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Abstract

This paper reports on the development
of default justification logic. The logic was
developed as a part of the PhD project
[Pandžić, 2020b], with an aim to model defea-
sible arguments as formulas of the justification
logic object-language. The resulting logic is
unique for its potential to determine the ac-
ceptability of arguments by using only the def-
inition(s) of logical consequence.

1 Introduction

The seminal work of Toulmin [Toulmin, 2003] gave
rise to the idea that the use of formal logic in argu-
mentation is limited to deductive arguments. Toul-
min’s work anticipated the trend that led to the de-
velopment of “informal logic” with an aim to analyze
non-deductive arguments in a natural language set-
ting. The interest in formal methods for argumenta-
tion followed the emergence of artificial intelligence
research, where Pollock’s work [Pollock, 1987] on de-
feasible reasoning stands as a landmark.

Within this research venue, multiple formal sys-
tems have been proposed to advance the compu-
tational study of structured arguments. Among
them are ABA [Bondarenko et al., 1997], deductive
argumentation [Besnard and Hunter, 2001], DefLog
[Verheij, 2003] and ASPIC+ [Prakken, 2010]. All the
mentioned systems use logical tools to represent ar-
guments with their internal structures (not only as
atomic entities as done in [Dung, 1995]) to formalize
the idea of opposition between arguments by provid-
ing a theory of argumentative attacks and to define

procedures that give those arguments that are unde-
feated. However, none of these argumentation for-
malisms counts as a logical system with a definition
of logical consequence.

This paper reports on the logic of default justi-
fications (or reasons) [Pandžić, 2018, Pandžić, 2019,
Pandžić, 2020a, Pandžić, 2020b, Pandžić, 2021] that
not only uses formal logic notions to model argu-
ments, but rather is itself a full-fledged logic of ar-
guments that manipulates structured arguments at a
purely symbolic level. In default justification logic,
structured arguments are formalized as object-level
formulas of the logical system. The PhD project
[Pandžić, 2020b] is centered around this logic that
responds to Toulmin’s anti-formalistic misgivings by
providing a method to determine whether a non-
deductive argument is acceptable or not through a
normative system with logical consequence.

The next section outlines the underlying method
by which we represent structured arguments, start-
ing from a novel logical theory of default reasons. To
be able to talk about reasons, we rely on a logical
language that goes beyond propositions and repre-
sents reasons as a part of its syntax. Such a theory
of reasons is one of the fundamental contributions of
justification logics [Artemov, 1995, Artemov, 2001].
Justification logics tell us that a pattern of reason-
ing from starting premises can be captured by means
of labels preceding statements and, thereby, forming
justification assertions:

reason:conclusion.

This method enables us to develop a system that fea-
tures reasons as logical entities sui generis, and we
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will shortly describe it in more detail.

2 Method

We start by explaining the basics of justification log-
ics [Artemov and Fitting, 2019]. Justification logics
are modal-like logics, often included in the class of
epistemic logics.1 Informally, the idea of justification
logics is to replace epistemic modalities “K” (“in all
accessible alternatives...”) with explicit justifications
“t” (“for the reason t...”) preceding a formula F so
as to produce justification assertions t : F informally
read as “F is known for the reason t” or “t justifies
F”. In this paper, we will only use two basic opera-
tions on reason terms Application (‘·’) and Sum (‘+’).
Application produces a reason term (u · t) for a for-
mula G which is a syntactic “imprint” of the modus
ponens step from F → G and F to G for some la-
belled formulas u : (F → G) and t : F . Sum can
be understood as a method to concatenate reasons in
such a way that if t is a reason for F , then we can
produce the reason term (t+u) which is also a reason
for F .

Formally, the set of exactly all reason terms
(polynomials) Tm is built from justification vari-
ables x1, . . . , xn, . . . and justification constants
c1, . . . , cn, . . . using two operators (‘+’ and ‘·’), ac-
cording to the following grammar:

t ::= x | c | (t · t) | (t+ t) .

Using the grammar of reason terms, we define the set
Fm of justification logic formulas built according to
the following grammar:

F ::= > | P | (F → F ) | (F ∨ F ) | (F ∧ F ) | ¬F | t : F ,

where P ∈ P and P is a countable set of atomic
propositional formulas and t ∈ Tm.

