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Ultralight bosons can form clouds around rotating black holes if their Compton wavelength is
comparable to the black hole size. The boson cloud spins down the black hole through a process called
superradiance, lowering the black hole spin to a characteristic spin determined by the boson mass and the
black hole mass. It has been suggested that spin measurements of the black holes detected by ground-based
gravitational-wave detectors can be used to constrain the mass of ultralight bosons. Unfortunately, a
measurement of the individual black hole spins is often uncertain, resulting in inconclusive results. Instead,
we use hierarchical Bayesian inference to combine information from multiple gravitational-wave sources
and to obtain stronger constraints. We show that hundreds of high signal-to-noise ratio gravitational-wave
detections are enough to exclude (confirm) the existence of noninteracting bosons in the mass range
½10−13; 3 × 10−12� eV ð½10−13; 10−12� eVÞ. The precise number depends on the distribution of black hole
spins at formation and the mass of the boson.
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I. INTRODUCTION

Ultralight bosons with masses ≲10−11 eV, including
axionlike particles [1–3], dilatons and moduli [4–6], and
fuzzy dark matter [7–11], have been proposed as a potential
solution to various problems ranging from fundamental
physics to cosmology [2,3,6,12–21]. Efforts are underway
to search for these ultralight bosons using table-top experi-
ments or astronomical observations [22–53]. When the
Compton wavelength of the hypothetical boson is compa-
rable to the size of a black hole (BH), i.e., α≡
GMμs=ℏc3 ∼ 1, where α is the “gravitational fine-structure
constant,”M is the BHmass, and μs is the bosonmass, then a
classical wave amplification process (superradiance) forms
a bosonic cloud around the BH [6,17,54–60]. The formation
of this cloud extracts rotational energy from the BH until the
BH reaches a critical spin set by the Compton frequency of
the boson and the mass of the BH [6,17,58–60]. This results
on a critical spin curve on theBHmass-spin plane (e.g., Fig. 3
of Ref. [17]): BHs born with spins above the critical spin
curvewill rapidly spin downuntil their finalmasses and spins
lie on the curve. The net result of the superradiance process is

thus to carve a region of the mass-spin plane, above the
critical spin curve, where BHs are unlikely to be observed
(“exclusion region”). Since the exact position and extent of
the exclusion region depend on the bosonmass (again, Fig. 3
of Ref. [17]), one can use mass and spin measurements for a
population of BHs to search and characterize ultralight
bosons (e.g., [6,17,34–36,46]).
Spin measurements of BHs in x-ray binaries (see, e.g.,

Refs. [61,62]) could be used to search for bosons with their
masses commensurate with BHs in the mass range 5 M⊙ <
M ≲ 20 M⊙ [61,63]. Gravitational-wave (GW) signals
emitted by binary black holes (BBHs) provide another
avenue, as they encode the properties of their sources,
including the masses and spins of the two component BHs.
Since ground-based GW detectors such as LIGO and Virgo
[64,65] can detect heavier BHs (M up to∼100 M⊙Þ [66,67]
than those found in x-ray binaries, the spin measurements
inferred from GWs probe a lighter range of boson mass.
This probe is complicated by two facts: (i) themeasurements
of individual BH spins with ground-based GW detectors are
usually challenging [68–71] and (ii) what is measured is the
distribution of spins atmerger, which is not only impacted by
an eventual interaction with the bosons, but also on the
distribution of spins at birth [72–75].
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In this paper, we perform hierarchical Bayesian inference
on a population of BBHs, to simultaneously infer the boson
mass and the BH spin distribution at formation [76–84].
First, we show that the existence of ultralight bosons in the
mass range between 10−13 eV and 3 × 10−12 eV can be
ruled out with Oð100Þ high signal-to-noise ratio (SNR)
BBH detections.1 Second, we illustrate how our method
can confirm the existence of bosons with two examples of
boson masses, μs ¼ 10−12 and 10−13 eV.

