This remark will be used in the next one.) We define Symep(; to be

the category with objects the symplectic G-representations and morphisms between
p, p' given by pairs (g,T), where g € G and T : V — V' is a linear symplectic map,
such that (1.2) holds. The composition is defined by (1.3). We define the functor

i : SympRepg — SympRep.s, ig(p) == (G,p), i = identity on morphisms.

P

We may view SympRep; as a full subcategory of SympRep.; via this functor. We
define the map

Fa Sy?n;ﬁepg — SympRepg, Fg = identity on objects, Fu(g,7T) := p’g,lT.

A straight-forward argument shows that this map is a covariant functor.

e Part (i) of Corollary 1.17 can alternatively be deduced from Theorem 1.8(iv) as fol-
lows. Let R, R’ be isomorphism classes of SympRep,; that are mapped to the same
class under 1&. We choose representatives p, p’ of R, R'. Then 1%(p) and (“(p’) are
isomorphic. Using Remark 1.18, it follows that Modelg oig(p) and Modelg oig(p')
are isomorphic. Hence by Theorem 1.8(iv) there exists an isomorphism (g,7") in
SympRep_ from ig(p) = (G, p) to ic(p') = (G, p'). It follows that (g,7T) is an iso-
morphism in SympRep; from p to p'. Therefore, Fg(g,T) = p/g,lT is an isomorphism
in SympRep, from Fe(p) = p to Fa(p') = p'. It follows that R = [p] = [p/] = R'.
This shows that (& is injective, i.e., part (i) of Corollary 1.17.

e A straight-forward argument shows that the map I, : p — I7, is a natural isomorphism
between the functors :“ o F and Modelg oig,

I .
% o Fo =% Modelg oig.
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—_~——

This means that for every morphism (g,7) : p — p’ of SympRep,, the diagram

LGO
CoFolp) TR S0 Foly)
d Ji
MOdGlG Olg(p> M MOdGlG Oig<,0/).

—_——

commutes, and that I, is an isomorphism for every object p of SympRep,. In other
words the map Modelg(g,T') is given by

Modelg(g,T) = Fa(9,T) = py,-i T : Y, = Yy
via the natural identifications Ig VvV Y, and IpG/ Vs Y,.

2. PROOF OF THEOREM 1.8(1-viI) (HAMILTONIAN G-MODEL FUNCTOR)

For the proof of Theorem 1.8(i) we need the following. We denote by Ad and Ad”* the
adjoint and coadjoint representations of G. We define the map

pt TG = gt (e, ap) = Ad*(a)e.
This is a momentum map for the lifted left-translation action of G on T*G. We denote by
pry : TG x V — T*G the canonical projection. Since left and right translations commute,
pt is preserved by the lifted right translation action of H on T*G. Hence the map u* o pr,
descends to a map
Ly Y, = g".

Proof of Theorem 1.8(i). The map p, is a momentum map for ¢,. Hence 9, is a Hamiltonian
action, and therefore Model is well-defined on objects, as claimed. 0]

For the proof of Theorem 1.8(ii) we need the following.

2.1. Remark (product of proper maps). Let X,Y, X' Y’ be topological spaces, with Y and
Y’ Hausdorff. Let f: X — Y and f' : X’ — Y’ be proper continuous maps. Then the
Cartesian product map f X f': X x X’ — Y x Y is proper. This follows from an elementary
argument. (Hausdorffness ensures that every compact subset of Y x Y’ is closed.)