We use the logic JT first introduced in
[Brezhnev, 2001]. This is the weakest logic with non-
defeasible and factive (truth-inducing) reasons, that
is, with the axioms A2 and A3 below. This system is

1Historically, the first justification logic was the logic of
formal proofs in arithmetic LP, which was fully developed in
[Artemov, 2001].

then generalized to model defeasible reasons. These
are the axioms and rules of JT:

A0 All the instances of propositional logic tautologies
from Fm

A1 t : (F → G)→ (u : F → (t · u) : G) (Application)

A2 t : F → (t + u) : F ; u : F → (t + u) : F (Sum)

A3 t : F → F (Factivity)

The logic JT is equipped with the inference rules
Modus ponens and Iterated axiom necessitation. Ax-
iom necessitation rules ensure justification of basic
logical postulates. Each axiom instance of A0-A3 is
justified by a justification constant, and the iterated
version ensures that such justified formulas are them-
selves justified by a justification constant.2

The interpretation I for JT relies on two functions.
Together with a standard truth assignment function
for propositional formulas in P, I relies on a reason
assignment ∗(·) : Tm → 2Fm, which is a function
mapping each term to a set of formulas from Fm.
For an interpretation I, |= is a truth relation on the
set of formulas of JT with the following clause for
a justification assertion t : F ∈ Fm: I |= t : F iff
F ∈ ∗(t). Thus, in the basic logic JT, the connection
between a reason t and a formula F is given by means
of a reason assignment function. But in our default
semantics, whether t justifies F or not has to be de-
cided on the basis of other available justifications that
might defeat t. Instead of a fully specified function
∗(·), the main task of the logic of default reasons is to
give a procedure to determine if t should be accepted
as a justification for F .

We start by defining default theories and default
rules with JT formulas. A default theory T is a pair
(W,D), where the set W is a finite set of JT formulas
and D is a countable set of default rules. Each default
rule is of the following form:

δ =
t : F :: (u · t) : G

(u · t) : G
.

The informal reading of the default δ is: “If t is a rea-
son justifying F , and it is consistent to assume that

2In justification logics, justifying logical truths usually takes
into account multiple restrictions and conditions that we omit
here [Artemov and Fitting, 2019, pp. 17-18].
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(u · t) is a reason justifying G, then (u · t) is a defea-
sible reason justifying G”.3 We can think about the
strategy of introducing uncertain information via δ
as analogous to the strategy of introducing uncertain
information via Reiter’s default rules [Reiter, 1980].
The main difference is that Reiter’s defaults build on
first-order formulas and our defaults build on justifi-
cation assertions.

We exemplify the above defined notions of default
rules and default reasons by means of (an extension
of) an example taken from [Toulmin, 2003, p. 103].

Example Toulmin. Take S to be the proposition “Pe-
tersen is Swedish” and take R to be the proposition
“Petersen is a Roman Chatolic”. For some specific
individual justifications p and q, δ′ describes the de-
fault reasoning encoded by the term (q · p):

δ′ =
p : S :: (q · p) : ¬R

(q · p) : ¬R .

Informally, δ′ reads as follows: “If p is a reason justi-
fying that Petersen is Swedish and it is consistent for
you to assume that this gives you a reason (q ·p) justi-
fying that Petersen is not a Roman Catholic, then you
have a defeasible reason (q·p) justifying that Petersen
is not a Roman Catholic”. Were you then to learn
that although Petersen is a Swede, “Petersen’s par-
ents emigrated from Austria” (A), you would have an
undercutting defeater (exclusionary reason) for (q ·p):

δ′′ =
r : A :: (s · r) : ¬[q : (S → ¬R)]

(s · r) : ¬[q : (S → ¬R)]
,

for some specific justifications s and r. The conse-
quent of the rule δ′′ is read as “you have a defeasi-
ble reason (s · r) denying that the reason q justifies
that if Petersen is Swedish, then he is not a Roman
Catholic”. Moreover, suppose that you recall that
“Petersen went to Saint Eric’s Cathedral in Stock-
holm this Christmas” (C). This would give you an
independent rebutting defeater and a reason to justi-
fying that Petersen is a Roman Catholic. For some
specific justifications t and u, we define:

δ′′′ =
t : C :: (u · t) : R

(u · t) : R
.

3We impose three uniqueness criteria for the reason term u
introduced by δ. See in [Pandžić, 2021, §3].

The example can be described by the default theory
T1 = (W1, D1) with W1 = {p : S, r : A, t : C} and
D1 = {δ′, δ′′, δ′′′}.

The semantics for our default theories is inspired
by Antoniou’s [Antoniou, 1997] operational seman-
tics for Reiter’s default theories. Applicability of de-
faults is determined in the following way: for a set of
deductively closed formulas Γ we say that a default

rule δ = t:F ::(u·t):G
(u·t):G is applicable to Γ iff t : F ∈ Γ

and ¬(u · t) : G /∈ Γ. Default consequents are
brought together by applying sequences of defaults
Π = (δ0, δ1, . . .). In this way, we obtain the evidence
base set In(Π) that is defined as a deductive closure of
the union W ∪ {cons(δ) | δ occurs in Π}. Intuitively,
In(Π) collects reason-based information that is yet to
be determined as acceptable or unacceptable.

The focus of our semantics is on meaningful Π-
sequences called “processes”. A sequence of default
rules Π is a process of a default theory T = (W,D)
iff every k such that δk ∈ Π is applicable to the set
In(Π[k]), where Π[k] is the segment of Π listing all
the rules whose application is considered before δk.