II. CRITICAL SPIN ARISING FROM
SUPERRADIANT INSTABILITY

GW measurements yield the masses and spins of BHs at
the time of merger. Therefore, one needs to account for the
impact of superradiance on the evolution of spins, which
we quickly review here. Superradiance causes the growth
of a boson cloud in a time scale τinst½nlm�, called instability time
scale, and eventually spins down the host BH to a
characteristic critical spin χ∞½nlm� (which will be defined
below) [6,17,58,60]. The indices ½nlm� are the analog of the
hydrogen atom quantum numbers, i.e., a set of radial,
orbital azimuthal, and magnetic quantum numbers, of the
cloud’s bound states.2 For any given ½nlm� mode, the
instability time scale is representative of the exponential
growth of the occupation number of the bosons in that mode,
such that modes with small τinst½nlm� are populated quickly.
One often introduces the inverse of the instability time

scale τinst½nlm�, called the superradiant rate Γinst
½nlm�, which

can be analytically calculated for α ≪ 1 [6,17,59,60,85]
(hereafter, we set G ¼ c ¼ ℏ ¼ 1),

Γinst
½nlm� ¼ μsðμsMÞ4lþ4ðmχ − 2μsrþÞ

×
24lþ2ð2lþ 1þ nÞ!
ðlþ 1þ nÞ2lþ4n!

�
l!

ð2lÞ!ð2lþ 1Þ!
�
2

×
Yl
k¼1

½k2ð1 − χ2Þ þ ðmχ − 2μsrþÞ2�; ð1Þ

where χ is the dimensionless spin of the BH and rþ ≡
Mð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
Þ is the radial coordinate of the BH outer

horizon. For the first few l’s, the fastest growing mode is
the one with l ¼ m, such that Γinst

½nlm� is the largest [17]. For
any given M and μs, superradiance can happen as long as
Γinst
½nlm�ðμs;M; χÞ > 0; hence,

α

m
<

χ

2ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
Þ
<

1

2
; ð2Þ

which gives a condition on the BH spin χ such that
superradiance can happen for the mode ½nlm�. If the

BH-cloud system had an infinite amount of time to evolve
without disturbances, the spin angular momentum of the
BH would eventually be lowered to the point where Eq. (2)
cannot be satisfied or, equivalently, where Γinst

½nlm� ¼ 0 (sat-
uration of the superradiance). The critical spin for the ½nlm�
mode is thus defined as the spin belowwhich the superradiant
growth of the cloud of the ½nlm� mode is forbidden,

χ∞½nlm� ¼
4αm

4α2 þm2
: ð3Þ

Besides the spin angular momentum of the BH, a small
fraction ð≲10%Þ of BH mass is also extracted and
contributes to the cloud’s mass [17,59,86]. This is smaller
or at most comparable to the BH mass uncertainty from
GW measurements [70]. Therefore, we neglect the BH
mass loss due to superradiance and assume that the BH
masses at merger are the same as the masses at formation.
In this study, we do not allow for boson self-interaction,

which would lead to additional phenomenology [17,34,87].
We refer to Ref. [46] for the analysis on self-interacting
bosons using spin measurements of x-ray binaries.

III. POSTSUPERRADIANT SPIN OF
ASTROPHYSICAL BLACK HOLES

Astrophysical BHs in binaries have finite lifetimes, τs,
which implies their spins at merger will not reach the
critical spin χ∞½nlm�. Therefore, we need to calculate the
postsuperradiant BH spin for the ½nlm� mode, χ½nlm�

3 by
solving Γinst

½nlm�ðμs;M; χ½nlm�Þ ¼ 1=τs for χ½nlm�, i.e., we trun-
cate the spin evolution when the instability time scale
decreases to the BH lifetime.
Naturally, if the lifetime of a BH is too short compared

to the time required for the boson cloud to spin down its
host BH, the effect might not even be measurable.
References [17,34,35] find that the bosonic field in the
cloud should increase by ∼180 e-foldings for the cloud to
store a large amount of the BH angular momentum. This e-
folding requirement translates to a “growth time scale” for
the boson cloud such that it can significantly spin down the
BH, τgrow½nlm� ≈ 180τinst½nlm�ðμs;M; χI½nlm�Þ, where χI½nlm� is the

dimensionless spin of the BH at the onset of superradiance
of the ½nlm� mode. Therefore, a BH that is born with a spin
at formation χF and merges in τs can be spun down to the
postsuperradiant spin χ½nlm� [which is given by the solution
of Γinst