Proof of Theorem 1.8(ii). Let (H, V,o, p) and (H’, V’,J’,p’) be objects of SympRep. and
(9,T) a morphism between them. We denote by h and b’ the Lie algebras of H and H'. By
(1.1) we have c,-1(H') = H. It follows that Adg-1(h’) = h. Hence Ad*(g) = Ad-. induces
a map from h* to h’*, which we again denote by Ad*(g). We have

(2.2) Ad*(g9)(@)Ib" = Ad*(g)(¢lb), V(a,ap) € T"G.
The map

p'ocy: H — {isomorphisms of (V',¢")}
is a Hamiltonian action with momentum map

cpovy =Adjovy : V' = b7,
where v, is as in (1.4). By (1.2) p' leaves the image T'(V') invariant and 7" is a symplectic
embedding that is equivariant w.r.t. p and p’ o ¢,. It follows that
(2.3) Adjovy oT = v,
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(Here we use that both sides vanish at v =0 € V.) For every (a,ap,v) € T*G x V we have

[ o (Ri_l X T) (a,ap,v) = p(ag™, ag™" Ad*(9)(¢), Tv)
= —Ad"(g)()Ib’ + vy (T)
=Ad*(9)(— ¢lb+v,(v))  (using (2.2,2.3))
= Ad*(g) 0 4 (. ap,v).
The claimed inclusion (1.9) follows. We define
® =R X T (u))(0) = (n2) 7 (0).

Let h € H. By (1.1) we have h' := ¢,(h) € H'. By (1.2) the map ¢ intertwines the diagonal
action of h on T*G x V with the diagonal action of A’ on T*G x V'. It follows that the right
hand side of (1.7) does not depend on the choice of the representative (a, ap,v), as claimed.
We denote by

¢ := Modelg(g,T) : Y, = Yy,

the map induced by ®. We show that @ is a morphism of Hamg. The map D is smooth,
presymplectic, and equivariant w.r.t. the G-actions induced by the left translations on G. It
follows that ® is smooth, symplectic, and equivariant w.r.t. to the G-actions v, and 9.

2.4. Claim. The maps T and ® are proper.

Proof of Claim 2.4. The map T : V — V' is linear symplectic and hence injective. Since V'
is finite-dimensional, it follows that

o]

)

0#£vEV ||TU||'

where || - ||, || - ||" are arbitrary norms on V, V’. This implies that T" is proper, as claimed.
We denote by
(2.5) o (1) 71 (0) = Y = (1)) (0) /9,

the canonical projection. Let K’ C Y, be a compact subset. Since ® o7, = 7, 0 &), we have
(2.6) m, o ® Y (K') =® " om,  (K').

The projection 7, is proper, since H' is compact. It follows that W;I(K '} is compact. The
map szl : T*G — T*G is proper, since it is invertible with continuous inverse. Using
Remark 2.1 and properness of T, it follows that the Cartesian product map R{I x T :
T*GxV — T*G x V"' is proper. Since this map restricts to ® on (1)71(0), it follows that ®
is proper. Since W;I(K’) is compact, it follows that the right hand side of (2.6) is compact,

hence also the left hand side. Since 7, maps this set to ®~(K”), it follows that ®~(K’) is
compact. This proves Claim 2.4. O

Using Claim 2.4, it follows that ® is a G-equivariant proper symplectic embedding, i.e., a
morphism of Ham¢. This proves that the map Models is well-defined on morphisms. This

completes the proof of Theorem 1.8(ii). d
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Proof of Theorem 1.8(iii). It follows from a straight forward argument that Modelg maps
the unit morphisms to unit morphisms and intertwines the compositions. Hence it is a
covariant functor. This proves Theorem 1.8(iii). O

For the proof of Theorem 1.8(iv) we need the following. Let G be a group, X a set, ¢ an
action of G on X, and z € X. We denote by

G, = Stab! := {g € G | ¢y(z) =z}
the stabilizer of x under .

2.7. Remark. Let G be a Lie group, (p, H) an object of SympRep., and y = [a, ap,v] € Y,
Then

Gy = {ca(h)|h € H: pyv =10}
2.8. Lemma. Let G be a topological (finite-dimensional) manifold with a continuous group
structure, N, N' compact submanifolds of G, and g € G, such that

(2.9) ¢y(N) C ',
and N’ is conjugate to some subset of N. Then we have
cy(N)=N".
In the proof of this lemma we will use the following.

