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Abstract
Perspective space has been introduced as a computational model of visual space. The model is based

on geometric features of visual space. The model has proven to describe a range of phenomena

related to the visual perception of distance and size. Until now, the model lacks a mathematical

description that holds for complete 3D space. Starting from a previously derived equation for per-

ceived distance in the viewing direction, the suitability of various functions is analyzed. Functions

must fulfill the requirement that straight lines, oriented in whatever direction in physical space, transfer

to straight lines in visual space. A second requirement is that parallel lines oriented in depth in physical

space, converge to a finite vanishing point in visual space. A rational function for perceived distance,

compatible with the perspective-space model of visual space, satisfies the requirements. The function

is unique. Analysis of alternative functions shows there is little tolerance for deviations. Conservation

of the straightness of lines constrains visual space to having a single geometry. Visual space is described

by an analytical function having one free parameter, that is, the distance of the vanishing point.
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Introduction
Visual space is the expanse within which we, that is, human beings, and most animals, perceive objects
through vision. In humans, visual space differs from physical space at the scale relevant to vision, espe-
cially at long viewing distances. The geometry of visual space has been investigated in numerous
studies. Results depended heavily on methods, conditions, and instructions. Consequently, a multitude
of ideas and models have been proposed in the literature. In a comprehensive review, Wagner (2012)
came to the rather daunting conclusion, namely, that we should see visual space as a family of spaces
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whose individual geometries differ from each other depending on experimental conditions and mental
shifts in the meaning of size and distance. Nevertheless, perspective space has been recently introduced
as an appropriate model of visual space (Erkelens, 2015a). The geometry of the model is simple and
describes experimental results, ranging from the parallel alleys of Hillebrand (1902) and Blumenfeld
(1913) to violation of parallelism (Cuijpers et al., 2000), as well as preservation of collinearity
(Cuijpers et al., 2002), as well as judgments of angles between rails and bars oriented in depth
(Erkelens, 2015b, 2015c). Furthermore, the geometry of perspective space predicted a mathematical
relationship between perceived distance zv and physical distance zp in the viewing direction
(Erkelens, 2017). The relationship between zv and zp reads

zv = vd × zp
vd + zp

, (1)

where vd is the finite vanishing distance.
The equation, previously derived by Gilinsky (1951) from a model of binocular visual space

(Luneburg, 1950), appeared to describe various experimental results of distance judgments
equally well as models proposed for specific tasks (Baird & Wagner, 1991; Foley et al., 2004;
Gilinsky, 1951; Li & Durgin, 2012; Ooi & He, 2007; Wu et al. 2004). Although perspective
space is a promising model of visual space, it fails a complete, mathematical description. The
goal of the present study is to extend the mathematical expression for perceived distance in the
viewing direction to an analytical model that holds for all visual directions.

Until now, perspective space has been described in the form of a geometric construction
(Figure 1). Perspective space is defined by two geometric rules. The first rule is that the visual dir-
ection θv of a point v in perspective space coincides with the egocentric direction θp of the corre-
sponding point p in physical space: θv = θp = θ. The second rule of the model is that each point

Figure 1. Geometry of perspective space in the transverse plane at eye level. The origin of the Cartesian

coordinate system (x, z) coincides with the viewpoint of the observer. The viewing direction is along the

z-axis. The line piece starting at xp in the z-direction in physical space (blue) transforms to the line piece

directed to the vanishing point at distance vd in perspective space (red). Point v represents the physical point

p in perspective space. Points p and v are described by their visual direction having an angle θ relative to the

z-direction (orange) and distances rp and rv to the viewpoint, in a polar coordinate system.
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v in perspective space is associated with a point p in physical space at the intersection of p′s ego-
centric direction and p′s perspective line to the vanishing point at a finite distance vd. The two
rules are treated as axioms for the mathematical theory of perspective space. The relationship
between distances in the viewing direction described by equation (1) has been derived from just
these two axioms in other studies (Erkelens, 2017; Wagner et al., 2018).

Computation of Line Pieces in Perspective Space
Characteristic for perspective space is the property that straight lines, oriented in any random direc-
tion in physical space, transfer to straight lines in perspective space (Erkelens, 2015a). Maintaining
the straightness of lines is regarded as an essential requirement for the suitability of a mathematical
description of perspective space.