½nlm�ðμs;M; χ½nlm�Þ ¼ 1=τs] only if χF > χ½nlm� and

τs > τgrowth½nlm� .
Multiple clouds with different modes can be excited

within the lifetime of a BH. The highest mode of the cloud
that can be populated is given by the condition
τgrow½nlm� < τs < τgrow½nðlþ1Þðmþ1Þ�. One can then estimate the BH

1In the paper, we define “high SNR” as SNR ≥ 30.
2We follow Dolan’s notation, in which the ordinary principal

quantum number ñ ¼ nþ lþm, such that n ¼ 0 corresponds to
the dominant (nodeless) modes [58]. 3It is larger than χ∞½nlm�.
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spin at merger χM to be the postsuperradiant spin of this
highest mode χ½nlm�, given the BH spin at formation and its
lifetime. For example, if a BH is born with χF > χ½011�, then
the formation of the initial cloud (with the timescale τgrow½011�)
slows down the BH spin to χ½011�. After its formation, the
cloud dissipates away emitting nearly monochromatic
gravitational waves [17,35–37,88]. Next, a second (“higher
mode”) cloud is formed with the time scale τgrow½022�, and the

BH spins down further to the postsuperradiant spin of this
next mode χ½022�, if χ½011� > χ½022�. This cycle repeats until
the BBH merges at time τs. In Fig. 1, we show a schematic

picture of a system for which both the l ¼ m ¼ 1 and the
l ¼ m ¼ 2 clouds have enough time to form before merger.
We note that only the first few growing modes n ¼ 0 and
l ¼ m ≤ 3 are relevant for the typical astrophysical time
scales τs ≲ 10 Gyr.
In principle, the BBH merger could cause the cloud to

fall back to its host through level mixing [17,86,89–91].
While one could think that this results in a transfer of the
cloud’s angular momentum back to the host BH, which
would then be spun-up, most of the in-falling modes have
nonpositive angular momentum (i.e., m ≤ 0) due to selec-
tion rules [89–91]. This is why recent studies have
suggested that the in-falling cloud instead spins down
the host BH, or might decrease the orbital angular
momentum in the binary system [86,89–93]. An eventual
decrease in the BH spin by the fallback would further
increase the size of the exclusion region on the BH mass-
spin plane, making it easier to verify the existence of
bosons with our method. To be conservative, we ignore this
binary effect on the postsuperradiant spins.

IV. TESTING THE ULTRALIGHT-BOSON
HYPOTHESIS USING HIERARCHICAL

BAYESIAN INFERENCE

An astrophysical distribution of BH spins at birth, which
produces mainly small spins in the absence of super-
radiance, is partially degenerate with the postsuperradiant
spin distribution that originates from a moderate (or high)
spin distribution at birth in the presence of superradiance.4

Hence, we need to simultaneously infer the spin distribu-
tion at birth and the boson mass to properly account for this
degeneracy.
We use hierarchical Bayesian inference [78,79,81–83],

and consider two competing models: (i) in the “boson
model,” HB, we assume that a boson exists such that BHs
can spin down to the corresponding postsuperradiant
spins χ½nlm� through superradiance (Sec. III); (ii) in the
“astrophysical model,” HA, ultralight bosons do not exist,
and the spins of BHs merging in binaries are entirely
determined by their astrophysical evolution.
The two hypotheses are distinguishable through the

resulting distribution of the BH spins at merger.
Specifically, for HB, we assume

HB∶χM ¼
�
χ½nlm�; if τgrow½nlm� < τs < τgrow½nðlþ1Þðmþ1Þ�
χF; otherwise;

ð4Þ

where χF and χM are the individual BH spins at formation
and at merger, respectively, and τs is the BH lifetime. The
condition τgrow½nlm� < τs < τgrow½nðlþ1Þðmþ1Þ� implies that χ½nlm� is
obtained as the postsuperradiance spin of the highest mode

FIG. 1. The possible evolution of a BBH system from its
formation to merger. The cartoon follows the growth and
dissipation of boson clouds around one of the BHs. The BH
starts with a spin at formation χF large enough to trigger
superradiant instability. The n ¼ 0; l ¼ m ¼ 1 cloud forms with
a characteristic time scale τgrow½011�, lowering the BH spin to χ½011�.
The cloud is dissipated through monochromatic GWemission. In
this example, the χ½011� is large enough that a second cloud
(n ¼ 0; l ¼ m ¼ 2) is also created and further reduces the BH
spin to χ½022�. At this point, the spin of the BH is too small to
trigger the formation of higher-order clouds, and the BH will
merge with spin χM ¼ χ½022�. The highest level of the cloud that
can be populated depends on χF and on the inspiral time scale τs.
(The plot is not to scale.)