2.10. Remark (invariance of domain). Let M and N be topological manifolds of the same
finite dimension, without boundary. Then every continuous injective map from M to N is
open. In the case M = N = R" this is the statement of the Invariance of Domain Theorem,
see [Hat02, Theorem 2B.3, p. 172]. The general situation can be reduced to this case.

Proof of Lemma 2.8. We choose ¢’ € G, such that
(2.11) cy(N') C N,
and define ¢ := ¢y, : G — G. We have
P(N) =cg 0cy(N) C N.

Let A be a connected component of N. Since N is a submanifold of GG, the set A is open in
N. The map 1) is bijective and continuous. Hence by Remark 2.10 the restriction ¢ : N — N
is open. Thus ¢(A) is open in N.

Since A is a connected component of N, it is closed in N. Since N is compact, it follows
that A is compact. Therefore, 1¥)(A) is compact and hence a closed subset of N. Tt follows
that 1(A) is a connected component of N. Hence the map

(2.12) {connected component of N} 3 A+ ¢)(A) € {connected component of N}

is well-defined. This map is injective. Since N is compact, the number of its connected
components is finite. It follows that the map (2.12) is surjective. It follows that N C ¢(N),
and therefore, c;/l(N) C ¢y(N). By (2.11) we have N’ C cg’,l(N). It follows that N’ C ¢,(N).
Combining this with (2.9), it follows that ¢,(/N) = N’. This proves Lemma 2.8. O

Let G be a Lie group, (M,w, 1) a symplectic G-action, and x € M.
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Remark. The isotropy representation of ¢ at x is by definition the map
p¥" : Stab¥ xT,M — T,M, (g,v) + dipy(z)v.
This is a symplectic representation of the isotropy group Stabf.

In order to define the symplectic quotient representation of ¢ at x, we need the following
remarks.

2.13. Remarks (symplectic quotient representation). (i) Let G be a Lie group, (M,) a
G-action on a manifold, and z € M. We denote by g the Lie algebra of G and by
(2.14) Ly:=LY:g—T,M
the infinitesimal action at z. The equality
dipg(x)(imLy) = imLy, ()
holds.
(ii) Let (V,0) be a symplectic vector space and W C V' a linear space. We denote by
W :={veV|ovw) =0, Ywe W}
the symplectic complement of W. Let (M,w, ) be a symplectic G-action and z € M.
The form w, induces a linear symplectic form @, on the quotient space

(2.15) VY = (imL,)*/(imL, N (imL,)*").

It follows from (i) that diy(z) ((imL,)“*) = (imLy, (z))“¥¢. Therefore, using (i) again,
dip,(z) induces a map

(2.16) VY= V)
This map is a linear symplectic isomorphism w.r.t. @, and Wy, (z)-

We define the symplectic quotient representation of 1 at x to be the map
(2.17) Y% Stab? x V¥ — V¥,
where p¥*(g,-) is given by the map (2.16). By Remark 2.13(ii) this is a well-defined sym-
plectic representation of Stab? on the linear symplectic quotient V¥ of (imL,)~=.%
2.18. Remarks (equivariant symplectomorphism, symplectic quotient representations). Let
G be a Lie group, (M,w, ), (M’ ', ¢') symplectic G-actions, ® : M — M’ a G-equivariant
symplectomorphism, z € M, and 2z’ := ®(x).

(i) Since @ is G-equivariant and injective, we have

Stab? = Stab" .

Furthermore, we have d®(z)LY = Lf,,, and therefore, d®(z)(imL¥) = imLf,/. Since P
is symplectic, it follows that d®(x) induces a map

vy vy
This map is a linear symplectic isomorphism that intertwines p%* and p%"*'.

(ii) If ¢ is Hamiltonian with momentum map y' then u' o ® is a momentum map for .