To examine mathematical expressions, line pieces have been computed in the horizontal plane of phy-
sical and perspective space. Computations started by defining straight line pieces as zp = a xp + b for
a range of x′ps in the (x, z)-plane of physical space. Straight lines have this simple expression in a
Cartesian coordinate system. The two axioms underlying perspective space, however, are rules in
terms of direction and distance, which are easier expressed in a polar coordinate system. After the con-
version of the points (xp, zp) into polar coordinates (rp, θp), the associated points (rv, θv) in perspective
space were computed from the relationship between physical and perspective positions:

(rv, θv) = vd × rp
vd + rp

, θp

( )
. (2)

This relationship extends the properties of perceived distance in the viewingdirection to all visual directions
in the horizontal plane. Points (xv, zv) were obtained by converting the points (rv, θv) to Cartesian coordi-
nates. The computed line pieces in Figure 2a show that straight line segments in physical space transfer to
curved line segments in perspective space, irrespective of the orientation of the straight lines. All lines
become curved, except lines along visual directions. The implication of this result is that the used distance
relationship is not adequate for perspective space, and thus, not for visual space.The equation for distance rv
implies thatdistancevd is themaximumdistanceofperspective space in all visual directions. Inotherwords,
perspective space is confined to a disc in the transverse plane at eye level. Apparently, this concept is not
compatiblewith the conservationof the straightnessof lines. Figure2a showsperspective linepieces that are
concave with respect to the viewpoint, implying that perspective distance is underestimated in directions
different from the viewing direction. An alternative model for perspective space may be that the limitation
of distances to thevanishingdistance vd is restricted to theviewingdirection, here takenalong the z-axis and
perspective distance equals physical distance in the orthogonal directions along the x-axis. In thismodel, the
relationship between physical and perspective positions becomes:

(rv, θv) = vd × rp
vd + zp

, θp

( )
. (3)

In this relationship, the term vd + zp replaces the term vd + rp in the denominator of the distance func-
tion of equation (2). Figure 2b shows that perspective line segments are straight in all orientations in the
revisedmodel. The fact that the sizes along the axes can be expressed in terms of vd, implies that the con-
servation of straightness of lines holds throughout the horizontal plane for all vanishing distances.

The straightness of perspective line segments has been investigated here in two dimensions.
However, placement of the viewpoint at the origin of the plane is the only restriction applied to
the computations made for line pieces in two-dimensional planes. Rotation of the plane about the
x-axis generalizes the observed properties to all planes of 3D perspective space that include the
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x-axis. Computations have been extended to 3D space to investigate the straightness of perspective
lines, lying in planes that do not include the x-axis. To that end, the 2D polar coordinate system was
extended to the 3D spherical coordinate system. In spherical coordinates, the relevant transformation
from physical to perspective space is

(rv, θv, φv) =
vd × rp
vd + zp

, θp, φp

( )
. (4)

Figure 3 shows by two examples that straight line segments in 3D physical space induce straight line
segments in 3D perspective space. Figure 3a shows line pieces having generic directions and
Figure 3b shows the situation of a person looking at the far end of a straight railway track. The
tracks meet in a vanishing point at a finite distance vd in perspective space, just as they do in
visual space (Erkelens, 2015b).

Computation of Equidistance Loci
Positions of apparent equal distance have been a subject of considerable interest in both monocular
and binocular vision (Howard & Rogers, 2012). Together with such positions, called the locus of

Figure 2. Computed line pieces in the (x, z)-plane. The plots show line pieces between two egocentric

directions (orange) in physical (blue) and perspective (red) space. Line pieces in physical space are

fronto-parallel (top), slanted (middle), and oriented in depth (bottom). (a) Perspective line pieces were

computed from equation (2). (b) Perspective line pieces were computed from equation (3).
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equidistant points, constitute a circle in the transverse plane at eye level of physical space. The equi-
distance locus in the same plane of perspective space is given by the equation:

rv = vd × rp
vd + zp

= constant. (5)

Figure 4a shows computed loci of which individual points are equidistant from the viewpoint in per-
spective space. On the x-axis, that is, orthogonal to the viewing direction, xv = xp. Thus, perceived dis-
tance equals physical distance along the x-axis. The relationship is different along the z-axis, that is, in
the viewing direction. For instance, take the case rv = 0.5 vd. From equation (5) it follows that zp = vd.
Thus, for this case, the locus of equidistance lies twice as far from the viewpoint in the viewing direction
as in the orthogonal directions. The observation that equidistantly perceived stimuli are set at the farthest
physical distance in the viewing direction, implies that visual space has been compressed maximally in
the viewing direction. The equidistance curves show that the degree of compression gradually decreases
with increasing eccentricity until it becomes zero in the orthogonal directions.