4Although in the latter case, one would expect a characteristic
peak at around the postsuperradiant spin curve.
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that can be populated within the binary lifetime. If super-
radiance does not happen for the specific BH (either
because of its parameters at formation or because of the
time scale to merger), then the spin at merger is the same as
the spin at formation, i.e., χM ¼ χF. On the other hand,
there is no superradiance and therefore no spin evolution
for HA. Thus, for all black holes, the spin remains
unchanged from formation to merger,

HA∶χM ¼ χF: ð5Þ

For both models, we parametrize the distribution of
BH spins at formation with a beta distribution, controlled
by two unknown shape parameters α > 0 and β > 0:
pðχFjα; βÞ ∝ χα−1F ð1 − χFÞβ−1. This is a generic functional
form that can capture multiple different formation pathways
[80,94]. The boson model thus depends on three hyper-
parameters ΛHB

¼ ðα; β; μsÞ, while the astrophysical model
only has two hyperparameters ΛHA

¼ ðα; βÞ. We aim at
measuring the hyperparameters Λ, given a set of N GW
observations d ¼ fdkg, whose morphology depends on a
set of parameters θ, such as BH masses, spins, and distance

[95]. The distribution of measured Λ, known as hyper-
posterior, can be written as [78,79,81–83]

pðΛjdÞ ∝ πðΛÞ
YN
k

�
1

ΣðΛÞ
Z

pðθjΛÞpðdkjθÞdθ
�
; ð6Þ

where pðθjΛÞ is the expected distribution of the individual
events parameters, given the hyperpopulation parameters;
πðΛÞ are the priors of the hyperparameters; pðdkjθÞ is the
likelihood of the kth GW source; and ΣðΛÞ is the
normalization factor given by

ΣðΛÞ ¼
Z

pðθjΛÞpdetðθÞdθ;

where pdetðθÞ is the detection probability for a BBH with
parameters θ. The normalization factor ΣðΛÞ can thus be
interpreted as the fraction of detectable BBHs.
When working with the boson model, ΛHB

¼ ðα; β; μsÞ
and θHB

¼ ðM1;M2; χM;1; χM;2; τsÞ, where Mi and χM;i are
the masses and spins (at merger) of the two compact objects
in the binary. One thus has

pðΛHB
jd;HBÞ ∝ πðΛHB

Þ
YN
k

�
1

ΣðΛHB
Þ
Z

pðdkjθHB
ÞπðM1;M2; τsÞ

Y2
i¼1

½pðχM;ijΛHB
;Mi; τsÞdMidχM;i�dτs

�
: ð7Þ

In this expression, πðM1;M2; τsÞ is the prior on the
component masses and the merger time of BBHs, πðΛHB

Þ
is the prior on the hyperparameters of the model HB, and
pðχM;ijΛHB

;Mi; τsÞ is the distribution of the spin magni-
tude at merger of HB. It can be derived from the spin-
magnitude distribution at formation as follows:

pðχM;ijα; β; μs;Mi; τsÞ

¼
Z

1

0

pðχM;ijμs;Mi; τs; χF;iÞpðχF;ijα; βÞdχF;i; ð8Þ

in which we define the conditional probability

pðχM;ijμs;Mi; τs; χF;iÞ
¼ δ½χM;i − χ½nlm�ðμs;Mi; τs; χF;iÞ�Θ½χF;i − χ½nlm��
þ δðχM;i − χF;iÞΘ½χ½nlm� − χF;i�; ð9Þ

where δ½…� is a Dirac delta that maps from the spin at
formation to the spin at merger, and Θ½…� is a Heaviside
step function that enforces the superradiance condition
χF;i > χ½nlm�. Since the growth time scale τgrow½nlm� depends
mildly on the initial spin at the onset of the superradiance,
the postsuperradiant spin χ½nlm� depends on four parameters