5In the literature %% is called “symplectic slice representation”. This terminology seems misleading,
since p¥'* does not involve any choice of a local slice.
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2.19. Lemma (symplectic quotient representation for model action). Let G be a compact
Lie group and (H,V,0,p) an object of SympRep.g. We denote

(Yp, Wp, wp) := Modelg(H, p).

Let y €Y, be a point for which p,(y) is central and Stab;f” = c,(H), for some representative
(a,ap,v) of y. Then p= (H,p) is isomorphic to p*»¥.

Remark. The subgroup ¢,(H) does not depend on the choice of the representative (a, ayp, v)
of y.

In the proof of this lemma we will use the following.

2.20. Remark (momentum map). Let (M, w, ) be a Hamiltonian G-action, y a momentum
map for ¢, and x € M. Then
ker du(r) = (imL¥)“=.
Proof of Lemma 2.19. We choose a representative y := (a, ap, v) of y. We define
Lo : V= T'G XV, t4o(w):= (a,ap,w).
2.21. Claim.
(2.22) im (deg,(v)) C ker d,uf (V).

*

Proof of Claim 2.21. By our hypothesis u,(y) = u*(y) = Ad*(a)p is a central element of g*.
Hence, for every g € GG, we have

Ad*(a)p = Ad"(ca(g)) Ad™(a)p = Ad"(a) Ad™(g),
and therefore ¢ = Ad*(g)p. Hence ¢ is a central element of g*. For every h € H, we have
[a, ap, 0] =y
= 1,(cqa(h),y) (since Stabg" = ¢, (H))
= [ca(h)a,ca(h)ago,v]
= [ah, aph,v] (using that ¢ is central)
= [a, ap, puv],

and therefore p,v = v. Hence v is a fixed point of p. It follows that dv,(v) = 0. Since
1l (a, ap,w) = —p|h + v,(w), it follows that

d(ph) © tap)(v) = dv,(v) = 0.
The inclusion (2.22) follows. This proves Claim 2.21. O
We define 7, as in (2.5), and
b= dmp(y)diae(v) 1 V = T,Y,.
By Claim 2.21 this map is well-defined.

2.23. Claim. The pair (a, Ag) is a morphism from p to p¥»¥ (the isotropy representation of
Y, aty).

12



Proof of Claim 2.25. The map (4, is a symplectic embedding. It follows that A’yi is linear

symplectic. We denote by ¥ : G x T*G x V — T*G x V the action induced by the
left-translation on GG. Let h € H. For all w € V', we have

Lap © pr(w) = (a, ap, Phw)

= (ah,agph,w)

= (VX )ea(n) © tap(w) (using that ¢ is central)
Using that pj, is linear, it follows that

diap(0)pn = diap(v)dpn(v)

= d((V5)catn)) @) dta(v).
Since 7, 0 (1) = (1,)g © T, it follows that
Afpn = dmy(y)dia(v)pn
= d(Vp)cu(n)(y)dmy(Y)dia,p(v)

= d(¥p)can) (y) A
The statement of Claim 2.23 follows. O

Let y € Y,. Recall that
Ly=LY:g—T)Y,

denotes the infinitesimal 1 -action.

2.24. Claim.
(2.25) imL, is isotropic,
(2.26) imA? C (imL,)“"".

Proof of Claim 2.24. (2.25): Our hypothesis that p,(y) is central implies that
imL, C kerdp,(y).

By Remark 2.20 we have

(2.27) ker du,(y) = (imL,)“)v.

Statement (2.25) follows.
(2.26): Since p, o m, = pu* o pry, we have

dpip (y)A§ = dpip(y)dmy(y)dia,(v)
= d(ﬂp 0T, 0 La,@) (U)
= d(p* opry otg) (v)
=0.

Here in the last step we used that the map pry o, is constantly equal to (a, ap). It follows
that

imAZ C ker dpu,(y).