Figure 3. Computed line pieces in 3D space. The plots show line pieces in physical (blue) and perspective

(red) space between two egocentric directions (orange). (a) The selected line-pieces do not intersect the

x-axis in both physical and perspective space. (b) Two straight physical lines are parallel to each other and to

the viewing direction (along the z-axis). The associated perspective lines are straight as well and meet at the

vanishing distance vd in the viewing direction.

Figure 4. Computed loci of egocentric equidistance. (a) The loci fulfill the constraint rv is constant. The
constants are from 0.1 vd to 0.5 vd. (b) Loci of perspective equidistance (red) are drawn together with loci of

physical equidistance (blue) and Vieth-Müller circles (green).
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In Figure 4b, two equidistance loci in perspective space are drawn together with similar loci in
physical space and loci lying on Vieth-Müller circles. As was remarked, the loci in physical space
are circles about the viewpoint. Vieth-Müller circles, or horizontal horopters, are loci in the horizon-
tal plane of which points project to identical retinal locations of the two eyes. The horopters include
the binocular fixation point and the nodal points of the eyes. Horopters are relevant for a discussion
of equidistance loci because it has been proposed in the literature that objects projecting to corre-
sponding retinal points appear equidistant to observers (Howard & Rogers, 2012). Figure 4b
shows that equidistance loci in perspective space lie in between horopters and equidistant loci in
physical space. This observation is of interest in relation to the results of equidistance judgments
reported in the literature and will be discussed in the Discussion section.

Computation of Line Pieces Based on Another Model of Depth
Perception
Until now, computations have been made for perspective space as a model of visual space. Good
results were obtained if the perceived distance was described by the rational function
rv = vd rp / (vd + zp). Perspective space represents a class of models that share the assumption of

Figure 5. Computed line pieces in the (x, z)-plane. The model of visual space is based on power functions

fitted to results of depth judgments. The plots show line pieces between two egocentric directions (orange) in

physical (blue) and modeled (red) space. Line pieces in physical space are fronto-parallel (top), slanted

(middle), and oriented in depth (bottom). (a) Perspective line pieces are computed for the parameter

combination κ = 2.71, γ = 0.34. (b) Parameters are κ = 0.75, γ = 1.00.
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a finite visual space. There are also models that assume an infinite visual space. Those models may
be represented by a model, in which judged distances are described by power functions of the form
rv = κ rγp, where κ is a scaling factor and γ the exponent (Wagner, 2012).

Line pieces have been computed for a range of parameter values of κ and γ. Figure 5a shows char-
acteristic line pieces. Line pieces are concave for γ < 1 and convex for γ > 1. Figure 5b shows line
pieces for the special case of γ = 1. Then, all computed line pieces are straight. However, lines
oriented in depth do not converge to a finite vanishing point but are parallel to each other, and
the lines in physical space. In this case, modeled space is a linear transformation of physical space.

Analysis of the Analytical Function for Distance in Perspective Space
The previous paragraph showed that models assuming an infinite space cannot describe visual space
because parallel lines oriented in depth in physical space will not appear to converge. Finite vanish-
ing points such as in perspective space are a prerequisite for the description of visual space.
Perspective space appears to describe visual space very accurately if its finite distance is defined
for the viewing direction. The non-linear relationship between visual and physical distance in the
viewing direction is unique because it follows directly from the two geometric axioms. The question

Figure 6. Computed distance relationships and line pieces in the (x, z)-plane. Lines are blue in physical space
and red in perspective space. Plots on the left show perceived distance zv as a function of physical distance zp,
given by zv = vd zp / (vd+ zpp), where p = 1.0 in (a), p = 0.9 in (b), and p = 1.1 in (c). Plots on the right show

associated line pieces for which perceived distance is given by rv = vd rp / (vd+ zpp).
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arises whether the demand of straightness of lines tolerates any deviation from this relationship. To
address this question, computations were made for slightly different distance relationships.