ðμs;M; τs; χFÞ in principle. One needs to calculate χ½nlm� for
each χF;i to precisely evaluate the integral in Eq. (8). To
facilitate the evaluation of this integral during the sampling
process, we simplify the dependence of χF;i in χ½nlm� with
the following approximations to fix the values of χI½nlm�.
For the dominant ½011� mode, we set the spin at the onset
to the midpoint between the minimum spin value required
for superradiance and the maximal Kerr spin: χI½011� ≈
ð1þ χ½011�Þ=2. This is justified because the growth time
scale varies by only around 1 order of magnitude for spins
in the range χI½011� ∈ ½χ½011�; 1�. After spin-down, the BH
settles on the postsuperradiant spin of the given mode,
χ½nlm�. Therefore, we approximate the initial spin of each
subsequent mode χ½nðlþ1Þðmþ1Þ� by the preceding mode
postsuperradiant spin, i.e., χI½nðlþ1Þðmþ1Þ� ≈ χ½nlm�. With
the above simplifications, χ½nlm� only depends on
ðμs;Mi; τsÞ and we can approximate Eq. (8) as

pðχM;ijα;β;μs;Mi;τsÞ
≈fSRδðχM;i−χ½nlm�ÞþpðχM;ijα;βÞΘðχ½nlm�−χM;iÞ; ð10Þ

with fSR being the differential fraction of BHs that undergo
superradiance at the BH mass Mi,
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fSRðμs;Mi; τs; α; βÞ

≡
Z

1

0

pðχF;ijα; βÞΘ½χF;i − χ½nlm�ðμs;Mi; τsÞ�dχF;i: ð11Þ

In the astrophysical model, HA, one obtains a similar
expression for pðΛHA

jd;HAÞ by replacing HB → HA

everywhere, and removing all references to τs, which is
not a relevant parameter of HA.
While calculating Eq. (7), we use a power law prior

πðM1Þ ∝ M−2.35
1 for the primary mass [96] and uniform

prior for mass ratio q ¼ M2=M1 with M2 ≤ M1. We also
assume that τs is known (for the HB model) and fixed at
10 Myr: πðτsÞ ¼ δðτs − 10 MyrÞ, which is toward the
lower limit of the typical inspiral time scales, according
to numerical simulations (∼10 Myr–10 Gyr [97–107].
From one side, this choice is conservative as it allows
for the least time for BHs to spin-down due to super-
radiance, making it harder to find evidence for bosons.
From the other side, restricting the merger time prior
overestimates the prior information thus overestimates
the evidence for the boson hypothesis HB in Eq. (7).
Nevertheless, the additional parameter space in τs is
expected to contribute modestly to the Bayes factor because
the corrections to the availablemass-spin parameter space are
mostly smaller than the mass-spin measurement uncertain-
ties. Therefore, while more realistic models for the merger
time prior πðτsÞ could be used, our choice is sufficient for
advanced GW detectors, given their limited precision in the
measurement of component masses and spins.
Since we assume the BH mass distribution is known, we

do not need to consider its selection effect while calculating
ΣðΛÞ. We can also ignore selection effects due to BH spins
as the expected number of observations only varies by
≲10% for different spin models [76,94,108]. Furthermore,
for ΛB, the fraction of detectable BBHs does not depend on
μs. Based on the above arguments, we therefore assume
ΣðΛHB

Þ and ΣðΛHA
Þ are constants in the evaluation of the

hyperposteriors. In generating the simulations, however, we
fully account for all selection effects so that the number of
sources can be interpreted as the expected number of
detections in future observations.
Integrating Eq. (7), and the equivalent expression for

HA, over the whole hyperparameters space yields eviden-
ces ZHB

and ZHA
that can be used to calculate the Bayes

factor between the boson and astrophysical hypothesis:
BB
A ¼ ZHB

=ZHA
. We also perform a Monte Carlo simu-

lation of 50 different sets of sources in every simulated
universe. This allows us to estimate the probability dis-
tribution of the Bayes factors due to Poisson fluctuation for
each number of detections N.