Using (2.27), the claimed inclusion (2.26) follows. This completes the proof of Claim 2.24. [
13



By part (2.25) of this claim there is a canonical projection
pry (imLy)(w”)y — Ve = (imLy)(wp)y/imLy.
By part (2.26) the restriction
pr ‘imAg
is well-defined. It follows from Claim 2.23 and the equality Stab;’f” = c,(H) that imA? is

invariant under p¥»+.

2.28. Claim. The pair (e,prg ‘imA%) is an isomorphism between the restriction of p¥»Y to
imAg and pley,
Proof of Claim 2.28. The projection pry is presymplectic. Since imAg is symplectic, the
restriction prf !imAg is linear symplectic and therefore injective. We have
dim (V, = (imL,) " fimL, ) = dim(Y,) - 2dim imL,
=dim(7T"G x V) —2dim H — 2dimimZ,
=2dim G + dim V — 2dim H — 2dim G + 2 dim Stab;”
=dimV (since Stab)» = c,(H))
= dim imAZ (since Af is linear symplectic, hence injective)

= dim (prz <imA§>) (since pr)) ‘imA’yi is injective).

It follows that Vyw” = pry (imAg), hence prf |imA§ is surjective. Hence this map is a linear
symplectic isomorphism. It is Stabgp—equivariant. The statement of Claim 2.28 follows. [

It follows from Claims 2.23 and 2.28 that p and p¥#»¥ are isomorphic. This proves Lemma
2.19. 0J

Proof of Theorem 1.8(iv). Let (H,p) and (H',p’) be two objects of SympRep., whose im-
ages under Modelg are isomorphic. We choose an isomorphism ® between these images. We

define

y:=[e,0,00 €Y, [dd¢ v]:=y =)
By Remark 2.7 we have
(2.29) Stab!» = H,
by
Staby, Cecy(H").
Since ® is G-equivariant, we have

(2.30) Stab?” = Stab,?" .

It follows that H C cu(H'). By considering ®~!, an analogous argument shows that H' is
conjugate to a subgroup of H. Since G is compact and H and H' are closed, these subgroups
are compact. Therefore, applying Lemma 2.8, it follows that

(2.31) H = co(H').
14



Since p1,(y) = p(e,0,0) = 0 and Stab;f” = H, the hypotheses of Lemma 2.19 are satisfied.
Applying this lemma, it follows that p is isomorphic to p¥#.
By Remark 2.18(i) p%»¥ is isomorphic to p%» .

2.32. Claim. 5%/ is isomorphic to p'.
Proof of Claim 2.32. By (2.30,2.29,2.31) we have Stab;b/’/ = ¢y (H'). By Remark 2.18(ii) the

map p,y © ® is a momentum map for 1,. Since G is connected, the same holds for Y,. It
follows that 1, o ® — 1, is constantly equal to a central element of g*. At y this map attains
the value

1o (') = p(y) = po (y) = 0,
which is thus a central element of g*. Hence the hypotheses of Lemma 2.19 are satisfied.
Applying this lemma, the statement of Claim 2.32 follows. U

Combining this claim with what we already showed, it follows that p is isomorphic to p'.
Hence Modelg induces an injective map between the sets of isomorphism classes. This
proves Theorem 1.8(iv). O

Proof of Theorem 1.8(v,vi,vii). (v) follows from a straight-forward argument.

(vi): Let p and p’ be objects of SympRep., such that p’ is momentum proper and there
exists a morphism (g,7") from p to p'. Let @ C b be compact. Equality (2.3) implies that

(2.33) v, (Q) = (vy o T)"" (Ad*(9)(Q)) -

The set Ad*(¢)(Q) is compact. By hypothesis v, is proper, and by Claim 2.4 the same holds
for T Tt follows that v,y o T"is proper, and therefore, using (2.33), the set v, '(Q) is compact.
Hence v, is proper, i.e., p is momentum proper, as claimed.

Let now (M,w,v) and (M’ w',7") be objects of Ham¢, such that ¢’ is momentum proper
and there exists a morphism ® from v to ¢'. We choose a momentum map p’ for ¢'. By
definition, ® is a proper G-equivariant symplectic embedding. It follows that p' o ® is a
proper momentum map for ¢). Hence 1) is momentum proper. This proves (vi).