Figure 6a shows zv as a function of zp given by zv = vd zp / (vd + zp). For distances zp < <vd, it
holds that zv ≅ zp. Thus, perspective distance is very similar to the physical distance at the short-
range. Alternative functions for zv must fulfill the same requirement. The distance function was
changed by adding an exponent to zp in the denominator: zv = vd zp / (vd + zpp), where zp is
raised to the power of p. For this function at distances zp < <vd, it also holds that zv ≅ zp. The
left plot of Figure 6b shows zv as a function of zp for the value of p = 0.9. A major difference to
the zv of Figure 6a is that the vanishing distance is shifted from vd to infinity. The right plot of
Figure 6b shows that, already for the modestly different function for zv, the converging lines
become really curved. A value of p higher than 1, for instance, p = 1.1, results in reduced distances
of zv as a function of zp (left plot of Figure 6c). Now, the vanishing distance is shifted from vd to
0. As a result, converging lines to the vanishing point bend backwards (right plot of Figure 6c).
The very different behaviors of zv for slightly different values of p, show that zv is a highly non-linear
function of p. The effect of small variations of p indicates that there is hardly any room for alterna-
tive analytical functions describing the geometry of visual space.

Discussion
The computations established two properties of visual space: (1) visual space is finite, and (2) visual
space has a fixed geometry in people with normal vision. Computations showed that visual space
must be finite because parallel lines oriented in depth remain parallel in infinite visual spaces
(Figure 4b). A finite visual space implies that all models and descriptions based on power functions
must be dismissed (see chapter 5 of Wagner (2012) for a meta-analysis on data from a long list of
studies). Visual space appears to have a very specific geometry. It is the only geometry warranting
that, for instance, straight railway tracks, oriented in depth, are perceived as straight, converging
tracks (Erkelens, 2015b).

The function describing the geometry of perspective space was found by combining experimental
judgments with everyday observation. The experimental judgments are the estimated distances of
objects, such as have been measured in many experiments. The everyday observation is that straight
lines in physical space are also straight in visual space. Distances in the perspective-space model are
compatible with distances produced by several other models, proposed to describe the results of dif-
ferent types of distance judgments (Erkelens, 2017). Most of the models are confined to describing
distance and size judgments for objects placed in the viewing direction of observers. They are not
defined for other directions of visual space. The perspective-space model was construed to describe
visual space in all directions. Until now, however, it gave just a mathematical expression for dis-
tances and sizes in the viewing direction. The current analysis extends the mathematically formu-
lated geometry to the entire 3D space. Establishing that straight lines in physical space are also
straight in visual space, seems obvious if we look at the shapes of objects in our direct environment.
For example, straight lines are abundantly present in buildings, rooms, windows, tiles, and many
other objects. Would designers, constructors, and builders have taken the effort to design and
make objects having straight edges if these would be perceived as curved? For instance, makers
of camera lenses go to great lengths to minimize barrel and pin-cushion distortions as much as pos-
sible. Still, in the literature of space perception, the longstanding conviction is that visual space is
curved. Ideas of a curved visual space are mainly based on indirect measurements of positions
and orientations of small, isolated objects. Famous are the parallel and distance alleys in depth, initi-
ally measured by Hillebrand (1902) and Blumenfeld (1913). The alleys led to the concept of curved
visual space (Luneburg, 1947, 1950). The alleys are described by the perspective-space model, if
one accepts that parallel alleys reflect a special condition in visual space and distance alleys a
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special condition in physical space (Erkelens, 2015a, 2017). Later, experiments of Cuijpers et al.
(2000) showed that parallelism in physical space is violated in visual space, also suggesting curv-
edness. However, the perspective model of a flat visual space, in which geodesics are straight
lines, appeared to describe these results too (Erkelens, 2015a). A direct demonstration of curved
lines that appear straight has been reported by von Helmholtz (1910/1925/2000). He observed
that a 90-degree-wide pin-cushion pattern was seen as a squared checkerboard if it was fixated
monocularly from a distance of 20 cm. The effect was probably dominated by non-perceived distor-
tions in the far periphery because the effect was greatly reduced during free viewing (Oomes et al.,
2009). During fixation from a distance of 20 cm, the central pattern is seen sharp, whereas the per-
ipheral pattern becomes progressively blurred towards the edges. An alternative interpretation of
Helmholtz’s observation is that the flat pin-cushion pattern is perceived as a concave sphere, of
which all lines bend towards the viewer. In fact, such observations were made by divers wearing
facemasks while viewing a planar structure underwater (Vernoy & Luria, 1977). The alternative
interpretation of Helmholtz’s observation implies that curved lines in physical space appear as
curved in visual space. And thus, the demonstration by Helmholtz does not contradict the contention
that straight lines in physical space are also straight in visual space.