V. MOCK DATA ANALYSIS

The method described above can be applied to both
simulated and real detections. We first demonstrate its use

on three different simulated “universes”: (i) one with a
boson scalar field with μs ¼ 10−13 eV, (ii) one with a boson
with μs ¼ 10−12 eV, and (iii) one where no boson exists
(“astrophysical population”). To create the mock popula-
tions, we generate BBHs with component masses M1;2

following the same prior in the model: πðM1Þ ∝ M−2.35
1 ,

uniform distribution for q in [0.1, 1] and require both
fM1;M2g ∈ ½5; 50�M⊙, consistently with Ref. [80]. The
BBHs are distributed uniformly in the source-frame
comoving volume, as well as the sky positions, orbital
orientations, and polarization angles in the unit sphere. The
astrophysical processes that set the initial spin magnitude
and orientation are still to be fully understood [72–75]. For
each of the three universes, we consider two distributions of
formation spin magnitudes χF;i: (i) uniform in [0, 1) (“flat
spin”) and (ii) pðχF;iÞ ∝ ð1 − χF;iÞ (“low spin”), with an
isotropic spin orientation in both cases. The true shape
parameters of the beta distribution are α ¼ β ¼ 1 and
α ¼ 1, β ¼ 2 for the flat spin and low spin populations,
respectively.
When simulating the universes where bosons exist, we

need to evolve the BH spins at formation to the spins at
merger using Eq. (4). We assume all BBHs have a short
merger time scale τs ¼ 10 Myr, which minimizes the effect
of superradiance and is thus a conservative choice. To keep
the computational cost of the analysis reasonable, of all the
sources we generate, we only analyze those for which
SNR > 30. These are the only sources that will contribute
to the test since individual spins are hard to measure for low
or medium SNR BBHs [68,70]. The populations of
synthetic BBH sources are thus added into simulated noise
of the LIGO and Virgo detectors at design sensitivity
[109,110]. We use the LALInference [111,112] algorithm
with the IMRPhenomPv2 waveform family [113] to obtain
posterior and likelihood distributions for the compact
binary parameters of the simulated sources, which can
be used to infer the population hyperparameters as
described in the previous section. For all of the hyper-
parameters, we use uniform-in-log priors, with ranges [0.1,
10] for α and β, as well as ½10−13; 3 × 10−12� eV for μs,
which is the range of μs that can be realistically probed with
ground-based GW detectors [17,34,35,88].
In Fig. 2, we show the evolution of the log Bayes factor

boson versus astrophysical model, log10 BB
A as more events

are used for the test. The bottom x-axes show the numbers
of loud events, while the top ones show the numbers of total
events.5

All curves show that the underlying hypothesis is
correctly preferred by the method, given enough number
of observations. In Table I, we report the expected numbers

5Since the distribution of SNRs for BBH detected by advanced
detectors is known analytically and goes as PðρÞ ∝ ρ−4 [114],
one can calculate that there is one event with SNR > 30 for each
16 events with SNR ≥ 12 on average.
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of observations required to significantly6 prefer a hypoth-
esis for all pairs of the spin distribution and boson mass. In
general, we would expect that fewer sources are required to
disprove the boson hypothesis (first row of Table I) than to
confirm it. This is because even one highly spinning BH
measurement can contradict HB, whereas multiple BHs
that match the predicted postsuperradiant spins are neces-
sary to favorHB. On the other hand, for some values of the
boson mass, the morphology of the postsuperradiant spin
distribution, including its dependence of the BH mass, may
be very different from the astrophysical spin model, making
it easier to prefer the boson hypothesis over the astro-
physical hypothesis. This is, for example, the case for
μs ∼ 10−13 eV, whose exclusion region does not constrain
BH masses below ∼15 M⊙ (see Fig. 2 of [53]). Unless the
astrophysical spin distribution is significantly correlated
with the BH mass (which does not seem to be the case
based on the latest results made by the LIGO-Virgo-Kagra
collaboration [116]), it is harder for the astrophysical model
tomatch the expected postsuperradiant spin distribution, and
hence it is easier to verify the boson hypothesis for that boson
mass. For heavier bosons, however, the resulting postsuper-
radiant spin distribution is similar to an astrophysical model
(in the absence of bosons) with low BH spins at birth, which
makes the two models harder to distinguish. This explains
why smaller numbers of sources are required on average
to confirm the existence of a bosonwithmass μs ¼ 10−13 eV
than to rule out bosons in the mass range