(vii): We prove “=": Assume that (H, p) is momentum proper, i.e., that v, is proper. Let
K C g* be compact. We denote by i : H — G the inclusion and by ¢* : g* — b* the induced
map. We define

(2.34) A= {(a,ap,v) e TG x V| Ad*(a)(p) € K, i*¢ = v,(v)} C (1))71(0).

We denote by L, : G xT*G — T*G the map induced by left translation. A is a closed subset
of

B = L,(G x Ad*(G)(K)) x v, (i* Ad*(G)(K)).
Since G is compact and Ad" is continuous, the set Ad*(G)(K) is compact. Since i* is
continuous and v, is proper, it follows that v,*(i* Ad*(G)(K)) is compact. Using that

L, is continuous, it follows that B is compact. It follows that A is compact, and hence
p, ' (K) = m,(A) is compact. Hence p, is proper. This proves “=".

“<": Assume that p, is proper. Let @) C bh* be compact. We choose a compact set K C g*

such that *(K) = Q. (We may e.g. choose a linear complement W C g* of keri* and define
15



K = (i*)"1(Q) N W.) Since H is compact, the map 7, : (u))~'(0) = Y, is proper. It
follows that p, o 7, is proper. Hence the set
-1
(kpomy) (K
is compact. This set agrees with A, defined as in (2.34). We denote by pry : TG x V — V
the canonical projection. The set
C = {(e, ©,0) ‘ peK,i"p= I/p(U)}

is a closed subset of A, hence compact. It follows that pry(C') is compact. Since i*(K) = Q,
we have pry(C) = V;I(Q). It follows that v, is proper. This proves “<”, and completes
the proof of (vii) and therefore of Theorem 1.8 (except for (viii), which is proved in [KZ18,
1.5. Theorem]). O

3. PROOF OF COROLLARY 1.14 (CLASSIFICATION OF CRITICAL HAMILTONIAN ACTIONS)

The well-definedness part of Corollary 1.14 follows from the next lemma.

3.1. Lemma. (i) The functor Tg, maps objects of Actg™ to objects of Hamg'™.

(ii) It maps morphisms of ActB™ to morphisms of Ham$&™®.

Proof of Lemma 3.1. (i): Let (Q,0) be an object of Actg:®™. Then T} (Q,6) is an object of

Hamg¢X. To see that is an object of Ham"*"™", we denote by g the Lie algebra of G. We
choose a Finsler norm || - || on 7*Q and a norm | - | on g*. We define L! as in (2.14) and
(3.2) p:T*Q — g, ulg,p) = pL).

This is a momentum map for the lifted G-action 6,. Since 6 is transitive, the map LZ is
surjective. Therefore, an elementary argument using (3.2) and that @ is compact, shows
that

sup {||pll | (¢.p) € T*Q : |u(q,p)| < C} < o0, VC €R.

It follows that u is proper. Therefore, T¢: (@, 0) is an object of Hamg PP, Since @ is closed
and T*Q deformation retracts onto Q, it follows that Tp5(Q, 6) is an object of Ham@™®. This
proves (i).

(ii): Let f : Q@ — Q' be a morphisms of Actg™, i.e., a G-equivariant diffeomorphism. The
induced map f, : T*Q — T*Q' is a G-equivariant symplectomorphism, hence a morphism of

Hamg, and therefore of Ham&". This proves (ii) and therefore Lemma 3.1. O

By Lemma 3.1 the restriction
T} : ActP™ — Ham@"

is well-defined. The Chain Rule implies that it is functorial. In order to show that the map
(1.15) is a bijection, we need the following lemma. We define Sub‘é to be the category whose
objects are the closed subgroups of G and whose morphisms between H and H' are those
elements g of G, satisfying c,(H) = H'.° We define the functor

G/ : Subg — Act™™

6The composition of morphisms is given by the composition in G.
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as follows. It maps an object H to the quotient G/H, equipped with the canonical left G-
action. Let (H, H', g) be a morphism of SubCGl. We denote by pry : G — G/H the canonical
projection and define G/(H, H',g) : G/H — G/H' to be the unique map satisfying

(3.3) G/(H,H' g)opry = pry oR? .