The richness of the language of justifications en-
ables us to give a logical theory of the notions from
structured argumentation. The function warrant as-
signment #(·) : D → Fm maps each default rule to
a specific justified conditional as follows:

#(δ) = u : (F → G),

where δ ∈ D and δ = t:F ::(u·t):G
(u·t):G . Inspired by Toul-

mininan warrants, our warrants can be seen not only
as specific formulas, but also as rules or the underly-
ing principles of default generalizations.

This twofold nature of warrants is used to define
the basic type of conflict between default reasons,
namely, undercutting. A reason u undercuts reason t
being a reason for a formula F in a set of JT-closed
formulas Γ ⊆ In(Π) iff u : ¬[v : (G → H)] ∈ Γ,
for some subterm u of t, and v : (G→ H) = #(δ),
for some δ that is applied to a process of T . In T1,
the consequent of δ′′ or, more precisely, the default
reason (s · r) undercuts (q · p) as a reason for ¬R.

Using the definition of undercut, we can specify
conflict-free sets of formulas. Formal details can be
found in [Pandžić, 2021, p. 17], together with a proof
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that each conflict-free set defined in terms of under-
cut is also rebuttal-free. In our logic, rebuttal ul-
timately results from rule inapplicability due to JT
inconsistency. This is the case with the rebuttal be-
tween (q · p) and (u · t) in T1, which is induced by the
contradiction between ¬R and R.

The standard intuitions behind defending argu-
ments are captured in the definition of acceptability.
Informally, t : F is acceptable w.r.t. a set of JT
formulas whenever that set undercuts all the under-
cutters of t within a relevant evidence base set In(Π).

We define multiple argumentation theory exten-
sions for any default theory T = (W,D) starting from
potential extensions sets Γ that always contain formu-
las from W and, possibly, consequents of defaults for
some process Π of T .

JT-Admissible Extension A potential extension set
of JT formulas Γ ⊂ In(Π) is a JT-admissible exten-
sion of a default theory T = (W,D) iff Γ is conflict-
free, each formula t : F ∈ Γ is acceptable with re-
spect to Γ and Π is closed.

JT-Preferred Extension A deductive closure of a JT-
admissible extension Γ is a JT-preferred extension
of T iff for any other JT-admissible extension Γ′,
Γ 6⊂ Γ′.

JT-Stable Extension A conflict-free deductive closure
of a potential extension Γ is a JT-stable extension
iff Γ undercuts all the default consequents outside
its deductive closure, for all the defaults applied to
any process of T .

Other standard extensions from argumentation the-
ory and more detailed presentation of argumenta-
tion semantics in justification logic can be found in
[Pandžić, 2020b, Ch. 2] and [Pandžić, 2021, § 3].

3 Discussion

A recapitulation of T1 is given in Figure 1. Ac-
cording to the definitions from Section 2, we can
confirm that JT-stable and JT-preferred extension
of T1 coincide in the deductive closure of W1 ∪
{(s · r) : ¬[q : (S → ¬R)], (u · t) : R}. Note that the
process Π = (δ′, δ′′) includes a revision of acceptable
reasons, because (s · r) undercuts (q · p).

The logic of arguments sketched here opens up a
possibility to fully formalize Toulmin’s argumentative

ThJT ({p : S, r : A, t : C})

(q · p) : ¬R
(s · r) : ¬[q : (S → ¬R)]

(u · t) : R
(q · p) : ¬R

(u · t) : R

(s · r) : ¬[q : (S → ¬R)]
(s · r) : ¬[q : (S → ¬R)]

δ′′

δ′′′δ′

δ′ δ′′′

δ′′ δ′′

Figure 1: The process tree of T1

schema (cf. [Pandžić, 2021, p. 16]). An important
step to fully realize this is to use the first-order vari-
ant of justification logic [Fitting, 2014], instead of the
propositional justification logic used here. This will
enable a faithful formalization of Toulmin’s warrants
in the following format of default rules:

t{x} : F :: (u · t){x} : G

(u · t){x} : G
,

where x in t{x} : F is a free variable throughout the
derivation t. Such rules will act as default schemas
that convey the generality of Toulmin’s warrants.

4 Conclusion

Default justification logic is remarkable for its po-
tential to model structured defeasible arguments as
formulas of the object-language. In [Pandžić, 2020b,
Ch. 3] and [Pandžić, 2021, § 4], a reader can find a
method to translate between our default theories and
abstract argumentation frameworks [Dung, 1995].
These methods embed our logic in the existing study
of formal argumentation. Some aspects of this logic
have not been mentioned here, e.g. the dynamics of
default theories and undermining attacks as defined
in [Pandžić, 2020a]. However, we at least sketch here
how to “climb up” to the concepts of argumentation
theory starting from a language initially proposed to
represent formal proofs of mathematical statements.
At the end of this paper, we indicate one of the most
interesting open problems that is currently being in-
vestigated, namely, that of using first-order justifica-
tion logic as a basic logic of default theories.
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[Pandžić, 2018] Pandžić, S. (2018). A logic of default
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