10−13 eV ≤ μs ≤ 3 × 10−12 eV, in the flat spin and low spin
scenarios, Table I.
We also notice that more sources are required for the test

if BHs generally have low formation spins (low spin
population) than for the flat spin population. This is
expected since it is harder to prove the existence of a
dearth of highly spinning BHs due to superradiant spin-
down given a population with small formation spins.
Next, we look at the estimation of the individual

hyperparameters. As an example, we take 300 high SNR

TABLE I. The estimated numbers of high SNR detections to
rule out or confirm bosons for different combinations of for-
mation spin distribution and boson.

Population models Flat spin Low spin

Astrophysicala 30þ135
−25 140þ120

−105
μs ¼ 10−13 eVb

25þ95
−15 80þ210

−70
μs ¼ 10−12 eVb

65þ165
−55 155þ345

−145
c

aThe statistical requirement is BB
A ¼ 0.01 to rule out bosons

within ½10−13; 3 × 10−12� eV.
bThe statistical requirement is BB

A ¼ 100 to confirm the
bosons.

cThe upper bound is only an approximation since even using
all the simulated signals we do not reach the desired threshold
BB
A ¼ 100.

FIG. 2. The log10 Bayes factor between the boson and
astrophysical hypothesis as a function of the number of sources
NSNR>30 from the boson with μs ¼ 10−13 eV (blue), boson with
μs ¼ 10−12 eV (orange), and astrophysical (green) populations.
For each population, we repeat the analysis with the low spin (left
panel) and flat spin (right panel) distribution at formation. The
solid lines and colored bands are medians and 90% credible
intervals over 50 realizations of a population with NSNR>30

sources. The two horizontal lines show BB
A ¼ 0.01 and 100.

FIG. 3. Corner plots of the ðα; β; μsÞ hyperposterior assuming
boson model HB (blue) and HA (orange) in log10 space. The
contours are shown at 68% and 95% intervals. For this example,
we average 50 sets of sources, each with 300 high SNR events
drawing from the boson population at μs ¼ 10−12 eV and
ðα; βÞ ¼ ð1; 1Þ (flat spin). The dashed and solid black lines are
the hyperpriors and true values, respectively.

6We follow Ref. [115] and strongly prefer the boson (astro-
physical) hypothesis if BB

A ≥ 100 (≤ 0.01).
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detections drawn from the simulated universe with flat spin
and μs ¼ 10−12 eV. Figure 3 shows the corner plot of
ðα; β; μsÞ in log10 space, assuming HB (blue) or HA
(orange). First, we notice the modelHB results in a bimodal
hyperposterior for μs. This is because the exclusion region
generated by the first superradiant mode of a boson with
mass μs ¼ 10−12 eV is similar to the one generated by the
second mode of a boson with roughly twice the mass. In
turn, this implies at least a partial degeneracy between the
two configurations. We note that the true μs is found at the
primary peak, and the secondary peak becomes less
prominent as the number of detections increases.
Second, using the astrophysical model HA, we recover

heavily biased values of ðα; βÞ, which control the shape of
the spins at formation. To better visualize this bias, we
recast the ðα; βÞ hyperposteriors of both models into
pðχFjα; βÞ, as shown in Fig. 4. The model HA (orange
band) is indeed more consistent with the postsuperradiant
spin distribution at merger pðχMjα ¼ 1; β ¼ 1; μs ¼
10−12 eVÞ (black dashed line), instead of the spin distri-
bution at formation pðχFjα ¼ 1; β ¼ 1Þ (black solid line).
This is not surprising, since HA cannot account for the
superradiant spin loss and simply treats the spin at merger
as if it were the spin at formation, i.e., pðχMÞ as pðχFÞ. On
the other hand, HB (blue band) can “undo” the super-
radiance and reconstruct pðχFÞ much closer to the “true”
distribution at formation (black solid line) in our simu-
lation. Hence, both the hyperposterior and the χF distri-
bution, inferred by the model HB, are unbiased.