This is a well-defined morphism of Act*. This construction is functorial. This defines
the functor G/.
We define the functor

iG : SUbgv — SympRengv ZG(H) = (H7 {0}7070)7 ZG(g) = (970)

crit

3.4. Lemma. The target-restricted functor Modelg oig : Sub@ — Ham®™" is well-defined and
naturally isomorphic to Tg o G/ = Subg — Ham&'™.
Proof of Lemma 3.4. By Corollary 1.11 the functor Modelg oi¢ takes values in Hamg P*P.

Let H be an object of SubCGI. The manifold part of Modelg oig(H) is homotopy equivalent to
the closed manifold G/H and has dimension 2(dim G — dim H). Therefore, Modelg oig(H)

is critical. Hence Modelg oig takes values in Ham@'™, as claimed.

Let H € Subg. We define yif] , Vi, as in (1.5,1.6) and denote by 7y, : (1147,,)71(0) = Y,
the canonical projection. We canonically identify Yz with the symplectic quotient of the
Hamiltonian H-action on 7*G induced by the right H-action on G. We define the map

(35) (I)H : T*<G/H) — YH,07 (I)H(G,]_)) = WH,O(q;]_?der<Q))a

where ¢ € G is an arbitrary representative. This map is a symplectomorphism, see [AMTS8,

4.3.3 Theorem|. The map ®j is G-equivariant, and therefore an isomorphism of Ham&™.

3.6. Claim. The map H — ®p is a natural isomorphism between the functors T¢, o G/ and
MOdGlG Oig.

Proof of Claim 3.6: Let (H, H’',g) be a morphism of Sub&. We show that
(3.7) Dy o ((Té oG/)(H, H’,g)) = (ModelG oig) (H,H', g) o ®y.

1 —

Let (g,p) € T*(G/H). We choose a representative ¢ € § and denote ¢’ := RY (q), ¢ :=
pry(¢'), and @ := G/(H, H', g). We have
(T o G/)(H, H', 9)(4.p) = (#(2), pdp(@) "),
?(@ =79  (using (3.3)),
and therefore,
Sy o (T 0 G/)H, H', 9))(a0,D) = maro(d,pd(@)'dpryp(q))  (using (3.5))
=mo(q, pd er(q)ng_l(q)_l) (using (3.3), Chain Rule)
= Modelg(g,0) o T (q, Pd pry(q)) (using (1.7))
= (Modelg oig)(H, H',g) o ®1(,p)  (using (3.5)).

Hence equality (3.7) holds. This proves Claim 3.6 and therefore Lemma 3.4. |
17



Proof of Corollary 1.14. We show that the functor Modelg oi is essentially bijective. By
Corollary 1.11 the inverse of the map (1.12) is well-defined. The image of the set of iso-
morphism classes of Ham&" under this inverse map is contained in the image of the map
between isomorphism classes induced by i¢. This follows from the fact that the manifold part
of Modelg (H V.o, p) is homotopy equivalent to the closed manifold G/H and has dimen-
sion 2(dim G — dim H) + dim V. Tt follows that Modelg oig : Subf — Ham@™ is essentially
surjective, i.e., it induces a surjective map between the sets of isomorphism classes.

Since i¢ is essentially injective, Corollary 1.11 implies that the functor Modelg oig
SubCG1 — Ham@™" is also essentially injective, and therefore essentially bijective, as claimed.