A remarkable result of the computations is the fact that equidistance loci in perspective space are
lying in between circles about the viewpoint and Vieth-Müller circles (Figure 4). Foley (1966) mea-
sured the locus of perceived equidistance in the eye-level plane at several distances from the obser-
ver. This locus was found to be concave with a curvature intermediate between the physically
equidistant circle and that of the corresponding Vieth-Müller circle. Ebenholtz and Ebenholtz
(2003) used another method and came to a similar conclusion during binocular and monocular
viewing of the stimuli in further darkness. These results are in line with earlier measurements of
the empirical longitudinal horopter by Hering (1864) and Hillebrand (1893). The measurements
showed a consistent deviation from the geometric Vieth-Müller circle, whether the horopter was
measured in terms of equal visual direction or by the more perceptual criteria of the range of
fusion or equal perceived distance (Tyler, 1991). The measured points were located outside of
the Vieth-Müller circle. The deviation between the empirical and theoretical horopter, known as
the Hering-Hillebrand deviation, was explained by a supposed asymmetry between the nasal and
temporal retinae (Ogle, 1962). The measured loci of equidistance discussed here, are in close agree-
ment with the computed equidistance loci of perspective space. This observation suggests that the
empirical horopter is better explained by the geometry of visual space than by the theoretical
horopter.

The analytical model is not just the appropriate description of visual space, it is also a simple
description. Expressed in vector notation, the description is even simpler. In vector notation, the
relationship between positions in visual and physical space is given by

�v = vd

vd + �p . ẑ

( )
�p , (6)

where �v and �p are the positions in visual and physical space, relative to the viewpoint, and ẑ is
the unit vector in the viewing direction. Equation (6) is equivalent to equation (1) in the viewing
direction, to equation (3) in the horizontal plane, and to equation (4) in 3D space. The scalar
product �p . ẑ is at maximum in the viewing direction and decreases with an increasing angle
between �p and ẑ. Consequently, perceived distance, the distance of �v from the viewpoint, is at
minimum in the viewing direction and becomes less compressed at increasing eccentricities. This
property of perceived distance has been demonstrated by the experimental equidistance loci.

The relationship is valid throughout 3D space and relates positions in visual space one-to-one to
positions in physical space. Analysis of alternative functions showed that the closed-form
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expression for �v is unique. There is not another rational function that leaves the straightness of lines
intact. This means that the relationship is implicitly embedded in the visual systems of all indivi-
duals, who perceive straight lines and contours straight. The parameter vd is the only quantity
that may vary in individual people, just as vd varies in different tasks and conditions (Erkelens,
2015a, 2015b, 2015c, 2017). Variation in the magnitude of vd is associated with variation in the
perceived depth of objects. Straight lines in any direction, however, remain straight (Erkelens,
2015a). Growing of vd may be experienced during prolonged (monocular) viewing of a painting
that depicts a scene containing much depth.

Perspective space is not a neurobiological model of visual space. It does not explain or even
suggest how visual space emerges from retinal images and neural processes (Erkelens, 2017).
Neural implementation of the function for perceived distance is highly unlikely because it would
require knowledge of the physical distance of objects. The concept of a visual space different
from physical space would be redundant if the brain would have accurate knowledge of physical
space. This raises the question: How does the brain create and maintain a particular geometry of
visual space? The strong relationship between the geometry of visual space and the straightness
of lines is suggestive of a neural mechanism. A consequence of the unique relationship between phy-
sical and visual distance is that straight lines and contours would look curved with any other geom-
etry of visual space. With another geometry, perceived curvatures of lines and contours of an object
would also change in shape, if the object would move, not only in depth but also in other directions.
In other words, conservation of straightness dictates the geometry of visual space. This opens the
possibility that the geometry of visual space results from a process, serving to keep the perceived
shape of objects constant in a dynamic world. Researchers on the statistics of natural scenes have
proposed a conceptual framework, in which the statistical properties of the visual environment
tune and adapt visual perception (Geisler, 2008; Yang & Purves, 2003). Within this concept, the
strong constraint on the geometry of visual space, demanded by the conservation of straightness
of lines, may be achieved by a mechanism, dedicated to preserving the curvature of lines and con-
tours over space and time by adjusting their perceived distance. Studies of after-effects have estab-
lished long ago that visual perception adapts to curvature (Carlson, 1963; Coltheart, 1971; Gibson,
1933). Prolonged inspection of a curved line makes a straight line appear to be curved in the opposite
direction. Extensive work on adaptation to prismatic and refractive distortions suggested an internal
readjustment tied to the egocentric coordinate system (Harris, 1965; Held & Freedman, 1963;
Kohler, 1962). Until now, measurements have been confined to perceived shape. The current
study suggests that adaptation to prismatic and refractive distortions may also affect perceived
distance.
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