VI. DISCUSSION

In this paper, we have illustrated the use of hierarchical
Bayesian inference to simultaneously measure the BH spin
distribution at formation and to search for ultralight bosons,
by combining mass and spin measurements from a pop-
ulation of BBHs detected by GW observatories. Our
method relies on the morphology of the expected exclusion
region in the BH mass-spin plane, which depends on the
properties of the boson mass, to search for and characterize
the boson. Applying this method on amock data set, we have
shown that BBHs discovered by ground-basedGWdetectors
can be used to rule out the existence of ultralight bosons in
the mass range ½10−13; 3 × 10−12� eV. Our method is also
capable to reveal the existence of an ultralight boson, and
measure its mass, as we have explicitly shown with two
examples of bosonmasses, μs ¼ 10−13 eV and 10−12 eV. In
order to investigate the impact of spin distribution at
formation on the statistical power of our method, we have
generated populations of simulated BBHs with either a
uniform distribution or a linearly decreasing distribution
of BH spins at formation. We found that in both cases
combining≲300 high SNR events will be enough to rule out
or confirm the existence of an ultralight boson within the
mass range ½10−13; 10−12� eV.Whilewe only consider scalar
bosons in this study, the method we developed is applicable
to vector or tensor boson fields, which have much shorter
instability and GW emission time scales [36,38,117].
Our analysis of simulated BBHs has made a few

simplifying assumptions which make it conservative.
First, we have assumed that all BBHs merge in 10 Myr,
which is toward the lower limit of what is usually obtained
in numerical simulations [97–107]. Since most of the BBHs
in our parameters space of interest would have undergone
superradiance within 10 Myr except for the very low mass
systems ∼5 M⊙, assuming longer merger times does not
significantly improve the searching efficiency. Second, we
have assumed that only sources with SNR > 30 will
contribute to this test, as their spins are easier to measure.
In reality, while the component spins of weaker events are
harder to measure, they will still contribute to the test.
In the analysis, we ignored the ≲10% BH mass loss

during superradiance. In order to assess the impact of this
choice, we repeated the analysis with all BH mass
posteriors shifted by 5% toward the light side, hence
mimicking the effect of mass loss. This translates to a
systematic overestimation of ∼5% boson mass, which is
still within the statistical uncertainty, in our inference with
Oð100Þ high SNR sources. However, we expect this
systematic error will dominate when the number of events
grow to Oð104Þ in the era of next-generation detectors
[118–125].
The true distribution of spins at formation plays the most

important role: the number of events needed to perform this
test will be larger if the astrophysical distribution of spins at

FIG. 4. Hyperposterior of the spin distribution at for-
mation pðχFjα; βÞ, inferred with the same set of simu-
lations (flat spin and μs ¼ 10−12 eV) in Fig. 3. The blue
(orange) solid line shows the median of the inferred
pðχFjα; βÞ assuming HB (HA). The bands mark the 90%
credible intervals. The dashed and solid black lines are the
true spin distribution at merger and at formation, respectively,
in this simulation with boson existence. The characteristic
“zig-zag” structure in pðχMÞ reflects the postsuperradiant
spins of different superradiant modes.
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formation is such that small spins are preferred. Conversely,
if many highly spinning BHs are formed, potentially with
significant misalignments between spin and angular
momenta (both of which make spins easier to measure),
then fewer sources will be necessary. Given the measured
BBH merger rate, ground-based interferometers will detect
hundreds of BBHs per year at design sensitivity [126–130].
In this large-number observations regime, one will want to
use more sophisticated models which also capture eventual
correlations between the masses and spins of astrophysical
BHs [72,73,75]. This may boost or suppress the statistical
power of testing boson hypothesis in a different boson mass
range, depending on the actual joint distribution of BH
mass and spin at formation. We will leave investigating
these systematics to future work.
Within the assumptions made in this study, it seems

feasible to rule out the existence of ultralight bosons
everywhere in the mass range of ½10−13; 3 × 10−12� eV
with a few years of advanced detectors data. However, we
note that fewer GWevents would be required to rule out the
bosons in a narrower boson mass range. Statistically
proving the existence of these bosons will take longer,
as more sources are required: the planned upgrades of
LIGO and Virgo to their “plus” configurations might yield
thousands of BBH events per year, which will make it
more plausible to gather the evidence for the existence of
ultralight bosons in the mass range of ½10−13; 3 × 10−12� eV
[119,121].
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