Using Lemma 3.4, it follows that T o G/ : Subg — Ham@!' is essentially bijective.
Therefore, T}, : Act%™ — Ham@" is essentially surjective. The functor G/ : Sub$ —
Actg™ is essentially surjective. This follows from the orbit-stabilizer theorem for G-actions
on manifolds. Since Tj, o G/ : Subg — Ham@' is essentially injective, it follows that
Ty ¢ Act®™ — Ham@" is essentially injective, and therefore essentially bijective. This

means that the map (1.15) is bijective. This proves Corollary 1.14. O

4. INVERSE OF THE CLASSIFYING MAP

The next result states that the inverse of the classifying map (1.12) is induced by assigning
to a Hamiltonian action its symplectic quotient representation at any suitable point. To state
the result, let G' be a group, X a set, ¥ a G-action on X, and x € X. Recall that Stabf
denotes the stabilizer of ¥ at x. We call x v-mazimal iff for every y € X, Stabf contains
some conjugate of Stab;/’.

Let G be a compact and connected Lie group, (M, w) a symplectic manifold, ¢ a symplectic
G-action on M, and = € M. Recall that p¥** denotes the symplectic quotient representation
of ¢ at z, see (2.17). The latter is a symplectic representation of Stabff. Hence the pair
(Stabf,ﬁ'l"”) is an object of SympRep_.

Assume now that v is Hamiltonian. We call x v-central iff u(x) is a central value of g*

for every momentum map g for ¢. (If M is connected then equivalently, there exists such a
)
4.1. Proposition. Assume that ¢ is an object of Ham

ex,prop
G .

(i) There exists a ¥-mazimal and -central point.
(ii) Let ¢ and i)' be isomorphic objects of HamZ ™", = be @Z)—m(%x%'mal and -central point,
and x' be a V' -mazimal and -central point. Then p¥* and p¥* are isomorphic.
(111) The inverse map of (1.12) is given by
{isomorphism class of Hamg ™" } — {isomorphism class of SympRepZ¢” |,
(42) U [,
where 1 is an arbitrary representative of ¥, and x is an arbitrary Y-maximal and
-central point.
Remark. 1t follows from (i,ii) that the map (4.2) is well-defined.
In the proof of Proposition 4.1 we will use the following.

4.3. Remark. Let p be an object of SympReps and y € Y, a 1),-maximal and -central point.

Then p and p¥»¥ are isomorphic. To see this, we write y =: [a, ap, v]. By Remark 2.7 we have
18



StabZP C ¢,(H). Since y is 1,-maximal, Stabz’ﬁ contains some conjugate of Stab?i’,’w] = H.
Using Lemma 2.8, it follows that

Stabg" = cq.(H).
Using that y is ¢,-central, the hypotheses of Lemma 2.19 are therefore satisfied. Applying
this lemma, it follows that p and p%»¥ are isomorphic, as claimed.

Proof of Proposition 4.1. (i): Consider first the case in which there exists p € SympRepZ¢’,

such that ¢ = Modelg(p). By Remark 2.7 the point [e, 0, 0] is ¢)-maximal. Since p,([e, 0, 0]) =
0, this point is also ¥-central. This proves the statement in the special case.

The general situation can be reduced to this case, by using Theorem 1.8(viii) (essential
surjectivity), the fact that stabilizers are preserved under equivariant injections, and Remark
2.18(ii). This proves (i).

(ii): Consider first the case in which there exists an isomorphism from 1 to ¢’ that maps
x to 2. Then it follows from Remark 2.18(i) that p*** and p¥"* are isomorphic.

In the general situation, using Theorem 1.8(viii) and what we just proved, we may assume
w.l.o.g. that ¢ =9’ =4, = Modelg(H, p) for some object p of SympRep.. By Remark 4.3

we have p¥»® = p = 5¥»*" . This proves (ii).

(iii): Remark 4.3 implies that (4.2) is a left-inverse for (1.12). Since (1.12) is surjective,
it follows that (4.2) is also a right-inverse. This proves (iii) and completes the proof of
Proposition 4.1. 0
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